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ً نهؼُاصش انًؽذدج يلائً الأتؼادًَٕرظاً لاخطٛاً شلاشٙ أِ انذساسح ْزذرضًٍ  هٛم ؽنر ا

ذؽد تالأنٛاف انكاستَٕٛح  انخشساَٛح انًسهؽح انًقٕاج أَؽُائٛاً تؤنٕاغ انثٕنًٛش انًسهؽحانؼرثاخ 

)انؽاسٕب  ايطتش تاسرخذاوذؤشٛش أؼًال ساكُح  ANSYS . ْٕٔ ػثاسج ػٍ يعًٕػح تشايط (

خ فٙ ؼانح انسكٌٕ تطشٚقح انؼُاصش انًؽذدج قادسج ػهٗ ذؽهٛم أ٘ َٕع يٍ انًُشآ خاصح

 ٔانؽشكح ترصشف خطٙ أٔ لا خطٙ ذؽد يخرهف ؼالاخ انرؽًٛم.

ذى اسرخذاو انؼُصش انطاتٕقٙ رٔ شًاَٛح ػقذ نرًصٛم انهة انخشساَٙ ٔذى ذًصٛم ؼذٚذ 

خشساَٙ ؼسة الاذعاِ انًؽذد. تًؽذد أضافٙ يُرشش يٕصع خلال انؼُصش انانرسهٛػ انذاخهٙ 

ٔكزنك ذى ذًصٛم أنٕاغ انثٕنًٛش انًسهؽح تالأنٛاف انكاستَٕٛح تؼُصش قشش٘ أٔ صذفٙ رٔ أستؼح 

ذشاتظ ذاو تٍٛ انؼُاصش. نقذ أخز ٔظٕد  افرشاضػقذ ٔنكم ػقذج شلاز دسظاخ ؼشٚح نهؽشكح. ذى 

شى نهخشساَح ٔانخضٕع تُظش الاػرثاس انرصشف انلاخطٙ نهًٕاد ٔانرٙ ذشًم انرشقق ٔانرٓ

نذٌ ٚرثؼّ  -نهؽذٚذ. اػرثش ذصشف انخشساَح ذؽد ذؤشٛش اظٓاداخ الاَضغاط ذصشفاً يشٌ شى يشٌ

ذصشف انخشساَح ذؽد اظٓاداخ انشذ ذًصم أيا ذصشف نذٌ ذاو ُٚرٓٙ ترٓشى انخشساَح.  

انرشقق انًُرشش انصاتد  إًَٔرض تاسرخذاو  (Fixed Smeared Crack Model) ُظش يغ الأخز ت

 الاػرثاس اَرقال قٕٖ انقص تؼذ انرشقق.

ذكشاسٚح-ذضاٚذٚح-طشٚقح تاسرخذاوذى ؼم يؼادلاخ انرٕاصٌ انلاخطٛح  (Incremental-

Iterative-Method) سافسٍ -فٙ انؽم طشٚقح َٕٛذٍ ٔاسرخذيدذؼًم ذؽد أؼًال يسٛطشج  

شًٍ َقاط نهؼُصش ركايلاخ انؼذدٚح تاسرخذاو قٕاػذ كأط نهركايم راخ انًؼذَنح, أظشٚد ان

 انطاتٕقٙ ٔأستغ َقاط نهؼُصش انقشش٘ أٔ انصذفٙ.

تشَايط  اسرخذاوذى  ANSYS فٙ ذؽهٛم إَٔاع يخرهفح يٍ انؼرثاخ انًكثح يٍ أنٕاغ  

انثٕنًٛش انًسهؽح تالأنٛاف انكاستَٕٛح ٔانخشساَح ٔذًد يقاسَح انُرائط انًسرؽصهح نًُؽُٛاخ 

انًفؽٕصح يغ انُرائط انًخرثشٚح انًرٕفشج. تشكم ػاو ذى انٓطٕل ػهٗ طٕل انؼرثح -انؽًم

انؽصٕل ػهٗ ذٕافق تٍٛ انُرائط انًسرؽصهح يٍ طشٚقح انؼُاصش انًؽذدج ٔانُرائط انًخرثشٚح 

%(.6انًرٕفشج تُسثح اخرلاف )  

كزنك ذى ذقصٙ ذؤشٛش يعًٕػح يٍ انًرغٛشاخ انخاصح تانًادج ػهٗ ذصشف يُؽُٛاخ 

، ػشض كفؼانٛح طشٚقح انرقٕٚح، ذؤشٛش سًِ انًرغٛشاخ دساسح ذؤشٛش انٓطٕل. ذضًُد ْز-انؽًم

ٔيٕقغ أنٕاغ انثٕنًٛش انًسهؽح تالأنٛاف انكاستَٕٛح، ذؤشٛش كًٛح ؼذٚذ انرسهٛػ انطٕنٛح، ذؤشٛش 

كًٛح ؼذٚذ انرسهٛػ انؼشضٛح، ذؤشٛش طٕل يسافح انقص، ذؤشٛش ؼانح الإسُاد ًَٔظ انرشقق نؽالاخ 

تؤنٕاغ انثٕنًٛش انًسهؽح تالأنٛاف  الاَؽُائٛحطشٚقح انرقٕٚح فؼانٛح ٔقذ ٔظذ يخرهفح يٍ انرؽًٛم. 

-%30انكاستَٕٛح نهؼرة انخشساَٙ انًسهػ ؼٛس ذرشأغ انضٚادج فٙ يقذاس انرؽًم الأقصٗ تٍٛ )

24.)%  

 ةــــلاصـالخ



خلال دساسح انرغٛشاخ ٔظذ أٌ سًك  يٍ (CFRP) رٔ ذؤشٛش ٔاضػ ػهٗ ذصشف يُؽُٙ  

% سٕف 600%، 700%، 40ساَٙ انًشكة ؼٛس تضٚادج انسًك انٓطٕل نهؼرة انخش-انؽًم

% ػهٗ انرٕانٙ. ٔكزنك ٔظذ 71.6%، 73%، 9ٚضداد انرؽًم الأقصٗ نهؼرة انًشكة تُسثح 

انٓطٕل نهؼرة انًشكة ؼٛس ٔظذ -ٚؤشش ػهٗ انرصشف انكهٙ نًُؽُٙ انؽًم  (CFRP)أٌ ػشض 

%. 62% إنٗ 71قصٗ يٍ سٕف ٚضداد انرؽًم الأ %300% إنٗ 700أٌ صٚادج انؼشض يٍ 

-7.4تضٚادج كًٛح انرسهٛػ انطٕنٙ إنٗ )ٔكزنك َلاؼظ صٚادج ظٛذج تانرؽًم الأقصٗ نهؼرة انًشكة 

( يشج يٍ كًٛح ؼذٚذ انرسهٛػ انطٕنٛح انًرٕفشج فٙ انذساسح انؼًهٛح. أٌ انضٚادج ذرشأغ يٍ 6

%(.  30% أنٙ 9)  

  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

This thesis presents a three-dimensional nonlinear finite element model 

suitable for the analysis of reinforced concrete beams flexurally strengthened 

with CFRP (Carbon Fiber Reinforced Polymer) plates under static load using the 

ANSYS (Analysis SYStem) computer package. This package is a finite element 

program capable of analyzing different types of structure for static, dynamic, 

thermal and conductively. The load is using linear or nonlinear analysis under 

general one, two, or three-dimensional state of loading. 

The eight-noded isoparametric brick elements are used to represent the 

concrete and the internal reinforcement may be modeled as an additional 

smeared stiffness distributed through concrete element in a specified 

orientation. Also, a membrane shell element which has four nodes with three 

translation degrees of freedom at each node has been used to model the CFRP 

plate. A Perfect bond is assumed between the elements. Material 

nonlinearities due to cracking, crushing of the concrete and yielding of the 

steel reinforcement are taken into consideration during the analysis. The 

behavior of concrete in compression is simulated by an elasto-plastic work 

hardening model followed by a perfect plastic response plateau which is 

terminated at the onset of crushing has been used .In tension, the crack is 

represented by a fixed smeared crack with post-cracking shear transfer model 

to simulate the aggregate interlock and dowel actions. 

Abstract 



The nonlinear equations of equilibrium have been solved by using an 

incremental-iterative technique operating under load control. The solution 

algorithms are applied utilizing the modified Newton-Raphson method. The 

numerical integration has been conducted by using (6x6x6) Gaussian rule for 

the brick elements and (6x6) Gaussian quadrate rule for shell elements. 

The ANSYS computer program has been used to investigate the behavior 

of the different composite CFRP-reinforced concrete beams. The analytical 

results of load-deflection response along the examined beams have been 

compared with available experimental tests. In general, a good agreement 

between the finite element solutions and experimental results has been 

obtained with difference about (6 %).  

Parametric studies have been carried out to investigate the effect of 

some important material parameters. These parameters include the effect 

flexural strengthening method, thickness of CFRP, width of CFRP, location 

of CFRP, longitudinal reinforcement, shear reinforcement, shear span 

length, boundary condition and crack pattern at different load. It was found 

that the flexural strengthening of R.C. beams with CFRP is effective with an 

increment in the ultimate load about (30-24) %. The parametric study with 

respect to the thickness of the CFRP plate shows that this effect has a 

significant effect on the load–deflection behavior of CFRP-reinforced 

concrete beam. A 405, 7005 and 6005 increase in the thickness of CFRP 

plate caused an increase of 95, 735 and 71.65 in the ultimate load 

capacity of the CFRP-reinforced concrete beam respectively. 

The width of the CFRP plate affects the overall load-deflection behavior 

of the CFRP-concrete beams. A %001 and %001 an increase in the CFRP plate 

width caused an increase of %1 % and 62 % in the ultimate load capacity of the 



CFRP-reinforced concrete beam respectively.  A good increase in the ultimate 

load is obtained from increasing the longitudinal reinforcement of the CFRP-

concrete beam to (2.1-6) times the amount of reinforcement provided in the 

experimental work. The increase varied from (9 to 00 %). 
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Appendix (A) 

Derivation of the stiffness matrix for smeared 

reinforcement bar  

The reinforcement has uniaxial stiffness only and is assumed to be smeared 

throughout the element. Directional orientation is accomplished through user 

specified angles. The stress-strain matrix [D]used for this element (Solid 26) is 

defined as: 
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Where: 



 Nr= number of reinforcing materials (maximum of three, al reinforcement is 

ignored if MAT% (explained below) equals zero. Also, if MAT%, MAT6 or 

MAT% equals the concrete material number, the reinforcement with that 

material number is ignored) 

Vj
R
= ratio of the volume of reinforcing material to the total volume of the 

element  

[D
c
]= stress-strain matrix for concrete  

[D
r
]j= stress-strain matrix for reinforcement j, defined by equation (A.4) 

MAT7, MAT6, MAT3= material numbers associated with material behaviour 

of reinforcement 

      The orientation of the reinforcement j within an element is depicted in Fig. 

(A-%). The element coordinate system is denoted by (X, Y, Z) and (xj
r
, yj

r
, zj

r
) 

describes the coordinate system for reinforcement type j. The stress strain 

matrix with respect to each coordinate system (xj
r
, yj

r
, zj

r
) has the form 
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 ...……………. (A.6) 

Where:      Ej
r
= Young modulus of reinforcement type j 

  It may be seen that the only nonzero stress component is σ
r
xx , the axial stress 

in the direction of reinforcement type j. The reinforcement direction Xj
r
 is 

related to element coordinates X, Y, Z through 
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Where:        
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Since the reinforcement material matrix is defined in coordinates aligned in the 

direction of reinforcement orientation, it is necessary to construct a 

transformation of the form  
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Fig. (A-1): Reinforcement Orientation 

Angle between the projection of the Xj axis on XY plane 

and the X axis  

Angle between the Xj axis and the XY plane  

 

Direction cosines between Xj axis and element X, Y, Z axes   

  



In order to express the material behavior of the reinforcement in global 

coordinates. The transformation by (ANSYS, 7991) is  










































31
a

13
a

33
a

11
a

32
a

13
a

33
a

12
a

31
a

12
a

32
a

11
a

33
a

13
a2

32
a

12
a2

31
a

11
a2

21
a

13
a

33
a

21
a

32
a

23
a

33
a

22
a

32
a

22
a

32
a

21
a

33
a

23
a2

32
a

22
a2

31
a

21
a2

21
a

13
a

23
a

11
a

32
a

13
a

23
a

12
a

21
a

12
a

22
a

11
a

23
a

13
a2

22
a

12
a2

21
a

11
a2

33
a

31
a

33
a

32
a

32
a

31
a

2
33

a
2
32

a
2
31

a

23
a

21
a

23
a

22
a

22
a

21
a

2
23

a
2
22

a
2
21

a

13
a

11
a

13
a

12
a

12
a

11
a

2
13

a
2
12

a
2
11

a

r

                                                  . ……………………………….. (A.4) 

 



































r

3

r

2

r

1

r

3

r

2

r

1

r

3

r

2

r

1

333231

232221

131211

nnn

mmm

aaa

aaa

aaa 

          …………………………... (A.2)       

The vector 
T

r
3

r
2

r
1 


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  is defined by equation (A.2) while 
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 are unit vectors mutually orthogonal to 
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r
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  thus 

defining a Cartesian coordinate referring to reinforcement directions. If the 

operations presented by equation (A.4) are performed substituting equation 

(A.6) and equation (A.6), the resulting reinforcement material matrix in 

element coordinates takes the form  
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Therefore the only direction cosines used in [DR]j involve the uniquely defined 

unit vector 
T

r
3

r
2

r
1 



  . 
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Notations 



The major part of the symbols used in the text is listed below. Others are 

defined they first appear 

 

 

 

General Symbols 

[B]T, {a}T : Transpose of matrix [B] and vector {a} 

[B]-1 : Inverse of matrix [B] 

d ,  : Differential symbols 

     , det. : Determinant of a matrix or absolute value 

{   } : Vector  

[   ] : Matrix 

 

 

Scalar 

 

As : Area of tension reinforcing steel 

Ββc : Shear transfer coefficients  

E : Modulus of elasticity  

Ec : Modulus of elasticity of concrete 

Es : Modulus of elasticity of steel 



f : Functions  

fc
’ : Uniaxial compressive strength of concrete  

fu : Ultimate strength of steel 

fy : Yield strength of steel at specified yield strain 

ft : Uniaxial tensile strength of concrete  

fr : Modulus of rupture of concrete  

f1 : Ultimate compressive strength for a state of biaxial 

compression 

f0 : Ultimate compressive strength for a state of uniaxial 

compression 

h : Depth of concrete beam 

I1 : First stress invariant 

I1' : First strain invariant 

J  : Jacobian  

J0 : Second deviator stress invariant   

P : Applied concentrated load   

 S : Failure surface function  

Tn : Convergence tolerance  

u , v, w : Displacement components, in X , Y and Z Cartesian coordinates  

V : Volume 



W : Weight of a sampling point 

X , Y , Z : Cartesian coordinates  

 : Strain 

cu : Ultimate strain of concrete  

 : Poisson’s ratio 

 : Stress 

σh : Hydrostatic stresses   

σa
h : Ambient hydrostatic pressure  

ξ, η, ζ : Local coordinate  

 

 

 

Matrix 

[A]  : Displacement gradient matrix  

[B] : Strain displacement matrix  

[D] : Constitutive matrix 

[J] : Jacobean matrix  

[K] : Stiffness matrix  

[N] : Shape function matrix  

[T] : Transformation matrix  



 

 

 

Vector 

{a}  : Nodal displacement or flow vector  

{f} : External load vector 

{P} : Internal load  

{r} : Residual load vector 

{u} : Displacement vector  

{} : Strain vector 

{} : Stress vector 
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CHAPTER ONE 

  

INTRODUCTION 

 

                           

 Concrete is a construction material with a high compressive strength 

and a poor tensile strength. A concrete structure without any form of 

reinforcement will crack and fail when subjected to a relatively small load. The 

failure occurs in most cases suddenly and in a brittle manner. To increase the 

structural load carrying capacity and ductility it needs to be reinforced. This is 

mostly done by reinforcing with steel bars that are placed in the structure 

before concrete is cast. The reinforcement then interacts with the hardened 

1.1 General 

 



concrete so that the concrete and the steel together carry the load on the 

structure. Since a concrete structure usually has a long life the demands on the 

structure will normally change over time.  

