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بحضنققل      ضنشقق ا بحيانققيني حل بحت ليققا بطي ققببح ققيحب ثضوعققو   يتعلققا بحث قق          

 و بحنيتج  عن ت ضيلهي ثقوى  ينيضيكي  . ثعي بلأ بحثلاثي 

فب بحت ليا بحضجاى عضن هقه  بح ابنق  كضقي ي ب حلضي   لاو حق  تم إ ييا بحتضثيا بح         

و و تشققضا تشقققا بحيانققين  ثيحنقق   ي يقق  حلضققي   لاا بحثنظققا بطعتثققيا  ابنقق  بحعوبضقق أيققه

ضق  تهشقم بحيانقين  ي ب حليانين  ت ا بحعط  لابن  با بطنفعيا ثع  بحتشقا و بحنلوك بح

 و ض يلي    ي  بحتنليح . 

ثلاثقب بلأثعقي  . و يتكقون تضثيقا فب هقهب بحث ق  تقم تضثيقا بحضنشقر بحيانقينب ثضو يقا          

و هقققو ضقققن نقققو  با   عقققق  أو عشقققاين ضقققن ثضينيققق  حلكونكايقققا  ققق بحعنصقققا بحفعقققياب بحوب

(isoparametric)   يفتاض أن   ي  بحتنليح حه ضوبصفيا أ ي ي  بطتجي  و ثيتجي  قعثين

تضثيا بحضنشيا بحيانيني  بحضنل   تم فقاض وققو    يق  بحتنقليح عقضنب  بيقا ح و  بحتنليح

 جو  ابث   ض كض  ثينهضي .عنصا بحيانين  بح يثوقب بحشكا و كهحك ثيفتابض و

 strain)ثكونهقققي ضقققي   ضانققق  ي يققق  و حهقققي هثقققو  ثيطنفعقققيا  تتضيقققل بحيانقققين          

softening)  ح نق   –حلجق   –بحش  ، و ثكونه ضقي   ضانق   لإجهي ثط  بحتشقا عن  يعوعهي

 ح ن  حتضثيا بح  ي  . –حلج   –و ق  تم بعتضي  ضي   ضان    . بحعط  لإجهي عن  يعوعهي 

  صققوابحتققب تققم بح تققم  ققا ضثققيحين اقضيققين فققب هققه  بح ابنقق  حطققاض ضقيانقق  بحنتققيا          

عليهققي ثينققتي بم  ايققق  بحعنيصققا بحض قق    ضقق  نتققيا  تققم بح صققوا عليهققي ضققن  ققا  نظايقق  

 أياى و ضن هحك وج ني تقيا  جي  ثين بحنتيا  .



و نقو  بحضنقين  رثيا ننث  بلإيضي  و  اج  بطن نيء   طيتييا تنظضا  ابنيا نظاي         

و ضققق با تطيققا بحققلضن و و عقق   بحعنيصققا بحتققب تضثققا بحضنشققر و نققضك  ثققق    يقق  بحتنققليح 

بحضن نيق  بحضصقنوع  ضقن بحكونكايقا بحضنقلح . وضقن  على تصقا  بلأعتقي بلإلب   بحث باي  

ضنشققر ثقق ون إيضققي  أكثققا ضققن بحقصققب حلوجقق ني أن بحه ققوا و بلإجهققي  بحنتققيا  بحضنت صققل  ، 

%( 06ثضقققق با   عنقق ضي نريققه بطجهققي  ثعققين بطعتثققيابحه ققوا و بلإجهققي  بحقصققب حلضنشققر 

ثينيقق  إحققى ( 6.60ضققن   نقق ضي ضققق با بحتطيققا فققب بحققلضن يقققاعلققى بحتققوبحب . و ع%(0..6و 

               %( . .9بحه وا فب ضنتص  بحعت  تل ب  ثضق با   ( ثيني 6.660 
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         The present study is concerned with nonlinear analysis of three 

dimensional reinforced concrete arch  structures subjected to dynamic loading 

.  

         Material nonlinearity as a result of tension cracking , strain softening after 

cracking , the nonlinear response of concrete in compression , crushing of 

concrete and the yielding of the reinforcement are considered . 

         The three dimensional computational model is adopted in the present 

study. The eight and twenty noded hexahedral isoparametric elements are 

used for the spatial discretization of concrete , while the steel reinforcement is 

assumed to have uniaxial properties in the direction of the bars and it's 

incorporated in the concrete brick element by assuming a  perfect bond .  

         Concrete is considered as a linear elastic strain softening material in 

tension and as an elasto – viscoplastic material in compression . A classical 

elasto – viscoplastic model is used in the present study to model the 

reinforcement . 

         Two numerical examples are worked out to compare results obtained by 

the finite element analysis to those available analytical results and good 

agreement between these results were found . 

         Parametric studies have been carried out to examine the influence of 

damping ratio , degree of curvature , boundary condition , thickness of main 

reinforcement layers and the initial displacement on the behavior of  

reinforced concrete  arch structures and also the non – prismatic clamped 

circular arch was solved with two cases . From the results obtained , the 

deflection and shear stresses of arch without damping is greater than 



deflection and shear stresses with damping by maximum difference about 

(066) and (6..06) , respectively . If initial displacement happened in the 

supported of arch , the maximum central deflection increases , when this 

displacement in the direction and opposite the direction of X – axis with 

magnitude equals to (6.0,-6.0)cm the maximum difference of central 

deflection by about (06.06). 
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1.2 General 

 
         With the advent of modern computers and sophisticated analytical techniques 

of concrete structures , an intense research effort has been used recently to model 

the concrete under short – time loading for one , two or three – dimensional stresses 

states .  The objective of this chapter is to give a brief review of the previous 

studies on the application of dynamic analysis of reinforced concrete arch 

structures . In this chapter , a review to the available methods for analysis of 

reinforced concrete arches . 

 

1.1 Static Analysis for Curved Beam by Finite Element 

  
         Curved members finite element developed by many studies based on exact 

strain energy or natural shape functions , others are based on assumed displacement 

fields . In some study the strain element is based on independent strain components 

rather than displacement . 

 

         Martine (6611) 
(16) 

derived exact two dimensional stiffness matrix for curved 

beam in which axial stiffness and shear stiffness are neglected . The strain energy 

expression used is : 
                            B       

                U= R/1EIZ ∫  M
1

Z
 
   dФ                                                                                          

(6.6)     

                                       
0          

    where ; MZ : the moment about z – axis 

                    R : radius of curvature of centroidal 
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         B : is the subtended angle by the element                 

              Ф : is the polar angle 

 

         Morris (6611) 
(16)

 included the effect of the axial deformation in the strain 

energy expression and derived a three dimensional exact stiffness matrix for curved 

beam : 
                    B                                               B                                        B                                             B 

U=R/1EIZ ∫M1
Z dФ+R/1EA ∫F1

Z dФ+R/1EIn ∫M1
n dФ+R/1GJ∫M1

S dФ                              

(6.6) 
               0                                0                              0                              0                                                                                                                                                                                                                                                                                                          
  where ;  FZ = the force in z – axis 

                A  = cross section area  

                MS = the moment about alongitudal axis 

 

         Dabrowski (6611) 
(66) 

examined the behavior of thin – walled beam for non 

deformable cross – section for different loading and boundary conditions . The 

effects of secondary shear deformation on closed box sections was considered and 

so was the effect of curvature on the overall static behavior . The effects of 

curvature on the transverse distribution of stresses was not considered . 

 

         Ashwell (6696) 
(1)

 gave models based both on independently  - interpolated 

displacement components of up to cubic order and strain distributed were 

considered . The degree of the interpolation polynomial is increased to represent 

rigid body modes implicitly with an acceptable accuracy there are used in the 

analysis of two dimensional element . 

 

         Dawe (6691) 
(66)

 used a curved beam finite element for analyzing shallow and 

deep arches in which he considered high order models mainly . He used many types 

of strain displacement equation and high order independent polynomial function is 

the strain element , which is based on a constant axial strain and a linear axial 

bending strain  

         Evans and AL-Rifaie (6691) 
(61)

 success fully employed both sand and 

araldite and steel box girder models to establish the accuracy of the finite element 

method in analyzing box girders curved in plane . Eighteen models of different 

curvature were studied . Each under different loading condition to study the elastic 

behavior of box girders curved in plane .  
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         Yamada and Ezawa (6699) 
(66)

 derived natural shape function (i.e. a function 

which defines the exact deformed shape of the element) by integrating the strain – 

displacement equations for circular arches and the natural shape function . The two 

displacement functions are interrelated by terms arising from deformations cannot 

be represented exactly by polynomial functions .  

        

Chaudhuri (6699) 
(61)

 and Yoo (6616) 
(60)

 took the influence of the warping on the 

thin – walled section due to torsion when which were obtained the stiffness matrix 

of the curve element by natural shape function were obtain for thin – walled curved 

element of open cross section . The torsion that cause the warping influence on the 

normal stresses distribution .  

 

         Meck (6610) 
(11) 

used circular ring element to discuss an inextensional and 

extensional deformation and assumed shape function to derive the stiffness matrix 

for this element  . He also derived the stiffness matrix for extensional deformation 

by using this Equation :  
 

Dn  = R0- a1 - 1a3Ф - 3a4Ф
1 

- 4a5 Ф
3

 – 5a6 Ф
4
   (6.6)  

Where :   R0  = dDS / dФ + Dn 

Meck also discussed the curved beam in his studies and he found that when  

neglecting the coupling between normal and tangential displacements the results 

obtained from their element were only with in 0.60 error , but for the thick element 

the error became larger because the strain distribution a cross the thickness is not 

linear . 

    

         Just (6616) 
(16)

 derived the stiffness matrix for two – dimensional element by 

integrating the equilibrium equations to get a natural shape function and Just 

considered the axial and flexural action in the derived stiffness matrix for circularly 

curved beams . 
 

         Prathap (6616)
(96)

 proposed the concept of (membrane locking) phenomenon 

to explain the very poor behavior of exactly integrated low order independently 

interpolated polynomial fields . But Prathap
(96)

 explained that (membrane locking) 

originated from the inability of these simple interpolation polynomial to produce a 
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membrane strain field that can vanish in a (consistent) way so that only  and in-

extensional constraints are enforced in the physical limits of extreme thinness .  

 

 

        Palaninathan (6611) 
(91)

 derived stiffness for curved beam element matrix of 

order (66*66) which was formulated by using castigliano’s theorem . It is also 

included in the program developed in this work . 

      

         Antoon (6611) 
(60)

 developed a circular coplanar static of three – dimensional 

curved element which takes into account the nonlinear distribution of longitudinal 

strains and stresses over the cross section due to the initial curvature of the element. 

Exact strain energy expression was established and solved to get the flexibility 

matrix which is upon inverting , yields the stiffness matrix .  

 

         Waldron (6611) 
(19)

 considered curvature effects in the calculation of the 

various section parameters and studied the effects of warping restraint in thin – 

walled fixed – fixed girders .  

 

         Prathap (6611) 
(91)

 derived the stiffness matrix for the thick curved element 

by using the same procedure of Prathap (6611) 
(96)

 by neglected the shear and 

membrane locking and used the curvilinear deep shell theory .  

 

         Tessler (6611) 
(16)

 derived stiffness matrix for the curved beam including 

shear deformation and rotary inertia effects which was derived from Hamilton’s 

variation principle . Different degree polynomials were used to interpolate the 

kinematics variables . 

  

         Akhtar (6619) 
(66)

 used strain energy in derivation stiffness matrix for curved 

beam element which have uniform cross section and assumed that the radius of 

curvature is so greater than the beam depth so that  the effect of shear deformations 

was neglected . He also obtained a fixed end action due to concentrated load at any 

point of the member , making any angle with the radial direction at this point . 

 

         Abdul-Hameed (6666) 
(66)

 presented a theoretical analysis of the plastic 

behavior of non-prismatic hinged-hinged arches for the purpose of determining 

their plastic hinge locations as well as evaluating the collapse loads . Two 

analytical methods were  adopted , namely , the limit analysis and the finite 

element method .  
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         Shanmugam (6661) 
(16)

 determined the ultimate load – carrying capacity of 

steel I-beam with intermediate lateral restrained and examined the effects of 

curvature on the behavior of these beams under bending loads . A finite – element 

analysis  was used to analyze the behavior of curved I – beam with intermediate  

 

lateral restrain . The triangular element is a three – noded flat facet shell , which 

does not includ shear deformation .  

 

         AL-Naimi,H.A. (6661) 
(6)

 studied stresses analyses of the three dimensional 

reinforced concrete structures subjected to static or dynamic loadings . Nonlinear 

material and time dependent effects are included in the analysis . This research is 

concerned with creep and shrinkage as a time dependent behavior of  concrete . The 

material nonlinearities as a results of tension cracking , strain softening after 

cracking , the nonlinear response of concrete in compression , crushing of concrete 

and the yielding of the reinforcement are considered .  

 

         Litewka and Rakoski (6661) 
(19)

 analyzed the plane curved beam element 

with six degree of freedom in which the effect of flexural , axial and shear 

deformation were taken into account . They assumed the constant curvature for 

curved beam element and used the strain energy formula , the stiffness matrix for 

shear – flexible and compressible arch element was formulated .  

 

   AL- Daami,H.H.M. (6000) 
(66)

 developed a space curved beam element and used 

the exact strain energy expression . In the normal strain , the influence of the axial 

force , bending moment , bimoment , direct shear forces and torsion moment are 

included . This research includes warping deformations for that the stiffness matrix 

can be used for thin – walled section . Besides its application to solid of revolution , 

the semi – analytical method can be applied to prismatic solids .      

 

1.3 Dynamic Analysis for Curved Beams 

 
         Many structure are subjected to time – varying loads such as impulse blast , 

impact or earthquake loading .  

 

         Duham (6619) 
(66)

 and Ghosh (6616) 
(61)

 derived the stiffness matrix , mass 

matrix and load vector from strain energy , kinetic energy and work expression by 

using Hamilton’s variation principle . They solved the stiffness and mass matrices 

by used numerical integration .  
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         Veletsos (6696) 
(11)

 used Rayleih technique with curved beam theory and 

shallow shell theory when he found that the natural frequencies for thin arch 

applications and neglected the effect of shear and rotary inertia . But Austin (6696) 
(61)

 developed the work of Veletsos  by including the shear deformation and rotary 

inertia ; correction factors  were introduced to the previous approximate formulas 

for this purpose . 
 

         Tene (6691) 
(16)

 used a general analytical and numerical procedure based on 

the linear theory for the elastic stresses and deflection analysis of arbitrary plane 

curved beam subjected to arbitrary static and dynamic loads . The equation admits 

shear deformation and rotary inertia . The numerical solution is obtained by 

Houbolt’s method and by finite differences .    

         

         Noor (6696) 
(11)

 used the explicit central difference method in addition to 

Newmark’s average acceleration and Park’s stiffly stable method to study the 

nonlinear dynamic analysis of curved beam .  

 

         Owne (6610) 
(16)

 presented a program for nonlinear dynamic stresses analysis 

with implicit , explicit solution or combined implicit/explicit solution . Two 

dimensional plane stresses plane strain and axisymmetric formulations using 1,1, 

and 6 noded  isoparametric quadrilaterals were presented . 

 

         Henrych (6610) 
(11)

 derived lengthy deformation equation by using 

elementary theory of elasticity when he studied the in plane dynamic behavior of 

elastic arches .The effects of shear deformation , rotary inertia and damping were  

 

also considered . Account was taken for the effects due to changes in the radius of 

curvature , cross sectional area , relative weight moment of inertia , relative mass 

moment of inertia . Numerical solution was presented for simplified cases in which 

some of the previous variables were ignored .  

 

2
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         AL-Maroof (6619) 
(1)

 studied the dynamic behavior of curved members 

based on the linear theory by the finite element method . He solved many free and 

forced vibration examples . . He concentrated with reconstructing an existing 

element to include warping restraint effects .. Effects of shear deformation and 

rotary inertia on the natural frequencies are studied and compared with the results 

of recent theoretical studies . A wide range of dynamic analyses are performed . 

This includes earthquake effects , moving loads , blast pressure , impact loads and 

response spectrum analysis . 

 

         Darzy (6611) 
(61)

 developed a software based on a relatively simple and 

accurate method , that is the finite prism method and to develop this software for 

the analysis of three dimensional bridge structures , with a view to overcome the 

complexities or limitation of the conventional methods used for the static and 

dynamic analysis of medium/short span simply supported reinforced concrete 

bridges . In this method the three dimensional problem is reduced to a series of two 

dimensional one due to the decoupling properties of the chosen Fourier series terms 

.  

 

         Hinton (6611) 
(11)

 developed a three dimensional , nonlinear , transient 

dynamic analysis with special emphasis on various structures . Two types of 

structural materials were considered ; steel and reinforcement concrete . For steel 

structures , a classical elasto – viscoplastic constitutive model was adopted . A 

related model was used for concrete structures but allowance was made for the rate 

dependency and damage accumulation in the concrete .  

 

         Gutierrez (6616) 
(66)

 studied the determination of the dynamic response , 

elastic stability configurations and critical buckling load in arch – type structures is 

of fundamental importance in practically all fields of engineering . They studied the 

dynamic behavior of arch – type structures of variable cross section and it solved 

by using polynomial coordinate functions and the Ritz method to generate the 

frequency equation .  
 

         AL-Da’ami (6666) 
(9)

 studied the transient and the dynamic response of non 

prismatic straight members and prismatic and non prismatic arches are being 

investigated by modeling an axial and flexural wave transmission a long such 

structures using the method of characteristics . The effect of coupling between axial 

and flexural waves due to the unsymmetrical variation of the cross sectional area 

about the longitudinal axis are considered .  

2

2 
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         Krauthammer (6666) 
(11)

 modified an approximate analytical approach and 

applied it for the study of shallow buried reinforced concrete arches under severe 

dynamic loads . The approach contains a closed form solution for wave propagation 

of soil , transfer functions for simulation of soil – structure interaction , and a 

layered beam finite element for representing the structure . Several modifications 

were incorporated in the original approach , for improving the applied loads and for 

insuring cross sectional equilibrium in the analysis  

 

 

 

         Sabir (6661) 
(96)

 studied the free – vibration natural frequencies of circular 

arches subtending a considerable range of central angles and having a wide range 

of ratio of radius of curvature to radius of gyration (R/r) are obtained .  Arches that 

are fixed at both ends , hinged at both ends and one end fixed whilst the others  

pinned are analyzed . A strain – based curved beam element , using Timoshenko’s 

deep – beam formulation in a system of curvilinear coordinates is obtained and 

employed in the analysis . 

