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Chapter one Preliminaries

1.1. Introduction

This chapter consists of three sections the first section involves the
basic information about the concept of a topological vector spaces. In section
two we deals with the some types of topological vector spaces and relation
between them. In section three we introduced the basic information about the
pseudo topological vector space Tpys = that is separated and locally convex

space.

1.2.Basic Definitions:

In this section, we used basic definitions of the topological vector spaces

and some properties of these spaces.

Definition 1.2.1 [13]:

A vector space X over K is a set with two operations + and ¢ (addition and

scalar multiplication) these operations are defined as follows.
A-The operation + must satisfy the following some conditions:

1- Closure: Ifu,v € X, thenu + v € X.

2- Commutative law: For any vectorsuandvinX,u + v = v + u.

3- Associative law: For any vectors u, v and w in X

u+ w+w) = (v+u)+w.
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4- Additive identity: There exists an additive identity element in X,
denoted by zero, such that for all vector v in
X, 0+v=v,v+0=nw
5- Additive inverses: For any vectors u in X, the additive inverse of u
IS called a solution x of
equations u + x = 0 and x + u = 0and denoted by — w.
B- The operation (.) (Or called scalar multiplication) is defined between
vectors, and satisfy the following conditions:
1- Closure: If u € X and, for any a € K(the filed K is a field of real
numbers or complex numbers), then a.u € X.
2- A-Distributive law: For any a € K and all vectors u and v in X,
a.(u + v) =a.u +a. v,
B-Distributive law: For any a, b € K and the vector u in X,
(a+ b).u=a.u+b.u.
3- Associative law: For any a, b € K and the vector u in X
a.(b.u) = (a.b).u.

4- Unitary law: Forany vectoru in X, .u =u.1 = u.

Definition 1.2.2 [35]:

A topological vector space (X , T) (in short T.VV.S.) is a vector space X over a

field K(may be real numbers or complex numbers) and topology (T) such that:
The two maps (addition and the scalar multiplication) are continuous.

That’s mean:



Chapter one Preliminaries

1- For each a, b belong to X, and each open neighborhood W of a + b, there
exist open neighborhood U of a and V of b € X,such that

U+Vcw.

2- For each A belong to K, and a € X and each open neighborhood W in X
containing A.a there exist open neighborhood U of A in K and open

neighborhood VV of a in X such that U.V c W.
Examples 1.2.3 [35]:

1-Let X be any vector space over K, then it is with trivial topology (indiscrete
topology) that form a topological vector spaces.
2-Let X = {0} be a vector space over K, then it is with discrete topology that

form a topological vector spaces.
Definition 1.2.4 [35]:

A subset A of a vector space = is called convex set if contains line segment

between any two points in the set A
(That is mean Vx;,x, € A,3y € [0,1] = y.x; + (1 — y).x, € A). Such that:
Line segment (between x; and x,) = {x =y.x; + (1 — y).x,, y€[0,1]}.

Definition 1.2.5 [48]:

Let = be a vector space over the field K. A subset A of a vector space = is

called balanced if yA < Afor|y| < 1,y €K.
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Definition 1.2.6 [48]:

A subset A of a vector space Z is called absorbing set if for every x € Z,

there exists § > 0O suchthattx € A forVt,|t] <.

Definition 1.2.7 [25]:

A cover of a = is a family of sets {u,},e4 SUCh that: £ € Ugeq Ug-

Definition 1.2.8 [25]:

Open cover {u,},ec4 Of = is a cover of = and all the sets u, are open sets in =.

Definition 1.2.9 [25]:

A refinement of a cover {u,},c4 Of Z is another cover {v;};c; such that every
set from the second cover is contained in at least one set from the original

cover (i.e. forall i € I there exist a(i) € A such that
v; C ua(i)).

Example 1.2.10:

Let, & = {1,2,3} and let T= {{1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, @, =} be
topology. Take U= {{1, 2}, {1, 3}, {2, 3}} is a open cover of =.

V= {{1}, {2}, {3}} is open refinement of a cover U of Z.

10
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Definition 1.2.11 [25]:

A cover {v;};¢; of = (not necessarily open sets) is locally finite cover if every
point of = has a neighborhood that intersects only a finite number of sets from

the cover.

Definition 1.2.12 [25]:

A space = is called paracompact if every open cover of = has a refinement

which is a locally finite open cover.

Definition 1.2.13 [42]:

If = is a vector space, a metricon Zisamap d: £ X & —» R* U {0}, such that
(Dd(x; y) = d(y; x)Vx,y € E.

(iD)d(x; z) < d(x; y) + d(y; z)Vx,y,z € E.

(iid)x # y & d(x; y) # 0Vx,y € E.
A pair (£,d) is called a metric space.If a metric space satisfies the
condition:d(x; y) =d(x+z, y+2z),Vx,y,z€ Z, it is called translation

invariant metric.

Example 1.2.14 [42]:

Let = be any vector space, ametricon Zisamap d: £ X £ — Z, such that

1 : : :
d(x; y) = {0 i i i’} , then (£, d) is translation metric space.

Definition 1.2.15 [5]:

Let £ a vector space over R. Then a map ||.|: £ - R* U {0},x — ||x]| is
said to be a norm if the following properties are satisfied:

11
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1- Forall aeR = ||a.x|| = |a|||x]||forall x € & .
2- Forall x,y € Z, ||x + yl|l < |lx]| + ¥l .

3- ||x|| = 0 forall x € =.

4- |x]l =0 x=0.

A pair (&, ||.]) is called a normed space.

Definition 1.2.16 [40]:

Let = be a topological space. = is called first countable if for each point in =

there exists a countable neighborhood local base of its filter of neighborhoods.

Definition 1.2.17 [40]:

In any topological vector space = the statements are hold:

1- Every set of one point is bounded.

2- Every neighborhood of 0 contains a neighborhood of 0 which is
balanced.

3- For any neighborhood U of 0. Then there exist a sub neighborhood N of
O suchthat, N+ N C U.

12
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1.3. Some Types of Topological Vector Spaces:

Let (£,T) be a topological vector space, below are some types of

topological vector space and some relations among them:

Definition 1.3.1]47]:

Let (£,T) be a topological vector space, we say = is locally convex if any

local base that their components are convex.

Definition 1.3.2 [47]:

Let (=, T) be a topological vector space. Any subset B c = is bounded if for
each neighborhood U of 0 in = there exists a scalars > 0 such that

B c tU forallt > s.

Definition 1.3.3 [47]:

Let (Z,T) be a topological vector space. We say (=, T) is locally bounded

topological vector spaces if it admits a bounded neighborhood of 0.

Definition 1.3.4 [35]:

Any topological vector space which has a bounded neighborhood of zero is

called locally bounded.

Definition 1.3.5 [35]:

Any topological vector space which has a neighborhood of zero which whose
closure is compact, is called locally compact.

13
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Definition 1.3.6 [35]:

Let (Z,T) be a topological vector space. We say (=, T) is metrizable if it is

generated by some metric d.

Definition 1.3.7[42]:

Let (Z,T) be atopological vector space, then (=, T) is said to be F-space if T

Is generated by a complete invariant metric d.

Definition 1.3.8[42]:

Let (Z,T) be a topological vector space, we say it is Frechet space if = is

satisfied the two conditions locally convex space and F-space.

Definition 1.3.9[40]:

Let (Z,T) be atopological vector space, = has Heine — Borel property if any

bounded and closed u € Z is compact set.

Definition 1.3.10]40]:

Let = be a linear space. Then Z' is said to be finite dimensional if there exists a
finite subset {x,, x5, ..., x,,} € Z such that span (x;, x, ..., x,)=Z, the span of

{x1, x5, ..., x, } is defined as:

span (xq, x2, .., X)) ={a1x; + a, x, + ..., +a,x,:a4,0,,...a, €K }.

14
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Definition1.3.11[40]:

A topological vector space (£,T)is called normable if there exists a

norm ||. || on = such that the canonical metric (x,y) — ||y — x|| induces the

topology T on Z.

Theorem1.3.12[40]

The topological vector space (=,T) is normable if and only if there is a

bounded convex neighborhood of 0.

Preliminaries
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Locally Bounded
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Metrizablity

Locally Compact

\

Locally Convex

|

Heine-Borel Property

|

Finite dimension

Fig.1.The Relation between some Properties of the Spaces.
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1.4. Pseudo Topological Vector Spaces

Basic information in this section will be introduced about the pseudo
topological vector spaces and its built and its relation with topological vector

spaces.

Definition 1.4.1]18]:

Let = be a real vector space. A filter in = is a non-empty set & of subsets of =,
such that:

(1) The empty set is not belong to &.

2Q) X; € FandX; c X, » X, € §.

B)X, X, e > X NnX,€EF.
Example 1.4.2:

Let = = {1, 2,3} be vector space over R. & = {{1},{1, 2}, {1, 3}, £} is filter on

~
-
(-]

Definition 1.4.3 [18]:

A filter-basis in a space = is a nonempty set 3 of subsets of = that satisfies the

conditions:

(1) o ¢ B.
(2) For all B;, B, € B there exists B; € 3 such that B;N B, D Bs.

Let F(Z) denotes the system of all filters on =.

17
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Definition 1.4.4 [18]:

The filter & is said to be generated by a filter-basis B if it consists of all

subsets of = containing a set from 3, and denoted as:
F=[B]={AcZ:B < A},and forany a € Z,[a] is a filter denoted by:
[al] ={ACS E:a € A}.

Definition 1.4.5 [18]:

Let = be a non-empty set. A pseudo topology (limit structure) T on a space =

isamap: : £ = 2F® m e t(m)

If & € T(mm), we say that & converges to m (Every set F € § contain m) in t

and we write § 1,,
(Or & € t(m))and the next conditions hold for any filters & and p:

(1)[m] {,,,, where [m] = {u c E,m € u}.

@F b TSP =2pin

BT Lp im= FNp i,

Now let = as above, we simply write & | instead of & l,(and also we can
say & € 7(0)). In such a space, & {,,if and only if § — m |, where § — m is
the filter generated by the filter-basis

{A c E,m € B}, where {3 is the filter-basis which generates the filter .

If Z is a topological space, we define:

Elne Nn(E) €F.

18
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By £ we denote the filter of neighborhoods of 0 in the real line R with the

natural topology. We shall use the notation I, := {r € R: |r| < €}.

Definition 1.4.6 [18]:

Let &, &,be two filters. Supermom of the two filters is defined as the filter

consisting of all sets of the form U;¢; F; where F; € ;.
Definition 1.4.7 [12]:

Let = be a space. Neighborhood filter of m € Z (N,,,(£) ) is defined as:
N () =N Fsuchthat F l,,.We call aset N € N,,,a neighborhood of m.

Proposition 1.4.8 [18]:

A pseudo topological vector space = is topological vector space if and only if

(supg1,=8) 1o E, such that (supg, &) is filter of neighborhood of 0.

Definition 1.4.9 [18]:

If &4, &, are filters in a space , we say that &, is finer than &, if &, 2 &, and

we can say also &, is coarser than &.
Definition 1.4.10 [18]:

The system of all filters F(Z) on a space = is partially ordered by the included
relation: , < &, Iff & 2 &,.

Definition 1.4.11 [18]:

Let f: Z — Z; be a mapping and & a filter on a space =. The set { f(F):F €
&} is a filter basis on a space =, which generates a filter denoted by f (%) and

called the image of & under the mapping f.
19
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I-If f:2 — 5y, 9: 2, = Pthen (g o )& = g(f (&),
2-f(Im]) = [f(m)], forallm € Z.

3-1f F1 < § then, f(F1) < F(F2).

4-LetF € F(&) , then {f~1(F): F € ¥ } is afilter base in = if and only if
ffL(F)+0,¥FeF.
Definition 1.4.12 [18]:

Let & be a filter on a space = and f: =2 — £ X Z be the diagonal map

F(x) = (x,x) forall x € 5. Then, f(F) < § X §.

Letfi: 2> Z;,i=1,2and g: £, X Z, > F be maps. If K: £ — F is the map

denoted by K(m) = g(f; (m). f,(m)), m € £ then,

K@= g(h(@®.f. (®).

Definition 1.4.13 [18]

Let &4, &, be a two filters on a space =, %, respectively. Then &; X ,is a

filter on =, x =, generated by the filter basis {(x;,x,): x; € &}, x, € E,}.

Lemma 1.4.14 [18]:

Let & be a filter (on a space =, x &,). Then & l,, &; X &, iff there exist
&1, &, with

1-Fi domy St = 1,2, and F < F X .

[, is projection map defined on direct product X;¢; =;.

20
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2-F<ILF X8

Definition 1.4.15 [18]:

Let & be a filter in =Z. The filter & is said to be equable if #& = &, such that # is

a filter neighborhood of a zero.

Remark 1.4.16 [18]:

Let &;, &, be filters on Z, then #. (F;1. &) < #. &1 X £. .

The pseudo topological vector space (briefly, Tpy ) can be defined in a natural
way.

Definition 1.4.17 [18]:

A Tpys IS a vector space (the underlying space ) together with a compatible
pseudo topology on it.

The pseudo topology is called compatible with the vector space structure if the
twomaps (+: £ X £ - Z, * R X £ — E) are continuous.

Remark 1.4.18 |9]:

A topological space can be considered as special cases of pseudo topological

space. Every topological space is pseudo topological space.

Conversely, if Z is a pseudo space, then we can define a subset U c = to be

open if whenever & 1,, £ and m € U, we have U € §.

Definition 1.4.19 [5]:
Let (£, ) be a Tpys. The interior int(A) of aset A S Z can be defined by:
int(A) ={me A: § e (m) implies A € F}.

21
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Definition 1.4.20 [5]:
Let (=, ) be a Tpyg and a set A < = can be call T@open set(for easily open
set) if A = int(A).

The collection of this topen sets clearly defines a topology on = such that

every filter is converging to m in the original pseudo topology and in this

topology.

Definition 1.4.21 [5]:
Let (£ ,7)beaTpygand A S Z, then the closure of A is

A= (CLA)={meE:3Apl,, & and A € p}.

Definition 1.4.22 [5]:

Let (£, t) beaTpys and A < = can be called tRclosed set (for easily closed
set) if A = CL A.

Definition 1.4.23 [18]:

Let =, =, be two Tpys with Z; = Z,. The structure of = is called finer than

=y, and we write £; < =, ifandonlyif §!,, 2, = §l,, £, , we also say

structure of =, is coarser than =;.

Remark 1.4.24 [18]:

We can consider subspaces as a special case of structures induced by

mappings: each subset A of a Tps = has natural pseudo topology, namely the

22
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one induced by using the inclusion map i: A — Z together with this structure

is called a subspace of =.
[Flm & © [i(®) b,om Eiforalli €1, f;i: 5 - 5]
Fln, 5 ei(® L, &

Definition 1.4.25 [18]:

Afilter § ina Tpys Z is said to be quasi bounded if ¥ & | Z.

Proposition 1.4.26 [18]:

A Tpys Z is called quasi bounded if and only if every filter in Z is quasi

bounded filter on Tpys Z.

For each pseudo topology 7 on a vector space =, we define an associated
pseudo topology 7#. We say that a filter & in = converges to zero in t# if

there exists an equable filter p on =& such that p ¢ & and p converges to zero

inTt.

Remark 1.4.27 [18]:

If Z is a topological vector space with topology 7, then t = ¥,

In other words; a Tpys = is called equable if and only if for each filter &

with & |Z, (3 an equable filter p) p = Fwithp | £

(That'smean ¥ ! Z = JpsuchthatF < p=#p | &), and denoted by 7.

23
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Remark 1.4.28 [18]:

" < 7 (Where t%is equable pseudo topological vector space) and the

equality satisfies when the Ty ¢ = is equable.

Lemma 1.4.29 |18]

A- Let, , p be two an equable filters on Tpys =.
1- & + pisequable filter;
2- Sup (%, p) isequable filter.
B- Let & respectively p be equable filters on Tpy s =, respectively Tpy 5=,
then & X p is equable filter on =; X 2.
Definition 1.4.30 [18]:

A Tpys (E,7) is called a separated, If § !, Zand !, =, then m =n
[That’s mean if m # n,then T (m) N t(n) = @].
Definition 1.4.31 [44]:

A Tpys (E,7) issaidtobe T;: If m #n,then [n] € 7 (m).
Definition 1.4.32 [18]:

Let = be a Tpys over R, and  any filter on & . We define a filter § as a

filter is generated by the convex sets of & .

