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Abstract

functions and analytical functions in the complex plane that are
examined in this project, a few interesting strong differential
subordination  findings arise. These strong differential
subordinations are determined through a special case for

extended multipliers.

Specifically, some of these strong subordination results discuss
a number of interesting consequences. Relevant links to those
in earlier works are also provided for some of the new results

achieved in this research.

The squeeze (or sandwich) theorem is the most important
theory of this project . It is typically used to confirm the limit of
a function via comparison with two other functions whose
limits are known or easily computed and we used strong
Differential Subordination to show that by using kind of

operators.



Mathematical Symbols

Symbol Name
C The set of complex numbers.
U the open unit disk of the complex plane
U:={z € C:|z| < 1}

U the close unit disk of the form U:={z € C: |z| < 1}
D the unit disk of the complex plane
R The set of real numbers.
N The set of natural numbers.
N, The set of numbers Ny: = N U {0}
A The class of functions of the form

f0) =2+ ) a(@)z¥ (€ U,S )

k=2
Q¢ The set of functions that analytic and injective on
UXU\E(f,{),where E(f,{) = {r € aU: lim(f,{) = 00}
Z-T
Q. The sub class of Q ; with f(0,{)=a
A(p) the class of functions of the form
f(z) =2 + Z Qe+ z¥tP zeD,pe N:={1,23,..}
k=1

a(?) Holomorphic(analytic) functionsin U fork > 2
a () Holomorphic (analytic) functionsinU forj > n
w analytic function in U with w(0)=0
H(U xU) The class of analytic functions in (U XU)




Hla,n,{]

The class of holomorphic functions with the form
{f € H(U xU):
f(z,)) =a+a,(z"+a,.,(z"* + -,z € U,{ €U}

f<<F f strongly subordinate to F
au Boundary points
Sk w parameters
Jork The operator
Jox:A; > Ars €Cw € C\Z0— k EN
Q(z,0) analytic function in U XU with ¥/(z,{) =1

S(/L a'ﬁr m, l/))

The set of functions in the class satisfies the strong
differential subordination for every

¢ €Uand A > 0,aeR,[ = 0,m € N,.

TA, a B,m;yP)

The set of functions in the class satisfies the strong

differential superordination
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Introduction

In this project we study some geometrical properties of

analytic univalent functions.

Also, we provide a comprehensive introduction to the
differential subordination and how to be strong by using some
operators.When we write this project we develop the project

from some reserchs .

In[1] Wanas, Abbas Kareem; ALINA, Alb Lupas,. On a new
strong differential subordinations and superordinations of
analytic functions involving the generalized operator.

In[2] Wanas, Abbas Kareem. Two New Classes of Analytic
Functions Defined by Strong Differential Subordinations and
Superordinations.

. we introduce two new classes of analytic functions define by
strong subordinations and superordinations involving the

generalized operator.

For class

YA, s,{w;Q0),A1>0,seCw€C\Z,( €U ={z€C:|z]| <1},
functions and analytical functions in U X U that are examined

in this project, a few interesting strong differential

subordination findings arise .



These strong differential. subordinations are determined

through a special case for extended multipliers

J5if@0) = 2+ 52 (22 0, (92, where,f € A

k+w
A; =|f € HU xU): f(2,0) =Z+Zak(()zk; zeU, el
k=2

Specifically, some of these strong subordination results discuss
a number of interesting consequences. Relevant links to those
in earlier works are also provided for some of the new results

achieved in this project.



CHAPTER ONE

Fundamentals On Strong
Differential
Subordinations



Chaloter One The Fundamental On Strong Differential Subordinations

1.1. Introduction

We include a very brief review of some of the basic facts from
undergraduate complex analysis that we will need in this
project see[3] .the methods of complex analysis are important

in mathematics, science, and engineering.

Let x and y be real numbers and let i denote the imaginary
unit having the property that i? = —1. A complex number is an
expression of the form x+yi. Write C={z=x+iy:x€
R,y e R},

Where x the real part of z, denoted Re{z}, and y the

imaginary part of z, denoted Im {z}.

1.2. Definition(_simply connected domain) [3] let D be a

domain D c C is an open and connected non-empty
subset of the complex plane. The domain D is simply

connected if both D and C\D are connected.