 

         Hsiao (6661) 
(16)

 presented a co-rotational finite element formulation for the 

dynamic analysis of a polar curved Euler beam .  An Incremental – iterative method 

based on the Newmark direct integration method and the Newton – Raphson 

method is employed here for the solution of the nonlinear dynamic equilibrium 

equations . Numerical examples are presented to determined the effectiveness of 

the proposed element and to investigate the effect of the initial curvature on the 

dynamic response of the curved beam structures . 

 

         Lee (6661) 
(10)

 presented the behavior of elasto – plastic planar arches 

subjected to dynamic load . The governing equations are formulated through the 

dynamic equations and compatibility conditions . The latter is established by 

applying the generalized conjugate segment analogy . Bending moments at the 

nodes and axial forces in the members are considered as primary variables in the 

elastic regime . They are supplemented by the rotations at the nodes and 

dislocations in the elements when plastic hinges occure . Newmark - method is 

adopted in the time marching process . 

 

         Ali (6666) 
(1)

  presented a theoretical analysis for estimating the in plane large 

displacement elastic stability behavior of structures with prismatic or tapered 
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members subjected to static and dynamic loading . In the static analysis , the load – 

deflection path is traced by using the modified arc – length method . This method 

allows for the analysis to be continued beyond the limit point and  handles snap – 

back . The formulation of the tangent stiffness local and global coordinates of 

tapered beam column , which takes into account the geometrical nonlinearity has  

        

         Park (6666) 
(91)

 investigated a bout the dynamic characteristic of a rotating 

curved beam . The equations of motion include all dynamic effects such as Coriolis 

force ,  centrifugal force and acceleration . The natural frequencies for curved 

beams of various radii of curvature are then calculated as the rotating speed 

increases . The effects of tip mass on the dynamic response of the beam are also 

studied .  

 

         The dynamic behavior of a shallow arch subjected to periodic excitation with 

internal resonance is explored in detail by Dai (6000) 
(61)

  . The parametric plane is 

then divided into different types of regions by the transition boundaries according 

to the types of the steady state solutions . A time – integration scheme is used to 

find the numerical solutions in these regions , which agree with the analytical 

results .  

         Liu (6006) 
(11)

 investigated in – plane free vibrations of circular arches using 

the generalized differential quadrature rule proposed recently . The Kirchhoff 

assumptions for thin beams are considered , the natural axis is taken as inextensible 

. Several examples of arches with uniform , continuously varying , and stepped 

cross sections are presented to illustrate the validity and accuracy of the rule .  
      

         Xu (6006) 
(16)

 studied a shallow arch with elastic supports subjected to 

impulsive load and he used as a theoretical model to investigate the dynamic 

stability problem of inner windings of power transformer under short – circuit 

condition . First the series solution representing the corresponding nonlinear 

integration – differential equation . Secondly , the equivalent relation n\between 

short – circuit load and impulsive one , and the electrical forces transferred pattern  

between the coils of inner windings are assumed .  

 

         Huang (6006) 
(10)

 derived the first known equations governing vibrations of 

preloaded , shear – deformable circular arches are derived according to a variation 

principle for dynamic problems concerning an elastic body under equilibrium 

initial stresses. Convergence to accurate results is obtained by increasing the 

number of elements or by increasing both the number of terms in the series solution 

and the number of terms in the Taylor expansion of the variable coefficients . They 
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clarify the effects of the opening angle and thickness - to – radius ratio on vibration 

frequencies and buckling loads .  

 

         Wu (6001) 
(11)

 investigated the radial (in plane) bending – vibration 

responses of a uniform circular arch under the action of a moving load by means of 

the arch (curved beam) elements . Then the dynamic responses of a typical 

segmental circular arch , with constant curvature , due to a concentrated load 

moving along the circumferential direction were discussed .  

 

         Chen (6001) 
(66)

 discussed the (6/6) sub harmonic bifurcation and universal 

unfolding problems for an arch structure with parametric and forced excitation in 

their research . The amplitude frequency curved and some dynamical behavior have 

been shown for this class of problems by Liu et al. . He studied singularity theory  

 

in the case of strict (6:6) internal resonance , the bifurcation behavior of the 

amplitude with respect to a parameter (which is related to the amplitude of the live 

load imposed on the arch structures) .  

 

         Zong (6001) 
(66)

 presented the analytical and experimental dynamic analysis 

of a concrete – filled steel tubular half – through arch bridge . A three – 

dimensional finite element  model is developed and an analytical modal analysis is 

carried out to obtain natural frequencies and mode shapes . The initial finite 

element model is then corrected with the help of measured natural frequencies and 

mode shapes by varying some influential parameters of the bridge making use of 

engineering intuition  

                

         Lee (6001) 
(16)

 studied of the antisymmetric response to the symmetric 

sinusoidal excitation of a clamped – clamped curved beam. The autoparametric 

responses of the antisymmetric modes are obtained from a two – mode equation 

with nonlinear coupling which is solved using the Rung – Kutta numerical 

integration method . The measurement of the antisymmetric modes was separated 

from the measurement of the symmetric mode by the special configuration of the 

strain gauge sensor systems . 

 

         The present study concerned with stresses analyses of three dimensional 

reinforced concrete arch structures subjected to dynamic loadings . Nonlinear 

material are included in the analysis . Material nonlinearities as a result of tension 

cracking , strain softening after cracking . The nonlinear response of concrete in 

compression , crushing of concrete and  yield of the reinforcement are considered.   

The eight and twenty nodded hexahedral isoparameteric element are used for the 
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spatial discretization . In the idealization of the reinforced concrete structures , the 

steel reinforcement is incorporated in the concrete brick element by assuming 

perfect bond . Concrete is considered as a linear elastic strain softening material in 

tension and as an elasto – viscoplastic material in compression . The steel 

reinforcement is assumed to have uniaxial properties in the direction of bars . A 

classical elasto – viscoplastic model is used in the present study to model the 

reinforcement .      
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1.1 General 

  
         In the past , the arch represents one of the few  structure systems which make 

it possible to cover large spans . The earliest inhabitants developed the arch as an 

important element of their architectural objects  as expressed by old bridges , 

aqueducts and large public buildings .                                                                                       
         Today , the same importance is presented especially in construction of bridges  

and arched structures which are constructed in different shapes and from various 

materials such as brick , steel , reinforced concrete , Ferro cement  and timber.                                                                                                                                                        

The main aim of the arch is to enhance the load carrying capacity more than 

straight beam . This may be attributed to the stiffening behavior of the membrane 

action which leads to reduce the bending moment , shear forces and  axial force. 

Arching , not only reduces the bending moments in the arch in comparison with a 

straight member of same properties and loading patterns , but even more the shear 

forces 
(55)

 . On the other hand , an axial force is introduced due to the arch action . 

This state of action is compatible with the concrete material , which is relatively 

weak in carrying tension and shear stresses but adequate in carrying compressive 

stresses . The reinforced concrete is a composite material made up of concrete and 

steel and it is efficient in the construction of some arched structures such as gable 

frames and arched bridges .                               

         Although prismatic shaped members are usually the most widely used 

members in engineering construction , but the economy in material and 

architectural necessities make the use of non prismatic members designed to resist 

a given applied load can be considerably lighter than a prismatic members designed  

 

Chapter One                                                                                                                                          Introduction   
        

 

1 



 

 

to resist the same load ; so because the material in the former is well distributed and 

the load can be resisted in a more efficient manner 
(85)

 , these reasons have led to 

the continuity of using  non prismatic arches as one of such structures .                

 

1.1 Applications of Arch Structure 
 

 a - Arch roofs : the search for structures which cover long spans and large areas 

without intermediate support , and which do so using a minimum of material , has 

long occupied the structural engineering profession . If a flat plane surface is not 

necessary to meet the functional requirements of a structure , then singly or doubly 

curved members such as arches and thin shells offer important advantages, see 

Figure (1-1) .                                                                  

b - Arch dam : is a solid concrete dam , curved upstream in plane , which transmits 

a major part of the imposed load to the canyon walls by thrust . The shape of most 

arch dams in plane is circular, but some have been designed and constructed with 

elliptic , parabolic, multi centered and other complex shapes . In cross section arch 

dams may have vertical , inclined or curved upstream and/or downstream faces, as 

shown in Figure (1-2) , (1-3) and (1-4) .  
 

 

 

 

Figure (1-1) Fixed Arches Roofs 
(58)
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Figure (1-1) Arch Dam 
(58) 

 

 

 

   

1.1 Method of Analysis 

 
         Nonlinear dynamic analysis of arch structure is too complex to be analyzed 

by classical methods (finite difference , straight beam element , curved beam 

element , …. ) and hence numerical methods should be adopted among these 

methods . Recently  the finite element method receives much attention nowadays 

because of it’s effectiveness and versatility . In this method , the structure is 

divided into small but finite elements . The primary advantage of the finite element 

method it is  generality and can be utilized to solve linear or nonlinear problems , 

homogenous and continuum , and two or three dimensional structures and for 

different loading point or surface load static or dynamic . All reinforced concrete 

structures such as reactor buildings , domes , multistory buildings and bridges are 

three dimensional bodies but usually modeled as several two dimensional smaller 

problems to descriptive their spatial configuration and hence simplify their analyses 

. Generally , the analysis of such structures as a fully three dimensional has been 

made possible largely by the development of the modern digital computer .  
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1.1 Reinforced Concrete Nonlinearity 

 
         Reinforced concrete structures exhibit two different forms of nonlinearity ; 

geometrical nonlinearity and material nonlinearity . Geometrical nonlinearity 

results from the nonlinear strain – displacement relation and form the finite changes 

in geometry of the members .  Hence , geometrical nonlinearity becomes a 

significant factor  when the level of loading is sufficient to cause large 

displacements . This is true in the case of slender structures such as ; long columns 

, towers , flexible arches and some thin shells . Material nonlinearity results from 

many factors among them are ; nonlinear stress – strain relation of the material , 

tensile cracking and time dependent deformation . The stress – strain relation is the 

important factor among them . Several idealized curves with different degrees of 

accuracy have been developed to represent this relation . However , concrete has a 

complex behavior and an exact constitutive relation not yet found 
(21)

. Material 

nonlinearity occurs in all reinforced concrete structure and it may play the major 

role in controlling the behavior during loading . If a realistic nonlinear analysis of a 

concrete structure can be carried out , the safety is increased and the cost can 

frequently be reduced 
(22,21)

 . 

 
 

1.8 Objective and Scope 
 

         This study is concerned with three dimensional , nonlinear transient dynamic 

analysis of arch structures . The reinforced concrete is used as a structural material . 

Eight – and twenty – noded , hexahedral , isoparametric finite elements are used for 

the spatial discrimination.  In the idealization of the reinforced concrete structures , 

the steel reinforcement is incorporated in the concrete brick element by assuming 

perfect bond .  

         Due to the complexity of these structures and the nature of the materials 

involved , there is a need to employ highly sophisticated numerical analysis 

procedure , such as the finite element method to ensure safety and economy of such 

structures . Dynamic and stability predictions for arch – type structures are of great 

practical importance in practically all fields of engineering . In spite of the fact that 

many excellent studies the plane vibrations of arches there is a very limited number 

of studies available in the open literature  on the dynamic behavior of arch – type 

structure of variable cross – section .  
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         For the dynamic analysis , the direct integration method with unconditionally 

stable implicit scheme , namely Newmark’s method , is adopted to solve the 

equations of motion . In this work , the program from Hinton 
(44)

 Is considered to 

solved the examples .   

         An investigation to the effects of the damping ratio , degree of curvature , 

boundary condition , thickness of main reinforcement layers and effects the initial 

displacement on the behavior of  reinforced concrete  arch structures and also the 

non – prismatic  clamped circular arch was solved with two cases .  

 

1.8 Thesis Layout 

 
         This thesis consists of six chapters :Chapter One introduces and explains 

briefly the problem in hand , the aim of the study and the subjects included in other 

chapters .Chapter Two is devoted to the review of literature . Outlines of some 

previous research works on arch structures are presented . Chapter Three material 

modeling concerning an elasto – viscoplastic model used for concrete in 

compression is described . A smeared crack model that is used to model the 

concrete in tension , strain – softening rule is also described . An elastic – linear 

model used to simulate the reinforcement is also given . Chapter Four contains a 

finite element method and the formulation of the governing equilibrium equations . 

The adopted quadratic brick element , the steel representation and integration rules 

used in evaluating the element stiffness matrix are also described . Load , mass and 

damping matrices and dynamic equilibrium equations are formulated in this chapter 

. The incremental – iterative Newmark’s method and the nonlinear solution 

techniques used for solving the set of nonlinear equations are also presented . The 

outline of the computer program is also presented in this chapter . Chapter Five 

several numerical examples are presented and verified in the previous analytical 

studies . Chapter Six gives the conclusions and recommendations .   
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1.3 General 
 

      Reinforce concrete is a composite material made up of concrete and steel . For 

steel structures , a classical elasto / viscoplastic constitutive model is adopted . 

Concrete , however , is aheterogeous and has completely different properties in 

tension and in compression . A related model is used for concrete structures but 

allowance is made for rate dependency and damage accumulation in the concrete . 

Furthermore , tensile cracking is considered using the smeared crack approach and 

the constant fracture energy release concept , where the strain softening effect is 

related to the element size to make the response prediction mesh – size dependent . 

The amount of shear stresses can be transferred across the rough surfaces of 

cracked concrete . Material nonlinearities of reinforced concrete in compression are 

described as inelastic response by elastic – plastic relationships .In the idealization 

of the reinforced concrete structures, the steel reinforcement is incorporated in the 

concrete brick element by assuming perfect bond 
(44) 

.  

 

1.3 Concrete Modeling  

 

         In present study , the concrete is considered as a linear elastic brittle fracture 

material in tension and as an elasto – viscoplastic material in compression . 
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1.3.3 Stresses – Strain Relationship  

  

         Atypical stresses – strain relationship for concrete subjected to uniaxial 

compression is shown in Figure (1.3) .  

 

 

 

The stresses – strain curve has a nearly linear elastic behavior up to about (13) 

percent of it´s maximum compressive strength Fc for stresses above this point , the 

curve shows a gradual increase in curvature up to about (3..0 Fc) to (3.0 Fc) , 

whereupon it bends more sharply and approaches the peak point at Fc . Beyond this 

peak , the failure occurs at some ultimate strain cu 
(31)

 . 

         The curve is nearly linear up to about (03) percent of the uniaxial tensile 

strength Ft . A reasonable value for the onset of unstable crack propagation will 

therefore be about (.0) percent of Ft
(31)

  . Some uniaxial and biaxial dynamic test 

results are available . Hatano 
(43)

 conducted some valuable direct tensile tests on 

notched cylinders under impulsive loading . Nelissen 
(00)

 has performed biaxial test 

under a different rate of straining . Where result for direct tensile testes , Hatano 
(43)

 , direct compressive tests , Hatano
 (43,40) 

,  and low cycle fatigue testes , Hatano 
(43,4.) 

are plotted . For these experimental results , the principal features of the 

behavior of plain concrete under dynamic loading conditions Bic′anic′ 
(3.,31) 

are 

now listed :    

Figure (1.3) Typical Plot of Compressive and Lateral  

Strain of Concrete 
(31)

 . 
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a - The strength of plain concrete depends on the straining rate .  

 

b - The initial elastic modulus depends on the straining rate .  

c - The failure strain remains almost constant for any rate of straining for a 

particular concrete .  

d - Cyclic compressive loading produces a pronounced hysteresis effect in the 

stresses – strain curve , and  

e – For the stresses – strain curves under compressive load histories there is a 

bounding curve which may be considered identical to the stresses – strain curve 

under the constant strain – rate test 
(44) 

. 

  A typical uniaxial stresses – strain curve is shown in Figure (1.3) . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.1 Traditional Elasto / Viscoplastic Model 

                                                                                             

         In the theory of elasto / viscoplasticity , the total strain  and strain rate ˙are 

decomposed into elastic and viscoplastic parts as :  

      = e + vp                                                                                                                 (1.3a) 

     ˙ = ˙e + ˙vp                                                                                                         (1.3b) 

 

 The stresses rate {˙} is related to the elastic strain rate {˙e} by the elasticity 

matrix [D]  

 

Figure  (1.3)  Equivalent Uniaxial Stresses – Strain Curve of  

Concrete  
( 1) 

. 
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according  to :  

 

  {˙}D]{˙e}                                                                                                (1.3) 

   where (˙) represents differentiation with respect to time . Viscoplastic flow occurs 

for positive values of a scaler yield function F3:  

 

  F3 () = F() - 3 (k)                                                                                           (1.1) 

 

Where 3  is a value defining the position of the yield surface , and k is a hardening  

or softening parameter . For associated elasto / viscoplasticity , the viscoplastic 

flow rule by Perzyna 
(.3)

 has been widely used . The viscoplastic strain rate is 

given as : 

 

 ˙vp =  ‹ F3  › ∂f / ∂                                                                                  

(1.4) 

 

in which is the fluidity parameter . The expression ‹ F3  › is equal to  F3  

for positive value of F3 and zero otherwise .  

In this work , the flow function is defined to be : 

 

 F3   F3 3  = (f() - 3) /3                                                                          

(1.0) 

 

The term ∂f / ∂is a vector normal to the potential surface and it defines the 

direction of the viscoplastic flow 
(1)

 .           

