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Abstract 

 

In our dissertation we study the shape preserving for 

convex and piecewise convex functions in quasi normed 

spaces    for      . 

Many authors studied the approximation of convex 

continuous functions by algebraic polynomials. We 

generalize and improve their works for piecewise algebraic 

polynomials and study the approximation in    space for 

     , we prove for a given convex function in    , 

     , there exists a convex piecewise polynomial as a 

convex approximation of  . Then we introduce some 

approximating properties for these approximations. 

Some papers introduced the direct and inverse theorems for the 

piecewise convex continuous functions. We study the piecewise 

convex approximation of function in    ,       using 

piecewise polynomials .It mean if   changes  its convexity at 

       
  , we can construct a piecewise convex piecewise polynomial 

as a best approximation change its convexity at        
 . Our degree 

of approximation is in terms of the ordinary modulus of 

smoothness .  

We introduce Jackson type theorem for piecewise 

convex functions in    quasi normed space    with 

     . Using piecewise convex piecewise polynomials 

in terms of Ditizian Totik modulus of smoothness . 
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Introduction 

Our interest in approximation theory steams from its beauty, its 

utility and its rich history, also there are many connections can be 

drawn to questions in both classical and modern analysis. 

The problem of classical approximation is if we give a target 

function   belongs to a normed space   and we demanded to 

approximate   from a subspace   (approximation space). Some 

time we want to approximate   by a function preserves it 

geometric properties such as positivity, monotonicity and 

convexity, this what we called shape preserving approximation, 

but this restricts the degree of the approximation very much.  

In our work we study the convex and coconvex approximation for 

functions in   -quasi normed space with      . 

 In particular    space , plays a central role in many question 

in the analysis. The special importance of    space may be said to 

derive from the fact that they offer a partial but useful 

generalization of the fundamental    space of square integrable 

functions. 

In order of logical simplicity , the space    comes first since it 

occurs already in the description of functions integrable in the 

Lebesgue sense. Connected to it via duality is the    space of 

bounded functions, whose supremum norm carries over from the 

more familiar space of continuous functions. 

‖ ‖  
  ∫ |    |  

 

  

 

 . 

The accompanying old style  iman- reud- rudnyi Jackson type 

inequality for the approximation by algebraic polynomials [1, 
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Theorem 8-5-3]). explains the request for the               turns 

out to be fundamentally better closed to the end point of [-1, 1]: 

If    ,       and     ,then for all         , There is 

polynomial         Satisfy  

  |          |   (      
      ( 

       )                      (1)                         

obviously,       want to have interpolating approximation at the 

endpoints for   and it's derivatives. we get better approximation 

degree, the authors obtain the following Telyakovskii-gopengauze 

version theorem, for the literature review of the subject. 

Theorem 1 [2] 

Let            and        then for any      {
          

 
}, 

there is a polynomial      such that (1) Is valid and , more over 

|          |                (   
 

      
      

  )           

| |                                                                                                  (2) 

In [2] the authors prove,  If    ,  
 

      
      

  in (2) Cannot be 

 replaced by         with      . therefore, the estimate (2) 

offers the best approximation rate near the end point of closed 

interval [-1,1]. 

Now we have a question : Is the above inequalities true in the 

shape preserving approximation of  -monotone functions ? 

The answer is that it is not true for an   and   ,even if we choose n 

depends on the target function  .This case if we have     

           and         in [3]  if  =1 in [4] if  =2or  =3) 

and     and             .  

More finished, for any  ,  ,  ,     , There exists a function    

       such that (2) is not valid for any polynomial            

the development of such an    is the same as in ( [6] ,see also 

[7,8,9]) . This implies that, in the case    ,(2) cannot be true for 

each function           and all           . 
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We accentuate that this not implies that for each fixed      

    (2) is true for adequately       large  . i.e.(2) may still be 

true if       . 

The case is different if we have   is small and   equal to zero, 

and    are naturals.(1) and (2) are satisfied for      which 

follows from the case      for  -monotone approximation.  

Surely, from the interpolator estimate follow        ( =2), 

[10](     and           for any                     there 

exist a polynomial             Such that  

|          |        (  
    

 
)                                         (3)                                                        

where      If we have     the estimates (1) and (2) are satisfied 

for     when   equal to zero and   equal to 3, we find the result 

in [2], and case    ,     and     or     is no solution has 

yet been found (Actually unknown if (1)holds if                . 

Finally, I was  able to show in [8] that (1) and (2) hold if     , 

 =2 and          for monotone approximation         

As usual,       denotes the space of   times continuously 

differentiable functions on a closed interval  ,             is the 

space of continuous functions on  , equipped with the uniform 

norm which will be denoted by ‖ ‖ .   

In chapter one we introduce the direct theorems approximation of 
convex function in   , space with       using the piecewise 

convex polynomials. 
 
Let         change its convexity finitely many, say      time in 

the interval. 

   define         {           } where            
     

{             }    fold       ‖ ‖    ∫ |    |  
 

  

 

  ‖ ‖  .  
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We are interested in pointwise estimates on the approximation of 

  by algebraic polynomials there are coconvex with it, that will 

change their convexity exactly at the points where   does. 

Specifically, denote by        .   

The set of all collections    {  }   
  such that            

   denoted by        . 

Let          denoted the collection of all function             that 

change convexity at the set    and are convex in       .Namely in 

the interval              is convex when   is even, and is concave 

when   is odd. We also use the notation       and        . 

Denote 

                    
 
                                                                   (4) 

Then for example, if      
                 then             if 

and only if   
   

       in (-1,1).  

The convex function as the case      where we write      

   the set of algebraic polynomials of degree    

Norm estimates on the degree of approximation of             by 

               ,namely, estimates of 

  
                           

‖    ‖  , More specifically, for 

              

let    
      ∑        ( 

 
) 

    (  
 

 
    )       

 

 
         

              

is the symmetric difference of order   .  

                  ‖  
  ‖                       |  

     |      

is the kth modulus of smoothness of   on I. 

Given                    and      . We wish to estimate 
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‖
    

  
     

      
  

‖
  

 

                  
           ‖

          

  
        

      
     

‖
 

  

Where       √      and                               

for                
     such that         We put       

          

   if                     

In [22] by Nikolskii, Timan, Dzyadyk, Frend and Brudnyi study 

the classical pointwise estimates for unconstrained approximation 

which is also true for coconvex approximation . 

In [8,26] the authors restricted their attention to the following three 

cases:  

a)     and       b)         and       c)     and       

All other cases also have been investigated . 

For instance, for       it is introduced by [19,24] that for no   

   and      is it is possible to have constants            and 

           , depending only on     and    such that the 

inequality 

                               
                                                                   (5) 

Is satisfied for all     and        and for all              

  
      

Furthermore, for      it follows by [27,Theorem 2 ] that no     

and     such that        and         is possible to have 

constants             and            , depending only on     

and     such that (5) hold for all     and for all              

  
                           

In [25] and [26] the authors studied the pointwise approximation 

of special polynomials.  
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In chapter two, we study the general pointwise approximation by 

any piecewise polynomial for function in   [-1,1]. 

Let            change its convexity finitely many times, say 

    times, in the interval.  

In chapter three, we interested in estimating the degree of 

approximation of   by polynomials which are coconvex with it, 

namely, polynomials that change their convexity exactly at the 

points where  does. 

In [35], D. Leviatan and I. Shevchuk, write all the results of 

monotone and comonotone approximation theorems on a finite 

interval      , by algebraic polynomials in continuous function 

(uniform norm). see also [34]. In [34,36] the D. Leviatan and I. 

Shevchuk,  studied the monotone and comonotone approximation 

of continuous function using  th modulus of smoothness of the  th 

derivative of the function. 

They also studied the above approximation using  th Ditzian-

Totik modulus of smoothness. 

In [36] D. Leviatan and I. Shevchuk,  studied the monotone and 

comonotone approximation of continuous functions in terms of 

Ditzian-Totik modulus of smoothness using piecewise 

polynomials. 

In chapter three we introduce positive theorem for convex and 

coconvex approximation of function in    space for      . 

The main truth in this chapter is to Jackson-type estimate for the 

approximation of a piecewise polynomial which changes 

convexity finitely many time in the interval, by algebraic 

polynomials that change convexity at exactly the same points. 

The main result is Theorem 3.4.15 stated below, which is the 

analogue of [36.proposition 3]. 
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Our strategy for the future is to approximate an arbitrary  function 

in    space that changes convexity finitely many time in the 

interval, by an appropriate coconvex piecewise polynomial which 

in turn by virtue of Theorem 3.4.15, will be approximated by a 

coconvex polynomial. 

In this chapter, we study some negative results for the coconvex 

polynomial approximation of more general piecewise convex 

functions (see Theorem 3.3.4), Also as a byproduct of Theorem 

3.3.11, we obtain one important positive result for coconvex 

polynomial approximation (Theorem 3.3.17) 

Therefore, it is one of the components of this chapter is the 

following. We state the main results contain the construction of the 

negative result, Auxiliary lemmas, the proof of Theorem 3.3.11 

which is a preliminary step and a special case of Theorem 3.4.15 , 

and as a byproduct, its proof yields of Theorem 3.3.17, we prove 

Theorem 3.5.1 and with it conclude the proof of the Theorem 

3.4.15. Many of the methods we apply are modification of similar 

ones in this chapter by Devore, Dzyubenko, Gilewicz, Kopotun, 

Mania, Yu and the authors (see the References). 

  



 
 
 
 
 
 
 
 
 
 
 

Chapter One 
 

 

 

Piecewise Convex  

   ,     ,  

Approximation 
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       Many papers introduced to constrained approximation of 

convex continuous function by algebraic polynomials, here we 

approximate the convex function in   ,      , quasi normed 

spaces using piecewise  algebraic polynomials. Also we introduce 

some properties of these polynomials.  

 

1.1  Introduction and Notations: 

The accompanying old style  iman- reud- rudnyi Jackson type 

inequality for the approximation by algebraic polynomials [1, 

Theorem 8-5-3]). explains the request for the               turns 

out to be fundamentally better closed to the end point of [-1, 1]: 

If    ,       and     ,then for all         , there is 

polynomial         Satisfy :   

  | ( )    ( )|   (   )  
 ( )  ( 

    ( ))      ,    -          (1.1.1)                         

obviously,       want to have interpolating approximation at the 

endpoints for   and its derivatives. We get better approximation 

degree, the authors obtain the following Telyakovskii-gopengauze 

version theorem.  

Theorem1.1.1 [2] 

Let             and       . Then for any 

     {
          

 
}, there is a polynomial      such that 

(1.1.1) Is valid and, more over 

| ( )    ( )|   (   )   ( )  (   
 

 ( )  
 (   )

  )           

| |                                                                                                  (1.1.2) 

In [2] the authors prove,  If    ,  
 

 ( )  
 (   )

  in (1.1.2) cannot be 

 replaced by    ( )  with      . therefore, the estimate (1.1.2) 

offers the best approximation rate near the end point of closed 

interval [-1,1]. 
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Now we have a question : Is the above inequalities true in the 

shape preserving approximation of  -monotone functions ? 

The answer is that it is not true for an   and   ,even if we choose n 

depends on the target function  .This case if we have     

           and         in [3]  if  =1 in [4] if  =2or  =3) 

and     and          , -.  

More finished, for any  ,  ,  ,     , There exists a function    

    ( )such that (1.1.2) is not valid for any polynomial    

    ( ) 

the development of such an    is the same as in ( [6] ,see also 

[7,8,9]) . This imply that, in the case    ,(1.1.2) cannot be true for 

each function       ( ) and all    (     ). 

We accentuate that this not imply that for each fixed      

 ( )(1.1.2) is in true for adequately       large  . i.e.(1.1.2) may 

still be true if    ( ). 

The case will be different if we have   is small and   equal to zero, 

and    are naturals.(1.1.1) and (1.1.2) are satisfied for      which 

follows from the case      for  -monotone approximation.  

Surely, from the interpolator estimate follow ,     -( =2), 

[10](   ) and ,  -(   ) for any                ( )  there 

exist a polynomial        ( )  Such that  

| ( )    ( )|   ( )  .  
 ( )

 
/    ,    -                               (1.1.3)                                                        

where      If we have     the estimates (1.1.1) and (1.1.2) are 

satisfied for     when   equal to zero and   equal to 3, we find 

the result in [2], and case    ,     and     or     no 

solution has yet been found(Actually unknown if (1.1.1) holds if 

(     )  (     ). 

Finally, I was  able to show in [8] that (1.1.1) and (1..1.2) hold if   

  ,  =2 and    (   ) for monotone approximation (   )   
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As usual,   ( ) denotes the space of   times continuously 

differentiable functions on a closed interval  ,   ( )    ( ) is the 

space of continuous functions on  , equipped with the uniform 

norm which will be denoted by ‖ ‖ .   

define     ( )  {           } where   ,    -   
 ( )  

{           } ‖ ‖   (∫ | ( )| )
 

  

 

  , For     and interval     

  
 (     )  ∑ (  ) .

 

 
/

 

   
 .  .

 

 
  /  /       

  

 
    

               

is the symmetric difference of order   . we denote by  ( ) the class 

of all   monotone functions on ,    - , continuous function such 

that   
 (   )    for all     and      In particular,  ( ) and  ( ) 

are the classes of all monotone and convex function on ,    -. 

A function   ,   -    is said to be k-monotone        ,   - if 

and only if for all choices of       distinct points             

in ,   -the inequality  

   ,           -    holds,where  

 ,          -   ∑
 (  )

  (  )

 
        , denotes the  th divided difference 

of   at           , and    (  )   ( 
       ). 

  (     )          ‖  
 (     )‖ is the kth modulus of 

smoothness         of   on I. 

   (   )    (    ,    -)    
    

 ,    -  for any interval I we 

write   (     )   

 ( )  √           ( )   ( )                 

    denoted the space of algebraic polynomial of degree              

          [       ]          |    |          



12 

      ⋃   
   *   +

     *   +
 [    *   +     *   +  }-          

(the smallest interval containing both   and   )  

           .
  

 
/                 and    for   

  (chebyshev knots) 

   (  )   
 (chebyshev partition) 

       |    |  ∑        *   +       *   +  
    *   +

      *   +
 

     ( )  |  |  (|    |   |  | ) ,     (    )  |    | 

  ( )     *    ( )+      *    ,   -|   ( )    

and   
   (  )    

   (  ) for        +  . Note : if     
 , Then                                                                       

Γ( )      ( 
( )  )  is equivalent to afunction from      

∑   ∑      the set of all             piecewise polynomials of 

degree not exceeding    ,that are continuous.  

 ∑   ∑  
( )
       

( )
 the set of all            piecewise polynomials 

of degree    1 that continuous derivatives.  

     ( )   |              (  is piecewise polynomials, of 

pieces   ( )     ,          and write  |    ).   

    (  Γ)  
‖     ‖ 

 (  )
 (

  

    
)
 

  where Γ     Γ    and   ∑    

where      are polynomials.   

  (  Γ  )            {    (  Γ)|              }  

Where an interval   ,    - contains at least one interval   . 

  (  Γ)   (  Γ  )                (  Γ)  

 ( )   is an absolute constant depending on  ,and is different 

from one step to others. 
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 (   )  positive constant that are either  may only depend on the 

parameters   and   or absolute . 

  ( )   [    ]
( )     if         and :=0, otherwise. 

  ( )   (    )  (    )  ( )  ∫   ( )  
 

  
. 

  
 (    ,   -)           

(   )
 
 (   )      

 (    ,   -)     ,   -. 

  
 (    ,   -)           

(   )
 
 (   )     

 (    ,   -)    ,   -. 

 

1.2  The Auxiliary Lemmas: 

In this section we introduce the results that we need to prove our 

Theorems. 

Lemma 1.2.1 [7]   

(     ( )    ( )        ( )     ), (         ). 

{      Using the same lines word by word used for (6.12), P.235 

in[14], we get the following lemma } 

Lemma 1.2.2  

For       , (    ,    -       ,    - and     such that 

  (   )  ,    -. Then 

‖ ( )‖   ( ) .  
|   |

 
/
 

(  (   )  ‖ ‖,    (   ) -)   ,    -. 

Lemma 1.2.3 [12]   

( |  |   Γ(  )(
    

  
)              ), and |  |   Γ(  )(

    

  
) , 

|  |   Γ(  )(
    

  
)    and |  |         ,     Γ(  )

    
   

  
 , where 

  ( )  ∫ (
  

  
   )      ,   ( )  ∫ (

 

  
   )  

     ,   ( )  

 ∫ (
 

  
   )  

     , and      are polynomials. 
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Lemma 1.2.4 [14]  

(  
 ( )     (  )(|    |    (  ))     (|    |    ( )). 

Lemma 1.2.5 [14]   

(  ( )      (    )    ( )  |    |    (  ( )      (    )). 

Lemma 1.2.6 [14]  

Let          and let            , be such that    is divisible 

by  . Then , there is a collection { ̃    
( )}

   

 
 of polynomials 

 ̃       (     )  such that  

(∑  ̃    
( )      ,    - 

   ), and  ̃     ( )    and  ̃     ( )    , 

  *    + are valid, and  

| ̃    

( )
( )|   

  
  ( )

   

 
( )

 (
   ( )

 
  ( )      .    /

)

  

          for all       

where all constants   depend only on       and are are 

independent of the ratio 
  

 
   

Lemma 1.2.7 [14]   

(∑  ̃    
( )      ,    - 

   ). 

Lemma 1.2.8 [14]   

(| ̃    

( )
( )|   

  
  ( )

   

 
( )

 (
   ( )

 
  ( )      .    /

)

  

        ). 

Lemma 1.2.9 [14]   

(    (  Γ)  
‖     ‖  

 (  )
(
  

    
)          ). 

