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ABSTRACT 
 

 

In this thesis, Bayesian procedures are given for selecting from a given 

multinomial distribution with k categories (cells), the cell with the largest 

probability, which is called the "most probable" or (the best cell). Decision- 

theoretic approach is used to derive optimal sequential and fixed sample size 

procedures to select the best cell, they are optimal in the sense that they 

minimize the average risk with respect to certain prior distributions on the cell 

probabilities, namely the family of Dirichlet distributions. Some suboptimal 

Bayes procedures under various sampling rules are also considered and their 

performance characteristics are evaluated using Monte Carlo simulation. 

Finally some concluding remarks and future work have been presented. 
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NOMENCLATURE 
 

 

The following symbols are generally used through out the text. Others are 

defined as when used 

 

 

Symbol  Description 



R&S   Ranking and Selection. 

in    The number of occurrences in category i. 

in    The number of prior frequency in the thi  cell. 

in     The number of posterior frequency in the thi  cell. 

ip    The parameter (the probability of cell i) 

ip̂    The posterior mean of probability ip  

k    The loss constant. 

c  The sampling cost (constant cost of sampling one observation). 

),...;,( 21 mnnS   The stopping risk. 

),...;,( 21 mnnB   The continuation risk. 

),...;,( 21 mnnD   The minimum risk (optimal risk). 

BOS   Bayesian optimal sequential scheme. 

BOF   Bayesian optimal fixed sample size. 

RD%   Percent reduction in risk. 

BSS   Bayesian suboptimal sequential scheme. 

BSF   Bayesian suboptimal fixed sample size. 

MC   Monte Carlo simulation. 

P(CS)   Probability of correct selection. 

E(M)   Expected of sample size. 



M                           Number of observations 

 

1.1 Prelude 

 In many practical situations the experimenter is confronted with the 

problem of choosing the best one, or the best few, of a number of populations 

or categories or ranking them according to their performance. For example 

different treatments (drugs) for a specific disease or several candidates for 

certain position. 

The classical approach to such a problem is to test the homogeneity 

(null) hypothesis kH   ....: 21 , where k ....,, 21  are the values of the 

parameters for these populations[23]. But in many practical situations, when 

the hypothesis is rejected, one wants to know in which of a number of possible 

ways the actual situation differs from the one postulated by the null 

hypothesis. Therefore, there are methods to solve this problems, for example, 

the least significant differences based on the t- test has been used in the past 

to detect differences between the true unknown means of different varieties 

and thereby choosing the population which is the "best", say, the one with the 

largest mean. But this method is indirect, less efficient and does not provide an 

overall probability of a correct selection[20],[11]. Also, the multiple 

comparison procedures are techniques for constructing simultaneous 

confidence intervals for differences between population parameters[5]. 

The ranking and selection (R&S) approach is different. It asks given the 

data on the distribution what is the probability that we can correctly rank them 

from worst to best? What is the probability choose the best population 

(perhaps the one with the largest population mean) or at least 

populations?[16] 



R&S procedures are statistical methods specifically developed to select 

the best system or a subset that contains the best system design from a set of 

k competing alternatives [31], [25] . 

Throughout this thesis we shall assume : 

 

1- There is prior knowledge regarding the parameters of interest. 

2- The procedures are truncated, that is there is a maximum number of 

observations that can be taken during experimentation. 

3- The outcomes of the observations are independent and the probabilities for 

these outcomes remain constant from observation to observation. 

 

1-2 Statement of the problem and goal 

Before discussing and stating the multinomial selection problem, we first 

develop the multinomial distribution model. 

