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ABSTRACTَ

Function approximation by neural networks still gets the 

interest of researchers for its significant usage in different fields. 

One of the demands is that approximation methods represent 

physical reality as accurately as possible .In our research ,we define 

a new neural network operater carrying properties from "the old" 

bernstien polynomials in 1921 . We get good rate of approximation 

in terms of modulus of continuity . 

However, in its earlier results, the approximated neural 

networks may go far away from the target. So the training role arises 

here to change the values inside the network to be closer to the 

target. Our work applies a training algorithm called generalized 

regression neural network (GRNN), recently used for function 

approximation. It has a radial basis layer and a special linear 

layer.We conclude that it gives good numerical results by reducing 

the difference between any continuous function on the interval [0,1] 

and the approximated one resulting by GRNN. Mean square error 

(MSE) is used to calculate the value of that difference error 

accurately.A table of the results are there to judge the MSE It is great 

to add more panties related to what we presented in this research, 
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not only limited to the field of function approximation but also to 

employ the results in various practical studies.  
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NOMENCLATUREَ

Symbols Explanation 

C [a, b] The space of all continuous functions 

defined on [a, b] 

(     ) Normed space 

‖∙‖ 

 

Euclidean Norm 

   
 

The set of real numbers of dimension 2. 

  ( ) ball of centre (1,0) and small radius r 
R The Space of Real Numbers 

  ( ) Neural Network 

      Constants 

  Epsilon 

  ,   - 
 

The space of all continuous functions 

defined on [0,1]d 

  ( ) Bernstain Polynomial of Degree n 

  Inputs 
  Weights 

 ( ) Output 

   Variance 
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Neural Network 

  ( )  
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INTRODUCTION 

Function Approximation is concerned with how the function is best 

approximated with simpler functions (Polynomials or Splines) or 

more applicable operators (Neural Networks or Wavelets).  

 Moreover, the term neural networks mean global function 

approaches that represent almost any function. Networks are seen 

as more powerful than simple M Models. So, it is better to think of 

feedforward Networks as function approximation. 

In this research a new neural network operates is presented and , 

we use the learning abilities that neural networks have to 

approximate functions from the space  ,   -  The Mean Square 

Error is evaluated to show how close the approximate is. 

In chapter one, principles of approximation theory have been 

studied, especially for the branch of function approximation. The 

main theorems of approximation, such as the Existence and 

Uniqueness theorems, are stated. Also, we introduce the basics of 

neural networks that are related to function Approximation. This 

includes biological and mathematical expression of ANNs, their 

architectures and learning from function data.Our main result is to 
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present an existence theorem by defining a new neural network and 

estimate its degree of approximation . 

In Chapter Two, we explain how training neural networks are used 

to best approximate functions. Many algorithms can find 

approximations by a neural network. General Regression Neural 

Networks (GRNN) is a good choice for this purpose. We use the 

algorithm to approximate several functions as examples of the 

quality of GRNN. We measure this quality by computing the Mean 

Square Error (MSE) between the target function and the 

approximated one. 

More functions from higher dimensions can be approximated using 

GRNN or other training algorithms. More comparisons among 

algorithms can be discussed  
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Introduction To Neural Approximation 

 

Rapidly during the last century, neural approximation has been 

increasing in importance many fields, such as numerical analysis, 

statistics, engineering, computer science, and others. 
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1.1. Function  Approximation[1] 

The theory of approximation is a very extensive field, which has 

various applications. The problem of function approximation had 

been studied throughout polynomials (trigonometric and algebraic), 

spline, wavelets and neural networks.  In this section, we introduce 

fundamental ideas and aspects of approximation theory in the 

normed space  . Approximation theory is concerned with how 

functions can best be approximated with simpler functions 

(polynomials or splines) and quantitively characterize the errors 

introduced there. More generally, one may want to set up the 

practically helpful criterion  for the quality of approximations. Given 

a set   of functions to be approximated and a set   of functions by 

which the element of   are approximated, one may consider the 

problems of existence, uniqueness, and construction of a "best 

approximation" in the sense of such a criterion. 

A natural setting for the problem of approximation is as follows 
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Definition 1.1.1[2] 

Let   (     ) be a normed space and suppose that any given 

    is approximated by a    , where   is a fixed subspace of    

we let  denoted the Euclidean distance from   to  , then 

 (   )              

Clearly,   depends on both on   and Y  If there exists a      such 

that 

         

then    is called a best approximation to   out of  . 

