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NOMENCLATURE

The following symbols are used generally throughout the text other
are defined as when used .

Symbol Description Unit
A Cross section area of element m'
b Length of the model m
[B]® | Element strain matrix -
C Contiguity factor -
Cij Elasticity matrix in material co-ordinate N/m’
Dy The flexural stiffness N.m
[D] Elasticity matrix in global co-ordinates N/m’
dA Increment area unit m'
dv Increment volume unit m’
dw Increment work done per unite volume Jm’
dx Increment distance in x-direction m
dy Increment distance in y-direction m
dz Increment distance in z-direction m
E, Modulus of elasticity in longitudinal direction N/m’
Ey Modulus of elasticity in transverse direction N/m’
E. Modulus of elasticity in normal transverse N/m’
direction

= Modulus of elasticity of fiber N/m’
E, Modulus of elasticity of matrix N/m’"

{F} Global force vector N

{f} | Element force vector N
FX Body forces in x-direction N/m’
Fy Body forces in y-direction N/m’
Fz Body forces in z-direction N/m’

Gvy,Gvr,Gr | Shear modulus in ¥-Y,Y-Y and )-Y planes N/m’

) respectively
Gy Shear modulus of fiber N/m’
G Shear modulus of matrix N/m’
H Fiber spacing m
h¢ Width of fiber m
him Width of matrix m
N Tensor subscripts -
[K Global stiffness matrix N.m

[K®] | Element stiffness matrix N.m
k Fiber misalignment factor -
Ks Bulk modulus of fiber N/m’




Knm Bulk modulus of matrix N/m
M Composite modulus Ey,G,y,0r vyy

M Corresponding fiber modulus E¢,Gs,and v

M, Corresponding matrix modulus E,,G,,and vy,

N,,Nv,Nr | Shape functions for nodes ),Y and Y respectively -
Pi Line load N
Qi Reduced stiffness N/m’
Sij Compliance matrix in material co-ordinate m'/N

t Surface couple per unit length N/m
U Strain energy density for isotropic body N/m’
u® Element strain energy J
U, Strain energy density per unit length of the kth N/m’
f fiber
Un Strain energy density for matrix N/m’
Us Strain energy density for fiber N/m’
Uc Strain energy density of composite N/m’
Ui Overall displacement or displacement at center m
line
U, Displacement within the fibers m
Vs Fiber volume fraction -
Vi Matrix volume fraction -
Vmin Minimum fiber volume fraction -
Vecrit Critical fiber volume fraction -
W, ® Element work done by body force J
W,® | Element work done by distributed loads J
X,y,z or | Cartesian co-ordinates
Xy, Xy, Xy
V., Y, Y | Material principle co-ordinates -




Greek Symbols

Symbol Description Unit
o Normal stress N/m’
€ Normal strain -

T Shear stress N/m’
Y Shear strain -
o Poisson’s ratio for transverse strain in j-direction -
' on stressed in the i-direction
Vs Poisson’s ratio of fiber -
Vm Poisson’s ratio of matrix -
Oc Overall stress in the composite N/m’
ot Tensile stress of fiber N/m’
Om Tensile stress of matrix N/m’
Ocy Ultimate stress of the composite N/m’
Ofy Ultimate stress of the fiber N/m’
Omu Ultimate stress of the matrix N/m’
e Density of a composite Kg/m'
P Density of fiber Kg/m'
Pm Density of matrix Kg/m'
A Lame’s material constant N/m’
vl Lame’s material constant or shear modulus N/m’
TP Lame’s material constant for fibers N/m’
B Am | Lame’s material constant for matrix N/m’
Hi,; | Couple stress N/m’
C Reinforcement geometry factor -
n Reduced factor -
Vi The component of the relative strains -
Eii The component of the overall symmetric strain -
{c}" Element strain vector -
eT Thermal strain -
{c}¥ Element stress vector N/m’
¥, Measure of the shear deformation in the fiber
direction
N Measure of the shear deformation in the normal -
" direction of the fiber
X121 The derivative of W, with respect to x, -
@i, ®;, O | Element nodal displacement m
" Displacement with in element m
{D} Global displacement m
T Potential energy J
" Element potential energy J




Superscript

Symbol Description
(e) Element
T Transpose
-T Inverse Transpose
Subscript
Symbol Description
c Composite
f fiber
m matrix
:':kvi Nodal in axial direction
v\.;kv{ Nodal in vertical direction
¥1,Y],Yk | Nodal in rotation direction
\, V¥ Longitudinal, transverse and out of plane direction
respectively
Abbreviations
Abbr. Description
B.C. Boundary Conditions
CS Couple Stress
Eqgn. Equation
Eqgns. Equations
Fig. Figure
Figs. Figures
FMSS Fiber-Matrix Shear Stress
HOM Homogeneous Orthotropic Materials
HTE Halpin-Tsai Equations
max. Maximum
min. Minimum
No. Number
RVE Representative Volume Element
UDFRM | Unidirectional Fiber- Reinforced Material
UDL Unidirectional laminate
Tab. Table




Abstract

The micromechanical approaches playing a major role in studying
the behaviour of composite materials specially unidirectional fiber-
reinforced materials (UDFRM) by studying the behaviour of their
constituents (fiber-matrix and sometimes interface). Therefore, this work
has adopted microstructure approach which has considered one of their
approaches. But this approach didn’t have a good chance in the study
among them and the reason was ascribed to find number of parameters
and variables in its equations. In spite of this reason the microstrcture
approach shows improved its capability to calculate the shear stress
between fiber and matrix in an excellent way.

In this work, UDFRM in x,-direction. Then a representative
volume element (RVE) which includes two fibers embedded in a matrix
in (X,- Xv) plane was also taken. And thus it was assumed that:

The fiber has a rectangular cross-section with thickness equal to
matrix thickness.
There was perfect bond between fiber and matrix.

By employing strain energy method in plane elasticity the
equations for this material were derived which represent the relationship
between stress-and strain. Finite element method has been used taking a
triangular element with Y-degrees of freedom per node based on
displacement formulation. Using quick basic language the computer
program (SAOUDL) which comprises all the above dependent manner

was designed.

To verify the validity, the designed computer program (SAOUDL)
was applied on four cases, so as to study the following parameters:



Y- The type of load and supports, to study their effect on all vertical

displacement (¢, ), local shear deformation (¢3), couple stress (u)

and finally the fiber matrix shear stress (T, + Goq).

Y- Fiber size which is studied as a ratio between fiber spacing and the
length of studying model (H/b).

Y- The ratio between elastic modulus of fibers and matrix (E{/E,).

¢~ Poisson’s ratio for fiber (v;) and matrix (v ).

From cases one and two all the program results were compared with
the exact solution results for the same problem under study. Likewise in
case three the comparison was applied with the studying case from
another author on designed computer program and the comparison of the
results of this program has a good agreement. This work has arrived to
many conclusions such as:

- The increment in fiber size cause increment in reduction of

¢pand ¢.

Whenever the fiber size increased the reduction in .y, and

(T + O5q) are incremented also.

Whenever (E/Ey) increased the ¢, and ¢4 reduced and this
reduction increased when fiber size are high and likewise the

increment in E+/E,, decreased all pyvy and (T, + Goq).
- v, has a major effect on ¢, and ¢5 and a low effect on pv
and (T, + 05 ) and the effect of v are higher than the effect

of vg.



From all these conclusions, it is shown that the previous parameters
have the same effect but this state change with the changing of the type of

the loading and supports.



LadAll

3 sl dald 5 A8 jall ol sall gl dil ja A1 508 )y g2 488l ) (5 jla el
il s (Unidirectional fiber-reinforced materials ) slai¥! saa s il 31 il
—all sl 5 (Matrix) oY) sl ((Fiber) ca—lll) LgilisSa &l gl il 5o
(Microstructure approach) 48l 4l 45, )l Jeall 138 355 81 WA ((interface)
O O sl 5l (8 S Jaad) Led 05 a3 45 Hhall 38 (S ALY 028 (3 ka aal juing 53l
o s Leialan Lphaaii ) Ol purdiall g gualinll (e daadl 25 5 () (6 o anadl 5 LB )ha
Calll (g il ) alga) Claa e g pad s jlan JSo 5 cuidil 28 45 Hlall 1a (fd el
e IS 5 (el salall

Lete 341 a5 (X s olaily) olad¥) 5aa g ol 31 e 3ala 220 o3 Jaal) 128
Cre 90 e il (e 0 5S3a) ((Representative Volume Element ) aaall Jies jaic
BIE-P PAGIRS .(x,, x,) S siua A oY alall Jala
oY) salall dlass ) (5 sbse clans aa Jelaione ahaila 53 Caylll -
Lo Balall 5 Calll oy e Loy i -

- SNOA - R YW T U W ] - % S U RECHW S N g
s2es daldll ci¥alaall 3lEid) a5 ( Strain energy method in plane elasticity )
Banaall yaliall A8 jla iandt L) Jladi¥l g dlgaly) o 8l JAG Sl g 33l
S Bl 5, sl ol _diel a 54 e 45y ,S (Finite Element  Method)
anl 3V clual sage 1A jall cila ja ¢y Julaill IS (Triangular element)
el Jae¥ (Quick  Basic  Language) da s—all ¢l i xd Caandi il
ode ] saaiaall a1 S Jady 3l (SAOUDL )

Ao a5 anle Vs A )l ke a5 Wase drall el ) 480 (e 2SUN ) (e
_ea sl Jal sall
¢ (Dv) G sl Dlsall (e US e 5815 Ll )3 g 4 g el ailusal) 5 Joanill & 53 -
galall s anlll oo Gl dlga) 5 (pyyy) g el slbeal) ¢ (Dr) (o2 sall padll o 5
(Tivton ) oY)




sl 3 gaill o calll Jgha g LYY Adlisall G A€ (s 52 (53 ol pas Y
.(H/b)
( EdEm) o) 5ol 5 Call 45 5all Jalas (p Apasil] Y
(U ) o 3ol 5 (0 ) <l (e JST ¢ sl g9 i - £

Lo gl Jall il e el jll il 40 jlie i Aglill g V) cpllall d g
Gk 23 AN A 8 Gl Ay el Allal) uiidl ((Exact solution results )
2y Ane zealiyall il 45 e g deall gali yall Ao AT Caaly U (e A g jaall YA aa]
sagae clalivin) ) Jsaa sl a3 Juandl 138 JDA | S IS s el il ()l peacal
Dl s
LDV 5 DY e IS (S Gliats Cad Calll aaan 3l 3 -

(T ton) 3 i e AS A JNFAYD sl Cadll ana sl LS -
g_'q,gﬂ\eéadjs,guq_}c A2 3 Glasill 2 s Y 5 DY JELAS( E/Em ) <)) LalS -
(Tiyton) 5 i 0e DS do ( BJE, ) 3k Gl S
138 vy LB 5 (Tivton) s i e Kl OF 5 Y e S 5Ll -
p il e S 055,
sda Sy il i Led ALl Jal sall aea (b ey aliEiuY) s2a JOIA (4
il g Jaall g g5yt e Al



¢—\&>]\

(1) sdhanoll Jgau Il dniay ... ol
(<) <15831 dohals

A313hc] g 1yaads

geially...gdlall gliall g guica... gll
. geilgil g geigdl... g s Glay... gl




¢—\&>]\

(1) sdhanoll Jgau Il dniay ... ol
(<) <15831 dohals

A313hc] g 1yaads

geially...gdlall gliall g guica... gll
. geilgil g geigdl... g s Glay... gl




Chapter One
Introduction

V- General

A composite material can be defined as a macroscopic combination
of two or more distinct materials to form a new material system.
Composite materials unlike metal are man-made, and therefore, the
constituents of composite materials can be selected or combined so as to
produce a useful material that has desired properties. David R. Y+« «.

Thus by forming a composite material many properties can be
improved. These properties include:-

Y- Strength.

Y- Stiffness.

Y- Corrosion Resistance.
¢~ Wear Resistance.

©-  Attractiveness.

1- Fatigue Life.

Y- Weight.

A- Thermal Insulation.

- Thermal Conductivity.
Y +- Acoustical Insulation.

VY- Temperature-Dependent Behaviour.

Naturally, not all of the above properties are improved at the same
time nor is there usually any requirement to do so. Jones, Y4Ve,
The constituents of the composite material are the matrix and the

structural constituents:-



The matrix is the part that gives the composites its bulk form and
encloses the other parts. Therefore, the function of the matrix is to
support and protect the fibers and to transfer stress when the fiber is
broken. Typically, the matrix has relatively lower stiffness, strength,
and density than the structural constituents. However the combination
of fibers and a matrix can have very high strength and high stiffness
with low density. The material matrices are polymers, metals and their
alloys, intermetallic, glasses, glass-ceramics, and crystalline ceramics.

In fact, most of composite matrices are polymers. One classification
that can be made is between thermoplastic materials and thermosetting
materials. Thermoplastics can be softened repeatedly by heating with
no change in properties or chemical composition. Conversely, after
initial curing of thermosetting resins, they can not be resoftened. A
chemical change occurs during curing with heat and pressure.

