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Abstract

We have introduced three new three-parameter distributions which are
Generalized Uniform Distribution Using the Exponential Quantile
Function , Generalizing Uniform Distribution Using The Quantile
Function and Exponential- Generalizing Uniform Distribution. Therefore
discussion some of their mathematical and statistical properties as the
probability density function (pdf) , cumulative distribution function (cdf),
some reliability functions, , mode, moments, variance, coefficient of
(variation, skewness, kurtosis), moment generation function, quantile,
order statistics, and entropy. Parameters were estimated using estimation
methods(Maximum Likelihood Method, Method of moments ,Least
Squares of Method).

The usefulness of these distributions is explained by applying real data,
and then compare the proposed distributions (GUEQ, GURQ,E-GURQ)
among themselves using scales such as AIC, BIC and HQIC.

Matlab(2013b) program was used to compare and estimate the
parameters given in a table in addition to plotting the special functions of

each distribution.
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Introduction

A statistical distribution is a mathematical function that determines
how the results of a randomized trial attempt will occur in a probable
manner , it is important for parametric inferences and applications to fit
real world phenomena.

Many methods have been developed to generate statistical distributions
in the literature. Some well-known methods in the early days for
generating univariate continuous distributions include methods based on
differential equations developed by Pearson (1895), methods of
translation developed by Johnson (1949), and the methods based on
quantile functions developed by Tukey (1960).

Due to the different applications of distributions in daily life, there has
been a growing interest in research and studies in this aspect, and there
was an urgent need to develop classical distributions into more flexible
distributions and to benefit from them by finding new statistical models to
study the variables that occur in society or in the economic, engineering,
medical and other fields.

In 2002 [10] , Eugene and et al . introduce a general class of
distributions generated from the logit of the beta random variable. A
special case of this family is the beta-normal distribution.

In 2004 [1] Arellano-Valle and et al.,, studied a new family of
asymmetric normal distributions that contains Azzalini's skew-normal
(SN) distribution as a special case.

In the same year G. and R. [12] , derived a generalization of the
basic Azzalini model proposed by Balakrishnan, as a discussant of Arnold
and Beaver (2002).

In 2005[28], Vicari and Kotz , trace developments in the theory of
skewed continuous distributions (univariate and multivariate) which

commenced in the late 19th century and after some dormant period during
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the most of the 20th century were invigorated in the middle 80’s of the
20th century and has become in the last 20 years an area of rapid
advances.

In 2008 [29] Yadegari and et al. introduced a new generalization of
the Balakrishnan skew-normal distribution by explaining some important
properties of this distribution. Also, they described three methods for
constructing this distribution. Finally, its multivariate extension has been
presented.

In 2011[7], Choudhury and Matin., presented a more flexible
distribution, extended skew generalized normal distribution, is developed
to represent the skewness as well as the kurtosis. This distribution is
potentially useful for the data that has more skewness and kurtosis.

In 2013 [9] Domma and Condino defined a five-parameter Beta-
Dagum distribution from which moments, hazard and entropy, and
reliability measures are then derived. These properties show the high
flexibility of the said distribution.

In the same year Oluyede and et al. [21] fined a new class of
distributions called Mc-Dagum distribution . This class of distributions
contains several distributions such as beta-Dagum, beta-Burr Ill, beta-
Fisk, Dagum, Burr 11l and Fisk distributions as special cases.

Also Oluyede and et al. in 2014 [22] a new class of generalized
Dagum distribution called gamma-Dagum distribution is presented. The
gamma-Dagum (GD) distribution which includes the gamma-Burr Il
(GB 1), gamma-Fisk or gamma-log logistic (GF of GLLog), Zografos
and Balakrishnan-Dagum (ZB-D), ZB-Burr 1l (ZB-B Ill), ZB-Fisk of
ZB-Log logistic (ZB-F or ZB-LLog), Burr 1l (B Il1), and Fisk or Log
logistic (F or LLog) as special cases was proposed and studied.

Also in 2014,Huang and Oluyede [13] provided a new family of
distributions called exponentiated Kumaraswamy-Dagum (EKD)
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distribution is proposed and studied. This family includes several well-
known sub-models, such as Dagum (D), Burr 111 (BIIl), Fisk or Log-
logistic (F or LLog).

Aljarrah and et al. ,2014 [2] state some of general properties of this T-
X system of distributions are studied and defined the T-X{Y} family as

G (x)=2 X r )t =R (Q (F (x) o)
It is shown that several existing methods of generating univariate
continuous distributions can be derived using this T-X system.

In 2014[3] Alzaatreh and et al. proposes four families of generalized

normal distributions using the T-X framework. defined as

Fy (x):@ [FR(X)]fT (t)dt =P[T <Q, (Fg (*))I=F (QY (Fg (x ))) (2)
These four families of distributions are named as T-normal families
arising from the quantile functions of (i) standard exponential, (ii)
standard log-logistic, (iii) standard logistic and (iv) standard extreme
value distributions. Some general properties including moments, mean
deviations and Shannon entropy of the T-normal family are studied. Four
new generalized normal distributions are developed using the T-normal
method.

In addition Nasiru and et al., 2017 [20] showed in this study, the
exponentiated generalized exponential Dagum distribution has been
proposed and studied.

In 2018[30], Zubair and et al introduced new generalized classes of
exponential distribution, called T-exponential {Y} class using the quantile
functions of well-known distributions.

Shahzad and Asghar,2019, [27] found a  transmuted Dagum
distribution which can be used for income distribution, actuarial, survival
and reliability analysis. The main motivation for generalizing the standard
distribution is to provide more flexible distribution to model a variety of
data. The
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extended distribution has been expressed using quadratic rank
transmutation map and its tractable properties like moments, moment
generating, quantile, reliability and hazard functions are derived.

In 2019 [16], Jamal, F., and Nasir, M. define some new members of
T-X family which also be viewed as new families of probability
distributions.

In 2020[11], Ekum and et, al. Recently, different distributions have
been generalized using the T-R {Y} framework but the possibility of
using Dagum distribution has not been assessed. the T-R {Y} combines
three distributions, with one as a baseline distribution, with the strength of
each distribution combined to produce greater effect on the new generated
distribution. the e new generated distributions would have more
parameters but would have high flexibility in handling bimodality in
datasets and it is a weighted hazard function of the baseline distribution.
this paper therefore generalized the Dagum distribution using the quantile
function of Lomax distribution. A member of T-Dagum class of
distribution called exponentiated-exponential-Dagum {Lomax} (EEDL)
distribution was proposed.

This study generalizes the work in methods based on quantile
functions, where the first distribution is generalized uniform distribution
using the exponential quantile function, GUEQD using the exponential
quantile function and the substitution by the T-X{Y} family to find the
distribution function cdf for the GUEQ distribution. As for generalizing
uniform distribution using the quantile function, GURQD , the quantile
function reliability function was used to find its GURQ distribution
function by substituting the T-X{Y} family.

And then the distribution function was found for the two distributions,
Exponential- Generalizing Uniform Distribution (E-GURQD) and the
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exponential - the generalization of the uniform distribution (E-GUEQD)
using the T-normal families arising from the quantum functions, which
the distribution function has knowledge of Equation 2, but has been

changed It has to become more complex for my agencies.

Ry 00=6R i at = (F5 (@ ) ®

Through which cdf was found for each of E-GURQD .
In order to clarify the content of this dissertation and to diagnose its
purpose, we note that it was divided into three chapters.

Chapter 1 dealt with some important definitions and concepts.

Chapter 2 included two distributions, namely the generalized uniform
distribution using the exponential quantile function, GUEQD and
exponential- generalizing uniform distribution using the quantile function
(E- GUEQD) which is considered an anomaly, where it was clarified how
to build each distribution in addition to the pdf and cdf for each
distribution as well as some reliability analysis functions, mode,
moments, coefficient of skewness , kurtosis and variation, moment

generating function, quantile and the median, order statistics, entropy.

Chapter 3 included two distributions generalizing uniform distribution
using the quantile function, GURQD and exponential- generalizing
uniform distribution (E- GURQD), where it was clarified how to build
each distribution in addition to the pdf and cdf for each distribution as
well as some reliability analysis functions, mode, moments, coefficient of
skewness , kurtosis and variation, moment generating function, quantile
and the median, order statistics, entropy. Conclusions and future work are

also presented in this chapter.
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The maximum likelihood estimation approach is used to estimate the
three parameters of the (GUEQ, GURQ and E- GURQ) distributions.
Applying them to real-world data sets to demonstrate the significance of
the new distributions(GUEQ, GURQ and E- GURQ).
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Important Concepts

Definitions and Some Important Concepts

Introduction

The first chapter includes some of the basic concepts and mathematical
formulas used during our research work, as well as the definitions
adopted in the research. Two new definitions have been presented that
can be used in a new model resulting from the composition of two

distributions.
1.1. Statistical Model [15]:

The statistical model is a classification of mathematical model, which
personifies a set of statistical hypotheses related to the formation of a
statistical sample, and similar data from a larger statistical community.
The statistical model represents the process of creating data. The included
assumptions in the statistical model describe a set of probability
distributions, some of which are assumed to approximate the distribution
from which a particular sample of data was taken. we can say that the
model is a statistical description of a basic system, which aims to match
the real situation as much as possible. The population model is fitted to a
sample by estimating the parameters in the model. It is then possible to
conduct hypothesis testing, build confidence intervals and draw
conclusions about the population.

1.2. Statistical Parameter[15]:

A statistical parameter is a numerical quantity that identifies and
"summarizes"  the probabilistic distribution of a population. The
statistical parameter can also be defined as a numerical characteristic of a
statistical community. For instance, if we impose a population with a

normal probability distribution, the two statistical parameters that can
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characterize this distribution are the mean and the standard deviation.
Likewise, itis a
statistical measure that computes all the component of society without

exception, and to describe the community in studying and research.

