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II 

 

ABSTRACT 

 Approximating function by using neural networks is an 

interesting direction in approximation theory. so it is important to 

prove that universaly for functions from other wider spaces. 

 We essential to well choosing the space of the functions that 

are approximated by neural networks. 𝐿𝑝 spaces of functions are 

fantastic choices to study. It is more interesting to take the value 

0 < 𝑝 < 1. 

       On the other hand, the solid formulas of the neural networks as 

approximates are not less important. We know that we can use the 

neural networks for the approximation of functions for many types 

of activation functions. Here, we treat neural networks with simple 

and effiecient activation function called Rectified Linear Units 

(ReLU). Generalized ReLU is prove here to  define anew formula of 

neural network that is appropriate for function approximation . 

         The main objective of this paper is to introduce a type of 

neural network and we use it to approximate functions and 

estimate the general approximation error. We will get the optimal 

approximation if we have a basis independent of the target 

function . 
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III 

        We prove theorems of existence and uniqueness by estimating 

the degree of approximation depending on the modulus of 

smoothness of the functions envolved. 
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INTRODUCTION 

            There are many studies about the approximation by neural 

networks with different types of activation functions. The theory of 

function approximation through neural networks has a long history 

dating back to the work by McCulloch and Pitts and the seminal paper 

by Kolmogorov [1], who showed, when interpreted in neural network 

parlance, that any continuous function of 𝑛 variables can be 

represented exactly through a 2-layer neural network of width (2𝑛 +

 1) [2] . 

      Cybenko [3] was the first who gave a strong theoretical base to 

researchers by his universal theorem of approximation in 1988. It 

gives a best neural approximation for any continuous function defined 

on a compact space X by a single hidden layer. Many papers depended 

on Cybenko’s theorem to make developments in many fields. 

Multilayer neural networks were the universal approximates of 

mappings and its derivatives by Hornik and Stinchombe in their joint 

work in 1990 [4]. Two years later, functions from Hilbert spaces were 

approximated neutrally by Jones et al in [5] and non Hilbert spaces 

by[6], while Chen and Chen extended Cybenko’s Theorem in [7] and 
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to functions from several variables in [8]. Three layer neural networks 

was the type that Suzuki studied and approximate in 1998 [9]. In the 

beginning of the millennium, researchers became more interested in 

studying neural approximation.Different neural networks with 

different activation functions and different function spaces were 

studied, we cite examples as [10] by Dingankar and Phatak whose 

neural network was radial basis with simultaneous approximation . In 

2006, Ding, Cao and Xu used trigonometric class of hidden layers in 

[11] and later in [12]. Until the moment of writing this, many 

researchers are still studying the topic of nural approximation from 

several directions, see [1]–[13], for more improvements, 

generalizations, and/or constructions. 

        In this Research, we investigate the approximation properties of 

neural networks. In other words, we study how complex networks 

need to be in order to approximate certain functions well. For this, we 

focus on networks that use a certain activation function which is 

possibly the most widely used in applications—the rectified linear unit 

(ReLU). The research consists of two chapters. In chapter one , we 

introduce an overview of the basics of function approximation and 

neural network and  activation functions  (especially, Rectified Linear 
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Units) and lists basic elements needed in the neural network 

constructions considered throughout . 

       In Chapter two , we define General ReLU Neural Network and 

introduce  function approximation by it. We also prove existence and 

uniqueness of best approximation.  

our main results are listed below , 

2.4 . Existence Theorem 

       Let 𝑓 ∈ 𝐿𝑝  [𝑎, 𝑏], then there exists a simultaneous 

approximation to any subset ℱ of 𝐿𝑝  by a FNN of the form 

𝒩𝑛(𝑥) =∑𝑐𝑖ℛ(𝑤𝑖𝑥 + 𝜗𝑖)

𝑛

𝑖=1

, 

2.5. Uniqueness Theorem 

      The simultaneous best approximation 𝑁∗∈ ℵ of a subset ℱ of 𝐿𝑝 is 

unique. 
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1.1. Function Approximation 

         The theory of approximation is a very extensive field, which has 

various applications. The problem of function approximation had 

been studied throughout polynomial (trigonometric and algebraic), 

splines, wavelets and neural networks. In this section, we give an 

introduction to fundamental ideas and aspects of approximation 

theory in the normed space 𝑋. Approximation theory is concerned 

with how functions can best be approximated with simpler functions, 

or functions from applicable fields, with quantitively  characterizing 

the errors introduced thereby. More generally, one may want to setup 

practically useful criterion for the quality of approximations [14] .   

Starting from problems concerning certain mechanisms (e.g. the 

motion of the connecting-rod of a steam engine), P.L . Cebysev was 

led to state, a century ago [15], the problem of finding, for a real 

continuous function 𝑋(𝑡) on a segment [𝑎, 𝑏 ], an algebraic 

polynomial   

𝑔0(t) =∑𝛼𝑖𝑡
𝑖+1

𝑛

𝑖=1

 

of degree ≤ 𝑛 − 1 such that the "deviation" of the polynomial 𝑔0(t) 

from the function 𝑋( 𝑡) on the segment  [𝑎, 𝑏] be the least possible 

among the deviations of all algebraic polynomials of the from  
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𝑔(t) =∑𝛼𝑖𝑡
𝑖+1

𝑛

𝑖=0

 

of degree≤ 𝑛 − 1   . 

In the mechanical problems considered, for the measuring of the 

deviation between 𝑔(𝑡) and 𝑋(𝑡) on the segment [𝑎, 𝑏], P. L. Cebysev 

[16] has found as being the most suitable the number  

max
𝑡∈[𝑎,𝑏]

|𝑥(𝑡) − 𝑔(𝑡)| 

thus, the problem amounts to the minimization of this maximum 

when 𝑔(𝑡) runs over the set of all algebraic polynomials of degree ≤

 𝑛 − 1. In order to include other important cases as well, the problem 

has been generalized by other mathematicians, the interval [𝑎, 𝑏] 

being replaced by a compact space Q [16] the real-valued functions by 

complex-valued functions, as in [17], or by functions with values in 

more general spaces [18] .   