 

1.3 Strian Rate Sensitive Elasto/Viscoplastic Model for Concrete 

                                                                       

            In the present study , there are two main differences when compared with the 

traditional elasto – viscoplastic model : 

a – The fluidity parameter is not constant , and it is assumed to be dependent on the 

elastic strain rate (or stress rate) . 

b – A variable strength limit surface is introduced to monitor the damage caused by 

viscoplastic flow . If the stresses point reaches the strength limit surface , then the 

degradation of the yield surface is initiated 
(44)

 . 
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1.3.3 Yield and Strength Limit Surfaces  

 

         The yield surface F3 , defining the onset of viscoplastic behavior , and the 

strength limit surface Ff  , defining the initiation of material degradation will be 

described in terms of the first and second invariants only . They can be expressed 

as: 

 

      (1.0a)   F3 ( , o) = CI3 + (C
3
I3

3 
+1 J3

 
)

3/3 
- o = 3  

 

                                            (1.0b)              Ff ( , f) = CI3 + (C
3
I3

3 
+1 J3

 
)

3/3 
- f  = 3 

 

        Where ; I3 and J3 are the first and second stresses invariants . The correlate 

well with Kupfer’s test results 
(01)

 . During inelastic straining both surfaces F3 and  

 

Ff change depending on the viscoplastic energy density ωp  :  

 

       (1..a)  F3 ( , o(ωp , k )) = 3 

                                                                                                        

                                                                                                       (1..b)   Ff ( , f (ωp )) = 3 

Where ;  

o(ωp , k)  defines the change of the yield stresses level in uniaxial compressiono, 

f (ωp )   define the change of the failure stresses level in uniaxial compression f ,  

ωp    Is the viscoplastic energy density defined as : 

 t 

      ωp = ∫ T
 ˙vp dt                                                                                                                             (1.1)  

               
3
                                                                         

 k      is the viscoplastic work density in the softening rang . It is defined as : 

 t                

 k = ωp - ωp 
f = ∫ T

 ˙vp dt                                                                                                                    (1.0)                                              

                                  
tf

                                                                                     

 and tf and ωp 
f
 are the time and viscoplastic energy density when the strength limit 
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is reached .  

         While the stresses path remains inside the yield surface , the behavior of 

concrete is linearly elastic , no viscoplastic straining is developed , the yield and  

 

failure surfaces remain stationary . When the stresses path is outside the yield 

surface , inelastic straining occurs , and the values of f  vary . If  hardening is 

considered ,o increases with the viscoplastic work and the yield surface expands .                                                 

         However , f decreases with the increase of damage , and the strength limit 

surface shrinks . The strength limit surface is only a monitoring device to define 

where and when the failure occurs , when the stresses path reaches the strength 

limit surface , degradation of the material is initiated . After that , the strength limit 

surface is no longer considered , and the yield surface begins to shrink according to 

the post – failure dissipated energy density k . Figure (1.1) summarizes the       

process 
(44)

 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

                      Failure                                   Post Failure Fo Shrinking    

  Linear Elasticity  Fo and Ff                          Elasto / Viscoplasticity Fo            
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         In this works , no hardening will be considered for concrete and an 

exponential function will be used to describe the post – failure behavior . Therefore 

, the function  o(ωp , k )  is defined by the expression : 

 

o(ωp , k ) = α 3 Fc               ωp ≤ ωp 
f                                                                   (1.33a) 

                 

)    ωp > ωp 
f                                                              (1.33b)o(ωp , k ) = α 3 Fc 

exp(-α c    

 

In which α3, defines the limit for elastic behavior (typically  = 3.1 - 3.4) and α c 

models the degradation after failure . The parameter Fc is the static compressive 

strength of concrete . The failure stresses will be assumed to be a linear function of  

the viscoplastic energy density , and the function  can be define by the expression : 

 

<ωp ≤ ωp 
ff (ωp ) = Fc(3-  3 ωp) 

  

The parameters  and 3 are determined from experiments and Fc is the 

compressive strength obtained with infinite load rates and no inelastic strains . 

Figure (1.4) shows the yield and failure stresses vary with the dissipated energy .  

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure (1.1) Evaluation of the Yield and Failure Surfaces 
(33)

 . 
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1.3.3 Viscoplastic Strain Rate 

 

            The rate of viscoplastic straining in equation (1.4) is modified to depend on 

the rate of elastic strain (or loading) and on the position of the yield surface . It is 

written as : 

  

˙vp  = ˙e) ‹ F3  › n                                                                                                                       (1.33)  

Where ;  n = ∂f / ∂                                                                           

 F3   = F3 / α 3 Fc  

               

The fluidity parameters is related to the elastic strain rate through an exponential 

function of an effective elastic strain rate : 

                                                                                      (1.31)  = ao˙e
eff

 )
a3

      ˙e)  

  

Where ao and a3 are parameters which must be determined experimentally . The 

effective elastic strain is defined as : 

e
eff 

= (1 J 3e / (3-υ)
3
 )

3/3                                
                                                                   (1.34) 

 

because  deviatoric strains cause most damage to concrete and e
eff

  is equal to the 

uniaxial elastic strain for a uniaxial stress state . 

 

1.3.1 Determination of Model Parameters  

 

            In the present study , the model of concrete requires only uniaxial tests to 

identify the material parameters needed . Parameters Fc , α 3  and α c   can be 

determined from uniaxial static tests . Whereas , parameters , 3 , ao and a3 

defining f  as a function of the viscoplastic energy density and the elastic strain 

rate respectively , and can be determined from dynamic monotonic direct 

compression test .  

Bic′anic′ 
(3.,31) 

describes how these dynamic parameters can be determined from 
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Figure (1.3) Variation of the Yield and Failure with the 

Dissipated Energy Density 
(33)

 . 

 



experimental data .  Hatano considered three different equalities of concrete mixes 

(3:3:4) , (3:1:0) and (3:4:.) under several loading conditions . The model 

parameters identified from Hatano’s tests are shown in Table (1.3) . 

 

 

 

 

   Fc 

(kg/cm3) 

ao a3  3 

605.0 0.305 0.813 3.967 0.793 

333.0 0.106 0.760 3.816 3.088 

375.0 0.331 0.737 3.393 3.165 

 

Assuming linear relationship between the failure stresses  and the dissipated energy 

density in Equation (1.33) ; it will be considered as a crude approximation for all  

ranges of straining 
(44)

 . When only moderate and fast strain rates are considered ,  

the assumed linear dependency appears to be satisfactory .  

 

1.5 Modeling of Cracked concrete  

 

         Probably the main feature of plain concrete material behavior is low tensile 

strength , which results in tensile cracking at a very low stresses compared to the 

failure stresses in compression . A number of early studies numerically predicted 

the behavior of reinforced concrete structures in the condition of cracking . In the 

finite element method , two main mathematical models used for crack 

representation discrete crack model and smeared crack model .  

 

a – Discrete Crack Model  

 

         This model represents the  individual cracks as actual discontinuities in the 

finite element mesh . This model was first used by Ngo and Scordelies 
(00)

 to 

analyze simply supported reinforced concrete beam . Cracking initiated when 

failure criterion at a certain node is achieved and crack discontinuity is represented 

by physically splitter that node . An obvious restriction of such a model is that the 

cracks must be formed along the element boundaries . This makes crack patterns 

Table (1.3) Model Parameters Identified from Hatano’s Tests 
(33)

 .  
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dependent on the local mesh refinement . Furthermore , when a crack forms the 

topology of the mesh varies , and the updating procedures are time – consuming . 

These difficulties have resulted in a very limited acceptance of this model in 

general structural applications .  

 

b – Smeared Crack Model  

 

         This model does account for real discontinuities in the mesh . It was 

introduced by Reshid (3001) and is adopted in this study . Cracked concrete is 

assumed to remain a continuum and material properties are modified to account for 

the damage due to cracking . Concrete is initially  isotropic , but cracking induces 

anisotropy . After cracking , concrete is assumed to become orthotropic , with the  

principal material axes oriented along the directions of cracking . Material 

properties  are  varied  depending  on  the  state of strain and stresses . The Young’s  

modulus is reduced in the direction perpendicular to the crack plane , and Poisson’s  

effect is usually neglected due to the lack of continuity of the material . The shear 

modulus parallel to the crack plane is also reduced . Lin and Scordelies 
(00)

 

introduced the retained shear modulus term , where the shear modulus of uncracked 

concrete and a reducing factor in the range  of zero to one .  

The smeared approach is used for most structural engineering applications , sine it 

offers : 

3 – Unchanging of topology of the mesh throughout the analysis , and only the 

stresses – strain relationship need to be updated when cracking occurs . 

3 – Complete generality in possible crack direction .  

1 – Computational efficiency .  

      A smeared crack model will be adopted in this work to be described such a 

model requires the following items : 

3 – A cracking criterion .  

3 – A strain – softening (or tension – stiffening) rule . 

 

1.5.3 Cracking Criterion  

 

         The tensile strength of uncracked plain concrete can be obtained from 

laboratory tests .In the presence of reinforcement , cracking is further complicated . 

Due to the bond stresses developed between the steel and the surrounding concrete 
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, the concrete is capable of carrying tension between adjacent primary cracks . 

Simple criteria are favored by most analysts to predict tensile strain criterion is 

used for this purpose . 

 

         

         In the present study , concrete in tension is modeled as a linear elastic – strain 

softening material and the maximum tensile stresses criterion will be employed to 

distinguish elastic behavior from tensile fracture . For a previously uncracked 

sampling point , when the principal stresses and their corresponding strain exceed a 

limiting value , a crack is formed in a plane orthogonal to this stresses . Thereafter , 

the behavior of the concrete is no longer isotropic , it becomes orthotropic , and the 

local material axes coincide with the principal stresses directions . It should be 

noted that the direction of the crack remains fixed (fixed crack approach) . A 

maximum of two sets of cracks are allowed to form at each sampling point . For 

simplicity ,  the  crack  directions  are  assumed  to  be  orthogonal .  Under  further  

Loading  ,  secondary  cracking  may  occur  at a sampling point that was originally  

cracked in one direction . Three variants are available to determine the direction of 

the second set of cracks : 

a -  The principal material axes can be rotated to coincide with the current principal 

stresses or strain directions , which is known as the rotating crack model . Although 

this approach is reported to produce results which are in good agreement with 

experimental results , the model could be physically objectionable since it implies 

rotation of defects within the material .  

b – The material axes are fixed in the directions corresponding to the principal 

stresses directions when the primary cracks occurred , irrespectively of the possible 

rotation of the stresses . 

c – Keeping the direction of the first set of cracks fixed , a search is performed to 

determine the maximum stresses in the plane parallel to the existing crack . For this 

computation only the normal and shear stresses action on that plane are considered. 

As shown in Figure (1.0) , if the maximum stresses exceeds the limiting value , the  

new set of cracks is formed perpendicular to it , and the local material axes are 

fixed .  
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        This is the option that will be used in this study . When the first cracking 

occurs , it is assumed that only the normal stresses perpendicular to the cracked 

plane   x  is released . After the formulation of the first (primary) crack , the 

element is regarded capable to sustain further loading . A uniaxial  failure  criterion  

is assumed  to control  further  cracking  or  crushing of concrete   by   considering   

only  the  stresses  and  strain  parallel  to  the   primary          

crack 
(31)

. When the tensile strain exceeds the cracking strain cr at a previously 

cracked sampling point , an additional set of (secondary) cracks is allowed to form 

perpendicular to the first set . The current state of stresses at the point just before 

fracture is assumed to be released completely .  

Upon unloading , the crack is assumed to be closed only when the strain across the 

crack becomes negative . Some probable sequences for concrete to experience 

through the entire loading history are illustrated in Figure (1.0) . 

 

 

 

 

 

Figure (1.5) Smeared Crack Stresses Distribution 
(1)

 . 

(a) Before Cracking  (b) After Cracking  

Chapter  Three                                                                                                        Modeling of Material Properties   

3

6 



  

 

 

 

 

 

Crushing of a previously singly cracked element can occur when the transverse 

compressive strains exceed the ultimate compressive strain of  concrete  cu  . 

 

 

Primary cracks open                   first primary cracks                       primary cracks      

   Secondar cracks formed                          formed                                             closed           

uncracked 

  Primary cracks open                           crushed                                

Secondary cracks closed  

All cracks closed 
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1.5.3 Strain – Softening Rule (Tension Stiffening) 

 

         The first studies done on numerical analysis of reinforced concrete structures 

assumed concrete to be an elastic – brittle material in tension . When cracking  

 

occurred , the stresses normal to the crack direction was immediately released and 

dropped to zero . It was soon discovered that this procedure leads to great 

convergence difficulties , and more importantly , to results that strongly depend on 

the size of the finite elements used in the  analysis .  

Due to bond forces , cracked concrete carries between the cracks and a certain 

amount of tensile stresses normal to the cracked plane . The concrete adheres to the 

overall stiffness of the structure. This effect is known as (tension – stiffening) . It 

can be incorporate into the computational model in two indirect ways : 

  

a –Assuming that the loss of tensile strength in concrete occurs gradually after 

cracking
 (13)

 . 

b – Modifying the steel stresses – strain curve 
(1.)

 . 

 

         The first option assumes unloading in cracked concrete takes place gradually 

according to a special softening phenomenon . Scanlon 
(13)

 used a stepped 

unloading diagram shown in Figure (1..c) , Lin and Scordelis 
(00)

 propose a 

smooth softening model shown in Figure (1..b) . The concrete is considered as an 

elastic – strain softening material in tension , and has been extensively used in 

computational analysis of reinforced concrete structures .  
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         However , two main problems remained unsolved . The first one is that there 

is no objective way of measuring how much tension – stiffening should be included 

in the model . It is easy to choose a tension – stiffening curve that will adequately 

fit experimental results , but is very difficult to make any prior predictions . 

Secondly , the effect , if explained in terms of bond interactions with the 

reinforcing steel , cannot be applied to plain concrete structures , or , to concrete 

located at a certain distance from the reinforcement . 

Bazant 
(30)

 the using of some fracture energy concepts in the material modeling of 

concrete . The main concept borrowed from fracture mechanics to develop the 

composite damage models is the assumptions that the fracture energy release rate , 

(Gf ), is a material property , rather than the local stresses – strain curve . In the 

case of assuming (Gf) is constant , the concept loads to that the local strain 

softening low depends on a characteristic length (Ic) depending on the finite 

element mesh . 

In defining a curve to model the strain – softening effects , two aspects have to be 

considered ; the shape of the adopted curve and the value of the parameters needed 

to define it . In most of the cases , either a simple straight line shape , or a bilinear 

shape have been used . The assumption used to select the parameters defining such 

a curve are more important than the shape of the strain – softening curve selected – 

assuming that the stresses ,  ,  across on opening crack is a function of the crack 

Figure (1.7) Some Possible Assumptions for Strain – Softening of 

Concrete After Cracking 
(63)

 . 
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width , w , the fracture is defined as : 

          ∞ 

Gf = ∫ wdw 

         
3 

Gf represents the energy needed to separate the two crack surfaces . Typical values 

of the fracture energy for normal concretes are in the range of (03 to 333 N/m) . 

The smeared approach does not represent individual cracks , so the crack width , w 

, must be smeared into an equivalent by a characteristic length , Ic , Figure (1.1) . 

By assuming that when the crack is formed , all inelastic deformations inside the 

control volume takes place in the crack , the rest of the volume remaining elastic , 

the rate of energy dissipation in the crack is : 

 

                                           (1.30)    Π˙s  =  ∫w˙ ds 

                
s
  

 

 

 

 

 

 

 

 

 

 

By assuming that the control volume is subjected to the same state of stresses as the 

crack , but strained by the equivalent strain   , the rate of energy dissipation in the 

volume is : 

Π˙v  =  ∫˙c dv                                                                                                (1.3.) 

   
                    v 

From  Equation (1.30) and (1.3.)  , the relationship between the crack width and 

fictitious crack strain is : 

 

 

Figure (1.8) Illustration of Characteristic Length for A prismatic 

Control Volume 
(33)   

. 
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c = I cc                                                                                                                                            (1.31)  = (v/s)     w 

In the present study , an exponential function is used to simulate the strain – 

softening effect , as shown in Figure (1.33) . 

 

3exp - 3α  =EO 

 

Where   EO : is the elastic Young’s modulus ,  

              3: is the strain at cracking ,  

                : is the normal tensile strain in the crack zone ,  

              α  : is the softening parameter . 

The softening parameter , α  , is determined by the evaluation of the integral in 

Equation (1.30) , and by introducing Equation (1.31) , the relation can be : 

 

(Gf -3/3E33
3
 I c ) / E33 I c > 3                                                          (1.33)   

 α =  

 

In the present work , the characteristic length is computed for each sampling point 

as : 

          (1.33)         I c = (dv)
3/1 

 

Where dv is the volume of concrete represented by the sampling point . It should 

state that this approach for computing the strain – softening is only directly 

applicable to plain concrete . The classical tension – stiffening effect due to the 

presence of reinforcement has not been account for. The effect of the reinforcement 

can be included by assuming a higher fracture energy for reinforced concrete than 

for plain concrete . 

Further loading or redistribution of stresses due to cracking in other sampling 

points , any force some of the previously – opened cracks to close partially or fully 

. This behavior is allowed in the present model . If the current strain   is smaller 

than the strain ref  , the stresses normal to the  

crack  ,  , is : 

 

          (1.33)                                                                                            ref ) *       ref  /  

 

         In which ref  is the maximum tensile strain reached across the crack , ref   is 
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the corresponding stresses , as shown in Figure (1.0) . The re – opening of the crack 

follows the same path until ref   is exceeded . 

 

 

 

 

 

1.5.1 Shear Transfer Across the Crack  

 

            In plain concrete , the main shear transfer mechanism is aggregate interlock 

and the main variables involved are the aggregate size and grading . In reinforced 

concrete dowel action will play a significant role , the main variables being the 

reinforcement ratio , the size of the bars and the angle between crack and bars , the 

shear transfer capacity being reduced as the crack width increases . The process 

used to define the reduced shear modulus is : 

 

Gc =  Go                                                                                                                                                                     (1.31) 

  

Go is the shear modulus of uncracked concrete and is a reducing factor in the 

range of zero to one . In this work , the following value is used
(44)

 : 

 

(1.34)                = 3- (t / 3.330)
 k3     

Where t is the fictitious tensile strain normal to the crack plane , and  k3 is a 

parameter in the range of (3.1 to 3.3) . 

 

1.6 Modeling of Reinforcing Steel  

 

 

 

Figure (1.9) Strain – Softening Curve with Secant  

Unloading and Re – Loading 
(33)

 . 
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1.6.3  Stresses – Strain Relationship  

 

            In contrast to concrete , the mechanical properties of steel reinforcement are 

well known . The uniaxial stresses – strain relation for steel is idealized as a 

bilinear curve . This relation is assumed to be identical in tension and compression . 

During unloading , a linear elastic constitutive relation is assumed . Figure (1.33) 

represent the static stresses – strain relation of steel .  

 

 

 

 

 

 

 

 

 

 

             

From dynamic uniaxial tests , most conclusions can be drawn : 

a – The yield stresses and the ultimate stresses of steel increase with the straining 

rate ,  

b – The initial elastic modulus is relatively unaffected by the straining rate , 

c – Ductility is observed to decrease with increasing straining rate , and  

d – The rate effects are approximately equal in tension and compression .  