1.3. Continuous Uniform Distribution [24]:

Let the random variable X denote the outcome when a point is selected
at random from an interval [a, b]. We want to find the probability of the
event X < x, that is we would like to determine the probability that the
point selected from [a, b] would be less than or equal to x . To compute
this probability, we need a probability measure p that satisfies the three
axioms of Kolmogorov (namely nonnegativity, normalization and
countable additivity).For continuous variables, the events are interval or
union of intervals. The length of the interval when normalized satisfies all
the three axioms and thus it can be used as a probability measure for one-
dimensional random variables. Hence

_lengthof [a,x ]
P _X)_Iengthof [a,b]

Thus, the cumulative distribution function F is

F(x)=P(X £x)=%, a<x<b

where a and b are any two real constants with a < b. To determine the
probability density function from

(=S F(x)=p 1, a<x<b

1.4. Exponential Distribution [18]:
The Exponential distribution is commonly used to model waiting times
between occurrence of rare events and lifetime of electrical or mechanical

devices. A continuous random variable X is said to have an Exponential

8
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Distribution (ED) with parameter (1>0), if it has the following probability

density function:

—AX >0

f(x;2)=1%¢ s (L1)
0 X <0

and the cdf is defined by

F(x;4)=1-e (1.2)

1.5. Some Survival Function, [25, 4]:

1.5.1. Survival function:
Survival function is defined as the probability that a system will

operate satisfactorily for a given period of time and denoted by S (X)

S (x)=Pr(X >x)=1-F(x)=1-]3 f (x)dx (1.3)

1.5.2. Hazard Function:

The probability that an item will survive to a specified point in time
based on its survival until a previous time (t). In other words, the
possibility is that if something remains alive for one moment, it will
remain alive until the next stage. The hazard rate only applies to items
that cannot be repaired. The hazard rate can be determined at any time

using the following equation:

h(x):% or h(x):liéx())() (L4)
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1.5.3. Cumulative Hazard Rate Function (CHF):
The cumulative hazard function can be obtained, denoted by H(x),
which is the sum of the failure rate and is expressed in the following

form:

H (x;0) = ht; o)t = § T 89)

0 g t="NCE0) (1.5)

1.5.4. Reverse Hazard Rate Function :

The reverse hazard function is expressed in the following formula.

r(x)=f (x) (1.6)

Where f (x )is apdfand F(x) is a cdf.

1.6. Definition of Coefficients, [14,5,8,23]:
1.6.1. Coefficient Of Skewedness:

In the case of identical distributions, the mean, median, and mode are
equal, and the more after the curve is the similarity. These values are
separated from each other, and therefore, the difference between these
values can be used as a measure of skewedness, but this difference does
not measure the skewedness completely. The difference may be large and
the skewedness is small, because the data values are dispersed large. And
the difference may be small and the skewedness is large because the
group is dispersed small, and therefore this difference must be attributed
to the corresponding dispersion scale (of the same type as the average
value scale used). The resulting scale is called the skewedness coefficient.
It is denoted by the symbol

cs EX ) (L7)

o3

10
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1.6.2. Coefficient of Kurtosis :

When the iterative distribution is represented as an iterative curve,
this curve may be flat, or pointed. So when more values are concentrated
near the middle of the curve, and lower at both ends, the curve is pointed,
and when a larger number is concentrated on both ends of the curve, and
decreases near the middle the curve is flat. It is denoted by the symbol
CK = E(X—_ﬂ)4 (1.8)

o4

1.6.3. Coefficient of Variation:

The coefficient of variation is a measure of the relative dispersion. It is
a unitless scale. It is used to compare the relative dispersion or
homogeneity of different data sets. The group of data with the largest
coefficient of variation is more dispersed relative, that is, it is less
homogeneous and vice versa. The variation coefficient of the sample
whose mean u and its standard deviation o is defined as the follows

formula:

CV.= (L.9)

o
MU
1.7. Maximum Likelihood Function [19]

The likelihood function of n random variables XX
to be the joint density function of the n random variables say:

. Xp is defined

f X (Xl’XZ""’X n ;9), which is considered to be a function of 0.

XX pren

Notation of the likelihood function as L(@;x X X ) Thus the

l’ 21"" n

likelihood function as function of 0.

11
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n
L(@l,ez,...,en):irz[lf (X;16},6116n ) (1.10)
o aL(el,gzl,...,en)_o, aL(gl’;;Z’m’en)—0’---’8L(01’:92r;"”9n)—0

In this case it may also be easier to work with the logarithm of likelihood.

1.8. Method of Moments [19]

Let f (x 10),05,...,.0n )be a density of a random variable x which has n

parameters 91,02,...,49n. As before let x4 denote the ™ moment about
zero, that is 44 =E (X ). In general 4 will be a known function of the

n parameters 6?1,6?2,...,¢9n , denote this by writing:

Hy = pip (6,016 ) Let X1,

1101 1:X 91-» Xy be @ random sample from the

n :
density f (x;01,92,...,0n)and yre :jz—l%xrj such that j=12,..,n in

the n variables 6,,6,,....6, and let 6,6,,...,6, be their solution.
1.9. Entropy[26]:

Entropy plays a vital role in science, engineering and probability
theory, and has been used in various situations as a measure of variation
of uncertainty of a random variable (Claude Shannon) is defined by:

Entropy = E (—logw (X)) (1.11)

12
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1.10. T-Normal Families of Distributions,[20]:

Let T, R and Y be random variables with CDFF (x)=P (T <x),
Fn (x)=P(R<x)and K, (x)=P(Y <x) . The corresponding quantile
functions are Qp (p).Qp (P)and Q, (p) where the quantile function is
defined as Q. (z ):inf{z F,(2)2 p} ,0<p <1. If densities exist, we
denote them by fr (x),fn (x) and fy, (x) . Now assume the random

variable T € (a, b) and Y € (c, d), for —0o < a < b<ew and —oo < ¢ < d <oo.

The CDF of the random variable X is defined as
F
=6 Ry =P 1 <q (R )] [ay () a2

FX (x) will be called the T-R{Y} family of distributions.

1.11. Purpose of the study:

The dissertation objectives to present three new distributions with a
study of the properties of each of them, statistical and mathematical, with
application. These distributions are as follows

e The Generalized Uniform Distribution Using the Exponential
Quantile Function, GUEQD.

e Generalizing Uniform Distribution Using the Quantile Function,
GURQD.

e Exponential- Generalizing Uniform Distribution (E- GURQD).

13
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The Generalized Uniform Distribution Using the

Exponential Quantile Function.

In this section , we will introduce the generalized uniform distribution
using the exponential quantile function and then finding p.d.f and c.d.f
and some properties (mathematics and statistical). We also estimate

parameters using some estimation methods.

2.1. Construction of the Generalized Uniform Distribution
Using the Exponential Quantile Function, GUEQD

Let R (X) represent a reliability function for any distribution function

given by the following formula:
R(x)=1-F(x) then R'(x)=-f (x)

if X ~Exp(A) then F(x):(l—e_ﬂ’x ] 002) )

As we know that F (x )~U (0,1) then

-1
=In(1-u) A andthereis x =Q(F(x)), O<u<1

Now let Y ~U (a,b) , —o<a <b <oo then W (y):—b:a I[ab](y)

Thus W ()= (27 jdy  then W ()= _;

such W (x)is the cumulative distribution function of the random variable

vv' {Q(F(X ))}:W {In(l—u )}1]
—In(l—;tu)—/la
" b-a

14
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~[In(1-u)+1a]
~ Z(b-a)

Letw (u)=W "TQ(F(x)) ]

gt =)

Now let W (Q (F (x )))=1 then 1 Pl
W X)))= =
-a
b—a:%lln(l—u)—a
e~ b _1_y
u :1—e_’1b
LetW (Q(F(x)))=0 then 0__/11In(1—u)—a
- ~ b-a
Oz%lln(l—u)—a
e~ 4a_1 y
u =1—e_}ba
Then 1-e 48 <y <1-e 4P

2.2. Probability Density Function (pdf) and Cumulative
Distribution Function (cdf) .

2.2.1. The PDF Of GUEQD

1
Alb-a)dl-u) ’
—-aA

W (u)= 1-e *2cu<1-e"*0 ab,1>0a<b (2.1)

-b A

Where 1-¢e and 1-e are constants.

15
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the functionw (u), a probability density function?

1) Itis easy to check w (u)=0

Since A,b,a>0 then 7 —a)>0 and m>0 for
1-e 48y <10 thenw (u)=0
2) jll:s:jsw(u)du -1
Prove :
fll:eejs (o —al)(l—u)d“ :z(bl—a)ﬁl:ee:jz Flu)d“
-1 le AP - 1-e~ 4D

1
A(b —al)Jl—e—ﬂba Wd“ “A(b-a) In(l-u )]1_e—ﬂ,a

“roma (e )

__1 Ine_’lb—lne_ﬁa}

/l(b‘—fa)[—zb +aa]
1

=0 -a) (-A[b-a])=1

16
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Figure. 1. This graph showed pdf of GUEQD, the parameter
b=15,a=0.7,0.91.4,1=0.8,1.2,2.8

=1.1
1 T T T
——————————————— a=0.9,b=1.3
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Figure.2: This graph showed pdf of GUEQD, the parameter 41 =1.1
a=091518,b=131.81.9
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a=0.1
1 T T T

0.9 A=1.8b=13 |
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0.7¢ i
0.6 .
0.5+ N 1

0.4} G ]

probability density function
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Figure. 3: This graph showed pdf of GUEQD, the parameter a=0.1
b=21.30.7,1=2.11.8,0..8
Figures (1), (2), and (3) show that the GUEQ distribution creates a variety

of forms, including symmetrical and right skewed geometries.

2.3. The CDF Of GUEQD

The cdf of GUEQD isin

W (u):i(b_—fa)(ln(l—uﬁ/ia) 1-e

A8y e ap a>0a<b (2.2)
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a=0.1

0.9 b=2.8,1=1.9

0.8r —H
0.7+ R
0.6r -
0.5~ i

0.4

0.3F A

cumulative distribution function

%.5 055 0.6 0.65 0‘.7 0.‘75 0.8 0.‘85 0.9 0.95 1
u-axis
Figure. 4: This graph showed cdf of GUEQD, the parameter a=0.1
b=292823,1=319138

b=7

rrrrrrrrrrrrrrrrrr a=2.9,A=2.8

0.9 | a=2.8,A=2.1 A
a=2,A=1.1
0.8 .

0.7 - .
0.6 - .
05 _
0.4 - ja

03 | /]

cumulative distribution function

0.2 - 7 |

0.1 - g ” 7

| | | | | |
0.4 0.5 0.6 0.7 0.8 0.9 1
u-axis

Figure. 5: This graph showed cdf of GUEQD, the parameter b=7
a=29282 1=282111
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Chapter Two The GUEQ Distribution

Figures (4) and (5) show that the cdf of the GUEQ distribution is
increasing u, as are the parameters a, band A .

2.4. Limit of cdf
The limit of the GUEQD is given by the form:

Lhim saWeueoo (4)=0

-1

:”mu—>1—e_13 m(In(l—u )+Aa)

_ /l(b_—ia)(ln(l—[l—e_’iaDn%a]

= Mb‘—fa)(—zaMa):o

2. Iimu _>1_e—ﬁbWGUEQD (u)y=1

:"mu—>l—e_ﬂ'b ﬂ(b_—fa)(ln(l—u)+ia)

_ Mt;—fa)[ln[l—[l—e_/lb D+ﬂaj

= (b—f (b +aa)-L

That assertion that 0<W (u) <1

2.5. Some Reliability Analysis Functions :

In this subsection, some reliability function are discussed such as
(hazard, reverse hazard) rate function and cumulative hazard function
(CHF) for the GUEQD.

