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Appendix A

Programs for two-stage procedure

This program computes the posterior expected losses of decision d, and

decision dv for TSTAGE-D procedure under constant loss function .

%k 3k 3k ok 3k 3k %k >k 3k ok 3k 3k %k >k ok 3k 3k %k %k >k 5k 5k %k %k >k >k ok 5k 3%k %k >k >k 3k 5%k %k >k >k 5k 5k %k %k %k >k %k 3k 5%k %k >k >k 3k %k %k %k >k %k 5%k %k %k %k %k %k 5k *k

INTEGER RDY,RDY,RY),RY),RYY,RYY
DIMENSION XS(Y+++),RS(Y+++)
READ*,N,NY,NY
READ*,ND),NDY,RD),RDY
READ*,C),CY
=
DO Y I1N=) NY+)

NYY=)1 =)
NYY=NY-N)
SUMé=+ .+

DO Y« 1Y=) N V+)
RYY=[IY-)

DO Yo [I¥=),NYY+)
RY Y =[IY-)
KY=IF(NYY)
KY=IF(RY)Y)

KY=IF(N)Y-R)Y)



Y)=K) /FLOAT(KY*KY)
KE=IF(NY))
Ke=IF(RY))
KI=IF(NY)-RY))
YY=K$/FLOAT(K®*K?)
KY=IF(R)Y+RD)-))
KA=IF(NYY-R))Y+ND)-RDY-))
K3=IF(N)Y+NDY-))
YY'=(KY*KA)/FLOAT(KY)

KY +=IF(RY)+RDY-))

KYY=IF(NY)-RY)+NDY-RDY-))

K Y=IF(NY)+NDY-1)
Ye=(K) + *K) ) )/FLOAT(K) Y)

KK="

DO £ 11£=),NY+)

NYY=]|€-)

NYY=NY-N)Y

SUMP=" .+

DO Y. [1o=),NYY+)

RYY=]]o-)

DO Yo [|1=),NYY+)

RYY=|I1-)



KYT=IF(N)Y)
K £=IF(RY))
KYe=IF(N)Y-RY)
Yo=K\ Y/FLOAT(K) £*K) o)
KY1=IF(NYY)
K)Y=IF(RYY)
KYA=IF(NYY-RYY)
Y1=KYV/FLOAT(K) V*K)A)
KY4=IF(RYY+R)Y+RD)-))
KY +=IF(NYY-RYY+N) Y-R) Y+ND)-RDY-))
KY Y=IF(NYY+NYY+ND)-Y)
YV=(K) %KY +)/FLOAT(KYY)
KYY=IF(RYY+RYY+RDY-))
KYY=IF(NYY-RYY+NYY-RYY+NDY-RDY-))
KY£=IF(NYY+NYY+NDY-))
YA=(KYY*KYY)/FLOAT(KY ¢)
SUMY =+ »
DO Y+ J=RYY+RYY+RDY,NYY+NYY+NDY-)
KYe=IF(RYY+RYY+RD+J-Y)
KYT=IF(NYY-RYY+NYY-RYY+NDY-RDY+NYY+NYY+NDY-J-Y)
KYV=IF(J)
KYA=IF(NYY+NYY+NDY-J-Y)

Y1 =(KYS*KY 1) /FLOAT(KYV*KYA)



SUMY=SUMY+YI
Yo CONTINUE
SUMY=" .+
DO ¢+ JY=RYY+RYY+RD),NYY+NYY+ND)-)
KY4=IF(RYY+RYY+RDY-V+JY)
KY +=IF(NYY+ND)+NY)-RYY+NYY-RYY+NDY-RDY-Y-J))
KYY=IF(JY)
KYY=IF(NYY+NYY+NDY-J)-))
YIY=(KY3*KY +)/FLOAT(KY Y *K¥Y)
SUMY=SUMY+YIY
& CONTINUE
KYY=IF(NYY+NY Y+NDY+NY Y+NYY+NDY-Y)
YIV=(C)*KY Y *KY £)/FLOAT(ABS(K) 4*KY + *K¥'Y))
YIY=(CY*KY ) *KY £)/FLOAT(ABS(KY Y *KY T *KY'T))
SY=YJV*SUM)
SY=YJY*SUMY
S=S)
IF(SY.LT.S)THEN
S=SY
ENDIF
KY£=IF(R))+RD)-))

KYe=IF(NYY-R) ) +ND)-RDY-))



K™ =IF(NYY+ND)-Y)
YIT=(KY£*KY©)/FLOAT(K™Y)
K™V=IF(RYY+RDY-Y)
K¥A=IF(NY)-RY)+NDY-RDY-))
K™ 3=IF(NY)+NDY-))
YJE=(KYY*K¥A)/FLOAT(KY4)
YK=(YO*YTFYV*YA)/(YIT*Y) £)
SUMP=SUM®+YK*S

CONTINUE

CONTINUE

RY=SUM®

KK=KK+

RS(KK)=R"

CONTINUE

RMINY=RS(")
DO “+ IR=Y,KK
IF(RS(IR).LT.RMINY)THEN
RMIN=RS(IR)
ENDIF

CONTINUE

YKY=Y) *YY*YTHY E¥RMIN

SUM£=SUM £+YK)



‘e  CONTINUE

\+  CONTINUE
K¢+ =IF(RDY-))
K¢ =IF(NDY-RD)-Y)
KEY=IF(ND)-))
YKI=(K$ + *K Y )/FLOAT(KE Y)
K$Y=IF(RDY-))
K¢ £=IF(NDY-RDY-)
K&o=IF(NDY-))
YKJ=(K£T*K¢ £)/FLOAT(K©)
RY=SUM/(YKI*YK])
H=04)
XS(JJ)=RY

Y CONTINUE
RMINY=XS(")
DO e |J=Y,)]
IF(XS(1J).LT.RMINY)THEN
RMINY=XS(lJ)
ENDIF

1 CONTINUE
PRINT*,'RMINY=',RMINY
END

FUNCTION IF(IH)



IF=)

DO ¢° K=),IH

IF=IF*K

ce CONTINUE

END



This program computes the posterior expected losses of decision d, and

decision dv for TSTAGE-D procedure under linear loss function .



3k 3k 3k 3k 3k 3k 3k 3k 3k 3k >k 3k >k 3k >k 3k 3k 3k 5k 3k 3k >k 3k 3k 3k 3k >k 3k 5k >k 3%k 3k 5k >k 3k >k 3k 3k >k 3k %k 3k >k 3k 3k >k 3k >k 3k 5%k >k 3k 3k 3k %k 3k >k %k %k %k %k *k %k

INTEGER RDY,RDY,RY),RY),RYY,RYY

DIMENSION XS(Y+++),RS(Y+++)

READ*,N,NY,NY

READ*,ND),NDY,RD),RDY

READ*,C),CY

=

DO Y II'=),NV+)

NYY=]1) -

NYY=NY-NY

SUM¢é=+ .+

DO Y« IIY=),NYY+)

RY)=(]¥-)

DO Yo [I¥=),NYY+)

RY ) =[]¥-)

KV =IF(NYY)

KY=IF(R)))

KY=IF(NYY-R)))

Y)=K) /FLOAT(KY*KY)

KE=IF(NY))

Ko=IF(RY))

KI=IF(NY)-RY)Y)

YY=K$/FLOAT(K®*KY)



KY=IF(R)Y+RD)-))
KA=IF(NYY-R))Y+ND)-RDY-))
K3=IF(N)Y+NDY-))
YY'=(KY*KA)/FLOAT(KY)

KY +=IF(RY)+RDY-Y)
KVY=IF(NY)-RY)+NDY-RDY-))
K)Y=IF(NYY+NDY-)

Y£=(K) + *K)))/FLOAT(K) Y)

KK="+

DO £ [1€=), NY+)

N Y=[1£-)
NYY=NY-NY
SUM®==+
DO Y« |[°=),N)Y+)
RYY=||o-)

DO Yo |[1=),NYY+)
RYY=|I1-)

KYY=IF(NYY)
KY£=IF(RYY)
KYe=IF(N)Y-R)Y)

Yo=K\ ¥/FLOAT(K) £*KY2)

KYI=IF(NYY)



K)V=IF(RYY)

KYA=IF(NYY-RYY)

Y1=K) V/FLOAT(K) Y*K) A)

KYa=IF(RYY+R)Y+RDY-))

KY +=IF(NYY-RYY+N) Y-R) Y+ND)-RD)-)

KYY=IF(NYY+NYY+NDY-Y)

YY=(K) 4%KY +)/FLOAT(KYY)

KYY=IF(RYY+RYY+RDY-))

KYY=IF(NY)-RYY+NYY-RYY+NDY-RDY-))

KY £=IF(NY)+NYY+NDY-))

YA=(KY Y*KYY)/FLOAT(KY £)

SUMY ="«

DO Y+ J=RYY+RYY+RDY,NY Y+NYY+NDY-)

KYo=|F(RYY+R)Y+RD+J)

KYT=IF(NYY-RYY+N) Y-RYY+NDY-RDY+NYY+NYY+NDY-J-Y)

KYV=IF(J+))

KYA=IF(NYY+NYY+NDY-J-))

JLY=RYY+RYY+RDY-J-)

JKY =ABS(JLY)

YD =(KYo*KY1*JKY)/FLOAT(KYY*KYA)

SUMY=SUM) +YI)

v CONTINUE



SUMY=" .+

DO ¢+ JY=RYY+RYY+RD),NYY+NYY+ND)-)

KY4=IF(RYY+RYY+RDY+J)))

KY «=IF(NYY+NYY+NDY+NYY-RYY+NYY-RYY+NDY-RDY-Y-J))

KYV=IF()) +))

KYY=IF(NY V4N Y+NDY-))-))

JLY=RYY+R)YY+RD)-J)-)

JKY=ABS(JLY)
YIY=(KY %KY+ *JKY)/FLOAT(KY Y *K¥Y)

SUMY=SUMY+YIY

& CONTINUE

KYY=IF(NYY+N)YY+NDY+NY Y+NYY+NDY-))

Y =(CY*¥KY Y*¥KY €)/FLOAT(ABS(KY 4*KY « ¥KY'Y))
YJY=(CY*KY ) *KY £)/FLOAT(ABS(KY Y *KY ¥ *KYY))
SY=YJY*SUM)

SY=YJY*SUMY

S=S)

IF(SY.LT.S)THEN

S=SY

ENDIF

KY¢=IF(RVY+RD)-))

KYo=IF(NY)-R))+ND)-RD)-))

KY1=IF(NYY+ND)-Y)



P
.

Vo

YJ¥=(KY £*KY°)/FLOAT(KY?)

KTV=IF(RYY+RDY-)

KYA=IF(NY)-RY)+NDY-RDY-))

K¥4=IF(NYV+NDY-))

YJ£=(KYV*KYA)/FLOAT(KY4)

YK=(YO*YT1*YY*YA)/(YIV*Y)£)

SUMe@=SUMP®+YK*S

CONTINUE

CONTINUE

RY=SUMP®

KK=KK+

RS(KK)=R"

CONTINUE

RMINY=RS())

DO 1+ IR=Y,KK

IF(RS(IR).LT.RMINY)THEN

RMINY=RS(IR)

ENDIF

CONTINUE

YK=Y Y¥YY*YY*YEXRMIN

SUM£=SUM £+YK

CONTINUE



\

N

10

CONTINUE

K +=IF(RD)-)
K¢ )=IF(NDY-RD)-))
K&Y=IF(NDY-)
YKI=(K€ +*K€))/FLOAT(K® Y)
K¢¥=IF(RDY-)
K¢ £=IF(NDY-RDY-))
K£o=IF(NDY-))
YKJ=(K € ¥*K< ¢)/FLOAT(KE )
RY=SUM ¢/(YKI*YKJ)
J=10+)
XS(JJ)=RY

CONTINUE

RMINY=XS())
DO e 1J=Y,J)
IF(XS(1J).LT.RMINY)THEN
RMINY=XS(1J)
ENDIF

CONTINUE

PRINT*,'RMINY=",RMINY

END

FUNCTION IF(IH)



IF=)
DO °° K=Y, IH
IF=IF*K

°c  CONTINUE

END

Appendix B

Programs for one-stage procedure

This program computes the posterior expected losses of decision d, and

decision dv for OSTAGE-D procedure under constant loss function .