In the extreme cases, a structure may be adverse and need to be 

repaired due to accidents (earthquake, explosions), change in loading, change 

in use and change in configuration. Another reason includes errors occur 

during the design or construction phase so that the structure needs to be 

strengthened before using it.  

 To keep a structure at the same performance level it needs to be 

maintained at predestined time intervals. If the lack of maintenance has 

lowered the performance level of the structure, then the need for repairing it 

up to the original performance level may be required. In cases when higher 

performance levels are needed, upgrading is necessary. Where performance 

level means load carrying capacity, durability, function or aesthetic 

appearance. While upgrading refers to strengthening, increased durability,  

 

 

and change of function or improved aesthetic appearance. In this thesis, 

mainly strengthening is discussed. 

Maintenance, repair and strengthening of old concrete structures are 

becoming increasingly common. If one considers the capital that has been 

invested in existing infrastructures, then it is not always economically viable to 

replace an existing structure with a new one. The challenge must be taken to 

develop relatively simple measures to keep or increase a structure 

performance level through its life. This places a great demand on both 

consultants and contractors. There are difficulties in identifying the most 



suitable method for an actual subject; for example, two identical columns 

within the same structure can have totally different life spans depending on 

their individual microclimate. Because of this, it is important to analyse the 

problem thoroughly to be able to select the most suitable method. The choice 

of an inappropriate repair or strengthening method can even worsen the 

structure’s function. In comparison to building a new structure, strengthening 

an existing one is often more complicated since the structure conditions are 

already set. In addition, it is not always easy to reach the areas that need to be 

strengthened; often there is also limited space. 

Today it exists many methods for strengthening a concrete structure, for 

example ; hand applied repairs with concrete mortar, shot concrete, injection 

techniques, different kind of concrete castings, (Carolin, 2999). However, an 

interesting strengthening method developed during the mid 70-ties was steel 

plate bonding. 

Even this method technically performs quite well, but it has some 

drawbacks. One is that the steel plates sometimes are quite heavy to mount at 

the work site. Another is the risk of corrosion at the joint between the steel 

and the adhesive. A third is that the joints between the steel plates must  

 

 

 

 

 

 

beform properly, which is based of the limited delivery lengths of the steel 

plates (Täljsten and Carolin, %228). 



 In recent years the development of the plate bonding repair technique 

has been shown to be applicable to many existing strengthening problems in 

the building industry. This technique may be defined as one in which 

composite sheets or plates of relatively small thickness are bonded with an 

epoxy adhesive to, in most cases, a concrete structure to improve its structure 

behaviour and strength. The sheets or plates do not require much space and 

give a composite action between the adherents. The adhesive that is used to 

bond the fabric or the laminate to the concrete surface is a two-component 

epoxy adhesive, see Fig.(%-%).  

 

 

The old structure and the new bonded-on material create a new 

structure element that has a higher strength and stiffness than the original. 

The basic ideas related to the use of FRP (Fibre Reinforced Polymers) for 

structural strengthening, along with examples of application, have been 

presented by (Triantafillou, %228). The past and potential future use of FRP  

Fig.(7-7): Composite Strengthening System (Mbrace, 6007). 
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strengthening and rehabilitation have also recently been documented in many 

conference proceedings (Meier and Bette, %221; Benmokrane and Rahman, 

%228; keynote lectures (Maruyama, %221; Neale and Labossiere, %221) and 

journal articles (Täljsten, %221; Thomas, %228) (Carolin, 600%). 

  

 

      The strengthening or repairing of concrete structure by using externally 

bonded fibre reinforced polymer (FRP) provides an alternative solution to the 

tradition methods of strengthening such as externally bonded steel plate. FRP 

materials are currently being used for upgrading existing structures because of 

their resistance to corrosion, their lightweight, good strength, good stiffness 

and then comes the long lengths. Different types of fibre can be used, such as, 

glass, carbon, aramid, and carbon fibre which is considered in this thesis. Fig.(%-

6) and Table (%-%)  present a comparison of mechanical behaviour of materials 

that are available for strengthening of structures. It can be seen that the non-

metallic fibre have tensile strengths that are %0 times more than that of steel 

plate. The ultimate strain of these fibres is also very high but there is no ductile 

behavior. 

7.6 Types and Engineering Specifications for 

FRP 



 

 

 

 

 

 

 

MATERIAL 

 

MODULUS OF 

ELASTICITY 

[GPA] 

 

COMPRESSIVE 

STRENGTH [MPA] 

 

TENSILE 

STRENGTH  

[MPA] 

 

DENSITY 

 

[KG/M ] 

Concrete 60-40 6-20 %-% 6400 

Steel 600-6%0 640-220 640-220 1800 

Carbon fibre* 600-800 NA** 6600-2000 %160-%260 

*) Given values are for plain carbon fibre. The characteristics of the composite will vary with       

amount and property of the used matrix. 

**) Not applicable. Plain fibre buckle.  

 

 

7.3 Applications of FRP in Structures 

Fig. (7-6): Properties of Different Fibres and Typical Steel 

(ACI Committee 220, 7992) 

 Table (7-7): Mechanical Properties of Common Strengthening Material 

(ACI Committee 220, 7992) 

 



The FRP is applied to different reinforced concrete elements such as 

beams, columns, and slabs, to provide substantial increase in strength and 

durability. Typical FRP applications are: 

 Flexural strengthening of slabs or beams: The FRP is bonded to the 

tension zones with the fibres parallel to the principal stress direction. 

 Shear strengthening of beams and columns: The FRP is bonded to the 

sides of the concrete elements with the fibres parallel to the principal 

tensile stresses, to act as external shear reinforcement. The FRP is most 

effective when it fully wraps the element, but partial wrapping can also 

be used where full wraps is not possible. 

 Column wrapping: The capacity of columns can be increased by 

wrapping them with FRP materials though the confinement effect 

provided by the FRP.  

The typical and scenario of the application of composites are shown in Fig. (%-%) 

and (%-4). 

 

Fig. (7-3): Typical Applications of Bonded FRP Strengthening Systems (Annex, 

J., 6000) 



  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The main objective of this thesis is to develop a computer models 

utilizing finite element to predict the overall behaviour of flexural  

 

 

7.4 Objective and Scope of Study 

Strengthening with CFRP 
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Fig. (7-2):  Applications of FRP in Structures (Mukherjee and Joshi, 6007). 

 



strengthened reinforced concrete beams with CFRP and then to trace the 

effectiveness of CFRP plate or sheet supplied by Fibre Reinforced System (FRS) 

in enhancement the flexural strength of concrete beams. 

Finite element method (FEM) models were to simulate the behaviour of 

reinforced concrete beam with CFRP laminates through nonlinear response 

and up to failure, using the ANSYS program (ANSYS, %228). 

The ANSYS programme allows only three reinforcement bars distributed 

in the concrete element. The beams cross sections in this study are  divided 

into elements, each element contains a real constant and each real constant 

allows containing three-bar reinforcement distributed in the concrete element.  

Different types of beams flexural strengthened with CFRP plate have 

been chosen for the analysis by using the three-dimensional finite element 

model adopted in this study. The examples were chosen in order to 

demonstrate the applicability of the models by comparing the predicted 

behaviour with that observed in the laboratory.  

Parametric studies have been carried out to investigate the effect of, 

thickness and width of CFRP plate, depth of the concrete beam, amount of 

flexural reinforcement, amount of shear reinforcement, shear span length, 

distribution the stress and strain along the span of the composite beam and 

crack pattern at different load levels on the overall behaviour.  

    

 

The thesis consists of seven chapters. A general description of the 

significance of reinforced concrete structures strengthened with FRP in 

construction and numerical analysis is described in chapter one. This chapter  
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also describes FRP (types, specifications, applications) and the objectives and 

scope of the thesis. 

Chapter two reviews the experimental work of reinforced concrete 

beams flexural strengthened with FRP, the analytical methods and FRP 

strengthened reinforced concrete beams. 

Chapter three deals with the basic concepts of the finite element 

method, 8-node isoperimetric brick elements are used to model the concrete 

together with the smeared representations of reinforcement and membrane 

shell element, which has four nodes to represent the CFRP plate. The 

numerical integration rules to determine the element stiffness matrices are 

described together with the nonlinear solution techniques adopted to solve 

the nonlinear equations of equilibrium are also described. An outline of the 

computer program ANSYS (Non-linear Finite Element Analysis of Composite 

Beams) is also presented.  

Material modelling and properties of composite CFRP-concrete (CFRP, 

concrete and steel reinforcement) are presented in chapter four. 

Chapter five deals with analysis of composite CFRP-concrete beams, in 

this chapter, the applicability of the model is checked through three examples. 

The analytical and experimental results are compared.  

Chapter six includes parametric studies to investigate some material 

and numerical parameters on the behaviour of reinforced concrete beam 

strengthened with CFRP such as the effect of thickness, width and 

configuration of CFRP plate, depth of the concrete beam, amount of flexural 

reinforcement, amount of shear reinforcement, shear span length, 



distribution the stress and strain along the span of the composite beam, crack 

pattern at different load levels and effect of the boundary condition. 

      Finally, the conclusions drawn from the current work and suggestions for 

future works are summarized in chapter seven. 

  

CHAPTER TWO 

 

 

                                         

 

There is a wide range of research pertaining to the use of FRP in bridge 

repair. Rebar, grating into concrete, and wrapping around columns and piers 

are just a few examples of the broad applications of these composites (Norris 

and Saadatmanesh, %224). This literature review will be limited to research of 

FRP material externally bonded to the tensile face of concrete beams. In 

particular, research studying the effect of externally applied FRP materials on 

the flexural performance of reinforced concrete beams will be reported. 

 

 

Experimental studies involving bonded CFRP to reinforced concrete 

beams has been performed by Meier et al. since %286 at the Swiss 
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Laboratories for Materials Testing and Research. This program envisions the 

replacement of steel plates with FRP laminates for repairing and strengthening 

reinforced concrete beams. Examining the strength and stiffness of beams with 

unidirectional CFRP plates is a primary focus of their past research. 

An earlier study (Meier et al., %22%) encompassed externally bonding 

CFRP sheets to twenty-six concrete beams. Each beam (%60mm x660mm 

x6000mm) was minimally reinforced with steel (two 8 mm diameter bars) on 

top and bottom and included shear reinforcement (23%6 mm spaced every 6%2 

mm). The test set-up consisted of a two point loading on simple supports. 

The maximum load increased over %001 compared to the control beam 

(unstrengthened) by applying a unidirectional CFRP laminate sheet (03% mm 

x60% mm x6001 mm) to the tensile side of the specimens. Also, the deflection 

of the strengthened beam was 601 less than the control beam. The cracks in 

the repaired beams were small and closely spaced along the length of the 

member. This differed from the control beam, which showed a classic 

reinforced concrete crack pattern of fewer and larger cracks. This study 

presented the first evidence that FRP laminates could help in the repair of 

deteriorated concrete beams. 

          Meier et al. (%22%) also studied the failure modes related to FRP repaired 

beams. A preliminary study dealt with three different failures: 

%. Tensile failure of the CFRP sheets. 

6. Classical concrete failure in the compressive zone. 

%. Continuous peeling-off of the CFRP sheets due to an uneven concrete 

surface Tensile failure of the CFRP is described as very sudden and explosive, 



but is easily predicted due to cracking sounds. Peeling-off of the laminate is 

caused by vertical displacement across shear cracks in the concrete. 

Within the next year, Meier et al. (%226) expanded the possible failure 

modes to nine. The additional six failures are as follows: 

%. Shearing of the concrete in the tensile zone. 

6. Interlaminar shear within the CFRP sheet. 

%. Failure of the reinforcing steel in the tensile zone. 

4. Cohesive failure within the adhesive. 

6. Adhesive failure at the interface CFRP sheet/adhesive. 

2. Adhesive failure at the interface CFRP concrete/adhesive. 

The latter three were not observed but described as “theoretically possible”. 

The first full-scale FRP repaired beam test conducted in the United 

States was at the University of Arizona (Saadatmanesh and Ehsani, %22%). The 

tests consisted of six large concrete beams; five rectangle cross-sections (60% 

mm x 461 mm) and one T-beam (1236 mm x 20232 mm flange, 60% mm x 461 

mm web). All the specimens were 481238 mm long and tested as a simple span 

in two points loading. Steel reinforcement ratios, shear reinforcement, and 

cambering were varied in the six beams. However, the externally applied GFRP 

was identical for each beam (23%6 mm x 660 mm x 462136 mm). 

