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Abstract 

 

Sometimes one may desire to approximate a function 

f defined on a finite interval (for example ]1,1[ ), subject to the 

conservation of so called shape properties (positivity, 

monotonicity and convexity). 

  Our first contribution is that we have approximated a 

function from a space ,1,1][L
p
   p0 ,  by a number of 

piecewise linear functions and we have obtained global 

estimate of each of them using the second order of Ditzian – 

Totik  modulus of smoothness 
2

. Furthermore, these 

piecewise linear functions preserves the positivity of the 

function. 

 We have also proved the rate of coconvex approximation 

in the ]1,1[L
p
 - spaces with  p0 , in terms of 

smoothness 
3

, where the constants involved depend on the 

location of the points of change of convexity. We have thus 

filled up a gap due to the uncertainty between previously 

known estimates involving 
2

 and the impossibility of having 

such estimates involving
4

 . 
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 We have constructed a negative theorem that we could 

not have any Jackson-type estimates for some cases where the 

constants involved independent of the points of convexity 

change which emphasize the essentiality of this dependency in 

some cases. We also proved that in some cases the constants 

may be taken independent of the location of convexity change 

points. But mostly, we obtained such estimates for functions of 

that themselves are continuous piecewise polynomials on the 

Chebyshev partition, which form a single polynomial in a small 

neighborhood of each point of change of convexity. These 

estimates involved the kth Ditzian – Totik modulus of 

smoothness 
k

 of the piecewise polynomials when they 

themselves are of order k . 



  

  

  صصللََخخْْستَستَالُمالُم

  

 ك التقريبب حافاباً  بحيث يكون ذل، Iمعرفة على الفترة مابتقريب دالة  نرغب أحياناً 

 أن يكون تقريب دالبةٍ  نحتاج الأحيانفي بعض  أخرى شكلية لتلك الدالة. بعبارةٍلبعض الخواص ال

منها. هذا  ءٍاجزأفي  أو Iكل الفترةفي محدبة  أو رتيبة موجبة، ن تكونأ،  كلخواصها ما حافااً

  .الحافظ للشكل بالتقريبه ما نسمي

بعبض المعلومبا     أن نهيئَ . و من اجلِالتقريب عن ناريةِ ناأذهانِفي  متكاملةٍ صورةٍ لرسمِ 

الناريبة   تطبيقبا  تلبك   بعضِ استذكرتا ،اًوضوح أكثرَ العملُ صبحَحتى يُها التي نحتاجُ الأساسيةِ

واهم النتائج المعروفة التي لهبا عقةبة ضوضبو      الأساسيةإلى بعض التعاربف و المعلوما   بالإضافةِ

 البحث.

  ضبباءفي الف fتقريببب الدالببة  حصببلنا عليهببا في هببذا العمببل هبب النتببائج الببتي  إن أولَ

 1,1L
p
  لكل p0 و حصلنا على  الموجبة بعض الدوال متقطعة الخطية باستخدام

نعومة لدوال بدلالة مقياس الا لتلكلدرجة التقريب نتيجة مباشرة 
2

 . 

 للببدوال في فضبباء ، الدالببةتحببد  لببت    كببذلك ةمنببا باسببتخراج رتبببة التقريببب الحببافظ

 1,1L
p
و p0 بدلالة المقياس

3
النقبا  البتي    ددعمضروباً بثابت يعتمد على  

موةب  النقبا  البتي     أكبر أة تساوي ثاببت أخبر يعتمبد علبى      (n، لكل ) الدالة تحد  فيهات   



بببا التخمينبباِ  المعروفببةِ سببابقاً   هببذا الفببرا َ بهببذنح نحببن غَلقنَببا  و . تحببد  الدالببة فيهببات  

استخدامب
2

باسبتخدام  التخمينبا ِ  نِحوإستحالةِ إمبتِق  مثبل هبذ    
4

. ضبرورية   لتأكيبد و ل

ت   فبها تحد  الدلبة، برهننبا أنبه في بعبض      التيالنقا    موة الثابتان على الإعتماد واحد من 

، بشبر  ان هبذان   وال حتبى بدلالبة   الحالا  لايمكننا الحصول على مبرهنةمباشرة لتلك البد 

التي ت   فيها تحد  الدالة. كمبا برهننبا في بعبض الحبالا       الثابتان لايعتمدان على موة  النقا 

. أخرى انه يمكن اخذ الثابتان بحيث لايعتمدان  على موة  النقا  التي ت   فبهبا تحبد  الدالبة   

متعبددا  الحبدود المسبتمرة     أنفسبهم  التيدوال لتلك اهذنح التخميناِ  صلنَا على مثل حَ اًلكن غالب

ةطعياً على تجزئة شيفيشيف بدلالة مقياس النعومة
k

. 



 

 

 بـــوخــــــــــــتـة

 

اسة كراوة لةسةر ماوةيةكى ن، كة ثيَ كات دةويستريتَ نةخشةيةك نزيك بكريتَةوة هةندآ 

ة كؤتادار  )، بة مةرجى ثاراستنى تايبةتمةنديةكانى شيَوةى نةخشةكة وةك(]1,1[)بؤ نمون

Positivity ،Monotonicity     وةConvexity .) 

L]1,1[-يةكانىبؤشايىوةية كة هةر نةخشةيةكى  ناو ان ئةيةكةم بةدةستهينَانم 
p
 

(Spaces]1,1[L
p

نزيك دةكةينةوة  بة ذمارةيةك لة نةخشةى هيلَىَ ثارضة ثارضة ) 

(Piecewise Linear Function وة هةر يةكةشيان دةخةمليَنَرآ بة ،) ثيوَانةى لووسى
2

 .

 (Positivityثارضانة ثاريزَطارى لة ) اتر، هةريةكة لةو نةخشة هيلَىَية ثارضةلةوةش زي

 نةخشةكان دةكةن.

 Coconvexكردنةوةى فرةرِادةدارى قوثاوى هاةبةش ) سةلماندومانة رِيذَةى نزيك 

Polynomial Approximation) 1,1[-لة ناو بؤشايىيةكانى[L
p
  بؤ  p0،  َدةتوانريت

بثيَوريتَ بة 

3

لـــــيكَدانى نةطؤرِيكَ كة بةندة لةسةر ذمارةى ئةو خالآنةى كة طؤرِانى قوثاوى  

(يكَ كة طةورةتر و يةكسانة لة نةطؤرِيكَى دى، كة بةندة n، بؤ هةر)نةخشةكةى تيا رِوودةدات

. بةمةش توانيمان ئةو نةخشةكةى تيا رِوودةدات كة طؤرِانى قوثاوى لآنةىخا ئةو لةسةر شوينَى

نزيك كردنةوةى فرةرِادةدارى هاوبةش كةلةبةرة دابخةين كة هةبوو لة نيوَان توانينى خةملآندنى 

بة
2

وة مةحالأبوونى بوونى ئةو خةملآندنانة بة 
4

 . 

نةى خالآ ئةو لةسةر شوينَى رِانةى بةند بوونى يةكيكَ لةو نةطؤبؤ دلَنيابوون لةسةر ثيوَيست 

نمان  اــ، تيؤريكَى سلبيمان دروست كردووة و تيايدا ثيشكة طؤرِانى قوثاوى نةخشةكةى تيا رِووداوة

بؤ ئةم داوة كة هةرطيز ناطونجآ لة هةندآ حالَةتدا خةملآندنى جؤرى جاكسؤن بةدةست بهينَريتَ 

طؤرِانى كانى ةوة، بة مةرجآ ئةو نةطؤرِانةى هةن بةند نةبن لةسةر شوينَى خالَ جؤرة لة نزيك كردنة

بةلكَو بةند بن لةسةر ذمارةيان. لة هةمان كاتدا سةلماندوومانة كة دةتوانرآلة  قوثاوى نةخشةكة،



طؤرِانى  آ حالةَتى ديدا، ئةو نةطؤرِانة وةربطيرينَ بآئةوةى بةندبن لةسةر شويَنى خالَةكانىدهةن

. بةلآم زؤرينةى ئةم جؤرة خةملآندنانةمان بةدةست هينَاوة بؤ ئةو نةخشانةى كة ثاوى نةخشةكةقو

ن ( Continuous Piecewise Polynomial) خؤيان فرةرِادةدارى بةردةوامى ثارضة ثارضة

وة لة تةنها فرةرِادةداريكَ ثيكَهاتوون لة  (، Chebyshev Partitionلةسةر بةش بةشى ضيبايشيظ)

ئةو  طؤرِانى قوثاوى نةخشةكة،(خالَةكانى Small Neighborhoodآيةكى بضووكى )  دراوس

توتيك –ثيوَانةى لووسى لة جؤرى ديتيزيان  ةم(kخةملآندنانةش خةملَيَنراون بة )
k

، بؤ ئةو 

1kدةرةجةيان ) خؤيان  فرةرِادةدارة ثارضة ثارضانة كة   .ة) 
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Chapter One 

 

Introduction and Preliminaries 

 

 

1.1   Approximations Theory and Overview 

  

      Our interest in approximation theory stems from its 

beauty, its utility, and its rich history. There are also many 

connections that can be drawn to questions in both classical 

and modern analysis. 

 The main problem of approximation consists in finding 

for a complicated f  function from a large space X  a close – by, 

a simple function   from a small subset   of X . There are 

three elements here. The large space X  is usually a normed 

space, such as C , pL  with  po  or one of the other Banach 

spaces of functions. The distance from   to f  can be measured 

by f  in X . Finally, we have to define the special functions 

of  .  



 

 

 2 

        There are many possibilities, but the following three are 

basic in the theory. For functions on a compact interval ]b,a[ , 

one often chooses n:   to be the space of all algebraic 

polynomials n of degree n , 

  



n

0k

i

in xa:x ,  

where s'a
i

 are constants independent of x . 

For the T (which we will usually understand to be   

with the identifications of modulo 2 ), natural is the class n  

of trigonometric polynomials of degree n , 

   



n

1j
jj

0

n
jxsinbjxcosa

2

a
:xT , 

where 
j

a and s'b
j

 are real constants independent of the 

variable x . 

Finally, the third important class is the piecewise 

polynomials; especially splines: 

 

Definition (A).[14] A function ]b,a[:S is a piecewise 

polynomial of degree n (or equivalently of order 1n  ), if there 

exists a partition of the interval ]b,a[ , such that S  is a 

polynomial of degree n , on each interval of these partition, 

and the end points of these subintervals are called the 

breakpoints (or knots) of S . However, a piecewise 
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polynomial S  is said to be a spline of degree n , 

if  1n
S,...,S,S,S

 are all continuous on ]b,a[ , where    is the 

set of all real number. 

 

 A complete theory of approximation was formed based on 

the result of S. N. Bernstein and D. Jackson that became the 

main part of the report presented by S. N. Bernstein at 

International Mathematics Congress in Cambridge [2]. Which 

are them results are so called Direct and Inverse theorems. 

The second is returned to the Ph.D dissertation of a great 

mathematician S. N. Bernstein [3], in which he proved (if we 

have a certain degree of approximation of a function, then the 

function possesses a certain smoothness).  The first is returned 

to the American mathematician D. Jackson [30], in which he 

proved a series of theorems that are converse to Bernstein 

theorems. 

 There are many important applications of approximation 

theory, as it was begun itself by application, by the Great 

Russian scientist P. L. Chebyshev, and he said about the 

relationship between a mathematical theory and its 

applications illustrate quite clearly not just the source of 

creativity, but also scientific and philosophical positions. In 

this work, we give some of it’s applications in mathematics, 

which are: 
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(i) Solving algebraic equations. In the memoir [9], there are 

about ten theorems (6-10, 15-19) that are derived from the 

basic propositions on best approximation. These theorems 

state that, under certain conditions the polynomial of interest 

has at least one zero in some interval. The length of the 

interval depends on the one hand, on the value of the 

polynomial at the center of the interval, on the other hand, on 

specific assumption on the coefficients or on the zeros of the 

polynomial. For example theorem 10 states that: if the 

polynomial   k...xx
1n2


  does not contain any even power 

of x , then it has at least one zero in interval
1n2

1

2

k
2x
















 . Let 

us also formulate theorem 9 which uses a different assumption: 

if a polynomial  x of degree n  with leading coefficient equal 

to one, and has only real roots, then for any t  there is a real 

root in the interval
  n

1

4

t
4tx 







 
 . Later in his 1872 memoir, 

using a result on monotone polynomials, Chebyshev narrowed 

the interval by replacing with
 

 

n

1

1n2

t
4tx 















.               (A 

further improvement of this result is due to A. A. Markove 

[52]). 

(ii) Interpolation (remainder estimate). To minimize the 

error in the Lagrange interpolation formula, Chebyshev 
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suggests taking the nodes of the interpolation (say in the 

interval  1,1 ) to be the zero of the 

polynomial     xarccosncosxT
n

 , since for a given 

function  xf  the remainder has the form  
   
 

 x
!1n

f
xR

n

1n








, 

where  1,1 ,    



n

1k
kn

xxx  and
k

x  are the nodes. 

Therefore with  
   
 

 x
!1n

f
xR

n

1n

maxmax 






, the 

choice    xTx
nn

  is the most profitable. Here Chebyshev 

partly envisions the later result of Runge that say’s that 

as n  Chebyshev interpolation converges for any function 

that is regular in the basic interval, while this is not true for 

Newton interpolation with equally space nodes. 

 

(iii) Finding a numerical approximation values to    m

1

b  , 

where b  and Nm  (the set of all natural number) [69].         

 Consider the geometric series 


0k

k
ar . It is well known 

that this series diverges, if 1r  , and converges to  

the sum
r1

a


, if 1r  . 

 Substituting xr  , and 1a  in the geometric series 

makes it easy to think of the series  
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  




32

0k

k
xxx1xxP , 

as a function of x , and it’s converges only for 1x  ; moreover, 

it is well known that  
x1

1
xP


  for all  1,1x  . 

Therefore, the two functions  xP  and  
x1

1
xg


  are 

closely related: they have different domain but where the 

series  xP  converges, the two functions are equal. Let’s recall 

what it means for an infinite series to converge to a sum. It 

means that the partial sums of the series converge to the sum. 

So the partial sum of the above series is   n

n
xx1xP   , 

and for every  1,1x  ,    xgxPlim
n

n




. 

Now,   1xP
0

  is the value of  xg  at 0x  ,   x1xP
1

  is 

the tangent line to  xg  at 0x  , (since    0g10P
1

 ). The 

tangent line  xPy
1

  can be thought of as the best linear 

approximation to the function to the graph  xgy    at the 

point 0x  . Then  xP
2

 can be thought of as best quadratic 

polynomial approximate  xg  at 0x  , (since 

       0g10P,0g20P
22

  and    0g10P
2

 ). Similarly, 

 xP
n

 is the n th degree polynomial approximate  xg , 

(since        ,0g!k0P
kk

n
 ,n,...,2,1k      0g10P

n
and  ), in this 

case we say
n

P  and g  agree to order n . Notice that  xP
n
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and  xg  very well close to 0x  , but they do not at all for any 

value of x  with 1x  . This makes sense because the partial 

sums  xP
n

 converge to  xg  only for x   with 1x  . This 

suggests that for any function f  (we assume we can 

differentiate f  as many times, as we like), we can associate 

polynomials to a function at a given point ax   which 

approximate the function well near ax  . In particular, 

the n th degree polynomial will have the same value, and all 

derivatives up to the n th one, equal to those of f  at the point a . 

In fact there is a formula for such polynomial, which we 

call the n th degree Taylor polynomial of  xf  at ax  : 

      
 

 
   

 

   
  ,ax

!k

af

ax
!n

af
ax

!2

af
axafafxP

n

0k

k
k

n
n

2

n









 

[33] 

where by  0
f  we mean f  itself. 

