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Abstract

Sometimes one may desire to approximate a function
f defined on a finite interval (for example[-11]), subject to the
conservation of so called shape properties (positivity,
monotonicity and convexity).

Our first contribution is that we have approximated a

function from a space L [-11], O0<p<ew, by a number of

piecewise linear functions and we have obtained global
estimate of each of them using the second order of Ditzian —

Totik modulus of smoothness @/ . Furthermore, these

piecewise linear functions preserves the positivity of the
function.
We have also proved the rate of coconvex approximation

in the L [-11] - spaces with O<p<w , In terms of

smoothness @?

”, where the constants involved depend on the

location of the points of change of convexity. We have thus
filled up a gap due to the uncertainty between previously

known estimates involving @) and the impossibility of having

such estimates involving @, .

Vi



We have constructed a negative theorem that we could
not have any Jackson-type estimates for some cases where the
constants involved independent of the points of convexity
change which emphasize the essentiality of this dependency in
some cases. We also proved that in some cases the constants
may be taken independent of the location of convexity change
points. But mostly, we obtained such estimates for functions of
that themselves are continuous piecewise polynomials on the
Chebyshev partition, which form a single polynomial in a small
neighborhood of each point of change of convexity. These
estimates involved the kth Ditzian — Totik modulus of

smoothness @/ of the piecewise polynomials when they

themselves are of order k .

vii
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Chapter One

Introduction and Preliminaries

1.1 Approximations Theory and Overview

Our interest in approximation theory stems from its
beauty, its utility, and its rich history. There are also many
connections that can be drawn to questions in both classical
and modern analysis.

The main problem of approximation consists in finding

for a complicated f function from a large space X a close — by,
a simple function ¢ from a small subset Q of X . There are
three elements here. The large space X is usually a normed
space, such as C, L, with o <p < or one of the other Banach
spaces of functions. The distance from ¢ to f can be measured
by ||f—¢| in X . Finally, we have to define the special functions

of 0.



There are many possibilities, but the following three are

basic in the theory. For functions on a compact interval [a,b],
one often chooses Q:=1I, to be the space of all algebraic

polynomials P, of degree<n,

n

P (x):=>ax",

i
k=0

where a.'s are constants independent of x .
For the T (which we will usually understand to be %
with the identifications of modulo 2r), natural is the class Z,

of trigonometric polynomials of degree<n ,

Tn(X):=a7°+i(ajcos X +bsin jx),
j=1

where a, and b's are real constants independent of the

variable x.

Finally, the third important class i1s the piecewise

polynomials; especially splines:

Definition (A).[14] A function S :[a,b] > Ris a piecewise
polynomial of degree <n (or equivalently of order n +1), if there
exists a partition of the interval [a,b] , such that S 1s a
polynomial of degree<n, on each interval of these partition,

and the end points of these subintervals are called the

breakpoints (or knots) of S . However, a piecewise



polynomial S 1s said to be a spline of degree <n ,
if 5,5°,5",...,5"" are all continuous on [a,b], where & 1is the

set of all real number.

A complete theory of approximation was formed based on
the result of S. N. Bernstein and D. Jackson that became the
main part of the report presented by S. N. Bernstein at
International Mathematics Congress in Cambridge [2]. Which
are them results are so called Direct and Inverse theorems.
The second is returned to the Ph.D dissertation of a great
mathematician S. N. Bernstein [3], in which he proved Gf we
have a certain degree of approximation of a function, then the
function possesses a certain smoothness). The first is returned
to the American mathematician D. Jackson [30], in which he
proved a series of theorems that are converse to Bernstein
theorems.

There are many important applications of approximation
theory, as it was begun itself by application, by the Great
Russian scientist P. L. Chebyshev, and he said about the
relationship between a mathematical theory and its
applications illustrate quite clearly not just the source of
creativity, but also scientific and philosophical positions. In
this work, we give some of it’s applications in mathematics,

which are:



() Solving algebraic equations. In the memoir [9], there are
about ten theorems (6-10, 15-19) that are derived from the
basic propositions on best approximation. These theorems
state that, under certain conditions the polynomial of interest
has at least one zero in some interval. The length of the
interval depends on the one hand, on the value of the
polynomial at the center of the interval, on the other hand, on
specific assumption on the coefficients or on the zeros of the
polynomial. For example theorem 10 states that: if the

_ v 2n+l

polynomial P(x)=x*"+...+k does not contain any even power

1
. .. k| )2n+t
of x, then it has at least one zero in interval |x|< 2[|Z—|] . Let

us also formulate theorem 9 which uses a different assumption:

if a polynomial P(x)of degree n with leading coefficient equal

to one, and has only real roots, then for any t there is a real
1

root in the interval |x —t|< 4[?) . Later in his 1872 memoir,

using a result on monotone polynomials, Chebyshev narrowed
1

the interval by replacing with |x —t| < 4(;&jn . (A

further improvement of this result is due to A. A. Markove
[52]).
(i) Interpolation (remainder estimate). To minimize the

error in the Lagrange interpolation formula, Chebyshev



suggests taking the nodes of the interpolation (say in the

interval  (-11) ) to be the zero of the

polynomial T (x)=cos(narccos (x)) , since for a given

function f(x) the remainder has the form R(x)=

n

where 2e(-11) , P (x)=][(x-x,) and x, are the nodes.
k=1
f(n+l)(/1)

Therefore with R(x)<max |——=7
(n +1)!

‘max

P (x) the

choice P (x)=T (x) is the most profitable. Here Chebyshev
partly envisions the later result of Runge that say’s that
as n -« Chebyshev interpolation converges for any function

that is regular in the basic interval, while this is not true for

Newton interpolation with equally space nodes.

1
(ii1) Finding a numerical approximation values to b " ,
where b ¢ R and m eN-(the set of all natural number) [69].
Consider the geometric series iar “. It is well known
k=0
that this series diverges, if |r|>1, and converges to

the sum 1%’ if |r| <1.

Substituting r=x , and a=11in the geometric series

makes 1t easy to think of the series



P(x):ixk =14+X+X"+%x> 4,
k=0

as a function of x, and it’s converges only for x| <1; moreover,

it is well known that P(x)= ﬁ for all x e (-11).

Therefore, the two functions P(x) and g(x):% are

closely related: they have different domain but where the

series P(x) converges, the two functions are equal. Let’s recall

what it means for an infinite series to converge to a sum. It
means that the partial sums of the series converge to the sum.

So the partial sum of the above series isP (x)=1+x+--+x",

and for every x e(-11), lim P_(x)=g(x).

n—o

Now, P (x)=1 is the value of g(x) at x =0, P (x)=1+x is
the tangent line to g(x) at x =0, (since P, (0)=1=g'(0)). The
tangent line y =P (x) can be thought of as the best linear

approximation to the function to the graph y=g(x) at the
point x =0. Then P,(x) can be thought of as best quadratic
polynomial approximate  g(x) at x=0 (since
P/(0)=2=9"(0) P;(0)=1=g'(0) and P,(0)=1=g(0) ). Similarly,
P (x) is the n th degree polynomial approximate g(x) ,
(since P*(0)=k!=g™(0),k =1,2,...,n, and P _(0)=1=g(0)), in this

case we say P and g agree to order n . Notice that P_(x)



and g(x) very well close to x =0, but they do not at all for any

value of x with |x|>1. This makes sense because the partial
sums P (x) converge to g(x) only for x with |x|<1. This

suggests that for any function f (we assume we can
differentiate f as many times, as we like), we can associate
polynomials to a function at a given point x =a which
approximate the function well near x =a . In particular,
the nth degree polynomial will have the same value, and all
derivatives up to the n th one, equal to those of f at the point a .

In fact there is a formula for such polynomial, which we

call the n th degree Taylor polynomial of f(x) at x =a:

M(x—a)”

P (x)=f(a)+f'a)x —a)+¥(x —a) ot -
' ' [33]

(x-a),

where by f° we mean f itself.
Note that Taylor polynomial of degree n of f at x =0 1is

the unique polynomial of degree<n which is agree with f , of

order n, at x =a, however, we known that if f is i1dentically
zero near a, then we can not hope for the Taylor polynomials
to Converge to f at a point where f is non zero [33]. We have

already the linear Taylor polynomial P, 1s the linear

approximation to f at x=a. Also linear approximations are



useful to approximate the value of functions, as in this

example.

Example: By using the linear approximation, find the

approximate value of %/9 .

Choose f(x)=3%/x and a =8, since ¥/8 =2 is a nice number

and 9 1s close to 8 , Also compute Pl(x)=2+%(x—8) ,

then P (9)~2.083. Now since %9~ 2.0800838 , then the error in
this approximation is

/9 P, (9)~ 0.0032495 .

This is a pretty good approximation, but we can do better
by taking higher-order Taylor polynomials, since if we use the
quadratic Taylor polynomial, then we obtain the error

is [Y9-P,(0)~ 000022272 . Hence if we use the Taylor

polynomials of higher degree, then the error is quite small.

Example: Approximate 103 by using the Taylor polynomials
of degree 2 and 3.
Choose f(x)=+/x and a =100, then compute

P,(x)=10 +0.05(x —100)-0.000125 (x —100)*, and P,(x)=10.148875 ,



so the error is ‘\/103 —Pz(x)(~ 1.65651 *10 °. It’s  clear  that
P,(x)=P,(x)+6.25+10 °(x —100 )°. Hence P,(103)=10.148894875 and

the error is |v103 - P, (x)~ 3.0991 *10 .

1.2 The Spaces L , p <1.

We are going to study the degree of constrained and
unconstrained approximation of a function f in either the

uniform norm or in the L [-11], 0<p <w quasi-norm. The

degree of approximation will be measured by the appropriate

quasi-norm which we denote by ||||p = where |:=[-11].

Ly(h
Since we need the L, quasi-norm on other intervals we will in
all cases of an interval J =1, indicate that by writing ||||Lp o -
Also we refer to ( || with p=«), the uniform norm on I and
we denote by || and on the interval J by |, .

Furthermore, ||||p 1s a norm for 1<p<w . Characteristic for

L,,p >1 are the inequalities of Holder and Minkowski.



The dual Space of L ,1<p <o, 1s the spaces L _ with the
conjugate exponent q Of p. Thus the spaces L With 1<p <o

are reflexive.

The different structure of the spaces L With 0 <p <1 and

the numerous questions by others lead us to understand the

need for the following few facts about L for p <1.
We consider the space L, (1), consisting of all measurable
functions f on I, for which

7 = [ dx < co.

|
1y
Recall that [f| <2 |[f|,thatis L, cL,.
As we will see shortly, the L, norm is not actually a

norm for p <1. Nevertheless, it is not hard to see that L (1)is

a complete metric space:

It is easy to prove the following theorem

1 1
Theorem B.[f +g| <(f|? +|o|’ } <2° (7|, +[a],), for any f.g <L, (1).
Thus d(f,g)=|f —g||§ defines a translation invariant

metric onL,. It 1s a complete metric, because convergence

10



(respectively Cauchy) in L, implies convergence (respectively
1

Cauchy) in measure since ¢’meas {t H[f(t) > €} < j|f(t)|p dt .
)

What this means to us is that [4]

(1) A linear map on L is continuous if and only if it is
bounded (continuous at zero).
(ii) The open mapping and closed graph theorems still

apply.
(1i1) The Hahn Banach theorem may fail!

Indeed, as we will see shortly, L is not locally convex. In fact,

p
it 1s impossible to define a norm on L, which gives the same

topology as the usual metric. There are several ways to see

that L (1) is not normable for 0<p <1. Most useful from our

point of view 1s

Theorem C. [10] L,, 0 <p <1 has a trivial dual.

The Hahn Banach theorem allows a much fancier

sounding version of this result:

Corollary D. [10] There are no non zero continuous linear map

from L, into any normed space.

11



In any event, it should now be clear that there can be no

norm on L, which gives the same topology as the usual metric
and that the Hahn Banach theorem evidently fails in L, (1), for
0<p <1. The fact that L has a trivial dual with the theorem

from [46] states that [there exists a nonzero continuous linear

function on a linear space X, if and only if there is at least one
convex set that is not all of X.], imply another rather strange

result that would be hard to believe otherwise.

Corollary E. [10] If U is any neighborhood of zero in L, (1),
then

L, (1)=conv (U)
In particular

L, (1) =conv {f Al <1},

where conv (U)is a smallest convex neighborhood of zero

contains U .

Now, we will settle the question of whichL  ,p <1 embed
into L for q >1. Or which subspaces of L,(I) on which all of
the various L, (1) quasi-norms for 0 <p <q are equivalent. The

key in this article is due to Kadec and Pelzynyski from [31]:

12



For 0 <e¢<land 0<p <, consider the following subset
of L (1)
M(p,¢e) ={f eL (1) : meas {x :[f(x) > g||f||p}2 &},

where by “meas” , we mean the measure of a set.

Notice that if & <¢, , then M(p,g,)cM(p,g,) . Also

UI\/I(p,g):Lp(I), since for any nonzero fel (I) we have

>0

meas {f|>¢} > {f=0}ass—0. In fact, any finite subset of
L,(1)is contained in an M(p,¢) for same ¢>0 . Finally note
that meas {f|> ||f||p} >1 implies [f| = ||f||p almost every where.

The following theorem puts this observation to good use

Theorem F. [8] For a subset S of L (1), the following are

equivalent
(i) S = M(p,¢) for some &>0.

(1) For each 0<p <q, there exists a constant c(q)<w~ such

that [f], <[f], <c(q)|f], forall fes.

(ii1) For some 0<p <q, there exists a constant c(q) <« such

that [f|, <[f|, <c(a)f],, for all fes.

In our thesis, we will use the notation ¢ and C to denote

such absolute constants which are of no significance to us and

may differ on different occurren-ces, even in the same line. In

13



order to emphasize that ¢ or C depends only in

parameters v the notation

1)
C(Vy,Vyeen vy ) (respectively Clv,,v,,......., v.)) is used, if one of
those v, is =p, we mean that constant depends on p, only in
the case p <1. Also we will have constants ¢ ,c,, ... when we

have a reason to keep trace of them in the computations that

we have to curry in the proofs.

1.3 Moduli of Smoothness.

Moduli of smoothness are measurements criteria used
mostly in approximation theory, numerical and real analysis.
Such measurement of a function done by differentiability is not
reliable in many aspects in approximation theory. The moduli
of smoothness can provide more subtle measurements.
Whenever a function f is defined on a metric space X, its
modulus can be defined too, but here, we are only concerned
with X =J :=[a,b]. We will use moduli of smoothness which are
connected with difference of higher orders.

The rth symmetric difference of f is given by:

14



A (fx03) = A (f.x) = g(—l)i(:jf(x +%h —ihj (x i%h}e\].

