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¢ . dense The occlusion dense set via i — open set.

Nrdense Nested dense via i — open set.

N ; dense Focal nested dense via focal set.

Fadh dense Focal adherent dense.

P (A) Y — Operator via i — open set.

Ps(A) Y — Operator via focal set.

Ps-congested set

The congested set via focal set

P-congested set

The congested set via i-open set
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The set of all P, —congested sets.
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The set of all Pf, —crowded sets.
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Abstract

This study aims at determining how we can build a new space by using the i-topological
space via the proximity theory, and study of all the topological concepts that can be studied
in it. Also Studying the effect of the axioms of proximity theory on the topological concepts
with respect to i-topological space . And in this context first we introduced the meaning of
the concept of i — topological space (X, T,I) and the proximity spaces (X,8). Some of
topological concepts have been studied here including : i — closure, i — dense, i — interior, i —
continuous, i — open function, i — closed function and i — homeomorphism .Some of
properties related to these concepts used in this study were proved , the relationships

between current results and past results were given .

After that a new space was built which is the i — topological proximity space which

represents the first stage of this study.

The second stage of our study included defining a new set which we call the focal set and

study some of the characteristics and theories related to it.

And via the focal set we defined the following concepts: focal function, focal closure and
focal nested sets.Some of the characteristics and theories related to these concepts have been
studied. Also a new type of function was defined by using the focal set ,it is the formatting

function

In third stage we introduced the concept of density in i-topological proximity spaces , where

we studied four types of them.

The fourth stage of this study included the study of how to collect points in the i-topological
proximity space, and it was discussed in two different ways ,the first involves the use of
classical topological conditions and we called it the proximity crowded set, which is
determined by using the i — closure set and the nested set. The other form, which has been
studied using properties and axioms about the proximity relationship, is called the proximity

congested set . Some properties related to these two concepts have been studied.

Finally, in the fifth stage of this study, the s — operator was studied in its two forms, the

first using the i — open set and the other form using the focal set, with the most important
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properties related to it. Two types of i —sets are introduced and study and they are ,
Ys — set and Fy-set .
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Introduction

There are mathematical concepts in-depth in the non-contemporary history of mathematics
and it has acquired a wide horizon and resonance at the present time as a result of the
development of electronics and the large number of scientific, engineering and technical
problems that needed unconventional quick solutions, which stimulated researchers to search
and excavate in old studies in order to invest and link them with the mathematical concepts,
and among these concepts is the concept of ideal , where several problems are introduced via
the ideal. In the recently years, there has been a rapidly growing interest in applying the
concept of ideals in study different spaces ,and one of these spaces is the topological space.
Ideal study on topological space is not a new concept today, it has been studied in twentieth
century by Kuratowski ,K [20] in 1958 and Vidyanathaswamy ,R. [35] in 1960 ,after that the
researchers Jankovic, Dragan, and T. R.Hamlett [18] in 1990 defined the concept of I-open
sets,and then various mathematicians have applied theses concepts to topological spaces and
linked it with different spaces ,some of which we mention, in 2002 ,Kozae ,Abd EI-Monem
[23] study the relation between some topological concepts with respect to tand v . In 2004
,Ma,Zhihao,Junde Wu, and Shijie Lu. [27]give some algebraic application in ideal
topological spaces.In 2005 ,Hatir , E. and Takashi Noiri [15] study some of topological
concept with respect to semi —I-open sets in ideal topological spaces .In 2009 ,Ekici , E. and
T. Noiri [11] introduced and study the notion of x-extremally disconnected ideal topological
spaces and obtained Many characterizations of this space .In 2011, Khan , M. and T. Noiri
[19] introduced the notion of s*g-closed sets and they find that the family of all s*g-open
sets is a topology for X which is finer than T ,also they obtained some characterizations of
s*-normality and some preservation theorems in ideal topological spaces . In 2012, Modak
,shyampada [28] introduce and study a new topologies in ideal topological space. In 2013
Al-Omari ,ahmed, and Takashi Noiri [2] introduce a new definition of local function by
using the operator I' (A)(I, 1) called the local closure function of A with respect to I and 7 in
ideal topological spaces .In 2014 , Al-Omari,wadei and Mohd Salmi Md Noorani and ahmad
Al omari[7] introduced and study new classes of contra continuous function in ideal
topological spaces.In 2015, Ekici ,Erdal and ozlem Elmal [10] study the notions of RPI-sets,
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RPCI-sets and RCI-sets, various decompositions in ideal spaces are established via
generalized closeness .In 2015 , Janakia C. and A. Jayalalkshmib [17] studied the
generalized closed set via the regular local function in ideal topological spaces .In 2016
,Pavlovi¢, Aleksandar [34] introduced an investigate properties of the local closure function,
as a generalization of the 0-closure and the local function in ideal topological spaces.In 2017
,Maragthavalli ,S. and D. Vinodhini [31] applied the notion of alg-closed sets in ideal
topological spaces to present and study a new class of functions called contra alg-continuous
function and contra alg-irresolute functions. In 2018, Ahmad Abdullah Al-omari Modak,
Shyamapada, [1] introduce the concept of binary ideal topological space and discuss about
generalized binary closed sets and generalized kernel in the same topological space. In 2019
Selim, S., Noiri, T., Modak, S., and Kumomoto-ken, Y. S.[36] defined the filter with respect

to an ideal | defined on the topological space (X,T) .

One of the important concepts in ideal topological spaces is the concept of local function
,where it is indicated by A*and defined by the set A*(I,t) = {x € X|UNA ¢ I,foreveryU €
T(x)} ,which was invested by Natkaniec T. [ 32 ] in order to define y» —operator as follow :
Y: P(X) = T by the complement factor for this operator and it was defined as follows y(A)
= X /(X A)* .After that Modak Shyamapada [28] introduced the definition of y- set in (X,
1, I) as the set satisfy A S Int(CI((A))), and the collection of all y -set in (X, T, I) is
indicated by t ¥ ,also another definition of - set introduced by Modak,shyamapada and
Md Monirul Islam [29] ,which is indicated by a*"-set and this type of sets satisfy that A €
(v(Ax)). Some of the researches that included studies related to that operator we can see : Al-
omari Ahmad, and Takashi Noiri introduce and study ¥ -sets and utilize the Wg-operator
and define interesting generalized open sets and study their properties in [2] ,while in [3] A.
Vizary and Lazarow E. define the ¥, -density point and ¥; -density topology, and
generated by it analogously to the classical | -density topology on the real line. Islam ,md
Monirul and Shyamapada modak[16] study the sets in ideal topological spaces ,which

defined by the operators * and W-operator which is called *-set in [30] .

The second pillar of the study presented here is the use of the new old theory of proximity ,

this type of relationship was defined by Riesz,Frigyes [37] ,and rediscovered by
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V.A.Efremovich[12] in the 1952 , who is sketched the concepts of proximity spaces in his
"theory of enchainment", which received no further development at that time. Proximity
theory has achieved of applications for various fields, directly or indirectly such as[ 5,6,
13,24,38].

The development of proximity spaces is growing rapidly ,where lots of researchers are
interested to generalize this theory in many fields of applications like, Kinzi, H-PA in 1986
[21] He studies the class of topological spaces that admit a coarsest quasi-proximity, while
Cheon, Mee-Kyoung in his paper [8] in the same year shows that the quasi-proximity spaces
induced by a quasi-uniformity have the same property , and a quasi-proximity is a nearness
structure with the same topological closure operate . In 1994 ,Ferrer, Jesus[ 14] proved that
every T ; topological space with a unique compatible quasi-proximity should be hereditarily
compact, and showd that it is true for product spaces as well as for locally hereditarily
Lindelof spaces. Latecki, Longin, and Frank Prokop in 1995[25] use semi-proximity spaces
to establish a formal relationship between the “topological” concepts of digital image
processing and their continuous counterparts in R". In 2017 Kandil, A., S. A. EI-Sheikh, and
E. Said [22] introduce a new approach of proximity structure based on the grill notion .
Mukherjee, M. N., D. Mandal, and Dipankar Dey in 2019 [26] introduce a kind of proximity
structure, termed p-proximity, on a set X, which ultimately gives rise to a generalized

topology on the ambient set X.

This study included the construction of a new space which is called , the i-topological
proximity space,by the connected between the proximty spaces and a special type of ideal
topological spaces, which is the i-topological space defined by Irina [ 39] in 2006, which
includes the fulfillment of a set of conditions on the family T defined on the space, and
through a relationship defined by the ideal I .

The rest of this dissertation is organized as follows:

Chapter 1 contains three sections , in the first we provide a background on i-topological
spaces ,and in the second section we study the following concepts: i-interior , i- derived ,i-

adherent , i- closure sets , i-continuous , i-open , i-closed and i-homeomorphism functions .
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In section three we introduce some of basic definitions and properties of the proximity
spaces , with some theorems that we are needed in our study .finally in this chapter we are

constructed the i-topological proximity space .

Chapter 2 involves three sections , in the first we presented an integrated study related to
the topic of the focal set with its characteristics, theories and relationships.in section two we
define a new set by using the focal set which is the focal nested set also as another type of
this set ,it is the nested set which is defined by using the i-open set.in third section of this

chapter we define the concepts : focal closure, focal derived , focal adherent , set.

Chapter 3 includes a studying on a new operator which is the focal function , and for that we
have two sections , in the first we define the focal function via the focal set and in section

two we define it by using the i-open set .

In chapter 4 some types of density are discussed in i-topological proximity spaces, in section
one we study the focal nested density and nested density sets, while in section two we define

the focal density,focal derived density ,focal adherent density , occlusion density set .

Chapter 5 includes the study of the effect of the proximity relationship on the nature of the
crowding of points in space X ,which presented as a detailed study in three sections. The first
included a study on proximity focal uncongested set and proximity focal congested set. The
second section included a study on proximity non congested and proximity congested set.
Section three includes a study on proximity crowded set, proximity focal crowded set,

proximity not always crowded and proximity focal not always crowded set.

In chapter 6 a new definition of y» —operator introduced by using the focal set and proximity
relation as follow:in section one, and by using the i-open set and proximity relation in
section two .in section three we define two types of Y — set in i-topological proximity space
in the first we used the focal function concept and denoted by ys — set ,and in the other

type we used the focal closure concept and denoted by Fy-set.
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CHAPTER ONE

REVIEW OF NECESSARY
BACKGROUND MATERIALS



1.1 Study on the i — Topological Space

In this section we will review some concepts and definitions in the i-topological space ,with

some of theorems and properties related to it .
Definition (1-1-1)[20] :

Anon empty family | of subsets of a set X is called an ideal on X if and only if its satisfy the

following conditions

1. fAelandB<S AthenB€el.
2. fA,LBelthenAUBEI.
3. @ €l,but Xé&Iingeneral.

In our study A —ideal means that for any index A ,A; € I,then U ep Ay €1
Definition (1-1-2) [41]:
Let | be an ideal defined on a set X, and let A,B are subsets of X ,the relation a defined on X

as follows:

AaB if and only if A — B €1, also a relation = defined on X by the formula: A = B if and
onlyif A—-BUB—-AE€I.

Some properties of the relation a and = are showed in the propositions below.
Proposition (1-1-3):
Let I be any ideal defined on X and A, B, C are subsets of X, then:

AoX for each subset A of X ..

Aa@ ifand only if A € 1.

If A € Ithen A a B for each subset B of X .
If C<S Asuchthat AaBthenCaB.

If BS Dsuchthat AaBthenAaD.

If AaB; , and A a B, then

I. AaB; N B, ii. AaB; UB, .

o gk~ w N PE

7. If AaB, for each A € A where A is any index , then
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8.

i. Aot Uyep By, ii. Aan B, ,forlis A —ideal
If A, aB for each A € A, where A is any index then

I Niea A)\O(B i, UA}\(XB , 1is A —ideal

9. Ac«A for each subset A of X..
10.1f AaB and BaC then AaC .

11.1f A, aB,, for each A and £ € A then the following statements are true for | is A —ideal

i.UA;\aﬂB% ii.nA;\(XUB/&.

Proof:

AN

7.

9.

By definition (1-1-2) the result exist

Since A € I and by definition (1-1-2) we get the result

Since A N B¢ € A and by definition (1-1-2) AaB

SinceC € A,so CnN B¢ < An B¢ and by defintion (1-1-2) the result exist

Since B< D, we have that An D¢ < An B and by definition (1-1-2) we get that
AaD

I.Since AnBfeland AnBS €1,s0AnNn(B;NnB,)¢ €land by definition (1-1-1) ,
AaB; N B,

Ii. Since B; € B; UB, , and by (5) we get that AaB; U B,

I. By (5) and since AaB, for each A and because | is A —ideal,so by definition (1-
1-2) we get that Aa U, ¢ Ba
ii. Since AN By €1, foreachA € Aso An (nB,)¢ €landthen

Aa N By
I. By (4) and since N;¢p Ay € A, for each A and by definition (1-1-2) we get that
Naea ApaB
ii. since Ay N B¢ €1, foreach A € Athen (UA,) nB€ €1 ,and then U A,aB, for |l is
A —ideal .
By definition (1-1-2) we get that result

10. Since AN C € ANnB UBNAC®, hence AaC

74



11. Since A,aB, foreachA € Aand £ € Athen Ay — B, €1, 50
U A)L(X N B/& .
Corollary (1-1-4):

Let | be an ideal defined on X such that A;aB;,i = 1, ..., n then:

1. UL, Aja UL, B;

2. NiL; Aja UL, B;

3. NiL; AjaniL; B;
Proposition (1-1-5):

Let I be an ideal defined on the space X, and let A,B,C are subset of X then:

A = A for each subset A of X ..

A~ @foreachAel.

A =~ Xforeach A € Xsuchthat A° el.
IfA=~BandB~ CthenA = C.
A~BthenB= A.

IfA=~CandB~= CthenAUB = C.
IfA]- sz,jeAthen

N o 0 bk~ w D PE

i. UA; =N B; il. N A; = By , for Ais finite set .
8. IfA]- ~ B, ,A,j € Athen N A; =U B; , for A is finite set .
9. IfA; = B, foreach j € A then
i.NA;~B il. UA; = B, for lis A —ideal
10.1f A =~ B; for each j € A then
i. A =N B; il. A ~U B, for | is A —ideal
Proof:
2. By definition (1-1-2) and since A € I we getthat A = @
3. Since A° € I and by definition (1-1-2) we get that A = X

6. By proposition (1-1-3) (6) and by definition (1-1-2) we getthat AUB = C..
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7.

I. Since A;aB; and BjaA; so by corollary (1-1-4) we have U A;a U Bj and U Bja U A; , hence
UA; =U B;.

il. Since A;aB; and BjaA; , so by corollary (1-1-4) (3) we have N AjaB; and N BjaA; from
that we get N A; =N B; .

8. Since A;aB; and BjaA; , so by corollary (1-1-4) (2) and by proposition (1-1-3) (11) we

have N Aja U By and U Bya N Aj hence N A; =U By

9.1. Since AjaB and BaA; and by proposition (1-1-3) (8) we get that

ii. Since A;aB and aA; , so by proposition (1-1-3) (8) we get that U A; ~ B
10. By proposition (1-1-3) (11) we get the result.
Definition (1-1-6) [41] :

Let | be an ideal on X , an i — topological space on X is a family T of subsets of X that

check satisfies conditions :

1. X0€T.

2. Forany U C T, thereexist We TsuchthatuU = W .

3. Forany U,W € T, thereexist H € Tsuchthat UnW = H .
4. InT = {0}

Then (X, T, 1) is called i — topological space, and an item of T is called i — open set .
Example (1-1-7):

(X, Tp,{@}) is a discrete i — topological space, while (X,Tp,I) when we take 1=
{0, {x}},x € X, is not i — topological space for any space X .

Remark (1-1-8) :

1. If (X, T) is a topological space then there exist an ideal | defined on X such that
(X, T, 1) is i —topological space.
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2. (X, Tp,{®}) is called the discrete i — topological space where Ty is the discrete

topology
3. (X, T;,) is called the indiscrete i — topological space where T;is the indiscrete

topological and | is any ideal defined on X .

Noted that if (X, T, [;) , j = 1,2are i — topological space,such that Ty, T, are topological
spaces, then (X, T; NT,,I; N1,) is i — topological space but (X,T,; UT,,I; n1,) is not i —
topological space as in the following example .

Example (1-1-9) :

Let X={ab,c} and T, ={X,0,{a},{b}} I, ={0.{c}} , T, ={X 0,{b},{c}} and I, =
{@,{a}}, thenclearlythat T, UT, = {X,@,{a}, {b},{c}} I, NI, ={B}so X, T, U T, I; n1,)
Is not i — topological space because there exist a familly U= {a,b}, but u U W, for each i-

openset Win X .

Proposition (1-1-10) :
I — topological space (X, T,I) ,may be not a topological space.
Example (1-1-11) :

Let X={a,b,c}, T ={0,X {a}, {b}} and 1 ={@,{c}} then (X,T,l) is i- topological space,

but not topological space ,where (X,T) is not a topological space .
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1.2 Some Topological concepts in i-Topological space

In this section we will study the following concepts: open set, interior set, derived set,

closure set, and dense set in i — topological space.
Definition (1-2-1):

Let (X, T,I) be an i — topological space .A point x € A is called i — interior point of A € X if
and only if there exist i — open set H such that x € H € A and the set of all i — interior point
of Ais denoted by i —int (A) .

Proposition (1-2-2):
Let (X, T,I) be an i — topological space and let A, B are subset of X then :

i-int(A)=U{HeT:HcA}

If AC Btheni- int(A) Si— int(B).
i—int(ANB) €i—int(A) Ni—int(B).
I—int(A) Ui—int(B) Ci—int(AUB).
ifA€TthenA=i—int(A).

6. i—int(A) CA.

o M w0 npoE

The following example shows that i - int (A) is not necessary i — open set and also if
A =1i—int(A) then it is not necessary that A € T as in the example below .Also the

converse of cases (3) and (4) are explained .
Example (1-2-3) :
Let X={a,b,c},T={X0,{a},{b}},and 1 = {@,{c}}, then if A= {a b} we get that i —

int(A) ¢ T, also we have A =1i—int(A) but A¢ T ,and when we take A ={a,c},B=
{b,c} then i —int(AUB) =X € i—int(A) Ui — int(B) ={a,b}.

Example (1-2-4):

Let X ={a,b,c}, T = {X, @, {a, b}, {a, c}} ,and I = {(Z), {b}, {c}, {b, c}} then if A ={a,b},B =
{a,c},soi—int(A)Ni—int(B) ={a} £i—int(ANB) =0 .
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The following proposition shows that ideal has no effect when the case of inclusion is

studied with respect to i-interior set .

Proposition (1-2-5):

Let (X, T;,1),j = 1,2 be an i — topological spaces such that T, c T, then, i —inty (A) S i—
intr, A).

Proposition (1-2-6):

Let (X, T,I) be an i—topological space, then i —int(A) = @ ,foreachA €l .

Proof:

1. If possible that i —int(A) # @ , so there exist x € i — int(A) , then there exist i — open
set H ,such that x € H € A ,and by definition (1-1-1) we get that H € I and this
contradiction .

Clearly that for indiscrete i-topological space with the ideal 1={@, {x}}, if we take A={x;},
x; belong to X ,theni—int(A) = @ ,but A doesn’t belong to .

Definition (1-2-7):

let (X, T,I) be an i — topological space and let A € X ,then x is called i — limit point of A if
and only if for each i — open set U of x , U, N A/ @ .The set of all limit points of A is
called the i — derived set and denoted by i —d(A) .

The following example shows that it is not necessary thati — d(A) = @ , when A € 1.
Example (1-2-8):

LetX ={a,b,c}, T = {X, ?,{a, b}, {a, C}} ,and I = {(b, {b, c}, {b}, {C}} thenif A={b,c} soi
—d({b, c}) = {a} which is not empty set.

Some properties of i-derived set are discussed below.

Proposition (1-2-9):

Let (X,T,I) be an i — topological space and let A,B are subset of X then each of the

following are achieved:
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1. Ac Btheni—d(A) €i—d(B).
2. i—d(AuB)=i—d(A)Ui-—d(B).
3.i—d(AnB)ci—d(A)ni—d(B).
4. i—d(A) < A ,for each i — closed set Aof X.

Proof:
1. The prove exist by definition (1-2-7) and by hypothesis that A € B.
The prove of (2) and (3) exist by definition (1-2-7) and by (1).

4, Let xei—d(Aso UNnA/,# @ ,for each U € T(x) ,where T(X)={Ue T:x € U}, If
X & Athenx € A®,and A®isi—openset, so AN A/,# @ and this contradiction.

The converse of case (3) and (4) is not true as in the following example:

Example (1-2-10) :

LetX ={a,b,c},T={X,0,{a}, {b}} and 1 ={0,{c}} and if A = {c} , s0 id(A) S A but A is
not i — closed set .

We are discussed the state of inclusion with respect to the i- derivative concept in this

proposition.
Proposition (1-2-11):
Let (X, T;,1),j = 1,2 be an i — topological spaces such that T, T, then i—dg,(A) Si—
dr, (A).
Definition (1-2-12):
Let (X, T,I) be an i — topological space and let A is a subset of X ,the i — closure of A is the
intersection of all i — closed sets consist of A ,and is denoted by i — cl(A) , i.e,i—cl(A) =
N{H:Hisi-closed set, A € H}
Remark (1-2-13) :

1. i—cl(A) is not necessary is i — closed set .

2. Aci—cl(A), for each subset A of X .

3. i—cl(i—cl(A)) =i — cl(A), for each subset A of X.
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4. i—int(A) #= X — (i—cl(A)).

The following example explains the case (1) above

Example (1-2-14) :

Let X={ab,c},T={X 0 {a}{b}} and I={®,{c}} then If A={c} we get that i-—
cl(A) = {c} which is not i — closed set. And if A = {a} we get thati—int (A) ={a} #X—
(i — cl(A)) =X —{a,cl.

Now below some propositions related to i-closure are discussed.

Proposition (1-2-15):

Let (X, T, ) be an i — topological space then:

1. If Alisi—closed set then A =i — cl(A) but not conversely.
2. AUi—d(A) =i—cl(A).
3. X—(i—cl(a) Si—cl(X—A)

Proof:

1. Let A be ani—closed set, then by definition (1-2-12) we getthat A =i —cl(A) .

2. Let x€ AUi—d(A) so x€ A or x € d(A) ;if x € A and by definition (1-2-12), then
Xx€i—cl(A)andifx¢ Aandx €i—d(A),so foreachi—opensetUofx, UNnA/#
® hence UN A # @ ,and by proposition (1-2-15) we get that x € i — cl(A) ,from this
conversation we get that AU id(A) € i —cl(A) . Now let x € i — cl(A) , if possible that
X AUid(A)sox ¢ A and x ¢ id(A) hence Un A/,= @ ,for some i — open set U of x
and since x & A so by proposition (1-2-15), x € i — cl(A) and this contradiction .