The research concluded that adding GFRP (Glass Fibre Reinforced 

Polymer) plates improved the strength and stiffness of the specimens. The 

tests showed that the GFRP sheets carried a portion of the tensile force, which 



decreased the stress in the steel reinforcement. This was particularly evident 

with the smaller steel reinforcement ratios. 

One of the first studies in this area was by (Triantafillou et al., %226). 

This study consisted of bonding CFRP plates to the bottom of prestressed 

concrete beams. Five specimens were prepared with steel reinforcing bars on 

the bottom and steel shear stirrups. Four beams had prestressing applied at 

varying widths and thicknesses. The fifth beam was a control beam. The beams 

where tested in one points bending and results are shown in Fig.(6-%). As can 

be seen, both the ultimate strength and stiffness were improved substantially 

over the control beam ‘E’ by the prestressing. The beams failed by localised 

diagonal cracks causing peeling off of the reinforcement. This peeling off was 

stopped at the supports because the CFRP went over the supports resulting in 

a clamping effect. The authors stated that the CFRP’s placement over the 

supports was important to the performance of the beams. While this may work 

well in a new construction this would be difficult to achieve in rehabilitation 

projects. Despite this, prestressing of plates is a promising technique. 



 

Fig.(6-7): Load Versus Displacement for CFRP Prestressed Concrete Beams 

(Triantafillou et al., 7996) 

Norris and Saadatmanesh, (%224) cast thirteen concrete beams for 

flexural tests to compare three different fiber/epoxy systems and several 

orientations of fiber. The beams (%61 mm x60%36 mm x 64%834 mm) contained 

close to the minimal amount of steel reinforcement (two 236 mm diameter 

bars) and were over-designed against shear. Some beams were pre-cracked 

before the application of the CFRP to see if pre-cracking caused any substantial 

differences in behavior. Two types of fiber were tested with 00, 200, and °460 

orientations, and the third fiber was used with orientations of 00/200 and °460 

with respect to the longitudinal axis. The same fiber weight was applied to 

every beam. 

The research showed little difference in the behavior between the types 

of fiber of pre-cracked and uncracked beams, but the different fiber 



orientations provided amiable results. The unidirectional fibers (00) yielded the 

largest strength and stiffness increase and deflection decrease with respect to 

the control beam. These beams failed very abruptly due to the peeling-off of 

the CFRP. The 00/200 fibers had a maximum strength, which was 601 less than 

the unidirectional, but they showed much more ductility and deflection (401 

greater than 00). They also failed less explosively than the unidirectional fibers. 

A 461 decrease in the strength and stiffness occurred with the °460 laminate 

compared to the 00 orientation. However, the °460 laminate experienced is 

much more ductility than the other lay-ups. Failure of the beam applied with 

°460 laminate acted in such a slow, ductile manner that loading had to be 

stopped. 

Norris et al. concluded that off-axis CFRP laminates need to be studied at 

length. The use of different orientations could increase the strength and 

stiffness of concrete beams without causing catastrophic, brittle failures 

associated with unidirectional laminates. Also, they may provide ductile 

yielding properties that are very important in the civil engineering field.  

Shahawy et al., (%226) assessed the effectiveness of external 

reinforcement in terms of the cracking moment, maximum moment, 

deflection, and crack patterns. Four beams (60%36 mm x%0438 mm x 614%36 

mm) were tested by using minimum steel reinforcement (two %631 mm 

diameter bars) and varying the layers of unidirectional CFRP. Also, non-linear 

finite element computer model was used to compare the results of the 

experiment.                      

The cracking moment of the CFRP repaired beams was much larger than 

that of the control beam. For one, two, and three layers of CFRP, the cracking 

moment increased %61, 2%1, and %061, respectively. The maximum moment 



also became larger and corresponded well to the theoretical data. A %%1, 221, 

and %061 increase was observed for the three different layers. This showed the 

CFRP behaved similarly before and after cracking of the beam.  

The deflection and cracking patterns showed results similar to 

experiments previously discussed. The deflection decreased inversely with the 

number of CFRP layers on each beam. This, alternatively, caused the stiffness 

to increase. The cracking patterns between the control and the CFRP repaired 

beams exhibited different patterns. The control had wider cracks while the 

repaired beams showed smaller cracks at relatively close spacing. This shows 

an enhanced concrete refinement due to the CFRP sheets. 

The research by Bazaa et al. (%222) was based on optimizing the length 

and orientation of the CFRP to increase beam strength and ductility. Eight 

beams (60%36 mm x %0438 mm x %048 mm) were minimally reinforced with 

steel (two %%3% mm diameter bars) and overdesigned for shear to cause a 

flexural failure. One beam was used as a control while the others were bonded 

with three layers of CFRP (03% mm x %2132 mm). The sheets varied in length 

and orientation of the fibers. Four had unidirectional fibers with different 

lengths, and the other three had various fiber directions with regard to the 

longitudinal direction (°20, °20, °%60). 

The results of the experiment showed an increase in strength and 

stiffness and a decrease in deflection as compared to the control beam. All 

failures occurred at a load at least 611 higher than the control beam. The 

stiffness was similar until the cracking moment. At this point, less deflection 

was observed in the repaired beams. The load versus deflection plots exhibit 

three different section modulus; the start of the experiment to first crack, first 



crack to yielding of the steel began, and yielding of the steel to failure of the 

member. 

The use of small angle, off-axis laminates and different CFRP sheet 

lengths had no effect on strength or stiffness of the repaired beams. However, 

the off-axis CFRP provided improved warning of failure due to a cracking 

sound. 

Chan et al., (%221) presented the behaviour of full-scale reinforced 

concrete beams strengthened with CFRP plate. The beams of dimensions 

660x410x6000mm were reinforced with different steel ratios, and tested 

under 6-point static loading. 

The objective of the tests was to investigate the delamination of the 

plate within the plate length as these beams were designed to prevent failures 

caused by the termination of the bonded plate before the supports. 

The research concluded that flexural bond stress between the CFRP 

plate and concrete caused by the cracks located in constant moment region 

was believed to be a main reason for the delamination failure; the 

delamination failure mode may be prevented by a limit on the maximum strain 

in the plate. 

Nguyen et al., (%221) tested five reinforced concrete beams of length 

%36 m and strengthened with CFRP plates bonded to their soffits. Failure 

modes, the increase in strength and stiffness of the strengthened beams as 

compared to unplated beams, were investigated with particular emphasis on 

the effect of the plate curtailment. The distribution of strain along the plate 

was studied. The effect of the plate length on the overall behaviour of the 

beams was discussed.  



 Two modes of failure, which were ripping-off of concrete layer between 

the plate and the longitudinal steel at the plate end region and flexural 

failures, were observed. It was found that just before concrete ripping-off 

occurred the distance from the plate end to where the strengthened beam was 

considered to have fully composite behaviour was almost the same despite 

that the beams were bonded with different plate length. The strains in the 

plate reduced linearly to zero within the bond development zone. 

Emmanuelle et al., (%228) had tested several FRP (Fibre Reinforced 

Plastic) materials. The experimental study was divided into two parts: on one 

hand initially preloaded beams and then repaired them with epoxy-bonded 

glass fibre plates, on the other hand beams were simply strengthened with 

several composite materials. Ten rectangular beams were tested in order to 

evaluate the effect of externally bonded composite-material reinforcement on 

the flexural capacity of RC beams. All ten beams had span length of 638 m 

(beams were % m long) and cross-sectional dimensions of %6x%0 cm. These 

beams had internal reinforcement provided by two %4 mm diameter rebar’s 

(yield strength: 600 MPa). Twenty-one 2 mm diameter stirrups were also used. 

The average compressive strength of the concrete at the day of the test was 40 

MPa. Descriptions of the ten beams are listed in Table (6-%).  

Table (6-7): Description of the Ten Beams (Emmanuelle  et al., 7991) 



 

 

 

  

 

 

 

  

 

 

 

 

Fig. (6-6): Bonding of the Three Composite Material (Emmanuelle et al., 

7991) 

 

Table (6-6): Experimental Results of the Ten Beams (Emmanuelle et al., 

7991) 
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Spadea et al., (%228) tested four beams. Three with bonded CFRP plates 

on the tension face, and two of which were provided with carefully designed 

external anchorages at the ends of the plates and along the span, were tested 

under four-point bending over a span of 438 m. The tests were carried out 

under displacement control. The beams were extensively instrumented to 

monitor strains, deflection, and curvature over the entire spectrum of loading 

to total failure, and to determine the structural response to load of the 

composite beams. 

The results showed that bonding a CFRP plate on the tension face of a 

RC beam, without consideration of the end-anchorage stresses and the bond 

slip between the plate and the concrete substrate, can lead to significant 

degradation in the structural response of the plated beam. Carefully designed 

external anchorages, on the other hand, can lead to preservation of composite 

action to almost the failure load, increases in load capacity of up to 101, 

substantial regain of structural ductility, and the transformation of a brittle 

failure to a more ductile failure. 



Shahawy and Beitelman, (%222) presented the results of a study 

involving the static and fatigue performance of reinforced concrete beams 

strengthened with externally bonded carbon-fiber-reinforced plastic (CFRP) 

sheets. The main parameters in the static test study were the concrete 

compressive strength, the number of CFRP laminates, and the placement of 

CFRP reinforcement. The static test program showed that the application of 

CFRP to reinforced concrete beams results in increased strength and enhanced 

performance. Accelerated fatigue testing was performed on several specimens 

receiving various amounts of the CFRP lamination system, including one 

member that was fatigued for over half the expected fatigue life, then 

rehabilitated with the CFRP, and fatigued again until failure. 

Comparisons were made for the standard section and equivalent 

sections with two and three layers of CFRP involving the improvements in 

fatigue behavior, stiffness, and capacity. The results from the fatigue study 

indicate that fatigue life of reinforced concrete beams can be significantly 

extended through the use of externally bonded CFRP laminates. 

Kachlakev and David (6000), studied four full-size beams were 

constructed to match the dimensions and strength capacity of the Horsetail 

Creek Bridge crossbeams as closely as possible. One of these beams was used 

as the control, while the other three beams were strengthened with various 

composite configurations including the same configuration used on the bridge 

crossbeams. The beams were loaded in one point bending to determine their 

capacity. The beam strengthened with the same composite design used on the 

bridge could not be broken with loading equipment used. 



Based on the maximum loads applied, the Bridge beams had at least a 

601 increase in shear and a 221 increase in moment capacity over the 

unstrengthened condition.  

Timothy et al., (6002) carried out an experimental programme to 

investigate the effects of strain rate on the behaviour reinforced concrete 

beams strengthened with carbon fibre- reinforced polymer (CFRP) laminates. 

Nine 0-m RC beams, one unstrengthened, four strengthened with S-type CFRP 

laminates, four strengthened with R-type laminates, were loaded under four 

different loading schedules. Some beams were subjected to their 2 or 26 cycles 

of loading prior to a fast rate of loading to failure. The rapidly loaded beams 

showed an increase of approximately 1: in capacity, stiffness, and energy 

absorption. Ductility and the mode of failure were not directly affected by the 

change in loading rate. Pre cycled beams performed similarly to the beams 

loaded monotonically to failure but showed a 20: increase in service stiffness 

and 20: loss in energy absorption.  

The research concluded strengthening with CFRP will increase capacity 

and stiffness but will reduce the energy absorption and ductility. These 

magnitudes of these changes are dependent on the amount of CFRP 

reinforcement, steel reinforcement, and the mode of failure. 

Chan et al., (6002) presented full-scale reinforced concrete beams 

strengthened with CFRP plate. A total of 8 beams having dimensions of 610mm 

x 470mm x 1000mm were tested under 6-point bending with a clear span of 

4.2m.  All beams were nominally reinforced in compression by 6T22 bars. 

Details of the beams are shown in Table (6-0) and Fig (6-0). All the beams were 

reinforced in shear with R20 spaced at 600mm (centre to centre) to investigate 



the effect of the conventional shear strength on the strength and failure mode 

of the beam.  

The objective of the tests was to investigate the delamination of the 

plate within the plate length as these beams were designed to prevent failures 

caused by the termination of the bonded plate before the supports. 

Their study concluded that strengthened beams failed in delamination of 

the plate and the classical shear failure. The delamination initiated from the 

flexural region and immediately extended towards the ends of the plates.                           

 

 

 

 

 

Note: steel clamps were applied only for beams B6 and B1 

 Fig.(6-3) :  Details of the Beams ( Chan  et al., 6007 ) 

 

Table (0-3): Summary of the Test Results (Chan  et al., 0221) 



Dat and Starnes, (6002) tested seven concrete beams reinforced 

internally with varying amounts of steel and externally with carbon fiber-

reinforced polymer (CFRP) laminates applied after the concrete had cracked 

under service loads. The beams were tested under two-point bending.  

Results showed that FRP is very effective for flexural strengthening. As 

the amount of steel increases, the additional strength provided by the carbon 

FRP laminates decreases. Compared to a beam reinforced heavily with steel 

only, beams reinforced with both steel and carbon have adequate deformation 

capacity, in spite of their brittle mode of failure. 

Alagusundaramoorthy et al., (6006) tested two control beams and 

twelve concrete beams strengthened with externally bonded CFRP sheet or 

fabric on the tension face(five beams strengthened with different layouts of 

CFRP sheets and three beams strengthened with different layers of anchored 

CFRP sheets and four beams strengthened with different layouts of CFRP 

fabric). The length, breadth and depth (L x B x D) of all concrete beams was 

kept as 4880mm x 600mm x 080mm. Each concrete beam was reinforced with 

two bars of diameter 61mm for tension and two bars of diameter 9mm at 

spacing of 210mm center-to-center for shear. The flexural span of all beams 

was kept as 4172mm. 

Results of the testing showed that the flexural strength was increased up 

to 40: for beams strengthened with two layers of CFRP fabric, 49: for beams 

strengthened with two 2.46 mm thick CFRP sheets, 18: for beams strengthened 

with two anchored 4.78 mm CFRP sheets. 