We see that the best approximation     is an element of minimum 

distance from the given   to the space Y such a      may or may 

not exist, and this raises the problem of existence. Then we have the 

following 

 

1.1.2. Existence Theorem [2]  

If   is a finite-dimensional subspace of a normed space   (     )  

then for each      , there exists a best approximation to   out of  . 

The uniqueness problem is of practical interest, too, since for given 
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  and   there may be more than one best approximation, as we shall 

see. For obtaining uniqueness of best approximation, this suggests 

the following 

 

1.1.3 Definition[3]  

A norm     on a vector space,    is said to be strictly convex if for 

any  

        with 

          , 

we always have   

    (   )        

for any                  

Geometrically, the open line segment between any pair on the ball's 

surface of radius   in   lies entirely inside the ball.  

To arrive at a somewhat easier condition to check, let's translate our 

origin definition into a statement about the triangle inequality in  .  
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1.1.4.  Lemma[3]   

  has a strictly convex norm if and only if the triangle inequality is 

strict on non−parallel vectors, that is, if and only if 

                     

we have, 

               

We may summarize the uniqueness result as follows 

 

1.1.5. Uniqueness Theorem[2]  

In a strictly convex normed space, there is at most one best 

approximation to an      out of a given subspace  . To take a 

more precise look at those problems, we give the following 

examples, including several existence cases and the best 

approximation's uniqueness. 

 

1.1.6.   Example[1]  
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Consider      under the norm 

 (     )    (|   |
  |  |

 )
 
 ⁄   

and consider the subspace 

  *(   )      + (          ) 

Existence and uniqueness of the best Approximation to the point 

  (   ) out of    are guaranteed by theorems (1.1.2) and (1.1.5), 

respectively since   is 1 −dimensional subspace of the strictly 

convex space under the norm        

To find the best approximation of   (   ), we draw a ball of centre 

(   ) and small radius  , which is  

  ( )  *             + 

in (      )  then we make the radius bigger and bigger to intersect 

 , the unique intersection point here is   (   )  which is the 

individual best approximation to     (   ) out of  , as shown in 

Figure(1.1) 
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Figure1.1. The best approximation to   out of   in the norm space (         ) 

 

1.2. Introduction to Neural Networks[14] 

The human nervous system contains billions of cells, which are 

referred to as neurons. A biological neuron is composed of multiple 

dendrites, a nucleus and an axon. The neurons are connected using 

axons and dendrites, and the connecting regions between axons and 

dendrites are referred to as synapses. These connections are 

illustrated in the Figure1.2. 

The strengths of synaptic connections often change in response to 

external stimuli. This change is how learning takes place in living 

organisms. This biological mechanism is simulated in artificial 
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neural networks, which contain computation units referred to as 

neurons. 

When a stimuli is sent to the brain, it is received through the 

synapse located at the extremity of the dendrite. When a stimuli 

arrives at the brain, it is transmitted to the neuron via the synaptic 

receptors, which adjust the strength of the signal sent to the nucleus. 

This message is transported by the dendrites to the nucleus to be 

then processed in combination with other signals emanating from 

other receptors on the other dendrites. Thus the combination of all 

these signals takes place in the nucleus. After processing all these 

signals, the nucleus will emit an output signal through its single 

axon. The axon will then stream this signal to several other 

downstream neurons via its axon terminations. Thus a neuron 

analysis is pushed in the subsequent layers of neurons. 

On the other hand, artificial neural networks are built on the 

principle of bio-mimicry. External stimuli (the data), whose signal 

strength is adjusted by the neuronal weights (remember the 

synapse?, circulates to the neuron (a place where the mathematical 

calculation will happen) via the dendrites. The result of the 

calculation – called the output – is then re-transmitted (via the axon) 
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to several other neurons, and then subsequent layers are combined, 

and so on.  

 

Figure.1.2.The Synaptic connections between neurons. 

Artificial neural networks are popular machine learning techniques 

that simulate the mechanism of learning in biological organisms. 

 

1.3. Mathematical Formula of Neural Networks[1] 

The general common mathematical expression among all studies is 

given by 

 ( )  ∑   
 
    (       )                         (1.3) 

 :- activation function 

   :-weights. 