Subsequently, the probability for a system survives beyond a specified
time is known as reliability function or survivor or survival function and
Is given by the following function.
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Chapter Two The GUEQ Distribution

R(U)=1-W (u)

:1—L(b_—ia)}(ln(l—u)+la):l+/l(b —(In(i-u)+2a) (2.3)

Note that R (u)+W (u)=1

Therefore

) . 1
1.lim R u)=Ilim 1+——— (In(1-u)+A1a
U—]_e—Aa GUEQD( ) Y 1_e_/1a{ ﬂ,(b—a)( ( ) )}

:1+2,(b—1—a)(ln(1_[1_e ‘ﬂ*aDMaJ

1t - -
_1+/1(b—a)( Aa+la)=1

: L 1 ~
2'“mu—>1—e_/1b Rsueop (U )_“mu—>1—e_/1b {1+m(ln(l u)+A1a )}

:1+/1(b—1_a)£|n(1{1—e —Ab DMaJ

_ 1 _

The hazard function is described as( hazard , failure) rate and it is given

hg (U)= (2.4)

(1-u)[A(b-a)+(In(1-u)+1a)]

and the reverse hazard function for the GUEQD is provided by

1
nr ()= (1-u)(In(l-u)+4a)

(2.5)
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Chapter Two The GUEQ Distribution

and the cumulative hazard function for the GUEQD is provided by

A, (0)=—In Ab —a);((LnEl;)u )+Aa)

(2.6)

2.6. Mode:
To find the mode of the GUEQD , it must be

AW urep (U) _0
du

d"—ub(b_a)&_umde)}

-0 (2.7)

However, it is not possible to get an explicit solution of (2.7) in the
general case. But from the curve of this distribution , it is easy to find the

mode with assumption thatu . =0 , thenw (u)) is maximum

2.6. Moments about the origin, Moment about Mean
Moments are necessary and important in any statistical analysis,

especially in applications. It can be used to study the most important
features and characteristics of a distribution.
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Chapter Two The GUEQ Distribution

2.6.1. Moments about the origin :

The r™ order moment E (U r) about the origin of GUEQD is given

ok Ab k2
(2 m[e i a} 26

The r™ moment of U is obtained by:

_e—Ab
7 =E(Ur):j11_§_/1aurw(u)du,r:1,2,3,... (2.9)

Substituting equation (2.1) into equation (2.9), we obtain:

1-e~AD uf

e T

1 g-e—Ab yr
_/”t(b—a)Il—e_/Ia (1—U)du

Let

X

1-u=eX ——du=eX dx

u=1l-eX ,—Jda<x <—4b

1 b (X))
E(Ur):m e (eT)eXdX

:Mb_—ia)[ﬁ‘g (1-e* )r dx (2.10)

. N . . r.
Using the binomial series expansion of (1-e* | yields:

r k

e )= £ ([ 0" )

Substitution by equation No. (2.10) yields:
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Chapter Two The GUEQ Distribution

- r Ab kx
“Ib-aKo UL >

2.6.2. The mean (u) :

The mean (u) of U~ GUEQD is obtained by putting r =1 in Eqg. (2.8).
Then

1 1 k(r\e-kib ,—kia
A= b -a) g Y (k}[e — }

_ o _ _ e—k Ab _e—k Aa
Using the L'Hopital's rule of magnitude I|mk 50 %

) ™ pe—kAb . —kja
:g(bia){[(_l)o(()}"mkeo[ Abe : dae H

g

(2.11)
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Chapter Two The GUEQ Distribution

Remark: r =2,3,4 we will obtain the (second , third and fourth)

moments.

(2 kb ok ja

K K
3} ok b —kia
K

k K

K K

) o[ kb -k ia
#4=7b-a

N—"
=<

2.6.3. moment about the mean :

The r™ moment about the mean wr of a random variable U with pdf

w (u) is called Central moments ,stated by

—Ab
pr=E U _ﬂu]r zjll::—/la (u —yu)rw (u)du forr=0,1,2,...

Where g4, = 1 is the mean of GUEQD and w (u) is the pdf .

1-e—Ab 1

:Il—e—/la St )r A(b-a)(1-u )du

1 geAb oy g
_mjl—e—’“"(u “) (1_“)du
Let o=,

1 1 4b 1

b -a)1_e—al ~o) ™

Using the binomial series expansion of (u —go)r and ﬁ yields:
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Chapter Two The GUEQ Distribution

a5 £ ([ e e

Ab-a)j=pj= 1-e
(—1)i o [rj r-i+j+l r—i+j+l
1 ! e~ AD -4
Al T [{1 | sz)

2.7. The variance:

The variance for a random variable U~ GUEQD is given by:

. &) wi[?j _p 8 i3
var(U )= 7b-a); gojz_oﬁ({l—e } —[1—e } J(2.13)

We know the variance of a random variable U is defined by
var(U )=E {(U _y)Z}

As a result, we can calculate the variance of a random variable U
~GUEQD by plugging r=2 into equation (2.12).

Remark: Standard Deviation (o)=/var(U)

2.8. Coefficient of Skewness , Kurtosis and Variation

In this subsection, we use the moment about the mean to drive the
skewness, kurtosis, and variation of the GUEQ distribution, as shown in
the following:
Coefficient of Variation of the GUEQD is given by:

(2% .):% (2.14)

compensate for o and Equation No. (2.11) into Equation No. (2.14) we
can get (C.V.)
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Chapter Two The GUEQ Distribution

The coefficient of skewness K5 of the GUEQD is given by

3
e[ -]
Kg = 3 (2.15)
1
c[v-w? ]
3
EDU—ﬂ)}
The expression 5 can be found by substituting r = 3 for the
15
-
numerator and r = 2 for the denominator in equation No. (2.12), and we
get
I (3 .. ..
-1) w[] —i+4 —i+4
3 ( J-1+ ]+
1 $ % i [1_e—ﬂb} _[1 e—ia}
A(b —a)|:0j —o J-i+4
Ky = (2.16)

The coefficient of kurtosis L of GUEQD is given by

4
EBU—y)}
L = ; 5 (2.17)
EﬁU—ﬂ)]
4
e[|
The expression > can be found by substituting r = 4 for the
2
e[ -u]

numerator and r = 2 for the denominator in equation No. (2.17), and we

get
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Chapter Two The GUEQ Distribution

2.9. Moment Generating Function:

The moment generating function M, (t)of the random variable U is

given by:

_ tu _1—e_/1b tu
Mu(t)_E(e )_jl_e_lae w (u)du

_d—e=Ab gy 1
“h_e-2a® ™

1 1— —-Ab  ,tu
e e

Use Binomial Series of % we get on

L:1+u +ul4uds. = E uk
1-u k=0
m
Therefore the Taylor series of etU geton etl - § ( lrjn)l then
m=0 -

B 1 1_e—lb o0 (tu)m Kk
Mu =T el eta nZy w1y M
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m+k +1 m+k+1
P
Mu (t):/l(b -a) mZ:O kEO m! m+k+1  m+k+l (218)

2.10. Quantile
The quantile Ug of the GUEQD where 6= (a ;b ;A) random variable U

IS given by

q= p(X <Xq ):F(Xq ),Xq >0
Starting with the well-known definition of the 100 g™ quantile, which is

simply the solution of the following equation, with respect to Ug » 0<q<1l

a=p(U suq )W (ug)
Using the distribution function of GUEQD we have From the formula and

let

W (u)=q then q:ﬂ(b_—fa)(ln(l—uq )+ﬂ,a)

-qA(b-a)= In(l—uq )+/1a
-qA(b-a)-1ia= In(l—uq)

—A(q (b-a)+a)= In(l—uq)

e—ﬂ[q [b—a]+a] 1
—l[q [b—a]+a}

ug =1-e (2.19)

29



Chapter Two The GUEQ Distribution

The Median of the distribution is obtained when g=0.5 in (2.19)

_ —/1[0.5 [b—a]+a]
Median =Ug 5 =1-e

(2.20)
2.11. Order Statistics :

Let  uj,Uy,.Ug
Function W (u) and w (u) density function of GUEQ Distribution. Let

IS a simple random sample with distribution

U <U <..<U.. indicate the order statistics obtained from

Ls] 77 (2is) (S:S)

this sample. The density function of U ,1<h <s is known by:

WU[hS](U)_(h —1)?(!S—h)|[w ( )]h_l(l W (U))S_hw (u) .
1—e_m<u <1—e_)Lb

s-h

“(h _1)?(!3 -h)!L(b_ Ea)(m(l_u“)”a)r_l[l_[ﬁ(b_:ﬂ(m(l_u” )Ma)ﬂ

L ] 1e My g (2.21)

(i(b -a)(1-up)

s-h

. . . 1
Use the binomial series expansion of [1{/1(b a)(ln(l u )+/1a)n as

follows :
i un>+za>]}s_h oA B P un>+ﬂa>jt 222

From substituting the equation (2.22) into equation (2.21), we get:

30



Chapter Two The GUEQ Distribution

h-1, _j

:(h_l)?(!s_h)[ (bf )(In(l u )+/1a)] EO[S;h](—l)t
t

_1 1 ) ]
)+ | | gt | e g e

_ | h-1
s! ) szh (s—h} (1) (ln(l_un)Ma)tJrh—l],

“(h=DI5-h) |t h+1

_[/I(b -a)] (1-up)

12 —Ab

<Up <l-e

The pdf of maximum order statistics U :

WU[S) u)=s[W (u)]s_lw(u) 1-e~M cy <1~

:sb(gfa)(ln(l—us)w%a L b2t ] J 1-e =M cyg <1-e”

=S (_1)8_18 (In(l uS)JJa)S 1-e ﬂ“a<us <1-e~ D (2.23)
[A(b-a)] (L-us)

and the pdf of the smallest order statistics U¢ is given by:

y  (W)=s (1-W (u))

[ gt “1)”a>ﬂsl{ab—al)(l—ul)} ey

_Ss—ls—l 1 n(l-u, |+ at
= tEOLt J{V(ba)]t—kl(lul)(l (1 1) A )J,

—Ja -b
1-e <uy <l-e (2.24)

s-1
W
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Chapter Two The GUEQ Distribution

2.12. Entropy:

If U a random variable has a GUEQ distribution ,then the Shannon
entropy of U is given by:
Entropy = E (—logw (u))

{ﬂ,(bl—a)}[jll:ee:jz [ﬁ}[logi(b —a)+log(1-u)]du J

_e—Ab
:A(bl—a)[log/l(b —a)fll_:_;ta {ﬁdu ]Jrjl—e—ﬂa {ﬁ}log(l—u )du]

_e=Ab[ _ abT
s oAy i e
b e
=7 bl— —'Ogﬂ(b—a)ln(l_u)]lie_/la _['09(12—u )]
(b-2) e o
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1 —[logz(b—a)][lne‘”“b—lne—ia}_ {Iog(e_lbﬂ {Iog(e_ﬂaﬂ

2 2
S —[Iogxl(b—a)][—/lb+/1a]{[_’1b|2°ge] _[—161'2099] U

(Ab )2 [Ioge]2 _(/Ia)z[ Ioge]2

2

S A(b-a)[ logi(b-a)]- ﬂz(bz—az)mn

[Ioge]2

Entropy =logA(b-a)-A(b +a) >

Entropy =log A(b —a)—%/l(b +a) (2.25)

2.12. Estimation Methods
We will address in this section several methods for estimating

unknown parameters GUEQD .