Figure (1.33) shows some of these features .  

 

Figure (1.30)  Typical Stresses – Strain Curve for Steel 
(1) 

. 
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1.6.3 Reinforcement Representation  

 

          Concrete and reinforcement are represented with a single element                

and perfect bond is assumed between the reinforcement and the surrounding 

concrete . 

          The stiffness and internal forces associated with the reinforcement                

are integrated and added to those of the concrete to get the total                        

stiffness and internal forces of the element .Each set of reinforcing                          

bars is smeared as a two – dimensional membrane (layer) of equivalent          

thickness (and hence equal area) . The layer is placed inside the solid                  

element to coincide with the surface corresponding to (ξ, ŋ, constant) ,                 

(ξ, constant, τ) and (constant, ŋ, τ) as appropriate .  

The proposed restriction has the advantage of an easy definition of the            

sampling points used to perform the necessary surface integration                           

over the steel reinforcement membrane . Reinforcing bars are                             

assumed to only resist axial stresses in the bar direction .  

         A local Cartesian coordinate system must be set up at each                    

integration point in the bar direction . Stresses and the local stiffness                       

matrix for the reinforcement , are first evaluated this local system , and then 

transformed into the global system 
(44)

 .          

Figure (1.33) Dynamic Stresses – Strain Diagram for Steel 
(33)

 .  
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1.6.1 Reinforcing Steel  

 

          Reinforcing steel is assumed to have uniaxial properties in the direction of 

the bars . A classical elasto – viscoplastic model is used in the program with : 

 

 ˙vp = + γ (˙s) ( │s│ - Fy ) / Fy                                                                                                                 

(1.30) 

 

where ; s is the current stresses level in the steel and  Fy is the yield stresses of the 

material which is assumed to be constant , although strain rate sensitivity may be 

readily included 
(44)

 .    

 

 

  

- 
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    
 

 
 

 

 

 

1.4 General 

 
         This chapter is concerned with three dimensional , nonlinear , transient 

dynamic analysis with special emphasis on curve beam structures . Eight and 

twenty – nodded , hexahedral , isoparametric finite elements are used for the spatial 

diseretisation . The steel reinforcement is incorporated in the concrete brick 

element by assuming perfect bond .  
 

1.4 Finite Element Equilibrium Equations 

 
         Numerical method of stresses can be subdivided into two groups , direct 

numerical solution of the developed differential equations , and  matrix methods 

based on discrete – element idealization . The finite element method belongs to the 

second Gategory  . The continuous domain is subdivided into sub – regions known 

as elements . Stiffness , mass and load matrices are formulated for each element 

and the results are assembled to form the total system matrices . A variational 

principle of mechanics , such as the principle of minimum potential energy , is 

usually employed to obtain the set of equilibrium equations for static analysis . The 

variational principle for problems in dynamics is Hamilton’s principle .               

The  functional for this  approach  is the Lagrangion 
(36)

 . Weighted  residual 

methods   and   mainly  the  Galerkin   method  is  used  especially  for  problems  
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where the functional is difficult or impossible to form . The resulting equations are 

solved in the time domain using a numerical step – by – step direct integration 

procedure .  
 

1.3 Formulation of 3 – D Brick Element  

 
         The general finite element procedure to fully three – dimensional problems of 

stresses analysis is rarely used . In many problems the various two dimensional 

approximations give an adequate and more economical analyses the use of 

isoparametric elements satisfy  the constant strain state , including all the rigid 

body modes and maintaining (c°) continuity . 
 

1.3.4 Concrete Element Modeling  
 

         The three dimensional computational model is adopted in the present study . 

The eight and twenty node hexahedral isoparametric element are used , see Figure 

(7.4) . 
 

 

    

 

 

 

Standard interpolation functions are used in the present formulation . Isoparametric 

finite element are highly effective in practice , although for linear problems a 

considerable proportion of the total computational effort is often absorbed in the 

numerical integration of the stiffness matrix coefficients . It is thus very important 

to choose suitable integration schemes that are both accurate and computationally 

efficient 
(58)

 . 

Figure (1.4) Linear and Quadratic Isoparamatric Solid  Element 
(6) 

.   
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         For nonlinear problems the previous observation is even more critical since 

evaluation of the stiffness matrix occurs frequently . The integration points are also 

the sampling points for the stresses and material state determination . These points 

are used in the evaluation of the internal resisting forces . The use of few hand , the 

use of more stress sampling points provides more complete information a bout the 

material state throughout the element . Clearly , a compromise is to be sought . 
 

1.3.4.4 Shape Functions 

 
         The starting point for stiffness matrix derivation is an element displacement 

field . In the 6-D isoparametric finite element formulations , the displacement 

components are expressed by polynomials in the (x,y,z) plane . the main concept 

here is to define the displacement field within its boundary in terms of 

displacement values at the nodes . It is convenient to express the shape functions in 

terms of the non – dimensional co-ordinate element (ξ, ŋ, τ) which varies from      

-4 to +4 over the element for standard local co-ordinate , Figure (7.5 ) . 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         Displacement components at a particular point P(ξ, ŋ, τ) are defined using the 

nodal values at each nodes and the quadratic shape functions such that : 

                          n 

U (ξ, ŋ, τ) = ∑ Ni (ξ, ŋ, τ) ui                    
(7.4a) 

 

Figure (1.4) Non – Dimensional Co – ordinate Element  

(ξ, ŋ, τ) 
(48)

 .   
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                   i=4 

                          n 

V (ξ, ŋ, τ) = ∑ Ni (ξ, ŋ, τ) vi                      (7.4b) 

                   i=4 

                           n 

W (ξ, ŋ, τ) = ∑ Ni (ξ, ŋ, τ) wi                      (7.4c) 

                       
i=4 

where (n) is a number of nodes per element and Ni (ξ, ŋ, τ) is the shape function at 

the i-th node and ui ,vi and wi are the corresponding nodal displacements . The 

shape function of the quadratic eight or twenty node brick element are shown in 

Table (7.4) 
(76)

 . 

 

 

 
 

     

     

     

     

     

 

 

In the isoparametric group of elements , the shape functions are also used to define 

the geometry of the element . Therefore , the Cartesian coordinate values of any 

point P(ξ, ŋ, τ) within the element may be defined as : 

  

                          n 

X (ξ, ŋ, τ) = ∑ Ni (ξ, ŋ, τ) xi                      (7.5a) 

                   i=4 

                          n 

Y (ξ, ŋ, τ) = ∑ Ni (ξ, ŋ, τ) yi                      (7.5b) 

                   i=4    

                          n 

Z (ξ, ŋ, τ) = ∑ Ni (ξ, ŋ, τ) zi                      (7.5c) 

                   i= 

 

 

Table (1.4) Shape Functions of the Quadratic 8 or 42 – node Brick Element 

 (Cook ) 4971 
(76)

 . 
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where xi , yi and zi are the global coordinate of the node (i) and x,y and z are the 

coordinates at any point .
 

 

1.3.4.4 Stresses and Strain Fields 

 
         Since the geometrical nonlinearities are not considered in the present work , 

displacement gradients remain small throughout the loading process and hence the 

engineering components of strain can be expressed in terms of the first partial 

derivatives of the displacement components . Therefore , the linearized strain – 

displacement relationships may be written as follows 
(48)

 : 
 

 

      x               ∂u /∂x                            ∂Ni/∂x     0              0 

y                       ∂v/∂y                                               0            ∂Ni/∂y            0   

z                       ∂w/∂z                             n             0             0           ∂Ni/∂z             u 

{}  γxy         =     ∂u /∂y +∂v/∂x      =  ∑         ∂Ni/∂y    ∂Ni/∂x      0              v                       (7.6) 

        γyz              ∂v/∂z + ∂w/∂y  
         i=4

          0            ∂Ni/∂z  ∂Ni/∂y         w  

        γzx             ∂w/∂x + ∂u /∂z                  ∂Ni/∂x         0    ∂Ni/∂z      

                                                                                                                                                                                e 

                                                                                                            {a} 

 

                                                                               [B] 

Where ;  [B]   is the strain – displacement matrix .  
 

  {} =  {e}   +   {vp}                                                                                         (7.7)                   

 

where ;    {e}   is the elastic strain part .  

                   {vp}   is the viscoplastic strain part .  
 

      Since the shape function (Ni) are function of the local coordinates rather than 

Cartesian coordinates a relationship needs to be established between the derivatives  

in the two coordinates systems . By using the Chain rule , the partial differential 

relation can be expressed in matrix form as 
(4)

 : 
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          ∂Ni/∂ξ                 ∂x /∂ξ      ∂y /∂ξ     ∂z /∂ξ           ∂Ni/∂x      

       
       ∂Ni/∂ŋ     =       ∂x /∂ŋ     ∂y /∂ŋ     ∂z /∂ŋ          ∂Ni/∂y                                      (7.8) 

           ∂Ni/∂τ         ∂x /∂τ     

∂y/∂τ      ∂z /∂τ    ∂Ni/∂z      
 

 

                                [J] 
           

         Where ; [J] is the Jacobian matrix and the element of this matrix can be 

obtained by differentiation of equation (7.5) . 

The Jacobian matrix can be expressed as 
(48) 

: 
                   

                               n                                      n                                          n 

                              ∑(∂Ni/∂ξ ) xi ∑(∂Ni/∂ξ ) yi        ∑(∂Ni/∂ξ ) zi 

 
i=4                                   i=4                                        i=4 

   n                            n                                            n 

   [J]         =         ∑(∂Ni/∂ŋ ) xi     ∑ (∂Ni/∂ŋ ) yi       ∑(∂Ni/∂ŋ ) zi                           (7.9)  

                         
i=4                                  i=4                                   

    
i=4                                   

 

  n                         n                                           n 

  ∑(∂Ni/∂τ ) xi       ∑ (∂Ni/∂τ )  yi        ∑ (∂Ni/∂τ ) zi        

 
i=4                                  

 
i=4                                         i=4                                  

 

 

Then the derives of the shape function with respect to Cartesian coordinates can 

obtain as 
(48)

  : 

 

   

  ∂Ni/∂x                           ∂Ni/∂ξ 

                                 -4 

  ∂Ni/∂y      =   [J]            ∂Ni/∂ŋ                                                                               

(7.4)  
     

  ∂Ni/∂z                               ∂Ni/∂τ         

                       

 

                       -4 

Where ;     [J]       is the inverse of  Jacobian matrix given by : 

 

1

4 



 

 

   ∂ξ /∂x      ∂ŋ /∂x      ∂τ /∂x       

            -4   

       [J]      =  ∂ξ /∂y      ∂ŋ /∂y      ∂τ /∂y                                                            (7.4)       

 

                          ∂ξ /∂z      ∂ŋ /∂z      ∂τ /∂z  

 

                            -4           -4 

As     [J]  *   [J]   =   [J]   *   [J]  =   [I]        ( unite matrix ) 
 

Three shear and three normal elastic stresses , at each Gaussian point , are 

calculated using the constitutive relation ; 
 

 σx 

 σy 

     {σ}  =  σz                                                                                   (7.3) 

         τxy 

  τyz 

 τzx 

 

and the stresses – strain relationship is represented as : 
       

{σ }  =  [D]   *   {} (7.40) 

Where ; [D]  is the elasticity matrix . Designation of stresses components shown in 

Figure (7.6). 
 

 

 

 Figure (1.3) Designation of Stresses Components 
(48)

 .   
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         Using the elastic stresses to check for cracking and to modify these stresses to 

real viscoplastic stresses at each Gaussian point , is adopted . Using the Gaussian 

product rules , the stiffness matrix is obtained : 

      4  4  4        T 

  [K]   = ∫ ∫ ∫   [B]   [D]   [ B]  │J│dξ  dŋ  dτ                                                  (7.44a)                            
                   -4  -4  -4 

                        T 

Define   T=  [B]   [D]   [B]  │J│ 

 

 Where ; │J│ is the determinant of Jacobian matrix . 

 

                   NGAUSS   NGAUSS   NGAUSS 

Then   [K]   = ∑         ∑         ∑  T ( ξp , ŋq , τL ) wp . wq . wL                          (7.44b)       
                         

p = 4           q = 4          L = 4 

 

Where ; wp , wq and wL   are the weighted values of the numerical integration , 

NGAUSS  is the number of Gaussian points .     

The 5*5*5 and 6*6*6 Gaussian product rules exactly integrate the stiffness matrix 

of the eight and twenty noded elements respectively , reduced integration is here 

defined as the use of 4*4*4 and 5*5*5 for eight and twenty noded elements 

respectively . The distribution of the sampling point over the volume of the 50 – 

nodded element can be seen in Figure (7.7) . In the 4 – noded element the sampling 

points are located at the centers of the six faces 
(77) 

.   
    

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (1.1) Three  - Dimensional Concrete Element with 42 

nodes 
(77)

 . 

and  41 Integration Points  . () 

1

3 



 

1.3.4.3 Formulation of Load Matrix  
 

            External nodal forces have three components in x , y and z which are Fxi , Fyi 

and Fzi respectively . Gravity loading is treated as consistent nodal forces . For node 

i of an element , the forces are ; 
 

       Fx                                          f4 

 

     Fy         = ∫  [N]   ρ. g          f5          .  dv.                                                                                     (7.45a) 

 
V 

     Fz                                            f6 

 

Where ; v is the element volume , g is the gravity constant ; f4 , f5 and f6 are x , y 

and z components of gravity direction vector , which are usually 0 , 0 and -4 

respectively ; so that : 
 

            4  4  4                     T 

 Fzi  = - ∫ ∫ ∫  ρ. g  [N]  dξ dŋ dτ                                                                         (7.45b) 
            

-4  -4   -4   

 

                   NGAUSS   NGAUSS    NGAUSS                                      T   

Fz  = - ρ. g  ∑    ∑     ∑     [N (ξp , ŋq , τL )]     wp . wq . wL                          (7.45c)                               
                  p = 4      q = 4          L = 4

 

only linearly distributed in x , y and z face loadings are used here in – Numerical 

integration is taken on the loaded element face area A(c) , to fined Fxi , Fyi and Fzi 
(6)

. 
 

1.3.4 Steel Layer 
 

         Steel equivalent layer thickness  (tsx ) is taken as (ρx . t) where ρx is the 

reinforcement ratio in the direction of the local element x – axis and (t) is the total 

element thickness . Each set of reinforcing bars is smeared as a two – dimensional 

membrane of equivalent thickness . The contribution of the bar is added to that of 

the solid concrete 
(6)

 . 
   

   [K]  =  [Kc]    +   [Ks]                                                                                                                (7.46)                          

 

Where ; [K]  is the total stiffness matrix of the element ,  [Kc]   and  [Ks]   are the 

concrete and steel stiffness matrices , respectively . 
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Using the Gauss – Legendre quadrature numerical integration scheme , the steel 

membrane matrix linking node (i) and (j) is obtained : 

              4  4         T 

  [Ks]  = ∫ ∫  [Bs]   [Ds]   [Bs]  │J│dξ  dŋ                                                           (7.47a)  

           
 -4  -4 

                           T 

Define   Ts =  [Bs]  [Ds]  [Bs] │Js│ 

  
                   NGASS   NGASS    

Then  [Ks]  = ∑         ∑   Ts ( ξp , ŋq )  wp . wq                                              (7.47b)       
                        

p = 4           q = 4      

where NGASS is the number of Gaussian points of steel membrane . [Ds] is the 

stresses – strain relation matrix of steel membrane .  

 

1.1 Dynamic Equilibrium Equations in Semi – Discrete Form  
 

The nonlinear dynamic equilibrium equations can be written in semi – discrete 

form as :       ..               .           

            [M]  {U} +   [C] {U}+   [K]  {U} =  {F} - {R}                                   (7.48) 

                        .          ..          
where ; {U} , {U} and {U}  are vectors of nodal displacement , velocities and 

acceleration respectively , 

 [M]  and  [C]  are the mass and damping matrices ,  

  {F}  is the vector of external applied forces and 

  {R} is the vector of internal resisting forces . 

 

 1.1.4 Mass Matrix Formulation  
 

         Two alternative formulations of the mass matrix exist in literature , these are : 

a – Lumped Mass Matrix  

         In this approach , the idealization of the mass properties of the system are 

separated from elastic properties . Equivalent concentrated masses are placed at the 

nodal points to represent the inertia forces in the direction of assumed element 

degrees of freedom . These masses correspond to both translation and rotational 

inertia of the element displacements . The resulting mass matrix is purely 

diagonal
(64)

 . 
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b – Consistent Mass Matrix  

         In this approach , the mass coefficients are computed using the same stiffness 

interpolation function and the resulting matrix called consistent mass matrix . The 

dynamic analysis of a consistent mass system generally requires considerably more 

computational effort than a lumped mass system does 
(3) 

. The principle advantages 

of consistent mass are the more accurate mode shapes and frequencies which are 

proven upper bounds . In most applications , advantages of lumped masses are of 

overriding consideration 
(60) 

. Ghosh and Wilson
 (64) 

suggested that the diagonal 

mass matrix may be obtained from the full mass matrix by adding the off – 

diagonal elements to the appropriate diagonal elements . Cook 
(57) 

applied this 

concept on element whose translational d.o.f. are mutually parallel . Heindicated 

that the consistent mass matrix was more occurate for flexural problems , The 

global mass and damping matrices and defined as : 
                         T             

     [M]  =  ∫ [N]  ρ   [N]   dv.                                                                                                                          (6.49a)                                                                                         

                 
V
 

                    4  4  4           T                 

So  [M]  = ∫ ∫ ∫  ρ [N]  [N]  │J│ dξ dŋ dτ                                                     (7.49b)                              
         

-4  -4   -4   

                                 T                 

Define    T  =  ρ   [N]   [N]  │J│ 

 
 NGAUSS   NGAUSS   NGAUSS 

   [M]  =  ∑         ∑        ∑      T ( ξp , ŋq , τL )  wp . wq . wL                            (7.49c)        
                p = 4           q = 4          L = 4 

                            T                 

        [C]  =  ∫  [N] c [N]    dv.                                                                                                                    (7.44a)                                                                                        

   
V  

 
                                                  T                 

 

Define    T =  c [N]   [N]  │J│ 

 
                     NGAUSS   NGAUSS   NGAUSS 

   So    [C]   =   ∑       ∑       ∑    T ( ξp , ŋq , τL )  wp . wq . wL                           (7.44b)                           
     p = 4           q = 4          L = 4 

where T ( ξp , ŋq , τL )  wp . wq . wL  is the transformation matrix , and (c) is the 

damping parameter . The vector of internal resisting forces {R} is given by the 

expression : 
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            T  

      {R}  =   ∫   [B]   {σ} dv.                                                                   
(7.44) 

                       
V 

 

Where  {σ} is the vector of total stresses  

  

1.1.4 Modeling of Damping  

 

         The damping parameter  [C]  appearing in equation (7.44a) is not usually 

known ,so a different procedure has to be used to construct the C matrix . The total 

damping in the structure is assumed to be a sum of the damping of the individual 

modes present in the system response . If two modes are considered then so – 

called Rayleigh damping is a linear combination of the mass and stiffness matrices 

so that : 

    [C]  =  0 [M] + 4 [K]                                                                       (7.43) 

 

Where ; 0  and 4  are constants . Equation (7.43) for evaluating the damping 

matrix is adopted . This matrix has the same structure as the stiffness matrix , so it 

is in a banded form .  

