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Abstract

In our dissertation we study the shape preserving for
convex and piecewise convex functions in quasi normed
spaces L, for 0 <p < 1.

Many authors studied the approximation of convex
continuous  functions by  algebraic  polynomials. We
generalize and improve their works for piecewise algebraic
polynomials and study the approximation in L, space for
0<p<1 we prove for a given convex function in L, ,
0 <p <1, there exists a convex piecewise polynomial as a
convex approximation of F. Then we introduce some
approximating properties for these approximations.

Some papers introduced the direct and inverse theorems for the
piecewise convex continuous functions. We study the piecewise
convex approximation of function in L, , 0<p<1 using
piecewise polynomials .It mean if F changes its convexity at
{y:}i—, , we can construct a piecewise convex piecewise polynomial
as a best approximation change its convexity at {y;}i_,. Our degree
of approximation is in terms of the ordinary modulus of
smoothness .

We introduce Jackson type theorem for piecewise
p with

0<p<1 Using piecewise convex piecewise polynomials

convex functions in L, quasi normed space L

in terms of Ditizian Totik modulus of smoothness .
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Introduction

Our interest in approximation theory steams from its beauty, its
utility and its rich history, also there are many connections can be
drawn to questions in both classical and modern analysis.

The problem of classical approximation is if we give a target
function F belongs to a normed space X and we demanded to
approximate F from a subspace Y (approximation space). Some
time we want to approximate F by a function preserves it
geometric properties such as positivity, monotonicity and
convexity, this what we called shape preserving approximation,
but this restricts the degree of the approximation very much.

In our work we study the convex and coconvex approximation for
functions in L,-quasi normed space with 0 <p < 1.

In particular L, space , plays a central role in many question
in the analysis. The special importance of L, space may be said to
derive from the fact that they offer a partial but useful
generalization of the fundamental L? space of square integrable
functions.

In order of logical simplicity , the space L' comes first since it
occurs already in the description of functions integrable in the
Lebesgue sense. Connected to it via duality is the L* space of
bounded functions, whose supremum norm carries over from the

more familiar space of continuous functions.

17, = (o dF )PP,

The accompanying old style Timan-Freud-Brudnyi Jackson type
inequality for the approximation by algebraic polynomials [1,



Theorem 8-5-3]). explains the request for the approximation turns
out to be fundamentally better closed to the end point of [-1, 1]:

If xkéN, r € Njand F € C',then for all n > x+1r—1, There is
polynomial B, € [[,, Satisfy

|F(x) — B(x)| < c(x, r)Q,ﬁ(x)wk(Tr, Qn(x)), xe[—1,1] (1)
obviously, if we want to have interpolating approximation at the
endpoints for F and it's derivatives. we get better approximation
degree, the authors obtain the following Telyakovskii-gopengauze
version theorem, for the literature review of the subject.

Theorem 1 [2]

/4

Let reNy, ke Nand F € C* then for any n > max {K +r—12r+ 1}

there is a polynomial %, € II,such that (1) Is valid and , more over
2(k—1)

IF () — P.(2)] < c(x, 1092 (x)aw (f]—", e, ) if1-n?<
%] < 1 )

2(k—1)

In [2] the authors prove, Ify €R, 8% (x)n " « in (2) Cannot be
replaced by 9%9(x)nYwith G > 1/k. therefore, the estimate (2)
offers the best approximation rate near the end point of closed
interval [-1,1].

Now we have a question : Is the above inequalities true in the
shape preserving approximation of g-monotone functions ?

The answer is that it is not true for an r and «k ,even if we choose n
depends on the target function F.This case if we have 1 < g <
3,05r<g-—1landr+k=>g+2in[3] if g=1 in [4] if g=20r g=3)
and g >4 andr+ k > 3in [5].

More finished, for any g, t, x, n € N, There exists a function F, €
C* N A@such that (2) is not valid for any polynomial 2, € [],N A@

the development of such an F, is the same as in ( [6] ,see also
[7,8,9]) . This implies that, in the case r > 1,(2) cannot be true for
each function F € C' N A® and alln > N(x, 1, ).



We accentuate that this not implies that for each fixed F € C* n

A (2) is true for adequately g = k = 2 large n. i.e.(2) may still be
true if n = N(F).

The case is different if we have kis small and r equal to zero,
andg,n are naturals.(l) and (2) are satisfied for x =1, which
follows from the case k = 2, for g-monotone approximation.

Surely, from the interpolator estimate follow, [11,12](g=2),
[10](¢ = 1) and [13](g = 3):for any g,n € Nand F € C N A@) there
exist a polynomial 7, € II,, N A@, Such that

9(x)

IF (2) - P(@)] < c(g)awr, (F,22), we[-1,1] (3)

where ¢ > 0. If we have n > 2 the estimates (1) and (2) are satisfied
for g = 2 when r equal to zero and x equal to 3, we find the result
in [2], and case g = 3, t =0 and k = 3 or k = 4 is no solution has
yet been found (Actually unknown if (1)holds if (g,r,x) = (3,0,4).

Finally, I was able to show in [8] that (1) and (2) hold if r €N,
k=2 and n = N(F, r) for monotone approximation (¢ = 1) .

As wusual, C*(I) denotes the space of r times continuously
differentiable functions on a closed interval I, C°(I) := C () is the
space of continuous functions onl, equipped with the uniform
norm which will be denoted by ||. |;.

In chapter one we introduce the direct theorems approximation of
convex function in Ly, space with 0 <p <1 using the piecewise
convex polynomials.

Let F € Ly(I) change its convexity finitely many, say s = 0, time in
the interval.

define L,(I) = {F:1>R:F € Ly}wherel =[-1,1], L;() =

(F:iloR:FF €Ly} foldL, |, IFllL, = (L IF@IP)P = IIF], .



We are interested in pointwise estimates on the approximation of
F by algebraic polynomials there are coconvex with it, that will
change their convexity exactly at the points where F does.
Specifically, denote by Yg,s € N.

The set of all collections Yy == {y;};=; such that -1 <ys <+ <y; <
1, denoted by Y, s € N.

Let A®(Y,) denoted the collection of all function F € L,[—1,1] that
change convexity at the set Yg and are convex in [y;, 1].Namely in
the interval [y;;,,Vi], F is convex whent is even, and is concave

when i is odd. We also use the notation y, =1 and yg,; = —1.
Denote
M(x) = [iea(x —y2) (4)

Then for example, if F € L3[—1,1] N Ly[—1,1] then F € AP (Y,) if
and only if Al(lz)(.’F) > 0,1in (-1,1).

The convex function as the case s = 0, where we write Y, := @
P, the set of algebraic polynomials of degree <n
Norm estimates on the degree of approximation of ¥ € AP (Y) by

P, € P, n AP (Y) ,namely, estimates of
ET(IZ) (F,Ys) = NFp ep na@y,) |F — P.ll, , More specifically, for
F € Lp[-11],

let AfF (x) = {‘=0(—1)K‘i('i‘) F (x + gh + ih) Jifx + gh €l and :=
0 otherwise,
is the symmetric difference of order k.

Wi (F, 1) = suphefoqllAnFllp = supnefogmaxe—1,1]1ApF (x)],t >0
is the kth modulus of smoothness of F on 1.

Givenn € N,k € N,r € N;, s € Ny and Y € Y. We wish to estimate



nir\Y s Is Pu€PNAP) (Ys) QEWK(T(O; -Qn) p
j:(x) - :Pn(x)

= ’Vnﬁ?neﬂmnnA(z)(YS)m“xxe[—Lﬂ

‘p
Where 9(x) =v1+x2 and Q,(x) =9(x)nt+n2,x€[-11],

for F € A(Z) (Ys) N Lrp(l) such that F ¢ :P;c+r' We put ET(I,le,r(:F' YS) =
0,if F € Peyr N ABD(Y).

O () wr (F®, Q, ()

In [22] by Nikolskii, Timan, Dzyadyk, Frend and Brudnyi study
the classical pointwise estimates for unconstrained approximation
which is also true for coconvex approximation .

In [8,26] the authors restricted their attention to the following three
cases:

a)r=3ands=1, b)r=2,k<3ands=1, ¢)r=0and ,k =3.
All other cases also have been investigated .

For instance, fors > 2, it is introduced by [19,24] that for no x >
1,and r > 0.is it is possible to have constants ¢ = c(k,r,s) and
N =N(x,t,s) , depending only on k,r and s,such that the
inequality

E1(1,212,r(~7:' Ys) <c (5)

Is satisfied for all n>N and Y, € Y, and for all F € A®@(Y,) n
L (D).
p

Furthermore, for s = 1, it follows by [27,Theorem 2 ] that no k > 1
and r =0 such that k +tr> 2, and Y; €Y,, is possible to have
constants ¢ = ¢(k,t,Y;) and N = N(k,1,Y;), depending only on «,t
and Y;, such that (5) hold for all n > N and for all F € A®(Y,) n
L, (D.

In [25] and [26] the authors studied the pointwise approximation
of special polynomials.



In chapter two, we study the general pointwise approximation by
any piecewise polynomial for function in Ly [-1,1].

Let F € Ly[—1,1] change its convexity finitely many times, say

s = 0 times, in the interval.

In chapter three, we interested in estimating the degree of
approximation of F by polynomials which are coconvex with it,
namely, polynomials that change their convexity exactly at the
points where Fdoes.

In [35], D. Leviatan and I. Shevchuk, write all the results of
monotone and comonotone approximation theorems on a finite
interval [a,b], by algebraic polynomials in continuous function
(uniform norm). see also [34]. In [34,36] the D. Leviatan and I.
Shevchuk, studied the monotone and comonotone approximation
of continuous function using kth modulus of smoothness of the rth
derivative of the function.

They also studied the above approximation using xth Ditzian-
Totik modulus of smoothness.

In [36] D. Leviatan and I. Shevchuk, studied the monotone and
comonotone approximation of continuous functions in terms of
Ditzian-Totik modulus of smoothness using piecewise
polynomials.

In chapter three we introduce positive theorem for convex and
coconvex approximation of function in Lj, space for 0 <p < 1.

The main truth in this chapter is to Jackson-type estimate for the
approximation of a piecewise polynomial which changes
convexity finitely many time in the interval, by algebraic
polynomials that change convexity at exactly the same points.

The main result is Theorem 3.4.15 stated below, which is the
analogue of [36.proposition 3].



Our strategy for the future is to approximate an arbitrary function
in L, space that changes convexity finitely many time in the
interval, by an appropriate coconvex piecewise polynomial which
in turn by virtue of Theorem 3.4.15, will be approximated by a
coconvex polynomial.

In this chapter, we study some negative results for the coconvex
polynomial approximation of more general piecewise convex
functions (see Theorem 3.3.4), Also as a byproduct of Theorem
3.3.11, we obtain one important positive result for coconvex
polynomial approximation (Theorem 3.3.17)

Therefore, it is one of the components of this chapter is the
following. We state the main results contain the construction of the
negative result, Auxiliary lemmas, the proof of Theorem 3.3.11
which is a preliminary step and a special case of Theorem 3.4.15 ,
and as a byproduct, its proof yields of Theorem 3.3.17, we prove
Theorem 3.5.1 and with it conclude the proof of the Theorem
3.4.15. Many of the methods we apply are modification of similar
ones in this chapter by Devore, Dzyubenko, Gilewicz, Kopotun,
Mania, Yu and the authors (see the References).



Chapter One

Piecewise Convex
L,,0<p<1,

Approximation



Many papers introduced to constrained approximation of
convex continuous function by algebraic polynomials, here we
approximate the convex function in Ly, 0 < p <1, quasi normed
spaces using piecewise algebraic polynomials. Also we introduce
some properties of these polynomials.

1.1 Introduction and Notations:

The accompanying old style Timan-Freud-Brudnyi Jackson type
inequality for the approximation by algebraic polynomials [1,
Theorem 8-5-3]). explains the request for the approximation turns
out to be fundamentally better closed to the end point of [-1, 1]:

If xkeN, r e Nyjand F € C',then for all n> k+r—1, there is
polynomial #, € [],, Satisfy :

|F(x) — P(x)| < c(k, r)Qﬁ(x)wk(fFr, Qn(x)), xe[—1,1] (1.1.1)
obviously, if we want to have interpolating approximation at the
endpoints for F and its derivatives. We get better approximation
degree, the authors obtain the following Telyakovskii-gopengauze
version theorem.

Theorem1.1.1 [2]

LetreNg, ke Nand F € C'. Then for any

K+r—1,2r+1}

n=> max{ , there is a polynomial , € II,;such that

(1.1.1) Is valid and, more over
2(k—1)

IF (x) = Po(x)] < c(t, 1092 () 1w (T, e, B ) if1-n2 <
%] < 1 (1.1.2)

2(k—1)

In [2] the authors prove, Ify €R, Sé(x)n_T in (1.1.2) cannot be
replaced by 9%9(x)nYwith G > 1/x. therefore, the estimate (1.1.2)
offers the best approximation rate near the end point of closed
interval [-1,1].



Now we have a question : Is the above inequalities true in the
shape preserving approximation of g-monotone functions ?

The answer is that it is not true for an r and « ,even if we choose n
depends on the target function F.This case if we have 1< g <
3,05r<g-—1landr+k>qg+2in[3] if g=1 in [4] if g=20r g=3)
and g > 4 andr+ x > 3in [5].

More finished, for any g, t, x, n € N, There exists a function F, €
C* N A@such that (1.1.2) is not valid for any polynomial P, €
Hnﬂ A(%)

the development of such an F, is the same as in ( [6] ,see also
[7,8,9]) . This imply that, in the case r > 1,(1.1.2) cannot be true for
each function F € C*' N A® and alln > N(x, 1, ).

We accentuate that this not imply that for each fixed F € C* n

A@)(1.1.2) is in true for adequately g = k = 2 large n. i.e.(1.1.2) may
still be true if n = N(F).

The case will be different if we have kis small and r equal to zero,
andg, n are naturals.(1.1.1) and (1.1.2) are satisfied for k = 1, which
follows from the case k = 2, for g-monotone approximation.

Surely, from the interpolator estimate follow, [11,12](g=2),
[10](g = 1) and [13](g = 3):for any g,n € Nand F € C N A®), there
exist a polynomial 7, € I, N A@, Such that

IF (%) - P(2)] < clg)uwr, (F,22), xe[-1,1] (1.1.3)

where ¢ > 0. If we have n > 2 the estimates (1.1.1) and (1.1.2) are
satisfied for ¢ = 2 when r equal to zero and k equal to 3, we find
the result in [2], and case ¢ =3, r=0 and k=3 ork=4 no
solution has yet been found(Actually unknown if (1.1.1) holds if

(g,t,x) = (3,0,4).

Finally, I was able to show in [8] that (1.1.1) and (1..1.2) hold if r
€N, k=2 and n = N(F, r) for monotone approximation (¢ = 1) .

10



As wusual, C*(I) denotes the space of r times continuously
differentiable functions on a closed interval I, C°(I) :== C (I) is the
space of continuous functions onl, equipped with the uniform
norm which will be denoted by ||. |[;.

define L,(I) = {F:1>R:F €L,}wherel =[-1,1], L;(D =

{:F;I —>R:F'e Lp}, IF L, = (f_lllil-"(x)lp)B , For keN and interval I,

AF 2D =Y (—1) (]:)T (x + (; - i) u),ifx T % €l
i=0
=0 Iotherwise.

is the symmetric difference of order x . we denote by A4 the class
of all g —monotone functions on [—1,1], continuous function such
that A?(F,x) = 0 for all x € I and u > 0. In particular, A and A
are the classes of all monotone and convex function on [—1,1].

A function F:[a,b] — Ris said to be k-monotone,kx = 1 on [a,b] if
and only if for all choices of k + 1 distinct points x, x4, ...., %
in [a, b]the inequality

Flxg, 21, ..., 2] > 0 holds,where

Flxg, 21, o) %] = }-‘:0 ;,(a)) , denotes the kth divided difference
1
of F at xg, x4, ..., %, and w (x) = [[izo(x — xp).

wi (F,1,1) = supocu<tlAL (F,.; Dllpis  the kth  modulus of
smoothness of F on L.

wi(F, 1) = w (F,1,[-1,1]),, L, = Ly[—1,1], for any interval I we
write w (F, §,1),,.

I(x) =1 —2x2%2and Q,(x) =9(x)n" +n"%,neN,Q, = 1
[1,, denoted the space of algebraic polynomial of degree< n.

L=y o= (2,250 by = hyy o= |G| = %00 — %

11



max{i,j}
Ii,j = U L, = [xmax{i,j}J xmin{i,j}—l}]'l SLI<n
k=minf{i,j}

(the smallest interval containing both [;and ;)

Xj = Xy = cos(i:n),o <j<mlforj<0and —1forj>

1 (chebyshev knots)
T, == (%})j=o(chebyshev partition)
max{ij}
hi,i: = |Ii,j| = Z _ h, = Xmin{ii}-1 — Xmax{ii}
k=minf{i,j}
T =5 =[] /(e — | + [5]), dist(x, 1) =[x — )
8.(x) = min{l,n9(x)} .®*:={T € L,[0,]|T,7(0) =0
and t;*T'(t,) < t7°T(ty) for 0 < t; < t,} . Note: if F € LY, Then
T'(t): = tw, (f®, t)p is equivalent to afunction from @***
Yk = Xin the set of all xj, 1 << n—1 piecewise polynomials of
degree not exceeding k — 1,that are continuous.
L _ @
=

kn
of degree < k —1 that continuous derivatives.

the set of all x;,1 < j < n — 1 piecewise polynomials

P=P(s)=S|j,1<j<n (S is piecewise polynomials, of
pieces P;(x),x € I;, 1 <j <n—1,and write S|I; ).

1Pi=P5l, /b
O T
where;, P; are polynomials.

K
) ,wherel' € d¥, T Z#0and S € ),

by (s, T, B) := max, <, {b;;(s,T)|l c Band | c B},
Where an interval B € [—1,1] contains at least one interval I,.
be(s,T) :=b(s, T, I) = max;j<nbi;(s,I)

c(p) = is an absolute constant depending on p,and is different

from one step to others.

12



c(x,p) =positive constant that are either may only depend on the
parameters k and p or absolute .

X;(x) = X[xj,1] (x) == 1,if x; < x < 1, and :=0, otherwise.
D;(x) = (x — x4 = (2 — %)X (%) = [7, X;(Ddt.

LL(F, x,[a,b]) = min e ™ 1 (F,x,[a,b]) ,x € [a,b].

(x—a)m(b—a)m—1/m

SR(F, x,[a,b]) = ming e, A™

: (F,x,[a,b]) ,x € [a,b].
(b—x)m(b—a)™t/m

1.2 The Auxiliary Lemmas:

In this section we introduce the results that we need to prove our
Theorem:s.

Lemma 1.2.1 [7]
(n7M9(x) < Q,(x) <h; < 5Q,(x),x € L), (hiyy < 3hy).

{ Using the same lines word by word used for (6.12), P.235
in[14], we get the following lemma }

Lemma 1.2.2

For 0<p<1, (g€ Lp[—l,l],K € N,a € [-1,1] and h > 0 such that
a + (k—1)h € [-1,1]. Then

lx—al

la@lp < e ) (1 +Z2)" (wiela, h)y + Nalliaas o) % € [-1,1].

Lemma 1.2.3 [12]

(1B | < M)z el v =123), and [Bs| < cl(h)GD,
1 1

Y ‘K_l

[B,] < cF(h)GH)*! and [By|:=hyjd; , 4; < cT(hy) =, where
1 1

B(x) = [[/(x —w)S"du , By(x) = [[(x—wPF'du , By(x)=

- f;(x —w)P'du,and S, P are polynomials.
1

13



Lemma 1.2.4 [14]

(Q2(x) < 4Q,(x) (|2 — 25| + Qu(%;)) < 8hy(|x — x| + Q. (2)).
Lemma 1.2.5 [14]

Q. (x) + dist(x,I)) < Q. (%) + |x — x| < 16(Q,(x) + dist(x, L,)).
Lemma 1.2.6 [14]

Let §,,G, > 0,and let n,n; € N,n; > n, be such that n; is divisible
byn. Then , there is a collection {T;,, (x)}:zl of polynomials
Tjﬂh € HC(SZ'QZ)' SUCh that
X v ]nl(x) =1,x €[-11]), and T’Lnl(x) > 0 and T’n,nl(x) <0,
x € {—1,1} are valid, and

G2
- 52 Q
|Tjg‘fl)(x)| < @) ( “1(x)( )) 0<g <S8, for all =x€D,
xI]

9 1’
Oy () 1y () +dtiist(x,
where all constants c¢ depend only on §,,G, and are are

independent of the ratio 1—1
Lemma 1.2.7 [14]

(Xje1 Ty, () = Lx € [-1,1]).