Lemma 1.2.10  [14]   

(∑ (
  ( )

  ( )     (    )
)    

   ). 
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Lemma 1.2.11 [14]   

(|  ( )|     (  Γ  ) 
  ( )

  
, 

|  ( )|     (  Γ) 
 
Γ( )

  

 

  
(

 

      (  ,    -)  
)    

|  ( )|     (  Γ) 
  ( )

  

 

  
(

 

    (  ,    -)  
)   ), similarly |  ( )|  

Where     ∑ ((  ( )    
   ( )) ̃ ( )

( ),     ∑ ((  ( )    
 

  ( )) ̃ ( )
( ), similarly    and   , where 

   * |                    + 

   * |                    + 

   * |            + 

   * |             +   

Lemma 1.2.12 [7]   

(   
 
( )   

  

  
  
  ( )

 (  ( ))

  
 ( )

(
  ( )

   *  ( )     (   )+
)       (,    - 

 )) , where   
  is polynomial ,       are intervals of    and    . 

Lemma 1.2.13 [7]  

 (   
 
( )     

 ( )
 (  ( ))

  
 ( )

        

Lemma 1.2.14 [14]   

(If              then
     

 
 

       

       
 (     )

   

Lemma 1.2.15 [7]   

(  x{|  ( )    ( )| |  ( )   ̃ ( )|+   (   )|  |  
 ( )  

   ( )). 

Where    ̅  {
 ̃            

               
   ,|  |   ,   ( )       .      

Lemma 1.2.16 [12]   
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|   (  
 )|  

 (  )

  
 (|   |   )  , where   is piecewise polynomial of 

  
  and   

  (        ) . 

Lemma 1.2.17 [12]  

|     
 |

|   
     

 |
  ((   )  (   ) ), where    

        , If         , 

and  for each           and 1       . 

Lemma 1.2.18 [7]    

( ∑   
  

   ( )   ). 

Using the same lines word by word used the estimate for pp.1282-

1283 in [14], we get the following Lemma                                                          

Lemma 1.2.19 [14] 

∑ Γ(  ) 
   

   ( )   Γ( )∑
   

(|    |  )     , where       and 

  {      |    }  

Lemma  1.2.20 [6] 

For every     there is a constant    (   ) with the following 

property, for each convex function     
 ,   -,there is a number 

   , such that for every partition   *  +   
  of ,   - satisfying 

       and         . 

There is a convex piecewise polynomials    (     )  such that 

| ( )   ( )|   (   )   
 ( ( )   ,    -)   ,    -  

| ( )   ( )|   (   )   
 ( ( )   ,      -   ,      -  and, for 

each            and   [       ], where 

  
 (    ,   -)           

(   )
 
 (   )      

 (    ,   -)     ,   - 

  
 (    ,   -)           

(   )
 
 (   )     

 (    ,   -)    ,   - 
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| ( )   ( )|   (       )
 
        

 ( ( ))   [       ]   

 (    )      
 ( ( ))   ,    -   (      )

        

 ( ( ))    

,      -. 

Lemma (1.2.21) [6] 

For  each convex function     
 ,   -,   ∑   ( )

     , then 

| ( )   ( )|   (   )   
 ( ( )   ,    -)   ,    -  

Lemma (1.2.22) [6] 

For  each convex function     
 ,   -,   ∑   ( )

      , then 

| ( )   ( )|   (   )   
 ( ( )   ,      -)   ,      -  

Lemma (1.2.23) [21] 

Let        (  )   
                       be a 

partition of [   ],    ( )      (  ). Then there exists  ̃    ( )  

    (  )     ,   - such that, for any 1      . 

‖   ̃‖,         -   (   (  ))    (       

     [         ]) where 

          and            Moreover.  

 ̃( )( )   ( )( ) and  ̃( )( )   ( )( )      . 

Lemma (1.2.24) [6] 

  | |∑
  

| |     , where | |  ‖    ‖ 
.  

                                                                                         

1.3  Properties of Piecewise Polynomials 

Here we introduce some results about properties of piecewise 

polynomials. 
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Proposition 1.3.1 

Let Γ             ( ) and    ∑           (   )   ( )Γ( )     

and 

 ‖   ‖   ( )Γ(  ( )) , then 

  (  Γ)   (   ) 

Proof. 

We have Γ is non-zero and positive map. For          we have   

    ( )  
‖     ‖ 

 (  )
(
  

    
) =

‖         ‖ 

 (  )
(
  

    
)    

    (  Γ)   
 
 (

‖    ‖ 

Γ(  )
 (

  

   
)

 

 
‖    ‖ 

Γ(  )
(
  

    
)

 

)          

where ‖    ‖  (∫ |    | 
 

  
)
 

   

‖    ‖ 
 (∫ |    | )

 

  

 
 

   

For any         since ‖ ( )   ( )‖    ( )Γ(  ( ))   

,    -, and by lemma 1.2.1. 

 ( )

 
   ( )        ( )                            , 

Then  

‖    ‖ (  )   ( (  ) )‖Γ(  )‖ (  )   ( (  ))Γ(  ),  

Hence        where we used the fact that if         

then Γ(  )  Γ(  ) and          then Γ(  ) Γ(  )    
     

  . 

To estimate   , by using Lemma 1.2.2  

(‖ ( )‖   ( ) .  
|   |

 
/
 

(  (   )  ‖ ‖,    (   ) -),   

,    -.  
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setting                     
  

   *     +
  and note that 

  (   )    (      ) 
   (   )   ( )Γ( )  we get 

‖ ( )    ( )‖ 
  ( )(  

|    |

  
) .Γ(  )  ‖    ‖ 

/  and so, 

‖    ‖ 
  ( )(

    

  
) Γ(  )   

therefore,      ∎ 

Proposition 1.3.2 

Let     Γ    and   ∑   
   . Then   ( )   ( )‖

     

 ( )
‖

 
 

Proof. 

Since    ( )   (  )    (  )(   )  ∫ (   )   ( )  
  

  
 

∫ (   )   
 ( )     

 

  
and 

  ( )   (  )    (  )(   )

 ∫ (   )   ( )   ∫ (   )   
 ( )   

 

  

  

  

 

We have 

        ∫ (   )   ( )   ∫ (   )   
 
( )   ∫ (  

 

  

 

  

  

  

 )   
 
( )        ( )    ( )    ( ) . Then 

‖     ‖ 
  ( )(‖  ( )‖  ‖  ( )‖  ‖  ( )‖ )  

So by Lemma 1.2.3 (|  |   Γ(  )(
    

  
)               

‖  ( )‖   ( )Γ(  )(
    

  
)  ‖  ( )‖   ( )Γ(  )

(    )
   

  
 . 

‖  ( )‖          where     ( )Γ(  )
(    )

   

  
                                                               

So           {    (  Γ)}    (  Γ)  
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So 
‖     ‖ 

 (  )
(
  

    
)       (  Γ)  we have  

  ( )  ‖  ( )‖   ( )Γ(  )(
    

  
)                

That is ‖     ‖ 
  ( )Γ(  )(

    

  
 )   . This proof is complete ∎ 

Theorem 1.3.3 

Let         Γ    ,and let         be  such that 
   

 
 .  

If   ∑     .Then there exist a polynomial    (   ) of degree≤      

such that       

‖ ( )     (   )‖   ( )  
 ( )Γ(  ( ))  (  Γ)                  (1.3.4)                                               

If      
   ( )       for some      and  

  [       
]            then for all     *  +   

    and   

 ≤  , we have 

‖ ( )( )     
( )‖

 
  ( )  

 ( )
 (  ( ))

  
 
( )

(  (  Γ  )    (  Γ))   

  ‖(
  ( )

    (  ,    -  )
)   ‖

 
                                                                 (1.3.5)                                                              

The constants  (p) is depending on   only and not on   . 

Proof. 

Let     ∑   ( )
 
    ̃    ( )                                                         (1.3.6)                                          

where  ̃    denoted the polynomials of degree   (     ) from the 

statement of Lemma 2.2.6 , and    (   ) denoted the polynomial of 

degree     (     ) The parameters    and     are chosen to be 

sufficiently large and depend on           

So let     and              So by Lemma 1.2.4 and 1.2.5 

  
 ( )     (  )(|    |    (  ))     (|    |    ( ) , 
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  ( )      (    )    ( )  |    |    .  ( )      (    )/. 

   Then       

  

  
  

 

  
   

|    |  

 
 

      (    )

 
                      (1.3.7) 

Also 

    

  
  ( ) 

      (    )

  
                                                          (1.3.8)                                                          

Indeed, if |   |      then by Lemma 1.2.1 , 

Implies that          

If |   |   , since we have unique    between    and    and then 

using by Lemma 1.2.1 , to get: 

               (     )          (     ) 

        (    )  and by inequality 1.3.5 it follows . 

Since  ( )    ( ), by Lemma 1.2.7 , 

implies 

 ( )     (   )   ( )∑  ̃ ( )  ∑   ( ) ̃ ( )         
 
   , And so 

 ( )( )     
( )(   )  ∑ (.  ( )    ( )/  ̃ ( ))

( )

         
 

 ∑ ∑ .
 

 
/

 

            
.  

( )( )    
( )( )/  ̃ 

(   )
( )  

With the assumption that   *  +   
       if       since  ( )that is not 

exist at those point. note also that      for all            and 

by Lemma 1.2.8,  

| ̃    

( )
( )|   ( )

  
  ( )

   

 
( )

(
   ( )

   ( )     (    )
)
  

        , can be used 
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for any  ̃  above. 

since Γ(  )  Γ(    )  Γ(  )(
    

  
)   ( )Γ( )(

    

  
)   

it follow from Lemma 1.2.9 and by Proposition 1.3.1, and 

inequality's  1.3.7, 1.3.8 for all    , Then  

‖  
( )    

( )‖
 (  )

  ( )  
  ‖     ‖ (  )

 

  ( )    (  Γ)
 (  )

  
 (

    

  
)                                                      (1.3.9) 

   ( )     (  Γ)
Γ( )

  
(
    

 

    
)                    

  ( )    (  Γ)
Γ( )

  
(
      (    )

 
)    

observing that 
  

       (    )
 

 

      (    )
                                      (1.3.10) 

and using Lemma 1.2.8.we now conclude that , for all 

      and           ‖(  
( )( )    

( )( )) ̃ 
(   )

( )‖
 
 

  ( )    (  Γ) 
  

 ( )

    
   (

  

       (    )
)     , If     , this become   

‖.  
( )( )    

( )( )/  ̃ ( )‖
 
 

 ( )     (  Γ) 
  

 ( )

  
(

  

       (    )
)                                            (1.3.11) 

and ,in particular             

‖.  ( )    ( )/  ̃ ( )‖
 
  ( )    (  Γ) 

  Γ( )(
  

       (    )
)                        

(1.3.12)                          

If we assume       ,we get     (    )      therefore 
  

 
 

 

  
   

Then 
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‖.  
( )( )    

( )( )/  ̃ 
(   )

( )‖
 

  ( )    (  Γ) 
  

Γ( )

  

  

 
(

 

       (    )
)     (

  

       (    )
)            

  ( )    (  Γ) 
  

 ( )

  

 

  
(

  

       (    )
)                                 (1.3.13) 

Now let us study the case            and         

we study the case        the case        of study similar to 

above. Since   is smooth. In fact 

If     
   ,    -  we have   

( )(  )      
( )(  )       

  and so by inequality's 1.3.4 , 1.3.10. 

‖  
( )( )      

( )( )‖
 

 ‖
 

(     ) 
∫ (   )     (  

( )( )
 

  

     
( )( )  ‖

 

 

 
 

(     ) 
(∑ |    | )

 

   

 
 
(∑ |  (  )      (  )|

 )
 

   

 
 
  

where             are polynomials so 

 
 ( )

(     ) 
‖   ‖ (  )‖  

( )( )      
( )( )‖

 (  )
            

 . 

 
 ( )

(     ) 
‖   ‖ (  )      (  Γ)

 ( )

  
(
  |    |

 
)  , 

Therefore, 

 ‖.  
( )( )    

( )( )/  ̃   
(   )

( )‖
 
 

 ( )      (  Γ) 
  

 ( )

      
‖(   ) (  )(

  

   |    |
)     ‖

 (  )
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In summary , The estimate 

‖.  
( )( )      

( )( )/  ̃   
(   )

( )‖
 
  

 ( )      (  Γ) 
  

 ( )

  ‖(
  

       (      )
)       ‖

 
                (1.3.14)                              

is valid for all       provided that     
   ,    - , 

for     it follows from inequality's 1.3.4, 1.3.13, 1.3.12, 1.3.11, and 

using  

 Lemma 1.2.10 and the estimate     (  Γ)  we have 

‖ ( )     (   )‖  

 ( )  (  Γ) 
  Γ( ) ‖∑ (

 

      (    )
)     

         ‖
 

          (1.3.15)                  

  ( )  (  Γ) 
 Γ( ), and inequality 1.3.5 is proved   

Let us now estimate 1.3.6. Assume     
   ,    - and       

we write 

 ( )( )     
( )(   )  ∑ (.  ( )    ( )/  ̃ ( ))

( )           

  (∑  ∑  ∑  ∑ )((  ( )
    

   ( )) ̃ ( ))
( ) 

            

 

‖ ( )( )     
( )(   )‖

 
    ( )    ( )    ( )    ( )  

Where 

   * |                    + 

   * |                    + 

   * |            + 

   * |             +   

so by Lemma 1.2.11, ‖  ( )‖   ( )  (  Γ  ) 
  ( )

  
 also  
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‖  ( )‖   ( )  (  Γ) 
 
Γ( )

  

 

  
‖(

 

      (  ,    -  )
)   ‖

 

 

‖  ( )‖   ( )  (  Γ) 
 
Γ( )

  

 

  
‖(

 

    (  ,    -  )
)   ‖

 

 

similarly ‖  ( )‖  is completely analogous ,so the proof of this 

Theorem is complete ∎ 

 

1.4     Convex Approximation By Piecewise Polynomial 

Here we deal with piecewise polynomial approximation for 

function in   ,    - spaces. 

Theorem 1.4.1 

Let          and Γ      be given. If   ∑   ( )
   ,is such that  

‖   ( )‖   ( )
 (  ( ))

  
 ( )

   ,       -  *  +   
                            (1.4.2) 

     (   )    (   )  
 .  (  )/

  (  )
            (1.4.3)                       

and 

    ( )       ,       )  (    -                                              (1.4.4)                                       

Then there is a polynomial    ( )          (     ) such that 

 ‖ ( )   ( )‖   (     )  
 ( )Γ(  ( ))   ,    -             (1.4.5)                 

Proof. 

Let    is a continuous piecewise linear function interpolates   at 

the points           and          . Then 

    ( )   ( )   ( )                                                        (1.4.6)                                                

And , for              using Whitney's inequality and lemma 

1.2.1 (    ( )    ( )        ( ) ,      , we get 

‖ ( )    ( )‖ (  )   ( )  (       )  
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  ( )    ( 
       )   ( )  

 ‖   ‖ (  ) ,so by using  

‖   ‖   ( )
 (  )

  
  , We get 

‖ ( )    ( )‖ (  )   ( )Γ(  ),  

So we have by Proposition 1.3.1, 

 ‖ ( )    ( )‖    ( )Γ(  ( ))   ,    -)                          (1.4.7)                 

So we can be write    as 

  ( )    (  )    
 (  )(   )  ∑    ( ) 

   

   

 

     
 (   )    

 (   )  note that, by Markov and Whitney  

‖  ‖   (   )  ‖ ‖  . 

        (  )       (  )   ( )  
  ‖       ‖ (       )

 

  ( )  
    (      (       ))  

  ( )  .‖ 
  ‖ (  )

 ‖   ‖ (    )
/   ( )(  (   )    (   )) 

  ( )  
  Γ(  )           

Now , if  ( )    (  )    
 (  )(   )  ∑     ( ) 

   
    

So that      a polynomial of degree not exceeding   , and also 

convex. and using Proposition 1.3.1), and inequality's 1.4.6 , 1.4.7. 

We only need to estimate ‖  ( )   ( )‖ . Note that the 

inequality    
 ( )  ( )        

  ( )  ( ) ,  

implies, For all       and   ,    - , 

Γ(  )  Γ(   
  ( )  ( ))     

  ( )Γ( ( )). 

Hence by Lemma's 1.2.15, 1.2.18 , we have 
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‖  ( )   ( )‖  ∑  |  ( )    ( )|

   

   

  ( )∑Γ(  )  
 ( )  

 ( )

   

   

 

  ( )  
 Γ(  ( ))∑  

   ( )

   

   

 

  ( )  
 ( )Γ(  ( ))  when        ∎ 

   

1.5  Polynomial With Second Derivative  

Here we deal with polynomials of second derivatives belong to 

  ,    - . 

Lemma 1.5.1 

let                    be sufficiently large (     ) and 

let Γ     be of the from Γ( )    ( )       . 

Also let   ,    - be a closed interval which is the union of 

       of the intervals   , and the set     consist of    intervals 

  , where      
  

 
. Then there exists a polynomial   ( )  

 (     ) of degree    , satisfying 

   
 ( )   

  

  
  
  ( )

 (  ( ))

  
 ( )

(
  ( )

   *  ( )     (   )+
)       (,    - 

 ),                                                                                                      (1.5.2)   

   
 
( )     

 ( )
 (  ( ))

  
 ( )

                                             (1.5.3)        

,and 

‖  ( )‖  

 ( )  
    

 ( )  ( )Γ(  ( ))∑ ‖
  

(|    |   ( ))
 ‖

 
      

       (1.5.4)    
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  ,    - , where             (   )      and       . 

Proof.  

let   {      |    }   *     |     + 

      * |   +         * |   +,     *    
 + 

and      , ̃  {     |    ̃}  ̃     ̃   ̃   

 ̃    be the sub interval of E such that 

(i)   ̃is a union of [    - intervals    and 

(ii)  ̃ is centered at   as much as E allows it, 

where   ,    - be a closed interval which is the union 

of        of the intervals     and a set     consist of 

   intervals     where          . so by lemma's 1.2.12, 1.2.13. 

that is proved 1.5.2 and 1.5.3 

now to prove 1.5.4, we now estimate ‖  ( )‖ . 

Let  ( )    
 (  )

  
(
  

  
∑   ( )  ∑     ( ))   ̃   . 

