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 َٰٗ فَ ۡٔ ّ  ٱنۡجَشَآءَ ٱلَۡۡ  ﴾٤١﴿ ي جۡشَىَٰ

 صذق الله انعهي انعظيى



          
 

 

Approval of the Scientific Supervisor 

 

     I certify that this dissertation “Constructing Statistical 

Distribution Models with an Application” written student 

"Sarmad Rahman Hussein Abdullah Al-Hilali" was prepared 

under my supervision at the University of Babylon, Collage of 

Education for Pure Sciences, in a partial fulfillment of the 

requirements for the degree of Doctor of Philosophy in 

Education / Mathematics.  
 

 

Signature:  

Name: Prof. Kareema Abed Al-Kadim Mukhrib Al-Khafaji 

(PhD)  

Title: Professor  

Date:     /   / 2021  

In view of the available recommendations, I forward this dissertation for 

debate by the examining committee.  

 

Signature: 

Name: Assist. Prof. Azal Jaafar Musa (PhD) 

Head of Mathematics Department, 

collage of Education for Pure Sciences, 

University of Babylon. 

Date:        /      / 2021 

 

 



___ Dedication_______ Constructing Statistical Distribution _ 

                                          Models with an Application                 

I 
 

Dedication 

 

    To whom God has entrusted with prestige and dignity, to whom taught 

me to give without waiting, to whom I carry his name with pride “to the 

soul of my dear father” 

    To my angel in life, to the meaning of life and devotion, to whom her 

supplication was the secret of my success, "my beloved mother".



__ Table of Contents ___ Constructing Statistical Distribution _ 

                                          Models with an Application                 
              

II 
 

Contents: 

subjects Page No. 

Dedication.  I 

List of Contains. II 

Acknowledgement. IV 

List of Abbreviation.  V 

List of Figures. VI 

Publications. VII 

Abstract VIII 

Introduction.  1 

Chapter One:  Definitions and Some Important Concepts. 

1.1 Statistical Model.    7 

1.2 Statistical Parameter. 7 

1.3 Continuous Uniform Distribution.      8 

1.4. Exponential Distribution 8 

1.5 Some Survival Function 9 

1.6 Definition of  Coefficients 10 

1.7 Maximum Likelihood Function 11 

1.8  Method of Moments 12 

1.9 Entropy 12 

1.10 T-Normal Families of Distributions 13 

1.11 Purpose of the study 13 

Chapter Two: The Generalized Uniform Distribution Using the 

Exponential Quantile Function. 

The Generalized Uniform Distribution Using the Exponential Quantile Function  14 

Chapter Three:  Generalizing Uniform Distribution Using The Quantile 

Function and Exponential- Generalizing Uniform Distribution 

3.1. Generalizing Uniform Distribution Using The Quantile Function 39 



__ Table of Contents ___ Constructing Statistical Distribution _ 

                                          Models with an Application                 
              

III 
 

3.2. Exponential- Generalizing Uniform Distribution 58 

Application 85 

Conclusion. 87 

Future Works. 88 

References.  89 



__ Acknowledgments __ Constructing Statistical Distribution _ 

                                          Models with an Application      

IV 
 

 

Acknowledgments 

 

the prophet Mohammed and his household. 

Prof. 

Kareema Abed Al-Kadim Mukhrib Al-Khafaji (PhD) for her continuous 

support to finish this study

the staff of the Mathematics

department College of Education

my family

Sarmad Rahman Hussein 



__ Abstract _______ Constructing Statistical Distribution____  

                                          Models with an Application           

VIII 

 

   Abstract 

     We have introduced three new three-parameter distributions which are 

Generalized Uniform Distribution Using the Exponential Quantile 

Function , Generalizing Uniform Distribution Using The Quantile 

Function and Exponential- Generalizing Uniform Distribution. Therefore 

discussion some of their mathematical and statistical properties as the  

probability density function (pdf) , cumulative distribution function (cdf), 

some reliability functions, , mode, moments, variance, coefficient of 

(variation, skewness, kurtosis), moment generation function, quantile, 

order statistics, and entropy. Parameters were estimated using estimation 

methods(Maximum Likelihood Method, Method of moments ,Least 

Squares of Method). 

    The usefulness of these distributions is explained by applying real data, 

and then compare the proposed distributions (GUEQ, GURQ,E-GURQ) 

among themselves using scales such as 𝐀𝐈𝐂, BIC and HQIC. 

    Matlab(2013b) program was used to  compare and estimate the 

parameters given in a table in addition to plotting the special functions of 

each distribution. 
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  Introduction     

    A statistical distribution is a mathematical function that determines 

how the results of a randomized trial attempt will occur in a probable 

manner , it is important for parametric inferences and applications to fit 

real world phenomena. 

    Many methods have been developed to generate statistical distributions 

in the literature. Some well-known methods in the early days for 

generating univariate continuous distributions include methods based on 

differential equations developed by Pearson (1895), methods of 

translation developed by Johnson (1949), and the methods based on 

quantile functions developed by Tukey (1960). 

     Due to the different applications of distributions in daily life, there has 

been a growing interest in research and studies in this aspect, and there 

was an urgent need to develop classical distributions into more flexible 

distributions and to benefit from them by finding new statistical models to 

study the variables that occur in society or in the economic, engineering, 

medical and other fields. 

    In 2002 [10] ,  Eugene and et al . introduce a general class of 

distributions generated from the logit of the beta random variable. A 

special case of this family is the beta-normal distribution. 

    In 2004 [1] Arellano-Valle and et al.,  studied  a new family of 

asymmetric normal distributions that contains Azzalini's skew-normal 

(SN) distribution as a special case.  

      In the same year G. and R. [12]  , derived  a generalization of the 

basic Azzalini model proposed by Balakrishnan, as a discussant of Arnold 

and Beaver (2002).  

      In 2005[28], Vicari and Kotz ,  trace developments in the theory of 

skewed continuous distributions (univariate and multivariate) which 

commenced in the late 19th century and after some dormant period during  
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the most of the 20th century were invigorated in the middle 80’s of the 

20th century and has become in the last 20 years an area of rapid 

advances.  

      In 2008 [29] Yadegari and et al.  introduced a new generalization of 

the Balakrishnan skew-normal distribution by explaining some important 

properties of this distribution. Also, they described three methods for 

constructing this distribution. Finally, its multivariate extension has been 

presented. 

    In 2011[7], Choudhury and Matin.,  presented a more flexible 

distribution, extended skew generalized normal distribution, is developed 

to represent the skewness as well as the kurtosis. This distribution is 

potentially useful for the data that has more skewness and kurtosis.  

    In 2013 [9] Domma and Condino  defined a five-parameter Beta-

Dagum distribution from which moments, hazard and entropy, and 

reliability measures are then derived. These properties show the high 

flexibility of the said distribution.   

      In the same year Oluyede and et al. [21] fined a new class of 

distributions called Mc-Dagum distribution . This class of distributions 

contains several distributions such as beta-Dagum, beta-Burr III, beta-

Fisk, Dagum, Burr III and Fisk distributions as special cases.  

    Also Oluyede  and et al.   in 2014 [22]  a new class of generalized 

Dagum distribution called gamma-Dagum distribution is presented. The 

gamma-Dagum (GD) distribution which includes the gamma-Burr III 

(GB III), gamma-Fisk or gamma-log logistic (GF of GLLog), Zografos 

and Balakrishnan-Dagum (ZB-D), ZB-Burr III (ZB-B III), ZB-Fisk of 

ZB-Log logistic (ZB-F or ZB-LLog), Burr III (B III), and Fisk or Log 

logistic (F or LLog) as special cases was proposed and studied. 

     Also in 2014,Huang and Oluyede [13] provided a new family of 

distributions called exponentiated Kumaraswamy-Dagum (EKD)  
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distribution is proposed and studied. This family includes several well-

known sub-models, such as Dagum (D), Burr III (BIII), Fisk or Log-

logistic (F or LLog). 

    Aljarrah  and et al. ,2014 [2] state some  of general properties of this T-

X system of distributions are studied and defined the T-X{Y} family as

          1Y

Ya

Q F x
G x r t dt R Q F x

 
 
     

It is shown that several existing methods of generating univariate 

continuous distributions can be derived using this T-X system. 

   In 2014[3] Alzaatreh and et al. proposes four families of generalized 

normal distributions using the T-X framework. defined as  

          
 

 2[ ]
Q F x

Y RF x f t dt P T Q F x F Q F xaX T Y R T Y R

 
  
    

These four families of distributions are named as T-normal families 

arising from the quantile functions of (i) standard exponential, (ii) 

standard log-logistic, (iii) standard logistic and (iv) standard extreme 

value distributions. Some general properties including moments, mean 

deviations and Shannon entropy of the T-normal family are studied. Four 

new generalized normal distributions are developed using the T-normal 

method.  