Lemma 1.2.8 [14]

(4) 522 (x) Qny ) :
nqx
|T (x)| Q‘Ll(x) < (et )> 0=<g<8y).
]

nq (x)+diist( z,
Lemma 1.2.9 [14]
1y e 20y o K1<ij<
(bl,l(sl ) — F(hl) ( 11) = 1,1 = TI).

Lemma 1.2.10 [14]

n (%) 4
( j=1(Qn(9c)+dist(9c,xi)) < o).

14



Lemma 1.2.11 [14]

(o1 ()] < cby(s, T, B)8Y r(n)
lo2 ()| < cby(s, )Y M n —( . { Y+l
Q% ny Q+ dist(x, [-1,1])\B

l"(x)l( Q
0% ny “dist(x,[-1,1])\B

lo3 ()] < cby (s, T)8Y Y1), similarly |04 (x)|

Where o1 =: Yz, (P () = RLNT ()P, 07 = Bjez,(Po (%) —
P, (x))Tj (x)@, similarly 03 and 4, where
Z,={il1<ij<n,lycB,j#v,v * 1}

Z,={il1<i<nl¢B,j*v,v+1}
Z;={jl1<i<nj=v+1}
Z,={ll1<i<n,j=v-11}.

Lemma 1.2.12 [7]

17/ mg S1 F(Qn(x)) Qp(x) g _
(Q n(x) = C my 8“ (x) Q2 (x) (/max{ﬂn(x),dist(x,E)}) LxEJU ([ 1'1]\

E)) , where Q _ is polynomial , mg, m; are intervals of I; and I; .

Lemma 1.2.13 [7]

Q" (1) = —85(x) \2D) 4 e gy,

Qi (x)

Lemma 1.2.14 [14]

(If0<11<1<]2<nthen12 b < M "2 < (i, — j4)?

Lemma 1.2.15 [7] o
(max{|®;(x) — Fj(x)|, |;(x) - F;(@)[} < (S, O)[1|85 ()T (x)).

_ F.,ifA, <0
I Rt
Where F; {Fj; if 2 > 0

i| S ¢ (%) = x — x;.

Lemma 1.2.16 [12]
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|?II(X;)

< %};) (It — il + 1)?%, where P is piecewise polynomial of
xi and xi € (x;,x;_1) .
Lemma 1.2.17 [12]

bl < o(G— w2+ G =)D, where xt. €1, , If 1<y, v <n,

X

it

and foreachm =1,...,k—2and1<i:<x-—2.

im

Lemma 1.2.18 [7]
( }1:17172 () <c¢).

Using the same lines word by word used the estimate for pp.1282-
1283 in [14], we get the following Lemma
Lemma 1.2.19 [14]

h;Q
(|x—xj|+9.)2 /

Zjes F(hj)Tg_l (x) < cl'(Q) Zjee
E={1<j<n<|}cE}L

where G >«x+7 and

Lemma 1.2.20 [6]

For every r € N there is a constant ¢ = ¢(p,r) with the following
property, for each convex function F € Lj[a, b],there is a number
H > 0, such that for every partition X' = {x;}-, of [a,b] satisfying
x1;—a<Handb—-—x,_; <H.

There is a convex piecewise polynomials s € S(X, r + 2), such that
|F(x) —s(x)| < c(x — a,)rﬁlz“(}“(r),x; [a, xl]),x € [a, x4],

|F (%) — s(x)| < c(b—2)¥(FD, x; [x,_1,b], % € [x,_1,0], and, for

eachi=2,....,n—1land x € [xi_l,xi], where

QL (F, x,[a,b]) = ming A" 1 (F,x,[a,b]) ,x € [a,b]

(x—a)m(b—a)m=1/m

QE(T, X, [d, b]) = m/i’/n1SmSKAm

. (F,x,[a,b]),x € [a,b]
(b—x)m(b—a)m~1/m

16



|F (%) — s(x)| < c(x; — xi_l)rA,ZCi_xj_l(fI-‘(‘)),x € %1, %] +
c(xy —a)Di _,(F®), x € [a, 2] +c(b— xn_l)rAg_xn_l(fF(r)),x €
[2n-1,B].

Lemma (1.2.21) [6]

For each convex function F € Lj,[a,b], s € X420 A®, then
|F(x) —s(x)| < c(x — a)85(F®, x;[a, x,]), x € [a,x,].

Lemma (1.2.22) [6]

For each convex function F € Li[a,b], s € ¥4, AP, then

|F (%) — s(x)| < c(b — )" 8X(F®, x; [x,_1,b]), x € [x,_1,b].
Lemma (1.2.23) [21]

Let teN,Z,=(Z)ga=2y<Z;<<Z,.1<Z,:=Db be a
partition of [a,b], s € A® N Y,,,(Z,). Then there exists § € A n
Yev2(Zy) N Lpi[a, b] such that, forany 1< j <m — 1.

Is = Slliz_,2,.) < c(r, 0(Z) )wrr2(s, Ziyz —
Zi_3; [Zi_Z,ZH_Z]).Where

Z; == Z4,i < 0 and Z; := Z,,,j > m. Moreover.
§)(a) = s (a) and §(b) = s (b).v = 0,1.
Lemma (1.2.24) [6]

1= |E|Zjeg“%,where |E| = ||x —xj”p.

1.3 Properties of Piecewise Polynomials

Here we introduce some results about properties of piecewise
polynomials.
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Proposition 1.3.1

LetlF €, x EN,F €L,(I) and S € ¥\, ,If wi( (F,D)p < c(P)I'(D)

and
IF —Sll, < c(P)(Q2,(x)), then

b(s,T) < c(x,p)
Proof.

We have I' is non-zero and positive map. For 1 <1, < n, we have

lpi=F+7 =i

r(n;)

o 1) < 25 APl (hj>“+llf—7’illp(hj>“) .
(s, D) <2 (———— | — ——— = | ) =01+ 0y,
k [(h)  \hy C(hy) \hy L

|pi=n;l

bij(S) = r(h;)

p ﬂ K_— [4 ﬂ K
Gy Gy

1

1 —

where [|P; — Fll, = (J_ 1P, — FIP)p
1

1 p
I#=2ll,= | 17-7P) dx
-1

For any 1<v<n, since [[F(x)—S@)ll, <c(@I(Q,(x)),x€
[-1,1], and by lemma 1.2.1.

¥< Q,(x) <h; <5Q,(x),x€l,1<j<n,hz; <3h,1<j<mn,

Then

1Py = Flipa,) < ¢TI pa,) < c(p,))T(h,),
Hence, 07 < 1, where we used the fact that if h; < h;,

then I'(h;) < I'(h;),and if h; > h; then T'(h;)/T'(hy) < h{* /h/*.
To estimate o, by using Lemma 1.2.2

lx—al

(la@llp < ) (1 +50) (g, )y + llslg.as o), €
[-1,1].

18



h;

——L  and note that
max{1,x—1}

settinga = x; g = F — P, ,and h :=
wi(, 1) = wie(F = P h) = w,(F,h), < c(pI(h), we get

[7e) =Pl < e@@+ 52Dk (r() + |7 - 2] ), and so,
|7 = |, < c)GHT(n).

therefore, 0, < cm

Proposition 1.3.2

Q2s"

Letk = 3,T € ®¥and S € )., . Then b,(S) < c¢(p) |

Proof.
Since P(x) =s(—D) +s'(-D=x+1) + f_xi(x —u)s”’ (u)du +
f;(x —u)P";(u)du. and
Pi(x)=s(-1)+s'(-1D)(x+1)
+ f l(96 —uw)s"" (w)du + j (x —w)P";(u)du.
-1

We have

P =P =[] (e —10s" (du+ [ —w)p”;a)du — [ (x -
wp”’, (wdu. =: By (x) + B,(x) + B3(x) . Then

|7 — 17’i||p < c(P)(IBL()lp + B2 ()lp + B3 ()l ).

So by Lemma 1.2.3 (|By| < cI'(h; )( Pifyic ,x €1, v =123

B3 ()l < c(PIT(hy) (2 ", 1B @)l < c(P)r(h)“’”)“ .

k-1
1B, GOllp < hy;By, where By < e(p)I'(hy) "

So maxlsi,an{bi,j (S, F)} = bK(S, F)

19



[|P5=Pil
So li(hl) P (h )K =:b;;(s, ), we have

h: :
bie(s) < 1B, ()l < c(PIT(h) (3" x € v = 1,23.
1

h;;

That is ||1P P; || < c(p)I'(h )( )k This proof is complete m

Theorem 1.3.3
Letk € N,y > 0,I' € ®*,and letn,n; € N be such thatnT1 )

If S €Y. -Then there exist a polynomial D,;;(.,s) of degree<cn,
such that

IS(x) — Dy (2, 8) Il < c(p)S) (2)T(Q, (2))bi (s, T) (1.3.4)
If Se Lpr_l(l),r < k,for somer € N and

B := [Xm+, Xm,],0 < M, < M* < nthen for all x € B\{z;}}- and 0 <
g<r , we have
||§(ol) (x) — Dy (@) ” < c(p)8! (x) F(QQ@((X))) (bx(s,T,B) + by (s,I)) n/

! ” (dist(x,El—(j,)l]\B))y+1 ” b (1.3.5)

The constants ¢(p) is depending on p only and not onn .
Proof.
Let Dy = XLy P () Tjy () (1.3.6)

where F’Iv'j,nldenoted the polynomials of degree < c(S,,G,) from the
statement of Lemma 2.2.6 , and D, (., s) denoted the polynomial of
degree < k + ¢(S,,G,).The parameters S, and G, are chosen to be
sufficiently large and depend ony and k.

SoletS =yand G, =S + 4k + 55 .50 by Lemma 1.2.4 and 1.2.5

0%(x) < 4Qn(x]-)(|x — x]-| + Qn(x]-)) < 8hj(|x — x]-| + Q. (x),
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0, (x) + dist(x, 1) < Q,(x) + | — x| < 16 (Qn(x) + dist(x,l-)).

Then
b <5 < 40 ol ) <j<mi<os<n (137)
Also
< c(p) Pl 1 <j<n (1.3.8)

Indeed, if | —v| £ 1, then by Lemma 1.2.1,
Implies that h,, ;~h,,.

If [j —v| =2, since we have unique I; between I, and I; and then
using by Lemma 1.2.1 , to get:
h,; =h, +h; + dist(1,, ;) < h, + 4dist(L,, ;)

< h, + dist(x,];), and by inequality 1.3.5 it follows .
Since S(x) = p,(x), by Lemma 1.2.7,
implies

S(*) — D1 (x,5) = S(x) L Tj(x) — Tisjsnjwe P (#)T;(x), And so

S@(x) — Dy P (x,5) = z ((va(x) — Pj(x)) T,—(x))w

1<isn,j#v

=Y S ()(EO@-P0@) T @)
1<jsn,j#v 1=0

With the assumption that x € {x; }I L ,if g =1, since S¥that is not
exist at those point. note also that x € D; foralll <j<n,j+ v ,and
by Lemma 1.2.8,

G2
(@) 522 (x) Q1 (%)
|Ti.n1 (x )| < ¢(p) ok €Y (in(x)+dist(x,lj)) /0= g <$,,canbe used
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for any T; above.

since ['(hy) < T(hy) < T(h,)GD < (PN GD*,

it follow from Lemma 1.29 and by Proposition 1.3.1, and
inequality's 1.3.7,1.3.8 for alli > 0, Then

”%(i) _ ?i(i)up(m < c(p)hy||?, — ?i”p(l )
< c(p)bs (1) 2 (it (1.39)

r@) h

< e(p) by, D)~ G4 h)

F(Q) QO+ dtst(x [; )
Q

< ¢(p)by (s, T)

1 < Q
Qq+dist(x];) — Q+dist(x];)

observing that (1.3.10)

and using Lemma 1.2.8.we now conclude that, for all
0<isgandi<js<nj=v|@@-P2T " @)
p

rQ) Q,

s
< ¢(P)by (s, 1)6% o= (Ql+dist(x,lj)

)92=3K If | = g, this become

|79 - 7@ @) T <

s, T Q4
c(p) bv,j(s' F)S 2 Q4 (Q1+di5t(x,1j)

)G2=3K (1.3.11)

and ,in particular,ifi=¢g =0,
|(?. @) - A@) Ti@) || < ¢(p)b,;(s, T) 852 I(Q)( )63k

(1.3.12)

Ql+dlst(x I;)

If we assume j # s+ 1,we get dist(x,[;) > Q/3 therefore 3 < n—.
1
Then
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(706 - 20@) T ),

rQ N _
<c b,:(s, T 552 g—i+1 G>—3k—g+i—1
(P)boj(5: 1% 9379 (91 + dist(x, | )) (Ql + dist(x, 1,)
[ n

Q4 G,—3k—g—-1
Q4 ny (Ql+dist(x,ll-)) i (1.3.13)

< ¢(p)b,;(s, )8
Now let us study thecaseg > 1,i<g—landj=v *1,

we study the casej = v + 1, the casej = v — 1 of study similar to
above. Since S is smooth. In fact

IfS € L‘é_l[—l,l], we have?,Y(x,) =P, Y(x,),0<1<g—
1 and so by inequality's 1.3.4, 1.3.10.

|12, %) = Pyss® (x)||

~ Pper P (Wdu

1 n Z < 1
S QL E D QL IR~ PGl

where P, P, .1, % — u are polynomials so

(p)
Ll =l 1P P ) — Pyt P @), where 0 < p <

— (g-i-1)! p(y)
1.

c(p) rQ) Q+lx—x,1\3
= (g-i-1)! ” u”p(l,,,)b/lf/lf+1(§ F) ( Q ) s
Therefore,

(2.0 @) - 2, 9@)) Tous @) ||

rQ)

C(PIbuos1 (5,18 2 || o — )y, € )oam3

Q +|x P

p(y)
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In summary , The estimate

|70 - 201) T )| <

rQ)
(91

(2 )92‘3““‘” (1.3.14)

S
c(P)by,+1(s, )8 Qq+dist(x1y41) p

is valid for all 0 < i < g provided that S € L‘é_l[—l,l] ,

for it = g it follows from inequality's 1.3.4, 1.3.13, 1.3.12, 1.3.11, and
using

Lemma 1.2.10 and the estimate bm(s, ), we have
ISCx) = Dy (2, 9)lp <

c(p)by (s, T)8%2T(Q) | ="

Q
lean,jiv(m (1.3.15)

p
< ¢c(p)bk(s,IN6YT(Q), and inequality 1.3.5 is proved .
Let us now estimate 1.3.6. Assume S € Lrp‘l[—l,l] ando<g<r

we write

S@ () = Doy @ (2, 5) = T sjanjeo (P #) = A@)) T)@

- (Zjezl * Zjezz * ZjeZ3 " Zjez4)((j)v<x) ~% (x))T}(x))(%)

IS (x) — Dy P (x, S)||p =:101(x) + 05 (x) + 03(x) + 04 (%),
Where
Z, ={il1<i<n,licB,j#v,v + 1}
Z,={1<i<nl¢B,j+xv,v+1}
Z;={l1<i<nj=v+1}
Z,={l1<i<n,j=v-1}.

so by Lemma 1.2.11, |loq (%) ||, < c(p)bi(s, T, B)&Y % also
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)y+1

lloz(®)llp < c(p)by(s, I)EY F(Q)ll Q

0% n (Q + dist(x, [-1,1]\B)

@) n Q o

Q% ny (dist(x, [—1,1]\B)

lloz(@)lp < c(p)by(s,)EY

similarly ||y (x)|[, is completely analogous ,so the proof of this

Theorem is complete =

1.4 L, Convex Approximation By Piecewise Polynomial

Here we deal with piecewise polynomial approximation for
function in L, [—1,1] spaces.

Theorem 1.4.1

Let $ >0,k € Nand I' € @, be given. If § € Y,,.,n AP is such that
15" @)l < e) S22 € [y, 2]\ (14.2)
0<S(x+)—S"(x—) S%,l <js<n-1 (1.4.3)
and |

S"(x)=0,x€[-1,2,_1) U (x4,1] (1.4.4)

Then there is a polynomial P € A® N, ,c = ¢(p, k,§),such that
ISC) = P @), < c(p,k, $)E(OT(Q (%)), x € [-1,1] (1.4.5)
Proof.

Let S; is a continuous piecewise linear function interpolates S at
the points x;,0 <j < n,and y; = S;/I; . Then

S, € AP S () =S(x),x €1, UI, (1.4.6)

And , for x € [;,1 < j < n, using Whitney's inequality and lemma
1.21 (n7'9(x) < Q,(x) < h; <50,(x), x €I;, we get

ISCx) = S1()lpay < c(P)wa(s,hy, L)y
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< c(p)hjw, (s’ h;, I}) < C(p)hjZHS"Ilp(ll.) ,50 by using

i F(h')
Is”llp < c(p)=3=, We get
1

ISG) — $1 @) llpay < cPIT ),
So we have by Proposition 1.3.1,
IS(x) = S1()llp < c(PIT(Qn(x)), x € [-1,1]) (14.7)
So we can be write S, as
n-1
$:(2) = S, + S (D@ + D + ) S4()

S; = 5'1(951 +) — S’l(xj —), note that, by Markcix_fland Whitney
1PNy < cp.mm?lIpll,

0<8 =0(%) = V() < cO g = vaall oy
< e(p)hi P, (s, hy, p(T U L )y
< ey (IS llp) + 1S lpg,,)) + c@I(S (25 +) = S' (%))
<c(Ph'T(h),1<j<n-—1.
Now , if P(x) = $;(=1) + §'; (=D (x + 1) + X5 SiF; (),

So thatP isa polynomial of degree not exceedingcn, and also
convex. and using Proposition 1.3.1), and inequality's 1.4.6 , 1.4.7.
We only need to estimate ||S;(x)—P(x)ll,. Note that the

inequality ¢7.%(2)Q,(x) < h; < T 71 (%), (%) ,
implies, Foralll <j<mnandx € [-1,1],
F(hy) < T (2)Q (%)) < T K (@) (n(x)).

Hence by Lemma's 1.2.15,1.2.18 , we have
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I19:G) = P, < ) 5i|) - Fi»)]
=1

n—1
< c(p) ) T(h)83T @)
j=1

n—1
< cPBT(2) ) @)
j=1

< c(p)8§(x)F(Qn(x)), whenG >k+2 m

1.5 Polynomial With Second Derivative

Here we deal with polynomials of second derivatives belong to
Ly,[—1,1].
P

Lemma 1.5.1

let § >0,xk€N,k>2,G > 0be sufficiently large (§ =k + 7) and
let ' € ®K be of the from I'(t) := t7'(t),T € ¥ L.

Also let E c [—1,1] be a closed interval which is the union of
mg = 100 of the intervals I;, and the set ] C E consist of m; intervals

I, where 1 <my <=E Then there exists a polynomial Q,(x) =

Q(x,E,]) of degrees cn, satisfying

17 E S1 F(-Qn(x)) Qn(x) G1 _
E), (1.5.2)
Q" (x) > —85(x )F(Q‘i"((’;)), € E\J (1.5.3)
,and
19, ()l <

h;
(|x—x1-|+9.n(x))2 P

(1.5.4)

c(p)mg' 83 () 2 ()T (2 () T
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€ [-1,1] , where §; =85 ,G;, =60(S +G) +k+1landx; = x + 6.
Proof.
letE={1<i<n<|jcE,g={1<i<n|jc]}
j. = min{jlj € &€},j" = maxfjlj € €}, A == J U {j.,i"}
and B = E\A,E ={1<i<n|;cE},B:=BNE=E\A
E c E be the sub interval of E such that

(i) Eisaunion of [mg/3] intervals I,and
(ii) E is centered at 0 as much as E allows it,
where E c [—1,1] be a closed interval which is the union

of mg =100 of the intervals [, and a set JC E consist of
my intervals Ij, where 1 < m; < mg/4. so by lemma's 1.2.12, 1.2.13.

that is proved 1.5.2 and 1.5.3

now to prove 1.5.4, we now estimate ||Q,,(x) .