Then from Lemma  1.2.14 . If             . Then 

     

 
 

       

       
 (     )

 ), for any          | |      
 . 

This implies that    
 | |

  
            , and so  

Γ(  )     
 Γ(  )     .Hence by using Lemma 1.2.15 

(   *|  ( )    ( )| |    ̃ ( )|+   (   )|  |  
 ( )  

   
( )) 

As well as by Lemma 1.2.19  

{∑ Γ(  ) 
   

   ( )   Γ( )∑
   

(|    |  )    +, that is true if     

 ,we have 



29 

‖  ( )   ( )‖ 

 
Γ(  )

  
‖
  

  
∑(  ( )    ( )  ∑  ( ̅ ( )    ( )

   ̃   

‖ 

Where  ̅  {
 ̃          

           
 

‖  ( )   ( )‖   

  (   )
  

  

Γ(  )

  
(‖∑(  ( )    ( )

   

‖

 

 ‖∑  ( ̅ ( )    ( )

   ̃

‖

 

) 

  ( )  

Γ(  )

  
∑  ‖ 

   ( )‖
 

   

 

  ( )  
     ∑Γ(  )‖  

   
( )‖

 
   

 

  ( )  
     Γ( )‖∑

   

(|    |   ) 
   

‖

 

 

It remains to estimate ‖ ( )‖  

First assume that                Then   ( )         ̃  and 

 ( )     If ,on the other hand ,         Then   ( )          

   ̃ , so by inequality (
  

  
∑ (    )  ∑   (    )      ̃   ) , 

where    is the constants and    ̃ implies  ( )      Hence in 

particular , ( )    , for          

Suppose now that         we already assumed that E does not 

contain   ).Then as above ,     | |         

And so Γ(  )     
 Γ( ). 

Also ,   | |    
  . Hence , since     on ,       -  
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‖ ( )‖  ‖
Γ(  )

  
(
  

  
∑|    |   ∑|    |)

   ̃   

‖

 

 

  ( )  
   

Γ( )

| |
∑‖    ‖ 
   

 

  ( )  
   

Γ( )

| |
∑| |

   

 

  ( )  
     Γ( ) 

And that the note by Lemma 1.2.24 

  | |∑
  

| | 
   

  ( )| | ‖
  

(|    |   ) 
‖

 

 

  ( )  
 ‖∑

   

(|    |  )    ‖
 

, and by 

‖  ( )‖ 
 ‖  ( )   ( )‖

 
 ‖ ( )‖  

 

  ( )  
     Γ( )‖∑

   

(|    |   ) 
   

‖

 

  ( )  
 ‖∑

   

(|    |   ) 
   

‖

 

 

  ( )  
    

 ( )  ( )Γ(  ( ))∑ ‖
  

(|    |   ( ))
 ‖

 
       ∎ 
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1.6 Convex Polynomial Approximation of Piecewise 

Polynomials . 

To prove our main result we need the following auxiliary result: 

Lemma 1.6.1 

Let      Γ    and   ∑  
( )
   be such that   (  Γ)     If   

       are such that the interval     contains at least      

intervals    and points   
  (        ) so that 

|   (  
 )|  

 (  )

  
                                                                                  (1.6.2)   

Then for every      we have  

‖
     

 ( )
‖

 
  (   ),(   )   (   )  -                                       (1.6.3)     

Proof. 

Fix   and     
  where   

  (       )  It follows by Lemma 1.2.9 

(    ( )        ( )  
‖     ‖ 

 (  )
(
  

    
)            

That for every    ‖     ‖ 
  ( )Γ(  )(

    

  
) . 

Since   and    are polynomials of degree     we obtain 

‖  
     

  ‖
 
 

 

  
 ‖     ‖ 

  ( )
Γ(  )

  
 (

    

  
)   

Hence by Lemma 1.2.16 and 1.2.17 

Implies the inequalities 1.6.4 and 1.6.5 

|  
  (  

 )|  
 (  )

  
 (|   |   )                                                         (1.6.4)   

|     
 |

|   
     

 |
  ((   )  (   ) )                                                    (1.6.5)   
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Now ,by virtue of the representation 

  
  ( )  ∑  

  (   
 ) ∏

     
 

   
     

 

   

       

   

   

 

 

It follows by inequalities 1.6.4 and 1.6.5 that ‖
     ( )

 ( )
‖

 
 

‖
    

  ( )

 ( )
‖
 
 

 
  
 ‖  

  ( )‖
 

Γ(  )
   ( )((   )     (   )    )     

   

So the proof of inequality 1.6.3 is complete ∎ 

 

Using the same lines step by step of theorem 10.2 in[14] we get the 

following result: 

Theorem 1.6.6 

Let                  and let Γ     be the form Γ( )     ( ) 

;      . Also, 

 let           and  be given. Then there is a number   

 (    Γ        ) satisfying the following assertion . 

If     and   ∑   ( )( )
   is such that 

  (  Γ)                                                                                        (1.6.7) 

If      , then   |  |
            

  ( )                              (1.6.8) 

If        then  ( )( )     for all                                 (1.6.9) 

If       then   |    |
             

   ( )                        (1.6.10)                   

If       then  ( )(  )   , for all                             (1.6.11)                
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Then there exists a polynomial    ( )      ,    (     )  

Satisfying : for all   ,    -  

‖   ‖   (     )  
 ( )Γ(  ( )) if      and           (1.6.12) 

‖   ‖   (     )  
   *      +( )Γ(  ( ))  if    *     +    

(1.6.13)                                                                                                         

 

1.7 Convex Approximation By Smooth Piecewise 

Polynomials 

Here we treat with convex approximation by smooth piecewise 

polynomials.   

Proposition 1.7.1 

Given     there is a constant    (   ) such that if      ,    - 

is convex, then there is a number    (   ), depending on  and 

   such that for      there are convex piecewise polynomials   of 

degree     with knots at the chebyshev partition    (i.e.,   

∑   ( ))       satisfying 

 ‖ ( )   ( )‖   (   ) .
 ( )

 
/
 

  . ( ) 
 ( )

 
/
 
                   (1.7.2)  

and 

‖ ( )   ( )‖ 
 [         ] ,       -

 

 (   )   ( )  . ( ) 
 

 
/
 
 [         ] [       ]

                                    (1.7.3)                                                                                                 

And 

‖ ( )   ( )‖ 
 [         ] ,       -

 

 (   )   ( )  ( 
( )   ( )) 

 [         ] [       ]
                              (1.7.4)                                                                                          
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Proof. 

Using by Lemma 1.2.20 we get,  

If we let   be the chebyshev partition    {  }  where     

  √   then by (       and         ) is satisfied since 

             we have :                  .
 

  
/  

  

   
 

 

 
    

Since  
 ( )

 
   ( )         for   [       ]  and from Lemma's  

1.2.21 , 1.2.22 and above, we get 

‖ ( )   ( )‖   (   ) ‖  
 ( ( )   ,    -‖  ,    -

    

‖ ( )   ( )‖   (   ) ‖  
 ( ( )   ,      -‖  ,      -

   

And so 1.7.2, 1.7.3 and 1.7.4 satisfied. 

 

 

Lemma 1.7.5 

Given      there is a constant    (   ) such that if      ,    - 

is convex, then there is a number    (   )  depending on   and 

 , such that for      there are continuously differentiable convex 

piecewise polynomials   of  degree     with knots at the 

chebyshev partition    (i.e.,   ∑   ( ) 
( )
      satisfying 1.7.2, 1.7.3 

and 1.7.4 in Proposition 1. 7.1 . 

Proof. 

Let   (  )denoted the space of all piecewise polynomial function 

(ppf) of degree     (order  ) with the knots    (  )   
     

                   .Also, the scale of the partition    

is denoted by 
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 (  )            
|    |

|  |
   where    ,       -                          (1.7.6)                  

Where |  | is the length of the interval      

Let   be a sufficiently large fixed number, and let    ∑       

 ( )be a piecewise polynomial from the statement of Proposition 

1.7.1 for which estimates1.7.2-1.7.4 hold. Let                     

and let    (  )   
 be such that           and           

      (note that       )  

Clearly,        (  )  (  )    and by Lemma 1.2.23 implies that 

‖    ̃ ‖  ( ̃ )
  (   )    (        )  ( ̃ )

  where  ̃     ,   - and 

   [         ]  ,   -                                                           (1.7.7)   

 and 

 ̃ 
( )( )   ̃ 

( )
( ) and  ̃ 

( )( )   ̃ 
( )( )                            (1.7.8)                                             

Let  

 ( )  {
  ( )      ,    - ,   - 

 ̃ ( )         ,   -             
 

  ∑   ( )( )
      , inequalities 1.7.3 and 1.7.4 satisfied, if we put 

instead of      and 1.7.2 also satisfied. since 
 ( )

 
     for any 

           . Thus, for    ̃        , 

‖   ‖  ( ̃ )
 ‖ ( )    ( )‖  ( ̃ )

 ‖  ( )   ̃ ( )‖ ( ̃ )
 

  ( )‖    ‖ (  )
  ( )    (       ) (  )

 

  ( )  
   ( 

( )   ) 
  ( )(

 ( )

 
)   ( 

( ) 
 ( )

 
) . 
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Theorem 1.7.9 

Given    , there is a constant    (   ) with the property that if 

    
   ( ) then there exist a number    (   )  depending on 

  and  , such that for every      there is        ( ) satisfying 

‖ ( )    ( )‖   (   ) .
 ( )

 
/
 

  . ( ) 
 ( )

 
/
 
                   (1.7.10)   

The following stronger estimates are valid:  

‖ ( )    ( )‖  ,         - ,       -  

 (   )   ( )  ( 
( ) 

 ( )

 
)  ,         - ,       -                          (1.7.11)    

, and 

‖ ( )    ( )‖  ,         - ,       -  

 (   )   ( )  . ( )   ( )/
  ,         - ,       -

)                    (1.7.12)                                                            

Proof. In The Case     

Let   be the piecewise polynomial from the statement of Lemma 

1.7.5. Without loss of generality, we can assume that   does not 

have knots at    and      (it is sufficient to treat   as a piecewise 

polynomial with knots at the chebyshev partition    ).then 

  ( )   ( )|       ( )  
  ( )

  
(   )    

 ( )( )

  
(   )  

  (   )(   )    and 

  ( )   ( )|         (  )  
  (  )

  
(   )    

 ( )(  )

  
(   )    (   )(   )   ,where   (   ) and   (   ) 

are some constants that depend only on   and   . 

Note that  

      *|  (   )| |  (   )|+    as                              (1.7.13)     

From Proposition 1.7.1, Lemma 1.7.4 that, for all         
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‖  (   )(   )‖ 

  ( )
‖  ( )   ( )‖ 

(   ) 

 
 ( )

(   ) 
‖ ( )   ( )  

  ( )

  
(   )   

 
 ( )( )

  
(   ) ‖

 

 

  ( )  ( 
( )    )

 
 

 

(   ) (   ) 
‖∫ ( ( )( )   ( )( ))(  

 

 

 )     ‖
 
   ( )  ( 

( )    )
 
  and, in particular, 

   ‖  (   )‖   ( )  ( 
( )    )    as    . 

Analogously, one draws a similar conclusion for ‖  (   )‖  

For     
       let       be the smallest integer      , 

If it exists, such that  ( )( )     and denote 

  (   )  {
(   )  | (  )( )|

                    
   if    exists.  

Similarly, let       be the smallest integer        if it exists, 

such that  ( )(  )     and denote 

  (   )  {
(   )  | (  )( )|

                                    
  , if   exists. 

Hence, if   is sufficiently large, then 

   ( )    (   )(   )      (    -                                 (1.7.14)      

And 

   ( )    (   )(   )       ,       - .                         (1.7.15)     

  Given        , and a convex     
   , let      

be such that 



38 

  ( 
( )  )   ( )  denote Γ( )     ( )  and note that Γ      . 

For a sufficiently large     and each    , we take the 

piecewise polynomial   ∑       of Lemma 1.7.5 satisfying 1.7.14, 

1.7.15 and observe that 

    (   )      ( 
( )  )  Γ( ) . 

So that by Proposition 1.3.1 with      , we conclude that 

    (  Γ)    . 

Now, it follow from 1.7.14 and Lemma 1.2.1 

        
  ( )    (   )|  |

           (   )|  |
    

And, similarly, the inequality 1.7.15 yields 

        
  ( )         (   )|    |

   . 

Hence, using Theorem (1.6.6) with                 (   )  

          (   ) and               

We conclude that there exists a polynomial        ( )such 

that: 

‖ ( )   ( )‖   ( )  
    ( )  

 ( ) (  ( ))   ,    -  (1.7.16)      

In particular, for                  using the fact that 

  ( )     for these    and     ( ) is non-increasing we have 

‖ ( )   ( )‖   ( )(  ( ))
    

  
 ( ) (  ( ))  

  ( )       ( )(
   ( )

 ( )
)  (

 ( )

 
) 

  ( )   ( )  ( 
( ) 

 ( )

 
)                                                           (1.8.17)     

In turn, this implies for           that 
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         ‖ ( )   ( )‖   ( ) .
 

 
/
 
  . ( ) 

 ( )

 
/
 
   ,    -  (1.7.18) 

Now , 1.7.18 together with 1.7.2 yield 

‖ ( )    ( )‖   (   ) (
 ( )

 
)

 

  ( ( ) 
 ( )

 
)
 

   ,    - 

And 1.7.17 together with 1.7.3 yield 

‖ ( )    ( )‖   (   )   ( )  ( 
( ) 

 ( )

 
)
 

   ,    - 

Now to prove ‖ ( )    ( )‖   (   )   ( )  ( 
( )   ( ))  

Using that      ( 
( )  ) is non-increasing we have, for        , 

        

‖ ( )   ( )‖   ( )(  ( ))
    

  
 ( )  ( 

( )   ( ))  

  ( )       ( )
  ( )

  ( )
  ( 

( )   ( ))  

‖ ( )   ( )‖   ( )   ( )  . 
( )   ( )/

 
  

In Case    . 

It is possible to that, in order to prove Theorem 1.7.9 in the 

case      it is sufficient to construct a convex polynomial    the 

approximates the quadratic spline   from Proposition 1.7.1 (with 

   ) so that . 

‖ ( )    ( )‖   ( )  (    ( )) , 

And 

  (  )   (  ) and   
 
(  )    (  )                                     (1.7.19)    

 To construct the above polynomial . we shall use away similar to 

that in [2] by replacing   by   and   by    ∎ 
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Some authors introduced direct inequalities for the constrained 

approximation of convex and piecewise convex functions in C[-1,1] with 

restricted degree of approximation. Here we study the pointwise 

constrained approximation of piecewise convex functions by pointwise 

polynomials in    space.  

2.1 Introduction and Notations: 

Let     ( ) change its convexity finitely many, say      time in 

the interval. 

   define     ( )  {           } where   ,    -   
 ( )  

{                        }      ‖ ‖   (∫ | ( )| )
 

  

 

  ‖ ‖  .  

We are interested in pointwise estimates on the approximation of 

  by algebraic polynomials there are coconvex with it. That is, that 

change their convexity exactly at the points where   does. 

Specifically, denote by        .   

The set of all collections    *  +   
  such that            

   denoted by        . 

Let  ( )(  ) denoted the collection of all function      ,    - that 

change convexity at the set    and are convex in ,    -.Namely in 

the interval ,       -    is convex when   is even, and is concave 

when   is odd. We also use the notation       and        . 

Denote 

         ( )  ∏ (    )
 
                                                                   (2.1.1) 

Then for example, if      
 ,    -    ,    - then     ( )(  ) if 

and only if   
( )

( )     in (-1,1).  

The convex function as the case      where we write      

   the set of algebraic polynomials of degree    

Norm estimates on the degree of approximation of     ( )(  ) by 
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       ( )(  ) ,namely, estimates of 

  
( )(    )            ( )(  )

‖    ‖  , More specifically, for 

     ,    -   

let    
  ( )  ∑ (  )   ( 

 
) 

    .  
 

 
    /       

 

 
         

              

is the symmetric difference of order   , and denote by 

  (   )       ,   -‖  
  ‖       ,   -     ,    -|  

  ( )|      

is the kth modulus of smoothness of   on I. 

Given                    and      . We wish to estimate 

      
( ) (    )            ( )(  )

‖
    

  
   ( 

( )   
 )
‖
  

 

           ( )(  )
     ,    - ‖

 ( )    ( )

  
 ( )  ( 

( )   
 ( ))

‖
 

  

Where   ( )  √      and    ( )   ( )          ,    -   

for     ( )(  )     
 ( ) such that         We put       

( ) (    )  

   if           ( )(  )   

In [23] by Nikolskii, Timan, Dzyadyk, Frend and Brudnyi study 

the classical pointwise estimates for unconstrained approximation 

which is also true for coconvex approximation . 

In [8,27] the authors restricted them attention to the following 

three cases:  

a)     and       b)         and       c)     and       

All other cases also have been investigated . 

For instance, for       it introduced by [19,25] that for no   

   and      is it possible to have constants    (     ) and 

   (     ) , depending only on     and    such that the 

inequality 
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( ) (    )                                                           (2.1.2) 

Is satisfied for all     and        and for all     ( )(  )   

  
 ( )  

Furthermore, for      it follow by [28,Theorem 2 ] that no     

and     such that        and         is possible to have 

constants    (      ) and    (      ), depending only on     

and     such that (2.1.2) hold for all     and for all     ( )(  )   

  
 ( )                       

In [27] and [28] the authors studied the pointwise approximation 

of special polynomials. In this chapter we study the general 

pointwise approximation by any piecewise polynomial for 

function in   [-1,1]. 

Let  ∑   ∑      the             piecewise polynomials of 

degree not exceeding    ,that are continuous.  