Some examples of thermoplastics include nylon, polyethylene,
polystyrene and polyvinylchloride (PVC). Thermosetting resins include

polyesters, alkyds, epoxies resins, and polyamides resins Robert, L.,
1449,

The structural constituents (or the reinforcement materials)
determine the internal structure of the composite. They may be formed
as continuous fibers, i.e. in lengths running the full length of the
composite, or discontinuous,(i.e. in short lengths). They may be
aligned so that they are all lying in the same direction or randomly
orientated (Fig.(1-))). Aligning them all in the same direction gives a
directionality to the properties of the composite. However, the fibers
have high tensile strength, high elastic modulus, low weight and much
stiff and hard than matrix. The effect of the fibers is to increase the

tensile strength and tensile modulus, the amount of change depending



on both the form the fibers take and the amount. Bolton, Y44A and
Krishan, Y444, Some of the important ones are listed in Table ()-)),
along with a summary of their salient characteristics. Reinforcements
include organic fibers such as polyethylene and aramid, metallic

fibers, and ceramic fibers and particles.

Table (Y-Y): Properties of some important reinforcement Bolton, Y44 A

Tensile Tensile
Density
Fiber .| modulusE | strength
p(Mg/m’)
(GPa) O (MPa)
Alumina vy YV YYeo
Silicon Carbide (Nicalon) v You. YY.
Boron Y o $Y Yo
Carbon YA Yo. YV
E-glass Yo Y. YYoo*
Polyethylene (Spectra Y+« +) v LAY YVY Yau¢
Polyamide (Aramid) (Kevlar
Y ( ) ) ¢o YYo Yo
£4)

Note:- * Yo+ + MPa freshly drawn.
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(a) Continuous, aligned (b) Discontinuous, aligned (c) Discontinuous, random

Fig. (1-V): Form of fiber reinforcements Bolton, Y 33 A,
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In constituent materials of composite there is also an important role
played by the interface or interphase, the first being a common boundary
between two distinct materials, the latter is a distinct added phase, due to
chemical reaction of the matrix with the structural constituents.
De Wilde, YaAA,

Classification of Composite Materials

Composite materials can be classified into four categories according to
the structural constituents:-

Fiber reinforced composite (fibrous composite) which consists of
fibers in a matrix.

Laminated composite, which consist of layers of various materials.

Particulate composite, which are composed of particles in a matrix.

Dispersion strengthened composite which consists of small

particles dispersed throughout the matrix.

There is another type of composite materials named as laminated fiber
reinforced composite which is composed of laminated and fibrous
composites Jones, Y4Ve,

Most common engineering materials are homogeneous which have
the same properties at every points (position), and isotropic where the
properties are the same in every direction at a point in the body. In
contrast, composite materials are often heterogeneous and anisotropic.
Leknitskii, YaAY,

When a component is manufactured from a reinforced plastic, the
forming process does more than simply shape the component; it also

positions the reinforcing particles, and fixed their orientation.



The methods McCrum et. al., Y44Y commonly used for the

manufacture of fiber reinforced polymer matrix composites are: -

Pultrusion .

Filament winding.

Hand lay-up.

Hand spray-up.

Compression moulding.

Reinforced reaction injection moulding (RRIM).

Reinforced thermoplastics.

In this work the pultrusion products are considered. In this process
continuous fiber rovings are hauled through a bath of resin (polymer
precursor) and then pulled through a heated die to give the required shape
product as shown in Fig.()-Y). The resin then cross-links and hardens,
producing along prismatic component with fibers aligned uniaxially
parallel to its long axis. This method is used for the production of long

lengths of uniform cross-section rods, tubes or I-sections.

Continuous
roving

Resin bath “h,

Fig.(Y-Y): Pultrusion process. McCrum et. al., Y44V
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Application of composite materials

The development of composite materials has been a subject of
intensive interest for at least Y° years, but the concept of a composite
solid has been employed over since materials were first used.

More recently, fiber reinforced resin composites that have high
strength to weight or high stiffness to weight ratios have become
Important in weight sensitive applications such as aircraft, space vehicles,
sports, boats and medical applications. Such composite materials
technology began to emerge about (Y47+) with the advent of modern
fiber composites consisting of very stiff and strong aligned fiber (glass,
carbon, boron, and graphite) in polymeric matrix and later also in a light
weight metal matrix. Hashin-Survey, Y4 AY,

It is convenient to divide the applications of all composites into
aerospace and non-aerospace categories. In the category of aerospace
applications such as aircraft, helicopters, missiles, reentry, and other
aerospace vehicles low density coupled with other desirable features,
such as a tailored thermal expansion and conductivity, and high stiffness
and strength, are the main drivers. Performance, rather than cost, is an
important item as well. The main advantages for using composite in non
aerospace applications like sporting goods industry are safety, less
weight, and higher strength than conventional materials. Examples of non
aerospace applications are automobile industry, rocket engines, and civil

construction. Krishan, Y444,

Mechanics of composite materials

In the composite materials fields there are two approaches
represented the behaviour of composite materials, macromechanics and

micromechanics.



Macromechanics is the study of composite material behaviour
wherein the material is presumed homogeneous and the effects of the
constitutive materials are detected only as averaged apparent macroscopic
properties of the composite material. David, Y+ ++ and Jones, Y4Ve,

In macromechanics study, strength, stiffness and other properties
are based on fiber orientation, number of lamina (layer), thickness of each
layer and all other structural design parameters.

Micromechanics is the study of composite material wherein the
interaction of the constituent materials is examined in detail, as apart of
definition of the behaviour of the heterogeneous composite materials.
This means that micromechanics is the study of mechanical properties of
unidirectional composite in terms of those of constituent materials.
Stephen, Y4V¢,

Fig.(Y-Y) has been constructed based on the following
observations. First, fiber is linear elastic up to fracture. Second, matrix is
linear initially; however, it behaves nonlinearly as strain increases. The
strain at which non-linearity starts to appear is greater than the fracture
strain of fiber.

Commonly, the important parameters in the micromechanics study
of the composite materials are filament (fiber)-matrix array, void
inclusion and fiber volume fraction.

In this work, analysis of unidirectional fiber-reinforced materials
(unidirectional laminates) based on micromechanics approach is
presented taking into consideration the parameters: fiber size, elastic
modulus ratio between fiber and matrix ( Ef/ E;, ) and Poisson’s ratio of
matrix and fiber. Literature survey indicates that a substantial amount of
work has been done on micromechanics approach of the composite
materials. Some of works studied the mechanical behaviour and fracture
of discontinuous fibers and the other studied the mechanical behaviour of



continuous fibers. Few amounts of works have been done on a circular
hole in plate composed from unidirectional fiber-reinforced materials by

macromechanics or micro mechanics approach.

FIBER
" l
Q COMPOSITE
Q
~
)

MATRIX
L
STRAIN

Fig. (1-¥): Typical stress- strain relations of fiber, matrix and composite.
Stephen, Y4V¢,

\-¢ The objective of the present work

The objective of the present work is to study static behaviour of

unidirectional fiber-reinforced composite when subjected to mechanical
symmetric loading by using finite-element method. In this investigation
the following effective parameters are studied in detail:-

Fiber size (with constant fiber volume fraction).

Elastic modulus ratio between fiber and matrix.

Poisson’s ratio of matrix and fiber.

Boundary condition of the model under consideration such as the

type of loading and the types of supports.
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In this study, finite element computer program (SAQOUDL) is
designed to achieve the previous objectives. The results are comparing
first with an exact solution results of a case of pure shear in which the
ends of the fibers are rotationally restrained. And second the results are
comparing well with other work for the case of a circular hole in a

uniform (plane stress) tension field.

L_ayout of the thesis

This thesis consists of six chapters. After this introductory, chapter
two is concerned with a brief of literature review and back-groundwork
on the micromechanics approaches. Chapter three is devoted to the
theoretical analysis applied to unidirectional fiber- reinforced materials in
plane stress. Chapter four is concerned with finite element and computer
program, which are constructed to perform all calculations, based on
theoretical analysis. The results of this work are presented and discussed
in chapter five. Chapter six presents the conclusions to be drawn from
this work in addition to many further recommendations to develop this

work.



Chapter Two
Literature Review

Y-y General
Modern technology has found extensive use for unidirectionally

fiber-reinforced composite materials. To make effective use of these
materials, knowledge of their properties and performances when
subjected to loads is essential. Many aspects of their behaviour are
directly associated with the microscopic structure of these materials. The
desire to understand these materials drives the research in this field into
the micromechanics of this type of materials Hashin, y+ar and Aboudi,
14a4, However, when the micromechanical behaviour of such a composite
material is of interest, for example, the initiation and development of a
damage process well before a macroscopic failure, one has to take
account of the heterogeneity between fibers and matrix.

All the above features necessitate the need for a more realistic
prediction of the structural behaviour of unidirectional composite
materials, one form of these studies the current study of unidirectional
fiber reinforced materials subjected to mechanical symmetric loading.

Which has a very important interest in the micromechanics fields.

v-v Review of micromechanical approach of composite

materials

With rapidly growing computational modeling capability, the
micromechanical analysis of fiber-reinforced composite materials has
been become an important means of understanding the behaviour of these
materials. Thus the works that have been done on the micromechanical

study of the composite structures can be divided into four groups



according to the length of the fiber and bond between fiber and matrix
that in the first three groups. The last group involved the works that have
been done on a circular hole in plate composed from unidirectional fiber-
reinforced materials by macromechanical or micromechanical approach.
The first group represented the works that have been done on
composite materials with continuous fiber and by assuming a perfect

bond between fiber and matrix. This group contains the following works:

Barry, P. W. (1ava), presented a model which used to predict the
range of possible composite strengths. The model considers both static
and dynamic stress concentration effects on intact fibers which result
from a fiber failure. The model results are used to predict the range of
strength for composite materials prepared from three types of carbon fiber

and these are compared with experimental results.

Malcolm, D. J. (vsva), completed the analogy between the linear
elastic behaviour of a unidirectional composite and an isotropic material
with an oriented microstructure. The physical interpretation of the
additional stresses and the constitutive constants presented in the theory
of micro-elasticity is given and the shear stress between matrix and fiber
is presented in terms of these stresses. A constant strain finite element is
formulated and the stiffness matrix is presented in full. Finite element
results are presented for the case of a circular hole in a uniform (plane
stress) tension field when load is applied normal to the fibers where the

maximum tensile stress is shown to decrease as the fiber size is increased.

Hashin, Z. (vsv4), derived an expressions and bounds for the five
effective elastic moduli, thermal expansion coefficient and conductivities

of unidirectional fiber composites. Consisting of transversely isotropic

R



phases (i.e. fibers and matrix). The expressions have been obtained on the
basis of analogies between isotropic and transversely isotropic elasticity
equations. Application results for determination of the five elastic moduli
of graphite fiber were discussed. Thus, the results were of an importance
for carbon and graphite fiber composites since such fibers are highly

anisotropic.

Zhang, W.C. and Evans, K. E. (v+a+), presented a numerical
method to predict the mechanical properties of composite materials with
anisotropic constituents and used this method to predict the properties of
fiber- reinforced composite. The fiber- reinforced composite was treated
as an anisotropic but homogeneous continuum and the elastic constants
were determined by using an energy equivalence method. Finite element
method was used to calculate the strain energies (or complementary
energies) of the components (i.e. fiber and matrix). Comparison was
made with previous techniques to determine the longitudinal, transverse
moduli and Poisson’s ratios for isotropic and transversely isotropic fiber

in isotropic matrices.

Sideridis, E. (14a2), described a model to find the approximate
equations for determining the in- plane shear modulus of a unidirectional
fiber-reinforced composite from the constituent material properties.
Classical elasticity theory has been applied to the simplified model of a
composite unit cell in which the concept of an interphase between fiber
and matrix has been taken into account. Thus the model considers that the
composite materials consist of three phases, that is the fiber, the matrix
and the interphase. Thermal analysis was used for the determination of
the thickness and volume fraction of the interphase. The model had

introduced to be an improvement for the shear modulus.

VY



Chamis, C. C. (v+44), presented composite mechanics disciplines
and described them at their various levels of sophistication and attendant
scales of applications correlation with experimental data was used as the
prime discriminator between alternative methods and level of
sophistication. The discussion was developed by using selected, but
typical, examples of each composite mechanics discipline identifying the
degree of success, with respect to correlation with experimental data, and

problems remaining.

Shuguang Li (1444), presented the unit cell for micromechanical
analysis of unidirectionally fiber-reinforced composites. A systematic
consideration has been made of the symmetries presented in the idealized
fiber-matrix systems. Appropriate boundary conditions of the unit cell
have been derived from these symmetry considerations for
micromechanical analysis. The loads on the unit cells and the responses
of it in terms of macroscopic stress or strains have been addressed in such
a way that the effective properties of the material can be obtained from

micromechanical analysis of the unit cell in a standard manner.