1.3. Definition(complex differentiable) [3] A complex

function f: D - C defined for all z € D is said to be complex

differentiable atz, € D if



f(z)—f(zo)
Z— 7

lim,_, , exists.

1.4. Definition (analytic function) [3] The function f:D — C

is analytic at  zy(or holomorphic at zy)if it is complex
differentiable at every point in some neighborhood NV (zy; €)of
zo € D.We say that fis analyticon D if f is analytic at z,

for every z, € D.

For example, let f:D — C , f(z) = 1 + z is analytic function.

1.5. Definition(univalent function) [4] A function f:D — C

with property that f(z,) # f(z,) for all z;,z, € D with
71 # Z, 1S said to be one-to-one on D (or univalent,or injective
). a function f:D — C which both analytic on D and one-to-

one on D is called conformal on D .

For example, a function f:D - C ,f(z) =z is univalent

function.

1.6. Definition (convex function) [5] A set G in complex

plane C is referred to as convex set when the line segment of

any two interior points w; and w, of G lies in the
interior of G.,i.e.

1-tHw; +tw, €G for 0<t< 1.



Let f € S .then f convex function in U if and only if

zf (2)
f(z)

Re(1+ >>0,(ZEU).

1.7. Definition (Strongly Subordinate)  [6] Letf(z 0),
F(z, Q)be analytic in U xU. The function f(z,{) is said to be

strongly subordinate to F(z, ¢) if there exists a function w
analytic in U with w(0) = 0 and |w(z)| < 1 (z € U)such that

f(z, () = F(w(z),Q) forall ¢ €U.
In such a case we write

f(z,0) << F(z,¢), ze U, (e U.

1.8. Definition( Hadamard product) [5] the convolution or

( Hadamard product ) of function fand g denoted by fx* gis
define as following for the function in A(p) and A*(p)

respectively :
If f(z) =2zP + X ipt1an 2P, 8(2) = 2P + X041 by 2P,

Then

(F D@ =27+ ) aby 2P,

n=p+1



1.9. Definition( Beast dominant) [5] let ¢:C3 xUx U - C,

and let h(z, &) be univalentin U forall € € U. If p(z, €) is
analytic in U x U and satisfies the (second —order) strong

differential subordination:

L|J( p(z,€),zp(z <), 2% p(z ¢); z,s) <<h(z,¢),ze U,e €U, (D

Then p(z, €) is called a solution of the strong differential
subordination. The univalent function q(z, €) is called a
dominant of the solution of the strong differential

subordination, or simply a dominant if
p(z,¢) << q(z,€) ,forallp(ze¢)
satisfies (1)
A dominant q(z, €) that satisfies
q(z,€) << q(z¢€)

For all dominant q(z, &) of (1) is said to be best dominant of
(1). Note that the best dominant is unique up to a rotation of
UxU.

1.10. Definition (The class A7) [10]

Denote by U = {z € C:|z| < 1} the open unit disk of the

complex plane,



U= {z € C:|z| < 1} the close unit disk of the complex plane

and
H(U xU) The class of analytic functions in (U xU).
For n a positive integer and a € C, let

H[a, n, ] = {f € H({U x0):f(z, ()
=a+ay(Qz" + an+1(<)zn+1 +

z € U, €U} (2)
, Where a;(¢)are holomorphic functions in U for j> n.

Let Ag the class of functions of the form:

.9 =7+ ) a7, (2€ U3 €0) (3)
k=2

which are analytic inUXxU and ay(¢)__are holomorphic

functions in U for k > 2.

1.11. Definition(_SubclassQ,(a)) [5] We denote by Q. the

set of functions that are analytic and injective on UXU

\E(f, Q), where

E(f,0) = {r € 9U:lim(£,0) = oo},



and
f,(r, T # 0) for re U xU\E(f, Q).

The subclass of Q,with f(0,¢) =a is denoted by Q,(a).

1.12. Remark [5]

(i) Since f(z, ¢) is analytic inU xU.,for all { € U and

univalentin U ,
for all { €U, Definition 1.11 is equivalent to
f(o,0) = F(0,¢) forall { € U and f(U xU) c F(U x0).

(i) If f(z,0) =f(z) and F(z, ¢ =F(z) , the strong

subordination becomes the usual notion of subordination.

If f(z, 0) is strongly subordinate to F(z, {), thenF(z, ¢)is

strongly superordinate to f(z, ¢).