0 0.wW

The forward and backward rth differences of f are defined

respectively by:

>

Eh (F,x,3):= &h (f,x):= iZ;:,(—l)i[:]f(x +(r —i)h) X, (x +rh)el

0 0.W
and

. i " .
&h (f,x,J);:&h (F,x):= iZ:O:(—l) (Jf(x —ih) X,(x —rh)el |
0 0.W

Then the rth wusual (ordinary) modulus of smoothness
defined by:

@, (f,t,3), :=Sup

O<h<t

Al (5, HLN), t>0.

A new way of measuring smoothness was moduli of
smoothness with weighted, a modification of the moduli of

smoothness based on differences A, in which the step is of the
form u :=@(X)h and is therefore allowed to depend up on the
position of X in the interval J :=[a,b]. The motivation for this

lies in the properties of algebraic polynomial approximation.

The requirements on the smoothness of f can be relaxed if
x 1s close to a and b , without impairing the error of

approximation. Several authors, among them Ivanov [28], have

introduced moduli of this type, but the most useful proved to

15



be the last version, which is introduced by Ditzian and Totik
[19]. Thus the need for this new concept arises to solve some
basic problems, such as characterizing the behavior of best

polynomial approximationin L (J).

The Ditzian — Totik modulus of smoothness which 1is

defined for feL (J)as follows:

! (f,t,3), =Sup

O<h<t

A (f, )H , t>0.

h () L,0)

If the interval I:=[-11] is used in any of the above
notations, it will be omitted for the sake of simplicity, for
example

o, (f,t), =, (ft,1), and @’(f 1), =’ (ft.1),.
Also we will denote

w,(f.t)=w(ft1), and @’ t)=0’{ft1),.

In the application the ¢ usually used

o(x):= ( 2] for the interval [-11]
p(x):=x@-x) and @(x):=+/x(1-x) for [01]
P(x):=x,0(x):=+x and @(x):=x[1+x) for (0, ).

For the forward and backward differences, Zrh , the

ordinary modulus of smoothness is defined by:

@, (f,t,3), =Sup | A" (f,.)

O<h<t

16



We also recall the averaged modulus of smoothness
which 1s defined for such functions f on the interval J as

follows:

1

_, ¢ an
W (f,1,9), =/t "] I‘A’h(f,.)‘ , 120 .
01J

These moduli of smoothness are equivalent to the
ordinary modulus of smoothness (see [14] and [19], that is

C,(r,p o (f,t, J)p <o (ft, J)p <C,(r, p) @ (f,1, J)p ,

and

c,(, MW (f,1,3), <@ (f,1,3), <c,(r, PW (f,1,3),
in this case we write @ ~ @, ~ W .
We always have that @?(f,t,J), < @,(f,t,J), ,0<p<co. But

the converse is not true in general. However in E. Bhaya

[4], there has been proved that the moduli @’ and ®, for a

function f defined on J:=[a b] <l are equivalent, if

J|~A_(a), where An(a)::lw/il—a2 i+ni2, namely

n
@,(f,A,@)J), ~ &f(f,n"10) .

Note that in [4] only the case in which p >1 is considered,

but the proof is the same for 0 <p <1. Furthermore, we borrow

from [49] the notation of the length of the interval J =[a,b] 1,

relative to its position in | . Namely,
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b
P a2y

where [J|:=b —a 1s the usual length of the interval J. Then we

will prove the following lemma:

Lemma 1. For any, feLp(J), 0<p<owand J 1, we have

o, [{PLI) <@f (F,137), , (2)
and for t>0
o (F,t%), <C(r,p) @ (1), . (3)
Proof:
We have xi%h eJ if and only if hs|Jr—|, (4)
and we observe that, if x J_r%h eJ and x J_r%h p(x)el , we

have {x —%h X+ %h} cJ, then by using the following inequality
from [49], 13, /<131 for J, cJ, we obtain
h <—=o(x). (5)

Hence, by using the above two inequalities (4), (5) and the
property (b) of @? (bellow), we obtain
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a)r(f,|J|,J)ps Sup HArh(f,x)
)

0<h </‘:f/(p(x

HLp(J)

r
= sup | A (Fx)

0<h<T Lp(J)

< sup [, (0. |

0<h <%

= wf(f,%} <wf(f,131),.
p

p

Thus the proof of (2) is complete.
For prove (3), we recall the following inequality from[49]

hS%go(X)fOI‘ any h such that xi%h(p(x)el,then we get
h? <ch¢(x), where ¢ >1.
Put h:h?, then

@, (f,tz)p =Sup | AL (f,x)

0<h <t2 P
r
“S [ Ko ),

=Sup Arh¢(x)(f,x)“ =’ (f,ct),

O<h <ct p

<c(r,p)@?(f,131),. O

Now let us make a comparison between the classical

modulus of smoothness and its extension to @’ by the

following properties from [19]:

The following most basic facts about®,(f,t,J) , satisfied

for the two moduli
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(a) im @,(ft3), =0 forall felL (3),0<p <.
(b)  (f.1, J)p 1s an a nondeceasing function of t.

(c) @ (f.4,3), <C(p) 2 @,(f.1,3), forixi.

Another basic properties of the classical modulus of
smoothness is

(e, ,(f13), <20,(1t1),
which is generalized using the following inequality in [19]
(d)ar,(ft, 3), <c(p) @1, 3), .
Another inequality about the classical modulus of smoothness
18
k ®
(e (ft,0) <ct“@(f¥ 1) ,p=1,
which is valid if f eL (J)and f* ~?is absolutely continuous in

every closed subinterval ofJ .

The inequality (e ) is not true for 0O<p<1. But the

inequality [19]

o k ®
() w’, (f.t,3) <c(p) t a)f’(f ,t,J) ,

p

is true if feW*(©) and p >0, where WX(J) is the sobolove

space and its consists of all functions in L (J) such that

f& ~Y are absolutely continuous and " e L (). From the above

discussion, we convinced that in order to estimate the rate of
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approximation finL (J), the measurement of smoothness @’

1s the appropriate tool in the case 0 <p <1. Furthermore, it is

well known that, from (e ) if feW(l) , with 1<p<ow ,
thenw, (f,t) <ct@, (f't), <---,but its inverse with a constant

independent of f is not true in general. Hu [21], proved that

for splines S with any knot,
o, (s 1), ~to, (S't) ~t’w (s"t), ~ t“w, (s¥.t), , where

k<m and in general, by @(f¥ t) ,we mean |f*] .
p

1.4 Shape Preserving Approximation

The connection between structural properties of a
function and its degree of approximation is a significant
problem that approximation theory considers. It aims at
relating the smoothness of a function to the rate of decrease of
the degree of approximation to zero. In this thesis, we examine
these questions for algebraic polynomials as well as a
particular case of piecewise polynomials approximation, that is,
approximation by piecewise linear functions. Positive

approximation by piecewise linear functions is also considered.
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The study will be restricted to only one aspect of the
problem which is the derivation of estimates for the degree of
approximation in terms of smoothness. These are the direct
estimates of approximation which are called Jackson — type
estimates or Jackson’s theorems, accredited to D. Jackson who
reached such results for Trigonometric approximation [30].

The conservation of certain geometric properties of the
data by the designed mathematical might be the main point of
view in many applications. These properties include positivity,
monotonicity, convexity and in general, k-convexity. This is the
Topic that so called shape preserving approximation or
constrained approximation 1is concerned with. Whenever
constraints emerge, the situation becomes more difficult to get
direct estimates, but the researches concentrating on such
point have been widely acquired attention in recent times for
the theory of non-constrained problems is still useful.

We intend to refer to those modifications which are
essential in making a break-through approach. We do this for
coconvex approximation by algebraic polyno-mials. The main
objective of this thesis is to provide the answer of the question
that whether the constraint cost anything or can we achieve
the same degree of approximation as in the non-constrained

case?
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First: In Positive (or monotone) approximation, we have

given a function f which is positive (nondecreasing) inl . We
wish to approximate f by an algebraic polynomials, splines or
piecewise polynomials which is also positive (nondecreasing)
i | . We denote the class of all positive functions in 1| ,
by A’ and by A' the class of all nondecreasing function in 1,

and for feL (1)NA° with 0<p <o, we have the following

notations:

EO(f), = inf ||f—Pn||p,

" P, eI, NA°
the degree of positive polynomial approximation, and

E, (f)p = PinQEn Hf -P, Hp :

the degree of unconstrained polynomial approximation.

To be more specific, we discuss some of those results

concluded in this topic as well as our results.

If p=w (.e., in the uniform normed space), the uniform
estimates for positive approximation are not of much
significance, since the rate of positive polynomial
approximation has the same degree as that of nonconstrained
polynomial approximation, that is

E_(F)<eY(f)<2E_(f).
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At the same time, if 0<p <w, the situation would be
completely different. It was shown by Hu, Kopotun and Yu [22]
(see also[23], [29], [41] and [65]) that for any
felL (NNA” with o <p <

ECF), <c(p)w’(fn) , (6)

n

on the other hand, for every neN, 0<p <o and A >0, there

exists a function felL (I)NA’ such that

E(f)

V), > AWl (1),

That 1s, @’ is best possible rate, because it can not be
replaced by @?(f,1), . Also, in [22] it has been asserted and
proved that the same thing is sitill true for positive spline

approximation with the rate drops to @ . However, these

results had been obtained previously, but for splines with
equally spaced knots, but Hu, Kopotun and Yu [22] proved if
T ::{zo,zl,...,zn| —l=z,<2,<..<2, ::1} with n>1 be a given

knot sequence, not necessary that the distance between them

to be equal, that

Theorem G. For feL ()NA°, with 0<p<w, there is a

spline S eC™?(1)NA’ of order r >2 with Knot T, such that

=51, <Clop)ffn ),
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—Z7.

i+1 i

z -7 :
where p:=max {M| i=0,1,...,n—1} 1s the scale of the

knot T,.

Also they proved that @ can not be replaced by w,(f.1), ,

for any 0<p <o, even if splines of any order on any given
(fixed) knot sequence are used and no continuity is desired.

In Chapter 2, we improve Hu, Kopotun and Yu's [22]
result, we mean, we try to obtain an estimate in which @} is
involved by using a piecewise linear approximation. The first
piecewise linear function, we have used is S f which is
introduced by DeVore and Yu [15] on a specific partition of
interval | , and the existence of this partitioning is guaranteed
by them, using a constructive proof. The proof establishes a
pointwise estimate for monotone polynomials approximation.
This idea of DeVore and Yu was successfully applied by
Leviatan [47] to give a global estimate on monotone
approximation. Both proofs are based on a two — stages
approximation, in the first stage, a function felL_(I) is
approximated by a piecewise linear function S f which
interpolates f in the extreme points of the sub intervals of the
partition of the interval | . While the Second stage 1is

approximate this piecewise linear function S f by an
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appropriate algebraic polyno-mial. However we applied the
same idea to prove one of our results on coconvex polynomial
approximation in Chapter 3. While in the second stage we use
the same piecewise linear function in the first stage to define
an appropriate algebraic polynomial. Because of this reason,
we interest in “approximation by a piecewise linear functions”.

In Chapter 2, we approximate any function fel, (1), (not

necessary to be positive on 1) by a piecewise linear functions

and we obtain estimates in term of the second Ditzian — Totik

modulus of smooth-ness, and at first we prove

Theorem 7. For n>2 and feL,(1) with 0<p <o we have

[f-s,f], SC(p)a)f(f,%J .
p

The estimate emphasizes that, if no continuity desired we
can obtain estimates for positive approximation by splines of
order 2, which involved the second Ditzian — Totik modulus of
smoothness, hence involved the second order ordinary modulus
of smooth-ness. Then we use another two piecewise linear
functions U f and V,f which introduced by Zoltan [67], and
we obtain the same estimate for U, f as we have for S f in

Theorem 7. Despite the different between U f and S f in the
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definition, they also differ in the aspect that U, f
interpolates f only at the end points of the whole interval 1.
The following theorem stated that the estimates for both U, f

and S f are the same.

Theorem 8. For feL (1),0<p <w andn >2, then

1
[f-U,f], < C(p)wg’(f,ﬁ) .
p

Thereafter, we approximate those functions felL (1)
with 1<p <« by another type of piecewise linear functions
which 1s V, f that interpolates f at each of those points
which S f interpolates f at them, and the difference between
them besides that in their definitions, is S f will continuous in
case f is continuous, but this is not necessarily true for V f.

Then we prove

Theorem 9. Let felL (1) with 1<p <w and n>r=>2, then

nt Hy?
[f-v, 1 sc(r)[a)f’(f,n-l)p +% | Wdt +E0(f)pJ .
0

As an immediate consequence of the above theorems we

have the following corollary.
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Corollary 10. For any feL (1) with1<p <o and n=>2, we

have

1" @f(f,1)
rovarl, =27 E e |

0

Second: In coconvex polynomial approximation, we are

given a function f changes its convexity finitely many times in
the interval I. We are interested in estimating the degree of
approximation of f by polynomials which are coconvex with 1it,

namely, polynomials that change their convexity exactly at the

points where f does. Question of this nature first appeared in

the work of D. J. Newman and et al (see [54], [55] and [56]).
They dealt not with a function f changes convexity, but rater
with f changes monotonicity finitely many times in | and they
were able to obtain weaker Jackson type estimates on the
degree of approximation of that function by polynomials which
were truly comonotone with it as well as some proper Jackson

estimates when the polynomials were comonotone with f
except near the points where a change of monotonicity of f

occurred. Later Newman [53], and also Ilive [27], obtained the
proper Jackson estimate involving the modulus of continuity

of f,w, for the approximation by polynomials that were truly

comonotone with f. Then Beatson and Leviatan [1] obtained
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the desired estimates under the assumption that f possesses a
continuous derivative in |. Afterwards, in general this topic

was developed by a number of good and convincing results
were accomplished (for more detail see references). Regarding
“Coconvex Polynomial approximation” several results have

been obtained in the uniform space, but in L (1) with 0<p <,
it seems that nothing like have been achieved.

To be specific, Let s eN :=NU{0} and let Y, ={y,}, be the
set of points such that -1:=y,<y,<y,<.<y,<y., =1,

where s =0, Y, :=¢. Fory, we set

7Z'(X)Z=7Z'(X,Ys)i=li[(x—yi) and  5(x):=sgn (7(x)), (11)

i=1
where the empty product is equal to 1.
Let A*(Y,), be the set of all functions f that change

convexity at the points y, €Y., and are convex near 1. In

s

particular, if s =0, then f is convex on |, and write f € A?, that

is ( the divided differences [x,,x,,x,;f] are nonnegative for all
choices of three distinct points x,,x, and x,), where the
divided difference of a function f at the points x,,x,,...,x, are

defined by(see [4])
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Moreover, 1if f 1s twice differentiable function on |
(.e.,feC?(1)), then
f e A2(Y,), if and only if f"(x)z(x)>0, vxel,

(or equivalently, if and only if f"(x)5(x)>0, vx el).