Shuguang Li (v--+), employed two typical idealized packing
systems for unidirectionally fiber-reinforced composites, square and
hexagonal ones. Only the translational symmetry transformation has been
used. The unit cells so derived are capable of accommodating fibers of
irregular cross-section and imperfections symmetrically distributed
around fibers. Such as micro cracks and local debonding in the system,
provided the regularity of the packing and imperfections, is present. All
the unit cell subjected to arbitrary combinations of macroscopic stresses
or strains. The unit cells boundary conditions have been derived from

appropriate considerations of the conditions of symmetry transformations.

'Y



The expressions of the effective material properties of the composite
represented by the unit cell are then obtained in terms of the loads applied
to those extra degrees of freedom and the nodal displacements at those
extra degrees of freedom which are available from the output of an
appropriate analysis of such a unit cell. The results of this work,
validating the unit cells established, draw interesting comparisons
between the two unit cells representing the square and hexagonal packing

systems.

Shuguang Li and Zhenmin Zou (¥--+), demonstrated the use of
the unit cells in finite element analyses of unidirectionally fiber-
reinforced composites. Both square and hexagonal fiber- matrix systems
have been included. The appropriate boundary conditions for each unit
cell have been provided under all the possible loads corresponding to
uniaxial macroscopic longitudinal and transverse tension/compression
and shear stress states. The results obtained from the unit cells have been
discussed in such a manner which can provide a systematic series of
simple but necessary benchmark cases for correct use of such unit cells in

finite element analysis of unidirectionally fiber- reinforced composites.

The second group included the works that have been done on the
short fibers by micromechanical analysis and the effect of broken fibers
on the strength of unidirectional composite materials. Thus, this group

contains the following works:-

Law, n. and Mclaughlin, R. (rsvA), gave an application of the self-
consistent method (S.C.M.) to the problem of determining overall moduli
for short fiber-reinforced composites, assuming that the fibers can be
considered to be spheroids. For fully-aligned fibers, the numerical results

¢



are presented in graphical form and show the dependence of the
compliances on aspects ratio and volume fraction. By making use of
some ideas on how to handle the misalignment of fibers the S.C.M results

are shown to compare favorably with experiment.

Schultrich, B. et al (+svA), attempt to calculate the o-(¢)curve of
short fiber composites by considering regular arrays of plates in a ductile
matrix-several quantities of interest, such as variation along the fiber,
Young’s modulus, and yield stress, are calculated as functions of the
parameters and structure of the composite. Among the latter, the overlap
of the fibers may affect the properties strongly. The change of composite
behaviour from mainly elastic to yield may occur in several ways

depending on the parameters.

Akbarzadeh, A. (vavr), studied the effect of broken fibers on the
strength of unidirectional composite materials. The breaking of a fiber has
a negligible effect on the axial strength but that the void caused at the
breaking point has a considerable effect on the transverse strength of the
composite body. The stress intensity in the vicinity of the broken fiber
has been compared with a similar case without a broken fiber and it has
been shown that breaking of fibers can substantially increase the stress
intensity. Curves for predicting the maximum stresses in the vicinity of
the broken fibers are presented for unidirectional composite materials
loaded transversely.

GoOran Tolf (vsar), performed a theoretical investigation of the
stress field in a short-fiber composite. The concept of a typical region is
introduced and the boundary conditions for such region are derived by
using these boundary conditions, the stresses are calculated and knowing

this stress-field, macroscopic properties are calculated. Conclusions are

Yo



drawn about the mechanical behaviour of the composite, like critical fiber

length and fracture toughness.

Lauke, B. et. al. (vsre), presented a theoretical model for
calculating the work of fracture in such composites of short, subcritical
fibers in a ductile matrix with relatively weak interface. Starting from a
micromechanical analysis of the debonding and sliding length, the
fracture energies are calculated in general terms. Depending on the
relative contributions to the total energy which itself depended on loading
rate, the composite fracture energy varies with volume fraction in a

qualitatively different manner.

The third group involved the works that have been taken
considerably the interface between fiber and matrix and by a different

way like the following works:-

Agarwal, B. D. and Bansal, R. K. (14v4), performed a study by
single fiber model and by using an axisymmetric finite element analysis
which has been carried out to study the effect of interfacial conditions on
the properties of discontinuous fiber composites. This study has been
possible to take into account the interaction between fibers by
appropriately selecting the boundary conditions. The influence of
interfacial conditions on load transfer length, critical attraction length,
elastic modulus of the composite and composite strength were established

by presenting results.

Laws, V. (14av), extended Lawrence’s theory to calculate the
load/displacement curve during pullout, the crack spacing and strength of
an aligned short fiber composite. The effect of the bonds, interfacial and
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frictional on fiber pullout, crack spacing and strength is outlined, and the

calculation of the strength of the bonds is discussed.

Shirazi-Adl, A. (vsar), using a penalty function. Proposed a
displacement-based modified potential energy, which enforced the
continuity of stresses at a two-material interface. The finite element
formulation has been developed and applied for the stress analysis of a
number of structures made of highly dissimilar materials. His results were
compared with those obtained from the conventional finite element
analysis and the exact solution. On the contrary, the usual finite element
formulations have been resulted in significantly discontinuous stresses at

the two-material interface.

Lepetitcorps, Y. et. al. (v+44), studied the mechanical adhesion
between filaments (B, Sic) and titanium matrices. Because a single fiber
composite was chosen for this purpose, the critical length measurement
and the shear strength were calculated. Using a statistical analysis, the
study indicated the role played by the surface treatments of the fibers on
the reinforcement/matrix adhesion. The conclusions obtained on model

materials are in agreement with the result obtained on real composites.

Finally, the forth group included the works that have been studied
the stress concentration factor and stresses due to a circular hole in
uniform plate composed from unidirectional fiber-reinforced composite.

This group involved the following works:

Shastry, B. P. and Rao, G.V. (vsvv), studied the effect of fiber
orientation on stress concentration in a finite width composite laminate

using finite element techniques. The stress concentration factor was found
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to be maximum when the fiber directions are parallel to the loading and
minimum when they make an angle of :2°. In all cases the maximum
stress concentration occurs on the hole boundary at the minimum cross-
section,

Paul, T.K. and Rao, K.M. (1444), evaluated stresses and stress
concentration factor due to a circular hole in fiber-reinforced composite
laminates subjected to transverse loads and presented the variation of
stress concentration factor with plate thickness, hole size and nature of

load distribution.

v-v Summary:

The behaviour of composites depends on variety parameters such
as the properties of the components, bonding between the components,
alignment of fibers and so on. Thus, the micromechanical finite element
analysis, which has been employed increasingly for fiber-reinforced
composites in the past decade, has become an important means of
understanding this behaviour of composites. The theoretical and
experimental methods usually applied in micromechanical analysis in
order to tackle the problems that caused by the above parameters. The
theoretical method can be divided into two complementary families:

First the numerical method which provides more or less exact
solutions of the stress fields for special sets of parameters. Thus, there are
numerous detailed results for elastic or elastic-plastic fibrous composites.
The information that one can get from them is limited, of course due to
special geometry, etc.

Second the analytical approach which makes use of comparatively
crude models which enable the problem to be treated in a more general

manner and to attain finally some mathematical expression which
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contains all the parameters of interest Schultrich, B. (yavA). From the
literature review, it is clear that a very few works have been done on the
mechanical behaviour of unidirectional fiber-reinforced materials by
experimental micromechanical approach due to many factors which
influence the situation: () fiber/fiber and fiber/matrix interaction is not
usually taken into account, (v) perfect alignment of the fibers is difficult
to achieve during specimen preparation, (v) processing variables such as
incomplete bonding, fiber defects and void entrapment, which tend to
reduce the effective module, are often neglected, (¢) furthermore the
experimental method was expensive and needs high instrument, time and
cost. Sideridies, E. (y4ar).

However, a substantial amount of work has been done on the
mechanical behaviour of fiber- reinforced composites by
micromechanical finite element analysis, based on plane elasticity theory
in order to predict the properties of constituent materials, the stresses and
strains on them and failure that occur in unidirectional fiber-reinforced
materials.

In other way, no works have been done on the fiber-reinforced
composite subjected to mechanical and thermomechanical loading based
upon three dimensional elasticity theory and axisymmetric finite element
method by using micromechanics analysis due to the difficulty and
complexity of such work. So the present work studies the behaviour of
unidirectional fiber-reinforced materials subjected to the mechanical
loading based upon two dimensional plane elasticity theory and two
dimensional finite element method using displacement formulation, also a

computer program is designed to achieve our requirements.
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Chapter Three
Theoretical Analysis of Unidirectional Fiber-

Reinforced Materials (UDFRM)

v-v Introduction:-

Unidirectional lamina is the basic form of continuous fiber
composites, orientated in the same direction. The stiffness and strength in
the fiber direction are typically much greater than in the transverse
directions. Bolton, y4sa and McCrum et. al., vs4v. Thus, the knowledge
of the mechanical behaviour of lamina constituents, the fiber and the
matrix, is essential to study of the unidirectional fiber-reinforced
composite structures.

Predicting accurately the mechanical behaviour of composite
material is not an easy task. Differences between the properties of
reinforcement and the matrix cause complex distribution of stress and
strain at the microscopic level, when load is applied. Reasonably accurate
predictions can be made for unidirectional fiber composite, by employing
simplified assumptions about the stress and strain distributions.

In this work, analysis of unidirectional fiber-reinforced materials
have been done by assuming that longitudinal stress in the fiber varies
linearly across its width whereas the transverse stress is uniform across
the fiber.

In this chapter, stress equations of equilibrium in Cartesian
co-ordinate are described, the stress-strain relations for anisotropic and
orthotropic materials are summarized. The stress-strain relation for
orthotropic materials in plane stress, the micromechanics approaches of

composite materials, and a microstructure approach (which is considered



in this work) for unidirectional laminate are derived and finally the

general view about this work is limited in the last of this chapter.

vr-v Stress Equations of Equilibrium in Cartesian

Co-ordinate :-

The element shown in Fig.(r-)) displays only the stress components
in the x-direction together with the body-force stress components.
Hearn, vavy,

Thus, for equilibrium of forces in the x-direction:

0 0
|:GXX +5—XGXX dX -G }dy.dz +{rxy +@rxy dy—rXy }dx.dz+

[sz +§sz dz-t,, }dx.dy+ F, dx.dy.dz=0

dividing through by dx. dy. dz and simplifying:-

0c
0G L O +afxz +F=0 (r-))
OX oy 0z

Similarly, for equilibrium in the y and z directions respectively :

0 0 0
fyx POy Tz e g (Y-Y)
ox oy oz 7Y
0
0T,y N T23/4_63622 +F=0 (¥-V)

ox oy oz °

The equilibrium of forces does not represent a complete check on

the equilibrium of the system. This can only be achieved by an additional
consideration of the moments of the forces which must also be in balance.
The element shown in Fig. (r-v), shows only the stresses which produce

moments about the y-axis. For equilibrium of moment about the y-axis,

Y



B +§(rxz)d—z}dx.dy 2|2 Xz>—}d a2
z

2
0 dx dx
+— — |dy.dz — |dy.dz —=0
(50 5 [ S| = ) vz
dividing through (dx dy dz) and simplifying, this reduces to:
TXZ :TZX ...... (V'f)
similarly the equilibrium of moments about the x-axis and z-axis gives
that:-
Ty =T
zy — tyz
...... (v-°)
Ty = Tyx

Fig (+-v): Small element showing body force stresses and other stresses in the

x-direction only.
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Fig. (r-v): Element showing only stresses which contribute to a moment about y-axis.

v-v Stress-Strain Relation For Anisotropic Materials :

In the generalized case Hooke’s law may be expressed as:-

and o; =C: €; Lj=Yy,...v (v-v)

where Sij is the compliance tensor and Cij is the stiffness matrix (often
called just the elastic constant). Dieter, yaaa,

The Egns.(v-1) and (r-v) show that the components of Cij can be
determined by the matrix inversion of Sij. At this stage Cij or Sij have r=
independent constants, but further reduction in the number of independent
constants is possible when the strain energy is considered. Elastic
materials for which an elastic potential or strain energy density function
exists have incremental work per unit volume of. Jones, 1ave

dW =g; dg; L (7-1)
when the stresses o; act through strains de;. However, because of the

stress-strain relations, Eqn.(r-v), the incremental work becomes :-
dWZCIj Sj dSi ...(V"‘)

The work done per unit volume is: -
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1
W:ECij €j 8j ...... (V'\')
However, Hooke’s Law, Eqn.(r-v), can be derived from Eqgn.(r-4):

oW
G—SI:CU Sj ...... (V'H)

Where upon derivative

2
a W :CIJ ...... (T’-\\‘)
88i88j

2
similarly , e =C; (v-1v)

jei

Cij :Cji ...... (v i)
In general, C;=Cjand S;=S;. Therefore, for the general

anisotropic linear elastic solid there are twenty-one independent elastic
constants. From the previous equation, stress-strain relations in the

material coordinates for anisotropic materials are:-

01 Chu Cip Ci3 Ciy Cis Cig |
0| |Cro Cx»n Cxi Cy Cui Cy e
Jo3|_|C13 C Caz Cay Cs Coo | 23 (9)
™3| |Cuu Cu Ca Cy Cus Cue | [V23
T3] |Cis Co Css Cys Cos Cog | |Van
To) |Cis Co Czs Cus Cos Cep ] V12

Eqgns.(r-1¢) show that anisotropic materials have no planes of
symmetry for the material properties. An alternative name for such

anisotropic material is a triclinic material. Dieter, yaaa
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If there is one plane of material property symmetry, the
independent elastic constants reduced to thirteen and such material which
contains this No. of independent constant is termed monoclinic.