Definition 1.4.33 [18]:

On a Tpys = define a convex filter °as follows:

F° = (sup{& [0]}), §° =&

24
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For each pseudo topology 7 on a vector space =, we define an associated

pseudo topology t°. We say that a filter & in = converges to zero in 7° if

there exists convex filter §° € & such that §° € & and & ° converges to

zeroin .

Remark 1.4.34 [18]:

Note that if = is a topological vector space with topology t, then T = t°.

In other words; a Tpys = is called locally convex (denoted by = °)if and

only if for each filter & with & | £ there exists an convex filter §° > &

with&° | Z(That’smean l Z° = 33 F° S F, 2 F°| ).

Remark 1.4.35 [18]:

Let = be a Tpys, then, & < = °, and when the pseudo topological vector space

is locally convex vector space the equality satisfies.

Definition 1.4.36 [18]:

Let (£, 7;) and (Z,, 1,) be two Tpys and f: E; — E, a map, we say that a
mapping f: (&1, t;)— (&,, T,) is called continuous at a point m € =, if
f(&) € t, (f(m))for all filter § € 7; (m). The mapping is called continuous

on =, if itis continuous at each point of =;.

Definition 1.4.37 [18]:

Let (£;, ;) and (Z,, ;) be two Tpys and f: Z; — =, being any map, we
denote that:Af: =, X Z; — £, the map defined by

25
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Af(a,b) = f(a+b) — f(a)Va,b € Z;.

Definition 1.4.38 [18]:

The map f: £, — Z, is called equable continuous if and only if
gl EZ andpl = = Af(F,p) | &5, forany filters & ,p on Z;.

Proposition 1.4.39 [18]:

Let (£, ;) and (&, 1) be two Tpyg, if f: (Z;,11) — (Z,,7,)be an equable

continuous, then it is continuous.

Definition 1.4.40 [18]:

Let (£; , t1) and (=, , T,) be two Tpys and a map f: (£, 71) = (E,,T,) IS
called a quasi bounded map if and only if image of any quasi bounded filter on

Z, iIs quasi bounded filter on =,
[that’s mean ¥F | &) = #f (&) | Z,].

Notation 1.4.41 [18]:

Let (Z,, T;) and (5, T,) be two Tpys. A class C}(5;; 5,) is class of all maps

f:E, = £, are equable continuous and quasi bounded maps.

Definition 1.4.42 [28]:

Let VV, W be two vector spaces over the same field K. AmapT: V - Wisa

linear map if the following two conditions are satisfied:

MDTX +Y)=TX) + T(Y)foranyX,Y € I/,

26
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(ii)) T(AX) = AT(X)forany X € V and 1 € K.

Remark 1.4.43 [18]:

Forany fand g € C}(5;;5,) andy € kthenyf + g € CH(E; 5,)
, therefore: CJ(Z,; E,) is vector space.

Proposition 1.4.44 [9]:

If £:Z, - X, be a continuous at 0 and linear map, then ¢ is equable

continuous and quasi bounded, (i.e. £ € C(5;; &,)).

Remark 1.4.45 [18]:

By above proposition L(Z;;5,) € CH(Z;;5,) where L(5;5,) is a vector

space of all linear continuous maps.

Definition 1.4.46 [18]:

Let V,W, U be vector spaces over F. A function ¢ : V XW — U is called
bilinear if oW + vy,w) = e(v,w) + @(vy,w) and ¢@(cv,w) =
cop(v,w)p(v,w + wy) = e(v,w) + @(v,wy) and p(v,cw) =
c p(v,w).

Remark 1.4.47 [18]:

For bilinear (or multilinear) maps, continuity at 0 does not necessarily imply

continuity at every point.
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Proposition 1.4.48 [18]:

Let (£;, 7;) and (&, t,) be two Tpys. If Z; is equable, then there are natural
linear homeomorphisms as follows:

L#m(51; L#q(51i 2)) = L#m+q (515 E2).
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Chapter Two Pseudo Seminorm with New Topological Structuers

2.1. Introduction

Within this chapter, we will deal with two sections. The first section we
built a space T3y, Where we introduced a new definitions pseudo metric and
pseudo seminorm (PSN), and from what we know, the pseudo topological
vector space, and then we prove that space is pseudo metrizability. As for the
second section will talk about some of the properties of this space, such as
pseudo paracompactness and we gave some definitions by following the
method of the researcher in the numbered source 18, as the continuity and
separated, etc., and we discussed some relationships and got some results

about them.

2.2. Pseudo Metrizability:
In this section we will exhibit how to build the space Tj5ys depending

on a space Tpys (that is built on the definition of pseudo seminorm) and

adding pseudo metrizability property and locally convexity to it.
Definition 2.2.1:

Let = be a non- empty set. A pseudo metric space is a vector space = together

with a function
: £ x E = R* which is satisfies:Vx, y,z € =

Lo(x, y) > 0.

2.b(x, y) = b(y, x)
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3.0(x, y) + d(y, z) = b(x, 2).

Definition 2.2.2:

Let Z a vector space over R. The map ||.||,: & — R™,x = ||x]|,, is said to be

a pseudo-seminorm (in brief, PSN ) if the following properties are satisfied:

Foreachp € N, and forall x,y € =,
I-Foralla € R — {0}, |a| <1 = |la.x|[, < [[x]|,.

2-llx + yllp < lixllp + llyll, -

3-|Ix[l,, > 0.

Any seminorm is PSN and if [|x|[,, = 0 for all x € = then, || ||, will be called

pseudo norm, which is of course is pseudo seminorm.

Definition 2.2.3:

A pseudo topological vector space (in brief, Tpys ) = is said to be pseudo-

metrizable if its topology induced by the pseudo metric b: Zx 5 - R™:

—p _lx=llp

Vx,y € Z,b0(x,y) = 2p=1 2 1+]x=yllp

, such that {[|x|[,},en is @ countable
family of pseudo seminorms on =

It is clear that b is a translation invariant pseudo metric.

The collection of all open balls:

- 1 -
Bf/r(x) ={y€:, lx =yl <;},x€:,,r€ N —{0}andp € N,

Is a base for the pseudo topology of =.
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Definition 2.2.4:

A Tpys Z issaid to be quasi-locally bounded if = possess a base of quasi
bounded filters of a neighborhood of 0, that is the base of = consists filter ,

which have the property + § | = .

Proposition 2.2.5:

Let = be a vector space over R. Then PSN on Z induces a topology that is
compatible with vector space structure iff for all x € Z and M > 0 there exist

a > 0 such that x € a. By, (0).
Proof:

Suppose that a PSN on = induced a compatible topology, then one can show
that the stated property the PSN comes from (1) in Definition 1.2.15

(boundedness of points).

Conversely, let we have a PSN on Z, let N, be a filter of neighborhood of 0.

Then it is clear that every v € N,, contains O.
To show that N, is scale invariant.

We must show that for M > 0 and a € R — {0}, the scale ball a.B(0) is

open.

Let ax be a pointin a. By,(0) let N > 0 such that, ||x|]| <M + N,N < M.
Then, By (0) + x € By (0).

If |a| = 1 then By(ax) = By(0) + ax S aBy(0) + ax < aB),(0) and that

mean aB,,(0) is open
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Now put |a| < 1 and take m € N such that, 2™ < |a].

Then by the triangle inequality we get B,-mn (0) € 27™ By (0).

Hence, B,-mv (ax) = B,-mn(0) + ax € aBy(0) + ax S aBy(0).

This means that aB,,(0) is also open.

Now we have to show that, there exists a sub neighborhood v of 0 such that,
v +v C vy, letv, is defined as v, := By, (0) that is an open ball with radius

M and center zero, M > 0 then define v := B),,,(0) then
v + v C v, and this follows from the triangle inequality.

Theorem 2.2.6:

A separated Tpys = is pseudo-metrizable iff it satisfies the first axiom of a
countability. Moreover, if = is pseudo-metrizable then it admits coinciding

pseudo-semi norms.
Proof:

Clearly that, the pseudo metrizablity means the existence of a countable base

of filter of neighborhood of 0.

Conversely, let {B,,}men be a filter base of the neighborhood of 0 such that

B,, are balanced and B,,,;; + Bjy+1 € Bp,.
Now let M be finite subset of N, then for each M define

By = Ymem Bm and ay; == Yem 2-™ , Observe that each B,, is balanced

neighborhood of 0.

Now we define a function ||.|[,,: Z - R*:x — |[|x||,, by
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infy{ay:x € By} if x € By, for some M and ||x||,, = 1 if not, then we show

that ||. ||, defines a pseudo-semi norm generating the topology of =.

Take x € £ and a € R with|a| < 1. Since B, is balanced for each M.ax

contained at least in the sets By as x. Since the definition of ||.[[, use
infimum. [[ax||, < |[x]|, and by the first property of the definition of pseudo-

semi norm. To show the second property we first observe that for finite subset
M.

Wof N with property that a,, + ay, < 1 there is another finite subset L of N
such that

a, = ay + ay and By, + By, € B,. Now putx,y € =,

if |[x|l, + llyll, > 1. The second property is trivial, choose M > 0 such that,

xll, + llyll, +2M < 1.

Now take finite subsets M, W of N such that x € By, y € By,
while ay, < ||x|l, + M and ay, < [|yll, + M. Let L € N such that
a, =ay +ay. Thenx +y € B,

And therefore, [[x + yll, < a;, = ay + ay < |Ix][, + |[yll, + 2M.
And therefore ||x + yll,, < llxll, + llyll, because, M > 0.

Now we have to prove that [[x|[, > 0. For all x € & by the separated property
of Z, there exist some m € N such that B,,, = B,y which is not containing x.

Since ay < ay, We have, By, € By, .
Which means that ||x]|, = 27™
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That’s mean |[x||, > 0.

It remains to show that the pseudo-semi norm ||.[[, generates the pseudo

topology of = and to make this we show that the open balls with centered by 0

form a base of the filter of neighborhood of 0. Choose m € Nand M > 0.
It is clear that, B,-m(0) € B,, € B,-m + M.
And since M is arbitrary we have, B,, = B,-=(0). But

{B,,}men Qive a base of the filter of neighborhood of 0 such that the balls
{B,-m(0)},,en form a base of the pseudo topology of =.

Example 2.2.7:

Let (£,]l.1l,) be a seminormed space with a canonical metric given by
b(x,y) = l[lx — yll,, then £ is pseudo-metrizable space.

Theorem 2.2.8:

Every separated pseudo-locally bounded Tp,s = is pseudo-metrizable.
Proof:

Let B = {§n:¥&m | Z}neny be a base of the quasi bounded filter of
neighborhood of 0 and let {5,,} be a sequence of non-zero convergent
elements to zero. If C is any circled of filter of neighborhood of 0, there exists
8€{d,,} such that B c §C, since B is bounded; if n € N is such that

|6,8] < 1, then, §,,B c C, since C is circled. It follows that {5,,B:n € N} is

a 0-neighborhood filter base, which is mean Z is pseudo-metrizable.
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Remark 2.2.9:

If we replace a pseudo space = by Z° in the Definitions (2.2.1, 2.2.2,2.2.3 &

2.2.4), we can find the following definitions:

Definition 2.2.10:

Let =° alocally convex vector space over R.

Thenamap ||.|[,: Z° —» R, x = ||x||,is said to be a pseudo-seminorm
(in brief, PCN ) if the following properties are satisfied:

Foreach p € N,

1- Forall aeR — {0} = ||la.x|l, < ||x]|,forall x € Z°.
2- Forallx,y € 2° |lx +yll, < llxll, + lIyll, -
3- [[x|[, > O forall x € 2.

It is clear that any seminorm is pseudo seminorm for all x € =Z°.

Definition 2.2.11:

A pseudo metric space is a set =° together with a function

d: Z° x E° — R which assigns a real number d(x, y) to satisfying the

o

properties: Vx, y,z € Z
1.d(x, y) > 0.
2.d(x, y) = d(y, x) :

3.d(x, y) + d(y, Z) > d(x, Z).
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Definition 2.2.12:

o

A locally convex Tpys Z° is said to be locally convex pseudo-metrizable if

its topology induced by the following pseudo metric d: 5° x Z° — R™:

—p lx=yll —
o— 0 p p e
d(x,y) = Yp=12 1+[lx=yllp %y €3

,such that {||x||,},en , is a countable family of pseudo seminorms.

It is clear that a pseudo metric d defined above is a translation invariant.

The collection of all open balls:

Bf/r(x)z{yeiw:||x—y||p<%},x€5°,rEN—{O}, p €N is a base

for the pseudo topology of Z° .

Definition 2.2.13:

A locally convex Tpys Z° is said to be pseudo-locally bounded if Z°
possess a base of pseudo bounded filters of a neighborhood of 0, that’s mean

the base of Z° consists a filters &, which have the property + & | =° .

And the results (2.2.5, 2.2.6, 2.2.7 and 2.2.8) will be true.

Notation 2.2.14:

For simplicity we will use the symbol (T3ys) for a locally convex pseudo

metrizable pseudo topological vector space.
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Example 2.2.15 [41]:

Suppose P = {||. |l;}ie; is separating family of pseudo simenorms on a vector
space =. And suppose that, v, (|l.|l;) = {m:|m]|; < %} , NeEN—-{0} is a

convex local base.

Let B be the collection of all finite intersections of the set v, (||.||;). Then B
Is a convex balanced local base for a pseudo topology = on =, which turns =

into a locally convex space such that every ||.||; € P is continuous.

Example 2.2.16 [41]:

Let O be a non empty open set in some Euclidean space then O is the union of

countably many compact sets K,, # @ such that

K, € Kyy1,¥Vn€N—{0}, C(O) is the vector space of all complex valued

continuous functions on O, topologized by the separating family of PSN:

If1l,, = sup{|f(x)|: x € K}, since P = {||.]|;};e; IS non-decreasing. The sets

v, (I 1) = {f ECO):|fl, < %}n € N — {0} form a convex local base for

C(0), the pseudo topology of C(0O) is compatible with the pseudo metric
27| lln

d(f,g) = max, EPTTRE C(0) with compatible pseudo topology 7 is a Tyys.

Example 2.2.17[41]:

Let O be a non empty open subset of the complex plane, and let ' (0) be a
subspace of C(O) (Defined in the above example), that consists of the

homomorphism functions in O.

H(0) is also Tyys
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2.3. Some New Properties of the Space Tyys:

In this section, introduced some new properties of the space Ty . The
first property is paracompactness; we showed that space Tsys is pseudo
paracompact. The second property is separation property, where we have been
given a definition of separated space and some results related to it. After that
defined a T; —space and pseudo regularity spaces and we got some results
about them.

Finally, we give a definition of the equable continuous maps and the
relationship to continuous maps, the notion of the quasi bounded maps, the
relationship to continuous maps and then we introduced the new class of maps
that is equable continuous and quasi bounded C}(Z ;; % ,) and then discuss

some results about these notions.
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Definition 2.3.1:

Let (£, 7) be a Tys. The interior [int(A)] of a set A S Z such that £ is a

Tsvs , can be denoted as:
int(A) ={meA: Fet(m) implies A € F}.
Definition 2.3.2:

Let (£, 7) be a Tyys and a set A S Z can be call z-open set (For easily open
set) if A = int(A).
Definition 2.3.3:

Let (£, 7) be a Tpys. A cover of a Tys £ is a family of subsets of =, {u,}qea

such that & = Ugeq Ug-

Definition 2.3.4:

Let (Z, T) be a Tys. Open cover {u,}qeq Of Z is a cover of & and all the sets

u, are open setsin z.

Definition 2.3.5:

A refinement of a cover {u,}qeca Of @ T5ys £ is another cover {v;};¢; such that
every set from the second cover is contained in at least one set from the

original cover (i.e. forall i € I there exist a(i) € A such that v; C ug, ;) ).

Definition 2.3.6:

A cover {v;};¢; of £ (not necessarily open sets) is locally finite cover if every
point of = has a neighborhood that intersects only a finite number of sets from

the cover.
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Definition 2.3.7:

A Tsys E is called pseudo paracompact (for easily p -paracompact) if every

open cover of = has a locally finite open refinement.

Definition (well — ordering principle) 2.3.8[23]:

Every non-empty set of non-negative integers has a smallest element.

Theorem 2.2.9:

Any Tsys & s p-paracompact.
Proof:

Let (=, d) be a pseudo metric space. Let O = {0,},e, be an open cover of =.

