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Abstract

In our work, we introduced and investigated some properties of
subclass of multivalent harmonic functions involving the generalized
derivative operator, such as extreme points and closure under an

integral operator for this class are obtained.

Vi



Introduction

In this project we study some geometrical properties of analytic
multivalent functions.
Also, we provide a comprehensive introduction to the subclasses of
harmonic multivalent function by using some operators. When we
write this project we develop the project from some researches.
In [1] Wanas, Abbas Kareem; AIINA, Alb lupas, on a new class of
harmonic multivalent function.
In [2] Wanas, Abbas Kareem; Two New Classes of Analytic
Function Defined by Strong Differential Subordinations and
Superordinations.
We introduce new classes of analytic function defined by operator.
For class.

YA, 6,M,P),A >0, u ={zeC:|z| <1}




CHAPTER 1

Definitions and Examples

1.1 Introduction

This research contains two chapters, in the first chapter study the
univalent and analytic functions, multivalent function (P- value),
simply connected domain, complex differentiable and some simples.

Chapter two, we deal with an investigation in some the properties
of a subclass of P-value function, which are defined by the
generalized derivative operator to obtain some results such as extreme
points to those subclasses. The choice of the open unit disk
u={zeC:|z|<1}.

Definition 1.2 [17] , suppose that u={zeC:|z|<1} indicates for
open unit disk at the complex plane C.

A function f of complex variable is said to be analytic in a point z_
if it is derivative is found not only in z_ but also at all points z in some
neighborhoods for z,. Where be analytical in open unit disk U if is
analytic in all points in U. It is an entire function if it is an analytic

function in all points at complex plane C.

Definition (simply connected domain) 1.3 [17] let D be a
domain D < C is an open and connected non-empty subset of the
complex plane. The domain D is simply connected if both D and C/D

are connected.




Definition (complex differentiable) 1.4 [17] A complex
function f:D—C defined for all z € D is said to be complex

differentiable at z_e D if

exists

limz_)zo f(Z):}ZC(ZO)

Definition (analytic function) 1.5 [17] The function f:D — C is
analytic at z, (or holomorphic at z,) if it is complex differentiable at
every point in some neighborhood N(z_; €) of z_e D. We say that f is
analytic on D if f is analytic at z_ for every z_e D.

For example, let f: D—C, f (z) =1+ z is analytic function.

Definition (univalent function) 1.6 [7] A function D — C
with property that f(z,) # f(z,) for all z,, z, € D with z;# z, is said to
be one-to-one on D (or univalent, or injective) A function f: D — C
which both analytic on D and one-to-one on D is called conformal on
D.

For example, a function f:D — C, f(z) = z is univalent function.

Extreme Points for the Class SH};(a, B) 1.7

We recall that, a function f € F < S is called an extreme point
of Fif,for0 < u < 1,f = pfs + (1 — wf, implies f; = f,
= f for all f; and f, in F. The intersection of closed convex
subsets of S7 which contain F is called the closed convex hull of

F. We denote by cl F, the set of all closed convex hull of F .




. 2 (2 _ a2
Example 1.8 [1]: If a function f(z) = le = Zx};;EJ;Z)Zy )

The two functions

(x*-»%)
(xZ +y2)2

2xy
(xZ +y2)2 !

u(x,y) = v(x,y) =
Have continuous partial derivatives uy, u,, vy, vy, are in all values of

(x,y) # (0,0). Cauchy-Riemann equations are satisfied because.

_2y3-6x?y _2x3 —6xy?
U T Ty W T ey
b = 6xy? —2x3 v = 2y3 —6x%y
X = (x2+y2)3 ! y (x2+y2)3
Then
__2y3 —6x?y 2x3 —6xy?

uy=

Uy =Vy = (x2+y2)3 —VUx (x2+y2)3

Hence f is analytic for all z # 0.

