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Abstract

The purpose of this work is to study some geometric properties of
several subclass of univalent and multivalent analytic functions, as well as
univalent and multivalent harmonic functions in open unit disk

A ={zeC|z| <1}).
We introduce new subclass for any function by different operators for
studying the extreme points, closure, coefficient estimates, the growth, the
distortion, starlike, convex, sense preserving, convolution, closed under
convex combination, integral operator and neighborhoods, addition we
studied the properties of dependency of the best dominant function,
subordination of multivalent analytic functions, properties related

subordination and best dominant on analytic multivalent functions.
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Introduction

Introduction

Complex analysis is one of the branches of mathematics that
investigates functions of complex numbers, also known as complexity. It has
wide uses in applied mathematics and in many branches of mathematics. The
primary interest in complex analysis is analytic functions with complex
variables, also known as analysis functions.

Recently, there have been many studies regarding univalent and
multivalent analytic functions, as well as univalent and multivalent harmonic
functions. It is studying of the theory of the geometric function of the
complex variable. Its relationship to various life sciences in general and
mathematics in particular. It included several fields such as theoretical
physics (heat equation), ordinary differential equations, partial differential
equations (the theory of operators), partial calculus, differential
dependencies, digital symmetry and the study of surfaces. As the study of
the geometric properties of analytical functions plays an important role and
contributes to new ideas and results.

The study and investigation began In the analytic functions in year Koebe
(1910), where he proved the existence of a constant k so that the analytic
function or univalent, the open disk image with the normalize condition
{f(0) = f'(0) — 1 = 0},must cover the disk (U = {z:|z| < k}).in (1916)
the Bieberbach conjecture in which the famous coefficient conjecture
originated. The coefficients of each f € A satisty

f(2) =z+a,z> +azz3+ - ,then|a,| <n ,(n=2,34,..).




Introduction

The purpose of this work to give primitive motivation and background
some basic concepts and fundamental theorem in contains and general
theorem C.

Chapter one (1.1) that deals with summary of some of the fundamental
principle of complex concepts, definitions, examples and some figures.
(1.2) that deal with basic concepts by some lemma (1.3) that deal with by
some theorem.

Chapter two is consist of two sections. The first section (2.1) study some
properties of univalent function associated by differential operator see
[15].Some results obtained coefficient bound , growth and distortion,
extreme points and hadamard product by subclass in this section is A(a, §, T )

where the main function is
(0.e]
f(z)=z+ z a,z",a, =2 0,ne€ N,z €.
n=2

The second section(2.2) studies some properties of harmonic univalent
function by differential operator see [28].Some results obtained coefficient
bound , sense -preserving, convolution, extreme point, convex combinations,

integral operator, neighborhood by subclass in this section is Tﬂ,a(“: B)

where the main function is

F@=2-) laplz" +) bl bl <1
n=2

n=1
Chapter three consist of four sections. The first section deals with
definitions of subordination, dominant, best dominant and some lemma. The
second section deals with properties related subordination on analytic
multivalent functions. The third section deals with applications Related on
subordination of multivalent functions with differential operator see [39].

And the subclass in this section is lﬁfp (v, 0,a4 by, 12; A, B), where the main

function is
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f(z) =2F + z ApinzP™,z€ U, (p N ={1,2,...}).

n=1

The forth section, studies some properties of harmonic multivalent
function by differential operator see [59].Some results obtained coefficient
bound, sense—preserving, convolution, extreme point, convex combinations,

neighborhood and the subclass in this section is T, (v) where the main

function is.

o0 o0
F@) =20 = ) Jaup| 2P + ) by |2447,
k=2 k=1

Publications

1. On the Class of Analytic and Univalent Functions Defined by
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Conference Series 1818 (2021) 012184 IOP  Publishing
doi:10.1088/1742-6596/1818/1/012184.

2. Certain Subordination Properties on Analytic Multivalent Functions,
sixth national scientific third international conference, University of

Karbala, Publication Acceptance Letter.
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Chapter One Fundamental Definitions and Basic Concepts

Introduction

In the first part of this chapter, we have some aforementioned the
necessary definitions, lemmas, examples, theorems and some results of
univalent function, multivalent function, harmonic univalent function and
harmonic multivalent function of analytic functions, which are needed in
thesis for research. Some proofs and discussions can be found standard texts

reference see [1], [2], [3] and [4] and other references.

1.1 Fundamental Definitions

Definition (1.1.1) [1]. Let w, be any point and f any function in
complex plane, we say that f is analytic at a point wy, if its derivative exists
at w, and for each neighborhoods of w. In addition, we say that f is analytic
in region E if it is analytic at every point in E. If the function f is analytic at
every point in complex plane C, f is entire.

Definition (1.1.2)[1].Let f analytic function in the open unit disk
A = {z € C:|z| < 1} . We say that f is Univalent, if it does not take the same
value more than once. In other words f is injective mapping of 2 of any
domain on complex plane.

If f takes the same value more than once, then we say that f is Multivalent
in 2.

As examples, the function f(z) = z3 is univalent in 2.but f(z) = z?2 is not

3n
univalent in . Also f(z) =z + Z3—n is univalent in U, for every positive

integer n.

Example (1.1.1) [5]. Let f(z) = (z + 2)?is univalent in 2.
Let z,,z, € Aand suppose f(z;) = f(z,). Then

(z1 + 2)* = (2, + 2)?

= z;2 44z, +4 =22+ 4z, + 4
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= 72—z 4+4(z;—2,) =0

= (z; —23)(zy + 2z, +4) = 0.

Since |z, |, |z,| < 1, we know that z; + z, + 4 # 0 hence z; — z, = 0, or
Z1 = Zy.

But the function f(z) = (1 + z)8is not univalent in 2.

Figure (1.1.1): The Image of The Open Unit Disk Under The f(z) = (1 + z)?

Definition (1.1.3) [1]. Let f be function we say that is locally univalent at a
point wy € C, when f is univalent in some neighborhood of w,.For analytic

function f the condition f'(z) # 0 is equivalent to local univalence at w.

In this work, we define a class A of a function as the form:

f(z)=2+2akzk, (ax =20,k €N) (1.1.1)
k=2

Which is analytic and univalent in 2.

Definition (1.1.4) [1]. Let E any set in C, we say that starlike with respect to
Z,y € E if the line segment joining wy to every other point, z € E lies entirely
in E ,while the set E is said to be convex if it is starlike with respect to each
of its points.

Definition (1.1.5) [1]. Let f € A is any function we say that normalized if
it satisfies the conditions f(0) = 0 &f'(0) = 1.




Chapter One Fundamental Definitions and Basic Concepts

Definition (1.1.6) [1]. Let f any function in complex plane we say that is
conformal at a point wy if it preserves the angle between oriented curves
passing through w, in magnitude as well as in sense. A function w = f(2)
1s said to be conformal in the domain D, if it is conformal at each point of
the domain. For analytic functions f, the condition f'(w,) # 0 is equivalent
to local univalent at wy. An analytic univalent function is called a conformal

mapping because of its angle-preserving property.

Definition (1.1.7) [1].Let f € A be function, we say that in the class s*(a),

if satisfy the condition

Re{zf,(z)}>a, a€[01); zeU f(z) #0) (1.1.2)
f(2)

Any elements in this class are called starlike function of order ¢ .For
example, the function

3z
(1 _ Z)4(1—a) ’

f2) =

is starlike of order «.

Definition (1.1.8) [1]. Let f € A be function we say that is convex function
of order «a if satisfies the condition

zf"(z)
f'(2)

In this work, we denote the class of all convex functions of order a in 2 by

Re{1+ }>a,a €[0,1);z€ U, f'(z) #0) (1.1.3)

symbol C (a)but the symbol C for the convex functions of order 0,C(0) = C.

Definition (1.1.9) [1].Let f € A is function we say that is close-to-convex

of order ¢ {a € [0,1)} ifthere is a convex function g satisfies the condition
zf'(z

Re { f@

g'(2)

}>a, (g'(2) #0,z€ A) (1.1.4)
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In this work we denote by the symbols by K (a), the class of close-to-convex
functions of order @, f is normalized by the usual conditions f(0) =
f'(0) — 1 = 0. By using argument, we can write the condition (1.1.4) as:-

f'(2)
9'(2)

am
< - a>0ze (1.1.5)

arg

Look at C(a) c S*(a) c K(a).

Definition (1.1.10) [6]. A function f: C — C is Mobius transformation (a

bilinear transformation) and it is rational function of the form f(z) =

az+b
cz+d

,a,b,c,d € C are constant and ad — bc # 0.

Example (1.1.2) [1]. Let the function f(z) = — € A.

1-z

1 _i .
1—2z Z5

n=1

When we multiply by z we get:

(o]

=Zz"=z+zz+z3+~-.

n=0

Z
1—2z

Recall that this is the Mobius transformation that maps 2 onto the right half-

plane, whose boundary is the line — % + ic where ¢ € R (see Figure (1.1.2)):

Figure (1.1.2): The Image of the Unit Disk Under The Analytic Right Half-Plane Map
In A
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Example (1.1.3) [1].The koebe function of A is very important in this work

and it is given by

Z
KO(Z) = W =ZzZ+ ZZZ + 323 + 4Z4 + E

the maps in unit disk is to the complement of the ray (—00, — i] This can be

verified by writing

1(1+Z)2 1
4'

KO(Z)ZZ 1—2

and noting that E maps are the unit disk conformally onto the right half-

plane {Re(z) > 0}; see Fig. (1.1.3).

®
t[ o
-
l

Figure (1.1.3): The Koebe Function Maps 2 Conformally Onto C\ (—oo, — %].

We note that X, (z) = g ,Xo(2) = ixlz ,X3(2) = X5(2) — %-

2
1/1+z 1 A

Note x; 0 x, o x,(z =_(_) I _
30X ©x1(2) 2\ phalremwy

Also X; is the Mobius transformation that maps in U on to right half-plane
whose boundary is the imaginary axis. Also, X, is the raised to the power of
four function, while X5 translates the image one space to the left and then

multiplies it by a factor of i .

Look at the Koebe function, which is starlike in this case, but note convex.
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In this work we define a class 2(p) of a multivalent function of the from:

(o]

f(z) =2zP + Z az®, (z€ U p € N). (1.1.6)
k=p+1

We say that f is multivalent starlike of order «, multivalent convex of order

a and multivalent close-to-convex of order a, (a € [0, p)), respectively if

zf'(2) zf"(2) f'(z)
Re{f(z) }>a, Re {1+ @) }>a, Re{zp_1}>a

Definition (1.1.11)[1].The Saigo hypergeometric fractional integral operator
order real number A(1 > 0) is defined for a function f by

I7Ef(2)

-5 j(z—m (O, (A -n A1) dt

(1.1.7)

Where f is an analytic function in a simply-connected region of the z-plane
containing the origin, and the multiplicity of (z —t)*~! is removed by

requiring log(z — t) to be real, when Re(z — t) > 0.

Definition (1.1.12) [7]. The fractional integral of order real number A(1 >
0) is defined for a function f by

D;*f(z) = dt,

f f®
r) (z—-ot-2 (1.1.8)

where f is an analytic function in a simply-connected region of the z-plane

)1—1

containing the origin, and the multiplicity of (z —t 1s removed by

requiring log(z — t) to be real, when Re(z — t) > 0.
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Definition (1.1.13) [7]. The fractional derivative of order A(0 < A < 1)ofa
function f is defined by

f(©)
A)dzf(z—t)A b (1.1.9)

D} f(2) =
where f is an analytic function in Definition (1.1.14) and the multiplicity
of (z—t)™ is removed by requiring log(z —t) to be real, when
Re(z—1t) > 0.
Definition (1.1.14) [8]. The Gaussian hypergeometric function denoted by
2F;(a, b; ¢; z) is define by

b 1.1.10
2F1(a b; c; Z) Z (azcg )] -j_', |Z| <1, ( )
j !

where a,b,c € Cwithc # 0,—1,-2, ..., and (v) ; denote the pochhammer

symbol define, in terms of the Gamma function T, by

F'(v+j)
I'(v)

_{v(v+1) w(VHj=1), j=123,... (1.1.11)
- 1, j=0

w); =

Definition (1.1.15)[1]. Radius of starlikeness of a function f is the largest
R, R, € (0,1) for which it is starlike in |z| < R;.

Definition (1.1.16) [1]. Radius of convexity of a function f is the largest
R,,R, € (0,1) for which it is convex in |z| < R,

——

]
10 |
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Definition (1.1.17)[7],[9].The convolution (or Hadamard product) for
function f and g denoted by f * g is defined as following for the function in
A(p) respectively:

Iff(2) = 2° + Tilprr a2, g(2) = 2P + Zil iy by 25, then

(o]

Fe@ =27+ ) agbt,

e (1.1.12)

Example (1.1.4)[5].Consider the convolution of the Koebe function f(z) =

and the horizontal strip map, h(z) = %log (E) To find the

z
(1-2)?