By using the Well-Ordering Principle: there is a well-ordering < on A.

Recall that this means that every S €A has a <-smallest element min(S). In
particular, for every x € = there is a unique a €A, such that

a = min({f €A: x € Og}), and x € Oy \ Up<, Op . Take a filter F as a
filter of x such that the open balls with the centred via x form a base {B.(x)}
of the filter .

For @ eA; m € N define, inductively over m,

Wam = Uxezg n Be(X), take, e = 27™,

Where, Z, ., = {x € E:B3,-m(x) €0, (1),

x € Up<a Op UUpenn<mWpn} (2)

We need to prove W ={wym, }aen » M EN, is a locally finite open

refinement of O ( Proving pseudo paracompactness).
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Openness of the wy, ., is clear. From (1), B,-m(x) € B3,-m(x) € O, for all
balls that constitute w, ,, , therefore, w, ., € 0, , and W is refinement to O.
Now to prove W is covers =

Let, x € &, put @ = min({f €A: x € Og}), and take m € N, such that (1)
holds. Therefore by (2), either x € wy , for some § €A and n < m or we have
X €Zym S Wgm . Thus W covers Z.

Now to prove W is locally finite:

Letx € Z.Puta = min({f €A: x € Upmen Wgm})-

Then we can take,n € N, such that B,-»(x) & w, ,, Now we need to prove:

1- If p = m + n then B,-m-—n(x) intersects no wg,,;

2- If p <m + nthen B,-m-—n(x) intersects wpg,, for at most one f €A.
This implies that the open neighborhood ( B,-m-n(x) ) of x can meet at most
m + n — 1 elements of W, then W is ; locally finite.

Proof (1): Let, y € Zg,, . In view of p > m, the (2) implies that y & w,
Together with By-n(x) & wg ., .This implies d(x,y) = 27". We have p >
n + 1 (from assumption) and m + n > n + 1 trivally.
This leads to z € B,-m-n(x) N B,-p(y) which imply:

d(x,y) < d(x,z) +d(z,y) < 27" 4 27P < 2714 pnml =1
But which is contradiction, so
By-m-n(x) N By-»(y) = O.

(That’s mean B,-m-n(x) is disjoint from the all balls B,-»(y), y € Zg,, ,
whose union is wg ,,) .

Proof (2): Let x € Wy, , ¥y € wg, , Where a < 8. From definition of w's, there
are z,u such that,x € By-»(2) S wgp, Yy € By-»(u) Swgy, from(l),
B;,-»(z) €0, ,butfrom(2) u & 0O, .

This implies, d(z,u) = 3.27P, and from the triangle inequality we have:
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3.2 < d(z,u) < d(z,x)+d(x,y)+ diy,u) < d(x,y) +27P 4+ 27P,
Thus, d(x,y) > 27P,

Hence this implies: w,,, N wg,, = @ whenever a # f.

And also implies that every ball B,-»-1 intersects w,,, for one a, and taking
into account that p < m + n, that’s mean p + 1 < m + n, this conclusion a
fortiori holds for each B,-m-n(x).

Therefore = is p-paracompact space.

Remark (Continuity on T5y)2.3.10:

We will introduce new class of continuity on Tjsys spaces, by using the
method of Frolicher and Walter [18].

Definition 2.3.11:

Let (£;, 7,) and (&3, 7,) be two Ty and fa map between (&1, 7,) and

(Z,, t2). The mapping f: (£;, ;)= (&5, T,) is called continuous at a point
m € E; if for all filter § € 7, (m) the filter £(¥) € 7, (f(m)).

The mapping f is called continuous on Z; if it is continuous at each point of

(831

1.

Theorem 2.3.12:

Every topological structure T on = yields a pseudo topology (limit structure) ©

onz, 1.5 - 2F®,
Proof:

We define 7 as: for all me £, Fet(m) & F <N,, where N, is the

neighborhood filter of m in =.
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I- fFer(m)andp < Fthen, p < F < N,,, therefore p € t (m).
2- IfF pet(m)thenp,F <N, thus,pNF <N,,,,FNp €1 (m).
3- [m] € t (m)as[m] <N,,vm € E.Hence t is limit structure.
The pseudo topological vector space 7 is called the natural limit structure of

the given topology T.

Remark 2.3.13:

For each pseudo topology (=, T) we can construct a topological space T, and is

called the topology associated with the given limit structure .

Theorem 2.3.14:

Let (£, 7) be a Ty and let T; set of all open sets in Z, then T is topology.
Proof:

1- @ € T, (Trivially).

2- E€T,since, Z e VFeT(m), me k.

3- Let AALBET, and C=ANB # @, let me C then, m € A, B this
impliesA,Be § V&er,CET,.

4- Let A CT,, and let A; = Uyeq A, let m € A, then, there exist some
A€ Asuchthatme A,but Ae §,VF e t(m)and A € A,. Hence,
A, € & VEE T(m). Therefore, A; € T,.

Theorem 2.3.15:

Let = be a set equipped with two pseudo topology 7, and 7,. Then, t; > 7, if
and only if the identity mapping i: (%, ;)= (&, t,) IS continuous.

Proof :

Suppose that, 7; > 7, . Letm e Zand § € 7, (m).

Theni(§) = & € 1, (In), because, 7,(m) € 7,(m),vm € =.
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Thus, i is continuous.
Conversely, if i is continuous then for all § € 7; (m) we get:

() =% € t, (m). Thus, 7;,(m) € 7,(m) forall m € £.
Hence, 7, = 7,.

Corollary 2.3.16:

Let (Z,7) be a Tsys. Then the identity mapping i: (£,7)— (Z,T;) is continuous,

and it is homeomorphism iff (=, ) is topological space.

Proof:

Since T, < t then the proof is satisfied by the Theorem (2.3.14).
Theorem 2.3.17:

Let (£, 71) and (£, 7,) be two Tysys , and let f: ( Z, 7;)> ( &, 75) be
continuous and let ( £,77), (£, t3) be other Tyg suchthat 7 = 7, and 7; <
T, .Then, f:(Z,t7) = (Z, t5) is also continuous .

Proof :

LetmeZand € 7 (m).

Then& € 7, (m) and f(F) € 7, (f(m)) as f is continuous from

(£, 1q) tO(E, Ty).

Since, 75 <15, f(¥) € t; (f(m)) .

Hence, f: (2 ,t7)—= (£ , 73) is continuous .

Theorem 2.3.18:

Let (Z1, 71) and (&3, 7,) be two Ty such that the mapping

f: (&1, 1)~ (5,, 1) is continuous , then f~1(B) is an open subset of z; if B

IS an open subset of =,.
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Proof :

Let B be an open subset of =,. If f~1(B) =@ , then, the proof is complete.
If f~1(B) = @ let m € f~1(B),and letF € 7, (m).

Since f is continuous, then it is continuous at every point in Z;as m,
f(@) € 7 (f(m)).

But f(m) € B and B is open.

Therefore, B € f(&)(by definition of open set).

Thus, 3 F € Fsuchthat f (F) S B.But, F € f~1(f(F)) € f~1(B).
Therefore, f~1(B) € & (by definition of a filter).

Hence, f~1(B) is a open subset of =;.

Remark 2.3.19:

The convers of theorem above 2.2.18 in general is not true.

Let (£,7) be any T5ys but not topological vector space and

i: (£, T,)— (£, 7) be the identity map. Then, i is not necessary continuous.
Since, T, < 7. But i~1(B) is open subset of = in T, if B is open subset of = in
7. But the converse theorem above is true iff f it is taken between two
topological spaces.

Corollary 2.3.20:
Let (£1, 7,) and (&3, 7,) be two Tjsys. Then if the mapping

f:(E1, 1)~ (82,72) is continuous, then f:(&,T; )~ (&,5;,) is also
continuous.

Proof:

Let, & € T;, at m, since T, and is the topology associated with limit structure
7, then & € t,(m) and by continuity of f we have

f (&) € 1,(f (m)). From Theorem 2.3.14, f () € S,.
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Hence, f: (Z, T;,)- (£, S;,) is continuous map.

Theorem 2.3.21:

Let (Z;, 7,) and (&3, 7,) be two Ty such that the mapping

f: (&, 11)— (&,, T,) IS continuous .

Then, N, (f(m)) € f(N,,(m)) for allm € E; , where N (m),N.,(m) is
filter neighborhood of m in 7, and 7, respectively.

Proof :

Letu € N, (f(m)) and & € 7, (m). Since f is continuous, then

f(&) €1, (f(m)). Thus, € f(F) . This implies that, f~*(u) € &, because
f(w) € uforsomev € Thus f~1(f(v)) € f1(u) €F forall

& € 71 (m).

Therefore, f~'(u) € N, (m). Since f(f ~*(u)) S u implies that

u € f(N;,(m)). Hence, N, (f(m)) € f(N¢, (m)).

Theorem 2.3.22:

Let (£;, 7,) and (&3, 7,) be two Ty such that the mapping

f: (&1, t1)— (&5, T5) is continuous. Then, f(cl(A) € cl(f(A)) forall A c Z;.

Proof :
Let € f(cl(A)) , there exists m € cl(A) such thatw = f(m) .
Since m € cl(A) , this implies there exists § € 1, (m) suchthat A€ g .

So, f(A) € f(&). Since f is continuous then (&) € 1, (f(m)).
Thus,w = f(m) € cl(f(A)).
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Theorem:2.3.23:

Let (£1, 1), (§2, 72) and (23, 73) are Tyys Spaces such that,

f: (1, 11)— (&5, T,) is continuous at m and g : (Z,, 7,)— (&3, T3) IS
continuous at f(m) , then g o f: (£;, t1)— (Z3, T3) IS continuous at m.
Proof :

Letm € Zyand § € 1, (m) then, f (§) € t, (f(m)),

and g (f(&)) € t3 (g(f(m)), since f is continuous at m, and g is continuous

at f(m), so, (g ° f)(&) € 13 ((g ° f)(M)).

Hence, g o f is continuous at m.

To construct product, and subspaces pseudo structures we will introduce the

new concept of the initial pseudo structure (initial limit structure).
Definition 2.3.24:

Let Z be a set, and {(Z;, 7;)}ie; be a collection of T;y,s and for each, f;: & —

£, is a mapping. Define 7: £ — 2F&E)py

Fe t(m)ifandonlyif f;(F) €t;(f;(m)) vie l.

We claim to: 7 is a (limit structure) pseudo structure on = .

1-Since f;([m]) = [f;(m)] € t;(f;(m)) ¥ i € I, then, [m] € T(m).
2-IfF e t(m)and § < pthen f;(F) < fi(p) Yi€e I

Since, f;(&) € T;(fi(m)) , then fi(p) € T;(fi(m)) v i€ I.

Thus, p € T (m).

3-IfF, p € T (m) then fi(F), fi(p) € u(fi(m)) ¥i€ I

Since, f;(&) N fi(p) € fi(G N p), then fi(F np) e, (fitm)) vi€ I

Thus, & N p € T (m).Therefore, T is a pseudo structure on =
This pseudo structure is called the initial pseudo structure.
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Definition 2.3.25:

Let (Z,7) be a Tyys and A € E. The subspace pseudo structure 7, on A is the

initial pseudo structure with respect to the inclusion mapping

intA - k.

Definition 2.3.26:

LetF € F(A)and m € A.Wesaythat & € 7, (m) if [F]z € T (M).
Theorem 2.3.27:

Let (Z7, 7) and (£, , 77) be two T;ys  such that the mapping

f: (5, , )= (£, , T7) is continuous mapping.

Let, A < Z;. Then the restriction map f/4: (4, t4) = (f(A) , Ty IS
continuous.

Proof :

Let m € A and § € 7, (m), then [§]z, € T (m),by Definition 2.3.26, and

therefore,
[f/a(®) 1z, = f(Tlz,) € T° (f(M)).

Hence, f/a(%) € T°f) (f (M)).

Therefore f/ 4 is continuous map at m, and since m is arbitrary point in A then

f/ 4 is continuous map.

Theorem 2.3.28:
Let (£,7) beaTsysandletA € £, then, B =B, N A foreachB C A.

Where B2 is a closure of B in 7.
Proof:
Let m € BA then there exist a filter & € F(A) such that B € & and

& € t4(m). Clearly [¥]z € T(m) and B € [F]=.
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Then, m € B,. Thisimpliesthatm € B, N A

Conversely let m € B,nA then m € A and there exist a filter F € F(&)
suchthat, B € and ¥ €t(m). AeFsoletF, ={FN A:FEF}.

&, € T4(m) by Definition 2.3.25 and B € &,. Thus, m € BA(B).

Therefore, BA = B, n A.

Theorem 2.3.29:

Let (F ,) and (Z, 7) be two Ty spaces and {(Z; ,7; )}ie; be a collection of

Tsvs spaces such that 7 is the initial pseudo structure with respect to

continuous f;,Viel (f;:Z- (& ,t;)) then, f:(F,t) - (& 1)is
continuous if and only if for each i€, fo f:(F,t)— (& ,1;) IS

continuous.

Proof:

If £ is continuous, then f; o f is continuous for each

i €1, as f; is continuous for each i € I, and by the Theorem (2.3.24) the
composition of two continuous maps is continuous.
Conversely, assume that f; o f is continuous for each i € I.Let,

& € t(m),meF .Since (f;o f ) is continuous for each i €1, we get
(fie ) (&) =(fi f@) € ©;(f; (f(m))) foreach i € I.
Therefore, f(¥) € T(f(m)) by definition of initial pseudo space. Hence f is

continuous at m, since m is arbitrary pointin F , then f is continuous.
Definition 2.3.30:

A Tsys (&,7) issaid to be separated if §i,, Zand ¥ !, &, thenm =n

such that m,n € Z.(That’s meanifm #n,thent(m) Nt (n) = 0).
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Definition 2.3.31:

A Tzys (E,7) issaidto be T; if m #n, then [n] € 7 (m), such that
m,n € x.

Theorem 2.3.32:

Let (Z1, 71) and (&3, 72) be two Tsys such that f: (&51,7;) — (&2,72) is
injective and continuous mapping. If (£, 7,) is separated then (=, 7,) is also
separated space.

Proof :

Let m,n € £; such that m #n and ;(m) N 7,(n) # @ then there exist a
filter & € F(Z;) such that § € 7;(m) and & € 7,(n).Since f is continuous ,
we get:

(&) € ,(f(m)) and f(F) € 7,(f(n)) . Since f is injective we get

f(m) # f(n). So 7(f(m)) N 7,(f(n)) # @.

Contradiction, because the space (=, 1,) is separated.

Hence, 7,(m) N 7,(n) = @ and therefore, (=, ;) is separated space.
Theorem 2.3.33:

Let (£, , 7;) and (£, , 1) be two Tsys such that f: (&Z1,71) — (&,12) IS

injective and continuous mapping. If (=, ) is T;-space then (=, t;) IS also
T, -space.

Proof :

Let m € £, such that [m] € t,(n),m # n then

f(Im]) = [f(m)] € t,(f (n)) (Because f is continuous). Since f is injective,
then f(m) # f(n) as. Hence t, is not T;-space, but is a contradiction.

Hence, (=, t,) is T;-space.
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Theorem: 2.3.34:

Let (51 , Tl) and (52 , Tz) be two Tﬁvs. Let, f,g: (51 ’Tl) - (52 ,Tz) be two

continuous mappings from a pseudo space (=;,t,) into a separated pseudo
space (&£, ,7,) .Then,theset A ={x € Z;: g(x) = f (x)} is a closed subset
of ;.
Proof:
Ais closed subsetin = if A = CL(A), letm € A, then [m] is a filterand A €
[m] , therefore m € CL(A) = A < CL(A), then remains to prove CL(A) < A.
Let, m € CL(A) , then there exist a filter 4, € F(A) such that,
[Falz, € T2(M).
9([Ealz,) € 12(g(m)) and f([Falz,) € T2(f (M) since £, g are continuous.
Since g([¥4lz,) and f([Falz,) are generated by the filter bases g(F,)
and f (&) respectively and g(n) = f(n) Vvn € A, we have

g([?fA]sl) = f([gA]El)'
Since (£, ,1,) Is a separated space we get g(m) = f(m).
Hence, m € A, CL(A) € A, hence, CL(A) = A. Thus, A is a closed subset of

(831

1.
Definition 2.3.35:
Let (£,7) be a Tsys. The filter CL.(F) is generated by the filter base

{CL,(F):F € &} .