3k 3k 3k 3k 3k >k 3k >k 3k 5k >k 3k %k 3k %k >k 3k >k 5k >k 3k %k 3k 5k >k 5k %k 3k >k >k 5%k %k 5k %k 5k %k 3k 5k >k 5k %k 3k >k %k 5k %k >k %k >k 5%k %k >k %k 5k %k 3k >k %k %k %k %k *k %k

INTEGER RDY,RDY,R)),RY)
DIMENSION XS() * * +)
READ*,N)

READ*,ND),NDY,RD),RDY

READ*,C),CY
J="

DO Y IN=),NY+)
NYY=[1)-)
NYY=NY-NY)
SUMé=+

DO Y+ 11Y=),NYV+)



RY)=(]¥-)

DO Yo [I¥=),NY)+)

RY ) =[]¥-)

K)=IF(NYY)

KY=IF(R)Y)

KY=IF(N)Y-R)Y)

YY=KY/FLOAT(KY*KY)

KE=IF(NY))

Ke=IF(RY))

KI=IF(NY)-RY)Y)

YY=K%/FLOAT(K®*KY)

KY=IF(R) Y+RD)-))

KA=IF(N)Y-R)Y+ND)-RD)-Y)

KA=IF(N) Y+ND)-Y)

YY=(KY*KA)/FLOAT(K?)

K +=IF(RY+RDY-)

KYY=IF(NY)-RYY+NDY-RDY-))

KYY=IF(NYY+NDY-))

YE=(K) +*¥K)))/FLOAT(K) Y)

SUM)Y =+ .+

DO Y+ J=RYY+RDY,NYY+NDY-)

KYY=IF(RYY+RDY+J-V)

K) €=IF(NYY-RYY+NDY-RDY+NY Y+NDY-J-Y)



KYe=IF(J)
KYI=IF(NYY+NDY-J)-))
Yo=ABS((KY*K) £)/FLOAT(K) e *K) 1))
SUMY=SUM)+Ye

Y+ CONTINUE
SUMY=+.+
DO Y+ JN=RVY+RDY,N) V+ND)-)
KYY=IF(RYY+RDY-Y+J))
KYA=IF(NYY+ND)+NY)-RY ) +NDY-RDY-Y-J))
KY3=IF()))
KY «=IF(NYY+ND)-J)-Y)
Y1=ABS((K) Y*KA)/FLOAT(K) 4 *KY +))
SUMY=SUMY+Y1

¥+ CONTINUE
KY)=IF(NY)+ND)+NY)+NDY-Y)
YV=ABS((C)*K3*K\ Y)/FLOAT(ABS(KV*KA*KYY)))
YA=ABS((CY*K3*K) Y)/FLOAT(ABS(KY + *K) Y *KY 1))
S)=YY*SUM)
SY=YA*SUMY
S=S)
IF(SY.LT.S)THEN
S=S¥

ENDIF



EARMARARZEN
SUM$£=SUME+YI
CONTINUE
CONTINUE
KYY=IF(RD)-))
KYY=IF(NDY-RD\-Y)
KY£=IF(ND)-))
YJV =(KYY*KYY)/FLOAT(KY £)
KYe=IF(RDY-))
KY3=IF(NDY-RDY-Y)
KYY=IF(NDY-))
YJY=(KYS*KY1)/FLOAT(KYY)
SUM=SUM £ /(YJ)*YJY)
R=SUM
=14
XS(J))=R
CONTINUE
RMIN=XS(")
DO T+ R=Y,JJ
IF(XS(IR).LT.RMIN)THEN
RMIN=XS(IR)
ENDIF

CONTINUE



PRINT*,'RMIN=',RMIN

END
FUNCTION IF(IH)
IF=)

DO °° K=),IH
IF=IF*K

ce CONTINUE

END

This program computes the posterior expected losses of decision dy and

decision dv for OSTAGE-D procedure under linear loss function .

%k 3k 3k 3k 3k 3k %k >k >k 3k 3k 3k %k 3k 3k 3k 3k %k 3k 3k 3k 3k 3k %k >k 3k 3k 3k 3%k >k 3k 3k 3k 3%k %k 3k 3k 3k 5k >k %k %k >k 3k 3k 3%k %k >k 3k 3k 3%k %k %k 3k 3%k %k %k %k %k %k %k *k *k

INTEGER RDY,RDY,RY),RY)
DIMENSION XS(VY+++)
READ*,N)
READ*,ND),NDY,RD),RDY

READ*,C),CY



J=-

DO Y IN=),NY+)

NY Y= -
NYY=NY-NY
SUMé=" .+

DO Y+ 11Y=Y,NYV+)
RYY=[I¥-)

DO Yo [IT=),NYV+)
RYY=[I¥-)

KV=IF(NYY)
KY=IF(R)))
K¥=IF(NYY-R))Y)
Y)=K) /FLOAT(KY*K¥)
KE=IF(NY))
Ko=IF(RY))
KI=IF(NY)-RY))
YY=K$/FLOAT(KS*K)
KY=IF(R))+RD)-))
KA=IF(NYY-R))Y+ND)-RDY-))
KA=IF(NYY+NDY-Y)
YY'=(KY*KA)/FLOAT(KY)
K +=IF(RY)+RDY-Y)

KYY=IF(NY)-RYY+NDY-RDY-))



K)Y=IF(NYY+NDY-)
Ye=(K) + *K)))/FLOAT(K)Y)
SUMY = .+
DO Y+ J=RYY+RDY,NY)+NDY-)
K)Y=IF(R) Y+RD) +))
KY€=IF(NYY-RYY+NDY-RDY+NYY+NDY-J- ¥
KYo=IF(J+Y)
K)3=IF(NY)+NDY-J-\)
KI\=(RY)+RDY-J-))
Yo=K Y*K) £¥KI)/FLOAT(K) *K) 1))
SUMY=SUM) +Y°
Y. CONTINUE
SUMY=" .+
DO ¥+ JY=RV)+RDY,N) Y+ND)-)
KYV=IF(RY)+RDY+)))
KYA=IF(NY Y+ND)+NY)-RY+NDY-RDY-Y-)))
KYS=IF(J) +))
KY +=IF(NYY+ND)-J)-Y)
KIY=(R))+RDY-J)-))
YT=ABS((K) Y*KYA*KIY)/FLOAT(K) 4 *KY +))
SUMY=SUMY+Y1
Y+ CONTINUE

KYY=IF(NYY+ND)+NY)+NDY-))



YV=ABS((C)*K3*K) Y)/FLOAT(ABS(KV*KA*KYY)))
YA=ABS((CY*K3*K) Y)/FLOAT(ABS(K * *K) Y *KY 1))
SY=YY*SUM)
SY=YA*SUMY
S=S)
IF(SY.LT.S)THEN
S=SY
ENDIF
YISY) *YY*YT Y £ x5
SUM£=SUME+YI
Yo CONTINUE
\+  CONTINUE

KYY=IF(RD)-))
KYY=IF(ND)-RD)-))
KY £=IF(ND)-))
YJ)=(KYY*KYY)/FLOAT(KY £)
KYe=IF(RDY-))
KY1=IF(NDY-RDY-))
KYVY=IF(NDY-))
YJY=(KYo*KY1)/FLOAT(KYY)
SUM=SUM¢/(YJ)*YJY)
R=SUM

J=1J+)



XS(J)=R

¥ CONTINUE

RMIN=XS())

DO 1+ IR=Y,JJ

IF(XS(IR).LT.RMIN)THEN

RMIN=XS(IR)

ENDIF

T CONTINUE

PRINT*,'RMIN=",RMIN

END
FUNCTION IF(IH)
IF=)

DO °° K=),IH
IF=IF*K

6o CONTINUE

END

Appendix C

Programs for Monte Carlo simulation

This program finds the P(CS) , P(NCS) and E(R ) for Yst-FS by using Monte Carlo

estimate . Each estimate based on ©+ + + replications .

3k 3k 3k 3k 3k 3k ok 3k 3k 3k >k 3k %k 3k >k 3k 3k 3k 5k 3k 3k >k 3k 3k 3k 3k >k 3k >k >k 3%k 3k 5k >k 3k >k 3k 3k >k 3k %k 3k >k >k 3k %k 3k %k 3k 5%k >k >k >k 3k %k 3k >k %k %k %k %k *k %k

INTEGER RDY,RDY,RY,RY,RR),RRY



INTEGER CS

READ* P) PY

READ*,N,NY,NY

READ*,ND),NDY,RD),RDY

NSTAR=N)+NY

CS=-

NCS="

IRY="+

IRY="

IM)=+

IMY="+

DO Y+ |=),00 s

RV="

MM =+

MMY=+

DO Y+ J=),N)

Y=RAND(*)

IF(Y.LT.P))THEN



RY=R)+)
MY=MY+)
ELSE
MY=MY+)
ENDIF
Y+  CONTINUE
PH)=(RD)+R))/FLOAT(NDY+N")
DO Y+ K=),NY
Y=RAND(*)
IF(Y.LT.PY)THEN
RY=RY+)
MY=MY+)
ELSE
MY=MY+)
ENDIF
¥+ CONTINUE
PHY=(RDY+RY)/FLOAT(NDY+NY)
IF(PH).GT.PHY)THEN
RRY=RY+N-NSTAR
NNY=N)+N-NSTAR
RRY=RY
NNY=NY

MM =M\ +N-NSTAR



MMY=MY

ELSE

RRY=R)

NNY=N)

RRY=RY+N-NSTAR

NNY=NY+N-NSTAR

MM Y=M)

MMY=MY+N-NSTAR

ENDIF

PHH)=(RRY+RD))/FLOAT(NN)+ND))

PHHY=(RRY+RDY)/FLOAT(NNY+NDY)

IF(PHH).GT.PHHY.AND.P).GT.PY)CS=CS+)

IF(PHH).LT.PHHY.AND.P).LT.PY)CS=CS+)

IF(PHH).EQ.PHHY.AND.P).EQ.PY)CS=CS+)

IF(PHH).GT.PHHY.AND.P).LT.PY)NCS=NCS+)

IF(PHHY.LT.PHHY.AND.P).GT.PY)NCS=NCS+)

IF(PHH).EQ.PHHY.AND.P).LT.PY)NCS=NCS+)

IF(PHH) .LT.PHHY.AND.P).EQ.PY)NCS=NCS+)

IF(PHH).GT.PHHY.AND.P).EQ.PY)NCS=NCS+"

IF(PHH).EQ.PHHY.AND.PY.GT.PY)NCS=NCS+)

IRY=IRY+RR)

IRY=IRY+RRY

IMY=IMY+MM )



IMY=IMY+MMY

Y+ CONTINUE

PCS=CS/0+++.»

PNCS=NCS/0+++.»

ERV=IRY/0+++ s

ERY=IRY/0« .

ER=ER)+ERY

EIMY=IMY/0 v o

EIMY=IMY/0 v+ v s

PRINT*,'PCS=',PCS

PRINT*,'PNCS=',PNCS

PRINT*,'ER=",ER

STOP

END



This program finds the P(CS) , P(NCS) and E(R ) for Yst-PWR by using Monte

Carlo estimate . Each estimate based on @+« + replications .