    In addition Nasiru and et al., 2017 [20]  showed in this study, the 

exponentiated generalized exponential Dagum distribution has been 

proposed and studied. 

     In 2018[30], Zubair and et al  introduced new generalized classes of 

exponential distribution, called T-exponential {Y} class using the quantile 

functions of well-known distributions. 

    Shahzad and Asghar,2019, [27] found a  transmuted Dagum 

distribution which can be used for income distribution, actuarial, survival 

and reliability analysis. The main motivation for generalizing the standard 

distribution is to provide more flexible distribution to model a variety of 

data. The  
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extended distribution has been expressed using quadratic rank 

transmutation map and its tractable properties like moments, moment 

generating, quantile, reliability and hazard functions are derived.  

       In 2019 [16] ,  Jamal, F., and  Nasir, M. define some new members of 

T-X family which also be viewed as new families of probability 

distributions. 

   In 2020[11], Ekum and et, al. Recently, different distributions have 

been generalized using the T-R {Y} framework but the possibility of 

using Dagum distribution has not been assessed. the T-R {Y} combines 

three distributions, with one as a baseline distribution, with the strength of 

each distribution combined to produce greater effect on the new generated 

distribution. the e new generated distributions would have more 

parameters but would have high flexibility in handling bimodality in 

datasets and it is a weighted hazard function of the baseline distribution. 

this paper therefore generalized the Dagum distribution using the quantile 

function of Lomax distribution. A member of T-Dagum class of 

distribution called exponentiated-exponential-Dagum {Lomax} (EEDL) 

distribution was proposed. 

    This study generalizes the work in methods based on quantile 

functions, where the first distribution is  generalized uniform distribution 

using the exponential quantile function, GUEQD using the exponential 

quantile function and the substitution by the T-X{Y} family to find the 

distribution function cdf  for the GUEQ  distribution. As for generalizing 

uniform distribution using the quantile function, GURQD , the quantile 

function reliability function was used to find its GURQ distribution 

function by substituting the T-X{Y} family. 

    And then the distribution function was found for the two distributions,  

Exponential- Generalizing Uniform Distribution  (E-GURQD) and the  

 



__ Introduction    ____________ Constructing Statistical Distribution_________  
                                          Models with an Application                      

  5 
 

exponential - the generalization of the uniform distribution (E-GUEQD) 

using the T-normal families arising from the quantum functions, which 

the distribution function has knowledge of Equation 2, but has been 

changed It has to become more complex for my agencies. 

       
  

 3
Y

F Q x
RF x f t dt F F Q xaX T T R Y

   

Through which cdf  was found for each of E-GURQD . 

    In order to clarify the content of this dissertation and to diagnose its 

purpose, we note that it was divided into three chapters.  

Chapter 1 dealt with some important definitions and concepts.  

 

Chapter 2 included two distributions, namely the generalized uniform 

distribution using the exponential quantile function, GUEQD and 

exponential- generalizing uniform distribution using the quantile function 

(E- GUEQD) which is considered an anomaly, where it was clarified how 

to build each distribution in addition to the pdf  and cdf for each 

distribution as well as some reliability analysis functions, mode, 

moments, coefficient of skewness , kurtosis and variation, moment 

generating function, quantile and the median, order statistics, entropy. 

 

Chapter 3 included two distributions generalizing uniform distribution 

using the quantile function, GURQD and exponential- generalizing 

uniform distribution (E- GURQD), where it was clarified how to build 

each distribution in addition to the pdf  and cdf for each distribution as 

well as some reliability analysis functions, mode, moments, coefficient of 

skewness , kurtosis and variation, moment generating function, quantile 

and the median, order statistics, entropy. Conclusions and future work are 

also presented in this chapter. 
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The maximum likelihood estimation approach is used to estimate the 

three parameters of the (GUEQ, GURQ and E- GURQ) distributions. 

Applying them to real-world data sets to demonstrate the significance of 

the new distributions(GUEQ, GURQ and E- GURQ).  
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Definitions and Some Important Concepts 

Introduction 

    The first chapter includes some of the basic concepts and mathematical 

formulas used during our research work, as well as the definitions 

adopted in the research. Two new definitions have been presented that 

can be used in a new model resulting from the composition of two 

distributions. 

1.1. Statistical Model [15]: 

    The statistical model is a classification of mathematical model, which 

personifies a set of statistical hypotheses related to the formation of a 

statistical sample, and similar data from a larger statistical community. 

The statistical model represents the process of creating data. The included 

assumptions in the statistical model describe a set of probability 

distributions, some of which are assumed to approximate the distribution 

from which a particular sample of data was taken. we can say that the 

model is a statistical description of a basic system, which aims to match 

the real situation as much as possible. The population model is fitted to a 

sample by estimating the parameters in the model. It is then possible to 

conduct hypothesis testing, build confidence intervals and draw 

conclusions about the population. 

1.2. Statistical Parameter[15]: 

    A statistical parameter is a numerical quantity that identifies and 

"summarizes"  the probabilistic distribution of a population. The 

statistical parameter can also be defined as a numerical characteristic of a 

statistical community. For instance, if we impose a population with a 

normal probability distribution, the two statistical parameters that can 
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characterize this distribution are the mean and the standard deviation. 

Likewise, it is a  

statistical measure that computes all the component of society without 

exception, and to describe the community in studying and research. 

 

1.3. Continuous Uniform Distribution [24]: 

    Let the random variable X denote the outcome when a point is selected 

at random from an interval [a, b]. We want to find the probability of the 

event X   x, that is we would like to determine the probability that the 

point selected from [a, b] would be less than or equal to  x . To compute 

this probability, we need a probability measure μ that satisfies the three 

axioms of Kolmogorov (namely nonnegativity, normalization and 

countable additivity).For continuous variables, the events are interval or 

union of intervals. The length of the interval when normalized satisfies all 

the three axioms and thus it can be used as a probability measure for one-

dimensional random variables. Hence 

 
 ,

,

lengthof a x
P X x

lengthof a b  
    

Thus, the cumulative distribution function F is 

    ,
x a

F x P X x a x b
b a


    


 

where  a  and  b are any two real constants with a < b. To determine the 

probability density function from  

   
1

,
d

f F x
dx

x a x b
b a

   


 

1.4. Exponential Distribution [18]:  

  The Exponential distribution is commonly used to model waiting times 

between occurrence of rare events and lifetime of electrical or mechanical 

devices. A continuous random variable X is said to have an Exponential 



_______Chapter One _________ Definitions and Some ________ 

                                                                        Important Concepts       

9 
 

  

Distribution (ED) with parameter (𝜆>0), if it has the following probability 

density function: 

   
0

; 1.1
00

x xe
f x

x









 



  

and the cdf is defined by 

   ; 1 1.2
x

F x e
 

   

 

1.5. Some Survival Function, [25, 4]: 

 

1.5.1. Survival function: 

    Survival function is defined as the probability that a system will 

operate satisfactorily for a given period of time and denoted by  S x

     1.3Pr 1 ( ) 1 ( )0
x

S x X x F x f x dx        

 

1.5.2.  Hazard Function: 

    The probability that an item will survive to a specified point in time 

based on its survival until a previous time (t). In other words, the 

possibility is that if something remains alive for one moment, it will 

remain alive until the next stage. The hazard rate only applies to items 

that cannot be repaired. The hazard rate can be determined at any time 

using the following equation: 

     
( ) ( )

1.4
( ) 1 ( )

f x f x
h x or h x

s x F x
 


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1.5.3.  Cumulative Hazard Rate Function (CHF): 

    The cumulative hazard function can be obtained, denoted by H(x), 

which is the sum of the failure rate and is expressed in the following 

form: 

 
( ; )

( ; ) ( ; ) ln( ( ; )) 1.50 0 ( ; )

f tx x
H x h t dt dt s t

s t


  


     

1.5.4. Reverse Hazard Rate Function : 

  The reverse hazard function is expressed in the following formula.  

 
 
 

 1.6
f x

r x
F x

   

Where  f x is a pdf and  F x  is a cdf. 

 

1.6. Definition of Coefficients, [14,5,8,23]: 

1.6.1. Coefficient Of Skewedness: 

    In the case of identical distributions, the mean, median, and mode are 

equal, and the more after the curve is the similarity. These values are 

separated from each other, and therefore, the difference between these 

values can be used as a measure of skewedness, but this difference does 

not measure the skewedness completely. The difference may be large and 

the skewedness is small, because the data values are dispersed large. And 

the difference may be small and the skewedness is large because the 

group is dispersed small, and therefore this difference must be attributed  

to the corresponding dispersion scale (of the same type as the average 

value scale used). The resulting scale is called the skewedness coefficient. 