Wobbe et al., (6000) used of externally bonded Steel-Reinforced Polymer 

(SRP) and Steel Reinforced Grout (SRG) composites was a promising new 



technology for increasing the flexural and shear capacities of reinforced 

concrete (RC) members. The reinforcement system in these composites was a 

sheet made up of unidirectional cords consisting of tightly wound ultra high 

strength steel wires. The reinforcement could be molded into resin systems 

(SRP) or cementations grout (SRG).The research aimed for investigating the 

flexural strength improvement and performance of RC beams with externally 

bonded SRP and SRG. Three specimens were tested under two-point bending 

with variables considered including the number of reinforcement plies and 

types of bonding agents. Based on their study, it was concluded that this new 

technology had potential for the repair and strengthening of concrete 

structures.  

Test results indicated that up to 200: increase in the flexural capacity 

could be achieved using these strengthening systems. 

Carolin Anders, (6000) tested 4 m long beams, showed that a structure 

should be strengthened against live loads during the strengthening process. 

Their holds both for Near Surface Mounted Reinforcement (NSMR) and 

traditional laminate bonding. Normally, in strengthening applications CFRPs 

were used as additional tensile reinforcement, also their study showed how 

CFRP plate bonding may be used for strengthening of increase buckling load-

bearing capacity for steel members subjected to compression. 

A testing program including 28 rectangular reinforced concrete beams 

was carried out by Pham and Al-Mahaidi, (6004) to investigate the failure 

mechanisms and the influence of several parameters on these debond modes. 

Testing showed that end cover separation starts from FRP ends and failed in 

the form of shear failure at steel reinforcement level at the root of the 

concrete teeth between shear cracks. Shear crack debond failure was due to 



the opening of one of those inclined cracks. Several debond prediction models 

were then verified with the experiment proving to work relatively well. 

The research concluded the following: Mid-span and end debond are the 

result of the high shear stress level in concrete (around 2MPa), concrete cover 

and amount of shear reinforcement have insignificant influence on debonding 

and steel clamps provide good method to avoid end debond. It does not 

prevent mid-span debond but it helps the beam ductility by holding the 

delaminated fabrics to concrete by friction, After debonding of FRP, RC beams 

still have their original strength as without bonding FRP. 

Michael et al., (6001) described a laboratory study of the effects of traffic 

loads applied during and after strengthening on the performance of a 

reinforced concrete (RC) bridge strengthened with externally bonded fiber- 

reinforced polymer (FRP) reinforcement. Eight beams were tested to failure. 

Seven of the beams were strengthened with a procured, unidirectional, 

carbon-fiber laminate strip representative of the material used on the actual 

bridge.  

Test variables included the intensity and frequency of load cycles applied 

during the epoxy-curing period, the thickness of the epoxy layer, and the 

thickness of the FRP strip. Failure of all strengthened specimens initiated with 

FRP debonding in the maximum moment region. For the entire traffic load 

regimens applied during and after installation, no reduction in the 

effectiveness of the strengthening was observed. 

 

 

 

0.3 Theoretical 

Studies 

6.0.2 Analytical methods 



 

An et al., (%22%) developed a model to predict the stresses and forces of 

a reinforced concrete beam with externally applied glass fiber reinforced 

plastics (GFRP). Their study was based on five assumptions: %) linear strain 

distribution throughout the beam; 6) small deformations; %) tensile strength of 

concrete was ignored; 4) shear deformation was ignored; 6) perfect bond 

between concrete and GFRP. Using classical flexural theory and strain 

compatibility, effects of variables such as material strength, modulus of 

elasticity, and reinforcement ratios of the steel and GFRP were compared with 

experimental results of a previous test (Saadatmanesh and Ehsani, %22%).The 

behavior of the beams was predicted with reasonable accuracy using the 

model. 

Triantifillou and Plevris, (%22%) used strain compatibility and fracture 

mechanics to analyze reinforced concrete beams applied with externally 

bonded carbon fiber reinforced plastics (CFRP). The same assumptions as An et 

al., (%22%) were used with the inclusion of an equivalent rectangular 

compression stress distribution in the concrete at failure. The applied 

moments that would cause each of the three failure modes were predicted. 

The failures were yielding of the steel reinforcement followed by CFRP rupture; 

yielding of the steel reinforcement followed by the crushing of the concrete 

compression zone; and concrete crushing before either tensile component 

fails. These models were compared with experimental studies and deemed 

creditable. 

      Nguyen et al., (%221) studied a new closed analytical formulation which 

represents the full interaction between the plate and the strains in the plate is 

assumed to increase linearly in the bond development zone (Fig.(6-4)). Results 



obtained using the developed formulation showed good agreement with 

published data. Debonding of the plate can be assessed by the strength of 

plate-adhesive-concrete interfaces. However, with the application of high 

strength adhesive, the beam commonly failed by ripping of the concrete layer 

between the adhesive and the longitudinal steel. A simple approximate 

formulation based on the full composite beam theory to predict the concrete 

ripping failure load was developed. Results obtained based on this analysis 

were well compared with those of tests on %36m length CFRP strengthened 

beams. 

From Table (634), it could be said that theoretical predicted failure loads 

compared well with the experimental results. 

  

 

 Fig.(0-4): Ripping-off of Concrete Layer Zone ( Nguyen et al., 7991) 

 

Table (6-2): Theoretical Predicted and Experimental Failure Loads         

 



Saadatmanesh and Malek, (2998) developed design guidelines for 

strengthening reinforced concrete beams using fiber composite plates. The 

effect of multistep loading of the beam, before and after upgrading, had been 

included in their guidelines. Their study was assumed that the strain in the 

plate and the concrete at the interface are equal, full composite action exist 

between the plate and the beam (no slip at the interface), ignored the 

thickness of the plate, linear variation of strains in the cross section, the effect 

of the stresses that a concrete beam undergoes before upgrading, Rupture of 

the plate and crushing of concrete are the major modes of failure that are 

considered in calculating the ultimate strength of the plated beam. 

The research concluded that the design guidelines presented of this 

study provide a relatively simple approach for designing concrete beams 

strengthened with epoxy bonded composite plates, Based on the above modes 

of failure, the stress level in the tension and compression steel reinforcement 

at the ultimate state. Local failure of concrete beam at the plate end, and 

debonding of the plate due to sheer stress concentration at flexural cracks 

were also considered in developing these guidelines. An additional 

experimental work could be conducted to verify and refine these equations 

and modes of failure.  

 An interesting paper on the analysis of concrete beams strengthened 

using FRP sheets was written by (El-Mihilmy and Tedesco, 
6000). In this paper 

they develop equations for the flexural analysis of rectangular and T-section RC 

beams. The intent of the analysis was to develop the equations to prevent 

failure in three primary ways: crushing of concrete, FRP rupture, and yielding 

of steel followed by concrete crushing. The equations were developed 

assuming that other potential failure modes (debonding, anchorage and shear) 



would not occur because of proper detailing of the beams. Once the equations 

had been developed they were compared to experimental beams tested by 

other researchers. The analysis was developed by using American design 

procedures; thus, they have some differences to what would be developed for 

Canada. Despite this the analysis was quite clear and could easily be converted 

to Canadian design procedures. The procedures were developed from 

equilibrium equations and compatibility of strains, and it can be used on both 

singly and doubly reinforced sections. The intent was to avoid concrete 

compression failure and FRP rupture due to their non-ductile behaviour of this 

type of RC failure. This was achieved by setting minimum and maximum FRP 

cross-sectional areas.  

Figure (6-1) is reproduced from this paper and shows a schematic of 

failure modes for strengthened FRP beams. The area above line EF represents 

compression failure zone where the steel has not yielded. The area below line 

AB represents the zone where FRP ruptures and above is tension failure. In 

developing the equation for maximum FRP area they took the balance 

condition and then backed off by 71: to ensure ductile failures. The number of 

equations that were developed is numerous and can be viewed in the paper.  

For the purposes of this paper they have been omitted, since they are 

developed for American design procedures and they would take up a lot of 

space. In the second part of the paper the authors took the analysis and 

applied it to fellow researcher's experimental results. Table (6-1) is reproduced 

from the paper and shows the comparison between the actual loads (col. 26) 

and calculated loads (col. 20). The correlation between experiment and theory 

was quite good. 
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 Table (0-5): Comparison of Experimental and Calculated Loads (El-Mihilmy & Tedesco,  0222) 
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El-Tawil et al., (6002) described an analytical model for simulating the 

static response and accelerated fatigue behaviour of reinforced concrete 

beams strengthened with CFRP laminates. Static and fatigue calculations are 

carried out using a fibre section model that accounts for the nonlinear time-

dependent behaviour of concrete, steel yielding, and rupture of CFRP 

laminates. The main assumptions employed in the fibre section method are:  

 Plane sections were considered to remain plane after bending. 

 Perfect bond was assumed between concrete and other materials (steel 

reinforcement and CFRP laminates). 

 Shear stresses were not accounted for. The fibre section method, as 

presented in this study, was therefore limited to long thin members 

whose behaviour was dominated by flexure. 

In their discretized form, the cross-sectional forces were determined as 

stress resultants according to the following equations: 

(*): Concrete crushing  

(**): FRP rupture 



i

n

1i

iASP 


                      …………………..………………………..(0-1) 

ii

n

1i

iZ dASM 


               ……………………………………………..(0-0) 

Where P= axial load; MZ= major bending moment; Si= longitudinal stress 

at centroid of fiber I; Ai= area of fiber I; di= distance between centroid of fiber i 

and top of section; and n= total number of section fibers 

The assumed constitutive properties for the component materials are 

shown in Fig. (6-2). The stress- strain response of CFRP was assumed to be 

elastic-perfectly brittle, whereas the stress-strain curve for steel was elastic- 

plastic with a post yield strain hardening of 2:. A non linear stress- strain 

relationship was assumed for concrete fibres. 

The research concluded many results which were compared with 

experimental data from two sets of accelerated fatigue tests on CFRP 

strengthened beams and showed good agreement. 



 

Fig.(0-6): Monotonic Constitutive Models for Component Material (Timothy 

et al., 0221) 

      NG and LEE, (6006) presented an analytical study on the flexural behavior of 

reinforced concrete beams strengthened with externally bonded carbon fiber-

reinforced plastic (CFRP) laminates. Different failure modes of their 

strengthened reinforced beams had been reported and their failure modes are 

generally referred to as brittle failure or ductile failure involving the 

compression crushing of the concrete, debonding or rupture of the composite 

laminate and yielding of the steel reinforcement. For the analysis, the stresses 

and strains of all the components of the beam were related by the material 

properties, including the stress-strain curves for the concrete, steel and CFRP 

laminate. The strain distribution is assumed to be compatible within the 

distorted shape of the cross-section of the concrete beam. The resultant forces 

 

Concrete crushing 



on the cross section were balanced with the applied loads for static 

equilibrium.  

      The analytical solution was derived from the equilibrium equations and the 

compatibility of the strains, and it was applicable to both singly and doubly 

reinforced concrete beams strengthened with multi-layers of CFRP laminates. 

In their study, a simple and direct analytical procedure had been developed to 

evaluate the flexural capacity of concrete beams strengthened with CFRP and 

to predict their failure modes. A comparison between the analytical results and 

the data obtained from the literature had been made and the agreement is 

very good. 

      Alagusundaramoorthy et al., (6006) presented an analytical procedure, 

based on the compatibility of deformations and equilibrium of forces was 

developed to predict the flexural behavior of concrete beams strengthened 

with FRP composites. The following assumptions were made in the 

formulations: (2) Strain distribution was linear throughout the beam section; 

(6) shear deformation was small; (0) perfect bond between concrete surface 

and FRP sheets/fabric; and (4) failure of the beam occur when either the 

compressive strain in concrete reaches 0.000 or the tensile strain in FRP 

composites reaches its ultimate strain. The reinforced steel was assumed to be 

elastic-plastic, and linear stress and strain relationship was assumed for CFRP 

sheets/ fabric. 

      The comparison of analytical calculations with experimental results 

indicated that the analytical procedure overestimated the centreline 

deflections at service load and underestimated the failure load. But the 

predictions on centreline deflection and maximum strain in CFRP sheets/fabric 

at failure were in good agreement with experimental results. 



     

 

 

Arduini, et al., (2997) used finite element method to simulate the 

behavior and failure mechanisms of RC beams strengthened with FRP plates. 

The FRP plates were modelled with two dimensional plate elements. However 

the crack patterns were not predicted in that study. 

Shahawy and Beitelman, (2999) used a two-dimensional finite-element 

program to calculate the response of the beams tested statically. The program 

considers the nonlinear response of the component materials and the 

geometric configuration of the cross section. Stress-strain curves for concrete 

were obtained from cylinder specimens tested in compression, while stress-

strain curves for the steel were obtained from tensile testing of the grade 20 

rebar. The average test values of stress and strain at ultimate were used in 

modelling the CFRP system. Typical stress-strain plots for the three materials 

are shown in Fig. (6-7).         

 

Fig.(0-7): Stress Versus Strain for Various Materials (Shahawy and Beitelman, 

1999) 

6.0.6 Finite element method 



      Typically, the computer model predicts a higher capacity and slightly higher 

ductility than those observed in the tests. This disparity might be due to two 

factors. First, the computer model assumes a linear stress-strain relation for 

the CFRP fabric up to failure. A second factor controlling the prediction was at 

the level of control varies widely in the preparation of the strengthened 

beams. The effectiveness of bonding between fabric and concrete is probably 

affected by these factors. The research concluded that elementary finite-

element provisions can be used to predict closely the behavior of beams 

reinforced with CFRP fabric up to failure.  

          Aprile et al., 0221, The two-node displacement-based RC beam model 

for fiber is presented in this study, slip is considered between the concrete 

beam and the strengthening plate. The fiber section model in their study is 

used to compute the response of the RC beam section. The tension response 

of the concrete was assumed linear elastic up to the cracking stress. The 

elements were implemented in the program FEAP in two dimension, 

documented in (Taylor, 2999). This paper studies the role of bond slip and of 

bond failure in RC shallow beams strengthened with thin either steel or thin 

CFRP plates. The study relies on a simple and accurate displacement-based 

fiber frame element with bond slip between the RC beam and the 

strengthening plate. Numerical simulations of a series of experimental tests by 

Zarnic et al. (2999) confirmed that the bond forces and the bond failure 

between the RC beam and the strengthening plates are fundamental issues in 

strengthening of shallow beams and must be taken into account to assess the 

effective stiffness and loading capacity of the strengthened member. In 

particular, implementation of an elastic-brittle bond-slip law yields detailed 

information on the evolution of the beam response under increasing applied 

loads. In particular, the following results were observed: 



• Failure of the strengthened RC beams was always initiated by plate 

debonding. 