I'(h,)

Let L(x) = x == (TT? Zijea Pi(X) + iz 4 Pi(x)).

Then from Lemma 1.2.14.1f0 <j; <i<j, <n.Then

PR <R < (, —p)?), forany | € €, emg < [E|/hy < m.

This implies that h, < clE| < cmgh;,i € €, and so

mg
I'(h,) < cmEF(hj),j € € .Hence by using Lemma 1.2.15
(Max{|®;(x) — F;(@)], |&; — F;@)[} < (S, §)|5]85 ()T (%))

As well as by Lemma 1.2.19

_ h:Q
{Biee T(h))T97 (%) < eT(Q) Vet oz

7,we have

}, that is true if G >k +
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”Qn(x) - L(.’XJ) ”p

F(h) Mg

(Fj(x) — cI>(ﬂ¢)+ A(F (x) — ;(x)
F,if 4, <0
WhereI {F if7\>0

> Ee@ - e@| + > aE@ - o)

< c(p, K)H o

] * = ) T )
h,)
< c(p)mg h Zh”?‘g )l
j€EE
< cpImEE ) Ty |57 @) |
jEE
h.Q
< KHLEST () z i
DTS ||
i€E p

It remains to estimate ||L(x)||,
First assume that x € E, if x < x;+, Then ®;(x) = 0,j € A U B, and

L(x) = 0, If ,on the other hand , x > x; , Then ®;(x) = x —x;,j €
AUB , so by inequality ( Z]Eﬂ(x x]) + ZIEBA(JC ;) = 0)

where 2; is the constants and it € B implies L(x) = 0, Hence in
particular ,L(x) =0, forx € I; U I,

Suppose now that x € E\I; ,we already assumed that E does not
contain I,,).Then as above, h, < ¢|E|/mg < cQmg

And so I'(h,) < cmgl'(Q).

Also ,h, > |E|/m% . Hence, since § = 1 on [x,_,, 24].
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IL@)Il, < [h, )mE2|x—xj|+cz|x—xi|)

s T
< c(pmg* ;'E'

< c(p)mEH 85T (Q)
And that the note by Lemma 1.2.24

1"E'Z|E|2—C<p)'E'H<| P p

JEE

Qh;

< 2 e
- C(p)mE (|x—xj|+ﬂ)2 P

Yiee

, and by

”Qn(x)”p < ”Qn(x) - L(x)”p + ”L(x)”p

h.Q
< c(p)mEtis T (Q) z ! .
ol (| — x| + Q)
p
c(p)mg
e (|x - xi| + Q)2 ;

hj
(|x—xj|+ﬂn(x))2 P u

< c(p)mg' 85 ()2 ()T (Qn () Tk
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1.6 Convex Polynomial Approximation of Piecewise

Polynomials .
To prove our main result we need the following auxiliary result:
Lemma 1.6.1

Let k>3, € ®¥and S € X{) be such that b(s,T) <1, If 1<
W, <n are such that the interval I, ,contains at least 2k — 5

intervals I; and points x;” € (x;, x;_,) so that

' (1.6.2)
Then for everyl < i < n,we have
[l < ctopt =+ =0y (163
Proof.

Fix i and z €I} wherel-0 = (x;, x;_1)- It follows by Lemma 1.2.9

|P=ill,

(bi.i(s) = bi,i:n(S) = F(h) (_)k l1<ij<n,

That for every i, ||P, — ?j“p = C(p)r(hj)(hf?)lc°

Since Pjand P; are polynomials of degree < k ,we obtain

||j)ll_:])ll|| |j) :P” <C(p) ( I)( II)k

h2 |
Hence by Lemma 1.2.16 and 1.2.17

Implies the inequalities 1.6.4 and 1.6.5

Z ) s 2
- S (Jt =il + 1) (1.6.4)
Pl < o(G- w2 + G- ) (165)
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Now ,by virtue of the representation

k-2 K—2 *

14 J— r * x_xim
P'x)= ) B'(xy) o
=1 m

m=1m=L W

It follows by inequalities 1.6.4 and 1.6.5 that |Qis(;§x)
p
2P/ (x)
r@ I,
el
< ScPG-W™C+ G- ),z el
[(hy)

So the proof of inequality 1.6.3 is complete =

Using the same lines step by step of theorem 10.2 in[14] we get the
following result:

Theorem 1.6.6

Letk,r € N,r > 2,k >t + 1,and let ' € ®¥ be the form I'(t) := t*T (1)
;T € KT, Also,

let d+>0,d—=0 and Sbe given. Then there is a number N =
N(k 1T, d+,d—,S) satisfying the following assertion .

Ifn>Nand S € ¥{)n A®is such that

bo(s,T) <1 (1.6.7)

If d+> 0, thend + |I,|"2 < min,e,S" (x) (1.6.8)
Ifd+=0,then S®(1) = 0,forall2 <i< k-2 (1.6.9)
If d—>0,thend — |I,_1|"% < min,e _ S"(x) (1.6.10)
If d—= 0, then SO (1) = 0, forall2 <i < k — 2 (1.6.11)

32



Then there exists a polynomial P € A® n M, , ¢c=c(pxKs3).
Satisfying : for all x € [—1,1]

IS —Pll, < c(p,k,8)85 ()T (Q,(x))if d+>0and d—> 0  (1.6.12)

IS = Pl < e(p, 1 $)87 ™ H A )N(Q (), if min{d+,d ~}=0
(1.6.13)

1.7 Convex Approximation By Smooth Piecewise

Polynomials

Here we treat with convex approximation by smooth piecewise
polynomials.

Proposition 1.7.1

Given r € N there is a constant ¢ = ¢(p, r) such that if F € Lj:[—-1,1]
is convex, then there is a number N = N(F, ), depending on Fand
1, such that for n > WV, there are convex piecewise polynomials S of
degree r+ 1 with knots at the chebyshev partition T, (i.e., S €
YeronN AP), satisfying

9(x) t 9(x)

I1F(x) = S, < c(p,1) (—) w2 (T (r)'T)p 1.7.2)
and

||T(x) - S(x)”Lp[_l,_1+n_2]u[1—n_2,1] -

c(p, r)BZr () w, (j:' (r)’ 9) (173)

n Lp[—1,—1+n‘2]u[1—n_2'1]

And

”T(x) - S(x)”Lp[—l,—1+n_2]U[1—n_2»1] S

o(p, 1O (x)ury (FD, 9% (), (1.7.4)

p[-1,-1+n"2]u[1-n"2.1]
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Proof.
Using by Lemma 1.2.20 we get,

If we let x be the chebyshev partition T, = {tj}, where n > IV =
3/VH, then by (xy —a <H and b—x,_; < H) is satisfied since

T 2
sint/2n < m/2n we have : t; +1=1—1t,_; = 2sin? (;) =S 5=
> <H.

N
Since ?««Qn(x) ~f —ti_yfor x € [tj_l, tj]. and from Lemma's
1.2.21,1.2.22 and above, we get

IF () = s(@)|lp, < c(p, @)'||5(FD, x; [a, x1]||Lp

[a’!xl] ’

17 () = s@)llp < e, [EED, 2 [xaen Bl -

And so1.7.2,1.7.3 and 1.7.4 satisfied.

Lemma 1.7.5

Given r € N, there is a constant ¢ = ¢(p, ) such that if F € Ly:[—1,1]
is convex, then there is a number N = N(F, 1), depending on F and
r, such that for n > N, there are continuously differentiable convex
piecewise polynomials § of degree r+ 1 with knots at the

chebyshev partition T, (i.e., S € Y& nA®@, satisfying 1.7.2, 1.7.3

+2n

and 1.7.4 in Proposition 1. 7.1 .
Proof.

Let Y,(Z,,)denoted the space of all piecewise polynomial function
(ppf) of degree r—1 (order r) with the knots Z, = (Z)i%,,a =
120 <2 << Z, 4 <Z,=D0 .Also, the scale of the partition Z,,
is denoted by
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Jj+
0(Zy,) = MaxXogjem— 1||111|| where J; = [Z;, Zj44] (1.7.6)

Where |]i| is the length of the interval J; .

Let n be a sufficiently large fixed number, and let S, € Y., ,N
A@be a piecewise polynomial from the statement of Proposition
1.7.1 for which estimates1.7.2-1.7.4 hold. Let @ = x5,,_1 1, b == x4 5,
and let Z, = (Z;);.,be such that Z, :==a,Z,:=band Z; = x,_;, 1 <
i <n—1 (note that Z, c T,,).

Clearly, Sy € Y,42(Z,), 0(Z,)~1, and by Lemma 1.2.23 implies that

IS0 — §0||Lp(ii) < ¢(p, D) wrs2(So by, ]j)Lp@, where [, :== I, n [a,b] and

J; = [xj+2»xj—2] N [a,b] (1.7.7)
and

§82(a) = §8 (@) and §¢ () = §(6), v = 0,1 (1.7.8)
Let

So(x),ifx € [-1,1]\[a, b],
s@ ={2 "
So(x), ifx € [(1, b]
S € X2, ,.n A®, inequalities 1.7.3 and 1.7.4 satisfied, if we put
instead of 2n,n and 1.7.2 also satisfied. since — () ~h;, for any

x€]J;,1<j<nThus forx € Ij,l <ji<m,
I = Sllu, 1y < IFCG) = Sol@ll,ay + 1800 = So @

< c(PIF = Sollp(,) + c(P)we2(F, hy; )PUi)

9(x)\ ¢

< cPhjuw, (FO,hy) < c(@ED)w w,(FO,X2)

35



Theorem 1.7.9

Given r € N, there is a constant ¢ = ¢(p, r) with the property that if
FeL,n A® then there exist a number N = N(F, 1), depending on

F and t, such that for every n > IV, there is B, € I1, N A® satisfying

n

— @Y @ &)
I7G) = Ru@)llp < eo,0) (37) 0 (FO,52) (1.7.10)
The following stronger estimates are valid:

|F (%) — ?n(x)“Lp[—l,—1+n_2]U[l—n_2,1] =
c(p, 1) 0% (2w, (F, 28

T)Lp[—1,—1+n—2]u[1—n—2,1] (1.7.11)
, and

|F (x) — ?n(x)||Lp[—1,—1+n—2]u[1—n‘2,1] =

o(p, 1)O% (), (FO,02(x)) ) (1.7.12)

Lp[-1,—1+n"2]Ju[1-n"%1]
Proof. In The Case r > 2

Let S be the piecewise polynomial from the statement of Lemma
1.7.5. Without loss of generality, we can assume that S does not
have knots at x; and x,_; (it is sufficient to treat S as a piecewise
polynomial with knots at the chebyshev partition T,,,).then

F'(1) FO(1)

Li(x) =S@)|L UL =F) +—=(x— 1)+ +——(x - D'+
a,(mF)(x— 1) and
L) =S@|LUL_, =F(—D+Z D x4 1)+t

1!

T(r)(_l) T . +1
. xx+D)'+a_-(mF)(x+ 1), where a,(n,F) and a_(n,F)

are some constants that depend only onnand F -

Note that
n2max{la,(m,F)|,|a_(n,F)|} > 0asn > © (1.7.13)

From Proposition 1.7.1, Lemma 1.7.4 that, forallx € [, U [,
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”a’+(nl‘7:)(1 - x)”p
1£,(x) = F(®)l,

<) g
+ ffpi)r Fx) - F(1) - ?'1(!1) (x—1)— -
_F (j!(l) (x — 1)F p

< c(@w(FO,1-2) + i | FO O - FOW) -

x)r‘ldt”p < c(p)wy(F9,1 - x)p, and, in particular,

n2lay(mF)ll, < c(p)wy (FP,n72), > 0asn > .
Analogously, one draws a similar conclusion for |[a_(n, F)l,
For F € L, = 2,leti, = 2, be the smallest integer 2 <1 <7,
If it exists, such that F®(1) # 0, and denote

(2D HF ()|

0, otherwise (if1, exists.
, .

D, F) = |

Similarly, let i_ > 2, be the smallest integer 2 < <7, if it exists,
such that F®(=1) # 0, and denote

D_(r,F) = { 0 @~ (,:)t;t)rlwise , if i_exsts.

Hence, if 1 is sufficiently large, then

S"(x) = Dy(r, F)(1 — %) 2, x € (x,,1] (1.7.14)
And

S"(x) =2D_(t, F)(x + 1%, x € [-1,x,_,] . (1.7.15)

Givenr € N,r > 2,and aconvex F € L}, ,let T € P2

be such that
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w,(FO,t)~ T (1), denote I'(t) := ££7(t), and note that T’ € P2,

For a sufficiently largeN €N and each n>=N, we take the
piecewise polynomial § € };,,,, 1 of Lemma 1.7.5 satisfying 1.7.14,
1.7.15 and observe that

Wepz (Fo 1) < Py (FO,H,~T®) .
So that by Proposition 1.3.1 with k = r + 2, we conclude that
b,+2(S, ) <c.
Now, it follow from 1.7.14 and Lemma 1.2.1

Mt e, S" () = Dy (r, P72 = 372D, (v, F) |1,
And, similarly, the inequality 1.7.15 yields
Min,e, S" (x) = 372D_(r, F)|L,-1 "2
Hence, using Theorem (1.6.6) with k =t + 2,4, = 372D, (v, F),
d_=3""2D_(r,F)and § =2k —2 =2r + 2,

We conclude that there exists a polynomial P € I, N A®such
that:

ISC) = Pl < c(PISEH ()T (2 (), x € [-1,1] (1.7.16)
In particular, for x € I; U1, ,x # —1,1, using the fact that

Q. (x)~n"2 for these x, and t~27 (%) is non-increasing we have

ISCx) — Pl < cP)(MO)) ™ QL (*)T (@ (2))
Q, 9
< e ) (T ()
< c(PO (R, (FO, 2D, (1.8.17)

In turn, this implies for x € I; U I, that
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ISG) = P@)llp < e (2) s (T@,“ﬁ—“)p % € [~1,1] (1.7.18)

Now , 1.7.18 together with 1.7.2 yield
(%) 9(x)
IF () — iP(x)llpSC(p,r)< - > ( FO, ) ,x € [-1,1]
p

And 1.7.17 together with 1.7.3 yield
IF (@) — B, < c(p, 9% (x)ur, (:F@ D )> %€ [-11]
p

Now to prove [|F(x) — Po(@)ll, < c(p, 1)9% (x)wy (FO,92(x)),

Using that t~1ur; (F®, 1) is non-increasing we have, for x € I; UL,
x + —1,1,

IS(x) = P@)l, < c(p)(n9(x)) ™ Q8 ()10, (FD, 0 (2)),

0, (%)
9%(x)

I8G) = Pl < @I @wr (FO,92)

< C(p)n282r+2 (.’XJ)

wi (FO,92(x)),

In Case r = 1.

It is possible to that, in order to prove Theorem 1.7.9 in the
caser = 1, it is sufficient to construct a convex polynomial %, the
approximates the quadratic spline § from Proposition 1.7.1 (with
r = 1) so that.

||S(.’XJ) - :Pn(x)”p = C(p)WS(T' 'Qn(x))p/
And
Py(+1) = S(+1) and p’ (+1) = §'(x1) (1.7.19)

To construct the above polynomial . we shall use away similar to
that in [2] by replacing F by S and n by 2n m
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Chapter Two.......... Pointwise Approximation of Piecewise Convex Function in L, Quasi Normed
Spaces

Some authors introduced direct inequalities for the constrained
approximation of convex and piecewise convex functions in C[-1,1] with
restricted degree of approximation. Here we study the pointwise
constrained approximation of piecewise convex functions by pointwise

polynomials in L, space.

2.1 Introduction and Notations:

Let F € Ly(I) change its convexity finitely many, say s = 0, time in

the interval.
define L,(I) = {F:1>R:F €Ly}wherel =[-1,1], L5() =
1
) 1
{F:il>R:F,FreLlyr foldLy}, (1Fllp = (JIF@IPP = IF, .

We are interested in pointwise estimates on the approximation of
F by algebraic polynomials there are coconvex with it. That is, that
change their convexity exactly at the points where F does.
Specifically, denote by Yy ,s € N.

The set of all collections Yy = {y;};=; such that -1 <ys < -+ <y; <
1, denoted by Y ,s € N.

Let A®)(Y;) denoted the collection of all function F € Lp[—1,1] that
change convexity at the set Yg and are convex in [y, 1].Namely in
the interval [yi;q,y;], F is convex wheni is even, and is concave

when 1 is odd. We also use the notation y, =1 and yg,; = —1.
Denote
M(x) = [[=1 (= = y1) (21.1)

Then for example, if F € L3[—1,1] N Ly[—1,1] then F € AP (Y,) if
and only if Aﬁz) (F) > 0,in (-1,1).

The convex function as the case s = 0, where we write Y, :== @
P, the set of algebraic polynomials of degree < n

Norm estimates on the degree of approximation of ¥ € AP (Y) by
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P, € P, n AD(Y,) namely, estimates of
Eﬁz) (F,Ys) = N p ep na@y,) |F — P.ll, , More specifically, for
F e Ly[-1,1],

let AFF(x) = {‘zo(—l)‘{‘i('i‘) F (x + gh + ih) Jifx + gh €l and :=
0 otherwise,
is the symmetric difference of order k, and denote by

wi (F, 1) = suphejogllARF llp = SupnefoMaxyei—1,17/ARF (%), >0

is the kth modulus of smoothness of F on 1.

Givenn € N,k € N,r € N, s € Ny and Y € Y. We wish to estimate

E2)(F,Y,) = inf —
nir\ o Is Po€PNA® (Y) Qa’w’K(T(r): Q) p
F(x) — Pu(x)

= /Ln#PnEH"nnA(Z) (YS)maxxE[—l,l]

‘p
Where 9(x) =v1—x2 and Q,(x) =9(x)n!+n2x€[-11],

for F € A®(Y,) n L, (D such that F & P,,. We put ET(LZ,SJ(T, Y,) =
0,if F € Pryy N AP (Y)).

O () (F®, Q, ()

In [23] by Nikolskii, Timan, Dzyadyk, Frend and Brudnyi study
the classical pointwise estimates for unconstrained approximation
which is also true for coconvex approximation .

In [8,27] the authors restricted them attention to the following
three cases:

a)yr=>3ands=1, b)r=2,k<3ands=1, ¢)r=0and ,k = 3.
All other cases also have been investigated .

For instance, fors > 2, it introduced by [19,25] that for no x >
1,and r=>0.is it possible to have constants c = c(k,r,s) and
N =N(x,t,s) , depending only on k,r and s,such that the
inequality
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ER.(F.Y) <, (2.1.2)
Is satisfied for all n>N and Y € Y, and for all F € A®(Y,) n
Lt (D).
p

Furthermore, for s = 1, it follow by [28,Theorem 2 | that no k > 1
and r =0 such that k +tr> 2, and Y; €Y,, is possible to have
constants ¢ = ¢(k,r,Y;) and N = N(k,t,Y;), depending only on «,t
and Y;, such that (2.1.2) hold for alln = N and for all F € A®(Y,) n
L, (D.

In [27] and [28] the authors studied the pointwise approximation
of special polynomials. In this chapter we study the general
pointwise approximation by any piecewise polynomial for
function in L;[-1,1].

Let Xy := Xn the X;, 1<j<n-—1 piecewise polynomials of
degree not exceeding k — 1,that are continuous.

Yk is the space of all piecewise polynomials P with 1P, < oo,
Thatis, S € i, , if

SIL =P, =P, j=1,..1
Where P, € P, and P;(x) =: Pyy1(x). 1=1,..,m.
Given Y4 € Y, let
0; == 0;,(Ys):=(%j41, %5-2), if y; € [x3,%5_1), denote

0 :=0(mY) =Uj; 0;, O0(n,0) := 0, (2.1.3)

And writej € H = H(n,Yy), if [N 0 = 0,

Finally, denote by Y., (Ys) € X ,» the subset of those piecewise
polynomials for which P, = P;,;, whenever both j,i + 1 & H.

ForI'e ®,T £0. And S € .., (Ys), denote

Ipi=pi] .
b;;(S) = b;;:n(S) = F(h:) p( )K 1<ij<n
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Also, denote

bK(S) = bK;n(S): = maxlsi,anbi,j(S)-

2.2 Auxiliary Lemma:

In this section we introduce the result that we need to prove our
Theorems.

