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ABSTRACT
This research deals with the optimal plastic design of

rectangular tank on elastic foundation based on elastic-
plastic incremental-iterative finite element analysis. The
eight-node flat shell element is used in which five degrees
of freedom are specified at each nodal point,
corresponding to its three displacements and the two
rotations of the normal at the node.
Formulation is introduced for the basic equations
relating to the incremental plasticity approach, based on
von-Mises yield criterion and Prandtl-Reuss flow rule.
Numerical solutions are obtained using a three- level
process: subincrements within iteration within load
iIncrements. This process is improved through the
application of modified Newton-Raphson iteration
technique in each load increment.

The soil-structure interaction is taken into
consideration by assuming that the floor slab is resting on
non-linear elastic foundation.

For the structural optimization problem, which is dealt

with as a constrained non-linear optimization, the so-



called Modified Hooke and Jeeves method is employed
considering the volume of the structure as the objective
function and dimensions as the design variables with
geometrical constraints. A plastic design is carried out
using von-Mises yield criterion in terms of stresses
resultants while the effect of axial force is incorporated. A
computer program has been developed for the foregoing
method.

Several examples for the analysis of rectangular tank,
those analyzed previously by others, are worked out using
the present finite element analysis. Optimal design of
rectangular tank resting on different types of non-linear
elastic foundation is also carried out. The results show that
the square shape forming the best plan shape, the optimal
width:depth ratio is about (¥:V) and it is found that the
optimum solution is not so sensitive to the type of soil for

the problems considered in this study.
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APPENDIX A

THE MORE EXTENSIVELY

USED YIELD CRITERIA




A.) Tresca yield criterion:

This yield criterion is also called the shear stress failure-yield criterion. The
mathematical expression for such criterion could be given in terms of the

principal stresses ( 0y, oy, or ) as follows:
C_FzmanGl_GzHGz _63"‘63_61‘) """""" (A\)

The value of the maximum shear stress at yielding is given as:

w=0, e (AY)

The condition that is given in Eq.(A.)) is represented in cartesian arthogonal

axes ( 0y, oy, or ) by the hexagonal prism formed by the planes with equations
¢, -0, =*0,,0,-0,=*6,,0,-0,=*¢ = e (A.Y)

When one of principal stresses vanishes, say or, the surface reduced to the
hexagon obtained by intersecting the prism with the plane ox=* Figure(A.)a).

The yield condition becomes

C_YZmaXQGl‘,‘GZ‘,‘Gl—GZD ---------- (A.€)

A.Y von Mises vyield criterion:




More refined tests have shown (£ Y) that the circular cylinder circumscribed
to the considered hexagonal prism is a more exact “yield surface” for most
metals. This surface represents the yield condition of von Mises. For this
reason and the simplicity in the mathematical expression of this criterion, it is
adopted in this thesis. The mathematical expression of this criterion in terms of

principal stresses is:

2 2 2 2 o
o, +o, +0, —0,6,-0,6,-06,6,=6"  -m---e- (A.°)

For a stat of plane stress problem (o+=") , condition (A.®) is represented

by the ellipse of figure (A.Yb) with the equation

2 2

c.+06,-06,6,=6° e (A7)

(a) (b)
Figure (A.)): Yield curves for plane stress.

(a) Tresca condition.
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NOTATION

Description

Constant can be obtained from plate-load test.

The constitutive strain-displacement matrix.

Bound at the ith constraint.

ith base point.

Depth.



Vector of internal forces for each element in the local
coordinates.

Vector of internal forces for each element in the global
coordinates.

Vector of residual forces for the whole structure.
Vector of internal forces for the whole structure.

Effective stress increment.
Effective plastic strain increment.
A non-negative scalar.

Vector of stress increments.
Vector of elastic strain increments.
Vector of plastic strain increments.
Vector of total strain increments.

Modulus of elasticity.

Initial slope of strain hardening region.
Unite vector in the direction of the i-axes.
Elasticity matrix.

Objective function.

Shear modulus of elasticity.

ith constraint.
Step length.
Hardening parameter.

Jacobian matrix.



Normal subgrade reaction of soil.

Stiffness matrix of the whole structure.

Soil stiffness matrix in local coordinates.

Stiffness matrix of an element in global coordinates.
Stiffness matrix of an element in local coordinates.
Length.

matrix of direction cosines.

Plastic moment.
Changed plastic moment.
Squash load.

ith pattern point.
Pressure at the base.
Vector of nodal forces for the whole structure.

Vector of nodal forces for each element in
coordinate.

Thickness.

Floor thickness.

Thickness of wall in X-direction.
Roof thickness.

Thickness of wall in Y-direction.
Transformation matrix.

Transpose of the transformation matrix.

Strain energy.

local



X,Y,Z

X,Y,2

Yy

Y

Width.
Global Cartesian coordinate system.

Local Cartesian coordinate system.

Vector of displacements for the whole structure.
Vector

of displacements of an element in global

coordinates
Vector of displacements of an element in local coordinates.
Axial strain.

Principal strain.

Vector of strains.

Vector of axial strains due to bending action.
Vector of axial strains due to in-plane action.
Axial strain in the local x-direction.

Axial strain in the local y-direction.
Shear strain in the local x-y plane.
Shear strain in the local y-z plane.

Shear strain in the local z-x plane.

Constant of proportionality.
Poisson’s ratio.
Vector of stresses.

Principal stresses.

Effective stress.



G, Yield stress.

Gy, The upper yield point stress.
(O Ultimate tensile stress.

T Shear stress.

¢,n Isoparametric coordinates

Note: Any other notation may be explained where it appears.

We certify that the preparation of this thesis was carried out under our
supervision at the University of Babylon in partial fulfillment of the

requirements for the degree of master of Science in Civil Engineering.



Signature : Signature :
Name : N. A. Alwash Name : M. B. Dawood

Date A AR Date B AVAREE

CHAPTER ONE

INTRODUCTION

\.\ General :

Many structural design problems have numerous
solutions and the purpose of optimization is to find the
best possible solution among the many potential solutions
satisfying the chosen criteria. Designers often base there



designs on minimum weight, especially in steel structures,
or minimum cost as objectives, since they are seeking
lighter and more economical design taking into account
function, safety and serviceability.

With the increase of large computers and as a result of
the important development in optimization techniques,
many engineering researches, in the last few years, have

been oriented to the field of obtaining optimum design by
computers.

Consistent with the purpose of this thesis, this
introduction makes basic reference to three aspects: the
optimum design of rectangular tanks, non-linear analysis
of rectangular tanks and non-linear behavior of soil.

V.Y Structural optimization :

Since Y4V« structural optimization has been the subject
of intensive research and several different approaches for
optimal design of structures have been advocated (¢+).
The aim of optimization of structural system is to find out
the best combination of design variables that minimize an
objective function without sacrificing the functional and
performance constraints. The simplest approach to design
such structures is to perform analysis for all possible
combinations of design variables. However, it is almost
Impossible to perform such analysis since a huge number
of combinations has to be considered in actual cases.
Therefore, many kinds of structural optimization
techniques have been proposed in the past years(YY).

Structural optimization problems are characterized by
various objective and constraint functions that are
generally non-linear functions of the design variables. The
mathematical formulation of structural optimization



problems with respect to the design variables, the
objective and constraint functions depends on the type of
application. However, all optimization problems can be
expressed in standard mathematical terms as a non-linear
programming problem, which in general form can be
stated as follows:

min f(X,,X,, X5000.X,)
subject to g,(x,,x,,x,,...x, )< b (i=12,...m)
where:

(x,,X,,X,,...x, ) - vector of design variables
f(x,,x,.%,,...x, ). objective function to be minimized
0.(x,,x,.%,,...x, ). behavioral constraints
bi: the bounds of the constraints.

n: number of the design variables.

m: number of the constraints.

).Y¥ Non-linear material analysis :

The study of non-linear behavior of a structure has
been required increasingly in the last few years in order to
insure the integrity of the structural design. The use of the

finite element method with Newten-Raphson iteration
technique, with the aid of computer facilities, make such
study practically possible. The non-linear problems may

be solved by taking a series of linear steps (1 4). In the
present investigation a three level process has been used:
subincrements, within iterations, within load increments.

The non-linear effects due to plastic deformation are

treated based on von-Mises yield criterion and Prandtl-
Reuss flow rule. The adopted approach to solve the
present non-linear problem is the incremental finite
element method in which the load is increased in small
steps. The effect of material non-linearities is considered
through updating the stiffness matrix at the beginning of




each load step and summing the results for all the
preceding steps to give the overall effects at the end of that
step (£Y). This incremental approach is improved through
the application of the modified Newten-Raphson iteration

technique in each load step.
V. ¢ Non-linear behavior of soil :

Most phenomena in the soil mechanics are non-linear.
In many applications, however, it is practical and
convenient to use linear formulations for problems to
obtain engineering solutions. On the other hand, some
problems definitely require non-linear analysis if realistic
results are to be obtained.

The stress-stain relation of any type of soil depends on

a number of different factors including density, water
content, structure of the soil, drainage conditions, strain
condition (i.e. plane strain, triaxial), duration of loading ,

stress history and confining pressures (¥ ¢).

It is commonly found (Y) that the stress-strain curve
for all soil is non-linear except in a very narrow region
near the origin. Kondner (YY) proposed that the stress-

strain curve, which is shown in Figure (1.Y), could be

represented by a hyperbolic equation of the form :-

- (VY)

where
s, and s,are the major principal stresses.
e :1s the axial strain in the direction of s, and (a) and (b)
are constants which can be determined experimentally.
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Figure (1.)): Proposed hyperbolic stress-strain curve of soil(¥¥).

Y.© Aims and layout of the present study :

The present work deals with the optimum design of
rectangular tank on elastic foundation. The subject has a
special importance because tanks are industrial structures
with repetitive nature; therefore, any reduction in the cost
whatever it is small will lead to high reduction in the total
cost when a large number of tanks will be constructed.
The main aims of the present study are:

V- Studying the elastic-plastic analysis of rectangular tank
structures by the incremental finite element method with
iterations. The foundation is represented by a model (
either Winkler, or Kondner, or polynomial ) for normal
subgrad reaction while the horizontal subgrad reaction is
represented by Winkler model.

Y- Performing an optimal design of the problem based on
that non-linear analysis. To carry out the structural
optimization, the modified Hooke and Jeeves method is




used while the von-Mises yield criterion in terms of
stresses resultant is used as a design technique.

The thesis consists of six chapters. The present
introductory chapter is being the first. Chapter Two is
concerned with the review of literature; outlines of some
previous research work on optimal design and analysis of
tanks are presented. The formulation of flat shell element,
elasto-plastic constitutive relations and the non-linear
behavior of elastic foundation are presented in Chapter
Three.

Chapter Four is devoted to the optimal design
formulation. In Chapter Five, several numerical examples
are presented for both analysis and optimal design verified
with previous analytical and experimental studies. Finally,

Chapter Six gives the conclusions and suggestions for
future studies.

CHAPTER TWO

LITERATURE REVIEW

Y.) General :




This review covers two aspects. The first is the
developments in the analysis of tank and the second is the
developments in the optimal design of rectangular and

circular tank resting on rigid or elastic media.
Y.Y Analysis of tanks :

One of the tank problems is the interaction of the tank
walls with roof or base. Specific work on tanks has
endeavored to take this into account. The work on the
tank problem, as it is a progression from the work on
isolated plates, has been approached using directly
analytical, numerical, and analogy methods. These
methods of analysis have been surveyed in references
(¢V,£A). Examples of directly analytical methods are direct
integration, use of series, and energy methods. Finite
difference and finite element are both numerical methods.
Analogy method includes such methods as grid-
framework, plan-framework, and space-framework.