Consider an arbitrary experiment or process where each outcome is 

classified into one of k possible mutually exclusive possibilities, which we call 

categories (or cells). Let 1,  ii pop , denote the probability of an outcome in 

the thi  category for i=1, 2, …, k. Since the k categories are mutually exclusive 

and exhaustive, the probabilities must sum to one, that  1
1




k

i
ip . If an 

experiment of this type is repeated a fixed number of times, say m then we can 

count the number of times an outcome is classified in each category. Let in

denote the number of occurrences for category i. Since each outcome must be 



in one of the k designated categories, we have 



k

i
i mn

1

. The joint probability 

distribution of this set of outcomes is given by the multinomial distribution, 

specifically, 

 

in
i

k

ik
k p

nnn

m
nnnf

121
21

!!....!

!
),...,,(


              ... (1.2.1) 

For any specified  integer values of the components of the vector 

),...,(
21 k

nnn  and the parameters kppp ,..., 21 , which sum to 1, equation (1.2.1) 

gives the probability of exactly in  outcomes in category i, jointly for all i ,(i= 1, 

2, …, k)[16]. 

A single observation in a multinomial model is regarded as a vector with 

k components, of which exactly one is equal to 1 and all the others are equal to 

0. The position of the components with the 1 indicates which category 

describes the outcome of that observation. For example, if k=4 and the 

observation vector (0, 1, 0, 0) the outcome of this single observation is 

category 2. In general, if the thi  component is 1, this indicates that the 

outcome is in the category labeled i. The value of in is then the sum over all m 

vectors of the number of 1's in the thi  component. 

Now, our problem can be formulated as follows: 

Consider a multinomial distribution which is characterized by k events 

(cells) with probability ip  associated with the thi  cell (i=1, 2,…,k). Let 

][]2[]1[ ... kppp   denotes the ordered values of kpp ,...,1 , the "most 

probable" event, also called the best cell, is defined to be that cell which has 



the probability ][kp  associated with it. Nothing is known about the value of 

sp
i
' , that is we do not know which cell associated with ][kp . According to this 

formulation we have a multiple-decision problem. 

Our goal in this thesis is to solve such problem. For this purpose we 

propose a Bayesian sequential and fixed sample size designs using decision- 

theoretic approach with dynamic programming or performing some Monte 

Carlo simulation studies. 

There are many situations where the multinomial distribution applies 

and the goal of practical as well as theoretical interest is to select the category 

that has the best probability (the best cell). For examples [39]. Sample of blood 

is taken from each of large number of students, and each student is classified 

as type A, type B, type AB or type O. The goal is to identify the blood type that 

occurs most frequently among these students or, five candidates are running 

for an office in a certain high populated city. A random sample of registered 

voters is taken and each person is asked to name the one candidate he prefers. 

The goal is to determine which candidate has the greatest support among the 

potential voters. An other application to the identification of the most popular 

television program has been noted in Dedwicz [12]. 

 

1.3 Literature Survey 

Considerable efforts have been expended to the development of 

multinomial selection procedures, that is to solve the problem of selecting the 

best cell in multinomial distribution. Some of these used indifference zone 



approach. According to this approach, the experiment has to define a measure 

of distance δ as the ratio of ][kp  to ]1[ kp , that is 

]1[][  kk pp  where   k ≥1                         ... (1.3.1) 

and specified two predetermined constants  ,p  such that  

  1        and       1
1

p
k

 

the numbers   is the smallest ration δ that the experimenter feels worthy of 

consideration, and p  is the smallest probability of correctly choosing the best 

cell that the experimenter allows for any values of ( kppp ,..., 21 ) that satisfy 

   for some specified 1 . 

Let )CS(P  denotes the probability of a correct selection. for a selection 

rule SR, the experimenter then requires  

pP )SR/CS(   whenever                                      …. (1.3.2) 

Define    


|p . 


 is called as the preference zone and its 

complement as the indifference zone. The experimenter wishes to minimize 

the expected sample size needed to satisfy (1.3.1). Since the probability of a 

correct selection and the expected sample size is dependant on the true value 

of the vector ),...,,( 21 kpppp  , the experimenter needs to find the vector 





p  that satisfies the formula below 

)|CS(min)|CS( pPppP
p 

 


    ... (1.3.3)       

this vector 
p  is called the least favorable configuration. 