Hadamard f(z) * h(z), we need to compute the Taylor series for h.

_1 oo 0o _1
log(l—Z) =jl—ZdZ= —jkz_ozde= k_Ok—-l-]_Zk-l-ll

Likewise, log(1 + z) = Y5 (- 1)kt —— zk+1,

k+1
Hence
1 1+2y w 1 =1
- _ 1)k+1 k+1_z k+1
209(1 ) Z() K+1 K+1
k=0 k=0
=1
_ 2k+1
22k+1z '
k=0
Thus,
z 1 1+2n =1
h(z) = —==*=l (_): kzk Z 22k+1
f@=hz) = a—z*3109\1; i z *k_02k+1

1 1
= (Z+ZZZ+3Z3+4-Z4+5ZS+'°')*(Z+§Z3+§Z5+"')

=z+z3+2z5+

L1422 4zt

Since —— = 1 + z 4+ 2z2 + 23 + ---, we have that — =
1-z 1-z

And

ZZ =2z+4 23+ 2>+ -, That is,

1-z2

——

]
1
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Z 1 1+z z
F@) 1) ==t 00 (1=, ==

e convoluted results

= A with n

Figure (1.1.4): The Koebe Function Convoluted With A Horizontal Strip Map Yields A
Double-Slit Map

Definition (1.1.18)[1].The weighted mean wjof the functions f and g are
defined by

1
wi2) =2 1A -NfF@D+ A +)g@],  0<j<1L

Also

1 m
h@) =—> fil2)
k=1

is the arithmetic mean of the functions f, (z)(k=1, 2,... m)

Definition (1.1.19) [3].Let E € X. A point x € E is called an extreme point
of E if it has no representation of the form: x =ty + (1 —t)z,t € (0,1) as

a proper convex combination of two different points y and z in E.

Definition (1.1.20) [3]. Let X and E be as mentioned in Definition (1.1. 19).
then the convex hull of E is the smallest convex set containing E and the
closed convex hull of E is the smallest closed convex set containing E, it is
the closure of the convex hull of E, we denote the closed convex hull of E by

co E.

——

]
12 |
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Definition (1.1.21) [10]. A continuous function f = u + iv is a complex
valued harmonic function in a domain D < C if both u and v are real
harmonic in D.

If f = u + iv be harmonic, then we can find analytic function G and H such

G+H

thatu=ReGandv=ImH,thush+g=T+%,wherehandg are

analytic in D and we say that h is analytic part and g is co-analytic part of f.
Example (1.1.5)[5].The function f(x,y) = u(x,y) +iv(x,y) =

(x2 —y?) +i2xy

Is complex-valued harmonic because

Uy Uy =2—2=0 Uy +1v),,=0+0=0

Definition (1.1.22)[10].The harmonic function f=h+ g is sense-
preserving and locally injective if J¢(2) = |h'(2)I?> = 1g'(2)|* > 0,z € ¥,
where J; denotes the Jacobian of f.If f =h+ g is harmonic, sense-
preserving and injective, then we say that f is harmonic univalent.

Let H(YU) denotes the class of analytic function in the open unit disk A =
{zeC:|z| <1}.Forn e N={1,23,..}anda €C,letH[a,n] ={f:f €
H®and f(z) = a + a,z" + ap.12™" + -},

With Hy, = H[0,1]and H = H[1,1].

And the necessary and sufficient condition for the harmonic function f =
h + g is locally multivalent and sense-preserving such |(h(z)")| < |(g(2)")]
in D (where D is simply connected in C). See [20].

Example (1.1.6) [5]. To show the image of 2« under the harmonic function

f(z)=z +%Z_2 enter this function in complex tools in the form z +

%conj(zz)(see Figure (1.1.5))

——

]
13§
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ey« Qv

Figure (1.1.5): Image of & Under The Harmonic Map.

Note that the harmonic function f(z) = h(z) + g(2) can also be written in
the form f(z) = Re{h(z) + g(z)}+iIm{h(z) — g(2)}. Hence, in the

previous example, f(2) =Z+%Z_2 can also be written as f(z) =

Re {z +%Zz} +ilm {z —%Zz}. In complex tool you can also enter the

harmonic function in this form. To do so, you would type in

Re(z+1/2z%) +ilm{z—1/22z%}.

Definition (1.1.23) [3]. let f and F be analytic in the unit disk 2. Then F is
said to be subordinate to f, written F < f or F(z) < f(z), if there exists a
Schwarz function w, which is analytic in 2 with w(0) = 0 and |w(z)| <
1,z € U, such that F(z) = f (W(Z)), (z € A). Furthermore, if the function
F(z) is univalent in I, we have the following equivalence relationship holds

true:

F(z) < f(2),(z€ W) < F(0) = f(0)and F(A) < f(W).

——

]
14 |
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1.2 Basic Results.

Lemma (1.2.1)[11]. Let « = 0,8 € [0,1]. Then, Re(w) = a|lw — 1| +
p if and only if Re {W(l + oceie) — aeie} > 3, where w be any complex
number.
Lemma (1.2.2) [11]. Let a =0. Then Re(w) = a if and only if
lw—(1+a)| <|w+ (1 — a)l|, where w be any complex number.
Lemma (1.2.3) [3]. Let g be a convex function in 2 and let h(z) = q(z) +
nazq'(z) for z € A, where @ > 0 and n is a positive integer.
If p(z) = q(0) + prz® + pry12*t* + -+, for z € Y, is analytic in A and
p(z) + azp'(z) < h(z), forz € A, then p(z) < q(z) and q is the best
dominant.
Lemma (1.2.4) [12]. Let h be a convex function with h(0) = a and a > 0.
If p(z) € H[h(0),n] N Q,n € N and if p(z) + azp'(z) univalent in A and
h(z) < p(z) + azp'(z), then q(z) < p(z), z € Y, the function q is convex
and the best subordinant.
Lemma (1.2.5) [9]. Let g be univalent in the open unit disk 2 and 0 and ¢
be analytic in domain D containing q(20) with ¢ (w) # 0 when w € q(20).
Set Q(z) = zq'(2)¢(q(2)), h(2) = H(q(z)) + ¢(z). Suppose that

1- Q(=2) is starlike univalent in 2 and

zh!(2)
2- Re {%} > ( for € .

If 8(p(2)) +zp' (@ (p(2) < 0(q(2)) +2q'(2¢(q(2)), then p(2) <
q(z) and q is the best dominant.
Lemma (1.2.6) [13]. Let g be univalent in 2. £ € C \ {0} And suppose that

Re {1 + Z:;:—;S)} > max {O, —Re (%)} If p(z) is analytic in U, with p(0) =

q(0) and p(z) + ¢zp'(2) < q(2) + &zq'(2), then p(z) < q(2) and q(2) is

the best dominant.

——
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Lemma (1.2.7) [14]. Let g(z) be convex in 2, q(0) = a and € € C,Re(§¢) >
0. If p€ H[a,1] and p(z) + azp'(z) is univalent in A, then q(z) +
¢zq'(z) < p(z) + &zp'(2), implies q(z) < p(z) and q(z) is the best
subordinant.

1.3 Basic Theorems

Theorem (1.3.1) [1].(Alexander’s theorem)
Let f be an analytic function in 2 with f(0) = f'(0) — 1 = 0. Then,
f eClIfandonlyifzf' € S*.
Theorem (1.3.2) [1]. (Distortion theorem)
For each f € A,

1+7r
(1+)3_ S (-3’

For each z € Y, z # 0 equality occurs if and only if f is a suitable rotation

<Iff@l = lz| =7r <1. (1.19)

of the koebe function. We say upper and lower bounds for |f'(z)| as

distortion bounds.

Theorem (1.3. 3) [1]. (Growth theorem)
For each f € A

<|f(2)]| < lz| =r < 1. (1.20)

T T
(1+7r)?~ S (a-n?
For each z € U, z # 0 equality occurs if and only if f is a suitable rotation

of the Koebe function.

Theorem (1.3.4) [1]. (Bieberbach Conjecture)

The coefficients of each f € A satisfy |a,| < n for n=2, 3... the strict
inequality holds for all n unless f is the Koebe function or one of its
rotation. In other words

f(2) =z+a,z*> + azz3 + - Then |a,| <n ,(n=234,..).
Theorem (1.3.5) [1]. ( Littlewood's theorem)

——
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For the constant e, the coefficients of each f € A satisfy |a, | < en (for
n=2,3...)

Theorem (1.3.6) [1]. (Maximum Modulus theorem)

Suppose that a function f is continuous on boundary of E(E and 2 any disk
or region). Then, the maximum value of |f(z )|, which is always reached,

occurs somewhere on the boundary of [E and never in the interior.

——

]
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2.1 On the Class of Analytic and Univalent Functions Defined

by Differential Operator

The main object of this section is to introduce a subclass A(e, B, 1, T)
consisting of analytic and univalent functions in the open unit disk 2L.
Denoted by A the class of analytic functions f is defined on the unit disk 2
with normalization f(0) = 0 and f(0)' = 1. Such a function has the Taylor

series expansion about the origin in the form.
f(z)=Z+Zanzn,an20,nEN,ZEQI. (2.1.1)
n=2

Let S denote the subclass of A consisting of functions that are univalent in 2.

For f € A given by (2.1.1) and g(z) given by

g(z) = Z+anz”,bn >0,neN,ze. (2.1.2)

n=2

The convolution (or Hadamard product), denoted by(f * g), is defined as

FrP@D=2+) abpz" = (g+N)x) (€W (13)
n=2

Note that f * g € A.
For,f € A, Elhaddad et. al. [15], introduced the following differential

operator:

[,(8)(q%; Dn—1 .
Fq(O'(Tl - 1) + 5)((], Q)n—l "

where,0 < qg<1l,nmeN,0,§,y>0,0<A1<1landze.

n

Y0, 8)f(2) = 7 + 2[1 + ([n], — )A]™
n=2

Note that:
e If. g > 1landY = 1, we obtained the operator defined in [16].
e If,g—> 1,0 =0,Y =0and é = 1,we obtained Al-Oboudi operator, see Ref.
[17].

——
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e I[fgq—>1,0=0,Y=1,6 =1land A = 1, we obtained Salagean operator, see
Ref. [18].
e Ifq—1,m=0andY =1, we obtained E; 5(z), see Ref. [19].

Tq(&(a%a),,_,

. Th
T (e-D+8) (@ Dng o C

Let ¥, (0,6) = [1 + ([n], — 1)A]™

have
D0, 8)f (2) = 7 + Z Yl (0,8) anz™.
n=2

By making use of the differential operator, D/{gn (g,8)f(z), we introduce the

class of analytic and univalent functions as illustrated below:-

Definition (2.1.1). For 7 > 1, the function f given by (2.1.1), is said to be in

the class A(a, §, T ), if and only if satisfies the following condition:
s z (D){én(a, 6)f(z)) "
(D){'C;n (o, 6)f(z)) '
z(DM(0,85)f ()"
(DY@, 6)f (@)’

+1

<t (2.1.4)

2({1+

Several authors have studied various classes of analytic and univalent
Functions with coefficients, see Refs. ([20], [21], [22], [23], [24], [18], [25],
[26] and [27]). In this work, we investigate and study the class A(a, 8, T ), of
analytic and univalent functions. Also, several properties like, coefficient
estimate, growth and distortion theorem, extreme points, convolution
property, convex linear combination and inclusive properties for functions
in our class are obtained.

In the following theorem, we fined the coefficient bounds for function f in

the class A(o, 8, 7).

——
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Coefficient Estimate:-
Theorem (2.1.1). The function f of the form (2.1.1) be in the class
A(o, 6,1 ), if and only if

Z 1/)}{(0, S)nn+1+2n7)a, <2(t—1), T>1. (2.1.5)
n=2

Proof. Let f in the class A(o,d,T ), then f satisfies the inequality (2.1.4),

which is equivalent to:
2 (D){;Zm(g, 5)f(z)), +z (D/{gn(a, 5)f(Z))”
2(Dy™(0,8) f(z))' +22 (D} (0, 8)f (z))”

2+ X293 (0,6)2 apnz ™! + [T, 9 (0, 8)n(n — Danz"""]
2+ [Z;‘fzz ¢}{(0, 6)2nanz"‘1] + [Z;‘{;Z 1/)){(0, 6)2nay(n — l)z"‘l]
2+ X3, ; (0,6) azz"n(n + 1)
2+ Y% ,9)(0,68) az" 12 n?