The cylindrical shape is structurally best suited for
tank construction, but rectangular tanks are frequently
preferred for specific purposes. Table (Y.Y) provides
details of the types of tanks considered in various

codes(Y4).
Codes Type of tanks
ACI e Ground supported circular and
Yo rectangular concrete  tanks with fixed

and flexible base .
e Pedestal supported elevated tanks .

AWWAD- | e Ground supported steel tanks with fixed
Voo & D- and flexible base .

VoY e Elevated steel tanks with braced frame
and pedestal type supporting tower .

AWWAD- | e Ground supported prestressed concrete
Vo & D- tanks with fixed and flexible base .




AR

APl 1¢. e Ground supported steel petroleum tanks
( Type of base support are not described )

NZSEE e Ground supported circular and
Guidelines | rectangular tanks with fixed and flexible
base .
e Elevated tanks .
Eurocode e Ground supported circular and
A

rectangular tanks with fixed base .
e Elevated tanks .

Table (Y.)): Types of tank considered in various codes(Y4).

The following is a review of work specifically related to
the tank problem.

In Y4¥A a paper by Buchi () ¢) described a simple
approximate method of determining the maximum
vertical and horizontal bending moments developed in the
walls of open square tanks. He assumed complete fixity for
the side and bottom edges. The Portland Cement
Association published a booklet (¢ V) containing tables of
moment and shear values for rectangular tanks with walls
in which the base joint is hinged or completely fixed.

The finite difference method, as applied to plates, was
applied to tanks by Gali (Y¢) in Y4eV, He found, however,
that it was not a method readily amenable to
programming for computer and it was difficult to express
boundary conditions and various approximations have to
be introduced to obtain numerical solutions.

One analogy method is that of the grid framework
described by Lightfoot (Y°) in Y42A, In that work, due to
symmetry, the tank were developed into single flat plate,
and the edge condition of that plate were taken as those



that would occur in the tank. These plates were then
treated as a grid framework. For analytical purposes, two
systems were considered which were superimposed. The
first one is the system of in-plane forces and the other
includes bending moments and torques. These frame
systems comprised rectangular frames, each with two
diagonal members. The method took into account any
value of Poisson’s ratio. The linearly varying hydrostatic
loads on the wall and the pressure on the base were
treated as equivalent point loads acting at the nodes of the
elements.

The rotation of the wall-base slab and wall-roof slab
joints was taken into account by making use of a moment
distribution method. This work was suggested by Ghali
(Y°) in Y44 In this method the distribution factors are
based on freely supported plates. In reality, this method is
not accurate since the influence of subgrad reaction is not
accounted in the calculation of the distribution factors in
the base slab.

One of the most comprehensive texts on individual
plates, used for tanks, was that of Timoshenko (£1) in
V444 which contained extensive tables and charts for the
elastic analysis of plates subjected to various loads
including hydrostatic types of loading.

Davies (Y+) in Y471 proposed a method for analyzing
tanks resting on soil of various engineering properties
making use of the moment distribution technique. The

data required for the moment distribution is available in
the form of tables and charts.

Davies (Y)) in Y41Y published another paper which
describes a rapid method of predicting the elastic behavior
of cylindrical tanks by assuming contact pressure
distributions which are suitable for granular or cohesive



soils. Although, the contact pressure is not actual, the
analysis by this approach had given a guide to the limits of
the order of magnitude of bending moments to be
considered in the design of tanks.

A second analogy method is called the space-frame
method represented by Husain (YA) in Y41¢ The
developed plate was considered as constituted of grid
framework as previously explained. However, in the
structural analysis of these analogous grid frameworks the
in-plane forces and the bending moments and torques are
not separated. The deformation of the analogous members
was thus taken into account in the analysis. The method
took into account any value of Poisson’s ratio. He
concluded that the advantages of the analogy method are:

V- Its ability to be applied to any shape of tank.

Y-Its ability to take into account Poisson’s ratio
and deformations when necessary.

¥-Its amenability to computer programming.

He also, found that its principal disadvantage is that
the analogy has its limitations predicting plate behavior
when length to breadth ratio of plate exceeds ¥:\.

The finite element method, as applied to plates, was
applied to tanks by Cheung and Zienkiewicz (Y1) in Y419,
The finite element method can deal with boundary
conditions more easily than the finite difference method.
Indeed, it can deal with openings, interaction
discontinuities, and point loads much more easily than the
finite difference method. As the finite element method is a
very powerful method used in conjunction with the digital
computer, it has become popular for use in solving
difficult analyses, including those involving discontinuities.



It was therefore inevitable that it would be applied to
tanks.

Cheung and Zienkiewicz (1) in Y47¢ applied the finite
element method to the analysis of open square tanks on
elastic foundation. They analyzed a square tank on spring
of four different spring constants. The deflections and
moments were compared with the experimental and
theoretical work.

In Y41V, Cheung and Davies (V) applied the finite
element to the analysis of rectangular tanks on elastic
foundation taking into account the interaction between
wall-wall-base. The analysis gives a good agreement with
experimental results.

Again, in Y41V Cheung and Davies () A) applied that
work to the case of long-walled tanks, ignoring the
interaction between wall-wall-base. They proved that
horizontal bending moments were not negligible at and
near the wall corners, as was previously assumed by many
designers and recommended by various books.

Daviesetal. (YY) in Y4V. extended that work by
applying the finite element method to the analysis of long
rectangular closed tanks. They proved that the one-
dimensional bending action, often assumed by many
designers, in a long walled tank was significantly modified
due to the restraining action of the end cross walls.

In Y4Va Gali (Y1) presented an approach based on the
stiffness and flexibility methods of analysis to derive the
relevant coefficients required for analysis. A set of design
table in a dimensionless form is provided and their use is

Illustrated by examples. These tables are calculated

assuming classical boundary conditions at the base i.e
completely fixed, hinged, or free.



Starczewski (£¢) in Y4AY applied the fundamental
theory to the analysis and design of some typical pressur
vessels of non-circular cross-section, the most common of
which are the rectangular section tanks. He designed an

open top rectangular tank with continuous horizontal wall
stiffeners.

Al-Mahaidi (°) in Y4AY has advanced a treatment of
circular storage tanks resting on a Winkler-type elestic
media. He transformed the entire tank into a single
equivalent one-dimension system having six degrees of
freedom only. In this reference all components of the tank
(top slab, bottom slab, and cylindrical shell ) are assumed
to be prismatic.

Al-Sarrai () +) in Y4 AA presented a computer-based
method for the analysis of non-prismatic circular
cylindrical tanks resting on a Winkler-type elastic media.
One-dimensional finite elements are used for this purpose.
The study covered open or closed tanks, tanks with central
columns, tanks with intermediate columns, and tanks with
any number of concentric compartments.

In Y44Y Kimence and Erguven (YY) made a study of
cylindrical tank on Vlasov model. The results have been
compared to the Winkler model and elastic half-space. It

was shown, that the Vlasov model and half-space solution

were very close.
Y.Y Optimal design of tanks :

Meichoers and Rozvany (Y1) in Y4V studied the
optimum design of reinforced concrete circular tanks. It
was assumed that self weight of the tank is negligible, and
that no axial ( longitudinal ) load was applied. Two cases
were examined: (1) Free at the top and fixed at the base;

and (Y) Free at the top and hinged at the base. Only
longitudinal bending and transverse tensile stresses were




considered. The concrete was assumed to have zero tensile
strength, then no interaction of behavior of the concrete in
each direction would occur.

The steel reinforcing was assumed to take uniaxial
stress only, its lateral strength was neglected. The design
objective was the minimization of the reinforcing steel
volume, subjected to the constraints of equilibrium. The
geometry of the structure was taken as fixed with certain
limits. Costs of labor and formwork were taken as fixed.
No consideration was given to design parameters such as
crack control, deflections and code provisions. For the
problem being considered, it was shown that design based
on lower bound analysis gave lower total steel volume than
equivalent design based on elastic stress distribution, or on
uniform isotropic yield-line analysis.

A more general formulation of the optimum design of
reinforced concrete cylindrical tank by using constrained
non-linear programming was developed by Adidam and
Subramanyam (Y), in Y4AY, The design was to conform to
BSeYY¥V:VY4Vi, The design procedure used was a
combination of the limit state method and a numerical
method of optimization. Cost of the tank consisting of the
tank wall and floor, which included cost of concrete,
reinforcement and formwork, was chosen as the objective
function in the optimization problem formulation.

Thickness of the wall and its reinforcement were
treated as the unknown of the design. The outer dimension
and the thickness of the floor were taken as fixed. The
objective function was subjected to the constraints of
bending, hoop tension and crack width. No consideration
was given to shear, shrinkage and temperature
constraints. It had been found that optimization coupled



with limit state design results in significant reduction in
the cost of the tank.

In Y4Ae Abdul Hussain (1) studied the optimum
design of reinforced concrete under-ground rectangular
water tanks. The design was to conform to BSe¥¥v:\avi,
The provisions of this code formed the constraints on the
design problem. The analysis was carried out by stiffness
method. The variables of the problem included, the
external dimensions, number of interior baffle walls,
thickness of members and steel reinforcement area at six
locations for each member. The problem with its variables
and constraints was solved using Rosenbrock method for
optimization after introducing the multilevel optimization
approach. In that study, it was found that the external
dimensions have significant influence on the optimal cost,
with the square shape forming the best plan shape. The
influence of the number of baffle walls was found to be
rather insignificant.

In Y4A% Therendran and Thambiratnam (£°) made an
optimum minimum weight, design of plane concrete
cylindrical tank with piecewise linear variation of the
thickness, assuming the shell is fixed at the bottom. A
combination of the finite element analysis and numerical
method of optimization was used in the design procedure.
The constraints of the problem were to conform to
BSeY¥V:Y4Vi and the design variable was only the
variation of wall thickness. The internal radius and the
height of the tank were assumed to be fixed. An
optimization routine based on Rosenbrock’s direct search
method was used for optimization purposes.

Al-Ne’aimi and Al-Sabah (1) in Y4AA made an
optimum, minimum cost, design of tapered shell R/C
cylindrical tank resting on Winkler type elastic medium.



The analysis was performed according to the direct
stiffness method. The radius, height of the tank, top and
bottom thickness of the shell, floor thickness, and steel
reinforcement area were treated as the design variables.
The objective function was chosen as the cost of the tank
consisting of the tank shell and floor which includes cost of
concrete, reinforcement and formwork.

They devised the combined optimization approach to
solve the non-linear programming problem. This
approach is a combination of two techniques, the
Lagrangian multipliers which optimized the radius and
height of the tank for a specific storage capacity, and the
sequential unconstrained minimization technique (SUMT)
which optimized the tapered shell thickness, floor
thickness, and steel reinforcement. The study showed the
important influence of soil-structure interaction, wall
tapering, and tank dimensions and resulted in significant
reduction in the cost of the tank.

Again, in Y4A4 Al-Ne’aime and Al-Sabah (V)
presented another study on an optimum, minimum cost,
design of underground tapered shell cylindrical tank
subjected to multiple load cases. The tank consists of
circular top and bottom plates and the cylindrical shell.
The soil structure interaction was taken into consideration
by assuming that the bottom plate is resting on Winkler
type elastic medium. The load cases considered in the
problem are:

\-Stresses in the floor due to the shell fresh

concrete weight.
Y-Stresses in both floor and shell due to the roof

weight.



¥-Stresses in both floor and shell due to leakage
testing of tank before the earth was filled around
it.

¢-Stresses In all parts due to earth pressure
exerted by the surrounding earth.

¢-Stresses in all parts due to water and earth
pressure.