Note that Taylor polynomial of degree n  of f  at 0x   is 

the unique polynomial of degree n  which is agree with f  , of 

order n , at ax  , however, we known that if f  is identically 

zero near a , then we can not hope for the Taylor polynomials 

to Converge to f  at a point where f  is non zero [33].  We have 

already the linear Taylor polynomial
1

P  is the linear 

approximation to f at x=a. Also linear approximations are 
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useful to approximate the value of functions, as in this 

example. 

 

Example: By using the linear approximation, find the 

approximate value of 3 9  . 

 Choose   3 xxf   and 8a  , since 283   is a nice number 

and 9  is close to 8 , Also compute    8x
12

1
2xP

1
  , 

then   083.29P
1

 . Now since 0800838.2~93 , then the error in 

this approximation is 

  0032495.0~9P9
1

3  . 

 

This is a pretty good approximation, but we can do better 

by taking higher-order Taylor polynomials, since if we use the 

quadratic Taylor polynomial, then we obtain the error 

is   00022272.0~9P9
2

3  . Hence if we use the Taylor 

polynomials of higher degree, then the error is quite small. 

Example: Approximate 103  by using the Taylor polynomials 

of degree 2  and 3 . 

 Choose   xxf   and 100a  , then compute  

     2
2

100x000125.0100x05.010xP  , and   148875.10xP
2

 , 
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so the error is   5

2
1065651.1~xP103


 . It’s   clear   that     

      .100x1025.6xPxP
35

23


 Hence   148894875.10103P
3

  and 

the error is   7

3
100991.3~xP103


 . 

 

 

1.2   The Spaces
p

L , 1p  . 

 

We are going to study the degree of constrained and 

unconstrained approximation of a function f  in either the 

uniform norm or in the ]1,1[L p  ,  p0  quasi-norm. The 

degree of approximation will be measured by the appropriate 

quasi-norm which we denote by
)I(Lp

p

.:.  , where ]1,1[:I  . 

Since we need the pL  quasi-norm on other intervals we will in 

all cases of an interval IJ  , indicate that by writing
)J(L p

. . 

Also we refer to (
p

.  with p ), the uniform norm on I  and 

we denote by .  and on the interval J by ..
J

 

Furthermore,
p

. is a norm for  p1 . Characteristic for 

pL , 1p   are the inequalities of Holder and Minkowski. 
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 The dual Space of  
p

L ,  p1 , is the spaces
q

L  with the 

conjugate exponent q  of p . Thus the spaces 
p

L  with  p1  

are reflexive. 

The different structure of the spaces
p

L with 1p0   and 

the numerous questions by others lead us to understand the 

need for the following few facts about pL  for 1p  . 

We consider the space  IL p , consisting of all measurable 

functions f  on I , for which 

 
I

pp

p
dx)x(f:f . 

Recall that
1

1
p

1

p
f2f



 , that is p1 LL  . 

 As we will see shortly, the pL  norm is not actually a 

norm for 1p  . Nevertheless, it is not hard to see that  IL p  is 

a complete metric space: 

It is easy to prove the following theorem 

 

Theorem B.    
pp

p

1

p

1
p

p

p

pp
gf2gfgf  , for any  ILg,f p . 

Thus 
p

p
gf)g,f(d   defines a translation invariant 

metric on pL . It is a complete metric, because convergence 
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(respectively Cauchy) in pL  implies convergence (respectively 

Cauchy) in measure since 




1

1

pp dt)t(f})t(f:t{meas  . 

What this means to us is that [4] 

(i)  A linear map on pL  is continuous if and only if it is 

bounded (continuous at zero). 

(ii) The open mapping and closed graph theorems still 

apply. 

(iii) The Hahn Banach theorem may fail! 

Indeed, as we will see shortly, pL  is not locally convex. In fact, 

it is impossible to define a norm on pL  which gives the same 

topology as the usual metric. There are several ways to see 

that  IL p  is not normable for 1p0  . Most useful from our 

point of view is  

 

Theorem C. [10] pL , 1p0   has a trivial dual. 

 

        The Hahn Banach theorem allows a much fancier 

sounding version of this result: 

 

Corollary D. [10] There are no non zero continuous linear map 

from pL  into any normed space. 
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         In any event, it should now be clear that there can be no 

norm on pL  which gives the same topology as the usual metric 

and that the Hahn Banach theorem evidently fails in  IL p , for 

1p0  . The fact that pL  has a trivial dual with the theorem 

from [46] states that [there exists a nonzero continuous linear 

function on a linear space X , if and only if there is at least one 

convex set that is not all of X .], imply another rather strange 

result that would be hard to believe otherwise. 

 

Corollary E. [10] If  U is any neighborhood of zero in  IL p , 

then  

   UconvIL
p

  

 In particular  

 1f:f)I(L
p

pp conv  , 

where  Uconv  is a smallest  convex neighborhood of zero 

contains U . 

 

   Now, we will settle the question of which pL , 1p   embed 

into 
q

L  for 1q  . Or which subspaces of  IL p   on which all of 

the various  IL p  quasi-norms for qp0   are equivalent. The 

key in this article is due to Kadec and Pelzynyski from [31]: 
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           For 10   and  p0 , consider the following subset 

of  IL p  

}}f)x(f:x{:)I(Lf{:),p(M
pp meas   , 

where by “meas” , we mean the measure of a set. 

Notice that if 21   , then ),p(M),p(M 12   . Also 


0

)I(L),p(M
p






 , since for any nonzero )I(Lf p we have 

 }f{meas   }0f{  as 0 . In fact, any finite subset of 

 IL p is contained in an ),p(M  for same 0 . Finally note 

that 1}ff{
p

meas   implies 
p

ff   almost every where.  

The following theorem puts this observation to good use  

 

Theorem F. [8] For a subset S of )I(L
p

, the following are 

equivalent  

       (i) ),p(MS   for some 0 . 

    (ii) For each qp0  , there exists a constant )q(c    such 

that  
qpq

f)q(cff   for all Sf  . 

(iii) For some qp0  , there exists a constant )q(c  such 

that   
qpq

f)q(cff  , for all Sf  . 

 

          In our thesis, we will use the notation c  and C  to denote 

such absolute constants which are of no significance to us and 

may differ on different occurren-ces, even in the same line. In 
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order to emphasize that c  or C  depends only in 

parameters
k21

,.......,,  , the notation 

 k21 ,.......,,c  (respectively  
k21

,.......,,C  ) is used, if one of 

those
i

v  is p , we mean that constant depends on p , only in 

the case 1p  . Also we will have constants ...,c,c
21

 when we 

have a reason to keep trace of them in the computations that 

we have to curry in the proofs. 

 

 

1.3   Moduli of Smoothness. 

 

 Moduli of smoothness are measurements criteria used 

mostly in approximation theory, numerical and real analysis. 

Such measurement of a function done by differentiability is not 

reliable in many aspects in approximation theory. The moduli 

of smoothness can provide more subtle measurements. 

Whenever a function f is defined on a metric space X , its 

modulus can be defined too, but here, we are only concerned 

with ]b,a[:JX  . We will use moduli of smoothness which are 

connected with difference of higher orders.  

 The rth symmetric difference of f is given by: 



 

 

 15 

   







































w.o0

Jh
2

r
xihh

2

r
xf

i

r
)1(

:x,f:J,x,f

r

0i

i

r

h

r

h
. 

The forward and backward rth differences of f are defined 

respectively by: 

   
   























w.o0

Jrhx,xh)ir(xf
i

r
)1(

:x,f:J,x,f

r

0i

i

r

h

r

h


, 

and 

   
   























w.o0

Jrhx,xihxf
i

r
)1(

:x,f:J,x,f

r

0i

i

r

h

r

h


. 

Then the rth usual (ordinary) modulus of smoothness 

defined by: 

   
 JL

r

h
th0

r
p

,.f:J,t,f Supp 


 , 0t  . 

A new way of measuring smoothness was moduli of 

smoothness with weighted, a modification of the moduli of 

smoothness based on differences r
u in which the step is of the 

form (x)h:u  and is therefore allowed to depend up on the 

position of x  in the interval ]b,a[:J  . The motivation for this 

lies in the properties of algebraic polynomial approximation. 

The requirements on the smoothness of f  can be relaxed if 

x  is close to a  and  b , without impairing the error of 

approximation. Several authors, among them Ivanov [28], have 

introduced moduli of this type, but the most useful proved to 
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be the last version, which is introduced by Ditzian and Totik 

[19]. Thus the need for this new concept arises to solve some 

basic problems, such as characterizing the behavior of best 

polynomial approximation in  JL
p

. 

 The Ditzian – Totik modulus of smoothness which is 

defined for f  JL
p

as follows:   

   
 JL

r

(.)h
th0

r
p

,.f:J,t,f Supp 

 


  , 0t  . 

If the interval ]1,1[:I   is used in any of the above 

notations, it will be omitted for the sake of simplicity, for 

example 

   pp I,t,f:t,f
rr

   and    pp I,t,f:t,f
rr

   . 

Also we will denote 

    I,t,f:t,f
rr

  and     I,t,f:t,f
rr

  . 

 

In the application the   usually used  

 

       

         .for

for

intervalthefor:

,0x1x:xandx:x,x:x

]1,0[x1x:xandx1x:x

]1,1[x1x
2





















 

 

 For the forward and backward differences, r

h
 , the 

ordinary modulus of smoothness is defined by: 

   
 JL

r

h
th0

r
p

,.f:J,t,f Supp 


 , 0t  . 
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We also recall the averaged modulus of smoothness 

which is defined for such functions f on the interval J as 

follows: 

  0t

t

0 J

ftJt,f ,,.:)(
p

1

p
r

h
r

1

p
,w 

















    .  

These moduli of smoothness are equivalent to the 

ordinary modulus of smoothness (see [14] and [19], that is  

p2pp1
),(),(),( Jt,fp)(r,CJt,fJt,fp)(r,C

rrr
  , 

and 

p2pp1
),(),(),( Jt,fp)(r,cJt,fJt,fp)(r,c

rrr
ww  ,           

in this case we write
rrr

w~~  . 

We always have that  
prp ),(, Jt,fJt,f

r
  ,  p0 . But 

the converse is not true in general. However in            E. Bhaya 

[4], there has been proved that the moduli 
r

and 
r

  for a 

function f  defined on Ib][a,:J  are equivalent, if   

 aJ
n

 , where    
2

2

n
n

1
a1

n

1
:a  , namely 

 
ppn

)J,nf(Jaf
1-

rr
,~),,(   . 

Note that in [4] only the case in which 1p   is considered, 

but the proof is the same for 1p0  . Furthermore, we borrow 

from [49] the notation of the length of the interval I]b,a[:J  , 

relative to its position in I  . Namely, 
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 2/)ba(

J
:/J/





, 

where ab:J   is the usual length of the interval J . Then we 

will prove the following lemma: 

 

 Lemma 1.  For any, f  JL
p

,  p0 and IJ  , we have 

    pp
//,f,,f JJJ

rr

   ,                           (2)        

and for 0t   

                  pp

2
t,f),r(Ct,f

rr
p

  .                            (3) 

 

 

 

Proof:  

We have Jh
2

r
x  if and only if   

r

J
h  ,                       (4) 

and we observe that, if Jh
2

r
x  and   Ixh

2

r
x   , we 

have Jh
2

r
x,h

2

r
x 








 , then by using the following inequality 

from [49], /J//J/
1

  for JJ
1
 , we obtain  

                                   x
r

/J/
h  .                                               (5) 

Hence, by using the above two inequalities (4), (5) and the 

property (b) of  
r

 (bellow), we obtain 
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 
 

 
 

 
 

 

 
 

  ./J/,
r

//
,

x,fSup

x,fSup

x,fSupJ,J,f

p

p

p

p

f
J

f
rr

r

xh

r

/J/
h0

JL

r

xh

r

/J/
h0

JL

r

h
x

r

/J/
h0

r

p

p

 





































 

Thus the proof of (2) is complete. 

For prove (3), we recall the following inequality from[49] 

 x
r

2
h   for any h  such that   Ixh

2

r
x   , then  we get 

)x(chh
2

 , where 1c  . 

Put 2
h:h , then 

   

 
 

 
   

  



















./J/,f),r(C

ct,x,f

x,f

x,ft,f

p

p
p

p

p

2

r

r

r

xh
cth0

r

xch
th0

r

h
2th0

pr

p

fSup

Sup

Sup













  

 

Now let us make a comparison between the classical 

modulus of smoothness and its extension to  
r

 by the 

following properties from [19]: 

The following most basic facts about
p

)( Jt,f,
r

 , satisfied 

for the two moduli  
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(a ) 0Jt,f,
p0t

)(lim
r



  for all f  JL

p
,  p0 . 

(b ) 
p

)( Jt,,f
r

 is an a nondeceasing function of t . 

(c ) 
pp

)()( Jt,,fC(p)Jt,,f
rr

r     for 1 . 

Another basic properties of the classical modulus of 

smoothness is  

(d )
pp

)()( Jt,f,2Jt,f,
r1r

 


, 

which is generalized using the following inequality in [19] 

( d )    pp Jt,f,)c(Jt,f,
r1r

p
  


 . 

Another inequality about the classical modulus of smoothness 

is  

(e ) 1p,)()(
p

(k)

p
Jt,,ftcJt,f,

r

k

kr



 , 

which is valid if 
)k(

f  JL
p

and )1(k
f

 is absolutely continuous in 

every closed subinterval of J . 

 The inequality ( e ) is not true for 1p0  . But the 

inequality [19] 

( e )  
p

(k)

p
Jt,,ftc(p)Jt,f,

r

k

kr 









  , 

is true if (J)f
k

p
W  and 0p  , where (J)

k

p
W is the sobolove 

space and its consists of all functions in  JL
p

 such that 

)1(k
f

 are absolutely continuous and 
)k(

f  JL
p

. From the above 

discussion, we convinced that in order to estimate the rate of 
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approximation f in  JL
p

, the measurement of smoothness 
r

 

is the appropriate tool in the case 1p0  . Furthermore, it is 

well known that, from ( e ) if (I)f
k

p
W , with  p1  , 

then ,)()(
p1-mpm

t,ftctf,   but its inverse with a constant 

independent of f is not true in general. Hu [21], proved that 

for splines S  with any knot, 

p

(k)

k-mpmp1-mpm
)(~)(~)()( t,Stt,Stt,St~tS,

k2   , where 

mk   and in general, by
p

(k)

0
)( t,f  , we mean  

p

k
f  . 

 

 

 

1.4   Shape Preserving Approximation 

 

 The connection between structural properties of a 

function and its degree of approximation is a significant 

problem that approximation theory considers. It aims at 

relating the smoothness of a function to the rate of decrease of 

the degree of approximation to zero. In this thesis, we examine 

these questions for algebraic polynomials as well as a 

particular case of piecewise polynomials approximation, that is, 

approximation by piecewise linear functions. Positive 

approximation by piecewise linear functions is also considered.  
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 The study will be restricted to only one aspect of the 

problem which is the derivation of estimates for the degree of 

approximation in terms of smoothness. These are the direct 

estimates of approximation which are called Jackson – type 

estimates or Jackson’s theorems, accredited to D. Jackson who 

reached such results for Trigonometric approximation [30]. 

 The conservation of certain geometric properties of the 

data by the designed mathematical might be the main point of 

view in many applications. These properties include positivity, 

monotonicity, convexity and in general, k-convexity. This is the 

Topic that so called shape preserving approximation or 

constrained approximation is concerned with. Whenever 

constraints emerge, the situation becomes more difficult to get 

direct estimates, but the researches concentrating on such 

point have been widely acquired attention in recent times for 

the theory of non-constrained problems is still useful. 