2.12.1. Maximum Likelihood Method.
We will use maximum likelihood method for estimating the parameters

of GUEQ. Let U, U,,...U indicate the sample size n at random from

11 21"'1
the GUEQD. Then the likelihood function is given by

L(ui ;ﬂ,b,a):ilri[lw (ui ;i,b,a)
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_il;ll/”t(b ~a)(1-u; |

'”L(l’b’a):igzlm[ﬂ(b —a;(l‘“' )J

— % (In/1+|n(b—a)+|”(1_ui ))

i=1
n
InL(4,b,a)=—nInA-nin(b-a)- > In(l—ui)
i =1
0 _—n_
a—ﬂInL(/’L,b,a)— 7 =0

—n=4*0 =n=0 (Absurd result))

0

-n :(B—a)*o =n=0 (Absurd result))

=0

0

n

b-a)

n=(b—-4)*0 =n=0 (Absurd result))

| o 1 (1 Vo
(o ’ﬁ’b’a)_igu(b ~a)(L-y, )_(ﬂ(b —a)J i§1(1 ]

L is maximum if /l(b —a) IS minimum

Aa<U; <Aib :M,agu(l) ,U(z),...,U(n)s/Ib
la=U, and Ab=U , then a:Lﬂ b= ang A:Lﬂ PRl
@ M) A A a ' b
min{U U el | max{U U U |
a= - b= - (2.26)
A A
Thus
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i:min{u(lj’u[Zj""’U(”)} | i:max{u[lj’u[Zj""’U(”)} o

a b

2.12.2. Method of moments .

This technique may be discovered by:

n
EUT) :%kzﬂulz (2.28)

Such that E (U r) the r'™ moment about origin.

-k Ab .-k Aa

-1 o ka~rle i 1 n o r
T zo Y Ck [ K K }_n 1K (2:29)
The first population moment is the same as the first sample moment, we
get

{e— b - ;té} n "
1+ =1=1 2.30

ﬁ,(b —é) m (2:30)

- € _iz ]! 2.31
il5-a) Jfpa o, .
Now equating the three population and sample moments
~ib __-J& - A - .
3(9 —€ J o—2ib_,-24a) (,-3ib __-3ia
1+ — -3 — + ~=
ﬂ,(b —é) 2/1(b —é) 3/1(b —é)
m
2
== (2.32)

We may get estimates for the parameters a, b and A by solving the
equations (2.29), (2.31) ,(2,32) for a, b and A using numerical methods .
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2.12.3. Least Squares of Method
This method is based on minimizing the total squares of errors and can

be formulated as follows :
2

m T
Ls _Tél{WGURQD (u )—[m—ﬂﬂ ..(2.33)
Where W (u) is the distribution function of GUEQD .

Such that

-1 _ _e—/a _o—/b
w (u)_/l(b—a)(ln(l u)+ia)l-e " <u<i-e™™ ib,a>0a<b

Note that mLJrl It is an estimator, not a parameter, and is an estimator of

the cumulative function of the model GUEQD

2
- m | —(In(l-u)+2a) ( ¢
LIS_TEJ.{ A(b-a) _(m +1j

with respecttoa,band 4

oLs _,m[-(Inl-u)+ia) ( ¢ In(1-u)
oA 2721 A(b—a) (m +1j]{/12(b _a)]

oLs_, W —(In(l—u)+/1a){ In(l—u)][ : j[ In(l—u)“

04 =1 Ab-a) 22(b-a)
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o [~(In@-u)+4d)| ma-u) | m( ¢ Y mE-u)
Zl{ 2(6—5) MQZ(B_a) _Tél(mﬂj 22(6_5) (2.34)

6—5 . A(b-a) m+1 A(b —a)2
oL.

%~

m (In(l u)+ﬂa) z )| In@-u)+i4
R iy [mJH -2 }

m (In(l u +/13 In(1-u +ﬂ,a In (1-u +/1&
3 =0
=1 (b a m+1

In(1-u)+4 )+ T +
g ~(In(2-u) a)}[lnlu 8 ml[mﬂj[ (1-u) ;a} (2.35)

1 (b a) (b _a)z (b —a)

8L_.s:2 rg [—(In(l—u)+ia)_( r ]] —In(l—u)+a+ 1 }

m +1 A(b —a)2 (b-a)

M

m [—(In(l-u)+1d&) ( -Inl-u)+da 1 |
ag—as_o 2221 (b a) [m +1j][ /i(b _a)Z (b a)}o
m | —(In(1-u)+A4d) || -In(1-u)+4 1 | m( 7\ -Inl-u)+d
> T t— (T X
r:l[ A(b-4) J{ i(ﬂ_é)z (b-4) rl(erlj{ i(ti—a)z
+(b1_a)] (2.36)
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these non-liner questions are difficult to solve , but they can be

numerically solved

38



Chapter Three
Generalizing Uniform
Distribution Using the

Quantile Function
and
Exponential- Generalizing

Uniform Distribution



Chapter Three the GURQ Distribution
Section One

3.1. Generalizing Uniform Distribution Using the

Quantile Function

In this section , we will present the generalized uniform distribution
using the quantile function, GURQD and then find p.d.f, c.d.f and some
properties (mathematical and statistical) of the distribution. We also show

some estimation methods to estimate parameters.

3.1.1. Construction of the Generalizing Uniform Distribution
Using the Quantile Function, GURQD
Since R, (y)=1-F(y) as head of F(x), R(x) has U(01)

distribution then x =R _1(1— F (x)) is quantile function reliability function

if G(x)=G (R (x)) where X ~U (ab) then F (x)=r—=

X :Q(Ry (X )) where Ry (x) is reliability of exponential distribution
-1
such that Ry (x)=e~*X 1 (x) then x=InR4 where R=R
y\re (0,00 - Y
random variable.
G(x)=G (Q(Ry (X ))):G (R) such that Q(Ry (X ))is quantile function
reliability function .

-1
:InR/I—a 1

G(x) b a then g(x):m

so you find it is impossible to use this substation unless using the
following:

R (x )=P (X >x)=(:ff (x )dlx
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Section One
U d
R
When R =0= ,R=1=U

R

— 1
Ry (X)= ? dx b-InR4A P+7INR G iinR
yv = ) b-a (-a) (b-a) A(b-a)
InR 4
LetWgrap (R)=Ry (X) then

1 —-Ab
Waurgo (R ):m(m R+4b) e

W suraop (R)is a cdf of GURQD.

<R<e™*® ab,i>0,a<b (3.

A random variable R is indicated to be generalizing uniform distribution
using the quantile function, GURQD if its pdf is in the form of
Which is a pdf as it can be proved

WGW@D(R*T&B%EﬁS L e PR ab,is0a<b  (32)

a probability density function ?

1) Itiseasy to check w,zop (R)20

2) The integral of the function in (3.1) must equal to 1

e—Aa R e—Aa 1
.[e_ﬂbWGURQD( JdR = I ~2b 70 -a)R R
1 e 4a1
= 7B -ajb-b RR
1 —-Jla
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Section One
-1 (ia+ab)
A(b-a)

1

3.1.2. The limit for the pdf as follows

1. lim _lim 1

R—>e_/1b
1

“7b-a) MR_e-Ab R

1 1 _ e
i(b-a),—Ab _ A(b-a)

Wsurap (R)
1

1

2. |ImR_>e_;taWGURQD(R):“mR_)e—ﬂ,am

1 . 1

i-a) "Rse-4aR

_ 11 _ e’e
Alb-a),—4a A(b-a)
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a=1.5
0.35 ‘

0.3+ Y H

0.25r =
0.2 7 R

0.15r - -

probability density function

0.1 - i

0.05- -~ .

o - : | | | | | | | | |
0 0.1 0.2 0.3 0.4 05 06 0.7 08 0.9 1

R-axis

Figure.6:This graph showed pdf of GURQD with the parameters
a=15;b=(17192), 1=(0812238).
Figure (6) shows a PDF of the GURQ distribution that generates shapes

starting at the origin and skewed to the right and increasingly.
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Section One

A=45
0.6 ‘ ‘

0.55F a=1.5,b=1.81

05} =
0.45} - i
0.4f |

0.35 1

Wf,(:‘RQD (R )

03t/ .
025~ | .
0.2 | .

0.15¢ _

01 | | | | | | | | |
0 01 0.2 03 04 05 06 07 08 0.9 1

R-axis
Figure.7:This graph showed cdf of GURQD with the parameters
A=45,0b=(131819), a=(0.91518).
We can see from Figure (7) that cdf for GURQD does not decrease with

increasing R and the parameters A, a, b.

3.1.3. Limit of c.d.f
The limit of the GURQD is given by the form:

lim R_)e_ibWGURQD (R)=0

Also,
1
R _)e_ﬂvb ﬂ(b —a)

ﬂ(bl—a)(lne_lb +/1bj

lim (InR +/1b)

7 _a)(—/lb +2b)=0
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Section One
And
lim R_)e_;taWGURQD (R)=1
Also,
lim 1 _(inR+ab)

R_)e_ﬂva/l(b —a)

= A(bl_a)(lne_ia+lb)

= - (—/1a+/1b)

N
—
(@

I
~—

= (bl_a)[z(b ~a)]=1

Then 0<W R )31

GURQD (

the GURQ Distribution

3.1.4. Some Reliabilities Analysis Functions:

The reliability is discussed such as (hazard, reverse hazard) rate function

and cumulative hazard function for the GURQD,

Subsequently, the probability for a system survives beyond a specified time

is known as reliability function or (survivor , survival) function and It set

out in the following function.