It was found that the stresses constraints of the third
and fourth load cases were proved to be critical.
Uraiby (¢V) in Y44V studied an optimum design of
reinforced concrete rectangular water tank on elastic
foundation. A combination of the finite element analysis
and numerical method of optimization was used in the
design procedure. The constraints of the problem were to
conform to BSA -« + V:Y4AY for water retaining structures.
The objective function is chosen as the cost of tank
consisting of the tank walls, roof and floor, which include
cost of earth works, formworks, water proofing,
reinforcement, and concrete.

The width, length, height of the tank, plates thickness,
and the steel reinforcement area are treated as design
unknowns. An optimization process was formulated using
the multilevel approach. The constraint non-linear
programming of the problem was performed using a
combination of two methods, the Lagrangian multipliers,
and Constrained Rosenbrock method. The soil structure
interaction was taken into consideration by assuming that
the floor slab is resting on Winkler type elastic media.

In Y44A Hamdi (YY) presented an optimum design of
reinforced concrete cylindrical tank resting on elastic



media. The design procedure used was a combination of
the direct stiffness method of analysis and a combined
optimization technique, the constraints of the problem was
to conform to BSA« « V:Y4AV for water retaining
structures. The objective function is chosen as the cost of
tank consisting of the tank wall, floor, which includes cost
of concrete, reinforcement, and formwork. The radius,
height of the tank, shell thickness, floor thickness and steel
reinforcement area are treated as design unknown.

An optimization process was formulated using the
multilevel approach. The constrained non-linear
programming of the problem was performed using a
combination of two method, the Lagrangian multiplier
method, and the sequential unconstrained minimization
technique (SUMT) method of Fiacco and McCormick. The
soil structure interaction was taken into consideration by
assuming that tank floor is resting on two types of elastic
media ( Winker and Pasternak ).

Most of the methods of analysis described herein are
based on a linearly elastic material, the foundation are
represented by linear model. In the present study, an
elastic-plastic behavior of metal tanks is studied. The
foundation is represented by non-linear elastic model
(Kondner, polynomial). For optimization, the modified
Hooke and Jeeves method is employed by considering the
volume of shells as the objective function and the
dimensions as the design variables with geometrical
constraints.



CHAPTER THREE

FORMULATION OF FINITE

ELEMENT ANALYSIS

Y.\ General :

In this chapter, an elastic—plastic analysis of rectangular tanks on elastic
foundation subjected to static loading is presented using an incremental finite
element method. In this analysis, the tank is subdivided into elements and
within each element a displacement field is assumed. Flat shell element is
adopted which is a combination of plane stress element and Mindlin plate
bending element which takes into account the shear deformation. An
isoparametric finite element formulation is presented. Derivation is presented
for the basic equations relating to the incremental plasticity approach. An
algorithm for the adopted method of analysis is also presented. The soil is
represented by non-linear model (either Kondner, or polynomial) for normal
subgrade reaction and represented by linear Winkler model for horizontal

subgrade reaction.



¥.Y Flat shell element :

A flat shell element is an element which is subjected simultaneously to in-
plane and bending action as shown in Figure (Y.)). The in-plane stretching and
bending behavior within each element is completely uncoupled; the coupling
only appears indirectly through the degree of freedom at the nodal points
linking adjacent orthogonal elements. The resulting stresses are membrane in
addition to shear and flexural. Therefore, the flat shell element is composed of
two elements: plane stress element to resist the membrane forces and plate
bending element to resist the bending moments and shear forces

perpendicular to the plane of the element.

YA
Y
Y
. X My, X
/ In-plane action /’x . )
Fy M, Bending action

Figure (¥-)): Flat shell element subject to in-plane and bending action (£V).

Fz



Plate bending element is based on Mindlin theory for
thick plate which is in role is based on the following
assumptions: -

-The deflection of the plate “w” is small.
Y-Normals to the plate midsurface before deformation remain straight but do

not necessarily remain normal to it after deformation.

Y-Stresses normal to the midsurface are negligible.

Problems involving small thickness as compared to the
other dimensions with all applied loads in-plane of plate
are classified as plane stress problems.
¥.Y Formulation of element stiffness matrix :

In the finite element analysis, the stiffness matrix of rectangular tank
structure is considered to be built-up from the stiffness matrices of thick flat
shell elements. The stiffness matrix for flat shell element will be a super

position of plane stress matrix plus thick plate bending matrix (! 4).

The degrees of freedom per node of flat shell element considered in the

present analysis are: -
a-, W, transverse displacement.

b-,0_, average rotation in x- direction.

c- ,Gy, average rotation in y-direction.

e-, U, , midsurface displacement in x-direction.
f-,v_, midsurface displacement in y-direction.

Y.Y.\ Strains :




In the present analysis, the considered strains are the two direct strains

(e, &, )and the in-plane shear strain (y,,) and the two transverse shear strains

(e 720 )-

where: -
feo)=let & v vyt [

e }=ler e v2 |

The strain distribution corresponding to Eq.(¥.Y) and Eq.(Y.Y) is given by : -

sizz—u:—zaaex .......... (Y.)
X X
00
8y=%=— 5 (¥.2)
09
° =a—u+@=—z aex+ L e —— )
Yooy ox oy  OX




(5/6) : is the shear correction factor to allow for cross-sectional warping.

These modified expressions for y , and v, produce a parabolic distribution
for the shear strains and their corresponding stresses t,, and t, across the

thickness of the plate. Such parabolic distribution seems to be more accurate
and realistic, especially when these transverse shear stresses are to be

included in the yield criterion.

For plane stress problem the general set of displacement are u_, and v_ in x

and y directions, respectively. The strain distribution corresponding to the

displacement above is given by :-

pl — o e Y‘q
& = (*.9)
SI — aVo _________ (Y‘\ .)
oy
oM N (*.\)
Yoy oOX

Y.Y.Y Stresses :

The stress — strain relationship is given by



oy=Eley (7))

where

b b b b b __pl __p _p T
{G}—LGX Gy Txy ’Cyz T, O, Gy IXyJ

A A 0 0 0

Ww A 0 0 0
[E°]l=l0 0 G 0 o0

0 0 0 G O

0 0 0 0 G

A A 0
[E*]=la o 0

0 0 G
In which

E E




Y.Y.Y Isoparametric formulation :

The finite element formulation of an eight-noded isoparametric element
(serendipity element) is explained in this section; see Figure (Y.Y). The

geometry of element, and the variation of displacements w,u_, Vv, and the

rotations 0, and 6 are expressed by the shape function. Thus the geometry of

the element is given by: -

Figure (Y-Y): Eight node quadrilateral in {, n space.



The variation of displacements within an element is expressed in terms of

the nodal values as :

w=> Nw
i=1
i=8

6>< = Z Nlexi
i=1
i=8

0, => N0,
i=1
i=8

uo - Niuol
i=8

Vo = NiVol
i=1

Wi’exi’eyi’uoi’

function of £ and n (isoparametric coordinates ) corresponding to node i and

is given below :-
N, =-0.251-¢)1-n)1+&+n)
N, =-0.251+¢)1-n)1-&+mn)

N, =-0.251+¢)1+n)1-¢—-n)

Vv _are the values of W,GX,Oy,uo,VOat node i. Ni is the shape



N, =-0251-¢)1+n)l+&-n) e (T.¥Y)

N, =0.51-¢?)1-n)

Z
Il

. =0501-n?)1+¢)
N, =0.5(1- ¢’ L+n)

N, =05(-n*1-¢)

The strain-displacement matrix [B] is derived in the following steps(\ V):

Rewriting Eq.(Y.¢) to (Y-A) and (¥-%) to (¥-))) in a matrix form : -

e=MHec e (r.¥)
where
H°] 0
[H]{[o] [Hp.ﬂ --------- (T.¥7)
10 0 00 0 0 0 0]
000010 0 00
[H°]=|0 1 0 1 0 0 0 0 O
000 O0O0Wb 0 b O
0 0b 00 0 b 0 O




ci=leyey e (7.7%)

o =luxuyuzv,xv,yv,zw,xw,yw,z|

'} =lu,xu,yu,zv,xv,yv,.z]

Transformation from (X,y) coordinates to isoparametric coordinates (£, 1)

may be given as:

Cloey =My (T.Y°)

B o o o0 0]
o [P o o0 o
rl=| o o [ 0
o o o0 [ o

0 0 0 0 [

where the jacobian matrix is:

. v, O
[B]=/xm ym 0
0 0 1

Substituting form Egs.(Y.)1) to (¥.Y:) in Egs.(Y.Y) and (Y.Y) and

differentiating with respect to (C,n, Z) give in a matrix form :-



u,C 0 -zN.,, 0 0 0
u,m 0 —-zN,n 0 0 0

u,z 0 —N. 0 0 0

v,C 0 0 -zN,, ¢ 0 0

A 0 0 —zN.,n 0 0

v,z 0 0 - N, 0 0 |[[w,

w(l o [N, 0 0 0 0 |6,
wnt=Y|Nm 0 0 0 0 [o,b - (7.Yb)
wz| | 0 0 0 0 0 |lu,

u,,¢ 0 0 0 N, 0 [|v,

u,,m 0 0 0 N,m O

u,,z 0 0 0 0 0

V_.C 0 0 0 0 N,

V.M 0 0 0 0 N.,m

V,,Z 0 0 0 0 0

Substituting from Egs.(¥.Y¢) and (¥.¥Y1) in Eqgs.(¥.YY) leads to

e=Ble e (T.¥Y)
=& (T ¥4

where:

Bl-HEN e
—(*.Y9)

Then, the stiffness matrix at element level could be derived from strain

energy :

Uz%i\pf{s}dv .......... (¥.¥+)



Substitute from Eq.(¥.VY), Eq.(¥.YY) and Eq.(Y.YA) in
Eqg.(¥.¥+) to get :-

o-ylor( [ ElElv])

CGARD!

The element stiffness matrix [k’] in x-y plane is given by :

Y — (r.7%)

v
The expression above in natural coordinates is written as :

+l%

[k']= j H/ B] [E][B]9dzdnde e (¥.7¥)

Where |J]| is the determinant of the jacobian matrix .

Using the expression of [E] from Eq.(Y.)Y) and for [B] from Eq.(Y.Y1), the

expression [k’] can be written as :

_[kll] [k12]
o R

ol kel ko]

The expression [K,J] in x-y plane will be in the form :



[k ij ] = SSl S32 833 O O

o
o
o
wn

54

According to the stiffness matrix above the
displacements prescribed for in-plane forces do not affect

the bending deformations and vice versa.
Because the elements do not lie in one plane, a new degree of freedom

(6,) must be introduced. See Figure (¥.). (8,) does not enter as parameter

into the definitions of deformations in x y plane. In this case one needs to

consider this rotation and add it to the displacements.

(GZ) can be defined by inserting an appropriate number of zeros into the

stiffness matrix .

Redefining the combined nodal displacements as:
B)=lwo,0,u v 0]

0,

Figure (Y-Y): Flat shell displacements in global direction.



The stiffness matrix for flat shell element lying in x-y plane will be in the

form :

[k]: 831 S32 S33. 0 0
i

o O O o o o

¥.Y.¢ Numerical integration :

In finding the stiffness matrix [K'] from Eq.(Y.YY), the integration with
respect to ({, n) is carried out numerically by selective integration, in which
case different strain terms are integrated with different orders of integration.
In the selective integration technique(¥4), bending and membrane energies
are integrated using the normal rule, the shear terms are computed using the
reduced integration rule in Figure(Y.¢). After transforming z-coordinate to
isoparametric coordinate a T-point Gauss rule is applied to integrate

numerically in the thickness direction .
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Figure (Y-¢): Four and nine gauss point positions for selective integration.