<T

)

Since, |Re(2)| < |z|, for all z, we have

2+ Y2 ) (0,6) az" 'n(n + 1)
= Y — > <T.
2+ 20,9, (0,6) azh12n

Then by choosing the value of z on the real axis and letting z—1 through

values, we get:

(o]

2+ Yy (0,8) an(n+1) < 2t+ Zoo Y3 (0,8) a,t[2n?]
n=2

n=2

hence,

z 1,0){(0, Sn(n+ 1+ 2n1) a, < 2(t—1).
n=2
Conversely, we assume that (2.1.5) satisfies and |z|=1, then:
2(D)(0,8)f (2)) + z(D (e, B, W(2))"|
-1 |2 (D/{gn(a, S)f(z)) + 2z (D/{gn(a, S)f(z)) |

——
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[00]

2(1+ ) ¥i(o,8) naz" | +z|[) ¥)i(o,8) n(n-— 1)anZn_2]‘
—(2|1+ ) ¥)(0,8) naz" |+ 2z Y3 (0,8) n(n — 1)ayz" 2 |
2+ Y3 (0,8) apz" [n(n+ 1)]

— T

2+ z Y3 (0,8) a,z"~12n?)
n=2
<2+ 2 1/)){(0, SHnn+ Da, —t[2+ z 1/)){(0, 5) 2n*a,]
n=2 n=2

— z 1‘[)}{(0, S)n(n+1+2n1t)a, —2(t—1)
n=2

< 0. (by hypothesis)
Then by Maximum modulus theorem, we have f € A(o, §, T ). this complete
the proof
The result is a sharp for the function

2(t—1) i
¥ (o, 6)nm+ 1+ 2n0) (n>2)

fz)=z+

Corollary (2.1.1). Let the function f be in the class A(ag, §, T ),then
2(t—1)
an < ,
¥Y(o,8)n(n+ 1+ 2n7)

(n=2)

Growth and Distortion theorem:-
Theorem (2.1.2). If f an analytic function given by (2.1.1) is in the class
A(o,8,7), then we have
2(t—1)
Yy (0,68)2[3 + 41]

2(t—1)

V5 (0,6)2[3 + 41] l2I°

|z zI? < If (@] < lz| +

——
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The bounds are sharp, since the equality are attained by the function

2(t—1)

WY (0,6)2[3 + 41] z*

f(z)=z+

Proof. In view of Theorem (2.1.1), we have

(o]

Z W) (o, ®)nln +1 + 2n1]| an < 20 - 1),

n=2

and,

Yi(0,8)2[3+41] ) an < ) [Yi(o,6)n(n+1+ 2n1)]a, < 2(t—1).
) > ;‘1

n=2

Therefore, we have

i __ 20@-1)
£, = Y0, 6023 + 41]

Thus, for f € A(o, §, T ),we obtain

@I =]+ ) aya
n=2
<m+z%m2
n=2
2(t—1
<+

1,0){(0, 6)2[3 + 47]

The other assertion can be proved as follows

@I =]+ ) ana
n=2
> 2l = ) aglal?
n=2
2(t—1)
> |z| — |z|*

V3 (0,8)2[3 + 41]

——
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This completes the proof.
Similarly, following the same method in Theorem (2.1.2), we can prove the
following
Theorem (2.1.3): If f an analytic function given by (2.1.1) is in the class
A(o, 8,7 ),we have
2(tr—1 2(r—1
Yl (o, 55)2[3)+ e e A 1) ;)2[3)+ 47]

2|

The bounds are sharp, since the equality are attained by the function
2(t—1)

Yy (0,6)2[3 + 4t

Proof. For f € A(o, 5,7 ), we have

o]

f(z)=z+

]22 n>2

n-1
1- na,z

If'(2)| =

<1+ ZZ a,|z|
n=2

2(t—1)
¥ (0,8)n[n+ 1+ 2n1]

n=2

<1+

|z

This completes the proof.
Extreme points:-
Theorem (2.1.4). Let f;(z) = z and
2(t—1)
VY (o,8)n[n + 1+ 2nt]

z", n=?2

fn(2) =z +

then, f € A(o, 8, 1) if and only if it can be expressed in the form:-

F) =) vau(@,
n=2

where,

[00]

v, =20 and Zvn=1.

n=1

Proof. We have f(z) = YoV, fn(2z) wherev, =0 and Yo v, =1

F@D=) nh@

( 1
L 2B )
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=A@+ ) vl
n=2

) s 2(t—1) n
= v fi(2) + z ” {Z F G omin+ 1+ 2nd” }

— ¢ 2(t —1) .
Z Zt Z tn ¥ (o,8)n[n + 1 + 2nt] z

2

n=
Zvnz+2 ( ) z"
e a5)nn+1+2nt]

n=1

B 2 2(t—1) n
= LYo, 5)nln + 1 + 2nt]

n=2

Then, we have

2(t—1)
¥y (o,8)n[n+1+ 271’[]}

=Zvn(T—2)=(T—2)<Zvn—v1>=(1—V1)S(T—1)-

n=2 n=1

i [1/)){(0, Nn+1+ Znt]] —-2(t—-1) {vn
n=2

The condition (2.1.5) is satisfied. Thus, f € A(o,98,7).
Conversely, we suppose that f € A(g, 8,7 ), since
2(t—1)

> 2
n = dn(o, B, 1, T[N + 1 + 2n7]’ n=
Pnla B, 1, DN + 1 + 2n7] N
v, = 2= 1) a,, V1=1—Zvn.
n=2
Then,
f(z)=z+ Z a,z"
n=2
¢ 2(t—1)
= + z n
LMY o+ 1-t@n— 1]

——
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= (1 — i vn>z + i Unfn(2)

=2 n=2

= V() + ) Vafa(2)
n=2

]

=) k(.

n=1
This completes the assertion of Theorem (2.1.4).

Closure theorems:-

Theorem (2.1.5). Let v; >0fori=12..landY}_,v; =1. If the
function f; defined by

fi(z) =z + z an;z", (ai,n >0,i=12,.., l) (2.1.6)
n=1

are in the class A(g, 8,1 ) for every i = 1,2, ...,1 then the function h(z)

defined by

h(z) =z+ i (ZI: vl-an,i> z"
n=2 \i=1

i=
In the class A(o, 6, 7).

Proof. Because,f; € A(0,8,7), foreveryi = 1,2, ..., we have
Yine2 [1/)}(0, nn+ 1+ 2nr]] ag; < 2(t—1)
Hence, we get

oo l
{wY(a, S)n[n+1+ 2nr]}< v;a ,i>

i=1

l o
— Z v; (Z [1/)){(0, SHnn+ 1+ 2nr]] ak,i>

i=1 n=2

!
<2(t- 1)Zvi <2(r—-1).
i=1

——
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This implies that a function h is in the class A(o, 8, T )thus, the proof of the
theorem is complete.
Corollary (2.1.2). The class A(o,8,7) is closed under convex linear
combination.
Proof. Assume that the functions f;(i = 1,2) given by (2.1.6) are
in A(a, 6§, t) . It suffices to show that the function h defined by

h(z) = cf1(2) + (1 — c)f2(2), O<sc=s1
is in the class A(o,6,7). By taking [=c, vy =cand v, =1—¢, in
Theorem (2.1.7), we obtain the corollary.
Theorem (2.1.6). Let g(z) of the form:-

gz)=z+ Z b,z"
n=2

be analytic in W.If f € A(o, 5,7 ) then, the function f * g is also in the
class A(g,6,7) here the symbol “*” denoted Hadamard product (or
convolution).

Proof. Sincef € A(o, 8,7 ), we have

i [ll’f(a, Snn+1+ 2nt]] an < 2(t—1)
n=2

By utilizing the last inequality and the fact that

FDrg@) =2+ ) apbya”,
n=2

we, obtain
2 YY(o,8)n[n+1+ 2nt]] aph, < z [l/)){(a, Snn+ 1+ 2nt]] an
n=2 n=2
<2(t-1)
=
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Hence, in view of Theorem (2.1.1), the result follows the above object

regarding convolution property.

——
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2.2 Certain Properties of a New Subclass of Harmonic

Functions

Let ¥ be the open unit disk in the complex plane C.Suppose that Sy
represents the class of functions in U which is normalized by f(0) =
f(z)) —1=0with f=h+g € Sy If f and sense-preserving within 2,

where h and g and the class A is of all analytic functions in U as the form

h(z) =z +z a,z" ,9(z) = z b,z" |by| < 1. (2.2.1)
n=2

n=1

We say that h an analytic part and g is a co-analytic part, if the Sy is reduce
to S of every normalization function analytic univalent, if the co-analytic part
of f is equal to zero. See [10].

A necessary and sufficient condition for the harmonic function f = h +
g is locally univalent and sense-preserving such |(g(2)")| < |(f(2)")| in D
(where D is simply connected in C).

[28]. introduces new generalized differential operator ;T/'l,cr (a, B)defined on
AU.and f: A — A by

;T/l,a ((Z, ﬁ) =z

* _ — — m 2.2.2
+z[,u+/1+(n DA-a)(B—o0) - ( )
z=2

U+ A n

meN,={012,..}, 0,0 20,8, u>01#a
In this operator is reduced to several interesting and differential operators
considered earlier for different choices of y, 4, o, « and Pas
L Di%ac(@B)f(2) = z+ L[l + (n— 1D - a)(B — 0)]"a, 2"
was introduced and studied by Ramadan and Darus [29];
2. D%y (@ B)f(2) =z+ XL, [1+ (n— DA —a)]™a, z",  was

introduced and studied by darus and Ibrahem [30]

28
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u+in

3. D ,10(0 Df(z2)=z+ 2= 2[ )] a, z" was introduced and

studied by swany [31]
4. D", (0,Df(2) =z + X7-,[1+ (n—1)A|™a, z" was introduced
and studied by AL-oboudi [17]
5. D§4,(0,1)f(z) = z+ Xy -,n™a, z" was introduced and studied by
salagean [25].
Also denote by T the subclass of Sy consisting of all functions

f = h+ g where h and g are given by

o)

h(z)=z—z la, |2" ,g(z)=z bz bl <1 (223)
n=2 n=1

In this paper, we use the operator of (2.2.2) of harmonic function

f=h+g
™o (a, B (2) = DI, (2, /h(2) + DIy , (@ B)g (@)

Where
™ (@ Bh(z) = 2 + ZZ [u + 1+ (n —:1(//11 —a)(B - a)l ot (224)
p+1+m-DA-a)B-0)"
Diao (2. F)9(2) = Z l w+A l (2.2.5)

[32]. we denote _ﬂa(a, B) subclass of T, (a,f) where T;nN

ﬂ,a(“:/g) - pt/la(a :8)

Using the operator, Du, 2.0 (@, B) we introduce the class of harmonic univalent

function as follow.

]
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Definition (2.2.1). For f = h + g given by (2.2.1), let _J”’/Lg(a, B) denote

the family of univalent harmonic functions satisfying the following

m B)h ’ -
. {(DM,U(a B (Z)) ( a0 (0 [)’)g(z)) } > Vz € C—{0) (2.2.6)

V4

meN, ={0,12,..},0 =20,a,8,4L,u>0,1+«a

Coefficient Estimate:-

First, we begin the sufficient coefficient condition for functions f in
Tpao (@ B)

Theorem (2.2.1). Let f = h + g, where h(z) and g(z) are defined by
(2.2.1). If

i U+ 1+ m-DA-)B - )"
U+ A

n=2

(et i+ (- DA - (B - )" 2.2.7)
+2 ,Ll+/1 ] |bn|

n=1
< 2+ 1)
n

then f is sense -preserving, univalent in, and f € T,; ;(a, B)

(DI o(@pn(@) +(07 @ Bra @)

zZ

Proof. Let §(z) = using the fact

that R(z) = « if and only if
1-—a+02)|=]1+a—0(2)] (2.2.8)
It suffices to show that

——
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+ ( u)[o-(a!ﬁ)g(z))

Z

. (( D (e BA(D) )

)

(Do (@ BR@) +( W(a,mg(z))’)‘

1+«

=0

Substituting for h and g in (2.2.4) and (2.2.5) yields

(1 —2;‘:’=2n[(“+“ n-1DA-a)(B

u+Aa
\ 52 n

U+ A
1—a+

- U))lm a,z"1

(u +A+(n-DA-a)(B - 0))l Zn-1 /

§

(2.2.9)

V4

w |u+2+n-1DA-a)(B
1_Zn=2nl ‘u_*_ﬂ

(L+2+m-1DA-a)(B
u+Aa

— 0))]"’ a,z" !+

Sian =

./
\

1+a-—

\

S~——

Z

——

]
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1
> 28 —a——
|z|
\
_ _ _ m 1\
s A0 OGO oot 4
i U2 LG = Oy s
- ’ s (2.2.11)
| iy,
i (u+2+@m-1DA-a)B-))|" o
~ U+ A n
c[(u+A+m-DA-a)B-))]"
+ 2 o ] by
< Z(“Tm (2.2.12)

The proof of theorem is complete.
Theorem (2.2.2).Let f(z) = h(z) + g (z) € Sy, where h and gbe of the

form (2.2.3) then f € T ;(, B)if and only if

i [(u +A+ (- DA-a)(B - a))r
u+A1

[+ A+ (-DA-a)(B-)]" 2(a+1)
+z[ 3 ] byl < =~

n=1

——

]
32 |



Chapter Two  Univalent Function and Harmonic Univalent Function

Proof. Since T, ,(a, ) © T,3 » (, B), we only need to prove the “only if”
part of the theorem. To this end for function f(z) of the form (2.2.3), we

notice that the condition (2.2.6) is equivalent to

e {(Dﬁ_a(a,ﬁ)h(z))’ + (D@ MR@) a} .