%k 3k 3k ok 3k 3k %k >k >k ok 3k 3k %k >k ok 3k 3k %k >k >k 5k 5k 5k %k >k >k ok 5k 5%k %k >k >k 3k 5%k %k >k >k 5k 5k 5k %k %k >k %k 5k 5%k %k >k 3k 5%k *k %k >k %k %k 5%k *k %k %k %k %k *k *k

INTEGER RDY,RDY,R),RY,RR",RRY
INTEGER CS
READ*,P),PY
READ*,N,N),NY
READ*,ND),NDY,RD),RDY
NSTAR=N)+NY
CS="
NCS=+
IRY="
IRY=+

DO Y+ |=),00 s

IH=+
Y IF(IH.EQ.NSTAR)GOTO ¢
Y=RAND(+)

IH=IH+)



IF(Y.LT.PY)THEN

RY=R)+)

GOTO Y

ELSE

GOTO ¥

ENDIF

A\l IF(IH.EQ.NSTAR)GOTO ¢

Y=RAND(*+)

IH=IH+)

IF(Y.LT.PY)THEN

RY=RY+)

GOTO ¥

ELSE

GOTO ¥

ENDIF

GOTO Y

¢ PHY=(RD)+R))/FLOAT(ND)+N))

PHY=(RDY+RY)/FLOAT(NDY+NY)

IF(PHY.GT.PHY)THEN

RRY=RY+N-NSTAR

NNY=N)+N-NSTAR

RRY=RY



ELSE

RRY=R)

NNY=N)

RRY=RY+N-NSTAR

NNY=NY+N-NSTAR

ENDIF

PHH)=(RRY+RD")/FLOAT(NN)+ND")

PHHY=(RRY+RDY)/FLOAT(NNY+NDY)

IF(PHH) .LT.PHHY.AND.P) .LT.PY)CS=CS+)

IF(PHH).GT.PHHY.AND.P).GT.PY)CS=CS+)

IF(PHH).EQ.PHHY.AND.P).EQ.PY)CS=CS+)

IF(PHH) .LT.PHHY.AND.P).GT.PY)NCS=NCS+)

IF(PHH).GT.PHHY.AND.P).LT.PY)NCS=NCS+)

IF(PHH).EQ.PHHY.AND.P).GT.PY)NCS=NCS+)

IF(PHH).GT.PHHY.AND.P).EQ.PY)NCS=NCS+"

IF(PHH) .LT.PHHY.AND.P).EQ.PY)NCS=NCS+)

IF(PHH).EQ.PHHY.AND.P).LT.PY)NCS=NCS+)

IRY=IRY+RR)

IRY=IRY+RRY

Ve CONTINUE

PCS=CS/0+++.»

PNCS=NCS/®+ + +.»

ERV=IRY/0+ v+ s



ERY=IRY/0+ .

ER=ER)+ERY

PRINT*,'PCS=',PCS

PRINT*,'PNCS=',PNCS

PRINT*,'ER=",ER

STOP

END



This program finds the P(CS) , P(NCS) and E(R ) for Yst-GTR(n) by using Monte

Carlo estimate , each estimate based on @+ + * replications .

>k 3k 3k 3k 3k >k 5k >k 3k 5k >k 5k %k 3k %k >k 3k >k 5k >k 3k %k 3k 5k >k 5k %k 3k >k %k 5%k %k 5k >k 5k %k 3k >k >k 5k %k 3k >k %k 5k %k >k %k 3k 5%k %k >k %k 5k %k 3k %k %k %k %k %k *k %k

INTEGER RDY,RDY,R),RY,RRY,RRY
INTEGER CS
READ*,P),PY
READ*,N,N),NY
READ*,ND),NDY,RD),RDY
NSTAR=N)+NY
CS=+
NCS=+
IRY=+
IRY=+

DO Y+ =)0k e+



IF(IH.EQ.NSTAR)GOTO ¥
D=

E=+
IF(D.GT.*)GOTO ¢
D=D+)

DO Y+ J=),N)

Y=RAND(*)

IH=IH+)

IF(Y.LT.PY)THEN

RY=R\+)

GOTO ¥

ELSE

GOTO ¥

ENDIF
IF(E.LT.))THEN
E=E+)

IF(K.LT.NY)THEN



K=K+)
ELSE
GOTO 1
ENDIF
Y=RAND(*)

[H=1H+)
IF(Y.LT.PY)THEN
RY=RY+)
GOTO ¢
ELSE
GOTO ¢
ENDIF
ELSE
GOTO 1
ENDIF

Yo CONTINUE

¥ PH)=(RD)+R))/FLOAT(ND)+N")

PHY=(RDY+RY)/FLOAT(NDY+NY)

IF(PHY.GT.PHY)THEN
RRY=RY+N-NSTAR
NNY=NY+N-NSTAR
RRY=RY

NNY=NY



ELSE

RRY=R)

NNY=N)

RRY=RY+N-NSTAR

NNY=NY+N-NSTAR

ENDIF

PHH)=(RRY+RD")/FLOAT(NN)+ND")

PHHY=(RRY+RDY)/FLOAT(NNY+NDY)

IF(PHH).GT.PHHY.AND.P).GT.PY)CS=CS+)

IF(PHH) .LT.PHHY.AND.P) .LT.PY)CS=CS+)

IF(PHH).EQ.PHHY.AND.P).EQ.PY)CS=CS+)

IF(PHH).GT.PHHY.AND.P).LT.PY)NCS=NCS+)

IF(PHH) .LT.PHHY.AND.P).GT.PY)NCS=NCS+)

IF(PHH).EQ.PHHY.AND.P).LT.PY)NCS=NCS+)

IF(PHH) .LT.PHHY.AND.P).EQ.PY)NCS=NCS+)

IF(PHH).GT.PHHY.AND.P).EQ.PY)NCS=NCS+

IF(PHH).EQ.PHHY.AND.P).GT.PY)NCS=NCS+)

IRY=IRY+RR)

IRY=IRY+RRY

Y+ CONTINUE

PCS=CS/0+++.»

PNCS=NCS/®+ + +.»

ERV=IRY/0+ v+



ERY=IRY/0 v+ s
ER=ER)+ERY
PRINT*,'PCS=",PCS
PRINT*,'PNCS=',PNCS
PRINT*,'ER=',ER
STOP

END
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Abstract

In this thesis ,we propose Bayesian two- stage procedures for
selecting the better of two binomial populations .Two approaches
are considered to achieve this goal . Under the first approach ,
decision theoretic formulation with different loss functions and beta
prior distribution is used to construct Bayesian two- stage selection
procedure . The performance of this procedure is assessed using
Bayes risk .Comparisons with Bayesian fixed sample size procedures
are made .Under the second approach ,Monte Carlo simulation
technique is carried out to study procedures based on play the
winner, group at a time and posterior estimates of the parameters.
The performance of these procedures are assessed in terms of
measures such as the probability of correctly selecting the better
population and the expected number of successes . Some discussions
and concluding remarks are presented . Finally , suggestions for

future work are also given .
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Chapter One

Introduction

\.\ Basics of Ranking and Selection (R&S) [Y'], [ *1.['A]

In numerous situations of the everyday — life we are forced to solve the
problem which one of several alternatives is the best , where the attribute
"best" must be interpreted as the case may be . For example, an agricultural
experiment station may wish to determine which of several varieties of grain is
best for growing in a certain region of the country . Or an industrial
organization may wish to know which of several manufacturing processes is
best for producing a certain item , or which of several drugs to market as the
most effective cure for some disease . Various definitions of "bestness " are
conceivable , depending upon the requirements of the particular application in
hand . Here it will be assumed that there is a single characteristic , such as the
yield in the case of an agricultural crop , or the purity or some other quality
characteristic in the case of a manufacturing process , by which the various
experimental categories are to be judged , and that the best category is the

one which possesses on the average the highest value of this particular



characteristic . Thus we will be concerned with applications such above to

determine which of several alternative is the best , and so on.

If the average value of the characteristic were known for each
experimental category , then the identity of the best category would be known
and there would be no problem . We are concerned with situation where the
identity of the category is not known but an experiment can be performed to
help in choosing the best one . The classical approach permits us to decide

about the following null hypothesis , Hy: 61 =60, = ..o =6 where
(2 T TTTURRR 6 are the value of the parameters for these populations .

Tests of this null hypothesis are frequently called tests of homogeneity . The
alternative hypothesis , is usually that these values are not equal . It is was
pointed out by several researchers , that testing the homogeneity of
population means or variances is not a satisfactory solution to a comparison of
the performance of several populations. One would, generally , want to either
rank them according to their performance or to select one or more from
among them for future use or further evaluation . These problems are known
as ranking and selection problems . So R&S procedures are statistical methods
specifically developed to select the best population or a subset that contains
the best population from a set of k comparing alternatives (Goldsman and
Nelson Y« +Y)[Y4] . Two formulations to these problems have been suggested
in the classical framework. The first one , proposed by Bechhefer (Y42¢)[°]

and known as the indifference zone approach (1Z), allows the experimenter to

select one population which is the best with a fixed probability p* , Whenever

the unknown parameters are outside a zone of indifference . The second one,
proposed by Gupta (Y321) and has been known as the subset selection

formulation, allows the experimenter to select a subset of random size which



contains the best population with a probability p* or more . The event of

correctly selected the best population is denoted by CS . The idea underlying

the classical IZ selection procedure is to choose a rule satisfying predetermined

constants O<p <1 , A4 >0 such that p(cs)>p  whenever

Azp[k]—p[k_l]ZA* for all @=(6,.......... G )e 2 where Q s the

parameter space and the classical subset selection procedure is to choose a

rule satisfying p(cs) > p* for all & . As R&S procedures have become more

popular , several researchers have attempted to model the problem in a
different manner . For example chick (Y 44VY)[Y)] presents a Bayesian analysis

of selecting the best simulated system .

\.Y problem statement

Suppose that 77, and /7,be two binomial populations with unknown
single-trial success probabilities p; and pjrespectively . The parameters p;
and p, can assume any values in the interval [+,] . The ordered values of p;

and ppare denoted by ppij < pp2]- Moreover ,we do not know which
population is associated with P2y - The problem is to select the better
population , that is the population associated with P27 - A correct selection

(CS) is defined as the selection of the better population .Our goal is to
construct two-stage procedure which selects that better population .There are
many fields of applications where an important problem is the selection of the
best one of a number of populations which might be assumed to be binomial .
For example, in a learning experiment subject study programmed text matrial,

two alternative sets of programmed materials are available . The goal is to



determine which one of these two sets of materials is the more effective
learning device . We define a success as a passing score on the test, so that Pj
(j=12) is the probability of passing score for subjects exposed to the jth set

of learning materials . Then the goal is to determine which one set has the

larger p value . Another example can be taken from medical field . Suppose

we have two different drugs to cure from cancer disease . A physician wishes
to determine which one of these two drugs has the larger probability of curing

from this disease .

Further examples on the situations where the Binomial model applies and
the problem of practical interest is to select the better of two Binomial

populations may be found in Gibbons, Olkin and Sobel (Y4VV)['1].

The following experimental conditions should be met(Buringer et al.

JOIA)D T[T ]
\.The observations ( trials ) produced by each population are independent
of each other.

Y. pp and p, , the probabilities of success are constants during the

experiment .

V.Y Review of Literature

The problem of selecting the better of two binomial populations has

been extensively studied in the literature .

Sobel and Huyett (Y3eVY)[Y1] is considered as a fundamental paper in

Binomial selection studies . In this paper they proposed a single sampling



procedure in which an equal number of observations n" are taken from each
population and the population having the most successes is selected as the
better population with ties broken by randomization . They employed the idea
of 1Z approach which was developed by Bechhofer (Y%°¢) [°] to solve the
problem of selection in normal populations . This classical approach requires

that the probability of making a correct selection is greater than or equal to
some preassigned value, 0<p <1, and the difference between the largest

and next to the largest is preassigned number 0 < A4 <1, formally

p(cs)>p- (V)
whenever :
* * 1 *
p[z]—p[l]ZA O0<4 <1,E<p <1 (1.Y)

where CS(for correct selection) denotes the final selection of a population

with probability of success Pr21- With the condition above ( p* , A -condition)

,we will be at least ) p* percent sure of selecting the better parameter
whenever the largest parameter Pr27is at least A4 better than the second
largest prqy, the p(cs) is minimized when pra7 — 1] = A , this is called the
least favorable configuration (LFC) of the population parameters p; and p,.
The value of n’ is then chosen to guarantee ().)) when the parameter values

in the least favorable configuration .

The problem of allocating (assigning ) observations among patients in
clinical trials has been investigated using other approaches by many authors.
Armitage (Y1V®e)[)] developed closed sequential procedures . Pocock (Y2VYV)

[V'¢] has developed a group sequential design for clinical trials in which the



data are analyzed at less frequent intervals and which may lead to an early
decision , or stopping of a clinical trial , if large treatment difference are

observed .

Other workers using the IZ approach are Taylor and David () 371Y)[V4]
who discussed a multistage procedure for this problem . Paulson (Y 371V)[YY¥]
who proposed an open sequential procedure , which permitted the elimination
of "non-contending " population . The application of the play the winner —
sampling rule (PWR) to problem of allocating observations among treatments

appeared first in Zelen (Y41)[¢Y ].