Y_Y.° Elastic foundation :

For foundation represented by compressional and

frictional resistance the stiffness matrix is :

k] o 0o 0 0]
k] 0o o0 o0

kl=[o o k] o of =

o 0 0 . 0

0 0 0 0 [k]

L _148%48




'k, 00 0 0 O]
0O 00 O 0 O
O 0 0O O 0 O
[kf]:
0 00k, 0 O
0 00 0 k, O
0 00 0O 0 O
In which

[K,]:isa (€A x ¢A) soil stiffness matrix in local coordinates.

K., : is the normal spring constant in z direction

k,,:is the tangential nodal spring constant in x direction.

K., is the tangential nodal spring constant in y direction.
k,=aa, b,k 1=12,3

where

K, : is the normal subgrade reaction modulus.

k,. is the tangential subgrade reaction modulus in x-direction.

K, . is the tangential subgrade reaction modulus in y-direction.

a,,Db,:is the finite element mesh dimension.

o : is a coefficient which take a value of (1/A) at corner node and (Y/A) at side

node.

Y.¢ Transformation of the coordinates :




The stiffness matrix is computed for each element in local coordinate
system ( x, y, z ). Then, because the element does not lie in one plane, a
transformation element stiffness matrix from x-y plane to other planes ( x-z
and y-z ) will be necessary to assemble the appropriate equilibrium equations

in global form :

klep=f e (.7

The stiffness matrix of a node [K ] given in local system (xy) transform to
the global system by matrix [L] where [L] a six by six matrix of direction
cosines of angels formed between the two sets of axes (local and global)(¢V).
By the rules, of the orthogonal transformation the stiffness matrix of an

element in the global coordinates becomes

=07 ke e (r.7)
where :

[k] : Global stiffness matrix .

[k']: Local stiffness matrix .

[T] : Transformation matrix

[T]T : Transpose of the transformation matrix .

The transformation matrix [T] is given by :



_[L]6><6

0
0

0

[L]

0

0

[L]

L]

48%48

The transformation matrix [L] to transform the stiffness matrix of a node

[K”] given in x-y plane to the x-y plane in global system is given by:(¢V)

o O O O O -

o O O O +» O

o O O r»r O O

o O B O O O

o B O O O O

R O O O O O

The transformation matrix [L] to transform the stiffness matrix of a node

[K”] given in x-y plane to the x-z plane in global system is given by:

o r O O O O

R O O O O O

o O O r»r O O

o O r O O O

~1 0]
0 -1
0 0
0 0
0 0
0 0|

The transformation matrix [L] to transform the stiffness matrix of a node

[K,,] given in x-y plane to the y-z plane in global system is given by:



o O B O O O
o O O O +— O
O O O O o
o O O o o
o b O O O O
o O O O O

¥.¢ Formulation of the basic elastic-plastic equations:

The stress-strain relationship which is assumed to be elastic-perfectly
plastic and von Mises’ yield criterion and Prandtle-Reuss flow rule are adopted
to consider the non-linear effect due to the plasticity, for the more extensively
used yield criterion see (Appendix A). According to this criterion, yielding
begins under any state of stress when the effective stress (G) exceeds the

yield strength in uniaxial tension or compression (GY ):

al

2
2

[(GX —Gy)2 +(Gy -0, )2 +(c, -0, ) +6(Tiy +T,,+ T, )]% —(Y.£Y)

Through neglecting the transverse direct stress (GZ) and squaring both

sides of Eq.(Y.£Y), von Mise’s yield criterion can be rewritten as follows

) S AR e Y o

The effective stress (6) may be expressed in terms of principal stresses

(5,,0,,0,) as follows:

G’ :%[(61—62)2+(62—03)2+(03—Gl)2] ------- (V.£7D)



By differentiating Eq.(Y.£Ya), one gets

ds=|Q[ {ds} (Y.¢¢a)
where
3|5, ©
— x Y= =z =z | Y o¢e
Q] _{2 > T J (Y.¢¢b)

{do}= |_dcsX do, dt, dt,, dt, JT

in which

Ty =Ty 1 Tyr = Tyr s T = Ty

According to von Mises’ theory, the effective plastic strain increment (dE")

is defined as follows (neglecting €,) (Y 4),(¥*).

%
dz" = %[(daz ) o o+ e, o eV

and in terms of principal plastic strain increments(d >, de) , de} )

de” \/_[da > _de?) (dgg—ds§)2+(ds§—dsf)2]% --------- (Y.¢0b)



The stress-strain relations for an elastic—perfactly plastic material were first

proposed by Prandtle. The mathematical form of flow rule (Prandtle-Reuss

relation ) is (¥ *)

dey _dey vy _ vy, _dvi _ g
5, ©, 2T, 2%, 2%,

where

dX: is an instantaneous non-negative constant of proportionality.
Rewriting Eq.(Y.£1) considering principal stress direction

p p p p p p
de? —de} _ deb —de} _ deb —de}

c, -0, G, — O, G,—OC,

. (¥.£Y)

or in other form :

dr/(o,~o,) +(0,~0,) +(0,—0, ) =/(de? —de2 ) +(de? —de? ' (de? —dle? )

......... (Y.£A)
Hence, from Eq.(Y.¢Yb), Eq.(Y.£°b), and Eq.(Y.£A), one gets
oh
di :§d% .......... (*.£9)
2 GC

By substituting Eq.(¥.¢9) into Eq.(Y.£1), the following relation is obtained

de; _dey dyi, dyvj, dy) 3dg

6, o, 2t, 21, 21, 20

In @ matrix form

{ds”}:{Q}dE” __________ (Y.01)



where
{de” }={de? de® dy?, dy®, dy® |

In the elastic range (referring to Figure (V.1)) the stress increments {dc}

can be expressed in terms of strain increments {de® }as follows :
{doj=[Elidec} (¥.oY)
or in the elastic-plastic range

do}=[E][lde”}-{c"] e (v.27)
where

{de*} : vector of elastic strain increments

{de”} : vector of plastic strain increments

{de® }: vector of total strain increments

Premultiplying both sides of Eq.(Y.°Y) by {Q} and substituting from

Eq.(Y.¢¢) and Eq.(Y.°)) in the resulting equation give

oLl T e ) R — (r.5%)
But from figure(¥.9)
ds=Hde" e
___(\"_a a)
Oy 4 -
Esp | A
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Figure (¥-¢): Stress strain relation in uniaxial tension(¥ +).

a- elastic modulus (E) and tangent modulus (Ey).

From Eq.(¥.¢¢) and Eq.(¥.¢#¢), the following equation is

obtained
de” =|W| {dse”} _________ (¥.o7)
where
W l®m o

- H+{Q}' [E]{Q)
H' = + (for elastic-perfectly plastic material)

Then, to find the elastic-plastic stress-strain matrix [Ee"] , the stress
increments {dc}could be expressed in terms of total strain increments {dse"}

as follows:



o1 — o

But from Eq.(Y.®)) and Eq.(¥.°1), the relation between the plastic strain

increments {dsp} with the total strain increments {dsep} can be obtained by

the following equation

I o [ — o

Then, substituting Eq.(Y.2%) in Eq.(Y.°Y) gives

5 o1 ) R — 5

By comparing Eq.(Y.2A) with Eq.(Y.7 ), one concludes that

[Ee]=[E]-[El{Q}W] e (r.1))

The prescribed equations relating the stresses with strains within plastic
range are the same for both plane stress problem (if one neglects terms of

transverse shear stress and strain ) and plate bending problem .

¥." An algorithm for the present incremental finite

element analysis :

The solution algorithm which takes into account the nonlinearity in the

material follows a three level process: subincrements within iterations within



load increments. Effectively, the problem is treated as a sequence of linearly
elastic problems. Each step of the sequence is represented by a load increment
based on material properties appropriate to that step. In other words, the
stiffness matrix of the structure is updated at the beginning of each load
increment. The solution has been achieved by using modified Newton-

Raphson iterations technique as shown in Figure(Y.1).

%
Yrd load increment

// Ynd load increment
/
y Vst load increment
» 5

Displacement

load

Figure (Y-1): Incremental technique with modified Newton-Raphson
iteration for single degree of freedom.

The steps of analysis could be given as follows :

\- Construct the vector of nodal forces {r/}for each element in the local

coordinate system. Then, transform it to the global coordinate system. Then,



assemble the vectors of nodal forces for all elements to find the total vector

of nodal forces for the whole structure {R, }.

In the first step, the structure is considered as linear elastic structure. Find
the elastic stiffness matrix for each element in the local coordinate system
from Eq.(*.v¢). Now, transform the stiffness matrix for each element from

local to global coordinate system by using Eq.(¥.7v), i.e.

[k]=[TT" [x][T]
Then, assemble the stiffness matrices to find the total stiffness matrix,

where
[K]= X [K]
Y- Apply load vector {R,}.
£-Find the nodal displacements vector {A, }corresponding to the applied load
vector {R,}.
°- Extract each element displacement vector {5,} from {A,} and transform it to
find the element displacement vector {8} in the local coordinate system.
Then, compute the resulting strain increments at each Gauss-point in the
natural coordinate system.
fe.}=[B] {51}
Then, find the corresponding elastic stresses.
{o.}=[E] {e.}
1-Find the effective stresses &, at each Gauss-point in each element

corresponding to the applied load vector. Then, select the maximum one

from them G, . The first yield load factor “P,,” is found from

Pfy - Gy/c_f

max

V-Select the value of load increment “AP,” to be



AP =0.05x P,
P, =P,
P, =P, +AP

Ti-1

{de}_ { 1}XAP
where

P, = Accumulated total load factor up to step i

A-At ith load increment; find Efp] using Eq.(¥.1)) at each Gauss point in each
element, corresponding to stress history {c, , } of that point. For Gauss-points
have effective stress not exceeding the yield limit (o, ), the matrix [E*]
being replaced by [E.]. Then, find the total stiffness matrix of the structure

in the global coordinate system.
[k]=[T]" [K'][T]
K ]=Xlk]
Such updated total stiffness matrix [K.] at the beginning of each load
increment will be used in all iterations in that load increment.
- At ith load increment, use

a-if j=) where (j= iteration number), apply the load step AP, for {dR, |

b-if j>), apply the residual forces from the previous iteration to be {de}
fdir}={dir'}+ I[B]T {ojav
f }= [} o
{

dIR, {dlr}
{R }={R,}xP, -{dIR,}

where

\dir’} = vector of internal forces for each element in the local coordinate

system
{o} = vector of total stresses upto the jth iteration



\dIr, } = vector of internal forces for each element in the global coordinate

system

{dR, | = vector of residual forces for the whole structure calculated from the

previous iteration

\dIR, § = vector of internal forces for the whole structure .

Then, find the corresponding {dAj} from the equilibrium equation
{de}: [Ki]{dAJ}
) +-Extract the element displacement vector {d3, | from {dA, | and transform it to

the local coordinate system to find {dS;} and compute the resulting strain

increments at each Gauss-point.

tdey j=[B] {06}

After that, find the effective elastic-plastic strain increment dg® from
Eq.(Y.¢°a) putting the subscript (ep) instead of (p) in all terms of that

equation. Then, subdivide such strain increments into subincrements, where

for each subincrement (m):
fas = e}/ (05 0.0002)
The factor «.++ Y is suitable for ductile metals (%)

YY-In each subincrement (m) at a certain Gauss-point in an element from the
structure, find the effective plastic strain increment de? from Eq.(7.°7).
Then find the plastic strain increments {ds;} from Eq.(Y.2)). The stress

increments are found from Eq.(¥.eY) to be added to the total stress vector

from the previous subincrement (or iteration) {s, ,} to find {c | at the end
of subincrement (m). Then, compute the effective stress (G, ) from

Eq.(Y.£Ya). The subscript (m) is put in each term of the preceding indicated
equations in this step.