As a dual notion of strong differential subordination, Oros [5]
has introduced and developed the notion of strong differential

superordinations.

1.13. Lemma_[7]Leth(z, ) be an univalent function with

h(0,0) = a for every { €U and



neC\{0} with Re(n) = o. If p € HJ[a, 1, {Jand
1 .
p(Z, Z) +E sz(zi Z) << h(Z, Z); (Z € U,Z EU) (4)

then
p(z,0) << q(z 0 << h(z7),(z € U,¢ €V),

where
Z
a9 = wz [ he e de
0
is convex and it is the best dominant of (4).

1.14. Lemma_[5] let h(z, ¢) be a convex function with

h(0,0) = a forevery C €U and peC\{0} with Re(n) = o. If
p € Hla,1,31Qqp(2.0) + 2, (2,9)

IS univalent In U XU

and

h(z,0) << p(z0) +2p,(z,0), (z € U, T €0), (5)

then

10



q(z 9 << p(z 0, (z€U,TeV),

where q(z,{) = pz™" fozh(z, Q) t*+~1dt is convex and it is the

best subordinant of (5)

The following operator was defined by Srivastava-Attiya [10]
(see also [11], [12], [13]): For fEACL, s€eC,
w€eC\Z0-keN={2,3,...},

the operator  Jg 1 :A¢ — A is defined by

m

= /1 +w
B fa ) =2+ ) (o) a2t (6)
k=2
From Equation (6), we note that

2 (13 f@ D) = k(1 + WIS 2 D) — wkiS £z 0).

Very recently, many researchers [14-16] obtained the results
for certain classes of analytic univalent (multivalent) functions,

differential Subordination and strong differential Subordination.

11



1.15. Definition[15] Let Q(z,{) be an analytic function in UxU

with ¥(z,0)=1 for every (€U and 1>0, SEC

,w€EC\Z0—keEN={2,3,...}, a function f € A¢ is said to be in the

class Y(4,s,¢,w;Q) if it fulfills strong differential subordination.

(- k(A + )5 f@ Y + kA + )5 f(z)]<<0(z).
A function f € A is said to be in the class ¢(4,s,{,w;Q) if it
satisfies the strong differential superordination

0% << Z[(1 = k(A + D)5k f@Y + kA + K F@D).

12
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Chapter Two strong subordination Results

2.1. Introduction After we define the operator we can get

some theorem satisfies the strong differential subordination

using some operator as follows.

2.2. Theorem Let Q(z,0) be a function of convex in UXU with
Q(z,0)=1 for every (eUand 1>0. If f€ P(4,5,{,w;Q), There is

then a convex function q(z,{):
q(z,¢) << Q9(z 0
and f € S(A, «, B, m; q).

Proof.

1+ w\’

(k-l——a)) ap({)zF1 (7)

S
p(Z,Z) :]w,ki(Z'Z) =1+

NgE

RA
Il

2

Thenp € H[1,1,].

Since f € Y(A, s, w; Q), then we have

“[A-kQ+ D)3k f@D+ A +kA+w)SE f2))] =
p(z,0) +229,(z,0) <<2(z0).

14



An application of Lemma 1.13, with p = % yield

p(z,0) << q(z0 << 9(z0).

By using (6),we get on

"“" Jok '@ _ 4 (2,0)<=<0(2,0).

where

9z = 5 f 0(t, Ot Ldt.

is convex and it is the best dominant.

2.3. Theorem Let Q(z () be a convex function in in UXU with

Q(0,0) = 1forevery (e UandA > 0. If

feEQs Q)]“’kf( %9 cH11,7 0 Qg

And

~ [(1 — k(A + )3, f@D+ 1 +kA+w)3EE f(20)]
IS univalent in UXU, then there exists a convex function

q(z,0) such that f € ©(0,s,{, w; Q).

15



Proof. Suppose that

(0]

pap =208 (L) e ®)

k=2

Thenp € H[1,1,7] N Q4.
After a short calculation and considering f € @ (A, s, {, w; Q) we

can conclude that

Q(z,0) <<p (29 +Azpz'(z7).

An application of Lemma 1.13, with p = % yields
q(z,¢) << p (z,9).

By using Equation(8), we obtain

S
q(z0) << okl

Is convex and it is the best subordinant.

Combining the results of Theorems 2.2, and 2.3, gives us the

following strong differential.

