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ABSTRACT

In this thesis, Bayesian procedures are given for selecting from a given
multinomial distribution with k categories (cells), the cell with the largest
probability, which is called the "most probable" or (the best cell). Decision-
theoretic approach is used to derive optimal sequential and fixed sample size
procedures to select the best cell, they are optimal in the sense that they
minimize the average risk with respect to certain prior distributions on the cell
probabilities, namely the family of Dirichlet distributions. Some suboptimal
Bayes procedures under various sampling rules are also considered and their
performance characteristics are evaluated using Monte Carlo simulation.

Finally some concluding remarks and future work have been presented.
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NOMENCLATURE

The following symbols are generally used through out the text. Others are
defined as when used

Symbol Description



S(n{,n5,...;m")
B(n{,n3,....;m")
D(n{,n3,...;m")
BOS

BOF

RD%

BSS

BSF

Ranking and Selection.

The number of occurrences in category i.

The number of prior frequency in the i cell.

The number of posterior frequency in the
The parameter (the probability of cell i)
The posterior mean of probability p;

The loss constant.

The sampling cost (constant cost of sampling one observation).

The stopping risk.

The continuation risk.

The minimum risk (optimal risk).
Bayesian optimal sequential scheme.
Bayesian optimal fixed sample size.
Percent reduction in risk.

Bayesian suboptimal sequential scheme.
Bayesian suboptimal fixed sample size.
Monte Carlo simulation.

Probability of correct selection.

Expected of sample size.



M Number of observations

Y.} Prelude

In many practical situations the experimenter is confronted with the
problem of choosing the best one, or the best few, of a number of populations
or categories or ranking them according to their performance. For example
different treatments (drugs) for a specific disease or several candidates for

certain position.

The classical approach to such a problem is to test the homogeneity
(null) hypothesis H,:6, =6,....=6,, where 6,,0,....,6, are the values of the
parameters for these populations[YY]. But in many practical situations, when
the hypothesis is rejected, one wants to know in which of a number of possible
ways the actual situation differs from the one postulated by the null
hypothesis. Therefore, there are methods to solve this problems, for example,
the least significant differences based on the t- test has been used in the past
to detect differences between the true unknown means of different varieties
and thereby choosing the population which is the "best", say, the one with the
largest mean. But this method is indirect, less efficient and does not provide an
overall probability of a correct selection[Y+],[')]. Also, the multiple
comparison procedures are techniques for constructing simultaneous

confidence intervals for differences between population parameters[®].

The ranking and selection (R&S) approach is different. It asks given the
data on the distribution what is the probability that we can correctly rank them
from worst to best? What is the probability choose the best population
(perhaps the one with the largest population mean) or at least

populations?[) 1]



R&S procedures are statistical methods specifically developed to select
the best system or a subset that contains the best system design from a set of

k competing alternatives [YV], [Y°].

Throughout this thesis we shall assume :

V- There is prior knowledge regarding the parameters of interest.

Y- The procedures are truncated, that is there is a maximum number of

observations that can be taken during experimentation.

Y- The outcomes of the observations are independent and the probabilities for

these outcomes remain constant from observation to observation.

\-Y Statement of the problem and goal

Before discussing and stating the multinomial selection problem, we first

develop the multinomial distribution model.

Consider an arbitrary experiment or process where each outcome is
classified into one of k possible mutually exclusive possibilities, which we call

categories (or cells). Let p;,0< p; <1, denote the probability of an outcome in

the i category for j=), Y, ..., k. Since the k categories are mutually exclusive

k
and exhaustive, the probabilities must sum to one, that Zpi =1. If an
i=1

experiment of this type is repeated a fixed number of times, say m then we can

count the number of times an outcome is classified in each category. Let n;

denote the number of occurrences for category i. Since each outcome must be



k

in one of the k designated categories, we have Zni =m. The joint probability
i=1

distribution of this set of outcomes is given by the multinomial distribution,

specifically,

f(n,ny,n)=———TIIp;" L (0.Y))

For any specified integer values of the components of the vector
(n;,n,,..n, ) and the parameters p;, P,,... P, which sum to Y, equation (1.Y.))
gives the probability of exactly n, outcomes in category i, jointly for all i ,(i= Y,

Y, . k.

A single observation in a multinomial model is regarded as a vector with
k components, of which exactly one is equal to ' and all the others are equal to
«. The position of the components with the ) indicates which category
describes the outcome of that observation. For example, if k=¢ and the

observation vector (¢, Y, *+, *) the outcome of this single observation is

category Y. In general, if the i component is Y, this indicates that the

outcome is in the category labeled i. The value of n;is then the sum over all m

vectors of the number of \'s in thei™ component.
Now, our problem can be formulated as follows:

Consider a multinomial distribution which is characterized by k events
(cells) with probability p; associated with the i cell (i=Y, Y,..k). Let

P < P2y << Py denotes the ordered values of py,... Py, the "most

probable" event, also called the best cell, is defined to be that cell which has



the probability Prk] associated with it. Nothing is known about the value of
p.'S, that is we do not know which cell associated with Prk] - According to this

formulation we have a multiple-decision problem.

Our goal in this thesis is to solve such problem. For this purpose we
propose a Bayesian sequential and fixed sample size designs using decision-
theoretic approach with dynamic programming or performing some Monte

Carlo simulation studies.