A finite size stress increments produced from each subincrements within
iteration within load increment may depart the yield surface as shown in
Figure (¥.Y). This discrepancy is particularly eliminated since the
subincrements in each iteration are sufficiently small. However, the point of
final stress can be reduced to the yield surface simply by scaling the stress

vector {c_} as given in Figure (*.Y).

Ov
A

©om} A o) X Ton)

oy
{om} = {om}x -
Om

» O

Oy

Figure (¥.Y): Scaling the stresses vector {s.,}at the end of

subincrement (m) so as to satlsfy{he yield crltLerlon

At the end of subincrement (m), update J as given in

m+l m+1

Eq.(Y.¢¢b) and (Y¥-°V) respectively utilizing the stress history (o, ) for the
considered Gauss-point.

VY- If subincrements have not completed for a Gauss point, then go to the next
subincrement step (V) for subincrement (m+)). Otherwise go to the next
Gauss point and repeat the subincrement process (steps:Y+ and Y)) in the
same iteration.

VY- If subincrements are completed for all Gauss points in the structure

within iteration (j) , find the residual forces in the whole structure {dR, | as

given in step (%-b) to be used in the next iteration(j+").
Y ¢- Find the normality (norm) of residual forces at the end iteration (j) as

follows :



norm),-:(\/Z{dRJ.+l}2 /\/Z{Rj}2 )xlOO
then
a-1f norm); < norm);., and norm); < +.) +, print the total applied load factor
pri, then go to step (A) with next load increment (i+)).
b-1f norm); <normy);., and norm); > +.Y + go to step (%) for next iteration (j+")
c-Otherwise (i.e norm); > norm);., , the solution has diverged indicating the

collapse state. Print the collapse load factor to be P__,, and stop the analysis

process.

Y.V Computer program for analysis:

A computer program presented by Alwash[)3A3](YY) for elastic-plastic
analysis of thick plates by incremental finite element method was developed by
Karkush[Y44A](¥Y) to deal with non-linear behavior of folded plates structure
by incremental finite strip method. It is developed in the present study to deal
with elastic-plastic behavior of rectangular tank resting on nonlinear elastic
foundation by incremental finite element method. The flow chart of the

developed computer program is given in Figure(Y.A).



( START )

4

Input data defining geometry, boundary
condition, loading and material properties

l

Set to zero matrices and vector required for

accumulation of data

N

Evaluate the equivalent nodal line forces vector

for the whole structure

Compute the elastic elements matrices and
transform them to the global coordinate system and
then assemble to fined the elastic structure stiffness

matriv

N

Apply load vector

N

Solve the simultaneous equations system by using

Gauss-Elimination to fined the nodal displacements

Evaluate the effective stresses at each Gauss —point and
select the maximum one 0., to fined

-1 e . R | "o . ~

Figure (Y.A): Flow chart of the developed program.



A
Load increment loop Q

Select the load increment

®

N

Update the element elastic plastic stiffness matrix. Then
evaluate the element stiffness matrices and transform them to
the global coordinate system, then assemble them to fined the

indated whanle ctriictiire ctiffnace matriv

Iteration loop Set

No Yes

)

Apply the residual load vector Apply the load increment vector

!

Solve the simultaneous equations system by

using Gauss-Elimination to fined the nodal
displacements

l

Figure (Y.A): Continued.




Compute new effective stresses

Compute updated vector relating effective
plastic strain subincrements vector

vasean . . [

l

Compute updated vector relating plastic strain
subincrement vector with effective plastic strain
increments

No IF

subincrement

Yes

No IF
all Gauss point
Yes
No IF
all element
Yes

Evaluate the residual forces

vector for the whole structure

l
©

Figure (Y.A): Continued.




No

Y

Fined the norm of the residual forces: norm)j
Yes No
IF

Yes

Print

Print the total applied

load factorPy

( Stop )

Figure (Y.A): Continued.

¥.A Non-linear behavior of soil :

Before the development of computers, it was not feasible to perform
analysis of load in soil masses for other than assumed linear elastic soil
behavior.

Now, due to the availability of high speed computers and powerful
numerical analytical techniques, it is possible to approximate non-linear soil
behavior in analysis. In order to perform non-linear analysis of soil, however, it
IS necessary to be able to describe the load-deflection behavior of the soil
quantitatively, and to develope techniques for incorporating this behavior in the

analysis.



Y.A) Soil characterization :

The stress-strain curve of any type of soil depends on a number of different
factors including density, water content, structures, drainage condition, strain
condition (i.e. plane strain, triaxial ...etc ), duration of loading, stress history
and confining pressure (¥ ¢) .

In many cases it may be possible to take account of these factors by
selecting soil specimens and testing condition which simulate the corresponding
field condition. When this can be done accurately, it would be expected that the
strains resulting from given stress changes in laboratory would be representative
for the same stress changes.

Among many theories established to study different material properties, the
following theories are widely used in studying soil characteristics, especially
stress-strain relation under different stress changes :

V- Classical linear elastic theory.

Y- Plastic theory.

Y- Elasto-plastic theory.

¢- Visco- elastic theory.

©- Non-linear elasticity theory.

It is commonly found that the soil behavior over a wide range of stresses is non-
linear, inelastic, and dependent upon the magnitude of the confining pressures
employed in the test.

¥.A.Y Modeling of stress-strain curve of soil :

The stress-strain curve for all soils is non-linear except in a very narrow
region near the origin (V¥). In this section, two models can be used to model the
stress-strain response of soils :

V-Hyperbolic stress-strain model.

Y-Polynomial model.



Y.A Y. Hyperbolic stress-strain model :

In this model, the stress-strain curve could be represented by a hyperbolic
curve. Kondener (¥¥) proposed a hyperbolic equation of the form :

€

—0., =
a+ be

3

where

o, and o, are the major principal stresses.

¢ 1s the axial strain.
(@) and (b) are constant whose values may be determined experimentally.

The ultimate value of principal stresses difference (o, —oc,), can be

obtained by taking the limit of Eq.(*. 1Y) as (e) becomes very large , or

(61 — G, )ult. = Igimo(cl B 03):% """" (Y'.'W)

Differentiating Eq.(¥.1Y) with respect to the strain and evaluating the derivative
at (¢) equal to zero yields :

(oot 9

de a

Thus, both of these constants (a) and (b) have a visualized physical
meaning, referring to Figure(¥.d), (a) is the reciprocal of the initial tangent
modulus, E; , and (b) is the reciprocal of the asymptotic value of stress

difference which the stress-strain curve approaches at infinite strain (o, —o,)

ult.

In order to develop a realistic model in soil mechanics, such a model must
use a combination of :

Y- Observations of the material behavior, and

Y- Laboratory experiments that will measure the physical parameters that are

needed to transfer the model into usable mathematical equations.
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Figure (¥.4): Proposed hyperbolic stress-strain curve of soil(¥Y).



The behavior of soil under compressive loading is non-linear as verified by
the results of plate-load test. Considering the load-settlement curve of a plate-
load test in the field, the soil response can approximately be modeled using the
two-constant hyperbolic stress-strain equation which now takes the following
form:

P )
a+bd

Eq.(Y.7°) was used firstly by Al-Rubai (A), to represent the non-linear behavior
of soil. Figure(Y.) +) shows the hyperbolic load-settlement curve of plate-load
test.

Differentiating Eq.(Y.°) with respect to the settlement (5), yields:

K =& (*.1)

" (a+bo)

where

P : is the transverse load on shell element that is concentrated at the node.
o : Is the transverse displacement of the node.

K, :is the normal subgrade reaction of soil.

(@) and (b) are the physical parameter required for the hyperbolic equation
which can be obtained from the load settlement curve of the plate-load test.

The value of the coefficients (a) and (b) may be determined most readily if
the load-settlement data are plotted on transformed axes as shown in Figure

(Y.)Y) when Eq.(Y.712) is written in the following form :

§:a+b8
P



where, (a) and (b) are the intercept and the slope of the resulting straight line

shown in Figure(Y.))), respectively.

Asymptote = V/b

V/a

Load P

v

Settlement (d)

Figure (¥-) +): Hyperbolic load-settlement curve.

Settlement /load , (&6/P)

v

Settlement (d)

Figure (Y-))): Transformed hyperbolic load-settlement curve.



Y. A.Y.Y Polynomial model :

In this model, the non-linear behavior of soil can be represented by a
polynomial equation which takes the following form(¥):
P=a,+ad+a,8°+a,8°+a,8*-- e (Y70
Where:

a,,a,,a,,a, and a, are the coefficients of the polynomial equation.

The values of the coefficients a,,a,,a,--- may be determined by making
curve fitting for the experimental load-settlement data.
Differentiating Eq.(Y.7A) with respect to settlement () yields:
K, =a, +2a,6+3a,8"+4a,8°+-- e (v.19)
where
o : Is the transverse displacement of node.

K, :is the normal subgrade reaction of soil.



CHAPTER FOUR

OPTIMAL DESIGN

FORMULATION

¢.) Optimization :

¢€.).) General :

Optimization is defined as finding the optimum value (maximum or

minimum) of a function called the objective function f(x,, X+, Xr, ...X5) of n

real variables called the design variables. The optimization is constrained

when certain limitations are imposed on the design variables, while the

optimization is non-linear when the mathematical expressions relating the

design variables in constraints or in the objective function are of a non-

linear nature.

If for example, the function refers to the profit obtained by producing
quantities x; of products p;, it may well be that the desire is to maximize the
function. If, on the other hand, it refers to costs involved in an operation or
volume of materials, it should be probably to minimize the function. From the
mathematical point of view, there is no real difference in considering both
maximization and minimization, since maximizing f is equivalent to minimizing
— f. It is normal to confine the problem to minimization. In the present work,
the nonlinear constrained optimization by the modified Hooke and Jeeves

method will be implemented.



£.1.Y Direct search methods:

The general optimization problem is minimize: f(x, , xv, X, ... X,), of n real
variables subject to the constraints : gj(xy , Xv, Xr, ... X,) <b;(i=), Y, .. m).
There is of course no loss of generality in assuming that all constraints are of
less than or equal to variety. (The constraint g(x) > * can be written as — g(x) <
). Much effort has been devoted to devising direct search methods to locate
the minimum of a function of n real variables. A direct search method is one
that uses function values only. A number of methods have been suggested
(YY). A function of two variables will be considered. Its contour lines are shown
in Figure (£.)), its minimum is at (x,, xx ). The crudest search method is the
alternating variable search method. One starts at some point A and search in
the direction of x, axis for a minimum in this direction and thus find B at which
the tangent to the contour line is parallel to the x, direction. From B one then
search in the direction of xy — axis and so proceeds to C and then to D by
searching parallel to x, — axis... etc. In this way, one proceeds to the optimum
point. It is clearly possible to extend the idea to the function of n variables.
One of the direct search methods is Hooke and Jeeves method which is

adopted in this study.

A

(Xv*, Xv* )

Xy

v

Figure (£.Y): Contour lines for function of two variables(\ ¢).



¢.).Y Hooke and Jeeves method :

In this method the search consists of a sequence of exploration steps about
a base point which if successful are followed by pattern moves. The procedure

is as follows: (1¢)

(A) Choose an initial base point b, and a step length hj for each variable xj; j=>,

Y, ... n. The program written in this work uses a fixed step h for each variable

(B) Carry out an exploration about b,. The purpose of this is to acquire
knowledge about the local behavior of the function. This knowledge is used to
find a likely direction for the pattern move by which it is hoped to obtain an
even greater reduction in the value of the function. The exploration about b,

proceeds as indicated.
(i) Evaluate f (b,).