Definition 2.3.36:

A Tsys (2,7) is pseudo regular(p-regular) if CL.(F) € T(m) whenever § €

T(m).

Lemma 2.3.37:
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Let (£, 7) be a Ty , and & € t(m), thenm € CL,(F),forall F € ¥.
Proof:

SinceF € t(m) and F € § then, m € CL.(F).

Theorem 2.3.38:

Let (£, 7) be a Tsys. If (£, T) is a p-regular T;- pseudo space, then it is

separated.

Proof :

Suppose that 7 is not separated, then there exist a filter & € F(Z) such that
Fert(m) n t(n) forsomem,n € X andm # n..

CL(%) € t(m) and t(n) by regularity of t.

m € CL(F), forall F € § by Lemma 2.3.37.This means CL(g) S [m]. Hence,
[m] € T( n), which is a contradiction as (£, ) is a T; — space.

Therefore, (=, ) is a separated space.

Theorem 2.3.39:

Let (51, Tl) and (52, Tz) be two Tﬁvs, and f: (51,7:1) - (52,7:2) be

continuous map , then:
1- If 2, is p-regular, then Z; is p-regular.
2- If =, is p-regular and f is a surjection, then =, is p-regular.
Proof :
I- Let& € 1,(m). f(§) € 1,(f(m)) as f is continuous map. CL(f(F))
converges to f(m) in ;.
Since f(CL(F)) € CL(f(F)) forall F € § by Theorem 2.3.22 we get
CL(f(®)) < f(CL(F)) .Therefore, f (CL(E)) € (f (m)).
Hence, CL(E) converges to m because f is continuous map.
Therefore, =, is p-regular.

2- Let§ € 7,(n) in =, and since is surjective, then there exists

53



Chapter Two Pseudo Seminorm with New Topological Structuers

m € &, suchthat,n = f(m) and f(f~1(§)) =& .
Thus f~1(%) converges to m in &; as f is continuous map.
Since =, is p-regular, CL(f~1(§)) € 7,(m).
F(CL(f~1(%))) convergesto f(m) in =, as f is continuous.
We need to prove that f(CL(f1(%))) € CL(%)
New we show that, f~1CL(B)) € CL(f~1(B)). Let, b € f~1CL(B)) , then
f(b) € CL(B),so B € p for some filter p converges to f(b) in =,
f(f~%(p)) = p as f is surjective.
Since f is continuous map we have f~1(p) converges to b.
Since, f~1(B) € f~1(p) ,wegetb € CL(f~1(B)),
(f~* (CL(B))) € CL(f~1(B)).
Note that, (F) = f(f~* (CL(F))) € f(CL(f™*(F))).
Hence, (CL(f~1(¥))) € CL(g) . Therefore, CL( &) converges to
f(m) = ninZ,.
Hence %, is p-regular.
Definition 2.3.40:

Let (Z7, 1) and (&5, 75) be two Ty, f:Z; — E, being any map , we denote

by Af:E, X E; = E, , the map defined by:

Vx,y € E,Af(xy) = fx+y) = f(x).
The map f: (£;,11) — (Z,,1,) is called equable continuous if and only if

¥ € 7,(0) andp € 7,(0) = Af (& ,p) € 7,(0), for any filters F ,p on =;.
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Proposition 2.3.41:

Let (Z1, 71) and (&3, T3) be two Tyys . If f:(&1,71) — (52,7,) is equable

continuous, then it is continuous.

Proof:

Letm e = ,,and let § € t,(m). Since ¥[m] € t,(0) and

& —[m] € 1,(0), then, Af (Im], & — [m]) € 7,(0).

But, Af(x,y) = f(x + y) — f(x), then we get by Definition 1.4.12,

Af(Im], & = [m]) = f(&) — f(Im]). Then, f(F) = f([m]) € 72(0). This
mean, f( &) € t,(f(m)), hence f is continuous map at m, therefore, f is

continuous map.

Definition 2.3.42:

Let (£1, 71) and (&3, 7,) be two Tsys. Amap f:(5;,71) — (&;,1,) iscalled a
quasi bounded map if and only if every quasi bounded filter & in Z; then
f (&) is quasi bounded filter in =,

[ie. ¢§ €7,(0) = #f() € 7, (0)].

Proposition 2.3.43:

Any linear continuous map f: (1, 7,)— (&3, T,) between two Ty

(£1, T;) and (Z,, T,) over afield R, is quasi bounded map.
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Proof:

Let f be a continuous map, then for all convergent filter & on =; such that its

convergent to a point x in Z,, then f (%) is a convergent filter on =, to the
point f(x).

Take H be a filter on Z;such that # is quasi bounded filter, this means
H € 1,(0), tf (H) = f(H) (by linearity of f);

f(@H) € 1,(0) (By continuity of f);

tf (K) € 1,(0), therefore, f is quasi bounded map.

Remark 2.3.44:

The class of all equable continuous and quasi bounded maps f: Z; — Z, such

that Z; and Z, are Tpys, is denoted by CJ(Z;; £,)

Remark 2.3.45:

Let (51, 1) and (25, 7,) be two Tsys. For any fand g € CJ(Z;;5,) and y €

R thenyf + g € C1(&;; E,). Therefore: CJ1(5,; E,) is vector space

Proposition 2.3.46:

Let (£1, 7,) and (&3, 7,) be two T;ys. For any two maps, f € CHE ;5 ,) and

g € CX(Z 5;E 3). Then, the composite map g o f € CA(Z 1; Z 3).
Proof:

Let m, h € Z;. Use the definition of A to get:

(A(g o f))(m, h) = Ag(f(m),Af (m, h)). Then we get:
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(A(g° f)(G,p») <Ag(f(H),Af(F,p)) Vi p are filters on =; (by Definition
1.4.12).

If we assume that ¥f € 7,(0) andp € 7,(0), it follows that the filter on right
side of ((A(g° f))({,») < Ag(f(§),Af (f,p))converges to 0 in =5, therefore,
(ACg ° ) p) € 13(0).

Hence g o f is equably continuous.
Now to prove it is quasi bounded:

We can see that it is following from the hypothesis that f and g are quasi
bounded:

Let f any filter on =, since f is quasi bounded map then:

#f € 7,(0) = #f(f) € 72(0) .

Since f(f) is filter base generated other filter on Z,, and since g is quasi
bounded then ¥f () € 7,(0) = ¥ g(f (f)) € 73(0)

= r(ge°f)({f) € 13(0). Hence g o f is quasi bounded map, therefore g o
fe 62(5 12 3)

Proposition 2.3.47:

Let (21, 1) and (3, 7,) be two Ty, and L: (51, 71) — (&, T) is continuous

at 0 and linear, then [ is equable continuous and quasi bounded,
(That’s mean [ € CJ(5; &,)).
Proof:

From linearity of [, a.l(m) = l(a. m) and
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Al(a,b) =1l(a+Db)— l(a) =1l(a) + UL(b) — l(a) = L(b),

forall a,b € Z;.

To prove [ equable continuous, let, ¥.p,q € 7,(0).

Since, A l(p,q) = I(q) € 7,(0), therefore [ is equable continuous map.

New, we prove [ is quasi bounded:

Let, ¥.p € 7,(0), since #. f(p) = f(#.p) € 7,(0) by continuity of 0 we get

for any filter p on =;:
If p € 7,(0) then f(p) € 7,(0) so, ¥.p € 7,(0) then
r.f(p) = f(#.p) € 7,(0). Hence, [ is quasi bounded map.

Remark 2.3.48:

Let (£, , 7;) and (&3 , T,) be two Tsys, and let L(Z 1; Z ;) is a vector space of
all linear and continuous maps between (£, ;) and (&, , 7,) as a Tys. Then

L(Z;5,) < Ceq(E 15 2).

Lemma 2.3.49:

Let (Z1,74), (&2,72)and (&5, 73) beaTsys. A bilinear map

L: (E],11) X (5,,15) = (&5,713) IS equably continuous iff it satisfies the

two conditions;

0
I- rgig:;gog} = L (p1,02) € 73(0);

0
2- TN = £ (a1,2) € 75(0).
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Proof:

By using the statement:

A L((ap a), (by, bz)) = L((al + by), (a, + bz)) —L(a,,a3)

=L(aq,a,) + L(ay, by) + L(by,a,) + L(by, by) —L(ay,a;)

A L((ay, az), (b, by)) = L(ay, by) + L(by,a3) + L(by, by) ...(1)

Suppose £ is equably continuous and let p; € 7,(0) and ¥q, € 7,(0).

Put g = [0] X g, and p = p; X [0].

Then, ¥ q € (t; X 7,)(0) and p € (74 X 7,)(0) (Lemma 1.4.13 and Remark
1.4.14).

Hence from equable continuity of £: A L(q,p) € 75(0). This is a first

condition.

Since, A L(g,p) = A L(p4,q5).

Similarly: we can verify the second condition.
Conversely:

Let the conditions 1 and 2 are satisfied, and let

¥q€ (ty X1)(0) and p € (ty X1,)(0) . Then the filters q; = [1;( q),
p; = [1:(p) satisfy

¥ q; € 7;(0), p; € 7;(0) such that i = 1,2. Then by (Lemmal.3.13-1,and the

equation 1) we get:

AL(q,p) <AL(>G1,02,01,P2) < L(>q1,P2) + L(P1,02) + L(P1,P2).
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The value of right side is belonging to 75(0) (by assumption).
Therefore the left side is belonging to 75(0).

Hence the map £ is equable continuous map.

Lemma 2.3.50:

Let (£;,11), (&2, 72)and (&5, 73) are Ty . If the spaces £ ; and Z , are

equable spaces, then a bilinear map £: (Z;,71) X (£,,7,) = (&3,13)
IS equable continuous iff it is continuous at the (0, 0).
Proof:
The result directly follows from Proposition (2.3.42).
Conversely:

Let p, € 7,(0) and #.& € 7,(0) . Since = ; is equable, then there exists g,

with p; < g, = ¥.q; € 74(0). Then,
L(pli c&) < L ('F d1, C&) = [’(qll f. %) = L(ql X ¥ %)

But, g; X . & € (11 X 72)(0) (by Lemma 1.4.13), and by continuity of £ at

the zero we get:

L(p1, &) € 13(0), therefore we obtain the first condition of above Lemma
2.3.49.

By the same way we can proof the other condition in this lemma, hence the

map £ is equable continuous.
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Chapter Three Smooth Maps of Class ....

3.1. Introduction

This chapter consists of two sections, section one introduce the notion of
remainder map such that we introduce the class of all remainder maps between
Tsys spaces, and in the other section, we deal with the notion of first
derivative, second derivative, higher derivative, and then we put the definition
of C- derivatives of the maps on T#ﬁVS spaces. Some definitions are

constricted following A. Frolicher & B. Walter [18].

3.2. Class of Remainder Maps on Tpys Spaces:

Here, we introduced the notion of remainder map that is defined
between two Ty and has some properties. It is related with the other map 6,
in order to provide a definition of the first derivative. And there are some

results about these notions.

Let (£;,71) and (Z;,7,) be two T;ys. And r: Z; — Z, be a mapping between

two Ty Spaces. 6,: R X E; — &, defined by:

0,(1,x) = r(ix) whenever 1 # 0 and 6,-(4, x): = 0 whenever 1 = 0.
Definition 3.2.1:

Let (£1, 7;) and (&3, 7,) be two Tyys. 7: 57 — &, is called a remainder iff
r(0) =0, r.Fe€1,(0) = 0,.(+,%) € 7,(0) (6, is continuous at 0). And

N (5] ,&,) is called the class of all remainder maps from (23, 7,) to (25, 7,).
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Proposition 3.2.2:

Let (Z1,74), (&E2,7)and (&5, 73) are Tyys. If v € N (&, ,&5) and
L eL(Z; Ey)then: r o L€ F (& ,E3)
Proof:

1- (re£)(0) =7(£(0)) =7r(0) =0.
2- Suppose that #.p € 7,(0) then, by assumption that,L € L (=, ,£,) we get,
0,.(¥,p) € ,(0) and then, using the continuity at origin of £,

L(6,(¥,9)) € 13(0).
Hence, 6,...(¥,p) € t5(0). Therefore,r o L € Jt (£, Z3).

Lemma 3.2.3:

Let (£7, 71) and (&, , ;) be two Tyys.

1- Foralla € R and r € 9t (&, ,Z,), then ar € 9t (&; ,5,);
2- Andforall r,s € M (& ,5,) then,r +s € N (Z; ,E,)

, hence 9t (=, ,Z,) is a vector space.
Proof:

1- It is a special case of Proposition 3.2.2.

2- From the definition of the operator 6, it is obvious that
O, (a,x) = i (r+s)(ax) = % r(ax) + %s(ax)
=0,.(a,x) + 0,(a, x).
Theorem 3.2.4:

Let (Z1, 1), (&2, 72) and (&3, 73) are Tyys, and letry € N (E,, £3),
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if r, e N(5;, 5y, then 1y ory, € N (&, E3).

Proof:

Since, r; € M (&3, E3) then there exist 6, : R X E; — E5 such that

r1(4%)

6,.(4, ‘&)={_ﬂ 470
0 A=0

way since r, € 9t (Z; ,Z,) , then there exists a map

Is continuous at 0, and r;(0) = 0, in the same a

r2(By) I
6., (B, y)={ B
0 B=0

Is continuous at 0, and r,(0) = 0,

(ry e7y)(0) = rl(rz(O)) =1,(0) =0,then (1r; oc1,)(0) =0

,take ¥. & € 1,(0):

By continuity of r, at 0 then, 6, (¥,& ) € 7,(0),+.0,, (¥, &) € 7,(0).
By continuity of r; = 6, (¥,0,,(¥,&)) € 73(0)

Therefore: 6, ..., (v, &) € 73(0)

r1(#.0r, (£5))
[9r1 (f, 91”2 (‘F, & )] =—2=

¥

1 (r%m ) (@)

¥ ¥

(riem) ) _
== i - _Hrlorz(f;g)'

Lemma 3.2.5:

Let (£1, 71) , (&2, T2) and (Z3, 73) are Tpys. If rp € N (&, &;) and
L€ L(E,, Ey)andr, € N (E,, &3) then,

r=nro (L + 7"1) € gt (51,53).
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Proof:

From definition of 6., and the linearity of L ,
0,.(a,x) = (e(rzowm)) (a,x) = 6, (@, L(x) + 6, (a,x)), therefore

6,(r,B) < 6y, (v, L(T) + 6,,(x,T)) = 6,,(,A)
,such that A = L(B) + 6, (¥,B), which satisfies:

r.A < L(DB) ++.6, (¥,B).Assume that, .28 € 7,(0), we see that x. A €
7,(0), therefore , 6, (¥, A) € 73(0), so 6,.(¥,B) € 75(0), hence

re N (5 ,E).

Definition 3.2.6:

ATsys (£,7) iscalled equable if and only if for each filter & with
& € 7(0),3 an equable filter p > & with p € 7(0)
(That’s mean § | & = ¥ < p=#p € 7(0)), and denoted by (5%, 7%).

Proposition 3.2.7:

Let (Z1, 71) and (&3, 7) be two Tsys. If r: &) — Z, is a remainder, then,
r: £f - E¥ is continuous at zero.

Proof:

Let, & € 7§ (0). Therefore, § < p = #p € 7,(0). From the definition of 6,

we have,
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1-r(0) =0;

2-r(a.x) = a. 0.(a, x), and then by using (Definition1.4.11).

r(F) <r®) =rkp) = +0,.(+¥p). Thefilter § = #.0,(¥,p) satisfies

& =& € 1,(0) and then, () € 74 (0), therefore

r: (EF,tH - (54,1} is continuous at the point zero.

Proposition 3.2.8:

Let (£, 7;) and (Z3, 1) are Tyys. If the linear map

L: (1,711) = (E5,1,) is continuous, then is also the map
L:(ZF, 1) > (5%, t#) is continuous.

Proof:

Let,q € t¥(0).Then,g < p = #p € 7,(0),
And therefore, by (Definition1.4.11),
L(q) < L(p) = L(#p) = #L(p) € 1,(0).Hence, L(q) € T (0).

Therefore, £: (5,11 - (54,t¥) is continuous map.