Examples 1.9, function f (z) = z is a univalent in U, while f (z) = z? is

the not univalent function in U. Also
7(2n+1)
f@)=z+ Zn+ 1)
Is a univalent function in U of all positive integers n. We will refer to
all function f as belonging to class B an analytic function in an open
unit disk U and normalized by the conditions.
f(0)=0,f(0)=1

Example 1.10 [12]:consider a domain

4




D={ze C:1< |z|<2,0<argz<37”}
As well the function f: D— C given by f (z) =z2. It is clear that f is
analytic on D and locally univalent at every point z_e D since f (z,) =

2z #0 for all z_e D.

However, f not univalent on D, since

3 . 3 _ -3 . 3 ,_9.,
f(Z\/E-I_ tzﬁ)_fﬁ-l_ Iﬁ)—zt.




CHAPTER 2

The Subclass of Harmonic Multivalent }[Jfg’” generated by the

Gn,m

differential Operator G, ,

2.1 Introduction

The harmonic functions are well known to have numerous
applications in seemingly different areas of medicine, engineering,
electronics, physics, aerodynamics, operational research and others. In
a simply connected domain D € C, harmonic maping is univalent of
valued harmonic functions h = v + iy, where v and u are real
harmonic functions in D. We can write h = r + is in any connected
domain where r and s are analytical in D. We call v the analytical
part and u the co-analytical part of h.

Ahuja and Jahangiri [11] defined class Sy, (p, € N = {1,2,3,...}),
which consists of all p-valent harmonic functions, v = r + is, that
orientation preserving in U ( open unit disk u= {z€eC: |z| <1 })
where r and s are of the form

r(z)=z+ Z apz", s(z) = z bz, |b,| <L,peN={1,23,..} (2.1)
k=p+1 k=p

Note that when the co-analytical part s is zero, Sy, reduces to class
M, of normalized multivalent analytical functions. As a result,

function v, can be expressed for this class as

v(z) = zP + a, z*, (2.2)
For 0 < g < 1,in [5] Jackson defined the g-derivative operator

D,of a function f by




f@-fa)
qu<z)={ CEDI ”O'} (2.3)

£(0). if z=0,
From (2.3) it follows that if, v € M, has the form (2.2),then

D,v(z) = Dy(2zP + i, Aperp z"P) = [pl,zPt + T, [k +ply Apsp 2¥*P71 Z €,

_ .k
where [k],: = 11—q and thuslim,_, [k], = k.

Using the above Jackson g-derivative we will define the
operator d,',: M, - M,,n € Ny: = N U {0}, by

05,v(2):= v(2), 0t v(2): = zD, (O"q v(z)) n € N.
Therefore, if v € M, has the form (2.2)it follows that
opv(@) = (v*Gly)(@), z€E ,peN,,

where
Gra(2):= zP + Z([k + p]q)nzk+p, z€E ,peN,n€N,.
Moreover a7, v(z) = z° + X5, ([k + ply) " arsp 257, z €E,
0tv(z) = zP + i([k + p]q)nak+p zktP z €,

For,n = 0, with the aid of the operator 9}, we will define the new g-

differential operator &,", : M, — M, by
rlPqv(z) = 0pqv(2),

From the above definition it follows easily that if f € A is of the
form (1), then

p +nk\™

Sypg v(2) = zp+Z(k+pq) (

) Qp 2¥*P, z€EE, meN,. (2.4)




we modified the operator &
functionv =r + 5 as

Ilpqv(z) of harmonic multivalent

Gypq v(2) = & 1(2) + & s(2), (2.5)
where

k+p-1

npqr(z)—zp+2(k+ q) (

and

p +nk\" _
Sypg S(2) = Z( [k+p q) ( ) bysp-1 2¥TP7L,

With Operator &) v(z) we present the class H,,"(y,8, 1), of

n.p.q
multivalent harmonic functions as follows:

Notation 2.)

Foro<y,u<1 0<6< %,the function v = r + 5 of the form
(1.2) isin the class # (v, 8, u) if satisfy the inequality

° 26zP + S, v(2)

e
YSima  v(z) + (1 —y)zP

(2.6)

where n,k,p € N, z € U.and &, h is defined by (1.5).