Z

( — _ _ m \
( R L “))] a2 —\
D s e TNEEy
Re - 6 =0 (2.2.13)
\ J

If we choose z to be real and let z — 1™ we get

I/ 2a +1) - S [LFAT @ s el “))] Janl71-t _\I
R e AR
>0
Z

The above condition (2.2.13) must hold for all values of z on the positive

real axis, where 0 < |z| < 1 we must have

Z(a_l_1)_zn[(u+/1+(n—l)(/l—a)(ﬁ—a))] o

i U+
_Zn[(u+l+(n—l)(l—a)(ﬁ—a))] b, >0
& u+A

The proof is complete.

Convolution (Hadamard product):-

In this section, we show that the class _ﬁ,a(a, B) is close under convolution.

For harmonic function

]
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f(z)=z—zw=2|anlzn +Z°° b,|z" and F(2)

n=1

(o] 8]
=2= ) lAnde" + ) Bl
n=2 n=1

The convolution of f(z) and F(z) is given by
(f *F)(z) = f(2) x F(2)

e o0 (2.2.14)
— - Z la, Az + z b, B, | 2"
n=2 n=1

Theorem (2.2.3). For 0 ST < a <1 let f(2) € T} ;(a,p) and F(z) €

_ﬂ‘a(F, B).then f x F € _ﬁ‘a(a, p) c _/le,a(rlﬁ)

Proof. We need to show that the coefficient f * F satisfies the required
condition given in theorem (2.2.2) for

F(z) € T ,(T,B). We note that |[A,| <1 and |B,| <1 now, for the

convolution function f * F we obtain

ZZ 2@+ 1)
£ n
o [t 24 - DA - D)@ -)]"
Zn=1[ TR ] ol
+ 2@+ 1)
n
(t+2+@m-DA-0)B-))|"
© ‘u+ﬂ. |a”|
SZ 2(at+D)
= n
o [W+2+m-DOA-)B-)|"
Zn:l ,Ll+/1 |bn|
+ 2@+1)
n
<1

Since 0<T<a<1 and f(2) €T} ,(a,p) therefore f=*F €

_ﬁ’a(a’ ﬂ) c _‘[11131,0' (F, B)

——
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Convex combinations:-

In this section, we show that the class _;ﬁl,a (a, B) is closed under convex

combination of its members. Let the functions fi (z) be defined for i

=1,2,....m by

fi,(2) =z — Z |an,i|Z” + Z |b,,|z™ (2.2.15)
n=2 n=1

Theorem (2.2.4). Let the function f (z), defined by (2.2.15) be in the class
_ﬂ‘a(a, B), for every i =1, 2... m. Then the functions t;(z) defined by

t(z) = z Cifo(2,0<C <1
i=1

Are also in the class _ﬂ’a(a, B), where Y72, C; = 1

Proof. From the definition of t;(z), we can write

ti(Z) :Z—2< Ci|an’i|>zn+2(2 Cilbn,i|>z_n
i=1 n i=1

n=2 \i{ =1

Further, since fj,(z) is in _ﬁ,a(a, B) for every i=1, 2... m, then

(o]

(L+21+m-DA-)B-))]" [~
Z w4+ A ] ;Ci|“n,i|

n=2
(Sferaromva-au-a)r S,
i=1

U+ A

n=1

_ o o (H+’1+(n_1)@—06)(ﬁ—a))m
_;Ci[;[ w4+ 2 ] Ci|an,i|

< (u+/1+(n—1)(/'l—a)(,8—0)) m
+Z[ e ] Cilbnd

n=1

——

]
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z c, Z(a +1) Z(a + 1).

n
i=1

Integral Operator:-
We check the closure quality of the class HITA’J(O(,,B) by circular

Bernardi- Libera-Livingston integral T,,(f) [33, 34]. that is given by
2

T,(f) = t¥ 1 f()dt,u > -1 (2.2.16)

Theorem (2.2.5).Suppose that f € T, ;(a, B) therefore HJy ;(a,B) €
T,0,0( B)
Proof.By definition of T,,(f; (2)) is defined by (2.2.16) as follows:

2
u+1 ® ®
RG@) = [ =) el 4] Ibal e
Z o n=2 n=1

© u+1 u+1 B
=z-) anlz" 4" [bul2"
n=2 U+tn -1 u+n

zZ— Z D,z" + Z L,z"

Wherever
D _u+1| and L, _u+1|b|
nT g W e =
Therefore
L+ i+ m-DA-)B-D))|" utl,
u+Aa ut+n "
Z 2(a+1)
n=2 —
g (M+/1+(n—1)(/1—a)([>’—a))mu+1|bl
n=1 u+Aa u+nn
+ 2@ + 1)
n
[ s}
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(et (- 1)(/1—a)(,8—a))]m|a |

u+A1
= z 2+ 1)
n=2 T n
e el Y
+ 2@ ¥ 1) =1
n

From theorem 2.2.4

Hence, we have HJY ;(a, ) € T,y , (o, B)

Extreme Point:

In this section, we obtain the extreme points for the class _ﬁ’(, (a, B)
Theorem (2.2.6). Let f(z) given by (2.2.3) then f(z) € _‘Z}'a(a, B) if and

only if

f(z) = Z(thn + Y 9n(2))

n=1

2 + 1)

n

h =z,h, =z~ Z m ’
() =2, (2) = 2 [(,u+/1+(n—1)(l—a)([3—a))] zen

U+ A
=23 ..
2+ 1)
_ n -n
gn(2) =2+ [(u+/1+(n—1)(,1—a)(ﬁ—a)) N
u+A

~123,..and Z(Xn +Y) =1,X,20,Y,>0

n=1

——
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Proof.

&) = (Xl + Yugn()
n=1

=ZXn<Z— n m Zn}
— (p+2+(n-DA-a)(B - a))]
pta )
+Y Y dz | n = |z
— L \[(u+l+(n—1)(/1—a)(,8—a))]/ J
u+Aa
o 2+ 1)
=7 n X, z"
’ nZZ [(,u+/1+(n—1)(/1—af)(,8—0))]m ’
U+ A
+2I 1 o | YuZ"
n=1\(,u+A+(n—1)(/1—a)(ﬁ—0))] /
U+ A
Therefore
[(u+/1+(n—1)(,1—a)(ﬁ—a))r|
- u+ 1 |
nZZ 2(a+1)
= n
o [Lt2+-DA-)B-))|"
Zn:l[ M_|_/1 |bn|
T 2@+ 1)
n
[ s}
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=an+2yn
n=2 n=1

=Yoo Xn+tXme1¥n—X;=1—-X, <1landalso f(z) € _ﬂ,a(a,ﬁ)

Conversely, suppose that f(z) € _;In,/l,a (a, B), Setting

[(u +1+(n—-1DA-a)(B - a))]m o
X, =

u+A1
2@+ 1) 05X, <1, n
n
=23 ...
m
(L+2+(m—1DA—-a)(B—0)) b |
U+ A n
Yn_ 2((l+1) ,OSXngl, n
n
=123, ...
And

f=1-(Yxeyn)
n=2 n=1

Therefore f(z) can be written as

f@=2=" lanls™ + ) |hylz"
n=2 n=1

2+ 1)

==Z—-2§ o m XﬁZn
—~ l(,u +A+(m-1)A—-a)(f — a))]

u+Aa
+) z 7 [T
Sl [(u+2+(-DA—-a)(B - O'))] /
U+ A

= m@N ) @Kt g @y
n=2 n=

——
w
©
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= Z(thn(z) + Yngn(z))'
n=1

The proof is complete.

Neighborhood:-
In this section we obtain the Neighborhood for the class _ﬂ‘a(a, B). 35

and 36], define the §-Neighborhood of the functions (2.2.1) by

Ns(f)={F=Z

+ Z Az + Z Bz Z n(la, — A, | + |b, — B, ) 021
n=2 n=1 n=2

We define the m — §-Neighborhood of the function f as follows

Ng*(f) = {F
=z
¢ ¢ ¢ (2.2.18)
+ Z A"+ z B ann — A+ b, —B,|)
n=2 n=1 n=2
+ |b1 - Bll S 6

In this case we define m — §-Neighborhood of f to be the set

——
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]

3 (u+A+<n—1><A—a)<ﬁ—a))] .
U+ A

o=l

n=2

N l(u +A+(n—-1DA—-a)(B - a))] b — B+ (a

U+

+1)|b, — By| < (a + 1)5} (2.2.19)

Theorem (2.2.7). Let f be given by (2.2.1) satisfies the conditions

(o]

Z U2+ m-DA-a)B-))]"
u+A1

n=2

- (u+/1+(n—1)(/1—a)(,8—0))m
+;l uta ]

<(a+1) (2.2.19)

where 0Sa<1,6$M

Then N'(f) € T ,(a, )
Proof. Let f satisfies the condition (7.4) and let

F(z)=z+Bz+ Z (A,z" + B, z") (2.2.20)

n=2

Belong to N§*(f) we have

@+ DIBI+ . (p+2+ _:)fi_ ) - "))] 14,
n=2

L+ 2+ - -)(B -]
1B,
U+ A

+

< (a+1)|by — By| + (a + D|by|

——
I
=
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(o]

(,u+/1+(n—1)(/1—a)(ﬁ—a))
+Z U+

m
] |An - anl

n=2

N [(,u+/'l+ (n— 1)(A—a)(ﬂ—a))

m
,u+/1 ] |Bn_bn|

[+ 2+ @-DA-a)B-)"
+nzzl a ] 4l

s (u+/1+(n—l)(/l—a)(ﬂ—a))ranl
u+Aa

<(a+1)6+ (a+ 1)|by]

0y [(u A+ (- DA -a)(B - a))] o
n=2

u+A1

N [(u +A1+(n—-1DQA—-a)(B — 0))] b |
U+ A

<(a+1)
Hence
5 < 2+ 1)

n
N§*(f) € Ty (a B)

——

]
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Chapter Three: Multivalent Function and Harmonic Multivalent Function

3.1 Certain Subordination Properties on Analytic Multivalent

Functions

In this section, we introduce a new subclass of multivalent functions
based on the generalized deferential operator. Use the notation U(p) to
represent the class of all analytic multivalent functions which are define in

the open unit disc 2, and have the form

[00]

f(z) =zP + z ApnzP*,z€ U, (p EN ={1,2,...}) (3.1.1)

n=1
The Hadamard product (convolution) of a function f which is defined in

(3.1.1), and function g of the form

g(z) = zP + z bpinzP™, z€U (3.1.2)
n=1
is define by
FR gD =20+ ) apunbpinz?™ (3.13)
n=1

In 1999 the authors in [37].Defined the p -valent
function x,(ay, ....ay, by, ... bs:z) , which is defined by generalized

hypergeometric function as following:

X,(ay, ..., ap, by, ..., bs; z)

(o]

Mi-1(a)j—p 2/ (3.1.4)
= 7P ’ N
T L TG, u-m P

j=p+1

where
a; €Cb,eC\{0,-1,-2,..},{i=1,..mn=1,..5),andr < s+
1;7,5 € Ny, and the pochammer symbol (v);, is defined by

_Tw+) _ {v(v +1D)..(v+j-1), j=123,...

(v); = O 1 =0 (3.1.5)

——
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In [38, chapter 4]. Note that for the Gauss hypergeometric function ,F;the

next relations holds.