An important class of engineering materials are orthotropic
materials. An orthotropic material has three mutually perpendicular
planes of the material property symmetry. Thus, the stress-strain relations
in co-ordinates aligned with principal material directions which are
parallel to the intersections of three orthogonal planes of material

symmetry, are: -

or| |[Cu Cp C3 0 0 0 g

o2 |[C2 Cpn Cz 0 0 0 |]g
Jos|_|Ciz C3 Gz 0 0 0 )jeg ()
T93 0 0 0 Cuy 0 0 Y3

T31 0 0 0 0 Cgi O Y31

2] [ O 0 0 0 0 Cg | (112

Such material is called orthotropic material. There is no interaction

between normal stresses o;,6,,05 and shearing strains v,3,v31,712

such as occurs in anisotropic materials. There are only nine independent
constants in the elasticity matrix. Jones, vave.

If at every point of a material there is one plane in which the
mechanical properties are equal in all directions, then the material is
termed transversely isotropic. For (1-¥) plane of isotropy, the stress-strain
relations then have only five independent constants.

An isotropic material has only two independent constants in the
stiffness matrix due to the infinite number of planes of material property

symmetry: Timoshenko & Goodier, vav..
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Cu Cpp Cp 0 0
°1] |C2 Cu Cp 0 0 &1
%2 |C2 Cpp Cpy 0 0 :
Ssl_|l o o o (Cy —Cypp) 0 0 €3 (
t23 V23
Cy —C

T 0 0 0 ( 11 5 12) 0 Va1
w2l |y o o 0 (Cyy ; Cip) | 22

) . (r-1v)

The forward items show that the number of independent constants

decreases with increasing planes of material property symmetry. , Dieter,

YAAA,

The elasticity matrix Cij for an orthotropic material in terms of

engineering constants is obtained as follows: Barker et. al., vavr.

l1-v,avay )*E
an( 23Va2)*Epy

=

Cp, = (vip + V13FV32 )*Ep

Cpy= (vig + V12FV23 )*Egs

Crp= (L-vig VF31)* E»

Coam (L-vyp Vle)* Ess

Cpy= (Vs + Vo1 vi3)*Egs
F

Css = va y Coo = Gw, Cn = G\r

N

> ()

J

F=1-Vv1p Vo1 - V13 V31 - V32 V3 - Vg Vo3 V31 - Vo1 Vi3 V3o
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vr-¢ Stress-Strain  Relations For Plane Stress in an

Orthotropic Material :

Referring to Eqns.(r-+) and (r-1+) the three dimensional strain-stress

relation for orthotropic material can be written as:-

€1 Sip S Sz 0 0 0
€2 |92 Sp» Su 0 0 0o
€3 | |S13 S; Sz 0 0 O
Y93 0 0 0 S, O 0
val |0 0 0 0 Sg 0|ty
vel [0 0 0 0 0 Sgllu

. (r9)

For a lamina in the »-v plane as shown in Fig.(r-v), a plane stress
state is defined by setting. , Jones, vave.
63:0 ) T23:0 ) 1713 =0 ...(V'Y')
For orthotropic materials, such a procedure results in implied of
=S +S
€3 =913 01792302 (1)
Y23=0 . v3=0
Moreover, the strain-stress relations in Egns.(r-14) reduce to:
& Sy S 0 |0
82 = 812 822 0 62 cen (T‘"“‘)
Y12 0 0 Sg

A

12

Fig. (r-r): Unidirectionally reinforced lamina.
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Supplemented by Eqgn. (v-v») where:

1 Vig _ Va1
TR RTTE TTE
! ! 2 cen(¥-YY)
1 1
S» £ Se6 N
2 12

Note that in order to determine €5 in Eqn. (v-m), vi3 and v,
must be known in addition to those engineering constants shown in

Eqn.(r-vr). Thatis vy3 and v, arise from S.. and S.. in Egn.(r-n).

The strain-stress relation in Eqn. (v-vv) can be inverted to obtain the
stress-strain relations:-
op| |Quu Qi 0 |[g

cy=[Qn Qxn 0 |<& o (reve)
T12 0 0 Qes | V12

Where the Qjj , the so-called reduced stiffnesses, are

S
Q1= 2 )

2
S11S2 —S1p
-3

2
S11522 =512

5, > D

Q=

Se6 Y,

in terms of the engineering constants:
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1
Qu =
I-vp vy
12— 1— _1_ > (7))
Vi2 V21 Vi2 V21
E,
Qg =
V12 Vo1
Qg6 =612 _/

Note that there are four independent material properties, E,, E.,
Vio, and G, in Eqgns.(r-vv) and (v-v¢) when Eqns.(v-v¢) and (r-v1) are
considered in addition to the reciprocal relation. Dieter, yaaa,

Vi2 _Va Fovy
£ "E, ()

v-o Micromechanics Approaches of Composite Materials:

As cited in the first chapter that the micromechanics is the study of
properties of a monolayer in a composite material in the microscopic or
constituent level in order to determine the principal strength, elastic and
thermal properties of the monolayer. Grinius, et. al., vave,

However, the micromechanical analysis has inherent limitations.
For example, a perfect bond between fiber and matrix is a usual analysis
restriction that might well not be satisfied by some composites.
An imperfect bond would presumably yield a material with properties
degraded from those of the micromechanics analysis.

Basic to the discussion of micromechanics is the representative
volume element, which can be defined as the smallest region to show the
microscopic structural details, yet large enough to represent the overall

behaviour of composite. A simple representative volume element (RVE)
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can consist of a fiber embedded in a matrix block. Once a representative
volume element is chosen, proper boundary conditions are prescribed, the
prescribed boundary conditions must be the same as those if (RVE)
actually in the composite. Stephen W. Tsai and Thomas, 144,
The micromechanics of composite materials can be divided into two
basic approaches.
- Mechanics of materials approach.

Y- Elasticity approach.

v-o-v Mechanics of Materials Approaches:

This approach embodies the usual concept of vastly simplifying
assumptions regarding the hypothesized behaviour of the mechanical

system. The mechanics of material approach can be divided into:-

A) Mechanics of Material Approach to Stiffness :

This approach used to predict the elastic moduli and the strength of
unidirectional composite in terms of those of constituent materials.
Also this approach was done by simplifying assumptions for the
mechanical behaviour of composite materials. For example, the most
prominent assumption is that the strains in the fiber direction of a
unidirectional fibrous composite are the same in the fiber as in the matrix

as shown in Table (r-1), case of E,.
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B) Mechanics of Materials Approach to Strength :

For a composite containing continuous fiber and that is
unidirectionally aligned and loaded in the fiber direction, the overall
stress in the composite follows a similar relation in Table (+-1). That is

called rule of mixture.
GC :Gf Vf +Gm Vm ...... (Y‘—Y/\)

Figure (r-¢), illustrates this relationship on a stress-strain diagram.

Stress

Composite Matrix

Strain

&t =& =€

Fig. (¥-£): Relationship among stresses and strains for a composite and its fiber and

matrix materials Robert, Y447 and Jones, Y4Ve.

The rule of mixture in Egn.(Y-YA) ignores any negative deviations
due to any misalignment of the fibers or due to the formation of a reaction
product between fiber and matrix. Also, it is assumed that the
components do not interact during straining and that these properties in

the composite state are the same as those in the isolated state. Then, for a
series of composites with different fiber volume fractions, o, would be

linearly dependent on Vs. Since, Krishan, 1ass,
Vi+ V= .(r-v9)
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Eqgn. (v-v») can be written as:

6.=05 V; +0, (1—Vf) ()

Certain restrictions on Vs can be put in order to have real
reinforcement. For this a composite must have a certain in minimum fiber
(continuous) volume fraction, Vmi,. Assuming that the fiber are identical
and uniform (that is, all of them have the same ultimate tensile strength),
the ultimate strength of the composite will be attained ideally, at a strain
equals to the strain corresponding to the ultimate stress of the fiber. Then,

Geu =0y Vi +0my (1 V5) Vi > Vi ()
where

Of, = ultimate (maximum) fiber tensile stress

!

Omy = Mmatrix stress at the strain corresponding to the fiber’s

ultimate tensile stress.

At low volume fractions the fibers may not be enough to control
the matrix elongation. Thus, the fibers would be subjected to high strains
with only small loads and would fracture. If all fiber break at the same
strain, then the composite will fracture unless the matrix can take the

entire load imposed on the composite, that is.
Ceu <Omu Vim cou(r-7Y)
where
O = Ultimate tensile stress of the matrix.
Finally, the entire composite fails after fracture of the fibers if :
Oou =01y V§ +0my (1= Vi) = o, (1-Vf) conn(T-7T)
The equality in this expressions serves to define, Vpin, that must be

surpassed in order to have real reinforcement, in that case,

14
Gy —O
_ mu mu
Viin = , SR
Ofy TOmu —Omu

\RJ



The value of Vpin increases with decreasing fiber strength or

increasing matrix strength.
If fiber reinforcement is to effect a greater strength than can be

obtained by the matrix alone, then

Oy > O co(¥-ve)
Thus, Vcrit, can be given by the equation:

Gou =01y Vs +0my (1= Vi )>opm,
in this case,

!
Omy —O
Verig =——— ()

Oty —Cmuy
Vcrit increases with increasing degree of matrix work-hardening

(Gmu —c’m). Figure (r-°) shows graphically the determination of Vi, and

Vrit- Its clear that Vi will always be greater than Vpin.

Ocy = O Vi+ Ome (1- V)
@]
Tmu
(o 2408 -~
N
Vi —

Fig. (v-¢): Determination of Vmin and Vcrit Krisham, vs4s and Jones, »ave,
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r-o-v Elasticity Approach :

The objective of all of the micromechanics approaches (mechanics
of materials approach and elasticity approach) is to determine the elastic
moduli or stiffness or compliances of composite materials in terms of the
elastic moduli of the constituent materials. An additional objective of the
micromechanics approaches to composite materials is to determine the
strength of the composite materials in terms of the strength of the
constituent materials.

The important approach is the elasticity approach that can be
classified as: -

Bounding techniques of elasticity (the variational calculus method).
Exact solutions.
Approximate solutions, including:

A- Elasticity solutions with contiguity.

B- The Halpin-Tsai Equations.

C- Microstructure theory.

The first method focuses on the upper and lower limits of the
properties of the composite and does not predict those properties directly.
Only when the upper and the lower bounds coincide a particular property
is determined. Frequently, the upper and lower bounds are well separated.
Krishan, 1414,

The exact solution method is appropriate to indicate the types of
solutions that are available and to compare them with the mechanics of
material results.

