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In our work, we introduced and investigated some properties of 

subclass of multivalent harmonic functions involving the generalized 

derivative operator, such as extreme points and closure under an 

integral operator for this class are obtained. 
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Introduction 

In this project we study some geometrical properties of analytic 

multivalent functions. 

 Also, we provide a comprehensive introduction to the subclasses of 

harmonic multivalent function by using some operators. When we 

write this project we develop the project from some researches.  

In [1] Wanas, Abbas Kareem; AlINA, AIb lupas, on a new class of 

harmonic multivalent function.  

In [2] Wanas, Abbas Kareem;  Two New Classes of Analytic 

Function Defined by Strong Differential Subordinations and 

Superordinations. 

We introduce new classes of analytic function defined by operator. 

For class. 

 (        )           {zC:| |  1} 
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CHAPTER 1   

Definitions and Examples 

1.1 Introduction  

This research contains two chapters, in the first chapter study the 

univalent and analytic functions, multivalent function (P- value), 

simply connected domain, complex differentiable and some simples. 

Chapter two, we deal with an investigation in some the properties 

of a subclass of P-value function, which are defined by the 

generalized derivative operator to obtain some results such as extreme 

points to those subclasses. The choice of the open unit disk 

u={zC:| |<1}. 

Definition 1.2 [17] , suppose that u={zC:| |<1} indicates for 

open unit disk at the complex plane   . 

A function   of complex variable is said to be analytic in a point z˳ 

if it is derivative is found not only in z˳ but also at all points z in some 

neighborhoods for z0. Where be analytical in open unit disk U if is 

analytic in all points in U. It is an entire function if it is an analytic 

function in all points at complex plane  . 

Definition (simply connected domain) 1.3 [17] let D be a 

domain D ⊂ C is an open and connected non-empty subset of the 

complex plane. The domain D is simply connected if both D and C/D 

are connected. 

 



 

 
3 

 

Definition (complex differentiable) 1.4 [17] A complex 

function f:D→C defined for all z  D is said to be complex 

differentiable at z˳ D if  

                                  
 ( )  (  )

    
 exists 

Definition (analytic function) 1.5  [17] The function f:D → C is 

analytic at z˳ (or holomorphic at z˳) if it is complex differentiable at 

every point in some neighborhood N(z˳; ) of z˳ D. We say that f is 

analytic on D if f is analytic at z˳ for every z˳ D. 

       For example, let f: D→C, f (z) =1+ z is analytic function. 

Definition (univalent function) 1.6 [7] A function f:D → C 

with property that f(z1)   f(z2) for all z1, z2  D with z1  z2 is said to 

be one-to-one  on D (or univalent, or injective) A function f: D → C 

which both analytic on D and one-to-one on D is called conformal on 

D. 

       For example, a function f:D → C, f(z) = z is univalent function. 

Extreme Points for the Class   ̂   
   

(α, β) 1.7 

We recall that, a function       ⊂   
  is called an extreme point 

of   if, for                      (     )   implies    =    

= f for all    and    in F. The intersection of closed convex 

subsets of   
  which contain   is called the closed convex hull of 

 . We denote by cl  , the set of all closed convex hull of   . 
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Example 1.8 [1]: If a function   ( )  
 

   
      (     )

 (     )   

The two functions  

                   (   )  
   

 (     )   ,                     (   )  
(     )

 (     )  

Have continuous partial derivatives   ,   ,   ,    are in all values of 

(x,y)   (0,0). Cauchy-Riemann equations are satisfied because. 

 

                      
         

 (     )  ,                                 
         

 (     )  ,  

 

                      
         

 (     )  ,                                 
         

 (     )  

Then 

                         
         

 (     )  ,                          
         

 (     )   

Hence f is analytic for all z   0. 

  

Examples 1.9, function f (z) = z is a univalent in U, while f (z) =    is 

the not univalent function in U. Also  

  ( )     
 (    )

(    )
 

is a univalent function in U of all positive integers n. We will refer to 

all function f as belonging to class B an analytic function in an open 

unit disk U and normalized by the conditions. 

f (0) = 0 ,  ́(0) = 1 

Example 1.10 [12]:consider a domain 
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D = {z     | | < 2, 0 < arg z <
  

 
+ 

As well the function f: D→   given by f (z) =  . It is clear that f is 

analytic on D and locally univalent at every point z˳ D since  ́ (z˳) = 

2 z˳ 0 for all z˳ D. 