It is denoted by the symbol  

  
 

 
3

1.7
3

E X
CS






  
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1.6.2. Coefficient of Kurtosis : 

    When the iterative distribution is represented as an iterative curve, 

this curve may be flat, or pointed. So when more values are concentrated 

near the middle of the curve, and lower at both ends, the curve is pointed,  

and when a larger number is concentrated on both ends of the curve, and 

decreases near the middle the curve is flat. It is denoted by the symbol 

 
 

4

1.8
4

E X
CK






  

 

1.6.3. Coefficient of Variation: 

    The coefficient of variation is a measure of the relative dispersion. It is 

a unitless scale. It is used to compare the relative dispersion or 

homogeneity of different data sets. The group of data with the largest 

coefficient of variation is more dispersed relative, that is, it is less 

homogeneous and vice versa. The variation coefficient of the sample 

whose mean   and its standard deviation   is defined as the follows 

formula: 

 . . 1.9CV



  

 

1.7. Maximum Likelihood Function [19]  

   The likelihood function of  n  random variables , ,...,
1 2

x x x n  is defined 

to be the joint density function of the n random variables say:  

 , ,..., ;, ,..., 1 21 2
f x x xx x x nn

 ,  which is considered to be a function of θ. 

Notation of the likelihood function as  ; , ,...,
1 2

L x x x n . Thus the 

likelihood function as function of  θ.  
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     , ,..., ; , ,..., 1.10
1 2 1 21

n
L f xn nii
      


   

then  
     , ,..., , ,..., , ,...,

1 2 1 2 1 20, 0,..., 0

1 2

L L Ln n n

n

        

  

  
  

  
 

In this case it may also be easier to work with the logarithm of likelihood. 

 

1.8. Method of Moments [19] 

   Let  ; , ,...,
1 2

f x n   be a density of a random variable x which has n 

parameters , ,...,
1 2 n   . As before let r   denote the r

th
 moment about 

zero, that is  E Xr r  . In general r  will be a known function of the 

n parameters , ,...,
1 2 n   , denote this by writing: 

 , ,...,
1 2r r n      . Let , ,...,

1 2
X X X n  be a random sample from the 

density  ; , ,...,
1 2

f x n   and 
1

1

n j
Xr rnj

  


such that 1,2,...,j n  in 

the n variables , ,...,
1 2 n   and let ˆ ˆ ˆ, ,...,

1 2 n    be their solution. 

 

1.9. Entropy[26]:  

    Entropy plays a vital role in science, engineering and probability 

theory, and has been used in various situations as a measure of variation 

of uncertainty of a random variable (Claude Shannon) is defined by: 

Entropy =     1.11logE w X   
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1.10. T-Normal Families of Distributions,[20]: 

    Let T, R and Y  be random variables with CDF    ,F x P T x
T

 

   F x P R x
R

   and    F x P Y x
Y

   . The corresponding quantile 

functions are    ,Q p Q p
T R

and  Q p
Y

 where the quantile function is 

defined as     inf : ,0 1Q z z F z p p
Z Z

    . If densities exist, we 

denote them by    ,f x f x
T R

 and   f x
Y

 . Now assume the random  

variable T ∈ (a, b) and Y ∈ (c, d), for −∞ ≤ a < b≤∞ and −∞ ≤ c < d ≤∞. 

The CDF of the random variable X is defined as 

      
 

     1.12
Q F x

Y RF x f t dt P T Q F x F Q F xaX T Y R T Y R

 
  
   

  
   

 

 F x
X

 will be called the T-R{Y} family of distributions.  

 

1.11. Purpose of the study: 

   The dissertation objectives to present three  new distributions with a 

study of the properties of each of them, statistical and mathematical, with 

application. These distributions are as follows 

 The Generalized Uniform Distribution Using the Exponential 

Quantile Function, GUEQD.  

 Generalizing Uniform Distribution Using the Quantile Function, 

GURQD. 

 Exponential- Generalizing Uniform Distribution (E- GURQD). 



 

 

 

 

Chapter Two 

The Generalized Uniform 

Distribution Using the 

Exponential Quantile 

Function 
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The Generalized Uniform Distribution Using the 

Exponential Quantile Function. 

    In this section , we will introduce the generalized uniform distribution 

using the exponential quantile function and then finding p.d.f and c.d.f 

and some properties (mathematics and statistical). We also estimate 

parameters using some estimation methods. 

 

2.1. Construction of the Generalized Uniform Distribution 

Using the Exponential Quantile Function, GUEQD 

    Let R (X) represent a reliability function for any distribution function 

given by the following formula: 

   1R x F x   then     R x f x    

if  X Exp   then    1
0,

x
F x e I x


 
 
 

 
 
 


 


 

As we know that    0,1xF U  then  

 
1

ln 1x u 


   and there is   x Q F x , 0 1u     

Now let   , ,Y U a b a b    then     
,

y a
W y I y

a bb a  
 
 





 

Thus   
 Q F x dy

W x a b a

 
 
  


 then   

  Q F x a
W x

b a





 

such   W x is the cumulative distribution function of the random variable 

U. 

    
1

ln 1W Q F x W u 
 

   
    

 


   

 ln 1 u a

b a





  



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 

 

ln 1 u a

b a





 
   




 

Let   ( ( ))w u W Q F x     

   
1 1

1 ub a

  
  

  
  

 



 

 
   

1
( )

1 1 ,1
w u I u

a bb a u e e   
 
 
 
 

 
 


    

 

Now let     1W Q F x   then 
 

1
ln 1

1
u a

b a



 



 

 
1

ln 1b a u a



     

1
b

e u


   

1
b

u e


   

Let     0W Q F x   then 
 

1
ln 1

0
u a

b a



 



 

 
1

0 ln 1 u a



    

1
a

e u


   

1
a

u e


   

Then 1 1
a b

e u e
  

     

 

2.2. Probability Density Function (pdf) and Cumulative 

Distribution Function (cdf) .  

2.2.1. The PDF Of  GUEQD 

 
  

 
1

, 1 1 , , , 0, 2.1
1

a b
w u e u e a b a b

b a u
  


 

      
 

Where 1-  
a

e


   and 1-
b

e


  are constants. 
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the  function  w u , a probability density function? 

1) It is easy to check   0w u   

Since , , 0b a   then 
 

1
0

b a



 and  

 
1

0
1 u




 for all 

1 1
a b

e u e
  

    then   0w u   

2)  
1

1
1

be
w u du

ae






 

  

Prove : 

      
1 1 11 1

111 1

b be e
du du

a a ub a u b ae e

 

  

  
      

 

     
 

11 1 11
ln 1

11 1

bb ee
du u

a aub a b ae e



  



   
      

 

 
1

ln 1 1 ln 1 1
b a

e e
b a

 


       
             

  
     


 

 
1

ln ln
b a

e e
b a

 


 
  

  
 


 

 
1

b a
b a

 


  


  


 

 
 

1
1b a

b a



  


   


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Figure. 1: This graph showed pdf of GUEQD, the parameter 

1.5 , 0.7,0.9,1.4 , 0.8,1.2,2.8b a     

Figure.2: This graph showed pdf of GUEQD, the parameter 1.1   

0.9,1.5,1.8 , 1.3,1.8,1.9a b   
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Figure. 3: This graph showed pdf of GUEQD, the parameter a=0.1 

2,1.3,0.7, 2.1,1.8,0.8b    

Figures (1), (2), and (3) show that the GUEQ distribution creates a variety 

of forms, including symmetrical and right skewed geometries. 

 

2.3.  The CDF Of  GUEQD 

The cdf of  GUEQD  is in  

 
 

    
1

ln 1 ,1 1 , , , 0, 2.2
a b

W u u a e u e a b a b
b a

  


  
        


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Figure. 4: This graph showed cdf of GUEQD, the parameter a=0.1 

2.9,2.8,2.3, 3,1.9,1.8b    

 

Figure. 5: This graph showed cdf of GUEQD, the parameter b=7 

2.9,2.8,2, 2.8,2.1,1.1a    
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Figures (4) and (5) show that the cdf of the GUEQ distribution is 

increasing u, as are the parameters a, b and   . 