R R)=1-W R)

GURQD ( GURQD (

zl—ﬁ(lnR +7b)

(INR +4b)

T ab-a)

Note that R (R )syrop +Weurap (R)=1

And
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) s _(InR+/1b) B
1) IlmR_)e_/IbRGURQD(R)—IlmR_)e_/Ib{l “Ab-a) =1
) e _(InR+/1b) B
2) I'mR_)e—ﬂ,aRGURQD(R)_“mR_)e—/la{ —l(b —a) =0

The hazard function is also defined as hazard rate or failure rate and is

given by

Weurap (R)
1-W

h(R)=
R )W g (R)

1
“R[A(0-a)+(INR +2b )]

and the reverse hazard function for the GURQD, is given by

hr (R _WGURQD (R)

_WGURQD (R)

_ 1
- R(InR+24b)

(35)
and the cumulative hazard function for the GURQD, is given by

HR (R):_|og{1+l(b—l_a)(|nR+lR )J (3'6)

3.1.5. Mode:
To find the mode of the GURQD distribution, it must be

dWGURQD (R ):0
dR

d 1 _
dR ﬂ,(b—a) Rinmode B

/l(bl—a){ <z }:O (37)

mode

0
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However, it is not possible to get an explicit solution of (3.7) in the general
case. Determent that from the curve of the pdf.

3.1.6. Moments
Theorem 3.1.6.1 : Let R denotes the random variable of GURQD, then
the r™ order moment E (R r) about the origin of GURQD can be obtained

as

r ry. 1 —-Ara__—Arb
4 =€ R =g _a)[e e } (3.8)
Proof. The r'" moment of R is obtained by:

—-Aa
E (Rr):j:_lb R"W guron (R)AR

= ————0dR
[:—ﬂb Ab-a)R

1 e g
= b R OR

Alb-a) r L—ﬂ,b

B o I Gl |

~A(b-a) r r

Thus, the rth order moment of GURQD, is obtained

r_ —Ara__—Arb
Hr _ﬂr(b—a)[e © }
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Remark: If r = 1,2,3,4, we will get the (first , second , third, and fourth)

moments.
_, -1 —Aa_,—-Ab
mean _yl_/i(b _a)[e e } (3.9)
1 —2)a_,-22b
H Zﬂ(b—a)[e ° }
__ 1 ~34a__-34b
'u3_3/1(b—a)[e ° }
1 ~4ja_ —42b
Ha 4/1(b—a)[e © }

Theorem 3.2.6.2: The r' moment about the mean for a random variable

X~ GURQD is given by:

2 r—¢ _ap '
Hr = ,1(bl—a) éo(‘l)e(rj‘)e (e aj [e j (3.10)

Proof: The r™ moment about the mean of a random variable R is called

Central moments ,stated by

r
Uy , is the expected value of (R —Hp ) Simbolized

/‘r:E{(R AR H

r
:je—/lb (R ~HR ) WGURQD (R)dR forr=0,1,2,...

Let L= Hp
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e~ A2 r
:fe—ib (R—=0) Wgipap (R)AR

Using the binomial series expansion of (R —u)r yields:

R SN R =9 SN
rof = & (g

I S - SN L P |
o Sy R R

_ 1
Alb-a)y

M=

a
0(_1)6@0%6 o & or—l-14p
= e

—aaY b (b
e

(

Then we have the r' central moment of R about HR

Remark (1): The variance for a random variable R~ GURQD is given
by:
2/

—2a ™t (—ab
var (R )= (bl 3 %0(—1)€{2ju£ (e aj —(e j .(3.11)

We know the variance of a random variable R is defined by
var(R)zE{(R—y)z}
As a result, we can calculate the variance of a random variable R GURQD

by plugging r=2 into equation (2.10). This is the end of the proof.
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Remark (2) : Standard Deviation ()= ,/var(R) (3.12)

3.1.7. Coefficient of Skewness , Kurtosis and Variation

In this subsection, we use the moment about the mean to drive the
skewness, kurtosis, and variation of the GURQ distribution, as shown in
the following:
Coefficient of Variation of the GURQD is given by:

(CV) =§ (2.13)

By substituting Equation No. (3.12) and Equation No. (3.9) into Equation
No. (2.13) we can get (CV.)
The coefficient of skewness K5 of the GURQD is given by

Ka:% (2.14)
m2
Where
3/ 3/
—-Aa - Ab
ho 1 31€3e(e ) (e j
_ﬂ(b—a)géo( ) 0)° 3¢ 3-¢

2-10
and m :ﬁ é (_1)5(2]05 (e—ﬂ«aj (e‘ﬂbj
—a)/=0

The coefficient of kurtosis L of GURQD is given by

C

L=—+
D2

(3.15)
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3.1.8. Moment Generating Function

Theorem 3.1.8.3.: The moment generating function My (t) of

GURQD is given by:

- (3.16)

Proof. The moment generating function of GURQN, was detected by

—-Ja
tR tR
M (t):E(e ): © b € Wouggo (R)OR

-Aa
:Je tR 1 dr
e

—ab € Zb—a)R
1 e 73 tR 1
_i(b —a)fe—ib e R dR

From Taylor series of et R get on et R_ ozo

1 e—Ad ® (tR)i 1
ib-a)ebiZg i1 & R
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ol (]

-a) i [

M (t):i

| 11 M8

3.1.9. Quantile

Theorem 3.1.9.4. : The quantile Q(q) of the GURQD where ©= (a ;b
‘A) random variable R is given by

Q (q)=exp(q (A(b —a))—ﬂ,b) (3.17)

Proof:

W surop (R) = i(bl_a)(ln R+4b)

By solving W =q for given value g ,the quantile Q(q) is

GURQD (R )
obtained

4= z(bl—a)

Q(q)=exp(q(4(b—a))-2b)
Settingq =0.5 yields the median of GURQD .

(InQ +4b)

Median of GURQD is solution of (3.17) when g=0.5

3.1.10. Order Statistics:

Let R, ,R,,...,Ry is asimple random sample with distribution function

1Ry
Weurop (R) @nd  density function wqp (R) - Let the order statistics
denote as R <R <...<R obtained from this sample. The

(1:n] (Z:nj (n:nj

[i:n]

density function of R , 1<i <n is provided by:

51



Chapter Three the GURQ Distribution
Section One

s eafinbomlt | vl )|

"GURQD [R(i ]} e i) <e™*?

e e % ﬂ _1(1{%@1@['““ 2 JU

1 —-Ab -Ja
ib-aRr. | <R(ij<e

)

The pdf of the maximum order statistics R, is specified by:

n-1
—-Ab -a
:n{WGURQD (R(n) } WGUROD (R(n)j e MRy <e

:n{ﬁ(lnR(nﬁib j]n 1 m],e—ﬂb <R(n)<e_/1a (3.18)
The pdf of smallest order statistics Ry, :

n-1
v, 011 0oumo [ | Vousap[ta] <y <7

4

_n[l{ l(bl_a)(lnR[ljwlbm W ,e‘M’<Rm<e‘ﬂa (3.19)

wp (R)

(M)

3.1.11. Entropy:

Entropy is a measure of a random variable R. variance or uncertainty The
Renyi and Shannon entropies Renyi (1961), Shannon (2001) are two comm

on entropy measures.
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Theorem 3.1.11.5. : If R a random variable has a GURQ distribution
,then the Shannon entropy of R is given by:

Entropy = log (b —a)—%ﬂ(b +a) (3.20)

Proof.

The entropy of a Shannon variable R with pdf w (R) is defined as

GURQD
Entropy = E (—logw (R))

)
:I:_ASWGURQD (R)[~logw (R)]dR

e—Aa 1
:Ie—/lbWGURQD (R )[—Iog [W ]dR

:4ziiz{zn;%aﬁi}pog@ub—a)R)dR

:ﬂ.(bl—a) fee:jk?[%}[logﬂ(b —a)+logR]dR]
e—Aa
1 |[logA(b —a)+|ogR]2
“Ab-a) 2
L~ b
1 {Iogl(b _a)+|oge—la}2 {Iogi(b —a)+|oge_’1b }2
“Ab-a) 2 - 5

1 |[logA(b —a)—ﬂualoge]2 [logA(b—a)-Ab Ioge]2

Ab-a) 2 2

1 |[logA(b —a)—/la]z [Iogl(b—a)—ib]z

Ab-a) 2 2
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= 2/1(bl—a) ([Iogfl(b ~a)[ ~2AalogA(b-a)+[Aa] —{[Iog/i(b ~a)[ -~2Ablog (b —a)+[,1b]2})
= 2/1(3_a)(—2/1alog/1(b ~a)+[4a] +24blog (b —a)—[ib]z)

= zﬂ(é—a)(Zi(b —-a)logA(b —a)—/12 (b2 —az)j

=log A(b —a)—%i(b +a)

3.1.12. Estimation Methods
We will address in this subsection several methods for estimating

unknown parameters GURQD.

3.1.12.1. Maximum Likelihood Method

Using the maximum likelihood method ,the parameters of GURQD are
estimated . Let Rl’RZ’“
the. Then the likelihood function is given by

. Rp indicate the sample size n at random from

L(Ri ;ﬂ,,b,a):ilri[lw (Ri ;A,b,a)
— L 1
S im-aR;

n L“’b’a):é'”[ﬁ]
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n
=-nini-nin(b-a)- 3 In Ri
i=1

But it is noted that then is absurd result when

5'”'—20, (’BInL:O élnL:

oA ob ' da 0

n

) L 1 _ 1 n -1
H(Risaba)= I 7 am ‘(ﬂ(b—aﬂ =N
L is maximum if /l(b —a) IS minimum

e_’“:)sRi Se_’la:e_’ﬂtbsR R ..,..,R <e_’1a

Aa

e =R, and e :R(n then b=

) 1 )

6: = ,é= ~
A -4
min{ InR .., InR ,...,Ian} max{InR JInR,..,...,InR }
. { 1 6(2) () e 1 _é(zj (n) @21

3.1.12.2. Method of Moments

This technique may be discovered by:

ri_1 0 or
E (R )_ﬁkzlek +(3.22)
r

Such that E (R ) the '™ moment about origin.
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1 {e—/lra_e—ﬂrb }

nor
Irb-a) Sk 82

If r=1,2,3, then the equation ( 3.23) becomes as follows:

1 ja_ A6k
= {e_ de” }:$ (3.24)
A(b-4) m
2
- 1 YR
— 3 — I
1 7248 _g-24b | _i=l (3.25)
24 (b-4)l Joom
m
1 [ -2]a 51 LR
1 724 _o—34b | _i=l .(3.26)
2 (b-4)L Jjoom

We may get estimates for the parameters a, b and A by solving the
equations (3,24),(3.25),(3.26) for a, b, and A using numerical methods.

3.1.12.3. Least Squares of Method

This technique, which is based on minimizing total squares of mistakes,
may be expressed as follows:

Ls= nzjl{\NGURQD (R )_(milﬂz (3.27)

Where W rop (R ) is the GURQ distribution .