In Chapter 3, the approximation will be carried out by

polynomials P, eI1,. Now, for feL_ (1)NA*(Y,), we denote by

E(nz)(f,Ys)p = inf ||f—Pn||p,

P, eI, NA%(Ys )
the degree of Coconvex polynomial approximation. If s=0

(Y, :=¢), then we write E?(f), .= inf |f-P,

P, ell, NA

which usually

p p’

referred to us the degree of convex polynomial approximation.
Interest in the subject began in 1980’s with the work on
convex polynomial approximation by Shvedove [58] who proved
that for a given convex function felL (I)0<p<ec and n>2,
there exists a convex polynomial P, of degree not exceeding n ,

such that

-7, <cl)o 1] (12)

p

where C(p) independent of both n and f. At the same time, he

went on to prove that @, in (12) can not be replaced by , ,

while keeping the constant independent

of n and f.
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In resent years (12) has been improved in a sequence of
researches by DeVore, Leviatan and Yu, (for example, see [12],

[48] and [64]) who were able to replace @, by @? , for n >1.

In 1994 Hu, Leviatan and Yu [26] have shown that )4
can be replaced by @, in the uniform space.

In the same year, Kopotun [34] had proved that @, can
be replaced by @? .

For the quasi-norm spaces L, with 0<p <o , the

problem remained unsolved till DeVore, Hu and Yu [11], in

1996, were proved that @, in (12) can be replaced by 0)4

with the constant C(p) remaining independent of f and n,

then closing the gap which was left by Shvedov [58].

But for Coconvex polynomial approximation, what has
been known yet restricted to the uniform norm space, besides
some few results which are known for quasi-norm

spaces L ,(0<p<o).

First of all in 1981, Beatson and Leviatan gave a remark
in [1] it might be possible to obtain a Jackson — type estimate
of coconvex approximation of a function with only one regular
convexity — turning point, and Yu [64] obtained a Jackson —
type estimate of coconvex approximation of functions with one
regular convexity — turning point also quoted her result of

functions feC*(1) and k >3 ( the space of all function such

31



that f“?* are absolutely continuous in | and f* ec(l)), with

some extra conditions on convexity turning points.
In 1993, Wu and Zhou [63] and Zhou [66], they proved
that for 0<p <o, i1t 1s impossible to get a Jackson — type

estimate of coconvex approximation involving ,(f1), with

constants independent of n and f.

Afterwards, in 1995 Kopotun [37] obtained the following

result for twice differentiable functions.

Theorem H. For a function feC?(1)NA(Y,) with 1<s <o, there

is a polynomial P e NA?(Y,) such that

1 1
Jt-r,Jsc6) L 071 2)

f'—P Hsc(s)%a)‘”(f”, %}

and

f” _P"
n

<C(s)w? (f ij,

n

for all n >N:=N(Y,) is a constant depending on the location of
points of Y, in I, and C(s) is a constant depend only on s - the

number of convexity change.
In 2003 E. Bhaya [4] improved Kopotun’s result for

functions fel (I):={f f, f eLp(I)} with 1<p <« (the space of
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all of those function which are 1-fold integrals in L (1)

with 1<p <w). Namely, she proved the following theorem.

Theorem I. For a function feL’ (1)NA? (v,) with 1<p <o, there

is a polynomial P e NA?(Y,) such that

1
= sc(s)a);(f Hj

and

f'—P’ Hp < C(s)a)z‘”(f',nljp,

for all n >N :=N(Y,).

Also, in 1999 Kopotun, Leviatan and Shevchuk [43]
1mproved Koputon’s result Theorem H, for the uniform norm
space, but not simultaneously. Namely, they

proved

Theorem J. If feC()NA*(Y,) with 1<s <, then there is a
polynomial P el NA?(Y,) such that

ofe 1
[f-p [<C(s.p)o (f,;j (13)

for all n >N:=N(y,) .
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Thereafter, several other results have been achieved for
coconvex polynomial approximation throughout a number of
researches by Leviatan and Shevchuk [50], [51] and by
Kopotun, Leviatan and Shevchuk [44] [45].

Our first achievement in this area is to emphasize that

the estimate (13) is exact in the quasi-norm spaces L,

with 0<p <. Namely, we prove

Theorem 14. Let feL (I) with 0<p < have s changes of

convexity at Y, = {y }S and denote d(YS):= min {1+y1,y2 -y,

idi=1 ?
Y. =Y. 1-y.}. Then there exists a constant A(s) such

As)
d(y,)

S

that for n>N:=N(Y,):= there 1s a polynomial

P eIl NA*(Y,), such that

[f-P,

sC(s,p)a)s‘,”[f,%j , (15)

p

hence

[f-P,

sC(s,p)&%(f,%)p. (16)

p

The estimate (15) is best possible in that one can not

replace @{(f,1/n), by any higher modulus of smoothness, even
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not with the larger ordinary modulus of smoothness. This is

due to the work of Shvedov [58] in case s =0, and to Wu and

Zhou [63], Zhou [66] in case s >0 , (as we mentioned above).

As an immediate consequence of Theorem (16), we have

the following corollary

Corollary 17. Let few(I) with r =123 have s changes of

S
i=1

convexity at Y, = {yi} and denote d(YS):= min {1+y1,y2 -y,

¥, =Y. .,1-y.}. Then there exists a constant A(s) such

Als)
d(y,)

S

that for n>N:=N(Y,):= there 1s a polynomial

P eIl NA*(Y,), such that

|f —Pan <C(s,p)n | "

p

This corollary is obtained directly from (15). However, we

can not obtain it from (16), in the case p <1, since the
inequality o, (f,t), <c(p)t“ @, (f®,t), is not satisfied in that

case. Moreover, there 1s no non-zero continuous Ilinear
functional, estimate

£, (1), <C(ph @ (F1/n),,
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is not true in general for any r e N-,. In [16] Ditzian proved the

rate of approximations of simultaneous approxim-ations of a
function and its derivatives is very bad (see Kopotun [36] also).

This pathological nature of the spaces L,, p <1 might become

the reason of lag of the achievements in these spaces.
Furthermore, with this bad properties, it is well known that for
unconstrained approximation the usual Jackson — Type
estimates, involve the first derivative is not longer wvalid
if p <1 ( see Kopotun [39], for example). However, it does not
guarantee that the same is true in constrained case, since the
functions satisfy some shape preserving constraint from a

proper subset of W;‘ . In fact, it was shown in [39] that for

convex function one can get estimates which are not true in the

general (Unconstrained) case.

Now, to emphasize that the dependence of constant N in
Theorem (14) is essential we construct a negative theorem,
which we prove for s>4 and 1<p <o, we can not have any
Jackson — type estimates, even involving modulus of

continuity @. Namely, we prove
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Theorem 18. For each n>3 , A>0, s>4 and any 1<p <,
there exist a points -1<y, <y, <..<y, <1 and a function

feL,(1)NA*(Y,) Such that

[t-p | >Aa)(f,lj ,
p n b

for any polynomial P, el NA*(Y,) .

At the same time, we will prove that, if felL (1), 0<p <» ,

which has only one inflection point it would be possible for the
constants to be independent of the location of inflection point

in the interval |, which is stated in the following theorem

Theorem 19. Let feL (1)NA’(ly,}) and 0<p < , that is f has

only one inflection point in | . Then

In the following theorem we show that, for 0<s <w we
can take constants N and C to be independent of the location
of convexity change points, if f itself continuous piecewise

polynomials of any order, on the Chebyshev partition.
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Theorem 20. For every k,neN , seN, and O<p<owo ,if S is
a continuous pilecewise polynomial , of order k ,on the
Chebyshev partition of the interval 1, belonging to AX(Y,),

which form a single polynomial near the points of convexity

change, then there is a polynomial P, e A’(Y,) , of degree not
exceeding c(s)n . Such that

sC(s,p)a)z(S,%) ,

|s-».

p
and

s -P,

p

We will strength our result in the above theorem in the

following two theorems,

Theorem 21. For every seN_ , 0<p <wand k,n eN there are
constants C(k,s,p) and c(s,p), such that if S is a continuous
piecewise polynomial, of order k , on the Chebyshev partition
of the interval 1, which has continuous first derivative in I
and belong to A*(Y,), such that S form a single polynomial

near convexity change points, then there is a polynomial

P cA(Y,) of degree not exceeding c(s,p)n , satisfies

Is-p,|, SC(k,s,p)a)z’(S,nlj .

p
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Theorem 22. For every seN_ , 0<p <wand k,n eN there are
constants C(k,s,p) and c(s,p), such that if S is a continuous
piecewise polynomial, of order k , on the Chebyshev partition

of the interval I, belonging to A*(Y,) and S form a single

S

polynomial near y,'s, then there is a polynomial P, e A*(Y,) of

degree not exceeding c(s,p)n , satisfies

Is-p,|, sC(k,s,p)a)lf’(S,%j .
p

1.5 Geometric means of Shape Preserving

Approximation

bl

EQ(f)p = inf {||f — Pll | P(z) > 0}
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Y,={b.c}s=2

ED(f)p =i {||f — Pl | P'(z) >0}
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P(z) Y, = {u,w},5 =2

V7

ED(f,Y)p =t {[|f — Plip | P'(z)- f(z) >0}

P(z)

EX(f)p = inf {|f — Pl | P(z) >0}
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Y, = {n,w},s =2

ED(f,Y.)p = inf {||f — Pl | P"(z)- f'(z) >0}

Note: if we take a look at the above pictures, we can notice that
the error in the positive (or Copositive) polynomial
approximation is greater than monotone (or Commonotone)
polynomial approximation, rspectivly, as well as this greater

convex (or Coconvex) polynomial approximation respectively .
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Chapter Three

Coconvex Polynomial Approximation

After introduction and preliminaries, we are now in the

heart of the matter. Let feL (I) change its convexity finitely
many times in the interval I , say s times at Y, , We

estimate the degree of approximation of f by polynomials
which change convexity exactly at the points where f does. We
discuss some Jackson type estimates where the constants
involved depending on the location of the points of change of
convexity. Also we show that in some cases the constants may
be taken independent of the points of change of convexity, but
that in some other cases this dependence is essential, but
mostly we obtain such estimates for functions f that
themselves are continuous piecewise polynomials on the
Chebyshev partition, which form a single polynomial in a small
neighborhood of each point of change of convexity.

3.1 Introduction and Main Results
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Throughout this chapter we use the following notations,

givenneN ,wesetx =1, x_=-1 and

1

X, =x, =C0S (Jn—ﬂj, the Chebyshev partition of interval I,
we denote I =1, =[x,x ], h, :=‘Ij‘:=xj71 -X,

h
and 7 — 2 j=0,1..,n.

_ ,
b ‘x—xj‘+hj

Let Zk’n be denote the collection of all piecewise

polynomials of degree k -1 , on the Chebyshev partition and

let Zin c>.. » be the subset of all continuously

differentiable piecewise polynomials on the Chebyshev

partition. That is,ifSe)’, ~ , then

S|1,=P ,j=12..,n where P eIl

Pj(xj):PH(xj) , J=1,2,...,n =1,
and if S e Zin , then in addition,
Pj’(xj):Pj'+1(xj) , ]=12,...,n-1.

Given 0 <s<w, let
oy ::Oi,n(Ys)::(XjJrl’Xj—z) , if Y. e|_XJ.,XH) ,

and
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0 ::O(n,YS)::QOi ,0(n,¢):=¢.

We write

jeH=Hn,Y,),if I NO=4¢.

Finally, Let Zk,n(Ys)ng,n and Zlk’n(YS)g .. be

denote the subsets of such piecewise polynomials for which

P =P whenever both j,j+1«H.

1 2

Our prime interest in this chapter is to generalize and
emphasize that the estimate (13) is exact in the L, - spaces
with 0<p <w , and then we closed the gap due to the
uncertainty between the previously known estimates involved

@, and the impossibility of having such estimates involving @, .

For this we prove the following theorem:

Theorem 3.1.1.

Let feL (1) with 0<p < have s changes of convexity

at Y, =y, [, , and denote  d(Y,):=min {1+y,

Y, =YY, -Y, 1=y} . Then there exists a constant A(s)such

that  for  n>N:=N(Y, )= ﬁ% , there is a

polynomial P_ eIl NA’ (YS) , such that
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[P, SC(s,p)wf(f,Hl, (3.1.2)
hence

1
=P, gC(s,p)a)g[f,;jp. (3.1.3)

Note that, the estimate (3.1.2) is best possible, in the

sense that one can not replace @y (f, %) , by any higher moduli
p

of smoothness, this is due to the work Shvedov [58] in case f
is convex on |, and to Wu and Zhou [63], Zhou [66] in case f

has convexity change point.

Now, as immediate consequences of the above theorem

we have the following corollary.

Corollary 3.1.4.

Let fewg(l) with r=123 with 0<p<wx have s

changes of convexity at Y, =y, [, , and

denote d(Y,):=min {1+y, ,y,~y,,...y,-y.,.1-y.} . Then there

exists a constant A(s)such that for n >N =N(Y, )= ﬁ% , there

is a polynomial P_ el NAX(Y,) , such that

H f —Pan <C(s,p)n | "

p
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The proof of Corollary 3.1.4, is follows directly from (3.1.2)
and the property (e ) of Ditzian — Totik modulus of

smoothness. ¢

One may hope that to obtain a similar estimate such as
(3.1.2) or (3.1.3) with constants independent to the location of

convexity change points of Y, with the same or lower moduli of
smoothness. In Theorem 3.1.6, we will show that in some cases

it 1s not possible to obtain a direct estimate which involves at

least moduli of continuity with constants independent of Y. In

other words we can not have any Jackson — type estimates
when we replace N(Y,) by N(s) with s >4 . Namely, we prove
that, for any A>0 , n>3 and 1<p<w , a function
f eC(1) which has at least 4 — convexity change points exists,
such thatif P eIl is convex with f , then

p >Aa;(f,lj . (3.1.5)

|f-P, -

Or, we state it, in the following theorem:

Theorem 3.1.6.

For each n>3 , A>0, s>4 and any 1<p <x, there

exists aset Y, :=ly.}' andafunction feC()NA*(Y,), such
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that for any polynomial P eIl ﬂAZ(YS), satisfies

EQ(f, v,) >Aa)(f,lj :
p n o

While, the same inequality also holds in comonotone
polynomial approximation with change the function to a
function which has at least one monotonicty change point. In

other word for each n>4 , A>0, s>1 and any 1<p <«, there
exists aset Y, :={y,f, and a function f eC(1)NA(Y,), such that
for any polynomial P e NA(Y,), satisfies(3.1.5). To prove it,

we can use the same example in the proof of Theorem 2.1.6 of

[4], with the same technique of our proof of Theorem 3.1.6.