1.2. Normed Spaces 

        Before going deeper inside our study, we need to give some 

important concepts that concerns with our space of study.  

Definition 1.2.1.  [19] 

       A norm on a vector space V is a function ||  ·  || ∶  𝑉 → 𝑅 satisfying   

 [i] ||𝑥||  ≥  0, with equality if and only if 𝑥 = 0, 
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 [ii] ||𝑥 + 𝑦||  ≤ ||𝑥|| + ||𝑦|| for all 𝑥 and 𝑦 in 𝑉 . 

 [iii] ||𝑐𝑥||  =  |𝑐|||𝑥|| for all scalars 𝑐 and 𝑥 ∈ 𝑉 . 

Given a norm on a vector space, we get a metric by d(x, y) = ||x − y|| 

Definition 1.2.2. [13]   

       A metric space is a set 𝑆 ≠ ∅ together with a function   

                                𝜌: 𝑆 ×  𝑆 →  𝑅+  

(called a metric for S) satisfying the metric laws (axioms): 

For any 𝑥, 𝑦, 𝑎𝑛𝑑 𝑧 𝑖𝑛 𝑆, we have 

(i)  𝜌(𝑥, 𝑦)  ≥  0  and  𝜌(𝑥, 𝑦)  =  0  𝑖𝑓𝑓  𝑥 =  𝑦 ; 

(ii)  𝜌(𝑥, 𝑦)  =  𝜌(𝑦, 𝑥) (symmetry law) ; 

(iii) 𝜌(𝑥, 𝑧)  ≤  𝜌(𝑥, 𝑦)  +  𝜌(𝑦, 𝑧)  (triangle law). 

Definition 1.2.3.  

      A quasi-norm on a vector space V is a function ||  ·  ||: 𝑉 →  𝑅 

satisfying   

• ||𝑥||  ≥  0, with equality if and only if 𝑥 = 0   . 

• ||𝑥 +  𝑦||  ≤  𝐶(||𝑥||  + ||𝑦||) for all 𝑥 𝑎𝑛𝑑 𝑦 𝑖𝑛 𝑉 . 

• ||𝑐𝑥||  =  |𝑐|||𝑥|| for all scalars 𝑐 𝑎𝑛𝑑 𝑥 ∈ 𝑉 . 
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Definition 1.2.4. [13] 

       A Banach space is a vector space 𝑉 equipped with a norm ||  ·  ||,  

with respect to the metric defined by 𝑑(∙ ,∙ ) , 𝑉 is complete. 

1.3. 𝑳𝒑 Spaces 

        Again, as in Example 1.2.2, we go back to the Lebesgue space that 

we need for our main results. The space 𝐿𝑝 are function 

spaces defined using a natural generalization of the p-norm for finite-

dimensional vector spaces. They are sometimes called Lebesgue 

spaces, named after Henri Lebesgue  [17], although according to 

the Bourbaki group they were first introduced by Frigyes 

Riesz  [20]. 𝐿𝑝 spaces form an important class of Banach 

spaces in functional analysis, and of topological vector spaces.  

Because of their key role in the mathematical analysis of measure and 

probability spaces, Lebesgue spaces are used also in the theoretical 

discussion of problems in physics, statistics, finance, engineering, and 

other disciplines. 

   Definition 1.3.1  [19] 

       The 𝐿𝑝 space for 0 <  𝑝 <  ∞ is given by         

𝐿𝑝([𝑎, 𝑏]) = {𝑓: [𝑎, 𝑏]  →  ℝ, 𝑓 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒 𝑎𝑛𝑑 ‖𝑓‖𝑝 <  ∞} 

 Where 

https://en.wikipedia.org/wiki/Function_space
https://en.wikipedia.org/wiki/Function_space
https://en.wikipedia.org/wiki/Norm_(mathematics)#p-norm
https://en.wikipedia.org/wiki/Vector_space
https://en.wikipedia.org/wiki/Henri_Lebesgue
https://en.wikipedia.org/wiki/Nicolas_Bourbaki
https://en.wikipedia.org/wiki/Frigyes_Riesz
https://en.wikipedia.org/wiki/Frigyes_Riesz
https://en.wikipedia.org/wiki/Banach_space
https://en.wikipedia.org/wiki/Banach_space
https://en.wikipedia.org/wiki/Functional_analysis
https://en.wikipedia.org/wiki/Topological_vector_space
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‖𝑓‖𝑝 = {∫|𝑓|
𝑝

𝑏

𝑎

}

1
𝑝⁄

 

is the 𝐿𝑝-quasi normed space of 𝑓.  

Set the following space which is a special case of 𝐿𝑝 which is called the 

discrete norm . 

ℒ𝑝([𝑎, 𝑏]) = {𝑓 is measurable| (∑  

𝑛

𝑖=1

𝑏 − 𝑎

𝑛
|𝑓(𝑥𝑖)|

𝑝)

𝑝

< ∞} 

Example 1.3.1. [19]  

The space 𝐶[0, 1] of continuous real-valued functions on [0, 1] has the 

sup_norm  

‖𝑓‖𝑠𝑢𝑝 =  𝑠𝑢𝑝𝑥∈[0,1] |𝑓(𝑥)| 

and the 𝐿2-norm  

‖𝑓‖2 = (∫ |𝑓(𝑥)|2𝑑𝑥
1

0

)

1
2
 

, 

While functions that are close in the sup-norm are close in the 𝐿2-

norm, the converse is false: a function whose graph is close to the 𝑥-

axis except for a tall thin spike is near 0 in the 𝐿2-norm but not in the 

sup-norm.  
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Example 1.3.2   [19] 

Let (𝑋 ,ℳ, µ) be a measure space. For any 𝑝 >  0, set 

𝐿𝑝(𝜇) =
 def 

{𝑓: 𝑋 → R: 𝑓 measurable and ‖𝑓‖𝑝 = (∫  
𝑋

|𝑓|𝑝d𝜇)

1 𝑝⁄

< ∞} 

The spaces 𝐿𝑝 for 𝑝 ≥  1 have their metric coming from a norm. For 

0 <  𝑝 <  1, is 𝐿𝑝 is not a normed space, but it is called quasi-normed 

space .  