Later a great deal of attention has been paid to the sequential procedures
for this problem using different sampling rules such as PWR and vector at a
time sampling rules (VT) . Nebenzahl and sobel (Y4VY)[YY], Berry and Sobel
(YAYY)[A] , Fushimi (Y4VYY)[)e], Kiefer and Weiss (Y4V¢)[Y3] and Tamhance
(YAAe)[¢+] proposed and studied closed sequential procedures for selecting
the better of two Binomial populations. Procedure for selecting the best
population of k > 2 Binomial populations were considered by Sobel and Weiss

(Y4YY)[¥A], Hoel and Sobel (Y 4YY)[Y°] and Hoel, Sobel and Weiss () 4V2)[Y1].

At the same time , another approach to the Binomial selection problem
has been suggested in the classical framework ;it is known as the subset

selection approach . Here the goal is to select a subset containing the best

population with a preassigned probability p* .This approach is useful for the
situation when we have very large number of populations and the procedures
require more observations than that available . Therefore it is desirable to
select a subset consisting of the best for further extensive investigation .Gupta,
Huyett and Sobel (Y3°V)[Y+], Gupta and Huang (Y3VY1)[Y)] are among those

who studied this problem using this approach . Goal and Rubin (Y3VV)[)V] gave



a general Bayesian decision theoretic approach for selecting a subset

containing the population .

Although the literature on Binomial selection problems is large , the
literature using Bayesian approach to solve the problems is rather scarce .
Important contributions were made by Bland and Bratcher () 47A)[4], Bratcher
and Bland (Y2V?°)[Y] ,who developed Bayesian fixed sample size procedures to
solve the problem of ranking Binomial populations where more than two
populations are compared . Bather and Simons () 1A°)[£] considered two-stage
procedures in clinical trials using minimax risk . In Madhi (Y4A%)[Y ], Bayesian
sequential schemes are developed for selecting the better of two Binomial
populations . Furthermore ,there is a growing literature for the Bayesian
decision —theoretic simulation out-put analysis especially for computer budget
and sample allocation procedure (Gupta and Miescke (Y33¢)) [YY]. It seems
worthwhile to mention a similar problem namely "two armed-bandit problem
.Here the goal is to allocate N observations , one at a time between two
Bernoulli of successes. This problem has been investigated by many authors

such as Berry (YAVY)[V],etc.

Bechhofer and Kulkarni (Y3AY)[1] proposed a very interesting closed

sequential procedure avoiding the (p* , A -condition )Jof the IZ approach.
Frisardi (Y3AY)[)¢] investigated these procedures employing Monte Carlo
simulation . Azal (Y:+°)[Y] studied Bayesian sequential procedures as
combinations of various sampling rules and stopping rules. They are studied
using Mote Carlo simulation . Their performance is evaluated by calculation
several criteria such as the probability of correctly selecting the best
population , the expected number of observations , and so on . Comparison

has been achieved for these procedures to choose the best population . Chick



(Y34Y)[Y V] presented a Bayesian analysis of selecting the best simulated
system . Chick and Inoue (Y33A)[YY] compared Bayesian and frequents
approaches for selecting the best system . Recently , there are many
researches concerned with the application of ranking and selection , for
instance in the medical field. Jenison(Y++2) [YV] presented a research about
the group sequential selection procedure with elimination and Data -
dependent treatment allocation . Kim and Nelson (Y + £)[Y°] presented more

on the application of Ranking and Selection .

A good review of literature may be found in Gupta and Panchapakesan
(YAY)[YY] . In this thesis Bayesian two —stage procedures for selecting the
better of two Binomial populations are proposed and studied using Bayes risk

and other criteria where Monte Carlo simulations are carried out.

\.¢ Bayesian Decision Theory

V.£.) Basic elements of statistical decision problem [Y £]

The basic problem in a statistical decision theory is to make a (optimal)
choice from a given set of alternatives . There are five basic ingredients in a

typical statistical decision problem .

\.A parameter space @ ={6#}, which may be vector—valued of the possible

states of nature..

Y.An action space A ={a}of all possible actions is available to the decision —

maker .

Y.A loss function L(8,a)representing the loss incurred when action a is taken

and the state of natureis @



L:OxA—>R (R istherealline).

¢.A sample space y, the set of observations . In most applications the choice

of a is not made blindly but depends on some observable random variable(r.v)

X taking values in y .A realization of X is denoted by x. When 6@ is the true

state of nature, X has probability distribution fy (x/8).

© A decision space D ={d(x)} of possible decision functions (rules) is defined

on y that maps y onto the action space A .Thatisd: y — A.

V.£.Y Risk Function [Y]

For a given decision function d ,the loss function may be written as
L(8,d(x)). Since our action a dependents on the particular sample data x
that we observe . Thus, we see that the loss function is a r.v and depends on
the sample outcome . Therefore, let us define the risk function R(&,d) to be
the expected value of the loss function L(&,d(x)) overall possible outcome .

That is

R(60,d) = Eg[L(68,d(x))] = IL(H,d(x))fx(xle)dx if X is continuous
X

= ZL(@,d(x))fx(xlﬁ) if X is discrete
X

Obviously , a good decision function would be one that minimizes the risk for
all values in ® . Unfortunately ,in most realistic problems , there does not exist
a single decision function that minimizes the risk for all possible values of 6.
Since the value of @ is unknown, this limits the usefulness of risk as a criterion

for selecting a decision function . However ,risk can be used as a guide . For



example , for partial ordering of the d's € D , where a decision rule d is better

than decision rule d' if
R(8,d)<R(8,d") forevery 6@

and R(0,d)<R(6,d") foratleastone 0@

\.£.Y Prior and Posterior probabilities [Y 1].

Baye's theorem is the fundamental tool used to arrive a Bayesian decision

theory .

The prior model is assumed to represent the totality of subjective
information available concerning the parameter 6 prior to the experiment ,
thus it is not functionally dependent upon x. On the other hand , the sampling
model depends on the values of the parameter ¢ and is thus a conditional
probability distribution . The posterior model tells us what is known about &
given knowledge of the data x. It is essentially an updated version of our prior
knowledge about @ in light of knowledge of the sample data- hence, the name

posterior model .

Bayes theorem states that the posterior model is related to the prior and

sampling models according to

f(x/0)x(0)
f(x)

(01 x)=

where 7z(8) is the prior probability distribution of & (the prior model) ,
f(x/8)is the conditional probability distribution of x given & (the sampling

model) ,



(61 x)is the posterior probability distribution of & given x (the posterior

model ) and
f(x) is the marginal probability distribution of X .
f(x) may be obtained according to :

If(x/@)n(&)d@ @ is continuous
2]

f(x)=
D> f(x/0)x(6)

0O f 0 is discrete

\.¢.¢ Bayes risk and Bayes decision rule [ A]

Let us now define the Bayes risk of a decision function d as the expected

value of the risk R(#,d) with respect to the prior distribution z(&€)on &,

namely

B(d) = E,[R(6,d)]

= IR(@,d)ﬂ(@)d@ if 6 is continuous,
®

= > R(6,d)7(0) if 6 is discrete ..

[ZSC)

The minimum Bayes risk is defined by B(d* ):énin B(d)
eD



and d” is called the Bayes decision rule or optimal decision rule . Note that for
a given decision there will not be a unique Bayes decision function. This will
depend upon the choice of 7z(#).If d is a Bayes decision function then d( X )is
called a Bayes estimator and d(x) a Bayes estimate . The mean of the

posterior distribution is the Bayes estimate with respect to quadratic loss.

Now , returning to the form of the Bayes risk B(d ),we have

B(d)= [R(6,d)x(6)do
e

= [{[L(0.d)f(x/0)dx}z(6)do .
O x
Assuming that the functions involved permit the interchange of the order of
integration , the Bayes risk is

B(d)=[{[L(6,d(x))z(6/x)dO}f(x)dx (V.£.£.))
y O

Since , by the definition of conditional probability density function ,

f(x/0)2(0)=r(01x)F(X) .

Finding a d” to minimize the Bayes risk ().£.£.Y) is equivalent to minimizing
the inner integral for each X =x . The calculation of Bayes decision can
therefore be carried out in two steps . First ,find z(&/ x)using Bayes Theorem;
then minimize the posterior expected loss

E (L(®,d(x))= IL(H,d(X));z(H/X)dH .
61 x)

7( o



V.® Outline of the thesis

The rest of this thesis is organized as follows: In chapter, two we present
a Bayesian two-stage procedure for selecting the better of two Binomial
populations. Decision —theoretic approach is used to construct this procedure .
The performance of this procedure has been investigated in terms of Bayes
risk. Some two-stage selection procedures that based on posterior estimates
and some sampling rules , studied using Monte Carlo simulation , are
presented in chapter three . Chapter four contains some concluding remarks
and some suggestions for future work . The appendices contain listings of the
computer programs which have been used to produce the numerical part of

this thesis.

Chapter Two
Bayesian Two — stage procedures :

Decision — theoretic approach

Y.\ Summary

In this chapter, the Bayesian decision approach , where prior
distribution on the unknown parameters and the loss function are specified , is
used to construct a two-stage procedure for selecting the better of two

Binomial populations .

A computer program has been written in Fortran power station, given in

appendix (A ) to calculate the above procedure .



The structure of this chapter is as follows. In section Y.Y , the Binomial
selection problem is formulated as a two- decision problem . Section Y.Y
contains the proposed Bayesian two-stage selection procedure (TSTAGE -
D).The construction of this procedure under constant and linear losses , is
given in subsection Y.Y.) . Some numerical results concerning this procedure

are given in subsection Y.Y.Y .

Section Y.{ deals with Bayesian one-stage procedure (OSTAGE-D) for
selecting the better of two Binomial populations . In subsection Y.£.) , the
derivation of the procedure (OSTAGE-D) is presented . Subsection Y.¢.Y

contains some numerical results concerning the procedure (OSTAGE-D) .

Comparisons of the procedures TSTAGE-D and OSTAGE-D using overall

Bayes risk are given in section Y.° .

Y.Y Bayesian Decision-Theoretic Formulation

Consider the two Binomial populations 77, and 77, with p; and p,

as their unknown success probabilities for a single trial respectively .

Now, consider the following two — decision problem with decisions :

di: p1= p2
and

dp: pp < P2



Furthermore ,in making decisions d; and d, , we assume the following loss

functions.

\- Constant loss Function

«if P12 P2
Li(d1,p)=

Ky if pl < p2

and

ki if Py> P2

La(d2,p)= {

Y- Linear Loss Function

.

if P12 P2

Ly(d1,p)=
- K, (pv—pw) if p1< p2
and
Ky (pv=pv) if P> P2
Lo(da,p)=

it P = P2

where K) and KY are positive constants giving losses

p=(p1,p2) -

Y.v\

Y.V.Y

in terms of costs and



The Bayesian approach requires that we specify a prior probability density
function 7 (pj), expressing our beliefs about p; before we obtain the data .
From a mathematical point of view , it would be convenient if p; is assigned a
prior distribution which is a member of a family of distributions closed under
binomial sampling or as a member of the conjugate distributions . Accordingly,
let p; is assigned Beta prior distribution with parameters n'i , ri' , Beta (ri' ,n'i) .

The normalized density function (Raiffa and Schlaifer (Y27)Y)) is given by

K ni—r -1
pi' (1-pi)" "
7(pi)=————— ,
B(rj ,nj—ri)
o<p <1, o<r<n , =12,

where B( ri' nI - ri' ) is the complete Beta function . It is also assumed that p;
are a prior independent . The parameters ri' , n'i need not be integers.

However , it is convenient if from this point , we assume that r; , n; are

integers so that we can replace the gamma functions by factorial terms in our

formulation of the procedure .

In addition to the prior information , we obtain some sample information

from the population 77;(i=12). In doing , we assume that we observe the

number of successes ri* , obtained in n? trials giving the probability function

*
1

P T )= [P (A-p) T, f =01 n .



The posterior probability density function is derived from the prior probability
function and the assumed sampling model by means of Bayes theorem

mentioned earlier .

PO LR (i)
[P 1 pi.ni )z pi )dpy
Pi

a(pi /i ng )=

" 1 * " ' * -
wherer; =+ andn =nj+n; , i=12 .

If the sample size n? taken from population 77; is large , then the action choice
of prior parameters (ri' , n'i) has little effect on the posterior density function
which can be well approximated by a Beta probability density function with

parameters ri*and n? . In this case it is sufficient to take the uniform prior

distribution 7 (p;)=1, to express our vague knowledge about the parameters

of interest .