On the other hand, we will prove that, if s=1 we can
obtain the estimate similar to (3.1.3) for any 0<p <« with

constants independent of the location of convexity change point
and the ordinary modulus of smoothness of second order.

Namely, we prove

Theorem 3.1.7.
Let feL (NNA(ly,) and 0<p <= ,thatis f has only

one inflection point in | . Then

EW(f,y,}), gc(p)a)z(f,l] , Vn >1.
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However, we will show that, we can have the above

estimate with constants N =1 and C depend only on
s>0 (the number of convexity change points) and p, as p —0,
if we replace f by a piecewise polynomial S eZk,n (YS)

Furthermore, we can replace @, by @, , if we take the above

constant C to be depend on k >1 (the order of the piecewise

polynomial S ). This is stated in the following theorem.

Theorem 3.1.8.

For every kneN , seN, and O<p<ewo

if se), (Y,)NA*(Y,) then there is a polynomial P, e A*(Y,) , of
degree not exceeding c(s)n . Such that

|s-p, sC(s,p)a)z(S,%j , (3.1.9
p

and
Is-p, gc(k,s,p)wg(s,lj (3.1.10)
p

n

It i1s quite natural to ask whether one can strength

(3.1.10) in the sense of being able to replace @y by Ditzian —

Totik moduli of smoothness of higher order. This indeed turns
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out to be possible for @’ as we will show in Theorem 3.1.11.

However this theorem is one of our main positive results

Theorem 3.1.11.

For every seN, , O<p<wo and k,neN there are
constants C(k,s,p) and c(s,p), such that if se}" (v.)nA(y,) ,
then there is a polynomial P eA*(Y,) of degree not

exceeding c(s,p)n , satisfies

Is-p, SC(k,s,p)a)lf[S,%j .
p

A particular case of Theorem 3.1.11, is shown in Theorem
3.1.8, and by virtue of Lemma 3.2.34 below, to conclude the

proof of Theorem 3.1.11, it suffices to prove

Theorem 3.1.12.

For every seN, , O<p<wx and k,neN there are
constants C(k,s,p) and c(s,p), such that if Se, (v, )nAy,) ,
then there is a polynomial P eA*(Y,) of degree not

exceeding c(s,p)n , satisfies

|s-p, sC(k,s,p)a)f(S,%j .
p
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Theorem 3.1.12, 1s trivial for the cases k=12 , since

Zin c Zi <1, thus it remains only to show it for k >3 .

3.2 Auxiliary results and lemmas

Firstly we begin with the following notations, for a given

sand neN |, let

and

H(x):zli[ x|

a0 (3.2.1)

The following lemma contains simple but important
inequalities which are used in almost all our proofs, (see [13],

[22], [47], [49], [51] and [64])

Lemma 3.2.2.
The following inequalities hold for all x,yel and

j=12,...,n -
h, <3h, (3.2.3)
h, <A (x)<5h,, for xel, (3.2.4)
A (Y <an (x)|x —y|+A, (x)), (3.2.5)
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%(|x—y|+An(x))s|x —yl+a, (y)<2(|x -y |+aA, (x)). (3.2.6)

In particular,

%(‘x—xj‘+hj)<‘x—xj‘+An(x)<2(‘x—xj‘+hj) : (3.2.7)

If 0<j<i<J<n,then
X. =X

R 3.2.8)

Xi =X

Furthermore, if either J <3j or n-j<3(n -J), then

1 N XX, )
@ -j)< <20 -j) . 2.
S0-Ds 200 (3.2.9)
If jeH, then
3[x,-y|zh, . (3.2.10)

Now, for n >10 , we have

Copln ™ <x =%, <Copln ™, x elx X ] (3.2.11)
j=5,6,....,.n -4
1+x <C,p(x)n™" , —1<x <X

o (3.2.12)

it e e
jw;’(x)dx <ch,, a>2, (3.2.14)
e}
and
_iwf‘(x)sc, az2. (3.2.15)
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To prove our results we need the following lemmas.

Lemma 3.2.16. [50]
Let P_be a polynomial of degree<k and a <b.

b-a

If Max {x e[a,b]; P/(x)< 0}<W , then for every y, [a,b]

[a,%,,b,P]=0.

Lemma 3.2.17. [50]

Let b:=6(s+1) , then for each jeH , there exist

polynomials z, and 7, of degree <c(s)n, satisfying
l()m(x)rlx )20, x el

fj"(X)ﬂ'(X)ﬂ'(Xj <0, xel\l,

fj(x)‘ <c(sh 'y (x)‘%i(—)ﬁ sc(sjfj”(x)‘, x el (3.2.19)

]

(8.2.18)

and

(8.2.20)

Lemma 3.2.21. [26]
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ForfeL (1), 0<p<wandreN we have

@ (1.1), c(r.p)f] .

Also, we need the following lemma from [11], [51] and [36].

However there is a special case of this lemma in [22].

Lemma 3.2.22.

For a function felL (I) with 0<p<x and keN, the

following inequality holds

[ia),(f,hj,sj)ZJp SC(BO,r,p)a),“’(f,n‘1)p ,
-1

where, for every j, I

S 3, 1s such that ‘SJ.‘SBO‘IJ.‘.

Proof:
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:C(r,p)pi Sj‘_l ].j ”Arh(f,x,sj)‘pdxdh
=1 0 3
3]
nex) (x) N P
gC(r,p)p j_ljj 5[ ?J‘ Arhw(x)(f,x,\sj) dxdh
n cn 7t . p
p ~
<C(rp) > cn _([ Ah(p(x)(f,x,\sj) dxdh

cnta

<C(r,p)fcCn J'

0 -1

<c(B,k,pf a)f"(f,n’l

dxdh

he

AN (x)(f,x,)

p )
where we changed the order of integration and made a simple
change of variables to arrive the second inequality, and to

obtain the third inequality we used the following technique

B B
h. , hence 150 5 , then for each
n ‘SJ‘ h,

Since ‘Sj‘sB

0

j=5,6,....,n —4, from (3.2.11) we have

‘Si‘SBOhJSCZBo (X) (P(X)Sc—ln’
ox) " o(x) ~ n B .

but for j=1,2,3,4, we have ‘Arhw(x)(f,x,sj)‘zo, ifx+%h(p(x)>1 ,

that 1s, if h >2(1—x)@ and this mean that the inner

integration 1n the second inequality i1s taken over

0<h gz%szczn‘l by (3.2.12), and by (3.2.13), we
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1

have T)(X‘) < (oh(x)~ goh(x) <C.'n . Thus the third inequality is also
3, ,-
holds for j=1,2,3,4, and for j=n-5,n-6,..,n, we can use the

same technique to obtain the third inequality. ¢

The following theorem about the property of convex

function is important to our work.

Theorem 3.2.23. [57]

Suppose that f:1 - %R is convex function, then f satisfies
Lipshchitz condition on any closed subinterval [a,b] of
1° (interior of 1), f is absolutely continuous on [a,b] and in
IO

particular it’s continuous on , f has left and right

nondecreasing derivatives, f’'(x)and f/(x)on I . Furthermore,
the set E where f' fail to exist i1s countable, and f' is

continuous on I \E .

The following theorem is well known, and is now called
the Whitney (or Whitney type) theorem. It was proved by
Burkill [7] (k =2,p =«), Whitney [61] and [62] (p =), Brudnyi
[6] (1<p<w ), and Storozhenko [60] (0<p<1). It has

application in many areas, and has been generalized to various

classes of functions and other approximating spaces, but here
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we write only the “classical version” of it, which we needed to

prove of our results.

Theorem 3.2.24. [40]

Let felL [a,b], 0<p <. Then there exists q, eIl

k-1
such that

[f =01l o <Ck.P)o(f.b ~a [a,b]),.

Lemma 3.2.25. [42]

Let J, and J, be subintervals such that J, <J, .

1

If g, ell, ,thenfor 0<p<w

\ J

k+l
p
quHLp(Jz)SC(k,p){‘JZD quHLp(Jl)'
1

Let o=, denote the smallest closed interval

containing both I, and I, ,and h :=‘Ii’j‘.

For se) ~,set

h
ai,j(s)p = HPi _PiHLp(h)[h__J} )

where P, denote the polynomial defined by P, :=P | I, =S| I,.

81



We are going to call an interval A a proper interval, if
its end points belong to the Chebyshev partition, that is, are
among the x J.’s.

For any proper interval A, let
a, (S, A), :=max (ai’j(S)p),
where the maximum 1s taken over all i and j, such that

. < A and I, cA. Finally, write

a, (s), =a,S.1),.
Observe that, for each iand j, if v between i and j, then we

have the following inequality from [49],

h. h. .
g 1 3.2.26
st ( )

4 i

and for the Chebyshev partition of the interval |, also from

[49], we have for each j=1,2,...,n

33/|J./= i 7 (3.2.27)

n qp((xj +xj+1)/2) n

IN

Hence, we can obtain the following lemmas, which we needed

to prove of our theorems.

Lemma 3.2.28.

Forany 0<p<wand Se), ,wehave

a,(s), sc(k,p)a)g[s,%] <c(k.pla, (), .  (3.2.29)
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Proof:
Let ey, , to show the left hand side of (3.2.29). It’s

enough when we show for each i, j

k

h.; 1

[P =P gc(k,p)(#J a)lf’(s,ﬁjp. (3.2.30)
]

Ly

To this end, let us first assume that j=i+1, and then by
Whitney’s theorem 3.2.24, there exists a polynomial q, , €11, ,

such that
Is -, ) =Pl (5.0 ,0,) (3.2.31)

then

H Pi—q kflul_p(li) :HS —q kleLp(li) = HS —d kfluLp(I”)
<C(k,p)w (S,h.’.,l..)p.

Now, we observe that P.—q,., 1Is a polynomial of

degree <k -1, then by using (3.2.3), (3.2.31) and Lemma 3.2.25,
we obtain
70, <l7 -0l
<C(k,p)|P,-q leLp(.j) <clop)s—a,., g
<cl.plos.h,,.1,,)..
Thus
P _PiHLp(.i) <Ck,p)o, (5.h, 1 a,j)p- (3.2.32)
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Hence, by using (2) and 3.2.27, we obtain

LA <ck,pofls.n), . (3.2.33)

This implies (3.2.30), in the case j=i+1, otherwise assume
that i <j, then for each v, such thati<v<j, it follows from

Lemma 3.2.25, the inequalities (3.2.26) and (3.2.33) that

Pv - Pv?l Pv - Pv?l

) s

L, 0, L0,

1

h k—l+H
<c(k.p) hj PP
h N k—1+%
<C(k,p) h—' P, Pl )
i

<C(k,p )[%JH wf(s,%)p .

]

Therefore

ji
H PJ -P HLP(Ii) = C(p )%:H Pi+1—' _Pi—' HLP(Ii)

<C(k,p )i(%}klwf(s’ﬁ)p

1=1

sC(k,p)|j—i|£%)kw5’(8,%}p.

Thus (3.2.30) is proved.
We turn to prove the right hand estimate of (3.2.29) we

take x and h <% satisfying Xighgo(x)el , and for each
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i=0,1,..k we let v. be such thatx+(i—gjh¢(x)elv.. Then by

using the fact that for each i=12,...,k, h, 6 <C(k) 6 which

follows from (3.2.27), we obtain
H Akwx)(s'x)up <| A'jw(x)(s ‘on’X)H

p

Jesp,

p

Now, since by our chosen to x and h , the integration is taken

over all of those x’s, such that x +[ —g)h px)el, ,

then

| (8% H Clk.p) i.r_n,a,).(

h k
<C(k,p)max { Yo J

Yol ()

i=0,1,...k| h

<C(k,pla,(s),.©¢

0

Ll,)

Note: the above lemma was proved by Leviatan and Shevchuk

[49] in the case p =». However all Lemmas in the rest of this

section they have been proved in [50] for such case.

Lemma 3.2.34.
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Let k23, then for each Se} (v, )NA%(Y,) , there is
SeY, (v, )NA*(y,) such that

|s-3 Hp <c(k,p)wf(s,n?) (3.2.35)

.
In particular,

wfE,n), <clk.plo’s.nt) . (3.2.36)

Proof-

Leviatan and Shevchuk [50] had constructed a piecewise

polynomial S €Y, (v,)NA*(v,) with pieces defined as

(§ |l ij) =P, (x)+a;(x)+ B,(x)+0(x),
where 0 1s a piecewise constant function with jumps at most

the 2s points xj’s near the y, exactly, the jumps at these x.'s

are

0(xj+)—¢9<xj_)::

~

J.’(xj)—PJ.’H(xj)](xj—xjﬂ). ifjeH, (j+1)eH

N NP
T

j'(xj)—Pj’ﬂ(xj)]( j—xH) ifjeH, (j+1)eH,
and «(x), B,(x) are defined as follows

For each 1<j<n,
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lxlfl Xj—2 le(le)_PJ(XJl)(X_X )2 |fJ(J—1)€H
2 X..—X. X. —X i '
-1 )J ( J) -2
P’ {x. .J-P/x. .
a,(x):= % = xj_l —xJ = (x—xj , ifjeH,(j-1)eH
j-1 j
0 if jeH,
and « (x):=0.

Also, for each 1<j<n,

1X. =X, P.’(x.)—P.’+1(x.) L

xS i (-t)en
P.’(x.)—P.’ (x)

B,(x):= 1507 ‘(x—xj_l)z, ifjeH,(j-1)eH

2 X, =X,

if jeH,

o

and B (x):=0, and the above S is the required function.

Then from the above definitions of a, p;and 6 , we have

o p,+0] =C@P =P

so by Markov’s type inequality (2.2.7) and using (3.2.32), we
obtain

x ek )= (x <ck.p)lp -P
(X,,l XJ)H ,(X,) ’+1(XJ)HLP(|J.)< ( p)” iVl () (3.2.37)
<Clk,p)a (8.0 010,

IR R

then by virtue of Lemma3.2.22 and the inequality (3.2.37), we

obtain

Pj —(Pj +a, +,BJ. +9)

s -5 :JZ; Hip(.J)
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:Z

=

C(k p)pzl:a)k(s'hj,ju’lj,hl);
j=

Cl,p) a)lf(s’hj’ Ij,m);
(k,p)pa)lf’(s,n’l); K¢,

ai+ﬂi+9”ip(|j)

IN

IN

If s eZin , S’ 1s absolutely continuous in I, then we

have the following inequality from [50]

A2 (5.0)| <4 (8, (x)F s7(x)

, Where h <L
n

Then by using (2.2.4) and the fact that S is a piecewise
polynomial of degree<k -1 on the Chebyshev partition, we

obtain

HAtho(X)(S’X)

<clk,p)] (8, ()P )

Recalling the definition of the second order Ditzian — Totik

1
, where h <=,
p n

modulus of smoothness, we can get

of(s.n), <clk.p) (8, x)Ps"x)| (3.2.38)

p

So, we obtain the following lemmas.