We intend to refer to those modifications which are 

essential in making a break-through approach. We do this for 

coconvex approximation by algebraic polyno-mials. The main 

objective of this thesis is to provide the answer of the question 

that whether the constraint cost anything or can we achieve 

the same degree of approximation as in the non-constrained 

case? 
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 First: In Positive (or monotone) approximation, we have 

given a function f  which is positive (nondecreasing) in I . We 

wish to approximate f by an algebraic polynomials, splines or 

piecewise polynomials which is also positive (nondecreasing) 

in I . We denote the class of all positive functions in I , 

by 0 and by 1 the class of all nondecreasing function in I , 

and for   0ILf p    with  p0 , we have the following 

notations: 

   
pnp

0

n f:fE
0

nn

inf 
 

, 

the degree of positive polynomial approximation, and 

  ,f:fE
pnpn

nn

inf 


 

the degree of unconstrained polynomial approximation. 

 

To be more specific, we discuss some of those results 

concluded in this topic as well as our results.  

 

If p (i.e., in the uniform normed space), the uniform 

estimates for positive approximation are not of much 

significance, since the rate of positive polynomial 

approximation has the same degree as that of nonconstrained 

polynomial approximation, that is  

       fE2fEfE
n

0

nn
 . 
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At the same time, if  p0 , the situation would be 

completely different. It was shown by Hu, Kopotun and Yu [22] 

(see also[23], [29], [41] and [65]) that for any 

  0
ILf

p
  with  po  

       p1

p

0

n
n,fpCfE




  ,                                 (6) 

on the other hand, for every Nn  ,  p0  and 0A  , there 

exists a function   0
ILf

p
   such that  

     
pp

0

n
1,fAfE

2

 . 

That is,  is best possible rate, because it can not be 

replaced by  
p

1,f
2

 . Also, in [22] it has been asserted and 

proved that the same thing is sitill true for positive spline 

approximation with the rate drops to  . However, these 

results had been obtained previously, but for splines with 

equally spaced knots, but Hu, Kopotun and Yu [22] proved if 

 
0n10n

z:1|z,...,z,z: 1:z...z
n1
  with 1n   be a given 

knot sequence, not necessary that the distance between them 

to be equal, that 

 

Theorem G. For   0
ILf

p
  , with  p0 , there is a 

spline   02r
ICS 

  of order 2r   with Knot n  such that 

   p1

p
n,fp,CSf


  , 



 

 

 25 

 where




















 1n,...,1,0i|
zz

zz
:

i1i

1i2imax is the scale of the 

knot n . 

 

Also they proved that  can not be replaced by  
p

1,f
2

 , 

for any  p0 , even if splines of any order on any given 

(fixed) knot sequence are used and no continuity is desired. 

 In Chapter 2, we improve Hu, Kopotun and Yu’s [22] 

result, we mean, we try to obtain an estimate in which 
2

is 

involved by using a piecewise linear approximation. The first 

piecewise linear function, we have used is fS n  which is 

introduced by DeVore and Yu [15] on a specific partition of 

interval I  , and the existence of this partitioning is guaranteed 

by them, using a constructive proof. The proof establishes a 

pointwise estimate for monotone polynomials approximation. 

This idea of DeVore and Yu was successfully applied by 

Leviatan [47] to give a global estimate on monotone 

approximation. Both proofs are based on a two – stages 

approximation, in the first stage, a function  ILf   is 

approximated by a piecewise linear function fS n  which 

interpolates f  in the extreme points of the sub intervals of the 

partition of the interval I . While the Second stage is 

approximate this piecewise linear function fS n  by an 
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appropriate algebraic polyno-mial. However we applied the 

same idea to prove one of our results on coconvex polynomial 

approximation in Chapter 3. While in the second stage we use 

the same piecewise linear function in the first stage to define 

an appropriate algebraic polynomial. Because of this reason, 

we interest in “approximation by a piecewise linear functions”. 

In Chapter 2, we approximate any function  ILf p , (not 

necessary to be positive on I ) by a piecewise linear functions 

and we obtain estimates in term of the second Ditzian – Totik 

modulus of smooth-ness, and at first we prove 

 

Theorem 7.  For 2n   and  ILf p  with  p0 we have  

p

2pn
n

1
,f)p(CfSf 










  .                            

               

The estimate emphasizes that, if no continuity desired we 

can obtain estimates for positive approximation by splines of 

order 2 , which involved the second Ditzian – Totik modulus of 

smoothness, hence involved the second order ordinary modulus 

of smooth-ness. Then we use another two piecewise linear 

functions fU
n

 and fVn  which introduced by Zoltan [67], and 

we obtain the same estimate for fU n  as we have for fS n  in 

Theorem 7. Despite the different between fU n  and fS n  in the 
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definition, they also differ in the aspect that fU n  

interpolates f  only at the end points of the whole interval I . 

The following theorem stated that the estimates for both fU n  

and fS n  are the same. 

 

Theorem 8.  For  ILf
p

 ,  p0  and 2n  , then  

p

n
n

1
,f)p(CfUf

2p










 .   

                   

Thereafter, we approximate those functions  ILf p  

with  p1  by another type of piecewise linear functions 

which is fVn  that interpolates f  at each of those points 

which fS n  interpolates f  at them, and the difference between 

them besides that in their definitions, is fS n  will continuous in 

case f  is continuous, but this is not necessarily true for fVn . 

Then we prove  

 

Theorem 9. Let  ILf
p

 with  p1 and 2rn  , then   

   
 

 













 





1
n

0

p02

pr

p

1

rpn
fEdt

t

t,f

n

1
n,frCfVf


 

  . 

 

As an immediate consequence of the above theorems we 

have the following corollary. 
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Corollary  10.  For any  ILf
p

  with  p1  and 2n  , we 

have  

 













 

1n

0
p2

p2

pn fdt
t

t,f

n

1
CfVf


  . 

 

 Second: In coconvex polynomial approximation, we are 

given a function f  changes its convexity finitely many times in 

the interval I . We are interested in estimating the degree of 

approximation of f  by polynomials which are coconvex with it, 

namely, polynomials that change their convexity exactly at the 

points where f  does. Question of this nature first appeared in 

the work of D. J. Newman and et al (see [54], [55] and [56]). 

They dealt not with a function f  changes convexity, but rater 

with f  changes monotonicity finitely many times in I  and they 

were able to obtain weaker Jackson type estimates on the 

degree of approximation of that function by polynomials which 

were truly comonotone with it as well as some proper Jackson 

estimates when the polynomials were comonotone with f  

except near the points where a change of monotonicity of f  

occurred. Later Newman [53], and also Ilive [27], obtained the 

proper Jackson estimate involving the modulus of continuity 

of f , , for the approximation by polynomials that were truly 

comonotone with f . Then Beatson and Leviatan [1] obtained 
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the desired estimates under the assumption that f  possesses a 

continuous derivative in I . Afterwards, in general this topic 

was developed by a number of good and convincing results 

were accomplished (for more detail see references).  Regarding 

“Coconvex Polynomial approximation” several results have 

been obtained in the uniform space, but in  IL
p

 with  p0 , 

it seems that nothing like have been achieved.  

 To be specific, Let  0N:Ns
0

  and let  s

1iis y


  be the 

set of points such that 1:yy...yyy:1 1ss210   , 

where 0s  ,  :0 . For s   we set 

          xsgn:xyx:,x:x and
s

1i
is

   


,           (11)    

where the empty product is equal to 1. 

 Let  s

2  , be the set of all functions f  that change 

convexity at the points siy  , and are convex near 1. In 

particular, if 0s  , then f  is convex on I , and write 2f  , that 

is ( the divided differences ]f;x,x,x[
210

are nonnegative for all 

choices of three distinct points 
10

x,x  and 
2

x ), where the 

divided difference of a function f  at the points 
n10

x,...,x,x are 

defined by(see [4]) 

 

 











n

0j
n

ji
0i

ij

i

n10

xx

xf
:]f;x,...,x,x[ . 
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 Moreover, if f  is twice differentiable function on I  

(i.e.,  ICf 2 ), then 

 s

2f  , if and only if     Ix,0xxf   , 

(or equivalently, if and only if     Ix,0xxf   ). 

 

In Chapter 3, the approximation will be carried out by 

polynomials nn  . Now, for    sp

2ILf   , we denote by 

   
  pnps

2

n f:,fE
s

2
nn

inf 
 

, 

the degree of Coconvex polynomial approximation.    If 0s   

(  :0 ), then we write    
pnp

2

n
f:fE

2
nn

inf 
 

, which usually 

referred to us the degree of convex polynomial approximation. 

 Interest in the subject began in 1980’s with the work on 

convex polynomial approximation by Shvedove [58] who proved 

that for a given convex function    p0,ILf
p

and 2n  , 

there exists a convex polynomial n of degree not exceeding n , 

such that 

 
p

pn
n

1
,fpCf 2 








  ,                           (12) 

where  pC  independent of both n  and f . At the same time, he 

went on to prove that
2

 in (12) can not be replaced by
4

 , 

while keeping the constant independent  

of n  and f . 
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In resent years (12) has been improved in a sequence of 

researches by DeVore, Leviatan and Yu, (for example, see [12], 

[48] and [64]) who were able to replace
2

  by 
2

, for 1n  . 

 In 1994 Hu, Leviatan and Yu [26] have shown that 
2

 

can be replaced by
3

 in the uniform space.  

In the same year, Kopotun [34] had proved that
3

 can 

be replaced by 
3

 .  

For the quasi-norm spaces
p

L  with  p0 , the 

problem remained unsolved till DeVore, Hu and Yu [11], in 

1996, were proved that
2

  in (12) can be replaced by 
3

  

with the constant  pC  remaining independent of f   and n , 

then closing the gap which was left by Shvedov [58].  

But for Coconvex polynomial approximation, what has 

been known yet restricted to the uniform norm space, besides 

some few results which are known for quasi-norm 

spaces
p

L ,(  p0 ) .  

First of all in 1981, Beatson and Leviatan gave a remark 

in [1] it might be possible to obtain a Jackson – type estimate 

of coconvex approximation of a function with only one regular 

convexity – turning point, and Yu [64] obtained a Jackson – 

type estimate of coconvex approximation of functions with one 

regular convexity – turning point also quoted her result of 

functions  ICf
k

  and 3k   ( the space of all function such 
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that  1k
f

 are absolutely continuous in I  and    ICf
k
 ), with 

some extra conditions on convexity turning points.  

In 1993, Wu  and Zhou [63] and Zhou [66], they proved 

that for  p0 , it is impossible to get a Jackson – type 

estimate of coconvex approximation involving  p1,f
4

  with 

constants independent of n  and f .  

Afterwards, in 1995 Kopotun [37] obtained the following 

result for twice differentiable functions. 

 

Theorem H. For a function    
s

2 2
ICf    with  s1 , there 

is a polynomial  
snn

2
   such that 

 

  ,
n

1
,f

n

1
sCf

,
n

1
,f

n

1
sCf

n

2n




























 

and 

  ,
n

1
,fsCf

n








 

                                   

for all  
s

:n   is a constant depending on the location of 

points of
s

  in I , and  sC  is a constant depend only on s - the 

number of convexity change. 

In 2003 E. Bhaya [4] improved Kopotun’s result for 

functions     ILf,f;f:ILf
p

1

p
  with  p1  (the space of 
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all of those function which are 1-fold integrals in  IL
p

 

with  p1 ). Namely, she proved the following theorem. 

 

Theorem I. For a function    
s

1

p

2
ILf    with  p1 , there 

is a polynomial  
snn

2
   such that  

 
p

pn n

1
,fsCf

2










 , 

and 

 
p

pn n

1
,fsCf

2










 , 

for all  
s

:n  . 

 

Also, in 1999 Kopotun, Leviatan and Shevchuk [43] 

improved Koputon’s result Theorem H, for the uniform norm   

space,   but   not   simultaneously.   Namely,   they 

proved 

 

Theorem J. If    s

2ICf    with  s1 , then there is a 

polynomial  
snn

2
   such that 

  









n

1
,fp,sCPf

3n

                            (13)           

for all  
s

:n   . 
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Thereafter, several other results have been achieved for 

coconvex polynomial approximation throughout a number of 

researches by Leviatan and Shevchuk [50], [51] and by 

Kopotun, Leviatan and Shevchuk [44] [45]. 

 

 Our first achievement in this area is to emphasize that 

the estimate (13) is exact in the quasi-norm spaces
p

L  

with  p0 .  Namely, we prove 

 

Theorem 14. Let  ILf
p

 with  p0 have s  changes of 

convexity at  s

1iis
y:


 , and denote   

121s
yy,y1: mind    


s1ss

y1,yy,..., 


.  Then  there  exists  a constant  sA  such  

 that for    
 

s

s d

sA
::n


 , there is a polynomial 

 
s

2

nn
P   , such that 

 

 
p

pn n

1
,fp,sCPf

3










 ,                        (15)  

hence  

 
p

pn n

1
,fp,sCPf

3








  .                        (16) 

 

The estimate (15) is best possible in that one can not 

replace  
p

n1,f
3

  by any higher modulus of smoothness, even 
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not with the larger ordinary modulus of smoothness. This is 

due to the work of Shvedov [58] in case 0s  , and to Wu and 

Zhou [63], Zhou [66] in case 0s   , (as we mentioned above). 

 

As an immediate consequence of Theorem (16), we have 

the following corollary 

 

Corollary 17. Let  IWf
r

p
  with 3,2,1r   have s  changes of 

convexity at  s

1iis
y:


 , and denote   

121s
yy,y1: mind    


s1ss

y1,yy,..., 


.  Then there exists a constant  sA  such  

 that for    
 

s

s d

sA
::n


 , there is a polynomial 

 
s

2

nn
P   , such that 

   

p

rr

pn
fnp,sCPf


  .    

                

  This corollary is obtained directly from (15). However, we 

can not obtain it from (16), in the case 1p  , since the 

inequality   p

(k)

p )()( t,ftpctf, r
k

kr   is not satisfied in that 

case. Moreover, there is no non-zero continuous linear 

functional, estimate 

     
p

1

pn
n1,fnp,rCfE

r


  , 
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is not true in general for any
0

Nr  . In [16] Ditzian proved the 

rate of approximations of simultaneous approxim-ations of a 

function and its derivatives is very bad (see Kopotun [36] also). 

This pathological nature of the spaces 1p,L p   might become 

the reason of lag of the achievements in these spaces. 

Furthermore, with this bad properties, it is well known that for 

unconstrained approximation the usual Jackson – Type 

estimates, involve the first derivative is not longer valid 

if 1p  ( see Kopotun [39], for example). However, it does not 

guarantee that the same is true in constrained case, since the 

functions satisfy some shape preserving constraint from a 

proper subset of k

p
W   . In fact, it was shown in [39] that for 

convex function one can get estimates which are not true in the 

general (Unconstrained) case. 

  

 Now, to emphasize that the dependence of constant    in 

Theorem (14) is essential we construct a negative theorem, 

which we prove for 4s   and  p1 , we can not have any 

Jackson – type estimates, even involving modulus of 

continuity . Namely, we prove 
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Theorem 18. For each 3n  , 0A  , 4s  and any  p1 , 

there exist a points 1y...yy1 s21   and a function 

   s

2

p ILf    Such that  

p
pn n

1
,fAf 








  , 

for any polynomial  
s

2

nn
  . 

 

At the same time, we will prove that, if    p0,ILf p , 

which has only one inflection point it would be possible for the 

constants to be independent of the location of inflection point 

in the interval I , which is stated in the following theorem 

 

Theorem 19. Let     
1

2

p
yILf   and  p0 , that is f has 

only one inflection point in I . Then  

      
p

p1

2

n n

1
,fpCy,fE

2










 , 1n  .           

                 

 In the following theorem we show that, for  s0  we 

can take constants   and C  to be independent of the location 

of convexity change points, if f  itself continuous piecewise 

polynomials of any order, on the Chebyshev partition. 