 

1.1 Nonlinear Solution Technique  

 
         Nonlinear problems is solid mechanics are classified into two forms , first 

nonlinearity due to strain – displacement relationship which is geometric 

nonlinearity , and secondly nonlinearity due to nonlinear stresses – strain 

relationship which is material nonlinearity . In the present study , only the second 

form is taken into consideration . The solution of nonlinear problems by the finite 

element method is usually attempted by one of three basic technique 
(36)

 . 

 

1.1.4 General 

  
a – Incremental Procedures  

         The basis of the incremental or piecewise linear procedure is the subdivision 

of the load into many small partial loads or incremental . The stiffness matrix may 

take different values during differential load increments . The displacement 

increments are accumulated to give the total displacement at any stage of loading , 

and the incremental process is repeated until the total load has been reached .  
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b – Iterative Procedures  

         The iterative procedure is a sequence of calculations in which the body or the 

structure is fully loaded in each iteration . Different approaches are updated , the 

variable stiffness method , while in others a constant linear matrix is used 

throughout requiring only a single matrix inversion .  

 

c – Mixed Procedures  

         The mixed procedures utilize a combination of the incremental and iterative 

schemes . The load is applied incrementally , but after each increment successive 

iterations are performed . This method yields higher accuracy but with a large cost 

of computational effort .This procedure is adopted in the present study .  

 

1.1.4 Direct Integration Methods  

 
         In direct integration methods , Equation (7.48) is integrated by using a 

numerical step by – step procedure , the term (direct) meaning that prior to the 

numerical integration , no transformation of the equations into different forms is 

carried out . The direct integration is based on two ideas . First , instead of 

satisfying Equation (7.48) at any time (t) , it is aimed to satisfy this equation only at 

discrete time intervals (∆t) a part . The second idea on which a direct integration 

method is based is that a variation of displacements , velocities and accelerations 

with in each time interval (∆t) is assumed . It is the form of this assumption , that 

determines the accuracy , stability and efficiency of each scheme 
(55)

 . 

Direct integration methods are generally , divided into : 

a – Explicit integration algorithm , in which the solution at time (t+∆t) is based on 

the equilibrium conditions at time (t) . They  require little computer storage and are 

inexpensive per time step . These algorithms are conditionally stable and need strict 

limits to evaluate the time step size . The most popular of these method is the 

central difference method 
(77,55,93)

 . 

b – Implicit integration algorithm , in which equilibrium at time (t+∆t) is imposed 

to obtain the corresponding solution . These method are usually unconditionally 

stable , permitting larger time step . However , the storage required and the cost per 

step is high because it is necessary to factories the stiffness matrix . Some of these 

methods are Newmark method , Houbolt and Wilson – θ method 
(77,55,93)

  .  
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1.1.4.4 The Newmark Method          The Newmark method , adopted in this 

work 
(94)

 , is an extension of the linear acceleration method . The dynamic 

equilibrium equation is line arised and written at time (t n+4) as : 

                ..                  .           

     [M]  {Un+4} +   [C] {U n+4}+   [K]  {U n+4} =  {F n+4}                                 (7.50) 

                                  
The following assumption on the variation of displacement and velocities are made 

within atypical time step ;       

                                           .             ..                   .. 

{U n+4} = {U n} + ∆t {U n} + ((4-5){U n} + 5{U n+4}) ∆t
5
/5                       (7.54a) 

   .                  . ..               ..                    

{U n+4} = {U n} + ∆t ((4-){U n} + {U n+4})                                                        (7.54b) 

           .              ..                

where ; {U n} , {U n} and {U n} are values of displacement , velocity and 

acceleration known at time (t) . Parameters and  control the stability and 

accuracy of the method . When equals (4/9) and equals (4/5) , relation (7.54) 

corresponds to the linear acceleration method . Newmark method was originally 

proposed as an unconditionally stable scheme . The constant – average acceleration 

method (also cold trapezoidal rule) , in which case equals (4/5) and  equals (4/7) 

are adopted in the present study .  
 

1.1.4.4 Computational Algorithm Form of Newmark’s Method 

 
         In the present study the unconditionally stable implicit scheme such as 

Newmark method which permit the use of large time steps , is adopted . The 

following steps describe the predictor – corrector form of Newmark scheme for the 

integration of the system equations which govern nonlinear transient dynamic 

problems 
(93)

 . 

4 – Set iteration counter i = 4, for (m+4) time step . 

5 – Begin predictor phase as set : 

                                                       .                        .. 

{U
i
m+4}={U

^
m+4}={Um} + ∆t {Um} + ∆t

5(4-5){Um} / 5                                  (7.55a) 

   .                             .                       .. 
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{U
i
m+4}={U

^
m+4}={Um} + ∆t (4-){Um}                                                                 (7.55b) 

     ..                    

{U
i
m+4} = [{U

i
m+4}-{U

^
 m+4}] / (∆t

5
) = 0                                                       (7.55c)  

 
6 – Evaluate residual forces : 

                                             ..                                                                                                      

                           (7.56)   {ψ i
m+4}={F m+4} - [M] {U

i
m+4}- Ri-4

m+4 

  

R 
i-4

m+4 =  ∫  σi-4
m+4 dv.

  
     (7.57) 

               v 
 

7-The effective stiffness matrix is : 

  

[K 
*] = [M] / (∆t

5
) +K                                                                                    (7.58)    

 

8 – Factorize , forward reduction and back substitute as required to solve  

        

[K 
*] {∆U

i} = {ψi}                                                                                            (7.59) 

 

9 – Find the corrector phase  
 

{U
i
m+4}  = {U

i
m+4} + {∆U

i}                                                                                        (7.54a) 

    ..  

{U
i
m+4}  =[{U

i
m+4} - {U

^
m+4}] /  (∆t

5
)                                                         (7.54b)          

                  .                        ..                  

{U
i
m+4}  = {U

^
m+4} +∆t {U

i
m+4}                                                                              (7.54c) 

 

4- If ∆U
i
 do not satisfy the convergence condition , set i =i+4 and go to step (6) . 

4 – Set : 
  

 {Um+4}  ={U
i
m+4}                                                                                (7.54a)  

     .               .                                   

           (7.54b)    {Um+4}  = {U
i
m+4} 

   ..                ..                                               
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                      (7.54c)   {Um+4}  = {U
i
m+4}                                                                                                            . 

Then use the above values for the next time step . The vectors {U 
^
m+4} and{U

^
m+4} 

are predictor vectors ; {U m+4}and{U m+4} are corrector vectors . 
 

1.1.3 Selection of the Time Step Size for Viscoplastic Model  

 
         As mentioned in the previous chapter , the viscoplastic flow rule is valid for 

all time (t) , as : 
 

˙vp =  (˙v) ‹ F0  › n                                                                                             (7.53)  

In a step – by – step numerical procedure this relationship will only be satisfied for 

discrete time stations (∆t) a part . The viscoplastic strain is : 
 

                                             (7.60) dt  =  ∫ ˙vp     vp 

 

The viscoplastic strain increment n˙vp  occurring in a time interval ∆tn = tn+4 - tn 

using an implicit time stepping scheme , is defined as : 
 

             (7.64) n˙vp  = [ (4-ko)  n˙vp  +  ko  n+4˙vp ]   
 

so the viscoplastic strain can be approximated numerically as : 
 

               (7.65)   n+4vp = nvp + n˙vp . ∆tn 

 

for ko = 0 , the strain increment is determined from condition at time (tn) , this is the 

Euler’s time integration scheme . For ko = 4 , the strain increment is determined at 

end of the time interval , this is the fully – implicit scheme 
(5)

 . Euler integration has 

been found computationally efficient for quasi – static problems such as creep . The 

stability limit for Equation (7.65) depends on the specific form of the viscoplastic  

potential used in the flow rule . Cormeau derived the following limiting time 

intervals for associated viscoplasticity , a linear flow function , and an explicit time 

integration : 

                 (7.66a)         For  Tresca    ∆t ≤ (4+υ) σo / γE      

              Misses  ∆t ≤ 7(4+υ) σ o / 6γE                 (7.66b) 

              Mohr – Coulomb ∆t ≤ 7(4+υ) (4-5υ)  / γE (4-5υ+sin
5
υ)                     (7.66c) 
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Where ; σo = 0.6 Fc , υ is the angle of friction , υ is Poisson’s ratio , E is Young’s 

modulus and γ is the fluidity coefficient . The time step length between any two 

interval is limited to : 
 

∆tn+4 ≤ f . ∆tn              (7.67) 
  

where ; f is a constant equals 4.8  

 

In dynamic analysis , if an explicit integration scheme is used then the stability 

limit for step – by – step integration of the equation of motion will normally govern 

the choice of the time step length . Implicit schemes are usually unconditionally 

stable , but the time step size is limited by accuracy considerations . In particular , 

when cracking is involved , the time step must be selected so that cracks spread 

progressively throughout the structure . If a large number of cracks are formed in  

the same interval , considerable difficulties in convergence may be encountered . 

So the time step size with implicit algorithms should be chosen to limit the speed at 

which the crack spreads .  
   

1.1.1 Convergence Criteria  
 

         In solving the nonlinear equilibrium equations by iterative method , the 

convergence at the end of an iteration can be measured by two criteria . The first 

criteria is the magnitude by which equilibrium is violated . This can be measured 

by the magnitude of the unbalanced loads . The second criterion is the accuracy of 

the total displacement . This can be measured by the magnitudes of additional 

displacement increments . For this study , the convergence criterion is adopted  
 

  │ψi
t│/ │ψ4

t│ ≤  ε 

where ; ψi
t and ψ4

t  are the vectors of residual forces for the i–th and first iteration 

of time step (t) respectively . The tolerance (ε) is equal 0.08 . In addition to the 

convergence tolerances described above , a ceiling is provided to limit the number  

of iterations performed for each load step in case convergence tolerances provided 

are too stringent 
(87)

 . 

 

1.6 Computer Program for Dynamic Analysis  

 
         As apart of this work , a computer program DARC3 (three dimensional , 

nonlinear , dynamic analysis ) from Hinton
(77) 

used to solved the examples in this 

research . 
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The program is coded in FORTRAN – 77 and has been tested on the personal 

computer, of the civil engineering department . The flow chart of this program is 

given in Figure (7.8) . This program is used to solve two types of structural 

material: steel and reinforced concrete ; consists of a main program and fifty one 

subroutines .In the present study , the Fortran Power Station 1.2 compiler 

produced by Microsoft incorporation was used to operate the program under PC 

Pentium IIII with Intel MMX 4.82 GHZ processor and 411 MB RAM  
 

  

                                                            START 

 
 

 

Input Data of the  

Program . 

 

 

  

Initialize Material 

State Arrays . 

 

 

 

Find Initial Values for 

Displacements and Velocities 

And Time Integration Data .  

 

 

 

Which Sets Up Vectors for 

Use with Profile Solver . 

 
 

 

Evaluate the Global Lumped Mass Matrix for 

3 – Determents + Shape Function and Derivative  

Values at 41 Point Integration Position .   

 
 

 

1
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Evaluate the Consistent Nodal Forces 

For Each Element and Assemble them  

Into the Global Force Vector Force . 

 

 

 A 

 

 A  

        Loop of Time                                   

                 Loop of Iteration     

  

                                 Evaluate Stiffness Matrix for Concrete ,  

Reinforcement and Generate  

Global Stiffness Matrix .   

 

 

Compute Effective Stiffness Matrix if Required , 

Predictor Values , External Load , Seismic Load and  

Damping Forces ( Also Evaluate Initial Acceleration for  

First Time Step ).   

 

  

                                      Compute Resisting Forces . 

 

 

Compute Effective Residual Forces and Solve for  

Incremental Displacements and Corrector 

 Values – Update Displacements , Velocities and  

Acceleration . 

 

 

 

 No Has 

  Solution  

Converged 

? 

                                                                      Yes 
 

Output Results at 

Selected Location 

Figure (1.1) Flowchart of the Program DARC3 
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 END 

Figure (1.1) Continue 
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  
 

 

 

 
 

 
 

 

 

5.5  General                                                                 
  

         This chapter deals with examples analyzed numerically by the computer 

program DARC3
(44) 

( three dimensional nonlinear dynamic analysis for 

reinforced concrete structures ) . These examples can be classified into two main 

groups . The first group as verification examples used to prove the accuracy of 

numerical models that simulate the behavior of arch structures .  

 

         The examples also serve as a means to check the validity of  the material 

model used , and to demonstrate the applicability and capability of the analysis 

method adopted in this study to a variety of three dimensional reinforced 

concrete structures . It is important to mention that this theoretical study has 

approximation in nature due to different factors mainly : 

 

1-  Approximation in the material modeling of concrete and steel  

2-  Approximation inherent in the finite element modeling technique  

3- Approximation introduced due to the type of procedure used in solving the    

     nonlinear system of equations in dynamic analyses      

4-  Approximation in the integration functions used in this numerical analysis  
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         The main results obtained by the solution introduced by this study are the 

time – deflection responses , time – stresses in Gauss point and time – shear 

stresses in Gauss point . 
 

 

5.5 Numerical Applications 

 

5.5.5 Semi–Circular Arch Subjected to Step Loading 

 
         The clamped semi – circular arch which having cross section as in Figure 

(5-1) subjected to a central concentrated load applied as a step function in time 

was analyzed by Noor and Knight
(66)

 using explicit central difference method in 

addition to Newmark´s average acceleration and  Park's stiffly stable methods . 

Ali
(4)

 presented a theoretical analysis for estimating  in plane the large 

displacement elastic stability behavior of structures . Four different numerical 

integration algorithms have been used for solving the equation of motion . 

System mass properties have been represented using both consistent and lumped 

mass matrices . He used five elements per half of the arch to solve this problem 

with  time step size equal to (.0...1)sec. and the nonlinear response time 

history for duration of (.0..2 sec.) is found. 

         In the present study , the three dimensional brick elements are used and 

elasto – viscoplastic models are adopted for the material . 

Due to symmetry , half of the circular arch with five of twenty noded brick 

elements to idealize the arch , and the center of arch is fixed in x and y direction 

but it is free in z direction (because the symmetry) to represented this we used 

the roller at the center of arch , as shown in Figure (5-1d) . Material properties 

are given in Table (5-1) . 

         For dynamic analysis , a constant time step of (.0..1 sec.) is used , (0.) 

numbers of time steps , a number of iteration for nonlinear solution is taken 

equal to (5..) . The time step used in the analysis can satisfy Equation (4-33) 

for viscoplastic model . The deflection at the center of arch versus time is 

presented in Figure (5-2) . The computed deflection agrees qualitatively with 

those obtained from another analytical solutions in Ref. (4666) but the period of 

vibration of those solutions is elongated when compared with the results 

obtained from the present study , the different for maximum deflection when 

compared with maximum deflection from Ref. (4) equals to (5035) , but the 

maximum deflection obtained from present study equals the maximum 

deflection for Ref. (66) . This different between the results accurs because the 

different in analytical method that used to solved this example  . 
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Table (5-5) Material Properties and Additional Parameters
 (4)

 . 
 

 

 

Value 

 

 

Symbol , unit  

 

Material Property and 

Additional Parameters 

 

073477 Ea(kg/cm5) Young’s Modulus  

Aluminum 077 Fy(kg/cm5) Yield Stresses 

7.566E-75  (kg.sec2/cm4) 
Mass Density 

7.50 Poisson’s Ratio 

7.5  Newmark’s 

Parameter 7.55 
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R 1.. 

P(t)=316 

(a) 

(c) 

 

2056 

205 

P(t) 

 316 

 316 

t 

p(t)/3 

P(t)/1

2 

P(t)/1

2 

(b) 

(d) 

Z 

X 

Y 

Note: 

All Load in kg 

All Dimension in cm 

(a) geometry and loading of arch    (b) cross section      (c) load – time relation 

(d) finite element idealization and numbering of half of the arch 

Figure (5-5) Semi – Circular Arch Subjected to Step Loading . 
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U=V=W=. 



  

 

 

 

 

 

 

 

 

 

 

 

     

 

  5.5.5 A clamped Circular Arch Subjected to Uniformly 

Distributed Normal Load 

      
         A clamped circular arch which having cross section and reinforcement 

steel as in Figure (5-3) subjected to uniformly distributed normal load (1kg/cm
2
) 

with triangular load – time function . The material  properties of concrete  and  

steel  and  addition  parameters are shown in Table (5-2). 

         Tene and Epstein 
(62) 

analyzed this problem by linear theory to find the 

elastic stress and deflection for this problem . The effects of transverse shear 

deformation and rotary inertia were first introduced in the theory of straight 

beam by Timoshenko , but they didn’t take the effective of damping in their 

studying . The numerical solution is obtained by Houbolt´s method and by the 

finite differences and they used the time interval equals to (.0.1) . The number 

of location differences for half the arch was (41) .                     