Example 1.3.3.  [19] 

The metric used on  L𝑝 of Example 1.2.2 is 

 

𝑑(𝑓, 𝑔) =

{
 
 

 
 
(∫  

𝑋

|𝑓 − 𝑔|𝑝d𝜇)

1/𝑝

,      if 𝑝 ≥ 1

∫  
𝑋

|𝑓 − 𝑔|𝑝d𝜇,      if 0 < 𝑝 < 1

 

The reason for these choices, comes from the common properties of 

L𝑝 for all 𝑝 >  0.  
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1.3.1. Differences between 𝑳𝒑 when 𝒑 ≥ 𝟏 and 𝑳𝒑 when 𝒑 < 𝟏   [16] 

Property 𝒑 ≥ 𝟏 𝟎 < 𝒑 < 𝟏 

Triangle 

Inequality 

‖𝑓 + 𝑔‖𝑝 ≤ ‖𝑓‖𝑝 + ‖𝑔‖𝑝 ‖𝑓 + 𝑔‖𝑝 ≤ 2
1
𝑝
−1
(‖𝑓‖𝑝 + ‖𝑔‖𝑝) 

Holder 

inequality 

 

0 < 𝑝 < ∞ , 0 < 𝑞 < ∞,                         

such that  
1

𝑝
+

1

𝑞
 = 1, then 

‖𝑓𝑔‖1 ≤ ‖𝑓‖𝑝‖𝑔‖𝑝 

In the case 𝑝 = 𝑞 = 2  yield 

the familiar cauchy Schwarz 

inequality 

0 < 𝑝 <  1 , 0 < 𝑞 < 1,                         

such that 
1

𝑝
+

1

𝑞
 = 1, then  

‖𝑓‖𝑝‖𝑔‖𝑝 ≤ ∫𝑓𝑔 

Minkowiski 

inequality 

 

‖𝑓 + 𝑔‖𝑝 ≤ ‖𝑓‖𝑝 + ‖𝑔‖𝑝 

 

‖𝑓 + 𝑔‖𝑝 ≥ ‖𝑓‖𝑝 + ‖𝑔‖𝑝 

Also from triangle inequality  

‖𝑓 + 𝑔‖𝑝 ≤ 𝐶(‖𝑓‖𝑝 + ‖𝑔‖𝑝) 

Metrability 

𝑑(𝑓, 𝑔) = (∫|𝑓(𝑡) − 𝑔(𝑡)|𝑝𝑑𝑡

1

0

)

1
𝑝

 
𝑑(𝑓, 𝑔) = ∫|𝑓(𝑡) − 𝑔(𝑡)|𝑝𝑑𝑡

1

0

 

Completeness  𝐿𝑝 is Banach space,  𝐿𝑝 is quasi-Banach space. 

Locally 

Convexity 

 𝐿𝑝  is locally convex 

 
  

𝐿𝑝 is not locally convex. 
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1.4. Existence and Uniqueness of Best Approximation [21] 

1.4.1.Existence Theorem  

        Let 𝑌 be a finite-dimensional subspace of a normed linear space 

𝑋, and let 𝑥 ∈  𝑋. Then, there exists a (not necessarily unique) 𝑦∗ ∈ 𝑌 

such that                       ‖𝑥 − 𝑦∗‖ = min
𝑦∈𝑌

‖𝑥 − 𝑦‖ 

for all 𝑦 ∈ 𝑌 . That is, there is a best approximation to 𝑥 by elements 

of 𝑌 .  

To state uniqueness theorem, we need the following concept about 

convexity 

Definition 1.4.1 (Strictly Convex Space): 

       Any norm ‖·‖ on a vector space 𝑋 is said to be strictly convex if, 

for any 𝑥 ≠  𝑦 ∈ 𝑋  with 

 ‖𝑥‖  =  𝑟 =  ‖𝑦‖ 

we always have 

‖𝜆𝑥 + (1 − 𝜆)𝑦 ‖ < 𝑟 

for any 0 <  𝜆 <  1  . 

1.4.2.Uniqueness Theorem  [21] 

     X has a strictly convex norm if and only if the triangle inequality is 

strict on non-parallel vectors; that is, if and only if  

𝑥 ≠ 𝛼𝑦, 𝑦 ≠ 𝛼𝑥,  for all  𝛼 ∈ 𝑅  Then   ‖𝑥 + 𝑦‖  < ‖𝑥 ‖ + ‖𝑦‖ . 
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1.4.3 Degree of Approximation [21] 

         The degree of best approximation of the function 𝑓 ∈ 𝑋  is 

given by  

𝐸𝑛
∗(𝑓) = 𝐸𝑛(𝑓) = 𝑖𝑛𝑓

Ø∈Y
 ∥∥𝑓 − Ø∥∥ 

where Ø ∈ Y is a function that is a best approximation of 𝑓 out of 𝑌. 

 Many theorems studied the existence of best approximation and the 

degree of approximation beginning with Weierstrass, in 1885, that 

proved the existence theorm of best approximation out of 

polynomials as follow 

Theorem 1.4.4. (The Weierstrass Approximation Theorem): [21] 

      Let 𝑃𝑛[𝑎, 𝑏] ∈ 𝐶[𝑎, 𝑏]. Then, for every ε > 0, there is a polynomial)a 

best approximation from 𝑌) p such that   

‖𝑓 − 𝑝‖ < 𝜀 

Where 𝑃𝑛[𝑎, 𝑏] is the space of all polynomials of degree ≤ 𝑛  . 

1.5. Modulus of Smoothness  

        Modulus of smoothness is a measure of “Epsilon” in the definition 

of uniform continuity. The first time to use modulus of continuity to 

measure the degree of approximation, was Jackson’s Theorem in 1921 

in his work [22], he gave an upper bound for the approximation speed. 