As the Beta family is conjugate with the Binomial sampling , it is
unnecessary to revise a Beta prior distribution on the basis of a sample from a
Bernoulli process using Bayes theorem . Given the prior distribution and the

sampling results ,we need simply note that
" 1 * L ' *
=1+ and np =n+n ,

are the parameters of the posterior Beta density function .

Y.Y Bayesian Two-stage procedures(TSTAGE-D)



In this section , we present a two-stage procedure for selecting the
better of two Binomial populations in two stages using the Bayesian decision-

theoretic formulation given in section Y.V .

Y.Y.) Construction of the procedure (TSTAGE-D)

Let the probabilities of success in the first and second populations be p;
and p, respectively . Suppose we had decided prior to the experiment that we

will take n observations in the first stage and m observations in the second

stage.  Furthermore , n is partitioned into n; and n, , the number of

observations for population ) and for population Y respectively .In the second

stage on basis of the results in the first stage m is partitioned into m; and m,

the number of observations for population Y and for population Y respectively,

Let the number of successes for population ' and population Y be r; and ryin

the first stage and s; and s, in the second stage .

After the second stage , on the basis of the results for the first and second

stages , we choose either decision d; or decision d5.

We will use the following notations :
Let r=(r.rp) , s=(51,52) , n=(ng,ny) and m=(my,m,). The joint prior

probability distributions of p; and p,is given by



P py )" p (- pp)

B(ry,ny —r)B(rz,np —12)

’

m(p)=

where ry,rp,nq and ny are positive integers; B(r,ny—r;) and B(rp,np —1p)

are beta functions, 0<p; <1, i=12.

Since r , rp, s;and sjeach has binomial distribution , therefore ,the joint

posterior distributions of p; and p, given r;,rp,npandnyis z(p/r,n,)=

r+r -1 N —r+n—r -1 Fp+rp—1 Ny =Ty +Ny—Fp—1
p11 17 (1—py )71 Mm=h p22 2 (1-py )22 2=h

’

B(r1+ri,n1—r1+n'1—ri)B(r2+r'2,n2—r2+n'2—r'2)

and the joint posterior distributions of p; and p, given r , 1,51,S2,n1, Ny,
my and myis
Pr1+sl+ri—1(l_ Dy )nl—r1+m1—sl+n'1—ri—1

z(plrnsm)= -1 : I
- - - - - B(r1+sl+r1,n1—r1+m1—sl+n1—r1)

Fp+Sy+Ty—1 Ny —Fy+My—So +Np—Fy—1
p22 2+ (1—p2)2 2 TtMy =Sy +Ny I

B(I’Z +52+r2,n2—r2+m2—32+n2—r2)

Let 07 be a decision of what size n; and consequently np=n-n; ; and 6> be a

decision of what sizem;and consequently my=m -m;. That is
o1 willbe 0,1,2,....ccovveennn. N

and

oy willbe 0,1,2,.....cccoevvnnnne. m.



The problem is to select §; at the first stage , the &, is selected on the basis of

I, rpand Jy ; finally dis selected on the basisof 1, , 1,,51,52,071 and J,.

The procedure TSTAGE-D can be constructed as follows :

V. The posterior expected loss of the terminal decision dj, when r; , 1,54,

Sp,01 , 0oand d; are fixed , is given by

where the subscript z(p/r,n,s,m)on the expectation sign is the joint

posterior of p; and p, with respect to which the expectation is being

performed .

The mathematical forms of TST;(r,n,s,m,d; )are derived under constant and

linear loss functions as follows .

(a) Constant loss function

Using constant loss function (Y.Y.)), we get

1P
TSTy(r.n,s,m,d;) = [ [Ly(dyg,p)x[ p/ r,n,s,m]dpydp;
Do . mALE T

Pk pr1+51+r1—1(1_ D1 )nl—r1+m1—51+n'1—ri—1

J—
0 B(r1+sl+r1,n1—r1+m1—Sl+n1—r1)

|



rr+S -1 No—Ir+My—S +no—r,—1
p22 2t (1_p2)2 2 tMy =Sz +hp—=I7

. dp,dpy
B(I"Z +So +Ip,Np —Ip +My =Sy +N>o —r2)

kl(n1+m1+n'1—1)!(n2 +my +n'2 -1)!

(r1+sl+ri- -1)I(np—-ny +m1—sl+n'1—ri—1)!

1
(ro +5sy +r'2—1)!(n2 —I)+My =Sy +n'2—r'2—1)!

1 . Co
r+sp+n-1 ng—rg+my—s;+n;—rp -1
J‘ pll 17N (1 — pp )M =S —h

0

P1 ' C

Fy+Ss+ry -1 Ny —Fy +My —Sy +Ny —Iy —1
[ p2 227 (11— py)e T2t M2 =2 N2 712 "2, dpy
0

P1 - C
Let A= I p£2+32+r2—1(1_ p2 )nz—r2+m2—32+n2—r2—1dp2 .
0

Using integration by parts with

U= (1_ p2 )nz—rz +My =S5 +Ny =1 -1 and dv = p£2 +So 40 —1dp2

’

we implies that
du= (Np =1 + My —Sp + Ny =y —1) (1= py )12 T2t M2=S2 N2 =12 =2 (1
and

r2+52+ré
vV ——— .,
I +Sp + 1y

Hence



Iy +Sp +1y Np—Fy+My—Sy+Np—Fy—
P, (1—pq )2~ "2+ M2=S2 42—

1 1 1
+{(n2—r2+m2—32+n2—r2—1)

A= , -
r2+32+r2 r2+sz+r2
P Iy +S, +T- No—Fp +My —So +Nop —Fp —2
J‘ p22 272(1— py 272 M2 =52 2= =2 gy, 1},
0

Now ,let

P1 - C
Iy +So +T Ny —Iy +My —So +Ny —Fp —2
B='|. P2 22 (1— py )22t M2 TS 2" " gy,
0

Using integration by parts with
u= (1_ p2 )nz—rz +My =Sy +n'2 —r'2—2 and dV= p£2+32+r'2dp2 ,
we implies that
du= (Ny =+ My —Sp + Ny — 1 —2) (1 — py )12 2t M2 —S2+MN2 =2 =3¢ (L),
and

r)+So +r'2 +1
V= p2

r2+32+r'2+1
So,

[y+Sy+p+1 Ny =Ty +My =Sy +Np —Fy —2
p1222(1—p1)22 2752+ —17
B= - +
I’2+52+I’2+1

(n2—r2+m2—32+n'2—r'2—2)

{

Ih+S>+D +1



P1 ' C
ry+Sp+rp+1 Ny —Ip+My —So +Ny —Ir —3

I p22 27275 (11— pg )22 M2 S22 T =S g, ),

0

Then

Fy+S, +1, Ny —Fy +My —Sp +Ny —Fp —1
p12 2 2(1—p1)2 2 +tMy =Sy +Ny =1

Ny =T +My—Sy+Ny—1p — 1
A= +{(2 2+My—Sp+Np—rp—1)

[y +Sy +1s Fy+Sy+1p ) (I + Sy + 1y +1
21t9o27I12 2 T2 T2 N1 7952 +12

Fy+Sy 41y +1 Ny —Fy+My —So 4Ny —Foy —2
p1222 (1—p1)22 2 —Sp+Np—I }

+(n2—r2+m2—32+n'2—r'2—1)

)

|’2+52+I’|2
((nz—rz+m2—52+n2—r2—2))j-1 pr2+52+r'2+1
' 2
r2+32+r2+1 0

(1_ p2 )nz—r2+m2—52+n'2—r'2—3dp2 } And

A_.”2+m2+”2‘1(r2-+32-+ré——1ﬂ(n2-—r24-m2-—52-+né-—ré——1ﬂ
j=ry+5y+1y jt(ng +my +ny — j-1)!
plj(l_ pl)(n2+m2+n'2—j—1)
Therefore
ky(ng +myq +n3 —1)I(ny +my +nyp —1)!
TST, = 1(ng+mg +ng —1)!(nz +my +ny —1)

01+sl+ri—1ﬂ(n1—q;+m1—sl+ni—ri—lﬂ



1
(ro +5s5 +r'2 1) (ny —ry +my —So +n'2 —r'2 -1)!

1 ' ] ]
r+sy+r -1 ng—r+m;—s;+n;—rp—1
I pll 177 (1— py )M =81+ =h

0

MMt =1 (1) 455 41 —1)1(Np =Ty +My —Sp +Np —Tp —1)!

j=r,+5y+1; j'(ng+my +ny —j-1)!

plj(l— py (222 =1 gy

kl(n1+m1+n'1 -1)I(ny +my +n'2 -1)!

(g +sl+ri—1)!(n1—r1+m1—sl +n'1—ri—1)!

(ro+5sy +r'2 1) (np —rp +my -3y +n'2 —r'2 -1)!

(rp +so +r'2 -1)!I(ny —rp +my —55 +n'2 —r'2 -1)!

n2+m2+n'2—1 1
j=r, +5, 41 J'(ny +my +ny — j—1)!
1 : Co .
r+sy+n+j-1 Ny—r +Mqy—S{+Ny—F +No+My+Ny— j—2
J‘plllll(l_pl)llllllz221dpl
0

kl(n1+m1+n'1—1)!(n2+m2+n'2—1)!

ST, = , ‘ -
(rl+Sl+rl—1)!(n1—r1+m1—sl+n1—r1—l)!

Mo tM2 N2 B g 4 + jiNp—F + My =S 4Ny~ + Ny + My +Np — j—1)

j=r2+52+r'2 j!(n2+m2+n2_j_1)!



Similarly

1P,
TSTy(r.n,s,m,dp) = [ [Ly(dp,p)z[ p/ r,n,s,m]dpydp,
B, 0 " o

Py k pr1+sl+r1 (1 Py )nl n+mp— 51+n1 r]_ -1

11

B(r1+sl+r1 nl—r1+m1—sl+n1—r1)

rr+S -1 No—Ir+My—S No—rp—1
p22 2+l (1_p2)2 2tMy =Sz +Np =T

. dp;dp;
B(r2 +So +I7,No —TFp + My =Sy +n2—r2)

kz(n1+m1+n'1—1)!

(r1+sl+ri- -1 (ng—np +m1—sl+n'1—ri—l)!

(ny +my +n'2 -1)!

(r2+52+r'2—1)!(n2—r2+m2—52+n'2—r'2—1)!
T rpasyary—1 5—Ty—1

~+So +1) — Ny —ry +My =Sy +Np —Ip —
Ipzz 27273 (1 = py )22t M2 =52+ N2 =17

0

P2 : Co

r+s;+r -1 np—rp+my—sg+ng—rp -1
J'pll 17— py )M M =g, dp,
0

P2 ' Co
et A= [ pft"*7i(1- py MM gp,y
0

Using integration by parts with
u=(1-p; )nl—r1+m1—sl+n'1—ri—1 and dv = pr1+sl+r1

we implies that

dpl ,



du= (g —r +my—s;+n—r —1) (1 pl)”1_r1+m1_51+”1‘r1_2dp1(—1) ,
and

M +S1+1
pll 1711
v —=
(rp+sp+1p)

Hence

A=

py ot (1- py )M M-+ mM =8 +n-n-1)

(n+sp+r) (p+s+r )

P2 - Co

r+Sqy+r Ny—rg+my—s;+n;—rn -2
J'pll 1T (1— pp )~ tM=sitm=h=2qn, },
0

Now ,let

P2 ' D
r +Sq1+r Ny —ry+mMq—Sq+Nq4—r =2
B = I pll 171 (1 - pp ) it M=sitm=h=2qn,
0

using integration by parts with
u= (1-py )nl—r1+m1—sl+n'1—ri—2 and dv= p{1+sl+ridp1(—1) ’
we implies that
du= (ng - +my — g+ — 1, —2) (1— py M-S B g (1)
and

n+S1+n +1

Py

V= - .
(r1+sl+r1+1)




So,

M +Sp+1 +1 Ny —Fp+My =S +Ng —17 —2
p21 1775 (1 - pp )M =S =i

B= L}
(r1+sl+r1+1)
+{(n2—r2+m2—sz+n'2—r'2—2)
(r1+sl+ri+1)
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N{+mqg+nNq

A _1(r1+sl+ri—1)!(n1—r1+m1—sl+n'1—ri—1)!

j=r 45,40 j'(ng+mg +ng —j-1)!

pzj(l_ p2 )n1+m1+n'1—j—1 )

Therefore
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TST, = , —
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Then

Ko(nq +mq +nq —1)!
TST, = | 2(Ng+my+ng-1) .
(r2+82+r2—1)!(n2—r2+m2—82+n2—r2—l)!