 



 

 

 38 

Theorem 20. For every n,k , 
0

Ns  and  p0  , if S is 

a continuous piecewise polynomial , of order k  ,on the 

Chebyshev partition of the interval I , belonging to  s

2  , 

which form a single polynomial near the points of convexity 

change, then there is a polynomial  s

2

n   , of degree not 

exceeding  nsc . Such that  

 
p

pn n

1
,Sp,sCS

2








  , 

and 

 
p

pn n

1
,Sp,s,kCS

2










 . 

 

We will strength our result in the above theorem in the 

following two theorems, 

 

Theorem 21. For every
0

Ns  ,  p0 and Nn,k  there are 

constants  p,s,kC and  p,sc , such that if S is a continuous 

piecewise polynomial, of order k  , on the Chebyshev partition 

of the interval I , which has continuous first derivative in I  

and  belong to  s

2  , such that S  form a single polynomial 

near convexity change points, then there is a polynomial 

 
s

2

n
   of degree not exceeding  np,sc , satisfies  

 
p

pn n

1
,Sp,s,kCS

k










 .              
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Theorem 22. For every
0

Ns  ,  p0 and Nn,k  there are 

constants  p,s,kC and  p,sc , such that if S is a continuous 

piecewise polynomial, of order k  , on the Chebyshev partition 

of the interval I , belonging to  s

2   and S  form a single 

polynomial near 'y
i

s, then there is a polynomial  
s

2

n
   of 

degree not exceeding  np,sc , satisfies  

 
p

pn n

1
,Sp,s,kCS

k










 .        

 

 

 

 

1.5 Geometric means of Shape Preserving 

Approximation  
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Note: if we take a look at the above pictures, we can notice that 

the error in the positive (or Copositive) polynomial 

approximation is greater than monotone (or  Commonotone) 

polynomial approximation, rspectivly, as well as this greater 

convex (or Coconvex) polynomial approximation respectively . 
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Chapter Three 

 

Coconvex Polynomial Approximation 

 

 

 After introduction and preliminaries, we are now in the 

heart of the matter. Let  ILf
p

  change its convexity finitely 

many times in the interval I , say s  times at
s

 , We 

estimate the degree of approximation of f by polynomials 

which change convexity exactly at the points where f does. We 

discuss some Jackson type estimates where the constants 

involved depending on the location of the points of change of 

convexity.  Also we show that in some cases the constants may 

be taken independent of the points of change of convexity, but 

that in some other cases this dependence is essential, but 

mostly we obtain such estimates for functions f that 

themselves are continuous piecewise polynomials on the 

Chebyshev partition, which form a single polynomial in a small 

neighborhood of each point of change of convexity.  

3.1   Introduction and Main Results 
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Throughout this chapter we use the following notations, 

given Nn  , we set 1x
1



, 1x

n
  and  











n

j
:x:x cos

n,jj


, the Chebyshev partition of interval I ,  

we denote ]x,x[:I:I
1jjn,jj 

 , 
j1jjj

xx:I:h 


,  

and
jj

j

n,jj
hxx

h
::


 , n,...,1,0j  . 

 

Let  n,k
be denote the collection of all piecewise 

polynomials of degree 1k  , on the Chebyshev partition and 

let  
n,k

1

n,k
, be the subset of all continuously 

differentiable piecewise polynomials on the Chebyshev 

partition. That is, if  n,k
S , then  

jj
:I|S  , n,...,2,1j   where

1kj 
 ,  

 

   
j1jjj

xx


 , 1n,...,2,1j  , 

and if 
1

n,k
S , then in addition, 

   
j1jjj

xx


 , 1n,...,2,1j  . 

Given s0 , let 

   2j1jsn,ii x,x:O:O  , if  
1jji

x,xy


 , 

and 
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  
s

1i
is

O:,nO:O


 ,    :,nO . 

We write  

 
s

,n:j  , if OI
j
 . 

Finally, Let    
n,kn,k s

and    
1

n,k

1

n,k s
be 

denote the subsets of such piecewise polynomials for which 

1jj 
 , whenever both 1j,j . 

 

Our prime interest in this chapter is to generalize and 

emphasize that the estimate (13) is exact in the   
p

L - spaces 

with  p0 , and then we closed the gap due to the 

uncertainty between the previously known estimates involved 


2

 and the impossibility of having such estimates involving
4

 . 

For this we prove the following theorem: 

 

Theorem 3.1.1.  

Let  ILf
p

 with  p0 have s  changes of convexity 

at  s

1iis
y:


 , and denote 

1s
y1:)Y( mind   


s1ss12

y1,yy,...,yy, 


 . Then there exists a constant  sA such 

that for    
 

s

s d

sA
:N:Nn


 , there is a 

polynomial  
s

2

nn
P   , such that 
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 
p

pn n

1
,fp,sCPf

3










 ,              (3.1.2) 

hence 

 
p

pn
n

1
,fp,sCPf

3 







  .                    (3.1.3) 

 

Note that, the estimate (3.1.2) is best possible, in the 

sense that one can not replace
pn

1
,f

3







 , by any higher moduli 

of smoothness, this is  due to the work Shvedov [58] in case f  

is convex on I , and to Wu and Zhou [63], Zhou [66] in case f  

has convexity change point. 

    

Now, as immediate consequences of the above theorem 

we have the following corollary. 

  

Corollary  3.1.4. 

 Let  IWf
r

p
 with 3,2,1r   with  p0 have s  

changes of convexity at  s

1iis
y:


 , and 

denote 
1s

y1:)Y( mind   
s1ss12

y1,yy,...,yy, 


 . Then there 

exists a constant  sA such that for    
 

s

s d

sA
:N:Nn


 , there 

is a polynomial  
s

2

nn
P   , such that 

   

p

rr

pn
fnp,sCPf


 . 
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The proof of Corollary 3.1.4, is follows directly from (3.1.2) 

and the property ( e ) of Ditzian – Totik modulus of 

smoothness.  

 

One may hope that to obtain a similar estimate such as 

(3.1.2) or (3.1.3) with constants independent to the location of 

convexity change points of
s

 with the same or lower moduli of 

smoothness. In Theorem 3.1.6, we will show that in some cases 

it is not possible to obtain a direct estimate which involves at 

least moduli of continuity with constants independent of
s

 . In 

other words we can not have any Jackson – type estimates 

when we replace  
s

N  by  sN with 4s  . Namely, we prove 

that, for any 0A  , 3n   and  p1 , a function 

 ICf  which has at least 4 – convexity change points exists, 

such that if 
nn

  is convex with f , then  

p
pn n

1
,fAf 








  .                        (3.1.5) 

 

Or, we state it, in the following theorem: 

   

Theorem 3.1.6.  

 For each 3n  , 0A  , 4s  and any  p1 , there 

exists a set  s

1iis
y:


 and a function     

s

2
ICf   ,  such  
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that for any polynomial  
s

2

nn
  , satisfies  

 
p

ps

)2(

n n

1
,fAY,fE 








  . 

 

While, the same inequality also holds in comonotone 

polynomial approximation with change the function to a 

function which has at least one monotonicty change point. In 

other word for each 4n  , 0A  , 1s  and any  p1 , there 

exists a set  s

1iis
y:


 and a function    

s

2
ICf   , such that 

for any polynomial  
s

2

nn
  , satisfies(3.1.5). To prove it, 

we can use the same example in the proof of Theorem 2.1.6 of 

[4], with the same technique of our proof of Theorem 3.1.6. 

 

 On the other hand, we will prove that, if 1s  we can 

obtain the estimate similar to (3.1.3) for any  p0  with 

constants independent of the location of convexity change point 

and the ordinary modulus of smoothness of second order. 

Namely, we prove  

 

Theorem 3.1.7.  

Let     
1

2

p
yILf   and  p0 , that is f has only  

one inflection point in I . Then  

      
p

p1

2

n n

1
,fpCy,fE

2








  , 1n  . 
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However, we will show that, we can have the above 

estimate with constants 1N  and C depend only on 

0s  (the number of convexity change points) and p , as 0p  ,  

if we replace f  by a piecewise polynomial   
n,k s

S . 

Furthermore, we can replace 
2

  by 
2

 , if we take the above 

constant C  to be depend on 1k    (the order of the piecewise 

polynomial S  ). This is stated in the following theorem. 

 

Theorem 3.1.8.  

For every n,k , 
0

Ns  and  p0  , 

if    
s

2

n,k s
S     then there is a polynomial  

s

2

n
  , of 

degree not exceeding  nsc . Such that  

 
p

pn n

1
,Sp,sCS

2








  ,                      (3.1.9) 

and 

 
p

pn n

1
,Sp,s,kCS

2










                       (3.1.10) 

 

 It is quite natural to ask whether one can strength 

(3.1.10) in the sense of being able to replace 
2

 by Ditzian – 

Totik moduli of smoothness of higher order. This indeed turns 
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out to be possible for 
k

as we will show in Theorem 3.1.11. 

However this theorem is one of our main positive results  

    

Theorem 3.1.11.  

For every
0

Ns  ,  p0 and Nn,k  there are 

constants  p,s,kC and  p,sc , such that if    
s

2

n,k s
S    , 

then there is a polynomial  
s

2

n
   of degree not 

exceeding  np,sc , satisfies  

 
p

pn n

1
,Sp,s,kCS

k










 .                     

 

 

A particular case of Theorem 3.1.11, is shown in Theorem 

3.1.8, and by virtue of Lemma 3.2.34 below, to conclude the 

proof of Theorem 3.1.11, it suffices to prove  

 

Theorem 3.1.12. 

 For every
0

Ns  ,  p0 and Nn,k  there are 

constants  p,s,kC and  p,sc , such that if    
s

21

n,k s
S    , 

then there is a polynomial  
s

2

n
   of degree not 

exceeding  np,sc , satisfies  

 
p

pn n

1
,Sp,s,kCS

k










 .            
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Theorem 3.1.12, is trivial for the cases 2,1k  , since 

1

1

n,2

1

n,1
 , thus it remains only to show it for 3k   . 

 

 

3.2   Auxiliary results and lemmas 

 

 Firstly we begin with the following notations, for a given 

Nns and   , let  

     
22

2

n
n

1
x

n

1
:

n

1
x1

n

1
:x   , 

and 

 
 


 




s

1i ni

i

xyx

yx
:x .                         (3.2.1) 

 The following lemma contains simple but important 

inequalities which are used in almost all our proofs, (see  [13], 

[22], [47], [49], [51] and [64]) 

 

Lemma 3.2.2.  

 The following inequalities hold for all Iy,x  and 

n,...,2,1j  : 

j1j
h3h 


,                                 (3.2.3)  

    
jjnj

Ix,h5xh for  ,                (3.2.4) 

      xyxx4y
nn

2

n
  ,                 (3.2.5)  
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       xyx2yyxxyx
2

1
nnn

 .           (3.2.6) 

In particular, 

     
jjnjjj

hxx2xxxhxx
10

1
  .         (3.2.7) 

If nJij0  , then 

   2

1ii

Jj
jJ

xx

xx
jJ

2

1









.                           (3.2.8) 

Furthermore, if either j3J  or  Jn3jn  , then  

   jJ2
xx

xx
jJ

2

1

1ii

Jj









 .                         (3.2.9) 

If j , then  

jij
hyx3  .                               (3.2.10)     

Now, for 10n  , we have 

   

,4n...,,6,5j

]x,x[x,nxCxxnxC
4j3j

1

23j4j

1

1













            (3.2.11) 

 

 

  ,1xx,nxCx1

xx1,nxCx1

7

1

2

7n

1

2














                    (3.2.12) 

 

 

  ,1xx,x1nxC

xx1,1xnxC

71

1

1

7n1n

1

1














                (3.2.13) 

  2,chdxx
j

1

1

j





 ,                   (3.2.14) 

and 

  2,cx
n

1j

j 


  .                              (3.2.15) 



 

 

 77 

 

 

To prove our results we need the following lemmas. 

 

Lemma 3.2.16. [50] 

  Let 
k
 be a polynomial of degree k and ba  . 

If   
3k

k16

ab
0x];b,a[xMax


  , then for every ]b,a[

0
  

0],b,,a[
k0

 . 

 

 

Lemma 3.2.17. [50] 

Let  1s6:b  , then for each j , there exist 

polynomials 
j

 and 
j

 of degree  nsc , satisfying  

     
     

jjj

jj

I\Ix,0xxx

Ix,0xxx












                         (3.2.18) 

     
 

 
    Ix,xsc

x

x
xhscx

j

j

b2

j

1

jj
 





           (3.2.19) 

and 

         

          Ix,xhscxxx

xhscxxx

s1b2

jjjj

s1b2

jjjj
















            (3.2.20) 

 

Lemma 3.2.21. [26] 
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  For  ILf
p

 ,  p0 and r  we have  

   
ppr fp,rct,f 

 .                                                

 

Also, we need the following lemma from [11], [51] and [36]. 

However there is a special case of this lemma in [22]. 

 

Lemma 3.2.22.  

For a function  ILf
p

  with  p0  and Nk  , the 

following inequality holds 

     
p

1

0

p

1

n

1j

p

pjj n,fp,r,BC,h,f rr



















  , 

 where, for every j ,
jj

I  is such that
j0j

IB . 

 

Proof: 
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     

   

 
 

 
 

 

 
 

 

 
 

 

    ,
p

p

1p

0

Cn

0

1

1

p

p

n

1j

Cn

0

p

j

p

n

1j

x

0

p

j

j

p

n

1j 0

p

j

1

j

p

n

1j

p

pjj

n

1j

p

pjj

n,fp,k,BC

dxdh,x,fCnp,rC

dxdh,x,fCnp,rC

dxdh,x,f
x

p,rC

dxdh,x,fp,rC

,,fp,r,h,f

r

r

xh

r

xh

r

xh

r

h

r

1

1

j

j

j

j

j

w





 

 




























 

  

  

  




























r
C

 

 where we changed the order of integration and made a simple 

change of variables to arrive the second inequality, and to 

obtain the third inequality we used the following technique  

Since
j0j

hB , hence 
j

0

j

0

j
h

BB

h

1



 , then for each 

4n,...,6,5j  , from (3.2.11) we have  

    n

BC

x

hB

x

02j0j





and

   
nC

h

xx 1

1

jj







, 

but for 4,3,2,1j  , we have 
 
  0,x,f

j

r

xh



, if   1xh

2

r
x   , 

that is, if  
 
r

x
x12h


 and this mean that the inner 

integration in the second inequality is taken over 

    1

2
nC2

r

xx1
2h0








by (3.2.12), and by (3.2.13), we 
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have
     

nC
h

x
~

h

xx 1

1

1jj







. Thus the third inequality is also 

holds for 4,3,2,1j  , and for n,...,6n,5nj  , we can use the 

same technique to obtain the third inequality.  

 

The following theorem about the property of convex 

function is important to our work. 

 

Theorem 3.2.23. [57] 

 Suppose that I:f is convex function, then f satisfies 

Lipshchitz condition on any closed subinterval ]b,a[ of 

o
I (interior of I ), f is absolutely continuous on ]b,a[ and in 

particular it’s continuous on o
I , f has left and right 

nondecreasing derivatives,    xfxf and

 on I . Furthermore, 

the set E where f  fail to exist is countable, and f  is 

continuous on E\I . 

 

The following theorem is well known, and is now called 

the Whitney (or Whitney type) theorem. It was proved by 

Burkill [7] (  p,2k ), Whitney [61] and [62] ( p ), Brudnyi 

[6] (  p1 ), and Storozhenko [60] ( 1p0  ). It has 

application in many areas, and has been generalized to various 

classes of functions and other approximating spaces, but here 
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we write only the “classical version” of it, which we needed to 

prove of our results.  

 

Theorem 3.2.24. [40] 

Let  p0]b,a[Lf ,
p

. Then there exists
1k1k

q


 , 

such that  

   p]b,a[L1k ]b,a[,ab,fp,kCqf
k

p

   . 

 

Lemma 3.2.25.  [42]  

Let 
1

J and
2

J be subintervals such that
21

JJ  . 