Such that

SN |

oL .s _
oA

M3

Ls=

N—"

0
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m (I”RJ”%) InR | M| InR T

1 2(6 —é) 22(6 —a) = /Iz(b a) (m +1j (3:28)
oL.
a—bS:O

m ('”R”AbA) Jd+lnR | M ( 7 | ld+InR

rél /i(A—é) /{(A_é)z _rél[m"'l] j(A_é)z (3.29)
os_, 0 {(InRMb)_( r H InR +4b

oa ;=1 A(b-a) (m+1 /I(b—a)2

oLs_

oa

m (InR+/it§) InR +ib m( r j InR +1b

> = (3.30)
=1 /1( —a) ﬁ,(bA—é)z r=1(m+1 /i(bA—é)z

It is clear that the equations (3.28), (3.29), (3.30) are non-linear related, so

it can be solved using numerical methods .
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3.2. Exponential- Generalizing Uniform Distribution
(E- GURQD).

In this section , we will present the exponential - generalized uniform
distribution E-GURQD and then find p.d.f, c.d.f and some properties

(mathematical and statistical) of the distribution. We also show some

estimation methods to estimate parameters.

3.2.1.Cumulative Distribution Function (cdf) of Exponential-

Generalizing Uniform Distribution.
This defined the cdf of E- GURQD given by

x=F (X)
Fy X)=la R[QY ]fT ()dt =R [Fr @Q, (X)] (3.31)
Where - (x) and F- (x) are pdf and cdf of Exponential Distribution

such that FE

= (x)=1-e"*¥and fo (x)=2e"** | Fo(x) cdf of

. — . X —-a .
uniform distribution such that Fp (X):m’ Q/ (x) the quantile

function of GURQD such that the pdf , cdf and quantile function of it are

given as f (x):; e M x4 ab>0,1>0,a<b,

A(b—a)x
(Inx +ib) [[ﬂ[b—aj]x—lb]

R (x)=

Using (3.32) we get

and q(

Ina+Ab

e b-a)x—-2b_,
b a)[ J 0-a) X< ,a<b (3.32)

FX (x)=1-e ,

Equation No. (3.32) represents cdf of E- GURQD.
Limit of cdf
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—A [eA(0-a)X-Ab_4

) T (b_a)
1) “mx_)lna+ib I:X (X)_“mx_)lnawlb 1-e
A(b-a) A(b-a)
Ina+Ab
» eﬂb(b—a){/l(b —a)}_ib
(b -a)
=1l-e
—A [slna+Ab—Ab _
L e0-a)° d
—A (alna _
=1 e(b_a) © aJ
P
IR
zl_eO:

—A [eA(0-a)X-Ab_4

2) IimX_)OOFX (x)=limy _,,<1-€
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a=0.7

09r b=1.2,4=1.5 |

b=2,2=2.2
0.8 §

07l |
0.6 .
05} i

0.4} :

Cumulative Distribution Function

0.3} P |
0.2f .

0.1+ |

0 ! ! ! ! ! ! ! ! !
0 0.5 1 15 2 25 3 3.5 4 4.5 5

X-axis

Figure.8:This graph showed cdf of E-GURQD with the parameters

a=07b=(12122) A1=(1.31522)
We can see from Figure (8) that cdf for E-GURQD does not decrease

with increasing x and the parameters A, a, b.

3.2.2. Probability Density Function
The pdf of the new probability distribution, that is,

fy 0)=f1 [Fo @ (OIFE @ ()4, () (3.33)

Where

' d
R Q 0 =ggFR @ ()

Let x =Fg (Q, )| and F%(Q, (xja, (x)=1=Fg[Q, X )J:qY (X
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Using the  fact  that FR (QR (x))=xit  follows that

Fr Qg (X)) ag (x) =1 and F Qp () _qR(x) that
Fp Qg (X)) = R(FRéR(X»)

Fr (p) =m by taking p=Q, (x)

o ()=, (X )q;([FR((gt (x)])

f ()= 220X =20 [e“b“"t‘)):ib —a]

-1 {eﬂ(b—a)x—ﬂb_a}
fy ()= 22e*0-2)x=AD o(0-2)

,a,b,1>0 ,a<b

It is a E- GURQD probability density function which can proved as

follows:
Itis easy to check f, (x)=0

dx

Therefore
) eﬂ(bﬁf;)x—/lb_a
e 0 2 _Ab-a)x—Ab —a
IIna+ﬂbbfx (X)_Jlna+/1b/1 € €
A(b-a) A(b-a)
~00
) exl(b—a)x—/lb_a
b-a
=—e
Ina+Ab
“A(b-a)
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[ Ina+Ab 1
exl(b—a)[l(b 2 J—ﬂ,b_
B eﬂ(b—a)(oo)—/lb_a —A b_a
b-a
=—|e —e
=— (e_oo—eo):l

The limit for the probability density function given as follows :

. T 2. A(b-a)x—-Ab

b “mx_) na+Ab | X (X)_“mx _)(Ina+ib}(ﬂ °
A(b-a) A(b-a)
—A [sAb-a)x-Ab_
e e Y
Ina+Ab
Ina+Ab (b_—/la) el(b_a)b(b_a)J ib_a

:ﬂzeﬂ(b_a)[z(b—a) b e
=/12e0e0
Y

! {e/l(b—a)x—/ib_a
124 0-2)x-2b (b-a)

2) limy o0 fy () =limy .

—A |oAb-3)[0-4b

-a
_ ;24 b-a)(0-4b e(b -a)

—12e"® e ® =0

From Figure 11assarsion this fact.
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a=0.7
0.9 ‘

0.8

T
o
1
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N
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1
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|
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N
|
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probability density function
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T
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Figure.9:This graph showed pdf of E-GURQD with the parameters
a=07;b=(1.2122), A=(131522).

Figures (9) indicate that the E-GURQ distribution generates different

shapes such as symmetric, right-skewed.

3.2.3. Some Reliability function

The reliability function is given by the following function
Ry (x)=1-Fy (x)

(b_—/Ia){e/l (b-a)x—1b _aJ
=1-|1-e

ﬂl[ei(b—a)x—/lb_aJ

Ry (X ):e(b_a) (3.35)

Taking the limitto "X (X)  that is
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—A [pAb-a)X-1b_4
- i b2
“mx_>lna+/1b Rx (X)_“mx_) Ina+4b || °
A(b-a) A(b-a)
Ina+Ab |_
_Zez(ba)b(bﬂ)} ;tb_a
(b-a)
=e
—A [plna+Ab—Ab_5
:e(b_a) ]:1

-2 [ei(b —a)X—4Ab_4

The hazard function of the random variable X can be written as

eA(D-a)x—1Ab_4

-2
n (x)e X ) 22t O7XAD 6 b-a
X TI-Ry (X)) %[e/l(b—a)x—/ib_a}
1-[1-e®-2)
nx (x )=A2eA0-)X-4b a5

The reverse hazard it is function of a random variable X for the E-
GURQD is provided by
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) oAb -a)X-4b_5
: 2o A0-a)x—Ab b-a
r(X)= ) {eﬂ,(b —a)x—ﬂb_a] (3.37)
1-e (b-a)
The cumulative hazard function for the E- GURQD is provided by
Hy (x)==In(Ry (x))
—A [aA-a)x—Ab_ }
e a
—in|e® —a)[
< A Ab-a)x—-1b
Ay (0=525 (e —aj (3.38)
3.2.4. Mode:
To find the mode of the E- GURQD, it must be
dinfy (x ):0
dx

oA (b-a)x-Ab_,

A b-a
dx
—a
(;j—x In/lz+Ine’ﬂt(b_"’1)x_’Ib +Ine =0

df.,2 v an_ A [LAb-a)x—ib 7|
InA2+ (b —a)x — b —(b_a)[e aB 0
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20 —a)— 120D = 2D _ g

AB-a)X o= Ab _ (b-a)
e ==

A0 -2)X g, ~2b=In L2

X

mode =7 2] (3.39)

3.2.5. Moments:
The moments of the E- GURQD It is given by the following theorem.

Theorem 3.2.5.6.: The " order moment E (X ") about the origin of

E- GURQD is given by:

PPN B O B () [ap € al i (na)t [rJ[i ]
" (A -a)) K=0i20 jZ0m=0 i1gltlgm-1 kUi

(;]e ~dnapm g (3.40)

Proof. The r' moment of X is obtained by:

pp (x)=E (X r):jﬁnaMberfx (x )dx
A(b-a)

o r|,2. Ab-a)x—ib  (b-a)
=] Ina+Ab X7 A%e €
A (b-a)

-4 {eﬁ(b —a)x—Ab —a}
dx

InE(b_a)y +aj+/1b
Let y :L(el(b—a)x—lb —ajthen X = A

A —-a)
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Ina+Ab

If x = 7 (0-a)

then y =0 , if X =00 then y =0

dy :ﬂzeﬂ(b—a)x—ﬂb dx

;
. In((bza) y +a}+/1b
4 ()= 1=

-y
) e 7 dy

r
1 (b-a) -y
y +a +lb} e 7 dy
“Goar® (55
r
Using the binomial series of {In[(b )y+aj+;tb} yields:

e R L S
ﬂ}(x):m > [ ][ﬂb] o [In(9y +a)}r_k e_ydyﬂ:@

[
From Taylor series of ¥ getone ™Y = OEO; %then
'—O i

1 Loz (Y [
(A0-a)) k=0i=0 1

!

Hr (X)=

( ]Io [In(Jy +a)]r_k y! dy

X
Let eX =a+9y and y =2 ;

X
then %dx =dy and if y =0,x =Ina

and y =00 ,X =0

Vo 1 © (- [ib] r—k (a—eX ) eX
ﬂr(X)_(/l(b—a))i k§o|zo i K]“na[ | ( g J g

i)t 1 20 )[ffi]k( jj.na i ()d

(200-a)) k=0i=0 !9

Using the binomial series of (a—e* )I yields:
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(a—eX )i =(—1)i (e* —a) =(-1)

i i
J:

[ )

0 J

From substituting from Eq.