Lemma 2.2.1 [22]

Foranyx €I, F:[-1,1] » R

|iF(x) P(x)| < c( ”)

Lemma 2.2.2 [8]

|(x — )+ — T(x)| < (b, )T (x) , where TP (x) = ( )P, T

|e— xl|+h
are polynomials withb = x + 3, and

{ x — X, if x > x;,
0, otherwise.

(x —x))4 =
Lemma 2.2.3 [§]
Ti”H(x)H(xj) >0,x €[-11],x €.
Lemma 2.2.4 [8]
Q3 () <4Q(lx -yl + ),
(lz =yl +9)/2 <|x =yl +Q,(y) <2(lx -yl +Q), xye€[-11].
Lemma 2.2.5 [23]

The polynomial T, satisfy

|r "(x)] < n(x) x €1,
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Lemma 2.2.6 [23]

G2, —5@)] s e () xe

|x—xi|+ﬂ

Lemma 2.2.7 [24]

1 ) X — Xg .
SWP-D=———=2(J-D

i — Xi+1

Lemma 2.2.8 [24]

Let A = {ig, .-, jo + L} and let A, A, € A be such that #A, =
2yand #A; = 2u,. If o€ {-1,1} , j € A,, then there exist 2y

constants a;, 1 € Aq,such that la;| < (t—j) J(1E Ay, and
éZjeﬂz g (x — xj) + %Z a,(x —x;) = 0.
Lemma 2.2.9 [24]
T (ONN(x;) < 0,2 € 1\ I,
Lemma 2.2.10 [24]

Let E be an interval which is union of 1 = 15s of the intervals I; ,
and let a set J € E be the union of 1 < p < /4 of these intervals .
then there exists a polynomial Q,(x) = Q,(x,E, J)of degree < cn,

satisfying

/) L Q 25(s+1)+2k 1t(x)T(Q)
Q" (x)8(x) 2 Clﬂ(max{ﬂ,dtst(x,}s)}) ez ' *E€ Ju
[—1,1]\E), (2.2.11)
(we may take ¢; < 1)
Q" (1)8(x) = - "2 x € E\J, (2212)

Lemma 2.2.13 [26]

Suppose that k > 3,T € ®Kand S € 3¢, is such that b,(s,T) < 1, If
an interval I,, contains at least 2k — 5 intervals I; and points
x; € I? such that
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s" (@)l <) (2.2.14)

then for everyl < i S n, we have

Lemma (2.2.16) [26]

?@i) |Ij <cPIG—wW™+ G —v)™] (2.2.15)

i=1 Ly, (¥) = 1, where T , is a polynomial.

Lemma (2.2.17) [24]

) _ @) SR U
[$@ @) — DP ()] < 57 (0u(S, ) + 5e(S) Hgrgmemis) ™) # €

AN0O,q=0,..,s+2, where b=b,—s—2k—6>0,A be a
proper interval and S, D,,, are polynomials.

Lemma (2.2.18) [23]

|S” () — Dy, ()] < 02 S (08, A) + b (S) — (

n, dist(x, I\c/l))b3) *

€A

Lemma (2.2.19) [23]

b
(4) Qy, () 2 )
|T (x)| e )<Q (x)mist(lei)) ,2€1L1<i<n0<g<s+2,

Whel‘e bz = %(bl - 1)
Lemma (2.2.20) [23]

LetY; € Yg,k € Nand T € ®* be given. If S € YL (Y,) N AP (Yy)is

such that IS (x)] < FS(;Z), x € [—1,1]\{x1}:=_11.

Then there is a polynomial P, € A@(Y,) of degree f < cn. Such
that

IS () =R (x)| <cT(Q),x € [-1,1].
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Lemma (2.2.21) [23]

If S€Yn , Then |S (x) — Dy, (x)| < cb(S)r(Q), where D, is

polynomial.

Lemma (2.2.22) [23]

If A is a proper interval and S € Y ..(Ys) is such that S"(y;) =
0,1 <i<s,then

" " Col' (V) (x)
|8 @) = Dif, ()] < 2572 (0(S,A) + b (S) - (i)™
lx—il
where ¢y = ¢y(k,s,b) and w(x) = [[5, Ixfy:+ﬂ'

Lemma (2.2.23) [23]

2. = 2@, 1970 0)] < Sty (s )b3+1 0< <
Q% ny I\Q+dist(x,I) VST 4,

Where P,, P, T; are polynomials.
Lemma (2.2.24)
Let P € P, be such that

P(x) =0=2P(0),x €[-11].

Then

[y P®)dx < c(p)(1 =PI, (2.2.25)
and similarly,

2 P@)dx < c(p)(1 - DIIPI, (2.2.26)
Proof.

For k=1 and k=2 our assumption implies that P =0, so let
K=3.

We will prove 2.2.25, the other inequality is symmetric .

By Bernstein inequality,
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1P, < cP)x — LIPE)Ilp,  x€[-11]
Putt, == Eand get

[P P@)dx = [° [7P' Wdudx < c(p) - 1P,
Hence fol?(x)dx =f0t°iP(x)dx + ft(l)iP(x)dx

< [P P@)dx + (1 —to) |17l

< 1P, (L +1 -t

fy P@dx =1 =P, =

Lemma (2.2.27) [25]

Let P € P, be such that

xP'(x) =20,2€[-11]

Then there is a function g := g, € L7[—1,1], such that
xg'(x) 20,2 €[-1,1],

g(—1) = P(-1),and g(1) = P(1), lIg’ll, < cPIIPll,
g(x)=0, x € [;—i, i] , satisfying

f_ll g(x)dx = f_ll?(x)dx.

Proof.

Without lossing of generality assume that P(0) = 0 and P(-1) <
P(1).

Let o € Ly [—0o0, o] be a nondecreasing function such that

1, ifx>1

= 1
O/(x) 0, ifx < E

let g(x):= P(-1)+ o(xx)(P(1) —P(-1),and
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g(x) = P(x)(0(kx) + o(—kx)) , Then, it readily follows that the

required function g may be taken in the form
g=Ag+ (1—- 7\)3 for a suitable A € [0,1],

Indeed, both g and g satisfy all requirements of g except the last.

now

f_ll g(x)dx < f_ll?(x)dx , and
1 0 1

[3@arz ([ +[ ywar=21+a - Yora)
-1 -1 o

= f_ol?(x)dx + (1 - 1/K)1P(1) > f_ll?(x)dx, we applied Lemma
2224 m

Lemma 2.2.28

Given Y € Y and k € N, there exists a number N(k, Yy) such that, if
n> N(xYs) and S € L. (Ys) N AB)(Y,) satisfies

IS" @)l < c(p) ||
there is a function G € Lp[—1,1], such that G € Ly(x;, x_1),i =
1,..,n,GeEAB(Y,

, % € [-1,1],x # x;, where T € ®*, Then

1G" ()l < c(p) H

p(] i— 1)
IS(x) — G(x)lle[ b S C(p)llf(ﬂ)llp and G"(x)=0,x €
Oi,cn(Ys)ii =1,..,
Proof.

Since we allow N to depend on Y, we may assume that N is so big
thatforn > N,wehave O;N0;;,; = 0,1 <i<s.

We will construct the derivative G’, and define G(x) := S(—1) +
f_xl G’ (u)du.
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To this end, for each i, let &; be the distance form y; to the nearest
endpoint of 0;, and set G'(x) := S'(x),x € [-1,1]\ Ui [yi —di y; +
di]' For :Pi = SlOI,I = 1, e, S.

Denote by P;(1) == P'i(d,t+y;) ,t€[-1,1], and let

£ = g AP =0 ,te[-11]

We have the function g, is defined in Lemma 2.2.27
Finally , set G'(x) = g (“2) ,x € [y; ~dyyi +d] i=1,...,5

We have that G is the required function m

Lemma 2.2.29

LetY; € Ys,k € N,T € ®* and G € AP (Y,) n L} [—1,1] such that

Ge Lf, (xi,xi_l),j =1,..,s, and be given. If G is a linear function |;
oneach0;i=1,..,s,and

" raQ
16" @), < c(p) ||

then there is a polynomial P; € A®) (Y;) N L,[—1,1] of degree ft < cn
such that

1G (x) = Fill, < ¢() ITWl, (2.2.31)

x € [—1,1]\{%};‘_‘11 (2.2.30)
i _

Proof.

Without loss of generality we may assume that 1 is even and that
the assumptions of the Lemma hold with n/2 in place of n, thatis,
we assume that G € Lf,(xzj,xzj_z),j =1,..,n/2, and that G is a
linear function I; on each O~ (Y),i = 1, ..., s

'2

Let L be the polygonal line interpolating G at all points x;,j =
0,..,mn
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Clearly L€ AP (Y,),since G is a linear function on each
Oi% (YS).Then, with GI = [xi+1, .’)Ci, xi_l, G] (xj—l — xi+1)

xi_l — .’)CI .’)Ci+1 — .’)CI

The polygonal line L may be represented in the form

n—1
L) = G(=1) + [ %, 0, G + D+ ) Gi(x =),
i=1
= G(=1) + [y, 24-1,Gl(x + 1) + Xjen G (x — x7) 4 (2.2.32)

Where in the last equality we used the assumption that G is a
linear function on each O, (Yy).
'2

Since G € L [xj41, %i_1] and G € L3 (x4, %;) U (%3, ;1 ), we have by
inequality 2.2.30,

”Gi”p < c(p)||G" (%) (x_s — xi+1)||p < C(p)%li) (2.2.33)

Similarly, it readily follows by inequality 2.2.30 and Lemma 2.2.4
that forall x € [x;, x;_;],1 <j<m,

1G(x) = L, = ||[#, 25, %21, Gl (x — 2) (% — xj—1)||p

<c();(x — x)(x —2_,)IG" O, < c(P)T(hy) < cPIT@I,
(2.4.34)

, where 0 € (xj,xj_l) )

Let Py := G(—1) + [xn, 201, Gl (x + 1) + X G T3(x) (2.2.35)

where T

b = k + 3.since H(xj)Gj >0, { € H, it readily follows by Lemma
2.2.3 that P; € A@(Y,).

are the polynomials guaranteed by Lemma 2.2.2 with

Now, by Lemma 2.2.2 and Lemma 1.3.2 in chapter one
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”(x X))+ — Tl(x)” <c(p)h H( i|+h)K+3

2K+2
1
(|x - xl| + hi)K+3

< C(p)hjZ_K

h 2—K
i min{Q<*?, hiK“}

(Ix = x| +0)°

Since I € @, it follows that I'(h;) <

< c(p) x € [-1,1]

p

K
h;

ey |

We obtain

L) = B@)lly < e) | Y 6 =2, = 1)
ieH

1-x

S T m——

i€eH (|x _xi|+Q

h.
<cp) || T I > minQ, h;
IEZH(Ix—leHl) o)

< ar@ B ey, S @I, [ =

c(p) ITl, (2.2.30)

In order to complete the proof we have to estimate G — P; .

We  have  [|G(x) = P:(®)ll, < c(P)IG(x) — L)l + [IL(x) -
Pr(@)lp

< cMIT@lp + IL(x) = P (), < c(P)IIT(Q)]], =
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2.3 Properties of the b; ;s

We begin this section to prove some Lemmas by properties of the

b;:¢s.

Ll

Lemma 2.3.1

Letl'€ ®,x €N,F € Ly(I),and S € Yy, , If wi((F, 1), <
c(p)I'(t) and

IF = Sllp < cIT(I12lp), x € [-1,1] (2.3.2)

Then

be(s,T) < c(x p)
where c¢(p, x) depends on p and «.

Proof.

Let 1 <1i,i <n Then
Ipi—pi [[pi—F+F-pj|

Gy D"

i

1P =L 1>K 17 =&l <hj )K
S, T 2 — —_— | — = ,
( ) < p ( F(hj) <h1] + F(hj) hi,j ) (71 + (72

b;;(S) =

1 1
where ||P; — Fll, = (J_,|P; — F|P)p

) 1
p
|17 =l = (f P~ FIP) dx
-1
now by 2.3.1 and 2.3.2

lIpi = Fllp < cIT(I2% @) < c(p)T(h), x € [-1,1],

IPi=Fllp (b r'(h;) A
whence g, = 5te () g < T (GL) <1

Hence, J; < 1, where we used the fact that if h; < h;,

then ['(h;) < I'(h;),and if h; > h; then I'(h;)/T'(h)h* < h/* .
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So as for J,, we observe that

wi(F — P, t)p = wi(F, D) <T(1).

So that by Lemma 2.2.1, taking x, := x; and h := %, we obtain for

eachx € [;,
lF@ - R, <) (%) (r(hy) + |7 = 2] ) and so

|7 - ?i”p = C(p)(hh—ij'i)kr(hj)- Applying(2.3.2)

|17 =]

r(h;)

Lemma (2.3.3)

p( )K < ¢(p),therefor J, <c m

Let k = 3,T € S € ¥./2(Ys) N AP (Yy) NL,[—1,1], wheren is an
< c(p)T (xl_z;g _

even number, and ”73 on/2 = Pi-tny 2”p(IL.EUIL-1-—)
) ’2

xug),Z <it<n/2
where S|IL; =P nt=1,..,n/2, then there is an § € Yen(Ys) N

L

AP (Y) N L ol— 1,1]2, such that

ISG) =S|, < e, » € [-1,1] (2.3.4)
Proof.
For2 <j<m,set

1x._1 —2_,S (x:_ 0)—S(x,_:—0
aj(x):=§xll %2 §' (%1 + 0) (21— 0)

— (x — x)?

i X;

i~ -2

i—1

And a,(x):=0,andfor1 <j<n-—1,set

= (- xi—l)z: and b, (x): = 0.

2 Xi—Xj—1 Xi41—%j—1

54



Chapter Two.......... Pointwise Approximation of Piecewise Convex Function in L, Quasi Normed
Spaces

S(x) = S(x) + a;(x) + b;(x) , x € 1,
Is the required function, simple computation, give

aj+1(xi) = bi(xj), 1<j<n-—1,while

1 xi+1_xi+2 Sl(xi+1+0)_§,(x1+1—0) 2_
() == x—x) =
1+1( 1) 2 Zipg—%j Xiy2—2; ( 1)

1xi_1—%xi_5 S'(2;_1+0)=S"(x;_,—-0 )
a;i(x;) = 1m0 §'(5-1+0) =8 (-4 )(x —x)?=0,1<j<n-1.
1 1 2 XKj—1—%Xj Xj—Xj—2 1

Henceg(xj+0)=§(xj—0),1San—1.

Also §'(x;+ 0) = L8 (4, — 0) + 1

Xj+1~Xj—1 Xj+1~Xj-1

S'(x;+ 0)=

I G (x5 + 0) + — L

Xi+1—%j-1 Xi+1—Xj-1

S'(%,—0)=S'(%,—0),1<j<n-1

SothatS e YL, .
We need to prove that
S € XTia(Ys) N AP (Yy) N Ly[—1,1] (2.3.5)

In order to prove that § € YL (Y;), we have to show, with
P=8§|,1<i<n-—1,thatifjji+1¢H(nY;), then P, = P4, rec
all that

Pinjz = '§V|IL,2, t=1,..,n1/2 and distinguish between two cases,

either j is even, in which casej/2 € H(n/2,Y;) and %+1$
H(n/2,Ys)

Hence P; i = P; which implies that

n/2 Stin/2 /

S' (%40 + 0) = S’ (%340 — 0), for v = 0,1, that is, a; = a4, = b; =
b1 = 0.Thus P, = P, as required.

Or i is odd, which case x; is not a node of S, and it follows that

1

there is an inflection point y; in the interval [xg+1)n, £G-1)x) , sO that
2’2 2’2

IJWGEH( ),fOI'/U’=3,i1.
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Hence S'(xwl+0)=§'(x(j+_1)l—0> and S’(x@l+0)=

2 2n 2 2n 2 "2n
S’ (x@L— 0) , which in turn implies that a; =b;,; =0, also
2 ’'2n
S’(xi + 0) = S’(xi — 0), since x; is not a node of S, which implies
that a/j+1 = bl =0

Thus, we conclude that S(x)=S(x)=Puau.(x) for xE€
2’2

[%Gtn) n, X1 ]
2 2 2 2

This completes the proof that
S € 3L,(Y,) (23.6)

Xj—2—Xj-1

(25-2—2;) (%j-1—%;)

=) (S'(x;+0) = S'(%; — 0))

Finally, a";(x) = (S’(xi_l + O) — S’(xi_l — 0)) and

b”' Xi—Xi+1

P (o1 —501) (-1

So that we readily conclude that
$"(x)(x) = 0, x € [—1,1]\{961}:11 (2.3.7)
Combining 2.3.6 and 2.3.7 , we obtain 2.3.5.

In order to conclude the proof, recall that for odd j,S’(xi + O) —
S'(x; — 0) = 0 and if i is even, then by Markovs inequality

I5/CGei +0) = (2~ O, = ||y n() =2, ()
p

p(I Ul; n)

IA
N\
o
—/

-
~
=2
<
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This implies 2.3.4 and conclude our proof =

Lemma 2.3.8

Foreach S € ¥y../2(Ys) N AP (Y) N L,[—1,1] satisfying

b (S) <1 (2.3.9)
Thereis § € YL.(Ys) N AP (Y,) n Lp[—1,1], such that

bean(S) < ¢ (2.3.10)

Proof.

Pi—D; 1\
It follows by b;;(S):= bi;(S) = | F(h'l)”p (:—1) , 1<tj<n, and
1 Ll

b,(S) < 1, that ||p; — pj-u| , S c(P(xi, —x;),2<i<n

p(Ijul—4

Hence, by Lemma 2.3.3 implies the existence of a piecewise
polynomial

S € Tra(Ys) N A®(Yy) N L,[—1,1], such that
ISGx) =S@)|| < c@INQ@)),» € [-1,1] (2.3.11)

And we only have to prove 2.3.8 for v,u = 1, ...,2n, set j == [%] and
i :== [u/2]. Then by Lemma 2.3.1 and 2.3.9,

”pp.;Zn_p/Lr;Zn”p(I K ”pu;Zn_pv;Zn” A\ K
<) .— p.;Zn) hy.on p(lu;Zn) ﬂ
bu,ftr;Zn(S) o F(hv;Zn) ( u;Zn) =¢ P F(hi) (hi,i)
(2.3.12)
“pu;Zn - pv;zn”p(lu-n) hj K
< c(p) — I\ te (p)by;(S) — c(p)by;(S)
F(hj) i

IPwzn=pill )y
< c(EIby(S) + e(p) —— i (1

”pv;Zn_pi”p(Iu;Zn) & K
I'(h;) h

) +c(p) r(hy) h

i i

=c(p)+J1 + J;
Now, by 2.3.11
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I'(hy)

J1 < c(p) 775 (ﬁ)}{ <c (2.3.13)

r(h;) \hij
where we used the fact that if h; <h;,

then T'(h;) < I'(hy), and if h; > h; then ['(hy)/T'(h)h;“ < h

Finally
||p4r;2n_pi||p(l ) (hi\* hy;\ < IPeizn=Pill h; \
<c Wv;2n (_1) < (i) p( H.’lr;Zn) (_I) <
(72 (p) F(hi) hi,j C(p) hi F(hl) hi,j
c (2.3.14)

where for the second inequality we used the fact that both
polynomials are of degree <k , and for the last inequality we
again applied 2.3.11. sub situating 2.3.13 and 2.3.14 in to 2.3.12 we
complete the prove m

24 Auxiliary polynomials.

Here our main result we need the following Auxiliary
polynomials.

Lemma 2.4.1

Let E be an interval which is union of 1 = 12s of the intervals I; ,
and let a set J € E be the union of 1 < p < /4 of these intervals .
then there exists a polynomial Q,(x) = Q,(x,E, J)of degree < cn,

satisfying

~, L Q 25(§+1)+2K T[(x)F(Q)

Q" (2)8(x) 2 Clﬂ(max{ﬂ,dtst(x,}s)}) ez ' *E€ Ju
[-1,1]\E) (2.4.2)
(we may take ¢; < 1)

Q' ()8(x) = - "X x eR\g, (2.43)

And
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Qh;

12, < @) Zinee || 7o p (2.4.4)
Where I(x): = [[{-;( £ — y;), and

Set 8(x) :==sgnll(x),x € [—-1,1]

And  T(x) =[I5, lxlf;ﬁﬂ

Proof.