• Beams strengthened by steel plates show a ductile response, mainly due to 

yielding of the strengthening plate, whereas beams strengthened by CFRP 

plates show a brittle response, because the response is dominated by the 

elastic behavior of the plate. 

• Debonding starts somewhere between the point of load application and the 

plate end. In CFRP-strengthened beams, debonding tends to start under the 

point of load application, corresponding to a peak in the bond force 

distribution. In steel-strengthened beams, debonding starts either at the plate 

end or somewhere in the cracked concrete zone, depending on the beam 

depth. 

         Timothy et al., (6002) analyzed reinforced concrete beams strengthened 

with CFRP laminates by a finite element. Layered analysis is presented to 

predict the moment–curvature response of CFRP strengthened RC beams. 

Fig.(6-8) illustrate the procedure in which the internal forces of a strengthened 

RC rectangular or T-section might been calculated.  

 



Fig.(0-8): Layered Analysis Resolution of Forces (Timothy et al., 0221) 

The compression steel, tension steel, and CFRP laminate are represented by 

one element each. The concrete is divided into several layers. Each of these 

layers or elements has its own area, centroied, strain, and stress. The stress is 

determined by using the appropriate material model and the strain. The value 

of the strain is based on the location of the neutral axis and the curvature (the 

independent variable). The location of the neutral axis is found through 

iteration, and the location is correct when the internal forces balance. The 

model includes several assumptions to simplify the calculations: 

 The bond is perfect between the elements. 

 The strain distribution is linear. 

 All deformations are small. 

 The section has no mass or inertia. 

The model induced the effects of strain rate and correlated well with the 

experimental data.  

            Kachlakev and Thomas, (6002) described a linear and nonlinear finite 

element method models for a reinforced concrete bridge that had been 

strengthened with fibre reinforced polymer composites. ANSYS and Sap6000 

modelling software were used; however, most the development effort used 

ANSYS. In their study, Perfect bond between materials was assumed, An eight-

node solid brick element was used to model the concrete and link element was 

used to model the steel reinforcement. Two nodes were required for this 

element. A layered solid brick element was used model the FPR composites.  



      The model results agreed well with measurements from full-size laboratory 

beams. Guidelines for developing finite element models for reinforced 

concrete bridges were discussed.   

Rahimi and Hutchiuson (6002) presented theoretical analysis included 6D 

nonlinear finite element modelling in corporating a (damage) material model 

for reinforced concrete beams strengthened with CFRP, GFRP and steel plate.  

For 6D analysis, concrete beams were modelled mostly with four- or 

eight-noded quadrilateral isoparametric elements. The internal rebars were 

modelled with two- or three-noded bar elements that were smeared onto the 

concrete elements, although shear reinforcement (vertical links) was not 

incorporated into the models. For beams with an adhesive layer, three- or six-

noded triangular elements were used in the transition zones to reduce the size 

of elements toward the bond-line area (Fig.6-9). The adhesive layer and 

external reinforcement were modelled with a single row of four- or eight-

noded elements.  

In general there were reasonably good correlations between the 

experimental results and nonlinear finite element models. A typical FE model 

developed for analysis of RC beams in shown in Fig. (6-9).Although Rahimi and 

Hutchiuson used a much finer mesh discrimination to estimate the plate-end 

stress concentrations. 

                    



 

Fig.(0-9): Typical 0D FE Model of RC Beam with Bonded External 

Reinforcement (Rahimi and Hutchiuson , 0221) 

Santhakumar et al., (6004) presented the numerical study to simulate the 

behaviour of both uncracked and precracked RC shear beams retrofitted using 

CFRP composites. The software package ANSYS was used for their study. For 

purpose of comparison, the study was carried out for the following beams that 

were experimentally tested and reported by Tom Norris. Solid brick elements 

were used to model the concrete. The rebar capability of their model was not 

considered. All reinforcements were modeled using Link element. Solid brick 

elements were used for the steel plate at the support and under the load. A 

layered brick element was used to model the CFRP composites.  

When comparing with the experimental values, the numerical models 

show 8: increase in ultimate load for control beam and uncracked retrofitted 

beam and 8: decrease in ultimate load for precracked retrofitted beam. At the 

Adhesive 

Concrete 

Element configuration in stippled area 

Flexural reinforcement 



ultimate stage all the numerical models show less deflection, especially the 

precracked retrofitted beam shows 02: less deflection. 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

CHAPTER THREE 

 

FINITE ELEMENT FORMULATION 

 

0.2 Introduction: 

 The finite element method is now firmly established as an 

engineering tool of wide applicability. No longer is it regarded as the 

sole province of the searcher or academic but, it is now employed for 

design purposes in many branches of technology. 

During its early development for stress analysis problems the 

method relied heavily on a physical interpretation in which the 

structure was assumed to be composed of elements physically 

connected only at a number of discrete nodal points. Later, the 

application of the finite element method to structural mechanics 

problems was developed through the use of the principle of virtual work 

and energy methods
 
(Hinton, %212). 

With the finite element method, complex structures are divided 

into a large number of elements for which the behavior of each 

element is well defined. The response of a system is then computed 

by simply summing the effects of all the elements that comprise the 

model. Because the behavior of each element is known, the resulting 

system of equations, while perhaps very large, is readily solved.  



The nonlinear finite element analysis of reinforced concrete 

structure has been extensively used in recent years. It is a powerful 

analytical tool which can be used to predict the structural response in 

the entire load range up to failure and study the effects of different 

parameters on the structure behavior. A suitable modelling of 

reinforced concrete material is often one of the major factors in 

limiting the capability of the analysis procedures. 

In this chapter, three dimensional nonlinear finite element 

formulations suitable for the analysis of reinforced concrete beams 

flexural strengthened with CFRP (Carbon Fibre Reinforced Polymer) 

are described. The special numerical integration, nonlinear solution 

techniques, convergence criteria and outline of ANSYS program are 

also described.  

3.6 Finite element formulation: 

By considering a general three-dimensional body, subjected to a set of 

external forces, which consist of surface tractions and body forces, the 

individual element stiffness matrix can be determined easily by using the 

principle of virtual displacements (Zienkiweicz, 1977). 

The displacement vector at any point within the element {u}e, can be 

interpolated as  

{u}e = [N] . {a}e                         …………..… (3-1) 

Where [N] is a matrix containing the interpolation functions which relates the 

displacement, {u}e, to the nodal displacements, {a}e. where, {u}e, is given by . 

{u}e = [u.v.w]e          …….…………… (3-0) 



By taking suitable derivatives of equation (3-7), the strain-displacement 

relationships can be written as. 

{}e = [A] . {u}e          ...…………………(3-3) 

Where: [A] is a matrix that contains the differential operators.  Substitution of 

equation (0-2) into (0-0) yields 

{}e = [B] . {a}e                                 ..…………………(3-4) 

Where: [B] is the strain-displacement matrix given by  

[B] = [A] . [N]        ………………… (3-5) 

The constitutive matrix [D] is used to relate the vectors of stresses and strains 

as:  

{}e = [D] . {}e          ………………(3-6) 

Where: the corresponding vector of stresses is given by  

   zxyzxyzyx

T

e         ..………….……. (3-7) 

and the vector of strains , {}e is given by 

 


































































































































x

u

z

w

z

w

y

v

y

v

x

u

z

w

y

v

x

u

zx

yz

xy

z

y

x
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Substitution of equation (3-2) into equation (3-2) gives the stress-

displacement relationship, 

{ }e = [D] . [B] . {a}e                  …..………………… (3-9) 

The principle of virtual displacements of a deformable body is used to 

establish the governing equations of static equilibrium. It states that  “If a 

general structure in equilibrium is subjected to a system of small virtual 

displacements with a compatible state of deformation, the virtual work due to 

the external action, Wext , is equal to virtual strain energy due to the internal 

stress, Wint”( Zienkiweicz, 1977 and Dawe, 1984)  thus 

0WW extint                          ………………………(3-12) 

By considering a system of volume v and surface area s subjected to body 

forces bi and surface tractions ti, the external work done in moving these 

forces through the virtual displacement {u} can be expressed as: 

       ds.t.udv.b.uW
v

T

v

T

ext     …….. .………… (3-11) 

The internal virtual work is given by 

   dv..W
v

T

int        ….…………….… (3-10) 

Substitution of equation (0-2) into equation (0-26) yields: 

     dv..D.W
v

T

int          ……………..… (3-13) 

By making use of equations (0-22) and (0-20), equation (0-20) may be expressed 

as: 
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The above expression represents the equation of static equilibrium for a 

general body. Therefore, by making use of equations (0-2) and (0-4), the 

discretized form of equation (0-24) can be written as 
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.………………………………………………..………………... (3-15) 

Where: n is the total number of the elements of the discrete system. 

Since the vector of the virtual nodal displacements,  Ta , is arbitrary, the 

following set of algebraic equations may be obtained 

     a.Kf          ……………..… (3-16) 

Where: [K] is the stiffness matrix of the element assemblage and is given by 

          
n

e
ve

T

n

dv.B.D.BkK  ………………..… (3-17) 

Where: [k] is the element stiffness matrix. 

While, {f} is the element assemblage of external nodal forces vector given by: 
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%3% Concrete representation: 

In the field of solid mechanics, the finite element is usually used to find 

approximate solutions for structures having complicated shapes and 

loading arrangement. In this study the concrete is represented by a 

hexahedron brick element having 8-nodes. 



The8-node isoparametric linear element shown in Fig. (%-%) is used in this study 

(DYANA, %228). The element has eight corner nodes with three 

degrees of freedom u, v and w in the X, Y and Z direction 

respectively at each node. 

 

Fig. (3-7): 1-Node Solid Hexahedron Element (DYANA, 7991) 

 %3%3% Shape functions:  

The shape functions for the 8- node brick element are introduced to 

express the coordinates and displacements of any point within the element in 

terms of nodal coordinates and displacements. The local coordinates of the 8-

node brick element are placed at the center of the brick and are given in terms 

of ξ, η, ζ which range from - 2 to +2 as shown in Fig. (0-2). The isoparametric 

definition of the brick element is:   
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Where Ni (ξ, η, ζ) is the shape function at the i-th node and ui, vi, wi are 

the corresponding nodal displacements. The shape functions for the 8-node 

brick element which are adopted to map the element are given in Table 0.2. 

Table (3-1): Shape Functions for the 8-Node Hexahedral Element (Mottoram 

and Shaw, 7992 and Muhsen, 0220) 

Location  
i

   I NI (
i

 , I, I) 

Corners  nodes °% °% °% 03%66(%+ξξi)(%+ηηi)( %+ ζζi ) 

 

0.0.6 Evaluation of Element Stiffness Matrix: 

The function Ni is a function of local coordinates while the strains given 

in Eq. (0.8) are function of global coordinates. Therefore, a relationship 

between the derivatives in the two coordinate systems must be defined. The 

total derivatives of a typical shape function Ni are given as: 
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Where, [J] is the Jacobian matrix of the global coordinates with respect to the 

local coordinates. The global coordinates are expressed in terms of the local 

coordinates (by the same shape functions for displacements) as: 
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Where: xi, yi, and zi, are the nodal coordinates. 

By substitution of these relations in Eq.(0.60) , the Jacobian [J] is constructed in 

the following form: 

 











































































8

1i

i

8

1i

i

8

1i

i

8

1i

i

8

1i

i

8

1i

i

8

1i

i

8

1i

i

8

1i

i

z.
Ni

y.
Ni

x.
Ni

z.
Ni

y.
Ni

x.
Ni

z.
Ni

y.
Ni

x.
Ni

J                   ………………. (3.00) 

Then the derivatives of the shape functions with respect to the global 

coordinates can be found by inverting [J], as: 
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The elemental volume in the global coordinates (dx, dy and dz) can be written 

in terms of local coordinates (dξ, dη, dζ) as 

 dVe=dx dy dz=det[J]dξ dη d ζ                         …………..........(3.04) 

By substituting Eq (0.64) into (0.27), the element stiffness matrix may 

         be written in the form 
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       The simple integration limits should be noted. These integrals may 

be evaluated by the numerical integration technique described in Sec. 

%.2. 

%34 Fibre Reinforced Polymer (FRP) Representation: 

      The 2-node quadratic-order membrane shell element shown in 

Fig. (3-6) is used in the present work to model the FRP. This 

element has four corner nodes with three degrees of freedom u, v 

and w in the X, Y and Z direction respectively at each node. 

 

            

 

Fig. (3-6): Shell Element Geometry and Nodal  

3.2.7 Shape Function & Evaluation of Stiffness Matrix: 

The local coordinates of the 2-node shell element are placed at the center of the 

shell and are given in terms of ξ, η, ζ which range from - 7 to +7 as 

shown in Fig. (3-3). The isoparametric definition of the shell element 

is:  
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The shape functions are the follows: 

  

  

  

  







11
4

1

11
4

1

11
4

1

11
4

1

4

3

2

1

                ..…………………….. (%361) 

The global coordinates of any point, within the element, in term of 

the natural coordinates are: 
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(3.61) 

 The strain-displacement relationship is as follows: 
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 The development of the stiffness characteristic of the shell element follows 

essentially the same procedure as that for the brick element, i. e.  
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 %.6 Reinforcement Idealization  

In developing a finite element model for reinforced concrete members, at 

least three alternative representations of reinforcement have been used:  

a) Discrete Representation. 

b) Distribution Representation. 

c) Embedded Representation. 

This study adopted the distribution (smeared) representation which is 

shown in Fig.(%-4), the steel is assumed to be distributed in the concrete 

element with a particular orientation angle. In the composite concrete, 

reinforcement constitutive relation is used in this case [ASCE (%28%); Chen 

(%286)]. To derive such a relation, perfect bond is usually assumed between the 

concrete and steel. In Ansys programme SOLID 26 allows the presence of four 

different materials within each element; one matrix (e.g. concrete) and a 

maximum of three independent reinforcing materials. The concrete material is 

capable of directional integration point cracking and crushing besides 



incorporating plastic and creep behaviour. The reinforcement (which also 

incorporates creep and plasticity) has uniaxial stiffness only and is assumed to 

be smeared throughout the element. Directional orientation is accomplished 

through user specified angles. The stress-strain matrix [D]used for this element 

and anther deformations are found in Appendix [A].   