Using the formulation described above, the following sampling 

procedures have been suggested: 

Bechhofer, Elmagharby and Morse (1959) first posed the multinomial 

selection problem. They have considered, in this paper, a single stage selection 

procedure in which a sample of size m, where m is a predetermined integer, is 

drawn from multinomial population. The best cell is taken to be the cell with 

the largest sample count with ties broken by randomization. 

Calcoullos and Sobel (1966), Alam (1911) and Ramey and Alam (1919) 

proposed and investigated sequential schemes where observations are taken 

one at a time. In the sequential sampling of Calcoullos and Sobel, called inverse 

sampling, sampling is terminated when the count in any cell is N , when N  is 

a predetermined integer. The cell with count N  is chosen as the best cell. In 

the second paper, sampling is terminated when the difference between the 

largest cell count and the second largest cell count is r , where r  is a 

predetermined integer. The cell which has the highest count when sampling is 

terminated is selected as the best cell. 

In the third paper, sampling is terminated when the count in any cell is 

N  or when the difference between the largest cell count and the second 

largest cell count is r , where r  and N  are predetermined positive integers 

and r ≤ N . 

Alam, Kenze and James (1910) suggested a sequential sampling rule, 

where a random number of observations is taken from the multinomial 

distribution at each stage of sampling, and this number is distributed according 

to a Poisson distribution with mean λ. Sampling is stopped when the count in 

any cell is greater than or equal to a given positive integer N . Single-stage 



scheme for selecting the worst cell (the cell with the smallest probability), 

using the indifference zone approach, were studied by Alam and Thompson 

(1912) and Gibbons et al. (1911). 

Hawang (1982) suggested a multistage scheme for the problem. 

Subset selection schemes, where the aim is to select a nonempty subset 

of cells which contains the largest or smallest cell probability with a probability 

at least equal to a pre-assigned number, p , have been proposed by some 

authors such as Gupta and Nagel (1961) and Berger (1980) [11]. 

Kulkarni (1981) proposed a closed sequential scheme without referring 

to the probability requirements given above. Bechhofer and Kulkarni (1984) 

studied this procedure using numerical comparisons. 

Goldsman (1984)[34] first suggested the more general use of this type of 

procedure to find the simulated system mostly likely to produce the "most 

desirable" observation on a given trial, where "most desirable" can be almost 

any criterion of goodness. 

Some related procedure on the selection of events from multinomial 

distributions have been considered by Miller, Nelson and Reilly (1998) and 

Mausumi and Subir (1999). 

However, in many situations, we may have some information about the 

unknown parameters prior to the experimentation; this knowledge may come 

from past experiences. Therefore, it is worth considering the Bayesian 

approach to the problem. Jones and Madhi (1988) proposed some suboptimal 

sequential schemes for selecting the most probable event using stopping rule 

based on the difference between the largest and next - to- the largest 

posterior probabilities. 



In this thesis we suggested an optimal Bayesian sequential selection 

scheme for k- variate multinomial distribution and compared it with an optimal 

fixed sample size scheme. 

However, some computational and analytical complexities are 

associated with the implementation of such optimal schemes, particularly for 

large number of cells and large sample sizes. Therefore from practical points of 

view, it is preferable to find schemes which easy and simple to implement and 

which has some good characteristics. Therefore Bayesian suboptimal selection 

schemes for the multinomial selection problem are investigated using Monte 

Carlo simulation with stopping rule based on the ratio of the largest and next - 

to- largest posterior probabilities. 

 

 

1.4 Some Definitions and Concepts 

This section presents some definitions and concepts which are useful in 

constructing the proposed selection procedures. 