Because of the resulting complexity of the problem, many
advanced analytical techniques and numerical solution procedures are
necessary to obtain a good solution. However, the assumptions made in
such analyses regarding the interaction between the fiber and the matrix

are not entirely realistic. An interesting approach to more realistic fiber-
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matrix interaction is the contiguity approach, which will be examined in
the next section. Also the Halpin-Tsai equations are widely used which
will be also discussed later. Both the contiguity approach and Halpin-Tsai
equations are used in this work in order to examine the accuracy of the
finite element computer program for Unidirectional Fiber-Reinforced
Materials (UDFRM). Finally, the microstructure approach which was

adopted in this work was derived in details at the last of this chapter.

r-e-v-1 Approximate Solutions:

As cited in the forward sections the most interesting and important
approaches that are widely used in elasticity approaches of unidirectional

composite materials are:-

Elasticity Solutions with Contiguity :-

From an analytical point of view, a linear combination of
a solution in which all fibers are isolated from one another, and
a solution in which all fibers contact each other provides the
correct modulus. If C denotes degree of contiguity, then C = .
corresponds to no contiguity (isolated fibers) and C = » corresponds to
perfect contiguity (all fibers in contact).
Naturally, with high volume fractions of fibers C would be
expected to approach C = 1. Jones, 14ve,
For the elasticity approach in which the contiguity is considered,

Tsai Tsai S. W., 141« obtained for the modulus transverse to the fibers.
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_(1—C) Kf (2Km +Gm)_Gm(Kf — Km)\/m |

(2K, +G,)+2(K; —K )V,

C K (2K, +Gf)+Gf(Km - Kf)vm
(2Km +Gf)_2(Km - Kf )Vm

EZ :2[1_Vf +(Vf _Vm)vm]

,_,(r-r@i
Tsai also obtains
y :(1_C)Kf vi 2K, +G )V, +K v (2K, + G )V,
8 Kf (2Km +Gm)_Gm(Kf _Km)vm
4o Kin Vin (K¢ + G )V + Ky vy (2K, +G; V;
Kf(ZKm+Gm)+Gf(Km_Kf)Vm
(T
Gy, =(1—C)Gm 2G¢ _(Gf _Gm)vm +C Gy (Gf "‘Gm)_(Gf _Gm)
ZGm"‘(G‘f _Gm)vm (Gf +Gm)+(Gf _Gm)
(r-v9)
where
K )
2(1—Vf)
E
K. = m
mo20-vy) \ (ree)
E,
Gt =
2(1+Vf)
E
G — m
M 21+vy) )

For the modulus in the directions of the fibers, Tsal Tsai, v4v¢

modified the rule of mixture to account for imperfections in fiber
alignment:

E;=k(Vf Ef +VEn) ()
Where k is the fiber misalignment factor ordinarily varies from

-4 t0 . This factor is an experimentally determined constant and is highly
dependent on the manufacturing process.
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B) The Halpin-Tsai Equations:-

Halpin and Tsai developed an interpolation procedure that is an
approximate representation of more complicated micromechanics results.
The beauty of the procedure is twofold. First, it is simple so it can readily
be used in the design process. Second, it enables the generalization of
usually limited, although more exact, micromechanics results.
, Halpin, J. C. and S. W. Tsali, 141+,

Halpin and Tsai developed the following approximate form:

E,~E; V; +E,, V., L (r-ev)
V1o =V§ V5 +v Vi c(r-e7)
and
M :1+§an L (r59)
My, 1-nV;
where
n:(Mf/Mm)—l (T-£0)
(Mg /M) +&
in which

M = composite modulus Ex. Gy, or vo3
Ms = corresponding fiber modulus, Ef, G¢, or v

My, = corresponding matrix modulus Ep, G, or v,

and ¢ is a measure of fiber reinforcement of the composite which

depends on the fiber geometry, packing geometry, and loading

conditions. The value of & can be obtained from Eqns.(r-:¢) and (r-¢¢).
The term n is called reduced factor and its values <. Moreover, it
is apparent from Eqn. (v-¢°) that n is affected by the constituent material

properties as well as by the reinforcement geometry factor &.
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C) Microstructure Approach :

Properties of UDFRM are dependent on various characteristics of
the fibers, the matrix and the fiber/matrix interface. In general, the
behaviour of the fiber and matrix are studied well by micromechanics
approaches which have a good significance in this field. But from
micromechanics approach the microstructure approach is known in
considerably less detail. Thus this has led to a substantial volume of
research over the past few years, which has been aimed to study the
behaviour of the composite materials by microstructure theory. So the
present work studies the behaviour of (UDFRM) by microstructure

approach as shown in the next section.

r-o-v-v A Microstructure Approach for Unidirectional Fiber-
Reinforced Materials (UDFRM):

In this approach the UDFRM can be examined microscopically by

considering a unidirectional composite with reinforcing layers (fibers) in
(X,-direction) as shown in Fig.(v-1). The representative volume element of

this composite is chosen to be two fibers embedded in a matrix plate. The

fibers are assumed homogeneous and have a rectangular cross section

with the same thickness as the matrix plate. Therefore, the width ratio hs /

( hf + hyy ) is chosen to be the same as the fiber volume fraction of the

composite itself.

Fig. (v-v) shows (RVE) for (UDFRM) with fiber spacing (H) that is
equal to the sum of the width of fiber and matrix. The U; represent
displacements within the fibers and these displacements are independent

of displacement, U; , which define the deformation of a classical

continuum. Both displacement are related to Cartesian co-ordinates X;.
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Fig. (»-1): Representative volume element (RVE) A perfect bond is assumed between
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The strain energy Herrman, »svx and Malcolm, yava of n discrete
reinforcing layers (fiber) can be supposed by a weighted integral over the

entire region. Therefore :-
n
k Vi
ZUf zh—J. U; dx, (v-7)
k=1 f

where Vs = hs /H indicates the fiber volume fraction or density of the

fibers and U]lf Is the strain energy density per unit length of the ky, fiber.

For an isotropic elastic solid in plane strain the strain energy

density. “U” may be written as: Dieter , y4ar and Herrman, »av»

2 2 2 2
U=(1/2)(e11 +&2) +M(811 +2¢e1, +822) (v-2v)
where: A and p are the Lame’s material constant which are equal to :-
i = shear modulus = G -_E ;A= vE )
2(1+v) (L+v)@-2v)

Consider, at first, alternating plane of parallel sheets of two
homogeneous, isotropic materials Fig. (v-).

The lame’s elastic constants, and the width of the fiber layers and the

matrix layers are denoted by As, us, hsand Ay, Ky, hm respectively.
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Fig. (r-+): Laminated medium
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where the k-th reinforcing sheet, whose midplane position is defined by

xfzk . The displacements in plane strain may be expressed in the form:-

ok
Up=Uy+X3 Yo } o (r-9)

where  ,, is local shear deformation.

and X‘;k is the coordinate in a local coordinate system.

Expression for the strain energy density may be obtained by
employing the displacement distribution in Eqgn.(r-:?) together with
energy expressions in Eqn.(r-¢v) and integrating through the width h¢, and
by assuming that longitudinal stress in the fiber varies linearly across its
width and that transverse normal stress is uniform across the fiber.

When :-

The component of overall strain tensor

1 8ui OUJ
€i=€ji=—| —+— c(r-20)
e 2[8xj oX;
and the component of relative strains
ﬁuj (re21)
Yii=— —Vii N A
] @Xi J
ou, ou, hg O
OX{ OX; 2 0Xq
The term h—f% Is very infinitesimal, so equal to zero
X2
ouq
g€ =—— . (v-oy
175, (r-2¥)
ou, Ou,
8 = cee =0
275, " ax, Va2 (v-ov)
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1(%;3“_2 _1[8U_z+@+h_f %]

8 = — = .

272 OXy OXq ) 2{ 0%y 0OX, 2 0X,
1( ou,

€ =—| ——+ I T

12 2(ax1 Vo1 (v-0¢)
ou ou
Where \.|f21 :ax_l y \l}22 :ax_z ..,,(T’—DD)
2 2

By substituting Eqn.(r-2¥) to (r-°¢) in Eqn.(v-¢v) and integrating it to
dx. the strain energy density of the fiber may be written as :-
2 2 2
1 oy21 1 Ou 1 ouq
UF=2D¢| == | +=peh +—5 | +=Ashs| —+
F=5 f(axl) 2Mf f(WZl 8X1j oM f(@xl \szj
ou 1

2
+ughy (87) +y 5, co(r-0)
1

where, Lame’s materials constant for fiber Af, p+ are equal to

A = viE¢ _ Eq
P evo—2ve)” T 20 vy

and the flexural stiffness, D¢ = u¢ h;:”/6(l—vf)

O 91
OXq

o(r-oY)

X121 =

Within the matrix the normal strains in the x, directions are
assumed identical to those in the fiber: the transverse normal and shear

strains within the matrix, however, are not dependent solely on the
overall displacement field u; , but are also influenced by the strains

within, and the thickness of the fiber the strain energy per unit volume of

the matrix may be shown to be :-

¢y



2
1 Vs
Un==Am|€11+| €2 + +
m=5 m{ 11 ( 22 1-V, YZZH

2 2
Wm|e® +| ex + Ve Yoo | +2] & 1 Vi Y21
11 1-V; 21-V;
o (7-00)

Where, A, and p,, are Lame’s material constants for the matrix.

Thus the total strain energy per unit volume of the composite may be
written as :-
V.
U, =h—f Us +(1- V5 Uy, o (r-3)
f
which, using Egns. (v-1), (v-eA) and (v-=») can be expressed as :-
2 (1 2 (1
UC :811 (E}\, + u] + 822 (E}L + Mj +811822 7\4+ 811'Y22Vf (}Lm —7\«f )+
€202 Ve (o + 20 =g — 204 )+

2 1 V
Yoo Vi {Ekf gt (

1 2
“Am +Hmﬂ+2812 H+2€19791 Vs (Hm —Hf)

1-V;\2
+=v5,V + + "1
21/21 f(“f 1-V, “m] 2h, X121

()

where
A=V As + (1= Ve py
w=V; l +(1—Vf )“m cn(r-0)
121 =V 21,1 =0V 2 /0%y

This strain energy may be compared with the strain energy of an

isotropic material with microstructure to result in the following relations: -
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U,

:(/1 + 2#)511 +Aey +V4 (ﬂ’m — A )722

o0&y,
oU .,
f2 :ag :/1811 +(2’+ 2:”)822 +Vf (ﬂ’m + Z,Um _ﬂ’f _quf )}/22
2
ouU .,
Ty = Tn = =2 &y +V (1t = 221
12
U, v
O» :‘3722 =V (j’m — A4 )‘911 +V, l:/if +24; +1_\f/f (ﬂm +2,le) 7 22
WV A, 42, - A =2, ]
ou, Vv
O, = :Vf M +—fﬂm 7/21+2Vf (/um_ﬂf )'512
0V 1-V;
ou, VD,
Hin = =

X121
OXy9 h,

Eqgns.(r-1v)
where 151 1S the couple stress.
The above equations are valid in a state of plane strain where the

overall strain €55 is zero. Assuming that the stress T,5 has a form similar

to the value of t,4in Eqns.(r-xv) of plane stress may be derived as:-

T d d, 0 0 dg O €

Typ d, dg 0 0 dy O €50
J T2 | _ 0O 0 d; d¢ 0 O | 2¢,, ()
(oY o 0 d; d, 0 O Yo

G22 dg dg 0 0 dg O Y22

Hipe) 1O 0 0 0 0 dy] (%)
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where:-

d, = 4u(p+ 2) (2 +2p)
d, =2u 2/(2 +2p)

dy =p
d, =V Vi
= +
4 il Hs 1-Vv, Hm
d5 =V, (,Um _/Uf)

Vv
dg =V, | A +2u, +7 {/ (A +28) =V, (2 =2, P (2 +24)

f

d, =V, u, h?/6l-v,)
dy =V uliy -2, ))(2+2p)
d9=d8+2Vf(,um —,uf)
()
From the strain energy expression contained in Eqns.(x-+:) and
(v-1v) equations of equilibrium of the following form are obtained by

standard variational techniques. Appendix A.

i1+ (12 +621) , =0 (10 )
122’2 +T1211 == 0 ...(Y"-lo b)
“’121,1 +621 :0 ,_,(Y‘-'&O C)

v-1 General View about Present Work:

The last two chapters mentioned that fibers could be continuous or
discontinuous. Generally the highest strength and stiffness of composite
materials are obtained when fibers are continuous. Also when the fibers
are very long the effect of their ends can be ignored whereas for the short
fibers (discontinuous fibers) this effect can not be neglected because they
are weak points in the composite sites of high stress concentration in the

matrix. It must be assumed that negligible stress gets transferred to the

e



fibers across their end faces. Stress builds up along each fiber from zero
at its ends to a maximum at the center. McCrum, 1aav,

This work used equation (¥-1v) in a plane stress which is obtained
from using microstructure approach, to design the computer program
(SAQUDL) by using finite element method which will be discussed in
the next chapter in details. Due to the complexity of these Eqgns. as they
contain large number of parameters and symbols few works were done on
microstructure approach of UDFRM. Most works were done by
micromechanics approaches to calculate the composite properties from its
constituents (fiber and matrix), compared with experimental results. But
the works that base on microstructure approach are difficult to compare
with other done in the same region. The reasons were ascribed to the
difficulties that encountered during experimental, which made this
method very expensive and complex. So in this work the comparison will
be done with exact solution results for the same example used to valid the

degree of accuracy for this equations.
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Chapter Four
Finite Element Method and Computer Program

¢-\ General:

The finite element method is a widely accepted numerical
procedure for solving the differential equations of engineering and
physics and is the computational basis of many computer-aided design
systems [Larry, Y4A¢]. The finite element method is rapidly becoming a
necessity in those curricula which solve problems in the general areas of
structural analysis, continuum mechanics, heat transfer, seepage,
magnetic flux, and other problems.

In this chapter, the finite element for unidirectional fiber-reinforced
materials is described. The stiffness matrix formulation for (UDFRM) is
derived. The main program is summarized and finally, the descriptions of

subroutines are focused.