However, f not univalent on D, since  

f (
 

 √ 
   

 

 √ 
) = f  

  

 √ 
   

 

 √ 
) =  

 

 
   . 
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CHAPTER 2  

The Subclass of Harmonic Multivalent     
   

 generated by the 

differential Operator       
   

 

2.1 Introduction  

The harmonic functions are well known to have numerous 

applications in seemingly different areas of medicine, engineering, 

electronics, physics, aerodynamics, operational research and others. In 

a simply connected domain    , harmonic maping is univalent of 

valued harmonic functions       , where     and   are real 

harmonic functions in  . We can write        in any connected 

domain where   and   are analytical in D. We call   the analytical 

part and   the co-analytical part of  . 

Ahuja and Jahangiri [11] defined class     (     *       +), 

which consists of all p-valent harmonic functions,       , that 

orientation preserving in U ( open unit disk u= {z    | |    })   

where   and   are of the form 

 ( )    ∑        ( )  ∑      |  |        *       +             (   )

 

   

 

     

 

Note that when the co-analytical part   is zero,      reduces to class 

   of normalized multivalent analytical functions. As a result, 

function    can be expressed for this class as  

 ( )     ∑   

 

     

                                                                                                                    (   ) 

For       ,in [5] Jackson defined the q-derivative operator 

  of a function   by 
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    ( )  {

 ( )   (  )

(   ) 
             

 ( )̀                             

}                                                                                      (   ) 

From (   ) it follows that if,       has the form (   ),then  

   ( )    (   ∑     
 
        )  , -      ∑  ,   -      

 
          ,      

where , -   
    

   
   and thus      , -   . 

Using the above Jackson q-derivative we will define the 

operator      
                * +  by 

    
  ( )   ( )              

  ( )     .     
    ( )/       

Therefore, if       has the form (   )it follows that 

             
  ( )  (      

 )( )                         

where 

    
 ( )      ∑(,   - )

 
 

   

                               

Moreover     
  ( )     ∑ (,   - )

 
    

 
                        

     
  ( )     ∑(,   - )

 
    

 

   

                     

For,   , with the aid of the operator       
 we will define the new q-

differential operator         
            by  

       
      ( )        

  ( )  

From the above definition it follows easily that if     is of the 

form (1), then 

                
      ( )       ∑(,   - )

 
  (

    

 
)

 

    

 

   

                           (   ) 
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we modified the operator        
      ( ) of harmonic multivalent 

function      ̅ as  

       
      ( )         

      ( )         
      ( )                                                            (   ) 

where  

       
      ( )     ∑(,   - )

 
  (

    

 
)

 

      

 

   

        

and  

       
      ( )  ∑(,   - )

 
  (

    

 
)

 

      

 

   

         

With Operator        
      ( ) we present the class     

   (     )  of 

multivalent harmonic functions as follows: 

Notation  2.1  

For                
 

 
   the function      ̅ of the form 

(1.2) is in the class     
   (     ) if satisfy the inequality 

  {
            

      ( )

        
        ( )  (   )  

}                                                                                               (   ) 

where               and        
      is defined by (1.5). 

 

Let      
   (     ) describe the subclass of     

   (     ) of 

harmonic functions      ̅ to make         of the shape 

 ( )    ∑ |  |     ( )  ∑|  |   |  |        *       +         (   )

 

   

 

     

 

Many researchers have investigated subclasses of univalent and 

multivalent harmonic functions. [13, 8, 18, 10, 14, 15, 4, 19, 16, 6, 

20, 2, 21, 22, 23, 24, 9, 3[. 
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In this research, we study a class of harmonic multivalent functions 

defined by a differential operator based on q-derivative operator. 

Coefficient bounds, distortion bounds, extreme points, inclusion 

results and closure under an integral operator for functions in the class 

     
   (     ) are obtained. 

Main Results 2.2 

We provide sufficient coefficient conditions for harmonic functions 

of class     
   (     ) in our first theorem. 