 

 

 

 

 

 

 

 

%32 Numerical integration: 

 The element stiffness matrix cannot be evaluated analytically and hence 

the use of numerical integration techniques makes the isoparametric element 

practical. The Gauss quadrate is a numerical integration method that allows 

the sampling points to be chosen such that the best possible accuracy may be 

obtained where the sampling points and weights are based on Gauss-Legender 

polynomials. However this type of numerical integration is referred to as 

Gauss- Legender quaderature scheme. In this scheme the summation is used in 

lieu of the integration in the evaluation process of the function to be 

integrated.  

      For isoparametric hexahedral brick element, the element stiffness Eq.(0.61) 

can be expressed in the form (Bath, 2992) 
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Fig. (3-2): Representation of distributed reinforcement 
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This can be calculated numerically as: 
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      In this study the integration used is the 8 point (6x6x6) integration rule for 

concrete, Fig. (%-6). The distribution of sampling points over the volume of the 

8-node brick element and their weighting factors are given in Table (%-6).  

  

Table (3-6): Sampling Points and Associated Weights for the (6x6x6) Rule 

(Mottoram and Shaw, 7992) 

Number of 

Sampling  Points 

Gauss point Weight 

ξ η ζ 

7,6,3,2,4,2,1,1 40.41132 ±0.41132 ±0.41132 7.0 

In determining the stiffness matrix of a two-dimensional isoparametric 

quadrilateral, can be concerned with evaluating definite integrals of the form:  
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The integral of a function F of ξ and η with respect to ξ and η in the rang -2 to 

+2. This can be achieved numerically by first evaluating the inner integral with 

ξ kept constant and then evaluating the outer integral. Thus:  
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In this expression, it is assumed that there is nj sampling points in the ξ 

direction and ni in the η direction; there are consequently a total of nix nj 

sampling points. Usually the same number of sampling points are used in each 

direction, thus ni= nj=n. In Fig. (%-2) the position of the Gauss points are shown 

on the parent element for n=6, that is for 6x6 integration rules 

      

  

 

 

 

 

 

Table (3-3): Sampling Points and Associated Weights for the (6x6) Rule 

(Mottoram, 7992) 

Number of Gauss point Weight 

1 0 

3 4 

Fig. (3-2): Distribution of Integration Point (ANSYS, 7991) Over the 2-

Node Shell Element 
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Sampling  Points  ξ η 

7,6,3,2 40.41132 ±0.41132 7.0 

        The standard %-D numerical integration formulas which are used in the 

element library are of the form: 
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Table (3-2): Sampling Points and Associated Weights (Mottoram, 7992) 

Number of 

Sampling  Points  

Gauss point Weight 

ξ 

7,6 40.41132 7.0 

0.7 Nonlinear Solution Techniques: 

Concrete elements, if loaded beyond their elastic limit, exhibit a nonlinear 

deformation response. This nonlinearity is caused by material nonlinearities. In 

other cases, nonlinearity may be due to geometric nonlinearities. In nonlinear 

problems sophisticated solution strategies have to be employed. For a 

nonlinear system the equilibrium equations can be written in the form:  

      fapar                       ..……………….. (3.32) 

Where,    ar , is the out-of-balance residual force vector,  a is the vector of 

nodal displacements,  f is the external load vector and    ap is the internal 

nodal load vector given by: 

        dV..Bap
v

T
                        ...………………. (3.31) 



Solution of the equilibrium occurs at balance between external and internal 

loads vector Eq.(%.%2), that is when residual forces are zero. The solution of 

nonlinear problems is attempted by one of the three techniques. These are: 

7. Iterative techniques 

6. Incremental techniques, and 

3. combined incremental-iterative techniques. 

 

 

 

 

 

 

 

%313% Iterative Techniques: 

       In the iterative techniques, Fig.(%-1a), the full load is applied in one 

increment. An initial estimate of the vector of unknown nodal displacements 

{a}i is obtained. Iterative corrections are performed in order to get a 

progressively improved solution {a}7, {a}6. This can be achieved as follows. The 

stresses corresponding to the predicted initial solution are calculated using the 

relevant constitutive relations. These stresses are used to calculate the internal 

force vector {p({a})}, and then the out of balance forces are successively 
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Fig. (3-7) Basic Techniques for Solving Nonlinear Equations (Zienkiweicz, 1977)   

 



applied to the structure. The iteration correction continues until the out of 

balance forces becomes negligible. The total displacement can be calculated by 

summing the displacements from each of the iterations. The iterative 

technique cannot be used to predict the entire response of the structure, since 

it fails in predicting information about the intermediate stages. 

2.7.3 Incremental Techniques: 

      The basis of the incremental procedure, Fig.(%.1b), is the 

subdivision of the load into small partial loads (increments). One 

increment of load is applied at a time, whereas during the application 

of each load increment, the structure is assumed to respond linearly. 

The basic disadvantage of this method is that a real estimate of the 

solution accuracy is not possible, since equilibrium is not satisfied at 

any given load level. So, for stability requirements, it is necessary to 

use small load increments, which in turns will increase the 

computation cost if compared with other techniques. 

2.7.2 Incremental – Iterative Techniques: 

In this type of techniques a combination of the incremental and 

iterative techniques are utilized, as shown in Fig. (%.1c), the load is 

applied as a series of increments. At each increment, iterative solution 

is carried out to find the real response of the structure. The Newton-

Raphson methods are usually used as incremental-iterative technique 

for solving nonlinear equations. These methods can be classified as: 
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7. The initial-stiffness method  

       In which the stiffness matrix is formed and decomposed only 

once at the beginning of the analysis, Fig.(%-8a). For this procedure 

the computation cost per iteration is significantly reduced. In the case 

of strong nonlinearities, the method often fails to converge even if an 

acceleration scheme is used. 

6. Full Newton-Raphson method  

      In which the stiffness matrix is updated at each iteration and a 

new system of equations is solved for each iteration. A disadvantage 

of this procedure is that a large amount of computational effort may 

be required to form and discompose the stiffness matrix, Fig.(%-8b). 

3. The modified Newton-Raphson method, [KT7] 

Fig.(3-8): Incremental-IterativePprocedures: (a) Initial Stiffness Method, 

(b) Standard N-R. Method, (c) Modified N-R. Method. 

 

 

(b) (a) 

(c) 



      In this method the stiffness matrix is updated only once for each 

first increment of loading. This method requires more steps for 

convergence, but each step is done quickly, Fig.(%-8c). 

2. The modified Newton-Raphson method, [KT6] 

      In this method the stiffness matrix is only formulated at the 

second iteration of each increment of loading. 

These methods %, 4 are generally more economically than the full 

Newton Raphson method since they involve fewer stiffness matrix 

reformulations. However, the convergence is slower and a large 

number of iterations are required to achieve converged solution. This 

is particularly true for an increment of loading at which a sudden 

softening may occur due to cracking, yielding or substantial nonlinear 

behavior of concrete in compression. In order to make the modified 

methods more effective at loading stages at which slow convergence 

occurs, the stiffness matrix may be updated more than once within the 

increment. The ANSYS programme incorporates a modified Newton-

Raphson method. The KT6 is adopted in this study.  

%38 Nonlinear Solution for ANSYS: 

In nonlinear analysis, the total load applied to a finite element model 

is divided into a series of load increments called load steps. At the 

completion of each incremental solution, the stiffness matrix of the 

model is adjusted to reflect nonlinear changes in structural stiffness 

before proceeding to the next load increment. The ANSYS program 

(ANSYS %228) uses Newton-Raphson equilibrium iterations for 

updating the model stiffness.Newton-Raphson equilibrium iterations 



provide convergence at the end of each load increment within 

tolerance limits. Figure (%-2) shows the use of the Newton-Raphson 

approach in a single degree of freedom nonlinear analysis. 

 

                  

                       

                   

Prior to each solution, the Newton-Raphson approach assesses the 

out-of-balance load vector, which is the difference between the 

restoring forces (the loads corresponding to the element stresses) and 

the applied loads. Subsequently, the program carries out a linear 

solution, using the out-of-balance loads, and checks for convergence. 

If convergence criteria are not satisfied, the out-of-balance load vector 

is re-evaluated, the stiffness matrix is updated, and a new solution is 

attained. This iterative procedure continues until the problem 

converges (ANSYS, %228). 

 

 

Fig. (3-9): Newton-Raphson Iterative Solution (6 Load 

Increments) (ANSYS, 7991) 
 



%3%0 Convergence Criteria: 

 For every incremental load the iteration continues until a 

convergence is achieved. The convergence criteria for the nonlinear 

analysis of structural problems can be generally classified into: 

%. force criteria  

6. displacement criteria  

             In this study, for the reinforced concrete solid elements, 

convergence criteria were based on force and displacement, and the 

convergence tolerance limits were initially selected by the ANSYS 

program. It was found that convergence of solutions for the models 

was difficult to achieve due to the nonlinear behavior of reinforced 

concrete.  

 In the displacement criterion, the incremental displacements at 

iteration i and the total displacement are determined. The solution is 

considered to be converged when the norms of the incremental 

displacements are within a given tolerance of the norm of the total 

displacements; the (Euclidean norm) is used and takes the form: 
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 Where:  U may equal u, v. w 

 The force criteria the norm of the residual forces at the end of each 

iteration are checked against the norm of the current applied forces as: 
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  Where: {R} is residual load vector 



                    nr
F

a
FR                ………………………… (3.20) 

 Where: {Fa} =vector of applied loads       

            {Fnr} =internal load vector  

In this study, the tolerance Tn is taken equal to 03%%. 

%3%% Analysis Termination Criteria: 

         In the physical test under force control, collapse of a structure takes place 

when no further loading can be sustained. This is usually indicated in the 

numerical tests by successively increasing iterative displacements and a 

continuous growth in the dissipated energy. Hence, the convergence of the 

iterative process cannot be achieved. A maximum number of iterations for 

each increment are specified to stop the nonlinear solution if the convergence 

limit has not been achieved for this study. It has been observed that a 

maximum number of about 60 iteration is generally sufficient predicted the 

solution divergence or failure. This maximum number of iterations depends on 

the type of the problem, extent of nonlinearities, and on the specified 

tolerance (Hinto and Owen, %284). In this study the maximum number of 

iteration is 60. 

%3%6 ANSYS Computer Program: 

       ANSYS (ANalysis SYStem) (version 634) is a powerful and impressive 

engineering tool that may be used to solve a variety of problems. 

       ANSYS is a comprehensive general-purpose finite element computer 

program that contains over %00,000 lines of codes with about %26 different 

elements conducted in the program. ANSYS is capable of performing static 



(linear and nonlinear problems), dynamic, heat transfer, and fluid flow and 

electromagnetism analyses. It has been a leading finite element analyses 

program for well over 60 years. The current version of ANSYS has a completely 

new look, with multiple windows incorporating Graphical User Interface (GUI), 

Pull-down menus, dialog boxes, and a tool bar. 

      In order to use ANSYS or any other "canned" finite element analyses 

computer program intelligently, it is imperative that one first fully understands 

the underlying basic concepts and limitations of the finite element method. 

      At this point it is worth noting that: 

%. There are three processors that have been frequently used: (a) the pre-

processor (PREP 1), (b) the processor (SOLUTION) and (c) the general 

postprocessor (POSTI). 

6. The commends of the pre-processor (PREP1) contains that you need to use 

to build a model: 

 define element types and options 

 define element real constants 

 define material properties  

 create model geometry 

 define meshing controls 

 mesh the object created 

%. The commands of the solution processor (SOLUTION) that allow applying 

boundary conditions and loads. The solution processor also solves for the 

nodal solutions and calculates other elemental information.    

4. The commands of the general postprocessor (POST%) contain that allow to 

list and display results of an analysis: 



 read results data from results file  

 read element results data  

 plot results 

 list results 

6. ANSYS writes and reads many files during a typical analysis. 

2. ANSYS program also offers the capability to select information about a 

portion of the model, such as certain nodes, elements, lines, areas and 

volumes, for further processing. 

1. ANSYS program provides numerous features that allow enhancing the visual 

presented information. Some examples of the graphics capabilities of ANSYS 

are deformed shapes, result contours, sectional views and animation. 

      The main objective of the program is to analyze reinforced concrete 

members strengthened with CFRP under general three-dimensional states of 

loading up to failure.  

      In the present study, the program has been preceded using a personal 

computer. The program has been implemented on Pentium IV, 2700MHz IBM 

compatible computer with 612 megabyte RAM. 

       The modified program is suitable for analyzing reinforced concrete beams 

strengthened with CFRP under general states of loading. 

 

 

  

CHAPTER FOUR 



  

MODELING OF MATERIAL PROPERTIES 

 

4-%: Introduction 

The modeling of material properties is one of the most important 

aspects of any realistic non-linear finite element analysis of reinforced 

concrete members. Since the concrete, CFRP (Carbon Fiber 

Reinforced Polymer) plate and the reinforcing steel have very 

different material properties, the behavior of the composite, 

reinforced concrete, is usually simulated by considering the 

constitutive relations of the constituents independently. Full 

interaction between materials has been assumed to exist throughout 

the present work. This chapter outlines the constitutive models for the 

concrete, CFRP plate and the steel reinforcement used in the present 

study. Several pre-processors of ANSYS are available for this 

purpose. ANSYS offers various solid and shell elements which can be 

used to model concrete and CFRP plate respectively. The choice 

depends on type and geometry of the structure/member. Eight-node 

(solid 26) and four-node (membrane shell-4%) elements are used to 

model concrete and CFRP plate respectively in the present work. 

4-6: Modeling of concrete   

In Fig.(4-%) a load versus midpoint deflection plot is drawn. Three dotted 

ellipses encircle A) the concrete cracking load, B) the steel yield load C) 

Concrete begins to crush (Nordin, 600%).  



 

 

 

 

The nonlinear response of load-deflection curve is mainly caused by 

cracking of concrete, yielding of steel, and the nonlinear stress-strain behavior 

of concrete in compression. Other time-independent nonlinearities arise from 

the nonlinear action of the individual constituents of the CFRP (Carbon Fiber 

Reinforced Polymer)-concrete beam, e.g. bond slip between the CFRP and 

concrete. Creep, shrinkage and temperature change, the time dependent 

effects also contribute to the nonlinear response. In this chapter, only the time 

independent material nonlinearities will be considered in the mathematical 

modeling of the materials. 