  :- Constants. 
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  :-inputs. 

  :- thresholds. 

Miscellaneous models of neural networks are born frequently. Each 

model has a certain structure, characters, approximation abilities, 

and processing methods. According to some dimensions, many types 

of neural networks are classified, we list some of them in the 

following section 

 

1.4. Neural Network Architectures [5] 

ANNs can be viewed as weighted directed graphs in which nodes are 

artificial neurons (PEs), and directed edges (with weights) are 

connections from the outputs of neurons to the inputs of neurons. 

Based on the connection pattern (architecture), ANNs can be 

grouped into two significant categories Feedforward networks in 

which no loop exists in the graph and feedback networks in which 

loops exist because of feedback. The most common family of 

feedforward networks is the layered neural network, in which 

neurons are organized into layers with connections strictly in one 

direction from one layer to another. All the networks with no loops 
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can be rearranged in layered feedforward networks with possible 

skip-layer connections. Figure (1.3) also shows typical networks of 

each category connections. 

 

Figure.1.3. A Taxonomy of network architectures. 

 

1.5. Machine Learning with Neural Networks[6]  

Neural networks are parameterized models that are learned with 

continuous optimization methods.   Neural networks can be viewed 

as more powerful versions of these simple models, with this power 

being achieved by combining the basic models into a comprehensive 

neural architecture. 
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On the other hand, as the amount of data increases, neural networks 

have an advantage because they retain the flexibility to model more 

complex functions with the addition of neurons to the 

computational graph.  

Moreover, the ability to put the basic units together in a clever way 

is a key architectural skill required by practitioners in deep learning. 

Nevertheless, it is also essential to learn the properties of the basic 

models in machine learning since they are used repeatedly in deep 

learning as elementary units of computation; therefore, explore 

these basic models. 

 

1.5.1. Deep Learning [7] 

Deep learning is a subset of machine learning in artificial 

intelligence with networks capable of learning unsupervised from 

unstructured or unlabeled data. Also known as deep neural learning 

or deep neural network. Deep learning is an    function that mimics 

the workings of the human brain in processing data foto detect 

objects, recognize speech, translate languages, and make decisions. 

https://www.investopedia.com/terms/m/machine-learning.asp
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Deep learning    is able to learn without human supervision, 

drawing from data that is both unstructured and unlabeled. 

The problem of learning a mapping between an input and an output 

space is equivalent to synthesizing an associative memory that 

retrieves the appropriate output when presented with the input and 

generalizes when shown with new inputs. 

It is also equivalent to the problem of estimating the system that 

transforms inputs into outputs given a set of examples of input-

output pairs.   classical framework for this problem is 

approximation theory. 

 

1.6. Neural Network and Approximation Theory[17] 

Learning an input-output mapping from a set of examples of the 

type that many neural networks have been constructed to perform 

can be regarded as synthesizing an approximation of a multi-

dimensional function that solves hypersurface reconstruction. From 

this point of view, this form of learning is closely related to classical 

approximation techniques, 
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Approximation theory deals with the problem of approximating or 

interpolating a continuous, multivariate function  ( ) by an 

approximating function   (    ) having a fixed number of 

parameters    and   are real vectors                 and 

   (            )  

For a choice of a specific   , the problem is then to find the set of 

parameters   that provides the best possible approximation of  

  on the set of examples. This is the learning step.  

Needless to say, it is essential to choose an approximating function F 

that can represent   as well as possible. There would be little point 

in trying to learn if the selected approximation function F 

(    ) could only give a very poor representation of  ( )  even 

with optimal parameter values. Therefore, it is helpful to separate 

three main problems: 

1) the problem of which approximation to use, i.e. which classes of 

functions  ( ) can be effectively approximated by which 

approximating functions   (    )  This is a representation 

problem.  

2) the problem of which algorithm to use for finding the optimal 

values of the parameters   for a given choice of  . 
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3) the problem of an efficient implementation of the algorithm in 

parallel, possibly analogue hardware. 

Almost all approximation schemes can be mapped into some 

network that can be dubbed as a neural network. 

Networks of this type, with one layer of hidden units, can 

approximate uniformly any continuous deviate functions (see, for 

instance, Cybenko [9] or Funahashi [10]. They proved similar results 

about approximating functions by neural networks but with 

different neural details. 