Proposition 3.2.9:

Let (£1, 1) , (52, T2) and (Z3, 73) are Tyys. If

B: (&, ,11) X (£,,7,) = (&5,13) Is bilinear and continuous at the (0,0),
then B: (BF, 1) x (%,15) - (&%,t%) is continuous and so it is an equable

continuous.
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Proof:

It is sufficient to show that B: (7, ) x (&%, t¥) - (5%, %) is continuous at

the point (0,0). Let, &; € (0),i = 1,2.
Then, & <p; =*.p; € 7/ (0) ,and

B (§1,82) < B(p1,p2) = B(#.py,¥.9;) = ¢.B(p1,p2) € 73(0).
Therefore, B (&, &,) € 14(0).

Hence B is continuous at the origin (0,0).

Lemma 3.2.10:

Let (£7, 71) and (&3 , 7,) be two T;y5. The only remainder linear map
r: = - E,,is the zero map.

Proof:

Let, x € =, , ¥[x] € 7,(0), since r is remainder then there exist

0,(¥,[x]) € 1,(0) Whenever, #[x] € 1,(0)

r(Alx])
A#0
0r(4, [x])= { A

0 A1=0
Ar([x])

= { 7 270 (by linearity of 7)
0 1=0

=r([xD =[r)]
0-(4,[x]) € 72(0)

Then, [r(x)] € 1,(0).
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Hence, r(x) = 0 (Because =, is separated).

Lemma 3.2.11:

If (5 ' T)’ (51 ) Tl) ) (EZ ) TZ) EERE) (En , Tn) are TﬁVS’ then a map

r:Z - [z, Zx is a remainder if and only if each of n.:% — =, are

remainders, 1< k < n, where r(x) = (r;(x), ...., 1, (x)) forall x € £.
Proof:

Suppose there is some maps ,: R X £ — [[}-, Zx such that

r(Ax)
0,(4, x)={ 2 A#0 is continuous at 0 and r(0) = 0,
0 A=0

0r(x) = (61, (), ..., 0p, (x))

ri(Ax)
6, (A,x) = {_/1 A#0 forallx ez forall¥B L 5 .
0 A1=0

By continuity of 6, we have, 6,.(¥,B) | [I;=1 =k -

Then, 6,.(r,B) 1 &; forall i =1,2,...,n,this mean 6, (¥, B) is continuous at
0 for all i=1,2,..,n, and finally 0 =r(0) = (1,(0),....,7,,(0)), then,
r;(0) =0

Jforalli = 1,2, ..., n.
Therefore, r,: & = =} are remainders, for 1< k < n
Conversely:

Suppose 1, € N(E | & ) forall k = 1,2,...,n, then there exists
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e (Ax)
0. (4, x)={ 2 A#0 Is continuous at 0
0

A=0
and 1, (0) = 0, forall k = 1,2, ..., n, take,
6,(x) = (6,, (%), .., 6, (X))
For all ¥B | Z;, and by continuous of E; forall i = 1,2, ..., n.
0, B) L Z;foralli =1,2,..,n, hence:
0,.(¥,B) I [1i=; &k, and from r,(0) = O, forall k = 1,2,...,n,
Then, r(0)= 0. Therefore, r: Z - [[;-, =) is remainder.
r€ N(E, [lk=1Zk)-

Lemma 3.2.12:

Let (51, Tl) ) (52, Tz) and (53, T3) be a Tﬁvs. Let b: 51 X 52 - 53 be bl|lneal‘

and continuous at the point zero. Then b is quasi bounded.
Proof:

Let, #.& € 7,(0) X 7,(0). Since &; = [[;(&) satisfied:

. § €1;,i=1,2 and § < F; X F,(From Definition1.3.11). By using # =

r.¥ and by linearity of (b)

a.B.b(my, m,) = b(a.my, . m,) then we get:

£.0(F) < .0(F,Fy) = #.7.b(F, &) = b(x. &y, . F)then, from continuity
of b at the zero, the filter in the left side #.b(&) belongs to 75(0) and also

that the filter on the right side belongs to 75(0).
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Definition 3.2.13:

1. The class C°(&;,5,) is a vector space CJ(Z;; E,) together with the pseudo

topology induced by the inclusion, such that X | C°(%; ,5,) if and only if
FBlE = X(B)!E,) where X isany filter on Z,.

2. The class L (=; ,=5) is a vector space L(Z; ,Z,) (linear and continuous

maps) together with the pseudo topology induced by the inclusion, such that
XVL(E;E) ifandonly if (7A L E; = X (A) L E).

3. Define the class L,,(Z;;Z) by the vector space L(Zy,Z,, ..., Zn

m»

[x]

)

consisting of the equable continuous multilinear maps from

2 X Ey X ...X E.into Z, together with the pseudo topology induced by the
inclusion of L(%,,%,,.., &, %) such that &, =5,= ..=5&,, meZt,

o
[Ly(5;E) = L5y, By, oo, Ems £ )].We have,

XVL(E,E,, ..., Ey; Z)ifand only if

FA; VE; fori=1,2,... m= X (A, Ay e, A) L E).

4. L% (E; &) is an equable a class L, (&;; &).
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3.3. The €™ - Differentiability and Derivatives

In this section we defined the first and second derivative and the
derivative to m-time, and then defined the new class of maps that which
contains all differential maps of the infinitive between the spaces T#,WS C-
maps. Some definitions are constricted following A. Frolicher & B. Walter
[18].

Definition 3.3.1:

Let (&1, 71) » (&2 T2) be a Tsys. The map f:(&;,71) — (52,72) IS
differentiable at the point a if there exist a map ¢ € L(Z;; %) such that the
map r is defined by f(a + h) = f(a) + ¢(h) + r(h) is remainder

The map ¢ € L(Z;; Z,) is uniquely determined, it is then called the derivative

of f at the point a, and it is denoted by: £ = f(a).

Proposition 3.3.2:

Let (£1,71) , (&2, T2) be Tyys . If f: (51, 71) — (52, 72) s adifferentiable at

the point a, then f: (¥, ) - (&%, 7¥) is continuous at the point a.
Proof:

From the above definition, f (a + h) = f(a) + ¢(h) + r(h), where
?eL(E;E)and r € 9t (&, ,Z,) then by the Proposition 3.2.8, we get,

f:(EFtH - (4,1} is continuous at the point a.
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Proposition 3.3.3:

If (21, 71) and (&3, 75) are Tys then the linear continuous map

f:E; = E, is differentiable at each point in =, and a remainder map is linear
then, £(h) = f(h).

Proof:
fla+h) =f(a)+ £h) +rh)

Since f is linear map then, f (a + h) = f (@) + f(h), r(R) = 0
f@+fh)=f(a)+ ¢(h)+0

f(h) = ¢ .

Proposition 3.3.4:

If b: =) X Z, = EZ5 is bilinear continuous, then b is differentiable at each point

m = (my,my) € £; X &3, and b’ (my, my) (hy, hz)=b(hy, m;) +b(my, hy).
Proof:
Let h = (hll hz) € El X 52, b(m + h) = b( my + hl,mz + hz)

= b(m,,m,) + b(hy,m,) + b(my, h,) + b(hy, h,). Therefore we have, with
¢(h) = ¢(hy, hy) = b(hy,m;) + b(my, hy), and

r(h) = r(hq, hy) = b(hy, hy).
b(m+ h) =b(m) + €(h) +r(h).

£ is linear, and since b is bilinear, and also continuous, since b is continuous.
Therefore, £ € L(E; X Z,; Z3),and r € N (=] X &y; Z3).
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Proposition 3.3.5:

Let £ be a Tyys If f:R — & is differentiable at the point a € R, then the

following limit, which we denote by f'(m), exists:

f'(m) = lim BT, and £/ (m) () = h. f (m);

f'(m) = f'(m)(1).
Proof:
We have, f(m + h) = f(m) + £(h) + r(h),suchthat £ € L (R; Z) and

reN(R;£). Put £(1) = f'(m).1 = w, and define the map g:R = = as

follows:

g(h) = { h , one has
w ifh=0

¢(h) = ¢(h.1) =h.£(1) = h.w.

r(th) = f(m+h) — f(m) — h.w,

er(ﬂ, h) — f(m+ﬁh)_f(m)

3 — h.w,

6.-(B,1) = g(B) —w.
.1l Rwe have 6,(¥,1) | = (by definition of the 8, , then,

gx) —w ! EZrespectively g(¥) {,, Z, therefore }lirrcl) g(h) =w.

The proof is complete.
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Remark 3.3.6:

If £ is differentiable at a point m, then the uniqueness of the derivative implies

the uniqueness of the remainder r.

Lemma 3.3.7:

Let (51 , Tl) , (52 ,Tz) are Tﬁvs, Iet Xo € 51, |f

f,9:(&;,71) = (&,,1,) are both differentiable at x. and if a € R , then af +
g s differentiable at x. and D(af + g)(x.) = aDf(x.) + Dg(x.).

Proof:

Since f and g are differentiable at x. then there exists ry,, € 9N (&}, ;) such
that, f (x) = f(x.) + l;(xs)h + 1, (h) ,

g(x) = g(x) + L (x)h +15(h), ,h €5y ,and Iy, 1, € L(Zy; 5,)
(af + 9)(x)=af (x) + g(x)

=af (x-) + aly (x-)h + ar; (R) + g(x) + +1, (x-)h + 75 (h)

=(af (%) + g(x)) + (aly (x)h + L, (x)R) + (ary (h) + 15(R))
=(af + g)(x) + (aly + L) (x-)h+ (ary + 15) (h)

Since al; +1, e L(E;;E,) and r + 1, €TN(Z,, &), then, al, +1, is
derivative of af + g at x- .
Hence, D(af + g)(x.) = aDf(x-) + Dg(x-).
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Theorem 3.3.8:

Let (El , Tl) , (52 , Tz) are TﬁVS and fl’fz:(El'Tl) - (Ez,Tz) are
differentiable at x, € =5, then f; - f, is differentiable at x,, and its derivative

at x, is
D(f1 - f2)(x.) = fo(x.)Df1(x.) + fi(x.)Dfo (x.) -

Proof:

Since f; , fare differentiable at x,, then there exists r;,7, € 9 (Z; ,5,)
 such that, £, (x) = f(x.) + 1 (x)h + 71 (R),

£,(0) = f,(x.) + L(x)h + 1y (h) forall x,h € &,

(fr " f2)x) = f1(x) - f(x) =

fl(xO) ) fZ(x0)+f1(xO)ZZ(xO)h-'-fl(XO)TZ(h)+l1(x0)hf2(x0)+ ll(xo)hIZ(xo)h-l-
L(x)hry(W)+ (W) fo(x)+ (W) (x )t 1 (R, (R)

Put: r= f, (x, )1y () + 1 () hly () b+ 1 () hry (R)+ 1 (h) f () +
(W), (x,)ht 1 (R)1y (h)

To prove rlis remainder map,

It’s sufficient to prove I, (x,)hl,(x,)h € N (Z; ,Z,)

Put, r = ll (xo)hlz (XO)h,
r(Ax)

Define, 6,(4,x) = { 2
0 A=0
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{11@75)12(/195) 10
= A
0 A=0
{Azll(x)lz(x) 1% 0
= A
0 A=0
= Al () (x)

If¥.B € 7,(0), then 6,.(¥, B) = #. [, (B)l,(B) forall B € =,
r.1;(B)l,(B) € 1,(0).
Therefore 6,.(¥, B) € 7,(0), hence 6, is continuous at 0, and so

r € N (&, =5), then proof is completed.

Theorem(chain roul) 3.3.9:

Let (&1, 71) , (E2,72) are Tyys and f: (57,79) — (&, ,7,) is differentiable at

x €E,and g : (&,,1,) = (&5, 13) is differentiable at
y = f(x) € Z,, then, g o f is differentiable at x,, and its derivative at x is
D(g ° f)(x) = Dg(y).Df (x).
Proof:
By assumption one has:
fx+h)=fx)+ L) +r(h), glx+k) =g+ (k) + (k)
Where:
Li =Df(x) € L(E; Ey), 1y € T (5] .EL)
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l, =Dg(y) € L(E,; E3), 1y € N (5, ,53).

Composing the mapping one gets, using the linearity of 1,:

(g o Hx+h)=(g °f)x)+I(h) +r(h) where | = 1,(1;(h)),

And r(h) = I( 1.(h)) + 12 (11 (R) + 11 (R)).

Obviously, I =1, o l; € L(Z;; Z3). By using Proposition 3.2.2, Lemma 3.2.5

and Lemma 3.1. 3, r € 9t (& ,Z3), hence, the proof is complete.

Remark 3.3.10:

Let S§:5, XZ, - Z; be a map of two variables, we can take a partial

derivative with respect to just one or the other.

Fixed, (x,y) € Z; X E,, the partial mapping a » S(a,y) and b » S(x, b). If
we get the differentiable of these maps at x, y respectively, § is called partially
differentiable at (x,y) € =, X £,, and the derivatives being are D,S(x,y),

D, §(x,y) respectively.

Definition 3.3.11:

Let §: 2, X £, - Z; be a bilinear map, define the partially differentiable at

(x,y) € E; X Z, as follows:

S(x+hy)=8xy)+D,S(x,y)h+r(h)

S,y +k)=8ky)+D,S(x,y)k + r(k).

77



Chapter Three Smooth Maps of Class ....

Theorem 3.3.12:

Let S§: 2, X £, = Z5 be a map of two variables. Then DS (x,y) exists and is

continuous iff D,.§(x,y) and D, S (x, y)exists and are continuous.

Proof:

Fixed, (h, k), DS(x,y)(h,k) =S(x+ h,y + k) —S(x,y) —r(hk),

Putk = 0 then, DS(x,y)h=S(x + h,y) —S(x,y) —r(h,) = D, S(x,y),
And in the same way if we puth =0,

DS(x,y)k =8,y + k) —S(x,y) —r(k)=D,S(x,y).

Therefore, DS(x,y) = D,S(x,y) + D,,§(x,y). This expression achieves the

wanted result.

Theorem 3.3.13:
If S(x)h is C* and linear in h then DS(x){h, k} is bilinear, (That’s mean

linear separately in h and k).

Proof:

The total derivative is linear, then is the partial derivative with respect to x.
Thus, DS (x){h, k; + k,} = DS(x){h, ki} + DS(x){h, k,}.

To see the linearity in h, by the definition of the derivative:

DS(x){h; + hy,,k} = S(x+ hy + h,,y + k) —S(x) —r(hy + hy, k)

=S(x+h,y+k)—8x)—r(h,k)+S(x + hy,y + k) —S(x) —r(hy, k)
=S+ k) (hy) — SGI(hy) = r(hy, k) + S+ ) (hy) — SG)(hy)
—1(hy, k)

= DS(x){ hy, k} + DS(x){ hy, k).
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Definition 3.3.14:

A Tsys & is called admissible if and only if it satisfies the condition:
IfE | Z then, CL(F) | £ (That is a Tys & is p-regular).

Notation 3.3.15:

Define the set of all equable and p-regular T3y 5 as T#ﬁVS , and from now on

we suppose that =, =, =,, ..., F, G, ... are always T#ﬁVS

Definition 3.3.16:

Let, (£;,7y) and (5,,7;) be a T4y , @ map f:(5;,71) = (5,,7,) is twice
differentiable at a point a € &;, then: D?f(a) is derivative of the first

derivative of fat the point a.

Definition 3.3.17:

Let (=, 7;) and (&,, 7,) be a T#ﬁVS ,amap f:=; - &, is called twice
differentiable at a point a € 5, if and only if Df:5; - L*¥(5;; 5,) exists and

is differentiable at a.
sz(a) € L#(51i L#(51i Z3)) =L#2(E1i Z5)

We say f is C? if DS is C*, which is true if and only if D?f exists and it is
continuous.

Definition 3.3.18:

Let S: &) x E, — Z3be a bilinear map on a T* 55 then,

DS(x){h, k} = S(x + k)h — S(x) — r(k).
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Theorem 3.3.19:

If S: 5, X &, = 55, is C? then,
D2S(x){hk}=8S(x+h+k)—S(x+h)—Sx+k)+Sx)—rk).
Proof:

Let, x € =},

D28 (x){h,k}= D[DS (x){h, k}]

= D[S(x + k)h — S(x) — r(k)]

= DS(x + k)h — DS(x) — Dr(k)

=S(x+k+h) —S+k)—rh)-[Skx+h) —Sx) —rR)] —rk)
=S(x+k+h)-Sx+h)=S(x+k) +5(x) —r(k).