There are many situations where the multinomial distribution applies
and the goal of practical as well as theoretical interest is to select the category
that has the best probability (the best cell). For examples [Y4]. Sample of blood
is taken from each of large number of students, and each student is classified
as type A, type B, type AB or type O. The goal is to identify the blood type that
occurs most frequently among these students or, five candidates are running
for an office in a certain high populated city. A random sample of registered
voters is taken and each person is asked to name the one candidate he prefers.
The goal is to determine which candidate has the greatest support among the
potential voters. An other application to the identification of the most popular

television program has been noted in Dedwicz [ Y].

).¥ Literature Survey

Considerable efforts have been expended to the development of
multinomial selection procedures, that is to solve the problem of selecting the

best cell in multinomial distribution. Some of these used indifference zone



approach. According to this approach, the experiment has to define a measure

of distance 6 as the ratio of py; to pp_y;, thatis

0= Pyq/ Py  Where k2 (VYY)

and specified two predetermined constants p*,5" such that

%<p*<1 and 1<8" <o

the numbers & is the smallest ration & that the experimenter feels worthy of
consideration, and p* is the smallest probability of correctly choosing the best

cell that the experimenter allows for any values of ( pj, p,,...Px) that satisfy

S >0 for some specified 6 >1.

Let P(CS) denotes the probability of a correct selection. for a selection

rule SR, the experimenter then requires
P(CS/SR) >p* whenever §>5" e (VY1)

Define Q. = @|525*}. Q&* is called as the preference zone and its

complement as the indifference zone. The experimenter wishes to minimize
the expected sample size needed to satisfy (1.Y.)). Since the probability of a
correct selection and the expected sample size is dependant on the true value

of the vector p=(py, P2, Px), the experimenter needs to find the vector

p*e Q ;. that satisfies the formula below

P(CS|p=p")= mg? P(CS| p) I ARAY
TR0 P

this vector p” is called the least favorable configuration.



Using the formulation described above, the following sampling

procedures have been suggested:

Bechhofer, Elmagharby and Morse (Y32%) first posed the multinomial
selection problem. They have considered, in this paper, a single stage selection
procedure in which a sample of size m, where m is a predetermined integer, is
drawn from multinomial population. The best cell is taken to be the cell with

the largest sample count with ties broken by randomization.

Calcoullos and Sobel (Y4711), Alam (Y4Y)) and Ramey and Alam ()4V4)
proposed and investigated sequential schemes where observations are taken

one at a time. In the sequential sampling of Calcoullos and Sobel, called inverse
sampling, sampling is terminated when the count in any cell is N*, when N~ is
a predetermined integer. The cell with count N * is chosen as the best cell. In
the second paper, sampling is terminated when the difference between the

largest cell count and the second largest cell count is r*, where r* is a
predetermined integer. The cell which has the highest count when sampling is

terminated is selected as the best cell.

In the third paper, sampling is terminated when the count in any cell is
N or when the difference between the largest cell count and the second
largest cell count is r", where r* and N* are predetermined positive integers

and r’ <N”.

Alam, Kenze and James (Y4V+) suggested a sequential sampling rule,
where a random number of observations is taken from the multinomial
distribution at each stage of sampling, and this number is distributed according

to a Poisson distribution with mean A. Sampling is stopped when the count in

any cell is greater than or equal to a given positive integer N*. Single-stage



scheme for selecting the worst cell (the cell with the smallest probability),

using the indifference zone approach, were studied by Alam and Thompson

(Y4VY) and Gibbons et al. (YAVYV).
Hawang () 9AY) suggested a multistage scheme for the problem.

Subset selection schemes, where the aim is to select a nonempty subset

of cells which contains the largest or smallest cell probability with a probability
at least equal to a pre-assigned number, p*, have been proposed by some

authors such as Gupta and Nagel (Y 31VY) and Berger (Y 4A+) [V V].

Kulkarni (Y4AY) proposed a closed sequential scheme without referring
to the probability requirements given above. Bechhofer and Kulkarni ()3A¢)

studied this procedure using numerical comparisons.

Goldsman () 4A£)[Y¢] first suggested the more general use of this type of
procedure to find the simulated system mostly likely to produce the "most
desirable" observation on a given trial, where "most desirable" can be almost

any criterion of goodness.

Some related procedure on the selection of events from multinomial
distributions have been considered by Miller, Nelson and Reilly (Y44A) and

Mausumi and Subir (Y444),

However, in many situations, we may have some information about the
unknown parameters prior to the experimentation; this knowledge may come
from past experiences. Therefore, it is worth considering the Bayesian
approach to the problem. Jones and Madhi () 3AA) proposed some suboptimal
sequential schemes for selecting the most probable event using stopping rule
based on the difference between the largest and next - to- the largest

posterior probabilities.



In this thesis we suggested an optimal Bayesian sequential selection
scheme for k- variate multinomial distribution and compared it with an optimal

fixed sample size scheme.

However, some computational and analytical complexities are
associated with the implementation of such optimal schemes, particularly for
large number of cells and large sample sizes. Therefore from practical points of
view, it is preferable to find schemes which easy and simple to implement and
which has some good characteristics. Therefore Bayesian suboptimal selection
schemes for the multinomial selection problem are investigated using Monte
Carlo simulation with stopping rule based on the ratio of the largest and next -

to- largest posterior probabilities.

V.£ Some Definitions and Concepts

This section presents some definitions and concepts which are useful in

constructing the proposed selection procedures.