¢-v The Finite Element For Unidirectional Fiber-Reinforced
Materials (UDFRM):-

In this work, UDFRM has contributed with the elements system of

equations to obtain the element stiffness matrix and element force vector

from equilibrium stress state of UDFRM under symmetric boundary
condition given in Egns.(Y-12a) to (Y-1°¢) which had been written in the

previous chapter basing on minimization potential energy principle.
The element that has been depended on the present work is a

triangular element which has straight sides and three nodes, one at each

corner as shown in Fig.(£-)), like wise, with three degree of freedom per

¢A



node. Thus, the nodal displacement values for this element are denoted as
¢;, ¢;, and ¢, for nodes ), ¥ and ¥ respectively.
Also the shape functions which corresponding to nodes Y, ¥ and ¥

are Nj, Nj and Ny or Ny, Ny and Nr respectively. So the displacement

within an element can be:

0 =Nigy +Njb; + Ny (£-))
where:
1
Ni=— 1 (@i +bix+c;y) (£-V)
N.:= 1 - +b- : ¢y
J_ﬁ(aj_i_ JX+C]y) ( - )
Nk:i(ak"'bkx"'ck)’) (£-9)
2A
and

8 =XY —XYj » bi=yj -y, and ;=X —X;
a;=XYi—Xi¥x » bj=y—y; and c;=X;-X, (£-°)

aQ =X;Y;—X;Yi » b=y, —y; and c,=X;—X;

i Yi
I X Yy

Note that ~ Nj+ Nj+Nx=") atany point.

Also “e” in Eqn.(£-)) refers to element and both ¢° ;0. and oy

and N;j , Nj, and Ny are function of (x, y) only. Therefore from Fig.(¢-Y)

Eqgn. (£-)) can be written as:
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Fig.(¢-V): Linear triangular element.
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Fig.(£-Y): Numbering of finite element node and degree of freedom.
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The potential energy © on the descritized region (element) is

defined as :

n

7= U® — (W + WO |5 10,17 4P} (£-A)
e=1

where U®is the strain energy in the element. Wf(e) Is the work done by
body forces and Wp(e) is the work done by distributed surface loads that
resulting from the stress components acting on the outside surface, where
the product {q)i}T.{Pi} refer to the work done by distributed load. When

the subscripts i indicates the line application of a line load Pi.

The strain energy U® can be written as:

u® % [{o}" {eb.dv

¢-9
L[4} D] {etav o
(67

as [D] is symmetric, [D]" = [D] in the above equation.
But the strain energy U® must be written in terms of the

displacement. The nodal displacements, however, are related to the total

strain components not the elastic strain components. [Logan, Y44 Y].

So the total strain: {e}={e}+{e1}
{e}={e}~le: } (¢-4)
fe}=[B] % | (&)

where [B] is the strain matrix and the derivative of the shape

functions [Ny, Ny, Ny] for the element. The vector {c},{e},{eT }and{e}

means

o)



(£-1Y)

From Eqgns. (¢-)+), (£€-))), and (£-)Y) the strain energy in

Eqn. (£-3) becomes:-

0© -1 b Bl -], b BT Dl (-

\AD
The displacement equations are left in the general form as:

b1
021 = [NJo® | (8)4)
b3

Thus the work done by the body forces and by distributed surface

loads are given as follows:-

W=, b }T[N]T{i}dv (£)9)
I:)X
Wi <[, b }T[N]T{Py}dA (+)%)

Taking into consideration that the product [N].{q)(e)} in Eqn.(£-) €)

is the column vector. So :-

INJ%® |=p® [ [N]T (1Y)

In this work, the effect of body forces and distributed surface loads
are neglected due to their small effects compared with external
mechanical loads. This work has been studied the linear behaviour of
UDFRM only because of large difficulties would appear if the thermal

effect is to be taken into account.
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Then the Eqgn.(£-A) can be written as follows:

<01 bO T ,JeT el o -y

i
YA
The principle of minimum potential energy which is taken into
consideration is stated as follows:- (for conservative systems of all the
kinematically admissible displacement fields, those corresponding to
equilibrium extremize the total potential energy. If the extremum
condition is a minimum, the equilibrium state is stable). [Chandrupalta
& Belegundu, Y44V]. So,
on

T 0 (£-19)
ol0}
The final system of equations in the element can be evaluated
from:
on(®)
5 =0 (¢-Y4)
oW
But,
&) _y® _nge) (£-YY)

Then W [K(e)]{‘b(e)} {(e)} S

From the above equations the element stiffness matrix [K®] and

element force vector {f®} can be written as:
K©L[ Bl pIelv (£-¥Y)
and this equations leads to

[K(e)] [,[B]"[D][B]t.dA=[B]"[D][B]t.A (£-Y )

oy



and =3P, (£-Y°)

In finite element formulation the general form of Eqn.(£-YY) is:

@ o ) (Y

so the global stiffness matrix K, and the global force vector {F} can be

given for the overall structure as:-

[K]{o}={F} (£-YV)

In Eqn.(£-Y°), {P;} is the concentrated force that was observed to
be used with the structural applications, and it is represented as an applied
load on the system (unidirectional fiber reinforced materials). In this work
the concentrated load has to be applied at a point on the cross-sectional

area or on the surface area of the element and the nodes are located and

add load components.

¢-r The Stiffness Matrix Formulation For Unidirectional

Fiber-Reinforced Materials :

The previous section has cited that the thermal strain was neglected
therefore the total strain is equal to elastic strain and Eqn.(¢-)*)

becomes:

(e}=le}=[B] {6} (£-YA)

In the total strains {e} the strain components and the displacement
are related. These relationships are called the strain-displacement
equations and can be derived in plane stress as:

ouq ou, ou; dup

Clu=—"=811, Cp=__"=8xp , Ep=_—"

(£-Y9)
0Xq OX 5 OXy  OXq

In the present work it has been considered that the material

principal co-ordinates Y, Y, and Y are corresponding to the Cartesian
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co-ordinates x, , Xy , and Xy respectively. In chapter three the strain
displacement equations for UDFRM are derived from Eqns.(¥-¢+) and

(Y-2Y). Therefore, the component of overall symmetric strain tensor and

components of the relative strains can be written as:-

ou ou ou, au
Eu=_- 4 Ep=_o , 28,7+ =28 (2-Y+)
OX, OX, Xy 0%y
_ou : _%2 £Y)
Y21 o, Va1 , Y22 o, V22 ( )
_ 0
and the couple strain = 191 = Va1 (£-YY)

OXq
Within the matrix the normal strains in the x, directions are

assumed identical to those in the fibers because of the perfect bond

between fiber and matrix. The local shear deformation ¢4 that denoted by
(435, 03j,and ¢ ) at each node as shown in Fig.(£-Y) is equal to 5y, S0

by using an expansion of the displacements ¢,,¢,,and¢, the strain
matrix [B] can be derived as:-

¢ =C1 +CpXy +C3X;

¢p =C4 +C5Xy +CgX; (£-YV)

¢3=C7 +CgX1+CoXp =Yy
where C, to Ca are constants. So the element strain-displacement relations

are given from Eqgn.(£-YA) as:-

koLl ers

and the matrix [B] can be obtained by differentiating the displacement
: : 0Py . .
equations for ¢ with respect to x,. From Eqn.(£-V) (;ﬂ is the derivative
X1

of shape functions (N, , Ny, and Ny) with respect to x, in the first row

00



: 0, . . .
and in the second row 92 Is the derivative of shape functions (N , Ny ,

OX
and Nr) with respect to xy and so on. So the Eqn.(¢-Y¢) in UDFRM

becomes:-

[ON oN oN -
—1 0 0 =2 o0 0o —2 0 0 || si_o
0Xq OXq OXq ba
oN oN oN 3i-1
0o — 0 0 —2 0 0 —2 0 | ¢g
X X X 3
oN; Ny oN, N, ONg 0N 03j-2
{S(e) }_ b0 2 2 0 S 0
N oN oN i
—1 0 N, —2 0 N, —2 0 N 0s;
o 0 0 0 0 0 0 0 0 |4
oN oN ONg || 3K
0 0 L 0 0 —2 0 0 2 ¢y
i OXy OXy OXq |-
(Y-¥°)

In the above equation the relative strains (yzz) are equal to zero

and this can be interpreted by the Eqn.(Y-¢9) in previous chapter which

equal to:-

U,=U,

Thus from Eqgn.(¢-Y)V) :

ou,

Yoo=7""VY2=

OX

OX

dup, Ou, dup duy 0
OX - -

OXy OX,

The Eqgn.(¢-Y°) may be used to evaluate the stiffness matrix from

Eqn.(£-Y£) as follows:

[Kl=[B]" [D][B]t.A

where:

o1

(¢-Y7)




ON ON oN
-1 0 0o =—2 0 0 — 0 o0
0Xq 0Xq OXq
o N, o, Ny o, Ny
OX 5 OX 5 OX
Ny ONp o N, N, o Ny ONg o
[Bl=|ox, ox, Xy OXq X, OXq
oN oN oN
—1 0 N, —2 0 N, —2 0 N
OX OX OX 5
o 0 o0 0 0 0 0 O ao
oN oN N
o o —* o o —2%2 o o 3
i OXq OXq OXq |
(£-¥V)

[D] is the elasticity matrix for UDFRM given in Egn.(Y-1Y) in previous
chapter. The term t and A in Egn.(¢-Y1) are the thickness of composite

and area of the element respectively.

¢-¢+ Introduction to The Main Computer Program:-

The computer program has been developed to study the behaviour
of UDFRM based on the effects of fiber size, elastic modulus ratio
between fiber and matrix, and the Poisson’s ratio of matrix and fiber.
These studies are based on the theoretical analysis presented in chapter
three.

This computer program, which is called (SAOUDL) (Stress
Analysis of Unidirectional Laminate) consists of a main program and four
subroutines written in Quick Basic language.

It stores the coefficients of {¢}, {f } and [K] in single vector {A}
denoted by A( ) in the program. When using vector storage the

nodal values {¢} are located at the top followed by {f} and then

columns of [K].
This program has many facilities which can be written as:
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It is used to predict fiber-matrix shear stress at a high and low fiber
size, and also to predict the local shear deformation, ((1)3).

It can be used to predict the behaviour of composite comprising by
reinforcing layers with the same materials (homogeneous orthotropic
materials) or different materials (hybrid materials).

It can be used for UDFRM under different loads such as tension,
pure shear, etc...).

This program can be used to determine the total stress that act on
the composite with good acceptable accuracy.

The main program steps are outlined in the flowchart shown in

Fig.(£-Y), and its subroutines are described in the following section.

¢-¢ Description of Subroutines:-

The computer program (SAOUDL) has four subroutines which are

described as follows:-

¢-0-\ Subroutine EISTMX

This subroutine evaluates the element stiffness matrix [K®] from

Eqn.(¢-Y £). In this equation, the strain matrix [B] is evaluated by using
Eqn.(£-YV) in the loop that calculates the stress components in each
element. Also this subroutine evaluates the element force vector from
Eqn.(¢-Y1). The element matrices can be printed to allow the users to

check by a hand calculation.

¢-o-v Subroutine MODIFY
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It incorporates the specified nodal values into the system of

equations using the method of deletion of rows and columns (known
values of displacement {¢}).

¢-o-v Subroutines DCMPBD:

It decomposes the global stiffness matrix [K] into an upper

triangular form using the method of Gaussian elimination. This
subroutine assumes that [K] is symmetric and only those elements within
the band-width and on or above the main diagonal are stored. The
programming logic is not easy to follow because the coefficients of [K]

are stored in a vector rather than in a two-dimensional array.

¢-0-t Subroutines SLVBD

It is a companion program to DCMPBD , which decomposes the

global force vector, {f}, and solves the system of equations by using back
substitution. The solution of the system of equations is separated into two

subroutines so that they can be used to solve time-dependent problem.
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l Start I

A 4

Input the number of nodes (NN)
and number of elements (NE)

\ 4

Input fiber and matrix properties (Es, vs, Vs,
En , vm ), fiber width (hf), composite
thickness (t), fiber spacing (H) and nodal

Calculation of the bandwidth
NBW for each element

Initialize [K] and [F] with
zero values

For I=) to NE

Generation of the elasticity
matrix [D]

Call EISTMX

Calculation of element
stiffness matrix

Add [K®] to [K] and [f®] to [F]
using the direct stiffness procedure




Next |

A

Call MODIFY
Call DCMPD
Call SLVBD

Output of the calculated
displacement results

Generation of the nodal degrees of freedom
retrieval of the nodal co-ordinates

A

Call EISTMX

l

Compute strain vector in
material coordinate

l

Compute stress in
materials coordinate

l

Print the results

v

End

Fig.(£-°): Flow chart of the program SAOUDL
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Chapter Five
Results and Discussion

o-y General: -

This chapter discussed the results obtained by using finite element
computer program [SAOUDL] (Stress Analysis of Unidirectional
Laminates), and the stress-strain relation for unidirectional fiber-
reinforced materials, which was derived in chapter three. Due to the lack
of researches that studied the micromechanical behaviour of UDFRM
especially by microstructure theory, the present work has been confirmed
its results with exact solutions results.