Moreover, in the midst of his work on generalizing Lipschitz condition 
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functions, Bernstein introduced higher orders of moduli of continuity 

in his paper [23].  

      To get a fuller description of function properties, modulus of 

smoothness is the best measure of the rate of approximation, since it 

judges the accuracy of the best approximation of a function as the 

error of approximation is estimated. 

In our work, we define the modulus of smoothness in  𝐿𝑝  to measure 

the degree of best approximation, as follow  . 

Definition 1.5.1  [14]  

        Let 𝑓 ∈ 𝐿𝑝  ,  then the 𝑘th symmetric difference of 𝑓 is given by  

∆ℎ
𝑘(𝑓, 𝑥, [𝑎, 𝑏]) = { ∑ (

𝑘
𝑖
)𝑘

𝑖=0 (−1)𝑘−𝑖𝑓 (𝑥 −
𝑘ℎ

2
+ 𝑖ℎ) , 𝑥 ±

𝑘ℎ

2
 ∈ [𝑎 , 𝑏]} 

So the 𝑘th modulus of smoothness of 𝑓 is given by 

𝜔𝑘(𝑓, 𝛿, [𝑎, 𝑏])𝑝 = 𝑠𝑢𝑝
0<ℎ≤𝛿

 ∥∥Δℎ
𝑘(𝑓, . )∥∥𝑝 

for some 𝛿 ≥ 0 .  

1  .6  Neural Networks  [24] 

         Let us commence with a provisional definition of what is meant 

by a neural network" and follow with simple, working explanations 

of some of the key terms in the definition. 
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       A neural network is an interconnected assembly of simple 

processing elements, units or nodes, whose functionality is loosely 

based on the animal (or human) neuron.  

      The processing ability of the network is stored in the interunit 

connection strengths, or weights, obtained by a process of adaptation 

to, or learning from, a set of training patterns. 

     Neural networks are often used for statistical analysis and data 

modelling, in which their role is perceived as an alternative to 

standard nonlinear regression or cluster analysis techniques (Cheng & 

Titterington 1994). Thus, they are typically used in problems that may 

be couched in terms of classification, or forecasting. Some examples 

include image and speech recognition, textual character recognition, 

and domains of human expertise such as medical diagnosis, geological 

survey for oil, and financial market indicator prediction. This type of 

problem also falls within the domain of classical artificial intelligence 

(AI) so that scientists see neural nets as offering a style of parallel 

distributed computing, thereby providing an alternative to the 

conventional algorithmic techniques that have dominated in machine 

intelligence...  
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1.6.1. Mathematical Expression of Neural Networks  [24] 

     We have to introduce the mathematical formula of neural network, 

see Figure(1.1),  as follow  

𝑁(𝑥) = 𝜎 (𝑏 +∑  

𝑛

𝑖=1

𝑥𝑖𝑤𝑖) 

 𝑏 = bias 

 𝑥 = input to neuron 

 𝑤 = weights 

 𝑛 = the number of inputs from the incoming layer 

 𝑖 = a counter from 1 to 𝑛 

 𝜎 =  the activation function 

Figure(1.1) Neural Network 
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Three things are happening here. First, each input is multiplied by a 

weight: 

𝑥1 → 𝑥1 ∗ 𝑤1 

𝑥2 → 𝑥2 ∗ 𝑤2 

 

∙
∙
∙

 

𝑥𝑛 → 𝑥𝑛 ∗ 𝑤𝑛 

Next, all the weighted inputs are added together with a bias b: 

(𝑥1 ∗ 𝑤1) + (𝑥2 ∗ 𝑤2) + ⋯+ (𝑥𝑛 ∗ 𝑤𝑛) + 𝑏 

Finally, the sum is passed through an activation function: 

𝑦 = 𝛿(𝑥1 ∗ 𝑤1 + 𝑥2 ∗ 𝑤2 +⋯+ 𝑥𝑛 ∗ 𝑤𝑛 + 𝑏) 

1.7 Neural Network and Function Approximation  [25] 

         Hornik (1991) showed that any bounded and regular function 

𝑅𝑑 → 𝑅 can be approximated at any given precision by a neural 

network with one hidden layer containing a finite number of neurons, 

having the same activation function, and one linear output neuron. 

This result was earlier proved by Cybenko (1989) in the particular case 

of the sigmoid activation function. More precisely, Hornik’s Theorem 

can be stated as follows 
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Theorem 1.7.1  [25] 

      Let ∅ be a bounded, continuous and non decreasing (activation) 

function. Let 𝐾𝑑 be some compact set in 𝑅𝑑  and 𝐶(𝐾𝑑) the set of 

continuous functions on 𝐾𝑑 . Let  𝑓 ∈ 𝐶(𝐾𝑑). Then for all 𝜀 > 0, 

there exists 𝑁, real numbers 𝑣𝑖  , 𝑏𝑖 and 𝑅𝑑  -vectors 𝑤𝑖 such that, if 

we define 

𝑁(𝑥) =∑𝑣𝑖

𝑁

𝑖=1

∅((𝑤𝑖 , 𝑥) + 𝑏𝑖) 

then we have 

∀𝑥 ∈ 𝐾𝑑  , |𝑁(𝑥) − 𝑓(𝑥)| ≤ 𝜀 

1.8  Activation Functions  [16] 

        The importance of the activation function comes from its role of 

converting an input signal to an output signal in each node of each 

hidden layer. In the next layer, the input signal is the output signal of 

the previous layer. One asks whether it was possible to dispense the 

activation function, and what would happen if we omit it from the 

neural network. If we apply the neural network without any activation 

function, then the network would be simply a linear function with the 

following several limitations  
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a. A neural network without complexity cannot learn complex 

mappings from data. 

b. A linear regression neural network has a little power that doesn’t 

perform well most of the time. 

c. Special data such as images, audios, videos cannot be learned or 

modeled without activation function. 