∑   
   is the space of all piecewise polynomials   with ‖  ‖     

That is,   ∑       if 

 |                             

Where        and   ( )       ( )             

Given        let 

       (  ):=(         )    if     ,       )      denote 

                       (    )      
         (   )   ,                        (2.1.3) 

And write      (    ), if          

Finally, denote by ∑     (  )   ∑       the subset of those piecewise 

polynomials for which            whenever both           

For           And   ∑     (  )  denote 

    ( )         ( )  
‖     ‖ 

 (  )
(
  

    
)             
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Also, denote  

  ( )      ( )                ( )  

    

2.2  Auxiliary Lemma: 

In this section we introduce the result that we need to prove our 

Theorems. 

Lemma 2.2.1 [22] 

For any      ,   ,    -    

| ( )    ( )|   (
    

  
)
 

( (  )  |    |) , where       . 

Lemma 2.2.2 [8] 

|(    )    ( )|   (   )    
 ( ) , where   

 ( )  (
  

|    |   
)  ,    

are polynomials with       , and 

(    )  {
                 

                           
 

Lemma 2.2.3 [8] 

  
   ( ) (  )      ,    -       . 

Lemma 2.2.4 [8] 

  
 ( )    (|   |   )   

(|   |   )   |   |    
 ( )   (|   |   )       ,    -. 

Lemma  2.2.5 [23] 

The polynomial   ̅ satisfy   

|  ̅  ( )|  
   

  
 ( )         
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Lemma  2.2.6 [23] 

|(    )    ̅( )|    (
  

|    |  
)
 

       

Lemma  2.2.7 [24] 

 

 
(   )  

     

       
  (   ) 

Lemma  2.2.8 [24] 

Let   *          + and let         be such that #   

   and #      . If    *    + ,     , then there exist     

constants        ,such that |  |  .
  

  
/         and 

 

  
∑       

(    )  
 

  
∑  (    )   . 

Lemma  2.2.9 [24] 

 ̅ 
  ( ) ( ) (  )             

Lemma 2.2.10 [24] 

Let   be an interval which is union of       of the intervals    , 

and let a set     be the union of         of these intervals . 

then there exists a polynomial   ( )    (     )of degree     , 

satisfying 

   
 
( ) ( )    

 

 
.

 

   *      (   )+
/
  (   )    ( ) ( )

  
     

,    -  )                                                                                       (2.2.11)    

(we may take     ) 

   
 
( ) ( )     

 ( ) ( )

  
                                                     (2.2.12)      

Lemma 2.2.13 [26] 

Suppose that           and   ∑  
( )
   is such that   (   )     If 

an interval      contains at least      intervals    and points 

  
    

  such that 
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     |   (  
 )|    ( )

 (  )

  
     ,                                                        (2.2.14) 

then for every       we have  

‖
     

 ( )
‖

  

   ( ),(   )   (   )  -                                        (2.2.15)    

Lemma (2.2.16) [26] 

∑  ̃    
 ( )    

     where  ̃    
  is a polynomial. 

Lemma (2.2.17) [24] 

| ( )( )     

( )
( )|  

 

  
  
(  (   )    ( )

 

  
(

 

      (     )
)  )    

   ̅             where               ,   be a 

proper interval and       
  are polynomials. 

Lemma (2.2.18) [23] 

|   ( )     
  ( )|  

 

  
  
(  (   )    ( )

 

  
(

 

    (     )
)  )   

   

Lemma (2.2.19) [23] 

| ̃    

( )
( )|  

 

   

 
( )

(
   

 ( )

   
 ( )     (    )

)
  

                  , 

where    
 

 
(     ). 

Lemma (2.2.20) [23] 

Let            and      be given. If    ∑ (   )   ( )(   )
 
    is 

such that       |   ( )|  
 ( )

  
              ,    - {  }   

   
  

Then there is a polynomial     ( )(   ) of degree  ̃      Such 

that 

|  ( )    ( )|     ( )    ,    -. 
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Lemma (2.2.21) [23] 

If   ∑      , Then |  ( )     
 ( )|     ( ) ( ),  where    

 is 

polynomial. 

Lemma (2.2.22) [23] 

If   is a proper interval and   ∑ (   )
 
    is such that    (  )  

         then 

|   ( )     
  ( )|  

   ( ) ( )

  
  

(  (   )    ( )
 

  
(

 

    (     )
)  ) 

where      (     ) and  ( )  ∏
|    |

|    |  

 
   . 

Lemma (2.2.23) [23] 

‖  
( )    

( )‖
  

| ̃ 
(   )

( )|  
     

  

 

  
     (

 

      (    )
)
    

  0      

Where        ̃ 
  are polynomials. 

Lemma (2.2.24)  

Let      be such that 

 ( )     ( )   ,    -  

Then  

∫  ( )    ( )(  
 

 

 

 
)‖ ‖                                             (2.2.25)              

and similarly,  

∫  ( )    ( )(  
 

  

 

 
)‖ ‖                                                     (2.2.26)               

Proof. 

For     and     our assumption implies that    , so let 

    . 

We will prove 2.2.25, the other inequality is symmetric . 

By Bernstein inequality, 
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‖  ( )‖   ( )   ‖ ( )‖    ,    -  

Put    
 

 
 and get 

∫  ( )   
  
 

∫  
  
 

∫   ( )    
 

 
   ( )

 

 
‖ ( )‖  

Hence   ∫  ( )   
 

 
∫  ( )   ∫  ( )  

 

  

  
 

 

  ∫  ( )   (    )
  
 

‖ ‖  

 ‖ ‖ (
 

 
     ) 

∫  ( )   
 

 
(  

 

 
)‖ ‖  ∎ 

Lemma (2.2.27) [25] 

Let       be such that 

    ( )   ,   ,    - 

Then there is a function        
 ,    -  such that 

   ( )   ,   ,    -, 

 (  )   (  ), and  ( )   ( ), ‖  ‖   ( )‖  ‖  

  ( )      ,
  

  
, 

 

  
- , satisfying 

∫  ( )   
 

  
∫  ( )  
 

  
 . 

Proof. 

Without lossing of generality assume that  ( )    and  (  )  

 ( ). 

Let     
 ,    - be a nondecreasing function such that 

 ( )  {
                                  

                         
 

 
      

 

let     ̅( )    (  )   (  )( ( )   (  ), and  
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 ( )   ( )( (  )   (   )) , Then, it readily follows that the 

required function   may be taken in the form 

    ̅  (   )  for a suitable   ,   -   

Indeed, both  ̅ and   satisfy all requirements of   except the last. 

now    

∫  ( )   
 

  
∫  ( )  
 

  
 , and 

∫  ( )   (∫  ∫ ) ( )  
 

 
 ⁄

 

  

 

  

  (  )  (   
 ⁄ ) ( ) 

 ∫  ( )   
 

  
(   

 ⁄ ) ( )  ∫  ( )   
 

  
 we applied Lemma 

2.2.24 ∎ 

Lemma 2.2.28  

Given       and      there exists a number  (    ) such that, if 

    (    ) and   ∑ ( 
     )   ( )(  ) satisfies 

‖   ( )‖   ( )‖
 ( )

  
‖

 
   ,    -     , where       Then 

there is a function     
 ,    -  such that     

 (  ,     )   

      ,    ( )(  ) , 

‖   ( )‖  (       )
  ( )‖

 ( )

  
‖
 

 

‖ ( )   ( )‖  ,    -  
  ( )‖ ( )‖  and    ( )      

     (  )        . 

Proof. 

Since we allow   to depend on     we may assume that   is so big 

that for       we have                 . 

We will construct the derivative     and define  ( )   (  )  

∫   ( )  
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To this end, for each   , let    be the distance form    to the nearest 

endpoint of   , and set   ( )     ( )   ,    - ⋃ ,   
 
         

  -. For     |          . 

Denote by   ( )    
 (      )      ,    -  and let 

  ( )  {
   

         ( )               ,    -

     
             ( )                  ,    -       

 

We have the function    
 is defined in Lemma 2.2.27 

Finally , set   ( )    .
    

  
/    ,            -          

We have that   is the required function ∎  

Lemma 2.2.29  

Let                and    ( )(  )    
 ,    - such that 

    
 (       )          and be given. If   is a linear function    

on each              and  

‖   ( )‖   ( )‖
 ( )

  
‖

 
    ,    - {  }   

   
                (2.2.30)        

then there is a polynomial   ̃   ( )(  )    ,    - of degree  ̃     

such that 

‖  ( )    ̃‖     ( ) ‖ ( )‖                                                      (2.2.31)        

Proof. 

Without loss of generality we may assume that   is even and that 

the assumptions of the Lemma hold with     in place of   , that is , 

we assume that     
 (         )            and that   is a 

linear function    on each    
 

 
 
(  )         

Let   be the polygonal line interpolating   at all points      
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Clearly    ( )(  )  since   is a linear function on each 

   
 

 
 
(  ) Then, with    ,              -(         ) 

 
 (    )   (  )

       
 

 (    )   (  )

       
 

The polygonal line   may be represented in the form 

 ( )   (  )  ,         -(   )  ∑  (  

   

   

  )  

   (  )  ,         -(   )  ∑   (   
     )                    (2.2.32)      

Where in the last equality we used the assumption that   is a 

linear function on each    
 

 
 
(  ). 

Since     
 ,         - and     

 (       )  (       )  we have by 

inequality 2.2.30, 

‖  ‖ 
  ( )‖   ( )(         )‖ 

  ( )
 (  )

  
                       (2.2.33)          

Similarly, it readily follows by inequality  2.2.30 and Lemma 2.2.4 

that for all   [       ]         

‖ ( )   ( )‖   ‖[            ](     )(       )‖ 
 

  ( )
 

 
(     )(       )‖ 

  ( )‖   ( ) (  )   ( )‖ ( )‖                           

(2.4.34)          

, where   (       ) .  

Let   ̃   (  )  ,         -(   )  ∑   
 
    

  ( )              (2.2.35)                    

where    are the polynomials guaranteed by Lemma 2.2.2 with 

     .since  (  )         , it readily follows by Lemma 

2.2.3 that   ̃   ( )(  )  

Now, by Lemma 2.2.2 and Lemma 1.3.2 in chapter one 
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‖(    )    ( )‖ 
  ( )  ‖(

  

|     |    

)   ‖

 

  ( )  
   ‖

  
    

(|     |    )
   

 

‖

 

 

  ( ) ‖
  

   

(|     |   )
    {       

   }‖

 

    ,    - 

Since       it follows that  (  )  
  

 

   {     
 }

  ( )   

We obtain 

‖ ( )    ̃( )‖   ( ) ‖∑  (  

 

   

  )    ( )‖

 

 

  ( )‖∑ (  ) 
  

   

(|     |   )
 

   

   {       
   }‖

 

 

  ( )‖  ( )∑
  

 

(|     |   )
 

   

    {     
 }‖

 

 

 

  ( ) ‖   ( )∑
  

 

(|     |  )
 

 
   ‖

 

  ( )‖   ( )‖ ∫
  

  

 

 
 

 ( ) ‖ ( )‖                                                                                   (2.2.30)          

In order to complete the proof we have to estimate     ̃ . 

We have ‖ ( )    ̃( )‖   ( )‖ ( )   ( )‖     ‖ ( )  

  ̃( )‖  

  ( )‖ ( )‖  ‖ ( )    ̃( )‖   ( )‖ ( )‖   ∎ 
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2.3 Properties of the     ،s 

 We begin this section to prove some Lemmas by properties of the 

    ،s . 

Lemma 2.3.1 

Let              ( ), and   ∑       If    (   )  

 ( ) ( ) and 

    ‖   ‖   ( ) (‖  ( )‖ ),   ,    -                               (2.3.2) 

Then   

  (   )   (   ) 

where  (   ) depends on   and  . 

 

Proof. 

Let           Then

     ( )  
‖     ‖ 

 (  )
(
  

    
) =

‖         ‖ 

 (  )
(
  

    
)    

    (   )   
 
 
  

(
‖    ‖ 

 (  )
 (

  

   
)

 

 
‖    ‖ 

 (  )
(
  

    
)

 

)          

where ‖    ‖  (∫ |    | 
 

  
)
 

   

‖    ‖ 
 (∫ |    | )

 

  

 
 

   

now by 2.3.1 and 2.3.2                                

‖    ‖    ( ) (‖  ( )‖ )   ( ) (  )   ,    - , 

Whence    
‖    ‖ 

 (  )
 (

  

   
)
 

,    
 (  )

 (  )
(

  

    
)
 

  ,  

             where we used the fact that if         

      (  )   (  ) and if       then  (  )  (  )  
    

   . 
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So as for   , we observe that 

  (      )    (   )   ( ). 

So that by Lemma 2.2.1, taking       and   
  

   
  we obtain for 

each     ,  

‖ ( )    ( )‖ 
  ( ) (

    

  
)
 

. (  )  ‖    ‖ 
/ and so  

‖    ‖ 
  ( )(

    

  
)  (  )  Applying(2.3.2) 

‖    ‖ 

 (  )
(
  

    
)   ( ),therefor        ∎ 

Lemma (2.3.3) 

Let            ∑ (  )   ( )(  )    ,    -       where   is an 

even number, and ‖               ‖ ( 
  
 
 
  

    
 
 
)
  ( ) .     

 

 
 

   
 

 
/          

where  |   
 

 
     

 

 
          , then there is an   ̃  ∑ (  )  

 
   

 ( )(  )    ,    -  such that 

         ‖ ( )   ̃( )‖
 
  ( ) ( )   ,    -                               (2.3.4) 

Proof. 

For        set 

  ( )  
 

 

         

       

  (      )    (      )

       
(    )

  

And   ( )     and for          set 

  ( )  
 

 

       

       

  (    )   (    )

         
(      )

 
  and   ( )   . 

Then 
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 ̃( )   ( )    ( )    ( )        

Is the required function, simple computation, give 

    (  )    (  )         , while  

    (  )  
 

 

         

       

  (      )   (      )

       
(    )

 
=  

  (  )  
 

 

         

       

  (      )   (      )

       
(    )

 = 0,        . 

Hence  ̃(    )   ̃(    )         . 

Also  ̃ (    )  
       

         
  (    )  

       

         
  (    )= 

       

         
  (    )  

       

         
  (    )= ̃ (    )          

So that  ̃  ∑    
    

We need to prove that 

  ̃  ∑ (  )   ( )(  )    ,    - 
                                                   (2.3.5)           

In order to prove that   ̃  ∑ (  ) 
 
    we have to show, with 

    ̃|             that if        (    )  then        , rec 

all that   

        ̃|    
 
            and distinguish between two cases, 

either   is even, in which case      (      ) and 
 

 
   

 (      )  

Hence   

 
    

   

 
      

 , which implies that 

  (      )    (      )  for         that is,            

      .Thus         as required. 

Or   is odd, which case    is not a node of    and it follows that 

there is an inflection point    in the interval , (   )

 
 
 

 

  (   )

 
 
 

 

)   so that 

   

 
  .

 

 
   /  for       . 
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Hence   ( (   )

 
 
 

  

  )    ( (   )

 
 
 

  

  ) and   ( (   )

 
 
 

  

  )  

  ( (   )

 
 
 

  

  ) , which in turn implies that            also 

  (    )    (    )  since    is not a node of    which implies 

that           

Thus, we conclude that  ̃( )   ( )   (   )

 
 
 

 

( ) for   

, (   )

 
 
 

 

  (   )

 
 
 

 

-. 

This completes the proof that 

             ̃  ∑ (  )
 
                                                                       (2.3.6) 

Finally,    
 ( )  

         

(       )(       )
(  (      )    (      )) and  

     
       

(         )(       )
(  (    )    (    ))  

So that we readily conclude that 

 ̃  ( ) ( )   ,   ,    - {  }   

   
                                          (2.3.7)        

Combining 2.3.6 and 2.3.7 , we obtain 2.3.5. 

In order to conclude the proof, recall that for odd      (    )  

  (    )    and if   is even, then by Markovs inequality 

‖  (    )    (    )‖
 
 ‖  

 
 
 
 
 

(  )    
 
 
   

 
 

(  )‖
 

 

  ( )
   

  
 
   

 
 

   
 
 
 
 

‖  
 
 
 
 

   
 
   

 
 

‖
 (  

 
   

 
 

   
 
 
 
 

)

 

   ( )
   

  
 
   

 
 

   
 
 
 
 

 (  

 
   

 

 

   

 
 
 

 

)  

   ( )
 (  )
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This implies 2.3.4 and conclude our proof  ∎ 

Lemma 2.3.8 

For each   ∑ (  )   ( )(  )        ,    - satisfying 

  ( )                                                                                        (2.3.9)           

There is   ̃  ∑ (  )   ( )(  )    ,    -  
    such that 

     ( ̃)                                                                                   (2.3.10)          

Proof. 

It follows by     ( )        ( )  
‖     ‖ 

 (  )
(

  

    
)
 

            and 

  ( )     that ‖       ‖ (       )
  ( ) (       )        

Hence, by Lemma 2.3.3 implies the existence of a piecewise 

polynomial 

  ̃  ∑ (  )   ( )(  )    ,    -  
    such that 

‖ ( )   ̃( )‖
  

  ( ) ( ( ) )   ,    -                             (2.3.11)        

And we only have to prove 2.3.8 for             set   ⌈
 

 
⌉  and 

  ⌈   ⌉. Then by Lemma 2.3.1 and 2.3.9,  

       ( ̃)  
‖           ‖ (     )

 (     )
(
     

     
)
 

  ( )
‖           ‖ (     )

 (  )
(

  

    
)
 

 

(2.3.12)     

  ( )
‖           ‖ (     )

 (  )
(
  

    
)

 

  ( )    ( )   ( )    ( ) 

  ( )    ( )   ( )
‖        ‖ (     )

 (  )
(

  

    
)
 

  ( )
‖        ‖ (     )

 (  )
(

  

    
)
 

  

=:  ( )        

Now, by 2.3.11 
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    ( )
 (  )

 (  )
(

  

    
)
 

                                                              (2.3.13)          

where we used the fact that if          

      (  )   (  )  and if       then  (  )  (  )  
    

      

Finally 

    ( )
‖        ‖ (       )

 (  )
(

  

    
)
 

  ( ) (
    

  
)
 ‖        ‖ (       )

 (  )
(

  

    
)
 

 

                                                                                                       (2.3.14)              

where for the second inequality we used the fact that both 

polynomials are of degree    , and for the last inequality we 

again applied 2.3.11. sub situating  2.3.13 and 2.3.14 in to 2.3.12 we 

complete the prove ∎ 

 

2.4    Auxiliary polynomials. 

Here our main result we need the following Auxiliary 

polynomials. 