3. Let x € X—(i—cl(A)), then x & i — cl(A) so by proposition (1-2-15) there exist i-open
set H of x, satisfy that HN A = @ ,hence H € (X — A), and then x € (X — A) , from that
and by remark (1-2-13)(2) we get that x € i — cI(X — A).

Proposition (1-2-16):

Let (X, T,I) be an i — topological space ,thena € i — cl(A) if and only if UnN A +# @ for each

i —open set U of a.

Proof:
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Let a € i—cl(A) and suppose that Un A = @ ,for some U € T(a), hence A€ X—-U ,and
since i — cl(A) is the intersection of all i — closed set containing A ,s0 i —cl(A) € X—-U
,and then a € X — U ,and this contradiction. Conversely if possible that a¢ i — cl(A), then by
proposition (1-2-15)(2) a¢ AU i—d(A), but Un A # @, for each i —open set U of a, and

this is contradiction .
Proposition (1-2-17) :
Let (X, T,I) be an i — topological space ,and let A,B are subset of X, then each of the

following are exist:

1. ASBsoi—cl(A) €i—cl(B).
2. i—cl(AUB) =i—cl(A) Ui—cl(B).
3.i—cl(AnB)<ci—cl(A)ni—cl(B).

Proof:

1. The proof exist by proposition (1-2-9) and by hypothesis.
2. The proof exist by (1) and by proposition (1-2-9).
3. The proof exist by (1) and by proposition (1-2-9).

The following examples explain the converse of case (3)

Example (1-2-18):

Let X={a,b,c},T= {X, ?,{a, b}, {a, c}} and I ={@,{b},{c},{b,c}} so If A={ac},B=
{b,c}then i —cl(A)ni—cl(B) =XZi—-cl(AnB) ={c}.

Proposition (1-2-19):

Let (X, T;,1),j = 1,2 be an i — topological spaces such that T; c T, , theni — cly (A) S i —
ClT1 (A)

Proof:

By proposition (1-2-11) we get the result.

Proposition (1-2-20):
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Let (X, T,I) be an i — topological space, then Uni—cl(A) € i— cl(Un A) for each i-open
set Aof x .

Proof:

Let x€eUnNi—cl(A) ,then xe Uand x € i — cl(A), if possible that x ¢ i — cl(U N A) ,then
there exist w € T(x) such that w n U N A = @ and this contradiction.

Example (1-2-21):
Let X={ab,c}, T={X0,{ab}{acl}and I={0,{c}} if U={ac},A={bc} then
Uni—cl(A) ={acin{X}={ac}Zi—cd(UnA) = {c}
Remark (1-2-22):
Uni—cl(A) =UnA, for each i-closed set A of X.
Definition (1-2-23):
Let (X, T,I) be an i — topological space and let A € X then A is called i - dense set if
i—cl(A) =X.
Example (1-2-24) :
In the indiscrete i — topological space (X, T;, {@}) ,every subset of X isi - dense set .
Proposition (1-2-25) :
Let (X, T,I) be an i — topological space and let A, B are subset of X, then :
1. Ac Band Aisi- densesetthen Bisi- dense set.

2. ANBisi- densesetthen A and B are i - dense set.

3. IfAorBarei- densesetthen AUB isi- dense set.

4. If Aisi-densesetand U € T,then U C i — cl(U N A).

We can see in example (1-2-21) if A={a,b}, B={b,c}then clearly that A,B are i-dense
sets but A N B = {b} is not i-dense set.Also if A={b}B={c} ,then A U B is i-dense set but

not A niether B is i-dense set.
Proposition (1-2-26) :
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Let (X, T,I) be an i — topological space then Aisi- dense if and only if UNnA # @, for

each i —open set U.
proof :

If possible that UnA =@ for someU €T, so for some x€X, x&i—cl(A) and this
contradiction . Conversely, since UN A # @ for each U € T, so for each x € X and each
UeTx),UNA =+ @hencei—cl(A) =X

In the proposition below we will discuss the inclusion with respect to the i-density concept.
Proposition (1-2-27) :

Let (X, T, I) ,j = 1,2 be an i —topological space such that T; c T, then every ir, — dense set
is iy, — dense set.

Proof :

By proposition (1-2-19) and definition (1-2-23) we get the result .

Now the concept of resolvable spaces discuses below.

Definition (1-2-28) :

Let (X,T,I) be an i — topological space then a subset A of X is called i — nowhere dense set

if i —int(i—cl(A)) =@ ,and if i—int(i—cl(A)) =@ , we say that A is i — somwhere

dense set .

The set of all i — nowhere dense set of (X, T, ) is denoted by I (T, I).
Clearly that if Ais i-dense set then A is i-somwhere dense set.
Proposition (1-2-29) :

Let (X, T,I) be an i — topological space and A, B are subset of X ,then each of the following
are holds.

1. A <€ B and B is i —nowhere dense ,then A is i — nowhere dense .
2. If AorBisi—nowhere dense, then A N B is | — nowhere dense set.

3. If AU B isi—nowhere dense set, then A and B are i — nowhere dense set.
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Proposition (1-2-30) :

Let (X,T,I) be an i — topological space, then if A is i — nowhere dense set ,theni — int(A4) =
Q.

Proof :
Since i — int(A) < i — int(i — cl(A)),s0 from that we get i — int(4) =9 .

The following example shows that the union of two i — nowhere dense sets is not necessary i

— nowhere dense set.

Example (1-2-31) :

Let X={a, b, ¢} ,T ={X0,{a,b}{a c}},and 1 ={0,{c},{b}, {b,c}} .If A={b},B={c}
then A and B are i — nowhere dense sets,but A U B is not i — nowhere dense set

Proposition (1-2-32) :

If (X,T,I)isi—topological space,then TNnIy(X,T) =0.

Proof :

If possible that T N Iy (T,1) # @ ,s0 there exist ® # A € T ,and A is i — nowhere dense set
and hence i — int(A) = @ .and by proposition (1-2-2) (5) this contradiction.

Remark (1-2-33) :

Since the union of two i-nowhere dense sets is not i-nowhere dense set then I, (X, T) is not

an ideal.

Some of definitions and theorems deals with the concept of functions that we are needed in

this study we are discussed below :
Definition (1-2-34) :

A mapping f:(X, Ty, Ix) = (Y, Ty, 1y) is called i — continuous function if and only if the
inverse image of each i — open set in Y is i-open set in X.

Definition (1-2-35) :
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A mapping f: (X, Ty, Iy) = (Y, Ty, 1) is called i — open function if and only if the image of

each i —opensetin Xisi—opensetin.
Definition (1-2-36) :

A mapping f: (X, Ty, Iy) = (Y, Ty, 1) is called i — closed function if and only if the image

of each i — closed set in X isi1—closed setinY .
Definition (1-2-37) :

A function f : (X, Ty, Iy)) — (Y, Ty, Iy) is called i — homeomorphism function if and only if

f is bijective ,i-continuous and f~1 is i-continuous function .

Theorem (1-2-38) :

Let f: (X, Ty, Ix) = (Y, Ty, Iy) is i — closed function thenf (i — cl(4)) = i — cl(f(A)) for
each i —closed set A of X .

Proof :

Let A isi— closed set then by (1-2-16)(1) i — cl(A) = A ,and then i — cl(A) is i — closed set,

because f is i — closed function we get that f(i — cl(A)) Is i — closed set, so f(A) =
f(i—cl(A)) hence i — cl(f(A)) = f(i — cl(A)) .
Theorem (1-2-39) :

Let f: (X, Tx, Ix) = (Y, Ty, Iy) bea bijective function then each of the following are

equivalent:
1. fisi—homeomorphism function.
2. fisi—-open and i— continuous function.

3. fisi—closed and i — continuous function.
Definition ( 1-2-40 )[36]

A non empty subset M of P(X) is said to be filter if each of the following conditions are

exist:
1. if A,B € M, then so is their intersection.
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2. If A€ M, and AC B ,then BE M.
3. D&M, XeM.
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1.3 The Proximity spaces

The definition of proximity spaces and some of properties are introduced in this section.
Definition (1-3-1) [33] :

A binary relation & defined on the power set of X is called proximity on X if and only if it

satisfies the following axioms :

1. AS6B implies B6A
2. AUBGSC ifand only if ASC or B6C
3. A6B impliesA + @and B # @
4. AN B #= @ implies A6B
5. ASB implies there exists a subset E of X such that AGE and X — ESB .
The pair (X, ) is called a proximity space .
Definition (1-3-2) [33]:
A proximity space 6 on X is separated if it satisfies that x8y implies x = y and (X, 6) is
called separated proximity space . Note that x§y means that {x}5{y}.
Example (1-3-3)[33] :

For any space X if we defined the relationd by AéB if and only if AN B # @ for any
subsets A and B of X then (X, §) is called a discrete proximity space also (X, &) is called

separated discrete proximity space .
Example (1-3-4) :

Let X be a non empty set and & defined as follow , AdB ifand only if A+ @,B # @ then §

is called the trivial proximity space (X, §) which is not separated .

Some of axioms of proximity spaces listed in the following propositions below .
Proposition (1-3-5) [33] :

Let (X, §) be an a proximity space then each of the following are exist:

1. If ASB ,then ASC foreach C c B
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2. If A6B ,then C5B foreach C c A

3. IfA6B thenANB =0

4. 1f USV ,then VU

5. If A6B ,then {x}5B foreachx € A

6. If A5C and BSC ,then AU BSC
Proposition (1-3-6)[33] :

Let (X, ) be an a proximity space then :

1. If B6C ,then ASC where B € A

2. 1f B6C ,then BSD where C € D

3. If ASD€ or D6B ,then A6B foreachD € X

4. If ASB ,then {x}6B for some x € A and also A6B then A5{y} forsome y € B .

A definition of proximity neighborhoods with some properties on it are discuss below
Definition (1-3-7)[10] :

A subset B of a proximity space (X, ) is called § — neighborhood of A if A5X — B and this
is denoted by A < B..

Theorem (1-3-8)[30] :
In a proximity space (X, §) the relation « has following properties :

XKX.

@ « A for any subset A of X .

A K BimpliesAcB.
AcB,BLKCandC<SDimplyA«LD

AL B;,i=1,..,nifandonlyif AKn{B;:i=1,..,n}
A K Bimplies (X —B) K (X — A)

If A < B implies, thereis C ¢ X suchthat A « C & B

If & is separated then x < (X —y) ifandonlyif x #y

© 0 N o g M w DN PE

If A;<B;,i=1,..,n then U{4;:i=1,..,n}kn{B;:i=1,..,n}, and U
{Ad;:i=1,..,n}KU{B;:i=1,..,n}
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10. A « X, for each subset A of X.

11. If {x} <K Athenx € A

12. A K Bthen {x} < Bforallx € A
Definition (1-3-9)[9]:

The proximity § defined on a non — empty universal X is called o — proximity if for any

arbitrary family {u, ; 1 € p} of subsets of X, it has the following feature B 6 Uyep py, iff
B & uy, forsome 1, € S .
Definition (1-3-10)[9] :
A mapping f : (X,8) — (Y, 6y) is said to be proximity or § — continuous if AdyB then
f(A)Syf(B) foreachA,B € X .
Definition (1-3-11)[9] :

A proximity space (X, d) is called 6§ — Connected space if every § — continuous function

on X to a discrete space is constant. A subset A of X is § — connected if it is § —

connected as a proximity subspace, and otherwise is called 6 — disconnected.
Proposition (1-3-12)[9] :
In any proximity space (X, §) the following statement are equivalent :

1. (X,8)is 6 —connected
2. A6X —Aforeach® # A+ X
3. If X = AU B and ASB then one of sets A , B is empty .
Proposition (1-3-13)[9] :
A mapping f from a proximity space (X, §) into a proximity space (Y, 8y) is § — continuous

if and only if for each P,Q c Y P&, Q implies f~1(P)dxf~1(Q) .

Corollary (1-3-14)[9] :

A mapping f : X - Y of a proximity space (X,d) into a proximity space (Y,8y) is 6 —
continuous if and only if P «y Q implies that f~1(P) «x f~1(Q) foreach,Q c Y.

Corollary (1-3-15)[9] :
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Let f be a mapping from a proximity space X into a proximity space (Y,dy) then &y =
f~1(8y) is the coorsest proximity on X for which f is § — continuous mapping .
Definition (1-3-16)[9] :

If £: (X,8) - (Y,8y) is bijective § — continous mapping and =1 : (Y,8y) - (X,8) is § —
continuous mapping then f is said to be is proximally isomorphic or 8 — homeomorphism

fromXontoY .
Definition (1-3-17) :

The quadruple (X, T,I,8) is called i — topological proximity space where (X, T,I) isi —

topological space and (X, 8) is a proximity space.

91



CHAPTER TWO

THE FOCAL SET AND ITS
APPLICATIONS IN i-
TOPOLOGICAL PROXIMITY
SPACE



2.1 Study on the Focal set

Through the characteristics and properties of ideal we were able to give a new definition to
neighborhood of a certain point. We presented the most important results and their properties
in this section.

Definition (2-1-1) :

1. Let (X, T,I,8) be an i — topological proximity space, then a subset A is named a focal
set of a point x € X if we have U € T(x) such that U a A.The system of all focal sets
of a point x is denoted by I (x) = {A < X:3U € T(x), UaxA} .Noted that X is a focal

set foreachx € X..
There are several properties to focal sets among them and then is also a relationship between
them and ideal on one hand and T(x) on the other hand shown by the following theorem:
Theorem (2-1-2) :
Let (X, T, 1, 6) be an i — topological proximity space and let A,B are subsets of X , then each
of the following properties are holds :
Foreach A € T(x),then A€l (x)and @ € Is (x).
If B €Is (x) and B < A ,then A is a focal set of x .
ABelg (x)ifandonlyif AnB €l (x).

A w0 e

For eachB € I¢ (x) , then we have A € X, such that Ba A, and A € I (y) for each

yEA.
Foreach A € 1 then A & I (x).

IfA € Ig; (x), then A€ ¢ Igg x) .

N o a

If A€, then A€ € Ig (x), foreachx € X.
8. IfA,BE€ s (x),then AUB € I (x) .

Proof:

1. Let A is i-open set then the result exists by the definition , also because T N1 = {@}
and ¢¢ = XsoforeachU e T,XNnU=U¢&1.
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2. Exist by proposition (1-1-3) part (5) and by definition (2-1-1)

3. let x € X and U, U, € T(x) such that U; a B and U,aA , since U;,U, € T then we
have W € T such that U; n U, = W which impty that (U; n U,)aW and Wa(U; N
U,) , since U,;aB and U,aA and by collary (1-1-4)(3) we have U; N U,aA N B hence
WaU,; N U,aA N B sol by proposition (1-1-3) (10)we have WaA N B..

Now to prove that x € W , if bearable that W & T(x) , so for each H € I, We get

W —H¢&lI, butWaU, nU, € U, ,s0 by proposition (1-1-3)(5) we get that , W o< U;

and U € I, and this contradiction ,hence x belong to W.

Conversely, let An B € Is (x) then there exist W € T(x) such that W a AN B, hence

WnANB)elso, WNA)UWNB® eland hence WNnA®eland WN B¢ €
[and from that we get A € I (x) and B € I (%) .

4. Let B€Ig (x) and A € T(x) ,such that AaB ,therefor for each y € A,A € T(y) , but
AaAso A€ lg (y).

5. Suppose that A € Ig (x) so we have U € T(x) such that N A° € I, but A € I ,then by
definition (1-1-6)(4) (U N A®) U A € I from that we get U € I and this is contradiction .

6. Let A € I (x) ,s0 by (2) (1) A° & I ().

7. LetA €1, if bearable that A® & I (x) ,then for every U € T(x),UN A & I and this is

contradiction because U N A C A.
8. The proof is similar to (3) .

The converse of case (1),(8) ,(5) explain in the following examples :
Example (2-1-3) :
Let X = {a,b,c},T = {X, 0, {a,b}},and I = {@} then I (a) = {X, {a,b}} =14 (b),
I (c) = {X} ,then {a, b} € I¢ (a) , but {a}, {b} & I5 () .
Example (2-1-4) :
In the space (X, T;,I) ,where T; is the indiscrete topology, and I = {@, {a}, {b}, {a, b}}
thenlg (a) = Ig (b) = Is (c) = {X, {c},{a, c}, {b, c}}
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so clearly that {c} is a focal set of ¢ but it is not i — open set .

Example (2-1-5) :
Let ={a,b,c} , T={X,0,{a},{b}},and I = {@,{c}} .then Is (a) = {X,{a,b}} =I5 (b),
I (c) = {X} ,then clearly that {a,b} € I (a) , but{a} c {a,b},and {a} € I (%) .

The relation between the system of i-neighborhoods and the focal set is explained in this

proposition .

Proposition (2-1-6) :

Let (X, T,1,8) be an i — topological proximity space, then N(x) < Is (x) , for each x € X
,where N(X) is the i-neighborhood system of the point x .

Proof:

Let A € N(x) then there exist G € T, suchthatx e G S A,so G—A €landthen A € I5 (x)

Remark (2-1-7) :
2. By example (2-1-4)we can see that if A € I (x) then it is not necessary that x € A,

like {c} is a focal set of the pointabuta ¢ {c}.
Proposition (2-1-8) :

Let (X, T, I) be a space . Then the system of focal set constructed a filter for each x in X..
Proof :

By theorem (2-1-2)(2,3) and remark (2-1-7)(2).

Remark (2-1-9):

Let (X, T, I) be aspace , then T(x) < Ig (x) for each x in X..

The influence of the concept of embedding for ideals and embedding for topological on the

focal set is discussed in the following propositions:

Proposition (2-1-10):
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Let (X,T,I;),j = 1,2 be aspaces such thatI; S I, then I ¢ (x) € I, ¢ (X).
Proof :
Let A € 1; ¢ (x) then we have U € T(x) such that Ua A ,so UNA® €I, hence Un A® €1,

andthen A € I, (%).
Noted that in proposition (2-1-10) if we have two i-topological spaces (X, T}, I),j=1,2 such
that T; € T,, we can get that IT% (x) € IT2§ (x).
Proposition (2-1-11):
Let (X, T, I]-) ,j = 1,2 be ani — topological spaces such that T, is finer than T,and I,is finer
than I, then :

1) Igr,®) ST,

2) Ligr,(®) € Lhgr,(%)

Proof :

1- Let A€l ¢, (%) then we have U € T, (x) such that U a A, so Un A® € I; hence by
assume U € T,(x), UN A° € I, and then A € I, (%)

2- Since I; € I, and by above proposition the result exists .
Definition (2-1-12) :

A function f: (X, T, I,) — (Y, T,, Iy) is called formatting mapping (simply F — map) if satisfy
that f(Uy) € Ig (f(x)), for each x € Xand U € I (x).

From this definition we can deduce the following proposition .

Proposition (2-1-13)

If £: (X, T,I) = (Y, T, ly) is i-homeomorphism, then f~*(Ugy,) € Ig (%), for each Uy, €
Ig (f(x)) X E X.

Proof:
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Let Uy € Iyg (y) so because f is onto there exist x € X such that y = f(x) also there exist
H € Ty(y) satisfy that H— U, € Iy and because f is homeomorphism f~*(H) — f~*(Uy) =
f~*(H-Uy) € f~'(Iy) , but f~*(H) € T(x) since f is i-continuous hence f~*(Uy) € I5 (x) .
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2.2 The Nested set

This section includes presenting and studying different forms of nested set in i-topological
proximity spaces in addition to studying some of the characteristics related to them and the

relationships between them.
Definition (2-2-1) :

Let (X, T,I,8) be an i — topological proximity space then a point x in X is called a nested
point of a sub set A of X if there exist a proper subset U of X such that U € T(x) and U5 A
the set of all nested points of A is called a nested set and denoted by Xr(A) = {x € X: IX #
U € T(x), U 8A}.

The relation between i-interior and nested set is discussed below .

Proposition (2-2-2) :

Let (X, T,I,8) be an i — topological proximity space then i —int (A) € Xt (A) for each proper
subset A of X

proof :

let x € i- int (A) , so there exist U € T ,such that x € U c A exist U € T(x) ,but x§ A by
definition (1-3-1)part (4), and x € U so by proposition (1-3-6)part (1) U § A ,then x € Xp(A)

Example (2-2-3) :

Let X ={a,b,c}, T = {X,0,{a}, {c}} 1 = {@, {b}},with a trivial proximity & defined on X, so
if A={b}, thenclearlythat i-int(A) 2 X;(A) = {a,c}.
Remark (2-2-4) :

1. In the i — topological proximity space (X, T,1,8) , i — int(X) 2 Xp(X) for each

aproximity relation 6 on X

2. Xr(X) # X in general for each i — topological proximity space X .

3. Xr(A) #X—i-cl(A).

4. Xt(A) isnot i— open set in general .
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5. Xt (A) is not necessary a subset of A.

6. Itis not necessary that A is i —open set if and only if X;(A) =A.
Cases (3),(5),(6) are explained in the examples below
Example (2-2-5) :
Let X={a,b.c} , T ={X,@,{a,b}},and 1 = {#} ,where § is the discrete proximity , then if
A = {a} ,soRXr{a} ={a, b} € A .Also Xp(A) # X-(i - cl{a}) = @ ,and X (X) = {a,b} # X.
Example (2-2-6) :
Let X={a,b,c}, T =P(X),I = {0} and & is the discrete proximity defined on X, then if
A = {a} ,which isi—open set, clearly that Xp{a} # {a} .
Proposition (2-2-7) :
Let (X, T,1,8) be an i-topological proximity space ,and let A be a subset of X ,then each of
the following are exist:

1. Xp(A) =Uu{UeTX):x€eA}

2. Xr(A) € g (%), for some x € A.

Proof :

1. Letx € Xp(A) suchthatx € A, so U 6 A ,for some U € T(x) , hence x €U
{U e T(x):x € A}. Conversely, letx eu {U € T(x):x € A}, then there exist U €
T(x),and x € A,s0 U S A ,imply that x € Xp(A) .

2. If possible that X;(A) € Ig (x), such that x € A, then for each i — open set H of
x,H—X;(A) ¢ I, hence H— X, (A) # @, so there exist y € H and y ¢ X;(A) and by
definition (2-1-1) for each w € T(y), wdA, but H € T(y), so H5A , for each H € T(x)
,but by assumption we have x € A ,and this contradiction.

Example (2-2-8) :
Let X ={a,b,c}, T = {X,0,{a}, {b}} and I = {@, {c}} and § is the discrete proximity defined
on X, thenif A = {a,c}, {a} = Rp(A) thenRr(A) € I (a), butRr(A) € Ig (c) .
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The following proposition shows the properties of nested set .