 

1.6.1. Universal Approximation Theorem[5] 

For any continuous function   defined on a compact space    , 

there exists a neural network of single hidden layer     that 

satisfies 

          

In general,  

each approximation scheme has some specific algorithm for finding 

the optimal set of parameters W. In the next chapter, we deal with 

an algorithm that weight the neural network to have the best 

approximation of functions from C[a,b]. 
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1.7. Construction of Neural Networks 

The aim of this chapter is to define  a new neural network coperator 

with a new activation function to approximat functions from the 

space   ,    - lay them .The space   ,    - consists of  continuous 

functions of the form 

 ( )  ( (  )  (  )     (  )) 

Our activation functions of   th component is given by  

  ( )    
 (     )

   
  

where            ,           and        ,    -, are the  th 

component of 1=(  ,….,  ) and   (         )     ,    -
  

The neural network with our activation function is given by  

  ( )   ∑∑       (〈   〉    )

 

   

 

   

    

where 

      
  

  (   )  
 (
 

 
)  
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  ( )    
 (     )

   
  

1.7.1. Best  Neural Approximation  

Theorem I (Existence Theorem) 

Let     ,   -                            there exist a neural 

network  

     ( )  ∑∑       (〈   〉    

 

   

 

   

)    

such that  

  ( )      ( 
 
 
 ) 

Where   

      
  

  (   ) 
  (
 

 
) 

  ( )    
 (     )

   
  

with                        and    are the  th component of 

  (        ) and   (         )     ,    -
 . 

As we have seen in 1.1.2 and 1.4.1, approximation theorems were 

proven in terms of    If one wants to improve the estimates , then 
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modulelus of continuity is there to measure  , so it gives better 

degree of  approximation than   . 

To learn more  about modulus of continuity, here is the following 

definition  

 

1.7.2.Modulus of Continuity [ 12] 

For any bounded function     on ,   - ,the modulus of continuity of   

is given by 

   (,   -  )     *| ( )   ( )|     ,   - |   |   + 

From above , we note that    is a measure of   that goes along with 

  in the definition of uniform continuity . 

 

1.7.3. Properties of    [12] 

1- If   is uniformly continuous then   ( )             

2- If             (  )    ( ) 

3-    (  )      ( )         

4-   (  )  (   )  ( )         
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Now, we benefit  from the following  known Bernstein's polynomials 

to prove our main result, 

 

1.7.4. Bernstein's  Polynomials[12] 

Bernstein's polynomials  were defined in 1912 by  

(  ( ))( )  ∑ (
 

 
) .
 
 
/   (   )   

 

   

 

for       

In general, 

  ∑.
 
 
/   

 

   

(   )       

  ∑ (
 

 
  )

  

   
.
 
 
/   (   )    

 

  
 

3. For           |
 

 
  |   , implies 

∑.
 
 
/

 

   

  (   )    
 

   
 

The tools to prove our main result are ready.So here is our existence 

theorem, 
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1.7.5. Proof of theorem I 

Let  n  and d                                  

|      ( )|  | ( )  ∑ ∑     
 

 
 

   ( )| 

 |∑ ∑  (  )   (
 

 
)

  

  (   ) 
  
 (    )

   

  
| 

 ∑ ∑ | (  )   .
 

 
/

  

  (   ) 
  
 
(    )

   |   by holder inequality 

 ∑∑(|( (  )   (
 

 
))

  

  (   ) 
  
 (    )

   
|)

  

 

 ∑ ∑   (|   
 

 
|)

  

  

  (   ) 
  
 (    )

    

By using   √ |  
 

 
|and   

 

√ 
              ( )            then 

we use Cauchy-shwarz inequality,we get 

|      ( )| 

   (
 

√ 
)∑ ∑ [  √  |   

 

 
|]

  

  

  (   ) 
  

 
(    )

   
 

   (
 

√ 
) *  √ ∑ ∑ |    

 

 
|

  

  

  (   ) 
  

 
(    )

   + 
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   (
 

√ 
) [ √ ∑ {∑ |   

 

 
|

 

  

  (   ) 
  
   ( 

 

   )
   }

 
 
{∑ |   

 

 
|

 

  

  (   ) 
  
   (    )