Let HE)={ieH|, S ELHJ) ={eH|jcJ} EQ©):=

{il € En 0}, And H.(E) := {i € H(E)|; n O # @}, where O denotes
the closure of O.

Finally, Let j. == min{j € H(E)} and j* :== max{j € H(E)}
Set A, = H(J)UH.(E) U {j,i}and
Ay = H(E)\ (A, UE(0)).

Denote by 1 and 1, the number of elements in A, and A,

respectively, and set i; = [ %]. Then it readily follows that
L<p+2s+2<cp (2.4.5)
(recall that we allow ¢ to depend on s ), and

L>43 =t — (1 +3s) Z%L (2.4.6)

Denote by j, and j® =j,+t —1 the smallest and the largest
integers j, such that I; € E.

We consider three cases .

Case |

Let = jg, set
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where ¢ := sgn ]_[(xi). Then Qn(x) o(x)=>0,x €],

which implies 2.4.3 and 2.4.2 readily follows from Lemma
2.2.5.Thus we only have to prove 2.4.4 .To this end, by Lemma
2.2.6 we obtain for any i € A,,

ls@I o (% — x;)
p p i
h < h |Tj(x) — (- xj)+||p + T +
< c(p) 2 || + - _h.xi)+
(|x — xi| + Q) i 1

Now, if x < x;, then (x — xj)+ = 0. Otherwise, observe that x € ;

forsome 1 <i<ij<2L.Thus,

(x—xi)(x—xj+ﬂ)2<1 x—xx—x+hx—x +h

h, ah,  ~ " h h, h;
< 10(%}:—902‘+ 1)3 < ¢ ¢ is a positive constant , which implies
1

244

Case II: let j, = n — 21. set
0’.

N R I & ORICEE)]
The proof like Case I .

Case IIL: let t <jy < m—21.Denote by h = |E| = x;,_1 — % 4+1-1,
The length of the interval E. Then by Lemma 2.2.7 implies
~h<ih;<2h,]cE (25.7)

By Lemma's 2.2.8, 245 and inequality 2.4.6 guarantee the
existence of a;,i € A;, such that izie Ay Oj(x - xi) + Ve, ai(x —

%) =0 (2.4.8)
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2
And |a| < E(_) < iEd, (2.4.9)

(Note that if 1] is odd, then we apply Lemma 2.2.8 to A\ {i"}, for
some arbitrary i*, and put a;+=0in 2.4.8. for each t € A, Set

{ T;, if oa; = 0
T =4_ .
! T, , otherwise

And let
Q (x)=c LH (l; Yiea, 0 T(x) + Xiea, aTi (X)),

For some cto b prescribed. Then by 2.4.7 and 2.4.9, we see that
(2.4.2) readily follows Lemma 2.2.3,and 2.2.5, and that inequality
2.4.3 is valid for a proper choice of the constant ¢ we conclude with
the proof of 2.4.4.

Take L(x) = L;Zjecﬂz oi (% = ;) + Tiew, @iz — x4
Then by Lemma 2.2.6 we have

L th

(|x—xi| +Q)2 P

So we only need to estimate LHllL(ac)llp. To this end , note that if

x ¢ E, then(2.4.8) implies that L(x) = 0. On the other hand , if
x € E, then

IR, @) < @) Tience) + = IL@)lp, x €1,

c(ph

—||L( 2)lp S—(—h+2l h) < c(p)?
Qh;
SC(p)t3z ],
i<E (|x—xi| +Q) )

where for the last inequality we have applied Lemma's 2.2.4,2.4.7
and the estimate
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h;

h.
1= hZIjQEh_; < 16hYck 2
(|x—xj| +Q)

< 160102 )¢
(|x—xi|+ﬂ) l ZII_E

This proof is compete of 2.4.4 m

Lemma2.4.10

Let E be an interval which is union of 1 = 12s of the intervals I; ,
and let a set J € E be the union of 1 < p < /4 of these intervals .
then there exists a polynomial Q,(x) = Q,(x, E, J)of degree < cn,

satisfying

" L Q 25(s+1)+2x T(x)T(Q)
Q" ()8(x) = Clﬂ(max{n,dist(x,}a)}) oz X¥€JU
[—1,1]\E) (2.4.11)
(we may take ¢; < 1)
Q" ()8(x) = - T2 x e E\g (24.12)
And

< 4%+6 . Oy _ 4

Q. @l, < @ @ Tinerp— o e [-1,1] (2.4.13)

Where I(x): = [[{-;( £ — y;), and Set  §(x) = sgnIl(x),x € [-1,1]

And n(x) =]} 2=yl

=1 x-yil+0

Proof.

Take j, and j° = j,+1—1 denote by the smallest and largest
integers j, such that I; € E. write j* := j, + [%] and we may assume
thati* <n/2 (if {* > n/2, we take a mirror image)

Set Q. (x):= (~2n(:\¢)8'K F(hj*) , where Q . is the polynomial given
by

Q. (®) =Q (x,E J) of degree < cn, satisfy
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Q )25(§+1)+K (%)

max{Q,dist(x,E)} X € JU[-11N\E)

Q",()8(x) 2 e, % (
(2.4.14)

(we may take ¢; < 1)

Q" ()8(x) 2 — 52, x € E\J (2.4.15)
And
QKH1IpK+1
Q. @Il < eI || Kies o (2.4.16)
1

So by Lemma 2.2.10 that is proved 2.4.11 and 2.4.12
Now to prove 2.4.13
First we observe that by Q2(y) < 4Q(|x —y| + Q),

x—yl+Q
( 327| ) _

lx -yl +Q(y) <2(Jx -yl + Q),x,y € [-1,1].

Forany x € [-1,1] and everyj =1, ...,n,

Qh;
m <c (2.4.17)

Hence, if hj- < , then 2.4.13 readily follows from 2.4.16

Otherwise, hy > Q) .then we have

ry) _ @
ht = Qx

Also, recall that
which, in particular, implies that if x € E, then
h;» < 10U Thus, we obtain for x € E, I'(hy) < cl"T'(Q)

Hence 2.4.13 follows from 2.4.16 and 2.4.17.
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Assume that x ¢ E,that, x € [ 1, xo) (xlo_l, ] by (2.4.18)

K

h |
M(h) <T@ gk < CLKF(Q)Q—I:

(Jx — %] + Q)"

< cl*T(Q) T

B Vj II € E,
where for the third the fact that hio < c(|x — xj| + Q)

Hence for x € [—1,xjo) U (xj"—p 1] and j such that I; € E,we have

[(h;) Q*1 il —— < c'T()Q hi ™ >
K+2 — K+
(| — x| + Q) (| — x| +9)
Qh,
< cl*T'(Q) L
(| — x| + Q)

Where for the last inequality we applied h; < ¢(|x — x| + Q)

Together with 2.4.16 .This implies 2.4.13 =

Lemma 2.4.19

Suppose that k > 3,T € dXand S € Z}(clr)l is such that b, (s,T) < 1, If
an interval [, ,contains at least 2x — 5 intervals [; and points
x; € I? such that

14 * hi
Is” @Dl < c(p) =52 (2.4.20)

then for everyl < i < n, we have

Proof.

Q2srr
Q)

= eIG- W*+ (G — )™ (2.4.21)
p{;)

Fix j and x € I} where I? = (x;,x;_,). It follows by Lemma 2.3.1

17— 1” h; .
( 11(5) _bt]n( s) _Tl)p(h—lll)k'l <tI<nmn,
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. hi;
That for every i, ||P, — :;Dj“Lp(” < c(p)l"(hi)(?;)'(.

Since Pjand P; are polynomials of degree < k ,we obtain

1)

o=, < 212 - 2, = e G

Hence by 2.4.20 implies , so by Lemma 2.2.13 implies
(hl)

12

(li =il + 1)3¥ (2.4.22)

|X_X;(m |
*

*
X=X

<c(i—-wW?+(G—1)3 (2.4.23)

Now by Virtue of the representation

rP"(ka?"(xu) ]_[ e

m= lm:#l t

24/ 2!t ”
It follows by (2.4.22)and(2.4.23) that || 22| = i 2
p rQ) p
hZ |7 @I,
= <cP(G-W"°+G-—)"*)x €L,
r(hy)

So the prove of 2.4.21 is complete m
Lemma 2.4.24

Let A be a proper interval such that A N0, # @ and let b; > 0.
Then,

For S € Y..(Ys) and x € ANO, , where O, := {u: [u— %Qn(u),u +
~0,(w] €0}.and 0 n (1, UL) =9

We have
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B ORO]

r(n) L "
( (S, A) +b‘<(§) (Q+dtst(x[ 11]\0‘1) )

where bK(S, c/q) = bK;n(S, c/q) = maXi’j:Ij‘Ijgdq bl,](S) and

c(p,xs,b) (2.4.25)

p

D.() =Dy (1, S6) = Y P, (@),
i=1

Furthermore, if § € ZKn, thenforx € A, x # x;,0 <} < —.

ny

||Sll(x) DII (.’)C)”

Q bs
( (S, A) + b (S) — (Q+dtst(x[ 1,1M) )

c(p K, (2.4.26)

p

Proof.

The crucial step in the proof is the prove the analog of Lemma
2.2.23 .For the sake of brevity, we will write in this proof Q, for
Qy, (%) and T, for T,,,,

Let x € I, be such that, say,

X=X, <Xy 1 —X (2.4.27)
Ipi=pill L,y 1\ ¥
. . — pUwv et .
By define b;;(S): = b;;,,(S) = ) <hu> ,(1<jisn
So, we have

2K

h“hK

”‘730 _:P”L o) = vI(S)F(hv)

Hence, for each r € N.

by j(S)T(h,) h3S
Lp(Ly ) = c(p) hi,  hFh¥

|, ® — g;j(r) [ (2.4.28)

If { # v ,v + 1, then by Lemma 2.2.4 and 2.2.7 imply dist(x,1;) >

0, asin proving of Lemma 2.2.23 .
2
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We obtain by Lemma 2.2.19 for b to be prescribed and for
r<¢g <3

||:Pv(r) _ ?i(r)’T‘j(él—r) (x) ||

Lp(Ly)
b, :(S)r(Q) h,:. h,; 1 Q
<) — GG =
T i o QI + dist(x, 1)
va(S)F(Q) hy; K+1 hy K—1 hi b
=c(p) =" ( ) ( ) h, Q37" (Ql+dtst(xl))
<) b i(ST(Q) Q +dist(x,L)_, ., ( O, o
. hitl Q Q¥ + dist(x, 1)
by i (ST(Q) Q +dist(#,1) av_ 1, Q +dist(x]; h;
< C(p) Ihg;l-l ( I; (x I))3K @+r( I; (x 1))4 r+1 ch (2'4'29)
X ( ! )q—r+1( Q b—g+r—1
Q, + dist(x, ;) Q + dist(z, 1)
< o )bm(S)F(Q) PR, 1 b1+l )<
<c(p)———— : ,0<r<g,
b 0K/ ny "\Q + dist(x, 1) 4

where b; = b — 3k — 2 > 0, and where for the second inequality we
applied define b;;(S): = b;;,,(S) and by Proposition 1.3.2 in chapter

one to show that

h Q +dtst(x I;)

Boj o o (Qrdistxl) Q +dist(x,];) '
h,

h..
—————192 an dﬁSc

v

Then, for the third inequality we use the fact that dist(x, I~) > %Q )
And for the last we have applied the inequality et

1

Now, by virtue of Lemma?2.2.16 we may represent
S@)(x) — D,gf) (x) as

S@ () = Dy (1) = (P (*) = Pors1 () Tyis () @
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+(zlgﬂ o T ZI% S ) ((Pv(x) - SDi(x)) Ti(x)@

= 01(x) + 0,(x) + o3(x),

where we write P, =R, ,if v =n.

We begin with the estimate of o4 . Note that if v =n, thenoy; =0,
so that we may assume that v < n. we need separate arguments
for Lemma 2.2.17 and 2.2.18

First we deal with Lemma 2.2.18 . since S€Yx,, ¢ =2 and
I, € A, it readily follows that.

" " c(p) . . . .
1P = PolsallLyg,, < —7 Dww+1, Which in turn implies

175 (%) = Posa(®)lp =

X
j (Y — Plor)du
xv p

]

And I[P, @) = Py @)l < o(p) [Pz

Therefore , by Lemma 2.2.19 .

llor ()]l < gz Deosr (1 F o -
_ 2
. Q:;U) )(91 + Iilcl— xvl)bz
p
L (Qlﬁl_%l)bz_2 p (2.4.30)
Now, if 1,41 € A, then (2.4.30) implies
lor@)llp < @) || 0e (. A (2431)

Andifl,,; € A, then 2.4.30 yields
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Q Q,

< b S T
loy @), O PR .
T Q b,—3
b C )n1 |x— x4,| (9+Ix—xv|) 2 ”p
L b (S) S (—2— )
02 bK (S) Ty (dist(x,l\cﬂ)) ’ (2'4'32)

p

Now we establish Lemma 2.2.18. since x € 0,,v € H. If also
(v +1) € H,then S € )}, .(Ys) implies P, = P, . Hence o; = 0.

Otherwise (v +1)€H, so that x €0, implies x-—x, >
Q) .Therefore 2.4.29 hold for i = v + 1, and we may absorb o either
in o, or in o3, as the case may be, and which we estimate below,
what is left is to estimate ¢, and o5, It follows from 2.4.29 that

(p)bK (S) h;
”0’3(90)“[) C(p) ¢ 1? Qb3 legcﬂ,j¢v,v+1 (Q+dist(9i,ll-))53+1
bK (S) TI Q b
c(p) | Q% ny~ Q+ dist(x,l\c/l)) ’ b (2.4.33)
Similarly , if dist(x, 1,.) == min{dist(x,1,_1), dist(x,1,42)}
Then we obtain
b (S c/l) n Q )
3
by (S,A
< o(p) [|2<E )|| (2.4.34)

Thus 2.4.25 is followed by combining 2.4.33 and 2.4.34 with the
above discussion of ¢4, and 2.4.26 is obtained by combining 2.4.31 -
2434 .

This completes the proof m
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Theorem 2.5

Let k € N,T € ¥ and s € N,. Then there are constants ¢ = ¢(x, s)
and ¢, = c,(k the following property . If n > N(x,Ys) and

S € Tien(Ys) N AP (Y) nLy[—1,1] (2.5.1)
Is such that
b.(S) <1 (2.5.2)

Then there is a polynomial P, € ¥..(Ys) N A® (Y,) N L,[—1,1] of
degree < c,n, satisfying

15G) = Pl < cN( Q@) (253)
Proof.

We may assume that x > 3, and that by virtue Lemma 2.3.8 , we
may assume that S € Ly[—1,1]. we begin with some notation,
Given A S Idenote  A° :=Upngzp Ij and A% = (A°)°

In order to prove our assertion , we have to find a polynomial %, of
degree < cn, such that

ISCx) — P ()l < c(PIT@QI, (2.5.4)
And
P (x)o(x) =0,x € [-1,1] (2.6.5)

where ¢(x) define the set o(x) := sgn [[(x), x € [-1,1]
Given Yy, s > 0, recall that [[(x) = [[i=;(x — ;)

We fix b so that by := 25(s + 1) + 2«x. This makes ¢,(k,s,b), the
constant in
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Is" @) - D@,
rQ)m(x)

<cy R (5,(S, A) p
+ oo 5)— b1
« )nl (dist(x, I\UQ)) b

Where ¢, = ¢o(p, K, s,b) and

o g T
i=1 |2 —yi[ + Q

Dependent only on k and s we dente ¢, = C,. fix on integer c;
such that

c3 = max{8x/ c,, 12s} (2.5.6)

Where c¢; is constant form

25(s+1)+2k
—) MO € JU[-1,1]\E.

1
12 > - (
n()o(x) = ¢ max{Q,dist(x,E) a*

u

(we may takec; < 1)

And without loss of generality we may assume that n is divisible
by c3 ,i.e., n = Nc3, where this defines N.

We divide I in to N intervals

E, = [xqc3,x(q_1)c3] =lge, U ..Ulg-1)e,+1,9 = 1, ..., N, and we may
assume, without loss of generality that N is so large there are at
least three intervals E, lying between the points y; and y;;;,0 <1 <
S.

We will write j € N, if there is an x € I;, such that

" rQ
IS"@)lp < 5c2(p) || 57

(2.5.7)
p

And we will say that q € G, if E; contains at least 2k — 5 intervals
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We will say that q € G if either g € G, or E, intersects O (recall O
was define O = 0(n, Y) == UL, 0;, O(n, @) :== @, and E,-; intersects
O and g —1 is in Gy, or E; intersects O and E,,; intersects 0 and

g+ 1lisin Gy.

Note that 2.5.7 and Lemma 2.4.19 imply that,

" '
IS" @), < ¢ () |57

,x €EE,q€EG (2.5.8)
Lp(Eq)

Set E:=UgecE,,
And decompose S in to a ««small« part and a ««big¢« one by setting

(S"(x),  ifx@E
s1() = {0, otherwise,

And Sy == S” — 81,

And putting
Si(x) =S(-1)+(x+1)S'(—1) + Jx (x —u)s; (wW)duy,

S, (x) = [, (x — w)s, (.

(Note that s; and s, are well defined for x # x;,1 <j<n-—1, so

that S; and S, are well defined everywhere and possess a second
derivative. Again, for x # x;,1<j<n-—1, Thus from now on

whenever we write §{'(x) we willmeanx # x;,1<j<n—-1))
Evidently  S;, S; € Yen(Ys),
And SY(x)o(x) =0and S5 (x)o(x) = 0,2 € [-1,1]

Now , 2.5.8 implies that

,x € [—1,1],
p

Q)
_Q, 2

IST @y < C(p)|

Which, in turn, by Lemma 2.3.1 yields

b.(S;) <c.
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Together with b,(S;) < 1, we obtain

b.(S,) <c+1<[c+1]=:c, (2.5.9)

The set E is a union of disjoint intervals F, = [ctp, bp], between any
two of which all intervals E; are with g € G. we may assume that
n > ¢3¢y, and write p € AG (for ««Almost Good:) if F}, consists of no
more than ¢, intervals E, in particular , it consists of no more than

¢3¢, intervals ;. Hence , by lemma 2.5.19.

IS5 @)l < ¢ (o) || 53 ,x €F,,p € AG (2.5.10)

Lp(Fp)
Set F:= UpEAG Fp ,
And again we decompose S by letting

{S”(x), if x€ F
§4 =

. and
0, otherwise

§3 = S” - §4_

And putting
Ss(x) =S(-1)+(x+1)S'(—1) + jx (x —u)s;(w)duy,

Su(x) = [7 (x —w)s, (w)du.

Then, evidently
S3, S4 € Yicn(Ys) (2.5.11)
and

S3(x)o(x) = 0and S, (x)o(x) = 0,2 € [-1,1] (2.5.12)

We will approximate S; and S, by polynomials that are coconvex
with § and achieve the required pointwise approximation for
x € Upeag Fp, 2.5.10 implies that

IS5 @), = IS5 @I, < ¢ () || 53
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Otherwise,

IS5 @)l = IS{ @)l < ¢ () || 52 p
Hence
Is5ellp < e @ |57 (25.13)
which by virtue of lemma 2.3.1, yields that
b,(S3) < ¢. Again by b, (S) < 1 we obtain
b(Sy) <c+1 <[c+1]=:cq (2.5.14)

In view of (2.5.11) and (2.5.12) , it follows by Lemma 2.2.20
combined with (2.5.13) that a polynomial r,, of degree < cn, exists,
which is coconvex with S, and such that

IS3(x) — ()l < c (PIITEDI, (2.5.15)
Thus, it remains to approximate S,. To this end, we observe that

for p ¢ AG,

s4(x) = S5 (x), x € F3°,

So that by virtue of (2.5.9), we conclude that

by (S4, F2¢) = by (S2, F29) < 5, (S,) < ¢y (2.5.16)
(Note that, for p € AG, S, is linear in F2¢ and b,(S,,F2°) =0.)

Applying lemma 2.4.10, we construct two polynomials Q, and M,
of degree < cn, and we let D, (., S,) of degree cny, be defined by

Dy, (x) = D, (#,S,b) = YL, P,(x)T,,,, (), of degree < cn.
With n; = ¢cgn.