Proposition (2-2-9) :

Let (X, T,1,8) be an i — topological proximity space and let A , B are subsets of X then the

following holds :

o ~ w e

6.

A € Bthen Xt(A) € Xp(B) .

Xt(A N B) S 8 (A) N Xp(B).

Nr(AUB) = X&r(A) U Xp(B).
IfA€T,then A C Xp(A).

Nr(Rr(A)) = R (A) .

If Ais i-closed set then (Xt(A))¢ € Xt (4°)

Proof :

1.

Let x € Xr(A) , then there exist U € T(x) such that USA but A € B then by
proposition (1-3-6) we have U6B ,hence x € X+ (B) .

SinceAnNB S Aand An B < B and by (1) the result exist .

SinceAC AuBand B <€ AU B ,s0 by (1)we have that Xt(A) U Xt (B) € Xr(AU B)
. Now let x € Xt(A U B) so there exist U € T(x) such that U § A U B and by definition
(1-3-1) we have U8B or U8B, hence, x € Xt(A) U Xp(B) .

Let x € A, and by assumptionA € T,s0 A € T(x) hence A8 A, and then x € Xt(A) .
Let x € Xp(Rp(A)) ,s0 by proposition (2-2-7)(1), x€U{UE€e T(x):x € Rp(A)} ,
hence x € X (A) .Now let x € Xp(A) ,then If possible that x & NT(NT(A)) hence for
each V € T(x),V8R1(A) so V N R(A) = @ and this contradiction .

Let x € (Rp(A))€ ,then x ¢ Rt(A) , so for each i-open set H containing x H8A, and

then x € A€, and because A is i-closed set by assume then by (4) x € X (A€) .

The converse of cases (1), (2)and (4) are explained in the following example

Example (2-2-10) :

Let X={a,b,c},T ={X,0,{a,b},{a,c}} and I = {0,{c}} , with the discrete proximity, If
,B={c},A={a} ,then Rr(ANnB)=0 , but Xp(A) =X,Rp(B) ={a,c} Kr(A)N
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Nr(B) ={a,c} € Xt(ANB) .Also Xr{c}={a,c} < X{a,b} =X ,but {c} € {a,b} and
{b} € Xt({b}) = {a,b} but{b} & T

The effect of inclusion of ideals on the nested set discussed in proposition below .
Proposition (2-2-11) :

Let (X, T, I, 8),j = 1,2, be an i — topological proximity space such that T, is finer than T,
then Xr (A) € Rp,(A) .

Proof :

Let x € ¥ (A) so there exist U € T; (x) such that USA ,hence there exist U € T,(x) ,U S A
then x € X, (A).

Now a new definition of nested set via the focal set shown below
Definition (2-2-12) :

Let (X, T,[,8) be an i — topological space a proximity space then a point x € X is called a

focal nested point of A € X if and only if there exist U € I5 (x) is a proper subset of X,
x € U such that USA .The set of all focal nested points of a set A is called a focal nested set
and denoted by X  (A), ie , Ry, (A) = {xeX:aU € §,(x),U8A} , where $ (x) ={U €
Ig(x),x € U}

Example (2-2-13) :

Let (X, T;, {®}) where T; is the indiscrete topology and & is the discrete proximity defined on
X, so N1¢ (A) = @, for each subset A of X ..

The relation between the two types of nested set is discussed below

Proposition (2-2-14) :

Let (X, T, I, &) be an i — topological proximity space , then X (A) € §; ; (A) for each subset A
of X.

Proof :

101



Let x € ) (A) so there exist U € T(x) , such that USA and by theorem (2-1-2) (1) we
have U € I (x) , hence x € ngs (A).

Some of properties of focal nested set are show below .

Proposition (2-2-15) :

Let (X, T,1,6) be an i — topological proximity space . Then ngs (A) cu {U €lg (x):UC
X, x € A} }

Proof :

Let x € leﬁ (A) such that x€ A , so there exist U € I (x),USA , hence x €U {U €
I (x):U C X,U8A,x € A}.

Example (2-2-16) :

Let X={a,b,c},T={X0,{a},{c}},1={0,{b}} and & is the discrete Proximity. Let
A={c, ¥, {}=factand U{UEIl; ():USA,xEA}=XZ N .

Remark (2-2-17) :

Let (X, T,I) be an i — topological proximity space , then we have the following features of

focal nested sets :
1. N% (A) # X/i—cl(A).
2. ng3 (A) is not necessary i — open set ingeneral .
3. Itis not necessary that ngs (A) € Aingeneral .
4. Itis not necessary that Aisi—openifandonlyif A = ngs (A) .
The converse of cases (2),(3),(4) of
Example (2-2-18) :

LetX ={a,b,c}, T ={X,0,{a}, {c}} ,1 ={®,{b}} and § is the discrete proximity defined on
X, then if A = {a, c} then ngs (A) = {a,c} which isnoti—openset,also A= les (A) but A
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IS not i — open set. And clearly that when we take B = {a} which is i — open set , ngg (B) =
{a,c} # Balso ngs (B)ZB.and X-(i- cl(B)) ={c} # ngﬁ (B).

The following proposition concluding all the properties that the focal nested sets exist with
respect to I (x) .
Proposition (2-2-19) :

Let (X,T,1,8) be an i — topological proximity space such that A,B € X then each of the

following are holds :
1. If A € Bthen ngs (A) c ng; (B).
2. ngs (ANnB) c ngs (A) N ngs (B) .

4%, (M) € X, (x1§ (A)).
5 IfAET, thenA C ng; (A).
Proof :
1. Letx € ngs (A) , so there exist U € 951(x) ,USA but A € B, then by proposition (1-3-
6) USB hence x € ngs (B).

2. SinceAnNB S Aand An B < B so by (1) the result exist .
3. Since A AuB and B<S AUB so by (1) we get that, ngs (A) U les (B) © les (AU

B). Now let € les (AU B) , then there exist U € Ig (x) , x € U and US(A U B) hence

by definition (1-3-1) , we have U 8 A or U8B ,and from that we get x € leﬁ (A) U
Ny ; (B).
4. Let xE€ leﬁ (A) , if possible that x¢ leﬁ (ngs (A)) then for each

Ue 451(x), USN% (A) , but xeU and x € leﬁ (A) and this is contradiction so x €

%y (%, ).
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5. Let AeT,soforeach U € T(x),x € A, USA ,hence there exist a focal set U of x such
that USA, from that we get x € X; ; (A) .

The converse of proposition (2-2-20) part 4 is not true always

Example (2-2-20) :

Let X ={a,b,c},T={X,0},1 = {0, {a}, {b},{a,b}} ,and & is the discrete proximity defined
on X, so if A = {a} ,then Ny (A) = {a,c} ,but leﬁ (N% (A)) =X & {a,c} ,and when we
take B = {a, c} ,then ngs (B) =X ,but B¢ T .Also if A={b},B={c} ,then {b,c} = Nlﬁ (B)n
Ri, () 2 R, (BNA) = 0.

The effect of the inclusion of ideals on the focal nested set show below

Proposition (2-2-21) :

Let (X, T,I;,8) , j= 1,2 ,be an i — topological proximity space ,if I, is finer than I, then
Nhgp (A) © NI% (A) for each A of X .

Proof :

By proposition (2-1-10) the result exist .

Proposition (2-2-22)

In the i — topological proximity space (X, T,{?},6) |, leﬁ (A) # @ ,for each focal proper
subset A of x.

Proof:

If possible that X4 (A) = @ , so for each point x of X and focal set U of x , USA , and this

means that U n A = @ ,from that we get X-A is a focal set which contradiction because A is

a focal set .
Proposition (2-2-23) :

Let (X, T,I) be an i — topological space and A is i — dense set ,then N;(A) # @ and then
X6 (A) #0.
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Proof:

If possible that 8,(A) = @, so for each x € X, x & X (A) and by definition (2-2-1), for each i
— open set U of x,U8A, hence there is i — open set U of x suchthat UN A = @,x & i — cl(A)
and by assumption this contradiction also by proposition (2-2-15) N% (A)+0.

Proposition (2-2-24) :

Let (X, T,I,8) be an i — topological proximity space ,then each of the following are exist :
1- UNRp(A) S8 (ANU),UA € g ().
2- UNRp(A) SR (ANU), U A€ g (%)

Proof :

1- Let x € UN X (A) then there exist w € T(x),wdA , so if x € X:(An U) ,hence for
each H € T(x) ,we have HS(U N A) , and this means that UNANH =@ , but
H N UnNAisafocal set ,so by theorem (2-1-2)(1) we get a contradiction .

2- By (1) and by proposition (2-2-14).
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2.3 On some Topological concept via the Focal set

This section includes a study of the closure concept in i-topological proximity
spaces which is called focal closure set and ,also we will introduce the concept
focal derived set and focal a adherent set .

Definition (2-3-1) :

Let (X, T,I) be an i — topological space and A € X, x € X then x is called a focal limit point
of A, if and only if for each U € gﬁ,(x) ,Ux NA/q# @, and the set of all focal limit points

is called the focal derived set and denoted by Fd(A) also the focal clouser of the set A
denoted by Fcl(A) and defined by Fcl(A) = AU Fd(A) .

Example (2-3-2) :

Let (X, Ty, {@}) be an i — topological space , then Fd(A) = @ for each subset A of X and
Fcl(A) =A.

Remark (2-3-3) :

Let (X, T, I) be an i — topological space , then

1. Fcl(A) is not necessary i — closed set .
2. If Fcl(A) = A then A is not necessary i — closed set .
3. Fcl(A) #n {H:His i — closed set,A € H}
The converse of these two cases are explained in this example
Example (2-3-4) :
LetX ={a,b,c},T={X0,{a}},1 = {0, {b}} then Fcl{a} = {a} and {a} is not i — closed set
Also if A={b}, then Fcl(A)={b}2n {H:Hisi — closed set,A < H}.
We have several properties of the focal derived set in the following proposition:
Proposition (2-3-5) :

Let (X, T,I) be an i — topological space ,and A,B are subsets of X . Then each of the

following are holds:

1. If A < B ,then (A) € Fd(B) .
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7.

S T o

Fd(A) nFd(B) 2 Fd(An B).

Fd(A U B) = Fd(A) U Fd(B).

Fd(®) =90 .

FA(X) = X.

Fd(A) = @ ,foreachAel.

UnFd(A) € Fd(U n A) , for each focal set U of X ..

Proof :

1.

Let x € FA(A) then UNA/q# @ for each U € 451(x) and since A< B ,we get
UNB/y# @, hence x € FA(B) .

Since AN B € A and B ,then by (1) we get the result .

Letx € FA(AUB) ,thenUN (AU B)/y# @ foreach U € 451(x) and x € U, hence at
least U N A/pq# @ ,0r UN B/ @, there for x € Fd(A) or x € Fd(B) .

If possible that Fd (@) # @ , then there exist x € Fd(®) , hence U N @/,# @ ,and this

contradiction

By definition (2-3-1), since we have UnNX/,+ @ , for each x € X and each U €
I (x), then FA(X) = X.

Let A € I and if possible that FA(A) # @ ,then there exist x € Fd(A) ,so by definition
(2-3-1) UNA/y+ @ foreach U € Ig (x) and x € U, now if x & A hence x € A®, so
, A°N A/ # @ ,and this contradiction ,and if x € A, thenUNA # @ ,butUnA €l

and this means that this intersection may be empty set and also this contradiction .
Let x € UNFd(A) , then x € U and WN A/py# @ for each W € 4 ,and x €W

now x € UNW, for each W € Iy , and UNW € Iy ;hence (UNW) NA/q# @
,andthenx € Fd(UN A) .

Corollary (2-3-6) :

Let (X, T, 1,8) be an i— topological proximity space and let A, B are subset of X then each of

the following are existed :

1.

If A € B then Fcl(A) < Fcl(B) .
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2. Fcl(ANnB) <€ Fcl(A) n Fcl(B) .
3. Fcl(AUB) = Fcl(A) U Fcl(B) .
4. Fcl(A) = A (foreachA€el.

Proof :

1. By proposition (2-3-5) (1) we get the result .
2. By proposition (2-3-5)(2) we get the result .
3. By proposition (2-3-5)(3) we get the result .
4. By proposition (2-3-5)(6) we get that Fcl(A) = A .
The converse of case (1) ,(2) of proposition (2-3-5) explain in this example
Example (2-3-7) :
LetX ={a,b,c}, T = {X, ?,{a, b}, {a, c}} = {(Z), {c}} , Clearly that Fd{b, c} = {b} < {b,c} =
Fd{a}, but {b,c} £ {a} ,also{b,c} &1.
The relation between focal closure and nested set is shown below
Proposition (2-3-8) :

Let (X, T,I) be an i — topological space and let A is a subset of X , then Fcl(A) =
A , for each i—closed set A of X .

Proof :

Let x € Fcl(A), so Un A # @,for each i-open set U of x, If possible that x & A, then
x € A®, but A®is a focal set of x then A° N A # @ ,and this contradiction from that we
get Fcl(A) € A ,and by definition (2-3-1)we have A € Fcl(A).

We can see by example (2-3-7),if A={b,c} ,then Fcl(A)=A, but A is not i-closed set .

Propositions below show the effect of inclusion of ideals and families with respect to focal

derived set .
Proposition (2-3-9) :
Let (X, T, I-),j = 1,2 be an i — topological space such that I, is finer than I, then

1. Fdy,(A) € Fdy (A) .
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2. Fcly, (A) € Fcly (A) .

Proof :

1. By proposition (2-1-10) we get that I; ¢ (x) < I, ¢ (X) hence the result exists.

2. By (1) and by proposition (2-1-10) we get the result .
Corollary (2-3-10) :

Let (X, Tj, I) be an i —topological proximity spaces , such that Tis finer than T; then
1. Fdr,(A) € Fdr, (A).

2. Fclp,(A) € Fclp, (A) .

Proof :

By proposition (2-1-11) we get that I+ (x) < Ig1,(X) and by proposition (2-3-9) we get the
result for (1) and (2) .

The converse of proposition (2-3-10) is explained in the following example:
Example (2-3-11) :

LetX ={a,b,c}, T, ={X,0,{a,},{b}}, T, = {X, 0,{a}} and I = {@, {c}}

If A = {a} so Fdr (A) = {b,c},Fdr,(A) = {c} Fd;(A) &€ Fdr,(A) also
Fclyp, (A) € Fclr,(A) = {a,c}.

The relation between focal closure and i- closure explained below
Proposition (2-3-12) :

Let (X, T,I) be an i — topological space and A is a subset of X, then

Fcl(A) € i — cl(4).

Proof :

Let p € Fcl(A) thenp € A orp € Fd(A) or both. One case If p € A so
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p €i—cl(A). Case two if p € Fd(A) hence for each U€ls (x), x€U, UNA/(n# @ .
Now if x & i — cl(A) then by proposition (1-2-15) we have U € T(x) suchthat UnA =9

and this is contradiction .

The converse is not true as in the following example :

Example (2-3-13) :

Let X={ab,c},T={X0,{ab}{ac}, 1={0 {3} if A={bc} then i —cl {A}=X¢&
Fcl{A} = {b,c}.

Proposition (2-3-14) :

Let (X, T, 1) be an i — topological space .If x € Fcl(A) thenUN A + @ foreach U € T(x) .
Proof :

By proposition (2-3-12) then the result is existed .

The converse of above proposition is not true always as in the example below

Example (2-3-15) :

Let X={a,b,c} T={X0,{ab}{ac}},andl={@,{b},{c},{b,c}}, then Fclfb,c} = {b,c}
,and for a point x = a, thenforeachU € T(a), UNn A # @ ,buta & Fcl(A) .

Proposition( 2-3-16) :

Let (X, T, I) be an i — topological space, then U N Fcl(A) € Fcl(U n A), foreach U € T.
Proof :

Let x € UnN Fcl(A) then x € U and x € Fcl(A) .if possible that x ¢ Fcl(U n A), hence there
exist we T(x),wn(UNA)=9, but wnU€e$ (x), so if x€A4 thenwn (UnA) #
@,and this contradiction , also if x € Fd(A) ,then UNA/y# @, for each H € gﬁl(x) , but

wnUE 451(x), also this contradiction hence x € Fcl(U n A).

Converse of above proposition is not true as in the following example.
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Example (2-3-17):

Let X={ab,c},T={X0,{ab}{ac}1={0,{c}} If U={ac} and A={ba}, so
UNnFcl(A) ={a,c} 2Fcl(UNnA) = {X}

Corollary(2-3-18)

Let (X, T,I) be an i — topological space ,U N Fcl(A) = Fcl(UN A), foreachA € 1,and U € X.
Proof :

Let Ael,so UNnA C A, hence by ideal definition (1-1-1 ) and corollary (2-3-6) , UN A €
LUNFc(A) =UNA=Fcd(UnA)=UnNA

Proposition (2-3-19) :

Let (X,T,I) be an i-topological space ,then Fcl(U N A) = Fcl(U) n Fcl(A) ,for each U,A €
$,(x) .

Proof :

Let x € Fcl(U) n Fcl(A) ,then by proposition (2-3-14), for each We T(x) , WNU #
@,WnA#+@ so by assume and by proposition (2-1-2)(3) we get that WN U € I, ,x €

WNU, hence if possible that (WnNU)NnA =@ ,then (X-A) is a focal set of x and this
contradiction , hence (WNnU)NnA=+#¢@ ,and then x € Fcl(UnA) . Conversely ,by
proposition (2-3-6)(2) ,we have Fcl(U N A) € Fcl(U) n Fcl(A).

Definition (2-3-20) :

Let (X, T,I) be an i — topological space then a point x € X, is called focal adherent point of a
subset A of X, if and only if for each U € I (x) ,such that Un A # @ . The set of all focal

adherent of A is denoted by Fadh(A) .
Example (2-3-21) :
Let (X, T, {@}) be an i — topological space ,then Fadh(A) = X, for each subset A of X ..

There is relationship between the focal derived set and focal adherent set also between focal

closure set as shown in the following proposition :
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Proposition (2-3-22) :

Let (X, T,I) be an i — topological space and let A is a subset of X ,then each of the following

are holds :

1. Fadh(A) € Fcl(A).
2. IfA €l thenFadh(A) =0.

Proof :

1. Let x € Fadh(A) ,hence for each focal set U of x, UNnA = @, hence Un A = @ for
each U € T(x) , then x € Fcl(A) .

2. Let A€l if possible that Fadh(A) # @ ,then there exist x € Fadh(A) ,so for each
Uels x),UNA # @, but A € Ig (x), hence A° N A # @ ,and this is contradiction .

The converse of case (3) explain in the following example
Example (2-3-23) :
Let X ={a,b,c},T={X0,{ab}{ac}},and1 ={0,{c}} , if A={b}, so Fadh(A) =0
butAel.
Some properties of focal adherent sets discussed in this proposition
Proposition (2-3-24) :
Let (X, T,1,6) be an i— topological proximity space ,and let A, B are subset of X , then each

of the following are holds :

1. A C B then Fadh(A) C Fadh(B).

2. Fadh(A N B) € Fadh(A) N Fadh(B) .

3. Fadh(A U B) = Fadh(A) U Fadh(B) .

4. A=Fadh(A) , for each focal set A € §, (x).

Proof :

1. Letx € Fadh(A) thenUNA + @, foreachU € Ig (x), and then

UNB # @, sox € Fadh(B).
2. Since AN B < A and B ,so by (1) we get the result .
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3. Let x € Fadh(A U B) ,we get that Un (AUB) = @ , for each focal set U of x ,so
(UNA) U (UnNB) # @ ,hence x € Fadh(A) or x € Fadh(B) .Conversely since A and
B € A U B ,and by (1) we get that Fadh(A) U Fadh(B) € Fadh(A U B).

4. Let x € A, then if possible x € Fadh(A) , we get that there exist a focal set H of x
,satisfy that HN A =@, so by remark (2-1-7)this is contradiction .Conversely let
x € Fadh(A) , then by assume x € A.

The converse of case (2) is shown in the following example
Example (2-3-25) :
Let X={ab,c},T=1{X0,{a},{b}},1={0,{c}}, with the discrete proximity. if A =

{a},{b} =Bthen AnB =0, Fadh(AnB) =@, but Fadh(A) = {a,c}, Fadh(B) = {b, c},
Fadh(A) n Fadh(B) = {c} € 0.

The inclusion of ideals and families is explained below
Proposition (2-3-26):

Let (X,T, Ij),j = 1,2 be an i — topological space such that I, is finer than I, then
Fadh;, (A) € Fadh; (A).

Proof :

Let x € Fadhy, (A) ,then for each € I,4 (x),UNA # @, but by proposition (2-1-10) we get
Uelg ®andUNA # @,so0x € Fadh (A).

Proposition (2-3-27) :

Let (X,Tj,l), j=1,2 be an i — topological space such that T, is finer than T; then
Fadhr (A) € Fadhr,(A) .

Proposition (2-3-28) :

Let (X, T,I) be an i — topological space then U n Fadh(A) € Fadh(Un A) for each U €
T(x), x € X.

Proof :
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Let x € Un Fadh(A), thenW N A # @ ,for each focal set W of x , and U € Ig (x) ,if
possible that x € Fadh(U N A), then there exist V€ I (x) satisfy (UNnV)NnA =9 but

UNV € lg, which contradiction and hence x € Fadh(U N A) .

Proposition (2-3-29):

Let f: (X, Ty, Ix) = (Y, Ty, Iy) be an i — closed function then f(Fcl(A)) = Fcl(f(A)) for each i
— closed set A of X.

Proof :

Let A is i — closed set ,then by proposition (2-3-8 ) (2) Fcl(A) = A, and then Fcl(A) is i —
closed set, and because f is i — closed function we get that f(Fcl(A)) is i — closed set. Now
since A is i-closed ,then f(A) is i-closed set ,so Fcl(f(A)=f(A), but f(Fcl(A)) Is i — closed
then f(Fcl(A)) = Fcl(f(A)) .
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THE OCCLUSION SET IN
i —TOPOLOGICAL PROXIMITY



3.1 The Focal Function via the Focal set

New definition to the focal function we introduced by using both proximity relation and the

idea of the neighborhoods that were indicated in chapter two .

Definition (3-1-1) :

Let (X, T,1,8) be an i — topological proximity space , then a point x € X is called occlusion
point of a subset B of X if and only if for each focal set Ue gﬁl(x) ,U8B , the set of all

occlusion point of B denoted by ¢(B) , also we will call that occlusion set $(B) is a focal set

.and easily see that § (9) = 0.
Below is an example illustrating the above definition .
Example (3-1-2):

In the i — topological proximity space (X, T;, {@}) and & is the discrete proximity defined on
X, $(A) = X, for each subset A of X .