Let MH,,"(y,8,1) describe the subclass of ;" (y,8, 1) of
harmonic functions v = r + § to make r and s of the shape

rz) =z — Z |z, s(z) = Zlbklzk, b|<LpeN={123.} (27)
k=p

k=p+1
Many researchers have investigated subclasses of univalent and

multivalent harmonic functions. [13¢ 8¢ 18¢ 10¢ 14¢ 15¢ 4¢ 19¢ 16¢ 6¢
20¢ 2¢ 21¢ 22¢ 23¢ 24¢ 9¢ 3].




In this research, we study a class of harmonic multivalent functions
defined by a differential operator based on g-derivative operator.
Coefficient bounds, distortion bounds, extreme points, inclusion
results and closure under an integral operator for functions in the class
M, (v, 8, ) are obtained.

Main Results 2.¥

We provide sufficient coefficient conditions for harmonic functions
of class H,;" (v, 8, ) in our first theorem.

Theorem2.1For0<vy,, 0 S8<%,u<8. Letv =7 +is inSy,

be of the form Eq. (1.1). If

Z Qgp (& 1,Y, 8) [aicep-1| + Z Qap (& 1,Y,8) [biyp-1| < 1, (2.8)
k=2 k=1
where,

Yy (k,m) <1 — ny (ﬁ))
1+86—w

Pq (k,m) <1 =y (k-l—pL—l))
1+6—-w '

and g (k,m) = ( q) (p * rlk)

Then f € H, " (v, 6, 1).

Qqp (K 1y, 8) =

Qqp (K 1y, 8) =

Proof. To prove that f € " (v, &, 1) by the condition (2.6), we
only need to show that if (1.8) holds, then

r 2627 + 6, v(2) G(Z)
e = > u,
y@r?ﬁqﬂ v(z)+ (1 —y)zP H( ) =H

9




wherez=re?? ,0<6<2m, 0<r<1

Note that

and

G(z) = 2627 + &y, v(2),

H(z) = y@ﬁ’%ﬂ v(z) + (1 —y)zP.

Using the fact that, u > 0. Then Re(w) > aif and only if |w-
(1+ | <|w+ (1 —p)l we have

1G(z) + (1 —wH(2)| - 6(z) —(1+wH(2)| =0. (2.9)
Substituting G(z) and H(z) in (1.9) we obtain

1G(2) + (1 = wH@| - 16(2) = (1 + wWH(2)|

zP +

= [262zP + G V(@ + (1 —p [yGIf,’gqu v(z) + (1 —y)zP]|

— |26z + Gy V(@) — (1 + ) [y@ﬁ%ﬂ v(z) + (1 —y)zP]|

i (k,m)ag,p—12*P~1 + z Y (k,m) byyp_12*tP~1 + 2627
k=2 k=1

+ Q- |[A—y)zP +yzP

+vy z Yr(k,m + 1)ak+r,_1zk+p‘1
k=2

+y z Yg(k,m+ 1) bk+p—1zk+p_1]
k=1

10



20+ z g (k, m)ak+P‘1Zk+p_1 + 2 Vg (k,m) byyp_12*tP~1 + 52P

1+ | =p)zP +yzr

y ) W m Dy
k=2

+vy z Yrlk,m+1) bk+p_lzk+p—1]
k=1

=((24+ 285 —u)z?