We begin with Q,, . for each q for which E, € F, let J, be the union
of all intervals I; € E; with j € N. Recall thatq & G, therefore by
2.5.6 , the number, y,, of such intervals is at most 2x — 6 < c3/4,
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and the total number of intervals in E; is ¢3 . Thus, Lemma 2.4.10 is

applicable for each E,, and if we set

Q ZE cF Qn( ’ qi )

Where on the right-hand side are the polynomials guaranteed by
Lemma 2.4.10 (we consider ZquF Qu(-,EqJy) =0, if J, = 0), and

denote
s-U,o
E,CF

Then we conclude that Q, satisfies

Q/(x)o(x) = 0,x € [-1,1]\F,

Tt(x)F(Q)

Qi (x)o(x) = - x € F\J (2.5.17)

Qo) =252 xeg.
Note that 2.5.17 follows since for any given x all relevant
(%, Eq. dg), except perhaps one , have the same sign, and if

Jq # @ then Clu_ < 2k —6and ¢;¢c; = 8k.
q

1Qu()lp < e M@y, (2.5.18)

Next we define the polynomial M. For each F, with p & AG, let
Jp- denote the union of the two intervals on the left side of Fg, and
let J,+ denote the union of the two intervals on the right side of
Fp.Also, let Fy- and F,+ be closed intervals each consisting of
L= ¢3¢, intervals I; and such that J,- € F,- € Ff and J,+ € Fy+ C
Fg.
Finally ,put

Ip = Jp= VU Jp+ and J* := Upgac Jp »

Now we set
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Mn = ZpEAG(Qn('J Jp ) + Qn( ' 'p er_) s since L = C3C4,

It follows from 2.5.6 that ¢, i > 2¢, , forp = 2.

Again by Lemma 2.4.10,
Q
M, (x)o(x) = 2% x € F\J",
M (2)o(x) 2 XD e g0 (2.5.19)

Tt(x)I‘(Q)( Q )25(§+1)+2K

M (x)o(x) 2 — dist(x,F)

€ [—-1,1]\F¢,

Where in the last inequality we used the fact that the first
inequality in Lemma 2.2.4 implies the estimate

max{ Q, dist(x,F°)} < dist(x, F),x € [-1,1]\F°.

Finally , it readily follows from

Q) < e(p*e*e

M) Sien

il+Q)

1M (o)lp < ¢ (P)ITQ]], (2.5.20)

The third Auxiliary polynomial the properties of which we need to
recall is D, (x) = D,,(S,.). by 2.5.14 and the choice of b Lemma

2.2.21 yields
[S4(x) = Do, )| ) < € (0) IT@) I, (2.5.21)

And Lemma 2.2.22 combined with 2.5.11 and 2.5.12 implies that
for any proper interval A

IS5 o) — D )|
e (p) |25 K(S4,cﬂ>||L w?

ﬂ(x)F(Q)L( Q )bl
0% ny \dist(x,]\]A)

x €A (2.5.22)
Lp(A)

c2¢5(p)

Recall thatn; = cgn, and write
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Ry = Dy, +¢,Q, + e, M, (2.5.23)
By virtue of 2.5.18, 2.5.20, and 2.5.21, we obtain

1S4(x) = Ry ()lp < ¢ (I,

Which combined with 2.5.15, proves 2.5.4 for 7, = R, + 1.

Thus, in order to conclude the proof of Theorem 2.5 , we should
prove that P, satisfies 2.5.5 .

To this end , we recall that r, is coconvex with § , so that we only
have to deal with R;;.since 2.5.22 holds for any proper interval A ,
we will prescribe different ones as needed. As long as x € F,\Jp, it
suffices to take A :=F, Then the quotient inside the big
parentheses in 2.5.22 is bounded by 1 , and since we have
S.(x) =S (x),x € F, it follows that b,(S,, F,) = b(S,F,) < 1.

Hence,
IS o) = Do @)
rcQ
< e ) [T (50, )
Lp(Fp\Jp)
r'Q
+eacs(p) %f
ML, (Fp\3p)
n(x)r(n)
<2 ,x €EF . 2.6.24
c; (p )” ” Lo (Fo\T) x p\Jp ( )

If x € J;, then it suffices to take A := F}° and , similarly, 2.5.15 and
2.5.22, imply

||S (x) =Dy (x)”p
Tr(x)F(Q)

< ¢, (p) b (Sa, F3°)
Lp(Jdp)
m(x)I'(Q) n
+e05(0) | = o7
e Qt Lp(Jp)
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< 2c5¢, (p) | 2252 || % €J; (2.5.25)

Finally , if x € [-1,1]\F¢, then we take A to be the connected
component of [—1,1]\F, that contains x, Then by 2.5.22

IS Ge) = Dy |

2( ) T[(x) ( ) K(S4,Cﬂ)
Lp([-1,1]\F*)
m(x)T(Q) n Q) "
+ ¢;¢5(p) 02 n_l(dist(x, I\Jl))

Lp([-1L1\F®)

()T (Q) ( Q )bl
Q0?2 dist(x,I\F)

= ¢, (p)

,x € [-1L,1]\F¢  (2.5.26)
Lp([-1,1]\F°)

Where we used the fact that S, is linear in A. Since by 2.5.23,

R ()0 (%) = c,Q) (x)o(x) + ¢, M) ()0 () + Sy (x) o ()
= [Is7¢) - Dy @) € =11

It is followed by 2.5.12,2.5.17, 2.5.19 and 2.5.24, that

cyc,m(x)I(Q)

Ri(x)o(x) 2 02

(4—2+0-2)=0,x € J,\J;.

If x € Fy\(Jp N Jp), then 2.5.7 is violated so that

5¢,I'(Q) 502 T
Q2 _Q

Sy (x)o(x) =

Hence, by virtue of 2.5.17,2.5.19 and 2.5.24, we get

R (x)o(x) = czﬁ(gﬂ( 1-2+5-2)=0,x € Fy\(Jp N Jp)-

Next, if x € J%, then by 2.5.12,2.5.17,2.5.19 and 2.5.25, we obtain
Ri(x)o(x) = 0 (2.5.27)

And finally, 2.5.12,2.5.17,2.5.19 and 2.5.25 imply
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2.5.26 for x € [—1,1]\F¢. Thus, 2.5.27 holds for all x € [—1,1], and
so we have constructed a polynomial P, , satisfying 2.5.4 and
2.5.5, for each n > ¢, divisible by c3. For all other n«<s Theorem 2.5
followed by the inclusion Y ..(Ys) € Yw.c,n(Ys) -

This completes the proof . u
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Chapter Three..Shape Preserving Approximation Using Coconvex Piecewise Polynomials for Function in L, Quasi
Normed Space

Here we approximate piecewise convex function in Lp,0 <

p < 1l,quasi normed space using coconvex piecewise algebraic
polynomials. Also we introduce some properties of these

polynomials.

3.1 Introduction and main results

Let F € Ly[—1,1] change its convexity finitely many times, say
s > 0 times, in the interval. We are interested in estimating

the degree of approximation of F by polynomials which are
coconvex with it, namely, polynomials that change their convexity
exactly at the points where Fdoes.

In [36], the D. Leviatan and 1. Shevchuk, write all the results of
monotone and comonotone approximation theorems on a finite
interval [a,b], by algebraic polynomials in continuous function
(uniform norm). see also [35]. In [35,37] the D. Leviatan and I
Shevchuk, studied the monotone and comonotone approximation
of continuous function using kth modulus of smoothness of the rth
derivative of the function.

They also studied the above approximation using kth Ditzian-
Totik modulus of smoothness.

In [37] the D. Leviatan and I. Shevchuk, studied the monotone and
comonotone approximation of continuous functions in terms of
Ditzian-Totik modulus of smoothness using piecewise
polynomials.

In our work we introduce positive theorem for convex and
coconvex approximation of function in Lj, space for 0 <p < 1.

The main truth in this chapter is to Jackson-type estimate for the
approximation of a piecewise polynomial which changes
convexity finitely many time in the interval, by algebraic
polynomials that change convexity at exactly the same points.
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The main result is Theorem 3.4.15 stated below, which is the
analogue of [37.proposition 3].

Our strategy for the future is to approximate an arbitrary function
in L, space that changes convexity finitely many time in the
interval, by an appropriate coconvex piecewise polynomial which
in turn by virtue of Theorem 3.4.15, will be approximated by a
coconvex polynomial.

In this chapter, we studied some negative results for the coconvex
polynomial approximation of more general piecewise convex
functions (see Theorem 3.3.4), Also as a byproduct of Theorem
3.3.11, we obtain one important positive result for coconvex
polynomial approximation (Theorem 3.3.17)

Therefore, it is one of the components of this chapter is the
following. We state the main result contain the construction of the
negative result, Auxiliary lemmas, the proof of Theorem 3.3.11
which is a preliminary step and a special case of Theorem 3.4.15,
and as a byproduct, its proof yields of Theorem 3.3.17, we prove
Theorem 3.5.1 and with it we conclude the proof of the Theorem
3.4.15. Many of the methods we apply are modification of similar
ones in this chapter to Devore, Dzyubenko, Gilewicz, Kopotun,
Mania, Yu and the authors (see the References).

We will use the notations c¢(a,b) and C(a,b) for such constants
which are of no signicance to us and may differ on different
occurrences, even in the same, and depending on @ and b.

Let I := [—-1,1] and denote by L, and L}, respectively, the spaces

Lp(D) = {F: 15 R:[|F||, < 0o}, LL(D) = {F:1 » R:F,FO € Lp(D)},
r,F € Lp.

[y

1 p
171l = j )P dx

Given F € Ly, and k € N, let
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AKF (x) = i(—m—f (':) Flx— ;h + ih)
i=0

Be the symmetric difference of order x, defined for all x and h > 0,
such that x + gh € L.

The Ditzian-totik(D-T) moduli of smoothness[3] are defined by

/LU’}?(:F, t)p = SupOShSt”AE{)(x)‘{F(x)”p ’ t=0 s

Where 9(x) = V1 — x2,such that x + ghﬁ(x) € . We also deal

with the ordinary moduli of smoothness which are given by the
above with 9(x) = 1 replacing the above 9, namely,

Wi (F, D) = supoen<tll|AyF ()|l , t > 0, such that x + Eh € L

Denote by Yy, s € N,the set of all collections Y = {y;}i-,, such that
—1<ys < <y; <1, and fors = 0, we write Y, := {@}. For later
reference set y, := land yg,; := —1. Finally, let A®)(Y,) denote the
collection of all functions F € L, that change convexity at the set

Y, and are convex in [y, 1]. Given n € N,n > 1, we set x; = x;, =
i . _ .y
cos (:) i=0,..,n, the Chebyshev partition of [-1,1], and we

denote I, =1, =[x, %;_1],i = 1,...,n. Let ¥, be the collection of
all continuous piecewise polynomials of degree k—1 , on the
Chebyshev partition and let )¢, S Y. be the subset of all
continuously differentiable such function. Thatis, if § € };,, , then

SlII ::PI’ I: 1,...,1’1,

where P; € Il_4, the collection of polynomials of degree <k —1,

and
fPI(xI) = Pi_,_l(xj), I = 1, e, U — 1
Andif § € }},, , then in addition,

?i’(xj) = ?j’ﬂ(xi), i=1,..,n—1.
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Given Y4 € Y, let

0; = 0;,(Ys) = (xi+1,xj_2), if vy, € [xi,xi_l), where x,,; =

—1,x_; =1, and denote

0=0(nYy) = US 0, O(n, Q) = 0.
i=1

Finally, we writej € H = H(n, Y;), if LNnO=0a.

Denote by Y (Ys) € Yien and Y (Ys) S Dk , the subset of those
piecewise polynomials for which

P, = P41, whenever both j, (j + 1) € H.

We wish to approximation a general function F € A®)(Y,) by
means of polynomials which are coconvex with F, that is, which
belong to A (Y;) . we denote by

Eﬁz)(T,YS)p = inf?nennnA(z)(YS)llfF—anllp. where II, is the set of

polynomials of degree not exceeding .

In [27] Leviatan, and Kopotun proved that if a function F €
Lp[—1,1] changes convexity at Y, then

EP(F, Yy, < cw? (?,i)p < cws (?, i)p , n>N (3.1.1)
where ¢ =c¢(s) is a constant which depends only on s, and
N = N(Ys) is a constant which depends on the location of the
points Y5 . on the other hand, Wu and Zhou [40] proved that for
K = 4, estimate(3.1.1) cannot be with w3 replaced by w, and
Pleshakov and Shatalina [37] have just prove that (3.1.1) is not
valid with N = N(s) replacing N = N(Y;).in this chapter we will
prove if s > 1, then even

E?(F,Y,) < cw (7-", i) , n=N, (3.1.2)

Is not valid with N = N(s) replacing N = N(Yy). In fact we prove
more, namely,
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3.2 Some Auxiliary Lemmas:

In this section we introduce the results that we need to prove our
theorems.

Lemma 3.2.1 [27]

It Xi(x) = X (x) is the characteristic function of (x;I], then
forieH , |X;(®) —Ti(x)| < TP (x),x €], where T, is the

polynomial of degree< cn,
1
Ti(x) = Tn(x;5; Ys) = = tb(u)l'[(u)du
tJ—
Where d; = f_ll t}’(u)H(u)du. And t(x) < m < cti(x),x €1
I
h
, denoting  T;(x) = P x]|+h
Lemma 3.2.2 [27]
{If0<j<i<mthen 2(7 —f) <2< (I -2
Xi—Xit1

Furthermore , if either 7 < 3j or n—j < 3(n—7). Then %(7 —i) <
= <20 -1}

i~ ip1

Lemma 3.2.3 [27]

T (@)N)(x) =0, x €], where 1 is polynomial, and T(x) :=
iz1(x = y0).

Lemma 3.2.4 [23]

(p)

I

1%( )ll (( ))| c(p)|r x| x €l
X

E{C]=

Lemma 3.2.5 [23]

{ (17—1)< <2(7—I)}
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Lemma 3.2.6 [23]

{let P, be a polynomial of degree not exceeding k and leta <b. if

b—a
16k3

meas{x € [a,b]: P! < 0} <

Then for every x, € (a,b),
[P a,x4,b] = 0.

Lemma 3.2.7 [23]

measure of {x € G,: I (xiv ) §"(x) < 0} = Wl_l)g |G, |, where

G, = (%y,,x; ) the connected components of 0 = 0(n, Y;).

Lemma 3.2.8 [26]

bi,i(s) = ”Pi - fpj“ (:—i)k, t,j=1,..,n,where %, P, are

Lo i
polynomials.

Lemma 3.2.9 [26]

|x —y[+Q
— < Ix—yl+ Q) <2(x-yl+Q), =xy€l
Lemma 3.2.10 [27]
(fO<j<i<mthen =(J—{) < 2—L < (7-12L
2 Xi—Xit1

Lemma 3.2.11 [27]

— x| +h
IX916—10|I<|X"‘ci|+ﬂ<2(|><—9cj|+hj), £€Li=0,..,n
Lemma 3.2.12 [27]

=1 Tin, () = 1, where T, ;| is polynomial.
Lemma 3.2.13 [24]

Let E be an interval which is the union of t > 12s of the intervals I;

, and let a set J € E be the union of 1 < p < /4 of these intervals,
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then there exists a polynomial Q,.(x) = @,(«x,E,J) of degree< cn,

Q 25(s+1) (%)
max{ﬂ,dist(x,E)}) Qz’

satisfying Q" (x)8(x) = ¢4 i( x€JU
[-1,1]\E),

(we may take ¢; < 1)

" T[(x)

x € E\J,

And

Q)] < eI Dyea s w € [-1.1]

Lemma 3.2.14 [24]
wi (S, %) < ¢||9*S"|l,, , where S is piecewise polynomial.
Lemma 3.2.15 [24]

Let A = {jg, ...,jo + Lo} and let A4, A, S A be such that #A,; = 2
and#A, = 21, € A;. If § € {—1,1},j € A,, then there exist 2y

2
constants a;,1 € A4, such that |a;| < (t—o) ,1 € A,
1
1 1
Lemma 3.2.16

Let k > 3. Then for each S € 3, ,(Ys) N AP (Yy) N L,[—1,1], there is
an S¥ L. (Ys) N AP (Yy) nL,[—1,1], such that

Is =S|l < ¢ uwd(s, ), (3.2.17)

In particular

Proof.

Foreach2 <j<mn,set
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ay(x) = 2am e Bl ) ) (2 ik - 1) e,

2 Xj—1—%; Xj—Xj—2

a (x) — 1(x1 1)- —5 (%i-1) (x x]) if i, (I ~1) ¢H,

Xj_1—%;
And a;(x) = 0,if} € H.

Alsoforeach1l <j<n-—1,set

bi(x) — 1%~ G +1(x1)( 1_1)2’ ifi,G—1) €H,

2 Xj—%j—1 Xi41—%Xj—1

b ( ) — 1:P (xl) :PI+1(xI)( xj_l)z; lfj, (j _ 1) $ H

Xj—1—%j
And bi(x) =0, ifj ¢ H
Finally , set a,(x) := 0 and b, (x) := 0.Then,

S(x) = Pi(x) + a;(x) + bi(x) + J(x),x € 1;,

Is the required function, where J is a piecewise constant function
with jumps in at most 2§ points x; near the y;¢s; explicitly, the

jumps at these x;¢s are
J(xi +) = I(x -)
1
5 1P (1) = Poa ()] (5 — %0 )if € H G- 1) € H.
1
5 1P (1) = Poa ()] (2 — - )if € H, G- 1) € H.

Indeed, straight forward computations show that S¥i (Ys) N
AP (Yy), and by Markov:s inequality

17/ =), = € @)= 1=l

Write w = w) (S, i) , we have to prove that for each tand j,
p

|7 ==l <ec® ('m') (3.2.18)
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By Whitney Theorem , there exists a polynomial L(x):= L._; (S, x;
L)

IF = L1 (F, 5 Dy, < € @Iwd(F, 19D, ,J €1, and for F € L,
Implies

1P = Ll = IS = Ll S US =Ll < e (S |1;])

p(1;;)

<c(pw,

Where in the right-hand inequality we applied
]
.’)C - .’)CI 1
1C—=")

Observing that P, — L is a polynomial of degree < x — 1, we have

<

I
——|1| o

7 -, <l#-tl,, <c®lB-L, <c®uw,

Lpap Lpayp
Hence

||:PI - :Pj”Lp(Ii) <c (p)w ,

We have ||S — §||p <c(pw =

Lemma 3.2.19 [27]

Let b3 =b,—s—2k—6>0, and let A be a proper interval
for S € Y n(Ys),

S@ (x) — D(‘Z)(x)| ( (S, A) + b, (S) —~ (Q+dtst(xn[ 11]\cﬂ)b3)'

x €ANO, , where 0, := {u: [u— %Qn(u),u + %Qn(u)] c 5}.U (0N
(11 U In)), % = O, ey S + 2.

Furthermore, if S € Y% ,(Ys), then for x # x,0<j<nm,

89



Chapter Three..Shape Preserving Approximation Using Coconvex Piecewise Polynomials for Function in L, Quasi
Normed Space

5"(0) = D3, ()] < 02 (008, ) + B L () ) x €
A

3.3 Negative Results:

In this section we introduce the negative results that we need to
prove our Theorems.