If
kk

q  , then for  p0  

 
 

 
1p2p

JLk

p

1
k

1

2

JLk
q

J

J
p,kcq
















 . 

 

 Let 
n,j,ij,i

I:I  denote the smallest closed interval 

containing both
i

I and
j

I , and
j,ij,j

I:h  . 

For  n,k
S , set 

 
 

k

j,i

j

ILjipj,i h

h
:Sa

ip 












 , 

where
i
 denote the polynomial defined by 

iiii
I|S:I|:  . 
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We are going to call an interval   a proper interval, if 

its end points belong to the Chebyshev partition, that is, are 

among the
j

x ’s. 

For any proper interval  , let 

    pj,ipk
Sa:,Sa max , 

where the maximum is taken over all ji and , such that 


i

I and 
j

I . Finally, write 

   
pkpk

I,Sa:Sa  . 

Observe that, for each i and j , if  between i and j , then we 

have the following inequality from [49], 

j

j,i,i

h

h

h

h




 ,                                  (3.2.26) 

and for the Chebyshev partition of the interval I , also from 

[49], we have for each n,...,2,1j   

   n2/xx

I
/I/

n

2

1jj

j

j










 .                  (3.2.27) 

Hence, we can obtain the following lemmas, which we needed 

to prove of our theorems. 

 

Lemma 3.2.28.  

For any  p0 and  n,k
S , we have  

       pk

p

pk
Sap,kC

n

1
,Sp,kCSa

k











  .         (3.2.29) 
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Proof:  

  Let  n,k
S , to show the left hand side of (3.2.29). It’s 

enough when we show for each ji ,  

 
 

p

k

j

j,i

ILji
n

1
,S

h

h
p,kC

k
ip
























 .               (3.2.30) 

To this end, let us first assume that 1ij  , and then by 

Whitney’s theorem 3.2.24, there exists a polynomial 
1k1k

q


 , 

such that  

 
   

pj,ij,iIL1k
I,h,Sp,kCqS

k
j,ip




,            (3.2.31) 

then  

 

 

Now, we observe that
1kj

q


 is a polynomial of 

degree 1k  , then by using (3.2.3), (3.2.31) and Lemma 3.2.25, 

we obtain 

   

 
 

 
 

    .I,h,Sp,kC

qSp,kCqp,kC

qq

pj,ij,i

IL1kIL1kj

IL1kjIL1kj

k

j,ipjp

j,ipip











 

Thus 

 
   

pj,ij,iILji
I,h,Sp,kC

k
ip

 .                     (3.2.32) 

     

    .I,h,Sp,kC

qSqSq

pj,ij,i

IL1kIL1kIL1ki

k

j,ipipip





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Hence, by using (2) and 3.2.27, we obtain 

 

 
 

   
p

1

ILji
n,Sp,kC

k
ip




  .                           (3.2.33) 

This implies (3.2.30), in the case 1ij  , otherwise assume 

that ji  , then for each  , such that ji  , it follows from 

Lemma 3.2.25, the inequalities (3.2.26) and (3.2.33) that 

   

 
 

 
 
















IL1

p

1
1k

j

j,i

IL1

p

1
1k

,i

IL1IL1

p

p

,ipip

h

h
p,kC

h

h
p,kC













































 

  .
n

1
,S

h

h
p,kC

p

1k

j

j,i

k


























  

Therefore  

 
 

 

 

  .
n

1
,S

h

h
ijp,kC

n

1
,S

h

h
p,kC

pC

p

k

i

j,i

p

ij

1l

1k

i

j,i

ij

1l
ILljl1jILij

k

k

ipip






































































  

Thus (3.2.30) is proved. 

We turn to prove the right hand estimate of (3.2.29) we 

take x and
n

1
h  satisfying   Ixh

2

k
x   , and for each 
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k,...,1,0i  we let 
i

v be such that  
i

v
Ixh

2

k
ix 








  . Then by 

using the fact that for each k,...,2,1i  ,  
00i

vv,v
hkCh   which 

follows from (3.2.27), we obtain 

 
 

 
 

   
 

   
 

.
i

k
1

S
i

k
1

x,Sx,S

p

k

0i
vv

i

p

k

0i
v

i

p
v

p

xh
2

k
ix

xh
2

k
ix

0i

0

0

k

xh

k

xh























































































 







 

Now, since by our chosen to x and h , the integration is taken 

over all of those x ’s, such that  
i

v
Ixh

2

k
ix 








  , 

 then  

 
   

 

 
 

    






























.Sap,kC

h

h
p,kC

p,kCx,S

pk

IL
vv

k

v,v

v

k,...,1,0i

k

0i
IL

vvk,...,1,0ip

ivp
0i

0i

0

ivp
0i

max

maxk

xh

 

 

Note: the above lemma was proved by Leviatan and Shevchuk 

[49] in the case p . However all Lemmas in the rest of this 

section they have been proved in [50] for such case. 

 

Lemma 3.2.34.  
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Let 3k  , then for each    
sn,k s

2
S    , there is 

   
s

1

n,k s

2
S
~

    such that  

   p1

p
n,Sp,kCS

~
S

k




 .                    (3.2.35) 

In particular, 

     p1

p

1
n,Sp,kCn,S

~
kk




  .                   (3.2.36) 

 

Proof: 

Leviatan and Shevchuk [50] had constructed a piecewise 

polynomial      
1

n,k ss

2
S
~

  with pieces defined as  

          xxxx:xI|S
~

jjjj
  , 

where  is a piecewise constant function with jumps at most 

the s2  points
j

x ’s near the
i

y  exactly, the jumps at these
j

x 's 

are 

   
       

       





















,1j,j,xxxx
2

1

1j,j,xxxx
2

1

:xx

if

if

1jjj1jjj

1jjj1jjj

jj
  

and    x,x
jj

 are defined as follows 

For each nj1  , 
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 

   
   

   
   














































,j0

1j,j,xx
xx

xx

2

1

1j,j,xx
xx

xx

xx

xx

2

1

:x

if

if

if

2

j

j1j

1jj1j1j

2

j

2jj

1jj1j1j

j1j

2j1j

j
  

and   0:x
1

 . 

Also, for each nj1  , 

 

   
   

   
   


















































,j0

1j,j,xx
xx

xx

2

1

1j,j,xx
xx

xx

xx

xx

2

1

:x

if

if

if

2

1j

j1j

j1jjj

2

1j

1j1j

j1jjj

j1j

1jj

j
  

and   0:x
n

 , and the above S
~

is the required function.  

Then from the above definitions of
jj

,  and   , we have 

 
 

 
jpjp

IL1jjILjj
pC


  , 

so by Markov’s type inequality (2.2.7) and using (3.2.32), we 

obtain  

     
 

 
 

    ,I,h,Sp,kC

p,kCxxxx

p1j,j1j,j

IL1jjILj1jjjj1j

k

jpjp










     (3.2.37) 

then by virtue of Lemma3.2.22 and the inequality (3.2.37), we 

obtain  

 
 




n

1j

p

ILjjjj

p

p jp

S
~

S   
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 

   

   

    






















.n,Sp,kC

I,h,Sp,kC

I,h,Sp,kC

p

p

1p

p

p1j,jj

p

n

1j

p

p1j,j1j,j

p

n

1j

p

ILjj

k

k

k

jp













 

 

 If S,S
1

n,k
 is absolutely continuous in I , then we 

have the following inequality from [50] 

 
      xSx4x,S

2

n

2

xh



, where

n

1
h  . 

Then by using (2.2.4) and the fact that S is a piecewise 

polynomial of degree 1k   on the Chebyshev partition, we 

obtain 

 
        

p

2

n
p

xSxp,kCx,S
2

xh



, where

n

1
h  . 

Recalling the definition of the second order Ditzian – Totik 

modulus of smoothness, we can get 

        
p

2

np

1

2
xSxp,kCn,S 

                  (3.2.38) 

So, we obtain the following lemmas. 

 

Lemma 3.2.39.  

If 2k,Nn,S
1

n,k
  then  

        
p

22

npk
xSxp,kCSa  . 
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The proof of the lemma is follows, by using the left hand side 

inequality (3.2.29), the inequality (3.2.38) and the fact that 

     p2p t,fp,kct,f
k

    which follows from property (d ).  

 

Lemma 3.2.40.  

For  p0,3k and 
1

n,k
S is such that  

  1Sa pk
 .                                  (3.2.41) 

If an interval 
 ,

I contains at least ( 5k2  ) intervals
i

I , and 

points o

ii
Ix 


(interior of

i
I ) such that 

     1xSx
i

2

in



,                               (3.2.42) 

then for every nj0  , we have 

    
 

      k4k4

IL

2

n
jjp,kCxSx

jp

   .               (3.2.43) 

 

Proof: 

 Fix j and o

j
Ix  . It follows by definitions  pj,i

Sa and 

(3.2.41). that  

    1SaSa pkpj,i
 , 

then 

 

k

j

j,i

ILji h

h

jp 












 ,                         (3.2.44) 
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and since
ji

 is a polynomial of degree 1k  , so from (2.2.4) 

and the Markov’s type inequality (2.2.7), we have 

 
 

 
 

,hp,kC

,hp,kC

ipi

ipi

ILji

p

1
2

iIji

ILji

p

1

iIji

 







            (3.2.45) 

in turn (3.2.42) implies that, 

     1xx
ii

2

in
 


. 

Hence 

     1xxh
ii

2

in

p/1

i
 


, 

then by using (3.2.4), we conclude that  

  p

1
2

iii
hx



 


. 

Also, by using the above inequalities and (3.2.8), we can get  

       

 
iiIij

iiiiijij

x

xxxx

i





  

    

 

 

 

    k2p

1
2

j

k

j

j,ip

1
2

i

p

1
2

i

k

j

j,ip

1
2

i

1ijhp,kC

h

h
hp,kC

h
h

h
hp,kC








































             (3.2.46) 

By supposition, there are 2k   points  ,i Ix 



, ( 2k,...,2,1  ), 

each two being separated by an interval
,i

II  . Recalling 
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that
j

Ix  , so by virtue of (3.2.3) and (3.2.8), we have for 

each 2km1   ,  

 

      .jjkc1ijkc

h

h
kc

xx

xx
c

xx

xx

22

i

i,j

ii

ij

ii

i

mm

 

































     (3.2.47) 

Now, by virtue of the representation, from [50], we have 

    ,
xx

xx
xx

2k

m
1

ii

i
2k

1m
ijj

m

l








 


  













 

We obtain from (3.2.4), (3.2.46) and (3.2.47), 

    
 

    
 

 
 

jp
m

l

jpjp

IL

2k

m
1

ii

i
2k

1m
ij

2

j

ILj

2

nIL

2

n

xx

xx
xh25

xxxSx









 


 

 











  

     
 

jp

m

IL

2k

m
1

2

i

2k

1m

k2

i
p

1
2

i

2

j
1ij1ijhh25p,kC 

















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     
 

     

 

 
    

 

   

       












































.jjp,kC

jjhhp,kC

jj
2

3k2k
hp,kC

jjjjhp,kC

1ij1ijhp,kCh25

k4k4

)3k2(2p

1

j
p

1

j

IL

)3k2(2
p

1

j

IL

2k

m
1

2
2k

1m

k2
p

1

j

IL

2k

m
1

2

i

2k

1m

k2

i
p

1
2

j

2

j

jp

jp

jp

m

















 

 

Also, we need the following Lemma. 

 

Lemma 3.2.48. [50] 

Let E be an interval which is the union of s12m  of  

the intervals
j

I , let a set EJ  be the union of 
4

m
1   of 

these intervals. Then there exists a polynomial 

   J,E,xQxQ
nn

 of degree  nsc , satisfying  

   
 

    
 
 

 ,E\IJx

,
x

x

E,xdist,x

x1
cxxQ

n

)1s(25

n

n

1n max































  (3.2.49) 

(we may take 1c
1
 ) 

   
 
 

J\Ex,
x

x
xxQ

n

n





   ,                (3.2.50) 

and 
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     
  

Ix,

xxx

h
xmscxQ

EI

nj

j

n

6

n

j





 


.        (3.2.51) 

 

 For the rest of this section we assume that 0s  , because 

otherwise many of statements are vacuous and there is 

nothing to prove. For j , let *
j be denote the closest element 

to it from  (if there are two such elements, then we take the 

bigger one), and denote by *

j
I the connected component of 

O (the closure of O ), that contains
j

x . Since the 

interval *

j
I contains at most s3 intervals


I , then we have from 

(3.2.8) that 

 
j

2*

jj
hs3Ih  .                               (3.2.52) 

In order to unified notation we denote if ,j   

jj
*
 and

j

*

j
II  . 

Now, the following polynomials  
sn,j

,b,xT
~

1

 , ( n...,2,,1j  ) 

and
1

n
D of degrees  

1
nsC , with

1
n a natural number which is 

divisible by n , and b  constant depend on s , were created by 

Leviatan and Shevchuk [50], will be useful, and the polynomial 

1
n,j

T
~

satisfy the following lemma, 

for  1s36b  and 1s3b2b
1

 . 
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Lemma .3.2.53. [50] 

The following relations hold. 

  1xT
~n

1j
n,j

1




,                                  (3.2.54) 

   

  ,Iynj1,si1,0yT
~

nj1si1,0yT
~

yT
~

*

jiin,j

in,jin,j

and

and

1

11




                  (3.2.55) 

and 

   
 

  
 

   

,Ix,2sq0,nj1

,
I,xdistx

x

x

sC
xT

~

and

2

1

1

1

1

b

jn

n

q

n

q

n,j


























       (3.2.56) 

where  1b
2

1
b

12
 . 

 

 Now, for  n,k
S , and

1
n divisible by n , the 

polynomial
1

n
D is defined as following 

       
sn,j

n

1j
jnn

,b,xT
~

x:S,xD:xD
111

 


,         (3.2.57) 

and let us we denote by 

           
n1nne

IIOO]u2/1u,u2/1u[:Ou:O  . 

Then, we can obtain the following lemma. 

 

Lemma 3.2.58.  
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Let ,06k2sbb
23

 and let  be a proper interval, 

for   
1

n,k s
S , then for nj0,xx

j
 , and  p0  , we have  

   
 

  
 

 
 

 
,

\I,xdist

x
Sa

,Sa
x

p,s,kC
xDxSh

3

1

b

n

pk

pk2

n

n

p

1






























          

for any n1  such that 


I . 

 

Proof:  

We fix 


I and let


Ix  be such that 

xxxx
1



                                 (3.2.59) 

So by definition of  pj,
Sa


, we have 

 
 

k

j

j,

pj,ILj h

h
Sa

p 



















. 

Whence by virtue of (2.2.3) and (2.2.7), we have for each N , 

   

 

 
 

k

j

j,

pj,ILj h

h
Sa

h

p,kC

p 

























 , 

and for 1,j   , (3.2.59) and (3.2.4) imply 

   x
2

1
I,xdist

nj
 . 

Hence, by (3.2.56) combined with (3.2.3) and (3.2.7), we obtain 
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       
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 

  
 

   

 
 
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 
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 
 

   
    

 

   
 

   

 
 

  
 

 

 

   

1b

jn

n

n

n

rq

n

jpj,1r

1rqb

jn

n

1rq

jn

n

rq

n

j

)1k(2

n

jn
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b

jn

n

rq

n
j,

j

1k

j

j,

pj,r

b

jn

n

rq

n

k

j

j,

pj,r

rq

n,jI

r

j
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1

v

3

1

1

2

1

1

1

2

1

1

1

2

1

1

1

1

I,xdistx

x

x

x

x

1
hSa

h

p,s,kC

I,xdistx

x

I,xdistx

x
.

.
x

1

h

h
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where we applied the inequality    x
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and (3.2.4) in the last inequality. 