Lemma 3.2.39.

IfSeZin neN, k>2 then

2,(8), <cl,p)(a, ()F s°(x?)] -

p
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The proof of the lemma is follows, by using the left hand side
inequality (3.2.29), the inequality (3.2.38) and the fact that

@?(f,t), <c(k,p)w?(f,t), which follows from property (d ).0

Lemma 3.2.40.

For k>3, 0<p<wand S e Zin 1s such that
a,(s), <1. (3.2.41)
If an interval 1 contains at least (2k -5) intervals I,, and
points x. e1?(interior of I, ) such that
(o, (&, F |5, <1, (3.2.42)
then for every 0<j<n, we have

|8, 6P )] =Clep)i-n)* +G-0)*). (3.2.43)
Proof:
Fix j and xel?. It follows by definitions a  (S), and

(38.2.41). that

then

h N k
ke, = {h_] , (32.49)
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and since P —P, is a polynomial of degree<k -1, so from (2.2.4)

and the Markov’s type inequality (2.2.7), we have
_1
R L R

P/~ P’
[ j

P
<cloph, *[n-pl

Ii
in turn (3.2.42) implies that,

(a, (x, )P Prix, )| <1.

Hence
hi®(a, (x,)F

then by using (3.2.4), we conclude that

PR, <1,

P

P/(x,)[<h, P.

Also, by using the above inequalities and (3.2.8), we can get

P, )| < P )i, )+ 5,

<|pr-pr| +|Plx,)|
,2,1 h. k ,2,£
<Clk,ph, 7| 2| +h,
i
—Z—l h k
<c(k,ph, ° T (3.2.46)

-
<C(k,ph, P(j-i|+1f
By supposition, there are k -2 points x; el,,, (¢/=1,2,...,k-2),

each two being separated by an interval I, cl,,- Recalling
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that x el , so by virtue of (3.2.3) and (3.2.8), we have for
each 1</=#m <k-2,

XJ _Xif‘ < b,
<c(k)—=
h,, (3.2.47)

x| |
\2. —x.‘ ‘)Z —2.\
Im If Im I/:

<c(k)i-i|+1f <ck)i-u|+|i-vlf.

Now, by virtue of the representation, from [50], we have

x—)?.‘
I/

=
N

o= e

Im I(

~es
H
BI—‘

We obtain from (3.2.4), (3.2.46) and (3.2.47),
o, 60, =] 8,000
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=

waf _ZQj—iil‘+1)z

k-2
25h* ZC(k,p)hjZ;Qj—ii

<
m=1 =1
l=m Lp(lj)
L|k=g . K k=2 .
<clkp)h o> (i-pl+|i-vlf TT(i-u|+i-vlf
m =1 =1
(#m Lp(|j)

SC(k,p)hj‘ﬁ wq j— |+ j—u|)2(2k’3)

L, ()

IN

C(k,p)hj_ihj’iq j_ﬂ|+| j_U|)Z(2k73)
C(k,p)((j_’u)ztk +(j—u)4k)_<>

<

Also, we need the following Lemma.

Lemma 3.2.48. [50]

Let E be an interval which is the union of m >12s of

the i1ntervals 1, let a set J cE be the union of 1< yg% of

these intervals. Then there exists a  polynomial

Q. (x)=Q (x,E,J) of degree<c(s)n, satisfying

) § 1 A (X) 25(s+1) H(X)
Q"(X)a(x)‘clz(max A (x). dist (x,E)}J A)  (3.2.49)
x eJU(I\E)
(we may take ¢, <1)
Q’;(X)ﬁ(X)Z—Ar:((f()) X eE\J , (3.2.50)

and
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Q. () <cE)m®a ()Y — 5 xer. (325D

IJ‘;EqX —xj‘+An(x))

For the rest of this section we assume that s >0, because

otherwise many of statements are vacuous and there is

nothing to prove. For jeH, let j be denote the closest element
to it from H (f there are two such elements, then we take the

bigger one), and denote by I’; the connected component of
O (the closure of O ), that contains x, . Since the

Iinterval I’; contains at most 3s intervals | , then we have from

(3.2.8) that
h, <[t |<@s)h,. (3.2.52)

J J
In order to unified notation we denote if jeH,
j =jand =1,
Now, the following polynomials ?j'nl(x,b,Ys), (j=1,2..,n)

and D_ of degrees<C(s)n,, with n, a natural number which is

divisible by n , and b constant depend on s , were created by
Leviatan and Shevchuk [50], will be useful, and the polynomial

T satisfy the following lemma,

Lny

for b >6(3s+1) and b, =2b -3s 1.
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Lemma .3.2.53. [50]
The following relations hold.

T, (=1, (3.2.54)
=
T (y)=T" (y.)=0,1<i<sand 1<j<n
) 1 0)=T7 () i< (3.2.55)
T, )=0,1<i<s,1<j<nand y el
and
bZ
- A, (x)
T9(x)| < cls) & ,
‘ J'”l( )‘ (Anl(x))q Anl(x)+dist (X,Ij) (3.2.56)

1<j<n,0<g<s+2,and xel,

where b, :%(bl -1).

Now, for Sezk]n , and n, divisible by n , the

polynomial D_ 1is defined as following

D, (x)=D, (x,8):= in(x)?l'j’nl(x,b,YS), (3.2.57)

ny

and let us we denote by
0, := {u €O :[u-@1/2)A (u)u+@/2)A (u)] g5}U(6ﬂ(ll Ui ).

Then, we can obtain the following lemma.

Lemma 3.2.58.
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Let b, =b,-s-2k-6>0, and let A be a proper interval,

for Sezlkn(Ys),thenfor x;txj,Osjsn,and 0<p <w , we have

h’ ‘S”(x)—D” (x)‘ﬁ C(k,s,p)(ak(&A)p +

(A, &)F
A (x)
200 gt i) }

forany 1<v<n suchthat I cA.

Proof:

We fix I < A and let x el be such that
X—X <X  —X (3.2.59)

So by definition of a (S),, we have

k

h

_ v,]
LpoU)‘aUvJ(S)p[hJ |

Whence by virtue of (2.2.3) and (2.2.7), we have for each ¢eN ,

(k.p) h,, )
C ,p v,j
Lp(lu)S au,j(s){ J] ?

P -P
v j

H P(/) _ P(l)

i

h l
and for j=ov,0+1, (3.2.59) and (3.2.4) imply
dist (x,lj.)z%An(x).

Hence, by (3.2.56) combined with (3.2.3) and (3.2.7), we obtain
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<C(k,s,p)a ) hUvJ}kH . . Anl(X) b,
- hy VLN, hu,j(Anl(X))q_r A, (x)+dist (x,lj)

C(k’s’p)a (S) An(X)+diSt (X’Ij)T(kmhj 1
v,]j p

h' A, (x) h_A

q-r+l ) b,—q+r-1
+d|st (x I ) A, +d|st
Clk.s.p),

1 A, (x) :
hr+1 U’j(S)phJ‘ (An (X))q—r An(X){An( )—l—dISt ( ,|j) J

<c(k,s,p)am(s)phJi(An(x))bs[ G )+dllst ] ] " (3.2.60)

:!

where we applied the inequality dist (x, | j)z %An (x)in the fourth

inequality, the inequality

P LI (8.2.61)
1

and (3.2.4) in the last inequality.

So, by virtue of (3.2.54), we can represent
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$'(x)-D" (x):= ([P, (x)- P, ()T e () + 3 (P, 0)- (x))

.“T'j,nl(x))'#l g((pu(x)_pj(x))%j,nl(x))"
L)+ )+ 00

where we write P =P ,if v=n.

1
Now, to estimate ¢ (x), we have, if v=n then ¢ (x)=0,
so that we can assume that v<n , and since se),

q=2,r=0, and I, c A, then immediately it follows from the

Markov type inequality (2.2.7) and the inequalities (3.2.3) and
(3.2.4) that

"o Clk,
PU_PJ'HLp(.U)S (th)

P, _PjHLp(u,))

This in turn implies

a4 HLP(.U) =

also
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Therefore, by the above inequalities and (3.2.56) we obtain

£, (x) < hé(

1
p
hu

T 6+ 2, -2, ) ]

|
v

T o, )]

(Pu - Pu+1 )

[T2n, 0+ [, ) ],

Now, if I c A, then (3.2.62) yields

1

; C(k,s,p)

helg,(x) < (3.2.63)
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i e =y ey
dn A e e ey
<C(k,S,p)a n A (x) [ A (x) by-1
o, 0 B T x J
:C(k,S p)a ( ) L{ An(X)J
A (F Sk ‘XX(\) (3.2.64)
LCls), ) (A6 )"
(8, ) S n, (diSt o \A)j |

It remains only to estimate ¢, and ¢, , it follows from (3.2.60)

that

h"|§ $ ZA: (H(P —P)

){+2H(PU —PJ.)’ ) ?,-',nl(x)(
+H(PU —pJ ) ?J'"l(x)o
=) Clks.p), (s l(An(x))b3h{ L ( I)}

A, (x)+dist (x

< g?l:tls,p)a n P hj

< (An (X))Z k(S)p n, (An( )) ijl%ﬂAn (X)+diS'[ (X,|j)b3+1

cClosp), (g) l{ A, () } } (3.2.65)
(A (x)f NyLA (x)+dist (x,1\VA)

1
We have dist (x, I:):: min {dist (x,1 _)dist (x,1 )}, then similarly

from (3.2.60), we obtain
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o (x) <SSP, n A, (x) ”
h?|g,( 1— (An(X))z (S A)p nl{An(x)erist (X,lZ)]
<C(k,s,p)a
B 0F (5.4),. (3.2.66)

Hence the theorem follows from (3.2.63) through (3.2.66).¢

Lemma 3.2.67.
If s EZk,n , then

|s-p, | <clk.pa,(s),. (3.2.68)

p

Furthermore, if Se}, (Y,)and
s"y.)=0, i=12,..,s, (3.2.69)

then
D" (y.)=0, i=12,..5. (3.2.70)

ny

Proof:
Recalling the definition of D and by virtue of (3.2.54)

we have

p nz
P

n

_n (Pe _Pj)?im

j=1

|s-o.,

P,-D

p
M Lp(lf) /=1

p
L0,)
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p

b,+1
n 1
< h " Clk, (S) —I(A ‘h
=1 |[j=1 ! ( p)a“( )p nl( n(X) J[An(x)-i-dis'[ (X,lj)J o)

p

p b3+1
n 1
<c(k,pFa. (SP[]Sh?>h
( p) ak( )p[n ] ; ¢ = J[AH(X)—i-diSt (X’Ij)j
L, (1)

: (a0 |

= j(An(x)erist (x,lj))k“+l

6,6) [
ﬁ (An(x)+dist (x,l \Ij)) ‘

<Clk.,p)a,()

p 1)
where, we applied (3.2.69) with q =0=r in the first inequality,

we chose b, in Lemma 3.2.53, such that b,p>2 (so
that b,p>2 ) and we used (3.2.4) and (3.2.14) in the third

inequality and used the fact that h ~n7~nh for

J
each i,j=1,2,...,n in the last inequality.
The second part of this lemma was proved by Leviatan
and Shevchuk [50], in the following way:

We fix 1<i<s, and let v be such that y, el . Since P =P for

all 1, c I ,then

07, )= S 7, 0.+ B L O ) 2P )

n

+Py )Y T, ().

. 1
Ijg;I,J
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Now, by virtue of (3.2.55), the first and the second sums are

zero, and since P’(y,)=S"(y,)=0, it follows that the third term

vanishes. ¢

To prove our Theorems 3.2.11 and 3.2.12 we need the following

lemma.

Lemma 3.2.71. [50]
If A is a proper interval, S e Zin (v,) and (3.2.74) holds,

then

o (S):_l[distA(;(,T)\ AJ“ } XA

where we recall T1(x) from (3.2.1).

3.3 Proof of Theorem 3.1.1:
We use the mathematical induction on s - the number of
convexity changes of f and the idea of flipping technique of f ,

which originally introduced by Beatson and Leviatan in [1].

For s=0 (i.e., f is convex in 1), then the theorem is valid

and it was proved by DeVore, Leviatan and Hu [11].
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Thus we will assume that s >1, and it 1s clear that f 1s either

concave or convex in the interval [-1,y,], and each case where

will need a separate through similar construction. We will

detail the construction for the case where f 1s concave
in [-1,y,]. For the sake of simplicity in written we write a =y, .

Now, we may assume that ae[Xx, ,xj_l). Then,

50 50
Y, —a'l+a

if n>N_=max { }, we are assured that X, 5271 and

that x, , <y, . Set h:=cAn(a)<éhj , where ¢ 1is chosen

sufficiently small to guarantee the right inequality. We

observing that this implies

X, 4 <a+2h <a-2h <x,

o1 2

We are going to replace f on the interval [ —h,a+h] In a
way that will keep us near the original function (see g below)
will be smoother at «. As we said above, the case s=0 1s

known and serves as the beginning of the induction process; it
has been proved by DeVore, Leviatan and Hu [11], and in this
case (3.1.2) holds, for all n >2. Thus, we proceed by induction.

To this end, we observe that either A?(f,a)>0

or A? (f,a)<0.
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In the first case, let ¢ (x) be denote the linear function

interpolating f at a—-h and «. Then the function f:=f-/,
satisfies
fla—h)=f(a)=0,f(@+h)>0, and f(x)<0, ~-1<x <a-h.

Hence, for J =[x, %, L], we have,
0

o+’
0<fla+h)<fla+h)-f(a-2h)
=f(a+h)-3f(a)+3f(a+h)-f(a-2h)
= A (f,a).
Now, since f is concave in [-1,o] and it’s convex in [a,y,],
then from Theorem 3.2.23, we have f is continuous on (-1,«)
and (o,y,), and since f(«)=0 which is finite, so f is bounded

on (-1y,), then A3 (f,a) is finite on J. On the other hand, we

have from the definition of ordinary modulus of smoothness

that

H&; ) " <@,(f,h,3), <@,(F,h,3), <C(p)ws(f,h,3),,
then
|8 (.a)| <P v @, (,h,0),
Thus

0<fla+n)<| A a) <p v a(ih,a),.
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Similarly, in the latter case, let 7 (x) be denote the linear

function interpolating f at « and a+h . Then the
function f:=f -/, satisfies
f(a):f(a+h):0,f'(a—h)<0, and f(X)ZO, -1<x<a-h.

Hence, for J =[x, ,,x, ,], we have,
0

0 S—f(a—h)éf(a+2h)+f(a—h)
—F(a+2h)-3F(a +h)+3F(a)-F(a@-h)= A (f,a)

Also

-—

0<|fla—h)|<|A (f.) s|J|’%a)3(f,h,J)p.