The relationship between the focal function and its set is shown below.
Proposition (3-1-3) :

In any i — topological proximity space (X, T, 1, 8), then foreach A< X, A < §(A).
Proof:

Let x € A, if possible that x & $(A) hence there exist U € I ®),x€U ,USA , and this
contradiction so x € $(A) .

Basic characteristics of the focal function are demonstrated in this proposition .

Proposition (3-1-4) :

Let (X, T,1,6) be ani— topological proximity space ,then for a subset A, B of X we have :
If A< B, then $(A) < $(B).

. $(ANB) S $(A) N $(B).

. $(AUB) =$(A)U$(B).
. ($(A)° < $(A%).
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. Un¢(A) S $(UNA),foreachA e § (x).
$(A) € I (x) ,foreach A € I (x) and for some x € A

Proof :

. Letx € § (A) ,then for each U € I (x)andx € U, USA , so by proposition (1-3-6) we have
that for each U € I (x) , x € U, U8B ,hence x € $(B) .
. Since (AN B) € Aand (AN B) < B, then by (1) $(ANB) € $(A) N $(B) .
. $(BUA) = {x € X: foreach U € I (x),x € U,USA U B}
= {x € X: foreach U € I (x),x € U, U8A or USB}
={x € X:foreach U € Ig (x),x € U,U8A}

or {x € X: foreach U € I5 (x),x € U, U8B}
= $(A) U $(B).
. Let x € ($(A))°, then x ¢ $(A), hence there exist a focal set W containing x
WS8A , and this means that WN A = @ ,hence W € A® , therefor x € A° , so for each
Helg (x),x € H, HN A® # @ and then H8A® , If possible that x & $(A°) ,then there exist
Wels (x), x€ W, WSAC ,and this contradiction so € $(A°) .
. Let xe UNn ¢$(A), then x € U, and x € $(A) ,if possible that x & $(U N A) ,hence by
proposition (3-1-3) x € U N A ,and this contradiction .
. By proposition (3-1-3-) and proposition (2-1-2)(2) .
The following proposition includes some properties related to the focal function .
Proposition (3-1-5):

Let (X, T, I, &) be an i — topological proximity space ,then for a subset A, B of X we have :

. $($(B)) = $(B) , for each B € I (x).
. $(B) = Fcl($(B)) , for each B € I (x).
. $(B) i — cl($(B)) for each subset B of X .

Proof:
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1. Let x € $(B),so USB ,for each U € I (x) and x € U, if possible that x ¢ $($(B)) ,then
there exist W € gﬁl(x),WSgﬁ(B) , hence W n ¢(B) = @ ,and this contradiction since x € W
and x € $(B) .

Now let x € $($(B)) , if possible that x & $(B) ,then there exist W € ¢, (x) , W8Band
therefore we get W N B = @ ,from that we get X-B is a focal set ,but B is a focal set ,so by
theorem (2-1-2)(1,3) this contradiction and this means that x € $(B) and hence ¢($(B)) <

$(B) .
2. Let x € Fcl($(B)) , so if x & $(B) , then there exist U € 931(x), and then U8B , hence

UNB=¢@ ,and by theorem (2-1-2)(1,3) this contradiction . Conversely, exist by
definition (2-3-1) we have $(B) < Fcl($(B)) ,and then we get the result .
3. The result is existed by (3) and by proposition (2-3-12) .

Relationship of i — closure and the focal function is explained below

Proposition (3-1-6) :

Let (X, T,1,8) be an i —topological proximity space, such that Un A ¢ I, for each U € I (x)
and for each x € A, then $(A) =i — cl($(A)) .

Proof :

Let x €i—cl($(A)) so UnN $(A) # @ for each U € T(x) ,and if possible that x & $(A)
,hence there exist W € I (x) ,x € W and WGA , therefor WN A €1 ,and this contradiction

also $(A) € i — cl($(A)) then $(A) =i — ($(A)) .

Noted that §(A N B) < ¢(A) € $(AUB).

The following proposition explains the conditions necessary to achieve a state of equality .
Proposition (3-1-7) :

Let (X, T,1,8) be an i — topological proximity space ,then ¢(A) = (A —B) = $(AU B)

where B € I and for each A € gﬁ,(x) ,foreachx € X .

Proof :
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First we prove that $(A) = §(A —B).Let x € $(A) hence USA for each U € §,(x), if
possible that x € $(A — B) so there exist W € sﬁl(x)and WSA — B hence WNANBc =0
and there for WNACSB ,but WNA€els(x) , so Belg (x) and by (2-1-2)(5)this
contradiction hence $(A) S $(A — B). Also by (3-1-4)(1) we have $(A — B) € ¢(A), and
then the result exists.

Now to prove $(A—B) = $(AUB) since A—-BSACAUB ;50 $(A—B) S $(AUB).
Now let x € $(A U B) if possible x & $(A — B) then there exist € §,(x) W,W5(A N B°) ,
then WNANB® =0 ,hence WNA < B, so by theorem (2-1-2)(2) B € I (x) and by the
theorem(2-1-2) (5)this contradiction .

The relation of inclusion between ideal or between i — topological spaces is explained in the

proposition below

Proposition (3-1-8) :

Let (X, T,1;,8),j = 1,2, be an i — topological proximity space then :
1. If 1, c I, then ¢ , ) < ¢ Gy for each subset A of X .

2. If T, ¢ T, then § (A), € $ (A)r, .

Proof :
1. Letx€ ¢ L (A) hence USA for each each U € 5512 (x) , so by proposition (2-1-10) for

eachU€$, (x) ,USAthenx € ¢ GVE

2. By proposition (2-1-10) and by (1) we get the result
Proposition (3-1-9) :

Let (X, T, I;, 8),j = 1,2, be an i — topological proximity space then
1. ¢ (A)r,nt, =2 ¢ (A)r,and ¢ (A)r,

2§ 0, W2F, Wand§ ()

Proof :
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1. Since T, N'T, € Ty and T, then by proposition (3-1-8)(2) $ (A)r, € $ (A)r,nr, , and

¢ (A, < ¢ (A)1,nT, -
2. Since I; N1, € I, then by proposition (3-1-8)(1) the result exist .
The relationship of the focal function with the derived set and the closure set is discussed

below .

Proposition (3-1-10) :

Let (X, T, 1, 8) be an i — topological proximity space , then Fd(A) < $(A) for each subset A
of X.

Proof :

Letx € Fd(A)soUNA/,# @ foreach U € gﬁl(x), and hence USA so x € $(A).

Example (3-1-11) :

Let X ={a,b,c} and T ={X,®,{a},{b}},1 = {@,{c}} ,then if & is the discrete proximity
defined on X and let A = {b} then Fd(A) = {c} 2 $({b}) = {b,c}.

Proposition (3-1-12) :

Let (X, T,1,8) be an i — topological proximity space ,then Fcl(A) = $(A) for each Ae I (x)
X € X.

Proof :

Let x € Fcl(A) , so by assumptionx € A ,ifandonlyif WnA =+ @foreachW € 951(x) if
and only if x € ¢ (4).

Corollary (3-1-13):

Let (X, T,1,6) be an i- topological proximity space ,then for each A€ l4(x) x € X
Fadh(A) € §(A).

Proposition (3-1-14) :

Let (X, T,1,8) be an i — topological proximity space and Fcl(A) = X, then $(A) = X..
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Proof :

Let Fcl(A)=X , then if possible that $(A) # X ,then there exist x € X such that x & $(A)
hence there exist U € I (x) ,x € U,U8A , so UNnA =0 and then x & Fcl(A) and this is

contradiction so $(A) = X .

The converse is not true as in the following example.

Example (3-1-15) :

Let X={a,b,c},T ={X 0,{a}} and I = {@,{b}} where & is the trivial proximity then if
A = {b} then ${b} = X but Fcl{b} = {b} # X.

The relation between the sets of occlusion points and focal adherent points of a set A shows

below
Proposition (3-1-16) :

Let (X, T,1,8) be an i — topological proximity space then Fadh(A) € ¢(A) for each subset A
of X.

Proof :

Let x € Fadh(A) hence for each U € I (x),UN A # @ and then for each U € I (x) ,x €
U,USA, from that we get x € $(A) .

The converse is not true as in the following example
Example (3-1-17) :

Let X ={a,b,c},T={X,0,{a b}, {ac}}and I ={@,{c}} ,s0 if § is the discrete proximity
then if A = {c}, so $({c}) & Fadh(A) .

The following proposition explains the effect of empty focal function on the focal derived set

but not conversely
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Proposition (3-1-18) :
Let (X, T, 1,8) be an i — topological proximity space if $(A) = @, then Fd(A) = @ .
Proof :

Suppose that Fd(A) # @ hence there exist, x € Fd(A) , so foreach U € Ig (x) ,x€U,UN
A/y# @andthenU S A, there for x € $(A) and this contradiction .

The converse is explained in the following example .
Example (3-1-19) :

LetX ={a,b,c},T={X 0 {a},{b}},1 = {0 {c}} and & is the discrete proximity defined on
X ,let A = {c}then Fd(A) = @ but $(A) = {c} # 0.
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3.2 The Focal Function with respect to i-open set

After we studying the focal function by using the concept of focal set , in this section we

study the other type of focal function via the i-open set.
Definition (3-2-1) :
Let (X, T,1,6) be an i — topological proximity space and let A is a sub set of X then the

occlusion set of A with respect to T(x) defined by gﬁT(A)={xeX: foreachU €
T(x),U 6 A}.

Example (3-2-2) :

In the i — topological proximity pace (X, T;, {@}, 6) where & is the discrete proximity then
$..(A) = X, for each subset A of X .

Some of basic properties of gﬁT are shown in this proposition
Proposition (3-2-3) :

Let (X, T, I, 8) be an i — topological proximity space .

. Ac$.(A).

LA (D).

($r ) < 6,00

. AcBthen§ (A) S $.(B).
() N$ (B)2§ (ANB).
. $r(A) U H(B) =P (AUB).

. $.(A) =pifandonlyif A=0.

P (gﬁT(A)) = $..(A), for each A€ I (x) .x € X

Proof :

Let x € A,sox € Un A foreach i —open set U of x and hence x € ﬁT(A).
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. Let x € $ (A), so foreach U € I§ ) and x € U, USA , hence for each U € T(x) ,USA and
thenx € $..(A) .

. Let x€ (95T(A))C, then x € $..(A) ,hence there exist w € T(x),w8A from that we get

x € A®and then woA° foreachw € T(x) ,s0x € $(X— A).
. LetAcBandletx e 95T(A) hence for each U € T(x),USA and by proposition (1-3-6) we
get that USB hence x € $..(B) .

. Since AN B € Aand B, so by (4) we get the result .
. The proof exist by proposition ( 1-3-1 ) and by (4) .
Let A = @ then USA , for each U € T(x) and then 93T(A) = @ .Conversely , let $(A) = @ if

~

possible that A # @ then there exist x € Aand by (1) x € gﬁT(A) and this is contradiction .

. Letx € $.($.(A)) then US $(A) , for each U € T(x) , if possible that x & $..(A) hence there
exist Ue T(x),USA, so UnA =@, and U,A are focal set this is contradiction .Now by
(1)since A € $..(A) then$.(A) S 95T(X) <95T(X) (A)) .

Some relations related to 93T are explained below :
Proposition (3-2-4) :

Let (X, T,1,6) be an i — topological proximity space and let A be a subset of X then
¢ - (A) €ls (x) foreach A € I (x) and forsome x € A .

Proof :

Let A € I (x) , so by proposition (3-1-4)(6) $(A) € I (x) and by proposition (3-2-3)(2) we
getthat ¢ . (A) € I ().

The converse of cases (1) , (2), (3), (4) and (5) is explain in the following example
Example (3-2-5) :

Let X={a,b,c},T={X 0,{a,b},{a,c}},1 ={0,{c}},& defined by the discrete proximity

then clearly that if A = {b,c} then ¢ (A) = {b,c} and § . (A) =X ,hence § _(A) &

Is )
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§(8) also if A= (b} then (§ (&) ={ac} but § (A =X¢(§, (), and if
A ={ab},B={b,c} thenclearlythat$ . (A)n¢ . (BYL$ . (ANB).

Some of relations between i- closure ,focal closure , focal derived ,focal adherent sets
discuses below

Proposition (3-2-6) :

Let (X, T,1,6) be an i — topological proximity space , the following propositions includes

some cases related to ¢ -

i —cl(A) € § .. (A) for each A of X.

If 6 +(A) =@ thenFd(A) = 0.

If§ . (A) = @ then Fcl(A) = A.

Fd(A) S Fcl(A) € § . (A).

Fadh(A) S § .. (A).

If Fcl(A) =X, then§ _(A) =X,

$  (A)=9¢ (A-B)=¢ (AUB)foreachBelandA € I4(x), for each x € X.

Proof :

Let x € i —cl(A) ,s0 by proposition (1-2-15) we have that U n A # @,for each i-open set U
of x, from that we get USA, for each U € T(x) and hence x € § . (A) .

If possible that Fd(A) # @ , then there exist x € Fd(A) , so UNn A/, @ for each U €
Is (x),x € Uand hence x € ¢ + (A) and this contradiction ,then Fd(A) = @ .

Exist by (2) and by definition (2-3-1).

Let x € Fcl(A) , so UN A # @ for each U € T(x), hence USA for each U € T(x) and then
x € § .. (A) ,and by definition (2-3-1) we get the result .

Let x € Fadh(A) , so UN A # @ for each U € I (x) , hence USA for each U € T(x) and
thenx € ¢ . (A).

By part (4) , we have X =Fcl(A)< ¢..(4), thus ¢ . (A) =X.
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7. First we prove that ¢ .. (A) =¢ . (A—B).Letx€ § _(A), if possible thatx ¢ § . (A —B)
, hence there exist w € T(x) , such that wWSANB¢andthen wnNANB =@, butwnAn

B¢ € I (x) ,but by theorem (2-1-2)(1,3) the empty set is not a focal set and w,A, B are
focal set ,hence we get a contradiction , also since A — B € A by proposition (3-2-3) (4) we
have § (A—B) S ¢ . (A) and then ¢$(A) = $(A—B). Now to prove $(A) =¢ (AU
B) , hence let x€¢ (AUB) , if possible that x & § . (A) hence there exist w €

T(x),wSA,SOWNA=@0butwnAE€ I (x) and this contradiction .

The following example explains the converse of case (6)

Example (3-2-7) :

Let X ={a,b,c},T ={X, 0,{a,b},{a,c}}, and I = {@,{c}} with the discrete proximity , if
A = {b, c} then Fcl {b, c} = {b, c} + X where ¢ T B =X.

Proposition (3-2-8) :

Let (X, T,1,8) be an i — topological proximity space , then Un ¢(A) € ¢ - (UNA) for each
Uegsl(x),xEX.

Proof :

Let x € UN $(A) , so x € U and wdA for each w € §,(x) , , if possible that x g § .. (U N
A) then there exist H € T(x) , suchthat HSU N A then HNUNA=¢ ,butUNH € gﬁl(x) ,
x €EHNU , hence x € H N U n Aand this contradiction .

The inclusion relationship with respect to ¢ - Detween i — topological space is explained
below .

Proposition (3-2-9) :

Let (X,T;,1,8) be an i — topological proximity space such that T, ¢ T, ,then § T, (A) ©

$ 1 (A) for each subset A of X..

Proof :
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Let x € § 1, (A), so for each U € T,(x),USA and then for each U € T;(x) , USA , hence
X € ¢ r, A
Proposition (3-2-10) :

In any i-topological space ¢ o (A) #A, foreachA €L

Example (3-2-11) :

Let X={ab,c}, T={X0,{a b}, {ac}}, and I={@,{b}, {c}, {b,c}} with the discrete
proximity , if A = {b,c} then § (A) =X =#A.
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CHAPTER FOUR

SOME TYPES OF DENSITY IN
i —TOPOLOGICAL PROXIMITY
SPACES



4.1 On Nested density set

In this section we discuss two types of nested density, the first is nested density with respect

to i-open set ,and the other is the focal nested density via the focal set .
Definition (4-1-1) :

Let (X, T,1,8) be an i-topological proximity space, we say that a subset A of X is X dense
setifand only if N;(A) =X.

Example (4-1-2) :

In the i — topological proximity space (X,P(x),{@}) ,where &§ is the discrete proximity
defined on the space X, we have that A is Xt dense set for each subset A ,and for any space
X.

Some properties of nested density have been studied in this proposition.
Proposition (4-1-3) :

Let (X, T,I,8) be an i — topological proximity space ,and let A , B are subset of X then of the
following are holds :

1. A c Band A is Xt dense set then B is X dense set .
2. If An Bis Xt dense set then A and B are Xt dense set
3. If AorBis X dense set if and only if A U B is X dense set .

Proof :

1. Since X = Xp(A) € Xp(B) then X;(B) = X.

2. By proposition (1-3-6 ) and by (1) we get the result .

3. Let A is Xy dense set ,so by proposition ( 1-3-6 ) and by (1) we get that A U B is Xy
dense set .Conversely , if AUB is Xy dense set then for each x € X , there exist
H € T(x) such that HSA U B and then by definition (1-3-1) H6 A or or H&B , so A is
N1 dense or B is X dense set .

Converse of case (2) in the above proposition is shown in this example.

Example (4-1-4) :
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Let X={a,b,c} ,so for the i-topological proximity space (X, P(x),{@}) ,where & is the discrete
proximity defined on the space X ,we have that {a},{b}are X dense , where X;({a} N
{b}) = @ hence {a} N {b} is not X dense set .

Proposition (4-1-5) :

Let (X, T,[,6) be an i — topological proximity space . A is Xy dense set if and only if
US X (UNnA),foreachUeT(x)andUNA+0.

Proof :

Let A is Xt dense set so by proposition (2-2-24) and since Xt(A) = X we get the result
.Conversely , if possible that Y¥r«)(A) # X , then there exist a point x of X ,such that ,

x & Xr(A) , so for each H € T(x) , HSA hence HNA =@ and then AnU = @ ,and this

contradiction by assume .
Definition (4-1-6) :

Let (X, T,1,6) be an i — topological proximity space and let A be a subset of X ,then we say
that A is focal Nested dense set if and only if X; g (A) = X ,and it is denoted by X; ; dense set

Example (4-1-7) :

Let (X,P(x),{@}) ,where & defined on the space X by the discrete proximity , then A is N%

dense set for each subset A of X .

The following property shows the relationship between the nested density and focal nested

density .

Proposition (4-1-8) :

Let (X, T,I,8) be an i — topological proximity space ,then every X dense set is X; ; dense set.
Proof :

By proposition (2-2-14) we have Xt(4) < N,gg (A),and Xt (A) = X, then A'is ngs dense set .
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Proposition (4-1-9) :

Let (X, T,I,8) be an i —topological proximity space and let A ,B are subset of X then each of

the following are satisfy :

1. IfAis N% dense setand A € B, then B is N’sﬁ dense set .
2. fANBIis N% dense set then A and B are X;; dense set .
3. IfAorBis N,gﬁ dense setif and only if AUB is N’sﬁ dense set .

Proof :
1. If possible that B is not ngs dense set then there exist x € X and

X & ng; (B) and then for each focal set H containing x , H8 B but A € B, so by

proposition (1-3-5)(2) we get that H § A ,and this is contradiction .
2. Existed by proposition (1-3-5) and by (1).
3. IfAorBis ngs dense set then by proposition (1-3-6 ) and by (1) AU B is les dense set
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4.2 On Focal Closure ,Focal Derived and Focal Adherent density

Another kind of density has been defined in i-topological proximity spaces in this section .
Definition (4-2-1) :

Let (X,T,I,8) be an i — topological space and let A is a subset of X then we say that A is
focal derived dense set if and only if Fd(A) = X, and its denoted by FD dense set .

Proposition (4-2-2) :

Let (X, T,1,6) be an i — topological proximity space .A subset A of X is FDdense set if and
only if U € Fd(U n A) ,for each U € Ig(,.

Proof :

Let A is FDdense set so by proposition (2-3-5)(7) and definition (4-2-1) we get the result
.Conversely , if possible that Ais not FDdense set then Fd(A)=+ X,hence there exist a point x
in X ,such that x ¢ Fd(A) , from that we get x € Fd(ANnU) , so by assume x & U , for

each focal set U of x , and this contradiction .
Proposition (4-2-3) :

Let (X, T,I,8) be an i —topological proximity space and let A ,B are subset of X then each of

the following are satisfied :

1. If Ais FD dense setand A € B, then B is FD dense set .

2. If An Bis FD dense set then A and B are FD dense set .

3. IfAorBis FD dense setif and only if AU B is FD dense set .
Proof:

1. Since A € B, so by proposition (2-3-5)(1) and because Fd(A)=X, then Fd(B)=X.

2. By (1) and proposition (2-3-5)((2) we get the result .

3. Let A is FDdense set , so by proposition (2-3-5)(3) and (1) the result exist.
Conversely, let A U B is FD dense set then for each x in X ,and focal set H containing

X, we have HN (AUB) /,# @ , hence there exist a point z of X such that z€ H n

132



(AU B),x # z, from that we get at lest HNnA/,#® ,or HNB /,# @ , therefor
FD(A) = X or FD(B) = X.
Definition (4-2-4) :
Let (X,T,1,8) be an i — topological proximity space and let A € X , then we say that A is
focal adherent dense set and it is denoted by Fadh dense if and only if Fadh(A) = X.

Proposition (4-2-5) :

Let (X, T,1,6) be an i — topological proximity space and let A is Fadh dense set then
U < Fadh(U n A) for each U € g,

Proof :

By proposition (2-3-28) and by definition (4-2-5) we get the result
Properties of Fadh density are shown below

Proposition (4-2-6) :

Let (X, T,I,8) be an i —topological proximity space and let A , B are subset of X then each of

the following are exist :

1. A € Band A is Fadh dense set then B is Fadh dense set

2. If An Bis Fadh dense set then A and B are Fadh dense set

3. If Aor B are Fadh dence set if and only if A U B is Fadh dense set
4. If A € Iand Ais not Fadh dense set

Proof :

1. If possible that Fadh(B) # X , then there exist x € Fadh(B) , so there exist U €
g, UNB=10 ,and then U N A = @ ,and this contradiction.

2. Since ANB < Aand B, so by (1) we get the result

3. Let A or B is Fadh dense set ,also we have that A and B S AU B, hence by (1)we
get the result .Conversely , let A U B is Fadh dense set then for each x in X ,and focal

set H , we have HN (AUB) # @ , hence there exist a point z of X such that
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z€HN(AUB),x # z, from that we get at least HNA#® ,or HNB+# @ ,
therefor Fadh(A) = X or Fadh(B) = X.
4. Since A € 1, so by proposition (2-1-2) A° € I, , and then by definition (2-3-20) A
is not Fadh dense set .
Definition (4-2-7) :

Let (X, T,I) be an i — topological space ,then a subset A of X is called focal dense if and only
if Fcl(A) = X ,and it is denoted by FOdense .