 

So, by virtue of (3.2.54), we can represent 
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It remains only to estimate
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Hence the theorem follows from (3.2.63) through (3.2.66).  
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If  n,k
S , then  

   pk
p

n
Sap,kCDS

1

 .                     (3.2.68) 

Furthermore, if   
n,k s

S and  

  s,...,2,1i,0yS
i

 ,                      (3.2.69) 

then 

  s,...,2,1i,0yD
in

1

 .                     (3.2.70)  

 

Proof: 

Recalling the definition of
1

n
D and by virtue of (3.2.54) 

we have 

 
 

 
 
 


n

1

p

IL

n

1j
n,jj

n

1

p

IL
n

p

p
n

p

1
p

11

T
~

DDS










 



 

 

 101 

      
   

 

   
   

 

 

 

 





 

















































n

1

n

1j

p

IL

1b

jn

j

1

p

1

p

pk

p

n

1

n

1j

p

IL

1b

jn

j

b

n

1

pj,

p

1

p

3

p

3

3

I,xdistx

1
hh

n

n
Sap,kC

I,xdistx

1
hx

n

n
Sap,kCh











 

   
  

    

        
    

    ,

max

p

pk

p

n

1 I

pb

jn

n1

n,...,2,1

p

1

p

pk

p

I

p

1b

jn

b

n
n

1j
j

n

1

1

p

1

p

pk

p

Sap,kC

I\I,xdistx

x
h

n

n
Sap,kC

I,xdistx

x
hh

n

n
Sap,kC

3

3

3









































































 

 






















 

where, we applied (3.2.69) with r0q  in the first inequality, 

we chose
2

b in Lemma 3.2.53, such that 2pb
2

 (so 

that 2pb
3

 ) and we used (3.2.4) and (3.2.14) in the third 

inequality and used the fact that
j

1

i
h~n~h

 for 

each n,...,2,1j,i  in the last inequality. 

The second part of this lemma was proved by Leviatan 

and Shevchuk [50], in the following way: 

We fix si1  , and let  be such that


Iy
i
 . Since




j
for 

all *

j
II


 , then 

              

   .yT
~

y

yT
~

yyT
~

yyT
~

yyD

n

II

in,jij

n

II

in,jij

n

1j
in,jijin,jijin

*

j

1

*

j

1111









 

 





 



 

 

 102 

Now, by virtue of (3.2.55), the first and the second sums are 

zero, and since     0ySy
ii
 


, it follows that the third term 

vanishes.  

 

To prove our Theorems 3.2.11 and 3.2.12 we need the following 

lemma.  

 

Lemma 3.2.71. [50] 

If   is a proper interval,   
1

n,k s
S  and (3.2.74) holds, 

then 

  

   
   

  
 

 
 

 
,x,

\I,xdist

x

n

n
Sa

,Sa
x

xb,s,kC
xDxS

3

1

b

n

1

k

k2

n

0

n































     

where we recall  x from (3.2.1). 

 

 

3.3  Proof of Theorem 3.1.1: 

 We use the mathematical induction on s - the number of 

convexity changes of f and the idea of flipping technique of f , 

which originally introduced by Beatson and Leviatan in [1]. 

For 0s  (i.e., f is convex in I ), then the theorem is valid 

and it was proved by DeVore, Leviatan and Hu [11].  
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Thus we will assume that 1s  , and it is clear that f  is either 

concave or convex in the interval ]y,1[
1

 , and each case where 

will need a separate through similar construction. We will 

detail the construction for the case where f  is concave 

in ]y,1[
1

 . For the sake of simplicity in written we write
1

y  .  

Now, we may assume that 
1jj

00

x,x[


 . Then, 

if















 1

50
,

y

50
max:n

2

, we are assured that 1x
3j

0




 and 

that
24j

yx
0




. Set  
0

jn
h

6

1
c:h   , where c  is chosen 

sufficiently small to guarantee the right inequality. We 

observing that this implies  

2j1j
00

xh2h2x


  . 

We are going to replace f  on the interval ]h,h[    in a 

way that will keep us near the original function (see g  below) 

will be smoother at  . As we said above, the case 0s  is 

known and serves as the beginning of the induction process; it 

has been proved by DeVore, Leviatan and Hu [11], and in this 

case (3.1.2) holds, for all 2n  . Thus, we proceed by induction.  

To this end, we observe that either   0,f
2

h
    

or   0,f
2

h
  . 
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In the first case, let  x
1

  be denote the linear function 

interpolating f  at h  and  . Then the function 1f:f   

satisfies 

    0fhf   ,   0hf  , and   0xf  , hx1   . 

Hence, for ]x,x[:J
2j1j

00


 , we have, 

     

       

 .,f

h2fhf3f3hf

h2fhfhf0

3
h














 

 Now, since f  is concave in ],1[   and it’s convex in ]y,[
2

 , 

then from Theorem 3.2.23, we have f  is continuous on  ,1  

and  
2

y, , and  since   0f   which is finite, so f  is bounded 

on  
2

y,1 , then  ,f3
h

  is finite on J . On the other hand, we 

have from the definition of ordinary modulus of smoothness 

that 

 
 

       ppp
JL

J,h,fpCJ,h,fJ,h,f,f 333
3
h

p

 


, 

then  

   p
p

1

J,h,fJ,f 3
3
h 


 . 

 Thus  

     p
p

1

J,h,fJ,fhf0 3
3
h 


  . 
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Similarly, in the latter case, let  x
1

  be denote the linear 

function interpolating f  at   and h . Then the 

function 1f:f   satisfies 

    0hff   ,   0hf  , and   0xf  , hx1   . 

Hence, for ]x,x[:J
2j1j

00


 , we have, 

     

         



,fhff3hf3h2f

hfh2fhf0

3
h


  

Also 

     p
p

1

J,h,fJ,fhf0 3
3
h




 


. 

Thus in both cases we have, 

        pp

1

J,h,fJhf,f,hf
3

max 


  

which in turn implies that the quadratic polynomial
2

 , 

interpolating f  at h,h and   , is bounded by the same 

quantity on ]h,h[   . This means that 

   

    ],h,h[x,J,h,fh2c

J,h,fJx

p
p

1

p
p

1

2

3

3












 

so 

 p]h,h[L2 J,h,fc 3
p







 , 

then by applying Lemma 3.2.25, we obtain 

 
 

   pJL2 J,h,fpC 3
p

                         (3.3.1) 

At the same time applying Whitney’s theorem we conclude that 
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 
   p

JL
2 J,h,fpCf 3

p

                       (3.3.2) 

Hence 

 
   p

JL
J,h,fpCf 3

p

                         (3.3.3) 

Now, since 2  is bounded on I , then 

   
n,...,2,1j,~

JL2IL2
pjp

 ,          (3.3.4) 

and also by virtue of Theorem 3.2.23, we have  

    n,...,2,1j,I,h,f~J,h,f
pjjp 33             (3.3.5) 

then by using (3.3.1), (3.3.4) and (3.3.5) we conclude that for 

each n,...,2,1j   

   
 

       
pjjpJL2IL2 I,h,fpCJ,h,fpCpC 33

pjp

   . 

So, by applying Lemma 3.2.22, we obtain 

   
p

1

p2 n,fpC
3


  

Analogously  

   
p

1

p
2 n,fpCf

3


 ,  

hence 

   
p

1

p
n,fpCf

3


                            (3.3.6) 

Now, let 

 
 

 

 


,w.oxf

x1xf
:xf̂


 

and 
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   

  










].h,h[x0,xf̂

]h,h[xxf̂
:xg

max 


 

by virtue of(3.3.6) we have  

   
p

1

p

n,fpCgf̂
3


                          (3.3.7) 

Thus, by using Lemma 3.2.21 and the inequalities (3.3.6) and 

(3.2.7), we obtain 

        

 

   
p

1

pp

p

1

p

1

p

1

n,fpC

f̂gf̂pC

n,f̂n,gf̂pCn,g

3

333














 











                      (3.3.8)   

 It is readily that  ILg p , that it is convex in ]y,1[ 2 and 

that it changes convexity at  1s1s y\:  


. If, on the other 

hand, f was convex in ],1[  , then g  would be concave 

in ]y,1[ 2  and change convexity at 1s 


 . Thus in any case g  

had fewer convexity changes, so by induction, we may assume 

that for
 
 s

sA
n

d
 , there exists an n th degree polynomial nq  

which is coconvex with g , and satisfies the analogues of (3.1.2). 

Namely (by (3.3.8)) 

   
pp

pn
n

1
,fp,sC

n

1
,gp,1sCqg

33 


















  .            (3.3.9) 

Note that, since   0g  , we may assume that   0xq n   . 
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 We fix
 
  















,

1s

1sA
n

d
max  readily leads to the 

definition of  sA . Kopotun [9] has constructed, for 
n

q,  

sufficiently large 2 , and for each n  like above, two 

polynomials n  and nW  of degree  nsC  such that the 

polynomial 

             duuququq:x

x

nnnnnn  


  W , 

is coconvex with f , and the following inequalities are 

satisfied Ix  , 

    0xsgnx
n

 , 

           0xsgnqxqxqx
nnnn

  , 

      


0
jn

sCxsgnx   ,                      (3.3.10) 

      


0
jn

sCxsgnx W ,                      (3.3.11) 

and 

    


00
j

1

jn
hsCx


 .                           (3.3.12) 

Observe that      xx:xP 1nn   is of same degree of
n

  

and it too is coconvex with f , so we conclude the induction step 

by proving (3.3.2) for
n

P , and to this end, we begin with  
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   

     

     

     

          

         









































































 







p

x

nnn

p

p

x

nnn

p

x

nn

npn

p

pn

p

pn
p

p
npnpn

duxuqxsgnxq
n

1
,fp,sC

duuuqduxuq

xsgnxqqg
n

1
,fpC

xsgnxg
n

1
,fpC

xsgnxggf̂pC

xsgnxf̂fPf

3

3

3































W

 

      

    ,EEEp,sC:

duuuq

321

p

x

nnn









 



 W
 

where we applied (3.3.7) and (3.3.9) in the first and last 

inequality respectively. 

Recalling that   0q
n

 , integration by parts, (3.3.10) and 

(3.3.12) yield 

       

         

       
p

x

j

1

jnjn

p

x

nnnn

p

x

nnn2

duuhuqxqsC

duxuqxxsgnxq

duxuqxsgnxqE

000
































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     













 



p

x

j

1

jnpn
duuhuqqp,sC

00






   .EEp,sC:
2,21,2

  

To estimate
2

E , we need estimate
1,2

E  and
2,2

E  . 

By virtue of (3.3.6), (3.3.7) and (3.3.9), 

 

  ,
n

1
,fp,sC

f̂gf̂qgpCqE

p

pppnpn1,2

3

















 


           (3.3.13) 

Now, to estimate
2,2

E , we separate the cases 1p  , from the 

cases 1p0  , and we reall Jensen’s inequality from[68], 

which is 

   

 

    

 
































b

a

b

a

b

a

b

a

dxxp

dxxpxf

dxxp

dxxpxf 

 ,                 (3.3.14) 

where  is convex in interval   exfd  , that   exfd   in 

bxa  , the  xp is nonnegative and 0 , and all the integrals 

in the inequality exists. 

First: For  p1 , since we have
p

.  is convex, and all 

integrals exist, so by applying the Jensen’s inequality (3.3.14) 

and (3.2.14), we obtain 

       
p

1

1

j

1

jn

p

x

j

1

jn2,2
duuhuqduuhuq:E

0000











  
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  .qCduuhq
pn

1

1

j

1

jpn
00

 


 
  

Second: For the other case, fix 1p0  , since  


,pMhq
00

j

1

jn


 , 

for some o , then by choosing (for example 2q  ) from 

Theorem F, it follows that  

       
2

x

j

1

jn

p

x

j

1

jn
duuhuqcduuhuq

0000












 , 

then we use the Jensen’s inequality (3.3.14), to obtain 

      .qCduuhqduuhuq
2n

1

1

j

1

j2n

2

x

j

1

jn
0000

 


 




  

Hence by using Theorem E, in new, we obtain 

      .qpCqcduuhuq:E
pn2n

p

x

j

1

jn2,2
00

 





  

Thus, in each case, we have 

   
1,2pn2,2

EpC:qpCE  . 

So by virtue (3.3.13) 

 
p

2
n

1
,fp,sCE

3 









                      (3.3.15) 

Finally, it remains only to estimate 3E  , to do so, we 

notice that nq is convex in ]y,1[ 2 , then nq   is monotone 

increasing there. If   0q n   , then by mean value theorem, for 

some  
0j

h,   , 

   
   

 
00

0

0

jn

1

j

j

njn

nn hqh
h

qhq
qq0 


  


 . 
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Then, by (3.2.15), (3.3.10), (3.3.11) and (3.3.13) we have 

      

     
p

1

p
1

1

1

1

jjn

1

j

p

x

nnn3

dxduusChqh

duuuqE

000 






























 



 

 





  W

 

     

    .n,fp,sC

qp,sCdxhqp,sC

p

1

pn

p

1

1

1

p

jn

3

0




















 




 

Similarly, if   0q n   , then, for some   ,h
0j

 , 

   
   

 
00

0

0

jn

1

j

j

njn

nn hqh
h

qhq
qq0 


  


 , 

then 

 
p

3
n

1
,fp,sCE

3 









 . 

This implies our assertion  

 

 

3.4   Proof of Theorem 3.1.6: 

 

 For 4s  , then for each 3n   and 0A  , let us we 

choose
2

1
b0   from the condition 

A
bcn

bn2
2

22




, 

where c  is a positive constant. 
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Put 

 
 

  ,bx

bx

bx

bx

:xf
222

222

















  

Set the points, byb
3

1
y,b

3

1
y,b:y 4321 and 


 , then it 

is clear that    4

1 2ICf   . 

Let  4nn

2   , that is, n   is convex in ]b,1[ , 






 
b

3

1
,b

3

1
 

and ]1,b[ , and its concave in 






 
 b

3

1
,b  and 








b,b

3

1
.  

Set 

   222 bx:xQ  , 

and 

     xQx:xM
nn

 . 

Now, since   00n   , then 

      000Q0M nnn   , 

so 

    0b40Q0M 2

nn  . 

Let us make use of S. N. Bernstein’s inequality, to obtain 

  n

2

n

2 Mn0Mb4  , 

hence 

,b2f

QffM
n

b4

4

n

nn2

2




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so 

4

2

2

npn b2
n

b4
ff

2

nc
 . 

On the other hand, we have 

   
 

.bn2

b2n2

b
33

2
n2

Qfn2

n,Qf2

n,f2n,f

312

3214

3
3

1

1

1

1p

1

p

1





























 

Thus 

 
A

bcn

bn2

bn2

b2
n

b4
n

c

2

n,f

f

2

22

312

4

2

2
1

p

1

pn




























. 

Hence the proof is complete in this case. Now, for the 

other case 4s  , we will restrict our definition of f  on 








2

1
,

2

1
 

and we set    ,21fxf  for any x  such that
2

1
x  , and we do 

the same thing to Q , in other words we will defining f as the 

following 

 

 
 































,w.ob
4

1

2

1
xbbx

bxbx

:xf

2

2

222

222
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and 

 
 
























w.ob
4

1

2

1
xbx

:xQ 2

2

222

 

It is clear that  ICf   and change it’s convexity at 

321 y,y,y and 4y . Now we take 4s   arbitrary points 

satisfying 1y...yy
2

1
s65  , and regarding f  as changing 

convexity at these points too, hence  s

2f  , and we complete 

proof in the similar way as above, this completes the proof of 

our theorem.  