V.£.Y Bayesian Decision approach
). Prior and Posterior Distributions [£)]

Bayesian statistics, (Named for the Revd Thomas Bayes (VY- YV1)),
and a mateur YA™ century mathematician), represents a different approach to
statistical inference. Data are still assumed to come from a distribution
belonging to a known parametric family. However, whereas classical statistics

considers the parameters to be fixed but unknown, the Bayesian approach



treats them as random variables in their own right. Prior beliefs about ¢ are
represented by the prior distribution, with a prior probability density (or mass)

function, 7(0). The posterior distribution has posterior density (or mass)
function, 7(€|X,X5,...,X,), and captures our beliefs about ¥ after they have

been modified in the light of the observed data.
By Baye's formula, for the density function

f (X, X, X, |0)7(O)
[ (X, %9,y |0) 2 (6)d O
Q

(O] X3 Xy e X, ) =

The denominator of the above equation does not involve ¢ and so in

practice is usually not calculated. Bayes rule is written,
(@] Xy X)) € F(Xqyeny X,y | O) 2(0)

In fact the actual choice of 7(€) depends upon the experimenter and

the information and experience available to him at the time of doing the
experiment. A prior which contains no information about ¢ is called non-
informative prior or (vague prior). Mathematical and computational difficulties

may arise from using some prior distributions.

A reasonable method of overcoming these difficulties is to use a
particular class of prior distributions. This class of prior has been termed as
natural conjugate priors in Raffa and Schlaifer [Y¢], for example the Beta

distribution is a natural conjugate prior to Binomial distribution.

Y. Elements of a Bayesian Decision Problem



In this point we present elements of Bayesian decision theoretic that we

needed in this thesis.
1 The basic elements of statistical decision theory are:[Y+],[ V]

). A parameter space Q= {Q}, which may be vector- valued, of possible states

of nature,
Y. An action space A= {a} of the possible courses of action,

Y. A loss function L(8,a) representing the loss incurred when an action a is

taken and the state of nature is 4,

¢. An observable r.v. X, which may be vector- valued, defined on a sample
space y ={x} such that when @ is the true state of nature, X has

probability distribution f(Xx,6),

°. A decision space D = {d ()_()} of possible decision functions defined on y that

maps x into the action space A,

1. A prior probability distribution 7 is defined on the space Q.

i1 Risk [Y+],[YY]
For given decision function d, the loss function may be written as

L{0,d(x)},

Since our action a depends on the particular sample data X that we
observe. Thus, we see that the loss is a r.v. and depends on the sample

outcome. Therefore, let us define the risk to be the expected value of the loss



function. That is, the risk R(@,d) is a function of 8,d, and the loss function L

such that

R(9,d)=E[L{0,d(x)}| 6]

= [L{0,d ()} (x| 0)d x.
X

iii Bayes Risk [Y*],[YY]

The Basyes risk of a decision d is the expected value of the risk R(€,d)

with respect to the prior distribution 7 on Q;

Namely,

r(z,d)=E[R(©,d)]

= [[L{8,d (0} (x| O)z(6)d xd 6.
Qy

The Bayes risk is of value as it sets up a linear ordering on the decision
space D. (i.e. the decision maker prefers decision function d, to dv if it has

smaller Bayes risk).

1v Bayes Decision Function [¥+]

Since the Bayes risk sets up a linear ordering on the decision space D,
the search begins for the decision function d which minimizes the Bayes risk

for a specified prior distribution r, if such a decision function say d _(X), exists

it is known as the Bayes decision function and its associated Bayes risk



r(z)=r(r,d,)= gneigr(n,d),

is known as the minimum Bayes risk.

¥. Construction of Bayes Decision Functions[Y¥ + ]

Provided that the order of integration can be reserved, which we shall

assume here, the Bayes risk becomes

r(z,d)=[f (x){f{(é,dx)}ﬂ(ﬁlx)dé}dx :
V4

Q

ey Q)}r(e)
()

Since 7(0|Xx) = {

_ T (x|9)x ()
)

’

is the joint posterior probability distribution of © given X, therefore, to
minimize the Bayes risk, a decision function d(x ) should be chosen such that
the inner integral is a minimum. The inner integral is simply the conditional
expectation E[L{Q,d()_()}|i] of the loss with respect to the joint posterior
distribution of © given X, or simply, the posterior risk. ~Thus, the  Bayes
decision function with respect to a given i can be found without computing
the value of the minimum Bayes risk. If we let ¢(d, x) denote the posterior risk

and Let



#(x) = 4(d,.,x) =min ¢(d,x) =min E[{©,d (x)}| X],

Then the minimum Bayes risk becomes

r(z)=[¢(x) f (X)d x = E[¢(x)],
V4

Which is the expectation of ¢(X) using the joint marginal distribution of X.

V.£.Y Sequential Decision Procedure [¥Y]

We describe now formally the sequential decisions procedure.
When D be the set of possible decisions.
Definition: sequential decision (selection) procedure

Let X{,X,,... be random variables observed sequentially. A sequentially

decision procedure consists in:

Y- Sampling rule: The sampling rule prescribes how observations are taken

sequentially, such as one at a time or a group at a time.

Y- A stopping rule o, which specifies whether a decision must be taken

without taking any further observation.

If at least one observation is taken, this rule specifies for every set of observed

values (Xq,..., X,), with n>1, whether to stop sampling and take a decision out

of D or to take another observation X, ;.