Fig.(4-1): Beams Strengthened with CFRP, (a)Unstrengthened, 

 (b) and (c) Strengthened with CFRP (Nordin, 6003).   

C 



The response of concrete under uniaxial and muiltiaxial loading states is 

described in the following sections.  

4-%: Mechanical Behavior of Concrete 

Concrete is an artificial stone obtained by mixing aggregates, cement 

and water and allowing the product to cure for hardening. It is mostly used as 

structural material. The strength of concrete depends upon the ingredients 

quantities and the manner in which they are mixed, compacted and cured. It 

can produce concrete of different grades for various purposes by suitably 

adjusting the proportion of cement, aggregate and water.  

Concrete after hardening contains a large number of microcracks at 

interface between aggregate and mortar, even before any loads have been 

applied (Chen, %286). The gradual growth of these microcracks under 

additional load contributes to the nonlinear behavior of concrete. Many of 

these microcracks are caused by segregation, shrinkage or thermal expansion 

in the mortar. Some microcracks may develop during loading due to the 

difference in stiffness between aggregate and mortar (Chen, %286). Concrete 

may be subjected to uniaxial, biaxial and traixial stresses. The behavior of 

concrete under these states of stresses is described below.  

4-%-%: Uniaxial Stress Behavior of Concrete 

4-%-%-%: Uniaxial Compression Behavior 

A typical uniaxial compression stress-strain curve is shown in Fig.(4-6). 

Up to a stress level of about 00 percent of its uniaxial compressive strength, (


cf ), concrete behaves as a linear elastic material (Chen, 2986). For stress 

levels ranging between (2.3


cf ) and (2.5


cf ) the stress- strain start to show a 



slight non-linearity. A gradual increase in the curvature of the stress-strain 

curve occurs up to about (2.75


cf ). For compressive stresses above this value, 

the rate of crack propagation increases rapidly and the stress-strain curve 

bends sharply until the peck stress level is reached. Beyond the peck stress, 

concrete exhibits a strain-softening response, which is expressed by the 

descending portion of the curve (Chen, 2986). 

The modulus of elasticity of concrete depends on its compressive 

strength. The modulus of elasticity of concrete Ec, may be estimated from the 

ACI / Building Code 028 M-06 as:  

5.0

c
5.1

cc f)043.0(WE       (MPa)     …(4-1) 

where Wc is the unit weight of concrete in kg/m0. For normal concrete, 

equation (4- 2) will be reduced to  

cc f4700E    (MPa)      …(4-0) 

Poisson ratio (υ), which is defined as the ratio of lateral strain to the 

principal compressive strain has been observed in experiments to be constant 

up to a stress level of ( ,8.0 cf ) and ranges between 0.21 and 0.66 (Chen, 2986). 
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4-%-%-6: Uniaxial Tensile Behavior 

The stress-strain curve for concrete under uniaxial tension is as shown in 

Fig.(4-%) (Chen, 2986). It is nearly linear up to about 032 ft (cracking stress). 

Beyond this level, bond micro-cracks start to grow and non-linearity of the 

curve is started to increase as the stress level increases until peak stress is 

reached. 

As a result of the difficulties in implementing the direct testing of 

concrete in pure axial tension, indirect tests are alternatively used to 

determine the concrete cracking strength. These tests are the modulus of 

rupture fr, which is determined from bending test, and the splitting strength 

fsp, which is determined by splitting a concrete cylinder with a line load. Also 

the double punching test is another indirect test method for determining 

concrete cracking strength (Chen, 2986). 

The splitting tensile strength and modulus of rupture of concrete are 

determined by using the following equations respectively. 

csp f65.0f      (MPa)      …(4-3) 

Fig.(4-0):Typical Uniaxial Stress-Strain Curve for Concrete in  Compression. 

u o 

 



  cr f7.0f     (MPa)      …(4-4) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4-0-2-0: Multiaxial Behavior of Concrete  

The behavior of concrete under multiaxial stress condition is 

very complex if compared with that under uniaxial stress condition. A 

typical biaxial strength envelope is shown in Fig.(4-4.a). When 

subjected to biaxial compressive, concrete has an increased up to 

about ( ,25.1 cf ) for a principal stress ratio of 036 and up to about ( ,16.1 cf ) 

for principal stress ratio of %.0. Under biaxial tension-compression, the 

tensile strength decrease almost linearly as applied compression 

ft 

 

 

Fig.(4-3): Typical Uniaxial Stress-Strain Curve for Concrete in Tension  

2.6 ft 

 



increase. For biaxial tension states, concrete exhibits nearly constant 

tensile strength (Kupfer et al., %222). 

Under triaxial compressive stress, concrete exhibits strength 

which increases with the increasing confining pressures. Experimental 

studies indicate that the three-dimensional failure envelope is a 

function of the three principal stresses, Fig.(4-4.b). This failure 

surface can be represented by three-stress invariants. These invariants 

are the first invariant of the stress tensor (I%), and the second and the 

third invariant of the stress deviatoric tensor (J6) and (J%) (Chen, %286). 

 

 

 

 

 

 

 

 

 

 

 

 

 

       

 

 

Fig.(2-2): Typical Multiaxial Stress-Strain Curves for Concrete 

(Kupfer, 7929 and Chen, 7916) 

a. biaxial  

                  

                  

                  
   

b. triaxial 

                  

                  

                  
    



4-4: Concrete Material Modeling 

There are many constitutive models which have been developed to 

predict the response of reinforced concrete under various stress states. Some 

of the main constitutive models are the elasticity based and plasticity based 

models.  

The elasticity-based models can simulate the concrete as a linear elastic 

or nonlinear elastic material. The linear elasticity model has been used to study 

the nonlinear response of reinforced concrete beams, panels, and shells in 

which the main nonlinearity is introduced by the cracking of the concrete 

(Chen, %286). 

The linear elastic models for concrete in compression can be significantly 

improved by assuming a nonlinear elastic stress-strain relationship. In recent 

years, there have been a large number of nonlinear elastic stress-strain 

relationships proposed for concrete materials (Yasuhiro and Chen, %281). They 

can be generally classified in to:  

%. The total stress-strain formulation in the form of secant stiffness 

relation.         

6. The incremental stress-strain formulation in the form of tangential 

stiffness formulation (hypo elastic model). 

Since concrete is an irreversible and load path dependent material, it is 

not appropriate to use the elasticity based models (except the hypo elastic 

model) for structural analysis involving un loading behavior. The hypo elastic 

model can incorporate the loading history effect including the unloading 

behavior of the structure (William and Warnke, %216).  



In the plasticity based models, concrete can be described as an elastic 

perfectly plastic material or elastic-work hardening material. When a material 

under compression load does admit changes of permanent strain under 

constant stress, this material is called perfect plastic. If does not, this material 

is called a work-hardening material (Chen, %286). These models have been 

used extensively in recent years to describe the behavior of concrete. On the 

other side, an important characteristic of concrete that cannot be adequately 

treated by the classical theory of plasticity is the full stress- softening effect 

(Chen, %286).   

Arnesen et al., %280 have stated that classical elasticity and plasticity 

theories can be sufficiently accurate for many applications; this is particularly 

true when the concrete structure fails in cracking of concrete and yielding of 

reinforcement bars. Plasticity theory for concrete is sufficiently accurate for 

uniaxial stress state and two-dimensional state of stress with proportional 

loading. But for complex loading histories and three-dimensional state of 

stress, it has been shown that these theories are inadequate. 

In the present study, concrete behavior is considered to be elasto-plastic 

followed by perfect plastic brittle fracture model. This model should include 

the following: 

%. Stress-strain relationship. 

6. Failure criterion to simulate cracking and crushing types of fractures. 

%. Cracking modeling. 

4. Crushing modeling.   

4-4-%: Stress-Strain Relationship 

Development of a model for the behavior of concrete is a challenging 

task. Concrete is a quasi brittle material and has different behavior in 



compression and tension. Fig.(4-6)shows a typical stress-strain curve for 

normal weight concrete (Bangash, %282).  

In compression, the stress-strain curve for concrete is linearly elastic up 

to about %0 percent of the maximum compressive strength. Above this point, 

the stress increases gradually up to the maximum compressive strength. After 

it reaches the maximum compressive strength σcu, the curve descends into a 

softening region, and eventually crushing failure occurs at an ultimate strain  

εcu. In tension, the stress-strain curve for concrete is approximately linearly 

elastic up to the maximum tensile strength. After this point, the concrete 

cracks and the strength decreases gradually to zero (Bangash, %282). 

 

 

 

The ANSYS program requires the uniaxial stress-strain relationship for 

concrete in compression in Fig.(4-2). Numerical expressions, Equations (4-6) 

Fig.(2-4): Typical uniaxial compressive and tensile stress-strain curve 

for concrete (Bangash, 7919) 

 



and (4-2), were used along with Equation (4-1) (Gere and Timoshenko, %221) 

to construct the uniaxial compressive stress-strain curve for concrete in this 

study. 
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Where: 

             f = Stress at any strain є. 

             є = Strain at stress f. 

             єo = Strain at the ultimate compressive strength f'c. 

  



  

Fig.(2-2): Simplified compressive uniaxial stress-strain curve for 

concrete (Kachlakev et al., 6007). 

The simplified stress-strain curve for each beam model is constructed 

from six points connected by straight lines. The curve starts at zero stress and 

strain. Point No. %, at 03%0f’c, is calculated for the stress-strain relationship of 

the concrete in the linear range (Equation (4-1)). Point Nos. 6, %, and 4 are 

obtained from Equation (4-6), in which εo is calculated from equation (4-2). 

Point No. 6 is at εo and f’c. In this study, an assumption was made of perfectly 

plastic behavior after Point No. 6 (Kachlakev et al., 600%). 

For uncracked concrete the stress-strain matrix for concrete can be 

defined by (ANSYS, %228). The matrix  c
D  is derived by specializing the 

orthotropic stress-strain relations to the case of an isotropic material. 
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The stress-strain relationship can be written in a matrix form as: 

{σ} = [Dc]{ Є }                 …(2-9) 

 Where:     E = Young’s modulus for concrete. 

          ν = Poisson’s ratio for concrete. 

                                 [Dc] = Constitutive matrix for concrete. 

 

                        {Є} = The strain vector 

 

4-4-6 Failure Criteria for Concrete 

When the state of stress reaches a certain critical value, concrete fails by 

fracturing. Fracture of concrete can be classified as cracking type of fracture 

and crushing type of fracture (Chen, %286).  

To determine the fracture of concrete under a multiaxial state of stress, 

a failure criterion that specifies the limit value is needed (Chen, %286). The 

fives parameter failure criterion developed by (Willam and Wornke, %216) are 

used Fig.(4-1), and it can be expressed in the form (ANSYS, %228). 

S
c'f

F
  ≥ 0               …(2-70) 



A total of input strength parameters are needed to define equation      

(4-%0), the failure surface as well as an ambient hydrostatic stress state.  

 

Table (2-7): Concrete Material 

LABEL DESCRIPTION 

F A function of the principal stress state (σ% , σ6 , σ%) 

S Failure surface expressed in terms of principal stresses and five 

input parameters f 'c, ft, fcb, f% and f6 

ft Ultimate uniaxial tensile strength 

f'c Ultimate uniaxial compressive strength 

fcb Ultimate biaxial compressive strength 

f7 Ultimate compressive strength for a state of biaxial compression 

superimposed on hydrostatic stress state (
a

h
) 

f6 Ultimate compressive strength for a state of uniaxial compression 

superimposed on hydrostatic stress state (
a

h
) 


a

h

 Ambient hydrostatic stress state 

If this equation is not satisfied, there is no attendant cracking or 

crushing. Other wise the material will crack if any principle stress is tensile 

while crushing will occur if all principle stressed are compressive (ANSYS, 

%228).  

However, the failure surface can be specified with a minimum of two 

constant, ft, f'c. The other three constant defaults to (William and Warnke, 

%216): 

fcb = 7.6 f 'c                                          …(2-77) 

f7 = 7.24 f 'c                                                                                           …(2-76) 

f6 = 7.164 f 'c                                                                                          ...(2-73) 

However, these default values are valid only for stress states where the 

condition is satisfied. 



c'f3h 
                                                                                                                                     

(σh = hydrostatic stress state =  
zpypxp

3

1
  )                              …(2-74) 

Thus condition (4-%4) applies to stress situations with a low hydrostatic 

stress component. Both the function F and the failure surface S are expressed 

in terms of principal stresses denoted as σ%,σ6 and σ% where: 

σ7 = max (σxp, σyp, σzp)                                                                         …(2-72) 

σ6 = min (σxp, σyp, σzp)                                                                          …(2-71) 

and σ7 ≥ σ6 ≥ σ3. The failure of concrete is categorized into four domains: 

7. 0 ≥ σ7 ≥ σ6 ≥ σ3  (compression - compression – compression)  

6. σ7 ≥ 0 ≥ σ6 ≥ σ3  (tensile - compression – compression)  

3. σ7 ≥ σ6 ≥ 0 ≥ σ3  (tensile - tensile – compression)  

2. σ7 ≥ σ6 ≥ σ3 ≥ 0  (tensile- tensile – tensile)  

In each domain, independent functions describe F and the failure surface 

S. The four functions describing the general function F are denoted as F%, F6, F% 

and F4 while the functions describing S are denoted as S%, S6, S% and S4.  The 

functions Si (i=%,4) have the properties that the surface they describe is 

continuous while the surface gradients are not continuous when any one of 

the principal stresses changes sign. The surface will be shown in Fig.(4-1) and 

Fig. (4-2) these functions are discussed in detail below for each domain. 

4-4-6-%: Compression – Compression – Compression Regime 

In the 0 ≥ σ7 ≥ σ6 ≥ σ3 domain the failure criterion of (William and Wranke, 

%216) is implemented. In this case, F takes the form: 

…(2-72) 
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and S is defined as  
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Terms used to define S are: 
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σh is defined by equation (4-%6) undetermined coefficients a0, a%, a6, b0, 

b%and b6 are discussed below.  