Thus 1n both cases we have,
. . . 1
mex {f(a—n)||f(@)]| fla+n)|f<|> @,(Fh,3),
which In turn implies that the quadratic polynomial 7, ,

interpolating f at a—h,a and a+h, 1s bounded by the same

quantity on [a—h,a+h]. This means that

1
1 0,(x)| <[] P a,(fh,d),

gc(zh)%a)g(f,h,J) V x e[a—h,a+h],

p’
SO

” €2||Lp[a-h,a+h] < Cw, (f’ h,J )p ’
then by applying Lemma 3.2.25, we obtain
[22], ,, <Cl)a(fhn,I), (3.3.1)

At the same time applying Whitney’s theorem we conclude that
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[f-2.],  <ch)ay(h,i), (3.3.2)

Ly ()

Hence

|f <C(p)ay(f,h,3), (3.3.3)

Lo ()
Now, since /, is bounded on I, then
HfZ“Lp(Ij)~ | EZHLP(J), Vj=12,..,n, (3.3.4)

and also by virtue of Theorem 3.2.23, we have

w,(f,h,3), ~ @,(f.h.1;) . Vi=12...n (3.3.5)
then by using (3.3.1), (3.3.4) and (3.3.5) we conclude that for
each j=1,2,...,n

1220,y <CONL, o <Cl)es(fh.0), <C(p)as(f.h 1)) .

So, by applying Lemma 3.2.22, we obtain

[£.], sc)af(fn™),

Analogously
[f-¢.] <ch)af(fn?),,
hence
[f] <ce)ogEn™), (3.3.6)
Now, let
(x) = {—;((:)) -1 <OxW< a
and
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] f(x) X ¢[a—h,a+h]
g(x)'_{ mex {¥(x),0 | x e[a—h,a+h].

by virtue of(3.3.6) we have

|t~ Hp <C(p)af(f,n) (3.3.7)

p

Thus, by using Lemma 3.2.21 and the inequalities (3.3.6) and
(3.2.7), we obtain

a)‘/’gn1 <C(p (a)g”(f gn1 +a)‘”(f n™t )
C(p ( ) (3.3.8)
<C(p )p

It is readily that g e Lp(l), that it i1s convex in[-1,y,] and
that it changes convexity at Y., =Y, \{y,}. If, on the other
hand, f was convex in [-1,a] , then g would be concave
in [-1,y,] and change convexity at Y., . Thus in any case g

had fewer convexity changes, so by induction, we may assume

that for n >®, there exists an n th degree polynomial q,

d(s)
which is coconvex with g, and satisfies the analogues of (3.1.2).

Namely (by (3.3.8))

la-a., c6-1p) wf(a.}] sceplof(n].  G39

p p

Note that, since g(a)=0, we may assume that q (x)=0 .
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Als -1)

d(s-1)

definition of A(s). Kopotun [9] has constructed, for «, q,

We fix n >max{ ,Na} readily leads to the

sufficiently large x>2, and for each n like above, two
polynomials v, and W, of degree <C(s)n such that the

polynomial
P, (x):= ([, (W)-a’ @)W, )+ @)W, [)du |

1s coconvex with f , and the following inequalities are
satisfied x eI,

v (x)sgn (x —a)=0,

Vi ()ar(x)a, (x)-a; (@))sgn (x —a)=0,

v, (x)=son (x —a)|<Clsh (3.3.10)
W, (x)-sgn (x —a)| <Cls ), (3.3.11)

and
V! (x)‘s Cih ;. (3.3.12)

Observe that P, (x):=P,(x)+/,(x) is of same degree of P

and it too 1s coconvex with f, so we conclude the induction step

by proving (8.3.2) for P_, and to this end, we begin with
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[t-P,

=l =i e

SC(p)( p)

< C(p)(a)s‘f’[f,%jp +g(x)sgn (x —a)-P, pJ

q,(x)sgn (x —a)

f-g Hp +| g(x)sgn (x —a)-P,

+
p

NJy

sc<p>( o;[1.1] +la-a,

—C(s,p)(E,+E,+E, ),
where we applied (3.3.7) and (3.3.9) in the first and last
Inequality respectively.

Recalling that q (2)=0, integration by parts, (3.3.10) and
(3.3.12) yield
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1+ lay ) @)ae

C(S,p){ j

= C(S’p)(Ez,l +E,, )

To estimate E, , we need estimate E,, and E,,

J

By virtue of (3.3.6), (3.3.7) and (3.3.9),

,<0)(lo-a,l, +[-a], +[],)

< C(s,p)a),j’[f,—]p :

n

E =

2,1

q,
(8.3.13)

Now, to estimate E we separate the cases p >1, from the

22 7
cases 0<p <1, and we reall Jensen’s inequality from[68],

which 1s

b

[ £0x)p () j¢
2 : (3.3.14)

[ p(x)dx I (x )

where @ is convex in interval d <f(x)<e, that d <f(x)<e in
a <x <b, the p(x) is nonnegative and #0, and all the integrals

in the inequality exists.

First: For 1<p <w, since we have ||||p 1s convex, and all

integrals exist, so by applying the Jensen’s inequality (3.3.14)
and (3.2.14), we obtain

1

J

-1

X

= [,

a

‘l" u)du | <

a, () iy ()

p p
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l//l

plo 0

Second: For the other case, fix 0<p <1, since q h* R M(p, ¢),

for some ¢>0, then by choosing (for example q=2) from

Theorem F, it follows that

fa,(uhn Jvi (u)du

< ;

2

c| fa, iy r e

then we use the Jensen’s inequality (3.3.14), to obtain

I |a,

Hence by using Theorem E, in new, we obtain

X

Jla,

a

71 y ,u

X

E,, = jq ()hyi(u)du | <c|a, |, <c)|d, .
a p
Thus, in each case, we have
E22 - (p)EZ,l'
So by virtue (3.3.13)
E, sC(s,p)a)g"(f,%j (3.3.15)
p

Finally, it remains only to estimate E, , to do so, we
notice that q, is convex in [-1y,], then g/ 1s monotone
increasing there. If q/ («)>0, then by mean value theorem, for

some fela,a+h,),

0<q,(@)sq,(f)=—— 2l " _hiiq,(a+h,).
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Then, by (3.2.15), (3.3.10), (3.3.11) and (3.3.13) we have

E =

3

IA
'l_‘l—.la
VR

=

SHENR
o]
S 0~
_

]

+

=

o
S—
'L'—.H
O
w
S x
—
[
N—"

Q.

[
N—

©

o

X

N——
©

Sc(s,p)u q;(a+hj0]pdx jp =C(s.p)

-1

<C(s,p) a);/’(f,n’l)p .

Similarly, if q/(2)<0, then, for some gela-h,,a),

05-q1(a) £ ()~ 222 "u) 0.0

Jo

:hj_olqn(“‘hjo)’

then

E, sC(s,p)a),f(f,lj )
n p

This implies our assertion ¢

3.4 Proof of Theorem 3.1.6:

For s =4, then for each n >3 and A >0, let us we

choose 0<b < % from the condition

2-n’p?

A,
cn’b

where ¢ 1s a positive constant.
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Put

—(xz—bz)2 x| <b
f(x):=
(xz—bz)2 x| >b,
Set the points, y, =-b , v, _ 1 L Ys 1
J3 NE]

is clear that feC'(1)NA*(Y,).

Let P, er1, NA*(Y,), that is, P’ is convex in [-1,b], {
and [b,1], and its concave in [—b,%b} and [%b,b]
Set
Q(x):=(x* ~bf,
and
M_(x):=P (x)+Q(x).
Now, since P’(0)>0, then
M7 (0)+Q7(0)=Pr(0)=0,
SO

M7(0)=-Qr(0)=4b?>0.

-1
J3

Let us make use of S. N. Bernstein’s inequality, to obtain

4b* <My (0)<n?M,|,

hence

4b?
r]2

<M. | <|f =2, ] +[f -Q]

<|f-P,|+2b*,
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band y,=b, then it
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SO

4b?

4
. -2b".

cn
S IF =P, 2[f =P ]2

On the other hand, we have
1
a)(f,n ‘1)p <2° a)(f,n ‘1)
<20(f-Q.n)
<2n”f-Q
4 28
343
<2'n7*27%p°

<2’n7'b?.

<2n b?®

Thus

[ 4b?
n2
-

—-2b*
J_Z—nzb2 ~

Hf—gp _ N
h® cn’b '

) E

2 _

—n

C
>

Hence the proof is complete in this case. Now, for the

other case s >4, we will restrict our definition of f on [_71%}

and we set f(x)=f(1/2), for any x such that [x|> %, and we do
the same thing to Q, in other words we will defining f as the

following

—(xz—bz)2 x| <b
)= Wb bl
2

(l—sz oW,
4
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and

~(x* -p2f X<3
Q(x):= 1 2
(——sz 0.W
4

It is clear that feC(l1) and change it’s convexity at

y..¥,,¥, and y, . Now we take s-4 arbitrary points
satisfying %<y5 <y, <..<y, <1, and regarding f as changing

convexity at these points too, hence f e A*(Y,), and we complete

proof in the similar way as above, this completes the proof of

our theorem.{

3.5 Proof of Theorem 3.1.7 and Theorem 3.1.8:

We begin with the Proof of Theorem 3.1.8:
If k=1, then Theorem 3.1.8, is trivial and there 1is

nothing to prove, since}, ~<II;. Thus we have to show our

assertion for the case k=>2 . To this end, we need the

polynomials 7,'s, j=1,2,...,n -1, which are defined by Leviatan

and Shevchuk [50], as the following:
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Given neN, let G = (XJU’XJ,,) be denote the connected
component of 0=0(n,Y,). For each j=12..n-1, let 7 be
polynomials of degree <c(s)n defined as follows.

a. if jeH, then

7,(x):=7,(x)

where 7, are from Lemma 3.2.17,

b. if j, =0 and 0<j<J , then 7 (x):=0,

c. if 3, =n and j, <j<n,then 7 (x)=(x-x,),

For the other js, which i1s 0<j <j<J <n . We divide

the v's into two groups. Let n_ :=22s(k-1)°n . We say

that veod if there exists an ¢ eH(nh,Y,) such

that 1, . NG, =g, and the interval (x/ X

1 Ju'nl

) contains an

odd number of points y.. Note that if v #0d then the set G

contains an even number, say 2m , of points y,, say

Y. <Y, <Y, ., . Inthis case each two consecutive points
0 0

0

y. ., and vy, v=0,1,..,m -1, must belong to the union of

o+2v+l?

four consecutive intervals, say [x, , X ), hence
+2,n, l,=2,n,

Y

kes, ot boo<ofe Ub, x, ]

It follows by the left-hand side of (3.2.8) that,
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1
3451 ‘ °
nl JU_J
\G
<4s —=2
3 M
n
‘Gu
66(k —1)
1
SW‘GU .

(3.5.1)

We need the polynomials 7, and 7, , however, we note

that j might not be in H. Since 2j is alwaysin H(2n,Y,), in

the case j ¢H, we define =T =T,
always have 2J eH(2n,Y,), in the case
J,eH, sowedefine 7, =7, =7, , . Now,

d.if 0<j <j<Jd,<n and veOd , then we let
7,(x) =1, (x),
e.if 0<j <j<J <n and veOd , then we let
7,(x):= 5er.0(x)+(1—5j)z£wnl(x),

where 5. =0 or =1, 1s to be prescribed.
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Now, we recall the piecewise linear function L that

Iinterpolates S, at the points x,'s, satisfies
1
Is-L, schhg(s. ], (3.5.9)
p

and may be written in the following form

n-1

L(x):= E(x)+Z[xj_l,xj,xj+l;S](x o —XHXX —xj)+,
-1

where /(x) is a linear function and (x —a), ::{

We define the polynomial P of degree<c(s)n, by
n-1

P (x):= é(x)+2[xj_l,xj,xj+l;8](x o —xm)'%j(x).

=l

Firstly, we will show that P e\ (YS) , to this end, we use the

same proof, which Leviatan and Shevchuk have used

Now, we denote
Qj(x):z[xH,xj,xJ.H;S](xm —XH)%J.(X), j=12,..,n -1,
and
P (x)=/(x)+A(x)+B(x)+C(x)+D(x)+E(x),

where

Alx)=2Q,(x)+ >Q, (x),

jeH J,<n

B(x);zioj(x), i -0,

n-1

C(x)::ZQj(x), J =n,

=i,

118



D)= Y $Qx),

veod j=j, +1
J,-1
E(x)==> >Q,x)= XE, (x)
ve0d j=j,+1 ve0d

Since ¢"(x)=0, so z(x)"(x)=0, vVx el.
It 1s important to emphasize that, we either j eH

or j =J , so that indeed all 1<j<n -1 are taken care of. We

have to investigate each case separately.

For case a., that is, if jeH, then by definition of A? (YS) , We

have, 7z{x Jx ,.x,.x,;S]=0. Then by (3.2.18), we get

a(xQ"(x)=7z(x)x . x %, ;;S1(x , —x ., FI(x)=0,

similarly, for 3 <n, z(x)Q" (x)>0, hence

z(x)A"(x)>0, vxel.
For the cases b. and c., we have B(x)and C(x) are linear
functions, so B’"(x)=0and C"(x)=0 , thus #(x)B"(x)=0 and
z(x)C"(x)=0, vx el.

For the case d., that 1s if v #0d , then

J,-1

E, = $Q,0)=7, () T 0x,,x,x,5581 0k, -x )

i, 1 S,
=1, (x)([x X jU+l,xJU;S](x P —xJU)+[x J.U,xJU_l,xJU;S](x . —xJU))
:rj;(x)eu.

In virtue of Lemma 3.2.16, and using (3.5.1), we conclude

ﬂ(XjU)eUZO.
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Hence, (3.2.18) implies

7(x)E"(x) = z(x ) z(x N )7 (x) z(x . Je, (x) L >0, vxel.

lo

It remained only for the case e., which is the case ve0d ,
in this case by definition ve0d ; we have an odd number of
points y. e (xé oo X ), and this means that

72'(x )ﬂ(x i )< 0.

£,.n,

Now, Since in virtue of (3.2.18), we have

! ’n1(X)7Z'(X)7Z'(X[ ,nl)z oand ¢ (x)7z(x)7z(xj )20, wxel.
Therefore the above inequalities implies that
7] () (x)<0, Vxel,

Ny
this means that r;’wnl(x) and 7} (x) have different signs for all
xel . Hence for each j= j, +4,j,+2,..,0 -1, we may
subscribe 5. so that
7(xQI(x)=0, Vxel.
With this choice
7(x)DI(x)=0, vx el.
Thus the above discussion yields that
Z(X)P'(x)=0, Vx el.
Now, we will prove (3.1.9) and (3.1.10), to this: We have,

in virtue of Lemma 3.2.17, the following inequality
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[ —x,)-7,()] <c(s ) w?(x), (3.5.3)
1t 1s well- known that for each j=1,2,...,n -1, we have

H[X X :X,.1:S] Hp <C(p)h’ a)z(S,n ’1) (3.5.4)

p’
and since

D¢ %% iST _Zp‘[x X;X,,:81|.
Then by using the definitions of L and P_, and the ineq-

ualityies (3.2.15), (3.5.2), (3.5.3) and (3.5.4), we obtain

HL - nZl‘[le’ i X i S]‘( )((X_Xj)+ _?j(x)
zl 2,50, ah (Cloh pP(x)
Cfs, p){Zh;za) S,n 1 4h )(h wix) (3.5.5)
o p)1 f s.n7),
Cls.p)@,(s.n ),
hence

s

c<cplls-L], +[L-p,| )<cl.pla,ls.n).
This is the proof of (3.1.9).