’ L TS (_l)J [4b] aj(r}[']oo r—k rx -1+
Uy (X )= DI _ _ N . N
r () (,1(b—a))rk:0i:0j:o 191+l k) j JIna [ }

Let X =t +Ina and 0<t <oo , dx =dt

o1 Lo i (yped Ty
#r () (A(b-a)) kéogojéo g+l LKJU

1 (t+ina) [e”'”a T—jﬂdt,c —r—kd =—[(j-1)-i]

L Lz iz(—l)j [zb]ka‘—i(rJ{i]

ﬂr(X)Imkzmzojzo gl k) j

i (t+mnaf [e”'”a} dt, ¢ =r —k,~d =[(j ~1)~i |

VNS S (~)) (a0 el T (i
i )_(ﬂ(b—a))r ZoiZ0jZ0 191 (kJU
=L

o0 ¢ [ t+na - :
i6° (t+Ina)® [ | at ¢ =r—k —d =[(j -1)-i]

Using the binomial series of (t +Ina)C yields:

(t +Ina)C — % (C J(Ina)c_mtrn

m=0\Mm
i - K _i—] c—m .
, 1 r o i ¢ (-0I[ap]a I (na) (rJ£I]
X IV & 0
Hr (X) (A(b-a)) kéc)izojéofnz:o 191+l K j
[C]e_dlnajaotme_tddt
m
Let -z =—dt ,0<z <o and Oll—zzdt
r(x)= Vb]k s IZ %(—1)j al ) (Ina)c_erJ{iJ(cJ
o mk=0i:0j:0m=0 j1gl 1 gm-1 k)LjJlm

e%ﬂlnajaozme—zdz
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Then the moment

) i K _i—j c—m i
e 1t e (i) a T (ina) ﬁ[']
Hr (X) (A(b—a))r ké()igojEOmZ::O jrgltlgm-1 kU
(CJe—d Inar(m +1)

m

Proposition 3.2.5.7.:The mean (u) for a random variable X~ E-
GURQD is given by:

N %(—1)j[;tb]kai_j(lna)c_m[lJ{i]

(ﬂ(b—a))k=0i§oj'=0m=o 19! tlgm-1 k Ui
{;Je —d Inal“(m +1) (3.41)

Proof. The mean (u) of X~ E-GURQD is obtained by putting r=1 in Eq.
(3.40).

Remark: r =2,3,4 we will obtain the (second , third and fourth)

moments

. i K i—j (jnnaC— -
1 2z i e () pnfad ol
Ho (X) (ﬂ(b—a))kEOiéojEOmzzo i1gl+lgm-1 kU

[CJe_dlnaF(erl)

m
: ' K _i—j c—m i
1 3z ioo (n[afa T Ny
#3(x) (ﬂ,(b—a))kéogojéomz:o i1gl+gm-1 kU

[CJe_dlnaF(erl)

m

1 4w (2bT¢ al ~J (Ina® ™M 4y
“a0)= 70 -a)) 0 20 10z i1gitlgm-1 Lk jm
{;Je —~d Ina1“(m +1)
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Theorem 3.2.5.8. : The '™ moment about the mean for a random
variable X~ E-GURQD is given by:

1 rr-o i ¢ r (—1)j+r+g[/1b]kai_j (Ina)c_mér_g

tr ):(l(b —a))’ Eoi % jEOmZ:O géO itgHgm-1

(il g ermes e

Proof: The r™ moment about the mean z, of a random variable X with

pdf f (x) is called Central moments ,stated by
r
Hr=E ([X —ttx | )
The (x — )r is equal to using the binomial series

(X = )r - gizo(_l)Hg [; ](ﬂx )r—g x9

Then

o0 r _
Hr :Ilna+ib[g§0(_1)r+g [;](ﬂx )r ) ]X I (x)dx forr=0,1,2,..
2(b—a)

Where py =p=5 isthe mean of E-GURQD and f (x ) is the pdf .

r r).r_
Hr = 920(—1)r+g [ngr ’ ﬁﬁaw’tb K91 (x)ax
- A(b-a)
[ L gy {r] r—g |,
= -1 o
Hr gé (1) 9 Hy
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Here, ,ué denotes the g" moment of the E-GURQD distribution, (by

replacing r by g ) into equation (3.40), we obtain the r™" moment around
the mean of the E-GURQD distribution as follows:
1o iocor (el I naf ™M

(20b-a)) 0% jEOmZ:OgZ:o itgh+gm-1

il s

Proposition. 3.2.5.9. : The variance for a random variable X~ E-
GURQD is given by:

Hy (X)=

: IPNEREE" K Ji—] c-m 2-g
var(x):;g 2L ¢ %(1) [Ab] a ' (Ina) s

il ortns 0

Proof: We know the variance of a random variable X is defined by
defined by

var (X ):E[(x —y)z}

As a result, we can calculate the variance of a random variable

X ~ GURQD by plugging r=2 into equation (3.42). This is the end of the

proof.

Remark: Standard Deviation (o)=,/var(X) (3.44)
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3.2.6. Coefficient of Skewness , Kurtosis and Variation

In this subsection, we use the moment about the mean to drive the
skewness, kurtosis, and variation of the E-GURQ distribution, as shown
in the following:
Coefficient of Variation of the E-GURQD is given by:

(Y, .):% (3.45)

By substituting Equation No. (3.41) and Equation No. (3.44) into
Equation No. (3.45) we can get (CV.)
The coefficient of skewness K, of E- GURQD is given by

et s
3
(o7

The K4 can be found by substituting r=3 into equation (3.42), and

substituting in the numerator, as well as r=2, and substituting in the
denominator.
The coefficient of kurtosis L of E- GURQD is given by

oo
E ((X —u)zjz

The L can be found by substituting r=4 into equation (3.42), and

L:

(3.47)

substituting in the numerator, as well as r=2, and substituting in the

denominator.
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3.2.7. Moment Generating Function:
The MGF (moment generating function) for the E- GURQD has been

discussed.

Theorem 3.2.7.10. : The moment generating function of E-GURQD

distribution is given by the following:

i(tbLEa)j ? (9. pk (b—a)k
kéo[k]ag) (T] T'(k +1) (3.48)

M(t):e[

Proof. The moment generating function M X (t)of the random variable X

IS given by:
t t
M (t):E(e X):j“l’naMb et X £y (x)dx
To
(b—/l ){exl(b—a)x—/lb_a}
_ (®© tx ;2 _A(b-a)x—1b —a
~Jina+ab|® " A7E € dx
Ab-a)
b—i {el(b—a)x—/lb_a}
M (t):mawib ot X ;2,4 (b-a)x—4b e( —a) dx
Ab-a)
Ab-a)x—Ab _Iny +4Db
Let Y =€ (b-a) than x = 1b-a)
_|lna+Ab —a if y — _
If x = 7 (0-a) then y =a , if X =00 then y =0
dy = A (b —a)et @-AX—4b 4
dx = dy

B A _a)ez(b—a)x—/lb
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[y —a]

¢ Iny +ibj -2
e( dy

M (t):(b—fa)jgo o (ﬁ(b—a) b—a)

[y —a]

_t
Vo o=70

(b-a)
2

b-a)
A

And z S ly-al,y=

b-a) dz

z +a then dy :(

If y=a than z=0, y =co then z =

-G (O e

Jipe e o
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| :@éow}i(p_k ((b%)}k r(k +1)

Than the moment generating function

_ [M%—ba)} & (¢ pk((b-a) ‘
M (t)=e Z(]a [ 7 J I'(k+1)

k=0lk

3.2.8. Quantile:
Theorem 3.2.8.11. : The quantile x p of the E- GURQD where 0= (a

;b ;A) random variable X is given by

—(b-a)
In{ln(l— p) A +a}r/1b

Xp= 10-3) (3.49)

Proof:

Let p :FX (x) then p :1—e(

-1
(b-a)
€

eﬂ,(b—a)xp—/lb_a

—(b—a)
A(b—a)x D —Ab = In[ln(l—p) A +a]

—(b-a)
In[ln(l—p) A +a]+ﬂ,b

Xp= 70 -a)
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The median of this distribution is obtained when p=0.5

—(b-a
In!ln(O.S) A +a}+lb

Median :XO.

5= 10 -a) (3.50)
3.2.9. Order Statistics :
Let X, X,,...,X, isasimple random sample with distribution function

F(x) and density function f(x) respectively .

Let a<Y1£Y2£....£Yn <b ,—o<a<b <o indicate the order statistics

obtained from this sample. The density function of XU_nj ,1<i <n is
known by:
i -1

SR i
bn i) (i -1)(n-i)!

) [e/i(b—a)x—&b_a] -t A {ei(bﬁ)x%b_a
e(b—a) Zzel(b—a)x—/lb e(b -a)
e <y, <2

The maximum order statistics X ,, of pdf is given by

9(vn)=n[Fy (va)] "y (vn)
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—/”t[e/l(b—a)x—}tb_a] n-1

9(yn)=n|1-e®~%

) {e/’t(b—a)x—lb_a}
12gA0b-a)x—4b (b-a)

—Ab

e <y <e™ (35

And the pdf of the smallest X , order statistics is:

—i[e/l(b—a)x—lb_a] n-l

o(1y)n) €

1 {ez(b ﬂa)x—zb_a}
124 0-a)x—Ab  (b-2)

(3.52)

3.2.10. Entropy:
Theorem 3.2.10.12.: If X a random variable has a E-GURQ

distribution ,then the entropy of X is given by:
Entropy = Ab+-log 42 —Ab-a)u (3.53)
Proof.

Entropy=E (—IogfX (X ))

:;ﬁnaﬂb fo (x)[~logf y (x)]dx
A(b-a)
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-1 {e/l(b—a)x -Ab —a}
_[® 120Ab-2)x-2b (b-2)
Ina+Ab
U(b—a) ]

ﬂi{eﬂCb—a)x —-Ab —a}

12oA0-a)x=2b (b-a)

—log dx

%[ei(b—a)x—lb_a}

:_j‘f " 12oA0-a)x=2b (b-a)
na+
sy
b—z {ez(b—a)x—ﬂb_a}
Iog/12+Iogeﬂ‘(b_a)x_}Lb +Ioge( -a) dx
-2 {eﬂ(b—a)x—ﬂb_a}
:_Iolo " 12g20b-2)x-2b (b-2)
na+
A(b—a)]
2 {exl(b—a)x—ﬂ,b_a} |
b-—
Iog12+[/1(b—a)x —Ab Jloge +Ioge[ a] dx

_Iolona+ﬁ,b
o

Ent =

o £

—/I{e/l(b—a)x—/lb_a}

[(2(b-a)x —Ab)loge]/lze’l(b_a)x _ﬂbe(b -a) 4+ 120 A(0-a)x=4b

-2 eﬂ,(b—a)x—lb_a}

e(b —a)

[b_—ia] {e’l (b-a)x—-Ab —a}

dx
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Let
Entz—(ll+I2+l3)

Such that

-4 {el b-a)x—4b_5

(Iogﬂ,z)/lze’l(b_a)x_/lb e(b -a) dx

Il:j{olonawib ]