(ny +my +n'2 -1)!

ni+m +n' +No +M +n' -2)!
1 1 1 2 2 2

MM ML (s i+ L) (N + M+ N+ Ny =Ty +My =Sy + Ny — Ty — | —2)!

j:rl-|-51-|-r;L j!(nl+m1+n1_ J _1)|

(b) Linear loss function

1P
TSTy(r,n,s,m,dy )= [Ly(dy,p)z[ p/ r,n,s,m]dp,dpy
T 00 - -

_.]|; I].l kl( p2 _ pl )p{1+m1+r1—1(1_ p]_ )nl—r1+m1—sl+n'1—ri—1
00
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S MMM L e s by 1) (= My —Sp 4y — 1y — 1)
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boLS ) PozLPELN ST
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0
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J‘p22 2727 (1= pp) 22T 22272 " 2 dpg dpy
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j=r 45,40 (J+1)H(np+mg +ng —j-1)!
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Ky(ng +my +ng —1)!
TST, = 2(ng+mg +ny3 1)
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(n, +m, +n, -1)!
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MAMEM =L () 5o 4y + )N+ My +N] +Np =Ty +Mp =Sy +Np —Tp — j—2)!

(j+1)!

j:r1+sl+r1

{r1+sl+ri—j—1}
(nq +m1+n'1—j—l)!

The terminal decision rule of the procedure can be described as follows :

At the point (r,n,s,m),

take decision dq if TST; < TST,
take decision d, if TST; >TST, .

Now , to fined the overall risk of this procedure .

Y. We find

TMq(r,n,s,m)=minTST;(r,n,s,m,d;) ,i=12.
d.

¥. For fixed ry,ry,01,0, compute

TMo(r,01,02)=Eg  TM4(r,n,s,m)

m; my
=> > P(s/r,n,m)TM(r,n,s,m),

50 g,=0 T T 7 - -

where P(s/r,n,m) is the predictive probability density function of s;,s, and

given by

P(s/r,nm)=E;p)[P(r,s/nm,p)]



11

:” z(p)P(r,s/ n,m,p)dpdp, ,
60 ~— -

where,

B B e I S A
P(r,s/n,m,p)= Py (1-p1) 2
T n 2 )\ S1 )\ S2

(l _ p2 )n2 +My —Ir =S,

Hence,

(nlJ(an(mlJ{mzj
P(S/r,n,m): )\ )\ S1 )\ S2 B(I’1+Sl+r1,n1+m1+n1—r1—sl—r1)

- ———  B(rp,n—n)B(rp,ny —1p) B(rp+mr,np+np—r—rp)

B(r2+32+r2,n2+m2+n2—r2—32—r2)

B(rp +r'2,n2 +n'2 -1 —r'2)
£, For fixed ry,ry,01,compute

TM3(rq,p,01)=minTM »(11,12,01,02 ) ,
62

and choose 65 which gives this minimum .
®. At the first stage , choose o7 such that

TM4(51)= Er [TM3(I’1,I’2,51 )]

M N
= > > P(r)IM3z(ry,rp,81) isaminimum,
r1=0r2=0 -



where,

Ny j( N2

na\n
and

P(r)=Eq(pyL2(r/n,p)]

r B(rl,nl—rl) B(rz,nz—l’z)

M| "2 B(r1+ri,n1+n'1—r1—ri) B(r2+r'2,n2+n'2—r2—r'2)
n

Hence

Rrsp = min TM4(61)
0S51Sn

ng ny, (ng\ny mp Mz (Mg ) My
min[ > Z[ JL ]{min 2 Z( J( ]n&i_nTSTi(r,n,s,m,di)}]

B(n + ri,nl—r1+n'1—ri)B(r2 + r'2,n2 - +n'2 —r'z)
Y.Y.Y Numerical results

Some numerical work has been carried out to investigate the two-stage
procedure (TSTAGE-D) . The results are given in tables ()-Y, ...... ,V-Y) . These

tables show that the risks decrease as N increases ,keeping K{,K, and the
priors are fixed . For fixed K{,K, and N , the risks decrease as the difference
between the priors increases in all cases . As K;,K, increases , keeping N and

priors fixed , the risks increase .



Furthermore , from these tables it appears that the risks under linear loss

function are smaller than the risks under constant losses .
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Y.¢ Bayesian one-stage selection procedure (OSTAGE-D)

In this section the Bayesian one-stage procedure to the problem of
selecting the better of two Binomial populations is developed to be used for
comparison with the two —stage procedure . One-stage procedure means that
exactly N observations are taken . Furthermore, N is partitioned into N; and

N, , the number of observations taken from populations 77; and 7,

respectively .



Let p;, =12 is assumed to have prior probability with parameters n'i , ri'

, Beta (ri',ni') . Let R; and R, be the number of successes of 77, and 17,

respectively .

Based on N; and N, observations , to determine which decision is
optimal at the point (R1+ri,N1+n'1,R2 +r'2,N2 +n'2), where 0<R; <1,
i =12, we have to obtain the posterior expected losses of the decisions and
the optimal decision is the decision associated with the smaller posterior

expected decision loss (smaller risk) . Furthermore , let 6 be a decision of what

size N; and then (No=N-N;),where 0<5 <N .

Let,

Plrl—l(l_ pl )nl—rl—l p£2_1(1_ p2 )nz—rz—l

B(ry,ny —1p)B(rp,np —12)

’

P(p)=

where ri,rlz,nlland n'2 are positive integers . B(ri,nll—ri) and B(rlz,nlz—r'z)

are beta functionsand 0< p; <1 , i=12.

Since Rjand R, each has binomial distribution , hence

Ry+1—1 N —Rq+nj—r; —1
Pt (1 py)Ne-Ratmn
P(p/Ry,Ry,Np,Np )=—1 . —

— B(R1+r1,N1—R1+n1—r1)

Ro+rp—1 No—Ro+Ny—1p—1
pp2 T2 (1-pp ) e

B(Ry +1y,Ny —Ry +Ny — 1y )

Y.£.\ Construction of the procedure (OSTAGE-D)



At the point (Ry + ri,Nl + nll,Rz + r'2,N2 + n'2 ) , that is for fixed Ry,R, and
0 . The posterior expected loss of taking decision dj, OST{(R{,Ry,5,d;j), is

given by

OSTi(R1,R2,6.di ) =Ex(pr Ry Ny R, Ny ) [Li(din )] i=12

where Lj(dj,p) is the loss function for the decision d; and
z( p/ R;,N1,Ry,N> ) is the joint posterior probability density of pjand p, with
respect to which the expectation is being performed .

The posterior expected losses , under constant and linear losses, are

computed as follows .
(i) Constant loss function

The posterior expected losses OST; and OST, of making decision d; and d,

respectively, using constant losses, are obtained as follows .

1P
OSTy(Ry,Rp,8,d1 )= [ [ Ly(dy,p)P(p/(Ry,R; ))dpodpy
00 - -

Ry+h -1 Ny —Ry+ng—f—1 Rp+rp—1 Np—Rp+Np—rp—1
plklpll 11— py) =t pratla=2 _ p, YN27Re 27

. — . — dpodpy
B(R1+r1,N1—R1+n1—r1)B(R2+r2,N2—R2+n2—r2)

_ ky(Ng +np —1)I(Ny +ny —1)!
(Ry+1 —1)1(Ny =Ry +n;—r —1)I(Ry + 15 —1)1(Ny =Ry + Ny — 1, —1)!




1 , ' ' P1 ' o
I p51+r1—1(1 - P17 )Nl—R1+n1—r1—1 J’ p§2~+l’2—1(1_ Py )NQ—R2+n2—I’2—1dp2dp1
0 0

Let,

_ £ Ry +rp—1 1 N2—R2+n'2—ré—ld
A= | p, (1-p2) P2 -
0

Using integration by parts with

u=(1- p, )NZ—R2+n'2—ré—1 and  dv = pZRZH‘Z_lde ’

we implies that

du= (Ny—Ry +ny =1, —1) (1= py )NZ‘R2+”5‘r5‘2dpz (-)),
and

Ry +1
B p22 2

R2+r'2

Vv

Hence,

R ' _ ‘_'_ 1 1
p;2 "2 (1 py)N2Re 22 1+{(N2—R2+n2—r2—1)

A= .
R2 + I R2 +1

P1 - C
J' szz-i-rz (1_ p2 )NZ—Rl+n2—r2—2dp2 }
0



Now, let
B = i Ry+1y 1 N2—R2+n'2—r'2—2d
= [ py2""2(1-py) P2 .
0

Using integration by parts with
u= (l— p2 )N2—R2+n2—r2—2 and dv= szz+r2dp2 )
we implies that

du= (Np =Ry 41y —1y —2) (1— py )N27R1tN2=2 =3 g, (),

and
) p2F{2+r'2+1
v= &4,
R2+|’2+1
So,
Ny 41 +1 _ Sy — v
B= Pq M (1- pl)N2 Ry Nz =f2 =2 + (N2—R2+n2—r2—2)
R2+r'2+1 R2+r'2+1
Pl Rt No—R; +Np—r»—3
I Pyt 2T (1= pp) 2272 dp, .
0

Then



Ro +T- _ L e : .
A= p12+l‘2(1_p1)N2 Rpthz=ro—1 +{(N2—R2+n2—r2—1)

Ry + I (R e )R +r'+1)
2 2 2712 271712

pfz”ﬁl(l_ pl)Nz—R2+n2—r2—2}+{ ((NZ —RT;f nz._ I —1))
2+

(Nz_Rz"‘n'z_rz‘_Z)
R,+r,+1 R Ry +rp+1 N, —Ry +Np—ry —3
( 27 % ) [ py2 2T (1-pp) 22 2723, )
0

and

N2+n|2_1 R I" —1)I(N> — R rlI —I" 1) i
5 + ! + ! Ny +ny—j—1

J'ZRQ-H’é j!(Nz—i—I’]z—j—l)!

Therefore

Ky(Ng+ng —1)!(Ng +ny —1)!

OST; = , b . —
(R1+r1—1)!(Nl—R1+n1—r1—1)!(R2 +r2—1)!(N2—R2+n2—r2 -1)!

1 ' ] .

Ry+r -1 Ni{—-Ry{+n;-r -1
Iplll (1-pg)r—atm=n
0

Nite =L (R, 4y —1)I(Ny =Ry + 1y — 15 — 1)1

i=Ret, t(Ng+np — j—1)!

p{(1-py J(Natn2 =11 gp,

K{(Ng+ny —1)/(Np +np —1)1(Ry + 15 —1)I(Ny =Ry + Ny — 1y —1)!
(Ry+1 —1)(Ny =Ry +ny—r —1)I(Ry + 15 —1)1(Ny =Ry + Ny — 1, —1)!
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j=Rp+ry | J(Np +np — j—1)!

1 . Co .
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0
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N2+n2 1B(R1+r1+j Nl—R1+n1—r1+N2+n2—j—l)
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Then
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1P
OST,(Ry,Rp,8,d2) = [ [Ly(dy, IO)P( p/( Ry, Rz ))dpydp;
00
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J'pzz 275 (1= py) 2 et Tl
0
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[ prt T (1-py) M dpydp,
0

Let,

P2 - Co
A=J‘ p§1+r1—1(1_ pl)Nl—R1+n1—r1—ldpl ]
0

Using integration by parts with
U= (1_ pl)Nl—R1+n1—r1—1 and dV - p1R1+r1—1dp1 )
we implies that

du= (Ny —Ry+ny — 1y —1) (1— pp )N 7R =1=2qp, (1),

and
R1+I‘i
V= pl—l .
(Ry+1p)

Hence,



Ry +1q N;—Rq+nq—F -1
Pyt (1- py )N M

A= | ¥
(Ry+1)
' ' P2 - o
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P2 Ryt Co
B = J' p11+r1(1_pl)Nl—RlJrnl—rl—del )
0

using integration by parts with

u= (1_ pl)Nl—R1+n1—r1—2 and dv= p]I_Ql—'—rldpl )

we implies that

du= (Nl - Rl + nll —I’i —2) (1— pl)Nl_R1+n1_rl_3dp1 ('\),

and

Ry +1 +1

P
= R+1+D)

So,

Ry+rp +1 - - C
pyt It (1= pp )N 2+{(N2—R2+n2—r2—2)
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(R1+r1+1) (R1+r1+1)

P2 - Co
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Then

szl+r1 (1- Py )Nl—R1+n1—r1—1 . (Nl—R1+n'1—ri—1)

(Ry+1p) (Ry+1)(Ry+1p +1)

A=

PR 1y 2 (R )
1+n

[ 1 p2 , , ,
Ni-Ry+np—rp -2 _ -
( ( 1 ( F;_ .1 1;_ )) J' p51+r1+1(1_ pl)Nl R1+n1 r 3dp1 }
’R+n+ 0

N1+anl_1( R+ 1 —1)1(Ny —Ry +ny — 1y —1)!