Now on the other hand, we have

n-1

(IR IS | REel()))

[x.

j-1? ! J+l ] H

but since S is a continuous pilecewise polynomial of order k,

then
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n-1

H[Xj_l,Xj,XH;S] Hp SC(p)zc(km[xi—l’xi’xi+1;S] HLP(Ii)

i=1
n

<C(k,p)

LN

]

C(k )”[X X X 00S] HLp(IHUIiUIHJ

_

= J—
LN

<c(k,p) h;’e,f8.h 1, UL UL )

=

n-1
<c(k,p)mex h*Y @,8,h 1, UL UL,
-1

N

j=1,.n-1 i+l

So, by using Lemma 3.2.22, we obtain
(3.5.6)

H[xj_l,xj,x h

51|, <Clk.p)max h? w,[s,n),.

j+1;
Then, by the same way as we do in the proof of (3.5.5),

with using (3.5.6) in place of (3.5.4), we can obtain

[L-p,| <Cl.platls.n?) . (3.5.7)

Thus (3.1.10) follows, by using (3.5.2) and (3.5.7).¢

Proof of theorem 3.1.7:

By taking a look at what we presented in the above,
exactly in the proof of (3.1.9). One notices that the purpose
behind the assumption that our function is piecewise
polynomial was in order to apply Lemma 3.2.16, in the

case v¢0Od ; else we need not to that supposition.

Thus for any arbitrary functionf e A (Ys), and a natural
number n big enough such that each component G, contains

an odd number of points of Y , in particular one point, then
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one may get the same result. If f alters convexity just once,

apparently the requirement that each component G contains
an odd number of points of Y , especially one point holds for

all n >1. This proves Theorem. {

3.6 Proof of Theorem 3.1.11 and Theorem 3.1.12:

In order to prove Theorem 3.1.11, it is enough when we
prove Theorem 3.1.12, this by virtue of Lemma 3.2.34,

recalling that we may assume k >3 .

Now, without loss of generality we may assume that
a, (s)<1
and (3.6.1)
a, (s), <1

Now, to prove our assertion, we have only to find a
polynomial P, of degree at most c(s,p)n which is coconvex
with S in the interval |. So by virtue of Lemma 3.2.28, we

have only to show that P, is satisfy

|s-P,|, <Cls.k.p). (3.6.2)

We need some notations and results from [50], we

fix b is too big that b,p>2 and b, >25(s+1), where b,

and b, was defined in Lemma 3.2.53 and 3.2.58, this
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makes C,(k,s) the constant in Lemma 3.2.71, so we

denote ¢, =C,, and we fix an integer c, such that

c, = Max {%,125},
Cl

where c, is the constant from Lemma 3.2.48 .

Without any losing of generality, we may assume that n
is divisible by c,, (i.e., n =Mc,), where this defines M and we
divided | into M intervals

Ey = Xee, X, |= oo, U Ul gagrss » G =1,2,.., M.
We write jeuc (for “Under Control), if there is an x €1,

such that

1S 7()| < 2 (3.6.3)

(&, 6F

We say that q G, if E, contains at least 2k -5 intervals

,» 1f either q eG or there is

l, with jeuC , also we say q €G

a q° eG ,such that

E° NO =4,

q+v

v=01...9°-q ifqgq >q
v=0,-1,..,9 -q if q" <q,

where for any Given A c 1, we have

A= 1, AT = (A°f and  A¥ =(a%),
1,NA%p

Note that if q eG,\G, then ‘q —q*‘SZS ,), thus (3.6.1), (3.6.3),

Lemma 3.2.40 and Lemma 3.2.25 implies
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<c(k,s), qeG,, [50] (3.6.4)

and

<C(k,s,p), qeG,. (3.6.5)

Set

E=E,,

q¢G,

we decompose S into small part and a bigone by setting

sl(x);:{s(;'(x) ’X‘i and s, (x):=S"(x)-s,(x).

and putting

$,(x):=S(- 1)+ (x +1)5'(x)+ [(x —u)s, (u)du |

-1

S,(x):= ]'(x—u)sz(u)du :

|

Now, since S"(x) are well defined for x = x;,j=01..,n,s0
that s, and s, are well defined for x #x,, j=0,1,...,n, hence s,
and S, are well defined everywhere and possess a second
derivative again for x = X, ,j=01..,n. Thus from now and over
whenever we write S! we will mean x #x,j=0,1,...,n.
Itis clear that S, S, Zin (Y,). Thus

S/(x)s(x)=0, xel,and Si(x)s(x)=0, xel.

By using Lemma 3.2.39 and the inequalities (3.6.4) and (3.6.5)

we obtain
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a,(s,)<clk,s), [50]
and

ak(Sl)p <C(k,s,p),

then by virtue of (3.6.1) and the fact that S =S, +S,, we have
a,(s,)<1+C(k,s)<ft+C(k,s)=c,, [50] (3.6.6)
and
a,(s,), <Cp)L+Clk,s,p)=<Clk,s,p)=cs, (3.6.7)

where [d] denote the smallest integer greater than d .

The set E is a union of disjoint intervals F, =[a,.b ],
between any two of which there 1s an interval E with q G, .
We may assume that n >c,c, where ¢, :=max {,,c.}, and we
write (e AG (for “Almost Good’), if F, consists of no more
than c, intervals E,> In particular it consists of no more

than c,c, intervals I Set

F=F,.

1eAG

and let

and
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Put

and

Then evidently

$,.8,e>,.(v,), (3.6.8)

Si(x)s(x)=0, xel, (3.6.9)
and

S"(x)o(x)=0, xel. (3.6.10)

For 7eAG , then from the definitions of S, and S,, the

inequality (3.6.4) implies

K,
S7(x) = Sg(X)‘Sﬁ’ x eF,.
So, by using Lemma 3.2.25, we obtain
C(k,
‘Sg(x)‘gﬁ, xel,

Hence
H (A, (x))zsg(x]‘p <C(k,s,p) .

Then by applying Lemma 3.2.39 we get
a, (S;)<C(k,s), anda,(S,)<C(k,s,p), (3.6.11)

thus, by virtue of (3.6.1), we have
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a,(S,)<h+ck,s)=c,, (3.6.12)
and
a,(S,), <[ck,s,p)]. (3.6.13)
Now, in view of (3.6.8), Theorem 3.1.8 implies the
existence of a polynomial r (x) of degree <C(s)n , which is
coconvex with S, and satisfies

HS3_rn

; gC(k,s,p)a)z“’(Syn’l)p :

By combining this with Lemma 3.2.28 and the inequa-lities in
(3.6.11), we obtain

IS5 -1,], <Clk,s.p). (3.6.14)
On the other hand Leviatan and Shevchuk [50] have
constructed three polynomials Q , ,and M, , such that

Q,1=Clk.s), and |M, | <Clk.s).

and the polynomial R, (x):=D, (x)+c,Q,(x)+M,(x), of degree
<c(s)n <c(s,p)n which is coconvex with S, , and n, is chosen to
be divisible by n ,and greater than nmax {c,,c,}. Such that

IS, —R,[<Clk,s).
Hence, it is clear that the polynomial P, :=r, +R ., have the
same degree of R,, and it’s coconvex with s. Thus it remains

only to show P, satisfies (3.6.2), to this end, we have
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|s-.

)

S4 _Danp +CZ(

<ClNs,-r,], +[s.-R,

e (Is.-rl, +

<C(k,s,p),

IA

Q,

+1Q.,

J)

where we used Lemma 3.2.67 and the inequalities (2.2.3),

(8.6.13) and (3.6.14).

p

Thus we proved our assertion, for n >c, divisible by c,.

For all other n's Theorem 3.2.12 follows by the inclusion

Y)Y, (¥).0
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Chapter Two

Approximation by Some Piecewise Linear

Functions.

In this chapter we approximate a function felL (1), by

some piecewise linear functions which are introduced by
DeVore and Yu [15] and Zoltan [67], using a special partition of
the interval I, and we shall obtain global estimates using the

second order of the Ditzian — Totik modulus of smoothness.

2.1 Introduction and Main Results

Let <5, > be a sequence such that 6, =5, (k=12,.,n)

and n?=5 <6 << <6, <c N’

n n-1

! Moreover,

let<x, > ‘-1=x_ <x  <--<x, 6 <li=x_be a partition of

-n -n+1 n+l1
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the interval I, and 1, :=[x_,x, ], each 1 has the following
properties:
@ c,5, <1 |<c,5,, (k=-n,-n+1,..,n-2,n-1),
(i1) For any uel,, (k=—n+1,...,n -2 ), we have
1, ]<en olu),
where the value of ¢ may vary with each occurrence.

The existence of <g >  and <x, >, 1s guaranteed by

DeVore and Yu [15]. We are interested in such app-roximation
because its significance in polynomial approximations, as we
have presented in section 1.4.

First we approximate a function feL (1), by the
piecewise linear function S f, which is introduced by DeVore
and Yu [15], and interpolate f at the points x,

(k ==n,-n +1,...,n =1,n ), defined as follows

-n+1 _X‘ f(X_n) +

-n+1 -n

L XX +‘x
(5. f)(x):= 25

& X, —X
+ Z %[Xk—l’x |<+1’|t |lf(xk)+

k=-n+1

X —xn_1+‘x -X
2(Xn _Xn—l)

where the notation [x

+ =(x ) vxel,

|t - x|1 means that the divided

k 1’ k+l’

difference is applied on the variable t.

45



It should be noted that for any xel,

K=-n,—n+1..,n-1n

X Xk f(xk+1)7 (2.1.1)
X X

(8, F)00= S E T x, )+

k+1 k k+1 k

and S :L (I)-L (I) is a positive linear operator, that is,

S preserves the positivity of f.

n

Our first achievement is the following:

Theorem 2.1.2.

For n>2, P eIl and 0<p <« we have

[f-s,f], sC(p)a)Z‘/’(f,%j .
p

In the next, we approximate feL (I)by a new piecewise

linear function U f , defined by Zoltan [67], as
X =X +x x| =l oX,  —X
U f)(x)=—"% —nd f(x_ )+ “ked Tk
( ) Z(X -n+1 _X—n ) k=Z”:+l 2

.[xkfl,xk,xk+l;|t —x|]‘.(f(xk +n7p(x ) —f(x ) +f(x, —ny(p(x)))+

X —-X +‘X—Xn

‘l‘f(xn) vxel,

n-1

Z(Xn _Xn—l)

+

2

where y>1 such that ¢ 5 =cn”>n"".
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However, the well-definedness of U f follows from the

following inequalities [67]

X < xfnﬂ—n’ygo(xfnﬂ) <X o (2.1.3)
x, < x +n7gx, ) <x,_, (k=-n+l-n+2..,n-1), (2.1.4)
and

X, < x, -n7gx,_) <x, (k=-n+2-n+3,..,n). (2.1.5)

The operator U :L (1)—L (1)is linear which preserves

the linear functions, and interpolates f at end points of the

interval I. Furthermore, U f 1s positive, for any positive and

convex fel (1).

Our second main result is:

Theorem 2.1.6.
For feL (1),0<p < and n >2, then

1
[f-U,f], < C(p)wg’(f,ﬁj .
p

Our next piecewise linear function is V f , which 1s

introduced by Zoltan [67], for continuous functions, but here

we define Vv f, for any feL (1) with p>1, and it is well
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known that L <L, for p>1, then for felL (1) with p>1, the

piecewise linear function V_ f defined as follows

X +C 10, Xy

X-x,_ 1
'[f(u)du s +1_)"(k — f(u)du ,

ok k 17K X1 €16

Xeag—X 1

(V F)(x) = —k=

X ~ Xy Clé‘k

if x, <x <x,,(k=-n,—n+1,...,n -1) and (V f)(x, )=f(x,),

k+1?

(k =-Nn,—n +1,...,n).

It follows directly from the following theorem [59], that

the above definition of V_ f 1is well — defined

Theorem 2.1.7.

A function f 1is lebesgue integrable if and only if |f|

lebesgue integrable.

It must be noticed that V  1s a linear, positive operator

from L (1) into L (1) with 1<p <o, but whenever defined on

L_(1), its codomain will be the space of all bounded

measurable function, since V f need not to be continuous in
the case f does, and this is the main difference between S f

and V_f. Moreover V f inter-polate f at all of the point x,,

(k=-n,-n+1,...,n) as S_f does, and it preserves the positivity
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of f. Furthermore, V,e, =¢, and Ve, :=e, +0(n*) [67], where
e, and e, denote the constant and identity functions

0

respectively.
Our next achievement is:

Theorem 2.1.8.

Let felL () with 1<p <wand n >r>2, then

p
0

nt H®
|-V, T < C(r)(a)f"(f,n‘l) +% | wdt +E0(f)pj :

As an immediate consequence of the above theorems we

have the following corollary

Corollary 2.1.9.

Forany felL (I) with 1<p < and n >2, we have

1" @f(f,1)
r-vatl, <[ 2T ke age], |

The proof of the above corollary is follows from the

property ( d ) and the fact that, for 1<p<w , we
have ?(f,t), eL (1), and t?w?(f,t), is a nonincreasing

function with respect to t on [0,n7] then
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t2@?(f,t), >n’@’({fn "), vte[o,n?], and so by integrating

both sides with respect to t on [0,n "], we obtain

p

117 O, :
F! @7(f.t), dt > wf(f,n),.0

2.2 Auxiliary Lemmas

For the proof of our results we need the following Lemma,

which proved in [13] for the case 0<p <1, and in [19] for the

other cases (i.e., for 1<p <).

Lemma 2.2.1.

For E_(f), with 0<p <o we have

p

E,(f), <C(r, p)a)(/’(fn 1)p , vV n>r.

We recall several well known facts about algebraic
polynomials which will be used in the sequel. The first lemma
1s merely the equivalence of norms on a finite dimensional
space and well known Markov’s and Bernstein’s type

inequality (for example see [5], [17], [18], [19], [41] and [42]).
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Lemma 2.2.2.