 

1.4.1 Bayesian Decision approach 

1. Prior and Posterior Distributions [41] 

Bayesian statistics, (Named for the Revd Thomas Bayes (1102- 1161), 

and a mateur 18th century mathematician), represents a different approach to 

statistical inference. Data are still assumed to come from a distribution 

belonging to a known parametric family. However, whereas classical statistics 

considers the parameters to be fixed but unknown, the Bayesian approach 



treats them as random variables in their own right. Prior beliefs about θ are 

represented by the prior distribution, with a prior probability density (or mass) 

function, )( . The posterior distribution has posterior density (or mass) 

function, ),...,,|( 21 nxxx , and captures our beliefs about θ after they have 

been modified in the light of the observed data. 

By Baye's formula, for the density function  

),...,,|(
21 n

xxx =







dxxxf

xxxf

n

n

)()|,...,(

)()|,...,(

21

21  

The denominator of the above equation does not involve θ and so in 

practice is usually not calculated. Bayes rule is written, 

)( )|,...,(    ),...,|( 11  nn xxfxx   

In fact the actual choice of )(  depends upon the experimenter and 

the information and experience available to him at the time of doing the 

experiment. A prior which contains no information about θ is called non-

informative prior or (vague prior). Mathematical and computational difficulties 

may arise from using some prior distributions. 

A reasonable method of overcoming these difficulties is to use a 

particular class of prior distributions. This class of prior has been termed as 

natural conjugate priors in Raffa and Schlaifer [34], for example the Beta 

distribution is a natural conjugate prior to Binomial distribution. 

 

2. Elements of a Bayesian Decision Problem 



 In this point we present elements of Bayesian decision theoretic that we 

needed in this thesis. 

i   The basic elements of statistical decision theory are:[30],[11]  

1. A parameter space   , which may be vector- valued, of possible states 

of nature, 

2. An action space  aA   of the possible courses of action, 

3. A loss function ),( aL   representing the loss incurred when an action a is 

taken and the state of nature is  , 

4. An observable r.v. X , which may be vector- valued, defined on a sample 

space  x  such that when   is the true state of nature, X  has 

probability distribution ),( xf , 

5. A decision space  )(xdD   of possible decision functions defined on χ that 

maps χ into the action space A, 

6. A prior probability distribution   is defined on the space Ω. 

 

ii  Risk [30],[22] 

For given decision function d, the loss function may be written as 

)}(,{ xdL  ,  

Since our action a depends on the particular sample data x  that we 

observe. Thus, we see that the loss is a r.v. and depends on the sample 

outcome. Therefore, let us define the risk to be the expected value of the loss 



function. That is, the risk ),( dR   is a function of d, , and the loss function L 

such that  

),( dR  =   |)}(,{ xdLE  

           xdxfxdL )|()}(,{ 

 . 

 

iii   Bayes Risk [30],[22] 

The Basyes risk of a decision d is the expected value of the risk ),( dR   

with respect to the prior distribution   on Ω; 

Namely, 

 ),(),( dREdr   

            





 dxdxfxdL )()|()}(,{ . 

The Bayes risk is of value as it sets up a linear ordering on the decision 

space D. (i.e. the decision maker prefers decision function d1 to d2 if it has 

smaller Bayes risk). 

 

iv  Bayes Decision Function [30] 

Since the Bayes risk sets up a linear ordering on the decision space D, 

the search begins for the decision function d which minimizes the Bayes risk 

for a specified prior distribution π, if such a decision function say )(xd , exists 

it is known as the Bayes decision function and its associated Bayes risk 



),(min),()( drdrr
Dd

 


 , 

is known as the minimum Bayes risk. 