Theorem 2. 1 For             
 

 
       Let         in      

be of the form Eq. (1.1). If   

∑     
   (       )

 

   

|      |  ∑     
   (       )

 

   

|      |                                                (   ) 

       

    
   (       )  

  
 (   ) (    (

 
     

)) 

(     )
 

    
   (       )  

  
 (   ) (    (

 
     

))

(     )
   

      
 (   )  (,   - )

 
  (

    

 
)

 

 

           
   (     )  

 Proof. To prove that       
   (     ) by the condition (2.6), we 

only need to show that if (1.8) holds, then 

  {
            

      ( )

        
        ( )  (   )  

}    
 ( )

 ( )
     



 

 
10 

 

where                       

Note that  

 ( )              
      ( )    

and 

 ( )          
        ( )  (   )    

Using the fact that,      Then   ( )    if and only if |  

(   )|  |  (   )|  we have  

| ( )  (   ) ( )|  | ( )  (   ) ( )|                                          (   ) 

Substituting  ( ) and  ( ) in (1.9) we obtain  

| ( )  (   ) ( )|  | ( )  (   ) ( )| 

 |            
      ( )  (   )[        

        ( )  (   )  ]|

 |            
      ( )  (   )[        

        ( )  (   )  ]| 

 |   ∑   
 (   )             ∑   

 (   )             

 

   

     

 

   

 (   ) [(   )      

  ∑   
 (     )            

 

   

  ∑   
 (     )             

 

   

]| 
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 |   ∑   
 (   )             ∑   

 (   )             

 

   

    

 

   

 (   ) [(   )      

  ∑   
 (     )            

 

   

  ∑   
 (     )             

 

   

]| 

 |(      )  

 ∑   
 (   ),  (   )  -            

 

   

 ∑   
 (   ),  (   )  -             

 

   

| 

 |    ∑   
 (   ),  (   )  -            

 

   

 ∑   
 (   ),  (   )  -             

 

   

| 

 

 (      )| | 

 ∑   
 (   ),  (   )  -|      || |     

 

   

 ∑   
 (   ),  (   )  -|      || |     

 

   

  | |  
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 ∑   
 (   ),  (   )  -|      || |     

 

   

 ∑   
 (   ),  (   )  - |      || |     

 

   

 

  (     )| | 

 ∑   
 (   ),  (   )    

 

   

 (   )  -|      || |      

 ∑   
 (   ),  (   )     (   )  -|      || |     

 

   

 

  (     )| |  

 ∑    
 (   ),     -|      || |     

 

   

 ∑    
 (   ),     -|      || |     

 

   

 

  (     )| |  

[  {∑
  

 (   ),     -

(     )
|      || |     

 

   

 ∑
   

 (   ),     -

(     )
|      || |     

 

   

}] 

 

[  {∑
  

 (   ),     -

(     )
|      |  ∑

   
 (   ),     -

(     )
|      |

 

   

 

   

}]  

Or equivalently to  

| ( )  (   ) ( )|  | ( )  (   ) ( )|   (     ) 
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[  {∑
  

 (   ) [    .
 

     
/ ]

(     )
|      |

 

   

 ∑
  

 (   ) [    .
 

     
/ ]

(     )
|      |

 

   

}]        

The harmonic multivalent function  

 ( )     ∑
 

    
   (       )

 

   

        

 ∑
 

    
   (       )

 

   

                                                             (    ) 

Where n   and ∑   
 
    ∑       

    indicate that the bound of 

coefficient (1.8) is sharp. Since  

∑     
   (       )

 

   

|      |  ∑     
   (       )

 

   

|      | 

 ∑     
   (       )

 

    
   (       )

 

   

|  |

 ∑     
   (       )

 

    
   (       )

 

   

|  | 

 ∑|  |

 

   

 ∑|  |    

 

   

 

We now show that condition (2.8) is also required for the functions 

     ̅  where   and   are specified (2.7). 

Theorem 2.2  Let      ̅ , where          be of the form (2.7). 

Then        
   (     ) if and only if satisfies the condition  
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∑     
   (       )

 

   

|      |  ∑     
   (       )

 

   

|      |                     (    ) 

       

    
   (       )  

  
 (   ) (    (

 
     

)) 

(     )
 

    
   (       )  

  
 (   ) (    (

 
     

))

(     )
   

                for every      

Proof. Because      
   (     ) ⊂     

   (     )=B, we just need to 

prove the theorem "only if. For functions       ̅ of the form (2.7), 

we notice that the condition  

  {
            

      ( )

        
        ( )  (   )  

}      

is equivalent to 

  

{
 
 

 
 

(     )  

 ∑   
 (   ),     -             ∑   

 (   ),     -            ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
   

 
   

    ∑   
 (     )              ∑   

 (     )             
   

 
   

}
 
 

 
 

  

                                                                                                                                 (    ) 

Now, the last inequality (9) must hold for all values of   in    

Choosing the value of   on the positive real axis where        

   we have                   for every       

*
(     )