The numerical computation of the present work can be divided into
four sections according to the type of loading and supports. The first two
sections have the same loading and supports but consider different
composite that is homogeneous orthotropic materials as in the first and

UDFRM in the second. The last two sections have different loading and
supports but the same materials as in section ©-Y (that is UDFRM). The

following parameters fiber size, elastic modulus ratio between fiber and
matrix (E¢/ Ern) and the fiber and matrix Poisson’s ratio will be discussed

in the last three sections when the fiber volume fraction is constant

(Ve=+.Y0).

o-Y Pure shear and homogeneous orthotropic materials

(HOM) :

This section can be considered as a general case to be applied on

the finite element computer program (SAOUDL) by the model shown in

[Fig.(°-Y-c)] with Y nodes and Y ¢ elements. Thus by assuming HOM
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instead of UDFRM, the plate in pure shear under plane stress can be used

in this section and the next section. An exact solution to this problem may
be obtained by the use of the two equilibrium equations [Y-1° b and c]

and the constitutive relations:

\!
; - - ’ T /Em : / ' T /Em
A 1 F— ]
/ A
b |
(a) (b)
b=1.0
0.2
0.2
DIOG____I_(_JJ'%J 03 0.3 !o.m_lr_ Sk
(©

Fig.(°-V): Plate in pure shear under plane stress, (a) Homogeneous orthotropic

materials and, (b) Unidirectional fiber reinforced materials, (c) Arrangement of finite

elements.
Typ =0328 +dgyy =7 -V
O =528 +dyyy ©-Y)
Hip = d7 X121 (o_\“)

where the strain measures are defined by Eqns.(‘“—" *) and (V—

o) ) in conjunction with the kinematic restraints:-
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¢, =0 forall xy and xv values (0_2)

¢, =0 atxy=" (°-°)
$3=0 atxy=* (°-1)
d3=0 atxy=b (°-Y)
b2 = d,(xq) (°-M)

Solutions for the displacements and stresses may be shown to have

the following forms:-

0, = (xl - xlOISC + cd5(B(cosh(k x; )—1)+sinh(k Xl)/ks)J/dg (°-

2
1)
¢ = c(Bsinh (kx, )+ cosh(kx, ) - 1)/ k> CAD
%121 =d7 c(Beosh(kx, )+sinh(kx, ))/k GAR)
Gy =—d ¢(Bsinh(kxy )+ cosh(kx, )) ©Y)
where
c=—dg /(d3*d-) CAL
K% =ld, —d2/d,)/d, ©-1 4

The results which obtained from Eqns.(®-%) to (°-) ¥) would be
compared with the results of finite element computer program

(SAOUDL) for each value of X .
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Fig.(°-Y-a) shows the plate composed from HOM, Fig.(°-Y-b) shows

the plate composed from UDFRM. And (©-)-c) shows the arrangement
of finite element. The stress-strain relations of HOM are given by Eqgns.

(Y-Y &) and (Y-Y7) in chapter three. The engineering constants (E», Ex,
vy, vyy, and Gyy) can be calculated by using first contiguity approach
with contiguity factor C = * and fiber misalignment factor k =) (these
had been shown in Eqns.(Y-YV) to (Y-£¢)Y)), and second Halpin-Tsai
equations with a measure of fiber reinforcement =) (These equations
had been written as Eqns.(Y-£€Y) to (Y-¢£ €)). Both cases are assumed to
be ideal, this means when C = * then all fibers are isolated but when C =
} all fibers are contiguous. These equations and the model shown in

Fig.(°-)-c), are applied on the program (SAOUDL). Its results are
compared well with the exact solution results for vertical displacement

“05” in Eqn.(°-°‘) of the same plate, but composed from UDFRM as

shown in Fig.(®-)-b). Table (°-)) shows the exact solution results and

program (SAOUDL) results of ¢, for this case.

Table (°-Y): The exact solution results of (|)2 for plate consisted for UDFRM and

the program results (SAOUDL) for plate consisted from HOM, by contiguity

approach and Halpin-Tsai equations.

Values | Exact solution | F.E. results | F.E. results by

of X\ results from | by contiguity | Halpin-Tsai

Eqn.(B-%) approach equation
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From Table (°-)) and Fig.(°-Y) and (°-Y) its clear that the

vertical displacement ¢, has a good agreement with the exact solution
results. This can be considered as a strong confirmation to the computer

program (SAOUDL). In Fig.(®-Y) the contiguity factor C = * as cited in

the beginning of this chapter. Also Fig.(°-¢) and (°-°) show the effect

of “C” on the ¢, at constant fiber volume fraction. From these figures it
is clear that whenever the contiguity factor approaches the value of one
the results of ¢, would be far from the exact solution results. These

results are very acceptable because in UDFRM the fibers are not contact

each other but isolated by matrix.

o-v  Pure Shear and Unidirectional Fiber-Reinforced

Materials:-

In this section the computer program (SAOUDL) is applied on the

model shown in Fig.(®-)-c) at section (°-Y), using the stress-strain

equations of UDFRM, i.e. Eqns.(Y-1Y). The results obtained from the
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computer program (SAOUDL) are compared well with the exact

solutions results which has been done on the same loading on plate (pure
shear) at section (°-Y) and according to the following affecting

parameters.

s-r-y Effect of Fiber Size:-

The effect of fiber size on the ¢,, local shear deformation ¢,
couple stress py»1, and fiber-matrix shear stress (021+r12) can be
studied by assuming a constant volume fraction (hyH = V¢ = *.Y ©) with

a different values of fiber size (this can be done by taking two values of

fiber size; low when H/b = +.Y so hy= *.*©, and high when H/b = ) so
hi = '.\'°). Also a constant elastic modulus ratio between fiber and
matrix
(E/En = Y**), and a constant Poisson’s ratio of fiber and matrix
(V¢ =Vv,,=0.2) will be assumed.

Concisely, Fig.(°-1) and (°-Y) show that the increment of fiber
size (fiber width), causes a reduction in vertical displacement (q)z)and
the local shear deformation ¢5.

Thus, when the fiber size is very small, the ¢, approaches from

HOM, briefly at low (H/b) ratios these deformations both

approached from values for conventional homogeneous materials.

Fig.(°-1) also shows that ¢, has a maximum value at the end of plate

and zero at the start of it whereas ¢5 has zero value at both ends and
maximum value at the middle of plate, this can be explained to the

boundary condition (B. C.) given at section (°-Y). Fig.(°-A) shows the
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effect of fiber size on couple stress pi,,,, obviously the increment of fiber

size cause increment of couple stress iy, this can be ascribed to the

Eqns.(Y-1Y) and specially to the factor dv in equation of couple stress.
The shear stress between fiber and matrix has been represented by
the combination of shear stress ti,and relative stress G, . Fig.(°-%)

shows that the fiber-matrix shear stress (FMSS) tends to be a minimum.
at the restrained ends and a maximum at the center of the plate. So the
fiber size has an important effect in reducing this inter-component shear

which is often a mode of weakness and potential failure at regions of

stress concentration. Both results of vertical displacement ¢, , local shear

deformation ¢, couple stress, and FMSS, which are plotted in

Figs.(°-1), (°-Y), (°-A), and (°-9) respectively, are all show a good
agreement with exact solution results, excepting the results of FMSS

(112 +c521) at low value of fiber size (H/b = +.Y). The reason for this

discrepancy is found in the very high gradient of the relative stress, c,,
in the region of the end restraint which the constant strain elements were
unable to simulate. According to the equilibrium Eqn.(¥-12-c) in chapter
three, the relative stress is proportional to the second derivative of the
local rotation, ¢5 , and a finite element arrangement approximation

should, therefore, be able to model this curvature.

o-v-v Effect of Elastic Modulus Ratio (E¢/ En):

The effect of elastic modulus ratio between fiber and matrix
(Ef / En), can be studied in the two case of constant fiber size first high

value and second low value. Three values of the elastic modulus ratio

(Es / Ep) were assumed (Ef/ E, = Y, Y+, and ) * *). Again this effect
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can be done by assuming constant fiber volume fraction (V¢ = *.Y ), and

constant fiber and matrix Poisson’s ratio (Vf =V :O.Z), Tab.(°-Y) and

(°-Y) show these assumptions.

Table (°-Y): Assumptions have been taken to study the effect of elastic modulus

ratio at low value of fiber size (H/b = *.Y).

Table (°-Y): Assumptions have been taken to study the effect of elastic modulus

ratio at high value of fiber size (H/b=).*).

Applying the assumptions in table (°-Y) on the computer program

(SAOUDL) the effect of E; / E,, on the ¢, and ¢3 are plotted in
Fig. (°-) *) and (°-) V) respectively. From these figures, its obvious that

the computer program (SAOUDL) results for ¢,and ¢5 have a good

agreement with exact solution results. Also, whenever the elastic modulus
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ratio decreases, the ¢,and ¢5 approach from HOM specially when
E¢/En=) the ¢4 has zero values at every position of plate.

Briefly the results that are plotted in Fig.(®-) *), (°-))), (°-) ),
and (°-) ©) are calculated at constant low fiber size as shown in table (°-
Y) whereas the results in Fig.(°-)Y), (°-Y), (°-Y1), and (°-V) are
calculated at constant high fiber size as shown in Table (°-Y). In Fig.(°-
Yoy, (@)Y, (®-VY) and (©-)Y) the increment of Ef / E, caused

reduction in both ¢, and ¢4 and this reduction is increased when the fiber
size increased because when the elastic modulus of fiber are higher than
that of matrix this will give a good properties of UDFRM given when

fiber size is low.

Fig.(°-Y &), (°-Y7), and (©-)9), (°-1V) show the effect of E /
E.n on couple stress py,,and FMSS (o, +14, )respectively. From these
figures, it is clear that the increment in E¢ / E,, caused a little reduction in
couple stress and FMSS when fiber size has a low value. But at a higher

fiber size the increment in E; / E, caused increment in FMSS and

decrement first and then decrement of couple stress. Also when E; / E,,
=) the couple stress equals zero and FMSS equals one and this behaviour

Is corresponded to the behaviour of HOM.

All the results that obtained from computer program (SAOUDL)
have a good agreement with exact solutions results for the effect of E¢ /E,
on ¢,, Pz, Hyp, and (621 +112), except the FMSS have some values
different from the exact solution results and the reason is the same as that
cited in the last section.

o-v-v Effect of Matrix and Fiber Poisson’s Ratio:-




The effect of matrix Poisson’s ratio (v ) or fiber Poisson’s ratio

m
(v¢) on ¢y, &3, 1y, and (o + 15, ), can be studied by changing (v,,)

or v;and fixed the other parameters (see tables (°-£) and (°-°)).

Table (°-£): Assumptions to study the effect of matrix Poisson’s ratio (Vm ) on

Oy, B3, Ly, and (Gyy + Ty ) at low fiber size (H/b = +.Y).

Note:- To study the effect of fiber size and (vm) or (vf) on ¢,, ¢,

o1, and ((521 +112), the elastic modulus ratio E«/E,, has been taken

equal to ) * * because this value gives a good properties for UDFRM.

Table (®-%): Assumptions to study the effect of fiber Poisson’s ratio (Vf ) on (1)2 ,

(1)3, 191, and (621 + "512) at low fiber size (H/b = *.Y).

By applying table (©-£) and (©-°) in computer program

(SAOUDL), its results and exact solution results are plotted in Fig.(°-
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YA), (-39, (8-Yr), (8-)) and (°-TY), (°-YT), (°-YE), (°-V9)

respectively.

Figs.(°-YA) and (°-) 1), show that the increment in v, will cause
increment in ¢, and @3, likewise this effect of v, on ¢, and g, is
greater than the effect of v on them as shown in Fig.(°-YY)and (°-YY).

While the increment in v, causes a very little sensitive increment
in p,, and FMSS as shown in Fig.(°-Y *) and (°-Y)) respectively.

Inspite of the small effect of v on p,,, and FMSS this effect is very
sensitive when compared with effect of v;on p,, and FMSS which are
shown in Fig.(°-Y £) and (°-Y©).

From all above figures the computer program (SAOUDL) results

are compared well with exact solution results in case to study the effect of

Vi, OF V¢ 0N ¢y, ¢3, Lyo1, and (021+112).

o-¢ Tensile Stress and Stress Distribution Around Circular

Hole :

All the results obtained from computer program (SAOUDL) in the
last two sections have a good agreement with exact solutions results. To
more validation the numerical results in this section is the further
examined accuracy of the (SAOUDL) that studies the stress distribution

around a circular hole in the uniform tension field, under load normal to
the fiber direction as shown in Fig.(®-Y 1), Fig.(®-Y 1-c) shows the stress

distribution due to circular hole.
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Fig.(®-Y V): (a) Circular hole in plate in uniform tension field

(b) Arrangement of finite elements. (c) Stress distribution around circular hole.

Stresses in the region of a circular hole are typical of the stress
concentration that may occur in an otherwise uniform tension field and
application of the microstructure theory of UDFRM behaviour was
therefore made to this problem. The field equations for this boundary
value problem have so far proved intractable and an exact solution is
therefore not available. However, a finite element analysis of the problem

was attempted by dividing a quarter of the field into the mesh

arrangement as shown in Fig.(®-Y1-b) where the grid pattern was
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considered fine enough to reproduce all but the steepest stress and strain

gradients.