Those are the reasons for using nonlinear, complicated, multi high 

dimensional activation functions to model a neural network with a 

complicated architecture and to obtain knowledge from huge 

datasets. 

1.9. Rectified Linear Units  (ReLU)   [26] 

      Rectified linear unit or ReLU is a relatively new activation function 

which has been shown to enable better training, in particular for 

networks with many hidden layers, referred to as deep networks 

[26]. It is nevertheless worthwhile to look into its effects on a 

network with only a single hidden layer. The function is described by  

ℛ(x) = max {0 , x}  i.e if   x < 0  ℛ(x) = 0 , and if  x ≥ 0   ℛ(x) = x 
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Figure(1.2) ReLu Activation function 

This would look linear function, but ReLU is nonlinear. It is not bound 

activation function. The output range of ReLU is [0,∞). This means it 

can blow up the activation. 

Summary of activation functions is given as follows. ReLU is not purely 

linear but consists of linear segments. Such functions are called as 

piecewise linear.  

This ReLU function’s positive part is an identity function, and negative 

part is set to zero.  
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1.9.1. Types of ReLU  [26] 

There are other types of ReLU.  

• Leaky ReLU (LReLU) It assigns a relatively smaller and predefined 

slop to the negative part. LReLU is given by  𝑅(𝑥) = 𝑚𝑎𝑥(0.1 ∗ 𝑥 , 𝑥) 

                      Figure(1.3)  Leaky ReLU Activation function  

Parametric ReLU (PReLU) is a type of leaky ReLU that, instead of 

having a predetermined slope like 0.01, makes it a parameter for the 

neural network to figure out itself : y = a𝑥 when  𝑥 < 0. 

 

Figure(1.4)  Parametric ReLU Activation function 
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•  Randomized Leaky Rectified Linear is the randomized version of 

leaky ReLU. The highlight of RReLU is that in training process,𝑎𝑗𝑖  is a 

random number sampled from a uniform distribution 𝑈(𝑙, 𝑢). 

Formally, we have: 

𝑦𝑗𝑖 = 𝑥𝑗𝑖  if 𝑥𝑗𝑖 ≥ 0 

𝑦𝑗𝑖 = 𝑎𝑗𝑖𝑥𝑗𝑖 if  𝑥𝑗𝑖 < 0 

Where 

𝑎𝑗𝑖 ∼ 𝑈(𝑙, 𝑢), 𝑙 < 𝑢 and  𝑙, 𝑢 ∈ [0,1) 

 

Figure(1.5) Randomized Leaky Rectified 
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• Exponential Linear Unit(ELU) It exponentially reduces the slope 

from the predefined and fixed threshold to zero and is beneficial to 

speed up model learning. It has a small slope for negative values. 

Instead of a straight line, it uses a log curve like the following:                                                           

 𝑦 = 𝑎(𝑒𝑥 − 1) 

 

Figure(1.6) Exponential Linear Unit(ELU) 
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1.9.2. Advantages and Disadvantages  [26]  

      According to different negative parts of activation functions, there 

are three categories: 1) Zero-type , 2) linear-type,  3) exponential-

type. Among them, ReLu belongs to the first type, LReLU and PReLU 

belong to the second, and ELU belongs to the third type. ReLU gives 

us the benefit of the sparsity of the activation. Imagine a network with 

randomly initialised weights and almost 50% of the network yields 0 

activations because of the characteristic of ReLU (output 0 for 

negative values of 𝑥). This means fewer neurons are firing (sparse 

activation) and the network is lighter. Because of a horizontal line in 

ReLU(for negative values of 𝑋) gradients can be fragile during training 

and can die. That means weights will not get adjusted and neurons 

will stop responding to variations in error or input. This is called Dead 

Neuron or dying ReLu problem. To fix this problem, one modification 

was introduced by Leaky ReLU. It introduces a small slope to keep the 

updates alive. One more limitation is that it should only be used within 

hidden layers of a neural network model.  
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2.1. Simultanuous Approximation in 𝑳𝒑   

        The first notes about simultaneous approximation was done by 

Dunham in [27]. He generated the classical Chebyshev approximation 

by approximating two continuous functions 𝑓+ and 𝑓−, with 𝑓+(𝑥) ≤

𝑓−(𝑥), for all 𝑥 ∈ [𝑎, 𝑏], simultaneously. He also proved that his 

simultaneous approximation is equivalent to the classical one 

function Chebyshev approximation when 𝑓+ = 𝑓−. 

For more specification, Diaz and Mclaughlin [28], [15] proved that the 

above problem is equivalent to the problem of approximating  

1

2
|𝑓+ + 𝑓−|. Also approximating two appropriate functions 

simultaneously is equivalent to approximating one function by 

elements of a certain set 𝕊. Moreover, they defined as follow 

Definition 2.1.1.  [28 ] 

       The best simultaneous approximation δ  to the set 𝕊 is given by  

inf
𝑠∈𝕊

sup
𝑓∈ℱ

‖𝑓 − s‖ = sup
𝑓∈ℱ

‖𝑓 − 𝒮‖, 

where ℱ is a set of uniformly bounded functions on [𝑎, 𝑏] and 𝕊 is a 

set of functions on [𝑎, 𝑏]. They proved, in the same paper, that 𝒮 is 

equivalent to the best simultaneous approximation of two functions.  
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Definition 2.1.2 (Linear function)  

       Let 𝑉 and 𝑊 be real vector spaces (their dimensions can be 

different) ,and let 𝑇 be a function with domain 𝑉 and range in 𝑊  

(written  𝑇 ∶ 𝑉 → 𝑊)   . We say 𝑇 is a linear function  if 

(a) for all x, y ∈ V  , T(x + y) = T(x) + T(y)  (T is additive) .  