 

 

3.5    Proof of Theorem 3.1.7 and Theorem 3.1.8: 

 

We begin with the Proof of Theorem 3.1.8: 

  If 1k  , then Theorem 3.1.8, is trivial and there is 

nothing to prove, since
0n,k

 . Thus we have to show our 

assertion for the case 2k  . To this end, we need the 

polynomials ,1n,...,2,1j,~ s'
j

  which are defined by Leviatan 

and Shevchuk [50], as the following: 
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Given Nn  , let  


 jJ
x,x:G   be denote the connected 

component of  
s

,nOO  . For each 1n,...,2,1j  , let
j

~  be 

polynomials of degree  nsc  defined as follows. 

a. if j , then  

   x:x~
jj

   

where
j

  are from Lemma 3.2.17, 

b. if 0j 


 and


Jj0  , then   0:x~
j

 , 

c. if nJ 


 and njj 


, then    
jj

xx:x~  , 

For the other s'j , which is nJjj0 


. We divide 

the s'  into two groups. Let n)1k(s22:n
3

1
 . We say 

that Od  if there exists an  
s1

,n 


  such 

that 




GI
1

n,



, and the interval  

11
n,jn,

x,x



 contains an 

odd number of points
i

y . Note that if Od  then the set 


G  

contains an even number, say m2 , of points
i

y , say 

1m2i1ii
000

y...yy


 . In this case each two consecutive points 

v2i
0

y


 and 1m,...,1,0vy ,
1v2i

0




, must belong to the union of 

four consecutive intervals, say )x,x[
1v1v

n,2n,2  
, hence 

       

1m

0v
n,2n,2j

1v1v

x,x0xSx:Gx











. 

It follows by the left-hand side of (3.2.8) that, 
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    
 

 

 

 

 

 
.G

1k16

1

1k66

G
4

n

n
3

G
s4

jJ

G

n

n
s4

I
n

n
s4

Is2

I40xSx:Gx

3

3

1

1

x,x
1

n,x,x

n,x,x

1m

0
j

jJ

1
jJ

1
jJ

I

I

I

max

max

maxmeas

1n,

1n,
































































                (3.5.1) 

We need the polynomials



j

 and



J

, however, we note 

that


j  might not be in  . Since


j2  is always in  
s

,n2  , in 

the case 


j , we define  
n2,j2jj

::~


  . Similarly, we 

always have  ,,n2J2
s




 in the case 




J , so we define
n2,J2JJ

::~


  . Now, 

d. if nJjj0 


 and Od , then we let 

   x:x~
jj


  , 

e. if nJjj0 


 and Od , then we let 

       x1x:x~
1

n,jjjj





 , 

where 0
j
  or 1 , is to be prescribed. 
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Now, we recall the piecewise linear function L  that 

interpolates S , at the points s'
j

x  , satisfies  

 
p

p n

1
,SpCLS

2










 ,                          (3.5.2) 

and may be written in the following form 

      







  j

1n

1j
1j1j1jj1j

xxxx]S;x,x,x[x:xL  , 

where  x  is a linear function and  


 

 
w.o0

axax
:ax .  

  We define the polynomial
n

   of degree  nsc , by 

       






1n

1j
j1j1j1jj1jn

x~xx]S;x,x,x[x:x  . 

Firstly, we will show that  
s

2

n
  , to this end, we use the 

same proof, which Leviatan and Shevchuk have used  

Now, we denote  

      1n,...,2,1j,x~xx]S;x,x,x[:xQ
j1j1j1jj1jj



 , 

and 

             xExDxCxBxAx:x
n

  , 

where  

     



nJ

J
j

j
xQxQ:xA





, 

    0j,xQ:xB

1J

1j
j

 







, 

    nJ,xQ:xC
1n

jj
j

 







, 
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    







Od

1J

1jj
j

xQ:xD






, 

      







OdOd

1J

1jj
j

xE:xQ:xE









. 

Since   0x  , so     Ix,0xx  . 

It is important to emphasize that, we either 


j  

or


Jj  , so that indeed all 1nj1   are taken care of. We 

have to investigate each case separately. 

For case a., that is, if j , then by definition of  
s

2
 , we 

have,   0]S;x,x,x[x
1jj1jj




 .  Then by (3.2.18), we get 

          0xxx]S;x,x,x[xxQx
j1j1j1jj1jj



 , 

similarly, for     0xQx,nJ
J







, hence  

    0xAx  , Ix  . 

For the cases b. and c., we have    xCxB and  are linear 

functions, so     0xC0xB and  , thus     0xBx   and 

    Ix,0xCx  . 

For the case d., that is if Od , then  

     

      
  .ex

xx]S;x,x,x[xx]S;x,x,x[x

xx]S;x,x,x[xxQE

j

JjJ1JjJjJ1jjj

1J

1jj
1j1j1jj1jj

1J

1jj
j

vv








































 

In virtue of Lemma 3.2.16, and using (3.5.1), we conclude 

  0ex
j






 . 
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Hence, (3.2.18) implies  

             

 
Ix,0

x

1
xexxxxxEx

2

j

jjj vv








  . 

It remained only for the case e., which is the case Od , 

in this case by definition Od ; we have an odd number of 

points  

jn,i

x,xy
1


 , and this means that  

    0xx
v1

jn,





. 

Now, Since in virtue of (3.2.18), we have  

            Ix,0xxx0xxx
jjn,n,

and
11




 


. 

Therefore the above inequalities implies that 

    Ix,0xx
jn,

1







, 

this means that  x
1

n,




  and  x

j


   have different signs for all 

Ix  . Hence for each 1J,...,2j,1jj 


, we may 

subscribe
j

  so that 

    Ix,0xQx
j

 . 

With this choice  

    Ix,0xDx
j

 . 

Thus the above discussion yields that 

    Ix,0xx
n

  . 

 Now, we will prove (3.1.9) and (3.1.10), to this: We have, 

in virtue of Lemma 3.2.17, the following inequality  
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       xhscx~xx
2

jjjj
  ,                   (3.5.3) 

it is well- known that for each 1n,...,2,1j  , we have 

   
p

12

jp1jj1j
n,ShpC]S;x,x,x[

2




  ,                       (3.5.4)                   

and since 

]S;x,x,x[2]S;x,x,x[
1jj1j

p

1

p1jj1j 
 . 

Then by using the definitions of L  and
n

P , and the ineq-

ualityies (3.2.15), (3.5.2), (3.5.3) and (3.5.4), we obtain 

      

        

        

     

    ,n,Sp,sC

n,Sxp,sC

xhh4n,Shp,sC

xhsCh4n,ShpC

x~xxxx]S;x,x,x[L

p

1

p

1

p

1n

1j

2

j

p

2

jj

1n

1j
jp

12

j

p

2

jj

1n

1j
jp

12

j

p

jj

1n

1j
1j1j1jj1jpn

2

2

2

2





























































     (3.5.5) 

hence  

      
p

1

pnppn
n,Sp,sCLLSpCS

2


  . 

This is the proof of (3.1.9).   

 Now on the other hand, we have   

 
 







1n

1i
IL1jj1jp1jj1j

ip

]S;x,x,x[pC]S;x,x,x[ , 

but since S  is a continuous piecewise polynomial of order k , 

then  
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   
 

   
 

   

   











































1n

1j
p1jj1jj

2

j1n,...1j

1n

1j
p1jj1jj

2

j

1n

1i
IIIL1ii1i

1n

1i
IL1ii1ip1jj1j

.III,h,Shp,kC

III,h,Shp,kC

]S;x,x,x[kCp,kC

]S;x,x,x[kCpC]S;x,x,x[

2

2

max

1ji1ip

ip










 

So, by using Lemma 3.2.22, we obtain 

   
p

12

j1n..,,1jp1jj1j
n,Shp,kC]S;x,x,x[

2
max 


  .               (3.5.6) 

Then, by the same way as we do in the proof of (3.5.5), 

with using   (3.5.6) in place of (3.5.4), we can obtain 

    .n,Sp,sCL p

1

pn 2




                         (3.5.7) 

Thus (3.1.10) follows, by using (3.5.2) and (3.5.7).  

 

  

Proof of theorem 3.1.7: 

 By taking a look at what we presented in the above, 

exactly in the proof of (3.1.9). One notices that the purpose 

behind the assumption that our function is piecewise 

polynomial was in order to apply Lemma 3.2.16, in the 

case Od ; else we need not to that supposition. 

Thus for any arbitrary function  
s

2
f  , and a natural 

number n  big enough such that each component


G  contains 

an odd number of points of
s

 , in particular one point, then 
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one may get the same result. If f  alters convexity just once, 

apparently the requirement that each component


G  contains 

an odd number of points of
s

 , especially one point holds for 

all 1n  . This proves Theorem.  

 

 

3.6   Proof of Theorem 3.1.11 and Theorem 3.1.12: 

 

In order to prove Theorem 3.1.11, it is enough when we 

prove Theorem 3.1.12, this by virtue of Lemma 3.2.34, 

recalling that we may assume 3k   .  

 Now, without loss of generality we may assume that 

 

  .1Sa

1Sa

pk

k

and





                           (3.6.1) 

Now, to prove our assertion, we have only to find a 

polynomial nP of degree at most  np,sc  which is coconvex 

with S  in the interval I . So by virtue of Lemma 3.2.28, we 

have only to show that n  is satisfy 

 p,k,sCS
pn  .                     (3.6.2) 

We need some notations and results from [50], we 

fix b is too big that 2pb 2   and  1s25b 3  , where 2b  

and 3b was defined in Lemma 3.2.53 and 3.2.58, this 
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makes  s,kC 0  the constant in Lemma 3.2.71, so we 

denote 02 Cc  , and we fix an integer 3c  such that 









 s12,
c

k8
c

1

3 max , 

where 1c  is the constant from Lemma 3.2.48 .  

Without any losing of generality, we may assume that n  

is divisible by 3c , (i.e., 3cMn  ), where this defines M  and we 

divided I  into M  intervals 

     M,...,2,1q,I...Ix,x:E 1c1qqcc1qqcq 3333
   .  

We write UCj (for “Under Control”), if there is an jIx   

such that 

 
  2

n

2

x

c5
xS


  ,                                 (3.6.3)  

We say that Gq  , if
q

E  contains at least 5k2   intervals 

j
I  with UCj , also we say

1
Gq  , if either Gq   or there is 

a Gq 
  , such that 















,qqifqq,...,1,0

qqifqq,...,1,0
,OE

e

q






  

where for any Given I , we have 

   ee2e3eee2

I
j

e
::,I: and

j





 

, 

Note that if G\Gq
1

 , then s2qq 
 ,), thus (3.6.1), (3.6.3), 

Lemma 3.2.40 and Lemma 3.2.25 implies 
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      
1E

2

n
Gq,s,kCxSx

q

 , [50]                 (3.6.4)  

and 

    
 

 
1EL

2

n
Gq,p,s,kCxSx

qp

 .                   (3.6.5) 

Set 


1

Gq
q

E:E


 , 

we decompose S  into small part and a big one by setting 

 
 

      .xsxS:xs
Ex0

ExxS
:xs

12e

e

1
and 








      

and putting  

           

      .duusux:xS

,duusuxxS1x1S:xS

x

1

22

x

1

11













  

Now, since  xS   are well defined for n,...,1,0j,xx
j

 , so 

that
1

s  and
2

s  are well defined for n,...,1,0j,xx
j

 , hence
1

S  

and
2

S  are well defined everywhere and possess a second 

derivative again for n,...,1,0j,xx
j

 . Thus from now and over 

whenever we write


S   we will mean n,...,1,0j,xx
j

 . 

It is clear that   
1

n,k s21
S,S . Thus 

    Ix,0xxS
1

  , and     Ix,0xxS
2

  .   

By using Lemma 3.2.39 and the inequalities (3.6.4) and (3.6.5) 

we obtain 
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   s,kCSa
1k
 ,  [50] 

 and  

   p,s,kCSa
p1k
 ,  

 

then by virtue of (3.6.1) and the fact that
21

SSS  , we have 

       42k c:s,kC1s,kC1Sa  , [50]                (3.6.6)  

and 

          5p2k c:p,s,kCp,s,kC1pCSa  ,               (3.6.7) 

where  d denote the smallest integer greater than d . 

 

The set E  is a union of disjoint intervals ]b,a[F


 , 

between any two of which there is an interval 
q

E with
1

Gq  . 

We may assume that
63

ccn   where  
546

c,c:c max , and we 

write AG (for “Almost Good”), if F  consists of no more 

than
6

c  intervals
q

E , in particular it consists of no more 

than
63

cc  intervals
j

I . Set 





AG

F:F


 . 

and let 

 
 










,Fx0

FxxS
:xs

e

e

4
    

and                                                                                  

     xsxS:xs
43

 .    
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Put 

            ,duusuxxS1x1S:xS

x

1

13 


    

and                                                                                          

      .duusux:xS

x

1

24 


        

Then evidently  

  
1

n,k s43
S,S ,                                (3.6.8) 

 

    Ix,0xxS
3

  ,                             (3.6.9)   

and 

    Ix,0xxS
4

  .                           (3.6.10)  

For AG , then from the definitions of
2

S  and
3

S , the 

inequality (3.6.4) implies  

   
 

   
Fx,

x

s,kc
xSxS

2

n

23



 .  

So, by using Lemma 3.2.25, we obtain  

 
  

Ix,
x

)s,k(C
xS

2

n

3



 ,   

Hence 

      p,s,kCxSx
p

3

2

n  . 

Then by applying Lemma 3.2.39 we get  

   s,kCSa 3k  , and    p,s,kCSa 3k  ,                                  (3.6.11) 

thus, by virtue of (3.6.1), we have 
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     74k c:s,kC1Sa  ,                           (3.6.12)   

and  

     p,s,kCSa
p4k   .                              (3.6.13) 

Now, in view of (3.6.8), Theorem 3.1.8 implies the 

existence of a polynomial  xrn  of degree  nsC , which is 

coconvex with 3S  and satisfies 

   
p

1

3pn3
n,Sp,s,kCrS

2




 . 

By combining this with Lemma 3.2.28 and the inequa-lities in 

(3.6.11), we obtain 

 p,s,kCrS
pn3  .                          (3.6.14) 

On the other hand Leviatan and Shevchuk [50] have 

constructed three polynomials ,Q n and nM , such that  

 s,kCQ n  , and  s,kCM n  , 

and the polynomial        xMxQcxD:xR nn2nn 1
 , of   degree 

   np,scnsc   which is coconvex with 4S  , and 1n  is chosen to 

be divisible by n ,and greater than  76 c,cn max . Such that 

 s,kCRS n4  . 

Hence, it is clear that the polynomial nnn Rr:  , have the 

same degree of nR , and it’s coconvex with S . Thus it remains 

only to show n  satisfies (3.6.2), to this end, we   have 
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  

   
 ,p,s,kC

QQcDSrSpC

RSrSpCS

pnpn2
p

n4pn3

pn4pn3pn

1


















 



 

where we used Lemma 3.2.67 and the inequalities (2.2.3), 

(3.6.13) and (3.6.14).  

Thus we proved our assertion, for ,cn   divisible by 3c . 

For all other s'n  Theorem 3.2.12 follows by the inclusion  

    
1

nc,k s

1

n,k s
3

.  
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Chapter Two 

 

Approximation by Some Piecewise Linear 

Functions. 

 

 

 In this chapter we approximate a function  ILf
p

 , by 

some piecewise linear functions which are introduced by 

DeVore and Yu [15] and Zoltan [67], using a special partition of 

the interval I, and we shall obtain global estimates using the 

second order of the Ditzian – Totik modulus of smoothness. 

 

 

2.1   Introduction and Main Results   

  

Let n

nkk 
  be a sequence such that 

kk
 


 ( n,...,2,1k  ) 

and 1

0011nn

2
ncn






  . Moreover, 

let n

nkk
x


 :

n1n1nn
x:1xxx:1 


 be a partition of 
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the interval I , and ]x,x[:I
1kkk 

 , each  
k

I  has the following 

properties: 

(i) 
k2kk1

cIc   , ( 1n,2n,...,1n,nk  ), 

(ii) For any
k

Iu  , ( 2n,...,1nk   ), we have 

           ucnI
1

k



 , 

where the value of  c  may vary with each occurrence.  