(i) Each variable is now changed in turn, by adding the step length. Thus one
evaluates f (b,+h,e,) where e, is a unit vector in the direction of the x,-axis. If
this reduces the function, replace b, by b,+h.e,. If not, find f(b,-h.e,) and replace
b, by b,-h.e, if the function is reduced. If neither step gives a reduction leave b,
unchanged and consider changes in x,, i.e. find f(b,+h.e\) etc. When one has

considered all n variables, it is possible to have a new base point b..



(iii) If b=b, i.e. no function reduction has been achieved, the exploration is
repeated about the same base point b, but with a reduced step length. In the
present work, in which a structural optimization is performed using this
method, it was found that reducing the step length to one half of its former

value is satisfactory.
(iv) If by# b, one makes a pattern move.

(C) Pattern moves utilizing the information acquired by exploration, and
accomplish the function of the minimization by moving in the direction of the

established “pattern”. The procedure is as follows:

(i) It seems sensible to move further from the base point b, in the direction b, -
b, since that move has already led to a reduction in the function value. So one

can evaluate the function at the next pattern point.

P\=b\+“ (bv'ba) ----------- (2_\)
In general
P=bi+ ¥ (by-by) e (.v) (ii) Then

continue with exploratory moves about P, ( P; ).

(iii) If the lowest value at step C(ii) is less than the base point b, ( b;, in general
) then, a new base point b, ( b;,: ) has been reached. In this case repeat C(i).
Otherwise abandon the pattern move from b. (bi,,) and continue with an

exploration about b, (b;,.).

(D) Terminate the process when the step length has been reduced to a
predetermined small value. The presentation of this method as a flow chart is

shown in Figure (:.Y) and Figure (:.v).

¢.1.¢ Dealing with constraints :




When applying the method of Hooke and Jeeves to the constrained
optimization problem, one might suppose that it could be modified to take
account of constraints. So, in the modified Hooke and Jeeves method it has
been suggested that merely giving the objective function a very large value (in
a minimization problem) will suffice whenever the constraints are violated.

Certainly this idea has an intuitive appeal and is easy to program.

For each trial point one checks whether it lies within
the constrained region or not. If so one evaluates the
objective function in the normal way. If not, one gives the
objective function a very large value. In this way, the
search method will be directed back into the feasible
region and hence towards the minimum point within the
feasible region.

Find function at base point

Make an exploration

Is present value less No

than that at base [
point? l

Yes

Is step small

enough? No

Set new base point

N

Make pattern step
op

Make an exploration

/\ Decrease step I_)




Find co-ordinate

l

Increase co-ordinate by step length

!

Is function Yes
reduced ?
No

Decrease co-ordinate by step length

l

Is function Yes
reduced ?
No

N

Keep original co-ordinate

Consider next
co-ordinate

!

Have all co-

Retain new co-
ordinates and
function value

ordinates been
1eed?

Yes

Figure (£.Y): Flowchart for an exploration(\ ©).




¢.Y Plastic design :

¢.Y.) General :

In the structural analysis and design, the classical approach is based on the
assumption that the stresses in the structure caused by the applied loads are
within the elastic limit of the material used and thus deflections are small. The

approach is, of course, widely used.

However, an alternative approach has gained increasing support
recently(rv). It is obvious that any structure can be made to fall down (collapse)
by applying loading of sufficient magnitude. The purpose of the new analysis is
to find that magnitude. It requires knowledge of what happens at collapse and
how structures behave when the stresses in the material exceed the elastic
limit. This philosophy is embodied in the plastic methods of analysis and
design. It is informative to examine the behavior of structures from zero load
to failure because it is possible to show clearly the ideas behind the plastic

methods.

¢.Y.Y Elastic-plastic behavior :

Mild steel will be taken here as an example of elastic-plastic behavior of

materials.

To achieve an understanding of the relation between stresses and strains in

both elastic and plastic ranges, laboratory tests must be accomplished.

The simplest mechanical test is to apply a controlled tensile force to a long
bar of material Figure (:.¢). In the middle of the bar, remote from the clamps at

each end, a state of pure uniaxial tension exists.



Uniaxial tension

Figure (£.¢): Uniaxial tensile specimen.

If the extension of a mild steel specimen is measured (as strain) in this
region and plotted against the applied force (expressed as a stress) the typical
stress-strain curve shown in Figure (¢.°) is obtained. At small strains, stress is
directly proportional to strain (region OU). The material is elastic, and the

slope, E, is the Young's modulus.

Strain hardening

Plastic Slope
E, ~0.04E

Elastic slope E

v

Q Q Strain
((

Figure (£.°): Stress-strain diagram(Y'V).



On average, E is about Y+° kN/mm'(*Y). The point U is the limit of
proportionality between stress and strain. When this limit is reached there is a
rapid drop in stress to the point L. U is called the upper yield point with a

corresponding stress o,,. The magnitude of o,, depends on the cross-

sectional shape of the specimen and the type of equipment used to carry out
the test. In many of the common structural steel sections which are hot rolled
into shape, the residual stresses from the rolling process effectively remove
point U. Hence the upper yield point is of no practical significance. The stress

corresponding to point L is the yield stress o, with a typical magnitude for mild
steel of Yo« N/mm'(YV).

The strain at the yield stress is about *.++ )Y, When the strain is increased
above this value, it is found that no corresponding stress increase is required.
The behavior in the region LH of the graph is called plastic (increase in strain
without change in stress is called plastic flow). The end of plateau H is
somewhat variable but a typical strainis +.* ) £. The strain in the plateau is thus

at least ten times the strain at the yield point.

After H, an increase in strain requires an increase in stress, but the relation
is now non-linear. This is called strain hardening. The initial slope Eg, of this
region is about ¢ percent of Young's modulus, E. At a strain of at least *.Y,a Y-
percent increase in the length of the specimen, the stress reaches its maximum

value (point M). This stress is called the ultimate tensile strength o . and is

about £)+ N/mm' for mild steel. Further increase in strain produces necking

and eventually a cup and a cone fracture.

Careful tests have shown that the stress-strain curve for mild steel in
compression is in fact identical to the one in tension up to the point of

maximum stress. The complete graph is as in Figure (£.1). If the specimen is



loaded to, say, point X and the load then removed, initially the change in strain
is elastic (slope E) as shown by the solid line XY. Ideal behavior will
follow the solid line with compressive plastic flow occurring when the stress

reaches o, in the compressive sense. The actual behavior follows the broken

line XY’ indicating an apparently reduced yield stress in compression. The

divergence from the ideal path is called the Bauschinger effect.

A
Tensile stress

Tensile strain

v

Bauschinger effect

Figure (£.%1) Bauschinger

Perfect elastic-plastic behavior is shown in Figure (£.V). Mild steel can be
made to fit this by(¥V)

(V) Ignoring the upper yield point. This causes no problems; many structural

members do not show it anyway.



(Y) Ignoring strain hardening. This introduces some errors because many
structures will have areas in the strain hardening region at collapse. However,

the errors are small because of the small slope (E_ ) and are on the safe side

since strain hardening represents an increase in strength.

(Y) Ignoring the Baushinger effect. This causes errors but usually they are
small. Figure (£.7) shows that when the stress is reduced to zero (point Z) there
is little difference in the curves. In structures where full stress reversal is
possible the errors can be significant(Y¥V). In the present optimal design
formulation, the nature of the load is taken to be static and constant, i.e. there
are no unloading cycles, and accordingly, Bauschinger phenomenon has no

significant effect.

Tensile stress 4

I [ Tensile strain

[
»

, f
.I I
1 /

4 !
/
; //\ Unloading

Figure (£.V): Perfect elastic-plastic

Mild steel is not the only structural steel, various higher strength grades are
in common use. Higher strengths are achieved at the expense of ductility as

shown in Figure (£.A). In general, plastic analysis can be applied, with care, to



structures made from these steels. The plastic design of rectangular tanks

made of elastic-plastic material will be discussed in this chapter.

Stress

A . L.
Grade ©° elongation )Y/ minimum

A Grade °+ elongation YAZ minimum

(Qo-mmmmmT

________ Grade £Y (mild steel) elongation Y+ 7 minimum

T T

Strain

Figure (¢.M): Stress-strain curves for different —»

¢.V.Y Plastic bending :

Simple bending theory (based on elastic behavior) gives the following
information about a general section under bending. If there is no yield in the

material, there are straight line relationships for stress and strain over the



whole depth of the section, as in Figure (£.%). The level at which the stress and
strain are zero is the axis of zero strain. Stress and strain are proportional to
distance (z) from this axis and for sagging there is maximum compression at

the top and tension at the bottom. The maximum stress is given by

where M = bending moment and S = elastic section modulus (minimum).
(Notice that for unsymmetric section, as in Figure (£.%) with bending about the

y axis, there are two possible values of the section modulus.)

zT

y‘._._-._. . —
Axis of zero strain

zB

‘¥
Figure (£.4): Elastic stress and strain.

ST=1/zT and SB=I/zB where | is the second moment of area of the section about the y-axis.
There will be different intensities of stress and strain at the top and bottom.



There will be elastic behavior until the maximum stress reaches the yield
point. At this stage, of course, only material at the outside edge of the section
yields. It has been shown in tests that the distribution of strains stays linear
over the depth of the section after yield(rv). The simple bending theory
assumption of plane sections remaining plane is still valid. It is possible to find
the stress at any position from the stress- strain curves as shown in Figures
(¢0+) and (¢.0v). As the bending moment is increased, yielding spreads towards
the axis of zero strain. The stress distribution shows two constant regions
where yield has occurred (the stress is limited to the yield stress, but strain can

be increased by plastic flow), joined by a linear (elastic) stress distribution.
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Figure (£.) +): Stress distribution at yield.
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Figure (£.))): Stress distribution after yield.



The logical conclusion is shown in Figure (:. ) with constant stress to the
axis of zero strain. With all the material yielding (in compression above and in
tension below the axis of zero strain) the section behaves like a hinge because

the strain can increase everywhere in the section without any change in stress.

Figure (£.VY): Constant yield stress at

This hinge action is illustrated in Figure (:.)v). The section has become a
plastic hinge. The plastic hinge is formed at a bending moment equal to the
plastic moment of resistance of the section, which is the largest bending
moment the section can carry. It is usually shortened to plastic moment and

given the symbol M .

— | Je—
Increase in length after full yield

Beam to left of + Beamtorightof _  Hinge at critical section, rotation
critical section critical section about the axis of zero strain

Figure (£.)Y): Formation of plastic hinge.



¢.V.¢ Calculation of the plastic moment :

£.Y.¢£.) General :

The load capacity of beams, frames, and plates is generally calculated
according to plastic limit analysis. A general cross-section is shown in Figure
(¢.¢). The stress distribution due to the formation of a plastic hinge by bending
about the y-axis is also shown. Since the hinge has been formed by bending
only, horizontal equilibrium of the section requires that C = T, where C is the
compressive force due to compressive yield above the axis of zero strainand T

is the tensile force due to tensile yield below the axis.

z

Figure (£.) €): Constant stress distribution.

The area of section in compression is equal to the area of section in tension.
Hence the axis of zero strain, when a plastic hinge forms, bisects the cross
sectional area. This axis only coincides with the centroid of the section when

the section is symmetric about the axis of zero strain.

£.Y.¢,Y Rectangular section :

In a rectangular section Figure (:.1¢) bending about the y-axis, where the axis

of zero strain is d/v from the top of the section,



Since these forces are caused by a bending moment equal to M,, taking

moments about the axis of zero strain gives:

Fionira [£ YO\ Rartanaiilar cartinn

Figure (£.)°): Rectangular section.