1
f th=1(1 — ) P11 — tz) % dt
0

(B)T(c—b) (3.1.6)
I'(b)I'(c —
- F(C) 2F1(a1 br C, Z);
where ,F;(a,b;c;z) = (1 —2)"%,F, (a, ¢ — b;c; ﬁ), (3.1.7)
and

(3.1.8)

.Fi(a,b;c;z) = ,F;(b,a;c; 2)

Using the Equation (3.1.4), Elhaddad and Darus [49], introduces the

following operator:
:’5:11?1) (v, 0,44, bl)f(z) =zP
Z l[p + (] - p)/l]]m Y(j—'p,v,g) (ar,bs) j (3'1'9)
+ * - a;z’,
p (-
where, m € Ny =N U{0},1>0,p €N, and s,7,0,v € C,wherea; €
C b, € C{0,—1,-2,...}, Re(v) >0, Re(p) > 0, and

B I'(o) [li-1(a)j—p
Yy-poe)(arbs) = Fw(-p)+eo) <Hi:1(bi),--p>

It is worthy to note the relationship of the above operator with the rest of the

j=P+1

(3.1.10)

previously found operators
i. Fors=0,r=1,a; =1andp =1, we get the operator studied by
Elhaddad et al. [16], [40].
ii. Fors=0,r=1,a; =1,v=0,0 =1and p = 1, we get Al-Oboudi
operator [17].
iii. For s=0,r=1,a,=1Lv=0,po=1,1A=1land p=1, we get
saldgean operator [25].

iv.. Fors=0,7r=1,a; =1,m=0andp =1, we get E, 3(2).[27]

——
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v. Form=0,v = 0 and o = 1, we get the operator studied by Dozik and
Srivastava [37].
vii For m=0,v=00=1,r=1,s=0,q¢y=6+1andp=1, we
get the Ruscheweyh presented operator [41].
vii. For m=0,v=0,0=1r=2,s=1andp=1, we get the
operator which is given by Hohlov [42].
viii. Form=0,v=00=1r=2,s=1,a, =1and p = 1, we get the
operator that is given by Carlson and Shaffer [43].
We can see from (3.1.5) and for all f € A(p) and { we have

¢z (D7 (v, 0, a1,b:)f (2))’
= PP, (v,0,a,,b)f (2) (B.1.11)
—p(1 =)D, (v, 0,a1,b))f (2)

z (2’3;;; (v,0, al,bl)f(z)) ’
= (p+n—-0DV,(v,021,b)f(2) (3.1.12)
— (=)D, (v, 0,21, by)f(2)

and
z(D5 (v, 0.0, b1)f (2))

= (6 + ), (v, 0,a1,b1)f (2) — 6D, (v, 0, a4, by).
For two analytic functions f and g we say that f subordinates g, and written
as f < g, if there exists a function w (Schwarz function), which is analytic
in A, with w(0) =0, and |w(z)| <1,z € U, where f(z) = g(w(z)).
About more if g is multivalent functions in 2, then we have the equivalence
below (see [44, 45, 46]).

f(2) < g(2) = f(0) = g(0)and f (W) < g(W.

By using the deferential operator T)ﬁg (v, 0, al'bl) f(z),with m € N,_N U
{0},A4,=0,p €N,
6 > —-p,s,r,0,v € C,wherea; €C,b, €C\{0,—1,-2,...},Re(v) >
0,Re(p) >0

——
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and Y j_p‘v,e)(ar,bs), is given by

B I'(o) [li=1(ad)j—p
Yij-pue(arbs) = r(v(j —p) +o) ( %=1(bi)j—p>'

We introduce the following class of multivalent functions.
Definition (3.1.1). Let A and B be any fixed parameters ,with —1 < B <
A<1, we say that the function f € U(p) is in the class

1/3,’{:‘2, (v, 0,0, b1, 12; A, B), if 1t satisfies the subordination condition

1 (2(Dh (e ab)f@)’
p—0\ O, w0a,b)f @

- 1+ Az 0<0<p)
1+ Bz RN
Which is equivalent to,
z (T)ﬁ'fp (v, 0, al'bl)f(z)) '
DI (v,0,a, b, )f(2)
(P2 (v, 0..0)/ @) <1landze€ %

5 (23/{37 (v, 0, allbl)f(z)) ’

— —[pB + (A - B)(P — Q)]
Z (Dﬁ? (v, 0, al,bl)f(z))

Remark (3.1.1). Below are the cases for different parameters:
i- Y (v,0,a1b,,2;1,-1) = 14 (v,0,a.b,,0) =

4 (ﬁﬁv (v, 0, a1,b1)f(z)) '
5/% (v, o, a1,b1)f(Z)

f € UA(p): Re 0,zeU

i P9,(v,0,ab, % A,B) =" (LAB) = {f(2) €

o1 (zf(z) 1+Az
(P): p-Q (Tz) N Q) < 1+Bz}
And
Yo, (v,0,a1by,2;1,—1) =:5(Q) = {f € A(p): Re Z]{(g) >0,z€ QI}

——
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70 . T3 .
ii- ¥),(v,0,a.b1,2,4,B) =" (QAB) = {f €

o (e — ) <55

and

zf’(2)
f@)

We begin the first-order differential subordination in

]HI(O(Z), ZO’(Z)) < A(2).

@f,’l(ﬂ; 1,—-1) =:0*(Q) = {f € U:Re >0, zE€ QI}

Let g be multivalent function and 0(z) is analytic function, we say that q is
dominant if 0(z) < q(z), and satisfies the differentiation subordination. A
dominant g is refers to the best dominant if g (z) <
q(z)for every dominants q and it is an implementation, indicate in the
Sources to [48, 49].

Lemma (3.1.1). [47]. Let that 4 € A and A(0) = 1 be a convex function,
and let the function @ of the formula

@(z) =1+ 2" + 2™ + ¢ p2™2 + -+ be analytic in . Hence,

©(z) + 4allQ

< A(2) (Rey=0andy # 0) (3.1.13)

implies, @(z) < 0(z) = %Z_Ty I} OZ t%_l A(t)dt < A(z), and the parameter ©

is the best dominant of (3.1.13).

Lemma (3.1.2) [48]. The measure of the unit close interval [0, 1] is positive
and is denoted by m. And suppose that the function 4 (z,t) € C and is
defined on [0,1] X A 2 A(.,t) belong to A Vt € [0,1] and such that
f(z,.)is m- integral on the close interval [0,1], Vz € 2. Moreover, let
Re A(z,t) > 0,A(—r,t) € R such that,

1
>
Re D S s’

If the function H is defined by

Vi|z| <r<1,t €[0,1].

1
H(z) = f A(z,t)dm(b),
0

( 1
L © )
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then

1 1
Rewod 2w

Viz| <r <1

Lemma (3.1.3). [50]. Let 0+ A €ER, %> 0,8 € (0,1) be an analytic

function in U, of the form

P(z)=1+a,z"*"1+-, z€eW
together,
p(z) <1+Rz and R = aM ,
nl+a
such that,
M=M, Q,B)

-1

2

=(1—B)|M(1+n§)- Il—HKBHJ”(”n?A)

in A when p is analytic function of the form p(z) =1+ b,z™ +

nt+l 4 ... 7z € 9, and satisfies the subordination

p(z)[l -1+ A((l —Bp(z) + ,B)] <1+ Mz,
then Re p(z) > 0,V z € .

bn+1z

It follows lemma is particular case of result [45, corollary 3.2.].

Lemma 3.14) If -1 < B<A<1, >0, and the y a complex number
satisfies:

(B —BA)
Rey ==—"F
and the following differential equation

zq'(2) 1+ Az
Bq(z) +y 1+ Bz

has solution to univalent in 2. Hence,

q(z) + ,with  q(0) =1,

——
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ZB"'y (1 + Bz)ﬁ(A_B)/B _ l lf B " 0
B[] thty=1(1 + Bt)PA-B/Bqr [’
q(2) = zB+Y exp(BAz) y

I foz tB+y ~Lexp(BAt)dt B’ iy B=0

Moreover, the function @ a subordination if it is analytic in U and satisfies

the next
zw '(2) 1+ Az
< 3.1.14
w(z)-l_ﬁw (z)+z 1+4+Bz ( )
then
(2) < - 1+ Az
® 9(2) 1+ Bz

and q is the best dominant of (3.1.14).see[45].

——
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3.2 Properties Related Subordination on Analytic Multivalent

Functions

In thesis we see otherwise mentioned when —1 < B <A< 1,p€
N,m € Ny_-N U {0},1,{ = 0,s,r,0,v € C,wherea; € C,b, € C\
{0,—-1,-2,...}
and
Y(j—pwe)(arbs)is given by Y(;_p 1 0)(ar,bs)

_ I'(o) (H?ﬂ(ai)j—'p)
TG —p) + ) \[E=1(b)j-p)"

Theorem (3.2.1). If f € A(p) and the subordination condition satisfies:
.0 anb)f @ | DYy (.0 a1, b)f ()

(1-9)
zP zP (3.2.1)
1+ Az
<
1+ Bz
Then
D" (v,0,a4,b))f(z 1+ A4
)l,p( 0, 1)f( ) < @(Z) < Z, (322)
zP 1+ Bz
if the function © given by
0(2)
A+(1 A) F(ll'p+1- Bz )'B;tO
_| B Y S A T Y T ’
p .
1 Az, ,if B=20
+p T VA if
1s best dominant of (3.2.1), over and above
D" (v,0,a4, b)) f(x
M < Re{ ip( szl /( )},z € (3.2.3)

where

——
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M

_ {(%+(1_%) [1-%]21:1 (1'1;9%*‘1?%), if B#0,)
kl_PfQZA' ,ifB=O.}

Therefore (3.2.3) has estimate is best possible.
Proof. We have

D" (v,0,a1, b)) f (2

- (Z) _ l,p( 0,a 1)f( ),Z €A (324)
A4

Since I1 in U is analytic and differentiating (3.2.4) for to z and put the

equation (3.1.11) in the resulting relation, we obtain

ﬁgfp (1.7, 0,4y, bl)f(z) 0 @Z’{}Jl(v, 0,044, bl)f(z)
zb + zb

0(zw '(z) - 14+ Az

1+ Bz

(1-6)

= (2) + = h(2).

Now, from lemma (3.1.1) and fory = 9%, and producing and convert of

variables next by the using of the identities (3.1,6), (3.1.7) and (3.1.8),

with a =1,b = % ,and ¢ — b = 1, we conclude that

0
p
=m _£ z 9——1 1+At
Dl,p(U,Q;a1;b1)f(Z)<®(Z)=£Z gqfot ¢ (1+Bt) dt
zP 6¢
A+<1 A) 1 F(ll'p+1' Bz )'Bi()
_)B 5)axn\Mige Y irg) ’
p .
1 A B=20
+p+9€ Z, i )

that proving the assertion (3.2.2). Hence, to show the inequality (3.2.3) it is
sufficient to prove
inf{Re®(2): |z| < 1} = (-1).
In fact, we have

1—AT‘<R Az +1
1—Br — eBz+1'

for |z| <r<1.

Setting

——
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1+ A,
1+ By,

g9(z,s) =

and dv(s)

D _
= Lsef Yds (0<s<1),
© ¢

That 1s a positively measure on the interval [0, 1], we obtain

1

mm=fg@swwa
0
and

1

1—- A,
Re O(z) = f dv(s) = 0(-r),|z| <r < 1.

Putting r — 1in the last inequality, we get (3.2.3). The best possible like the
function 0 is the best dominant of (3.2.1).

In the same way the Theorem 3.2.1, can be proved by using (3.1.12) change
in (3.1.11), we can prove the next theorem:

Theorem (3.2.2). A subordination condition satisfies of the function f € A(p)
if

D™ (v,0,a,b))f(z D™ (v,0,a4,b,)f(z
(1-0) A,p+1( 0,aq 1)f()+9 A,p( 0,a1,b1)f (2)

2 zv (3.2.5)
1+ Az
<
1+ Bz
then,
icV)jlr,lpﬂ(vr 0,a1,b1)f (2) 1+ Az
- <}[(z)<1+BZ,
Such that the function H given by
H(z)
A+(1 A) ! _F (11-"+p_/1+1- Bz ) ifB # 0
_{B Bla+en\M g i)
B n+p—24 _
1 A B=0
\ +n+p—l+9 g if

is the best dominant of (3.2.5) in addition to

53]
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ﬁzlp+1(vl 0,4y, bl)f(z)

N < Re — ,Z €A (3.2.6)
, N
é+(1—é);za(1,1;m+1; 5 ) ifB % 0,
B B/ (1 — Bz) ) 1+ Bz
+p—2
1+nzpf/1+9,4, if B = 0.

Where the inequality (3.2.6) has estimate is best possible.
Vv f € A(p) the generalized Bernardi—Libera—Livingston integral operator
Foy:W(p) — U(p) ,withy > —p, is defined by [52].

y+ P

ty‘lf(t)dt
0

(Zp+zy+p+k p+k>*f(2)

=[P F(Ly+py+p+L2)]*f(2) (3.2.7)

Fyf(2) =

It is simply to satisfy that, V f € 2(p) we have
z (B, (v, 0,21, b1)Fyy £(2))'
= (p+y)O,(V,0,a1,by)f (2)
-y D,(v,0.a;,b)F,, f(z)  (3.2.8)

Theorem (3.2.3). A subordination condition of the function f € 2 (p)
satisfies if
B v.eanb)f(2) 1+ Az
zP 1+ Bz
and the integral operator Fy, ; is defined by (3.2.7) then

(3.2.9)

——
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D™ (v, 0,a4,by)E z 1+ Az
)l,p( 0,y 1) p,yf( )< K(Z) < :
1+ Bz

zP

where the function K is given by

K(z)

A+<1 A) ! F(ll- +p+1; 5 ) if B+ 0
_|B B)(1+Bz) 2\ TP Y T) B =0,
- y+p .

— Az, B =0,
y+p+1 g y
It has the best dominant for (3.2.9). Moreover
D" (v,0,a4,b))E, z
po 200 @by @) ey (3.2.10)
z
where
A (-8 (L), o
L:{B B+ \"YTPT L) JB#0,
y+p .
k —— A, lfB=0,
y+p+1
the estimation in (3.2.10) is best possible.
Proof. If we allow
DM (v,0,a1,b))E, ,f(z
0(Z)= A,p( 0,41 1) p,yf( ), ZELI, (3211)

zP
then the function O is analytic in 2. From (3.2.11), differentiating for z and

using the identity (3.2.8) in the resulting relation, we obtain

Dip(W,0,a1,b)f (2) 20'(z) 1+ Az

0 < )
zP (Z)+p+y 1+ Bz

and employ the same manner that we need the proof of theorem (3.2.1), the

second part of the theorem can be proved in the same way.