         AL – Maroof 
(6) 

analyzed this problem by three dimensional elements 

based on the linear theory by the finite element method to get the variation of 

displacements and forces with time . No damping and damping ratios                   

(.=206,1=.0..3646) is considered in the arch . In   both cases the arch is 

discritized by 1. curved elements . Also the numerical results obtained by the 

method of characteristic in Ref. 
(.) 

are compared with those obtained by  Tene 
(62)

 the agreement between the two solution is encouraging .                                                                                    

         In the present study , due to symmetry , half of the arch with five of twenty 

nodded brick elements , and the center of arch is fixed in x and y direction but it 

is free in z – direction , for represented this we used the roller at the center of 

arch, as shown in Figure (5-3)(d) . The steel reinforcement by a four layers two 

of them represent a longitudinal top and bottom reinforcement with thickness 

equal to (.0161)cm for each and the others represent the lateral ties with 

thickness equal to (.0.565)cm for each and rotational angle equal to (0.º) from 

the x-axis . For dynamic analysis , a constant time step of (.0.1)sec. is used , a 

Figure (5-5) Load – Displacement in Z - Direction Curve at A center 

of the Clamped  Semi – Circular Arch Under Dynamic Load . 

5

0 
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number of time steps is (6.) , a number of iteration for nonlinear solution is 

taken equal to (5..) .       

         The example is solved twice No damping is considered and with damping 

ratios (.=206,1 =.0..3646) and the results are compared with those obtained 

in Ref. (6,62) when solved the same example . Good agreement is found with 

these solutions . From Figures (5-4) , (5-5) and (5-6) , for central deflection 

without damping , the maximum different  found equal to ( 3.5 and 1.5) when 

the results compared with Ref. (62,6) respectively . But for central deflection 

with damping the maximum different is equal to (2.065) when the results 

compared with Ref.(6)
 
. The maximum different between central deflection with 

and without damping that obtained from the present study equal to (6.0205) . 

From Figure (5-.) , (5-6) and (5-0) we obtained that for tangential  

 

deflection at (=6.056) without damping the maximum different equals to      

(3.5 and 2.5) when the results compared with Ref. (6662)  respectively . But for 

tangential deflection at (=6.056) with damping the maximum different equals 

to (3.0.5) when the results compared with Ref. (6) . The maximum different for 

tangential deflection at (=6.056) with and without damping obtained from the 

present study is equal to (6.5) .  

         Figure (5-1.) shows the stresses in x – direction at arch’s center (Gauss 

point (3)) and the results are comparing with the results from Ref.
 
(62)

 
and we 

found that the maximum different is equal to (2.5) . That different between the 

results because Ref. (62) solved this example by linear theory and two 

dimensional finite differences is used in the analysis but Ref. (6) solved the 

same example by linear theory and three dimensional curved elements is used in 

the analysis . 

         Also we study the effective of the damping on shear stresses at the center 

of supported (Gauss point (62)) and at the center line of beginning of element 

No. 5 (Gauss point (63)) because they are critical section for the shear stresses , 

as shown in Figures from (5-11) to (5-16) and we obtained that the damping 

reduced the deflection , stresses and shear stresses because the damping is one 

from the characteristic of materials and it reduced the influence of external 

forces as shown in Equation (4-15) . The maximum different between the shear 

stresses without and with damping at Gauss point (62) is equal to (.0065 , ..065 

and 6.5) for xz , yz and xy plane respectively , but this different at Gauss point 

(63) equals to (53065 , 660.5 and 5.5) for xz , yz and xy plane respectively . 

The effect of damping on the shear stresses at Gauss point (62) is greater than 

this effect on the shear stresses at Gauss point (63) because the influence of 

supported on Gauss point (62) .           

 

 

 

   Chapter Five                                                                                 Numerical Application and Parametric Study 

 

5

0 



 

 

 

 

 

Table (5-5) Material Properties and Additional Parameters 
(05)

 . 

 

 

                       

 

Value 

 

Symbol , unit  
Material Properties and 

Additional Parameter 

 

577777 EC (kg/cm5) Young’s Modulus  

 

 

 

 

 

 

Concrete 

377 Fc (kg/cm5) Compressive Strength 

40 Ft (kg/cm5) Tensile Strength 

7.56 Poisson’s Ratio 

7.7735 cu 
Ultimate Compressive Strain 

7.553 Gf (kg/cm) Fracture Energy 

57 c Yield Surface Function 

7.54E-75 c (kg.sec2/cm4) 
Mass Density 

7.3755  . a  

Fluidity Parameter 7.06   1 a 

5.04 . 
 

Failure Surface Function 
5.70 1 

5777777 ES (kg/cm5) Young’s Modulus  

 

Steel 

3577 Fy (kg/cm5) Yield Stresses 

54 s (kg.sec2/cm4) 
Mass Density 

7.5 Poisson’s Ratio 

7.5  Newmark’s 

Parameters 7.55  
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Figure (5-4) Time – Displacement in Z - Direction Response for 

 Dynamic Response of the Circular Arch at (= 07°). 

 

 

 

Figure (5-5) Time – Displacement in Z - Direction Response for Dynamic 

Response of the Circular Arch Without Damping at (= 079). 

 

  

 

 

 

6

5 

Reinforcement Details : 

Main Reinforcement 57-φ3.5cm 

Web Reinforcement φ35.5cm @ 57cm 

 

(a) 

(b) 
(c) 

 

10. 

.0.3 
t 

2. 

Y 

Z 

X 

Note: 

All Load in kg 

All Dimension in cm 

(a) geometry and loading of arch    (b) cross section      (c) load – time relation 

(d) finite element idealization and numbering of half of the arch 

Figure (5-3) Circular Arch Under Triangular Normal Load 
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Gauss Point (3) 

Gauss Point (65) 

Gauss Point (63) 
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45° 
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Figure (5-6) Time – Displacement in Z - Direction Response for Dynamic 

Response of the Circular Arch With Damping at (= 079). 
  

 

Figure (5-0) Time – Tangential Displacement Response for Dynamic 

Response of the Circular Arch at (= 60.59). 

    

 

 

 Figure (5-0) Time – Tangential Displacement Response for Dynamic 

Response of the Circular Arch Without Damping at (= 60.59). 

 

 

 

Figure (5-0) Time – Tangential Displacement Response for Dynamic 

Response of the Circular Arch With Damping at (= 60.59). 

 

 

 

 

Figure (5-57) Time – Stresses in X – Direction Response of the 

 Circular Arch Without Damping at Gauss Point (). 

 

 

 

 

Figure (5-55) Time –Shear in XZ - Plane Stresses Response  

of the Circular Arch at Gauss Point () 
 

 

Figure (5-55) Time –Shear Stresses in YZ – Plane Response  

of the Circular Arch at Gauss Point (). 
 

 

 

 

Figure (5-53) Time –Shear Stresses in XY - Plane Response 

 of the Circular Arch at Gauss Point (). 
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Static Stresss in X – Direction 
(05) 

= - 7.536 kg/cm5 
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Figure (5-54) Time –Shear Stresses in XZ - Plane Response 

 of the Circular Arch at Gauss Point (63). 
 

 

 

Figure (5-55) Time –Shear Stresses in YZ - Plane Response 

 of the Circular Arch at Gauss Point (63). 

 

 
 

 

Figure (5-56) Time –Shear Stresses in XY – Plane Response  

of the Circular Arch at Gauss Point (63). 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

5.3 Parametric Study  
 

5.3.5 Effect the Subtended Angle on Curved Cantilever Arch 

 
                   A curved cantilever  reinforced by the use of the equation in Ref. 

(65) is studied in this example with three subtended angles and the radius is 
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constant , the cross – section , reinforcement steel and load – time relation  as 

shown in Figure (5-1.) .                

         Just 
(52)

 solved this structure without reinforcement steel ( plain concrete ) 

and under static load .Idealized the arch with five of eight noded brick elements , 

as shown in Figure (5-1.)(d) . Longitudinal top and bottom reinforcement 

represented with thickness equals to (.0166)cm for each layer , two lateral ties 

layers represented with thickness equals to (.0.5)cm for each layer and 

rotational angle equals to (0.6) from the x – axis . Concrete and steel properties 

and additional material parameters are given in Table (5 -3) . For dynamic 

analysis , a constant time step of (.0.5 sec.) is used , (6.) numbers of time steps 

, a number of iteration for nonlinear solution is taken equal to (5..) .  

         From the result it was found that when the subtended angle for curved 

beam increased the deflection at free end increased too but at small time the 

deflection in y – direction at free ends is inverse proportion withB as shown in 

Figure (5-2. ) . Figure (5-16) shows that when (B =0.6,6.6 and 3.6) the 

maximum deflections in x- direction  is equal to (-1100,-4 and -102)cm 

respectively , but in   z – direction it is equal to (-16,-1. and -1)cm respectively , 

see Figure (5-10) . At y – direction the maximum deflection for the free end 

equal to (.0246.026 and -....)cm for (B =0.6,6.6 and 3.6) respectively . Figure 

(5-21 ) shows that the maximum value of stresses in y– direction at Gauss point 

(6)  for (B =3.6) is (-.0..32)kg/cm
2
 and it is greater than the maximum value 

for (B =6.6) that is equal to (-.0..24)kg/cm
2
 because the influence of Poisson's 

ratio that causes the stresses in y – direction , but for (B =0.6) the maximum 

stresses in y – direction at Gauss point (6) is equal to (-.0.1.2)kg/cm
2
 and it is 

greater than the maximum stresses for (B =3.6 and 6.6) . 

         Figure (5-22 ) shows that if the subtended angle increases the maximum 

value of compressive normal stresses in the x- direction at Gauss point (6)  

increased also , and for (B =0.6,6.6 and 3.6) it is equal to (-.0.06,-.0.5 and -

.0.43) kg/cm
2
 respectively  and when the subtended angle increased the stresses 

in z– direction at Gauss point (6) increased also , see Figure (5-23) , with 

maximum stresses for (B =0.6,6.6 and 3.6) is equal to (.0.6.6...44 and -.0.4) 

kg/cm
2 

respectively . We also obtained the stresses in x , y and z – direction at 

the end face of element No. (1) (at Gauss point (5)) , in x- direction the 

  
 

maximum stresses at this point is equal to (.0106.01 and .0115)kg/cm
2 

for               

(B =0.6,6.6 and 3.6) respectively , as shown in Figure (5-24) , but Figure (5-

25) 

shows that in z – direction its equal to (-.0135,-.011 and -.0..5)kg/cm
2 

for              

(B =0.6,6.6 and 3.6) respectively . 
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         Figure (5-26) shows the maximum stresses at Gauss point (5) in y – 

direction which is equal to (.0.26.0..51 and ....66)kg/cm
2
 for (B =0.6,6.6 and 

3.6) respectively and from the result we obtained that the maximum stresses in 

all direction at Gauss point (5) is greater than the maximum stresses at Gauss 

point (6) (near the free end of arch) . 

         Figure (5-2.) shows that when B increases the maximum shear stresses in 

xz – plane at supported Gauss point (3.) will decrease and at (B =0.6) its equal 

to (.)  because the plane at supported becomes horizontally , but the maximum 

stresses in xz – plane for (B =6.6 and 3.6) is equal to (-.0..3. and 

.0..4)kg/cm
2
 respectively  . Figure (5-26) shows that the maximum shear 

stresses for Gauss point (3.)  in yz – plane for (B =0.6) is (-.0..16) kg/cm
2
 and 

it is lower than it is  when we used (B =3.6) which is equal to (-.0..24)kg/cm
2
 , 

but in this plane for (B =6.6) it is equal to (.0..66) kg/cm
2 

and it is greater than 

it is for           (B =0.6and 3.6) .The maximum shear stresses for Gauss point 

(3.) in xy – plane for (B =0.6) is equal to (-5)kg/cm
2
 and it is greater than when 

we used (B =6.6) which is equal to (-2)kg/cm
2 

 but the maximum shear stresses 

at Gauss point (3.)  in this plane is positive and equals to (302)kg/cm
2
 for (B 

=3.6) as shown in Figure (5-20). From the results , (B =3.6) is the best angle 

for practical applications because always the minimum deflections and 

minimum stresses for the arch occur when subtended angle is equal to (3.6) .    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

Table (5-3) Material Properties and Additional Parameters . 
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Value 

 

Symbol , unit 

Material Properties and 

Additional Parameter 

 

505777 EC (kg/cm5) Young’s Modulus  

 

 

 

 

 

 

Concrete 

377 Fc (kg/cm5) Compressive Strength 

46 Ft (kg/cm5) Tensile Strength 

7.55 Poisson’s Ratio 

7.7735 cu 
Ultimate Compressive Strain  

7.553 Gf (kg/cm) Fracture Energy 

57 c Yield Surface Function 

7.545E-75 c (kg.sec2/cm4) 
Mass Density 

7.3755  . a  

Fluidity Parameter 7.06   1 a 

5.04 . 
 

Failure Surface Function 
5.70 1 

5777777 ES (kg/cm5) Young’s Modulus  

 

Steel 

4547 Fy (kg/cm5) Yield Stresses 

54 s (kg.sec2/cm4) 
Mass Density 

7.50 Poisson’s Ratio 

7.5  Newmark’s 

Parameters 7.55  
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Figure (5-50) Time – Displacement in X - Direction Response at 

 Free End for Curved Cantilever with Three Subtended Angles. 
 

 

 

 

Figure (5-50) Time – Displacement in Z - Direction Response at 

 Free End for Curved Cantilever with Three Subtended Angles. 
 

 

 

Figure (5-57) Time – Displacement in Y - Direction Response at  

Free End for Curved Cantilever with Three Subtended Angles. 
 

 

 

Figure (5-55) Time – Stresses in Y - Direction Response at Gauss  

 

Reinforcement Details : 

Main Reinforcement 4-φ7.0cm 

Web Reinforcement φ7.0cm @ 57cm 

 

Z 

Y 

X 

(a) geometry and loading of arch    (b) cross section      (c) load – time relation 

(d) finite element idealization and numbering of the arch 

Figure (5-50) Curved Cantilever with Three Subtended Angles 
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Static Deflection for (55) : 

(B = 079) = 57 cm 

(B = 679) = 5.5 cm 

(B = 379) = 7.500 cm  

   Static Displacement for (55) : 

 (B = 079) = 57 cm 

 (B = 679) = 5.5 cm 

 (B = 379) = 7.500 cm 
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0
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U=V=W=. 

Note: 

All Load in kg 

All Dimension in cm 

(a) 

(d) 



Point (6) for Curved Cantilever with Three Subtended Angles. 
 

 

 

Figure (5-55) Time – Stresses in X - Direction Response at Gauss 

 Point (6) for Curved Cantilever with Three Subtended Angles. 
 

 

 

Figure (5-53) Time – Stresses in X - Direction Response at Gauss  

Point (6) for Curved Cantilever with Three Subtended Angles. 
 

 

 

Figure (5-54) Time – Stresses in X - Direction Response at Gauss 

 Point (5) For Curved Cantilever with Three Subtended Angles.  
 

 

 

 

Figure (5-55) Time – Stresses in Z - Direction Response at Gauss  

Point (5) For Curved Cantilever with Three Subtended Angles.  
 

 

 

 

Figure (5-56) Time – Stresses in Y - Direction Response at Gauss 

 Point (5)For Curved Cantilever with Three Subtended Angles.  
 

 

 

Figure (5-50) Time – Shear Stresses in XZ – Plane Response at  Gauss 

 Point (37) For Curved Cantilever with Three Subtended Angles. 

 
 

 

 

Figure (5-50) Time – Shear Stresses in YZ - Plane Response at Gauss 

Point(37) For Curved Cantilever with Three Subtended Angles. 
 

 

 

Figure (5-50) Time – Shear Stresses in XY - Plane Response at  Gauss 

Point(37)  For Curved Cantilever with Three Subtended Angles. 
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5.3.5 Non- Prismatic Reinforced Concrete Clamped Circular 

Arch Structure with Subtended Angle (507º) 

 
         In this example, two cases of clamped circular arch structure was studied 

with subtended angle (1..º) discontinuity varying cross – section is analyzed to 

fined the best case for the practical using . Figures (5-3.a) and (5-3.b) show 

that h./h=.06, h./h=1025 for case (1) and case (2) respectively . We used the 

method in Ref. (65) for design this arch structure . Due to symmetry , half of the 

arch with five of twenty noded brick elements for the two case , as shown in 

Figures (5-3.a) and (5-3.b) .  

         The steel reinforcement is represented by four layers for each case . Two 

of them representing the longitudinal top and bottom reinforcement with 

thickness equals to (.01.3.cm) for each layers , the others represent the lateral 

ties with thickness equals to (.0.25.)cm for each and with a rotational angle of 

(0.6) from the local x- axis .The material properties and the model parameters 

for concrete and steel as shown in Table (5-4) .  

         For dynamic analysis , a constant time step of (.0...5)sec. is used , (1..) 

numbers of time steps , a number of iteration for nonlinear solution is taken 

equals to (5..) .  

         Figure (5-31) shows central deflection versus time for the two cases and 

from the result for case (1) the period of vibration is elongated than case (2) and 

the maximum different between the two cases is equal to (6.5) . The deflection 

in x , y and z – direction at (=42056) is represented in Figures (5-32) , (5-33) 

and (5-34) respectively , and these deflection for case (1) is greater than it is for 

case (2) and it is found that the maximum different is equal to (655) ,  (330335) 

and (620225) for x ,y  and z- direction respectively . Figures (5-35) , (5-36) and 

(5-3.)  show the stresses in x , y and z – direction at Gauss point (3) for case (1) 

and (2) , the maximum different between the two case is equal to (545 , 6.5 and 

465) for x , y and z –direction .    

         The stresses in x , y and z – direction at the end face of element No. (1) 

(near the arch’s center) (Gauss point (2)) for case (1) and (2) is obtained also , 

and the maximum different between the two case is equal to (20025 , .6065 and 

550635) for x , y and z – direction respectively , as shown in Figures (5-36) , (5-

30) and (5-4.) . But Figures (5-41) , (5-42) and  (5-43) show the stresses in x , 

y and z – direction for the arch at Gauss point (31) (=42056) for case (1) and 

(2) because the change of sections at this positions , and the maximum different 

between the two case is equal  to (655 , 6.5 and 560335) for x , y and z – 

direction respectively .  
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From the results of stresses with time , it is found that always the maximum 

stresses is at (t=.0..25)sec. , therefore we draw the stresses in x , y and z – 

direction along the arch structure at this time . We found also that when 

(=42056) the stresses is change suddenly because of the variation of cross– 

section .  