Y- A decision rule o6, which specifies the decision to be taken if n>1

observations have been taken, then one takes an action 6,,(X;,...,X,) € D.



Once a decision has been taken, the sampling process is stopped.

V.£.¥ Dynamic Programming

Backward induction has been used in the literature as computational
technique for finding the optimal sequential procedures for different statistical
decision problems. Bellman ()%@V) introduced alternative term to backward
induction, called it dynamic programming and showed how it could be used to
solve multistage decision processes. The general ideas of dynamic
programming and its applications can be found in Simpson (Y47)). The linkage
between dynamic programming and decision theory was given in Lindley
(Y47Y). Wetherill (Y41Y), Lindley and Barnett (Y47¢), Freeman (Y4Y+, Y4VY),
El-Sayyad and Freeman (Y2VYY) and Madhi (Y 3A1) among others employed
dynamic programming allied with the concept of truncation, that is the
maximum number of observations is fixed in advance, to construct some

optimal sequential procedures.

The dynamic programming technique is particularly important in
multistage processes where decision are taken sequentially and where they
are not independent, in that decisions taken earlier will affect decisions made
later. Consequently in order to find the best decision at the present time, it is
necessary to know the best decision in the future and the only way to know
that is to work backwards from the optimal future decisions back to the origin.
This technique is used in chapter ¥ to develop the optimal Bayesian selection

procedure.

V. The Plan of the Thesis



The thesis can be summarized as follows:

In chapter two, two optimal (Bayesian) schemes, namely fully sequential and
fixed sample size schemes, are derived using Bayesian- Decision theoretic
approach and dynamic programming. They are investigated and compared
using risks. In chapter three, Monte Carlo simulation studies have been carried
out to evaluate the performance of Bayesian suboptimal schemes in terms of
other performance measures such as the probability of correct selection and
expected sample size. Finally, chapter four contains some concluding remarks

and suggestions for future work.

Y.) Summary

In this chapter Bayesian optimal procedures for selecting the best cell in

multinomial distribution are introduced. Bayesian decision- theoretic
formulation to the problem is given in section Y.Y. The stopping risks of linear
losses are presented in section Y.Y. In section Y.¢{, the fully optimal Bayesian
sequential selection procedure (BOS) is constructed using the dynamic
programming technique in conjunction with Bayesian decision-theoretic
formulation. Some numerical results are also presented in this section. Section
Y.o deals with Bayesian optimal fixed sample size procedure (BOF).

Comparisons between the schemes (BOS) and (BOF) are given in section Y.1.

Y.Y Bayesian decision- theoretic formulation

For the multinomial distribution with k cells, let the unknown probability

of an observation in the i cell be pi, (= )V, Y, .., k). Let



k
Q ={p=(pP1, P2, P):Y.pi=1;p; =0} be the parameter space and
i=1

D ={d,,d,,...,d, } be the decision space where in the following terminal k-

decision rule:

is the largest cell probability (i=), Y, ..., k).d; : p;

That is, d; denote the decision to select the event associated with the it

cell as the most probable event, after the sampling is terminated.

Suppose the loss function in making decisions d; defined on Q, xD is

given as follows:

L(Y.Y)) L(di,_p*)_{k*(p[lg_pi) :EEEEZE;}

*

That is the loss if decision d;is made when the true value of p=p,

where k* is the loss constant, giving losses in terms of cost.

The Bayesian approach requires that we specify a prior probability

density function ﬂ(E), expressing our beliefs about P before we obtain the

data. From a mathematical point of view, it would be convenient if p is

assigned a prior distribution which is a member of a family of distributions
closed under multinomial sampling or as a member of the conjugate family.
The conjugate family in this case is the family of Dirichlet distribution.

Accordingly, let p is assigned Dirichlet prior distribution with parameters

m’,ng,N5,..., Ny . The normalized density function is given by



I'm X 1
Kk H pinl

=1
rnr(n)’
i=1

k
,where m'=>n .. (Y.\.Y)z(p)=
._1 -

and the marginal distribution for p; is Beta density

)= (m’_l)! ni-len o ym-n/-1
f(p')_(n;—1)!(m'—n;—1)!p' a-p;)

Here n'=(n;,n5,...,n.), are regarded as hyperparameters specifying the prior
distribution. They can be thought of “imaginary counts” from prior experience.
The equivalent sample size is (N +n5 +...+n, =m’). In addition to the prior
information, we obtain some sample information from the multinomial
population. If there are k categories, p; is the probability that the it category is

selected in a single trail, and the trails are independent, then the number of
times each category is selected has a multinomial distribution. More precisely,

let N; be the number of times that category i is chosen in m independent trials.

Then
P (Ny=n;,Ny =ny,..., Ny =0y | Py, P) =P(n| p)
m koo k Kk
=———1IIp;',where ) n; =m and =1,
nl!nZ!...nk!i=1|OI é ' igipl

The posterior distribution is derived from the prior probability function

and the multinomial distribution by means of Bayes theorem as follows.