Example (4-2-8) :

Let (X,, T;, {@}) be an i — topological space then A is FOdense for each subset A of X .
The relationship between Fadh density and FOdensity are shown below .

Proposition (4-2-9) :

Let (X, T,1,6) be an i — topological proximity space ,and let A be a subset of X, such that A
Is Fadh dense set ,then A is FOdense set .

Proof :

By proposition (2-3-22) and since Fcl(A) = X, so A is FOdense set.

A relationship between FOdensity , i — density and nested set shown below:
Proposition (4-2-10) :

Let (X, T,I) be an i — topological space then each of the following are exist :

1. every FOdense subset of X is i — dense set.
2. if Ais FOdense set ,then Xp(A) # @ ,and then X5 (A) # @.

proof :

1. Let A be a FOdense set, then Fcl(A) = X ,but by proposition (2-3-12) we have that
Fcl(A) € i—cl(A) ,hence i—cl(A) = X ,and by definition (1-2-23) A is i — dense set
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2. By (1) A is i- dense set and by proposition (2-2-23) we get that Xt(A) # @ and

The converse of case (1) of proposition (4-2-10) is shown below.
Example (4-2-11) :

LetX ={a,b,c}, T ={X,@,{a b}, {a,c}} and 1 = {@,{c}} then if A = {b, c} so Ais i — dense
but not FOdense .

Properties of FOdensity are shown below .
proposition (4-2-12) :

let (X, T, 1) be an i — topological space ,then each of the following holds for a subsets A , B of
X:

1. If A € B ,such that A is FOdense ,then B is FOdense .
2. If An B is FOdense ,then A and B are FOdense .
3. If Aor B are FOdense if and only if A U B is FOdense

Proof :

1. Let A< B and A is Fodense set ,then Fcl(A) = X and by proposition (2-3-6) (1) we
have that Fcl(A) € Fcl(B) ,so Fcl(B) = X ,hence B is FOdense set .

2. SinceAnB S Aand An B < Bso by (1) we get that A and B are Fodense

3. Let A or B is FOdense set ,also we have that A< AuBand B € AU B and by (1) we
get that A U B is Fodense .Conversely if A U B is FOdense set ,then Fcl(AUB) =X ,
so for each point x of X and each i-open set H of x we have H n (AU B) # @ , hence
atleastwehave HN B+ @orHnN A + @ , therefore A or B is FOdense set .

The converse of case (2) explains in the following example
Example (4-2-13) :

LetX ={a,b,c},T={X 0,{ab}},1 = {9} then if A = {a, c} then A, B are FOdense but
A n B is not FOdense

A relationship between FOdensity , FD density , Fadh and FD density are shown below
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Proposition (4-2-14) :

Let (X, T,1,6) be an i — topological proximity space and A be a subset of X then each of

the following are exist :
1. If A'is FD dense set subset of X, then A is FOdense set .
2. If A'is FD dense set ,then A is Fadh dense set .
Proof :
1. By definition (2-3-1) we get the result .
2. By proposition (2-3-22) we get the result .
Proposition (4-2-15) :

Let (X, T,I) be an i — topologlcal space and A is FOdense setthen UN A # @ foreachU € T

Proof :

By proposition (2-3-14) and by proposition (4-2-10)(1)we have every FOdense is i — dense,

so from proposition (1-2-26) we get the result .
The converse is not true as in the following example .
Example (4-2-16) :

LetX ={a,b,c},T = {X, ?,{a, b}, {a, c}} and I = {Q), {c}} AfA=1{b,c} thenAnU=0,for
each U € T but A is not FOdense set .

Proposition (4-2-17) :

Let (X, T,I) be an i — topological space ,then U € Fcl(UN A), foreachU € T if and only if
A is FOdense set .

Proof :

Let A be a FOdense set , then by proposition (2-3-16) we get that U € Fcl(UN A) .

Conversely , suppose that Fcl(A) # X so there exist x € X and x & Fcl(A) ,hence there exist
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WeTx), WNA=0 ,and then FclWNA) =9 , and by assume W =@ , and this

contradiction hence x € Fcl(A) .
Proposition (4-2-18) :

Let (X, T, I-),j = 1,2 be an i — topological space such that I; < I, , then every FO,,dense is

FO;, dense set .
Proof :

Let A is FO; dense set then Fcl,(A) = X and by proposition (2-3-9) we get Fcl;, (A) = X

and ,hence A is FO; dense .
Proposition (4-2-19) :

Let (X,T;,I),j = 1,2, be an i — topological space such that T, c T, ,then every For dense

set is Fop dense set .
Proof :

Let A is For,dense set, then by proposition (2-1-10) and proposition (2-3-10)(2) we get the

result .
Proposition (4-2-20) :

Let (X, T]-,I) ,j = 1,2, be an i — topological spaces, a subset A of X is FOr_dense set or

FOr,dense set ,then A is FOy r,dense set .
Proof :

Let A is FOp dense set or FOr,dense set and since T, N T, & T; and by (4-2-19) A is

FOr, nr,dense set.
Definition (4-2-21) :

Let (X, T,1,8) be an i-topological proximity space ,then a subset A of X is called occlusion
focal density and denoted by § dense if and only if ¢ (A) = X.

137



Example (4-2-22) :

In the i-topological proximity space (X, T;, {®}) every subset A of X if § dense , where §

defined on the space X by the discrete proximity .

The following proposition discusses the relation between focal density and occlusion density

Proposition (4-2-23) :

Let (X, T, 1, 8) be an i-topological proximity space ,then every FOdense set is $ dense set but

not conversely .

Proof :

Let A is FOdense set ,then by proposition (3-1-14) we get that A is ¢ dense .
The converse of this proposition is not true as in the following example .
Example (4-2-24) :

Let X ={a,b,c}, T ={X,0}and I = {@,{a},{b}, {a,b}} and & defined on X by the trivial
proximity. Let A = {a} ,then §(A) = X, so A is ¢ dense but Fcl(A) = {a} # X .

Proposition (4-2-25) :

Let (X, T,1,8) be an i-topological proximity space ,then for a subset A , B of X each of the

following are holds :

1. If A € B such that A is ¢ dense set ,then B is § dense set
2. If AnBis ¢ dense set then A and B are $ dense set
3. If AorBis § dense set then A U B is § dense set

Proof :

1. By proposition (3-1-4) (1) we get the result
2. By (1) and proposition (3-1-4)(2)we get the result
3. By (1) and proposition (3-1-4)(3) we get the result

Proposition (4-2-26) :
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Let (X, T,1,8) be an i-topological proximity space ,then A is § dense if and only if U<
$(U N A) for each U € I,

Proof :

By proposition (3-1-4) (5) we have U € ¢ (U n A) for each U € L4, and since § (A) =X,
so UcS ¢ (UnA) .Conversely , let US $(UNA) , for each U € Igx) and suppose that
$ (A) # X then there exist x € X and x & $ (A) , so there exist W € Ig, , x € W, WBA , but

Wc¢$(WnA), hence W= @, and this contradiction so x € § (A) .
Proposition (4-2-27) :

Let (X, T,1;,6),j = 1,2, be an i-topological proximity spaces, such that I; c I, ,then every

gﬁlzdense if 5ﬁ11dense set .

Proof :

Let Ais §, dense set, hence § | (A) = X and by proposition (3-1-8)
¢, (A)=Xandthen Ais $, dense set .
Proposition (4-2-28) :

Let (X, T;,1,8),j = 1,2, be an i-topological proximity spaces , such that T, < T, ,then every

gﬁTZdense set is 95T1dense set .

Proof :

Let Ais 95T2dense set, hence ¢ I, (A) = X, and by proposition (3-1-8)(2) we get the result .
Proposition (4-2-29) :

in any i-topological proximity spaces (X,T;,1,8) ,j=1,2, If A'is ¢ dense set ,then A is

T10r Tz
95T1 r, dense set .

Proof :
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Let A is 45T1dense set or 5ﬁT2dense set and since T, N T, € T, and T, ,then by proposition (4-

2-28) we get that A is 56T1 r, dense set

Proposition (4-2-30) :

Let (X,T,1;,6),j = 1,2, be an i-topological proximity space ,and let A is 9311 dense or
gﬁlzdense set then A is 9511 a1, dense .

Proof :

since I; N1, € I; and I, then by proposition (4-2-27) we get that result .

Definition (4-2-31) :

Let (X, T,1,6) be an i — topological proximity space then we say that a subset A of X is
¢..dense set if and only if §..(A) =X.

Proposition (4-2-32) :

Let (X, T,1,8) be an i — topological proximity space ,then every ¢ dense set is 55T dense set .
Proof :

By proposition (3-2-3) (2) we get the result

Proposition (4-2-33) :

Let (X, T,1,8) be an i — topological proximity space and A is a$ dense subset of X ,then
Uc$.(UnA) foreachUEeT.

Proof :
By proposition (3-2-8) and by Definition (4-2-21) we get the result .

Example (4-2-34) :

140



Let X ={a,b,c},T= {X, @, {a}, {b}} and I = {(Z), {C}} MfU={a}and A={a,c},P(A) =
{a,c} ;then clearly that {a} = U € $..(UNA) ={a,c}, but A is not $ dense set . where &
defined by the discrete proximity on X

Proposition (4-2-35) :

In any i-topological proximity space, if A is FOdense set ,then A is sﬁTdense set.

Proof :

If possible that x € X and x ¢ sﬁT(A) by proposition (3-2-3) x & ¢ (4)and by proposition (4-
2-23) we get a contradiction , hence x € 95T(A) :

Proposition (4-2-36) :

In any i-topological proximity space ,if A is i — dense set then ,A is 93Tdense set

Proof :

If possible x € X and x & 95T(A) S0 there exist W € T(x) , WSA and hence WNA =@ , so

X & i — cl(A) and this contradiction .

The following example explains the converse of proposition (4-2-35) and proposition (4-2-
32)

Example (4-2-37) :

Let X={ab,c},T={X0,{ab}{acl}and 1={0{c}} then if A={b,c} then A is
gﬁTdense set but not ¢ dense set also A is not Fodense set where § defined by the discrete

proximity on X.
The following example explains the converse of proposition (4-2-36).
Example (4-2-38) :

In above example if ASB ,if and only if A+ @,B # @ ,and if A = {b} then A is sﬁTdense set

but not i — dense set .
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CHAPTER FIVE
CONGESTED AND CROWDED
SETS IN i —TOPOLOGICAL
PROXIMITY SPACES



5.1 On the Proximity Congested set
This section includes a study related to the concept of proximity congested sets and
proximity not congested sets in i-topological proximity spaces which were defined using
two concepts the i- closure concept and nested set and then utilized it in studying a new type
of concept namely CPC- congested set, CP- congested set, PC- congested set. Some of the
characteristics and theories of these new sets were presented .
Definition (5-1-1):
Let (X, T,I,8) be an i — topological proximity space then a subset A of X is called
1. Proximity not congested set (simply, P, — congested) if X+(A)8i — cl(A) and the
collection of all P, — congested set is denoted by &,(1, T).
2. If Xp(A)8i — cl(A) we say that A is proximity congested (simply, P — congested)
set. The set of all proximity congested sets on X is denoted byd, (I, T).
Remark (5-1-2) :
1. By definition (1-3-1)(3) we get that @ is P, — congested set but not P — congested.
2. The universal non empty set X is P — congested.(except for the indiscrete i-topological
proximity space)
3. By definition (1-2-23) and proposition (2-2-23) every i — dense set is P — congested
set.Also by definition (4-1-1) every Xt-dense set is P-congested set ,but the converse

IS not true except for the indiscrete topology as in the following example.

Example (5-1-3):

Let X={abc},T={X01{a}{c}} and 1={0,{b}} with & defined by
the discrete proximity , so for A = {a} we have that A is P — congested set but not i — dense

set.

Remark (5-1-4) :
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1. Clearly that by properties of proximity space any subset A of X such that X;(A) = @
Is P, — congested set.

2. By proposition (1-3-5)we have that the union of two P, — congested set is not P, —
congested set , but by proposition (1-3-6)the union of p-congested is p-congested .

3. By (2) 8,(I, T) is not an ideal on the other hand by remark (5-1-2)(1) 6,(I, T) is also
not an ideal .

In the following proposition we will list the most important features of the P, —

congested set.

Proposition (5-1-5) :

For any i — topological proximity space (X, T,1,8) and any subset A, B of X the following

properties are achieved:

1. If A € Band B is P, — congested set then A is P, — congested set.
2. AU B s P, — congested set then A, B are P, — congested set.
3. If Aor B is P, — congested set then A N B is P, — congested set.

Proof :

1. Let B is P, — congested set then X;(B)&i — cI(B) and by proposition (2-2-9) R (A) S
Xr(B) and then by proposition (1-3-5 )(3) 81 (4)8i — cl(B) ,and then R8i — cl(A),
so A is P, — congested.

2. Since A and B are subset of A U B ,then by (1) A and B are P, — congested set.

3. By (1) and since A N B is asubset of A and B we get the result.

The converse of above proposition is explained in the example below.
Example (5-1-6) :

By example (5-1-3) for A = {b}, so A is P, — congested set ,but B = {b,c} or B = {a, b}

where A € B, B is not P, — congested.

Remark (5-1-7) :
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6,(I, T) and T have a disjoint intersection since if A is anon empty i — open set such that
A € 6,(1,T), so by proposition (2-2-9)(4) we have A € X;(A) ,and by definition ( 5-1-1),
Xr(A)Si — cl(A) so ASi — cl(A) and this contradiction.

In a similar way the following proposition discusses the cases of proposition (5-1-5) via the

P-congested set .
Proposition (5-1-8) :
Let (X, T, I, 8) be an i — topological proximity space and A, B are subset of X then

1. If A € Band A is P —congested set ,then B is P — congested set.
2. If An Bis P —congested set ,then A and B are P — conegested.
3. If Aor B is P - congested set ,then A U B is P — congested set.

Proof :

1. Since A is P — congested set so Np(A)S8i —cl(A) and because A € B ,then by
proposition (2-2-9) we there Xt(A) € Xt (B), hence by proximity axioms 8 (B)&i —
cl(A) and ,then X(B)di — cl(B) ,therefor B is P — congested set

(2) and (3) exist by (1) and proposition (1-3-6).
Proposition (5-1-9) :

Let (X, T,I,8) be an i — topological proximity space and {H;:i € o} , a is arbitrary set ,be a
collection of subset of T .If Uj, H; is P, — congested set then Rp(Uje, Hi)Si —
Cl(UiEOL 1— Cl(Hl))

Proof :

First we will prove that i — cl(Ujeo i — cl(H;)) = i — cl(Ujeq Hj), since we have Ujeq H; €
Uijeq (i — cl(H;)) which imply that for property of i— cl(Ujeq Hi) Si— cl(UiEa i—
cl(Hy)),conversly, let y € i— cl(Ujeq i—cl(H;)), so for each My € T(y) satisfy My N
(Uieq i — cI(H;)) # @ hence there exist iy € «, such that My ni— cl(H; ) # @, so there

exist at least one point say z belong to this intersection, but by proposition ( 1-2-20 )
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My ni—cl(H;,) €i—cl(MynH; ) imply that z € i — cI(M; N H; ) and z € M, and then
for each VeT(z) Vn(M;nH;)=+0d, for ze M, we have VNM,NnH; =Vn
(My N H;,) # @ and My N H;, SUjeq Hi thus y € i — cl(Useq H). Now we have come to the
main step, by using the definition (5-1-1) that is Rp(Ujeq Hi)8i — cl(Ujeq H) =1 —
cl(Ujeq i — cl(H)).

The following proposition discusses the image and inverse image of p, —congested set .

Proposition (5-1-10) :

Let f: (X,T,1,8,) — (Y, T,, 1, Sy) be an i- homeomorphism and & — homeomorphism
function . Ais p, — congested set if and only if f(A) is p, — congested for each i-closed set
Aof X.

Proof :

Let A be p, — congested set , to show that f(A) is p, — congested set . First we must prove
that f(X71(A)) = Xp2(f(A)) .Let y € f(Xp;(A)) , then there exist x € X such that f(x) =y
and x € Xp;(A) , so there is at least one i — open U, containing x and U, 6, A , by using the

definition of proximity continuous function we have f(U,) 8, f(A) , but f is i — open
function , so f(Uy) € T,(x) hence y belong to R, (f(A)) . Conversely let y € X, (f(A)) ,
then there is U, € T,(y) with property U, 6 f(A) , but f is 8§ — homeomorphisms which
means that (U, ) 6, A , and f~* is i-continuous function , so f~*(Uy) € T;(x) which
imply to x € Xp (A) , about this we get y = f(x) € f(NTl(A)) Now by assumpation
Np (A) 8x1—cl(A) , then we get and by proximity function f we get R (f(A)) =
f(NTl(A)) 8, f(i— cl(A)) , because if possible f(Xy (A)) 8yf(i— cl(A)) , since £~ is &-
continuous , so f~1(f(Rr, (A)) Syf~*(f(i—cl(A))) , but f is bijective , Ry (A) 8xi—
cl (A)which contradiction .now by using the property of homeomorphism we set
R, (f(A)) 8, i— cl (f(A)) . therefore f(A) is p, — congested set .Conversely , let f(A) is p,, —
congested in Y first to show that £~*(Xr,(f(A)) = R, (A). let x € {71 (NTZ (f(A))) , then
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f(x) € R, (f(A)) , so there is V € T,(f(x,)) satisfy that 1 8y f(A) , but f~* is § — continuous
and bijective so f~1(V) &, f~1(f(A)) = A, from this fact and by assumption that f is i —
continuous we get x € X (A) . conversely , for any x € X, (A) there is U € T;(x) with
U 84 A, but f is § —continuous and i — open we get f(U ) &, f(A) , so f(x) € &, (f(A))
that is x € f~* (X, (f(A)) . Now since f(A) is p, — congested set we get Rr, (f(A)) Sy i—
cl (f(A)) by assumption and the above fact we get R (A) = f~*(Ry, (f(A)) &, 1 (f(i —
cl(A)) =i — cl(A) therefore A is p,, — congested setin X .

Proposition (5-1-11) :

Let {H;:i € a} be a collection of subset of the space X. If U;c, H; is P — conested then
N (Uieq 1 — cl(H;))8i — cl(Useq Hy).

Proof :

Since H; € i — cl(H;) for each i, then U;c, H; SU;¢, i — cl(H;) and by proposition (2-2-9)(1)
we have  Rp(Uje Hp) S Rp(Ujee i — cl(H)). Now by assume  Xp(Ujeq Hp)8i—

cl(Ujeq Hi), S0 by proximity axioms we get that NT(UiEa i— cl(Hi))Si — cl(Ujeq Hy).
The following proposition discusses the image and inverse image of P — congested set .
Proposition (5-1-12) :

Let f: (X, T, 1, 64) — (Y, T, 1, 6y) be an i- homeomorphism , 8 —homeomorphism function ,
then a subset A of X is P — congested if and only if f(A) is P — congested set for each i —
closed set A of X .

Proof :

Let A is P — congested set then Xr, (A)8xi — cl(A) since by conversation of proposition (5-
1-10) we prove that f (NTl(A)) = Nr, (f(A)), so because f is & — continuous function
f(NT1 (A)) 8yf(i — cI(A)) and then Xy, (f(A))8yf(i — cl(A)) and since f is i-closed function ,

s0 by proposition (1-2-38) we get X, (f(A))8yi — cI(f(A)), hence f(A) is P — conested set.
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Conversly let f(A) is P — congested set then X, (f(A))8yi — cl(f(A)). Now by conversation
of proposition (5-1-10) we have that f~*(Xr,(f(A)) = Xz, (A), so because f is & —
homeomorphism and f(A) is P — congested set then f~! (NTZ (f(A))) Syf1 (i — cl(f(A)))
and then Xr. (A)8xf~! (i — cl(f(A))), and since f is 1-1, onto function then by proposition
(1-2-38) we get Xy (A)Sxi — cl(A), hence A is P — congested set.

Now we will define the congested concept via the complement of the set.

Definition (5-1-13) :

Let (X, T, I, 8) be an i — topological proximity space and let A is a subset of X then

1. If the complement of A is P — congested then A is called CPC- congested set.
2. Ais called PC — congested set, if and only if X;(A)S8i — cl(A°)
3. Alis called CP — congested set, if and only if X;(A€)6i — cl(A).

Proposition (5-1-14) :

In any i — topological proximity space (X, T,I,8) the intersection of any familly of CPC —

congested sets is CPC — congested set.
Proof :

Let {H;:i € o} is a family of CPC — congested sets then H{ is P — congested set for each i,
and then Xt (H{)8i — cl(HY) and since Xt (H{) € X¢(Nn H;)€ also i — cl(H{) € i — cl(n H;)¢
hence by a proximity axioms we get that 8+(n H;)¢8i — cl(n H;)¢, therefor N H; is CPC —

congested set.
Remark (5-1-15) :

1. Union of any family of CPC — congested sets is not CPC — congested set.
2. Union and intersection of any family of CP — congested (resp. PC — congested) sets is
not CP — congested (resp. PC — congested) set.
Example (5-1-16 ):
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Let X=1{a,b,c},T=1{X0,{ab}}, [ ={0}and & defined by the discrete proximity . we
have that {a} ,{b} are PC-congested sets but the union and intersection of {a}, {b} is not
PC-congested set also {b} , {a,c} is CP-congested sets but the union and intersection is not

CP-congested set .

Through the following proposition , we can divide any space into four parts via i-topological

proximity space.
Proposition (5-1-17) :

Any subset A of i — topological proximity space (X,T,I,8) is P — congested or CPC —

congested or PC — congested or CP — congested set.
Proof :

Since we have that 8¢ (X)6xX but X = A U A€ for any subset A of X, also by proposition (2-
2-9)(3) we have Xt(A) U Rt(A®) =Rr(X)andi—cl(A) Ui—cl(A®) =i— cl(X) ,s0 we get
that Np(A) U Xp(A°)6i —cl(A) Ui— cl(A), hence by definition (1-3-1)(2) we have
Nr(A)8i — cl(A) or Xp(A)6i — cl(A) or Rt (A°)8i — cl(A) or Xp(A°)Si — cl(AC) from that A

Is P — congested or PC — congested or CP — congested or CPC — congested set respectively.
Remark (5-1-18) :

Any i — dense set is P — congested set but neither CPC nor CP,PC — congested set.
Proposition (5-1-19) :

Let (X, T,1,8) be an i — topological proximity space , with & is o — proximity and {u5; A €
B} be locally finite intersection then , for some A, € B, w, is CPC — congested if and only if

Naep Wy is CPC-congested set .