 

2.4. Limit of cdf   

The limit of the GUEQD is given by the form: 

 1.lim 0
1

GUEQDW u
au e 


   

 
  

1
lim ln 1

1
u a

a b au e


 


  

    

 
1

ln 1 1
a

e a
b a

 


   
      

 
   


 

 
 

1
0a a

b a
 




   


 

 2.lim 1
1

GUEQDW u
bu e 


   

 
  

1
lim ln 1

1
u a

b b au e


 


  

    

 
1

ln 1 1
b

e a
b a

 


   
      

 
   


 

 
 

1
1b a

b a
 




   


 

That  assertion that  0 ( ) 1W u   

  

2.5.  Some Reliability Analysis Functions : 

    In this subsection, some reliability function are discussed such as 

(hazard, reverse hazard) rate function and cumulative hazard function 

(CHF) for the GUEQD. 

    Subsequently, the probability for a system survives beyond a specified 

time is known as reliability function or survivor or survival function and 

is given by the following function. 
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   1R u W u 
 

 
  

 
    

1 1
1 ln 1 1 ln 1 2.3u a u a

b a b a
 

 

 
 
  


       

 
  

Note that        1R u W u   

Therefore 

 
 

  
1

1.lim lim 1 ln 1
1 1

GUEQDR u u a
a a b au e u e


  

  
 
  

   
     

 

 
1

1 ln 1 1
a

e a
b a

 


   
      


    


 

 
 

1
1 1a a

b a
 


    


 

 
 

  
1

2.lim lim 1 ln 1
1 1

GUEQDR u u a
b b b au e u e


  

  
 
  

   
     

 

 
1

1 ln 1 1
b

e a
b a

 


   
      


    


 

 
 

1
1 0b a

b a
 


    


 

The hazard  function is  described as( hazard , failure) rate and it is given 

by  

 
 

 1

w u
h us W u




 

 
      

 
1

2.4
1 ln 1

h us
u b a u a  

 


    

 

and the reverse hazard function for the GUEQD is provided by 

 
 
 

w u
h ur W u



 

 
    

 
1

2.5
1 ln 1

h ur u u a




  
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and the cumulative hazard function for the GUEQD is provided by 

 
    

 
 

ln 1
ln 2.6

b a u a
H u

U b a

 



 
 
 
 

   



 

 

2.6. Mode:  

To find the mode of the GUEQD , it must be 

 
0GURQDdw u

du


 

   mod

1
0

1 e

d

b a udu 

 
 
  


 

 

   mod

1 1
0

2
1 e

b a u

 
 
 
  


 

 

 
 

mod

2.7
1

0
2

1 eu



 

However, it is not possible to get an explicit solution of (2.7) in the 

general case. But from the curve of this distribution , it is easy to find the 

mode with assumption that 0
mod

u
e
   , then  w u   is maximum 

 

2.6. Moments about the origin, Moment about Mean  

    Moments are necessary and important in any statistical analysis, 

especially in applications. It can be used to study the most important 

features and characteristics of a distribution. 
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2.6.1. Moments about the origin : 

      The r
th

 order moment  rE U  about the origin of GUEQD is given 

by: 
 

 
 

   
1

1 2.8
0

r

k

k b k ar k e erE Ur b a k kk

 




 
    

  
 

 


   
 

 

 

The r
th

 moment of U is obtained by: 

     2.9
1

, 1,2,3,...
1

ber rE U u w u du rr ae






    
 

Substituting equation (2.1) into equation (2.9), we obtain: 

 

   
1

11

b re u
du

a b a ue



 


     

   
1 1

11

b re u
du

a ub a e






      

Let 

1 x xu e du e dx     

1 ,xu e a x b       

 
 

 11
U

rxebr xE e dxxa eb a




 
 

 

 
   2.10

1
1

rb xe dx
ab a




 
 

 

Using the binomial series expansion of  1
rxe yields: 

       1 1 1
0

r rr kk r kx xe e
kk

 
  
 


  

  

Substitution by equation No. (2.10) yields: 
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 
 

1
1

0

r

k

r k b k x
e dx

ab a k




 
 
 

 
     

Then  

 
 

 
1

1
0

k b k ar rk e erE Ur b a k kkk

 




  
      

 


    
 

 

 

2.6.2. The mean ( ) :  

     The mean (𝝁) of U~ GUEQD is obtained by putting r =1 in Eq. (2.8). 

Then  

 
 

11
1

0

k b k ark e e

k kb a kk

 




  
      

 


  
 

 

 

 
 

 

101
1 lim

00

11
1

1

k b k a
e e

k kb a

b a
e e

 




 

               

    
         

 
 

 


 
  

 

Using the  L'Hôpital's rule of magnitude  lim
0

k b k a
e e

k k

  
 
 
 

 



 

 
 

101
1 lim

0 10

1

1

k b k a
b e ae

kb a

b a
e e

  



 

               

    
         

 
  

 


 
 

 

 
1 b a

b a e e
b a

  


  
       

  
    


 

 
 2.111

b a
e e

b a

 




 
  

 


 

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Remark: r =2,3,4 we will obtain the (second , third and fourth) 

moments.  

 
 2

221
1

0 k

k b k ak e e

b a k kk

 




 
  
 

  
 

 


  
 

 
 

331
1

3 0 k

k b k ak e e

b a k kk

 




 
  
 

  
 

 


  
 

 

 
 

441
1

4 0 k

k b k ak e e

b a k kk

 




 
  
 

  
 

 


  
 

 

 

2.6.3. moment about the mean :  

    The r
th

 moment about the mean r  of a random variable U with pdf 

 w u  is called Central moments ,stated by  

   
1

1

br re
E U u w u duu ur ae


  


  


    

 for r = 0, 1, 2, . . . 

Where u   is the mean of GUEQD and  w u  is the pdf . 

 
  

11

11

b re
u duua b a ue




 


      

 
 

 
1 11

11

b re
u duua ub a e







      

Let u   

 
 

 
1 11

11

b re
u du

ab a ue







     

Using the binomial series expansion of  
r

u  and  
1

1 u
  yields: 

 
 

1 1
1

1 0 0

b r rie jr i iu u du
ab a ie i j






 
  
 

  
      

 



______Chapter Two___________ The GUEQ Distribution _____ 

 

26 
 

 
 

1 1
1

10 0

br ri e r i ji u du
ab a i ei j






 
  
 

   
      

 

 

 
 2.12

1 1 1
1

1 1
10 0

r

i

i i
r i j r i jr b a

e er b a r i ji j


 



 
   

      
      
 

        
    

    

  

2.7. The variance:  

   The variance for a random variable U~ GUEQD is given by: 

 
 

 
 

2
1 3 321

var 1 1 2.13
30 0

i i
j i j ii b a

U e e
j ib a i j


 



 
    

      
      
 

      
    

   

We know the variance of a random variable U is defined by 

   
2

var U E U 
 
 
 

 
 

As a result, we can calculate the variance of a random variable U 

~GUEQD by plugging r=2 into equation (2.12).  

 

Remark: Standard Deviation    var U   

 

2.8. Coefficient of Skewness , Kurtosis and Variation 

    In this subsection, we use the moment about the mean to drive the 

skewness, kurtosis, and variation of the GUEQ distribution, as shown in 

the following: 

Coefficient of Variation of the GUEQD is given by: 

   . . 2.14CV



  

compensate for    and Equation No. (2.11) into Equation No. (2.14) we 

can get (C.V.) 
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The coefficient of skewness Ka  of the GUEQD is given by 

 

 

 

3

2.15
3

2 2

E U

Ka

E U





 
 
 

 
 
 







  

The expression 
 

 

3

3
2 2

E U

E U





 
 
 

 
 
 





 can be found by substituting r = 3 for the 

numerator and r = 2 for the denominator in equation No. (2.12), and we 

get 

 

 

 

 

 

3

2

1 4 431
1 1

40 0
2.16

3
2

1 3 321
1 1

30 0

i

i

i i
j i j i

b a
e e

b a j ii j
Ka

i i
j i j i

b a
e e

b a j ii j


 




 



 
   

      
      
 

  
    

       
        
  

 

      
   

   


      
   

   

 

The coefficient of  kurtosis L of GUEQD is given by    

 
 

 

 

4

2.17
2

2

E

E

U

L

U





 
 
 

 
 
 







 

The expression 
 

 

4

2
2

E U

E U





 
 
 

 
 
 





 can be found by substituting r = 4 for the 

numerator and r = 2 for the denominator in equation No. (2.17), and we 

get 
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 

 

 

 

4

2

4

2

1 5 5
1

1 1
50 0

1 3 321
1 1

30 0

i

L

i

i i
j i j i

b a
e e

b a j ii j

i i
j i j i

b a
e e

b a j ii j


 




 



 
   

      
      
 

  
    

       
        
  

 

      
   

   


      
   

   

 

 

 2.9. Moment Generating Function: 

     The moment generating function  M t
U

of the random variable U is 

given by:  

     
1

1
U

bet u t u
M t E e e w u du

ae






    

   
1 1

11

be t u
e du

a b a ue



  
  