——
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Theorem (3.2.4). If f € A(p) satisfies the following condition
ﬁ/?{}p (1.7, 0,4y, bl)f(z) +6 5/?[7};1(171 0,44, bl)f(Z)

+6
Py seu (3.2.12)
with
P+67
N, <1 (3.2.13)
where
N, = min{x € (0,1): @(x) = 0}. (3.2.14)
And
_ [(os-2\* _ 6co-2)  (p+63\?*| 2 ,6000-2) |, _
(p(x)_[(p) 2= (p)]x 2= I
0¢(p—2) 03 (p—0)\*
xe-D |x+(—p ). (3.2.15)

then f € 1/3,’{3, (12), where 1/3/’{’11, n) = 1/5,'{39 (22;1,—1) [such as it was in the
aforementioned in Remark 3.1.1 (1)].
Proof. If we have

52}1) (vl 0,044, bl)f(z)
,Z €

0(z) = p

)

From the assumption (3.2.13). Then O analytic in 2. and according to
theorem (3.2.1) for the particular status A=M;and B=0, we get that the

assumption (3.2.12) indicate

p
+ 6¢

0(Z)<1+p MlZ:1+N12,

which is equivalent to
|0(z) — 1| < N;,z e A (3.2.16)
Setting

(5ﬁrfp(vv9!a1!b1)f(z))’ _ > (3 2 17)

(2) = —
p p_Q 5$p(v'9!a1!b1)f(z)

The assumption (3.2.12) could be written as

——
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(1 —@)0@) +@p(z)0(z) ~1| < ”*p"fzvl, z€U

(3.2.18)
Now,
We will show that (3.2.18) implies,
Rep(z) >0,V z € Y, thatis f € P (v, 0, a1, b)) (D).
Supposing that this above inequality is a rong. Therefore 3 z, € U, P (0) =1.
and x € R, Such that p(z,) = 4x. Thus, in order to explain that
(3.2.18) indicate Re p(z) > 0, V z € U, that is enough to get a contradiction
and (3.2.18), its instance

6 -0 0 -0
e~ [(1- 2= o + “E=Pp 060 - 1
>P ;95 N, (3.2.19)

Thus, if we put 0(zy) = u + iv,then
e? = ‘(1 -@> 0+ L= p()0a)

2

-1 (3.2.20)

+ 2xv —Hf(p )

+ ‘(1 —w>0(zo) ~1
p
By using (3.2.16). We have
1= o

_ |<1_9€(p—ﬂ)> Oz - 1) _Hé(p—ﬂ)‘
p p

= (u? +v?) (—9((};_ Q))Z x?

2

——
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296(19—9)
p

K-

N, (3.2.21)

Now, we must prove that under our assumption the following inequality is

verified:

N, > 0. (3.2.22)

6l — Q) ‘1 -9
p

Thus, if we indicate

Thereafter the function 0(z), in Equation (3.2.15) becomes apparent
®(x) = (a? —2a — b)x? — 2a|l — a|x + a?,
and
®(0)=a*>0, ®(1)=-2a(]ll—al+1—-a)—-b<0.
If a =1, itis clear that (3.2.22), verified, V N; > 0. If a # 1, therefore,

( a ): a?(1+b)

P —-— <0,
|1 — al |1 —al?
we conclude that if N; is given by (3.2.14), then the inequality (3.2.22) is
correct. Subsequently from (3.2.20), (3.2.21), and (3.2.22) we get

2
e’ — Mf = (u* +v?) (@) x? + ZxUM

2 2
+ 6
p
Indicating

J— 2 _
F(x) = (u? +v?) (WTQ) 24205 (pp Q)

W -5

+<ec(p—n_‘1_ez<p—m
p p

+<9€(p—ﬂ)_|1_96(p—9)
p p

——
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o2
Since (u? + v?) (@) > 0, it follows that the inequality F(x) = 0 holds

for all x € R, if and only if the discriminant d < 0, that is

5= 4{vz (WT—Q)Z

— (u?

+u2)<

0l(p — 2\ [(6(p — Q)
1; )l( pp

B |1 B 9€(pp— “)|N1)2 ~ (p J;efﬂ} <o,

which is equivalent to

2 [1_<9€(p—ﬂ)_|1_96(p—ﬂ)
p P

2 2
p+6¢
w) - (),
<

22 [(96(1;— Q |1 _ Hf(pp— ﬂ)| N1)2 ~ (p ;QZ)ZNEI

(3.2.23)

Putting 0(z,) = 1 + pe'® for some € € R, it is easy to show that

2 2

_ p’sin’e p
u?z (14 pcose)2 ~ 1 —p?’

v

€ eR

From (3.2.16) we have p < N; < 1, and using the above inequality we
obtain

v: _ p? N{

< <
u? = 1—-p%27 1-N;

(3.2.24)

2
Since the function T'(p) = 1f—p2, p €[0,1),

is a precisely increasing function on the half open interval [0.1), we want to
define the largest value of N; € [0,1) (the next condition from the
above comments). Such that

8 — Q) 8-\ (PO,

1 ——N;) - N
p p p

Nfs(

——

]
59 |



Chapter Three: Multivalent Function and Harmonic Multivalent Function

an easy calculation show that the value is obtain from (3.2.13), where ® has
by (3.2.15) according to the above cause, from (3.2.24) it next hat
v: _ p? N{

uz_l—,ozgl—N2
1

(Be-9)_|; _%e=0) N1)2 - (%) yz

< p p
e ke
G e DG
o (S 5

the last equation is equivalent to (3.2.23), which is d < 0. thus (3.2.19)
holds, that opposite (3.2.18) and the proof of the theorem is end.

51"17 (V'Q'al'bl)f(z)

Theorem (3.2.5). If f € A(p), such that +#0,vzey,

the subordination condition is verified

B, (v, 0,41, b)) f ()
yAY

(1—9)<

(551’75 '(v,0,a1,b0)f (Z)) ’ (i’)g}p (v, 0, a4, by) f@)ﬁ-l (3.2.25)

+6 —— g
<1+ M,
where
( (- 061 +%
Jif B> 0,
9 2
M; =4lp—(—-2)6] + p2+<p+g>
(p—M0O o
" , if p=0.

Then f € lﬁﬁ’fp Q) = 1/5,’{3, (22; 1, —1)[look at the Remark 3.1.1 (i)].

Proof. Let § =0, thus the assumption (3.2.25) is equivalent to

——
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/
7 (D, 0,a1,b)f ()
DT, (v, 0,01, b1)f (2)
which is implies that f € {7 (Q).

-O<(@-Q(E+1),

If we suppose > 0, let define the function

= B
D" (v,0,a.,b1)f(z
/Lp( QZp1 Df( )) e (3.2.26)

0(z) =<

we pick the main value for the power function. Thus 0(0) = 1 is analytic in

A, and differentiating (3.2.26) for to z we get

B (v,0,a1,b)f (2)\
A4

(1—9)<

N I /RN B-1
40 (QZLp (v, 0 a4, b1)f(Z)) Qﬁr}p (v,0,a1,b1)f (2)
pzP~1 zP

=0(z) + %20’(2),

which, in view of lemma (3.1.1) produce

Bp
Pp + 6

As well, the subordination assumption in (3.2.25), must be written also

[1_9+9((1_g)p@+g)

where p is given by (3.2.17). Hence by Lemma (3.1.3). We conclude that Re

0(z) <1+ M,z.

0(z) <1+ M,z

0<p(2),zeq,
For the particular case A = u = p,m = 0, Theorem (3.2.5) decrease for the

next corollary:
Corollary (3.2.1). If f € A(p),3 % # 0,V z € A, and the subordination

condition verified

f(z))ﬁ IS (f(Z)

B
At ) <1+ M
zP pf(z) \ zP ) + Mz,

(1—9)<

where

——
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( (p—Q)9(1+%)

, B >0,

S
I

Ip—@—mm+JW+@H%f

(-
\ p
then f € 1,5;; (Q) (the powers are the main).See[46].

0 iff=0

Remark (3.2.1).
i. Look at that the result was obtained by Patel et al. [53, corollary 4];
ii. Choose p =1 in corollary (3.2.1) we get the result of Liu [45,
Theorem (3.2.2)]; putn = 1.
If we choose A = u =p,m = 0and 6 = 1 from Theorem (3.2.5), then we
get the following corollary:

Corollary (3.2.2). If f € A(p) > % #0Vz €U, and the inequality

below is verified

zf'(2) (1@)3 ~ ‘ . -0+
f@ A zp OB +p?B? + (B + 1?
Then f € 1, () (the powers are the main).See [46]

e U,

Corollary (3.2.3). If f € U(p) 3 G for all z € A, and the inequality

verified
o-0-(LQY) 2 {Q}B_(_Qﬂ
P zP pf(z) \ zP P
< pB(p—Q) +1 -~

o801+ |+ ()

then f € l,b~p Q).

——
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3.3 Applications Related on Subordination of Multivalent

Functions

Theorem (3.3.1).
If f€ 1/3/7{’11,“(17, 0,a, by, (2; 4, B) 3 55ﬁ7p(v, 0,a;,b))f(z) #0,Vz € A\
{0}, and

(§_p+n)<1—3>+<p—m<1—A>zo, (3.3.1)
then
1 (2(BhEenb)f@) | .
— - Z
p—a2\ e a,b)f(2) " (33.2)
1+ Az
<
1+ Bz
where
1 1 p. (3.3.3)
2@ = —(Gm )
and

(. (p-0)(4-B)
P_1(1+Bzs B ,
f s¢ (1 B ) ds, if B0
0:(z) =1 70 + DBz

U s%_l exp[(p — ) (s — 1)Az]ds, if B =0,
0

and g, is the best dominant of (3.3.2), if moreover (3.3.1),

(%—p+.(2+1)B

A< — With—1<B <0 (3.3.4)
p—1
then,
f e Pr(p) (3.3.5)
where
( 1
L %)
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P p-DB-Ap . B\ »p
e ()|

+p and lp~/rlr,1p(p1) P= 1:b}r:lp(pl; 1, _1)
[Look at to Remark 3.1.1 (i)]. The result is the best possible.
Proof. We have

1 (2(Pheenb)@)
p—Q\ Do a.,b)f(2) ' (3.3.6)

!

II(z) =

z€eU

then I1 is analytic in%l, with IT (0) = 1.Using the identity (3.2.6) in (3.3.6),

we obtain

B@/T{’Lz;l-l(v, 0,44, bl)f(z)
B (,0,a1, ) @)

= (p - Qw(z) + ? —p+Q (337

If differentiating (3.3.7) with respect to z, we get

1 (2(B) w001, b)f ()’
p— Q :’5,7{3) (17: 0,044, bl)f(z)

zI1'(z) 1+ Az
= (z) + D < :
p-w@+z-p+a 1+5z
From the assumption (3.3.1), by using Lemma (3.1.4) we obtain,
1+ Az
@ (z) < q;(2) < T Az’
where g, is given (3.3.3) is the best dominant of (3.3.8), and this proves

(3.3.2).

Hence, we offer that

inf {Re q1(2):|z| <1} = q;(-1),

or, equivalently

——
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1
inf{Re@—: |z| < 1} = (3.3.9)

1Z 0,(-1)

Indicating a: = w, b:=2 and c:= % + 1, since ¢ > b > 0, from

B ¢
(3.1.6), (3.1.7) and (3.1.8) we conclude that

1
0,2)=(0+ Bz)abe_ldS
0

r'(b) Bz Z (3.3.10)
"o i (b g) T HO)
h ]HI()—F(I . BZ)
whnere Z) = a1 ,a,C;BZ+1!

where B # 0. From (3.3.4), apart from the case of equality, we have ¢ > a >
0,thus from (3.1.7) we obtain

1
H(z) = f F(z,5)dv(s),
0

Where,

1+Bz
1+(1-s)Bz

_ (o) a-171 _ \c—a-1
& dv(s) = roreaS (1-ys) ds,(0<s<1).

H(z,s) =

Which is a positively measure on the interval [0, 1], using the actuality —1 <

B <0, it is simply to test that

R

>0,z€eq,
e]HI(z) z€eUA

#(—r,s) e R,r €[0,1),s € [0,1],

1 1-(1—-s)Br 1
e = = )
H(z,s) 1—Br A(-1,5)
It follows by Lemma (3.1.2) we conclusion that

1 >
¢ H(z) ~ H(-r)’

R lz| <r < 1,s €[0,1].

R

lz| <r <1,

and by letting r— 1, taking into the account the relation (3.3.10), we get the
inequality (3.3.9).