P(n|p)z(p) _ P(n|p)z(p)
[P(n| p)z(p)dp P(n)

z(pln)=

Now,



n, —1

P(n|p)oc pit.... pg* and  7(p) e plni_l.... P,
Then the posterior distribution is

n,+n; -1 ne+n -1
1 e .

z(p|n)oc p . Py
This is a member of the Dirichlet family with parameters
and m'=m'+m (i=), .., K).n=n +n,

Hence, the posterior distribution has density function

(m"=1)!
(n{ =D(n5 =D'....(ng —D)!

n; -1 ng —1
O o e (YLYLY)

z(p|n)= K

4

A n . [/ . .
with posterior mean p; :—'” (i=), Y, .., k), ni will be termed the posterior
m

frequency in the i™ cell. The marginal posterior distribution for p;is the beta

distribution with probability density function

r'(m")
r(n)r(m”—n{

F(pi Inf) = pl - p)™

Y.¥ The Stopping Risks

In this section, we derive the stopping risks (Bayes risk) of making

decision d; for linear loss function given in section Y.Y. The stopping risk (the
posterior expected loss) of the terminal decision d;when the posterior

distribution for p has parameters(n/,n;,...,ng;m"), that is when the sample



path has reached (n/,n3,...,ng;m") from the origin (n;,n5,...,n;;m’), denoted

by S;(n{,n3,...,ng;m"), can be found as follows:

Si (n{,n3,..., .’Q;m”)—”(E| )[L(d., Pl

= (EI )[b[k] pil

=K [ﬂ(Eln)(b[k]) - pil

. n/'
(YY) =k E —— .
( ) L(pln)(p[k]) m”}

The value of (E| )[b[k]] is derived as follows:
p|n

#(oin )[b[k]] Io Prk1-9 (Ppkp) APk

where g(p[k]):k f(p[k])[F(p[k])]k_l be the prObab”lty denSity
function of the largest order statistics py;. Let the ordered values of
n{,ny,...,Ng is n[”l] Sn[”z] S,...,Snf’k]. The marginal posterior probability density

function of p; if p;= Py is

(m"—1)! i1

m”—nr,, -1
(Mg — DN (M’ — i — 1t T @-pgp) ™ (NN

F(P) =

and the cumulative density function is

n[”k] -1 (1 . Z)m”—n[”k] -1

B(npi;»m" = Npip)

dz

Putting y=ppg, F(Y) =on



Using integration by parts,

let u=@-2)" "7 then du =—(m"—nf; ~DA-2)" ¥ ?dz and

dv=2z""1dz which leads v= i zn[""] )
Nik]
/4 . y .
F(y) l y [k1 (1_ y)m _n[k]_l + J‘ Zn[k] (1_ Z)m —n[k]—2 dZ
B(Nfkg.M" = Npg) | Nikg 0
1 y "t (L= y)™ ML (M"—ngg =D g
A Nk (Mg +2)
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y

(m” —npq — 1! ym,,l}
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which is Beta function.

Hence,
k[(m” _1) !]k m'-1 m"-1 m"—1
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k[(m” =N k m'-1 m"-1 m"-1

5 e
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(n[k] 1)'(m n[k] 1)' J=1g J2=Npgg Jk-1=MK
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Y.¢ Fully Bayesian (Optimal) Sequential Procedure(BOS)
In this section Bayesian optimal sequential schemes to select the best

cell is presented.

¥.£.) Construction of the Procedure BOS

The Bayesian decision formulation, given in section Y.Y, in conjunction
with the dynamic programming technique is used to construct this procedure.

Before a decision is made, random variables X;,X,,... are observed

sequentially where for a given value peQ, the X;'s are independent and

identically distributed with a common density function given by

, where & =(Y1, Yz, Yx) with y;=1and y; =0if i= ] f(g] p)=p;

. The procedure is truncated where a maximum sample size of N is given.

At each point (n{,n3,..,ng;m") in k-dimensional integer space, the

optimal decision to stop or continue is made by comparing the stopping risk

with the risk of taking one more observation.

At the point (n{,n3,...,ng;m"), let



be the Bayes (stopping) risk of making the terminal S;(n/,n3,...,ng;m")

decision d;

be the risk of taking one further observation and B(n{,n3,...,ng;m")

proceeding optimality thereafter, termed the continuation

risk.
be the minimum risk (optimal risk) giving the optimal D(n/,n5,...,.ng;m")
policy.
At each point, there are k possible transitions (n”+¢;;m”"+1) with
probability Ei.
Then the dynamic programming equations for the procedure are

k
, Where c is constant cost ¢+ p;D(n" +&;;m"+1) B(n{,n3,...,ng;m") =
i=1

of sampling one observation.

Knowing S;(n/,n5,....ng;m"), (i= ), .., k) and B(n{,n5,...,ng;m"), the

equation for D(n{,n5,...,ng;m") is given by
,B(nf,n3,...,n;m")} D(nf,n3,...,ng;m”) = min{ S(ng,n3,..., Ny ;m”),
where
S(n,n3,...,ng;m") = r|n|1n7kS ((n,n5,...,ng;m")
Suppose that the procedure is truncated at N observations, then the dynamic
programming equations above are used successively from this end point to the

origin to partition the k dimensional integer space into stopping and

continuation points. Due to the dynamic programming technique of



computation it is not known which points are reachable by any simple path

starting at (ny,n5,...,N,;m’) until this origin is reached.

The stopping rule of the optimal sequential scheme can be described as

follows:

At the point (n{,n3,...,ng;m")

(i) stop sampling and make that terminal decision with smaller risk as soon as
B(n/,n3,...,ng;m") D(n{,n3,...,ng;m") =S(n{,n3,...,ng;m") <

(ii) If no terminal decision has been reached before N, then terminate sampling

and take that terminal decision with smaller risk.