         Figure (5-44) shows the stresses along the arch in y – direction with 

maximum values for case (1) and (2) equals to (.0..4 and -.0..41)kg/cm
2
 

respectively . Figure (5-45) shows the stresses along the arch in x – direction , 

before (=42056) the stresses for case (1) is less than it is for case (2) and the 

maximum value for case (1) and (2) is equal to (-.01.0 and -.0132)kg/cm
2
 

respectively , but the stresses in z – direction at (t=.0..25)sec. for case (1) and 

before (=206) is lower than it is for case (2) but at (=206) the inverse is 

happened , as shown in Figure (5-46) and the maximum stresses in z – direction 

at this time along the arch for case (1) and (2) is equal to (-.011 and 

.0.65)kg/cm
2 
respectively . From the results we obtained that case (2) is the best 

because it  gives less deflection from case (1) .       

 
             

 

 

 

 

 

 

 

Symbol , unit 

Material Properties and 

Additional Parameter 

 



 

 

Table (5-4) Material Properties and Additional Parameters.  

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

555777 EC (kg/cm5) Young’s Modulus  

 

 

 

 

 

 

Concrete 

557 Fc (kg/cm5) Compressive Strength 

35 Ft (kg/cm5) Tensile Strength 

7.55 Poisson’s Ratio 

7.7730 cu 
Ultimate Compressive Strain 

7.553 Gf (kg/cm) Fracture Energy 

57 c Yield Surface Function 

7.535E-75 c (kg.sec2/cm4) 
Mass Density 

7.3755 a .  

Fluidity Parameter 7.06 a 1 

5.04 . 
 

Failure Surface Function 
5.70 1 

5777777 ES (kg/cm5) Young’s Modulus  

 

Steel 

4547 Fy (kg/cm5) Yield Stresses 

54 s (kg.sec2/cm4) 
Mass Density 

7.5 Poisson’s Ratio 

7.5  Newmark’s 

Parameters 7.55  
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Note: 

All Load in kg 

All Dimension in cm 

 

(a) geometry and loading of arch    (b) cross section      (c) load – time relation 

(d) finite element idealization and numbering of half of the arch 

 Figure (5-37a) Non-prismatic Clamped Circular Arch Structure with Subtended 

Angle 5079 (Case 5) 

R6.. 
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Note: 
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(a) geometry and loading of arch    (b) cross section      (c) load – time relation 

(d) finite element idealization and numbering of half of the arch 

Figure (5-37b) Non-prismatic Clamped Circular Arch Structure with Subtended 

Angle 5079 ( Case 5) 

R6..  
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Figure (5-35) Time – Displacement in Z - Direction Response  

Of the Center of Circular Arch.  
 

 

Figure (5-35) Time – Displacement in Z - Direction Response  

of the Circular Arch at (=45.5º). 

 

 

 

 
 

 

 

Figure (5-33) Time – Displacement in X - Direction Response  

 of The Circular Arch at (=45.5º). 
 

 

Figure (5-34) Time – Displacement in Y - Direction Response  

 of The Circular Arch at (=45.5º). 

 

 
 

 

 

Figure (5-35) Time – Stresses in x - Direction Response 

of The Circular Arch at Gauss point (3).  

 

 

 

Figure (5-36) Time – Stresses in Z - Direction Response   

of The Circular Arch at Gauss point (3). 

 

 

  
 

 

 

Figure (5-30) Time – Stresses in Y - Direction Response  

of The Circular Arch at Gauss point (3). 

 

 

Chapter Five                                                                                Numerical Application and Parametric Study 

 

 

Chapter Five                                                                               Numerical Application and Parametric Study 

 

 

Chapter Five                                                                                 Numerical Application and Parametric Study 

 

 

Chapter Five                                                                                 Numerical Application and Parametric Study 

 

 

0

5 

0

6 

0

0 



 

Figure (5-30) Time – Stresses in Y - Direction Response of 

The Circular Arch at Gauss Point (5). 

 

 

 
 

 

 

 

Figure (5-30) Time – Stresses in X - Direction Response of 

The Circular Arch at Gauss Point (5). 

 

 

 

Figure (5-47) Time – Stresses in Z - Direction Response of 

The Circular Arch at Gauss Point (5). 

 
 

 

 

 

Figure (5-45) Time – Stresses in X - Direction Response of 

The Circular Arch at Gauss point (35) . 

 

 

  

Figure (5-45) Time – Stresses in Z – Direction Response of 

The Circular Arch at Gauss point (35) . 

 

 

 
 

 

 

Figure (5-43) Time – Stresses in Y - Direction Response of 

The Circular Arch at Gauss point (35) . 

 

 (Degree)                           

 

Figure (5-44) The Stresses in Y - Direction  

Along the Arch at (t=7.7755 sec.). 
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(Degree)           
 

Figure (5-45) The Stresses in X - Direction 

 Along the Arch at (t=7.7755 sec.).        

 

 

(Degree) 

 

Figure(5-46) The Stresses in Z - Direction  

Along the Arch at (t=7.7755 sec.). 

 

 

 

 

5.3.3 Simply Supported Reinforced Concrete Arch Structure 

Under A concentrated Load 

 
         In this example , we study the effect of number of elements , initial 

displacement at hinge and width of cross section on a simply reinforcement 

concrete arch structure which has a cross section with reinforcement steel as 

shown in Figure (5-4.) , is tested under a concentrated load equals to (15... 

kg) with step load – time function  .We used the method in Ref. (65) to design 

this structure . The cross sectional area is reinforcement by four layers . Two of 

which representing the longitudinal top and bottom reinforcement with thickness 

(.0236cm) for each layer , the others represent the lateral ties with thickness       

(.0.166cm) for each layer and with a rotational angle of (0.º) from the local x – 

axis . Concrete and steel properties and additional material parameters are given 

in Table (5-5) . Due to symmetry , half of the structure divided to five, six, 

seven, eight, and nine elements with eight nodded brick elements , for the 

example seven of eight noded brick elements shown in Figure (5-4.d). For 

dynamic analysis , a constant time step of (.0.5 sec.) is used , (6.) numbers of 

time steps , a number of iteration for nonlinear solution is taken equals to (5..) .                                                          

         Figure (5-46) shown the effect of the number of elements on the central 

deflection , but this effect on the stresses of top face of arch’s center (Gauss 

point (4))  shows in Figures (5-55) , (5-56) and (5-6.) , are studied in this 

example . From the results, we obtained that when the number of elements 

increased the convergence and values of results increased .  
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         Figure (5-40) shows the effect of width for cross section on the center 

deflection at a number of elements equals to (0) , the maximum deflection at         

(b = 5.)cm is equal to (1055)cm downward but at (b= 4.)cm it is equal to 

(100)cm downward that shows the maximum different equals to (160425) . 

Figure (5-51) shows the effect of time step on central deflection , we found 

when the time step decreases the curve becomes more smoothing . Also we 

studied the effect of initial displacement at hinge in x – direction on central 

deflection for five , six and seven elements . From the results we found the 

initial displacement causes vibration in deflection and when the number of 

elements increase the vibration of central deflection decreases , as shown in 

Figures (5-52) , (5-53) and (5-54) . The maximum central deflection with initial 

displacement equals to (-.0.6,-10.3 and -1045)cm for 566 and . elements 

respectively .  

         We studied here the change between the arch when we used  reinforced 

and plain concrete for a number of elements equals to 0 on the central deflection        

, as shown in Figure (5-5.) , and on the stresses in x , y and z – direction at the 

face of the side of element No. (1) (Gauss point (1 or 2) near the center of arch) 

,  

as shown in Figures (5-61) , (5-62) and (5-63) , from the results we obtained 

 

 

in plain   concrete   the  deflection   increase   and  the   maximum  value  is 

equal  to (-105,-1062)cm for reinforced and plain concrete arch respectively and 

the maximum different is equal to (.045) , this different is small because of the 

membrane action in the arch . But the maximum stresses in x – direction at 

Gauss point (1or2) for reinforced and plain concrete arch equals to (-1.,-606) 

kg/cm
2 

respectively , but in y – direction for reinforced and plain concrete it is 

equal  to (-103, and -101)kg/cm
2
 respectively , and in z – direction the maximum 

stresses at Gauss point (1or2)  for reinforced concrete arch is equal to the 

maximum stresses for plain concrete arch (306)kg/cm
2
 .  

         We also compared the compressive stresses of the top face at (Gauss point 

(4)) and tensile stresses of the bottom face at (Gauss point (3)) of element No. 

(1) (near the center of arch) in x , y and z – direction for number of element = 0 , 

as shown in Figures (5-56) , (5-50) and (5-6.) , from the results we found that 

the maximum tensile stresses at Gauss point (3) is equal to (16.61. and 

26)kg/cm
2 

for x,y and z – direction respectively and it is greater than the 

maximum  compressive stresses at Gauss point (4) that is equal to (15661. and 

2.)kg/cm
2
 for x,y and z – direction respectively .      

  

             Table (5-5) Material Properties and Additional Parameters . 

 

 

 

 

Symbol , unit  

Material Properties and 

Additional Parameter 
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504777 EC (kg/cm5) Young’s Modulus  

 

 

 

 

 

 

Concrete 

366 Fc (kg/cm5) Compressive Strength 

46 Ft (kg/cm5) Tensile Strength 

7.55 Poisson’s Ratio 

7.774 cu 
Ultimate Compressive Strain 

7.553 Gf (kg/cm) Fracture Energy 

57 c Yield Surface Function 

7.545E-75 c (kg.sec2/cm4) 
Mass Density 

7.3755  . a  

Fluidity Parameter 7.06   1 a 

5.04 . 
 

Failure Surface Function 
5.70 1 

5577777 ES (kg/cm5) Young’s Modulus  

 

Steel 

4547 Fy (kg/cm5) Yield Stresses 

54 s (kg.sec2/cm4) 
Mass Density 

7.5 Poisson’s Ratio 

7.5  Newmark’s 

Parameters 7.55   
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Reinforcement Details : 
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  Figure (5-40) Effect the Number of Elements on Time – Displacement  

in Z - Direction Response at Center of Arch. 

  

 

 

Figure (5-40) Effect the Change of Width on Time – Displacement  

in Z – Direction Response at A center of Arch with Number of Element = 0. 
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Z 

(a) geometry and loading of arch    (b) cross section      (c) load – time relation 

(d) finite element idealization and numbering of half of the arch 

Figure (5-40) Simply Supported Arch Structure Under A Concentrated Load 
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Note: 

All Load in kg 

All Dimension in cm 
 

(d) 

Figure (5-57) Effect of Reinforcement  on Time – Displacement  

in Z - Direction Response at Center of Arch. 

 

 

 

Figure (5-55) Effect of Time – step on Time – Displacement  

in Z - Direction Response at Center of Arch. 
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P(t) /4 



 

 

 

 

Figure (5-55) Effect Initial Displacement at Hinge on Time -Displacement 

in Z - Direction Response at Center of Arch for Number of Element = 5. 
 

 

 

 

Figure (5-53) Effect Initial Displacement at Hinge on Time –

Displacement in Z - Direction Response at Center of Arch for Number of 

Element = 6. 

 

 

 

 

Figure (5-54) Effect Initial Displacement at Hinge on Time –

Displacement in Z - Direction Response at Center of Arch for Number of 

Element = 0. 

 

 

 

Figure (5-55) Effect the Number of Elements on Time – Stresses 

of Arch at Gauss Point (4).                                       In X – Direction Response 

 

 

 

Figure (5-56) Effect the Number of Elements on Time – Stresses 

Response of Arch at Gauss Point (4). In Z - Direction 
 

 

 

Figure (5-50) Effect the Number of Elements on Time – Stresses 

Response of Arch at Gauss Point (4).                     In Y – Direction                       

             

 

 

 

 

 

Figure (5-50) Time – Stresses in X – Direction Response of Arch  

at Gauss Point (3) and (4) for Number of Elements = 0. 
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Figure (5-50) Time – Stresses in Z - Direction Response of Arch 

 at Gauss Point (3) and (4) for Number of Elements = 0. 
 

 

 

 

Figure (5-67) Time – Stresses in Y - Direction Response of Arch  

 at Gauss Point (3) and (4) for Number of Elements = 0. 

 
 

 

 

Figure (5-65) Time – Stresses in Y - Direction Response of Arch 

  (5) or (5) for Number of Elements = 0.         Point at Gauss           

                      
 

 

 

Figure (5-65) Time – Stresses in X - Direction Response of Arch  

at Gauss Point (5) or (5) for Number of Elements = 0. 
 

 

 

Figure (5-63) Time – Stresses in Z - Direction Response of Arch   

 (5) or (5) for Number of Elements = 0.        Point      at Gauss                
 

 

5.3.4 Effect of Boundary Conditions on Reinforced Concrete 

Arch Structures 

 
         Four cases of boundary conditions are studied for the reinforcement 

concrete arch structure under concentrated load at (=5.6) with load – time 

relation as shown in Figure (5-64) . The arch with cross – section and 

reinforcement steel as shown in Figure (5-64) . Concrete and steel properties 

and additional parameters are given in Table (5-6) . Figure (5-64)(d) also shows 

the details of the finite element mesh for the arch with nine of eight noded brick 

elements . The arch reinforced by a four layers two of which represent                  

a longitudal top and bottom reinforcement with thickness equals to (.0524 cm) 

for each layer and the others represent the lateral ties with thickness (.0.166 cm) 

for each layer , and rotational angle equals to (0.º) from x – axis . For dynamic 

analysis , a constant Time steps of (.0.1 sec.) is used , (6.) numbers of time 

steps , a number of iteration for nonlinear solution is taken equals to (5..) .  
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         The deflection and stresses in x ,y and z- direction is studied in this 

example for various boundary condition . The maximum horizontal deflection 

under point load at (=5.6)for fixed ends arch is (.06.)cm as shown in Figure 

(5-65) , that is because in this work we assumed that the hinge is free in 

horizontal direction . The deflection in z and y –direction at (=5.6) for fixed 

ends arch is lower than it is for hinge ends arch and the maximum difference in z 

and y –direction is found to be (6.0665)and (530335) respectively .The 

deflection in y–direction is caused by Poisson's ratio, these two solutions are 

plotted in Figure (5-66) and Figure (5-6.).                                     

         In the case of fixed and hinge ends , Figure (5-60) when the hinge is far 

from the loading it  becomes positive (for right) and equals to (205)cm . The 

deflection in z and y – direction at (=5.6) when the hinge is far from loading it 

is smoothing than the deflection for hinge – fixed ends and the maximum 

difference is (46065) and (420425) for z and y – direction respectively , see 

Figure (5-66) and (5-..) .  

         In this example we found that the deflection along the arch at (t=.0355 

sec.) usually represented the maximum deflection for various cases . Figure      

(5-.1) represented hinge ends arch case , the horizontal deflection is negative 

when  less than (..°) with maximum value equals to (-205)cm , but at 

(=..6)it becomes positive and the maximum value equals to (10.)cm and the 

vertical deflection is negative along the arch with maximum value equals to (-

203)cm . For fixed ends arch  , see Figure (5-.2) , the horizontal deflection is 

positive along the arch with maximum value equals to (.04)cm and the vertical  

 

 

 

 

deflection is negative when is less than (00°) and the maximum value equals 

to (.05)cm but at (=006) it becomes positive with maximum value (.012)cm 

while for fixed – hinge ends arch the horizontal deflection is positive with 

maximum value equals to (.03)cm but at (=1556)it becomes negative and the 

horizontal deflection at the hinge is very small and equals to (-.04)cm  because it 

is far from loading .  
         The vertical deflection is negative with maximum value equals to               

(-.036)cm  and at (=656) it becomes positive with maximum value equals to 

(.01.)cm , as shown in Figure (5-.3) . while the vertical deflection at hinge – 

fixed ends becomes positive at (=1106) with maximum value equals to (-.063 

and .01)cm , but horizontal deflection in this case is negative when  is less 

than (36°) with maximum value (-...)cm and when (=366)it becomes positive 

with maximum value equals to (.041)cm , as shown in Figure (5-.4) .  
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         The maximum stresses at  center of arch therefore we obtained time 

stresses curve in side face of arch’s center in x, y and z direction  For all cases as 

shown in Figures from (5-.5) to (5-6.) . Generally the stresses at Gauss point 

(25 or 26) in z and y direction  for hinge ends arch with maximum values equals 

to (205 and .0.)kg/cm
2 
respectively and it is greater than it is for fixed ends arch 

with maximum values equals to (-10. and .043)kg/cm
2 

for stresses in z and y – 

direction respectively ,see Figures (5-.6) and (5-..) . But the maximum stresses 

in x – direction for fixed ends arch equals to (-16)kg/cm
2 
and it is greater than  it 

is for hinge ends arch that equal to (-1305)kg/cm
2  

, see Figure (5-.5) . 

         The maximum stresses at Gauss point (25 or 26) in y – direction is equal 

to (-.062 and -.066)kg/cm
2  

for hinge – fixed and fixed – hinge ends arch 

respectively , see Figure (5-.6) , but it is in x – direction equals to (14 and -

1603) kg/cm
2 

for hinge – fixed and fixed – hinge ends arch respectively , see 

Figure  (5-.0) .  Figure (5-6.) shows that maximum stresses at Gauss point (25 

or 26) in z – direction equals to (2 and 203)kg/cm
2  

for hinge – fixed and fixed – 

hinge ends arch respectively .Figures (5-61) and (5-62) show the stresses at the 

lower surface of arch’s center at Gauss point (2.)  in x – direction and the 

maximum value of fixed , hinge , hinge – fixed and fixed – hinge ends arch 

equals to            (-3560.665 and 66)kg/cm
2
  respectively .  

         Figure (5-63) and (5-64) show the stresses at the upper surface of arch’s 

center at Gauss point (26) in x – direction and the maximum value for fixed , 

hinge , hinge – fixed and fixed – hinge ends arch equals to (22,-.0,-.5 and -.0) 

kg/cm
2
  respectively . Shear stresses in xy – plane versus time obtained at Gauss 

point (6) (=.°)and at Gauss point (53) (=16.°) because the maximum shear 

stresses at the supported . The maximum shear stresses at Gauss point (6) in xy 

– plane equals to (4161.060.  and 1.6)kg/cm
2
 fixed , hinge , hinge – fixed and 

fixed – hinge ends arch respectively , see Figures (5-65) and (5-66) . The 

maximum   shear   stresses  at  Gauss  point  (53)   in  xy – plane  equals  to  

 

(4.,-55,-..and -53) kg/cm
2
  for fixed , hinge , hinge – fixed and fixed – hinge 

ends arch respectively , see Figure (5-6.) and (5-66) .  
 

 

 

Table (5-6) Material Properties and Additional Parameters .  