   

 

   
1 1

11

b t ue e
du

a ub a e





 
 
  


      

Use Binomial Series of 
1

1 u
 we get on  

1 2 31 ...
1 0

ku u u u
u k


      

   

Therefore the Taylor series of 
t u

e  get on 
 

!0

m
t ut u

e
mm


 


 then  

 
 

 1 1

!1 0 0

mb tue kM t u du
aU mb a e m k





  
        
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 
 

 2.18

1 1
1 1

1

! 1 10 0

m k m k
b ae em

t
M t

U b a m m k m km k

 



 
    
   

    
 
 
 
 

   
   

  
     

 

2.10. Quantile 

    The quantile uq of the GUEQD where Ө= (a ;b ;λ) random variable U 

is given by 

  1
q b a a

Q q e
   

   
  

  
   

   , 0q p X x F x xq q q   
  

    Starting with the well-known definition of the 100 q
th
 quantile, which is 

simply the solution of the following equation, with respect to uq , 0 1q    

   q p U u W uq q  
  

Using the distribution function of GUEQD we have From the formula and 

let 

 W u q  then 
    1

ln 1q u aqb a





  


 

   
   

ln 1

ln 1

q b a u aq

q b a a uq

 

 

    

    
 

    ln 1q b a a uq    
 

1
q b a a

e uq

   
   

  

  
 

 

 2.191
q b a a

u eq

   
   

  
  

   
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The Median of the distribution is obtained when q=0.5 in (2.19) 

 

 
0.5

1 2.20
0.5

b a a
u e

   
   

  
 




 Median  

 

2.11. Order Statistics : 

    Let  , ,....,
1 2

u u u
S

 is a simple random sample with distribution 

Function  W u   and  w u   density function of GUEQ Distribution. Let  

 
.... :1: 2:

U U U s ss s   
   
   

      indicate the order statistics obtained from 

this sample. The density function of , 1
:

U h s
h s 

 
 

   is known by: 

 
   

      
1!

1 ,
1 ! !

:

1 1

h s hs
w u W u W u w u

U h s h
h s

a be u e 

 
 
 
 
 

  
 

 
 

    

 

     
  

 
  

  
 

1
! 1 1

ln 1 1 ln 1
1 ! !

1
, 1 1 2.21

1

s hh
s

u a u an nh s h b a b a

a be u e
b a un

 
 

 

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    
        

 
 
 
 


 

     
   

    
 

 

Use the binomial series expansion of   
 

  
1

1 ln 1

s h

u anb a




  
  
    




  


 as 

follows : 

 
    

 
    

1 1
1 ln 1 1 ln 1 2.22

0

s h ts h s h t
u a u an nb a b att

 
 

     
                 


  

      
 

From substituting the equation (2.22) into equation (2.21), we get: 
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     
    
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   
    

    

  
  

   
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  
   
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       
  

   
 

   
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



 

 
   
    
      

   
  

    
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The pdf of  maximum order statistics Us  :  

     
1

,1 1
s a bw u s W u w u e u e

U s

 
 
 
 

  
        

 
  

  

1
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1

s
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 
 

  
  
     


        
  

 

 

  
 

 

11 ln 11
,1 1 2.23

1

ss u as a bs e u ess ub a s

  



  
  
  
      

        


 

and the pdf of the smallest order statistics Us  is given by: 

      
1

1 ,1 1
1

1

s a bw u s W u w u e u e
U

 
 
 
  
 

 
 
 

         
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 
    
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 


         
  

   
  

 
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110 1
1
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

 

 
  

   
       

 
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2.12. Entropy: 

If U a random variable has a GUEQ distribution ,then the Shannon 

entropy of  U is given by:  

Entropy =   logE w u   

   
1

log
1

be
w u w u du

ae




  


    

When w(u) is pdf of GUEQD explained by the equation (2.1) 
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1 1 11 1
log log 1
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
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   
2

log
log

2

e
b a b aEntropy  

       

     
1

2.25log
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2.12. Estimation Methods 

    We will address in this section several methods for estimating 

unknown parameters GUEQD . 

 

2.12.1. Maximum Likelihood Method. 

    We will use maximum likelihood method for estimating the parameters 

of GUEQ. Let , ,...,
1 2

U U Un   indicate the sample size n at random  from 

the GUEQD. Then the likelihood function is given by 

   ; , , ; , ,
1

n
L u b a w u b a

i ii
  

   
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  
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
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 
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1
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1
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ˆ
n

L b a
 

 
 

  

 ˆ*0 0 )n n Absurd result   
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 
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ˆ

n
L b a

b b a



  

 
 

   ˆ *0 0 )n b a n Absurd result    
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n
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


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 
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L is maximum if   b a   is minimum 

     1 2
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   

       1 1

1
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n

U UU U
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   

 
     

  

             
 

1 2 1 2
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ˆ ˆ
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a b

 
 
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   

 

min , ,..., max , ,...,
1 2 1 2

ˆ ˆ, 2.27
ˆˆ

U U U U U Un n

a b
 

       
       
       

      
   
       

 

2.12.2. Method of moments . 

    This technique may be discovered by: 

   
1

2.28
1

nr rE U U
kn k

 


  

Such that  rE U  the r
th

 moment about origin. 

 
   

1 1
1 2.29

0 1

k b k ar nk e er rC U
k kb a k k nk k

 



 
 
 
 

 


   
  

The first population moment is the same as the first sample moment, we 

get 

 
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ˆˆ ˆ
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 



 
 
  

 
 

 


Equating the second population and sample moments 

   
 

ˆˆ ˆ ˆ 22 ˆˆ ˆ ˆ2 2
11 2.31

ˆ ˆˆ ˆˆ ˆ2

mb a
e e ub a ie e i

mb a b a

 
 

 

 
 
 
 

 
  

   
 

Now equating the three population and sample moments 
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We may get estimates for the parameters a, b and   by solving the  

equations (2.29), (2.31) ,(2,32) for a, b and   using numerical methods . 
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2.12.3. Least Squares of Method 

    This method is based on minimizing the total squares of errors and can 

be formulated as follows : 

   
2

. ... 2.33
11

m
L s W u

GURQD m





  
  

  
 


  

Where  W u  is the distribution function of GUEQD . 

Such that 
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 
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Note that 
1m




   It is an estimator, not a parameter, and is an estimator of 

the cumulative function of the model GUEQD  
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with respect to a , b and    
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these non-liner questions  are difficult to solve , but  they can be 

numerically solved 
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3.1. Generalizing Uniform Distribution Using the 

Quantile Function 

    In this section , we will present the generalized uniform distribution 

using the quantile function, GURQD and then find p.d.f, c.d.f and some 

properties (mathematical and statistical) of the distribution. We also show 

some estimation methods to estimate parameters. 

 

3.1.1.  Construction of the Generalizing Uniform Distribution 

Using the Quantile Function, GURQD 

    Since    1R y F y
Y

   as head of  F x ,  R x  has  0,1U  

distribution then   1
1x R F x


   is quantile function reliability function 

.if      G x G R x  where  ,X U a b  then  
x a

F x
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
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  x Q R xy  where  R xy  is reliability of exponential distribution 

such that    
0,

x
R x e I xy


 
 
 


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
 then 
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lnx R 


  where R Ry

random variable. 

       G x G Q R x G Ry    such that   Q R xy is quantile function 

reliability function . 
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so you find it is impossible to use this substation unless using the 

following: 

     R x P X x f x dx
x
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   
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A random variable R is indicated to be generalizing uniform distribution 
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3.1.2. The limit for the pdf as follows  : 
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Figure.6:This graph showed pdf of GURQD with the parameters 

1.5a   ;  1.7,1.9,2b  ,    0.8,1.2,2.8  . 

Figure (6) shows a PDF of the GURQ distribution that generates shapes 

starting at the origin and skewed to the right and increasingly. 
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Figure.7:This graph showed cdf of GURQD  with the parameters 

4.5   ,  1.3,1.8,1.9b  ,    0.9,1.5,1.8a  . 

  We can see from Figure (7) that cdf  for GURQD does not decrease with 

increasing R 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝜆, 𝑎, 𝑏.  

 

3.1.3. Limit of c.d.f   
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And  
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3.1.4. Some Reliabilities Analysis Functions: 

    The reliability is discussed such as (hazard, reverse hazard) rate function 

and cumulative hazard function for the GURQD, 

Subsequently, the probability for a system survives beyond a specified time 

is known as reliability function or (survivor , survival) function and It set 

out in the following function. 
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The hazard function is also defined as hazard rate or failure rate and is 

given by 
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and the reverse hazard function for the GURQD, is given by 
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and the cumulative hazard function for the GURQD, is given by 
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3.1.5. Mode:  

    To find the mode of the GURQD distribution, it must be 
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However, it is not possible to get an explicit solution of (3.7) in the general 

case. Determent that from the curve of the pdf. 