+ z Yk, m)[1 + (1 — Wyplagp_12*P1

_ z P2, m)[1 — (1 — @yp] by 2P
k=1

— (uzP + Z Yrlk,m)[1-(1+ #)yp]ak+p_1zk+p—1
k=2

_ z Yok, m)[1 + (1 + @)yp] besp_rzFtP2

k=1

> (2+26 -zl

Z¢q (o m)[1 + (1 = yp]|ansy_r|l2F+P~1

= > $ptm[1 = (1 = ypl by l21+77 = plzl?
k=1

11



= > Pk m[1L = (1 + wpl|agp- 1217
k=2

= D W mL+ (1 + 0yl b 121477
k=1

=201+ 68—zl
= g tm)[1+ (1= wyp + 1

— (1 + Wypl|aisp-| 2P
= P m1L = (1= yp + 1+ (L+ WPl |besya| 1254771
k=1
=201+ 8=zl
= 29 Gk m)IL = aypl g a1+

= 2 Gk mIL + uypl|bisps 12147

=201+ 68 —wlzlP

[1 . {Z lpq (k m) 1 Myp | k+p_1||Z|k+p_1

(1+6-
2q (ke m)[1 + pyp o
+k2=1 1+6—w |bk+p—1||Z|k p 1”

Yg (k,m)[1 — uyp] o 297 (k, m)[1 + pyp]
1_{Z eETEn akspeal + ) e |bk+p_1l}l'

Or equivalently to

1G(2) + (A -wH@)| = 16(2) -1 +wWH@)| =2(1+6—p)

12



2 Pq (e, m) [1 — Wy (%) ]

-1
1-9) P22 kel
&~ aA+6—uw
Wy tm) 1+ (=) |
+2 a (k+p 1) |bk+ _1| > 0.
1+6—w P

The harmonic multivalent function

= zP + Z k+p—-1
f(2)=z ﬂ“m(k Ly, 8) K

k+pn—1
zg (k L (2.10)

Where ne N and Y5, x, + Y5, vx = 1, indicate that the bound of
coefficient (1.8) is sharp. Since

2 Qg:gl(k’ 1y, 8) |ak+P‘1| + z Qg;)n(k, WY, 8) |bk+p—1|
k=2 k=1

= Z Qgp K 1,Y,8) = - | |
k=2 'Q'q:p (k, lJ-. YI 8)

+ z Qqp k1,7, 8)
k=1

1
|l
Qum (k1 v,8) "¢

= > bl + ) Il =1
k=2 k=1

We now show that condition (2.8) is also required for the functions
v =1+ § where r and S are specified (2.7).

Theorem 2.2 Let v=r + 5, where r and s be of the form (2.7).
Then v € MH ;" (v, 8, ) if and only if satisfies the condition

13



D 0,8 [y + ) OBV, 8) [brpoa] <1, (2.11)
k=2 k=1
where,

Yk, m) (1 " (ﬁ))

Qo' 1y, 8) =

Y, m) (1 " (ﬁ))
1+86-—mw '

Qqp (K1Y, 8) =
biip-1 > Qgip—1, fOrevery k > 2.

Proof. Because MH,, ;" (v, 8, W) © H,," (v, 8, ))=B, we just need to
prove the theorem "only if. For functions v = r + § of the form (2.7),

we notice that the condition

2627 + G y(2)

Re n,p.q >,
YSITT y(z) + (1 —p)zp) "
IS equivalent to
1+6—puz?
Red— Yie=z Wi (e, m)[1 — uyplagp-12" P71 + X g (k, m)[1 + pyplby -1 2571
zP —y Y, Y (k,m 4 D p—128P~ 1 +y Xo it (k, m + Dbjy g z°+P71
> 0. (2.12)

Now, the last inequality (9) must hold for all values of z in U,
Choosing the value of z on the positive real axis where 0 <z =r <
1, we have byyp_1 > Qgip-q, foreveryk = 2,

(1+86—pw
— 32 98 Gk, ML = uyplagp 1P — B2 2 (k, m)[1 + pyplbyc o TP
[1 =y 3R, va(k,m + Dy Pt +y 32 gt (k, m + Dby p_qrk+P1]

> 0. (2.13)

14



We notice that the expression in (10) is negative for r sufficiently
closed to 1 when the condition (8) does not hold. Hence there exist
Zo = Io Iin (0,1) for which the quotient in (1.14) is negative, therefore
there is a contradicts the required condition for v €
]\/[}[nm(y,fi w. [

Extreme Points 2.¥

Here, we consider the extreme points of closed convex hull of
M, (v, 8, 1), denoted by clcoM 3" (v, 8, ) for functions in

5(v, 6, .