A= _ L pl(1- py)Natmit,
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Therefore
T RY
OSTz _ k2(N1 +n1 1)

(Ry+r1; —1)I(N{ =Ry +ny —ry —1)!

' 1 ' . .
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N1t LR, 41y + j—1)I(Ny +n; + Ny =Ry +npy — 1y — j—2)!
J'(Ng+ng - j-1)! |

j=Ri+n

(ii) Using linear loss function
The posterior expected losses OST; and OST, of making decision d;and

d, respectively, using linear losses are obtained as follows .

1P
OSTy(Ry,Rp,8,d1 )= [ [Ly(dy, p)P(p/(Ry,R, ))dpodpy
00 - -
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P2 % T(1-pp) 222

; . dpodp;
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Ky(Ng+ny —1)!(Np +ny —1)!
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1 ' v
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[ pp2 T2 (1-py)Ne 2 272" dp,dpy
0
1 R ' v
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0
P1 : .
R -1 _ —rH—
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0
Let,

1 ' v
y\zj‘ pfl+rl—1(1_ pl)Nl—R1+n1—r1—1
0

P Ry +T- N, —Ry +Ny—rp—1
[ p?2™"2(1-py) 2T 272 dp,dp,y
0

and



P1 - Co
A= J‘ pI2?2\+r2(1_ pz)Nz—R2+n2—r2—1dp2 )
0

Using integration by parts with
us= (1_ p2)N2—R2+n2—r2—1 and dV= szererpz’
we implies that

du= (Ny =Ry +np — 1 —1) (1= pp )N27Re+n2=2 =24y, (Ly),

pR2+r'2+1
and v= -2

R2 +r2 +1
So,

Ry +ry+1 - Sy — C
p12+r2+ (1—p1)N2 Ra+N2 =12 1+{(N2—R1+n2—r2—1)

A= - :
Ry +rp+1 Ri+r+1
M R a1 N, —Ry 4Ny —2
[ p2™2T (1-py)t2TRe 22" g, |}
0

Further, we let
P Ry +ry+1 Ny —Ry 4Ny —Ty —2
B= | pp2" 2" (1—py) 2 22724 dp,
0

Using integration by parts with

u= (1_ p2 )N2—R2+n2—r2—2 and dv= p§2+r2+1dp2 )

we implies that



du= (Ny =Ry +ny — 1y —2) (1— pp )Nz Rt —a=3qp, (1),
and

R1+ré+2
v= P2 ©
R2 + r2 +2

Hence,

2 p)M TR Ny Ry ey 1 -2)

B= , ,
R2+r2+2 R2+|’2+2
P Ry 41 +2 N> —Ro +No—ry—3
[ pfetret? (1o pyyNe~Retna-2=3gp,},
0
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H( )

Ry 4Ty +2
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0
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j=Ro+1
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Similarly
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0
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(Ny+ng—j—1)!

And
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N1t LRy 41 + )Ny + 1y + Ny =Ry +1y =1y — j—2)1{Ry + 17 — j —1}

j=Ri+n (J+1)Y(Ng+ng = j—=1)1(Ng+ng+ Ny +ny—1)!

_ Ko(Ng +ng —1)I(Ny +ny —1)!
(Ry+ 1y —1)1(Np =Ry + Ny =y —1)I(Ng + g + Ny +ny —1)!

NlJFZrl‘l_l(R2+r'2+j)!(N1+n'1+N2—R2+n'2—r'2—j—2)!{Rl+ri—j—1}
i<Ros (j+1)I(Ny+ng— j—1)!
Then
OST2= ' k2( N1+n1.—1)I!(N2 +No —1)|! .
(R2+r2—1)!(N2—R2+n2—r2—1)!(N1+n1+N2+n2—1)!
N1t 1R, 1y + )Ny +1n; + Ny =Ry + 1y —1p — j—2)1{Ry + 1, — j —1}
i<Roer, (j+1)I(Ny+ng—j—1)!

The terminal decision rule for OSTAG-D is as follows :

take decision d; if OST; < OST, and
take decision d, if OST; > OST,.

To compare the Two-stage selection procedure TSTAG-D ,with this

procedure , we should find the prior risk and in this case we have to find

‘. OM1(R1,Rp,8)=miS{TR;,Ry,8,dj) for fixed R;,R, and &, where
d:

0 <6 <N implies specific value of N; and hence N, =N —Nj .

Y. For fixed &, we compute

OMy(8) = Er, g, [OM1(Ry Rp.5)]



Ny Ny

= > D> P(Ry,Ry)OM(Ry,Ry,5)
Ri=0 R,=0

where, P(Rq,Ry) is the predictive probability density function of Rjand R,

which is given by

P(R1,Ry ) =E(p)[P(R1,R2 / Ny,Np, p)]

_ [NIJ[NZJ B(Ry+1,Ny+n —Ry —1p)
R1 A\ Rz B(ry,m —r)

B(Ry +,Ny +1y —Ry — 1)
B(rp,np —1p)

where , z(pj) and P(Ri/ Ni,p;) , B(r;,n; —r;)and B(ry,n, —ry) are defined

as before .

Y. Finally, choose & such that

BRosD =0<m5in<n[OM 2(0 )]

N;i Ny (Np) N, , , .
rgin[ Z Z L J[ JB(R1+F1,N1+H1—R1—I'1)

Ro

B(r1+ri,n1—r1+n'1—ri)

B(Ry +,Ny + Ny — Ry — 1, ){minOST; (R ,R,,5,d; )}
d.

B(r2+r'2,n2—r2+n'2—r'2)



Y.£.Y Numerical Results

This section contains some numerical results about the procedure

(OSTAGE-D) using different sets of Kq,K,, N and priors for two kinds of loss

functions , constant and linear . The results in tables ( Y-V, ...... ,Y-1Y) show

clearly that the risks decrease as N increases with fixed priors , K{,K5> and

under the constant losses and linear losses . It is also noted that the risks

decrease as the difference between the priors increase , where K{,K, and

priors are fixed and for both cases , constant losses and linear losses . The
same tables also display that the risks under linear losses are smaller than the

risks under constant losses .

The comparison of the results concerning the Bayesian two-stage
procedures which are given in tables ( )-V,.............,1-Y) with that concerning
the Bayesian one-stage procedure which are given in tables (V-V,............ Y-
Y) show clearly that the performance of the procedure TSTAGE-D is better than
the performance of the procedure OSTAGE-D in terms of risks . Therefore we

suggest using TSTAGE-D procedure .

Furthermore this procedure and the program which is written to execute
it can produce the optimal partition of the observations that allocate to both

stage and better the two populations .



Table (V-Y)

Values of Bayes risks using one-stage procedures for various numbers of
observations N, various constants Kq,K»,

and priors ( r ' ,nll v ( r2' ,nzl )=(Y,Y)v(),Y).
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Table (A-Y)

Values of Bayes risks using one-stage procedures for various numbers of
observations N, various constants K;,K»,

and priors ( r ' ,nll v ( r2' ,nzl )=(Y,Y)v(),Y).

Bayes Risk using Loss function

I Constant I Linear
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Table (3-Y)

Values of Bayes risks using one-stage procedures for various numbers of
observations N, various constants K;,K»,

and priors ( r ' ,nll )v( rzl ,nzl =(Y,Y)v(),%).




Table () +-Y)

Values of Bayes risks using one-stage procedures various numbers of observations N
, various constants K1,K»,

and prior ( r ',nll v( rg',nz' )=,V )v(),Y).

| Bayes Risk using Loss function
I Constant I Linear
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Table (Y )-Y)

Values of Bayes risks using one-stage procedures for various numbers of
observations N, various constants Kq,K»,



and priors ( r ' ,nll )v( rzl ,nzl =),V )v(),Y).
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Table (Y Y-Y)

Values of Bayes risks using one-stage procedures for various numbers of
observations N , various constants K1,Ko ,

and prior ( r ',nll v ( rgl,nz' =Y, V)v(",¢).

N Bayes Risk using Loss function
Linear
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Chapter Three
Bayesian Two-stage procedures :

Monte Carlo simulation studies

Y.} Summary

In this chapter we present Bayesian two-stage procedures for selecting the
better of two Binomial populations using Monte Carlo studies (MC) .
Description of MC method is given in section Y.Y . Section Y.Y contains
Bayesian two-stage procedures under different sampling rules . Some

numerical results are given in section ¥.¢

¥.Y Description of the Monte Carlo ( M C ) studies

In this section we briefly describe the method of MC simulation
method as it is applied to our procedures . Monte Carlo studies have been
carried out to investigate some of the performance characteristics of the
proposed procedures . Computer programs , which simulate the operations of

these procedure , were written in Fortran power station .

The simulation programs perform a large number of runst (t=2°+++),
which are assumed to be independent in order to obtain MC estimates with
high precision . At each run mutually independent Bernoulli observations are

generated by using the assumed probability model with P, ( i =1,2) specified in



advance and then the selection procedure is applied . The observed values of

several performance measures are accumulated .

At the end of all runs, these accumulated values are divided by t to

obtain the MC estimates of the performance characteristics of interest .

The library function is used to generate a uniform variate y(0<y<1).
Population [Ij, with probability of success Pj, scored success if the

corresponding random number y < p; and failure if y > p;(i =12) . Formally,

n
a Binomial b(n,p) random variable r can be written as r = )_y;, where y; are
i=1
independent Bernoulli random variables , each taking the value y; =1 with
probability por y; =0 with probability (1- p) . Thus to simulate such an r,

we need just simulate n independent U(01) random variables uq,u;

erreees Uy and set yj=1if uj<pand yj=0ifuj>p.

The values of P, ( i=12) are fixed , where for each run of @+ + + trials the
same Pj( i=12) are used . With the observed value P; , the value of y can be

considered as the observed values of a random variable possessing the

Bernoulli distribution that should be simulated .

As measures of performance of the proposed procedure we shall use the

following measures :
\.Probability of correct selection P(CS).

In a MC experimentation the population that has the greatest probability
of success is known to us , so we can check if the procedure gives a correct
selection . After t repetitions we estimate the probability of correct selection

by the fraction of correct selection in the t replications .



It can be computed as follows :
P(di / di) : The proportion of number of times when the procedure stops

and takes decision di given decision di is true in t repetitions .

2
P(CS)= > P(dj/dj),where di:p;=p;
i=1

daipp<pz.
Y.Probability of non correct selection P(NCS).
It can be compute as follows :
P(d; /dj ): The proportion of number of times when the procedure stops and

takes decision dj given dj istrue (i,j =12) in t repetitions.

P(NCS)=Y" P(d; /dj)=P(dy/dp)+P(dy/dy) .

i# ]

Y. E(R;), expected number of successes from population [[;j .An estimate of

E(R)) is given by :
t
E(R)=YRj [ , i=12,
j=1
where Rjj is the number of successes gained in the jth run from population
I;.

¢£. E(R), expected number of successes from population ' and population Y.

An estimate of E(R) is given by :



E(R) = E(R) + E(RY).

©. E(R*)=E(R)+(N-N*). Expected number of successes if sampling continues with

chosen population for the remaining (N-N*) observations .

¥.¥ Bayesian Two-stage procedures under different sampling

rules.

In this section , we present Bayesian two-stage procedures for selecting
the better of two binomial populations using simulation . A fixed number of
observations N is taken on both populations during the two-stage procedures,
where in the first stage a fixed number of observation N* is taken and
remaining N-N* observations will be taken in the second stage . Furthermore ,

we will use the following sampling rules in the first stage .