Corollary 3.3.20:

If S: 5, X 5, » 55 is C? then the second derivative is symmetric,
D28 (x){h, k}= D*S (x){k, h}

Proof:

It is clear by the definition of derivative.

Corollary 3.3.21:

If S: 5, X &, > 55, is C?, then D2S(x){h, k} is bilinear, (linear separately in h
and k).

Proof:

We get the result immediately from Theorem 3.3.13 and Definition 3.3.18.
Definition 3.3.22:

The derivative of the second derivative is a third derivative,

D%f: 5, - L*,(5;; 5,) exists and is differentiable at a.
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D*f(a) € L* (&1, L (51 5y)) = L¥,(E1; 5y).

D(D*f(a)) = D*f(a) € L¥3(51; 5,).

So we can generalize as follows:

Amap f: 5, - &, of C is called m-times differentiable at a, if and only if
pm-Vf. = - [¥ _(5;E,) exists and is differentiable at a.

DMV (a) € L*(Ey; L* 1y _1(E1; 52)) = LF (B4 Ey).

Theorem 3.3.23:

If f,g:5, X &, > B3 are C? then,

D?[g o f1(m){h, k} =

D2g(f m)){ D f(m)h,D f(m)k3}+ D g(f (m))D?f(m){h, k}.
Proof:

By applying the chain rule we get what is required.

D[g ° f1(m)h=D g(f (m))D f (m)h to itself.
Proposition3.3.24:

If f:5, > &, is m-times differentiable, and DU f: 5, - L¥ (5 5,) isn —
times differentiable, then, f is (m + n) — times differentiable.

Proof:

DMf. 5 — L¥ (5; E,) being n — times differentiable,

(DU Df: & - LF, (B L (845 5,)) is differentiable. Hence,
pmn-Ue. =z ¥ . _1(5; 5,) is differentiable, so:

pmtm e #  (5;5,). (Thats mean f is (m+n)—times

differentiable).
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Remark 3.3.25:

F L C™(E;; &) ifand only if (F™ LCO(E; L* (B0 52) )
forn=0,1,2,..,m.
Remark 3.3.26:

The class €™(%,, &,) is an admissible vector space, and
C™MN(E, Ey) © C™(EL Ey).

Theorem 3.3.27:

If f,9:5, > 5,are C™(5,,5,),s0 fogisC™(E,E,),
and D™ (f o g) = (D™f) » (D™g).

Proof:

If m = 1, by chain rule the statement is true:

D(f 2 g)(a) = (Df)(a) ° (Dg)(a), forall a € &,.
The higher cases follow from induction on m.

Definition 3.3.28:

The map f between Z; and &, is C®(5,, ;) is called smooth map if it is
C™(5,,5,) forallm € N.

Define C®(5,5,) to be the projective limit of this system,
C®(E1, E3)=Nim=o C™ (51, &),

FlC®(5,5)iffFlC™E,E,) forallm € N,

C*(5,5) € C™(E, &) © COEL,5)
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Definition 3.3.29:

Let 5y, 5, are T*;y, and let f: £, — Z, be a bijection map, we say that f is a

diffeomorphism if f and £~ are differentiable of class C* (5, 5,) .

Example 3.2.30:

If U,V are connected open subsets of R™ ,amap id : U — V isidentity map,

id is diffeomorphism map.
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4.1. Introduction

The chapter includes three sections. In the first and second sections, we

follow the traditional method of establishing the basic definitions of a
manifold modeled on a model space T#ﬁVS =, that is called pseudo manifold
of class C* and it is the pair (M, A), where M is pseudo topological manifold

and A is a € *-structure (maximal smooth structure).

In the third section, we deal with basic conceptions of differential

geometry, such as the tangent space, vector field, and others.

4.2. Basic C*-Structures

In this section we will define the basic structures of class- C® which
define the €*-manifolds like, C*®-chart, C®-atlas and others. We will present

these definitions in a similar way to the definitions present in [6, 11, 29, 31,

32].

Definition 4.2.1:

A T#ﬁVS = 1s connected if it is not the disjoint union of nonempty open
subsets. A subset of a T#ﬁvs Z is said to be connected if it is connected with

the subspace T#ys.

Definition 4.2.2:

Let £ be a T*;,5 and m € Z. The component containing m, denoted CO(m),

is defined to be the union of all connected subsets of = that contain m.

A subset of a T#WS = is a (connected) component if it is CO(m) for some
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meE =,
Definition 4.2.3:

A T#ﬁVS = is called locally connected if the pseudo topology has a basis

consisting of connected sets. If a T#ZWS = is locally connected, then the
connected components of each open set (considered with its subspace T#WS)

are all open. In particular, each connected component of a locally connected

space is open (and also closed).

Definition 4.2.4:

Let M be a pseudo topological space. A chart (or coordinate chart) in M is a

pair (u, a) where u is an open subset of M and a is a homeomorphism map of
u onto a(u) open subset of some T* 5,5 Z.

For any p € M, a chart (u, @), is a chart (coordinate chart) at p if and only if
p € u, (if a(p) = 0, the chart is centered at p).

Definition 4.2.5:

A pseudo manifold M is a pseudo topological space modeled on some
T#ﬁvs Z . (That’s mean A pseudo topological space M is a pseudo manifold if

it a demits an open covering {u,},e4 Where each set u, is homeomorphic to

an open subset of a module space =).

Definition 4.2.6:

Let (u,a) and (v,B) are two charts on M such that unv # @ then the
composite map B e a™t:a(unv) - B(unv) (called transition map from a

to B) is a composition of homeomorphisms, and is itself a homeomorphism.
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Definition 4.2.7:

Two charts (u, @), (v,0) of a pseudo manifold are compatible if the two

maps: o~ punv) > 0unNv), o8 : 0(unv) » plunv) are
homeomorphism.
Definition 4.2.8:

Let A = {(u;, a;)}i€ I be a collection of charts on M. We call A an atlas if

the following conditions are satisfied:
I- Uigru; = M.
2- The sets of the form a;(w; Nu;) fori,j € I are all open in Z.
3- Whenever u; N u; is not empty, the map

ajoa; " a;(u; Nuy) = a;(w; Nu;) is homeomorphism.

Definition 4.2.9:

Let M be a pseudo topological space. A chart (or coordinate chart) (u, @) in M

is called C* —chart a if « is a diffeomorphism map of u € M onto a(u) open
subset of some T# 55 Z.

Example 4.2.10:

Let M be a pseudo topological space, and A € M open set then, (4,Id) is

coordinate chart in M such that Id is identity map.
Definition 4.2.11:

Let (u, @) and (v, B) are two C® —charts on M such that u N v # @ then the
composite map foa " t:a(v Nv) -» B(u N v) (called transition map from «

to B) is a composition of diffeomorphism, and is itself a diffeomorphism.
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A/

a(un vv)

\

u v p(unv)

Fig 3. The transition map B o a~* of class C® is defined on a(u N v).
Definition 4.2.12:

Two C® —charts (u, ), (v,0) of a pseudo manifold are smooth compatible
if the two maps:

Boplipunv)->0unv), .08 t:8(unv) > @(unv) are smooth
maps of class C*.

Definition 4.2.13:
LetA = {(u;, a;)}i€ I be a collection of C® — charts on M. We call A an

atlas of class Eoo(or C> —atlas) if the following conditions are satisfied:
1-Uieru; = M.
2- The sets of the form a; (w; Nw;) fori,j € I are all open in Z.

3- Whenever u; N w; is not empty, the map
@0, a;(u; Nuy) - a;(w; Nwy)isal  diffeomorphism.

Definition 4.2.14:

Two C*® — atlases 4 and A; on M are compatible iff every C*® —chart of one

is compatible with the other € —atlas.
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This is equivalent to saying that the union A U A; is still a smooth atlas.
And a C* —chart (u, a) is compatible with smooth atlas A = {(ug, ag)4e;} if

and only if A U {(u, @)} isa C* —atlas.

Definition 4.2.15:

A smooth atlas A4 on M is maximal if every C® —chart that is smoothly
compatible with every C* —chart in A is already in A.

Definition 4.2.16:

A C® — structure on M is a maximal C*® — atlas.

Remark 4.2.17:

Two smooth structures A; and A, on the same pseudo topological manifold
M are said to be different if the map (Identity map)
id :(M; 4,) - (M;4,) is not a diffeomorphism.
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4.3. Pseudo Manifold of Class C®

In this section we will define the smooth pseudo manifold modeled on

T#Z—,-VS spaces using the € *—structures.

Definition 4.3.1:

A pseudo manifold of class C* is a pair (M,A) where M is a pseudo

topological manifold and A is a smooth structure (C®—structure) on M.

Example 4.3.2:

Let M = C(O) be a pseudo topological vector space defined in Example
2.1.16. We defined € *-chart (4,9) on M as follows:

A = M and 9 is identity map, 9(m) =m,Vm € M.
Then, (4,9) satisfies the conditions of €*-chart.

Let A = {(4;,9;};c;be atlas on pseudo topological vector space M, A is

maximal C*-atlas on M.
Therefore, (M, A) is pseudo manifold of class C*.

Remark 4.3.3:

If M is a pseudo manifold of class C®, any chart contained in the given
maximal C* —atlas will be called a C® —chart and the corresponding

coordinate map will be called a C* — coordinate map.

Remark 4.3.4:

If A is some C*® —atlas for pseudo manifold of class C* M, and (U, ¢) is a

smooth chart in A, for any , nonempty open subset, V € U, we get a chart,
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(V,¢ /v), and it is clear that this C® —chart is compatible with 4. Thus,
(V, ¢ /v ) is also a chart for pseudo manifold of class C*®M.
This observation clarifies that if U is any open subset of a smooth M, then U is

also a smooth whose C® —charts are the restrictions of C* —charts on M to U.

Proposition 4.3.5:

Let M be a pseudo manifold of class €*, and let (u;,a;) be a smooth
compatible with (u,,a;,), and also (u,,a,) is smooth compatible with
(uz, a3) ina C® — atlas A, then

(uq, a;) be a smooth compatible with (usz, a3) on a; (uy; N u, Nug).

Proof:

Since (u4, @;) be a smooth compatible with (u,, @,) then the map

a, o ay " tiay (U Nuy) = a,(uy Nuy) is smooth and also , since (u,, a,) be
a smooth compatible with (us, a3) then the map

az o ay Lia,(u, Nug) = as(u, Nug) is smooth, and the open set

u; N u, N ug is subset of u; N u, and subset of u, N u3, and the map

a; ca; 1= (a3 cay, ™) o (a, o ;1) is composite smooth maps then its
smooth map on a;(u; Nu, Nusz), hence (u;, @;) be a smooth compatible

with (usz, a3) on a; (U, Nu, N uz).
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(7 (O
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Fig.4: A Smooth Compatible between the C®-Charts is a Transitive

Relationship.
Lemma 4.3.6:

Let A = {(ug,&5)} be an € —atlas on a pseudo manifold of class C*M. If

two C*® —charts (v,1) and (w, ) are both smooth compatible with the

~

C> —atlas, A = {(ug, £5)}, then they are smooth compatible with each other.
Proof:

Let p € v N w. We need to show that ¢ o y~! is smooth at y(p). Since
A = {(ug,&5)} isan C* —atlas for M, p € ug for some 6.

Then, p €v N w N ug. By the proposition above,

@opl=(p o &) o (s oY) issmooth on (v N w Nug), hence at
Y(p). Since p is an arbitrary point of v N w, this proves that

@ oY~ Lis smooth on Y (v N w). Similarly, ¥ o ¢~tis smooth on p(v N w).

Therefore, (v, ) and (w, @) are both smooth compatible.
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$s

Y(p) s () — o)

_
Esopt poés !

Fig.5: Two C® —Charts (v,y) and (w,®) Compatible with the
C® —Atlas A.

Proposition 4.3.7:

Let u € M be open set. If a:u —» a(u) c £ is a diffeomorphism onto its
image. Then (u, @) is a smooth chart in the smooth atlas of pseudo manifold
of class C® M.

Proof:

Let (ug, ag) be a smooth chart in smooth atlas of M, then a o a,™! and a, o
a~! are smooth maps. Then, (u,a) is smooth compatible with the smooth
atlas. And from maximality of the smooth atlas of M, then the smooth chart

(u, @) is in the smooth atlas of pseudo manifold of class C* M.
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Definition 4.3.8:

Let f: M — R is smooth function (or c” differentiable) on M if and only if the

composite function f o a~1:v - R is smooth such that
a:u—>vCE EisT 5.

Definition 4.3.9:

Amap F:U->V , UckZ and V c &, is said to be smooth if each of the

component map of F has continuous partial derivatives of all orders.

Definition 4.3.10:

Let M and N be pseudo manifold of class C®on a T*;,s Z; and Z,

respectively, and let F: M — N be a map. If every point p € M has a
neighborhood u such that the restriction F/,, is smooth, then F is smooth.
Conversely, if F is smooth, then its restriction to any open subset of M is

smooth.

And we can say F is smooth if for every point p € M there exists a C®-chart

(u,0) at p and a C-chart (v, 1) at F(p) such that F(u) c v and
po F o671 is smooth map from M into N.

Example 4.3.11:

Any open subset V of a pseudo manifold of class C® M is also a pseudo
manifold. If {(us, 05)} is an smooth atlas for M, then {(us NV, O05|usnv) Iser
Is an smooth atlas for V , where

O5lugnv + us NV — E denotes the restriction of 65 to the subset us N V.

94



Chapter Four Pseudo Manifolds of Class ...

Lemma 4.3.12:

Let M be a pseudo topological manifold of class C*.

1- Every C* —atlas for M is contained in a unique maximal C® —atlas.
2- Two C* —atlases for a pseudo manifold of class C® M determine the
same maximal C® —atlas iff their union is a C* —atlas.
Proof:
1- Let A be a C —atlas for M, and let A denote the set of all charts that are
smoothly compatible with every chart in A. To show that A is a
smooth atlas, we need to show that any two charts of A are compatible with
each other, which is to say that for any (u, 8), (v, ) € A,
@o°0871:0(unv) - @(unwv)issmooth.

Letx = O(p) € 6(u N v) be arbitrary.
Because the domains of the charts in A cover M, there is some chart
(w,m) € A such that p € w. Since every chart in A is smoothly compatible
with (w, ), both the maps w0071 and ¢ o =~ are smooth where they are
defined.
Since, p eunvnw, it follows that p o8t = (pomr Ho(mreoh™1) is
smooth on a neighborhood of x.
Thus ¢ o 871 is smooth in a neighborhood of each point in (u N v).
Therefore A is a smooth atlas.
Now to check that it is maximal, just note that any chart that is smoothly
compatible with every chart in A must in particular be smoothly compatible
with every chart in A, so it is already in A.

This proves the existence of a maximal smooth atlas containing A.
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If B is any other maximal smooth atlas containing A, each of its charts is
smoothly compatible with each chart in A, so B c A.

By maximality of B, B = A.

-

= Let A4, A, two C* —atlases for a pseudo manifold M,

and let A, U A, be C* —atlas, since A4, A, € A; U A, then

Ay, U A, is maximal of A, and A, .

& Suppose A; U A, is C® — maximal atlas then every atlas on a pseudo
manifold M is contain in A; U A,, from 1 the maximal

C® — atlas is unique then A, , A, are specify the same maximal C* —atlas.
Lemma 4.3.13:

Let, {(u;, 0;)}ie; is a C* —atlas for M. If f: M — Z is a map such that

f o 6, tis smooth for each i, then f is also smooth.

Proof:

We need to prove that f o 8;"" is smooth for any ¢ —chart (u,8) on M. It
suffices to show it is smooth in a neighborhood of each

point x = B(x,) € 8(w). For any x, € u, there is a chart (u;, 8;) in the C*-
atlas whose domain contains x,. Since (u, 8)is smoothly compatible with
(u;,0;), the transition map 8; o 8~ is smooth on its domain of definition,
which includes x. Thus f o 871 = (f 0 6,7") o (; 0 071)

is smooth in a neighborhood of x.

Lemma 4.3.14:

Let M,, M,and M, are any three pseudo manifold of class C®. And if the two

maps F:M; - M, and G: M, —» M5 are smooth maps then, GoFF is also

smooth map.
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Proof:

Let (u,0) and (v, 9) be any C® —charts for M; and M, respectively. We
need to show that G o IF is smooth map (i.e. 9 o (G o F) o 871 is smooth on its
domain of definition, namely on 8(u N (G o F)~1(v)).