Proof :

Suppose that for some A, € B, w,, is CPC — congested then by definition (5-1-1) , uj{o iIsp—
congested then X(p5 ) 81— cl(ps,) and by proposition (1-3-6) , we get Ry ((Nzep 1)) =

NT(UAEB uﬁ) 6i— CI(UKEB Mﬁ) =1]- Cl((nxeﬁ ux)c) ZUAEB (l - Cl(‘l,li)) ,therefore

149



Unaep Ma is CPC — congested set .Conversely, first to show that 87(Uxeg K5) =Unep X7 (15) |
since  py SUpegia , hence Rp(p3) S Np(Upeg (3) imply that  Upep 8r(py) S
Nr(Usep 15) - Conversely let x € Xp(Upeppy) , so there is U € T(x) such that
U 8 Ujep 13 , then by definition (1-3-1) part 2,we get there is A, € B with U & 5, hence
x € Ry(u5,) , for some A, € B .Therefore Ry(Uxep 15) € Rr(15,) SUrep Rr(15) . Now by
assumption that Rr((Naep 1)) 8i— cl((Mep w)") imply that Nr(Urep 15) 81—
Cl(U;Leg Hi) by using the properties (locally finite intersection) and o - proximity , we get

(g, ) 81— cl(us, ) for some A, € B ,therefore p,  is cpc — congested set for some A, € B

The image and inverse image of CPC , CP,PC — congested set are discussed in propositions
(5-1-20) and (5-1-21).

Proposition (5-1-20):

Letf: (X, Ty, 1, 8,) = (Y, T, 1, 8y) be an i-homeomorphism and & — homomorphim function,
then A is CPC — congested set if and only if f(A) is CPC — congested set , for each i-open
set Aof X.

Proof :

Let A be an i-open CPC — congested set hence A°® is i-closed P-congested set then by
definition (5-1-13) and proposition (5-1-12) we get the proof .

Proposition (5-1-21) :

Let f: (X, Ty, 1,64) = (Y, T, 1, 8y) be i- homeomorphism and 6 —homeomorphism function

then

1- A'is PC — congested set if and only if f(A) is PC — congested set , for each i-open set
Aof X .

2- Ais CP — congested set if and only if f(A) is CP— congested set for each i-closed set
Aof X.
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Proof :

1. Let A be an i-open PC — congested set , first we must prove that f(NTl(A)) =
N1, (f(A)) ,s0 let y € f(X1,(A)) and because f is bijection then there exist x € X such

that f(x) = y and x € X, (A) , so there is at least one i — open set ‘U, containing X and
Uy 84 A, by using definition ( 1-3-10 ) we have f(Uy) 6, f(A) , but f is i — open
function , so f(U,) € T,(x) hence y belong to NTz(f(A)) , Conversely let y €
Nr,(f(A)) , then there is U, € T,(y) with property U, 8, f(A) , but f=* is
§ —continuous which means that f=*(U,) &, A and f is i-continuous function , so
f~1(Uy) € T, (x) which imply to x € R (A) , about this we gety = f(x) € f(NTl(A))
.Now by assumpation Ry (A)8yi—cl(A®) and by definition ( 1-3-10 ) , we get
X, (f(A)) =f(NT1(A)) 8, f(i— cl(A®)) and by using theorem (1-2-38) we set
R, (f(A))8, i— cl (f(A9)) . therefore f(A) is PC — congested set .Conversely , let
f(A) is PC — congested in Y first to show that f=*(Xy,(f(A)) = &1 (A). let x €
£ (Rr, (f(8))) , then f(x) € Rr, ((A)) , s0 there is V € T,(f(x,)) satisfy that
V&yf(A) , but f is & — homeomorphism so f~*(§,) =8, , hence
f~1(V) 8, £71(f(A)) = A from this fact and by assumption that f is i — continuous we
getx € Xp_(A) . conversely , for any x € Xp (A) there is U € T; (x) with U 6, A, but
fis & — continuous and i —open we get f(U ) 8, f(A°) , so f(x) € Xz (f(A)), thatis
x € f71(Ry,(f(A)) . Now since f(A) is PC — congested set we get Rp (f(A)) Sy i—
cl (f(A)¢) ,and by assumption and by the above fact we get
Rr (A) = 71X, (f(A)) 6, F72(f(i — cl(A%)) = i — cl(A®), therefore A is PC -
congested set.
2. Let A is CP — congested set then Nt (A°)6xi— cl(A). First we will prove that
f (NTl(AC)) = X, (f(A%)) which is exist by conversiation of (1) and because f is & —

homeomorphism, we get that f(NTl(AC)) 8Yf(i — cl(A)) ,and since f is i-closed function
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then X, (f(A)€)8i — cl(f(A)) ,which means that f(A) is CP — congested. Conversely, let
f(A) is CP — congested set then Xr (f(A)°)8yi—cl(f(A)) and because f is
§ —homeomorphis we get that £~z (f(A)*)8xf (i — cI(f(A)). Since f is 1-1, onto
function hence f~*(Xy (f(A%))8xi— cl(A) and by conversation of (1) we get that
N, (A9)6i — cl(A) therefore A is CP — congested set.

Remark (5-1-22):

For the i-homeomorphism and 8-homeomorphism functions in the above propositions if
(X,T,) and (Y,T,) are topological spaces then A is CPC,(resp. CP , PC) congested sets if and
only if f(A) is CPC (resp. CP, PC) congested sets.
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5.2 On a Proximity Focal Congested set
All the concepts introduced in section one ,we will studying in this section via the focal sets .
Definition (5-2-1)

Let (X, T,I,8) be an i —topological proximity space and A be a subset of X then A is called

1. Focal proximity un congested, simply, (P; —un congested) set if leﬁ (A)SFcl(A).
2. Focal proximity congested (simply, P; — congested) set if X; ; (A)SFcl(A).

The set of all P —un congested sets denoted by &¢, (I, T) and the family of all P; — congested
sets denoted by &¢(1, T).
Remark (5-2-2)

1. @is Pr— uncongested set and not P; — congested set

2. The universal non empty set X is P, — congested set

3. Except for the indiscrete topology every FOdense set is P — congested set and this
exist by definition ( 5-2-1) and proposition (4-2-10), also if A is ngs —dense set then A
Is Pr — congested set .The converse is not true as in the example below .

Example (5-2-3)

Let ={a,b,c}, T ={X 0,{a}} and 1= {9, {b},{c},{b,c}} , where § defined by the discrete
proximity if H = {b} then H is P — congested but H is not FOdense set .
Remark (5-2-4)
1. For any i — topological proximity space and for any subset A of X which satisfy
leﬁ (A) = @, then A is P; — uncongested set .

2. Union of tow Ps — uncongested set is not necessary Ps — uncongested set
3. Since NI¢ (A), leﬁ (B) is a subset of ngs (AU B) also Fcl(A),Fcl(B) is a subset of

Fcl(AUuB), so we get that by using the proximity axioms the union of two

P —congested is Pr —congested set .
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We can see that from example (5-2-3) {b},{c} are P; — uncongested sets then clearly that
{b,c} is

Now we list the most important features of the P, — uncongested sets .

Proposition(5-2-5)

For any i — topological proximity space and any subsets A , B of the universal set X the

following properties are achieved :

1. fACS BandBisa P;— un congested set , then A is P — un congested set then A is

Pr —un congested set .
2. IfAUBisa Pr— uncongested set, then A and B are P; — uncongested set .
3. If AorBisa P;— uncongested set, then A N B is P — uncongested set.
Proof :
1. Let B is Pr — uncongested set then X; ; (B)SFcl(B) and since we have that &; ; (A) ©
N; ; (B), hence by proposition (1-3-5) we get that X; ; (A)SFcl(B) , so by assume and

by corollary (2-3-6)we get ; ; (A)SFcl(A) , so A is P; — uncongested set.

2. The proof exist by (1) and by proposition (1-3-5)
3. The proof exist by (1) and by proposition (1-3-5)

In a similar way we will discuss the cases of proposition (5-2-5)via the focal proximity

congested set in proposition (5-2-6)

Proposition (5-2-6) :

Let (X, T,I) be an i — Topological proximity space and A , B are subset of X then
1. If A € Band A is Ps — congested ,then B is P — congested set .
2. If An Bis P — congested ,then A and B are P; — congested set .

3. AorBis P — congested if and only if A U B is P — congested set .

Proof :
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1. Since A< B, and A is P — congested set , then leﬁ (A)6Fcl(A), so by assume and
proposition (2-2-19) X; ; (A) € X ; (B), also by corollary (2-3-6) we have Fcl(A) <
Fcl(B) , therefor by proximity axioms we get that B is P; — congested set .

2. Exist by (1) and proposition (1-3-6).

3. Let A or B is P — congested set then by (1)and proposition (2-2-19), corollary (2-3-6)

we get that A U B is P — congested set .Conversely , let AU B is P; — congested set
then N% (AUB)SFcl(AUB), and by definition (1-3-1) and by proposition (2-2-
19)(3),corollary (2-3-6)(3) we get that A or B is P; — congested set .

Remark (5-2-7) :

1. By remark (5-2-4)(2) &¢_ (I, T) is not an ideal.

2. 6¢ (I, T) has a disjoint intersection with T because if there is i —open set A € &¢_(I, T)
,and by use proposition (2-2-19)(5)we have that A € X; ; (A) hence definition (5-2-1)
imply that ASFcI(A) and this contradiction .

Proposition (5-2-8):
Let {H;:i € a} be a collection of subset of i — topological proximity space (X, T,I) . If

Uieq Hi is Pr — un congested set , then X, (Vieq H;)8Fcl(Ujeq Fel(Hy))
Proof :

First we prove that Fcl(Ujeq Fel(H;)) = Fel(Uieq Hy) .Since H; € Fel(H;) for each i, so
UH; cu (Fcl(H;)) ,and  then  Fcl(Ujeq Hi) € Fel(Ujeq Fel(Hy)),  Now et
m € Fcl(Ujeq Fel(H;)) Jthen for each Uy, € T(m), U N (Uieq Fel(H;)) # @, hence there is
ip € a, where Uy, N Fcl(H; ) # @, so there is at least one point in the intersection say k, but
by proposition (2-3-16)we have Uy, N Fcl(H;, ) € Fel (Uy, NH; ) ,s0 k € Fel(Uy, N H; ),
and k € Uy, and hence for each i — open set V of k, satisfy V.n (U, nH; ) # @, fork € Uy,

and for eachU,,, € T(m) we have V N Uy, N H; € (Ujgq Hj), thus m € Fcl(Ujeq Hy).
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Now we will be back to the main step by using definition( 5-2-1 ) that is
Nis (Viea H;)8Fcl(Ujeq H;) = Fel(Ujeq (Fel(HY)) .

Image and inverse image of focal proximity uncongested set are explained in this proposition
Proposition (5-2-9):

Let £(X,TL8) - (Y, Tyly, &) be i-homeomorphism  formatting and & —

homeomorphism function then A is Pr —un congested set if and only if f(A) is P — un

congested set for each i-closed set A of X .

Proof :
Let A be an i-closed P;— un congested set . First we will prove that f<ngsT1 (A)) =

Riso, (f(A)). Let m € f(NIgSTl (A)) , then there exist x € X , such that m = f(x) and x €
NIM (A) , so there is at least one focal set H, , containing x and H,86,A , by using the
definition of proximity continuous function we have f(H,)8,f(A), but f is a formatting
function then f(Hy) € Ig7,(f(x)) and hence m =f(x) € Risr, (f(A)), conversly , let
m € X (f(A)), then there is a focal set Hy, € Igr, (m) with property H,,,8yf(A), but f~ is
& —continuous which means that f~1(H,,)8xA ,and since f is formatting function, so by
proposition (2-1-13) f~1(Hy) € Igr,(®) , which x € ngsTl(A) and then f(x) =m €
f<N1¢T1 (A)) ,now since A is Pr— un congested set ngsTl(A)$Fcl(A), and because f is
& —continuous then f(X; §71 (A)8y f(Fcl(A)),s0 by above conversation and proposition (2-

3-29) we get that X, 5Ty (f(A)Sy (Fcl(f(A)),hence f(A) is Ps — un congested set

. Conversely, let f(A) is P — un congested set in Y, first to show that f_l(Nlm (f(A)) =
Risp, (A) . Letm € f1 (ngst (f(A))) then f(m) € Xy, (f(A)) , so there is Heqyy €

Is7, (f(A)) which satisfy Hgmy 8yf(A), but £7* is § — continuous , so f~* (Hgm) ) 8xA, from

this fact and by assumption that f is formatting function we get that m € X; - (A).
156



Conversly, for any m € X; - (A) there is a focal set H of m with HoxA, but fis

& —continuous , so f(H)8yf(A) and by definition (2-1-12), f(H) is a focal set of f(m) , and

hence f(m) € X, (f(A)) somef? (ngst (f(A))) .

Now since f(A) is P;— un congested set we have that Xy, (f(A))8Fcl(f(A)) and by

assumption and the above conversation we get that
Risp, (A) = f‘l(N196T2 (f(A))8xf 1 (f(Fcl(A)) = Fcl(A) therefor A is P; — un congested .
Proposition (5-2-10) :

Let {H;:i € a} be a collection of subset of the i — topological proximity space X . if U;c, H;
is P — congested set ,then X, (U Fel(H;))8Fcl(Ujeq Hy).

Proof :

Since H; € Fcl(H;) for each i , sO Ujey Hi SUje, Fcl(H;) and then ngs (Uieq Hy) €
N; ; (Ujeq Fcl(H;) , and since Ui, Hjis Pr — congested set so by proposition (1-3-6)we get
Ny (Uieq Hj)6Fcl(Ujeq Hj) SO Ny (U Fcl(H;)8Fcl(U Hy).

Image and inverse image of focal proximity congested set are discussed in this proposition
Proposition (5-2-11) :

Let f:(X, Ty, Ix, 6x) = (Y, Ty, Iy, 6y) be a formatting i-homeomorphism and & —
homeomorphism function . then A is P; — congested if and only if f(A) is P — congested for

each i-closed set A of X ..

Proof :

Let A is Pr — congested then NIgﬁTl (A)6xFcl(A) and since f is 6 — homeomorphism then
f(NIéT1 (A)) 8yf(Fcl(A)) and by the proof of proposition (5-2-9) f<N156T1 (A)) =
Rigo, (f(A)) we get that X; 51y (f(A))8yf(Fcl(A)) and by proposition ( 2-3-29 )

Riso, (f(A))8yFcl(f(A)) therefor f(A) is P — congested , conversly let f(A) is P — congested
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then &y, (£(A))8yFcl(f(A)) and since f~* is § — continuous we get that
f‘l(N196T2 (f(A))8xf™? (Fcl(f(A))) by the proof of proposition (5-2-9 )
f-1 (NISJSTZ (f(A))) = Xy, (A) hence X (A)8xFcl(A) and therefore A is P; — congested.

As in definition (5-1-3) we will discuss the focal congested concept of the complement set .
Definition (5-2-12) :
Let (X, T,I,8) is i —topological proximity space and A is asubset of X then

1. If the complement of A is P, — congested set, then A is called CP;C — congested set .
2. Ais called P;C — congested set if X; ; (A)SFcl(A®)

3. Alis called CP; — congested set if X; ; (A°)8Fcl(A)
Example (5-2-13) :

Every subset of a space X with the discrete topological space and the empty ideal is a CP;C —

congested , CP; — congested set and P;C — congested .
Proposition (5-2-14) :

In any i — topological proximity space the intersection of any family of CP:C — congested set

is CP:C — congested set .
Proof :

Let {H;:i € a} is any family of CP:C — congested sets, so H; is P; — congested set and , then

N, ; (H{)S8FclI(HY), for each i, by using the proximity axioms and nested properties we have
that leﬁ (H{) c N% ((Nn Hy)€)8Fcl(Hf) < Fcl((n H;)¢) Hence N H; is CPC — congested set .
Remark (5-2-15) :

1. The union of any family of CP;C — congested set is not nesessary CP;C — congested set

2. The union and intersection of any family of CP; or P.C — congested sets is not

necessary CPr or P:C — congested sets respectively .
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Example (5-2-16):

Let X = {a, b, ¢} with the indiscrete topology and I = {@, {a}} if we take the familly {{b}, {c}}
then the union of this familly is {b,c} which is not CP;C — congested set. For the same

familly we have that union is not CP; — congested set and the intersection of this family

{{a, b}, {a, c}} is not CP; — congested set .

Through the following proposition ,we can divid any space into four parts via i — topological

proximity space .
Proposition (5-2-17) :

Any subset A of i — topological proximity space (X,T,I,8) is Pr — congested or CPC —

congested or P;C — congested or CP; — congested set.
Proof :

Since we have that ngs (X)6X, also we have X = A U A€ for any subset A of X and leﬁ (A) U
N ; (A®) = ¥ ; (X) , Fcl(A) UFcl(A®) = Fcl(X) from all above we get that X; ; (A) U
N% (A9)S8Fcl(A) U Fcl(A®) hence by proximity axioms we get that Nlﬁ (A)SFcl(A) or

NI¢ (A®)SFcl(A) or ngs (A®)SFcl(A®) or ng; (A)SFcl(A) ,and this result that we need.

Proposition (5-2-18):

Let (X, T,1,6) be an i — topological proximity space with § is o — proximity and {H;:i € a}
be locally finite intersection then for some iy € a, H;, is CP:C — congested set if and only if

Njeq Hj 1S CPC — congested set .
Proof :

Suppose that for some i, € o, H;, is CPC — congested set, so by definition (5-2-12 )
Ry, (Hf )8Fcl(Hf, ) 2 Fel(n Hf) from that we get &, (U H;)“8Fcl(U H) hence Uieq H; is

CP;C — congested set .
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Conversely ,First we prove that Ry, (Uiea HY) =Vieq Ry, (H{) since H{ SUj¢, Hf then
Ry, (H{) < Ry, (Ujeq HY) imply that Ui, Ny, (Hf) c Ry, (Uieo H) . Now let x€
Ry, (Ujeq HY) then there is afocal set w of x , x € w, w8 U;¢o Hf , SO there exist i, € a such
that wSH;, and then x € Ry, (Hf]) U &y, (Hf) by above conversation and assumption that
leﬁ (U H{)8Fcl(U HY) imply U Nlﬁ (H{)8Fcl(U HY) , so by o — proximity of the family
{H{:1 € a} and locally finite intersection we get that for some i, € o, &;; (H, )8Fcl(Hf, ) and

then H;  is CP:C — congested set .

Image and inverse image of CP{C ,CPs, Ps C- congested sets are explained in propositions (5-
2-20) and (5-2-21).
Proposition (5-2-19) :

Let f: X — Y be an i-homeomorphism and 6 — homeomorphism function then A is CP:C —

congested set if and only if f(A) is CP:C — congested set for each i-open set A of X..
Proof :

Let Aisi— open CPC — congested set then A€ is i — closed P; — congested set and since f is
i-homeomorphism f(A°) is i — closed and f(A®) = (f(A))C then by proposition (5-2-11)
f(A®) is CP:C — congested set. Now if f(A) is CP; C-congested ,so f(A)® is P — congested
hence f(A°) is P — congested then by proposition (5-2-11 ) then A® isP; — congested ,therefor
A'is CP:C — congested set .

Proposition (5-2-20) :

Let £ (X Ty,Ix 6x) = (Y, T, 1y,8y) is formatting i-homeomorphism and 6 —

homeomorphism function then :

1. Alisi—open P;C — congested set if and only if f(A) is P.C — congested set .
2. Aisi—closed CP; — congested set if and only if f(A) is CP; — congested set.
Proof :
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1. Let Alisi—open P.C — congested set, first we have by proposition (5-2-9) that

f<ngsT1 (A)) =Ry, (f(A)) . So by assume that Ry, (A)8xFl(A%) and since fis § —

continuous then f(NI . (A)) Syf(Fcl(A%)) and then X . (f(A))8yf(Fcl(A)) , because
f is i-homeomorphism formatting function we get that ngst (f(A))SYFcl(f(A)C), hence
f(A) is PC — congested set .

Conversely let f(A) is P:C — congested set inY, so &y (f(A))8xFcl(f(A)).

By proposition (5-2-9) we have that f~* (NISﬁTz (f(A))) = Ny, (A)

. by assume we have X; . (f(A))SYFcl(f(A)C) and because f~1 is & — continuous
f_l(xlg;Tz (f(A))8xf~1(Fcl(f(A)®), and f is  1-1, into function we get that
NIM (A)6xFcl(A), hence A is P.C — congested .
2 -Let A'is CP; — congested set then ; 511 (A°)8Fcl(A) . first we prove that
f(NIM (AC)) = NISﬁTz (f(AC)) and for that let y € f(xlgsTl (AC)) and because f is onto and
1-1 then there ism € NIgSTl (A®) such that y = f(m) and by definition (2-2-12) there is
Hy, € Ig, (m) such that Hy, 6xA° and since f is 8§ — homeomorphism then f(H,,) 8yf(A®),
so f(m) € Nlm (f(A®) . conversly lety € NIMZ (f(AC)), so by definition (2-2-12 ) there is
Hy € Ig 1, (y) such that Hy 8yf(A®) and since f is 6 — homeomorphsim , so
f~*(H,)8xf~*(f(A®)) and because f is bijective formatting function then f=*(Hy) is a
focal set of min X, hence m € NIM (A%) and there fory = f(m) € f<ngsT1 (AC)>. Now
we will back to assumption above X, (A9)8xFcl(A).f (NI . (AC)> Syf(Fcl(A)) and by
above conversation Xy, (f(A°))8yf(Fcl(A)) and because A is i — closed and  is bijective

function we get that X, (f(A))CSYFcl(f(A)) so f(A) is CP; — congested set . Conversely

let f(A) is CP; — congested set then Xy (f(A)) 8yFcl(f(A)) . and by conversiation first
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we will prove that f 1 (NI95T2 (f(A))C) = Ry, (A) and for that let m € f‘l(NIggTz (F(A))°
which is equal to f‘l(NIgst (f(A%)) and then f(m) € Risr, (f(A%)) , hence there is afocal
set Hgy, containing f(m) such that H.,y,)6yf(A°) and because f is 8 — homeomorphism

and 1-1, onto function then £~ (Hyqy) ) 8xAC also £~ (Hgy) ) is afocal set of min X,

hence m € NIMI (A) . conversly, letm € N%Tl (A°) then there is a focal set H,,, containg

m such that H,,6x A€ and because f is 6 — homeomorphism then f(H,,)8yf(A®) which is

mean that f(m) € §; 5Ty (f(A%)) where f(H,,) is a focal set of f(m) and containing it, from
that we get m € f‘l(NIm (f(A%)). Now we will back to first step
NISﬁTz (f(A)C)SYFcl(f(A)), since f is 8 — homeomorphism and 1-1, onto function then

f1(R; §Ts (f(A)€)6xFcl(A), hence X, - (A®)6xFcl(A) and then A is CP; — congested set .
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5.3 Study on the Proximity Crowded set

In this section we will define the proximity crowded set in i-topological proximity spaces
via the nested set , focal nested set , i-closer , focal closure concepts .the relationship with the

sets that were defined in the first and second sections of this chapter .
Definition (5-3-1) :

A subset A of i — topological proximity space (X,T,I,8) is called:

. Proximity non — crowded ( simple p,, — crowdeds , X¢ (i — cl(A)) = 0.