\. Fixed sample size

In this sampling rule we take N\ observations from 77; and NY observations
from 77, , where N* =NY+NY . The selection two-stage procedures using this

sampling rule , we will called first stage fixed sample size ()st-FS).

Y. Play-The winner sampling rule (PWR)



This sampling rule chooses one of the populations at random and observes

from it until a failure is observed, it then switches and observes from the other

population until it yields a failure , in which case we switch to the first

population, etc., continuing until N* observations have been made .

The two-stage procedure which uses this sampling rule will be called first stage

play the winner procedure ( Yst-PWR).
Y. Group at a time sampling rule (GTR)

This sampling rule takes groups of observations (one each from /7;and
IT5) until N* observations have been made . Note that N*=Ynh , where Yn

the size of group , n number of observation taken from each population , h

number of group .

The two-stage procedure which uses this sampling rule will be called first stage
group at a time procedure ( Yst-GTR) . We would like to mention that the
sampling rule GTR is the same as sampling rule vector at a time when n=).
That is one pairs of observations ( one observation from each population ) is

taken at each time .

In all these procedures the terminal decision rule is as follows :
Take decision dqi if p, > p,

Take decision dq if p, < p,

It is of interest, at this stage , to mention a similar problem , called two-
armed band problem . A two — armed bandit consists of two experiments ,
each may generate identically independent distributed Bernoulli random

variables . After each trial the experimenter may use either experiment to



generate the next trial . The object of the game is to maximize the expected

number of successes in N trials [YA] .

¥.¢ Numerical Results

The value of the measures (characteristics) were calculated from the results

of Mote Carlo simulations with ©+ + + trials for fixed values of ( py, p»).

In the following we discuss the performance of the procedures )st-FS,

Vst-GTR(n=Y) and )st-PWR under various parameters ( pq,pp) ,various

sample size N, N;, N, and different priors .

). The MC estimates of P(CS)
Tables ()-V ,Y-Y ,¥-Y) , where p;=:.) and py, = +.Y(-.Y):.2 , priors
(V,Y)v(),Y), Ny=Y, N,=Y and various N , show that P(CS) increases as
the difference between p; and p, increases for the procedures )st-FS,
Vst-GTR(n=") and ‘st-PWR . However , in tables (¢-Y ,°-Y ,1-Y) we
notice that the increasing N does not effect on P(CS) for above
procedures since the number of observations on population ) and

population Y in the first stage are fixed to N;=Y, N,=Y for all values of
N . Furthermore , the situation is reverse if we take pi=+.Y(*.Y)*.V,
pp = +.Y(+.Y)*.9 and py- py=*.Y, that is P(CS) decreases , keeping
other quantities are the same as before . The two groups of tables (V-

Y,A-Y,4-Y) and () -,V =Y,V Y-Y) are similar in behaviors to the groups of



tables (V-Y,Y-Y,¥-Y) and (¢-Y,°-Y,1-Y) respectively with little increase in

P(CS) due to the increase of N; and N .

Tables (Y Y-Y,)£¢-Y Yo-Y) show that P(CS) increase under various priors
and various N with N{=Y, No,=Yand ( pq,p2)=(*.Y,*.°) and when
the difference between priors increase . However, tables () 1-Y,) V-Y Y A-
¥) indicate that P(CS) is constant if the priors increase with same
constant difference between each pair of priors . In tables () 2-Y) shows
the performance of Yst-GT under various group sizes , namely when the

group size, Yn=Y,1,Y+ Y+ we notice that P(CS) increase as Yn increases

If we compare the procedure ‘st-FS, Yst-GTR(n=)) and )st-PWR in

terms of P(CS) , we note that Yst-FS is the best .

Y. The MC estimates of E(R)
Tables ()-Y,Y-V, ... , YY-Y) , show that E(R ) increase as the

difference between p; and pjincreases . Furthermore ,we notice from

them that E(R ) increase as N increases for all procedures Vst-FS, Vst-
GTR(n=)) and st-PWR . Tables()Y-V,............, YA-Y) , show that E(R),
will be constant as the difference between priors increases . Also, we
note that E(R ) increase as N increases . In tables ()3-Y) shows the
performance of Vst-GT under various group sizes , namely when the

group size, Yn=Y,1,)+ ¥+ we notice that E(R ) constant as Yn increases.



If ,we use , the performance measure E(R ) in comparison that )st-

PWR is the best among these procedures .



Table ()-Y)
Values of P(CS), P(NCS) and E(R ) using )-stage FS size when parameters
PY=+.),PY=+Y(:.Y) +.% and various numbers of observations N,

where, NY=Y,NY=Y and Priors (),Y)v(},Y).

N (PY,PY) P(CS) P(NCS) E(R)
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Table (Y-Y)

Values of P(CS), P(NCS) and E(R ) using )-stage GTR(n=")) sample when parameters
PY=+,),PY=+Y(+.Y) +.% and various numbers of observations N,

where, NY=Y,NY=Y and Priors (V,Y)v(),Y).

N - (PY,PY) S P(NCS) E(R)
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Table ( Y-Y)

Values of P(CS), P(NCS) and E(R ) using -stage PWR sample when parameters P)
=+.),PY=+Y(+.Y) +.% and various numbers of observations N,

where, NY=Y, NY=Y and Priors (V,Y)v(),Y).

N (PY,PY) P(CS) P(NCS) E(R)

(~_\,~.Y‘) ~_°Y‘~~ ~_2\/~~ O.Y\~1
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Table ( ¢-Y)
Values of P(CS), P(NCS) and E(R ) using )-stage FS size when parameters
PY=+)(+.Y)+.YV,PY=2Y(+.Y) +.9and various numbers of observations N,

where , NY=Y,NY=Y and Priors (V,Y)v(),Y).

N - (PY,PY) P(CS) P(NCS) E(R)
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Table ( ©-Y)

Values of P(CS), P(NCS) and E(R ) using )-stage GTR(n=)) sample when parameters
PY=+)(+.Y) .YV, PY="Y(".Y) +.%4 and various numbers of observations N , where,
NY=Y,NY=Y and Priors (),Y)v(),Y).

N (PY,PY) P(CS) P(NCS) E(R)
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Table (1-Y)

Values of P(CS), P(NCS) and E(R ) using )-stage PWR sample when parameters

PY=+Y (+.Y)+.Y,PY=".Y(+.Y) +.9 and various numbers of observations N,

where, NY=Y, NY=Y and Priors (V,Y)v(),Y).

(PY,PY) P(CS) P(NCYS) E(R)
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Table ( V-Y)
Values of P(CS), P(NCS) and E(R ) using )-stage FS size when parameters
PY=+.Y ,PY=+¥Y(:.Y) +.9 and various numbers of observations N ,

where, NY=£¢, NY=¢ and Priors (),Y)v(),Y).

N (PY,PY) P(CS) P(NCS) E(R)

(+),+.%) v AV Y ¥UNA
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Table ( A-Y)

Values of P(CS), P(NCS) and E(R ) using Y-stage GTR(n=") sample when parameters
PY=+.) ,PY=+.Y(+.Y) +.% and various numbers of observations N,

where, NY= ¢, NY= ¢ and Priors (V,Y)v(),Y).

P(CS) P(NCS) E(R)
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Table ( 4-Y)
Values of P(CS), P(NCS) and E(R ) using Y-stage PWR sample when parameters
PY=+),PY=+Y(+.Y) +.% and various numbers of observations N,

where, NY=¢ ,NY=£¢ and Priors (Y,Y)v(),Y).

[\ (PY,PY) P(CS) P(NCS) E(R)
(+.),2.%) LAAE |4 FAYT | ¥y,
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Table (Y +-Y)
Values of P(CS), P(NCS) and E(R ) using )-stage FS size when parameters
PY =+ )(+.Y) «.V ,PY=+.Y(:.Y) +.% and various numbers of observations N ,

where, Ny=£¢, Ny=¢ and Priors (V,Y)v(),Y).

N (Py,PY) P(CS) (Ve E(R)
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Table (Y)-Y)

Values of P(CS), P(NCS) and E(R ) using )-stage GTR(n=)) sample when parameters
PY =+ N(+.Y) .YV ,PY=2Y(+.Y) .2 and various numbers of observations N ,where,
N = ¢, Ny= ¢ and Priors (Y,Y)v(),Y).

N (P.,P) __ P(CS) _P(NCS) _ E(R)
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Table (YY-YV)
Values of P(CS), P(NCS) and E(R ) using )-stage PWR sample when parameters
PY =+ V(+.Y) .V ,PY=+Y(:.Y) +.% and various numbers of observations N ,

where , Ny=£, Ny=¢ and Priors (),Y)v(),Y)



N (P,P)  P(CS) P(NCS) E(R)
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Table (YY-Y)
Values of P(CS), P(NCS) and E(R ) using )-stage FS size under
various priors and various numbers of observations N,

where Ny=Y, Nv=Y , (P,,Ps)=(".Y,*.9)

Priors P(CS) P(NCS) E(R)
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Table (Y ¢-Y)
Values of P(CS), P(NCS) and E(R ) using )-stage GTR(n=")) sample under
various priors and various numbers of observations N,

where N\=Y, Nv=Y , (Py,Py)=(".Y,".°)
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Table ( Y°o-Y)

Values of P(CS), P(NCS) and E(R ) using Y-stage PWR sample under

where N,=Y, Ny=Y

, (P\,Pv)= ('.v,'.o)

various priors and various numbers of observations N,

\ Priors (o) P(NCS) E(R)
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Table ( Y1-Y)

Values of P(CS), P(NCS) and E(R ) using )-stage FS size under

various priors and various numbers of observations N,




where , Ny=Y, Ny=Y

’ (P\,Pv)= (. .V,~ .0)

\ Priors P(CS) P(NCS) E(R)
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Table (YV-Y)
Values of P(CS), P(NCS) and E(R ) using )-stage GTR(n=")) sample under
various priors and various numbers of observations N,

where Ny=Y, Nv=Y , (P,,Ps)=(".Y,*.9)

N .~ Priors P(CS) P(NCS) E(R)
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Table (YA-Y)

Values of P(CS), P(NCS) and E(R ) using )-stage PWR sample under




various priors and various numbers of observations N,

where N,=Y, Ny=Y

, (P\,PV)= (._t‘,._o)

\\ Priors P(CS) P(NCS) E(R)
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Table (Y4-Y)

Values of P(CS), P(NCS) and E(R ) using Y-stage GTR sample under

various priors and various group size h ,where

N=©- IN’=\ © iN"=\ ol (PUPV)=(. 'va. .0)

Group size Priors (o)) P(NCS) E(R)
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Chapter Four

Conclusions and Future works

¢.) Conclusions

In this thesis we propose and study two-stage procedures for dealing with

binomial selection problem .

V. The problem considered is that of determining an optimal procedure for

deciding how to allocate the observations in the second stage of the



two-stage procedure between two populations on the basis of the
results in the first stage. The total number of observations in the
experiment is predetermined but this number is divided between the
two populations in a manner which tries to take advantage of knowledge
gained during the experiment . The optimal procedure is to be optimal
relative to a given prior distribution for the probabilities of success of
the two populations .

Y.In constructing the procedure TSTAGE-D, we attempt to apply Bayesian
statistical decision theory which leads to a quite different approach to the

selection problem as the concepts of loss of taking a certain decision

when
particular values of the parameters of interest are true and some prior

information about the parameters the underlying distributions are

involved .
We find that the new procedure produced very reasonable results as the

overall Bayes risk by this procedure was found to be less than that for

overall
Bayes risk by Bayesian one- stage selection procedure .

Y. Bayesian two-stage procedure decision theoretic approach needs to use

computer
with high speed and large capacity to do the calculations .
¢, The procedures Vst-FS, Yst-PWR and )st-GT are easy and simple to use

for large sampling sizes .



¢.Y Future Works

There are several directions in which further works can be done , some of

which are listed below .

\. The Bayesian two-stage procedure for selecting the better of two
binomial populations can be extended to multistage case using Bayes
risks .

Y. The probability of correct selection measure ( characteristic ) can be
found and used to assess the performance of the procedure TSTAG-D .

Y. The problem can also be generalized to k > 2 populations with dropping
inferior populations using certain rule .

¢, This approach can be tried to other distributions .

®. General loss function may be used instead of the special cases constant

and linear losses .
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