(i) If D(n{,n5,...,ng;m")=B(n{,n3,....,ng;m") < S(n{,n3,....,ng;m")

then continue sampling with the population which has smaller continuation

risk. The terminal decision is as follows.

At the point (n{,n3,...,n;;m"), we choose decision d; and select cell i to be

the best cell if

Si(n{,n3,....,ng;m") = mmS (nl,nz, ,Ng;m”
j*



Y.£.Y Numerical Results

Since the optimal overall risk depends on the sample size N, the loss

constants k™, constant cost of sampling one observation (sampling cost) ¢, and

the prior parameters (n;,n5,...,N;;m’), therefore it varies as they vary.

In this subsection we present some numerical work to study the effect of
these factors, on the optimal overall risk of the optimal scheme BOS under

linear loss function.

The numerical results where k=Y and ¢ are given in tables (Y-),Y-Y). From
these tables we note that as the prior increases the optimal overall risk

decreases.
The tables also show that the optimal overall risk decreases as N increases,

for N=Y, ¥, under different values of ¢ and k™ .Tables (Y-Y, ¥-¢) show that, the

optimal overall risk increases when ¢ and k= increases for different values of

prior, for k=Y, ¢.
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The influence of prior information and the sample size on the overall risk of the

optimal procedure (BOS), under linear loss function,

various priors and various N for k="7.

EERRZR

YYo AQTY

YUY AVY

YEV ATYY

Y¥Y aYYy

YYY VEy




YYY . §Vo

YYY.UVAY

Y¥V A)Y)

YAy ¥

YYY.VeyY

VYV VYEY

VA Yo

VY oY$14

14, ¢. 500

7. vayyt

Y4 £Y40¢.

YA SEAAY

V) 0$9.¢

TY VYV

yoY Yot

\0\_ﬂ~1°

Y1461

V.q.01Y,

Yoy Yot

Yoy oY £Y

Y1406

YY$ Yavo

Yoy Yot

Yoy £YYY

ARV EER!

\.o_.\oo

Y¥ ATA A

Y)Y VVyYyo

YUY EACA

Yo VY.V

YY) AAA

Y4 OVY YA

AR

EREREA
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The influence of prior information and sample size on the overall risk of the
optimal procedure (BOS), under linear loss function,

various priors and various N for k= ¢
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Table (1- %)

The influence of the loss constant and sampling cost on the
optimal overall risk in (BOS), for different prior

information, when N="Y, Yand k= <.
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(Optimal)

Fixed
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Sample

Procedure (BOF)

In this section we present Bayesian optimal fixed (BOF) sample size
scheme for selecting the best cell in multinomial population using Dirchelet
priors and linear loss function. Fixed sample size means that exactly N

observations are taken.

Y.e.\ Construction of the Procedure BOF



k
At the point (n,n3,..,ng;m"), where m"=m'+m and > n/=m",
i=1

S;,(i=1,...,k) denote the stopping risk of taking decision dj,(i=1,...,k). The

terminal decision rule for BOF is as follows:

LetS =min( Sq,S»,..., Sk ), called optimal risk using this procedure.
Take decision d; if S; =S,

where the stopping risk S; for decision d; is given by

S;(nf,n3,..ng;m") = E {L(d;,p")}
z(pln)

z(p[n)

If m number of observations have been taken.

Y.2.Y Numerical Results

Some numerical work has been carried out to investigate the optimal

fixed sample scheme (BOF).

The numerical results given in tables (Y-, Y-, Y-V), when k=Y, ¢ and ¢,
show that the Bayes risk using this procedure increases as N increases under
different priors. From the same tables we also note that as the prior increases

the Bayes risk is decreases.

In tables (Y-A, .., Y-)Y) we observed that the Bayes risk using this
procedure (BOF) increases as the sampling cost and loss constant increase for

different values of prior and N, when k=Y, ¢ and °.



Table (- 9)

The influence of prior information and N on the Bayes risk of the
optimal procedure (BOF), under linear loss function,

different priors and various N for k=T,

when ¢=100, k™ =2000.
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The influence of prior information and N on the Bayes risk of the
optimal procedure (BOF), under linear loss function,

various priors and various N for k=74,

when ¢=100, k™ =2000.
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The influence of the sampling cost on the Bayes risk of the

optimal procedure (BOF) for different prior information,
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The influence of the loss constant on the Bayes risk of the optimal procedure
(BOF) for different prior information,

when N=", I £and k= ¢ ¢=500.
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Table (- 1)

The influence of the sampling cost on the Bayes risk of the optimal procedure
(BOF) for different prior information,

when N=", ¥ £and k= ¢ k™ =600.
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The influence of the loss constant on the Bayes risk of the
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The influence of the sampling cost on the Bayes risk of the

optimal procedure (BOF) for different prior information ,

when N=", I £and k= ¢, k™ =100.
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Y.1 Comparisons between the Selection Procedures

BOS and BOF

In this section we discuss the efficiency of the fully sequential scheme in
terms of the percent reduction gained due to the use of BOS scheme risk

which is calculated as follows:

Risk (BOF) -Risk (BOS)

~(Y.Y)Y)RD = _
Risk(BOF)

Tables (Y- ¢,...,, Y-1V) contain these values for k = Y, ¢ for N=T, I priors

and various k*,c. In tables (Y-) £, Y-12) we note that the percent reduction in
risk increases as N increase, when N =Y, Y and k = Y. When k =¢, the

percentage reduction risk is also increases when N increases, this found in

tables (Y-)1, Y-VV),

The comparisons above assume that observation cost in all cases

remains the same whatever sampling is being used, in practice, an adjustment



in cost may be necessary to reflect the ease of use of same of the sampling
methods. In practice the factors such as the cost of sampling, ethical
considerations, delayed and instantaneous responses etc. may play important

roles in choosing the sampling method.