Lemma 2.4.1 

Let   be an interval which is union of       of the intervals    , 

and let a set     be the union of         of these intervals . 

then there exists a polynomial   ( )    (     )of degree     , 

satisfying 

 ̃  
 
( ) ( )    

 

 
.

 

   *      (   )+
/
  (   )    ( ) ( )

  
     

,    -  )                                                                                           (2.4.2)    

(we may take     ) 

 ̃  
 
( ) ( )     

 ( ) ( )

  
                                                       (2.4.3)      

And 
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‖ ̃ 
 
( )‖

 
  ( )  ∑ ‖

   

(|    |  )
 ‖

 
                                              (2.4.4)       

Where  ( )  ∏ ( 
        )  and 

Set         ( )       ( )   ,    - 

And      ( )  ∏
|    |

|    |  
  

    

Proof. 

Let   ( )  {   |    }  ( )  *   |    +  ( )  

{ |      ̅}  And   ( )  {    ( )|    ̅   } , where  ̅ denotes 

the closure of  . 

Finally, Let       *   ( )+ and       *   ( )+ 

Set         ( )    ( )  *    
 + and 

              ( )  (    ( ))  

Denote by   
  and    the number of elements in    and   , 

respectively, and set    , 
  
  

 
-  Then it readily follows that 

                                                                                    (2.4.5) 

(recall that we allow   to depend on   ), and 

     
       (     )   

 

 
                                                               (2.4.6) 

Denote by    and            the smallest and the largest 

integers  , such that      . 

We consider three cases . 

Case I 

Let        set 

 ̃ 
 
( )  

  
 
∑

    ( )

  
    

    

 



Chapter Two..........  Pointwise Approximation of Piecewise Convex Function in   , Quasi Normed 

Spaces 

60 

where       ∏(  )  Then  ̃ 
 
( )  ( )          

which implies 2.4.3  and 2.4.2 readily follows from Lemma 

2.2.5.Thus we only have to prove 2.4.4 .To this end, by Lemma 

2.2.6 we obtain for any       

‖  ( )‖ 

  
 

 ( )

  
‖  ( )  (    ) 

‖
 
 

(    ) 
  

 

                  ( )‖
   

.|    | 
  /

 ‖

 

 
(    ) 

  
 

Now, if       then (    ) 
    Otherwise, observe that      

for some          . Thus, 

(    )

  

(      )
 

   
   

    

  

       

  

       

  
 

   (
      

  
  )     ,   is a positive constant , which implies 

2.4.4 

Case II: let         . set   

 ̃ 
 
( )  

  
 
∑

  

  
.   ( )  (    )/  

    

 

The proof like Case I . 

Case III: let             . Denote by   | |                  

The length of the interval  . Then by Lemma 2.2.7 implies 

 

 
               .                                                                      (2.5.7) 

By Lemma's  2.2.8, 2.4.5 and inequality 2.4.6 guarantee the 

existence of          such that 
  

 
∑       

  (    )  ∑   (      

  )                                                                                                  (2.4.8) 
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And |  |  
  

 
(

  

   
)
 

   
   

                                                           (2.4.9) 

(Note that if    
  is odd, then we apply Lemma 2.2.8 to     * 

 +  for 

some arbitrary   , and put    =0 in 2.4.8. for each     ,  Set  

  
  {

  
              

 ̅ 
                    

 

And let   

  ̃ 
 
( )   

  

 
(
  

 
∑       

  ( )   ∑     
 ( ))     

 

For some   to   prescribed. Then by 2.4.7 and 2.4.9, we see that 

(2.4.2) readily follows Lemma 2.2.3,and 2.2.5, and that inequality  

2.4.3 is valid for a proper choice of the constant   we conclude with 

the proof of 2.4.4. 

Take  ( )  
  

 
 ∑       

(    )  ∑   (    )       
 

Then by Lemma 2.2.6 we have 

‖ ̃ 
 
( )‖

 
  ( )∑ ‖

     

.|    | 
  /

 ‖

 

    ( )
  

 
‖ ( )‖       . 

So we only need to estimate 
  

 
‖ ( )‖   To this end , note that if 

     then(2.4.8) implies that  ( )   . On the other hand , if 

   , then 

  
 
‖ ( )‖  

 ( )  
 

(
     
 

       )   ( )  
  

  ( )  
 ∑ ‖

   

.|    | 
  /

 ‖

 

    
  

where for the last inequality we have applied Lemma's  2.2.4 , 2.4.7 

and the estimate 
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    ∑
  

           ∑
  

.|    | 
  /

 

 

           ∑
  

.|    | 
  /

 

 

     

This proof is compete of 2.4.4 ∎ 

Lemma2.4.10 

Let   be an interval which is union of       of the intervals    , 

and let a set     be the union of         of these intervals . 

then there exists a polynomial   ( )    (     )of degree     , 

satisfying 

   
 
( ) ( )    

 

 
.

 

   *      (   )+
/
  (   )    ( ) ( )

  
     

,    -  )                                                                                         (2.4.11)    

(we may take     ) 

   
 
( ) ( )     

 ( ) ( )

  
                                                     (2.4.12)      

And 

‖  
 
( )‖

 
  ( )     ‖ ( )∑

   

(|    |  )
       ‖

 

   ,    -  (2.4.13)       

Where  ( )  ∏ ( 
        )  and Set     ( )       ( )   ,    - 

And      ( )  ∏
|    |

|    |  
  

    

Proof. 

Take    and            denote by the smallest and largest 

integers    such that     . write       ,
 

 
- and we may assume 

that        (if       , we take a mirror image) 

Set      
 
( )   ̃ 

 
( )     (   ) , where  ̃ 

  is the polynomial given 

by 

 ̃ 
 
( )   ̃ 

 
(     ) of degree      satisfy 
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( ) ( )    

 

 
.

 

   *      (   )+
/
  (   )   ( )

  
     ,    -  )         

(2.4.14)     

(we may take     ) 

   
 
( ) ( )     

 ( )

  
                                                         (2.4.15)      

And 

‖  
 
( )‖

 
  ( )     ‖∑

      
   

(|    |  )
          ‖

 

                            (2.4.16)       

So by Lemma 2.2.10 that is proved 2.4.11 and 2.4.12 

Now to prove 2.4.13 

First we observe that by   
 ( )    (|   |   )   

(|   |   )

 
 |   |   ( )   (|   |   )     ,    -   

For any    ,    - and every          

   

(|   |  ) 
                                                                                  (2.4.17)        

Hence, if        then 2.4.13  readily follows from  2.4.16  

Otherwise,       .then we have 

 (   )

   
  

 ( )

  
 

Also, recall that 

                                                                                   (2.4.18)      

which, in particular, implies that if      then     

        . Thus, we obtain for    ,   (   )       ( ) 

Hence 2.4.13 follows from 2.4.16 and 2.4.17. 
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Assume that     that,   [      )  (       ]  by (2.4.18) 

 (   )    ( )
   
 

  
     ( )

   
 

  
 

      ( )
(|    |   )

 

  
          

where for the third the fact that    
    (|    |   ).  

Hence for   [      )  (       ] and   such that      we have 

 (   )  
   

  
   

(|    |   )
         ( ) 

  
   

(|    |   )
    

     ( )
   

 

(|    |   )
  

Where for the last inequality we applied    
    (|    |   ) 

Together with 2.4.16 .This implies 2.4.13 ∎  

Lemma 2.4.19 

Suppose that           and   ∑  
( )
   is such that   (   )     If 

an interval     contains at least      intervals    and points 

  
    

  such that 

      ‖   (  
 )‖   ( )

 (  )

  
                                                         (2.4.20) 

 then for every     , we have  

‖
     

 ( )
‖

  (  )

  ( ),(   )   (   )  -                                   (2.4.21)     

Proof. 

Fix   and     
  where   

  (       )  It follows by Lemma 2.3.1 

(    ( )        ( )  
‖     ‖ 

 (  )
(
  

    
)            
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That for every    ‖     ‖  (  )
  ( ) (  )(

    

  
) . 

Since   and    are polynomials of degree     we obtain 

‖  
     

  ‖
 
 

 

  
 ‖     ‖ 

  ( )
 (  )

  
 (

    

  
)   

Hence by 2.4.20 implies , so by Lemma 2.2.13 implies  

 ‖  
  (  

 )‖
 
 

 (  )

  
 (|   |   )                                         (2.4.22)   

|     
 |

|   
     

 |
  ((   )  (   ) )                                     (2.4.23)   

Now ,by virtue of the representation 

  
  ( )  ∑  

  (   
 ) ∏

     
 

   
     

 

   

       

   

   

 

 

It follows by (2.4.22)and(2.4.23) that ‖
     ( )

 ( )
‖

 
 ‖

    
  ( )

 ( )
‖
 
 

 

  
 ‖  

  ( )‖
  (  

 )

 (  )
   ( )((   )     (   )    )     

   

So the prove of 2.4.21 is complete  ∎ 

Lemma 2.4.24 

Let   be a proper interval such that        and let       

Then, 

For   ∑ (  )    and        , where    {  ,  
 

 
  ( )   

 

 
  ( )-   ̅}. and  ̅  (     )    . 

We have 
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‖ ( )( )     

( )
( )‖

 
 

 (       ) ‖
 ( )

  (  (   )    ( )
 

  
.

 

      (  ,    -  
/
  
)‖

 
    (2.4.25) 

where    (   )      (   )                    ( ) and 

   
 ( )     

 (     )  ∑   ( ) ̃    
( ) 

 

   
 

Furthermore , if   ∑   
    then for                

 

  
. 

‖   ( )     
  ( )‖

 
 

 (       ) ‖
  

  (  (   )    ( )
 

  
.

 

      (  ,    -  
/
  
)‖

 
       (2.4.26)    

Proof. 

The crucial step in the proof is the prove the analog of Lemma 

2.2.23 .For the sake of brevity, we will write in this proof    for 

   ( ) and  ̃  for  ̃     

Let      be such that, say,  

                                                                                    (2.4.27)        

By define     ( )        ( )  
‖     ‖  (  )

 (  )
(

  

    
)
  

         

So, we have 

‖     ‖  (  )
     ( ) (  )

    
  

  
   

 
  

Hence , for each      

‖  
( )    

( )‖
  (  )

  ( )
    ( ) (  )

  
 

    
  

  
   

                                  (2.4.28)    

If           then by Lemma 2.2.4 and 2.2.7 imply     (    )  
 

 
   as in proving of Lemma 2.2.23 . 
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We obtain by Lemma 2.2.19 for    to be prescribed  and for 

       

‖  
( )    

( ) ̃ 
(   )

( )‖
  (  )

  ( )
    ( ) ( )

  
 

(
    
 

  
 )

 (
    
 

  
 
) 

 

  
   (

  
 

  
      (    )

)  

   ( )
    ( ) ( )

  
 (

    
 

  
 )

   (
    
 

  
 )     

 

  
   

    (
  

 

  
      (    )

)  

                   

  ( )
    ( ) ( )

  
   

(
  

      (    )

 
)    

  
 

  
   (

  
 

  
      (    )

)  

  ( )
    ( ) ( )

  
   (

  
      (    )

 
)      (

  
      (    )

 
)       

 

  
             (2.4.29) 

 (
  

 

  
      (    )

)     (
  

 

  
      (    )

)         

  ( )
    ( ) ( )

  
 

 

  
  

    
 (

 

  
      (    )

)

    

         

where              and where for the second inequality we 

applied define     ( )        ( ) and by Proposition 1.3.2 in chapter 

one to show that  

    
 

  
   (

  
      (    )

 
) ,and 

    
 

  
   

  
      (    )

 

 

.                          

Then, for the third inequality we use the fact that     (    )  
 

 
  . 

And for the last we have applied the inequality 
  

 

 
 

 

  
. 

Now, by virtue of Lemma2.2.16 we may represent  

 ( )( )     

( )
( ) as 

 ( )( )     

( )
( )  ((  ( )      ( )) ̃   ( ))

( ) 
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 (∑  ∑  )
            

(.  ( )    ( )/  ̃ ( ))
( ) 

            
 

   ( )    ( )    ( )   

where we write           if       

We begin with the estimate of      Note that if     , then      , 

so that we may assume that       we need separate arguments 

for Lemma 2.2.17  and  2.2.18  

First we deal with Lemma 2.2.18 . since   ∑         
    and 

      it readily follows that. 

‖  
       

  ‖  (  )
 

 ( )

  
         which in turn implies 

‖  
 ( )      

 ( )‖  ‖∫ (  
       

  )  
 

  

‖
 

  ( ) ‖
       (    )

  
‖
 
 

And ‖  
 ( )      

 ( )‖   ( )‖
       (    ) 

  
‖

 
  

Therefore , by Lemma  2.2.19 .  

‖  ( )‖   ( ) ‖
  

  
       (  

    

  

 
(    )

 

  
 )(

  

   |    |
)  ‖

 

 

  ( ) ‖
 

  
       .

  

   |    |
/
    

‖
 
                               (2.4.30) 

Now, if         then (2.4.30) implies 

‖  ( )‖   ( )‖
 

  
   (   )‖

 
                                      (2.4.31) 

And if         then  2.4.30  yields 
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‖  ( )‖   ( ) ‖
 

  
   ( )

  

 

 

   |    |
(

  

   |    |
)    ‖

 

 

  ( )  ‖
 

  
   ( )

 

  
 

 

|    |
 (

  

   |    |
)    ‖

 
 

  ( )‖
 

  
   ( )

 

  
(

  

    (     )
)  ‖

 
                                              (2.4.32) 

Now we establish Lemma 2.2.18. since    ̅       If also 

(   )     then   ∑ (  )    implies   
      

   Hence       

Otherwise (   )     so that    ̅   implies      

  .Therefore 2.4.29 hold for        and we may absorb    either 

in    or in   , as the case may be, and which we estimate below, 

what is left is to estimate    and     It follows from 2.4.29 that 

‖  ( )‖   ( ) ‖
 ( )   ( )

  

 

  
    ∑  

  

(      (    ))
                ‖

 

  

  ( )‖ 
   ( )

  

 

  
(  

  

       (     )
)  ‖

 
                                             (2.4.33) 

Similarly , if     (     )     *    (      )     (      )+ 

Then we obtain 

‖  ( )‖   ( ) ‖
   (   )

  

 

  
(  

  

       (     )
)  ‖

 

 

  ( )‖
   (   )

  
‖

 
                                                                          (2.4.34)                                                                        

Thus 2.4.25 is followed by combining 2.4.33 and 2.4.34 with the 

above discussion of   , and 2.4.26 is obtained by combining 2.4.31 - 

2.4.34 . 

This completes the proof ∎ 
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Theorem  2.5  

Let          and       Then there are constants    (   ) 

and      (  the following property . If     (    ) and 

  ∑ (  )   ( )
   (  )    ,    -                                              (2.5.1)         

Is such that 

  ( )                                                                                           (2.5.2)          

Then there is a polynomial    ∑ (  )   ( )
   (  )    ,    - of 

degree       satisfying 

‖ ( )    ( )‖   ( )‖ (  ( ))‖ 
                                          (2.5.3)            

Proof. 

We may assume that      and that by virtue Lemma 2.3.8 , we 

may assume that     
 ,    -  we begin with some notation, 

Given     denote                     and     (  )  

In order to prove our assertion , we have to find a polynomial    of 

degree       such that 

‖ ( )    ( )‖   ( )‖ (  )‖                                                    (2.5.4)                                                              

And  

   
 ( ) ( )      ,    -                                                           (2.6.5)         

where   ( ) define the set  ( )      ∏( )    ,    - 

Given   ,      recall that ∏( )  ∏ (    )
 
    

We fix   so that      (   )    . This makes   (     ), the 

constant in  
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‖   ( )     
  ( )‖

 

   ‖
 (  ) ( )

  
 (  (   )‖

 

 ‖  ( )
 

  
(

 

    (     )
)  ‖

 

 

Where       (       ) and  

 ( )  ∏
|    |

|    |   

 

   
 

Dependent only on   and   we dente       . fix on integer    

such that 

      *          +                                                                    (2.5.6)         

Where     is constant form 

  
  ( ) ( )    

 

 
.

 

   *      (   )
/
  (   )    ( ) ( )

  
      ,    -  . 

(we may take     ) 

And without loss of generality we may assume that   is divisible 

by    ,i.e.,        where this defines N. 

We divide I in to N intervals 

   [      (   )  ]          (   )               and we may 

assume, without loss of generality that   is so large there are at 

least three intervals    lying between the points    and          

 . 

We will write    , if there is an       such that 

‖   ( )‖     ( )‖
 ( )

  
 ‖

 
                                                            (2.5.7)                                                                                  

And we will say that       if    contains at least      intervals 

   with     . 
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We will say that       if either     , or     intersects   (recall   

was define    (    )  ⋃     (   )      
    and      intersects 

  and     is in          intersects   and      intersects   and 

    is in   . 

Note that 2.5.7 and Lemma 2.4.19 imply that,  

‖   ( )‖    ( )‖
 ( )

  
 ‖

  (  )
                                          (2.5.8)                                                                                      

Set                 ⋃         

And decompose   in to a ،،small  ،، part and a ،،big،، one by setting  

  ( )  {
   ( )                  
                            

 

And                 

And putting 

  ( )   (  )  (   )  (  )  ∫ (   )  ( )   
 

  

 

  ( )   ∫ (   )  ( )   
 

  
 

(Note that    and    are well defined for                so 

that    and     are well defined everywhere and possess a second 

derivative. Again, for                 Thus from now on 

whenever we write   
  ( ) we will mean               ) 

Evidently                ∑ ( 
     )   

And           
  ( ) ( )    and   

  ( ) ( )      ,    - 

Now , 2.5.8 implies that 

‖  
  ( )‖    ( ) ‖

 ( )

  
 ‖

 

    ,    -   

Which , in turn, by Lemma  2.3.1 yields  

  (  )      
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Together with   (  )      we obtain 

  (  )      ⌈   ⌉                                                            (2.5.9) 

The set   is a union of disjoint intervals    [     ]  between any 

two of which all intervals    are with       we may assume that 

        and write      (for ،،Almost Good،،) if    consists of no 

more than    intervals     in particular , it consists of no more than 

     intervals   . Hence , by lemma 2.5.19. 