 ∑   
 (   ),     -             ∑   

 (   ),     -             
   

 
   

+

[   ∑   
 (     )              ∑   

 (     )             
   

 
   ]

 

                                                                                                                                (    ) 
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We notice that the expression in (10) is negative for     sufficiently 

closed to 1 when the condition (8) does not hold. Hence there exist  

      in (   ) for which the quotient in (1.14) is negative, therefore 

there is a contradicts the required condition for   

     
   (     )    

 

Extreme Points 2.3 

Here, we consider the extreme points of closed convex hull of 

     
   (     ), denoted by          

   (     ) for functions in 

 (     )  

Theorem 2.3 

                (   )               
   (     )                 

 ( )  ∑[            ( )              ( )] 

 

   

 

   ( )           ( )     
 

    
   (       )

                  

and 

      ( )     (  )   
 

    
   (       )

                

                          ∑       

 

   

 ∑       

 

   

   

In particular, the extreme points of       
   (     ) are 

{      }     {      }   

Proof. Suppose  

 ( )  ∑[            ( )              ( )]                                             
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   ∑(             )

 

   

   ∑
 

    
   (       )

            

 

   

 ∑
 

    
   (       )

            

 

   

 

                      ∑
 

    
   (       )

            

 

   

 ∑
 

    
   (       )

            

 

   

  

On the other hand we have 

∑     
   (       )|      |

 

   

 ∑     
   (       )|      |

 

   

 

 ∑     
   (       ) (

 

    
   (       )

      )

 

   

 ∑     
   (       ) (

 

    
   (       )

      )

 

   

 

 ∑       

 

   

 ∑                                                     

 

   

 

Therefore,             
   (     )  

Conversely, if             
   (     )  Assume , we have   

       ∑       

 

   

 ∑       

 

   

   

                   
   (       )                     

and  

                          
   (       )                    
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Now, consider the following 

 ( )     ∑             

 

   

 ∑           
     

 

   

 

    ∑
 

    
   (       )

            

 

   

 ∑
 

    
   (       )

            

 

   

 

    ∑[         ( )]

 

   

       ∑[         ( )]

 

   

       

 [  ∑       

 

   

 ∑       

 

   

]    ∑             ( )

 

   

 ∑             ( )

 

   

 

 ∑             ( )

 

   

 ∑             ( ) 
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CHAPTER 3  

Conclusions 

The conclusions of this work are as follows:- 

 Section (2.2) defined inequalities based on parameters v, e, a 

and b1 and any  changes in their values leading to large changes 

in the classes  

 We can discuss it with a negative coefficient, the operator of 

analytical multivalent functions with an adverse coefficient. 

  The class     
   (     )  of all multivalent harmonic functions 

dependent on the values of   and b. 

Also, if p=1, then we get the class     (     ) of all harmonic 

univalent function. 

 

Future Works 

 The suggestions for future work as well as ideas on future work are 

as follows :  

 Some multivalent function properties based on the generalized 

Mittag-Leffler functions. 

 In the multivalent functions class define through Sigmoid 

Activation Function with Chebyshev polynomials. 

 Certain properties of a subclass of meromorphic p-valent functions 

generalized derivative operator. 

 An investigation of some properties of subclass of univalent 

functions defined by generalized integral operator. 
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 انًهخص

 

 

 

 

 

 

 

انخً حخضًن  اث انخىافقٍتانفئت انفرعٍت يخعددة انخكبفؤ ين خصبئص بحثب و ححققنب عن فً عًهنب , قدينب

 والانغلاق ححج عبيم يؤثر فً ذنك انصنف.اننقبط نهبٌبث  حفبضهًانحصىل عهى يؤثر 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

    جًهىريت انعراق            

 وزارة انتعهيى انعبني وانبحث انعهًي    

 كهيت انتربيت نهعهىو انصرفت-جبيعت بببم   

 قسى انريبضيبث            

 

 
 
 

 

 

 

حىل انفئبث انفرعيت نهىظبئف انتىافقيت يتعذدة انتكبفؤ انًعرفت 

 بىاسطت عبيم تفبضهي

 

 بحث يقدو انى

 جبيعت بببم-كهٍت انخربٍت نهعهىو انصرفت -انرٌبضٍبث  قسى

 اندبهىو انعبنً حربٍت / رٌبضٍبث درجتم ٍو هى جزء ين يخطهببث ن
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