Theorem 2.¥
Letv given by (2.7). Then v € MH ;" (y, 6, ) if and only if

(0]

v(z) = Z[xk+p—1hk+p—1(z) + yk+p—1gk+p—1(z)]:

k=1
h,(z) = z?, Risp-1(2) = 2P — — 1 zktr-1 k>23,..
Qgp K1, 8)
and
Gk+p-1(2) = zP + (=1)"! ! zktp-1, k>23,..

Qup Ue, 1,7, 8)

[ee)

Xk+p-1 =0, Yi+p-1 =0, Xp = 1- Z Xk+p-1 — Z Yk+p-1 -

k=2
In particular, the extreme points of  MH W (y,8,p) are
{hk+p—1} and {gk+p—1} .

Proof. Suppose

U(Z) = Z[xk+p—1hk+p—1(z) + yk+p—1gk+p—1(z)]
k=1

15



Z(xkﬂo 1t YR+p 1) z?P 2 Qn m(k LY, 6) xk+p—1zk+p_1

k+p-1

+Z _4Z
o (k, u,V,S)yk+p !

k+p—-1

= Z ﬂ“m(k hy,8) Krptt

Zk+p—1_

+z .
o (k, u,%c?)y“p !

On the other hand we have

D QR Y, 8 aep ] + D01 17,8 brcrps]
k=2 k=1

= z Qg’;)n(ki Y, 8) < n,m : Xk+p—1>
k=2 ' 'Qq:p (k, WY, 6)

+ iQ"'m(k Wy 5)( ! Vi 1>
, AR g nm +p-
= Qup (e, y,8) 7P

(00]
=z:xk+p—1'|'z:37k+p—1zl_xpSl-
k=1

k=2

Therefore, v € clcoMH,;" (v, 8, ).

Conversely, if v € clcoM " (v, 8, ). Assume , we have

(e0)

[00]
xp =1~ Z Xk+p-1 — Z Yi+p-1 -
k=1

k=2
Xirp—1 = Qg7p (Ko 11V, 8) g1, k = 2,3, ...
and

yk+p—1 =:Q32?(k;ﬂ:y:6)bk+p—1,k ::Zﬁi-"

16



Now, consider the following

oo oo

_ K+p—1 -
v(z) = zP — Z Ap4p-1Z P+ 2 bysp-1, zk+p-1

k=2 k=1

z nm(k H,‘}/, 6) xk+p 1Z +p-1 + 2 Q (k ‘Ll,*y, 5) yk+p_1zk+p_1

P D _
p—
[Z R+ 1(2)] Xg+p-1 T 2[2 Ik+p- 1(2)] Vik+p-1

= [1 Xk+p-1 Zykﬂo 1
k=2

k=1

0

zP +Zxk+p 1hk+p 1(2)

k=2

- Z Xicspo1herp-1(2)
k=1

oo (00]

= Z xk+p—1hk+p—1(z) + z xk+p—1hk+p—1(z)-

k=2 k=1

17



CHAPTER 3
Conclusions
The conclusions of this work are as follows:-

= Section (2.2) defined inequalities based on parameters v, e, a
and b, and any changes in their values leading to large changes
in the classes

= We can discuss it with a negative coefficient, the operator of
analytical multivalent functions with an adverse coefficient.

= The class H},,"(y,8,u) of all multivalent harmonic functions

dependent on the values of p and b.
Also, if p=1, then we get the class H, 1 (n, m, y) of all harmonic
univalent function.

Future Works

The suggestions for future work as well as ideas on future work are
as follows :

= Some multivalent function properties based on the generalized
Mittag-Leffler functions.

= In the multivalent functions class define through Sigmoid
Activation Function with Chebyshev polynomials.

= Certain properties of a subclass of meromorphic p-valent functions
generalized derivative operator.

= An investigation of some properties of subclass of univalent
functions defined by generalized integral operator.
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