M :C><9+T><9:2><@cs\(><9
P 4 4 2 4

that is

2
M, :%GY ----- (¢.¢) This is

usually written:

M=o, (¢.0)

where Z is called the plastic modulus of the section (differs from the section
modulus S). Both the plastic and elastic moduli are geometric properties of the
cross-section. The ratio of the plastic section modulus to the elastic section

modulus is the shape factor of the section:

shape factor = é ----- (¢.7)

For the rectangular section S=bd’/6 so that:



2 2
shape factor=bd /bd =15
4 6

¢ V.Y Axial force :

In shell and plate structures, cross sections may be exposed to high axial
force and this will alter the plastic moment. The axial force, P, moves the axis
of zero strain as in Figure (£.)1). To simplify the mathematics the stresses have
been replaced by two equivalent distributions.(¥V) The stresses in A are

assumed wholly due to the axial force, that is
P=bzo, (£.Y)

The stresses in M are caused by the changed plastic moment M;

M;=2(d_Z)XbXGY(¥+E)

2 2

(d—2z)xbxa, (%)

=[d ;Z jbcsY

From (£.¢), bdch/4 is the plastic moment M of the rectangular section, so

that



I
—
N
+

c (A) o (M)

Section Strain Stress Equivalent stresses

Figure (¢.Y%): The equivalent

The maximum axial force N, where the section can carry ignoring buckling,

is called the squash load (¥V) and is given by:

N,=bds, (£.9)
so that

P _z

N



Equation (£.) +) shows that both tensile and compressive forces reduce the

plastic moment because the reduction term is (P/Np)z. Equation (¢.)+) is

represented in Figure (£.1V)

Shells and plates frequently have a large slenderness ratio (span-to-
thickness ratio); the conservation of material normal to the median surface is
well verified. Shear forces cause smaller reductions in plastic moment than

axial forces, and need only be considered in the rare cases when they are

exceptionally large. (YV)

P

P Tension or

»

AND compression

Figure (£.)V): Diagram for equation (£.)+)



Figure (£.)V): Diagram for equation(¢.) +).

¢.Y.% Design technique :

To formulate a reliable design technique, a yield criterion must be derived in
terms of general, multi-axial stress resultants state. The yield criteria is given in
terms of stress components. When the state of stress is uniaxial tension or

compression, the yield condition for most metals is:
c=to, e (£.1) In a

multiaxial state of stress, yielding will occur when a certain physical condition
related to the state of stress will be satisfied, as in the more extensively used

yield criteria of von-Mises. The equation of this surface is:

2 2 2 2
o, +o,+0,-0,0,—-0,06,—06,0,=06, - (e0v)

For a state of plane stress as the case in the flat shell element (¢, =0),

condition (¢.)v) is represented by :

0, +0,-0,0,=06, e (¢27) and
since:
G, +0 1
o o oy - o
6, +0, 1
02000 Moo fur, (22)  the

following relation could be obtained:

2

2 2 2
o, +o,—06,0,+31,, =0,

or



The formula (¢.)1) does not account for the stress component 7, and 7,

which are small in magnitude and can be neglected, while the normal stress

component ¢, is already ignored.

Because moments are seen to be proportional to the stress components,
the yield surface in the space of moments will have the same form as in the

space of stress components. (%) (¢v) i.e.
MY M MY
Mx + y _ Mx y +3 Xy :1 _____ (2.\\,)
MP MP MP Mp MP

By combining (£.)+) and (£.)V) and using the notations N, , N, and N,

for the axial stress resultant, one can obtain the following criterion of yielding:

For a section with unit width and thickness t:



£.Y.1" Computer program for optimization :

A computer program is written in FORTRAN for optimal design of
rectangular tank on elastic foundation following the modified Hooke and
Jeeves method. In the present work, at each exploration, an elastic-plastic
analysis, in which the thickness is constrained by equation (£.) 1), is performed.
The process is continued as described in article (£.).Y) until the optimum

(minimum volume of material) is reached.

¢ v Load factor :

The objective of any design based on plastic theory must produce a

structure with a specified load factor against collapse. The value of the load



factor to be used is in itself a complex object and is always an issue of debate.

It is worthwhile presenting the existing and proposed load factors.

The current British Standard, BS ¢:1 (1414), allows design by plastic methods
without stating explicitly the required load factor. BS ¢4 is based mainly on
elastic theory and it can be shown that the load factor for a single-span beam
resulting from the elastic requirements varies with the end support conditions
and type of loading. The minimum value is ).ve for a simply supported (I-beam).
It was argued (*v) that this value could be adopted for any structure. BS ::s
recognizes that it is highly unlikely that maximum wind load and maximum
imposed load will occur simultaneously so that the load factor for such a load
combination could be reduced. Consequently the commonly accepted load

factors for design to BS ¢4 are:
Imposed and dead load .ve

Wind and imposed and dead load .t

The American specification for structural steel adopts a
similar but more detailed approach than BS ¢¢4. It allows
plastic methods of design and requires a collapse load
factor of V.Y on live and dead load, and a reduced factor of
V.Y when these loads act in conjunction with wind or
earthquake loads.



CHAPTER FIVE

APPLICATIONS

AND

DISCUSSION

®_\ General :

In this chapter, some numerical examples are worked out to compare the
results obtained by the present finite element analysis to those obtained from
available experimental and numerical solutions. A number of examples have
been analyzed by the developed program. The examples also serve as means
to check the validity of the elastic-plastic representation of the material and to
demonstrate the applicability and efficiency of the present analysis method to
a variety of two-dimensional problems of rectangular tanks. From the practical
point of view, it is necessary to indicate that some approximations are involved

in this method. These approximations are mainly due to:(¥)

Y- Approximations included in the material modeling.
Y- Approximations in the finite element modeling technique.
Y- Approximations introduced due to the type of procedure used in dealing

with the non-linear problem.



©.Y Applications for testing the program :

This section contains the following examples analyzed
using program OPTANK.
\-A uniformly loaded square plate with simply

supported edges.

Y-A rectangular wall loaded by hydrostatic
pressure with three edges built-in and the fourth
edge is free.

Y- A simply supported box beam which was loaded
with uniformly distributed load.

¢-An open-topped rectangular tank filled with
water with fully clamped bottom edges.

¢-An open-topped rectangular tank filled with
water supported on dwarf walls around the
edges.

1- A closed square tank filled with water on elastic
foundation.

A convergence study is carried out in this application
in order to select the suitable mesh with minimum number
of elements that indicates a convergence in results.
©.Y.) Example No.) :

A simply supported square plate subjected to an
increasing uniform load as described in Figure (°.Y) was




analyzed by Hinton (¥?) a plate bending with A-node finite
element were assumed. Due to symmetry of loading,
geometry and boundary condition, only one quarter of the
plate is analyzed. From Figure (°.Y) it can be noticed that
the quarter plate needs (¢) elements as a suitable mesh
with minimum number of elements that indicated a
convergence in results. The adopted load increment after
the first yield load factor was (first yield load factor/¥ +).
The thickness of the plateist= +.+Y m and span length is
L = Y.» m. The following properties of the plate material

are used:
E=V+4Y MN/m", v=+.¥ | 5, =11+« MN/m'

wW=u=v=0,="

W:u:v:6y=~

v X

u=v=0,=6,="
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20.00 —
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wd/m,|"
Figure (°.Y): Load verses central deflection for different

The results of the G&11é&Ebn at the plate center versus
uniformly distributed load are plotted in Figure (°.Y). The
percentage differences in the failure load and
corresponding vertical displacement were about +.VV7 and
— «.W¥7 respectively. There is a good agreement between
the present results and those obtained by Hinton.

30 —
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al: gl'/m,

o— Present method

10 — m Hinton (¥4)

wd/m,l’
0 igure (°.7l): Load verses central deflection. ' I
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wd/ mpl2

The second problem to be considered is a rectangular
wall loaded by hydrostatic pressure, as shown in Figure



< (|
¥ ¢ |
g.=V+.*KN/m

(°.%), with three built-in edges and the fourth edge is free.
Half of the wall is descretised by ¢ x ¢ finite elements . The
following properties are chosen for the wall:
Length="1.+m
Width="%:.m
Pressure at the base = % +.+ KN/m'

Young’s modulus = Yx' +' KN/m'

Poisson’s ratio = Y/% , Thickness= .Y m

The finite element results are compared with those of
Timoshenko (£7) and Uraiby (¢V). The results are
presented in Table (¢.Y). The average percentage

differences in the bending moment of Timoshenko and the
present study and Uraiby with this study were about V.47
and ¢.Y7 respectively. The use of A-node flat shell element
in the present study and %-node element in Uraiby study
may be the reason of the reduce in the percentage
differences.

Ay

b/Y

v X

<« u—6x=~

EYAl
W:U:V:exzey:' /

Figure (©.£): Rectangular wall with hydrostatic pressure.

Method M, M, M,
X:~’y:b/\' X:a/Y’y:b/Y X=+y= -b/Y
Timoshenko oY, ¢ SV eVLY _VEo Y
Uraiby o) .4 AR - RN
Present AR SRR R LU




study

Table (°.Y): Bending moments in a rectangular wall loaded by
hydrostatic pressure.

°.Y.Y Example No.Y :

Another example analyzed in the present work was a
simply supported box beam, considered by Ng. et al. in
V443 (YA), which was loaded with a uniformly distributed
load upon the top plate and has the dimensions (L = 1.«
m) as shown in Figure (¢.¢). The material properties of the
adopted box beam are: modulus of elasticity E =Y.
GPa, yield stress o, = Y¢+ MPa, and Poisson’s ratio v =
+.+. One quarter of the box beam is descretised by ¢ finite

elements.
. —ees
v S vy
q \: ¥
L 4 ra
A A
T ARCUN{ PR ,/_’:f:
AY.X cm Ve L ’ e
b

M.lem (a) (b)

(c)

Figure (©.°): Structure considered by Ng et al.(¥A).
a- Dimension and loading condition.

b- Finite element method idealization in the present study.



Karkush (¥V) divided the structure into twelve strips
as shown in Figure ( ¢.°.c). The relation between the
vertical displacement at mid span, at the center, of the top
plate and the applied load as obtained by the present
iIncremental finite element method is compared with that
calculated by Adina (YA) and Karkush(Y") by elastic
perfectly plastic incremental finite strip method as
illustrated in Figure (°.%). The percentage differences in
the failure load and the corresponding vertical
displacement between Adina with this work were about
Y.v4a’Z and ..+ % respectively, and between Karkush and
this work were about +.V%7 and 1.+ 7 respectively. i.e. the
results of the present study is closer to that of Karkush.

1.60 —

1.20 —

Present method

——
— Adina calculation
—A—

0.80 — .

E Q N Af Karliich

Load (Mpa)

0.40 —

0.00

|
0.00 0.02 0.04 0.06

Displacement (m) tOpped
rectangular tank filled with water with fully clamped
bottom edges. The open-topped rectangular tank having




length : width : depth proportionsof ¥ : Y : Y. One
guadrant of the tank is analyzed due to symmetry in
geometry and in loading. The following properties are
chosen for the tank:
Length=1Y.Y¥Ym
Width= «.3Ym
Depth= +.3Ym
Wall thickness = Y.YY cm
Floor thickness = .24 cm
Young’s modulus = Yx\ +" KN/m" , Poisson’s ratio = +.*V®
The intensities and distributions of the applied load
due to the contained liquid ( hydrostatic on the walls and
uniform on the floor ) are shown in Figure (°.V).