For any point x € u N (G o F)~1(v), there is a chart (z, u) for M, such that
F(x) € z. By smoothness of Fand G we get uoFof land doGopu?
are smooth on its domain of definition,

and therefore

9o (GoF)oO 1=(9oGou1)o (uolFoh 1) issmooth.

Fig.6: A Composition of Smooth maps is Smooth Map.
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Lemma 4.3.15:

Let M;, M, be any pseudo manifold of class C*, then the product space M; x
M., has smooth structure such that the projection maps

MMy X M, - My, m,: M; X M, - M, are smooth. M; X M, is called the
product pseudo manifold of class C*.

Proof:

Let, {(u;, 0:)icr}, {(vj,9;) e, }be smooth atlases for a two pseudo manifolds
M, M, respectively . Then {(u; X v;) jerx;} IS an open cover of M; x M,

and the coordinate smooth map

0; X 9;:u; X v; = 6;(u;) X 9;(v;) define an smooth atlas. The compatibility
and smoothness of structure are verified, hence M; X M, is pseudo manifold

of class C*.

Definition4.3.16:

F: M; —» M, is called a local diffeomorphism if every point x € M; has a
neighborhood u such that F(u) is open in M, and F:u—- F(u) is a

diffeomorphism.

Definition 4.3.17:

Let M, and M, are connected pseudo manifold of class €*, a smooth covering
map of class C®, p:M; - M, is a smooth bijective map with the property
that every p € M, has a neighborhood u such that each component of p~1(u)
is mapped diffeomorphically on to u by p, we will also say that u is evenly

covered.
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The pseudo manifold M, is called the base of the covering, and M, is called a

covering space of M,.
Definition 4.3.18:

Let p: M; - M, is any continuous map, a section of p is a continuous map

g: M, — M, such that, p o 0 = idy,,, such that id, is identity map on M,.

Definition 4.3.19:

Let p: M; = M, is any continuous map, a local section is a continuous map

o:u — M, defined on some open set u ¢ M, and satisfying the relation
peo =1d,.

Lemma 4.3.20:

Let p: M; — M, is a smooth covering map. Every point of M;is in the image

of a smooth local section of p.For any y € M,, there is a neighborhood u of
x = p(y) and a smooth local section o: u — M, such that a(x) = y.

Proof:

Let u € M, be an evenly covered neighborhood of x. If v is the component of
p~1(w) containing y, then p/,: v — u is a diffeomorphism (by hypothesis).
It follows that o = (p/,)~1:u — v is a smooth local section of p and such

that, o(x) = y.
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Proposition 4.3.21:

Suppose p:M; — M, is a covering map of class C* and M; is any pseudo
manifold of class C®. A map F: M, — M, is smooth if and only if

F o p: My —» M3 is smooth:

M, 5 M,
F oN lF
M;

Fig.7: Composition of Smooth Covering Maps.

Proof:

The first direction is clear. Suppose conversely that F o p is smooth, and let
x € M, be arbitrary. By the preceding lemma, there is a neighborhood u of x
and a smooth local section o:u — M;, so that p o ¢ = Id,,.Then the restriction
of F to u satisfies:

F/,=Fold, =Fo(poo)=(Fop)eog; whichisacomposition of smooth
maps. Thus F is smooth on u. Since F is smooth in a neighborhood of each

point, it is smooth.

Lemma 4.3.22:

Let M and N be a pseudo manifold of class €, and let F: M — N be a any
map. If {(u;, 0))ier}, {(v},9)) je;} are €= —atlases for a two pseudo manifolds
M, N respectively, and if for each i,j , ¥; o F o 6;,~" is smooth on its domain

of definition, then F is smooth.
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Proof:

Let p € M, and let a two C*® —charts (u;, 6;) , (vj,9;)from the given atlases,
such that p € u; and F(p) € v;. From smoothness of ;o F o 9,”!, the set
u=F'(v;)) Nu; is open set in M, and F(u) c v;. Hence the C® —charts
(u;, 0ily) , (v;,9;) satisfy the conditions required in the definition of
smoothness.

Proposition 4.3.23:

If M, is a pseudo manifold of class C®and p:M; - M, is any pseudo
topological covering map, then M; has a smooth pseudo manifold structure
such that p is a smooth covering map.

Proof:

Let p, g € M;- such that, p # q. Suppose 7 (m) N t(n) # @ then there
exists afilter § et (m) N t(n), hence g !, and F 1,, on M;..

Therefore, p(¥) L,y and p () L,m) » and since M, is separated then,
p(m) = p(n). But p is injective then it is contradiction.

Hence, Tt (m) N t(n) = @. Thus M. is separated.

Any point p € M, has an evenly covered neighborhood u. Shrinking u if
necessary, we may assume also that it is the domain of a coordinate map
0:u — Z. Letting v be a component of p~1(u) and

0 =0 o0p:il > E, it is clear that (ii,0) is a chart on M,. If two such charts
(i, 0) and (¥, @) overlap, the transition map can be written

o0 =(pop/ans) °(8°p /ans) ™"

=0 °p /s (P /anp) ™" 007

=pof !

Which is smooth. Thus the collection of all such charts defines a smooth

structure on M,.
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4.4. Some New C*-Structures on Maps of Class C*

In this section we will introduce some new C*-structures as tangent
spaces, tangent bundles, vector spaces, vector bundles, cotangent spaces,

convector spaces and others.

Definition 4.4.1:

Let M be a pseudo manifold of class € *modeled on a pseudo space = and a
point p € M, §:1 —» M (I is closed interval contain 0) is smooth curve such
that 5(0) = p then the

8(0) = 6(t) — 8(0) — r(t) is called tangent to the curve & atp,t € I, the
tangent space T,M can be thought of as the set of all tangents to curves
through the point p € M.

Conversely: For all v € T,M we can find a curve §:1 - M such that

5(0) = pand 6(0) = v.

Definition 4.4.2:
Let M be a pseudo manifold of class C*and p € M, and C(p)be the set of all

smooth functions on an open neighborhood around p,

(ie. €(p) ={f:Ur » R:Ur c M, Uy open neighborhood containing p}.

Now: we define an equivalence relation on €(p)by f ~,, g if and only if there
exists an open neighborhood V < Uy n U, such that f = g for all point

p € V, denoted the set of all equivalence classes of elements in €(p) by E(p).
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Notation 4.4.3:

From now on we will denote the elements of £(p) by f instead of [f] .
Definition 4.4.4:

Let M be a pseudo manifold of class €. A tangent vector Vyatp EMisa
map V, : £(p) — R such that:

1- VY, (af + bg) = aV, (f) + bV, (9);

2- V, (a) = 0, a is constant,

3V (f.9)=9g®V, (f) + f(p)V, (g), forall a,b € R and

f,g€&@).
Definition 4.4.5:

The set of all tangent vectors V, atp € M (M is a pseudo manifold of class

C®) is denoted by T,M and is called the tangent space of M at p.
The tangent space T, M is turned into a real vector space by defining the
operations (+) and (.) by:

-V, + W) (f) = V() + W, (f);

2- (a.V,)(f) =a.V,(f) foralla e Rand V,, W, € T,M.

Definition 4.4.6:
For a point p in pseudo manifold of class C* M, if v € M and f € E(p) then

the derivative v, f of f is differential operators at a point p (i.e. the set of
mapping v, : £(p) — R such that satisfies:

v, f(p)=fp+tv)—f(p) —r(®)v

Remark 4.4.7:

The operator v has the properties:

1-v,(a.f+b.g) =a.v,f+b.v, g;
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2-v, (f.9) =v, f.9(p) + f(p). v, g;
3- Vigwspw) f = a.v,f + b.vyf foralla,b €R; v, W eEM
and f,g € E(p).
Hence v, is an element of T,M
This is simply given by the addition (+) and the multiplication (-), by real
numbers satisfying:
I- (vy + W) (f) = (v, )(F) + (W) () ;
2- (a.v,)(f) = a. (v, )(f)
Forallv,, W, € T,M,andv € M

Theorem 4.4.8:

For a point p in a pseudo manifold of class C* M, the map ¢: M — T,M
defined by v +— v, is linear vector space isomorphism.
Proof:
The linearity of the map ¢ follows directly from the fact
Vigvepw) f = a.Vyf +b.vyf foralla,b €R; v, WeEM
and f,g € E(p).
Let v,w belong to M, and v # w take the element y € M such that
v,y # v, vy, define the function f: M = R by f(x) = v,y.
Then:
v, f)=flp+tv)—f(p)—r(®v #
flp+tw) = f(p) —r®Ow=v, f(p)
Therefore: v, f(p) # v, f(p). Hence the map ¢ is injective.
Now to prove ¢: M — T, M is surjective.
Put, v = v(2), z € M. For the constant function 1: z — 1 we have
v(l) =v(1.1) = 1.v(1) + v(1).1 = 2v(1)
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So, v(1) =0

Then, v(k) = k.v(1) = 0 forall k € R.

Since, f(x) = f(p) + g(x)(x — p) + r(x — p) such that

g(p) = v, (x)

Apply the differential operator v € T,M

v(f(x) =v[f(@) +g@)(x —p) +7r(x—p)]

=v(f®) +v(g®)(x —p)) + v(r(x —p))

=v(f(®) +v(g®). (x = p) + g®).v(x — p) + v(r(x — p))
=g9().-v(x —p)

Where, v € M. This mean that the map ¢ (v) =v, , so the linear map
@:M — T,M is surjective, hence, the linear map ¢: M — T,,M is bijective.

Therefore ¢ is isomorphism.

Definition 4.4.9:

Let F:M — N be smooth map between two pseudo manifold of class

C® M and N, p € M. Then the differential of F at p is the mapping
de: TpM i Tf(p)N

dE,([6]) = [F o8] ==V, (f o F) forany V, € T,M , f € &(p),

6:1 - M, 5(0) =p,
(dB()) () =V, (f o F)

= 2 (f 2 8(t)/ =0
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Remark 4.4.10:
Let Mand N be pseudo manifolds of class C®, pe€ M and F:M — N be

smooth map. Let §:1 — M be a smooth curve in M such that §(0) = p and
5(0) = v,. And let y:1 — N be a smooth curve such that the smooth curve
y =Fo&inNwithy(0) = F(p) and put wg,y = v(0).

Then for each function f € e(F(p)) defined locally around F(p), we have:

(dF,(v,)) () = v (f = F)
= d F o6
= (foF ©8()/i=
_ d
= (f o7 (®)/1=0

= Wrp)(f)

Therefore (de (vp)): WE(p) OF equivalently(de (8(0))) =y(0).

Forall f € e(F(p)).

Remark 4.4.11:
The differential of the map (identity map) id,, : M — M at any point

p € M is the identity map:
idrpy : TpM — TpM, because

(d(idy) vp)(f)=vp(f o idy) = v, f,forany v, € TpM and
f €e(M).
idrpm () (f) = vp(f © idy) = v, f.
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Proposition 4.4.12:

Let F: M; - M, be smooth map between two pseudo manifolds of class

C®. Then for each point p € M; we get:

1- The map dF,: T,M; = Tg,yM, is linear;

2- Ifidy,: My —» M, is the identity map, then, d(idy, ), = idr,m,.
Proof:

1- Leta,p € R and v,, w, € T,M; We have
dF,(av, + pw,)(f) = (a.v, + B.w,)(f o F)
=a.vy(foF)+ f.wy(f o F)
=a.dF,(v,)(f) + B.dE,(w,)(f)
Therefore the map dF, is linear.
2- idy,: My > M,
d(idy,): T,M; > T,M,
Then, d(idy, ), = idTle.

Corollary 4.4.13:

Let F: M — N be a diffeomorphism between two pseudo manifolds of class
C® M and N, with inverse L = F"1: N -» M. If p is a point in M then the
differential dF,: T,M — Tr,)N of F at p is satisfies

(dE,)™" = dLgy.

Proof:

The prove is direct result of the relations that follow
dLF(p) o de == d(L o F)p == d(ldM)p = idTpM
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dFy o dLppy = d(F o L)pp) = d(idy)rp) = tdrp,N-
Therefore:

dF, is inverse of dLg,y , this mean (dF,)™" = dLgy).

Proposition 4.4.14:

If F, € C®°(My,N;) and F, € C*®(M,, N,) then

F, xF, € C®(M; X My, N; X N,).

Proof:

Let (x1,x,) € M; X M, and let (u;, 8;) is C*-chart at x;, and (v;, u;) is

C®-chart at F;(x;) such that F;(u;) < v; and

poFof™1 € C®(0;(w),u;(v)),i=1,2.

Then:

(g X pz) © (Fy X Fp) 0 (6, X 65)7" =

[(u1 0 F) X (0 Fy)] 0 (8, % 6,77) =

(pyoFyo 91_1) X (fyoFy00, ™) € C®0;(uy) x 0,(uy) ,py(vy) X
Ha(v2)),

Z'00(91(u1) x 0, (uy) »#1(171) X #2(772)) =

~ 0O
¢ (6, x 0,)(uy X up) ,(py X .Uz)(171 X 1,)),
Hence: F;, X F, € C®°(M; X My, N; X N,).

Remark 4.4.15:
We can extension the above proposition to:

F, XFy X ..XE, € C®(M; XMy X ..Xx M, N; X N, X ... X N,),
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forall F; € C*°(M;,N;),i = 1,2, ...,n. And proof it by induction on n.
Proposition 4.4.16:

Let M be a pseudo manifold of class C*. Let H:M — M™, (n € Z*) be the
diagonal map defined by H(x) = (x4, ..., x,). Then, H € C®° (M, M")
Proof:

Letx € M and (u,0) be a C®-chartat x, put v = u X ... X u(n — time)
and @ = 6 X ...x 8 (n — time). Then (v, @) is a C*-chart at H(x) and
H(u) cv.Let D:E — E™ be defined

D(x) = (x,...,x)(n — time).

Clearly:

@o Ho 8~1 = D (Restricted to 8(u)).

But, D € C*(8(w), p(v)).

Therefore, H € C® (M, M™).

Proposition 4.4.17:

Let M be a pseudo manifold of class C*, and F; € C*(M, &),
i=12,..,neZT,

Where £ is pseudo space. Define F: M — Z by F(x) = )i~ F;(x), for each
x € M. Then, F € C®(M, &).

Proof:

F=H o(YL,Fi(x))oG,where G:M — M™" is the diagonal map

and H: E™ - Z isdefined by H(yq, -, ¥n) = X121 Yi s

Now G € C®(M,M"), and so the result follows.
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Theorem 4.4.18:
If F:M — N, G: N — 0 are smooth maps between a pseudo manifolds of class

C® M, N and 0, thenso d(G o F), = dGry ° dF,.

Proof:

By previous definition, take the curve & such that §:1 - M, and 6(0) = p.
d(G e F)p([8]) = [G o F o 6] = dGrgy)([F ° 6])
:dGF(p) o de([6])

Definition 4.4.19:

Let M be a pseudo manifold of class €. The tangent bundle TM is the set:
M =1pen TyM

Where [] stands for disjoint union.
The projection m extracts the root of a vector, that is, 7(v,) = p if and only

if v, € T,M.

Definition 4.4.20:

Let £ be a vector space, a pseudo inner product {.,.): 5 X & —» R* is a map
satisfies the properties: For any a,b,c € E, € R™,

1- (a+ b,c) ={a,c)+(b,c);
2- (B.a,c)= B.{a,c);
3- {(a,b) = (b, a);

4- (a,b) > 0.
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Definition 4.4.21:

The cotangent space at a point p € M is the dual vector space to the tangent

space T,M and denoted by (TpM)“ or TpAM (Cp: T,M — R is linear function
such that C,(v,) = (Cp,v,) for v, € T,M ) such that an element of the

cotangent space is called a covector or cotangent vector.
This linear function has some properties:

1- (Cp, vp + awy) = (Cp, vp) + a(Cp, W),
2- (Cp + aU,, vpy) = (Cp, vp) + a(Up, vp,), for all a €R, and Cp, U, are
cotangent spaces, and v, w;, € T, M.

Definition 4.4.22:

A cotangent bundle is the set of all covectors at all points in M:

T"M = Upen Ty, M.
Definition 4.4.23:

The natural projection is the map m: TM — M that takes a tangent vector v to

the point p € M (i.e. m(T,M) = p) at which the vector v is attached.

The inverse image (=" (p)) of p € M is the tangent space T,M the fiber of
TM over the pointp € M.