Lemma 3.3.1

Given n = 1, for each polynomial 7, of degree < n, and satisfying

4
(x?2-b3)P/(x) =0,x € [—%,%], with b = %n_E, we have

”gb - :Pn”p > 4__0
Proof.
First we observe that P,'(+b) = 0,and that B,;'(x) < 0,for —b <

x < b . Assume that for some —b < x;, < b, P,"(x) < — i. Then

1P (o)l p 1
(b —x0)(b+ x)

I[P —=b, 20, B]ll, =

Since [B:'; —b, x4,b] = %?n(L})(O) , for some —-b<B<Db (S l), it

follows by Bernstein¢s inequality that

N

4 c
n Pl = =

b? 2b

Now by |lgsll, = E_?<_ and the prescribed value of b
las = Plly = e (IRl = laolly) > iz =2 = 2 (332)

If on the other hand,

P'(x) = — i, for all =b < x < b,then we represent %, in the form
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X
P.(x) =P, (0) + 2P,/ (0) + j (x —u) P/ (W)du
0
Since ;' = 0 forb < |x| < %, it follows that

P (— %) _2P.(0) + P, (%)

1

(21 . z 1 POV
_L(E—u) (1) u+J0 (_E_u) n (Wdu

b 1 b 1 b
> [[G-wR e+ [ G-wR(-wduz -
0 2 0 2 4
Similarly ,
1 20 (0) + 1)_2 b1 "0 = 8b+b2
9b< 5) 95(0) + gp (E = —Io (E wg'' (wdu = =tT
Therefore

1

4llgs = Rllp = [ R, (=3) = 85 (=3)| = 2(B@ — 8 () + [R.(5) -
3p G)]
4llgy = Rullp 2 -+ == ==

Thus together with 3.3.2, this concludes the proof of Lemma 3.3.1
m

Corollary 3.3.3

For every constant A > 1 there exists an N(cA) sufficiently large
such that if n > N(A), then for any s> 2, there is a function
g=g, € L%[—l,l] which changes convexity s time in [—1,1], and
such that any polynomial P, of degree < n which is coconvex with
it, satisfies

Allg®|
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Allg"lp
lg — Pullp > —az

Allg'll
”g _?n”p > nl p-

Proof.

let N(A) = (804)% and let s > 2. We take b = b,,n > N(A), as in
lemma 3.3.1, and let g = g5. The function g changes convexity at
y, = —band y; = b, it is convex in [y;, 1], and if s > 2, then we take

. : o 1
s — 2 arbitrary points satisfying —1<ys<--<y;< —-> and
regard g as changing convexity at these points too, hence g €

A?(yy), if the polynomial P, is coconvex with g, then it satisfies the
requirements of Lemma 3.3.1. Therefore, by Lemma 3.3.1,

we have

@) p2 3
o _ s™,0*  Alls™l,

—P >— > ,
2
b lg"llpd _ Allg”ll
lg=Rll, |, >75="30— > >
p[_l'_%] 40 4‘0 TI

v 3nfle’ll, S Allg'll,

lg — :Pn”Lp[_l_l] > 20 ean "
72

Remark.
It should be noted that the function g, above is independent of A
We are ready to prove Theorem 3.3.4.

Theorem 3.3.4 .

Fornox > 1,r=0,1,2,3 and s > 2, is it possible to have constants
¢ =c(kr1,5s) and N = N(x,1,5), depending only on k,r and s, such
that the inequality

EX(F,Y,), < S (T(”) %)p (3.3.5)
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Holds for all, n > Nand for all F € L}, n A*(Y;)

On the other hand, we show that if s =1, then ET(IZ)(T, YS)p <

c(p)w (T, %)p ,m € N is valid for N = 1; in fact we prove

Proof of Theorem 3.3.4.

The proof readily follows from the observation that for all k > 1
1 1
W (:F, —) < 2"t (7-", —) < 2"H[IF I,
Wp Wp

Which by Corollary 3.3.3 does not allow the case r = 0 in (3.3.5)
and

1
w (7.2) <297 1,
p

1 c 1
ED ), < IF -~ Rl < e (F7) <Py (70,1)
n/p n p

Which takes case of the other cases m
Lemma 3.3.6

Let b = 6(s + 1). Then for each j € H there exist polynomials T; and
T; of degree < cn, satisfying

T (ON@)(x) =0, x €],

T ()N(x;) <0, x €\, (3.3.7)
—11 @ 2b ITTC) [l p "
”Ti (x)”p < b, ||fII (x)”p Gl < c(p)”rI (x)| p,x €l (3.3.8)
h:
Where T;(x) = m

And

|G =), =5 < comllz—=2@l,
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i), 1], =

Proof.

LxE (3.3.9)

We will prove only the existence of the polynomials Tj, the other

case being completely analogous. for every j € H let T, be defined

by

Ti(x) = T, (x5 Ys) = di tb(u)l'[(u)du

Where d; = f_l L t}’ (WII(u)du. We use it to construct T;. By virtue of
Lemma 3.2.1, (forj € H |X;(x) — Ty(x)| < TP (), z €1).
f_11|xj(x) —Ty(x)|dx < ¢ f_ll TP (x) dx <:cohy, (3.3.10)
If for 1 := [6¢y| (Where [a] denotes the ceiling of a), bothj—r >0
andj+1r <mn and

if forallj—r<i<j+r wehavei€ H, then by Lemma 3.2.2

I[f0<j<i<mnthen = (7—1)< L < (@ -1>

—Xit+1

Furthermore , if either 7 < 3j or n—j < 3(n— 7). Then %(7 -1 <
S <207 -1}

Xi—Xi+1
We have x;_, — x; = 3¢coh;_,_; = ¢oh;_, and x; — xj,, = cohyyy,

So that it follows from 3.3.10 that

j_ll(Tj—r(x) - Xj(x)) dx = _[_11 (Ti_r(x) — xj_r(x)) dx + (%, — x;)

<0

And

j_ 11(Tj+r(x) — Xj(x))dx = f_ 11 (Ti+r(x) - Xm(x)) dx + (% — %)
>0

)
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Hence for some 0 < § < 1, we have
1 1
5[ @@ -x@ e+ (1 -9 (Ta@) - x@)dr=0
-1 -1

Weset T, :=T1(x) =38 [" T_,du+ 1 -3) [ T.(wdu,

1 -t
So that (1) =1-x,

Which by Lemma 3.2.1 in turn implies 3.3.9. now 3.3.7 follows
from Lemma 3.2.3 in [27]

T (x)l'[(x)l'[(xi) >0, x €], and (3.3.8) follows from Lemma 3.2.4 .

(p) ()|

[T ()] < 3%( )7 < c)|t@)|x €],
()|~

Since by our assumption sgn I1(x; — r) = sgn I(x; + r) = sgn (x;),
If j — r < 0, then it suffices to take T;(x) = f_xl T;(wW)du
And j+ 1 > n, then it suffices to take T;(x) =1 —x;— fxl T;(wdu.

We are left with the case where there is an i €& H,such that
0<j—r<i<j+r<n

In this case we take the Chebyshev partition of order 2nr, so that
we have x; = x5y, and i € H(Yg, 21n), for all 2rj — r < 2rj + 1. Thus

we set
Tj(x) = Ter,Zrn(x)'

And we observe that by the above construction this t; satisfies

i
(3.3.7)-(3.3.9), since by virtue of Lemma 3.2.5,

JC] XxXq

{ O-D=_——=<20-1}

2
thj,Zrn < h < 4t thj,Zm' u

95



Chapter Three..Shape Preserving Approximation Using Coconvex Piecewise Polynomials for Function in L, Quasi
Normed Space

Theorem 3.3.11

For every x,n € N and s € Ny, if S € 3, .(Ys) N AP (Y n L,[-1,1],
then there exists a polynomial P, € AP (Y) n Lo[—1,1], of degree
not exceeding cn, such that

1
IS — Pl < c(p)wf (S, ;)p. (3.3.12)

Proof.

for k =1 Theorem 3.3.11 is trivial, we have to prove Theorem
3.3.11 only fork = 2. Given n = 1, denote by G, = (x5 ,%; ) the
connected components of 0 = O(n,Yg).for j =1,..,n—1, let %; be

polynomials of degree< cn defined as follows :

(@)Ifj € H=H(n,Y,),if N O = @, the %, (x) = 1;(x),

where T; are from Lemma 3.3.6 .

(b)Ifj, =0and 0 <j<7J,, then %(x):= 0.

(©IfJ, =nandij, <i<mn, thenTj(x):=x — x;
Finally, we have the j¢s for which 0<j, <i<7, <n we divide
the vis in to two groups , let n; = 16s(k — 1)°>n. We say that
v € 0d if there exists an i, € H(ny,Ys) such that I, NG, # 0,

and the interval (x_ .., %;,) contain an odd number of points y;.

Note that if v € Od, then the set G, contains an even number, say
2m, of points y;, the points y; +2m—1 < - <y, , say. In this case
each two consecutive points y; +2v and y; +2v +1,v =

0,..,m— 1, must belong to the union of four consecutive intervals,
Say [xlv+2'“1' xlv—zﬂh)’

whence

{x € G, M(x;,)S" (%) < 0} € Uyglx

Ly+2,M1’ xlv—z'm]

It follows by the left-hand side of Lemma 3.2.5 that

Go-D< = <@
S@ - s 2——< T -D?.
2 X — Xit1
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S
measure of {x € G, M(x; )S"(x) < 0} < E‘Lma,xll

,nlc(xll/y’xi/ly) | II.,TI1 |

|Gy | 1
1101 = |G4r|
4L T 16(k-1)3

<y Gl 4yg

2 (gv_jv)% -

(3.3.13)

We need the polynomials t;, and T;,; however we note that i,

might not be in H. Since 2j, is always in H(2n,Yy), in the case

lv ¢ H/ we define Ti«r = Ti«r = TZiU,Zn .

Similarly, we always have 7, € Hand 27, € H(2n,Ys) so we define

~

T3, = Ty, = T29,2n -

(dIfo0<ij, <i<I, <nand v & 0d, then we let

Tx) =1 (%)
If on the hand,

(e)0<ij, <j<I, <nand v € 0d, then we let
T(®) =8 1 () +(1—8)1y,n(*), where § =0 or 1 is to be

prescribed .

We are in apposition to define P, . recall that the piecewise linear
function L that interpolates S, at the x;s, satisfies

Is = Lll, < e (s.7) (3.3.14)

And may be written in the form
L(x) = u(x) + 2}1:_11[5,' Zir1, X Xi-1] (Hj-1 — X)) (£ — 27) 4,

where 1(x) is a linear function. Thus, denote

n—1
Pu®) =10 + ) [ 40, 23,250 ) (1ot — 23000 (),
i=1

we begin with the proof of 3.3.12. to this end, we show that for
each
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We show that for eachj =1, ...,n — 1, we have

IGe =)+ =% @) < cIhy]|TF ()]

€l (3.3.15)

Indeed, going through the various cases we see that:

(a) 3.3.15 readily follows from Lemma 3.3.6 of 3.3.9

(I =21~ @ < c@m|TP2@)

|(x— %)+ — % (x)”p < c(p)hi”%fb_S_z(x)”p ,x €1}

and b,c of (3.3.15) readily follows from the inequalities
h <|G,| <ch;, i, <i<T,; (3.3.16)
(d) by Lemma 3.3.6 of 3.3.9 and 3.3.16,
=2 =5 G, < 16— 200 = (= 1))+ G = 23,04 -
H@|,

< e @I + @y, [T @), < T
And finally,

(e)If §;=1,then we are back to case (d), and if §; =0, then

similarly we have

Iz = %) =% @

< @, + 1 = 5n)s = T @),

h3

Ly 1

< e |T@ + < c@b|T @,

C |

And 3.3.15 is proved. Since it is well known that

1
||[§; Xi+1, %) xj_l]”p < c(p)hj_lufg9 (§,§> ,i=1,..,n—1,
p

And
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> B <cm,
i=1

p

Weobtain I~ Rill, < e@)[|Zj, T )| wf (s, %)p
This together with 3.3.14 concludes the proof of 3.3.12.
In order to prove that B, € A%(Ys) we denote

Li(x) = [S; xi+1,xi,xi_1](x]-_1 — xi+1)f1 (x),i=1,..,n—1,
and

P(x) =:ux) + A(x) + B(x) + C(x) + D(x) + E(x),
Where A(x) = Yien Li(x) + X5, <n Ly, (),
B(x) = ¥i7) ' Li(x),if i, =0,
Clx) =X5 1 L), if i, = m,
Tp—1
D)= ) ) L,
v€e0d 1=+l

And E(x) = Loe0a 2% 41 Li(®) =1 Toeoa Eo ()

It is important to emphasize that we either havej, € H or j, =
Jy+1,80 thatindeed all 1 < j < n— 1 are taken care of.

Again we have to investigate each case separately.

(a) If i € H, then by definition of A%(Y,) we have,
(x;)[S; %541, %, #;_1 | = 0. Hence by Lemma 3.3.6 in 3.3.7
M(x )L’j, (x) =T(x) [Si Xi+1, Xp xj—l] (xj—1 - xj+1)Tj”(x) = 0,
And similarly M(x )Ly (x) =2 0,7, <m,

so that II(x)A"(x)>20,x€l. bc sinceBand C are linear
functions, we have B (x) = 0and ¢"(*) = 0.

99



Chapter Three..Shape Preserving Approximation Using Coconvex Piecewise Polynomials for Function in L, Quasi
Normed Space

(e)If v € 0d, then by definition , we have an odd number of point
y; € (xlmn X iv)’ which in turn implies that.
M(x,, 0 )(x;,) <0.

Hence, by Lemma 3.3.6 in (3.3.7) implies
T, (0T () <0,x €.
Hence for each j =, + 1, ...,J, — 1, we may prescribe §; so that
M(x)L(x) =20,x €1.
With this choice
M(x)D"(x) 20,x €.
Finally we conclude with the proof of case (d).

(d) If v € 0d, then

Jy—1
B0 =) L@

i=ie+1

Ip—1
B Tiv(x)z, S En x| (o0 - 210)
I=le+1
=T (S5 #i41, 25 %1 | (%141 — %3,)
+ S5 25,0 %1, -0, ] (%1, = #i,-1)
=7 (¥)ev .
By virtue of Lemma 3.2.6 and 3.2.7,

{let P, be a polynomial of degree not exceeding k and leta < b . if

b—a
16k3

measure of {x € [a,b]: B < 0} <
Then for every x( € (a,b), [Pc; a,x,b] = 0.

1
o 10w

And { meas {x € G,: 11 (xjv ) $"(x) < 0} =

It now follows that I1 (xjv ) ev = 0.
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Therefore, 3.3.7 of Lemma 3.3.6 implies

H(x )E;,’(x) = Tj’;(x)l](x )H (xiv )L >0,x €l

H(xiv )
Since "(x) = 0, we have shown that P, € A%(Y) , and concluded
the proof of the Theorem m

Theorem 3.3.17

Let F €L, N A?%(Y;) that is, changes convexity one on [-1,1]. Then

EPFY) <cwd (F3) nx1 (3.3.18)
p

Proof .

One notes that the only place one needs the assumption that our
function is a piecewise polynomial, is in order to apply Lemma
3.2.6 . Thus for general F € A%(Y,), if one is guaranteed that nis
sufficiently big so that each component G, contains an odd
number of points of Yg , in particular one point, then one may
conclude the same. If F changes convexity just once, then
obviously the requirement that each component G, contains an
odd number of points of Y , specifically one point holds for all
n=1m

Lemma (3.3.19)

Suppose thatk > 3 ,and S € 21({11)1 is such that

b, (s) <1, (3.3.20)
If an interval I, ,contains at least 2x — 5 intervals I; and points
x; € I? such that

Q)" @), <1, (3.3.21)
then for everyl < i < n,we have

1025 I, < e@IG— W* + G — v)*] (3322)
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Proof.

Fix j and x € Iio where I]-O = (%, %;-1). It follows by Lemma 3.2.8
hi g .
(bi,i(s) = ”?I - “PI“L (h_.l.)kf Li=1,..,n,and b(s) < 1’)
p(1y) T

That for every i, ”fPi — Pi”Lp(Iv) < ¢(p) (hT’II)K

Since P; and P are polynomials of degreekx — 1, we get

(p)

7 =271, = 17~ 21l <

In view of Lemma 3.2.5 and 3.2.9,

{ (17—1)< <2(17—I)}

And (lx yl+Q

we see that 3.3.21 1mp11es

<|lx—-yl+ Q@) <2(x—-yl+Q), x,ye]

r

c(p)( l])k c(p) C(P)( Il)k
h2 =

14

By assumption there are k—2 points x; €I, m=1,.. k-

< %(Ii —il + 1) (3.3.23)

2, each two being separated by an interval [; € I, ,. Recalling that
x € I, we have for each 1<1<k—-2 and 1<m<k-2, with
LFm,

[x = x; h;; .
— - < e <c(li— i, +1)2
XIl o Xim him
X=Xl : :
e sc(@-w+G-v)?) (3.3.24)
Now by Virtue of the representation

P() = Z P (3) ]_[ —

m= 1m¢L it
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We obtain form(3.3.23) and (3.3.24)

Q*|s” (@)l = -QZH:Pj”(x)“p

<cP)(G-W"°+G—)"®),x €L,

So the prove of 3.3.19 is complete m

3.4 Zero-preserving Approximation
Lemma 3.4.1

The following relations hold:

L T, () =1 (3.4.2)
jfnl(Yi)_T” y)=0,1<i<s, 1<j<mn,
T.()=0,1<i<s, 1<j<n, &L, (3.4.3)
(@) @\ :
||T], (x)” %(,’X!) ( nl(x)+di5t(x,lj)) , X € I, 1 S I S
p

n, 0<g <s+2, (3.4.4)
Where b, = %(bl - 1)
Proof.

Relations 3.4.2 and 3.4.3 follow immediately form ., T(x) =1

and
Tj,(}’i): T}"(yi)=0 ,(1<i<s, 1<i<nm,

T(y)=0,1<i<s, 1<j<n, y; &I, when we observe that if

Lyn, € Ij thenI5, . < I, Thus we just have to prove 3.4.4.
Note that by Lemma 3.2.10 and 3.2.11 yield

hv,nl )2 < -in (.’)C)
|x — xv’n1| +Q,, (x)

(
|

x — xq,’n1| + hv’n1
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Now if x < x;, then it follows by

1 h; b1
Q%(x) \ |x—x;|+h; ’
p

x€l,1<i<n, 0<g<

[l < e

s + 2, that

of [T <ew ) Bem

vnq €l |.’)C Xy | + hvnl

h
b v,
@),
" Lynq €l (|x xvn1| + in)b2+1

< ¢(p)

*® du
S I e )
! p
Q,,(®  \®
<Qn1 (x) + x5 — x)
p

Similar proof yield 3.4.4,if x;_; <x,andifx €[, =

0@
Q, (x) + dist(x, Ij)

= c(p) = c(p) H(

Lemma 3.4.5

Let b3 =b,—s—2k—6>0, and let A be a proper interval
for S € Y n(Ys),

R ORO]

c(p)

(3.4.6)

r(n) Q s
( (S, A) +bK(§) (Q+dtst(x[ 11]\«/1) )

p

x €ANO, , where 0, := {u: [u— %Qn(u),u + %Qn(u)] c 6}.U (0N
(Il U In)), q, = 0, e, S + 2.

Furthermore, if S € Y ,(Ys), then for x # x;,0 <j <n,
||S”(x) D// (.’)C)”

( «(S,A) + bK(S) (dtst(x [91,1]\04)b3)

,X €A (3.4.7)
p
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Proof.

The proof of the two statements is similar and we will proceed
simultaneously in both. Fix I, €A N0 (or simply I, € A, if we
prove 3.4.7, and let x € 1, N O, (or simply x € 1,,) be such that, say

X—2, <Xy 1 —X. (3.4.8)
we will write in this proof Q; for Q, (x), TI for F'Iv'j‘nl, and b, ;

: hi\© . .
forb, ;(S) By define b;;(S) = |p: — pi”Lp(Iv) (h_lll) Jbi=1,..,1n

||7’4y—?||L o y = 4,](—”1)“ whence, for each r € N.
(S) h
® _ p@® ”I v
12 =B g,y < @) 5= GO

i
First let j # v, v + 1. Then by Lemma 3.2.9,

|x—y|+Q
——

<|lx—yl+ Q. <2(x-yl+Q), x,yel} and (3.4.8)
imply dist(x, I;) > %Q. Hence Lemma 3.4.1 in 3.4.4 combined with
Lemma 3.2.9 and 3.2.11 yields

”g)v(r) _ ggj(r)’vf-j(%—r) (x) ||

Lp(1,)
Dojlogpe L Ty,
hy “h 7 Q977 + dist(x, 1)
bv v h; 1
<c®ll l( ’)“*1h—fﬂf- 6 +Ghst(xl))bzllp
I v,]
< c(p) b,; Q +dtst(x,ll) 2( +1)£ 1 ( Q, Ja-e+1
hy, Q0 h, 0?7, + dist(x, 1)
X ( 'Q )bz—cz+r—1
Q + dtst(x, Ij) b
] | N S SN LI Y
hr+1 o g + dist(x, 1;)
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b3+1
L th (s
Q +dist(x];)

< c(p) ,0<r<g, (3.4.9)

Where in the third inequality we applied the third inequality in
Lemma 3.2.9 and 3.2.11, in the next one we used the fact that

dist(x, ;) > %Q, and in the last we have applied the

straightforward inequality o< 1 now, by virtue of the Lemma

3212,  {¥i; Ty, (x) = 1} we may represent S@ (x) — D(%) (x) as

S@ (x) = DIV (%) = ((Py (%) = Pyy1(2)) Ty 11 (%)@

+(ZI-§cﬂj¢vv+1 + Zl'gmwvﬂ ) ((?v(x) - Pi(x)) T (x))@

= 01(x) + 02(x) + 03(x),
Where we write P, =R, ,if v =n.