Figure (¢.Y): Applied load on wall panel and
The open-topped rectangular tank is descretised by VY

finite elements. The results of the analysis are compared
with finite element results for the same example obtained
by Cheung and Davies (V) and Uraiby (¢V). In Cheung
and Davies model, the tank slabs to be analyzed are
divided into a number of rectangular elements, which are



then jointed together at a discrete number of nodal points
where continuity and equilibrium conditions are
established; the resulting set of algebraic equations is then
solved to obtain the deformations, and subsequently the
moments in all the elements can be obtained by simple
matrix multiplication, the twisting couples, shears and
direct forces, are assumed to have a negligible effect on the
general structural behavior. They compared these results
with measurements made on a Prespex model tank and
they were show that, in general, there is a good correlation
between the theoretical and experimental values. Uraiby
used linear elastic Langrangian elements in his analysis.
Figure (°.A) shows the bending moments obtained by
Cheung and Davies , Uraiby and the present work.
Neglecting the effect of the twisting couples, shears and
in plane forces in the study of Cheung and Davies (V)
make the percentage of differences in the bending moment
between those and present study more than the percentage
difference between the Uraiby (¢V) study and the present
study. The average percentage differences in the bending
moment between Cheung and Davies with this work and
Uraiby with this work are about Y ¢.A7 and A7,
respectively.
©.Y.c Example No.° :
The same open rectangular tank considered in
example number four is considered here, except that the
tank is supported on dwarf walls around the edges.
Experimentally, the support condition was realized by
placing the tank on four bright mild-steel bars located
under the walls. Again the results obtained from this study
are compared with Cheung and Davies (V) and Uraiby
(¢V) . Figure (°.%) shows the bending moments obtained
by Cheung and Davies, Uraiby and the present work. The




average percentage differences in the bending moment
between Cheung and Davies and this work are YY.47,
while between Uraiby and this work are about A.e7 only.
The distribution of plastic zones at failure stage for the
open toped rectangular tank is shown in Figure (°.) +).
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Figure (°.A): Bending moments obtained by finite element solution for

rectangular tank filled with,water when tpe boettom edge of.the walls
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(V) plastic \
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Figure (©.) +) Distribution of plastic zones of an open-toped
rectangular tank at failure stage.

©.Y.1 Example No.m :

The sixth problem to be considered is closed square
tank within elastic analysis filled with water of Y+++ m’
storage capacity resting on Winkler elastic foundation.

One guadrant of the tank is analyzed due to symmetry in
geometry and in loading. Each of roof slab, walls and floor
slab is descretised by (Y @) finite elements. The following
properties are chosen for the tank:
Length=YY.Am
Width =YY.Am
Depth =%,y m
Roof thickness = .Y m
Wall thickness = +.Y¥ m
Floor thickness = +.Y¥ m




Young modules = YA+ ++ Mpa
Poisons ratio = Y/

Winkler foundation modules =YY+ ++ Kn/m'

Uraiby (¢V)decided to consider a given group of
element as shown in Figure (¢.YY(a-b)). He derived a flat
shell element resting on linear Winkler foundation using
the principle of minimum potential energy. The present
results of the analysis are shown in Table (°.Y), with the
finite element results for the same example obtained by
Uraiby. There is a good agreement between the present

study and these obtained by Uraiby (¢V) study. The
average percentage differences in the bending moment
were about Y.A47,
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Figure (°.)).a): Finite elements groups for roof slab.
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Figure (°.)).b): Finite elements groups for wall in x-direction.
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Figure (°.)).c): Finite elements groups for floor slab.
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Figure (°©.)).d): Finite elements groups for wall in y-direction.
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Table (°.Y): Maximum absolute service bending moments in groups.

°.Y Optimal design application :
©.Y.) Open topped rectangular tank :

The optimal design of open-topped rectangular tank,
with storage capacity of (Y ++ m") on elastic foundation
shown in Figure (. Y) is investigated. The tank is filled

with liquid having density of Y+ KN/m" (water). One

guarter of the tank is analyzed due to symmetry in
geometry and in loading. From Figure (¢.VY) it can be
noticed that the quarter tank needs ( YV ) elements in
order to be a suitable mesh with minimum number of
elements that indicates a convergence in results. Thus,
each of walls and floor slab is descretised by ( 4 ) finite

elements.

ZA

_____________

V><

Figure (°.)Y): Tank on elastic foundation.



The design variables are Length L, Width W, Depth D,
Thickness of floor slab t;, Thickness of wall in X-direction
t, and thickness of wall in Y-direction t,. Volume of shell =

(LxWxts) +¥x(LxHxt) +Yx(WxHxt,), the step length =
LY
To test the stability of the optimum solution obtained,
the problem has been solved with different starting values
of dimensions, as in Table (¢.¥). The constraints are: L >
v ,W> .« H>Y.£ The following material properties
are used:

E=Ysrovo MN/M', v=+¥ | 5,=¢+«+ MN/m'

Initial dimensions in the optimal design process

Case No. | Length Width Depth t, t, t,
(m) (m) (m) (mm)
\ v ¥ V.V vo
Y £ " £ " ¢ VY Yo

Table (°.Y): Initial values of dimensions.

For Winkler model, the values of horizontal subgrade
reaction is (+.» + Y+ 13 KN/mm"), for Kondner model the
value of (a=¢AY.£A mm'/kN) and(b=+.Y1Y mm'/kN ).The
search direction and consequently the optimal results are
not the same in the case of linear and non-linear analysis
as shown in Figure (°.1 ¢), the reason is that the structural
behavior of the tank differs in case of non-linear analysis
due to redistribution of stresses in the plastic range. The
results have been shown to be quite satisfactory and have
thus demonstrated the stability of the program as shown
in Figure (°.Y®), Table (¢.£) and Table (¢.®); in the two
cases the optimal results are volume of shell=Y.4A+ m",
L=20.¢Ym W=0.¢Ym,D=Y.¢+ ¢ m, t=V4.Amm , t=t,=
Vi, Y mm.
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CycleeNs - Vorakee o spedegmss Umowiekf 'S Depth
of shell (m) (m) (m)
(mY)
\ vY.via ¥ ¥ V.vii
Y v.o4. YA ¥ v.y.9q
i vy rYee YA YA 1.4Y0
¢ Y. oV¢ ¢ ¢, 1.6,
- Y.ave¢ ¢ v '3 0 40Y
! YAE ¢ v ¢ v . 11A
\4 Y.V ¢ ¢ ¢ VYo
A Y.e¢y ¢ A ¢ ¢ O0YA
q Y.YSA ¢ A ¢ A ¢ Ve,
A Y.« Y1 °.¢ °.¢ v.eva
" Yo ¥ o .¢Y 0. ¢ Y eV
'Y V. 4A o.¢Y o.¢Y Y.€.¢
Table (°.¢): Optimization results for case No.).
Cycle No.| Volume | Length Width Depth
of shell (m) (m) (m)
(m")
\ Y.V ¢ ¢ ¢ VYo
Y Y.e¢Y ¢A Y.n ¢ OYA
) Y.Y4A ¢ A ¢ A ¢ Yeé.
¢ Y.vyen o, o, €. v




o YAAY oY o, Y AER
1 YV\A oY oY ¥.O49A
\ Y.oY¢ o.¢ oY v.o1)
A Y.« Y1 o.¢ o.¢ (AR
! Y.« Yo o ¢y o ¢ v eV
Yo V.4A o ¢Y o ¢Y A K

Table (°.2): Optimization results for case No.Y.
©.Y.Y Closed rectangular tank :

Closed rectangular tanks of different volume filed with
water are investigated. A quarter of the tank is divided
into (¥1) elements. The following material properties are
used:

E=Y«vvroo MN/M', v=12.¥, 5,= ¢++ MN/M'
The design variables are: Length L, Width W, Depth D
and thickness of floor t;, wall in x-direction t,, wall in y-
direction t,, and roof slab thickness t,, step length = +.\.
Volume of shell = ( LxWxt; )+Y¥x( LxHxt, )+Yx( WxHxt,,
)+( LxWxt, ), Initial values of dimensions and thicknesses
are shown in table (¢.%).

Initial dimensions
Tank Length Width Depth ts, 4 tw,
volume (m) (m) (m) t, (mm)
(m)
Yoo o.¢ 0.¢ v.¢v \o
Yoo Ao A e ¢ A Yo

Table (°.7): Initial values of dimensions.

For non-linear elastic foundation, different types of
polynomial model are considered as shown in Figures
(¢.YVY) and (¢.YY) . Asshown in (Table (°.V) Figure (¢.\A)
and Figure (¢.Y4)) it is found that the optimum solution is



not so sensitive to the type of soil. It is clear from Figures
(°.Y+) and (¢.Y)Y) that the square shape forms the best

plan shape.
Soil | Tank | Leng | Widt | Dept| Roof | Wall | Floor
type | volu | th h h | thickne | thickne | thickne
me | (m) | (m) | (m) SS SS SS
(m") (mm) | (mm) | (mm)
Den | Y+v | WY | 2V [ Y.Y¥] oY VY o 14
se
sand | Ye+ | YA | SN [ FAY [ ALY 'Y q.¢9
Loos| Ye+o | Y | TV | YYF] o YA N.4Y oA
e
sand | Ye+ | YA | A [ FAY | 4 YA VYo Vv

Table (¢.V): Optimum dimensions for different storage capacity.
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CHAPTER SIX

CONCLUSIONS AND

RECOMMENDATIONS

1.Y Conclusions

Based on the results obtained in the present study, several conclusions may

be drawn. They are summarized as follows:

\-This investigation shows that the non-linear behavior of rectangular tank
structures resting on elastic foundation can be accurately predicted by using

the finite element method with flat shell element.



Y- The adopted three-level technique: subincrements within iterations within
load increments, was used to eliminate the numerical errors that may occur in
computations. Such technique has been confirmed to be efficient in the

application of the incremental finite element method for non-linear analysis.

Y- The non-linear constrained optimization problem is solved by using the
modified Hooke and Jeeves method. It has been shown that this method is
efficient, easy to be programmed and can be used in general non-linear

constrained optimization.

£- In structural optimization by the modified Hooke and Jeeves method, an
appropriate initial step length must be used to reduce the computational time.
The numerical applications have shown that a step length of +.) to +.Y times

the smallest design variable is suitable for most cases in the present study.

©- The optimum material volume for rectangular tank, as obtained by non-
linear analysis is smaller than that obtained by linear analysis and the

difference is about (Y17 ) for the considered problem in this study.
1- The square shape of the rectangular tank forms the best plan shape.

V- The results of the optimization in the present study shows that the length :
width : depth ratio is about (Y : ¥ : Y), the roof thickness : floor thickness : walls

thickness ratio is about () : Y.) : ).Y).
A- The optimal dimensions are not so sensitive to the type of soil.

1.Y Recommendations for future research

The following recommendations may be suggested as an extension of the

present study:



V-Optimum design studies of reinforced concrete rectangular tanks structures,
a case in which the percentage of reinforcement steel will be an additional

design variable.

Y- Using different types of element in the non-linear analysis problem like
degenerated shell element or using a different non-linear analysis technique
like closed form solutions and carrying out an optimal design based on that

formulation.

Y- Study of the effect of dynamic and earthquake loading on the optimal

design of rectangular tanks.

¢- As underground structures, the optimal design of rectangular tanks need to
be carried out following the non-linear behavior. A special technique must be

introduced for the soil and interface layer.

°- Implementing a different optimization technique other than the modified
Hooke and Jeeves method, then, comparing the results with those obtained in

the present work.

1- Optimal design of stiffened rectangular tanks based on elastic-plastic

analysis. The dimensions of stiffeners may be incorporated as design variables.
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