 

 

 

3. Construction of Bayes Decision Functions[30] 

Provided that the order of integration can be reserved, which we shall 

assume here, the Bayes risk becomes 

          xddxxdxfdr








 
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xf 
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is the joint posterior probability distribution of Θ given x , therefore, to 

minimize the Bayes risk, a decision function d( x ( should be chosen such that 

the inner integral is a minimum. The inner integral is simply the conditional 

expectation  XxdLE |)}(,{  of the loss with respect to the joint posterior 

distribution of Θ given x , or simply, the posterior risk.  Thus, the Bayes 

decision function with respect to a given π can be found without computing 

the value of the minimum Bayes risk. If we let ),( xd  denote the posterior risk 

and Let 



),(min),()( xdxdx     =  XxdE |)}(,{min  , 

Then the minimum Bayes risk becomes 

 
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 )]([)()()( xExdxfxr , 

Which is the expectation of )(x using the joint marginal distribution of x . 

 

1.4.0   Sequential Decision Procedure [33] 

We describe now formally the sequential decisions procedure. 

When D be the set of possible decisions. 

Definition: sequential decision (selection) procedure 

Let ,..., 21 xx  be random variables observed sequentially. A sequentially 

decision procedure consists in: 

1- Sampling rule: The sampling rule prescribes how observations are taken 

sequentially, such as one at a time or a group at a time.  

2- A stopping rule n  which specifies whether a decision must be taken 

without taking any further observation. 

If at least one observation is taken, this rule specifies for every set of observed 

values ),...,( 1 nxx , with 1n , whether to stop sampling and take a decision out 

of D or to take another observation 1nX . 

3- A decision rule n  which specifies the decision to be taken if 1n  

observations have been taken, then one takes an action Dxx nn ),...,( 1 . 



Once a decision has been taken, the sampling process is stopped. 

 

1.4.3 Dynamic Programming 

Backward induction has been used in the literature as computational 

technique for finding the optimal sequential procedures for different statistical 

decision problems. Bellman (1951) introduced alternative term to backward 

induction, called it dynamic programming and showed how it could be used to 

solve multistage decision processes. The general ideas of dynamic 

programming and its applications can be found in Simpson (1961). The linkage 

between dynamic programming and decision theory was given in Lindley 

(1961). Wetherill (1961), Lindley and Barnett (1965), Freeman (1910, 1912), 

El-Sayyad and Freeman (1913) and Madhi (1986) among others employed 

dynamic programming allied with the concept of truncation, that is the 

maximum number of observations is fixed in advance, to construct some 

optimal sequential procedures. 

The dynamic programming technique is particularly important in 

multistage processes where decision are taken sequentially and where they 

are not independent, in that decisions taken earlier will affect decisions made 

later. Consequently in order to find the best decision at the present time, it is 

necessary to know the best decision in the future and the only way to know 

that is to work backwards from the optimal future decisions back to the origin. 

This technique is used in chapter 2 to develop the optimal Bayesian selection 

procedure. 

 

1.5 The Plan of the Thesis 



 The thesis can be summarized as follows: 

In chapter two, two optimal (Bayesian) schemes, namely fully sequential and 

fixed sample size schemes, are derived using Bayesian- Decision theoretic 

approach and dynamic programming. They are investigated and compared 

using risks. In chapter three, Monte Carlo simulation studies have been carried 

out to evaluate the performance of Bayesian suboptimal schemes in terms of 

other performance measures such as the probability of correct selection and 

expected sample size. Finally, chapter four contains some concluding remarks 

and suggestions for future work. 

 

2.1 Summary 

In this chapter Bayesian optimal procedures for selecting the best cell in 

multinomial distribution are introduced. Bayesian decision- theoretic 

formulation to the problem is given in section 2.2. The stopping risks of linear 

losses are presented in section 2.3. In section 2.4, the fully  optimal Bayesian 

sequential selection procedure (BOS) is constructed using the dynamic 

programming technique in conjunction with Bayesian decision-theoretic 

formulation. Some numerical results are also presented in this section. Section 

2.5 deals with Bayesian optimal fixed sample size procedure (BOF). 

Comparisons between the schemes (BOS) and (BOF) are given in section 2.6. 