Under the assumption of equal sampling cost and other related factors

the fully sequential scheme with a maximum total sample size of N will have a
smaller risk for BOS than for BOF. Suppose that there is a fixed cost associated
with each sample, in addition to a cost per unit sampled, where the fixed cost
is the same irrespective of the sample size. In the case of fixed sample scheme
of N observations, the fixed cost is incurred once. For BOS each observation is

considered as separate sample, the fixed cost may be incurred up to N times.

Generally speaking, if the observations are very costly and no fixed cost
associated with the sampling so that the cost of sampling is a function of the
observation only, then BOS is preferable. On the other hand, if the fixed cost
associated with sampling stage is the most important and not the cost of
observations than the optimal fixed sample scheme may be preferred. The
very slight loss of efficiency of BOF will usually be more compensated for by its
greater simplicity of use comparable with BOS in terms of time and computer

storage required to output sampling scheme.

Table (- ¢)

The effect of N on the percentage reduction in risk for different

priors whenc="++, k™ =100 and k="
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different priors when c=°-, k™ =100 and k="
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Y.} Summary

In this chapter, we consider some Bayesian (suboptimal) sequential
schemes for selecting the best cell in multinomial population and their

performance is studied using Monte Carlo Simulation methods.
This chapter is organized as follows:

A method to generate multinomial random variates which are used to

carry out MC simulations is given in section Y.Y. Section Y.Y presents the
description of the MC studies. The construction of the Bayesian suboptimal
sequential procedure (BSS) and some numerical results are given in section
Y.¢. Section Y.° contains the construction of the Bayesian suboptimal fixed
sample size procedure (BSF) and some comparisons between the schemes

(BSS) and (BFS).

¥.Y Generating Observations from Multinomial Distribution

[Y4]

Given the values of p=(py, Py,.» Px) We are now in a position to

generate observations (by computer) from the multinomial distribution with k

cells with p;,(i=12,..,k) as the probability of an observation in the i cell.



Let n=(n,N,,...,N,) represents the observed frequencies in the k cells

of the multinomial distribution. Then the problem is to generate a random

vector N where n~M(m,p) where M(m,p) represents a multinomial
k

conditional on the number of observations m=>'n; and the cell probabilities,

i=1

p.

An easy method is generate one observation at a time using the

probabilities py, Py,..., Py - If @ set of m independent observations is generated

one at a time from the distribution M(l p), the joint distribution of the m
observations, represented by the vector of cell frequencies is M (m,E). Hence

a straightforward method of obtaining n is to use the uniform distribution to

generate one observation at a time and accumulate the cell frequencies.
The assignment of a success to one of the k cells is as follows:

Generate a uniform variate u from U(+, Y) and assign ) to n; if

J J
e (TLYY) forallj=), .., k.2 pi — Pj <u<2.p
i-1 i-1

k
and > p; =1.
i=1

¥.¥ Description of the MC Studies

In this section, we shall illustrate the method of MC simulation as it is
applied to our procedures. MC studies have been carried out to investigate the

performance characteristics of the proposed procedure such as the probability



of correctly selecting the best cell and the expected number of observations.
Computer programs, which simulate the operations of these procedures were
written in Fortran power station. The simulation program performs a large
number of runs (t=°+++), which are assumed to be independent, in order to
obtain MC estimates with high precision. At each run mutually independent
multinomial observations are generated by using the assumed probability

model under p and n specified in advance and then the selection procedure is

applied. After generating observations from multinomial distribution, we

calculated the posterior estimate of p; as:

(T P = Gy k)
m +m

k k
Suchthat m=>'n; and m'=>n{ with
i=1 i=1

will be termed the posterior frequencies in the i cell.nj' = n{ +n;
In our work, we assumed values of the following quantities;
, n'=(n,n5,...,ng) (prior frequencies) such that p=(p;, P2 Px)
k
> p;=1 . The observed values of performance characteristics are
i=1

accumulated. At the end of all runs, these accumulated values are divided by
number of runs, t, to obtain the MC estimates of the performance
characteristics of interest. As measures of performance of the proposed

procedures we shall use the following quantities:

V- P(CS): Probability of Correct Selection



In an MC experimentation the cell that has the greatest probability of

event is known to us, so we can check if the procedure gives a correct
selection. After t repetitions we estimate the probability of correct selection by
the fraction of correct selection in the t replications. It can be computed as

follows:

The proportion of number of times when the procedure stops P(D;/D;):

and takes decision D; given decision D; is true in t

repetitions.

An estimate of probability of correct selection is given by

K
i=1

Y- E(M): Expected sample size
where (M) denoted the actual number of observations taken from the

given population. An estimate of E(M) is given by

t
, where M ; denotes the number of observations in cell E(M) = > M i/t
j=1

¥.¢ Bayesian (suboptimal) sequential procedure (BSS)

¥.¢.) Construction of the procedure (BSS)
These procedures are constructed using the following sampling rules

Y- Ry : Fully sequential where observations are taken sequentially one at a time

until a terminal decision is reached.