For any polynomial q, €Il, and any interval JclI

1
quHLp(J)s|J|qukHLx(J),0<p < oo, (2.2.3)
-1
f,, =ckP)l T, - 0<p <, .24
ar ], <2k*3[a,], , (2.2.5)
q . Lp(J)sc(p)k2||qk||Lp(J), 0<p <o, (2.2.6)
for 0<r <k , 0<p <ow and ¢(x):=+/[L —x?
1
‘qg) J Sc(k,r,p)|J|_r_5quHLp(J)’ (2.2.7)
and
o'ql” : <c(r,p)k’ qup. (2.2.8)
Finally, we will prove the following useful lemmas.
Lemma 2.2.9.
If feL (1),0<p <o, reN; and n >2, then
for k =—n+1,-n+2,..,n -2 we have
o, (f.)1 1), < c(r,p)a)ﬁ”(f,%,lkj ] (2.2.10)
p
and for k =-n,n -1
o, (f.]1,].1,), < C(r,p)d)f’(f,%} . (2.2.11)
p
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Proof:
For k =—n +1,-n +2,...,n -2, we have, from the property (i)

of our partition, that |I_|<cn ¢(x), v xel, , then

o, (f’“ k ‘ b )p ::08<thE)|kH A, (f.x) HLp(lk)

< Sup )H A’ (f,x)

1

0<h <cn “*p(x Lp(lk)

A f, x
*W(X)( ) L,0,)

:a)r(”(f,cn ‘1,Ik)ID gc(r,p)a)r(”(f,n‘l,lk)p .

= Sup

O<h<cn ™

1

Since if k =-n,n -1, then by property () of |I,| and 5ksci2
n

1
we have |l |~— Vv n =22, hence
n

o, (f.]1 1), <c(rp) e, (fn21,),
sC(r,p)a)r“’(f,n‘Z)p
sC(r,p)a)r"’(f,n’l)

p H

where we applied (3) in the third inequality. ¢

Lemma 2.2.12.

For n>2, P eIl _and 1<p <wx, we have
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| VP, |, <C [P, |, (2.2.13)

and
[P, =V, P, | <C[ 2] Py | +— o7 P (2.2.14)
n ntn llp = n n lip n2 4 n ol . /N
Proof:
For any k =-n,-n +1,...,n -1, we have
X +C, 0,

v | = | JeatX 1 (u)du =+

) Xy =X, €0, X, "

N P (u)du
X, .4~ X, C,0 X, 1 €,5, L(1,)
X, +C,0, kst
S||Xk+1_x 1 Pn(u)|du + X% ! I n(u)|du
1 X +C, 8, 1 X+
< P(u)du + P, (u)du
C15k X‘[ " X C15k XJ; ’ )( L, ()
1 X\ 4,8, Xy +C 10,
*to P, (u)}du P ()
17k Xy Lp(lk) Xk Lp(lk)

Il
[N
—_—
AN
+
N
~—~—

Now, to estimate & and &, we apply property () of

our partition and the folder’s inequality to obtain
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K+ 1
51 < J.Pn(uldu < ‘Ik‘p Pn L, (1)
*k Ly (1)
< &é P where q isthe conjugate
< I "l 007 | exponent  to p
< (c,5)|P, LG, )

By the same way we obtain

Thus

(2.2.15)

then

Thus the proof of (2.2.13) is complete.
Now, to the prove of (2.2.14), we need the following
inequalities [67], which are direct consequences of the

properties (i) and (i), for xel,, (k =-n+1,-n +2,...,n =2)
—%(xk =i +%(Xk +c,8, —-xJ| <c,8.]1,|<cc,d, o) : (2.2.16)

n

and
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—%(xk+1 ~xf +=(x ., —c,8 —x)|<cc.s, M, (2.2.17)

for x, <u<x,

(x, —uy Sc(pn—(zu) and (x,, -uf <c ¢n(u), (2.2.18)

for x, <x <u<x, +c, 5 <X, OF X, <X, +C, 5, <U<X<X,,

(x, +c,8, —uf <c? () (2.2.19)

and for x, <x <u <x, +¢, 6, <X, , OF X, <X, +C 5, SU<X<X,,

i (ZU)

(2.2.20)

(x.,-c,6, -uf <c
Now, by simple computation we can show, for a <b
[P, @)-7, @] <f(o-u)p; )y
and a (2.2.21)
[P, @)-7, @)]du < [(6 - )P ()i

a

D e T

D e T

By partial integration and using (2.2.21), we obtain

P, (x)-(V,P Jx)| <

Riog 7 L {‘_1( k_u)z+%(xk+cl6k_u)z

X — Xy C15k 2

P! (x)
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1 X 1Xk+cl§k .
+EX.[(u—xk)2‘Pr:’(u)‘du +s ;[(xk+c15k—u)2 Pn(u)'du}

e A b ed b | ) 2222

X ~ Xy C15k

X 1Xk+1
+% I(Xk+1_cl5k _U)2 P,:’(U)‘du +E J.(Xk+l_u)2 Pr:'(uXdu }

Xy 17C10y X

Then by using the above inequalities (2.2.16) — (2.2.20),
and (2.2.22) with the fact that,

Vxel ,and (k=-n+1-n+2,..,n-1)
X —X X-X (2.2.23)

0< ks k<1,

X =X Xy =Xy

we obtain

‘Pn(x)—(VnPn)(x)‘s

1% M), 1t o)
+2 ‘X[ ¢ P"(u ) du EXk1IC15kc v P"(u)|du
1Xk+1 @2(U) ,
+ ! = P’(u) du }
since
X +C 16y
) ‘e J if x, <x<x, +c,6, .
J + < );k <2
X * 2'[ if X, +c, 0, <X <X, X

and
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) Tl if x, —c,6, <x<x,, )
[ ole ] = e <2,
X ~Cr% * 2 j if x, <x<x,, -C0, X
then
P, (x)-(V,P fx)| < Z—C[ S, o) le(pz ‘du}
n n n - C 5 b
17k
whence
2c | C,9, ,
" Lp('k)S C15k [lTkH(pP J.(D ‘dX ) (I )J
2c (c,0 1
SCl5k ( lnk Lp(lk)+n_2E1j'

To estimate E, we will use the similar proof, as we used
to estimate & above, we obtain

E <C5H(pP"

L)
Thus

o)

j. (2.2.24)
L,00,)

1 .
n )T o s P Lp(,k)"'F(Czék)H(PZPn

+n? H goz Pr:’

<C ( n‘lquPr: L)

Now, for 1, we have the following inequality [67]
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‘Pn(x)—(VnPn)(x)‘g
XXnﬂ_—XX {Ci X“+f1§n(i‘Pé(V)‘dV}+ ].‘PI:(U)‘duJ

-n+1 17 -n X_p
:nrrl

X _X . l X—n+l >(7n+1
L J 1]
X—n +1 _X—n Cl5—n X _n,.1—C10_, X

u

X

Pr:(v)‘dv]+ Pn’(u)‘duJ

Pn - Vn Pn

L0,) ™

By using similar proof, once to E, and twice times

toE, and E,, as we estimated & , we obtain

EZ S (C25—n) Pr: '-p(Ln),

E3 < (C25—n )2 Pr: '-p(kn)’
and

E4 < (C26—n )2 Pn Lp(l_n)’
then
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! l !
Pn_VnPn Lp(l_n)S(CZé‘_n) Pn Lp(|-n)+C5 (2((:25—n)2 Pn Lp(|_n))
1 19, (2.2.25)
<CSIBl )
Analogously
1.,
A A R e L NS (2.2.26)
Hence vk =—n,-n +1,...,n -1
P -V P <c| iyp +iH¢ZP" (2.2.27)
n ntnlle ()T n ) g2 R (R o
then
1
n-1 D P
P -VP = P -VP
n non lip (k_—n n nn Lp(lk)j

1
Pp
Lp(lk) n2 n Lp(lk)j J .

S(nl Cp (l‘
k=-n n

P,

Now, since

1 ' 1 2 pn P 1 ' 1 2 pr p
(; L e L Lp<.k>j S(Zmax (H‘ Bl pzle’® Lpuk)D
1 p 1 2 P

_ p = ’ - 14
2" max (np Pn L, () n2° H P“ Lp(lk)j

1 p 1 2 p

p ’ "
<2 [n_rn P Lp(lk)+n_2pH P Lp(lk)j'

SO

| =

Pn - Vﬂ Pn

n-1 1 1
PP = _
pS (k—n2C (np Lp(lk)+n2p an "

p n P P
N D
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2.3 Proof of Theorem 2.1.2:

From (2.1.1) we have

(Snfxx)_f(x)::(xkﬂ _X)(X _Xk)[xk’X’Xk+l’f]!
vxel,and k=-n,-n+1,..,n-1

Then by using Lemma 2.2.10, we obtain

1

n-1 D E
(i)

Hf—Sf

n

1

:(knz_ln H(xk+l—x)(x—xk)[xk,x,xk+1;f] H'ip(lk)]p
s(::nc (\l\l)"j
:C(p)(a)( L+ kzn:+a)(\|\|)°+

raf, |nl,|nl)2)'i
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2.4 Proof of Theorem 2.1.6:

Form the definition of U f and S f for any feL (1)

with 0 <p <o, we have

For x e (.
(U fYx)-(S fx):=
i e robe, 2t Jetbe,n b)) Y
forxel,,(k=-n+1,-n+2,..,n-2)
(U f)x)-(S f)x):=
%(f(xk +n’7go(xk))— 2f(xk)+f(xk —n’ygo(xk)))+ (2.4.2)
o I (el o Tl 21, ) o, -0 el )

and for x el
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(U anX)—(SanX) =
xn_—x (flx  +n7p(x )-2f(x. )+t  —n7px ) (2.4.3)

n n-1

On the other hand, by definition of Ditzian- Totik modulus
of smoothness, and using the inequalities (2.1.3), (2.1.4), (2.1.6),
(2.2.23), and the above identities, we obtain
|u f-s f HLp(I t

XX f()(in+1 +n _7¢(X7n+1))—2f(xfn+l)+f(X,rHl —n _y¢(xfn+1)]

X—n+l _X—n

< f(x TN —yq)(x -n +1))_ Zf(x -n +1)+ f(X el _7¢(x -n +1)}

< AZ -7 7“1)(1:’ X—n+1)

07 olx

1
Lp(l—nulfnﬂ)

since Vxel Ul by virtue of properties of 5, and the

-n+1 ?

property (1) of our partition, we have

-1

\x —x\s\l Ul .,

) nlchcn

—+

-n+l -n+l -n

Thus |x , —x| :O(n'l), s0 ¢(x 7n+1)z o (x).
Then

|Uf=s,fl , =cf)

N ( )(f,x)

n 7 p(x

Lp(l—n Ulfrwl)

< c(p)a)f(f,n’y I Ul M)

(2.4.4)
< c(p)a)g’(f,n Ul M)
Using the same technique, we can obtain
Lp(lk)gc(p)a)éo(f’n_l’lklUIk U|k+l)p’ (2.4.5)

K=-n+1-n+2,....,n —2,
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and

Ju.f-s. ], <c@)ogfn™1,,Ul,), . (2.4.6)

Now, VK =-n +1,—-n +2,...,n —2, we have

a)z(p(f,n‘l,lk_lLJIkUIkl) =Sup HA (%) dx
O<hsn™y Ul U,
=OSthr>] HA f x)( dx +”A f x)( dx + HA )( dx]
<OS:I[?] ”A f x)( dx +oS|:Jp ”A j dx +
+0§?31.£1‘A2“w<x>(f’x)1pd>‘}
< Zl“ @?[fn 1, )Z , (2.4.7)
i=-1
hence
1

|u,f-s,f| :( kzfn\unf—snf Lo ]”

63



1
<c(p a)‘/’(f n‘l);+a)’/’ fon nUZI T
- 2\ 20 S, (2.4.8)
Sc(p)a)g’(f,n‘l)p.
Then, by using (2.4.8) and Theorem 2.1.2, we obtain the

conclusion of our theorem. ¢

2.5 Proof of Theorem 2.1.8:

Let P be the best ntt degree polynomial

n

approximation to f , then we may write f=P +Z(P2i+ln —Pzin) ,
i=0

and recalling that for m <n , |P -P, Hp <2 E_(f), [19]. Then by

using the linear property of operator V_ , (2.2.13) and Lemma

2.2.1, we have

+

v P —P
n"n n

vt <], .

vSh,. )

p
p

E(PZ'“n _PZ'n)
SC(r{a):D(f, n_l)P +HVnPn _Pan +i Pz”ln _P2in j
<c)(m, + 1, +7,)

To estimate 77, we have from our assumption, Lemma

sC(r)a)f”(f, n’l)p +

v P —Pan +C

(2.5.1)

p

2.2.1, and the fact that L, cL,
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sC(r)%iZina)f[f,.ij (2.5.2)

Now, let P, denotes the best Ot degree of polynomial

approximation to f . Then by using (2.2.24) and (2.2.8), we

o)

¢2 (Pn - Po )”

have vk =-n+1,-n+2,...,n -2

Pn - Vn Pn

wn%H o'F]

1 !
<c(on

L0

SC(%Hgo(Pn—PO),

L, (1

)

Lp(lk)+uf-p0HLp(lk)), (2.5.3)

L) N

<C

p-pl =c(lf-m,

and for k =-n,n -1 then by using (2.2.25), (2.2.26) and (2.2.6)

we obtain

1, 1 '
” Pn _VnPn|||_p(|k)£Cn_2”Pn ||Lp(lk) _Cn_2 (Pn _PO) L, (1) (254)

<c|p, ~ |, =clt-P ], +I =Pl )

Hence by virtue of (2.5.3) and (2.5.4), we have

n-1 p %
772 = Z‘ VnPn _Pn
k Lp(lk)

=-n

L

n-1 P \p
<[ Zeit-rl nl) ]

k=-n
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1

=ty j}

<cmf P +|f-n) ) (2.5.5)

IA

o5 2
c(l-
c(r)(aﬁ’(f n ) +Eo(f)p).

Then, in virtue of (2.5.1), (2.5.2) and (2.5.5) we obtain the

IA

assertion of theorem.
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Future Works

Our strategy for future is to answer the some problems
which remained unanswered, among them.

What about the estimate (3.1.5) in the cases s =2,3, that
is, if feL (1) with 1<p <e and have two or three convexity
change points?While we known that Leviatan and Shevchuk in
[50] were proved that (3.1.5) holds, for a general continuous

function that has more than one inflection points. The same

question still holds for the case 0 <p <1 and s >1.
Can we improve Theorem 3.1.7? In other words,(s it

possible to replace @w, by @, in Theorem 3.1.7 with the
constants remaining as there?), with this, we want to
approximate an arbitrary function from L (1), quasi-norm

spaces with 0<p <« that changes convexity finitely many

times 1n the interval, by an appropriate coconvex piece-wise
polynomial which in turn, by virtue of Theorem 3.1.11, will be

approximated by a coconvex polynomial.
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