   }
   

] 

   (
 

√ 
) [  √ ∑

 

  

 

 

]

 
 

 

     (
 

√ 
)  
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Training Neural Networks to 

 Best Approximate Functions 

"It is best to think of feedforward networks as function 

approximation machines that are designed to achieve statistical 

generalization, occasionally drawing some insights from what we 

know about the brain, rather than as models of brain function. …" 

[4]  
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2.1. Training Artificial Neural Networks[1]  

All neurons of a given layer are generating output, but they don't 

have the same weight for the next neurons layer. This means that if a 

neuron on a layer observes a given pattern, it might mean less for 

the overall picture and will be partially or completely muted. This is 

what we call weighting: a significant weight means that the input is 

essential, and of course, a small weight means that we should ignore 

it. Every neural connection between neurons will have an associated 

weight. And this is the magic of neural network adaptability: weights 

will be adjusted over the training to fit our objectives. In simple 

terms: training a neural network means finding the appropriate 

weights of the neural connections. 

Many algorithms conclude neural networks to best approximate 

functions. Linear Regression, General Regression Neural Networks 

(GRNN), Multilayer Perceptron (MLP), Radial Basis Function 

Networks (RBFN), and Bayesian Regularization (BR) are some of 

the significant used algorithms to that purpose, as well as other 

purposes that use approximation techniques.  
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This chapter uses the GRNN algorithm to find a neural 

approximation for some different continuous functions to train that 

neural network to get closer to the target function. Mean Square 

Error (MSE) is the measure of how well the function approximation 

is. The optimization problem is to minimize MSE as to reach the 

target error. 

 

2.2.GRNN(General Regression Neural Networks)[11] 

Algorithms are considered one of the essential things in our world 

today because many human inventions are based on them. 

Algorithms are the reason why computers perform mathematical 

operations. For this reason, Al-Khwarizmi is considered the 

godfather of computers while not forgetting the role of John von 

Neumann. Today, you can search billions of files in a matter of 

seconds, and you can also calculate all bank commissions in seconds, 

which is due to the great progress in the science of algorithms. 

RBF and GRNN methods are efficient to approximate continuous 

functions. From the approximation perspective, a neural network 

can be the approximate unknown model or problem and scape. 

Therefore, any function can be represented by the weighted sum of a 
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group of basic functions. In  GRNN, this is possible via the transfer 

function of neurons in hidden layers. During the function 

approximation process using RBF and GRNN, the dispersion 

constant should be the same as the resolution of functions, which is 

the distance between the input vectors. Large and small dispersion 

constants will lead to fewer and more neurons. Fewer neurons will 

cause the overlap of the inputs and outputs. Sub sequent, the neural 

network cannot provide different responses, and the approximation 

will be in non-fit condition. 

On the contrary, more neurons will result in the over-fit 

phenomenon in the approximation. From the results, RBF and GRNN 

are better approached when it comes to function approximation. 

GRNN is a variation to radial basis neural networks. GRNN was 

suggested by D.F. Specht in 1991[11]. GRNN can be used 

for regression, prediction, and classification. GRNN can also be a 

good solution or an online dynamical system.GRNN represents an 

improved technique in the neural networks based on 

the nonparametric regression. The idea is that every training sample 

will represent a mean to a radial basis neuron.[2] 

 

https://en.wikipedia.org/wiki/Radial_basis_function_network
https://en.wikipedia.org/wiki/Neural_network
https://en.wikipedia.org/wiki/Regression_analysis
https://en.wikipedia.org/wiki/Prediction
https://en.wikipedia.org/wiki/Statistical_classification
https://en.wikipedia.org/w/index.php?title=Online_system&action=edit&redlink=1
https://en.wikipedia.org/wiki/Dynamical_system
https://en.wikipedia.org/wiki/Nonparametric_regression
https://en.wikipedia.org/wiki/Neuron
https://en.wikipedia.org/wiki/General_regression_neural_network#cite_note-2
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2.2.1. Implementation[3] [4] 

GRNN has been implemented in many computer languages, 

including MATLAB,[3] R-programming language and  Python. Neural 

networks (specifically Multi-layer Perceptron) can delineate non-

linear patterns in data by combining with generalized linear models 

by considering the distribution of outcomes (sightly different from 

original GRNN) Linear Regression has been generalized by [12]. 