 

3.1.6. Moments 

Theorem 3.1.6.1 : Let R denotes the random variable of GURQD, then 

the r
th

 order moment  rE R  about the origin of GURQD can be obtained 

as 

 
 

 
1

3.8
r a r brE R e er r b a

 


 
   

   


Proof. The r
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 moment of R is obtained by: 

   GURQD R
aer rE R R w dR
be






 

 

 

a re R
dR

b b a Re



 


  

 

 
1 1ae rR dR

bb a e





   
 

 
1

aerR

rb a be



 








 

 

 
1

rr
ba ee

r rb a





   
    
    
 
 
  



 


 

Thus, the
thr  order moment of GURQD, is obtained 

 
1 r a r b

e er r b a
 


 
  

   

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Remark: If r = 1,2,3,4, we will get the (first , second , third, and fourth) 

moments. 

 
 

1
3.9

1
mean

a b
e e

b a
 


 
  

 
 


  

 2

1 2 2
2

a b
e e

b a
 


 
  

 
 


 

 3

1 3 3
3

a b
e e

b a
 


 
  

 
 


 

 4

1 4 4
4

a b
e e

b a
 


 
  

 
 


 

 

Theorem 3.2.6.2: The r
th 

 moment about the mean for a random variable 

X~ GURQD is given by: 

 
   

1
1 3.10

0

rr
ba eer r

r r rb a



 


 
   

         
    
   

 
 




  
  

 

Proof:  The r
th
 moment about the mean of a random variable R is called 

Central moments ,stated by  

 r , is the expected value of  
r

R
R

  Simbolized  

 
r

E Rr R
 

 
 
 

    

   GURQD

a re
R w R dR

Rbe







  

 for r = 0, 1, 2, . . . 

Let 
R

   
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   GURQD

a re
R w R dR

be







  

 

Using the binomial series expansion of  
r

R  yields: 

 

   1
0

r rr rR R 
 
  
 

  


 

Then  

 
 

1 1
1

0

a r re rR R dR
bb a e






 
  
 

    
 

 
 

1 1
1

0

ar r e r
R dR

bb a e






 
  
 

  
    

 

 
 

1
1

0

rr
ba eer r

r r rb a



 


 
   

         
    
   

 
 




  
  

 

Then we have the r
th
 central moment of  R about 

R
   

 

Remark (1): The variance for a random variable R~ GURQD is given 

by: 

 
 

   

22

2 21
var 1 ... 3.11

2 20

ba ee
R

b a






 
   

         
    
   

 
 




  
  

 

We know the variance of a random variable R is defined by 

   
2

var R E R 
 
 
 

   

As a result, we can calculate the variance of a random variable R GURQD 

by plugging r=2 into equation (2.10). This is the end of the proof. 
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Remark (2) : Standard Deviation      var 3.12R    

 

3.1.7. Coefficient of Skewness , Kurtosis and Variation 

    In this subsection, we use the moment about the mean to drive the 

skewness, kurtosis, and variation of the GURQ distribution, as shown in 

the following: 

Coefficient of Variation of the GURQD is given by: 

   
σ

C.V. = 2.13
μ

 

By substituting Equation No. (3.12) and Equation No. (3.9) into Equation 

No. (2.13) we can get (CV.) 

The coefficient of skewness Ka  of the GURQD is given by 

 
n

K = 2.14a 3
2m

 

Where  

 
 

33

3 31
1

3 30

ba ee
n

b a






 
   

         
    
   

 
 




  
  

 

and 
 

 

22

2 21
1

2 20

ba ee
m

b a






 
   

         
    
   

 
 




  
  

 

The coefficient of  kurtosis L of GURQD is given by        

 3.15
2

C
L

D
  
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Where 
 

 

44

4 41
1

4 40

ba ee
C

b a






 
   

         
    
   

 
 




  
  

and 

 
 

22

2 21
1

2 20

ba ee
D

b a






 
   

         
    
   

 
 




  
  

 

 

3.1.8. Moment Generating Function 

Theorem 3.1.8.3.: The moment generating function  M t
X

 of 

GURQD is given by: 

 
 

 
!0

3.16

i iit ba eeii
M t

i ib a





 
   

       
 
 
 
 





 


 

Proof. The moment generating function of  GURQN, was detected by 

   GURQD

aet R t R
M t E e e w R dR

be




 
 
 


  

 

 
1ae t R

e dR
b b a Re



 


  

 

 
1 1ae t R

e dR
b Rb a e






  

 

From Taylor series of t R
e  get on  

 
!0

i
t Rt R

e
ii


 


then  

  
 

 1 1
!0

ia t Re
R dR

b ib a e i





  
   

 

https://en.wikipedia.org/wiki/Taylor_series
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 
 

!0

i iit ba eeii
M t

i ib a





 
   

       
 
 
 
 





 


 

3.1.9. Quantile  

Theorem 3.1.9.4. : The quantile  Q q  of  the GURQD where Ө= (a ;b 

;λ) random variable R is given by 

       exp 3.17Q q q b a b     

Proof: 

 
 

 
1

ln
GURQD

W R R b
b a




 


 

By solving  GURQD
W R q  for given value 𝑞 ,the quantile  Q q  is 

obtained 

 
 

 
1

lnq Q b
b a




 


 

     expQ q q b a b     

Setting 0.5q   yields the median of GURQD . 

Median of GURQD is solution of (3.17) when q=0.5  

 

3.1.10. Order Statistics:  

    Let , ,....,
1 2

R R Rn  is a simple random sample with distribution function 

 GURQD
W R   and   density function  GURQD

w R  . Let the order statistics 

denote as  
 

.... :1: 2:
R R R n nn n   

   
   

      obtained from this sample. The 

density function of , 1
:

R i n
i n 
 
 

   is provided by: 
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   

1
!

1
: 1 ! !

,

i n i
n

w R W R W R
GURQD GURQDi n i i ii n i

b a
w R e R e

GURQD i i
 

     
     
     

   
   
   

        
       

       
        

 
 
 
 

 

 
 

 
 

       

 

1
! 1 1

ln 1 ln
1 ! !

1
,

n ii
n

R b R b
i ii n i b a b a

b a
e R e

ib a R
i

 
 

 


   
   
   

 
 

   
 
 

       
       
       

       

 
 
 
 
 
 



   
   

 
 



 

The pdf of the maximum order statistics  Rn  is specified by: 

       

1
,

n
b a

w R n W R w R e R en n nR GURQD GURQDn

 
 
 
 

    
        


 

  

       
   

1
1 1

ln , 3.18

n
b a

n R b e R en nb a b a R n

 
 

                


 

   
 

 

The pdf  of smallest order statistics Rn : 

 

1

1 ,
1 1 1

1

n
b a

w R n W R w R e R e
R GURQD GURQD

 
 
 
  
 

     
     
     

    
    

    
    


 

   

   
 

1
1 1

1 ln , 3.19
1 1

1

n
b a

n R b e R e
b a b a R

 
    

   
    
 
 

 
     
     

          
 


 

    
 

 

3.1.11. Entropy: 

Entropy is a measure of a random variable R. variance or uncertainty  The  

Renyi and Shannon entropies Renyi (1961), Shannon (2001) are two comm

on entropy measures. 
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Theorem 3.1.11.5. : If R a random variable has a GURQ distribution 

,then the Shannon entropy of  R is given by:  

     
1

log 3.20
2

bEntropy a b a      

Proof. 

The entropy of a Shannon variable R with pdf  GURQD
w R  is defined as  

Entropy =   logE w R   

   logGURQD

ae
w R w R dR

be




  


    

 
 

1
logGURQD

ae
w R dR

b b a Re



 

  
  

    


   

 

 
  

1
log

ae
b a R dR

b b a Re




 

 
    

  


   

 

 
 

1 1
log log

ae
b a R dR

b Rb a e






  
        


   

 

 

 
2

log log1

2

ae

b a R

b a
be








 
 
   

 
 

 
 



 



  

 

   
22

log loglog log
1

2 2

ba b a eb a e

b a

 



 
   
      

 
 
 
 

   
 


 

 

   
2 2

log log log log1

2 2

b a a e b a b e

b a

   



 
       

 
 
 

   
 



 

   
2 2

log log1

2 2

b a a b a b

b a

   



 
       

 
 
 

   
 


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3.1.12.  Estimation Methods 

    We will address in this subsection several methods for estimating 

unknown parameters GURQD. 