This failure surface is shown as Fig.(4-1). The angle of similarity η 

describes the relative magnitudes of the principal stresses. Form equation    (4-

60), η=0 0 refers to any stress state such that σ% = σ6 > σ% (e. g. uniaxial tension, 

biaxial tension) while ξ= 200 for any stress state where σ% > σ6 = σ%  (e. g. 

uniaxial tension, biaxial compression). All other multiaxial stress state have 

angles of similarity such that 0 0 ≤ η ≤ 20 0. When η = 0 0, S% (equation (4-%2) 

equals r% while if η = 20 0, S% equals r6. Therefore, the function r% represents the 

failure surface of all stress stases with η = 0 0. The functions r%,r6 and the angle 

η are depicted on Fig.(4-1). 

…(4-01) 

…(4-00) 



 

 

 

 

It may be seen that the cross-section of the failure plane has cyclic 

symmetry about each %60 0 sector of the octahedral plane due to the range 0 0 

≤ η ≤ 20 0 of the angle of similitude. The function r% is determined by adjusting 

a0, a% and a6 such that ft, fcb and f% all lie on the failure surface. The proper 

values for these coefficients are determined through solution of the 

simultaneous equations: 

 



























































































2

1

0

2

11

2

cbcb

2

tt

1

a

h32

a

h1

1

cb321

1

32t1

1

a

a

a

1

1

1

f,(
c'f

F

f,0(
c'f

F

)0,f(
c'f

F

             

σ1= σ0=σ3 

c'f
1

 

c'f

2
 

Fig.(4-7): 3-D Failure Surface in Principal Stress Space (ANSYS, 1998) 

Octahedral Plane 

  …(4-03) 
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The function r6 is calculated by adjusting b0, b% and b6 to satisfy the 

conditions:     
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ξ6 is defined by : 
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                                                                                       …(2-62) 

And ξ0 is the positive root of the equation  

 0aaa)(r
2

0201002                                                                       …(2-61)              

Where:  a0, a% and a6 are evaluated by equation (4-6%). 

Since the failure surface must remain convex, the ratio r% / r6 is restricted 

to the range. 

0.4 < r7 / r6 < 7.64                                                                                 …(2-61) 

Although the upper bound is not considered to be restrictive since r% / r6 

< % for most materials (ANSYS, %228). Also, the coefficients a0, a%, a6, b0, b%and 

b6 must satisfy the conditions (William and Warnke, %216):  

a2 > 2 , a1 ≤ 2 , a6 ≤ 0                                                                             …(2-69) 

b0 > 0 , b7 ≤ 0 , b6 ≤ 0                                                                            …(2-30) 



Therefore, the failure surface is closed and predicts failure under high 

hydrostatic pressure (ξ >ξ6). This closure of the failure surface has not been 

verified experimentally and it has been suggested that a von Misses type 

cylinder is a more valid failure surface for large compressive σh values (ANSYS, 

%228). Consequently, it is recommended that values of f% and f6 are selected at 

a hydrostatic stress level (σh
a) in the vicinity of or above the expected 

maximum hydrostatic stress encountered in the structure.  

Equation (4-61) expresses the condition that failure surface has an apex 

at ξ = ξ0. A profile of r% and r6 as a function of ξ is shown in Fig.(4-8).  

 

 

 

 

The lower curve represents all stress states such that η=0 0 while the 

upper curve represents stress states such that η=20 0. If the failure criterion is 

satisfied, the material is assumed to crush.   

 

4-4-6-6: Tensile – Compression – Compression Regime 

 

Fig.(2-1): A profile of the Failure Surface as a Function of ξα(ANSYS7991). 

 



In the domain σ7 ≥ 0 ≥ σ6 ≥ σ3, F takes the form: 
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And S is defined as  
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The coefficient a0, a%, a6, b0 , b%,b6 are defined by equations (4-6%) and (4-66) 

while 

)(
3

1
32                                                                                          …(2-34) 

If the failure criterion is satisfied, cracking occurs in the plane 

perpendicular to principal stress σ%, Fig.(4-2). 
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4-4-6-%: Tension – Tension – Compression Regime 

In the domain σ7 ≥ σ6 ≥ 0 ≥ σ3 , F takes the form:  

 

2,1i;FF i3                                                                        …(2-32) 

and S is defined as  
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                                            …(2-31) 

If the failure criterion for both i=%,6 is satisfied, cracking occurs in the 

planes perpendicular to principal stress σ% and σ6. If the failure criterion is 

satisfied only for i=%, cracking occurs in the plane perpendicular to principal 

stress σ%. 

4-4-6-4: Tension – Tension – Tension – Regime 

In the domain σ7 ≥ σ6 ≥ σ3 ≥ 0 ,F takes the form: 

3,2,1i;FF i4                                                                     …(2-31) 

and S is defined as  

 
 

          If the failure criterion is satisfied in direction %,6 and %, cracking occurs in 

Fig.(4-9): Cracks Formation in One Direction (ANSYS, 1998). 
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f
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…(4-39) 



the planes perpendicular to principal stresses σ%, σ6 and σ%.If the failure 

criterion is satisfied in directions % and 6, cracking occurs in the plane 

perpendicular to principal stresses σ% and σ6.If the failure criterion is satisfied 

in directions %, cracking occurs in the plane perpendicular to principal stress σ%. 

A three-dimensional failure surface for concrete is shown in Fig.(4-%0). 

The most significant nonzero principal stresses are in the x and y directions, 

represented by σxp and σyp, respectively. Three failure surfaces are shown as 

projections on the σxp-σyp plane. The mode of failure is a function of the sign 

of σzp (principal stress in the z direction).For example, if σxp and σyp are both 

negative (compressive) and σzp is slightly positive (tensile), cracking would be 

predicted in a direction perpendicular to σzp. However, if σzp is zero or slightly 

negative, the material is assumed to crush (ANSYS %228). 

 

 

 

 

  

 



 

 

 

In a concrete element, cracking occurs when the principal tensile stress 

in any direction lies outside the failure surface. After cracking, the elastic 

modulus of the concrete element is set to zero in the direction parallel to the 

principal tensile stress direction. Crushing occurs when all principal stresses are 

compressive and lie outside the failure surface; subsequently, the elastic 

modulus is set to zero in all directions (ANSYS, %228), and the element 

effectively disappears. Crushing of the concrete started to develop in elements 

located directly under the loads. Subsequently, adjacent concrete elements 

crushed within several load steps as well, significantly reducing the local 

stiffness. Finally, the model showed a large displacement, and the solution 

diverged. A pure “compression” failure of concrete is unlikely. In a 

compression test, the specimen is subjected to a uniaxial compressive load. 

Secondary tensile strains induced by Poisson’s effect occur perpendicular to 

Fig.(4-12): Failure Surface in Principal Stress Space σzp Close to Zero 

(ANSYS,1998). 



Fig. (4-%%) Smeared Crack Model (Chen, %286) 

Compression Tension 

the load. Because concrete is relatively weak in tension, these actually cause 

cracking and the eventual failure (Mindess and Young, %28%; Shah, et al. %226).  

4-4-%: Cracking Modeling  

The internal stresses and deflections of reinforced concrete structures 

are affected by cracking. This phenomenon can be modeled in finite element 

schemes as smeared cracking approach.   

The smeared crack model introduced by (Rashid, %228) represents 

cracks as a change in the material property of the element over which the 

cracks are assumed to be smeared and offers an automatic generation of 

cracks without the redefinition of the finite element topology. It assumes that 

the concrete becomes orthotropic after the cracking has occurred with zero 

modulus of elasticity in the direction normal to the crack. A crack is 

represented by an infinite element, Fig.(4-%%). Poisson’s effect is neglected due 

to lack of interaction between the two orthogonal directions after cracking. 

 

 

 

 

 

 

 

 



 

 

The smeared crack approach can be divided to fixed and rotating crack 

categories. In the fixed crack category, concrete in tension is assumed to crack 

along the direction normal to the principal tensile stress direction, when the 

tensile stress at that point satisfies the failure criterion. This direction is 

assumed fixed during the entire computational process (Channakeshava and 

Sudara, %288). In the rotating crack model, the crack direction is always 

aligned normal to the direction of maximum principal strain, and the principal 

stress and strain directions are assumed to coincide. 

Since the overall load-deflection behavior is desired, the cracking of 

concrete in the present study is considered through an adjustment of material 

properties which effectively treats the cracking as a smeared band of cracks 

with fixed crack orientation (ANSYS, %228). This model is terms of shear 

transfer model and closing and reopening of cracks. 

4-4-%-%: Shear Transfer Model 

Concrete is assumed to behave linearly in tension up to the onset of 

cracking. When concrete cracks, its shear stiffness is reduced. However, 

cracked concrete can partially transmit shear across the crack due to aggregate 

interlock and dowel action of the reinforcement. The shear transfer 

mechanism depends on the reinforcement ratio, bar size, bar arrangement, 

the amount of concrete cover, the type of concrete and aggregate size 

(Fenwick and Paulay, %228). To estimate such an effect, a shear coefficient β is 

introduced which represents a shear strength reduction factor for concrete 

across the crack face (ANSYS, %228). When the crack is formed, only a constant 



value of a shear transfer coefficient βo for the opened crack is introduced, and 

if the crack is closed, the shear transfer coefficient βc is used. The values of β0 

and βc are always in the range %> βo > βc > 0. These values depend on the 

texture of the cracked surface. 

The shear transfer coefficient, β, represents conditions of the crack face. 

The value of β ranges from 030 to %30, with 030 representing a smooth crack 

(complete loss of shear transfer) and %30 representing a rough crack (no loss of 

shear transfer) (ANSYS %228).The value of βo used in many studies of 

reinforced concrete structures, however, varied between 0306 and 0366 

(Kachlakev 600%; Santhakumar and Chandrasekaran 6004). A number of 

preliminary analyses were attempted in this study with various values for the 

shear transfer coefficient within this range, but convergence problems were 

encountered at low loads with βo  less than 036. Therefore, the shear transfer 

coefficient with open crack and with close crack used in this study was equal to 

036 and 0386 respectively. 

4-4-%-6: Closing and Reopening of Cracks 

The unloading and reopening of a cracked integration point may occur 

as a result of stress redistribution at neighboring points. Cracks are assumed to 

open perpendicular to the highest principal tensile stress direction, when the 

failure surface has been reached. The stress-strain relation for a material that 

has cracked in one direction only becomes (ANSYS, %228): 
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Where the superscript ck signifies that the stress strain relation refer to 

coordinate system parallel to principal stress directions with the xck axis 

perpendicular to the cracking face. 

If the crack closes, then all compressive stress normal to the crack plane 

are transmitted a cross the crack. Then [Dck] can be expressed as:  
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The stress-strain relations for concrete has cracked in two directions are: 

c 

…(2-27) 
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 If both directions reclose: 
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The stress-strain relation for concrete that has cracked in all three 

directions are: 
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If all three cracks reclose, equation (4-4%) is followed. There are %2 

possible combinations of crack arrangement and appropriate changes in stress-

strain relationships incorporated in the analysis (ANSYS, %228). 

The transformation of  [Dck] to element coordinates has the form: 

…(2-23) 

 

c 
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Where: 

[Tck] has a form identical to equation (A-6)and three columns of [A] in 

equation (A-2) are now the principal direction vectors (ANSYS,%228). 

The open or closed status of cracked integration point cracking is based 

on a strain value  ck

c  called the crack strain. For the case of possible crack in 

the X direction, this is evaluated as: 
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Where: 

           ck

z

ck

y

ck

x ,and,, three normal component strains in crack orientation. 

The vector {єck} is computed by: 

     'T
ckck                                                                                          …(2-21) 

Where: {є'} = Modified total strain (in element coordinates) 

{є'}, in turn, is defined as: 
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n

th

nn

el

1nn'                                                              …(2-21) 

Where: 

       n = substep number. 

   

el

1n  Elastic strain from previous substep 

   n  Total stain increment (based on {Δun}, the displacement    increment      

over the substep) 

 th

n = Thermal strain increment  

If no cracking has occurred  

If y direction has cracked  

If y and z direction have cracked  



  pl

n  Plastic strain increment 

If ck

c is less than zero, the associated crack is assumed to be close. If ck

c is 

greater than zero, the associated crack is assumed to be open.  When cracking 

first occurs at an integration point, the crack is assumed to be open for the 

next iteration (ANSYS, %228). 

4-4-4: Crushing Modeling  

If the material at an integration point fails in uniaxial, biaxial, or triaxial 

compression, the material is assumed to crush at that point. In brick elements, 

crushing is defined as the complete deterioration of the structural integrity of 

material (e.g. material spalling).Under this conditions where crushing has 

occurred, material strength is assumed to have degraded to an extent such 

that the contribution to the stiffness of an element at the integration point in 

question can be ignored (ANSYS,%228). 

4-6: Steel Reinforcement Modeling  

The steel reinforcement for the finite element models was assumed to 

be an elastic-perfectly plastic material and identical in tension and 

compression. 

Poisson’s ratio of 03% was used for the steel reinforcement in this study 

(Gere and Timoshenko, %221). Fig.(4-%6) shows the stress-strain relationship 

used in this study.  



            

  Fig.(2-76): Stress-Strain Curve for Steel Reinforcement 

 

4-2: FRP Composites Modeling 

FRP composites are materials that consist of two constituents. The 

constituents are combined at a macroscopic level and are not soluble in each 

other. One constituent is the reinforcement, which is embedded in the second 

constituent, a continuous polymer called the matrix (Kaw, %221). The 

reinforcing material is in the form of fibers, i.e., carbon and glass, which are 

typically stiffer and stronger than the matrix. The FRP composites are 

anisotropic materials; that is, their properties are not the same in all directions. 

Fig.(4-%%) shows a schematic of FRP composites. 



             

 

                        

Carbon fiber reinforced polymer was used for flexural reinforcement 

because of its high tensile strength. Linear elastic properties of the FRP 

composites were assumed throughout this study. Fig.(4-%4) shows the stress-

strain curves used in this study for the FRP composites in the direction of the 

fiber. The properties of CFRP are assumed isotropic materials, such as elastic 

modulus and Poisson’s ratio, are identical in all directions 

 

Fig.(2-72): Stress-Strain Curves for the FRP Composites in the 

Direction of the Fibers (Kachlakev et al., 6007). 

  

Fig.(2-73): Schematic of FRP Composites ( Kaw, 7991) 

 



 

 

 