Definition 4.4.24:

A vector field X on M is a smooth map X: M — TM that assigns a vector

X (p) = X, at the point p € M; that is a section of the tangent boundle m, 7 o
X =id.

And also we can define a vector field X as a collection of tangent vectors X, ,
p € M if and only if for all f € (M) the function p = X, (f) is a smooth then
we get a linear map X': (M) — (M) such that

111



Chapter Four Pseudo Manifolds of Class ...

X)) = X))/ p= Xp ().

Remark 4.4.25:

Since a tangent vector X,, satisfy product rule at a point p then X itself
satisfies a product rule [X(f.g) = X(f).g + f.X(9)],

forall f,g € e(M).

Definition 4.4.26:

A vector space of vector field on M is denoted by X(M).

Definition 4.4.27:

Define a projection map # for the cotangent bundle, ##: T"M — M such that if
a is a covector at a point in T"M then #(a) is the point at which « is attached
(ie. #(T,"M) =p).
Definition 4.4.28:

A covector field is a smooth map n: M — T"M such that:

1- n(p) € T,"M;

2- n(X): M — R is smooth function for all smooth vector field X .
Remark 4.4.29:
If we take, X', Y € X(M), f,g € &(p) such that

XY = X(Y()) then:
- XY +9) = XYL +9)
= XY +Y9)
= XY+ XY
= X.Y) + X.Y(9);
2- X.Y(f.9) = X(Y(-9))
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=X(Y(g +fYW))
= X(Y()g + YN X (@) + X(NY@) + - X(Y(9)).

So this mean the product of two vectors fields, is not vector filed

We can structure vector field between two vector fields X, Y € X(M) by
commutetor [X, Y1(f) = X(Y(F)) — Y (f)), it is called Lie bracket.
To prove [.,.] is vector field:
Forall X,y € X(M)and f, g € £(p),
- [ Y1 + @) = X(Y(f +9) =YX + 9))
= XY +Y@) - Y&X) +X(9)
= XY+ X(Y(@) ~YX()) —YX(9)
= [20,YI) + X, Y1)
2- 6YI-9) = X (Y. 9) =YX (f.9))
=X(YHg + fY) —[X[Y(g + fY(9))]
=X(Y(N)g +YH)X(@ + X(NY(@ + f-X(Y(@) —
Y(X(H)g - XNY) =YX - f-Y(X(9)
= [X(YN)-9-Y(xXP)- 9] + [ f-X(Y@) - FY(X ()]
= [X(Y(N) = Y(x(N)]-g + f-1X(Y(@) = Y(X(g))]
= [X,YI(N)-g + f-[X, Y19

Therefore [.,.] is vector field.
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Properties of [ .,.] 4.4.30:

Forall X,Y,Z € X(M), f,g,w € &(p) then:
1- [X,X]=0
2- [X, Yl = -1y, X];

3- [X,aY +bZ] = a[X,Y] + b[X,Z];

4- [aX + bY,Z] = a[X,Z] + b[Y,Z]

5- [, [y, 21] + [V, [Z, X]] + [Z, [, Y]] = 0 (Jacobi identity).

6- [fX,9Y] = fg[X, Y] + fXPY — (GY)X.

Proof:
1- [20,X1(f) = X(X(f) —X(X(f)) =0
2- [X, Y1) = X(YF)) =YX ()
= —[Y(xX(N) - x(YN)]
= —[Y, X1().
3- [X,ay +b2Z](f) = X((@Y +b2)(f)) — (aY + b2)(X ()
= X((@Y () +b2()) — @YX () + bZ(X ()}
= X(aY () + X (bZ(f)) — ayY (X (f) = bZ(X(f))
= afXY () ~YX ()} +b{XZ(f) —ZX(f)}

= a[X, Y] + b[X, Z].
114
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3- alX, 2](f) + b[Y, 21(f) =
a{x(2()) —2(x(N)}+b{Y(2(N) - 2(Y(N)}
= aX(2(f)) - aZ(X(N) +bY(2(H)) - b2(Y(N)
= aX(Z(f) +bY(Z2(N) -{aZ(xX () + bZ(Y(N)}
= (aX +bY)(Z(f)) - Z((aX +bY)(f))
= [aX + bY,Z](f).
4 [, 1Y, 21010 + [Y, [2, XIOIP + [2, [X,YIOIS) =
X((IY, 210M(N) = [Y, 21N () + Y ([2, X1 (1)) —
(2, X1OYE) +Z ([, YIENE) = [ YN E ()

= x((Y(2(N) - 2N = Y(Z(H) = ZYENA)
+Y(2(x () - X@ENPN) - [Z2(X(N) = XEDIYF)
+2((X(Y(H) = YEEONE) - X (YEF) - YX)EEF)
=X (Y(2(H) - XEYENE))  —Y(EZ D)) + ZYENEF)
+Y (2(X()) =YX @ENEN) = Z(XE)YEF) + X EZEYE) +

z(X(Y(H) - 2N )
—X(YO)E ) +Y(x(O)EF) =o.
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5- From definition of [...]:
FX, 9Ylw) = fX(gYP (W) — gY(FX) (W)
= fAXgyYw) + gX (Y)W} — g{yYfxXw) + fYX(w)}
= fXgyYw) + fgX(YPW) —gYfxXw) — gfYyx(w)
= fg{XYw) —YxXw)} + fXgyw) —gfyxw)
= fglX,Ylw) + (fXg)Y W) — (gYFH)X(w).

Definition 4.4.31:
Let F € C* (M, N) be a smooth map, vectors field X € X(M)

and Y € X(N) are called related, written X« Y if T,F(X,) = Ypy for
allp e M.
Proposition 4.4.32:

Let X € X(M) and Y € X(N) be two smooth vector spaces, and let

F € ¢(M,N) be a smooth map, one has X ~ Y if and only if for all g €
e(N),

X(@geF)=Y(g)eF,

From diagram, with F o g = g o F for g € £(N), this means
XoF=Foq:

eM) X M)

eN) Y V)
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Proof:

Let X € X(M) and Y € X(N) are F —related, g € ¢(N)
(T,F(X ))(9) = Ypep (9) forallp € M, Definition 4.4.32.
S X (g oF) =Y(g) oF(p), forallp e M
SX(@oF)=Y(g) °F.

Theorem 4.4.34:

Let F: M — N be a smooth map between two pseudo manifolds of class C*.
Let X, X, € X(M) and Y,,Y, € X(N),if X; -r Y, and X, ~r Y,
Then, [X;,X,] <r [Y1, Yol

Proof:

From above proposition, since X; «p Y; then X; (g oF) = Y, (g) °oF
and
Since X, «~r Y, then X, (g oF) = Y, (g) o F forall g € e(N).

Then:

[, X109 o F) = X1(X2 (g o F)) = X (X1 (g °F))
= X1 (Y2 (9) e F) = X (Y1 (g) °F)

=Y (Y2(9) °F = Yo (Y1 (9) °F

= (U (Y2(9) — Yo (Y1(9) oF

= [U1,Y.1(g) °F
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Therefore: [ X1, X,] < (Y1, Y,).

Corollary 4.4.35:

Let F: M — N be a diffeomorphism, and X;, X, € X(M),
Then, F[Xl,xz] = [F'Xl, F‘XZ] .
Proof:

This case is special case of the above theorem in which F is a diffeomorphism
and Y; = FX;,i=1,2.

Definition 4.4.36:

Let F: M — N be a smooth map between two pseudo manifolds of class . If

v, € T,M then the function Fv: (f(p)) — R defined by

F(vep)(9) = vy(g o F) forall g € e(F(p)) is called push forward

Theorem 4.4.37:

Let F: M — N be a smooth map between two pseudo manifolds of class C. If

v, € T,M the push forward Fv:e(f(p)) = R is tangent vector to N at F(p).

Proof:

Let, g1, 92 € €(F(p)), then:
1- F(vp)) (91 + 92) =vp((g1 + 92) ° F)
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=Vp(g1°F +9gz°oF)
=vp(g1°F) +v,(gz°F)
= F(vpp))(90) + F(vrm)(92).

2- F(vip))(91-92) = vp((91-92) ° F)

= vp((g1°F).(gz2° F))

= vp((91 °F))-(92 °oF)+ (g1°F).vp,((g2°F)

Therefore the vector Fv is tangent vector to N at F(p).
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Future works:

. After we have established that space is a pseudo paracompact, the

researcher can discuss the existence of partition of unity, as it has wide
uses. It can be considered as a technical device for extending some local

constructions to global constructions.

. In chapter 4 section 3 we explained some important concepts in smooth
pseudo manifold like vector filed. Where, by its significance, the researcher
can give a definition of the continuously differentiable curve y:[a, b] - M
within the period [a, b] by using the integration for y (t) in space TyyM,
t € (a,b). Where it depends on the definition of the length of the curve to
provide the definition of d; (the metric function defined between two
manifold points), to then define a concept Riemannian metric (M, d,),

which often to solve problems of differential topology.

120



Conclusions

After giving the definition of the PNS we concluded that a pseudo
metric space can be defined by countable family of pseudo simenorm to get
a pseudo topological space as one of the convergence spaces and is
considered an expansion of the topological space. Each separated and
pseudo locally bounded spaceTyy s is a pseudo metrizable and the separated
space is pseudo metrizable if and only if it realizes the first axiom of
countable. Our space is p-paracompact. The first derivative of map between
Tsvs spaces and after adding the equable and admissible properties to the
space, enables us to calculate the derivative to m-times, m € Z*. A new
manifold based on T# 5, Z is wider than a manifold based on a topological
space. The map between the pseudo manifold M and the tangent space T, M
is a linear map. The derivative of the map defined between two pseudo
manifolds is a linear map. We conclude that Lie bracket is an example of a
vector field. The push forward of the map F:M — N is an example of
tangent vector to N at F(p).
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Introduction

Our work starts with a review of the basic concepts of the theory of
filters. Sequence is enough to describe the topology and its properties in
metric spaces. More generally, the filter to be used to describe the pseudo
topology. However, filters are needed in more abstract spaces. We started our
work with the filter concept, which was first proposed in 1937 by the
researcher Cartan [24] and an excellent treatment of the subject can be found
in Bourbaki (1940)[8].

After ten years from Cartan of introducing the filters, Choquet used them to

develop the theory of convergence spaces.

In 1948 Choquet [9] presented his theory of pseudo topological structures
and pre-topological structures in which the concept of convergence of a filter
Is axiomatized. The basic convergence theory was developed by Fisher [26].
(Zurich) in 1959 introduced a convergence concept for filters. Some
researchers have provided definitions of the convergence spaces based on the
concept of filter, which are called the pseudo space as [4, 5, 12, 14, 20, 43].

Topological spaces considered as an extension of metric spaces [27], but
a topological space is not necessary metrizable. Some mathematicians
introduced some structures that are weaker than metric like Menger who
provided the notion semi-metric space [38]. In the last few years, the study of
non-symmetric topology has received a new derive as a consequence of its
applications to the study of several problems in theoretical computer science
and applied physics. An also Wilson [50] introduced a quasi-metric space. The
other generalization of metric spaces is called pseudo-metric space that we
provided by the definition of pseudo seminorm [19].

A pseudo topological space is a generalization of a topological space
based on the concept of the filter and convergence of filters as fundamental.
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Many topological concepts were easily generated into pseudo topological
spaces.

The study of derivatives has received great interest from some
researchers because of its importance as an introduction to the study of
manifolds [1, 3, 13, 30, 46]

In the nineteenth century Carl Friedrich Gauss was a cartographer of
many terms in modern differential geometry (chart, atlas, map, coordinate
system, geodesic, etc.), it has also been studied by others such as [6, 11, 10,
15, 16, 28, 32].

In 1851 [41] Riemann introduced the notation of the manifold in
mathematics as a Riemann surfaces, and then some researchers study the
manifold physically and medically.

A manifold is a generalization of surfaces and curves to arbitrary
dimension, while there are some various types of manifolds (topological
manifolds), analytic manifolds, C™- manifold and complex manifolds [22, 34,
36, 38, 51].

In this work we investigate information about pseudo space concepts such
as interior of sets, open sets, closed set, first separation axiom, continuity,
homeomorphism, paracompactness, regularity, T;_spaces, and derivative and
obtain some results about these concepts, and we benefited from what came in
the sources of mathematical analysis of the space proof that has the property
of pseudo paracompact.

A differentiable manifold model on a pseudo topological vector space is
called pseudo manifold.

Outline of the Dissertation:

Under the concept of developing manifold spaces and opening wider

horizons to study this important topic, after expanding the model space, from a
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topological vector space to a pseudo topological vector space, we review the
broad lines that were addressed in this dissertation and bear the title” Manifold
Modeled on Pseudo-Topological vector space” as follows:

This dissertation contains four chapters.

Chapter one: Includes three sections that deal with some of the basic
information of the topology and pseudo topological vector space.

In section one we give a meaning of the topological vector space and we
covered the basic concepts related to general topology as a basis, ball, open
and closed set, cover, paracompact etc.

In the second section, we referred to some types of topological vector
space, some properties of topological vector space and some relationships
between them.

In the last section, we mentioned a basic information about filter, filter-
basis, neighborhood filter, and pseudo topology, and about some properties as
p- metrizability, p-paracompactness, continuity, equable continuous, quasi
bounded map, T;, p-regularity, separation and class of all equable continuous
and quasi bounded maps.

Chapter Two: we went to build the model space on the next way, in section
one, we provided a definition of pseudo seminorm and obtained a pseudo
topology generated by countable family of pseudo seminorms, and we call it
Tpys =, and we proved itis pseudo metrizable, and then saturated space with

the locally convexity characteristic to call it next Ty .
In section two we heighted some characteristics of space Ty such as,

pseudo paracompactness, continuity, Separated, T; spaces, p-regularity and
Equable continuous.
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Chapter Three: This chapter consists of two sections, in section one we
introduced the notion of class of remainder maps between T;ys Z; and =,
spaces, and in section two we put the notion of derivative (first, second, n-time

and infinity) derivative of map between Ty £; and Z, spaces.

Chapter Four: This chapter has three sections. In the first section, we give

some basic definitions of smooth structures like Z‘oo —chart, Z‘oo —atlas,

transition maps, compatible, maximal smooth atlas. In section two, we defined

the notion of pseudo manifold of class ¢* that is a pair of pseudo manifold

and maximal smooth atlas, and discuss some of the results related to it. In

section three, we discuss some new C - -structures on maps of ¢ -class, such
that we deal with curve and tangent vector and how to define tangent space in
terms of curve, and also define the differential operators. And then we move

on to the definition of the differential map

F (F:M — N ) and the class c” (M, N) which consists of all smooth mapping
from smooth pseudo manifold M into smooth pseudo manifold N such that
for each x € M , there exists a chart (u,8) at x and a chart (v, u) at F(x)such
that F(u) cvandpo F o871 € C*(8(w), u(v)). This section deals with other
concepts as tangent bundleT M, cotangent space (T,M)" or T,"M, the cotangent
bundle T7"M, vector field, vector space, convector filed, the Lie bracket as a
vector filed and we also touched upon the concept of a relationship between

two vector fields (related) and the function push forward as a tangent vector.
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™ The tangent bundle
Tp“ M The cotangent space at a pointp € M
T"'M The cotangent bundle
X A vector field on M
X(M) A vector space of vector field on M
s The natural projection map
T Projection map for the cotangent bundle
n A covector field
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Abstract

This dissertation introduces the notation of pseudo manifold
which we model on pseudo topological vector spaceT#ﬁVS. The results
we get are as follows: We construct the concept of pseudo topological
vector space which represents a pseudo metrizable, locally convex and
separated space, whose topology is induced by a countable separating
family of pseudo seminorms. We also discuss several properties of this
space such as the regularity,T;, and quasi boundedness as well as the

study of the continuity of maps between these spaces.

The study defines the differentiability of maps that connects two
of the defined spaces. After adding two properties to the space Tpys
we get space T*;,s and we introduce the notion of the differentiability
of the map for twice and for n- times up to infinity which are called
smooth maps leading to define a class of maps C*(5,%,) where the
maps are differentiable non-finitely. We use the pseudo topological
vector space T#ﬁvs as a model space to construct the concept of

smooth pseudo manifold and introduce the definitions of smooth map

and smooth covering map.

Since tangent space and vector filed are among the basic
concepts in the manifold, the study deals with them and gives some

definitions and gets some results.
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