The mesh in Fig.(°-Y-b) is used in the computer program
(SAOUDL) with the following properties [ E4E, =)'+, Vg =

v¢=*.Y] and constant fiber volume fraction Vs = *.Y©. The results

obtained by studying the effect of fiber size for two values high and low

on the @3, pyyq, and shear stress (112 ) and FMSS were compared with

Malcolm [Malcolm, D. J., Y % YA results for the same case but different
manner of computer program. The events from this comparison were
found in Figs.(°-YV), (°-YA), (°-Y4) and (°-Y +), which have a good
agreement with Malcolm results.

Figs.(®-YVY) and (°-YA) show the variation of the local rotation

¢5 and the couple stress p,,,, around the edge of the hole for two
different value of fiber size. The couple stress is greater for the larger

fibers and peak at the center line where the gradient of ¢4 is also a max..
The average shear stress and the FMSS are presented in Figs.(®-Y 1) and

(°-Y'*) respectively. This emphasises the very high gradient and

curvature of this quantity near the center line of the hole which the finite
element model can not aspire to simulate. Nevertheless, it is important to
note that while an increase in fiber size may result in a greater max.
average shear stress the FMSS in the same material can be very

considerably reduced.

s-s Distributed Load and Unidirectional Fiber-Reinforced

Materials :

\&3



The last three sections show a good validity of the numerical
computation that has been done during this work. To know the effect of

types of loading and supports, the following case has been taken.

Fig.(°-Y Y -a) shows this case which represents a plate has rigid supports

at both ends so the local shear deformation ¢4 are zero in these ends.
This plate composed from UDFRM and has properties resembling to the

properties of the plate used in sections (°-Y), these are (Vip = vs= Al
, EdEn=)+**) and with constant fiber volume fraction
Ve= +.Y2 Also it is subjected to distributed concentrated load. In the
same manner which was used in section (°-Y), the effect of fiber size,
E/En , and vior v, on ¢,, ¢3, py, and (021 +112) must be studied
also. Fig.(°-Y Y -b) shows the finite element arrangement, briefly the style

of this case has the same style that was done in section (°-Y) with the

same assumption but different loading and supports.

’/A‘C/E /m?
vV V ' ! A4 l l

\ A 4

0.2
02

Fig.(®-YY): Plate under distributed load
(a) UDFRM (b) Finite element arrangement.

o-s-\ Effect of Fiber Size :
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This effect studied by changing (H/b) and fixed the other

parameters according to table (°-1).

Table (°-" ): Assumptions for studying the effect of fiber size on

G2, O3, Mz, and (021 + le)-

No. of case

)
Y

By applying table (°-1) and B.C. of this problem in computer
program (SAOUDL) the results which obtained are plotted in figures.
Fig.(°-Y'Y) shows that the vertical displacement ¢, has a max. value in
the middle of plate at the position when the max. load is effected, while
local shear deformation ¢5 has a min. value at this position. The

behaviour of ¢, gives a wave profile shown in Fig.(°-YY). Both

deformations are reduced when fiber size increased, likewise Fig.(°-Y £)
the effect of (H/b) on p,,, which has a max. value at each end and a min.

at the position of the max. load is effected and this value of couple stress
increased with the increment of (H/b). Also the effect of H/b on FMSS is

plotted in Fig.(®-Y ©) and this figure shows that FMSS has max. value at

min value of applied load and fiber size.
The event from all these figures is the fiber size which has a large

effecton ¢,, {3, pyp, and (021 + ’Clz) and this effect depended well on

types of loading and supports which give B.C. of problem. This
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dependence can be explained according to Eqgns. (Y-1Y) in chapter three
which is affected by the width of fiber.

o-o-v Effect of Elastic Modulus Ratio (E¢/En):

By using the assumptions, given in tables (°-Y) and (°-Y) and

with the same manner that done in section (°-Y), the (SAOUDL)
computer program is used to study the effect of (E{/En) on ¢5, {3, My,
and (G, +13,). Figs.(°-Y7), (°-YV), (°-YA) and (°-Y4) show the
effect of (E/E.) at low fiber size , while Figs.(®-£ ), (°-¢)), (°-¢€Y),
and (°-¢Y) show the effect at high fiber size.

Fig.(°-Y7) shows that the ¢, increased with increasing the elastic
modulus ratio (E{/E,,) and this increment increased when fiber size has

high value (H/b =Y. +) as shown in fig.(®-£ *). All the figures of ¢, start

from zero and decreased until it has a min. value at the position of max.
load and then begins to increase until reaching zero value again at the end
of plate because the rigid supports in both end given a zero value of

¢and ¢3.
From Fig.(°-YV) and (°-¢)) which show the effect of EJ/E,, on

¢4 its clear that ¢4 has a little change when E¢/E,, increases at low H/b
(see Fig.(°-Y'Y)). While at high value of H/b, ¢4 has a sensitive change

or sensitive reduction when E¢/E,, increases (see Fig.(®-£Y)).

Thus, the types of loading and supports have a large effect on the
behaviour of ¢4 because the changing on them causes changing in B.C.
for the problem.

Fig.(°-Y'A) and (©-£Y) show the effect of E{/E,, on py,; Which has
a large changing when E4/E, increases and also this changing increased at

high fiber size as shown in Fig. (°-£Y).
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Finally Fig.(°-Y %) and (°-¢Y) show the effect of E;/E,, on FMSS

which is increased when E;/E,, increased and has a max. value at the end
of plate also this increment depended on fiber size thus it is higher at low
fiber size than high fiber size.

e-r-v Effect of Poisson’s Ratio of Fiber and Matrix :

Basing on the assumptions given in Tables (©-¢) and (°-°) and
with the same manner that done in Sec.(®-Y), the effect of v, or v; on
$y, O3, Hypg, and (5, +14,) can be studied using the computer program
(ASOUDL). So Figs. (°-¢¢), (°-€2), (°-£1), and (°-£¢V) show the
effect of v, and Fig.(®-£A), (°-£9), (®-©+), and (°-°)) show the
effect of v¢ on ¢,, &3, Wy, and (G, +1Tyy) respectively. These
figures show that v, has a greater effect on ¢,, ¢z, py,,, and
(621 + 112) than v¢. So when v, increases the rate of decreasing of ¢,
increases also. Fig.(°-¢7) shows the effect of v on . It can be
noticed that increasing v, decreases the value of p;,,. While FMSS has

a little decreasing with increasing v, as shown in Fig.(®-¢V).
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Fig.(5-2):Displacement for both finite element
results of homogeneous orthotropic materiales
by contiguity approach and exact solution.
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Fig.(5-3):Displacement for both finite element
results in homogeneous orthotropic materia by
HTS equation with (zeta=1) and exact solution.
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Fig.(5-6):Effect of fiber size on vertical displacement.
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Fig.(5-7):Effect of fiber size on local shear deformation.
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Fig.(5-8):Effect of fiber size on couple stress.
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Fig.(5-9):Effect of fibre size on
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Fig.(5-10):Effect of elastic modulus ratio
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Fig.(5-12):Effect of elastic modulus ratio
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Fig.(5-21):Effect of matrix Poisson's ratio on
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Chapter six
Conclusions and Recommendation

“-y Conclusions:-

On the basis of the results of the present investigation, the

following conclusions can be drawn:-

V) The plate has rigid support in one side both the vertical

displacement (¢, ) and the local shear deformation (¢5) are equal

zero at rigid supports. At plate which has rigid supports in both
side the (¢3) has the wave profile.

Y) The perfect bound between fiber and matrix which has been

assumed in this work led to the same horizontal displacement (¢,)

in both fiber and matrix and also a zero value for the relative shear
strain yvy .

¥) At the plate composed from UDFRM and restrained by rigid
supports in one side and roller in other, and subjected to pure shear

loading, all the ¢, , 5, L1y, and (ovy + 11v) have a reduction with
the increment of fiber size (H/b).

¢) In the same plate the increment in E{/Ey, causes reduction in
doand ¢for all high or low constant values of H/b and also
causes a little reduction in pyand (ovy + 1yv) at constant low

value of H/b this reduction increases at high constant value of H/b.
©) The increment at both Poisson’s ratio for matrix or fiber causes an

increment in ¢, and ¢ and a little change in 5, and fiber-matrix

shear stress.



1) In plate composed from UDFRM and contains circular hole under
tension fields the couple stress around the edge of hole are greater
for the larger fibers and peak at the center line where the gradient

of ¢4 is also maximum.

Y) Increasing in fiber size for the same plate in No.% leads to that the
average shear stress (t\v) around circular hole has a greater max.
value whereas the (ov, + 1yy) for the same material reductions of
this increase.

A) In the plate composed from UDFRM and has rigid supports in
both ends and subjected to the distributed concentrated load. The

vertical displacement (¢, ) has a max. values at the region of max.
concentrated load, whereas the ¢5has a minimum value at max.

concentrated load.

1) In the same plate in No.A the p,, has a min. value at max.

concentrated load and a minimum H/b.
V+) The (ov, + 11v) has max. value at min. concentrated load and min.
H/b.

V) Also in this plate the ¢, reduction with Ef/Epy increase whereas

¢4 has a little reduction due to this increment of Ef/Em.
YY) When the Poisson’s ratio of matrix or fiber increases, the ¢,and
¢4 increase also but (ov, + 1) has a little effect by this increment

while couple stress increases due to this increment especially at
the region under applied load.

\¥) All the v, has a large effect on ¢, ,¢5,145 and (ox, + Tvv)

than vy .






~-v Recommendations for further work:

The following recommendation for furthre work:

Y) Considering the thermal behaviour of UDFRM by using the
microstructure theory too instead of microstructure theory at steady
state which is using in the present work.

) Studying the microstructure of UDFRM in three-dimension.

) Assumed imperfect bound instead of perfect bound.

£) Studying the micromechanical behaviour of UDFRM taking into
consideration the inclusion between fiber and matrix.

°) Studying the UDFRM behaviour by assuming change fiber

volume fraction instead of assumed it constant as done in this work.
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Appendix A
Equations of Equilibrium of “UDFRM”

From the strain energy expression contained in Eqns.(v-" 41) and

(V-hk Y) In chapter three, the equations of equilibrium of UDFRM can be

derived by using standard variational techniques based on the principle of
virtual work.

Principle of virtual work means a body is in equilibrium if the
internal work equals the external virtual work for every kinematically

admissible displacement field (u; ,sij). Since the body is in equilibrium
then:

Glj,]+f|:0 (A'w)



where f; are the body forces, the external virtual work (i.e., the work of

the real loads M; moving through the virtual displacements &) is

denoted by &we as shown in Fig.A\ . the virtual work of the tractions T;
acting on the surface and the body forces f; acting within the elastic body,

given by (See Davis & Selvadurai, Va4 ")
8WE :L Ti (Sui)ds"'jvfi(Sui)dV (A'Y)
with absence of body forces Eqn.(A—Y) can be written as:

Swe :L T; (8yi)ds (A-Y)

Consider the traction vector T; at the location x; and referred to a
plane the unit out-ward normal to which has components n; , the state of
stress at the same location is specified by Gjj - SO

Ti=oyn; (A-2)



M; . o
b (U;&,05)

S

(Sui ,68“‘ ,SGij

Fig. AN: Loading of a continuum region by generalized forces M; and by virtual

displacements O ;.

To represent the surface reaction of RVE of UDFRM, the traction
vectors on the plane surface through the two coordinates planes can be

represented in terms of the stress components acting on these planes

(Fig.AY-a) the traction vector on the plane surface ABCD has

components Ty and Ty . In addition to these tractions vectors, it is

assumed that the RVE region also subjected to couple traction (t) per unit

length.

Consider the equilibrium of forces acting on the RVE. In the Xy-
direction this yields to:-
Tl(AS )_T11(A51)_le(Asz)_Gzl(Asz):0
where As=is the area of plane ABCD
AS; =n; As ; AS, =n, As
where n,=n,=cog~BOC)
SO
T, -1 n1—(T12 +c521)n2 =0
Ty =Ty Ny + (g, + 0 )N, (A-°)

by the same way have obtain:



(A- 1)

where (t) is a surface couple per unit length. Ty and Ty are surface

tractions per unit length and ny and ny are component of the unit outward

vector normal to the surface.

Now by sub. Eqn.(A—i) in (A—‘“) and derivative with respect to x

first and xy second and then summation the two equations as follows:

We =T, (Si) = Wg=1 n1+(T11 +G21)”2

ox, Xy
W _ d(ryp +0y) 0

OX OX

0

LV oty +521): 0
0Xq 0Xq

by the same manner:

075, N 0Ty
OX,  OX

0

and

Xy

l T leT —
— .

» X

(@) A-

Fig.(A A\l ): Stress components on the faces of the RVE perpendicular to the co-ordinate direction.

¢

(A-Y)

(A-N)

(A-9)
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Table (r-1): The properties and strength which can be calculated by the

mechanics of material approach

The

RVE with direction of

. The results References
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