A(b-a)
~A [.Ab-a)x—4ib_.]1"
e a
:—(Iog/lz) e(b_a){ }
Ina+Ab ]
A(b-a)
I1=Iog/12
%{ei(bﬂ)x—lb_a}
0 Vv _71h (b—
I2:J[Ina+/1b [(A(b-a)x —/lb)loge]/ize;t(b a)x /Ibe( ) dx
A(b-a)
-2 {eﬂ(b—a)x—ﬂb_a}
= (loge) (b _a)folonawlb x 12eA0-)x-2b (b-a) dx —
[/I(b—a) }
-2 {eﬂ(b—a)x—;tb_a}
A(loge )b Iolona+/1b 2e+b-2)x=4b (b-3) dx
[/l(b—a) ]

%{e/l(b—a)x—/lb_a} %
=A(loge)(b —a) u+A(loge )b e(b_a)
Ina+Ab
[ﬂ(b—a) J

I2 =A(loge)(b —a) u— A(loge )b
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2 {el(b—a)x—/lb_a} b_lﬂexl(bﬂ)x—/lb_a}
_® 2 Ab-a)x-1b_(b-a) —a
I3_Ilna+/1b Ace e loge dx
A(b-a)

Lete Y =e a){EMb_a)X ib_a}

@’8

-a)

) yjzx
)

lb+ln(a+
/I(b—a

(b_/Ia) ed(b-a)x—-Ab_4

Ina+Ab
A(b-a)

(Ioge) —y e Yy
——(loge)[g’y e~ dy
=~(loge)r(2) , T(2)=1t=1
|3=—(Ioge)
Then

Ent = —( Iog/l2 +A(loge )(b —a) 1~ A(loge )b —(Ioge))

If x =

theny =0 and X =ootheny =o0

Entropy = Ab+-log 42 —Ab-a)u
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3.2.11. Estimation Methods

We will address in this section several methods for estimating unknown
parameters Generalizing Uniform Distribution Using the Quantile

Function

3.2.11. 1. Maximum Likelihood Method
We will use maximum likelihood method for estimating the parameters

of Exponential- Generalizing Uniform Distribution Let Xl’XZ""’Xn

indicate the sample size n at random from the Exponential- Generalizing

Uniform Distribution. Then the likelihood function is given by

A [gh —Ab_
(x Ab.a)= 1] 224 0-2)x-b (b~ a){ o a}
i=1

-3 [MZ +A(b-a)x; —Ab —ﬁ{ei(ba)xi ~Ab —aﬂ

Ab-a)x.—-A1b
InL(x.;/Lb,a) In/12+i(b a)Zx Y T %e b-2) ' +
! (b-a)i=
Ana
(b-a)
By differentiating equation (3.54) with respect to 1, a, b, and equality to

ZEro.

(3.54)

1 n 1 n /i(b—a)xi—ib i
a—ﬂInL(x ;A,D a) 2nz+(b—a)i§1xi—nb—mi§1e _(b—a)
n i@—mxi—ib na
izi[da—a)xi—b}e +(b_a)_o
4 ) Al-8)x.-ib  j
+(b a)Zx +- 8 b+ Al %e b a)xl + A)“
) i=1 | (b a) (b—é)hﬂ (b—é)
n i(b—a)x ~ib
I_1[(b— a)x; } (3.55)
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< N > n Ab-4)x.-ib )
%InL(xi ;i,b,a)z—ﬂ_z X; —L_ e b-a) P
' (b-a) e (5-4)

i%:1£Xiei(6—é)xi—i5+ :{n[fzzo
(b-4)
i_% - i dei(b—é)x —;26: 1 2_% iXIe/i(b—a)x —ib
=1 (5_5) =1 (B_é) =1
+( A’i“bA)Z (3.56)
b-4
_ . N . 4 n A®b-4)x.—-ib
a%InL(xi ,l,b,a):/l izlxi —n/l—(t;_é)ziéle | _
i np. .1 Ab-A)x.-ib  jna
— > |Ax. —4 |e ' — =0
sl ] o
i_%xi =ni+ Z 2_% ei(k;_é)x _ibA+ AiA
=1 (B—é) 1= (b—a)
Ab-4)x.—-ib  ina

(3.57)

3.2.11. 2. Method of Moments

The E-GURAQ distribution's moment estimate technique is defined as

such that E (X ") the r'" moment about origin.
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1 Ll %(—1)j (] al ] (Ina)c_m(rJ[ij
(A(b-a))" k=0i=0j=0m=0 itgttlgm-1 k Ui
C n
[m ] e ~dIna +1):%kz:1x ! (3.58)

Considering three cases from (3.57):

B B N 2. (Ina)C_m(lJ[iJ

(A0 -2))k=0i=0j=0m=0 j1gltlgm-1 K\ ]
c n
[m ] e ~dIna +1):%kz:1x ) (3.59)
1 2 2 i (plpalal I a2y
ZkEO'EO'Z::o Z::o i1gi+l gm-1 k ) j
(A(b -a)) i=0j=0m 19" d
C n
[mJe —d Inar(m +1):%kz:1x k2 (3.60)

1 3z %(—1)j (b al 7l (|na)°‘m(3}[i]

mk:OingéOmzo i1gltlgm-1 k)
C)_ —dlna 10 3
(mJe Fm+D=g 2 %k (3.61)

We may get estimates for the parameters a, b and A by solving the
equations (3.59),(3.60), (3.61) for a, b and A using numerical methods .

3.2.11. 3. Least Squares of Method

This method is based on minimizing the total squares of errors and can be
formulated as follows :
2

m [ T
Ls :rél_F (X )—(m +1H (3.62)
2
—A [pA(-a)x-1Ab_4
0|, 6 |
L.s—Tzll e 1 (3.63)
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By differentiating equation (3.63) with respect to A1, a, b, and equality to

Zero.
m_1 {ei(b—a)x—/ilf_ ]ﬁ((b‘é)x‘b)ei(t{—é)x—itf
r=1| (b-a) (b-4a)
A [Ab-ax-Ab_g|[ A [AG-9x-ib_4 '
e ©-4) 1-¢®-3) [*_||=0 (3.64)
m+1
o[ - [ez(as)x_za_é}_ﬂ(w+1)ei(5:)x_i5
=1 (t;—é)z (b-4)
A [A0-a)x-ib 4| =1 [LA@-d)x-ib_4 |
e®-3) 1-¢®—2) —[ ’ j:o (3.65)
m+1
m || (ei(ﬁ—é)x—itf_é}_i((“ ‘i)eicﬁ:)x-it{
7=1| (0-4)2 (b-4)
fi ei(t;—é)x—ilf_é" f’i eA(b-8)x-Ab_4 ]
e ®—2) 1-¢®-3) —[ i j:o (3.66)
m+1

it is clear that the equations (3.64), (3.65), (3.66) are non-linear related,

but it can be numerically solved.
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Application

We presented an application on real data by finding the estimation of
the parameters for the given data, as well as comparing between these
distributions, namely GUEQD, GURQD and E-GURQD using the
measures, the Akaike Information Criterion  (AIC), Bayesian
Information Criterion (BIC) and Hannan-Quinn Information Criterion
(HQIC), Kolmogorov-Smirnov test (KS) .
AIC =—20+2q,
BIC =—27+2qlog(n),
HQIC =—27+2q log(log(n) ),

Whereas(f?)denotes the log-likelihood function evaluated at the

maximum likelihood estimates, g the number of parameters, and n the
sample size.

Data set: These are dataset corresponding to remission times (in
months) of a random sample of (128) for sick bladder cancer [6, 31].
0.08,2.09,3.48,4.87,6.94,8.66,13.11,23.63,0.20,2.23,3.52,4.98,6.97,9.02,1
3.29,0.40,2.26,3.57,5.06,7.09,9.22,13.80,25.74,0.50,2.46,3.64,5.09,7.26 9.
47,14.24,25.82,0.51,2.54,3.70,5.17,7.28,9.74,14.76,26.31,0.81,2.62,3.82,5
.32,7.32,10.06,14.77,32.15,2.64,3.88,5.32,7.39,10.34,14.83,34.26,0.90,2.6
9,4.18,5.34,7.59,10.66,15.96,36.66,1.05,2.2.69,4.23,5.41,7.62,10.75,16.62
,43.01,1.19,2.75,4.26,5.41,7.63,17.12,46.12,1.26,2.83,4.33,5.49,7.66,11.2
5,17.14,79.05,1.35,2.87,5.62,7.87,11.64,17.36,1.40,3.02,4.34,5.71,7.93,11
.79,18.10,1.46,4.40,5.85,8.26,11.98,19.13,1.76,3.25,4.50,6.25,8.37,12.02,
2.02,3.31,4.51,6.54,8.53,12.03,20.28,2.02,3.36,6.76,12.07,21.73,2.07,3.36
,6.93,8.65,12.63,22.69 .
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In Table (3.1) the MLEs of the model parameters for the data and the
numeric values of the model selection statistics AIC, HQIC and BIC are

given.

Table (3.1) shows that the E- GURQD model has the lowest values for
the criteria AIC,HQIC, and BIC, indicating that it is better than the other

to model this data set.
Table 3.1. Parameters Estimates for the Data and The Values of Statistics

AIC,HQIC and BIC for the first data set where o=(a,B,2) .

Model parameters AlIC BIC HQIC KS
GUEQD(w) é=10.001 -42.7926 -34.2365 -39.3162 0.9719
b =1
A = 79.0471
GURQD(w) a=0.001 -41.6989 -33.1428 -38.2225 0.969
b =1
A =79.0471
E- GURQD(w) a = 0.0499 -6.4221e+06 | -6.4221e+06 | -6.4221e+06 | 0.9979
b =0.1928
A=1.16
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Conclusion

Conclusion:

Conclusion:

In this dissertation

1-

Three continuous distributions each of them with three parameters
can be constructed called generalized uniform distribution using the
exponential quantile function (GUEQD), generalization of the
uniform distribution using the quantile function (GURQD) and
exponential- generalizing uniform distribution (E- GURQD. Where
the cdfs of the four distributions was found based on two families,
T-X{Y} family and T-normal families of distributions. Then we
found the pdf files corresponding to these distributions by deriving

the cdfs for these distributions.

We have derived explicit expressions for quantile and median,
moments, mean, variance, skew modulus, kurtosis and variance,
moment generation functions, order statistics, and Shannon

entropy.

The three parameters of the three proposed models were estimated
using estimation methods(Maximum Likelihood Method, Method

of moments ,Least Squares of Method).

Their usefulness have demonstrated by mean of application to real
data set and compared our proposed distributions among
themselves using criteria such as AIC, HQIC and BIC. The E-
GURQ model is found better than the GUEQ and GURQ models.
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Future works:

1. Using other estimation methods to estimate the three parameters of
GUEQ and GURQ and then compare between these methods to
indicate which method is the most efficient methods.

2. Finding new distribution by T-normal families of distributions
using the quantity function for the distribution E-GURQ.

3. Estimate of the reliability function for distributions GUEQ and
GURQ.
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