. Proximity not always crowded ( simply p,, — crowded ) if X (i — cl(A)) +0.

. Proximity focal non — crowded ( simply, pf, — crowded ) if &, (Fcl(A)) = 0.
. Proximity focal not always crowded ( simply , pf,, — crowded ) if ; ; (Fcl(A)) + Q.

Example (5-3-2):

Let (X, T;,{@},6) be an i-topological proximity space, where § is the discrete proxmity , then

Ais P, — crowded and P,, — crowded for each subset A of X..
Remark (5-3-3) :

Let (X, T,I,6) is i — topological proximity space and T is any family except the indiscrete

topological space then:
1. If Alis FOdense ,then A is P,, — crowded set.
2. If Ais ¢ dense ,then A is P,, — crowded set.

3. The set of all proximity focal non crowded is denoted by Fg, (T,l)and the set of all

proximity non crowded set is denoted by F,, (T,I) .
4. Noted that @ is P, — crowded and P, —crowded set .

5. Union of two P, — crowded (P;, —crowded )set is P, — crowded (P;, —crowded )
set
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The following theorem explains the effect of the nested set on the P, — crowded set.
Theorem (5-3-4) :

Let (X, T,I,8) be an i — topological proximity space , then Xy (A) = @ if and only if A is

P, — crowded set

Proof:

let 81 (A) = @ if possible that Xy (i — cl(A)) = @ ,then there exist x € &t (i — cl(A)) , so
by definition (2-2-1)there exist u € T(x) ,u 6(i— cl(A)) ,hence i — cl(A) # @, so there is
z€i—cl(A) , from that we get wnA # @,foreachw € T(z) ,s0 there exist W €
T(z) ,W 8 A, then z € & (A) and this contradiction, hence Xy (i — cl(A)) = 0.

Conversely, suppose that X (i—cl(A)) =@ and since ACi—cl(A) soXp(A) S
Xt (i— cl(A)) = @, hence R (A) = 0.

Corollary (5-3-5) :

Let (X,T,1,8) be an i — topological proximity space , les (A) =0 ifandonly if Ais
Pr — crowded set.

The relation between proximity focal non crowded and proximity non crowded are explained

in the proposition below
Proposition (5-3-6):

Let (X,T,1,8) be an i-topological proximity space ,then every P, —crowded is P, —

crowded .

Proof:

By corollary (5-3-5) if Ais P, — crowded , then X; ; (A) = @ hence by proposition (2-2-
14) Xt (A) = 0, so by theorem (5-3-4)then A is P, —crowded.

Some properties of the above types of crowded sets in definition (5-3-1)are proven below

Proposition (5-3-7):
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Let (X, T,1,58) be an i — topological proximity space , and let A, B are subsets of X such

that B € A, then each of the following are achieved :

1
2.
3. if Alis Py, — crowded set ,then B is P;, — crowded set .
4,

if B is P,, — crowded set ,then A is P,, — crowded set .

if Alis P, — crowded set ,then B is P, — crowded set .

if B is Py, — crowded set ,then A'is Py, — crowded set .

Proof:

1.

Let B is P,, — crowded set ,then Xr(i—cl(B)# @ , so by assumption and
propositions (2-2-9), (1-2-17) , Xp(i—cl(B) € Xt (i—cl(A) , hence A is Py, —
crowded set.

Let A is P, — crowded set ,then X;(i — cl(A) = @ ,so0 by assumption and propositions
(2-2-9), (1-2-17) , X (i — cl(B) € Xy (i — cl(A) = @, hence B is P, — crowded set.
Let A is Py, —crowded set ,then Xy (F—cl(A) =@ ,s0 by assumption and
propositions (2-2-19), (2-3-6) N4 (F —cl(B) € Xp (F—cl(A) =9 , hence A is
Pr, — crowded set.

Let B is Py, —crowded set then X5 (F—cl(A) #@ ,s0 by assumption and
propositions (2-2-19), (2-3-6) , Ry (F —cl(B) & ¥y (F—cl(A) # @ , hence A is

Pr, — crowded set.

Some instances of ideals or the family embedding are showed in propositions (5-3-8) , (5-3-

9).

Proposition (5-3-8):

Let (X, T, | ,8) , J=1,2 , be an i- topological proximity spaces , such that I, < I, then if Ais

Pr — crowded set with respect to I, ,then A is P, — crowded set with respect to I .

Proof:
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Let Ais Py, — crowded with respect to I, , hence,X; 4 (A) = @ and by proposition (2-2-21)
Nllgs (A) < legs (A) =0 ,s0 Nllgs (A) = @, and by corollary (5-3-5) Ais P;, — crowded

with respect tol; .

In a similar way we can discuss the case that if A'is Py — crowded set via I; ,then A is
P . — crowded set via I,

Proposition (5-3-9):

Let (X,T;,1,8) j = 1,2, be an i — topological proximity spaces, such that T, c T, ,then if A is
Poar, — crowded set ,then A is P, — crowded set.

Proof:

Let A is Py, — crowded set, so Xr (i — cl(A)) # @ ,s0 if possible that X, (i — cl(A)) = @
then for each x € X,x & X¢(i — cl(A)), hence for each H € T,(x),H8i — cl(A) ,and by
assume for each H € T; we get that H8i — cl(A) and that for each x € X , hence NTl(i —

cl(A)) = @ and this contradiction.

In a similar way we can discuss the case that if A is P,r, — crowded set , then A is P, —

crowded set
Example (5-3-10):

X ={ab,c}, T= {X, ?,{a, b}} = {(Z), {c}} I = {Q), {a},{c}, {a, c}} and & defined the
discrete proximity space, If A = {c} then A is P,, — crowded with respect to I; But not

P,, — crowded with respectto I, .

Below the relation between the set of every proximity non crowded and proximity focal non

crowded are discussed .
Proposition (5-3-11):
Let (X, T;,1,8),j =12, be an i — topological proximity spaces ,such that T, c T, then

Fr(LTy) € Fr(1, Ty)
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Proof:

Let A € F,(I,T,) , then X, (i — cl,(A)) = @, so if possible that Xy (i — cI(A)) # @, hence
there is x € Xr (i —cly1(A)) , and then there exist H € T, (x), such that H8i — cly4(A), so

i—cly1(A) # @ ,and then there is x € i — cly; (A)so for each We T, (x), WN A # @, hence
there is We T,(x), H6W, and then x € X, (A) , and this contradiction .

Example (5-3-12):

Let X ={a,b,c}, T, ={X.0,{a}}, 1 = {0}, T, = {X, 0,{a, b}} and & defined by the discrete
proximity space ,then f,(I, Ty) = {0} £,(, T,) = {@,{c}} ButT, ¢ T,

Proposition (5-3-13):

Let (X, T,I,0) be an i — topological proximity space ,then Fg, (I, T) and F,(I, T) are ideals.
Proof:

By remark ( 5-3-3)(4),(5)and proposition (5-3-7) we get the result.

Image and inverse image of all sets in definition (5-3-1) are discussed in propositions (5-3-
14), (5-3-15)

Proposition (5-3-14):

Let f: (X, Ty, Ix) = (Y, Ty, Iy) be &6 — continuous, i — homeomorphism function, then

following statement exist

1. Ais P, — crowded set if and only if f(A) is P, — crowded set
2. Alis Py, — crowded set if and only if f(A) is P, — crowded set.
Proof :
1. Let Ais P, — crowded set, so Xr, (i — clx(A)) = @ in order to prove that f(A) is P, —
crowded set and for that first we will prove N, (i — cly(f(A)) = f (NTX (i— ch(A))).
Let y € Ry, (i — clY(f(A))) then exist x € X ,such that y = f(x) also there exist i —

open set H of y proper subset of Y satisfy Héyi — clY(f(A)) and since f~1 is § —
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continuous , then f~*(H)8xf (i — cly(f(A)), but f~*(H) is i — open set of x ,because

f is i — homeomorpgism there exist i — open set f~1(H) of the point x such that
£=1(H)8xi — cly(A), hence x € Ry, (i — clx(A)) and then f(x) € f(NTX (i— ch(A))).
Conversly, lety € f(NTX(i — ch(A))), so x € X, (i — clx(A)) , and by definition (2-

2-1) we have i — open set G of x, satisfy G6xi — clx(A) ,since f is 8 — continuous the

f(G)8yf(i — clx(A)) also f is i — homeomorphism then f(G)8yi — cly(f(A)) and £(G) is
i —open set of y, hence y € Rr, (i — clY(f(A))). Now will back to the first steep that
is N, (i—clx(A) =0, so f(Xr (i—clx(A)) =@ and by above conversation
Nr, (i — clY(f(A))) = @, hence f(A) is P, — crowded set. Conversly, let f(A) is P, —
crowded set then N, (i — clY(f(A))) = @ and by a bove conversiation we have that
N, (i — clY(f(A))) =f (NTX (i— ch(A))), hence f(Xr, (i — clx(A)) = @ and because
f is i — homeomorphism we get that Xt (i — cly(A)) = @ and then A is P, — crowded

set.

. Let A is P, — crowded set then Np, (i—clx(A)) = @. First we will prove
thet £~ (R, (i — cl(f(A)) ) = 8, (i — clx(A)). Let x € 71 (Ny, (i — cI(f(A))) then
f(x) € R, (i — cly(f(A)) ), so there exist i — open set H of y satisfy H&yi — cl(f(A))
and because f~! is § — continuous , then f~*(A)8xf~* (i — cl(f(A))), but fis i -
homeomorphism we have f~1(H) is i — open set of x and f~1(H) i — clx(A) and then
x € R, (1 — clx(A)). Now let x € Ry (i — clx(A)) ,then there exist i — open set G of x
such that G8xi — clx(A) and since f is § — continuous then f(G)8yf(i — clx(A)) =i —
cly(f(A)), so there exist i — open set f(G) of y satisfy f(G)8yi — cly(f(A)) ,which
means that y € Ry, (i — cly(f(A))) and then x = £~1(y) € £ (Nr, (i — cly(F(A))),
therefor (X, (i — clY(f(A))) = X, (i — cly(A)). We will back to first steep, if
possible that N, (i — clY(F(A))) =@, s0 f1(Rp, (i — clY(f(A))) = @ and this mean
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that X, (i — clx(A)) = @ and this contradiction. Conversly, let f(A) is open crowded
set then Nr, (I — clY(f(A))) # @, so by conversiation of (1) we have that Nr, (i —
clY(f(A))) = f(Nr, (i — clx(A)), so if possible that Xr (i—clx(A)) =9 then

f(NTX(i - ch(A))) = ¢ and then Np, (i — clY(f(A))) = @ and this contradiction,
hence A'is P, — crowded set.

Proposition (5-3-15):

Let f: (X, Tx, Ix, 6x) = (Y, Ty, Iy, 8y) be formatting, i — homeomorphism, § — continuous

function then :

1. Alis P; — crowded set if and only if f(A) is P;, — crowded set.
2. Ais Pr,, — crowded set if and only if f(A) is Pr,. — crowded set.

Proof :
1 Let A is P, — crowded set then (Fclx(A)) = @. If possible that
a X

Ry (FCly(f(A))) +@ this means that there exist y€Y such that
y € ngs Y(FclY(f(A)) and since f is i — homeomorphism then f is onto so there is x € X,
such that y =f(x) also by definition (2-2-12) we have Helg (y) satisfy
H&yFcly(f(A)). Because f is § — continuous then =1 (H)8xf ™! (FclY(f(A))) Jbut fis i

— homeomorphism f~1(H)8xFclk(A) , and by proposition (2-1-13), f~1(H) is a focal

set of the point x, from that we get x € les (Fcl(A)) , and this contradiction, so
X
i (Fcly(f(A)) = @ , and then f(A) is P — crowded set. Conversly, let f(A) is
Y a
P; — crowded set , so ; (FCly(f(A))) = @, if possible that ;. (Fclx(A)) # @,
Na 9SY 5ﬁX
then there exist x € X such that x € X; ; (Fch(A)) so by focal nested definition we
X

have a focal set G of x satisfy GoxFcly(A), because f is & — continuous then

f(G)ch(Fch(A)), also f is formatting i — homeomorphism function we have f(G) is
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focal set of y in Y and then y € Nlﬁ (FclY(f(A))) and this contradiction hence
Y
R X(Fcl(A)) = Q.
Let A is Pf, — crowded set, then X (Fcl(A))#@. If possible that
X

R (Fcl(f(A))) = @ then f(A) is Pf, — crowded set, so by (1) A is Pf, — crowded
Y

set and this contradiction hence f(A) is Pf, —crowded set. Conversly, let f(A) is

Pf, — crowded set, then X; (FclY(f(A))) # @. If possible N, (Fclx(A)) = @ this
a ¢ Y $ X

means that A is Pf, — crowded set, so f(A) is Pf, — crowded set and this

contradiction.

The relation between crowded and congested concepts are discussed below .

Proposition(5-3-16) :

Let (a, T, I, 8) be an i — topological proximity space then

1. Every P — congested(P; — congested )set is P — crowded(P: — crowded set.

2. Every P, — crowded (Pf, — crowded)set is P, — congested (P; — congested) set.

Proof :

1.

Let A is P — congested set, so X3(A)6i — cl(A) ,and then i — cl(A) # @. If possible
that Xp(i — cl(A) = @, then for each x € X and U € T(x), U8i — cl(A), hence UNi —
cl(A) =@, but x e U, hence x ¢ i— cl(A), for each x € X and this contradiction,

therefor Rp(i — cl(A)) = @, imply that A is P — crowded set.

Let A is P, — crowded set, then Xr(i— cl(A)) = @, and since A € i — cl(A), we get
that X1 (A) = @,hence Xt(A)8i — cl(A), therefor A is P, — congested set .
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6.1 Y —operator via Focal set

Another form of -operator is defined in this section by using employing two pillars, they

are i-topological spaces and the proximity spaces.

Definition (6-1-1) :

Let (X, T,I,8) be an i — topological proximity space , we define the operator Yyg: P(X) —
P(X) as: Y5(A) = {x € X : there are u € g such that U «< A}.

Example (6-1-2) :

Let (X, T;, {@},6) ,where & defined by the discrete proximity space be an i — topological

proximity space , then yg5(A) = @ for each subset A of X .

Some of the basic properties of Y5 —operator are proven in the following proposition .

Proposition (6-1-3) :

Let (X, T, I, 8) be an i — topological proximity space then each of the following are held :

1.
2.
3.

Ps(A) CU{U € lgy,x € A:U—-AET}
Ws(A) 2U {U € Igx),x € A: U < A}
Ws(A) U {U € Ig),x € A: U ~ A}

4. Ys(@) = @ and Ps(X) =X
Proof :

1.

Let x € Ys(A), so there exist U € g, , suchthat U < A, henceU—-A =@ €l so If
x €U {U € Ig):U— A€ Ijthenx & U, foreach U € Iy, ,U—A €I, and  this
contradiction .

Let x €U {U € I, U « A} and by definition (6-1-1) , x € y5(A)

Let x € Y5(A) and if possible that x €U {U € I5):x € A,A = U} then for each
U€lgx,U—-AUA—-U¢Iand then U—A &1 ,hence for each U € Ig(,), U—A &I
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and from that we get x gU {U € Ig):U—A €1} and by (1) x € ys(A) and this
contradiction .

4. If there exist x € Ys(A) then there exist W € g, W < @ and this contiadiction also

if there exist x & Y5(X) then there exist

Converse of above cases explain in this example
Example (6-1-4) :

LetX = {a,b,c}, T ={X @, {a},{b}},1 = {®,{c}} and ASB defined by the discrete proximity.
If A={a}, then U {U € I54): U — A € 1} & Y5{A} = {a} als0 if B = {a,b} then Y5(B) = X &
U{U € l54):x €B,UKB}={ab} and if H={a} then U{UE€lsy,x€AA~U}=
{a,c} € Ys(H) = {a}

Proposition (6-1-5) :

Let (X, T, I, &) be an i —topological proximity space and let A are subsets of X then

Ws(A) = @, for each A® € [g.

Ps(A) is i— open set for each subset A of X
Ys(A) # @ ifand only if Ws(A) € L), for some x € A
If A € Bthen yi5(A) € Ys(B)
Ys(ANB)=Ps(A) N YPs(B)

Ws(A) U Ys(B) € Ys(AUB)

Ws(Ws(A)) = ys(A) for each subset A of X
X—$(X—A) S Ys(A)

Ps(A) S $(A)

10.ys(A) = @ foreach A €l

11.ys(A%) = @ for each A € I

© ©o N o o0 Bk~ w DN PE

Proof:
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. 1f Ys(A) # @, then there is x € Ps(A4), so thereis W € g, W < A, from that we
get W < 4, so from theorem (2-1-2) (2) A € lg(), and by the same theorem part 6
this contradiction .

. If possible that y5(A) € T, so for each He T,H = Yg(A) , then H—Ys(A) U
PYs(A) —H &1 , henceH—ys(A) UPg(A) —H # @, and this mean that H —
Ps(A) = 0, or Yg(A) — H # @ or both cases are not empty and all of these cases for
each H € T, so for case one there exist a point x belong to H — y5(A), which is read
as x € H,for each i-open set H, and that is contradiction by the empty set .for the
second case if there exist a point x belong to y5(A) — H, which is read as x ¢ H,for
each i-open set H, and that is contradiction by the universal set X So from this
conversation we get that H — Yr5(A) U Yi5(A) — H € 1 and then yg(A) isi— open set .
. By (2) and by proposition (2-1-2)(1)

. Let A< Band letx € y5(A), then there exist W € Ig(,), W < A but B S A® hence by
proposition (1-3-5)(2) we get W8B€ ,and then x € J5(B) .

. Firstsince AN B € Aand B, so by (4) Yys(ANB) S Ys(A) NnYs(B).

Now let x € Y5(A) NWs(B), then there exist H,W € Ig«y such that H <« A and
W « B and by proposition (2-1-2) HN'W € Iy, so by proposition (1-3-5)H N W «
A and H N W « B and then by proposition (1-3-8)(13) HNW < ANnB.

. Since A and B are subset of A U B and by (5) we get that y5(A) U Yg(B) € Wg(A U
B) .

. Let x € Ys(Ws(A)) then by proposition (6-1-3)(3) we get that x €U {U € I, x €
Ps(A):U = LPS(A)} ,hence x € Yg(A) .Conversely since yg(A) is i — open set then
by (4) Ws(A) € Ws(Ws(A)).

. Let x€ X—¢$(X—A) ,then x & §(X—A) ,hence there exist W € I, x € W and
W8X — A and then x € Yi5(A) .

. Let x € Y5(A) ,then there exist W € Ig) , W < A ,hence by theorem (2-1-2)(2)

, A € Iy If possible that x ¢ $(A) then there exist H € I, x € H ,and H8A so
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H c A® and by theorem (2-1-2)(2) A® € I and by the same theorem part 6 this is
contradiction .

10.Suppose that Yis(A) # @ , so there exist x € Ws(A), hence there exist U € I, U <
Aand by theorem (2-1-2)(2) then A® € Ig, and by the same theorem part 6 this
contradiction therefor Y5(A) = @ .

11.1f possible thatys(A€) # @ ,then there exist a point x of X, such that x € Yg(A°) , so
there exist U € Ig(,), U < A° and by theorem (2-1-2)(2) A® € I , but by assumption
A € Igpand this contradiction by proposition (2-1-2)(6) .

Example (6-1-6) :

Let X={a,b,c},T={X0,{ab},{a c}} and I ={@,{c}} and & is the discrete proximity
space ,then If A ={a},B = {b}, then Y5(A) U Ps(B) ={a,c}u®d =1{ac} .But Yys(AU
B) = Yys({a,b}) =X & {a,c} .Also Ys(A) # 0 ,but A& Tand Ys(B) S Ys(A) butBZ A
and Ps(A) € X— (X —A) ={a,c}and $(A) = X & Ys(A) ={a,c}.

Proposition (6-1-7) :

Let (X, T,I,8) be an i — topological proximity space then

Ys(A9) € (W5(A)" .

Ps(A) — A = @ for each i — closed set A of X .

(Ws(A))" € $(A), for each subset A of X .

($(A))€ S Y (A°) for each subset A of X .

Ps(A) S Fcl(A).

Ais FOdexse if and only if Yy5(A) =@, foreachA € X.
PYs(A)NA =0, foreach A€l.

If AN B = @ ,then $(A) N Ys(B) = @ for each A, B are subsets of X .
9. Ys(A) € A°foreachA€el.

Proof :

O N o g B~ w DR
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. Let x € Y5(A%) , so there exist U € Ig(,) , U K A°, hence A® € Ig(. If possible that

x & (Ps(A)) then x € Ps(A) and hence there exist W € I§(x) WEA® and then W €
A,s0 by theorem (2-1-2)(2) we get that A € I, but A® € g, and this contradiction

hence x € (Y5(A))° .
. If possible that Yg(A) —A # @, so there exist x € Y5(A) — A, hence there exist
WE g, WKA, so by theorem (2-1-2)(2) A € Igbut by the same theorem

A° € I and this contradiction .

. Letx € (Y5(A))", 50 x & Y(A) then for each U € I§(x) » USAC then x € $(A).

. Let x € ($(A))° , then x & $(A) , so there exist U € 5, ,x € U, USA , hence x €
Ws(A°) .

. Let x € Yi5(A) ,then there exist U € I ,such that U «< 4, from that we get U < 4,
and by theorem (2-1-2)(2) A € Ig(y) , if x & Fcl(A) ,then there exist H € T(x) ,such
that HNA =0 , hence A® € Igy) and by theorem (2-1-2)part 5 this imply the
contradiction so x € Fcl(A) .

. If possible that Yg(A®) # @, so there exist x € Pg(A®) , hence there exist U €
[gx), U < A° ,s0 by proposition (2-1-2)(2) we have that A € Iy , from that we
have H € T(x) such that HaA®, hence HNA €1, now if HN A = @ ,and by assume
this is contradiction because x € Fcl(A) , so for each i-open set H of x we have ,
HnN A # @ , and then by proposition (6-1-5)(10) ys(A N H) = @ ,also by the same
proposition (6) ws(A) NYs(H) =@ , but Ws(A) , Ws(H) €lgy) and this
contradiction hence Y5(A€) = @ . Conversly , if possible that Fcl(A) # X , so there
exist x € X and x & Fcl(A) , hence there exist U € T(x) ,UN A = @ , then by theorem
(2-1-2)(2) A" € lg) , also by proposition (6-1-5)(4) Ws(U) S Ws(A®) =@ ,then
PYs(U) =0 ,but by theorem (2-1-2)(1) the empty set is not a focal set ,also by
proposition (6-1-5) (2) this contradiction.