(b) For all x ∈ V , r ∈ R , T(rx) = rT(x)  (T is homogeneous)  

Example 2.2 .1   

      Let 𝑉 = 𝑊 = 𝑅1. Define 𝑇(𝑥) = 𝑚𝑥  . where 𝑚 is a fixed real 

number. let 𝑥 and  𝑦 be in 𝑅1 and calculate 

𝑇(𝑥 + 𝑦) = 𝑚(𝑥 + 𝑦) = 𝑚𝑥 +𝑚𝑦 

𝑇(𝑥) + 𝑇(𝑦) = 𝑚𝑥 +𝑚𝑦 

Since T(x + y) = T(x) + T(y)  , that  𝑇 is additive and homogeneous 

since                     𝑇(𝑟𝑥) = 𝑚(𝑟𝑥) = (𝑚𝑟)𝑥 = 𝑟(𝑚𝑥) = 𝑟𝑇(𝑥) 

𝑇 is a linear function , but 𝐹(𝑥) = 𝑎𝑥 + 𝑏 , 𝑏 ≠ 0 is not a linear 

functin, where 𝑎 and 𝑏 are real number  and  𝑏 ≠ 0 , let 𝑥 and  𝑦 be 

in 𝑅1 and calculate 

𝐹(𝑥 + 𝑦) = 𝑚(𝑥 + 𝑦) + 𝑏 = 𝑚𝑥 +𝑚𝑦 + 𝑏 

𝐹(𝑥) + 𝐹(𝑦) = (𝑚𝑥 + 𝑏) + (𝑚𝑦 + 𝑏) = 𝑚𝑥 +𝑚𝑦 + 2𝑏 

Since 𝑏 ≠ 0 ,2𝑏 ≠ 𝑏  so 𝐹(𝑥 + 𝑦) ≠ 𝐹(𝑥) + 𝐹(𝑦) for all 𝑥 , 𝑦 ∈ 𝑉 ,  𝐹 

is not linear . 
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Definition 2.1.3   [29] 

         A sequence of functions {𝑓𝑛}𝑛≥1  from 𝐿𝑝 is said to be convergent 

to some 𝑓 ∈ 𝐿𝑝 if and only if 

lim
𝑛→∞

‖𝑓𝑛 − 𝑓‖𝑝 = 0 

Definition 2.1.4   [29] 

       A sequence of functions {𝑓𝑛}𝑛≥1 from 𝐿𝑝 is said to be Cauchy 

Sequence if and only if  

lim
𝑛,𝑚→∞

‖𝑓𝑛 − 𝑓𝑚‖𝑝 = 0, 

Definition 2.1.5  [29] 

        The space 𝐿𝑝  is said to be complete if and only if every Cauchy 

sequence {𝑓𝑛}𝑛≥1  from   converges to a function that belongs to  𝐿𝑝.  

2.2. The ReLU network model 

      Throughout this chapter, we define a new type of ReLU activation 

function, that we call, General Rectifier Linear Unit, in short, GReLU. 

The mathematical formula is given in the following definition , but first  

,we need to define some primary definitions . 
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Definition 2.2.1 

    The GReLU function is given by 

𝜎(𝑥) = 𝑔+(𝑥) = 𝑚𝑎𝑥(0, 𝑔(𝑥)) = {
0,   g(𝑥) ≤ 0

𝑔(𝑥),   g(𝑥) > 0
}, 

Where 𝑔: 𝑅 → 𝑅 is any real function that is 

(1) Linear 

(2) Differentiable 

(3) Bounded 

(4) Non decreasing  

Our generalization for the ReLU activation function  serves the 

linearity of the function, but gives a wide freedom of choice. 

Moreover, one can still use another activation function in the same 

network implicitly, but with the great advantages of ReLU function. 

GReLu is a general case of ReLU when 𝑔(𝑥) = 𝑥. On the other hand, 

it is a general case of LReLu when 𝑎 = 0.   

2.3. Construction of FNN with ReLU Activation Function  [29] 

      let ℵ be the set of all neural network of the form 

𝒩 =∑ 

𝑛

𝑖=1

𝑐𝑖ℛ(𝑤𝑖𝑥 + 𝜗𝑖) 

Whereℛ(𝑥)is the GReLU activation function. 
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Now, we are ready to discuss the essential point in this chapter. Here 

is the definition of the best simultaneous approximation of the set 𝐿𝑝 

by elements of ℵ  under the norm ‖∙‖𝑝 

Definition 2.3.1 

      The simultaneous best approximation of a subset ℱ of 𝐿𝑝 is 𝑁∗ ∈ 

ℵ in the expression 

                                   𝑖𝑛𝑓
𝑁∈ℵ

  {𝑠𝑢𝑝
𝑓∈ℱ

  ∥ 𝑓 − 𝑁 ∥𝑝} = 𝑠𝑢𝑝
𝑓∈ℱ

 ∥∥𝑓 − 𝑁∗∥∥𝑝 

2.4  Existence Theorem 

       Let 𝑓 ∈ 𝐿𝑝  [𝑎, 𝑏], then there exists a simultaneous 

approximation to any subset ℱ of 𝐿𝑝  by a FNN of the form 

𝒩𝑛(𝑥) =∑𝑐𝑖ℛ(𝑤𝑖𝑥 + 𝜗𝑖)

𝑛

𝑖=1

, 

where ℛ is the GReLU activation function on [𝑎, 𝑏] and the 

parameters 𝑐𝑖  , 𝑤𝑖  , and 𝜗𝑖 are chosen as follow 

𝑤𝑖 = −2
ℎ𝑛

|𝑏 − 𝑎|
, ℎ =

𝑏

2𝑛
 

𝜗𝑖 =
ℎ𝑛

|𝑏 − 𝑎|
(2𝑎 + (2𝑖 − 1)

𝑏 − 𝑎

𝑛
), 

𝑐0 = 𝑓(𝑎) −∑𝑐𝑖ℛ(𝑤𝑖𝑎 + 𝜗𝑖)

𝑛

𝑖=1

, 
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𝑐𝑖 =
1

2𝑏
∑(

𝑘
𝑖
) (−1)𝑘−𝑖𝑓 (𝑥 −

𝑘ℎ

2
+ 𝑖ℎ)

𝑘

𝑖=0

,  

We have 

‖𝒩𝑛(𝑥) − 𝑓(𝑥)‖𝑝
𝑝
≤
3

4
𝑊𝑘 (𝑓,

1

𝑛
 )
𝑝

𝑝

 

Proof: 

Since 𝑔 is bounded, then ∀𝒙 ∈ [𝒂, 𝒃]there exists some M > 𝟎, s.t . 