Y- R,(h) : Group sequential where observations are taken sequentially in group

of (h) observations at each stage N will be a multiple of h, in

conjunction with the following stopping rule.

Stop sampling at the sample size m when
- (T2Y) Ppa/ Py )2 6.

where 6,(1< 5, <) is preassigned and fy;; is the i"™ ordered posterior

mean, (i=), ..., k). In these cases the best cell is chosen to be that with the

largest posterior probability with ties being broken by randomization.

¥.£.Y Numerical Results
The criteria used to judge the performance of the rules are:

P(CS),P(NCS) (Y-P(CS))and E(M). The program generates the necessary

random numbers as input data for the simulated model and analyses the
behaviour of the scheme. A listing of the programs is given in the appendix (B).
The above criteria are calculated in each case from the results of a Monte Carlo

Simulation of (®+++) runs.

Tables (Y-), Y-Y) show that the values of P(CS) and E(M) increases as the
value of the parameter o6, increases, for fully and group sequential schemes.

These values are calculated for ¢-cells and ©-cells.



From tables (Y-Y, Y-¢) we see that as N increases the values of P(CS) and E(M)

are also increases for (fully and group) sequential. However, the fully

sequential method Ry, has slightly smaller P(CS)and smaller expected sample

sizes compared with the group sequential R, for different k-cell and N.
Over these values in all tables P(NCS) decrease as N, J, increases.

The effect of group size in R, is also investigated, some results are presented
in tables (Y-¢, Y-1) for N=Y++, Y+ and group size (Y, V,¥, & ©, )+, Y+, YO),
These tables show that P(CS) and E(M) increases as h increases. Also ,we

noted that in the same tables the P(CS)and E(M) increase as o, increase.

Table (7))

The effect of o, on the performance characteristics of the schemes using
sampling methods (R, and R, ), for different N and prior frequencies, when

k=<, h="Tand fixed values of p=(pPy;..., P4)-
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The effect of o, on the performance characteristics of the schemes using
sampling methods (R,andR, ), for different N and prior frequencies, when k=74,

h=Tand fixed values of p=(py,..., Ps)-
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Table (1)

The effect of N on the performance characteristics using

sampling methods (R, and R, ), for different of o,, prior
frequencies and fixed values of p=(Ppy,..., Py),

when k=% h=Yand N=2+()+) )«
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The effect of N on the performance characteristics using

sampling methods (R, and R, ), for different of o,, prior

frequencies and fixed values of p=(py,..., Ps),
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Y.e Bayesian (Suboptimal) Fixed Procedures (BSF)

In this subsection, we propose Bayesian (suboptimal) fixed scheme (BFS)

for selecting the best cell in multinomial population.
¥.e.) Construction of the procedure (BSF)

In this procedure, a fixed sampling rule (denoted by Rj), where a sample

size is taken from the multinomial population; that is we don’t need any

stopping rule since all N observation are taken. We calculate p;,(i=12,...,k)



for the procedure and then select the largest cell probability. Let the ordered

values of Py, Ps,..., B i Py <Py << Ppg that is, select the cell

associated with the ;. Some numerical results are given in the next

subsection.

¥.2.Y Numerical Results

In tables (Y-V, Y-A), we calculated the probability of correct selection and

we see that it increases as N increases, so we compare the performance

characteristics of this procedure (BFS) with (BSS). These results are obtained

for different number of cells, different N and prior information.

Table (V)

The effect of N on the performance characteristics using Sampling methods (R,

and Rg) for k=, fixed prior p=(py,..., P4)

and different prior frequencies.
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andRs) for k=24, fixed prior p=(py,..., Ps)

and different prior frequencies.
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). In this thesis we attempt to apply Bayesian statistical decision theory
which leads to a quite different approach to the selection problem as
the concepts of loss of taking a certain decision when particular values

of the parameters of interest are true, the cost of sampling and some



prior information about the parameters of the underlying distributions
are involved.

Y. Since reaching a decision as quickly as possible is desirable it seems
sensible to employ sequential technique to achieve the aim.

Y. The main property of a sequential procedure are that the sample size
required to terminate the procedure is a random variable since it
depends on the results of observations and they are economical in that a
decision may be reached earlier by sequential procedure than by that
using a fixed sample size.

¢. Optimal sequential sampling needs to use a computer with high speed
and large capacity to do the calculations. The large computer storage is
necessary to usethe recursive formula when the number of stages are
large makes computations particulariy only for small value of k and N.
Therefore, Bayesian suboptimal schemes, which are simple and easy to

apply, are proposed.

£.Y Suggestions for Future Work
Some suggestions for future work are given as follows:

Y- Group sequential sampling can be tried where observations are taken in

groups to build Bayesian sequential scheme for the selection problem.



Y- The problem of selecting the least probable cell can be attempted.

Y- An upper bound for risks may be found using functional analysis.

¢- General loss functions may be tried, where linear loss is considered as a

special case.

°- In some problems the experimenter might be interested in selecting a

subset of the cells including the best cell. In this problem a correct selection

is the selection of any subset including the cell with i largest probability.

Bayesian approach can be used to solve such as a problem.

Flowchart: (A) continued

Flowchart (B): Bayesian (suboptimal) procedures for selecting the
best multinomial populations (BSS)
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