‖  
  ( )‖    ( )‖

 ( )

  
 ‖

  (  )
                                      (2.5.10)                                         

Set       ⋃          

And again we decompose   by letting 

    {
  
  ( )                  
                     

 and 

      
      

And putting 

  ( )   (  )  (   )  (  )  ∫ (   )  ( )   
 

  

 

       ( )   ∫ (   )  ( )   
 

  
 

Then , evidently 

       ∑ ( 
     )                                                               (2.5.11)        

and 

        
  ( ) ( )    and   

  ( ) ( )      ,    -                  (2.5.12) 

We will approximate    and    by polynomials that are coconvex 

with   and achieve the required pointwise   approximation for 

  ⋃         2.5.10 implies that    

            ‖  
  ( )‖  ‖  

  ( )‖    ( )‖
 ( )

  
 ‖
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Otherwise ,  

      ‖  
  ( )‖  ‖  

  ( )‖    ( )‖
 ( )

  
 ‖

 
 

Hence  

‖  
  ( )‖    ( )‖

 ( )

  
 ‖

 
                                                              (2.5.13)      

which by virtue of lemma 2.3.1, yields that 

  (  )      Again by   (  )     we obtain 

  (  )       ⌈   ⌉                                                          (2.5.14)           

In view of (2.5.11) and (2.5.12) , it follows by Lemma 2.2.20 

combined with (2.5.13) that a polynomial     of degree     , exists, 

which is coconvex with     and such that 

‖  
 ( )    ( )‖    ( )‖ ( )‖                                     (2.5.15)          

Thus, it remains to approximate   
 . To this end, we observe that 

for       

  ( )    
  ( )      

  , 

So that by virtue of (2.5.9), we conclude that 

  (     
  )    (     

  )    (  )                                         (2.5.16)                    

(Note that , for         is linear in   
   and   (     

  )     ) 

Applying lemma 2.4.10, we construct two polynomials  ̅  and    

of degree      and we let    
(    ) of degree    , be defined by    

     
( )     

(     )  ∑   ( ) ̃    
( )  

    of degree        

With        . 

We begin with  ̅  . for each   for which       let    be the union 

of all intervals       with      Recall that      therefore by 

2.5.6 , the number,     of such intervals is at most            
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and the total number of intervals in    is    . Thus, Lemma 2.4.10 is 

applicable for each     and if we set 

   ̅  ∑   (            ) 

Where on the right-hand side are the polynomials guaranteed by 

Lemma 2.4.10 (we consider ∑   (           )     if     )  and 

denote 

  ⋃     
    

 

Then we conclude that    ̅  satisfies 

 ̅ 
  ( ) ( )      ,    -    

 ̅ 
  ( ) ( )   

 ( ) ( )

  
                                                        (2.5.17)                          

                                ̅ 
  ( ) ( )  

  ( ) ( )

  
        

Note that 2.5.17 follows since for any given   all relevant 

  
  (       )  except perhaps one , have the same sign, and if 

     then   
  

  
      and        . 

‖ ̅ ( )‖    ( )‖ ( )‖                                                               (2.5.18)               

Next we define the polynomial   . For each    with       let 

    denote  the union of the two intervals on the left side of   
   and 

let     denote the union of the two intervals on the right side of 

  
  Also, let     and     be closed intervals each consisting of 

       intervals    and such that           
  and          

  
 . 

Finally ,put 

  
           and    ⋃   

        

Now we set  
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   ∑ (      (          )    (         ) , since          

It follows from 2.5.6 that   
  

 
       for      

Again by Lemma 2.4.10 , 

  
  ( ) ( )    

 ( ) ( )

  
           

     
  ( ) ( )  

    ( ) ( )

  
                                                    (2.5.19) 

    
  ( ) ( )  

 ( ) ( )

  
 .

 

    (   )
/
  (   )   

   ,    -     

Where in the last inequality we used the fact that the first 

inequality in Lemma 2.2.4 implies the estimate  

   *       (    )+       (   )   ,    -     

Finally , it readily follows from 

(‖  ( )‖   ( )     ‖ ( )∑
    

 

(|    |  )
       ‖

 

  

‖  
 ( )‖    ( )‖ ( )‖                                                             (2.5.20)                                                                           

The third Auxiliary polynomial the properties of which we need to 

recall is    
( )     

(   )  by 2.5.14 and the choice of   Lemma 

2.2.21 yields 

‖  ( )     
( )‖

 
   ( ) ‖ ( )‖                                             (2.5.21)         

And Lemma 2.2.22 combined with 2.5.11  and  2.5.12  implies that 

for any proper interval   

‖  
  ( )     

  ( )‖
 
 

  ( )‖
 ( ) ( )

  
   (  

   )‖
  ( )

 

    ( ) ‖
 ( ) ( )

  
 

 

  
.

 

    (     )
/
  
‖
  ( )

                               (2.5.22)                               

Recall  that          and write 
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          ̅      
                                                               (2.5.23)              

By virtue of 2.5.18, 2.5.20, and 2.5.21, we obtain 

‖  
 ( )    ( )‖    ( )‖ ( )‖     

Which combined with 2.5.15, proves 2.5.4  for            

Thus, in order to conclude the proof of Theorem 2.5 , we should 

prove that    satisfies 2.5.5 . 

To this end , we recall that    is coconvex with   , so that we only 

have to deal with   .since  2.5.22  holds for any proper interval   , 

we will prescribe different ones as needed. As long as        
   it 

suffices to take       Then the quotient  inside the big 

parentheses in  2.5.22  is bounded by 1 , and since we have 

  
 ( )    

 ( )        it follows that   (  
    )    (  

    )     

Hence , 

‖  
  ( )     

  ( )‖
 

    ( ) ‖
 ( ) ( )

  
   (  

    )‖
  (     

 )

     ( ) ‖
 ( ) ( )

  
 

 

  
‖
  (     

 )

 

     ( )‖
 ( ) ( )

  
 ‖

  (     
 )

        
                                      (2.6.24)                                                         

If     
   then it suffices to take     

   and , similarly, 2.5.15 and 

2.5.22, imply 

‖  
  ( )     

  ( )‖
 

    ( ) ‖
 ( ) ( )

  
   (  

    
  )‖

  (  
 )

     ( ) ‖
 ( ) ( )

  
 

 

  
‖
  (  

 )

 



Chapter Two..........  Pointwise Approximation of Piecewise Convex Function in   , Quasi Normed 

Spaces 

78 

       ( )‖
 ( ) ( )

  
 ‖

  (  
 )

     
                                             (2.5.25)                                                 

Finally , if   ,    -     then we take   to be  the connected 

component of ,    -  ̇   that contains  , Then by 2.5.22 

‖  
  ( )     

  ( )‖
 

    ( ) ‖
 ( ) ( )

  
   (  

   )‖
  (,    -   )

     ( ) ‖
 ( ) ( )

  
 

 

  
(

 

    (     )
)
  

‖
  (,    -   )

 

    ( ) ‖
   ( ) ( )

  
 .

 

    (     )
/
  
‖
  (,    -   )

   ,    -        (2.5.26)                  

Where we used the fact that    
   is linear in  . Since by 2.5.23,  

  
  ( ) ( )     ̅ 

  ( ) ( )      
  ( ) ( )    

  ( ) ( )

 ‖  
  ( )     

  ( )‖
 
   ,    -  

It is followed by 2.5.12, 2.5.17, 2.5.19 and 2.5.24, that 

  
  ( ) ( )   

     ( ) ( )

  
 

(       )         
    

   

If      (  
    

 )  then 2.5.7 is violated so that  

  
  ( ) ( )  

    ( )

  
  

   

  
  ( ) ( ) 

Hence, by virtue of 2.5.17, 2.5.19 and 2.5.24, we get 

  
  ( ) ( )   

   ( ) ( )

  
 

(        )         (  
    

 )   

Next , if       then by 2.5.12, 2.5.17, 2.5.19  and  2.5.25 , we obtain 

  
  ( ) ( )                                                                                  (2.5.27)           

And finally,  2.5.12 , 2.5.17 , 2.5.19  and  2.5.25  imply  
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 2.5.26  for   ,    -     Thus, 2.5.27  holds for all   ,    -  and 

so we have constructed a polynomial    , satisfying  2.5.4  and  

2.5.5 , for each     , divisible by   . For all other n،s Theorem 2.5 

followed by the inclusion   ∑ (  )  ∑ (  )
 
       

    

This completes the proof .          ∎ 
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 Here we approximate piecewise convex function in   ,  

   ,quasi normed space using coconvex piecewise algebraic 

polynomials. Also we introduce some properties of these 

polynomials. 

3.1 Introduction and main results 

Let            change its convexity finitely many times, say 

    times, in the interval. We are interested in estimating 

the degree of approximation of   by polynomials which are 

coconvex with it, namely, polynomials that change their convexity 

exactly at the points where  does. 

In [36], the D. Leviatan and I. Shevchuk, write all the results of 

monotone and comonotone approximation theorems on a finite 

interval      , by algebraic polynomials in continuous function 

(uniform norm). see also [35]. In [35,37] the D. Leviatan and I. 

Shevchuk,  studied the monotone and comonotone approximation 

of continuous function using  th modulus of smoothness of the  th 

derivative of the function. 

They also studied the above approximation using  th Ditzian-

Totik modulus of smoothness. 

In [37] the D. Leviatan and I. Shevchuk,  studied the monotone and 

comonotone approximation of continuous functions in terms of 

Ditzian-Totik modulus of smoothness using piecewise 

polynomials. 

In our work we introduce positive theorem for convex and 

coconvex approximation of function in    space for      . 

The main truth in this chapter is to Jackson-type estimate for the 

approximation of a piecewise polynomial which changes 

convexity finitely many time in the interval, by algebraic 

polynomials that change convexity at exactly the same points. 
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The main result is Theorem 3.4.15 stated below, which is the 

analogue of [37.proposition 3]. 

Our strategy for the future is to approximate an arbitrary  function 

in    space that changes convexity finitely many time in the 

interval, by an appropriate coconvex piecewise polynomial which 

in turn by virtue of Theorem 3.4.15, will be approximated by a 

coconvex polynomial. 

In this chapter, we studied some negative results for the coconvex 

polynomial approximation of more general piecewise convex 

functions (see Theorem 3.3.4), Also as a byproduct of Theorem 

3.3.11, we obtain one important positive result for coconvex 

polynomial approximation (Theorem 3.3.17) 

Therefore, it is one of the components of this chapter is the 

following. We state the main result contain the construction of the 

negative result, Auxiliary lemmas, the proof of Theorem 3.3.11 

which is a preliminary step and a special case of Theorem 3.4.15 , 

and as a byproduct, its proof yields of Theorem 3.3.17, we prove 

Theorem 3.5.1 and with it we conclude the proof of the Theorem 

3.4.15. Many of the methods we apply are modification of similar 

ones in this chapter to Devore, Dzyubenko, Gilewicz, Kopotun, 

Mania, Yu and the authors (see the References). 

We will use the notations        and        for such constants 

which are of no signicance to us and may differ on different 

occurrences, even in the same, and depending on   and  .  

Let          and denote by    and   
 

 

  respectively, the spaces  

      {       ‖ ‖   }   
                         , 

       . 

‖ ‖  
  ∫ |    |  

 

  

 
 

   

Given       and      let 
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      ∑       (

 

 
)    

 

 
     

 

   

 

Be the symmetric difference of order    defined for all   and       

such that   
 

 
     

The Ditzian-totik(D-T) moduli of smoothness[3] are defined by 

  
                ‖      

     ‖
 
                     , 

 Where      √      such that    
 

 
         We also deal 

with the ordinary moduli of smoothness which are given by the 

above with        replacing the above    namely,  

      
                ‖  

     ‖        such that   
 

 
     

Denote by        the set of all collections           
   such that 

              and for      we write         For later 

reference set     and          Finally, let          denote the 

collection of all functions      that change convexity at the set 

    and are convex in [       Given          we set         

   (
  

 
)           the Chebyshev partition of [-1,1], and we 

denote         [       ]          Let ∑     be the collection of 

all continuous piecewise polynomials of degree     , on the 

Chebyshev partition and let ∑  ∑     
 
    be the subset of all 

continuously differentiable such function. That is, if   ∑       then 

  |                           

where           the collection of polynomials of degree      , 

and 

   (  )      (  )                              

And if   ∑       then in addition, 

  
 (  )      

 (  )                    
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Given        let 

            (         )       if    [       )  where      

          and denote 

          ⋃                       
 

   
 

Finally, we write              if       . 

Denote by ∑      ∑     
 
   and ∑      ∑    

   
 
    the subset of those 

piecewise polynomials for which 

         whenever both            

We wish to approximation a general function             by 

means of polynomials which are coconvex with    that is, which 

belong to          . we denote by 

   
                            

‖    ‖   where    is the set of 

polynomials of degree not exceeding    

In [27] Leviatan, and Kopotun proved that if a function   

         changes convexity at     then 

  
              

 (  
 

 
)
 

    
 (  

 

 
)
 
                             (3.1.1) 

where        is a constant which depends only on    and 

        is a constant which depends on the location of the 

points      on the other hand, Wu and Zhou [40] proved that for 

     estimate(3.1.1) cannot be with    replaced by   , and 

Pleshakov and Shatalina [37] have just prove that (3.1.1) is not 

valid with    (   replacing          in this chapter we will 

prove if      then even 

  
             

 (  
 

 
)                                              (3.1.2)                                                      

Is not valid with        replacing          In fact we prove 

more, namely, 
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3.2 Some Auxiliary Lemmas: 

In this section we introduce the results that we need to prove our 

theorems. 

Lemma 3.2.1 [27] 

If              
    is the characteristic function of       , then 

for     , |           |     
             , where    is the 

polynomial of degree      

                   
 

  
∫   

          
 

  

 

Where      ∫   
          

 

  
  And    

     
 

(|    |   )
     

         

, denoting       
     

  

|    |   
 . 

Lemma 3.2.2 [27] 

{If          then  
 

 
      

     

       
       . 

Furthermore , if either      or              Then 
 

 
      

     

       
          

Lemma 3.2.3 [27] 

  
         (  )            where   

  is polynomial, and      

∏       
 
   . 

Lemma 3.2.4 [23] 

|  
    |  

    

  
  

     
|    |

| (  )|
     |  

    |      

 

Lemma 3.2.5 [23] 

{
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Lemma 3.2.6 [23] 

{let    be a polynomial of degree not exceeding   and let       if 

               
        

   

    
 

Then  for every           

[               

Lemma 3.2.7 [23] 

measure of ,       (    
)        -  

 

         
|  |, where 

             the connected components of          .  

Lemma 3.2.8  [26] 

        ‖     ‖  (  )

 
  

    
              where        are 

polynomials.  

Lemma 3.2.9  [26] 

|   |   

 
 |   |          |   |           

Lemma 3.2.10 [27] 

{If          then  
 

 
      

     

       
        . 

Lemma 3.2.11 [27] 

|    |    

  
 |    |      (|    |    )              

Lemma 3.2.12 [27] 

∑  ̃    
      

   , where  ̃    
 is polynomial. 

Lemma 3.2.13 [24] 

Let   be an interval which is the union of       of the intervals    

, and let a set     be the union of         of these intervals, 
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then there exists a polynomial                 of degree     

satisfying    
 
          

 

 
(

 

                
)
           

  
     

            

(we may take     ) 

   
 
           

    

  
          

And 

     |  
 
   |        ∑

  
 

(|    |  )
     
 

           

Lemma 3.2.14 [24] 

  
    

 

 
   ‖     ‖  , where   is piecewise polynomial. 

Lemma 3.2.15 [24] 

Let                and let         be such that #       

and#           If                 then there exist     

constants          such that   |  |  (
  

  
)
 
                                     

And        
 

  
∑   (    )      

 
 

  
∑   (    )    

   

Lemma 3.2.16  

Let     . Then for each   ∑                          
    there is 

an  ̃ ∑                          
    such that 

‖   ̃‖
 

        
    

 

 
                                                             (3.2.17) 

In particular 

  
 ( ̃ 

 

 
)
 

     
 (  

 

 
)
 
  

Proof. 

For each      , set 
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 (    )   

 (    )

       
(    )

 
  if             

      
 

 

    
 (    )   

 (    )

       
(    )

 
  if            

And              if    . 

Also for each          set 

      
 

 

       

       

  
 (  )     

 (  )

         
(      )

 
  if             

      
 

 

  
 (  )     

 (  )

       
(      )

 
  if            

And                if     

Finally , set         and         Then , 

 ̃                                  

Is the required function, where   is a piecewise constant function 

with jumps in at most    points    near the   ، ; explicitly, the 

jumps at these   ،  are 

 (   )   (   )

 {

 

 
[  

 (  )      
 (  )](       )               

 

 
[  

 (  )      
 (  )](       )               

 

Indeed, straight forward computations show that  ̃ ∑       
 
   

          and by Markov،s inequality  

‖  
 (  )      

 (  )‖ 
      

   

       
‖       ‖      

 

Write     
 (  

 

 
)
 
  we have to prove that for each   and   , 

‖     ‖      
      (

|    |

|  |
)
 

                                                     (3.2.18) 
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By Whitney Theorem , there exists a polynomial                 

      

‖              ‖     
        

    | |         and for      

 , 

Implies 

‖    ‖      
 ‖   ‖      

 ‖   ‖ 
 (    )

        
 (  |    |) 

          

Where in the right-hand inequality we applied 

 

 
 |  |  

|  |

 (
       

 )
 

 

 
   

Observing that      is a polynomial of degree        we have 

‖    ‖
      

 ‖    ‖
        

      ‖    ‖
      

          

Hence       

‖     ‖      
          

We have  ‖   ̃‖
 

           

Lemma 3.2.19 [27] 

Let                 and let   be a proper interval 

for   ∑      
 
    

|           

   
   |   

    

  (             
 

  
(

 

                 
)
  

)                  

     ̅  , where  ̅  ,     
 

 
        

 

 
        ̅-.    ̅  

        ,          . 