 

 

 

 

Value 

 

Symbol , unit 

Material Properties and 

Additional Parameter 

 

504777 EC (kg/cm5) Young’s Modulus  

 366 Fc (kg/cm5) Compressive Strength 

46 Ft (kg/cm5) Tensile Strength 
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7.55 Poisson’s Ratio  

 

 

 

 

Concrete 

7.774 cu 
Ultimate Compressive Strain  

7.553 Gf (kg/cm) Fracture Energy 

57 c Yield Surface Function 

7.545E-75 c (kg.sec2/cm4) 
Mass Density 

7.3755  . a  

Fluidity Parameter 7.06   1 a 

5.04 . 
 

Failure Surface Function 
5.70 1 

5577777 ES (kg/cm5) Young’s Modulus  

 

Steel 

4547 Fy (kg/cm5) Yield Stresses 

54 s (kg.sec2/cm4) 
Mass Density 

7.5 Poisson’s Ratio 

7.5  Newmark’s 

Parameters 7.55  
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Figure (5-65) Time – Displacement in X – Direction Response 

at (=57º)  with Various Boundary Condition.  
 

 

 

Figure (5-66) Time – Displacement in Z - Direction Response  

at (=57º)  with Various Boundary Condition.  
 

 

 

 

15 

3. 

Reinforcement Details : 

Main Reinforcement 4-φ5.5cm 

Web Reinforcement φ7.0cm @ 57cm 

 

t 

15... 

 

p(t)/2 

p(t)/2 

X 
Y 

Z 

(d) 

(c) 

(b) 

Note: 

All Load in kg 

All Dimension in cm 

(a) geometry and loading of arch    (b) cross section      (c) load – time relation 

(d) finite element idealization and numbering of half of the arch 

Figure (5-64)  Arch Structure with Different Boundary Condition . 
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Figure (5-60) Time – Displacement in Y - Direction Response  

at (=57º) with Various Boundary Condition.  
 

  

 

Figure (5-60) Time – Displacement in Y - Direction Response  

at (=57º) with Various Boundary Condition.  

 

 

 

Figure (5-60) Time – Displacement in X - Direction Response  

at (=57º) with Various Boundary Condition.  

 

 

 

Figure (5-07) Time – Displacement in Z - Direction Response 

at (=57º) with Various Boundary Condition. 
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(Degree) 

 

Figure (5-04)  The Displacement Along the Arch Under 

Dynamic Load with Hinge – Fixed Ends at (t=7.35sec.). 

 

Figure (5-03)  The Displacement Along the Arch Under 

Dynamic Load with Fixed – Hinge Ends at (t=7.35sec.). 

Figure (5-05)  The Displacement Along the Arch Under 

Dynamic Load with Hinge – Hinge Ends at (t=7.35 sec.).  

 

Figure (5-05)  The Displacement Along the Arch Under 

Dynamic Load with Fixed – Fixed Ends at (t=7.35 sec.).  
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Figure (5-00) Time – Stresses in Y - Direction Response at  

Gauss Point (55 or 56) With Various Boundary Condition. 
 

 

  

Figure (5-00) Time – Stresses in Y - Direction Response at 

 Gauss Point (55 or 56) With Various Boundary Condition. 
 

 

 

Figure (5-00) Time – Stresses in X - Direction Response  at 

Gauss Point (55 or 56) With Various Boundary Condition. 
 

 

 

 Figure (5-07) Time – Stresses in Z - Direction Response at  

Gauss Point (55 or 56) With Various Boundary Condition. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (5-05) Time – Stresses in X - Direction Response at  

Gauss Point (55 or 56) With Various Boundary Condition. 

Figure (5 -05) Time – Stresses in X - Direction Response 

  at Gauss Point (50)  With Various Boundary Conditions. 
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Figure (5-06) Time – Stresses in Z - Direction Response at  

Gauss Point (55 o 56) With Various Boundary Condition. 

Figure (5-05) Time – Stresses in X - Direction Response at  

Gauss Point (50) With Various Boundary Conditions . 
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Figure (5-03) Time – Stresses in X - Direction Response at  

Gauss Point (50)  With Various Boundary Conditions. 
 

 

 

 

 

 

 

 

 

 

 

at Gauss Point (6) with Various Boundary Conditions.        
 

 

 

 

 

 

 

 

Figure (5-00) Time – Shear Stresses in XY - Plane Response  

at Gauss Point (53)  with Various Boundary Conditions.  

 

 

 

 

 

 

 

 

5.3.5 Simply Supported Reinforced Concrete Arch Under 

Concentrated Load with Harmonic Excitation Load–Time 

Function 

 
         In this example , we study the effect of thickness of reinforced layers , 

time step and initial displacement on a simply supported arch having cross 

section and reinforcement steel shown in Figure (5-60) subjected to 

concentrated load with harmonic excitation load – time function p(t)=1+sin.01t . 

The material properties of concrete and steel and addition parameters in Table 

(5-.) . 

         Figure (5-60)(d) shows the details of the finite elements mesh for all the 

reinforced concrete arch with seven of eight noded brick elements . The steel  

reinforcement by a four  layers two of them represent a longitudal top and 

Figure (5-04) Time – Stresses in X - Direction Response at 

 Gauss Point (50) With Various Boundary Conditions. 
 

Figure (5-06) Time – Shear Stresses in XY - Plane Response  

at Gauss Point (6)  with Various Boundary Conditions.  

Figure (5-00) Time – Shear Stresses in XY - Plane Response 

at Gauss Point (53)  with Various Boundary Conditions.  
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Figure (5-05) Time – Shear Stresses in XY - Plane Response  
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bottom reinforcement with thickness equals to (.0524)cm for each layer and the 

others represent the lateral ties with thickness (.0..04)cm for each layer and 

rotational angle equal to (0.6) from x – axis. For dynamic analysis , a constant 

time step of (.0.1sec.) is used , (15.) numbers of time steps , a number of 

iteration for nonlinear solution is taken equals to (5..) .  

         In this example we studied the effect of thickness layers of main 

reinforcement on central deflection of this arch ,three cases from reinforcement 

were analyzed . The first case has main reinforcement with thickness of layers 

equals to (.051)cm and (.021)cm for the second case with maximum different 

equals to (14055) . Finally , the third case without main reinforcement layers, 

with the maximum different equals to (120.5 and 25045) with thickness of main 

reinforcement equals to (.021 and .051)cm respectively . Figure (5-0.) shows 

that ,the central deflection increases if the thickness of main reinforcement 

layers decreases . Figure (5-01) shows the effect of change time step on central 

deflection of arch , if time step decreases central deflection and exactly of 

solution are increased . The maximum different between time step equals to 

(.0.1 and .0..5)sec. equals to (200235) . We studied the effect of initial 

displacement at hinge in x – direction on central deflection and the result 

explained the initial displacement caused vibration in deflection .  

         Figures (5-02) and (5-03) show the difference is between the central 

deflection without the initial displacement and with the initial displacement 

equals to (.02,-.02)cm with maximum deflection equals to (20065 and 2.055) 

respectively . Figure (5-04) shows that maximum value of central deflection 

when the initial displacement  (-.02)cm  (opposite  x – axis direction) is greater 

than it is when the initial displacement equals to (.02cm) (in x – axis direction) 

with maximum different equals to (5.055) . When we assumed the initial 

displacement equals to (.02)cm , the maximum stresses at Gauss point (6) (at 

the center of arch) equal to (-123)kg/cm
2
 but it is equal to (11.)kg/cm

2
 when 

initial displacement is equal to (-.02)cm , we obtained the maximum different  

 

equals to (1.065) . But when no initial displacement , maximum stresses at 

Gauss point (6)  equals to (-605)kg/cm
2
 as shown in Figures (5-05) and (5-06) .   

         Effect the thickness of main reinforcement layers on the stresses at Gauss 

point (6) , as shown in Figure (5-0.) . When the thickness of main 

reinforcement layers decreases the compressive stresses decreases but tensile 

stresses increases and the difference in compressive and tensile stresses between 

the reinforcement is equal to (.051 and .021)cm equals to (205 and 61055) 

respectively , but the different between the reinforcement equal to (.021)cm and 

no reinforcement is equal to (345 and 560.65) for compressive and tensile 

stresses respectively .  

 

Table (5-0) Material Properties and Additional Parameters .  
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Value 

 

Symbol 

Material Properties and 

Additional Parameter 

 

377777 EC (kg/cm5) Young’s Modulus  

 

 

 

 

 

 

Concrete 

457 Fc (kg/cm5) Compressive Strength 

50 Ft (kg/cm5) Tensile Strength 

7.55 Poisson’s Ratio 

7.773 cu 
Ultimate Compressive Strain 

7.553 Gf (kg/cm) Fracture Energy 

57 c Yield Surface Function 

7.54E-75 c (kg.sec2/cm4) 
Mass Density 

7.3755  . a  

Fluidity Parameter 7.06   1 a 

5.04 . 
 

Failure Surface Function 
5.70 1 

5777777 ES (kg/cm5) Young’s Modulus  

 

Steel 

3047 Fy (kg/cm5) Yield Stresses 

54 s (kg.sec2/cm4) 
Mass Density 

7.5 Poisson’s Ratio 

7.5  Newmark’s 

Parameters 7.55  
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Figure (5-07) Effect the Thickness of Main Reinforcement Layers on           

 Time – Displacement in Z - Direction Response at Center of Arch . 
 

 

 

Figure (5-05) Effect the Time Step on Time – Displacement  

in Z - Direction Response at Center of Arch . 

 

 

P(t) =1+sin.01t 

t 

(c) 

15 

Reinforcement Details : 

Main Reinforcement 4-φ5.5cm 

Web Reinforcement φ7.6cm @0cm 

 

 

3. 

(d) 
Note: 

All Load in kg 

All Dimension in cm 

 

(b) 

Z 

X 

(a) geometry and loading of arch    (b) cross section      (c) load – time relation 

(d) finite element idealization and numbering of half of the arch 

Figure (5-00) Simply Supported Arch Under Concentrated Load with 

 Harmonic Excitation Load – Time Function  
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P(t) /4 

P(t) /4 

 



 

 
 

 

 

Figure (5-05) Effect the Initial Displacement in X - Direction on  

Time – Displacement in Z - Direction Response at Center of Arch . 

 
 

 

Figure (5-03) Effect the Initial Displacement opposite X – Direction 

on Time – Displacement in Z - Direction Response at Center of Arch . 

 

 

 
 

 

 

Figure (5-04) Effect the Initial Displacement on Time – Displacement 

 in Z - Direction Response at Center of Arch  
 

 

 

Figure (5-05) Time – Stresses in X - Direction Response 

at Gauss Point (6) . 

 

 

 
 

 

 

Figure (5-06) Effect the Initial Displacement   on 

Time – Stresses Response at  Gauss Point (6) . 

 
 

 

Figure (5-00) Effect the Thickness of Main Reinforcement  

Layers on Time – Stresses Response at  Gauss Point (6) . 
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5.3.6 Reinforced Concrete Clamped Circular  Arch Structure of 

Continuously Varying Cross – Section 

 
         In this example, two cases of circular arch structure was studied with 

continuously varying cross – section . Figures (5-06a) and (5-06b) show the 

geometry , loading and cross-section of arch . Due to symmetry , half of the arch 

with six of eight noded brick elements for the two case , as shown in Figures (5-

06a) and (5-06b) .  

         The steel reinforcement is represented by four layers for each case . Two 

of them representing the longitudinal top and bottom reinforcement with 

thickness equals to (.0.025)cm for each layers , the others represent the lateral 

ties with thickness equals to (.0.25)cm for each and with a rotational angle of 

(0.6) from the local x- axis .The material properties and the model parameters 

for concrete and steel as shown in Table (5-6) .  

         For dynamic analysis , a constant time step of (.0...5)sec. is used , (2...) 

numbers of time steps , a number of iteration for nonlinear solution is taken 

equals to (5..) .  

         The deflection at the center of arch for case(2) is greater than it's for 

case(1) , as shown in Figure (5-00) that because the smaller section at the center 

of arch in case(2) .  

The displacement at (=456) was studied because the two arches have the same 

section at this angle , the displacement in y-direction for case(2) is greater than 

it's for case(1) . But the displacement in z-direction at (=456) for case (1) is 

greater than it's for case(2) , as shown in Figures (5-1..),(5-1.1) and (5-1.2) . 

         The stresses in x,y and z-direction at arch´s center (Gauss point (6)) for 

case(2) greater than it's for case (1) , as shown in Figures (5-1.3),(5-1.4) and 

(5-1.5) .  

The shear stresses at supported (Gauss point (35)) for case (1) greater than it's 

for case (2) , as shown in Figures (5-1.6),(5-1..) .      
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             Table (5-0) Material Properties and Additional Parameters . 

 

 

 

 

Symbol , unit  

Material Properties and 

Additional Parameter 

 

504777 EC (kg/cm5) Young’s Modulus  

 

 

 

 

 

 

Concrete 

366 Fc (kg/cm5) Compressive Strength 

46 Ft (kg/cm5) Tensile Strength 

7.55 Poisson’s Ratio 

7.774 cu 
Ultimate Compressive Strain 

7.553 Gf (kg/cm) Fracture Energy 

57 c Yield Surface Function 

7.545E-75 c (kg.sec2/cm4) 
Mass Density 

7.3755  . a  

Fluidity Parameter 7.06   1 a 

5.04 . 
 

Failure Surface Function 
5.70 1 

5577777 ES (kg/cm5) Young’s Modulus  

 

Steel 

4547 Fy (kg/cm5) Yield Stresses 

54 s (kg.sec2/cm4) 
Mass Density 

7.5 Poisson’s Ratio 

7.5  Newmark’s 

Parameters 7.55   
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Reinforcement Details : 

Main Reinforcement 0-φ5.5cm 
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Note: 
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U=V=W=. 

(a) Case (5) 

.01 

(a) geometry and loading of arch    (b) cross section      (c) load – time relation 

(d) finite element idealization and numbering of half of the arch 

 Figure (5-00a) Non-prismatic Clamped Circular  Arch Structure of 

Continuously Varying Cross – Section 
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(a) Case (5) 

U=V=W=. 

(a) geometry and loading of arch    (b) cross section      (c) load – time relation 

(d) finite element idealization and numbering of half of the arch 

 Figure (5-00b) Non-prismatic Clamped Circular  Arch Structure of 

Continuously Varying Cross – Section 
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Figure(5-577) Time – Displacement in Y – Direction Response of 

the Circular Arch at (=459) 

Figure(5-575)Time – Displacement in X – Direction Response of 

the Circular Arch at (=459) 

Figure(5-575)Time – Displacement in Z – Direction Response of 

the Circular Arch at (=459) 

Figure(5-573) Time – Stresses in X – Direction Response 

 at Gauss Point (6) of Center  Circular Arch 

Figure(5-574)Time – Stresses in Y – Direction Response 

at Gauss Point (6) of Center  Circular Arch 

Figure(5-00)Time – Displacement in Z – Direction Response of 

The Center  Circular Arch 
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Figure(5-575)Time – Stresses in Z – Direction Response at Gauss 

Point (6)of Center  Circular Arch 

Figure(5-570)  Time – Shear Stresses in XY - Plane Response 

at Gauss Point (35)  with Various Boundary Conditions.  
 

Figure(5-576)  Time – Shear Stresses in YZ - Plane Response 

at Gauss Point (35)  with Various Boundary Conditions.  
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1.6 Conclusions 

 
                       Based on the results  obtained from the nonlinear finite element       

             analysis of dynamic response of arch structures and comparison with     

             other available results, the following conclusions can be drawn :  

 

1- The comparison between the results of reinforced concrete arch 

structures under dynamic loading obtained from the present study by 

(DARC3) and results obtained from another numerical methods gave    

a good agreement . From this was found that the program of (DARC3) 

can solve the reinforced concrete arch structures .  

 

2- The deflection and shear stresses of arch without damping is greater 

than deflection and shear stresses for damping by difference about 

(692206) and  (90.66) respectively . 

        

3- For cantilever arch , for the subtended angle less than (69º) the shear 

stresses in XZ and XY – plane at supported increased when the 

subtended angle decreases . Shear stresses in YZ – plane for subtended 

angles equals to (39º and 09º) is less than the shear stresses  in this 

plane for subtended angle equals to (69º) .   
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4- The effect of the width of cross sections was noticed to have most 

pronounced effect on the time – deflection curve of arch structure . It 

was found that the increase of width from (49)cm to (59)cm , the 

maximum central deflection decreases of about (11%) . 

 

5- The maximum central deflection for arch structure plain concrete is 

greater than it is of reinforced arch with (92236)cm thick for main 

layers and (92129)cm thick for web layers reinforcement by about 

(9246) . But the maximum stresses in arch’s center for plain concrete is 

less than it is for this reinforced arch with main and web reinforcement 

by about (396) that in elastic stage . 

 

6- The maximum deflections in Z and Y – direction under point load at 

=595) for hinge ends arch is greater than it is for fixed ends arch , but 

the inverse happened for  horizontal deflection . And the maximum 

deflection in Z and Y – direction under point load at =595) for hinge 

– fixed ends arch is greater than it is for fixed – hinge ends arch , but for 

maximum horizontal deflection the inverse is happened .  

 

9- If initial displacement happened in the supported of arch , the maximum 

central deflection increases , when this displacement in the direction 

and opposite the direction of X – axis with magnitude equals to (922,-

922)cm the maximum difference of central deflection by about (59256) . 

 

1.6 Recommendations  

 
1- Extending of the present work to include the geometric nonlinearity .  

2- Study the effect of earthquake on the reinforced concrete arch 

structures. 

3- Supporting the behavior of reinforced concrete arch structures 

experimentally . 

4-  Investigating the behavior of arch structures with taking into account 

the bond slip between the concrete and steel bars . 

5- The construction of prestressed concrete structures such as long span 

bridges have been increasing used in the past few decades , so 

prestressing can be incorporated into the adopted three dimensional 

brick element . 

6- The failure surface used to characterize concrete material can be 

modified by incorporating a highly sophisticated triaxial concrete 

failure surface . 
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9- Fiber reinforced concrete arch structures which are believed to improve 

the tensile properties of concrete can be incorporated in the developed 

program in this study . 

1- Extending the proposed method to the analysis of reinforced concrete 

arches under moving loads . 

0- Another approach by Gilbert 
(39)

 is generally termed as the steel 

referred method can be adopted in the analysis to represent the tension 

stiffening effects . This model takes into account the direction and 

location of the reinforcement in the thickness direction relative to the 

crack . 
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