 

2.2 Bayesian decision- theoretic formulation 

 For the multinomial distribution with k cells, let the unknown probability 

of an observation in the thi  cell be ip , (i= 1, 2, …, k). Let 
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},...,,{ 21 kdddD   be the decision space where in the following terminal k-

decision rule: 

ii pd : is the largest cell probability  (i=1, 2, …, k). 

That is, id denote the decision to select the event associated with the thi  

cell as the most probable event, after the sampling is terminated. 

Suppose the loss function in making decisions id  defined on  Dk    is 

given as follows: 
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That is the loss if decision id is made when the true value of 
 pp , 

where k  is the loss constant, giving losses in terms of cost. 

The Bayesian approach requires that we specify a prior probability 

density function )( p , expressing our beliefs about p  before we obtain the 

data. From a mathematical point of view, it would be convenient if p  is 

assigned a prior distribution which is a member of a family of distributions 

closed under multinomial sampling or as a member of the conjugate family. 

The conjugate family in this case is the family of Dirichlet distribution.  

Accordingly, let p  is assigned Dirichlet prior distribution with parameters 

knnnm  ,...,,, 21 . The normalized density function is given by 
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and the marginal distribution for ip  is Beta density 
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Here ),...,,( 21 knnnn  , are regarded as hyperparameters specifying the prior 

distribution. They can be thought of “imaginary counts” from prior experience. 

The equivalent sample size is )...( 21 mnnn k  . In addition to the prior 

information, we obtain some sample information from the multinomial 

population. If there are k categories, ip  is the probability that the thi  category is 

selected in a single trail, and the trails are independent, then the number of 

times each category is selected has a multinomial distribution. More precisely, 

let iN  be the number of times that category i is chosen in m independent trials. 

Then 
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The posterior distribution is derived from the prior probability function 

and the multinomial distribution by means of Bayes theorem as follows. 
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This is a member of the Dirichlet family with parameters 

iii nnn  and    mmm    (i=1, …, k). 

Hence, the posterior distribution  has density function 
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2.3 The Stopping Risks 

In this section, we derive the stopping risks (Bayes risk) of making 

decision id for linear loss function given in section 2.2. The stopping risk (the 

posterior expected loss) of the terminal decision id when the posterior 

distribution for p  has parameters );,...,,( 21 mnnn k  , that is when the sample 



path has reached );,...,,( 21 mnnn k   from the origin );,...,,( 21 mnnn k  , denoted 

by ),;,...,,( 21 mnnnS ki   can be found as follows: 
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and the cumulative density function is 
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2.4   Fully Bayesian (Optimal) Sequential  Procedure(BOS) 

       In this section Bayesian optimal sequential schemes to select the best 

 cell is presented. 

0.4.1 Construction of the Procedure BOS 

The Bayesian decision formulation, given in section 2.2, in conjunction 

with the dynamic programming technique is used to construct this procedure. 

Before a decision is made, random variables ,...x,x 21 . are observed 

sequentially where for a given value kp   the s'x i  are independent and 

identically distributed with a common density function given by  

ii ppf )|( ,  where   ),...,,( 21 ki yyy  with 1iy  and 0jy  if ji 

. The procedure is truncated where a maximum sample size of N is given.  

At each point );,...,,( 21 mnnn k   in k-dimensional integer space, the 

optimal decision to stop or continue is made by comparing the stopping risk 

with the risk of taking one more observation. 

At the point );,...,,( 21 mnnn k  , let 



);,...,,( 21 mnnnS ki  be the Bayes (stopping) risk of making the terminal 

decision id 

);,...,,( 21 mnnnB k  be the risk of taking one further observation and  

proceeding optimality thereafter, termed the continuation 

risk. 

);,...,,( 21 mnnnD k  be the minimum risk (optimal risk) giving the optimal 

policy. 

At each point, there are k possible transitions )1;(  mn i  with 

probability 
i

p̂ . 

Then the dynamic programming equations for the procedure are 

 );,...,,( 21 mnnnB k



k

i
ii mnDpc

1

)1;(ˆ , where c is constant cost 

of sampling one observation. 