——
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(E—p+ﬂ+1)B

; (%—p+ﬂ+1)B

—~ for the case A = - e

We deduce that (3.3.9) holds when the inequality (3.3.4) is verified, that

Moreover, by taking A T —

prove (3.3.5). The result is the best possible and the function g;is the
best dominant of (3.3.8).

For A = 1 and B = -1, the second part of the Theorem 3.3.1, reduces to the
following corollary:

Corollary (3.3.1).

If

= 1/3,’{’1;1(17, 0,a; by, (2; 4, B) ) 5}"11,(17, 0,a;,b))f(z2) #0, Vz€E A\
{0}, and

Max{p—?;p—%(§+ 1)}Sﬂ<p,

then
fE€ J’le (v,0,a4,b1)(84),

Where £, given by

p -1

&=Zbﬂ@ﬂ@—nx§+n%] _?

{+p.

2
The result is best possible. See [46]
Using same pretext to the proof of Theorem (3.3.1), we get the next result:
Theorem (3.3.2).
If
fe 1/)~le(v, 0,a1 by, (3 A, B) 3 5,’1'fp+1(v, 0,a.,b)f(z) # 0V ze A\ {0},
and
Q-VDA-B)+(p-2)(1-4)=0 (3.3.11)
then,

1 z (5311:Lp+1(v! 0,4y, b1)f(Z))
p—a\ B, w0 a0 b @)

1+ Az
<—
1+ Bz

— 0| <qz(2)
(3.3.12)

——
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Where, q,(2) =

piﬂ<@;)+l_”)

and

(»—2)(A-B)

1
( -1 1 + Bzs B _

fSp ) ds, ifB+0,
0

1 + Bz
0,(2)1 1

fSp"l‘l exp[(p — 2)(s — 1)Az], if B=0,
L0
and q, is the best dominant of (3.3.12). If, moreover (3.3.11)

nN-1+1)B
A< -— , —1<B<(,
p—1

Then f € ?,5,%4.1(/)2),

where,

p2=(p—l)[2F1< G Q;(B AP—/1+1L1)]_1+/1,

And 1/;/?17,1;9+1(17: 0,a4,b1,02; A, B)(Pz) =
Vip+1 (W, 0, a1, b1)(p2; 1, —1)[look at to Remark 3.3.1(i)]. The result

Is best possible.

Choose A = 1 and B = —1 in the other part of theorem (3.3.2) we get next

corollary.

Corollary (3.3.2).

If f e ¥, 0 a,b)Q) 397, (v,0a,b)f(Q) #0,vVzeA\{0}and
max{l—n;w—_l} <O<p,

then

f € ll}~£r,lp+1(vl 0,044, bl)(QZ)l

where, £, given by
-1

8= (- D|(A120-p-1+13)| +a

The result above is the best possible See [46].

——
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Theorem (3.3.3).
Iff € &Tp(vl Q' all bl)(Q)r S-t-a 5le(vr Qr a’l! bl) Fp,]/f(z) * O,V VALS QI \
{0}, and

Q+y)A-B)+(p-V(A-4)=0 (3.3.13)
Then
E,,f€ lljfp(v, 0,a, by, 2; A, B).
where the operator F,, is defined by (3.2.7). Further, if f €
P (v, 0,a1,b,)(12; A, B), then

1 (2(BF, w00 b)f @)

— —N]<q5(2)
__Q m
p Dﬂ.,p(‘ul Q' al’ bl)f(z) (3314)
1+ Az
<
1+ Bz
where,
() =——(5=-2-7)
R ACNE R
and
(1 (r—2)(A-B)
JSP“’ -1 1+BZS) " dsifB#0
1+ Bz ’
05(z) =« (1)
jSp“’ “Lexp[(p — 2)(s — 1)Az] ds,ifB =0

\0

then the q5 is the best dominant of (3.3.14) If, moreover to (3.3.13)

Q+y +1)B
As-— ,with—1 < B <0,
p—1
Then
Eyf € lﬁi'fp (v,0,a4,by)(p3),
where
(p—2)(B-A4) B \1*!
P3=(P+)’)[2F1<1, B p+y+1B T -y,

——
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and
lp~/717}p (vl 0,4y, bl)(p3):
= lﬁfp (v, 0,a4,b;)(p3;1,—1)[look at to Remark 3.1.1 (i)],

the result is best possible.

Proof. If we let

1 Z (5/1{,1;) (17, 0,44, bl)Fp,yf(Z)) Q
p—Q\ D0 a,b)E,f(2) ’ (3.3.15)

!

w(z) =

z€eU

Then I1 is analytic in 2 with IT (0) = 1. Using the identity (3.2.8) in
(3.3.15), we get

> +) ~f>£'fp (v,0,a1,b1)f (2)
D7, (v,0,a1,b1)F, ,f(2) (3.3.16)
=@-ON@)+o+y
Differentiating (3.3.16) with respect to z, we get
1 (2(Bp,w.0.0,b)f @)
p—a\ dPwea,b)f@

zI1'(2) 1+ Az
< )
p-OI=Z)+Q+y 1+Bz

=1I(z) +

and utilizing the same method that used in the proof of Theorem 3.3.1 the
remaining part of the theorem can be proved in a same way.
Putting A = 1 and B = —1 in theorem 3.3.3, we get the following corollary:
Corollary (3.3.3).
Iff e l/;;:lp (v,0,a4,b1)(Q) > 5:{"29 (v,0,a1,b)H,,f(2) # 0 forall z
€ A\ {0},and

-y =1
max{—y;u} <O0<p,

Then

——
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F’p,y f € lﬁ}{?p (v; Q; al; bl)(ﬁ:;),

where
-1

L3 = (p—y)[zF1<1,2(p—ﬂ);p+y +1;%)] —-y.

The result is the best possible see [46]

——
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3.4 Some Properties on Subclass of Harmonic Multivalent

Function

Let A(p) be the represent the class of functions of the form

f(2) =zP+Zak+pz"+p ,ZEUp€E N ={1,2,-} (3.4.1)
k=2

That are multivalent in the open unit disc 2.

Recently see [10] define on harmonic univalent mappings, led to the
birth of theory of harmonic univalent mappings. This theory has attracted the
function theorists. to look at harmonic analogues of the theory of analytic
univalent or multivalent functions, and harmonic multivalent functions have
famous to have an increase of applications, in the apparently diverse fields
of medicine, engineering, electronics, physics, aerodynamics, operation
research and other branches of applied mathematics but, introduce and study
of minimal surfaces and also play important roles in a variety of problems in
applied mathematics. Where Harmonic function has fruitful applications not
only in applied mathematics, but also in physics, engineering, it appears in
differential equations and for more details see [54], [S5], [56], [57],[15]
and[58]

Our study starts with introduce of the main terms used of g-calculus

used.

See [59]. For g € (0,1), we define g-derivative operator D, of a function f
by

f(z) - f(qz)
Def(z) =1 (A-¢qz (z#0) (3.4.2)
f'(0) (z=0)

From (3.4.2) it follows that if f € A(p) has the (3.4.1), then

——
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Jackson [60, 61] define g-derivative operator
Op.qf (2) = (0” 'f (z)) n € Ny == N U {0},by

09of (@) =f(2), 0pef(2)=2(053'f@),nEN.
Therefore, if f € A(p) has from (1.1) it follows that

Where[k], = —q and thus llrr%[k] = k.
q—)

See [59]. Define g-derivative operator dp,f(z) := zD (6” 1f (Z))
I\IO =NU {O}be

09.f (2) = f(2), 0pof(2)=2(053f@),nEN.
Therefore, if f € U(p) has from (3.4.1) it follows that

0paf (2) = (f * Gq) (2), 2 € Uyp € Ny,

Where
n — n_k+
Gpq(z) =2zP + Z([k +p]q) z*"P,ze WUyp € N,n € N,,.
Moreover,
0pqf(2) = zP + Z([k + p]q)nak+pzk+p ,ZEU
k=1
and

hm_ Oy qf(2) —Zp+2(k+p)"a k+pZtP,z € U
k=1

For n = 0, by using the equation above introduce the following g-derivative

operator ®npq A(p) = A(p) by

( 1
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GrS . f(2) = an, f(2),

- Z _ l
O f() = (=) G+ (6777 () me.

From the above definition it follows easily, that if f € U(p) is of the form
(3.4.1) then

Gppq f(2) = 2P

+2([k+ ) (o) aerprne (343)

€A meEN,

The necessary and sufficient condition for the harmonic function f is
locally multivalent and sense-preserving such |(h(z)")| < |(g(2)")| in D
(where D is simply connected in C). See [10]. A continuous function f =
u + v is complex-valued harmonic function in a domain D € C if both u
and v are real harmonic functions in D. In any simply connected domain,
denoted by SH the class of all functions of the form f = h + g that are
harmonic multivalent, normalized and sense preserving within the open unit
disc A where h and g are analytic in A. We call h the analytic part and g the
co-analytic part of f. Clunie and Sheil-Small noted that the A necessary and
sufficient condition for the harmonic function f is locally univalent and
sense-preserving such |(g(2)")| < [(f(z)")| in D (where D is simply

connected in C.

Let Sy represented the class of harmonic functions f = h + g which
univalent with f(0) =f(z)' —=1=0with f=h4+g € Sy If f
normalized and sense-preserving within 2, where h and g and the class A

of all analytic functions in U as the form

h(z) = zP +Z Apz P71, g(2) =Z bespz®tP™1 (3.4.4)
k=2 k

——

]
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We say that h is analytic part and g co-analytic part, if the Sy reduce to
S of every normalization function analytic univalent, if the co-analytic part

of f is equal to zero. See [10].
Now we introduce harmonic multivalent functions in 2 it follows by
h(z) = 28 + Ty Qap? 7L, g(2) = Ty bieypztP Y,

In this paper, we modified the operator &', f(2) in Equation (3.4.3)

of harmonic functions f = h + g as

Gypq f(2) = Gty h(z) + 6,7 g(2) (3.4.5)

Where

+ nk\™
fﬁ%"qh@—z“Z(k +9l)" (5 n) Gz P (3.46)

And
p +nk\"™ B}

G’)';r)l;nq g(Z) = Z( (T) bk+ka+p 1 (347)
Let T, (v) denote the family of harmonic function f of the form (3.4.1)
and let T, (v),

Be subclass of T oy q(v) consisting of harmonic functions f = h+g ,

where h and g are of the form

[00] [00]

R =22 = ) |20, g() = ) [biy |47,

k=1 k=1

——
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Definition (3.4.1).For 0 <v <1, the function f = h+ g in the class

Typq (V) if satisfy the inequality

2D (& f(2))
Re e >v lz| =r < 1. (3.4.8)
(csnqu(z))
First, we begin the sufficient coefficient condition for functions f in
Typa (V)

Theorem (3.4.1).Let f = h + g, where h(z) and g(z) are defined by
(3.4.1).If

Z([k +plq — 2”)|ak+p|®npq + Z([k +plg + Zv)lbkﬂ?l Q)npq
k=2

(3.4.9)
< 2(['p]q — v)
Where a; =1, v € [0,1) and @y, given by
p +nk
Mo = ‘([k +pl,)" ( ) ‘ (3.4.10)

then f is sense —preserving, harmonic, univalent in 2, and f € Tnnp"f] (v)

Proof. If |z,| # |z,| < q,then

9(z1) — g(z3)
h(z;) — h(z)

f(z1) — f(z2)

>1-
h(z1) — h(z;)

L Sreibesp(@ T =2 T
(2] = 25) + S a2 7 = 27
>1— Zl‘?=1[k + p]qlbk+p| > 1

1- Zlc;o=2[k + p]q|ak+p| B

IR+l + 20)050 ol ~ )l ]
1- Zk=2[([k + p]q + Zv)wz;nq/([ ] v)]lak+'p| B

——
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Which proves the multivalent. Observe that, f is sense-preserving in,

because

|Dyh(2)| = ( —~ Z [k +p q|ak+p||z|k+P—1>

k=2
i(k"'p Zv)q)npq| |
= [p]q -V ety

2

([k +plg + 2v)055y
= (Z [p]q — v | k+p|

k=1
k + + 2
<§ ([ p]q U)Q)npq |bk+p||Z|k+p 1)

> 3 Tk + plg |besy 121771 2 |Dgg )]

Then we have £13[|th(z)| > |D,g9(2)|] = [Ih@)'| = 1g(2)'I].