 The existence of n

nkk 
 and n

nkk
x


 is guaranteed by 

DeVore and Yu [15]. We are interested in such app-roximation 

because its significance in polynomial approximations, as we 

have presented in section 1.4.  

 First we approximate a function  ILf
p

  , by the 

piecewise linear function fS
n

, which is introduced by DeVore 

and Yu [15], and interpolate f  at the points 
k

x  

( n,1n,...,1n,nk  ), defined as follows  

 
 

 

 
,Ix)x(f

xx2

xxxx

)x(fxt;x,x,x
2

xx

)x(f
xx2

xxxx
:)x(fS

n

1nn

1n1n

kt1kk1k

1n

1nk

k1k

n

n1n

1n1n

n




































  

where the notation  
t1kk1k

xt;x,x,x 


 means that the divided 

difference is applied on the variable t . 
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It should be noted that for any
k

Ix  , 

n,1n,...,1n,nk   

  )x(f
xx

xx
)x(f

xx

xx
:)x(fS

1k

k1k

k

k

k1k

1k

n 













 ,                 (2.1.1)   

and     ILIL:S
ppn

  is a positive linear operator, that is, 

n
S preserves the positivity of f . 

 

Our first achievement is the following: 

 

Theorem 2.1.2.   

For 2n  , 
nn

 and  p0 we have  

p

2pn
n

1
,f)p(CfSf 










  .            

 

 In the next, we approximate  ILf
p

  by a new piecewise 

linear function fU
n

, defined by Zoltan [67], as 

 
 

      

























)xnx(f)x(f)xnx(f.xt;x,x,x.

.
2

xx
)x(f

xx2

xxxx
:)x(fU

kkkt1kk1k

1n

1nk

k1k

n

n1n

1n1n

n




 

 
,Ix)x(f

xx2

xxxx

n

1nn

1n1n









    

where 1  such that 








nncc

2

1n1
. 
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However, the well-definedness of   f
n

U  follows from the 

following inequalities [67] 

 
1n1n1nn

xxnxx






  ,                                           (2.1.3) 

 
1kkkk

xxnxx






 ( 1n,...,2n,1nk  ),           (2.1.4) 

and                                                                                                

 
k1kk1k

xxnxx 





 ( n,...,3n,2nk  ).             (2.1.5) 

 

The operator    ILIL:U
ppn

 is linear which preserves 

the linear functions, and interpolates f  at end points of the 

interval I . Furthermore, fU
n

is positive, for any positive and 

convex  ILf
p

 . 

 

Our second main result is: 

 

Theorem 2.1.6.   

          For  ILf
p

 ,  p0  and 2n  , then  

p

n
n

1
,f)p(CfUf

2p










 .   

 

Our next piecewise linear function is fV
n

 , which is 

introduced by Zoltan [67], for continuous functions, but here 

we define fV
n

, for any  ILf
p

  with 1p  , and it is well 
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known that
1

LL
p
 , for 1p  , then for  ILf

p
  with 1p  , the 

piecewise linear function fV
n

 defined as follows 

 

       ,duuf
c

1

xx

xx
duuf

c

1

xx

xx
:xfV

k

k11k

k1k

k

x

cxk1k1k

k

cx

xk1k1k

1k

n 

























  

if 
1kk

xxx


 ,( 1n,...,1n,nk  ) and     
kkn

xfxfV  ,  

( n,...,1n,nk  ). 

 

It follows directly from the following theorem [59], that 

the above definition of fV
n

 is well – defined  

 

Theorem 2.1.7.  

A function  f  is lebesgue integrable if and only if f  

lebesgue integrable. 

 

It must be noticed that 
n

V is a linear, positive operator 

from  IL
p

 into  IL
p

 with  p1 , but whenever defined on 

 IL


, its codomain will be the space of all bounded 

measurable function, since fV
n

 need not to be continuous in 

the case f does, and this is the main difference between fS
n

 

and fV
n

. Moreover fV
n

 inter-polate f  at all of the point
k

x , 

( n,...,1n,nk  ) as fS
n

 does, and it preserves the positivity 
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of f . Furthermore, 00n e:eV   and  1

11n
n:V ee 

 O  [67], where 

0
e and

1
e  denote the constant and identity functions 

respectively. 

 

Our next achievement is: 

 

Theorem 2.1.8.   

Let  ILf p  with  p1 and 2rn  , then   

   
 

 













 





1n

0

p02

pr

p

1

rpn fEdt
t

t,f

n

1
n,frCfVf


 

  .   

As an immediate consequence of the above theorems we 

have the following corollary   

  

Corollary 2.1.9.   

For any  ILf
p

  with  p1  and 2n  , we have  

  
 














 

1n

0
p2

p2

pn fdt
t

t,f

n

1
CfVf


  .   

 

  The proof of the above corollary is follows from the 

property ( d ) and the fact that, for  p1 , we 

have    ILt,f
1pr


 , and  pr t,ft 2   is a nonincreasing 

function with respect to t on ]n,0[
1 , then 
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    ]n,0[t,n,fnt,ft
1

p

1

rpr

22 


   , and so by integrating 

both sides with respect to t on ]n,0[
1 , we obtain  

 
 p1

n/1

0

2

pr
n,fdt

t

t,f

n

1
2









.  

 

 

2.2    Auxiliary Lemmas  

 

For the proof of our results we need the following Lemma, 

which proved in [13] for the case 1p0  , and in [19] for the 

other cases (i.e., for  p1 ). 

 

Lemma 2.2.1.  

For  pn
fE with  p0   we have 

    rn,n,f)p,r(CfE p

1

pn r   .  

 

We recall several well known facts about algebraic 

polynomials which will be used in the sequel. The first lemma 

is merely the equivalence of norms on a finite dimensional 

space and well known Markov’s and Bernstein’s type 

inequality (for example see [5], [17], [18], [19], [41] and [42]). 
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Lemma 2.2.2.   

For any polynomial 
kk

q   and any interval IJ   

   




p0,qJq
JLk

p

1

JLk
p

,                             (2.2.3) 

 
 




p0,qJp,kcq
JLk

p

1

Jk
p

,                      (2.2.4)    

Jk

12

Jk
qJk2q


 ,                                              (2.2.5) 

   
 p0,qk)(cq

JLk

2

JLk
pp

p ,                             (2.2.6)  

for kr0   ,  p0  and    2
x1:x   

 

 
,qJ),r,k(cq

JLk
p

1
r

J

r

k
p

p


                           (2.2.7) 

and  

.qk),r(cq
pk

r

p

)r(

k

r
p                              (2.2.8) 

 

Finally, we will prove the following useful lemmas. 

 

Lemma 2.2.9.  

 If  ILf
p

 ,  p0 , 
0

Nr   and 2n  , then 

for 2n,...,2n,1nk    we have  

 
p

kpkk I,
n

1
,f)p,r(cI,I,f rr 








  ,                  (2.2.10)  

and for 1n,nk   

 
p

pkk
n

1
,f),r(CI,I,f rr p 








  .                    (2.2.11) 
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 Proof: 

  For 2n,...,2n,1nk  , we have, from the property (ii) 

of our partition, that  xcnI
1

k



 ,

k
Ix   , then  

   
 

 

 
 

 
 

 

    .I,n,f)p,r(cI,cn,f

x,fSup

x,fSup

x,fSup:I,I,f

pp

L

r

xh

L

r

h

L

r

hpr

k

1

k

1

Icnh0

I
xcnh0

I
Ih0

kk

rr

k

1

k1

k
k

p

p

p



























 







 

Since if 1n,nk  , then by property (i) of 
k

I and 
2k

n

1
c  

we have 2n
n

1
I

2k
 , hence  

   

 
  ,n,f)p,r(C

n,f)p,r(C

I,n,f)p,r(CI,I,f

p

1

p

2

pk

2

pkk

r

r

rr























 

where we applied (3) in the third inequality.  

 

 

 

Lemma 2.2.12.   

For 2n  , 
nn

 and  p1 , we have 
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pnpnn CV  ,                               (2.2.13) 

and  









 

p
n

2

2npnnn
n

1

n

1
CV

p
 .           (2.2.14) 

 

Proof:  

For any 1n,...,1n,nk  , we have 

 
 





 





k1k

k

kp

cx

x

n

k1k1k

1k

ILnn
duu

c

1

xx

xx
V




 

 
 

kp

1k

k11k IL

x

cx

n

k1k1k

k duu
c

1

xx

xx















 

   
 

   
 

 
 

 
 

 .
c

1

duuduu
c

1

duu
c

1
duu

c

1

duu
c

1

xx

xx
duu

c

1

xx

xx

21
k1

IL

cx

x

n

IL

cx

x

n

k1

IL

cx

x

cx

x

n

k1

n

k1

IL

x

cx

n

k1k1k

k

cx

x

n

k1k1k

1k

kp

k1k

k
kp

k1k

k

kp

k1k

k

k1k

k

kp

1k

k11k

k1k

k












 








































 





 













 

 

Now, to estimate 
1
 and

2
 , we apply property (i) of 

our partition and the folder’s inequality to obtain 
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 
 

 
k1

kp

1k

k

ILn
p

1

k

IL

x

x

n
Iduu

1
 



  

 

 
 

.c

p

q
,I

kp

kp

ILnk2

ILn
q

1

p

1

k toexponent

conjugatetheiswhere






















 

By the same way we obtain 

 
 

k1
ILnk22

c   . 

Thus 

   kpkp ILn

1

2

ILnn
c

c
2V   ,                  (2.2.15)  

then  

 

 

pn

1

2

p

1

1n

nk

p

ILn

1

2

p

1

1n

nk
ILnnpnn

c

c
2

c

c
2

VV

kp

kp

p

p





































































 

Thus the proof of (2.2.13) is complete. 

Now, to the prove of (2.2.14), we need the following 

inequalities [67], which are direct consequences of the 

properties (i) and (ii), for 
k

Ix  , ( 2n,...,2n,1nk  ) 

     
n

x
ccIcxcx

2

1
xx

2

1
k1kk1

2

k1k

2

k


   ,        (2.2.16) 

and 
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     
n

x
ccxcx

2

1
xx

2

1
k1

2

k11k

2

1k


 


,                (2.2.17) 

for 
1kk

xux


  

       
2

2
2

1k2

2
2

k
n

u
cux

n

u
cux and





,                 (2.2.18) 

for 
1kk1kk

xcxuxx


  or  
kk1kk

xxucxx   , 

   
2

2
2

k1k
n

u
cucx


   ,                         (2.2.19) 

and for 
1kk1kk

xcxuxx


  or 
kk1kk

xxucxx   , 

 

   
2

2
2

k11k
n

u
cucx


 


  .                      (2.2.20) 

Now, by simple computation we can show, for ba   

        

        duuubduau

duuubduau

n

b

a

b

a

nn

n

b

a

b

a

nn

and









             (2.2.21) 

By partial integration and using (2.2.21), we obtain 

    

     xucx
2

1
ux

2

1

c

1

xx

xx

xVx

n

2

k1k

2

k

k1k1k

1k

nnn















 

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       

     

        .duuux
2

1
duuucx

2

1

xux
2

1
ucx

2

1

c

1

xx

xx

duuucx
2

1
duuxu

2

1

1k

k11k

k1k

k

x

x

n

2

1kn

x

cx

2

k11k

n

2

1k

2

k11k

k1k1k

k

cx

x

n

2

k1kn

x

x

2

k







  


















  
































  (2.2.22) 

 

Then by using the above inequalities (2.2.16) – (2.2.20), 

and (2.2.22) with the fact that, 

 

,1
xx

xx
,

xx

xx
0

 1n,...,2n,1nk,Ix

k1k

k

k1k

1k

k
and
















                   (2.2.23) 

we obtain  

    

 
 

 
 

 
 

 
 

 
  ,duu

n

u
c

2

1

duu
n

u
c

2

1
duu

n

u
c

2

1

duu
n

u
c

2

1
x

n

x
cc2

c

1

xVx

1k

k11k

k1k

k

x

x

n2

2

x

cx

n2

2cx

x

n2

2

n

x

x

2

2

nk1

k1

nnn







 

  

 
































  

since 


































1k

k

k

k1k

k

k1k

k

x

x

1kk1k

x

x

k1kk
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x
cx

x

x

x

2

xxcxif2

cxxxif









 

and  
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


















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
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
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



1k

k

1k

1k

k11k

1k

k11k

x

x

k11kk

x

x

1kk1k

x
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2
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
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
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, 

then 

    
 

 
 

 




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, 

whence  
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  
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
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12ILn
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
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
. 

To estimate 
1

E we will use the similar proof, as we used 

to estimate 
1
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2.3   Proof of Theorem 2.1.2: 
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2.4    Proof of Theorem 2.1.6: 
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Using the same technique, we can obtain 

  
   

,2n,...,2n,1nk

,III,n,fpcfSfU
p1kk1kILnn

1

2
kp






 


              (2.4.5) 



 

 

 63 

and  

 
   

p1n2nILnn II,n,fpcfSfU 1

21np





 .                   (2.4.6) 

Now, 2n,...,2n,1nk  , we have 

 
 
 












1kk1k

1

III

p
2

xh
nh0

p

p1kk1k
dxx,fSup:III,n,f

1

2





  

 
 

 
 

 
 

 
 

 
 

 
 





















































1k

1

k

1

1k

1

1kk1k

1

I

p
2

xh
nh0

I

p
2

xh
nh0I

p
2

xh
nh0

I

p
2

xh

I

p
2

xh

I

p
2

xh
nh0

dxx,fSup

dxx,fSupdxx,fSup

dxx,fdxx,fdxx,fSup







 

 







1

1i

p

pik
I,n,f

1

2

 ,                                            (2.4.7) 

 

hence  

 

     

 

      p

1

2n

1nk

1

1i

p

pik

p

p

p

1

2n

1nk

p

p1kk1k

p

p1n2n

p

p1nn

p

1

1n

nk

p

ILnnpnn

I,n,fn,fpc

III,n,f

II,n,fII,n,fpc

fSfUfSfU

11

1

11

22

2

22

kp



















 











 







 



































 

      p

1

2n

1nk

p

pk

p

p I,n,f3n,fpc
11

22







 





    



 

 

 64 

   

    .n,fpc

I,n,fn,fpc

p

p

1

p

p

2n

1nk
k

p

p

1

11

2

22









































               (2.4.8) 

          Then, by using (2.4.8) and Theorem 2.1.2, we obtain the 

conclusion of our theorem.  

 

 

2.5   Proof of Theorem 2.1.8: 
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         To estimate 
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          Now, let 
0
  denotes the best 0th degree of polynomial 

approximation to f . Then by using (2.2.24) and (2.2.8), we 
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and for 1n,nk  then by using (2.2.25), (2.2.26) and (2.2.6) 
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Hence by virtue of (2.5.3) and (2.5.4), we have  
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Then, in virtue of (2.5.1), (2.5.2) and (2.5.5) we obtain the 

assertion of theorem.  
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Future Works 

 

 Our strategy for future is to answer the some problems 

which remained unanswered, among them. 

What about the estimate (3.1.5) in the cases 3,2s  , that 

is, if  ,ILf
p

   with  p1   and have two or three convexity 

change points?While we known that Leviatan and Shevchuk in 

[50] were proved that (3.1.5) holds, for a general continuous 

function that has more than one inflection points. The same 

question still holds for the case 1p0   and 1s  .  

Can we improve Theorem 3.1.7? In other words,(is it 

possible to replace
2

  by 

2

in Theorem 3.1.7 with the 

constants remaining as there?), with this, we want to 

approximate an arbitrary function from  ,IL
p

 quasi-norm 

spaces with  p0  that changes convexity finitely many 

times in the interval, by an appropriate coconvex piece-wise 

polynomial which in turn, by virtue of Theorem 3.1.11, will be 

approximated by a coconvex polynomial. 
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