 

3.1.12.1. Maximum Likelihood Method 

    Using the maximum likelihood method ,the parameters of GURQD are 

estimated  . Let , ,...,
1 2

R R Rn   indicate the sample size n at random  from 

the. Then the likelihood function is given by 
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3.1.12.2. Method of Moments  

 

   This technique may be discovered by: 

   
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... 3.22
1
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 
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Such that  rE R  the r
th

 moment about origin. 
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If r=1,2,3, then the equation ( 3.23) becomes as follows: 
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We may get estimates for the parameters a, b and   by solving the 

equations (3,24),(3.25),(3.26) for a, b, and  using numerical methods. 

 

3.1.12.3. Least Squares of Method 

  This technique, which is based on minimizing total squares of mistakes, 

may be expressed as follows: 
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Where  GURQD
W R  is the GURQ distribution . 
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It is clear that the equations (3.28), (3.29), (3.30) are non-linear related, so 

it can be solved using  numerical methods .  
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3.2. Exponential- Generalizing Uniform Distribution 

(E- GURQD). 

      In this section , we will present the exponential - generalized uniform 

distribution E-GURQD and then find p.d.f, c.d.f and some properties 

(mathematical and statistical) of the distribution. We also show some 

estimation methods to estimate parameters. 

 

3.2.1.Cumulative Distribution Function (cdf) of Exponential- 

Generalizing Uniform Distribution. 

   This defined the cdf of  E- GURQD given by  

 
( ) ( ) [ ( ( )] (3.31)
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Using  (3.32) we get  
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Equation No. (3.32) represents cdf of  E- GURQD. 

Limit of cdf 
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Figure.8:This graph showed cdf of E-GURQD with the parameters 

0.7a   ;  1.2,1.2,2b  ,    1.3,1.5,2.2  .

 
  We can see from Figure (8) that cdf  for E-GURQD does not decrease 

with increasing 𝑥 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝜆, 𝑎, 𝑏.  

 

3.2.2.  Probability Density Function 

    The pdf of the new probability distribution, that is,   
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It is a E- GURQD probability density function which can proved as 
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The limit for the probability density function given as follows  :
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From  Figure 11assarsion this fact. 
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Figure.9:This graph showed pdf of  E-GURQD with the parameters 

0.7a   ;  1.2,1.2,2b  ,    1.3,1.5,2.2  . 

 

Figures (9) indicate that the E-GURQ distribution generates different 

shapes such as symmetric, right-skewed. 

 

3.2.3.  Some Reliability function 

   The reliability function is given by the following function  
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X X
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Taking the limit to   R x
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The hazard  function of the random variable X can be written as 
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The reverse hazard it is function of a random variable  X for the  E- 

GURQD is provided by 
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The cumulative hazard function for the E- GURQD is provided by 

    lnH x R x
U X


 

( )
( )

ln

b a x be a
b a

e

   
 
 
 
 

 
 
 
 
  

   



 

   
( )

3.38
( )

b a x b
H x e a

U b a

   
 
 

 
 



 

 

3.2.4. Mode:  

    To find the mode of the E- GURQD, it must be 
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3.2.5. Moments: 

    The moments of the E- GURQD It is given by the following theorem. 

Theorem 3.2.5.6.: The r
th
 order moment  rE X  about the origin of  

E- GURQD is given by: 

 
 

   

   

1 ln1

1 1( ) 00 0 0 !

ln
1 3.40

k c mj i jr i c r ib a a
xr r i m k jb a mk i j i d

c d a
e m

m




 

    
    

  

 
  
 

 
     

    


 

 

Proof. The r
th

 moment of  X is obtained by: 
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Using the binomial series of   ln
c

t a  yields: 
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Then the moment  
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Proposition 3.2.5.7.:The mean ( ) for a random variable X~ E-

GURQD is given by: 

 
 

   

   

1 11 ln1
1 1( ) 00 0 0 !

ln
1 3.41

k c mj i ji c ib a a
x

i mb a k jmk i j i d

c d a
e m

m




 

    
    

  

 
  
 

 
    

    


 

 

Proof. The mean (𝝁) of X~ E-GURQD is obtained by putting r=1 in Eq. 

(3.40).  

 

Remark: r =2,3,4 we will obtain the (second , third and fourth) 

moments
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Theorem 3.2.5.8. : The r
th 

 moment about the mean for a random 

variable X~ E-GURQD is given by: 
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Proof: The r
th

 moment about the mean r  of a random variable X with 

pdf  f x  is called Central moments ,stated by  

 r
E X xr      

The  
r

x x  is equal to using the binomial series 
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for r = 0, 1, 2, . . 

.Where x     is the mean of E-GURQD and  f x  is the pdf . 
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Here, g denotes the g
th
 moment of the E-GURQD distribution, (by 

replacing r by g ) into equation (3.40), we obtain the r
th 

 moment around 

the mean of the E-GURQD distribution as follows: 
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Proposition. 3.2.5.9. : The variance for a random variable X~ E-

GURQD is given by:
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Proof: We know the variance of a random variable X is defined by  

defined by  

   
2

var X E X 
 
 
 

   

As a result, we can calculate the variance of a random variable 

X  GURQD  by plugging r=2 into equation (3.42). This is the end of the 

proof. 

 

Remark: Standard Deviation      var 3.44X   
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3.2.6. Coefficient of Skewness , Kurtosis and Variation 

    In this subsection, we use the moment about the mean to drive the 

skewness, kurtosis, and variation of the E-GURQ distribution, as shown 

in the following:
 

Coefficient of Variation of the E-GURQD is given by: 

   . . 3.45C V



  

By substituting Equation No. (3.41) and Equation No. (3.44) into 

Equation No. (3.45) we can get (CV.) 

The coefficient of  skewness aK   of   E- GURQD is given by 
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3

3.46
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2 2
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





 

The Ka  can be found by substituting r=3 into equation (3.42), and 

substituting in the numerator, as well as r=2, and substituting in the 

denominator.

  
The coefficient of kurtosis L of E- GURQD is given by   
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The L can be found by substituting r=4 into equation (3.42), and 

substituting in the numerator, as well as r=2, and substituting in the 

denominator.
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3.2.7. Moment Generating Function:
 

   The  MGF (moment generating function) for the E- GURQD  has been 

discussed. 

 

Theorem 3.2.7.10. : The moment generating function of E-GURQD 

distribution is given by the following: 
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Proof. The moment generating function  M t
X

of the random variable X 

 is given by: 
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Than the moment generating function 
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3.2.8. Quantile: 

Theorem 3.2.8.11.  : The quantile x p of the E- GURQD where Ө= (a 

;b ;λ) random variable X is given by 
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The median of this distribution is  obtained  when p=0.5
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3.2.9. Order Statistics : 

   Let  
1 2, ,...., nX X X  is a simple random sample with distribution function 

F(x) and density function f(x) respectively . 

Let .... ,
1 2
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The maximum order statistics X n  of pdf is given by  
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And the pdf of the smallest X n  order statistics is: 
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3.2.10. Entropy: 

Theorem 3.2.10.12.: If X a random variable has a E-GURQ 

distribution ,then the entropy of  X is given by: 
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     2log log ( ) log loge b aEnt e b e    
 
 

      
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3.2.11. Estimation Methods 

  We will address in this section several methods for estimating unknown 

parameters Generalizing Uniform Distribution Using the Quantile 

Function 

 

3.2.11. 1. Maximum Likelihood Method  

    We will use maximum likelihood method for estimating the parameters 

of Exponential- Generalizing Uniform Distribution Let , ,...,
1 2

X X X n   

indicate the sample size n at random  from the Exponential- Generalizing 

Uniform Distribution. Then the likelihood function is given by 

   
( )

( )2; , ,
1

b a x be a
n b ab a x b

L x b a e e
i i

  

 
 

 
 
 
  

   
 

 


 

 

( )2ln ( )
1

b a x bn
ib a x b e a

i b ai

 
  

  
  
    

 
     

  

   

 
 

( )2ln ; , , ln ( )
1 1

3.54

b a x bn n
iL x b a n b a x n b e

i i b ai i

n a

b a

 
   



 
      

 



 By differentiating equation (3.54) with respect to  , a, b, and equality to 

zero. 