𝑠𝑢𝑝
𝑥∈[𝑎,𝑏]

 |ℛ(𝑥)| = 𝑀 

Let the partition 𝑎 <  𝑥1  <  𝑥2  <  ⋯  <  𝑥𝑛  =  𝑏, such that for all 1 

≤ 𝑖 ≤ 𝑛  

and let  𝑥𝑖 = 𝑎 + 𝑖
𝑏−𝑎 

𝑛
   , choosing 

𝑐0 = 𝑓(𝑎) −∑𝑐𝑖ℛ(𝑤𝑖𝑎 + 𝜗𝑖)

𝑛

𝑖=1

, 

implies 

 𝑓(𝑎) = 𝒩𝑛(𝑎) . 

For all 𝑥 ∈ [𝑎, 𝑏], there is 𝑗 ∈ Ν, 0 ≤ 𝑗 ≤ 𝑛, such that 𝑥 ∈ [𝑥𝑗−1 , 𝑥𝑗],  

and that 

𝒩𝑛(𝑥) = 𝑓(𝑎) +∑
1

2𝑏
∑(

𝑘
𝑙
) (−1)𝑘−𝑙𝑓 (𝑥 −

𝑘ℎ

2
+ 𝑙ℎ)

𝑘

𝑙=0

𝑛

𝑖=1

 

[ℛ(𝑤𝑖𝑥 + 𝜗𝑖)  − ℛ(𝑤𝑖𝑎 + 𝜗𝑖)] 
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= 𝑓(𝑎) +∑
1

2b
∑(

𝑘
𝑙
) (−1)𝑘−𝑙f (𝑥 −

kh

2
+ 𝑙h)

𝑘

𝑙=0

j−1

i=1

[ℛ(𝑤𝑖𝑥 + 𝜗𝑖)

− ℛ(𝑤𝑖𝑎 + 𝜗𝑖)] 

+
1

2𝑏
∑(

𝑘
𝑙
) (−1)𝑘−𝑙𝑓 (𝑥𝑗 −

𝑘ℎ

2
+ 𝑙ℎ)

𝑘

𝑙=0

[ℛ(𝑤𝑖𝑥 + 𝜗𝑖)

− ℛ(𝑤𝑖𝑎 + 𝜗𝑖)] 

+ ∑
1

2𝑏
∑(

𝑘
𝑙
) (−1)𝑘−𝑙𝑓 (𝑥 −

𝑘ℎ

2
+ 𝑙ℎ)

𝑘

𝑙=0

𝑛

𝑖=𝑗+1

[ℛ(𝑤𝑖𝑥 + 𝜗𝑖)

− ℛ(𝑤𝑖𝑎 + 𝜗𝑖)] 

= 𝑓(𝑎) + 𝑆1 + 𝑆2 + 𝑆3 

To estimate 

|ℛ(𝑤𝑖𝑥 + 𝜗𝑖) − ℛ(𝑤𝑖𝑎 + 𝜗𝑖)|, 

we have two cases 

Case i. For 𝑖 > 𝑗, we have, 𝑥 ≤ 𝑥𝑗 ≤ 𝑥𝑖−1, so by monotonicity of ℛ 

and our choices of the parameters 𝑤𝑖  , 𝜗𝑖 and 𝑥𝑖, we get 

0 < ℛ(𝑤𝑖𝑥 + 𝜗𝑖) − ℛ(𝑤𝑖𝑎 + 𝜗𝑖) 

≤ ℛ(𝑤𝑖𝑥𝑗 + 𝜗𝑖) − ℛ(𝑤𝑖𝑎 + 𝜗𝑖) 

≤ ℛ(𝑤𝑖𝑥𝑖−1 + 𝜗𝑖) − ℛ(𝑤𝑖𝑎 + 𝜗𝑖) 

= ℛ(ℎ) − ℛ(2ℎ𝑖 − ℎ) 

≤ 𝑔(ℎ) − 𝑔(2ℎ𝑖 − ℎ) 
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≤ 𝑔(2ℎ − 2ℎ𝑖) 

≤ 2(1 − i)𝑔(ℎ) 

≤
2(1 − i)

2𝑛
𝑔(ℎ) 

≤
(1 − i)

𝑛
𝑀 

Case ii. For 𝑖 < 𝑗, we have, 𝑥𝑖 ≤ 𝑥𝑗−1 ≤ 𝑥, then 

 ℛ(𝑤𝑖𝑎 + 𝜗𝑖) − ℛ(𝑤𝑖𝑥 + 𝜗𝑖) 

≤ ℛ(𝑤𝑖a + 𝜗𝑖) − ℛ(𝑤𝑖𝑥𝑖−1 + 𝜗𝑖) 

= ℛ(−ℎ) − ℛ(ℎ) 

≤ 𝑔(−ℎ) − 𝑔(ℎ) 

≤ −2𝑔(ℎ) 

≤ −
2

2𝑛
𝑔(𝑏) 

≤ −
1

𝑛
𝑀 

For the two cases, we conclude that 

|ℛ(𝑤𝑖𝑥 + 𝜗𝑖) − ℛ(𝑤𝑖𝑎 + 𝜗𝑖)| ≤ ℎ =
𝑏

2𝑛
 

Now, we are ready to estimate 𝑆1,  𝑆2 and 𝑆3  

|𝑆1| ≤
1

2𝑏
∑∑(

𝑘
𝑙
) (−1)𝑘−𝑙 |𝑓 (𝑥 −

𝑘ℎ

2
+ 𝑙ℎ)|

𝑘

𝑙=0

𝑗−1

𝑖=1

|ℛ(𝑤𝑖𝑥 + 𝜗𝑖)