2.4.Theorem Let Q,(z ) and Q,(z, ¢) be convex functions in

UxU with

16



0,(z,0) = Q,(z,0) = 1 fore very { €U andA > 0.

fEVMRAS Gw;Q)Ne(As w; Q),

Jo i f(z0)

and

1
p [(1-k(Q+))ITp [+ A+ k(1 +)ITE (2]
is univalent in UXU, then

f € llJ(O, S, Z! w; CI1) N (P(O! S, Zr W; qZ)!

Where

q:(z,0) =) = _ij 04 (t, Z)tx Lat
1 1 (? 1,
and q2(20) = 523 j 0,6 OtA dt
0

The functions g;and g,are convex.

2.5.Theorem. Let Q(z,{) be a convex function in UXU with
0(0,0) =1 foreveryl € U

and

17



G(z,Q = EZ:_HZ Jztzf(t, Q) dt,(z € U, € U,Re(s) > —2) (9)
0

If f € W(1,s,{,w;Q),aconvex function is then available

q(z, ) such that

q(z,¢) << 9(z,0)

and GeY(l,s ¢ w;q).

Proof. Suppose that

p@0) = (USk 6G(z0), ,(z€U,i€0) (10
Then p € H[1,1,C].
From (9) we have
z°*1G(z,0) = (e +2) [, t5f (5, Q)dt (11)
Differentiating both sides of(11) with respect to z, we get

(e+2)f (t) = (+ 1G] + 26, (2,7

and

(e+2)Jox @D =(E+1D 5k Gt +2(Jzk Gz D),

18



The last relationship with z is differentiated, we get
. i Z ’
ok f@ D)z = Usk Gz D), + H—Zli,k G(z,0)),2 (12)
Since f € Y(1,s,{, w; Q) , then we get
“[(@+ 15,20 — w5 f(20)] << Q=) (13)
Now, from (4),(13) is equivalent to

Uk f@0), <<0(z0) (14)

From(12) and (14), we get

ok G@ ) + 5ok GzD),2 << () (15)

Replacing(10) in (15), we obtain

p(z,0) + zp, << 9(z,0).

e+ 2

An application of Lemma 1.13, with u = € + 2 yields

(2, ¢) << q(z0)=<<2(z0).

By using(10), we obtain

(Uok G(z0), <<a(z0) << 2(z9).

is convex and itis the best dominant.

19



2.6. Theorem. Let Q(z,C) be a convex function in UXU with

0(z,0) =1,V e Uand G(z,0) is given by (9).

If f € T(L Qa, :8» m; 1/})' ( Io?-ﬁ G(Z' 6))2 € H[l,l, (] N Q(

and
1 S S
@+ D5, f(&) — @ik @]

is univalent in Ux U, a convex function q(z,{) is then

available: Gep(1,s,{,w;q)

Proof. Assume it is
p(2,0) = (Jox G(z1),,(z € UG €D). (16)
then
p € H[1,1,{]nQ;
After a short estimate and consideration f € ¢(1,s,{,w;Q),

we can conclude that

zp,(z,{)

0(z,¢) << p(z,€)+£+2

20



An application of Lemma 1.14 , with u = & + 2 yields

q(z,¢) <<p(z7)
by using (16), we obtain

1(z,¢) << (Jax G(2.0).

where

4.9) = (e + 222 0Ot dt.
0

is convex and itisthe best subordinant.

21



Conclusions

Combining the results of Theorems 2.4 and 2.5, gives us the

following strong differential

Theorem Let Q,(z,{) andQ,(z,{) be convex functions in

UXxU with Y,(0,0) =¢,(0,{) =1,Yv{ € U,G(z0)
is given by (9). If
fepls, dw0)no,s w Q)
(Jok Gz 9), EH[LLIINQ,,

and

1
~ [(@+ VIS5 f20) =l (2]

is univalent in U xU . Then

feEY(, s, w;q) Ne(l,s,{,w; qy),

Where

0(2,0) = (& + 27+ j "0, dt.
0

02(2,0) = (& + 2)7-C+D j "0, @ Ot de.
0

The functions g;and g, are convex.

22



Future Work

The Differential Subordination still one of the most
effective approaches to solving external problems for
analytic univalent functions. It is necessary to develop
some of the theory of univalent functions .So ,It is
possible to try Differential Subordination using another

operators.

23
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