     

 

ˆ ˆ ˆ( )1 1
ln ; , , 2 ( )

ˆ 1 1

ˆ ˆ( )
( ) 0

1
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iL x b a n b a x nb e

i i b a b ai i
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i b ai
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

 
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   



     

 
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 
   

 
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ˆln ; , ,

2 21 1ˆ ˆˆ ˆ
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ˆ ˆ

b a x b b a x bn n n
i ix e x e

i ii i i
b a b a

nb

b a

    
 



   
   

  
 





 

 
 

ˆ ˆˆ ˆˆˆ ( )
ˆ ˆln ; , ,

21 1ˆ ˆ

b a x bn n
iL x b a x n e

i ib i i
b a

 
  

 
    

  


 

   

ˆ ˆˆ ˆˆˆ ˆ( ) ˆˆ ˆ 0
2ˆ ˆ 1 ˆ ˆ

b a x bn n aix e
iib a

b a

  
  
  

 
  




 

   

 
 

ˆ ˆˆ ˆˆˆ ˆ( )
ˆ ˆ

2 ˆ ˆ1 1ˆ ˆ

ˆ ˆˆ ˆˆ ˆ( ) ˆˆ ˆ 3.57
21 ˆ ˆ

b a x bn n
ix n e

i b ai i
b a

b a x bn n aix e
ii

b a

  
 

  
  
  

 
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3.2.11. 2. Method of Moments  

     The E-GURQ distribution's moment estimate technique is defined as 

such that  rE X  the r
th
 moment about origin. 

  1

1

nr rE X X
kn k

 


 

When   1

1

nr rE X X
kn k

 
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Considering three cases from (3.57): 
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We may get estimates for the parameters a, b and    by solving the 

equations (3.59),(3.60), (3.61) for a, b and   using numerical methods . 

 

3.2.11. 3. Least Squares of Method 

This method is based on minimizing the total squares of errors and can be 

formulated as follows : 
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By differentiating equation (3.63) with respect to  , a, b, and equality to 

zero.  
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it is clear that the equations (3.64), (3.65), (3.66) are non-linear related, 

but it can be numerically solved. 
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Application  

      We presented an application on real data by finding the estimation of 

the parameters for the given data, as well as comparing between these 

distributions, namely GUEQD, GURQD and E-GURQD using the 

measures, the Akaike Information Criterion  (AIC),  Bayesian 

Information Criterion (BIC) and Hannan-Quinn Information Criterion  

(HQIC),  Kolmogorov-Smirnov test (KS) . 

 

ˆ2 2 ,

ˆ2 2 log( ),

ˆ2 2 log log( ) ,

AIC q

BIC q n

HQIC q n

 

 

 

  

Whereas  ˆ denotes the log-likelihood function evaluated at the 

maximum likelihood estimates, q the number of parameters, and n the 

sample size.  

Data set: These are dataset corresponding to remission times (in 

months) of a random sample of (128) for sick bladder cancer [6, 31].  

0.08,2.09,3.48,4.87,6.94,8.66,13.11,23.63,0.20,2.23,3.52,4.98,6.97,9.02,1

3.29,0.40,2.26,3.57,5.06,7.09,9.22,13.80,25.74,0.50,2.46,3.64,5.09,7.26,9.

47,14.24,25.82,0.51,2.54,3.70,5.17,7.28,9.74,14.76,26.31,0.81,2.62,3.82,5

.32,7.32,10.06,14.77,32.15,2.64,3.88,5.32,7.39,10.34,14.83,34.26,0.90,2.6

9,4.18,5.34,7.59,10.66,15.96,36.66,1.05,2.2.69,4.23,5.41,7.62,10.75,16.62

,43.01,1.19,2.75,4.26,5.41,7.63,17.12,46.12,1.26,2.83,4.33,5.49,7.66,11.2

5,17.14,79.05,1.35,2.87,5.62,7.87,11.64,17.36,1.40,3.02,4.34,5.71,7.93,11

.79,18.10,1.46,4.40,5.85,8.26,11.98,19.13,1.76,3.25,4.50,6.25,8.37,12.02,

2.02,3.31,4.51,6.54,8.53,12.03,20.28,2.02,3.36,6.76,12.07,21.73,2.07,3.36

,6.93,8.65,12.63,22.69 . 
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In Table (3.1) the MLEs of the model parameters for the data and the 

numeric values of the model selection statistics  AIC, HQIC and BIC are 

given. 

 

Table (3.1) shows that the E- GURQD model has the lowest values for 

the criteria AIC,HQIC, and BIC, indicating that it is better than the other 

to model this  data set. 

Table 3.1. Parameters Estimates for the Data and The Values of Statistics 

𝐀𝐈C,𝐇𝐐𝐈𝐂 𝐚𝐧𝐝 BIC for the first data set where      . 

KS HQIC BIC AIC parameters Model 

0.9719 -39.3162 -34.2365 -42.7926 
ˆ

ˆ

ˆ 0.001

b =1

λ = 79

a =

.0471

 

GUEQD( ) 

0.969 -38.2225 -33.1428 -41.6989 
ˆ

ˆ

ˆ 0.001

b =1

λ = 79

a =

.0471

 

GURQD( ) 

0.9979 -6.4221e+06 -6.4221e+06 -6.4221e+06 
ˆ

ˆ

ˆ 0.0499

b =0

a

.1928

λ

=

= 1.16

 

E- GURQD( ) 
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Conclusion:     

    Conclusion:     

    In this dissertation 

1- Three continuous distributions each of them with three parameters 

can be constructed called generalized uniform distribution using the 

exponential quantile function (GUEQD), generalization of the 

uniform distribution using the quantile function (GURQD) and 

exponential- generalizing uniform distribution (E- GURQD. Where 

the cdfs of the four distributions was found based on two families, 

T-X{Y} family and T-normal families of distributions. Then we 

found the pdf files corresponding to these distributions by deriving 

the cdfs for these distributions. 

 

2- We have derived explicit expressions for quantile and median, 

moments, mean, variance, skew modulus, kurtosis and variance, 

moment generation functions, order statistics, and Shannon 

entropy. 

 

3- The three parameters of the three proposed models were estimated 

using estimation methods(Maximum Likelihood Method, Method 

of moments ,Least Squares of Method). 

 

 

4- Their  usefulness have demonstrated by mean of application to real 

data set and compared our proposed distributions among 

themselves using criteria such as AIC, HQIC and BIC. The E-

GURQ model is found  better than the GUEQ and GURQ models. 
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Future works:  

1. Using other estimation methods to estimate the three parameters of 

GUEQ and GURQ and then compare between these methods to 

indicate which method is the most efficient methods. 

 

2. Finding new distribution by T-normal families of distributions 

using  the quantity function for the  distribution E-GURQ. 

 

3. Estimate of the reliability function for distributions GUEQ and 

GURQ. 
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 _____________________الوستخلص _______________________

 

 :صستخهانً

 انذانت باستخذاو انًعًى انًٕدذ انتٕسيع ْٔي يعهًاث ثلاثت يٍ جذيذة تٕسيعاث ثلاثت لذيُا نمذ     

 نذنك. الۡسي انًُتظى ٔانتٕسيع انكًيت انذانت باستخذاو انًُتظى انتٕسيع ٔتعًيى ، الۡسيت انكًيت

 انتٕسيع دانت ،( pdf) الَّدتًال كثافت كذانت ٔالإدصائيت انزياضيت خصائصٓا بعض َالش

 ، الَّنتٕاء) يعايم ، انتبايٍ انعشٔو ، ، انًُٕال ، انًٕثٕليت بعض دٔال ،( cdf) انتزاكًي

 تمذيز تى. ، الََّتزٔبيا انكًي إدصائياث انطهب ، ، انعشٔو  تٕنيذ دانت  ،( انتفزطخ ، الََّذزاف

 انصغزٖ انًزبعاث ، طزيمت انعشٔو ، الَّيكاٌ الَّعظى  طزيمت) انتمذيز طزق باستخذاو انًعهًاث

 (.نهطزيمت

 

 انًمتزدت انتٕسيعاث يمارَت ثى ، دميميت بياَاث تطبيك خلال يٍ انتٕسيعاث ْذِ فائذة شزح يتى    

(GUEQ ٔ GURQ ٔ E-GURQ )يثم يماييس باستخذاو بيُٓا فيًا 𝐀𝐈𝐂 ٔ BIC ٔ HQIC. 

 

 انجذٔل في انٕاردة انًعهًاث ٔتمذيز نًمارَتMatlab (2013b ) بزَايج استخذاو تى    

 .تٕسيع نكم انخاصت انذٔال رسى إنٗ بالإضافت



 

 

 

 جمهورية العراق           

 وزارة التعميم العالي والبحث العممي                                            

 جامعة بابل / كمية التربية لمعموم الصرفة               

 قســـــــــم الرياضيات          

 

 

 هع الاحصائي التوزيع ًوارج بٌاء

 التطبيق

أطروحة هقذهة الى هجلس كلية التربية للعلوم الصرفة في جاهعة بابل 

 في التربية / الرياضيات فلسفة كجسء  هي هتطلبات ًيل درجة الذكتوراٍ
 هي قبل

 سرهذ رحواى حسيي عبذ الله 
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