Tnm

Now, we show that f € T,

(v).from (3.4.8), we can write

A GO . {A(z)}

(S f@) B()
From the equation (3.4.5) we get
A(2) = z Dy UH f(2))
= [p1g2? + ) Tk + ply Bty 2P
a Z [k + plq Oypqbicspz P~

k=1

and

——
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B(z) = (@Z;nq (z))

(0.0] o0
— 14 nm +p 1 p 1
z7 + Z Dip.q Qe+ pZ + z Q)nqukﬂoz

Using the fact that Re(w) = vifandonlyif |1 —v+w|=>[|1+v—w|, it

suffices to show that
|A(z) + (1 —v)B(2)| - |A(z) —(1+v)B(2)| =0 (3.4.11)
Replacing for A(z) and B(z) in (3.4.11), we get

|A(z) + (1 = v)B(2)| - |A(2) — (1 + v)B(2)]

- ([p]q +1- U)Zp + 2([k + p]q +1- U)Q)Z:gfqahpzkﬂ’—l
Z([k +plg = 1+ 0)Or0 by pzFtP1 1|
k=1

(Iplg =1 —-v)zP

—_
=~
+
=,
+
—_
+
<
N—r
S
3
<
3
S
&
+
<
+
<
—

([k +plg+1- 17) npq|ak+p||zk+p_1|

(lk +plg = 1+ )0yl |bisp 24P~

——

]
77|



Chapter Three: Multivalent Function and Harmonic Multivalent Function

~([plg — 1= v)lz"|

- 2([1‘ +plg—1- ) npq|ak+p||zk+p_1|

2 [k +plg = 1+ v)0y5 brsp |27 77|
k=1

> 2([ply — v)I271 + ) ([k +plq = 20)05 5% |ai 1214771

]

4 ([l +ply + 20)03 7 i 1214477
k=1

_2([p]q - ’U)lZpl

([k +plq 277)(2) 10q|ak+19||z|k+p_1

Ms

&
Il

2

MS

([k +plg + 217)@,,pq|bk+p|lz|k+p‘1

&
I

1

Z([k +plg — 2”)|ak+p|®npq Z([k +plg + 217)|bk+p| anq
k=2

= 2([p]q - 17)

By using the enquiringly (3.4.9), we see that the last expression is non

negative this implies that f € Ty (v)

Now, the necessary and sufficient condition for a function belongs to the

class T o, q(v)ls get.

——

]
78 |



Chapter Three: Multivalent Function and Harmonic Multivalent Function

Theorem (3.4.2). Let f = h + g .then f € T))%(v)) if and only if

2([1‘ +plg - 2”)|ak+p|lzlk+p 1®npq

+z( ke +plg + 20) by p|l2)* P ' Opa (3.4.12)

< 2([p]q — v)

Where a; = 1,0 < v < 1 and @5'(a, B) given by (3.4.10)

Proof. SinceT, ", (v) € T,% (v) we only need to prove the only if part of

the theorem. To this purpose, for functions f € T,r ;’; (v) ,we notice that

(3.4.8) is equivalent to

2D, ( Gy, £(2))

e (cﬁz;;‘q )

—v, =20

and

((( —v)zP + Y2, ([k + ply — v) Onpa Qs pz©HP72 —)\
Eiza(lk +plg = v) Bppgbiespz™ P71,

zP + X 2®npqak+pzk Pl 4 Y- l(z)nquk+pz tp-l (3.4.13)

\ )

>0

The above condition must hold for all values of z in U upon selecting the

values of z on the positive real axis where 0 < z = r < 1, we must

([p]q - v) + Zl?:z[k + p] (1 v)q)npqakﬂo Zk 1[k + p] (1 + v)®7]pq|bk+p|

1+ Zk 2 Q)npqak+p + Zk 1®nquk+p
>0 (3.3.14)

——
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If the condition (3.4.12) does not hold, then the numerator in (3.4.14) is

negative for r sufficiently close to 1. Hence there exist z, = 1 in (0,1) for

which the quotient of (3.4.14) is negative. Then, f € T,")", (v) and the proof

is end.
Now, we want to show that the class T,'5" (v) is closed under the

convex combination. Suppose that the function (52:;% fx,i(2) is given, where
i=1,2,3..., m, by
Gy fiei(2)
- - (3.4.15)

= zP — Z |ak+p,i|Zk+p_1 + Zlbk+p,i|zk+p_1'

Extreme points:-

In this section, we provide extreme points for the class T, (v).

Theorem (3.4.3). f € T,")", (v) If and only if f can be expressed as

) = Uehy + Mig)
k=1

Where z € A

2([p]q — v) Zk+p-1

h,(z) = zP,hy(z) = zP — —
’ * (Tk +plq — 2v)03 70,

)

2([plq — v) Fh+p-1

() =P -
o (lk + ply + 20)075,
z(Yk +M) =1 Y,=0andM, =0
k=1

——
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In particular, the extreme points of Tp''s (v) are {hy }and{g,}.

Proof. The function f we can write

F) =) (i + Meg) =
k=1

= Z(Ykhk + My g)zP

k=1
= Z 2([p — U) Y Zk+p—1
k=2

1 ([k +plg — 2v)8y5

i([k 2l ) M, zP~1

+plg + Zv)(b,,pq

_Zp

— Z 2([p]q — v) Y, zktp—1

= (Ik +plq - Zv)(bgfg,lq ¥

_ Z ( . v) Mkz—k+p—1

([k +pl, + 2v)(25,7pq

Then

2([p]q - ”)
+plg — Zv)d;gq *

i[([k +plg — Zv)wnpq)] ([k

k=2
Z [k +plq

k=1

2(Iplq —v)

npq)] ([k + p]q + 217)@7“96,

= 2([P]q — 17) (Z(Yk + Mk)> = 2([P]q - 17)
k=1

< 2([p]q - ’U)

+ 217)(25 k

——
(o]
=
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and so,
f €Typa)

Conversely, suppose that

f € Ty (v) setting

([k + plg = 20)|arsp |y pg

Y, =
¥ 2([plg —v)
_ ([k + p]q + Zv)lbk+p|®3:gfq
) 2([plqg — v)

We obtain
f(z) = Yp=1(Y hy + M g;) As required.

In the next three theorems, we prove that the class T, (v) is constant

under convolution, convex combinations and neighborhood of its members.

And

(0] (0]

F(z) = zP — z|Ak+p|Zk+p—1 _ 2|Bk+p|z—k+p—1,

k=1 k=1

The convolution of two harmonic functions f(z)and F(z) as

(f xF)(2) = f(2) xF(2)

[0/e)
=27 = ) |ty Aisp |77
k=1

(o]

= > bl By 7477,
k=1

(3.4.16)

——
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Using the definition above, we show that the class T, (v) is closed under

convolution.

Theorem (3.44) for 0 <v<w<1lletf €T, pq(v) and F €T, pq(w)

then

(f *F) € Typlqw) € Tk (v)

Proof. We wish to show that the coefficients of (f * F) satisfy the required
condition given in theorem 2.1 for F € T, (W) we note that 0 < Ay, <

1and 0 < By,p, < 1. Now, for the convolution (f * F)

We obtain
' U+ pq — 20) e e 171037,
k=2

Z([kw]q + 2) i || By 121 0
k=1

< 2([p]q - W)

[0¢]

z ([k +plq = 2w)|aesp]| [Asp| 12177 07 g

= 2([plg —w)

+ i (I + plg + ZW)lbk+p”Bk+pl|Z|k+p lgn™
2([p]q - W)

77Pq<1

< i ([k +plq — 2w)|ak+p|lz|k+p 1¢npq
2([p a” W)

npq<1

+§: ([k + plg + 2w)|bysp 1271

2([plg —w)

——
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< i ([k +plg — 2”)|ak+p||zlk+p IQ)TIPQ

k=2 2([p]q - 17)
_I_Z ([k +pl, + 2”)|bk+p||zlk+p Bypg <1
2([p]q - v)
Since 0<v<w<l1letfeT 7 W). Therefore
(f *F) € Ty pa(w) c Tyt (v)

Theorem (3.4.5) Let f,FeT,,,(v) then fxFeT 7 (w) for

[o0]
F@ =27 = ) Jawple 7t Z|bk 7,
k=1

F(Z) — Zp —_ Z|Ak+p|zk+p_1 Z|Bk+ |—k+p 1
k=1

and

(0] (0.0)

P =22 = a2 = ) by B 7477,

where

4([p]q - v)(zv)
" ([k +ply - 2v)° = ([pl, - v)(2v)

Proof. f,F €T (v)and0 < L < 1

n.0.q
and so
& (k+p —Zv)
Z Sl o) e <1 (3.4.17)
=2 p q
and
(&)
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2 ([k +pls + 217)

bresp < 1 3.4.18
2([p]q k+p ( )

We have to find the smallest number w such that

(0.e] k _
z([([+]z:]j 5 Gerpbisy < 1 (3.4.19)

By Cauchy-Schwarz inequality

Appbrip < 1 (3.4.20)
= 2([p]q - v)
Therefore, it’s enough to show that
([k+ply—L) ([k +ply — 2v)

< b
2([p]q _ L) k+p k+p = 2([p .- 1.7) ak+p k+p
That is

— ([k + pl, —2v)L
ferp Tty ([k+p]q—L)v

From (3.4.20)

2([p]q _17)
k+plg— Zv)

ak+pbk+p = ([

Thus it is enough to show that

2([ply — v) - ([k +ply — 2v)L
([k +plg — 2v) B ([k +plg — L)v

Which simplifies to

——
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([ply — v)(2v)
(Ik + pl, — 2v)° = ([pl, — v)2v)

L=

Theorem (3.4.6) the class T, (v) is closed under convex combination.

Fori=l,2,3... suppose f; € T, (v) where f; is given by

fi(z) = zP — Eai,szkﬂ"l - Ebi,k+pz_k+p_1;
k=2 k=1
Then by
z ®g:g,lqai'k+p + Z ®gzqulk+p = (3.4.21)
k=2 k=1
for,

Ztizl,OStiSL

i=1
The convex combination of f;may be written as

i t; fi(z) = zP — i (i fiai»k+p> zZk+p1

i=1 k=2 \i=1

+Z<Zt bum) P

k=1 =1

Using the inequality (3.4.21), we obtain

i O (Z t; avkw) + i Dnpa (i tibi'k+p>

k=2 k=1 i=1
(o'e] 0 (o'e]
nm —_
2 ti (Z Dupg Gisk+p™T Z ®np q Aisk+p ) S 2 t;=1
i=1 k=2 i=1

The proof is complete.

——
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Neighborhood:

See [36], [62].Let s € T2 (v) is of the form

n.p.q
S@) =27 = ) [Apap 27+ ) By 74774 B,
& & (3.4.22)
<1l, ze¥

For f=h(z)+ g(z) define by (1.4) belonging to Ty, (v) the

neighborhood of in Ty, (v) is defined by
Né'(f: S) = {S
€ Tym(@): Y k(Ial=14eDI + (bl = 1B
k=2

+p|(|by| — |By))I 35}.

In particular for e(z) = zP we have
Ns(e,s) = [s € Type ()

) kAl + 1Bl = 1BeD) + pIB, | < 5.
k=2

We have the following inclusion result:

Theorem (3.4.7). Let s(z) given by (3.4.22) be in the class T, (v) then

Typa () € Ns(e,s)

Where § = 2([pl, — v) + p|B,|

Proof. Let s(z) € T, (v) from theorem (2.2) we ge

——
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Z([k +pl, — 20) | (22T "")

+ (U + plg + 20) B |

k=1

km
P ) < 2([pl, - v)

Upon simplification, the above inequality reduced to

p+nk\" p+1k\"
BEE) D ka1 +1BD + 18, - (B55) D plde|
k=2 p k=2

+ pprl =< 2([p]q - 17)

Note that

p+nk\™ : .
( > ) = 1 For all v € [0, 1) the above inequality becomes

> k(i [+1BD + plB,|
k=2
= 2([p]q - 17)

(p+nk) ZP(IAkaIBkI) (3.4.23)

Further, applications of theorem 2.2 we also have

(e’ {Zp(mk |+p|Bk|)}

< 2([ply — v) + p|B,| (3.4.24)

From inequalities (3.4.23) and (34.24) yield

Z k(A |+B ) + p|Bp| = 2([p]q - v) + ppr|

Hence

s(z) € Ng(e,s)

——
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Conclusions

At the end of the current study it can be concluded that

e From section (2.1) that the differential operator dependents on the
parameters ¢ and § and any change in its values impels large change
in the class as defined in definition (2.1.1).

e From section (2.2) the inequality (2.2.2) is dependent on the
parameters a and  and any change in its values impels large change
in the class as defined in definition (2.2.6).

e From section (3.1), that the differential operator depends on the
parameters v, 9, a;and b; and any change in its values leads to large
change in the class as define in definition (3.1.1).

o That the subclass T,)",; (v) in section (3.4) depends on the parameter

v and any change in its values impels large change in the defined in

definition (3.4.1).

89
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Future Works

At the end of the study, the researcher suggests that other researches can

conduct studies on:

1.

Some subclass of meromorphic univalent functions defined by
integral operator.

Majorization properties for subclass of analytic and univalent
functions associated with differential operator including mittag-leffler
function.

The class of meromorphic p-valent functions defined by differential
operator.

A new strong differential subordination and superdination defined by
the generalized differential operator.

Some properties of subclass of meromorfic multivalent harmonic
function.

A partial sums of subclass of univalent normalized functions based on

Mittag-Leffler functions.

90
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