Furthermore, if   ∑      
  
    then for              
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|          

     |   
  

  (             
 

  
(

 

               
)
  

)    

                              

3.3 Negative Results: 

In this section we introduce the negative results that we need to 

prove our Theorems. 

Lemma 3.3.1 

Given      for each polynomial    of degree      and satisfying 

         
             

 

 
 
 

 
 , with   

 

 
  

 

 , we have 

‖     ‖  
 

  
  

Proof. 

First we observe that   
          and that   

         for    

    . Assume that for some           
       

 

 
  Then 

‖   
           ‖  

‖  
      ‖ 

            
 

 

   
 

Since    [  
            

 

 
  

   
      for some       ( 

 

 
)  it 

follows by Bernstein،s inequality that 

  ‖  
 ‖  

    

 
‖  

   
   ‖

 
 

 

   
 

Now by   ‖  ‖  
  

  
 

  

 
 

  

 
   and the prescribed value of   

‖     
 ‖      (‖  

 ‖  ‖  ‖ )  
 

     
 

  

 
 

  

 
                 (3.3.2)                        

If on the other hand,  

  
       

 

 
  for all        then we represent   

  in the form 
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     ∫      

 

 

  
        

Since   
     for   | |  

 

 
   it follows that 

  
 ( 

 

 
)     

       
 (

 

 
)  

 ∫  
 

 

 
 

 

     
        ∫   

 

 

 
 
 

 

     
        

 ∫  
 

 

 

 

     
        ∫  

 

 

 

 

     
          

 

 
 

Similarly , 

  ( 
 

 
)           (

 

 
)   ∫  

 

 

 

 

     
         

  

  
 

  

 
  

Therefore  

 ‖     
 ‖  *  

 ( 
 

 
)    ( 

 

 
)+   (  

          )     
 (

 

 
)  

  (
 

 
)   

 ‖     
 ‖  

  

 
 

  

  
 

  

 
 

 

  
  

Thus together with 3.3.2, this concludes the proof of Lemma 3.3.1 

  

Corollary 3.3.3 

For every constant     there exists an      sufficiently large 

such that if          then for any    , there is a function 

       
        which changes convexity   time in         and 

such that any polynomial    of degree    which is coconvex with 

it, satisfies 

‖    ‖  
 ‖    ‖
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‖    ‖  
 ‖   ‖ 

  
  

‖    ‖  
 ‖  ‖ 

  
  

Proof. 

let             and let      We take               as in 

lemma 3.3.1, and let       The function   changes convexity at 

      and       it is convex in [       and if      then we take 

    arbitrary points satisfying             
 

 
  and 

regard   as changing convexity at these points too, hence   

        if the polynomial    is coconvex with  , then it satisfies the 

requirements of Lemma 3.3.1. Therefore, by Lemma 3.3.1,  

we have 

‖    ‖  
     

 
 
 

 
 

  
 

‖    ‖
 
  

  
 

 ‖    ‖
 

  
   

‖    ‖  
     

 
 
 

 
 

  
 

‖   ‖  
 

  
 

 ‖   ‖ 

  
  

‖    ‖  
     

 
 
 

 
 

  
 

  ‖  ‖
 

    
 

 ‖  ‖
 

  
   

Remark. 

It should be noted that the function    above is independent of   

We are ready to prove Theorem 3.3.4. 

Theorem 3.3.4 . 

For no               and      is it possible to have constants 

           and             depending only on     and    such 

that the inequality 

   
           

 

  
   

 (      
 

 
)
 
                                                    (3.3.5) 
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Holds for all         and for all     
         

On the other hand, we show that if      then     
           

       
 (  

 

 
)
 
      is valid for    ; in fact we prove 

Proof of Theorem 3.3.4. 

The proof readily follows from the observation that for all     

   
 (  

 

 
)
 

        
 (  

 

 
)
 

      ‖  ‖   

Which by Corollary 3.3.3 does not allow the case     in (3.3.5) 

and    

   
 (  

 

 
)

 
   ‖  ‖   

  
           ‖    ‖         

 (  
 

 
)
 

 
    

  
   

 (     
 

 
)
 
 

Which takes case of the other cases   

Lemma 3.3.6 

Let           Then for each     there exist polynomials    and 

 ̅  of degree      satisfying 

  
          (  )                   

 ̅ 
          (  )                                                                    (3.3.7)        

‖ ̅ 
     ‖

 
 

    

  
‖  

     ‖
 

‖    ‖ 

‖ (  )‖ 

     ‖  
     ‖

 
              (3.3.8) 

Where        
  

|    |   
. 

And 

‖(    ) 
   ‖

 
       ‖  

         ‖
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‖(    ) 
  ̅ ‖

 
       ‖  

         ‖
 
                              (3.3.9)                             

Proof. 

We will prove only the existence of the polynomials     the other 

case being completely analogous. for every     let    be defined 

by 

                   
 

  
∫   

          
 

  

 

Where       ∫   
          

 

  
  We use it to construct     By virtue of 

Lemma 3.2.1 ,          (for      |           |     
                 

∫ |           |  
 

  
  ∫   

    
 

  
                                  (3.3.10) 

If for   ⌈   ⌉ (where ⌈ ⌉ denotes the ceiling of  ), both       

and        and  

if for all            we have      then by Lemma 3.2.2  

If          then  
 

 
      

     

       
       . 

Furthermore , if either      or              Then 
 

 
      

     

       
          

We have                          and                 

So that it follows from 3.3.10  that  

∫                
 

  

   ∫ (               )    
 

  

        

   

And  

∫                
 

  

   ∫ (               )    
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Hence for some        we have  

 ∫                
 

  

        ∫ (             )
 

  

     

We set                ∫          
 

  
      ∫          

 

  
  

So that                        

Which by Lemma 3.2.1 in turn implies 3.3.9. now 3.3.7 follows 

from Lemma 3.2.3 in [27] 

  
         (  )            and (3.3.8) follows from Lemma 3.2.4 . 

|  
    |  

    

  
  

     
|    |

| (  )|
     |  

    |      

Since by our assumption      (    )       (    )       (  )  

If        then it suffices to take     
      ∫        

 

  
  

And         then it suffices to take     
          ∫        

 

 
  

We are left with the case where there is an      such that 

               

In this case we take the Chebyshev partition of order      so that 

we have             and              for all              Thus 

we set 

  
             

       

And we observe that by the above construction this   
  satisfies  

(3.3.7)–(3.3.9), since by virtue of Lemma 3.2.5 , 

{
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Theorem 3.3.11 

For every       and       if   ∑                          
    

then there exists a polynomial                       of degree 

not exceeding     such that 

‖    ‖        
 (  

 

 
)
 
                                                        (3.3.12) 

Proof. 

for     Theorem 3.3.11  is trivial, we have to prove Theorem 

3.3.11 only for      Given    , denote by              the 

connected components of            for            let  ̃  be 

polynomials of degree     defined as follows : 

(a) If              if       , the  ̃           , 

where    are from Lemma 3.3.6 . 

(b) If      and         then   ̃         

(c) If      and          then  ̃           

Finally, we have the j،s for which               we divide 

the v،s in to two groups , let                We say that 

     if there exists an             such that       
        

and the interval        
      

   contain an odd number of points   . 

Note that if       then the set    contains an even number, say 

    of points     the points               , say. In this case 

each two consecutive points        and             

          must belong to the union of four consecutive intervals, 

say [        
         

)  

whence 

  {                   }  ⋃          
         

    
    

It follows by the left-hand side of Lemma 3.2.5 that 

{
 

 
      

     

       
       }  
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           {                   }  
 

 
                   |     

| 

   

 
  

 
 

|  |

       
  
 

   
|  |

 
  
 

 
 

        
|  |                                         (3.3.13) 

We need the polynomials     and      however we note that    

might not be in  . Since     is always in           in the case 

    , we define  ̃               . 

Similarly, we always have      and               so we define       

 ̃               . 

(d) If             and       then we let  

    ̃          
     

If on the hand, 

(e)             and       then we let 

    ̃             
    (    )      

     where      or 1 is to be 

prescribed . 

We are in apposition to define    . recall that the piecewise linear 

function   that interpolates   , at the   ،s, satisfies 

‖   ‖        
 (  

 

 
)
 
                                                           (3.3.14) 

And may be written in the form 

          ∑       
                                  , 

where       is a linear function. Thus, denote 

           ∑   

   

   

                         ̃       

we begin with the proof of 3.3.12. to this end, we show that for 

each  



Chapter Three..Shape Preserving Approximation Using Coconvex Piecewise Polynomials for Function in    Quasi 

Normed Space  

98 

We show that for each            we have 

‖         ̃     ‖
 

       ‖  
    ‖

 
                              (3.3.15)                                   

Indeed, going through the various cases we see that: 

(a) 3.3.15 readily follows from Lemma 3.3.6 of 3.3.9 

 ‖              ‖
 

       ‖  
         ‖

 
   

‖         ̃     ‖
 

       ‖  
         ‖

 
        

and b,c of (3.3.15) readily follows from the inequalities 

   |  |                                                                         (3.3.16) 

(d) by Lemma 3.3.6 of 3.3.9 and 3.3.16, 

‖         ̃     ‖
 

 ‖                ‖
 

 ‖         

 ̃     ‖
 
  

         ‖  
    ‖

 
        ‖   

    ‖
 

       ‖  
    ‖

 
   

And finally, 

(e)If        then we are back to case (d), and if        then 

similarly we have 

‖         ̃     ‖
 

       ‖  
    ‖

 
 ‖         

    ̃     
   ‖

 
 

       ‖  
    ‖

 
 ‖

      
 

(|        |       
 )

 ‖
 

        ‖  
    ‖

 
  

And 3.3.15 is proved. Since it is well known that 

‖                ‖ 
       

    
 (  

 

 
)
 
            

And 
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‖∑  
    

 

   

‖

 

         

We obtain    ‖    ‖      ‖∑   
     

   ‖
 
  

 (  
 

 
)
 
  

This together with 3.3.14  concludes the proof of  3.3.12 . 

In order to prove that           we denote 

      [              ](         ) ̃  
               

and  

                                       

Where         ∑          ∑    
         

     ∑       
    
    if       

     ∑          
       if       

     ∑ ∑       
    

      
    

 

And       ∑ ∑        ∑           
    
           

It is important to emphasize that we either have      or     

       so that indeed all         are taken care of. 

Again we have to investigate each case separately. 

(a) If      , then by definition of        we have,  

 (  )[              ]     Hence by Lemma 3.3.6 in 3.3.7 

       
           [              ](         )  

         

 And similarly         
                

so that       
           . b,c since   and   are linear 

functions, we have           and             
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(e) If        then by definition , we have an odd number of point 

   (      
     )  which in turn implies that. 

         
             

Hence, by Lemma 3.3.6 in (3.3.7) implies 

      

        
              

Hence for each                we may prescribe    so that 

      
              

With this choice 

                    

Finally we conclude with the proof of case (d). 

(d) If        then 

      ∑       
    

      
 

    
    ∑ [              ](         ) 

    

      
 

    
     [              ](        )

 [               ](         ) 

     
         

By virtue of Lemma 3.2.6 and 3.2.7,  

{let    be a polynomial of degree not exceeding   and let       if 

                      
        

   

    
 

Then  for every           [               

And {     ,       (    
)        -  

 

         
|  |  

It now follows that  (    
)       
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Therefore, 3.3.7 of Lemma 3.3.6 implies 

    (   
)  

         
      (   

) (    
)

  

 (    
)
        

Since           we have shown that           , and concluded 

the proof of the Theorem    

Theorem 3.3.17 

Let             that is, changes convexity one on [-1,1]. Then  

  
   

           
 
  

 
(  

 

 
)
 
                                               (3.3.18) 

Proof . 

One notes that the only place one needs the assumption that our 

function is a piecewise polynomial, is in order to apply Lemma 

3.2.6 . Thus for general         , if one is guaranteed that   is 

sufficiently big so that each component    contains an odd 

number of points of    , in particular one point, then one may 

conclude the same. If   changes convexity just once, then 

obviously the requirement that each component    contains an 

odd number of points of    , specifically one point holds for all 

             

Lemma (3.3.19) 

Suppose that      and   ∑  
   
   is such that  

                                                                                             (3.3.20)                                              

If an interval     contains at least      intervals    and points 

  
    

  such that 

  
    

  ‖      
  ‖                                                                        (3.3.21)                                                                 

then for every      we have        

    ‖     ‖      
                                                     (3.3.22) 
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Proof. 

Fix   and     
  where   

             It follows by Lemma 3.2.8 

(        ‖     ‖  (  )

 
  

    
               and         ) 

That for every            ‖     ‖      
      

    

  
  . 

Since    and    are polynomials of degree       we get 

‖  
     

  ‖
 

 
 

  
 ‖     ‖ 

 
    

  
  

    

  
    

In view of Lemma 3.2.5 and 3.2.9 ,   

{
 

 
      

     

       
          

And  
|   |  

 
 |   |          |   |            

we see that 3.3.21 implies  

 ‖  
     

  ‖
 

 
    

  
  

    

  
   

    

  
   

    

  
  

    

  
   

‖  
     

  ‖
 

 
    

  
  |   |                                                         (3.3.23) 

By assumption there are     points    
               

   each two being separated by an interval          Recalling that 

      we have for each         and           with 

     

|     
 |

|   
     

 |
  

     

   

   |    |      

|     
 |

|   
     

 |
                                                                     (3.3.24) 

Now ,by virtue of the representation 

  
      ∑   

      
  ∏
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We obtain form(3.3.23) and (3.3.24) 

  ‖      ‖    ‖  
     ‖

 
 

                                
   

So the prove of 3.3.19 is complete    

 

3.4 Zero-preserving Approximation 

Lemma 3.4.1 

The following relations hold: 

∑  ̃    
      

                                                                                  (3.4.2) 

 ̃    

        ̃    

                                

 ̃    

                                     
                                 (3.4.3) 

‖ ̃    

      ‖
 

     ‖
 

   
    

(
   

   

   
        (    )

)
  

‖
 

          

                                                                                          (3.4.4) 

Where    
 

 
       

Proof. 

Relations 3.4.2 and 3.4.3 follow immediately form ∑  ̃       
    

and 

 ̃ 
        ̃ 

                                

 ̃ 
                                     

   when we observe that if 

     
     then      

     
   Thus we just have to prove 3.4.4. 

Note that by Lemma 3.2.10 and 3.2.11 yield                             

 
     

|       
|       

    
   

   

|       
|     
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Now if       then it follows by 

‖ ̃ 
      ‖

 
     ‖

 

  
    

(
  

|    |   
)
  

‖
 

                    

       that 

  
 
‖ ̃    

      ‖
 

     ∑  
     

|       
|       

   

        

 

     ‖   

     ∑
     

 |       
|     

     

 

        

‖

 

 

     ‖   

      ∫
  

      
        

 

    

‖

 

 

     ‖.
   

   

   
        

/

  

‖

 

     ‖ 
   

   

   
        (    )

   ‖

 

  

Similar proof yield 3.4.4, if         and if          

Lemma 3.4.5 

Let                 and let   be a proper interval 

for   ∑      
 
    

‖           

   
   ‖

 
 

    ‖
    

  (             
 

  
(

 

                 
)
  

)‖
 
                 (3.4.6)                           

     ̅  , where  ̅  ,     
 

 
        

 

 
        ̅-.    ̅  

        ,          . 

Furthermore, if   ∑      
  
    then for              

‖          

     ‖
 

 

    ‖
  

  (             
 

  
(

 

               
)
  

)‖
 
               (3.4.7)                   
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Proof. 

The proof of the two statements is similar and we will proceed 

simultaneously in both. Fix       ̅ (or simply       if we 

prove 3.4.7, and let       ̅  (or simply       be such that, say 

                                                                                      (3.4.8)                                                                                  

 we will write in this proof    for    
      ̃  for  ̃    

  and      

for           By define         ‖     ‖      
(

  

    
)
  

           

‖     ‖      
      

    

  
  , whence, for each    . 

‖  
      

   ‖
      

     
       

  
 

 
    

  
    

First let          Then by Lemma 3.2.9, 

{
|   |  

 
 |   |          |   |          } and (3.4.8) 

imply            
 

 
 . Hence Lemma 3.4.1 in 3.4.4 combined with 

Lemma 3.2.9 and 3.2.11 yields 

‖  
      

    ̃ 
     

   ‖
      

     ‖
    

  
 

 
    

 

  
   

 

  
    

  
 

  
      (    )

   ‖

 

 

      ||
    

  
  

    
 

  
  

     
 

    
 

 

  
     

  
 

  
      (    )

   ||  

     ‖
    

  
 

 
  

      (    )

 
       

  
 

  
 

 

  
    

  
 

  
      (    )

      

  
  

 

  
      (    )

         ‖

 

 

     ‖
    

  
   

  
 
  

 

 

 

  
   

 
  

 

  
      (    )

     ‖
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     ‖
    

  
 

 

  
  

    
 (

 

  
      (    )

)
    

‖
 

                              (3.4.9)                             

Where in the third inequality we applied the third inequality in 

Lemma 3.2.9 and 3.2.11, in the next one we used the fact that 

    (    )  
 

 
   and in the last we have applied the 

straightforward inequality 
  

 

 
 

 

  
  now, by virtue of the Lemma 

3.2.12 ,       {∑  ̃    
      

   } we may represent            

   
    as 

           

   
     (             ) ̃           

  ∑  ∑   
            

 (           )  ̃         
            

 

                     

Where we write           if       

We begin with the estimate of      Note that if     , then      , 

so that we may assume that       we need separate arguments 

for 3.4.6 and 3.4.7. 