. Since A €1l and by proposition (6-1-5 ) ( 10 ) Wg(A) = @ then Yys(A)NA=0 ,
conversly , if Anys(A) =0 , so Ys(A) € A€ and then by proposition (2-1-2)(2)
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A € lg, IFAE T then A+ @, so there exist x € A, hence x & J5(A) and then for
each H € I, , HOA, but A® € Iy, then A°8A, and this contradiction .
8. If possible that $(A) N Ys(B) + @ so there exist x € $(A) N Ys(B) , hence x € $(A)
50 for each U € Ig(, ,USA and x € U ,and x € yi5(B) ,we have H € I, , HSB®, But
A € B¢ then H8B® then by proposition (1-3-5) HSA and this contradiction .
9. Since A €1, so by proposition (6-1-4)part 10, ys(A) = @, and then Ys(A) NA =0
also Yg(A) € A° .
Example (6-1-8) :
Let X ={a,b,c},T={X,0,{a b}, {a,c}} 1 ={0,{c}}, & is the discrete proximity ,then if
A = {a} then Fcl(A) = X & Pi5(A) also if B = {c} then Y5(B¢) =X & ($(B))° = {a,b} and
$(A%) = {b,c} & (Ws(A))" = (b} and also (Ws(A))" = {b} & Ys(A) = 0
Proposition (6-1-9) :
Let (X, T, I, &) be an i — topological proximity space and let A,B are subset of X then:

1. If A = Bthen Y5(A) = Yg(B) ,for each subset A,B of X .

2. ($(A))° < Ps(A°) for each subset A of X.

3. Us(($(A)) =0 foreachA€T

4. $(Ps(A) € lgy and (Ws(A)) € g for each subset A of X and for some
Xx€EX.

5. Ys(A) € Ps($(A)) for each subset A of X

6. if Y5(A°) = @ ,then $(A) =X.

Proof :

1. Since A~ B,s0A — B e Iandthen y15(A— B) = @, hence by proposition (6-1-5)(6)
Ps(A) NPg(BS) =@ , then by proposition (6-1-7)(1) Ws(A) € (L|18(BC))C c
((LpS(B))C)C = Ps(B) and similarly we prove that y5(B) S Ps(A) hence Pg(A) =
Ys(B)
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6.

Let x € ($(A))° , so x & $(A) , hence there exist U € Ign ,x € U, USA and then
X € Ys(A) .

Since A € T so by proposition (3-1-4)(6) we have $(A) € Ig(x) and by proposition ( 6-
1-5)(1) ws(($(A)7) = 0.

If$ (Ps(A) =@, then § (Vs(A)) & Ig)If $ (Ws(A)) # @ , then by definition (3-
1-1) Ys(A) # @, and by proposition (6-1-5)part 3 , Since Ps(A) € Ig) ,S0 by
proposition (3-1-4)(6) $(Ps(A)) € Igx) -And by proposition (3-2-3)(2) and theorem
(2-1-2)2) §  (Ws(A)) € L5

By proposition (3-1-3) A € ¢(A) for each subset A of X and by proposition (6-1-5)(4)
we get that Y5 (A) € Ws($(A)) .

By (3), ($(A))° S Ws(AY) , ($(A)) = @ then $(A) =X

Example (6-1-10) :

Let X={ab,c},T={X0,{ab}{ac}},1={0,{c}} , and & defined by the discrete

proximity ,then if A = {a} then $(A) = {b,c} & (V5(A))" ,also if B = {c} then Y5(B®) =
X ¢ ($(B))° ,and also Ys($(A)) = X & Ys(A) = {a,c}.

Example (6-1-11) :

X={ab,c},T={X01{ab}},1={0} ,and & defined by the discrete proximity ,so if
A = {a,b}then $(A) = Xbut ys(X—A) # 0 .

Proposition (6-1-12) :

Let (X, T,1;,6) , j = 1,2 be an i — topology proximty space such that I; < I, then Y5, (A) S
Vs, (A)

Proof :

Since I; < I, , so by proposition ( 2-1-10) I; $(x) < I, $(x) and hence W5, (B) € Y, (A)

Proposition (6-1-13) :
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Let (X,T;,1,8),j =12 be an i — topological proximity space such that T, & T, then
Wsp, (A) € Us,, (A)

Proof:

by proposition ( 2-1-10) we get that I714 ) S Ir2¢ () @nd by proposition (6-1-12) we get

that Y5, (A) € s, (A) -

179



6.2 P —ooperator with respect to i-open set

A study related to the i — open set was presented in this section with a study of all the traits
and characteristics that can be studied in addition to studying the relationship between the

P+ —operator andyrg-operator and the results related to them.
Definition (6-2-1) :

let (X, T,1,8) be an i — topological proximity space an operator yr: P(X) — P(X) defined as
follow : Yr(A) = {x € X: there exist U € T(x),U « A}

Example (6-2-2) :

In the indiscrete i-topological proximity space (X,T,{0},6) Let and &is the discrete
proximity , Up(A) = X ,for each subset A of X ..

Proposition (6-2-3) :

Let (X, T,I,8) be an i — topological proximity space then each of the following are held for

every subsets A,B of X :

1. Yr(A) € A foreach A cX.

2. Yp(A) € Ps(A), foreach A € X.

3. yr(A) =0 ,foreachA€el.

4. If A € B then Yp(A) S Y (B) .

5. Yr(A) U r(B) S Yr(AUB).

6. Yr(ANB) S Yr(A) NYr(B) foreach A € X.
Proof :

1. Let x € Y1 (A) , so there exist U € T(x) such that U « A and hence U € A and then
X€EA.

2. Let x € Yr(A) , so there exist U € T(x) such that U << A and hence there exist
U € [ , U < Aand then x € Y5(A).

3. By proposition (6-1-5) (11) and by (1) we get that ¢+ (A) = @ .
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4. Letx € Yp(A), so there exist U € T(x) such that USAC , so by proposition (1-3-5)(1),
we have USBC and then x € Yip(B) .
5. Since A AUB and B € A U B then by (6) we get that y(A) U y1(B) € yr(AU
B) .
6. Since ANBCS A ,and AnNB < B and by (6) we get that Yyr(ANB) S Yr(A) N
Yr(B) .
Example (6-2-4) :
Let X={ab,c},T= {X, ?,{a, b}, {a, c}} = {(Z), {b}, {c}, {b, C}} ,and & defined by the
discrete proximity, If A = {a} then Yg(A) =X & Yr(A) = 0 also Yr{c} S Yr{a, b} but
{c} £ {a,b} and if A = {c} and B = {a, b} then Yr(AUB) =X but yt(AUB) £ Yr(A) U
Yr(B) = {a,b}also if A = {a,b}, B = {a,c} then Y (A) N Pr(B) = {a} £ Y1 (AN B) = @.
Remark (6-2-5) :
Urx) (A) is not i — open set in general as in the following example :

Example (6-2-6) :

Let X ={a,b,c},T={X0,{a}, {b}},1 ={@,{c}} .and & is the discrete proximity ,then if
A ={a,b}then y:(A) ={a,b} ¢ T.

Proposition (6-2-7) :

Let (X, T, I, 8) be an i — topological proximty space ,then each of the following are holds:

1. X—¢ . (X—A) = Ur(A) for each subset A of X..

. Wr(Yr(A)) € Wr(A) for each subset A of X.
. Yr(A) € Fcl(A) ,for each subset A of X.

. Wr(A) € § . (A) for each subset A of X.

. A'is FOdense set then Y (A°) = @.

2
3
4. Yr(A9) € (Pr(A))  for each subset A of X.
)
6
7. Alis § _dense setif and only if Yr(A°) = 9.
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Proof :

1.

Let x€EX—¢ ¢(X—A) if and only if x¢& ¢ (X—A) if and only if there exist
W € T(x) such that W§(X — A) if and only if there exist W € T(x) such that W «< A
if and only if x € Y (A)

By (1) and by proposition (3-2-3)8) X—¢ . (X—A) = Yr(A) , so Yr(Pr(A)) =
X=6 . (§ p (X=A) S K~ § (X~ A)) we get that r(yr(A)) € r(A) .

Let x € Y7 (A) , so there exist w € T(x) such that WSA® , hence W N A¢ = @ and then
X € A , if possible that x € Fcl(A) then there exist HET(x) , HNA=¢ , but
x € H N A and this contradiction , hence x € Fcl(A) .

By proposition (5-2-3)(2) we have yir(A) € Ws(A) , 50 (Ws(A))° € (Yr(A)) hence
by proposition (6-1-7)(1) Wr(A%) € Ws(A®) € (Vr(A))°.

Let x € Y7 (A) , so there exist W € T(x) , WSAC® ,and hence x € A, so x € An'W for
each W € T(x) ,thenx € § _ (A) .

By proposition (6-2-3)(2) and by proposition (6-1-7)(7) we have that y5(A€) = @ so
Yr(A) =0.

If possible that Y+ (A®) # @ then there exist x € Y (A°) , hence there exist W € T(x)
such that W « A° and this mean that WSA hence x & § - (A) and this contradiction .
Conversely , suppose that there exist x € X and x & ¢ - (A) , so there exist W € T(x) ,

WSA , then x € P(A°) and this contradiction .

Example (6-2-8) :

Let X={a,b,c},T={X0,{ab}{ac}} and 1={0,{c}} ,and & defined by the discrete

proximity then if A ={a} then Fcl(A) = X & Yr(A) ,a|SO(L|JT(A))C =X & Pr(A°) and
$ . (A) =X Yr(A)andif A = {b,c}, so Y1 (B) = @, but Fcl(B) # X .

Proposition (6-2-12) :

Let (X, T,[,8) be an i — topological proximity space then If A is ¢ dense set then
Yre(A) =0.
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Proof :

By proposition ( 4-3-16 ) A is § cdense set and by proposition (6-2-7 ) Yy (A%) = 0.
Proposition (6-2-13) :
Let (X, T, 1, 8),j = 1,2 be an i — topological proximity space such that T, is finerthan T; then
Yr, (A) € Y, (A) .
Proof:

Letx € Y, (A), so there exist W € T; (x) such that W « A®, so there exist W € T, (x) such
that W « A, and hence x € Y, (A).

Proposition (6-2-14) :
Let (X, T, I, &) be an i — topological proximity space then :

1. Ys($(A)) = @ and Ys($ T (A)) = ¢ foreach A € I§ )
2. $(Ws(A)) €Ly, § 1 (Ws(A)) € Igry and § . (Wr(A)) € gy for somex € A
Proof:

1. By proposition (3-1-4)(6) we have that $(A) € I4(x) and by proposition (6-1-5)(12) we
get that Ys($(A)S) = @ . Also for another case since A < ¢ - (A) so by proposition
(2-1-2)(2) we get that ¢ - (A) € lg) and by proposition (6-1-5)(12) we get that
Us($ L (A)) =0

2. By proposition (6-1-5)(3) and by proposition (3-1-4)(6) , we can prove each of these

cases.
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6.3 On Pgs-set and F —set

Various forms of y- set corresponding to different cases of spaces were introduced in a
previous studies and the relationships among them therefore the focus of the study in this
section will be on the nature of the effects that can be obtained by using proximity spaces,
when studying this type of set by investigating a new class of sets called 5-set and Fyr —set

in i-topological proximity spaces.
Definition (6-3-1)
Let (X, T,1,6) be an i — topological proximity space then a subset A of X is said to be {5 —

set if and only if A 8§ (Ps(A)) and it is called Fss — set if and only if A 8 Fcl (L|JT(X) (A)) ,

the collection of all Y5 — set of X indicated by Y5 (X, T,1,6) and FY(X, T, I, §)stand for the
set of all F{r — set.

The relation between Y5 — set and Fyr — set showed below
Proposition (6-3-2)

Let (X, T,1,8) be an i — topological proximity space then every F — set is yrg — set but not

conversely.

Proof:

By proposition (6-2-3) ( 2) and (3-1-12)we get that Fcl(yr(A)) € $(Ws(A)) ,and then since
A 8§ Fcl(Pr(A)),s0 AS $(Ps(A)) therefor A is s — set.

Example (6-3-3)

Let X={ab,c}, T={X0{ab}{ac}, 1={01{c}} ,and &defined by the proximity
space. If A = {a} then $(Ps(A)) = X & Fcl(Yr(A)) hence A is Y5 — set but not Fis — set.

Proposition (6-3-4)

Let (X, T,1,6) be an i — topological proximity space then each of the following statement are

exist :
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1. Aisnot Y5 — set nither Fyr —set foreach A € 1.
2. IfA,BE€ Ys(X, T,1,8) then UB € Ys(X, T, 1, 6) .
3. X€ Ps(X,T,1,8) and X € FY(X, T, 1, §).

Proof:

1. Let A€l so by proposition (6-1-5)(10) Ws(A) = @ and then A & $(5(A)) also by
proposition (6-2-3)(4) A is not Fr — set.

2. since AS$(Ps(A)) and B $(Ps(B)) , so by definition (1-3-1) we get that (AU

B)§ $(ps(A)) Lalso by proposition  (1-3-6) (AUB)S $(Ps(B))
(AUB)S $(Ps(A)) U $(Ps(B)) ,and by proposition (6-1-5) (7) ,(3-1-4)we get that

(AUB)8$(Ps(AUB)).
4. Since X8 $(Ps(A)) foreach A € X, s0 X€ Y5(X, T, L 5) .
Now the following proposition discuss the inclusion condition
Proposition (6-3-5)

Let (X, T, I, &) be an i —topological proximity space and A, B are subset of X ,such that A € B
and A is Y5 — set (resp., Fyy — set) ,then B is g — set (resp. F{y — set)

Proof:

Because A is g — set, then A8 gﬁ(ws(A)) ,then by proposition (1-3-6) we get that
B $(Ws(A)) , and by proposition (6-1-5)(7), (3-1-4) we have B8 §(5(B)), hence B is Y5 —

set. In a same way we get that B is F{r — set.
Proposition (6-3-6)

Let (X, T,1,6) be an i — topological proximity space and A, B are subset of X such that An B
is Y — set (Fr — set) then A and B are Y5 — set (resp. Fy — set) .

Proof:
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By proposition (6-3-5) we get that A, B are g — Set.
Proposition (6-3-7)

Let (X, T,1,8) be an i — topological proximity space then every Wg(A), is Yg — set for every
subset A of X such that Ps(A) # @ .

Proof:

Since by proposition (3-1-3) we have that Y5(A) S $(W5(A)) hence Ys(A)S $(Ws(A))
therefor Y5(A) is Pg — set.

Proposition (6-3-8)

Let (X, T,1,8) be an i —topological proximity space then A € Y5(X, T, 1, 8) for each A € Ig,

Proof:

By proposition (6-1-9)(4) $(Ws(A)) € lg () for some x € A, and by remark (2-1-7)(2)since
A is focal set we get that A& $(P5(A)) hence A is Ps — set.

The following example showed that proposition (6-3-8) is not exist with respect to Fyr — set.
Example (6-3-9)

Let ={a,b,c},T={X,0,{a, b} {a,c}},1 ={0,{c}} , §is the discrete proximity space .If
A = {a} € Iy, but Ais not F — set

Remark(6-3-10)
1. Since @8 $(ys(A)) foreach A < X , then @ ¢ Y5(X,T,1,6) also @ & F(X,T,1,5).
2. Ys(X,T,1,8), (resp. Fp(X,T,1,8)) , is not an ideal and not a filter .

3. If A,B are y5 — set then A N B is not Y5 — set .Also if A,B are Fi —setthen AN B
IS not Fy — set.

All the cases are explain in the example below
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Example(6-3-11)

Let X ={a,b,c},T ={X,0,{a}, {b}},] ={®,{c}}, and & defined by the discrete proximity
Soclearlythat @ € Ys(X,T,1,6) also {a} n{b} =0 & Ys5(X,T,1,6) .

The image and inverse image of s — set and Fi — set explained in propositions (6-3-12)and
(6-3-13).

Theorem (6-3-12)

Let f: (X, T,1,8) = (Y, Ty, Iy, 6y) be an i-homeomorphism, formatting function and § —

homeomorphism function then A is ¥ s — set if and only if f(A) is s — set.
Proof:

Let A is 15 — set. We will prove the first condition that y5(f(4)) = f(s(4)) and for that
let y € v,ba(f(A))so by the onto condition of the function f there exist x € X , such that
y = f(x) ,also by definition (6-1-1) there exist U, € I, () , satisfy U,8,(f(4)) , now
since f is & — continuous and f is i- homeomorphism then f~*(U,)8xf~1(f(A%)) = A°
because f is i- homeomorphisms so by proposition (2-1-13) we have f‘l(Uy) € I (x) and
then x € Ps(A) , so f(x) € f(Ps(A4)) .Conversely let us y € f(s(A)) , so f~1(y) €
15(A) and then there exist Ug-1,y € I (f () , Us-1(,,6xA° and then by onto condition
of f, U,8xA¢, and because f is § — homeomorphism we get f(Uy)8yf(A) , but f is
formatting  function then f(Uy) € Iy4 (f(x)) , so we get FW)S,(£(A) Then y €
¥s(f(A)). Now to prove the second relation that $(1s(f(A)) = f($(Ps(A))) .

Let y € $(s(f(A)) then for each U, € I, (y) ,y € U, we have U, 8ys(f(A)) and by the
first condition Uy5yf(l/)5(A)) , since f is & — homeomorphism that is
f1(Uy)8xf 1 (f (Ws(A)) = Ys(A) , but by proposition (2-1-13) f~*(U,) € Ig( , hence
x € $(y5(A)) and f(x) € f($(¥s(A))) ., Conversly , lety € f($5(A)) , then fF~1(y) =
x € $(s(4)) ;and for each U, € Ig(), UySxps(A) but f is & — homeomorphism, then

FWUSyf(Ps(A)) ,and by first condition  f(U,)Syhs($(A)) , we get that y €
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95(¢5(f(A))) . Now we go back to the assumption A8y $(15(4)) ,and by the second

relation, (4)dy ¢ (l/)@(f(A))) , hence £(A) is g set .Conversely, let £(A) is s — set then

f(A)6Y45(¢5(f(A))) and by the first condition f(A)Syf(¥s(A4)) and since f is & —

continuous then f~(f(A))8xf " 1(f($(A))) , hence ASx $(5(A4)) and we get A is s —
set.

Proposition(6-3-13)

For the i-homeomorphism,§ — homeomorphism and formatting function f: (X,T,1,8) -
(Y, Ty, Iy, 8y) and for any i — closed set A of X, Ais Fy —set if and only if f(A) is Fy —

set.

Proof:

Let A is Fy — set , so ASFcl(Yr(A)) since f is &§— homeomorphism then
f(A)Sf(Fcl(Yr(A)) . Now we will prove that Yr(f(A)) = f(Pr(A)) and for that let y €
Wr(f(A)) , hence there exist U, € T(y) , U,8(f(A))" but f is i-homeomorphism and f is & —
continuous, then f=*(U,)8A° ,s0 because f is i-continuous function, then f~*(U,) € T(x)

imply that x € yr(A) and then f(x) € f({+(A)) so by the onto condition of f y € f(r(A))
.Conversely , lety € f({r(A)) then f~1(y) € Y (A) , s0 there exist w € T(x) , wSA® but f

is 8§ — continuous hence f(w)&8f(A°) and since f is i-homeomorphism f(w)S(f(A))C , but
f(w) € T(y) ,soy € Y(f(A)) .
By above conversation we have that(A)Sf(Fcl(Pr(A)) = Fel(f(Yr(A)) = Fcl (lIJT(f(A))) ,

hence f(A) is Fyr - set .

Conversely , let f(A) is Fy — set , so f(A)dyFcl (LpT(f(A))) so by proposition (2-3-29)
Fcl(f(A)) = f(Fcl(A)) and Yr(f(A)) = f(y1(A)) , also since f is § — continuouse we get

that (f(A))8xf~*(Fcl (L|JT (f(A))) therefor ASxFcl(yr(A)) imply that A is Fy — set .
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Conclusion and future work

Through this study related to the focal function, which was limited to i-open set in the i-
topological space with the presence of the proximity space, we found that it contained the
previously defined focal function by using the focal set and the effect was evident through
the failure to achieve some of the previously achieved results related to this type of
functions. In addition, the possibility of applying these results to some of researches
submitted by.

In the light of the new definitions presented in this study and the results presented in it , we
can develop and build studies on the compactness, separation axioms , connectedness and
other topological properties that we can build equivalent models with by these definition . we
expect that we will obtain impressive and wide — ranging results in this field . For example
the synonymous definitions are as follows .

1. Throughout the new definitions of the nested sets , we can construct separated
sets the subsets A , B of X and called »t (A) — separated of ut (A) N B =@ and
Anunr (B) =0 . Also we can construct separated sets as follows, the subsets A ,B
of X and called Iy . separated if i (A) nB=@andANn i, (B)=290.

2. we can defin the »r — disconnected (I - disconnected ) as follows : a subset B of X is
called »r — disconnected (I — disconnected ) if A is union of two non — empty »p —
separated (I — separated ) sets .

. we can construct the new concepts of separation axioms depending on the pf,,, (
rowded the i — Topological space is called i - p, — space ( p, f — space ) if for each
X #y in X, then there exists p,, — crowded ( pf,, — crowded ) set contains one of
them .

Ii. p; —space (p,f—space) if for each x # y in X then exists two p,, — crowded ( pf,, —
crowded ) lets each of them contains of one of it's points not the other .

li.  p, —space (p,f—space ) if for each x # y in X there exists two disjing p,, — crowded
( pfha — crowded ) sets each of them contains one of its points .

And we can study the relationship between them and study their characteristics.

This is considered one of the open topological study for future large — scale studies.
For example, it is possible to study the different types of weakly open sets in these spaces
and to alter a lot of research in this field .

Also through the study presented in this dissertation , we observed that : First, the apparent
effect of proximity relationship on how points are rally in the i- topological proximity space,
which is represented by congested sets. Secondly, the fact that the nested set is an empty
confirms the state of non-congested between the points in the space. Third, these results can
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be invested and applied to different types of sets, like w- open by defined the p-m-congested
set in i-topological proximity spaces. also we can discuss all these results in the soft or
fuzzy spaces to get the soft or fuzzy congested sets .

also we note that the two sets y o-set and Fy —set which defined in i- topological
proximity spaces is independent in its definition and the nature of its properties than -set
that knowledge in the ideal topological spaces as this is evident through the set of
characteristics that have been proven in this research
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