GRNN is an FNN with a radial basis layer and the next linear layer. It 

generates a good tool for function approximation. It is simply an 

input-output with a structure of Radial Basis Network in the first 

layer, but with a different input to the transfer function. The 

Euclidean distance is applied to the input   and the weight   as 

follow 

 

      (∑(     )
 

 

   

)

  ⁄

       

 

https://en.wikipedia.org/wiki/Implementation
https://en.wikipedia.org/wiki/MATLAB
https://en.wikipedia.org/wiki/General_regression_neural_network#cite_note-3
https://en.wikipedia.org/wiki/R_programming
https://en.wikipedia.org/wiki/Python_(programming_language)


 
 
29 

 

where   (          ) and   (          ). Also, the bias   

allows the sensitivity of the rabbi's neuron to be adjusted. The radial 

basis neural network is simply like the following figure shows 

 

 

                                       

   

   

                                   

:  

    

Figure2.1.Radial Basis Neural Network 

 

Moreover, the process of using GRNN in the FFNNs is shown in the 

following figure, 

  a x  

 

 

 

  

Figure 2.2. Structure of GRNN 
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And then, the result is activated by Gaussian RBF as follow 

  (  )   
   

   ⁄  

 
The final neural network is as follow 

 ( )  
∑  (  ) 

 (     )
     

   

∑   (     )
     

   

  

where    is the smoothing parameter of the Gaussian kernel 

(Default 1).  ( ) represents the probability density function of the 

normal distribution. 

Theoretically, RBF maps an input   to get a weight  , so we could 

measure how much the function is the approach to the target by 

calculating      . Thus, the result is trained again in the same 

procedure.[5] 

َ

Experimental  Results  2.3.  

We introduce some practical results for our algorithm, including 

function examples, and one of the most important neural network 

algorithms for function approximation is the GRNN algorithm. 

Matlab programs it. In addition, all calculations and figures are done 
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by Matlab too. In this section, we apply the algorithm to several 

examples, including  

 

 

2.3.1. Continuous Exponential Function 

We apply GRNN to approximate a  continuous exponential function  

which is of one variable   ,   - 

  (   )     (     ) 

The following figure shows both the target function and the 

approximated one using GRNN, and the MSE is 0.0042 

 

Figure2.3. Approximation of   (   )     (     ) by GRNN 
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2.3.2 Continuous Periodic Function 

We apply GRNN to approximate the function of a continuous  

periodic function, which is of one variable   ,   -  

     (  )   ( |  |) 

 

The following figure shows both the target function and the 

approximated one using GRNN; the MSE is 0.0031 

 

Figure.2.4. Approximation of      (  )   ( |  |) by GRNN 
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2.3.3 Santner Function 

Another famous function that is used for approximation is the Lim 

Function [5]. It is given by  

   ( )           (     )    ,   - 

The following figure shows both the target function and the 

approximated one using GRNN; the MSE is 1.4637e-05 
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Figure.2.5. Approximation of  ( )           (     ) by GRNN 

 

 

2.3.4. MSE Results 

Finally, we collect our results of MSE of each functions in the 

examples above with the following table, 

FUNCTION MSE 

  (   )   (     ) 0.0042 

     (  )   ( |  |) 0.0031 
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           (     ) 1.4637e-

05 
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Conclusions of future workَ

Neural networks centre around the theory of function 

approximation. Among the parameters used to approximate 

functions, neural networks occupy a large portion of them in various 

practical fields. 

On the other hand, neural networks are considered universal 

approximates. So we can look at neural networks in view of function 

approximation. 

From now on, more research exploration continues for more useful 

neural networks to approximate functions well and to find 

algorithms that serve these tasks. 

The neural network will be applied to a wider range of benchmark 

functions to validate its efficiency in future work. 
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 العراق جمهورية

 العلمي والبحث العالي التعليم وزارة

 بابل جامعة

 الصرفة للعلوم التربية كلية

 الرياضيات قسم

 

 تقريب الدالة بواسطة خوارزمية

GRNN 
 مشروع

الى مجلس التربية للعلوم الصرفة  جامعة بابلمقدم   

/الرياضياتتربية كجزء من متطلبات نيل درجة الدبلوم العالي  

لقب  من 

 

 بأشراف