We begin with the estimate of o4 . Note thatif v =n,theno; =0,
so that we may assume that v < n. we need separate arguments
for 3.4.6 and 3.4.7.

First we deal with 3.4.7 .

since S € Y., ¢ =2and], S A, it readily follows that.

1 D s
1Py — 7’4';+1”Lp(14,) < c(p) | 2 Do+t ”p, which in turn implies

175 (%) = Posa(@)lp =

X
j (Pl — P )du
Xy p

ﬁbv,v+1 (.’)C - x/zr)”

And |I?v(x) - ?v+1(x)||p =

_zb/zr,4r+1 (.’)C - x/zr)z ||p
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Therefore , by Lemma 3.4.1 in 3.4.4

( Qg (%) )bz
Dy (x) Qn, () +dist(x,1;) ’
p

n, 0<g <s+2, soby Lemma3.2.19,

<c(p) x€l,1<i<

ing

||0'1(x)”p = Ebv,v+1 (1 + 'Ql
(x —x,)? Q
o e
Ql Ql + |x x/lfl p

L (m) . (3.4.10)
Now, if [,.1 € A, then (3.4.10) implies
llog ()l < — by (S, ﬂ)”p (3.4.11)
Andifl,,; € A, then (3.4.10) yields

0
S bz—3
||01(x)||p— b ( ) QQ1+|x xv|(91+|x xvl) 5
Q b,-3

= C(p) |sz ( )n1 |x— xvl (Q+|x—xv|) ’ ||p

L n—8 e

02 0 (8) ny (dist(x,l\cﬂ)) ’ (3-4.12)

p

Now we establish Lemma 3.4.6. since x € 0,,v € H.
If also (v + 1) € H, then S € }, .(Y;) implies P, = P, 4.
Hence o7 = 0.

Otherwise (vr+1)€H, so that x€0, implies x—x, >
Q) .Therefore 3.4.9 hold for { = v + 1, and we may absorb ¢, either
in o, or in o3, as the case may be, and which we estimate below,
what is left is to estimate ¢, and ¢, It follows from 3.4.9 that

h;

bK (S) n QP
072 Yt jzoo+1 (Q+dist(x,];))P3+1
p

llos (@)l < c(p)
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by (S) 1 Q

b
< C(p) | Q% ny - Q+ dist(x,l\c/l)) i p (3.4.13)
Similarly , if dist(x, L,.) = min{dist(x, 1,_,), dist(x, L, 4+,)}
Then we obtain
b (S,A) n Q
< — s
loz@lly = <®) |0 = C a5 Ly L,

< )bk (SA) (3.4.14)

= 0%

From 3.4.13 and 3.4.14 we get 3.4.6 with the above discussion of o,
and from 3.4.10) and 3.4.14 , we get 3.4.7 . This complete the

proof m

Lemma 3.4.15

IfS € Xin(Ys), then

s - 2>m||lD < c(Pb (S, (3.4.16)
Moreover ,if S € Y, ,(Ys) and S"(y;)) =0 ,i=1,..,s, (3.4.17)
Then D", (y)=0 ,i=1,..,s, (3.4.18)
Proof.

The proof of 3.4.16 is similar to that of 3.4.7 in Lemma 3.4.5, in
fact easier, to prove 3.4.18 . Fix 1 <i<s, and let v be such that
yi € I,. Since P, = P, for all [; € [;,, then

Dy, () = Y (ROIT ) +Pi00T ) + ) P63
i=1

[T

FP 00 ) T,

Ijglz

Now, by virtue of T, (i) = quh (y) =0,1<i<s,1<j<nm,

iinl
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"Iv‘j,nl yi)=0,1<i<s,1<j<mny;€ Ii* , the first and second sums
are zero, and since P, (y;) = S" (y;) = 0, it follows that the 3.4.18 is
prove m

Lemma 3.4.19
If A is a proper interval subset of I, S € Y ,(Ys), and

S$"(y;) =0 ,i=1,..,s, holds, then

s - D, <

" (505, ) + 5 2 (i) )

Q2 1y \dist(x,[-1,1]\A

x €A (3.4.20)
P

co(p)

S |x—yil

where ¢y = ¢ (k,5,b), and T(x): = IIi_; lx—yil+Q "
—Yi

Proof.

Let x € A, if x € 0, thenm(x) > c. and , if x € O then it follows
from t(x) > 275, € (—1,1)\0. And we only have to check the case
where x is in a connected component, say [x, x,], of O and either

x+Q/2>x4,and4r>0,orx—%<xu,andu<n.

Clearly, y;¢s in this component, so lety; € [xu, xv]. It is easily seen
that x + /2 is increasing in [—1,x;] and x —% is increasing in
[%,-1,1] .-we will show that x, <x + Q/2 and x < % cannot
hold. If x, <2+ Q/2 and x,,; <x <x,, thenx, <x +§ <x+
|l,+11/2, which yield that x —x,,; > |I,41]/2. Since x + Q/2 is
increasing this in turn implies that if x < x,,;, then x + % < X,.

Henceifx, <x+Q/2,thenx —y; > x —x,,1 > |1,411/2, so that

x—v |I4r+1| 1
ﬁQZH |2 =%
x —_— "
SR Sk | Y
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The case x — % < x, is symmetric, thus 3.4.16 follows by Lemma

3.45in 3.4.7. if on the other hand, x € 0, € O, then x € [, where I

is a connected component of 0, such that

(3.4.21)
And we have  S(u) =P (w), u€l;. (3.4.22)

This together with 3.4.21 implies that for A, := A U Ii* , which is a

proper interval sub set of I, we have

by (S, Ay) < cby(S,A). set I =1 n 0,,since x € I, dist(x, I\Ij*) >
Q
~»and by (3.4.21),

dist(x,\I') <

dist(x,I\A,) <
Aq) < cdist(x,\A,),, x €.

NA;) < edist(x, I\I) + dist(x, I\

By virtue of Lemma 3.4.5 in 3.4.6 we thus obtain

s ex) - D‘(g)(x)”p(l*) <c(p) Hﬁg G =0,..,5s+2, (3.4.23)
e 1

With Q= ( «(S,A) + bK(S) ( |I | > ) , Where we

used the fact that  dist(ly, \A,) = dtst(Ij,I\Jl ) it remains to
prove that

||S”(.’)C) D” (x)”p(lz) =c (p) T(T) (3424)
:
p
To this end, let m (x) = [Iyer lxlxyﬁlﬂ (%) = [lyer; |x|xy}|,:rln

so that

m(x) = my(x). my(x). if y; €L, then |x—y|>Q/2, whence
m,(x) = 37°.
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Therefore we have to prove 3.4.24 with m;(x) in place of m(x).
Now by 3.4.22,S — D, isa polynomial in Ij* , and by Lemma 3.4.15

in 3.4.17 and 3.4.18 imply
SH(Yi) - D1,1,1(Yi) =0 ) t= 11 - S,

Hence, if Viy1<p<g <s, are point of Y inlf, then there is a
0 € I}, such that

L
||S”(x) - D{{l(x)”p = ||§(t+2)(e) _ D1(1L1+2)(e) ||p 1_[ |x _ Yiu|
u=1

|”‘Yiu|
-

i

< ¢(p)

(%)

5]
Where in the first inequality we applied 3.4.23 and for the second

Iy

< c¢(p) ‘

#ngﬂ
1

we used the inequality |x - yiul + Q < c|If|. so that is completes

the proof of 3.4.24 m

3.5 proof the Theorem 3.5.1

For every x,n € N and s € N there are constants ¢ and ¢, such
that if S € Yxn(Ys) NA*(Ys) NL,y(I) then there is a polynomial
P, N A?(Ys) N Ly(I) of degree< c,n, satisfying

1
IS = Pl < c(p)wsd (8,7).

Note that by the above, we have to prove Theorem 3.5.1 only for
K = 3, but the cases k = 1,2 are anyway trivial in this setting since

Z%,n - Hl-
Proof.

Recall that we may assume that k> 3.we begin with some
notation, given A & I denote A =Urnazo ) and A?%¢ = (A°)¢

and A3 = (A%*¢)°.without loss of generality we may assume that
b (S) <1 (3.5.2)
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So that in view of b, (S) < cury ( )) < cb(S),

In order to prove our assertion , we have to find a polynomial %, of
degree < cn, such that

||§(.’)C) - :Pn(x)”p = C(p) (353)
And
P (x)o(x) =0,x €[-1,1] (3.5.4)

where ¢(x) define the set o(x) = sgn(x), x € [—1,1]
And () = [Ty (x — y)

We fix b so big that b; > 25(s + 1), ( b3 was defined in 3.4.12 of
Lemma 3.4.5. This makes C,(k,s,b), the constant in 3.4.22 of
Lemma 3.4.21

Is" @) - D@l

‘( (% )(bK(Scﬂ)

< Co(p) ‘

)b

(S) ny (dtst(x N\A) b

Dependent only on k and s we dente ¢, := C,. fix on integer c;
such that

c3 = max{8x/cy, 12s}, (3.5.5)

where ¢, is constant form

Q 25(s+1)+2k () T(Q)
ma,x{ﬂ,dist(x,E)) oz 7

(@o@) 2 e ( x € JU[-LI)\E.

(we may takec; < 1)

And without loss of generality we may assume that n is divisible
by c¢3 ,i.e.,, n = Nc3, where this defines N.

We divide I in to N intervals

112



Chapter Three..Shape Preserving Approximation Using Coconvex Piecewise Polynomials for Function in L, Quasi
Normed Space

Eq = [xqcyx(q—l)%] =lgey U Ulg_1ye4+,9= 1., N,

We will write i € N, if thereisan x € L, such that

IS" ()1l < 5e.(p) ||z - (3.5.6)
p

And we will say that q € Gy, if E; contains at least 2k — 5 intervals

1
a2

We will say that q € G if either q € G;, or there is a q* € G4, such
that

v=01,..,g"—q, Iifg" =g,

v=0-1,.., —q, ifg" <q. (3:57)

Egﬂ,noqt@,{

Note that if q € G\G, ,then |g—q*| < 2s, hence 3.5.2, 35.6 and
Lemma 3.3.19 imply

l*s" @l g, < cP)a €G (3.5.8)

Now set E = UgsecE,q,
Let §" =s; +s,, where

S"(x), ifx & E°
s1() :Z{O( ) if x € E®

And SZ = S” - Sl )

And putting
Si(x) =8(-1) + (x+1)S'(-1) + Jx (x —uw)s; (w)du,
-1

S, (x) = [ (x —w)s, (W)d.

(Note that s; and s, are well defined for x # x;,1 <1 < n, so that
S; and S, are well defined everywhere and possess a second
derivative again, for x #x;,1<j<mn, Thus from now on
whenever we write §'(x) we will meanx # x;,1<j<n)lt
follows that
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S1, Sz € Xign(Ys) , then

SY(x)o(x) 20,x €1, and S, (x)o(x) =2 0,x € [-1,1] , by Lemma
3.213 and 3.5.8 imply b,(S;) < ¢ , Which by virtue of 3.5.2 yields

b.(S,)<c+1<][c+2]=:c, (3.5.9)

The set E is a union of disjoint intervals F, = [ap, bp], between any
two of which there is an interval E; are with q € G. we may
assume that n > ¢3¢y, and write p € AG (for ««Almost Good:¢) if F,

consists of no more than ¢, intervals E,, in particular, it consists of

no more than c;c, intervals I;. Set  F := Upgag Fp, and let

r . e
s, = {S (x), ifxeF and

0, otherwise

s3 = S" —s,. Now put
S;(x) =S(-1) + (x+1)S'(-1) + jx (x —u)ss(u)du,
-1

Sa(x) = [7 (x —ws, (W,

Then, evidently

Ss, Sy € Thn( Vo), (35.10)
ST (x)o(x) =0,x € [-1,1] (3.5.11)
and S, (x)o(x) = 0,x € [-1,1] (3.5.12)

For p € AG, Lemma 3.3.19 and 3.5.9 imply

144 144 F Q
ISy @)l = IS5 @, < e @ |52 x€F,
Lyp(Fp)
Hence
IS5 @)l < e @) ||==|| e =111, (35.13)

p

which by virtue of Lemma 3.2.13 yields that b,(S3) < c.

whence by 3.5.2,0,(S,) <c+1 <[c+ 2] =:ic;5 (3.5.14)
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In view of 3.5.10 and 3.5.11 , combining Theorem 3.3.11 with 3.5.13
and Lemma 3.2.14, we obtain the existence of a polynomial r,
which is coconvex with S, and such that

1S3 (x) — rp ()l < ¢ (p). (3.5.15)
since S.(x) = S"(x),x € F¢, then by 3.5.2 we have for p € AG

b (Ss Fg) =0, (S,F5) <b(S) <1 (3.5.16)
Also for such p, s,(x) = S5 (x), x € F3¢, Hence from (3.5.9)
B (S4, F3¢) = by (S5, F3) < b,(Sy) < e (3.5.17)

We still have to approximate S,. To this end, applying Lemma
3.2.15, we construct three polynomials Q, and M, of degree < cn,
and we let D, (.,S4) of degree cny, be define by

Dy, (%) = Dy, (%, S) = T2, P (2) T, (2,5, Yo),

We begin with Q,, . for each q for which E; € F, let J, be the union
of all intervals I; € E; with j € UC. Recall that q € G, therefore by
3.5.5, the number of such intervals is at most 2k — 6 < ¢3/4, and
the total number of intervals in E; is ¢3 . Thus, by Lemma 3.2.15 is
applicable for each E;, and if we set  Q, = Xg cr Qu(-, Eq, o))

Where on the right-hand side are the polynomials guaranteed by
Lemma 3.2.15 (we consider ZquF Qu(-,Eq,Jdy) =0, if J, = 0), and

denote
a=]) a.
E,CF

Then we conclude that Q, satisfies

n(®)o(x) = 0,x € [-1L1]\F, (3.5.18)
n@e) = -T2, x e F\J, (3.5.19)
H@)o(x) 2 TR x e g (3.5.20)
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Note that 3.5.18-3.5.20 follow since for any given x all relevant
i'(%,Eq, J,), except perhaps one , have the same sign. Finally, it

follows from Lemma 3.2.13.

Ul < c |0y’

)
[CE(|x xl| +'Q'2)

p
Q@) < c(p),x € [-11]. (3.5.21)
Next we define the polynomial M;,. For each F,, with p € AG,

let Jp,- denote the union of the two intervals on the left side of
F3¢\Fp, and let Jp+ denote the union of the two intervals on the
right side of F3°\Fj.Also, let F,- and F,+ be closed intervals each
consisting of t := ¢3¢, intervals I; and such that

Jp- € Fp- c Fg¢and J,+ € F+ C F2e.
Now we set
M, = Zp&AG( Qn(-, Fp+: <.7p+) + Qn(': Fp_r Jp_)' since L= ¢3¢, , U = 2,

It follows from 3.5.5 that ¢, ﬁ > 2¢,4 . Again by Lemma 3.2.15

M (x)o(x) = —252 x €F, (3.5.22)

M) (x)o(x) > 204“(’” x € F2\F, (3.5.23)

” 25(s+1)
And My (®)o(x) 2 53 (=) ,x € [11]\F?%, (3.5.24)

Where in the last inequality we used the inequality,
max{ Q, dist(x, F?¢)} < dist(x, F¢),x € [—-1,1]\F?.
Finally , it readily follows from Lemma 3.2.15
M ()l < ¢ (p) (3-5.25)
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The third auxiliary polynomial the properties of which we need to
recall is D, (x) := D, (.,S,). by 3.5.14 and the choice of b lemma
3.4.17 yields

||§4(x) — Dnl(x)”p <c(p),x€[-11] (3.5.26)

And Lemma 3.4.21 combined with 3.5.10 and 3.5.12 implies that
for any proper interval A

Isi@) - @l <

Tt(x)

c2 ”nz
A

, X €
Lp(A)

(3.5.27)

T[(x)i( Q )13(5_1)
Q2% ny \dist(x,]1\]A)

b (S4, A) ||L o e
p

Put n; = ¢cgn, and write

R, =D, +¢c,Q,+c; M. (3.5.28)

By virtue of 3.5.21,3.5.25, and 3.5.26 , we obtain

1S4(x) = Ra(@)lp = ¢ (p),

which combined with 3.5.15, proves 3.5.3 for &, := R, + 1,..

Thus, in order to conclude the proof of Theorem 3.5.1 , we should
prove that 3.5.4 holds for our 7.

To this end , we recall that r, is coconvex with § , so that we only
have to deal with R,;.since 3.5.27 holds for any proper interval A ,
we will prescribe different ones as needed. As long as x € F, it
suffices to take A := F5, where p is such that x € Fp, Then the
quotient inside the big parentheses in 3.5.27 is bounded by 1, for
allx € F,and 3.5.16 and 3.5.27 yield

Isy ¢ - D, @l
m(x)

2

n

+ ¢y -
1

Lp(F)

m(x)
< c2(p) ||F b, (S4 F3)
Ly(F)
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,x €F. (3.5.29)
Ly(F)

< 26,(p) |3

If 2 € F?°\F, then it suffices to take A := F;¢ where p is such that
x € F3¢ and , similarly, 3.5.17 and 3.5.27 , imply

Isi @ - D@,

m(x) m(x) n

< ¢, (p) H b (Sq, F3¢) + ¢y > =

LP(FZE) Lp(FZE) 1

<200, () |52 | xeF (3.5.30)
Lyp(F=°)

Finally , if x € [-1,1]\F%, then we take A to be the connected
component of [—1,1]\F¢, that contains x, Then by 3.5.27

||§ (x) =D,/ (x)”p

&9;) bK(§4i ‘A)

p
m(x) n Q
0z <dist(x, I\Jl))

25(s+1)

m(x) Q by "
(dist(x,I\Fe)) ”p,x € [-L1]\F*, (3.5.31)

. Since by 3.5.28,

Ri(x)o(x) = c,Q (x)o(x) + ;M ()0 (x) + S, (x) o (x)
—[Isi@) - Dy @) x € [-11],

It follows by 3.5.20,3.5.22,3.5.12 and 3.5.29, that
com(x)
0?2

Ri(x)o(x) = 4-24+0—-2)=0,x€/.

If x € F\J, then 3.5.6 is violated so that

St (o) = 22 5 22 ()
02 02
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Hence, by virtue of 3.5.19,3.5.22 and 3.5.29 , we get

Rl (x)o(x) = W(—l —2+5-2)=0,x € F\J.

Next , if x € F?¢\F, then by inequalities 3.5.18 ,3.5.23 ,3.5.12 and
3.5.30,

we obtain

Ri(x)o(x) = 0, (3.5.32)
And finally, 3.5.12,3.5.18,3.5.24 and 3.5.31 imply 3.5.32

for x € [—1,1]\F?¢. Thus, 3.5.32 holds for all x € [—1,1], and so we
have constructed a polynomial %, , satistying 3.5.3 and 3.5.4, for
each n > ¢, divisible by c;. For all other n«s Theorem 3.5.1 follows
by the inclusion Y..(Ys) € Yie,n(Ys) .This completes the proof m
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Future Work

We intend to prove direct and inverse theorem, saturation
problems, negative theorems, Marched inequality for positive,
piecewise positive, monotone, piecewise monotone and k-
monotone, approximation using piecewise algebraic polynomials
that are copositive, comonotone and co k-monotone k > 3 with F
in Ly-quasi normed spaces for 0 < p < 1. We intend to relax the co
k-monotonicity k =0,1,2,3,... In order to have degree of
approximation in terms of moduli of higher order.
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Conclusion

In spite of the shape preserving constraints we can
approximate a piecewise convex function by a pointwise
polynomial in terms of higher orders moduli of
smoothness.

In chapter one we introduce some approximating
properties for this approximation.

In chapter two we study the piecewise convex
approximation or coconvex approximation on the quasi
normed space in terms of the ordinary modulus of
smoothness.

In chapter three we improve our results in chapter
two, by proving Direct theorems for piecewise convex
functions in quasi normed spaces using piecewise convex
piecewise polynomials in terms of Ditizian Totik modulus
of smoothness.
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