First we deal with 3.4.7 .  

since   ∑         
    and       it readily follows that. 

‖  
       

  ‖      
     ‖

 

  
       ‖

 
  which in turn implies 

‖  
         

    ‖  ‖∫    
       

     
 

  

‖
 

     ‖
 

  
             ‖

 
 

And ‖  
         

    ‖      ‖
 

  
              ‖
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Therefore , by Lemma 3.4.1 in 3.4.4 

{‖ ̃    

      ‖
 

     ‖
 

   
   

(
   

   

   
        (    )

)
  

‖
 

          

                so by Lemma 3.2.19 ,  

‖     ‖      ‖
  

  
          

    

  

 
       

  
   

  

   |    |
   ‖

 

 

     ‖
 

  
       (

  

   |    |
)
    

‖
 
                                             (3.4.10) 

Now, if         then (3.4.10) implies 

‖     ‖      ‖
 

  
        ‖

 
                                                 (3.4.11) 

And if         then (3.4.10) yields 

‖     ‖      ‖
 

  
      

  

 

 

   |    |
 

  

   |    |
     ‖

 

 

       ‖
 

  
      

 

  
 

 

|    |
  

  

   |    |
     ‖

 
 

     ‖
 

  
      

 

  
 

  

           
   ‖

 
                                              (3.4.12) 

Now we establish Lemma 3.4.6. since    ̅       

If also (        then   ∑         implies   
      

    

Hence       

Otherwise (        so that    ̅   implies      

  .Therefore 3.4.9 hold for        and we may absorb    either 

in    or in   , as the case may be, and which we estimate below, 

what is left is to estimate    and     It follows from 3.4.9 that 

‖     ‖      ‖
      

  

 

  
    ∑  

  

       (    ) 
                ‖
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     ‖ 
      

  

 

  
   

  

              
   ‖

 
                                             (3.4.13) 

Similarly , if                                            

Then we obtain 

‖     ‖      ‖
        

  

 

  
   

  

              
   ‖

 

 

 
            

  
                                                                                     (3.4.14) 

From 3.4.13 and 3.4.14 we get 3.4.6 with the above discussion of   , 

and from 3.4.10)  and  3.4.14 , we get  3.4.7 . This complete the 

proof    

Lemma 3.4.15 

If   ∑      
  
    then 

‖     
‖

 
     ‖     ‖                                                           (3.4.16)                                                                    

Moreover , if   ∑     
  
    and                                  (3.4.17)                                                               

Then         
  

                                                                 (3.4.18) 

Proof. 

The proof of  3.4.16  is similar to that of  3.4.7  in Lemma 3.4.5, in 

fact easier, to prove  3.4.18 . Fix        and let   be such that 

       Since        for all      
   then 

   

       ∑ 

 

   

       ̃ 
               ̃ 

      ∑          ̃ 
     

     
 

         ∑  ̃ 
      

     
 

 

Now, by virtue of  ̃    

       ̃    
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  ̃    

                         
   the first and second sums 

are zero, and since                     it follows that the 3.4.18 is 

prove    

Lemma 3.4.19 

If   is a proper interval sub set of  ,    ∑      
  
    and  

                       holds, then  

 

‖          

     ‖
 

 

     ‖
     

  (             
 

  
(

 

               
)
  

)‖
 
        (3.4.20)              

where               and           
 |    |

|    |  
   

Proof. 

Let     , if    ̅   then         and , if    ̅    then it follows 

from                      And we only have to check the case 

where   is in a connected component, say [        of  ̅  and either 

         and      or   
 

 
     and      

Clearly,   ،  in this component, so let    [     ]  It is easily seen 

that       is increasing in         and   
 

 
 is increasing in 

         .we will show that          and   
       

 
 cannot 

hold. If           and            then      
 

 
   

|    |    which yield that        |    |    Since       is 

increasing this in turn implies that if       , then   
 

 
     

Hence if          , then             |    |    so that 

    

      
 

|    |
 

|    |
  |    |
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The case   
 

 
    is symmetric, thus 3.4.16 follows by Lemma 

3.4.5 in 3.4.7. if on the other hand,    ̅   ̅  then     
   where   

  

is a connected component of  ̅  such that 

      |  
 |             

                                                          (3.4.21) 

And we have                        
 .                                        (3.4.22) 

This together with 3.4.21 implies that for        
   which is a 

proper interval sub set of   , we have  

                    set   
    

   ̅   since     
       (      

 )  
 

 
  and by (3.4.21),  

     (      
 )  |  

 |       (      
 )   Hence  

               |  
 |         

               (      
 )           

                            
   

By virtue of Lemma 3.4.5 in 3.4.6 we thus obtain 

‖           

   
   ‖

    
  

      ‖
 

|  
 |

 ‖
  

                 (3.4.23) 

 With      (             
 

  
.

|  
 |

|  
 |        

       
/

  

)  , where we 

used the fact that           
              (  

      )  it remains to 

prove that 

 ‖          

     ‖
    

  
      ‖

    

|  
 |

  ‖

  

                                    (3.4.24)                                               

To this end, let        ∏
|    |

|    |  
       

           ∏
|    |

|    |  
       

     

so that 

                   if      
   then |    |       whence 
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Therefore we have to prove 3.4.24 with       in place of       

Now  by 3.4.22 ,      

  is a polynomial in   
   and by Lemma 3.4.15 

in 3.4.17 and 3.4.18 imply 

             

                   

Hence, if               are point of    in   
   then there is a 

    
    such that 

‖          

     ‖
 

 ‖             

        ‖
 
∏|     |

 

   

 

               ‖
 

|  
 |

 ∏
|     |

|  
 |

 
   ‖

 

     ‖
     

|  
 |

  ‖

 

  

Where in the first inequality we applied 3.4.23  and for the second 

we used the inequality |     |      |  
 |   so that is completes 

the proof of  3.4.24                                                     

3.5 proof the Theorem 3.5.1 

For every       and      there are constants   and      such 

that if    ∑                   
  
    then there is a polynomial 

                 of degree       satisfying 

  ‖    ‖        
 (  

 

 
)  

Note that by the above, we have to prove Theorem 3.5.1 only for 

    , but the cases       are anyway trivial in this setting since 

∑    
        

Proof.  

Recall that we may assume that     we begin with some 

notation, given     denote                     and           

and           .without loss of generality we may assume that     

                                                                                                  (3.5.2)                    
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 So that in view of          
 (  

 

 
)           

In order to prove our assertion , we have to find a polynomial    of 

degree       such that 

‖          ‖                                                                        (3.5.3)                                                                     

And  

   
                                                                              (3.5.4) 

where       define the set                         

And        ∏       
 
    

We fix   so big that                 was defined in 3.4.12 of 

Lemma 3.4.5. This makes          , the constant in 3.4.22 of 

Lemma 3.4.21 

‖          

     ‖
 

      ‖
         

  
         ‖

 

 ‖     
 

  
 

 

           
   ‖

 

 

Dependent only on   and   we dente       . fix on integer    

such that 

                                                                                       (3.5.5)                                                                          

where     is constant form 

  
            

 

 
(

 

               
)
                  

  
              . 

(we may take       

And without loss of generality we may assume that   is divisible 

by    ,i.e.,        where this defines N. 

We divide I in to N intervals 
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   [    
         

]      
                         

We will write    , if there is an       such that 

‖      ‖        ‖
  

  
 ‖

 
, (3.5.6)                                                                                 

And we will say that       if    contains at least      intervals 

   with     . 

We will say that       if either     , or  there is a        such 

that 

    
       {

                        
                         

                            (3.5.7)                                   

Note that if          then |    |       hence 3.5.2, 3.5.6 and 

Lemma 3.3.19 imply 

 ‖  
       ‖

     
                                                                 (3.5.8) 

Now set                 ⋃         

Let           , where 

      {
                         

                           
 

And                 

And putting 

                        ∫              
 

  

 

       ∫              
 

  
 

(Note that    and    are well defined for              so that 

   and     are well defined everywhere and possess a second 

derivative again, for               Thus from now on 

whenever we write   
      we will mean             )It 

follows that 
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         ∑   
         then 

    
                  and   

                     , by Lemma 

3.2.13 and 3.5.8 imply               Which by virtue of  3.5.2 yields 

           ⌈   ⌉      
                                                      (3.5.9)                                         

The set   is a union of disjoint intervals    [     ]  between any 

two of which there is an interval    are with       we may 

assume that         and write      (for ،،Almost Good،،) if    

consists of no more than    intervals     in particular , it consists of  

no more than      intervals   . Set       ⋃          and let 

   {
  

                   
   

                     
 and 

      
     . Now put 

                        ∫              
 

  

 

            ∫              
 

  
 

Then , evidently 

       ∑   
                                                                                  (3.5.10) 

  
                                                                              (3.5.11)            

and   
                                                                        (3.5.12) 

For       Lemma 3.3.19 and 3.5.9 imply                                               

‖  
     ‖  ‖  

     ‖       ‖
    

  
 ‖

      
       

Hence  

‖  
     ‖       ‖

 

  
 ‖

 
                                                    (3.5.13)                                                          

which by virtue of Lemma 3.2.13 yields that            

whence by  3.5.2,             ⌈   ⌉                         (3.5.14)                                                       
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In view of 3.5.10 and 3.5.11 , combining Theorem 3.3.11 with 3.5.13 

and Lemma 3.2.14, we obtain the existence of a polynomial    

which is coconvex with     and such that 

‖  
          ‖              (3.5.15)                                                            

since           
       

             then by 3.5.2 we have for      

  (     
 )    (     

 )                                                      (3.5.16)                                            

Also for such            
           

   , Hence from (3.5.9) 

  (     
  )    (     

  )                                                 (3.5.17)                                               

We still have to approximate   . To this end, applying Lemma 

3.2.15,  we construct three polynomials    and    of degree      

and we let    
       of degree    , be define by    

     
       

      ∑       ̃    
         

  
     

We begin with    . for each   for which       let    be the union 

of all intervals       with       Recall that      therefore by 

3.5.5 , the number of such intervals is at most            and 

the total number of intervals in    is    . Thus, by Lemma 3.2.15 is 

applicable for each     and if we set         ∑                  ) 

Where on the right-hand side are the polynomials guaranteed by 

Lemma 3.2.15 (we consider ∑                    if        and 

denote 

  ⋃     
    

 

Then we conclude that    ̅  satisfies 

  
                                                                             (3.5.18)                                                  

  
           

    

  
              (3.5.19)                                                                                                     

  
          

         

  
                                                            (3.5.20)                                                        
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Note that 3.5.18-3.5.20 follow since for any given   all relevant 

  
  (       )  except perhaps one , have the same sign. Finally, it 

follows from Lemma 3.2.13. 

 ‖     ‖         ‖ ∑
  

(|    |    )
    

‖

 

  

‖     ‖                                                                        (3.5.21)                                                          

Next we define the polynomial   . For each    with        

let     denote  the union of the two intervals on the left side of 

  
     

   and let     denote the union of the two intervals on the 

right side of   
     

  Also, let     and     be closed intervals each 

consisting of        intervals    and such that    

                 
   and            

  . 

Now we set 

   ∑        (          )    (         ), since              

It follows from 3.5.5 that   
  

 
       Again by Lemma 3.2.15  

  
            

    

  
           (3.5.22)                                                              

  
          

       

  
       

                                                     (3.5.23)                                                     

And   
          

    

  
 (

 

          
)
       

               (3.5.24)              

Where in the last inequality we used the inequality,  

                                              

Finally , it readily follows from Lemma 3.2.15  

‖  
    ‖                                                                                 (3.5.25) 
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The third auxiliary polynomial the properties of which we need to 

recall is    
       

        by 3.5.14 and the choice of   lemma 

3.4.17 yields 

‖         
   ‖

 
                                                       (3.5.26) 

And Lemma 3.4.21 combined with 3.5.10  and  3.5.12  implies that 

for any proper interval   

‖  
         

     ‖
 

 

  ‖
    

  
      

    ‖
     

     ‖
    

  
 

 

  
(

 

           
)
       

‖
     

   

                                                                                                      (3.5.27)                                                                                                  

Put           and write 

      
          

         (3.5.28)                                                                              

By virtue of  3.5.21 , 3.5.25 , and  3.5.26 , we obtain        

‖  
          ‖           

which combined with  3.5.15 , proves 3.5.3  for            

Thus, in order to conclude the proof of Theorem 3.5.1 , we should 

prove that  3.5.4  holds for our   .   

To this end , we recall that    is coconvex with   , so that we only 

have to deal with   .since  3.5.27  holds for any proper interval   , 

we will prescribe different ones as needed. As long as      it 

suffices to take     
   where   is such that       Then the 

quotient  inside the big parentheses in  3.5.27  is bounded by 1 , for 

all        and  3.5.16  and  3.5.27  yield                  

‖  
         

     ‖
 

      ‖
    

  
   (  

    
 )‖

     

     ‖
    

  
 ‖
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       ‖
    

  
 ‖

     
                                                               (3.5.29)                                                                                                                                                          

If          then it suffices to take     
   where   is such that 

    
   and , similarly,  3.5.17  and  3.5.27 , imply 

‖  
         

     ‖
 

    
   ‖

    

  
   (  

    
  )‖

       

     ‖
    

  
 ‖

       

 

  
 

       
   ‖

    

  
 ‖

       
                                                       (3.5.30)                                                                                                                                                                             

Finally , if               then we take   to be  the connected 

component of             that contains  , Then by  3.5.27  

‖  
         

     ‖
 

   ‖
    

  
      

    ‖
 

     ‖
    

  
 

 

  
(

 

           
)
       

‖
 

 

      ‖
    

  
 (

 

            
)
  

‖
 
                    (3.5.31)                                                 

. Since by  3.5.28 ,  

  
              

              
            

         

 ‖  
         

     ‖
 
           

It follows by  3.5.20 , 3.5.22 , 3.5.12  and  3.5.29 , that 

  
           

      

  
 

                 
   

If         then  3.5.6  is violated so that  
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Hence, by virtue of  3.5.19 , 3.5.22  and  3.5.29 , we get 

  
           

          

  
 

                     

Next , if          then by inequalities  3.5.18 , 3.5.23 , 3.5.12  and  

3.5.30 ,  

we obtain 

  
                                                                                          (3.5.32)                                                                                     

And finally, 3.5.12 , 3.5.18 , 3.5.24  and  3.5.31  imply  3.5.32  

for               Thus, 3.5.32  holds for all           and so we 

have constructed a polynomial    , satisfying  3.5.3  and  3.5.4 , for 

each     , divisible by   . For all other n،s Theorem 3.5.1 follows 

by the inclusion   ∑      ∑     
 
       

   This completes the proof   
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Future Work 

 

             We intend to prove direct and inverse theorem, saturation 

problems, negative theorems, Marched inequality for positive, 

piecewise positive, monotone, piecewise monotone and k-

monotone, approximation using piecewise algebraic polynomials 

that are copositive, comonotone and co k-monotone     with   

in   -quasi normed spaces for      . We intend to relax the co 

k-monotonicity              In order to have degree of 

approximation in terms of moduli of higher order.   

 

 

 



Conclusion 

In spite of the shape preserving constraints we can 

approximate a piecewise convex function by a pointwise 

polynomial in terms of higher orders moduli of 

smoothness. 

In chapter one we introduce some approximating 

properties for this approximation. 

In chapter two we study the piecewise convex 

approximation or coconvex approximation on the quasi 

normed space in terms of the ordinary modulus of 

smoothness. 

In chapter three we improve our results in chapter 

two, by proving Direct theorems for piecewise convex 

functions in quasi normed spaces using piecewise convex 

piecewise polynomials in terms of Ditizian Totik modulus 

of smoothness. 
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 .………………………………………الولخص   ………………………………………

 الولخــــــــــص

 

 .     عٌذها    في عولٌا درسٌا الرقرية الحاصل للرحذب للذوال في الفضاءاخ 

هرعذداخ الحذود الجثريةح. فةي  تاسرخذامدرس العذيذ هي الثاحثيي ذقرية الذوال الوسرورج الوحذتح 

   هرعذداخ الحذود القطعيح لذراسح الرقرية في الفضةاءاخ  واسرخذهٌاعولٌا قوٌا ترعوين اعوالهن 

. تعذها قذهٌا تعض الخىاص الرقريثيح لورعذداخ الحذود الري اسرخذهٌاها فةي      عٌذها 

 الرقرية.

قوٌةا ترطةىير هة ا قذهد هؤخرا تعض الثحىز ذضوٌد ذقرية الذوال هرغيرج الرحذب والوسرورج. 

تاسةرخذام       عٌةذها    الرقرية ودرسٌا ذقرية الذوال هرغيرج الرحذب في الفضةاءاخ 

 هرعذداخ الحذود القطعيح وكاًد درجح الرقرية الافضل تذلالح هقياس الٌعىهح الاعريادي.

   كةة لق قةةذهٌا ًىعةةا هةةي ًكريةةاخ جاكسةةىى لةةذوال هرغيةةرج الرحةةذب الرةةي ذٌروةةي الةة  الفضةةاءاخ 

 هرعذداخ الحذود القطعيح هرغيرج الرحذب. تاسرخذام ,      عٌذها 

 



 

 جوهىريت العراق

 والبحث العلويوزارة التعلين العالي 

 جاهعت بابل

 كليت التربيت للعلىم الصرفت

 قسن الرياضياث

 

 

 

 

التقريب الٌقطي باستخذام هتعذداث 

 الحذود

 أطروحت

جسء هي كهقذهـــت الى هجلس كليت التربيـــت للعـــلىم الصرفت / جاهعت بابــــل 

في التربيـــــت / الرياضيــــاث ذكتىراٍ فلسفتهتطلباث ًيـــل درجــــــت ال

 هي قبــل الطالبــــــت 

 اكتفاء ضياء جليل كرين

 

 أشـــــــــــراف

 بهيت عبذ علي ذكتىر أيواى سويرالستار الا
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