− ℛ(𝑤𝑖𝑎 + 𝜗𝑖)| 
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≤
1

4
∆ℎ
𝑘(𝑓, 𝑥, [𝑎, 𝑏]) 

|𝑆2| ≤
1

2𝑏
∑(

𝑘
𝑙
) (−1)𝑘−𝑙 |𝑓 (𝑥𝑗 −

𝑘ℎ

2
+ 𝑙ℎ)|

𝑘

𝑙=0

|ℛ(𝑤𝑖𝑥 + 𝜗𝑖)

− ℛ(𝑤𝑖𝑎 + 𝜗𝑖)| 

≤
1

4
∆ℎ
𝑘(𝑓, 𝑥, [𝑎, 𝑏]) 

|𝑆3| ≤
1

2𝑏
∑ ∑(

𝑘
𝑙
) (−1)𝑘−𝑙 |𝑓 (𝑥 −

𝑘ℎ

2
+ 𝑙ℎ)|

𝑘

𝑙=0

𝑛

𝑖=𝑗+1

|ℛ(𝑤𝑖𝑥 + 𝜗𝑖)

− ℛ(𝑤𝑖𝑎 + 𝜗𝑖)| 

≤
1

4
∆ℎ
𝑘(𝑓, 𝑥, [𝑎, 𝑏]) 

Finally, let ∈ 𝐿𝑝 , then we get from above  

‖𝒩𝑛(𝑥) − 𝑓(𝑥)‖𝑝
𝑝
≤ ∫|𝒩𝑛(𝑥) − 𝑓(𝑥)|

𝑝

𝑏

𝑎

𝑑𝑥 

≤
1

2𝑏
∑[ℛ(𝑤𝑖𝑥 + 𝜗𝑖) − ℛ(𝑤𝑖𝑎 + 𝜗𝑖)]

𝑛

𝑖=1

 

So that 

∫  
𝑏

𝑎

∑ 

𝑘

𝑙=1

(
𝑘
𝑙
) (−1)𝑘−𝑙 |𝑓 (𝑥 −

𝑘ℎ

2
+ 𝑙ℎ)|

𝑝

𝑑𝑥 ≤
3

4
𝜔𝑘 (𝑓,

1

𝑛
)
𝑝

𝑝
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2.5. Uniqueness Theorem 

      The simultaneous best approximation 𝑁∗∈ ℵ of a subset ℱ of 𝐿𝑝 is 

unique. 

Proof 

      To prove that 𝑁∗ ∈ ℵ is unique, suppose that 𝑁1, 𝑁2  ∈  ℵ be two 

simultaneous approximations to 𝐹, then by Definition 2.1.3. 

lim
𝑛→∞

‖𝑁1 − 𝑓‖𝑝 = 0 

 and 

lim
𝑛→∞

‖𝑁2 − 𝑓‖𝑝 = 0 

So by condition [ii] Definition 1.2.3, there exists  k ≥ 1, 

‖𝑁1 −𝑁2‖𝑝 ≤ 𝑘(‖𝑁1 − 𝑓‖𝑝 + ‖𝑁2 − 𝑓‖𝑝) 

By taking limits to both sides as n tends to infinity, then by Definition 

2.1.3, we get that 

lim
𝑛→∞

‖𝑁1 −𝑁2‖𝑝 = 0 

So 𝑁1 = 𝑁2, and the best simultaneous approximation to  𝐹 out of ℵ is 

unique. 
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CONCLUSION 

        The neural networks are considered to be universal 

approximators. We know that we can use the neural networks for 

the approximation of functions for many types of activation 

functions. Here, we treat neural networks with simple and 

effiecient activation function called Rectified Linear Units (ReLU). 

Generalized ReLU is prove here to  define anew formula of neural 

network that is appropriate for function approximation . 

         The main objective of this paper is to introduce a type of 

neural network and we use it to approximate functions and 

estimate the general approximation error. We will get the optimal 

approximation if we have a basis independent of the target 

function . 

       We prove theorems of existence and uniqueness by estimating 

the degree of approximation depending on the modulus of 

smoothness of the functions envolved. 
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 المستخلص

باستخدام الشبكات العصبية اتجاهًا مثيرًا للاهتمام في  دواليعد تقريب ال        

ن تقديرات تقريبية نظرية التقريب. كما تم إثباته سابقاً ، الشبكات العصبية عبارة ع

أخرى  فضاءاتمن  الدوال لك من المهم إثبات شمولية المستمرة ، لذ دواللل شاملة

 . أوسع

بشكل  التي تقربها الشبكات العصبية دوالالفضاء اختيار من الضروري     

رائعة للدراسة. من الختيارات من الا 𝐿𝑝هذا ويعد فضاء الدوال الليبيكية  .جيد

0.             القيمة  المثير للاهتمام أن تأخذ < 𝑝 < 1 

ليست أقل  المقربةة للشبكات العصبية ساسيفإن الصيغ الأ من ناحية أخرى ،       

لأنواع عديدة من  دواللعصبية لتقريب الأهمية. نعلم أنه يمكننا استخدام الشبكات ا

التنشيط. هنا ، نتعامل فقط مع الشبكات العصبية بوظيفة تنشيط بسيطة  دوال

هنا  اتهثبتم ا .ReLU والتي تختصر بـ  وفعالة تسمى الوحدات الخطية المصححة

  المعممة تحدد صيغة جديدة للشبكة العصبية مناسبة لتقريب الوظيفة. ReLUأن 

الشبكات العصبية  هو تقديم نوع من ا البحثالهدف الرئيسي من هذ      

وتقدير خطأ التقريب العام. سنحصل على التقريب  الدوال تقريب ونستخدمها في 

ت نظريات الوجود المستهدفة. نثب دالةكان لدينا أساس مستقل عن ال الأمثل إذا

الدوال من خلال تقدير درجة التقريب اعتمادًا على معامل نعومة  وحدانيةوال

 . ليبيكيةال
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