Knowing );,...,,( 21 mnnnS ki  , (i= 1, …, k) and );,...,,( 21 mnnnB k  , the 

equation for  );,...,,( 21 mnnnD k   is given by  

),;,...,,(min{);,...,,( 2121 mnnnSmnnnD kk )};,...,,( 21 mnnnB k , 

where 

);,...,,(min);,...,,( 21
,..,1     

21 mnnnSmnnnS ki
ki

k 


 . 

Suppose that the procedure is truncated at N observations, then the dynamic 

programming equations above are used successively from this end point to the 

origin to partition the k dimensional integer space into stopping and 

continuation points. Due to the dynamic programming technique of 



computation it is not known which points are reachable by any simple path 

starting at );,...,,( 21 mnnn k   until this origin is reached. 

The stopping rule of the optimal sequential scheme can be described as 

follows: 

         At the point );,...,,( 21 mnnn k  

(i) stop sampling and make that terminal decision with smaller risk as soon as 

 );,...,,();,...,,( 2121 mnnnSmnnnD kk );,...,,( 21 mnnnB k  

(ii) If no terminal decision has been reached before N, then terminate sampling 

and take that terminal decision with smaller risk. 

 

(iii) If  );,...,,();,...,,( 2121 mnnnBmnnnD kk  );,...,,( 21 mnnnS k  

then continue sampling with the population which has smaller continuation 

risk. The terminal decision is as follows. 

       At the point );,...,,( 21 mnnn k  , we choose decision id  and select cell i to be 

the best cell if 

);,...,,(min);,...,,( 2121 mnnnSmnnnS kj
ij

ki 


 . 

 

 

 

 

 



0.4.0  Numerical Results 

Since the optimal overall risk depends on the sample size N, the loss 

constants k , constant cost of sampling one observation (sampling cost) c, and 

the prior parameters );,...,,( 21 mnnn k  , therefore it varies as they vary.  

In this subsection we present some numerical work to study the effect of 

these factors, on the optimal overall risk of the optimal scheme BOS under 

linear loss function. 

       The numerical results where k=3 and 4 are given in tables (2-1,2-2). From 

these tables we note that as the prior increases the optimal overall risk 

decreases. 

       The tables also show that the optimal overall risk decreases as N increases, 

for N=2, 3, under different values of c and k .Tables (2-3, 2-4) show that, the 

optimal overall risk increases when c and k  increases for different values of 

prior, for k=3, 4. 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

Table (0-1) 

The influence of prior information and the sample size on the overall risk of the 

optimal procedure (BOS), under linear loss function,  

various priors and various N for k=3. 

 

 

c, 
k 

       sample size 

prior 
2 3 

c=100  

k=2000 

(1, 1, 1; 3) 

(1, 1, 2; 4) 

196.1361 

115.8961 

162.8110 

141.8613 

(0, 0, 2; 2) 231.9121 231.141 



(0, 0, 3; 3) 221.0415 222.6183 

(0, 0, 2; 2) 

(1, 0, 2; 4) 

231.9121 

191.4361 

231.141 

121.1342 

c=50 

k=100 

(1, 0, 1; 2) 

(1, 0, 2; 3) 

18.25444 

11.52419 

69.40455 

63.39326 

(0, 1, 1; 2) 

(0, 1, 3; 4) 

19.419540 

18.54881 

11.54904 

62.11116 

c=100 

k=100 

(1, 0, 1; 2) 

(2, 1, 1; 4) 

152.2544 

151.9065 

136.9046 

109.5610 

(1,0, 1; 2) 

(1,0, 2, 3) 

153.2544 

152.5242 

136.9046 

124.1015 

(1, 0, 1; 2) 

(1, 2, 1; 4) 

153.2544 

151.4222 

136.9046 

105.0155 

c=10; 

k=200 

(0, 1, 1; 2) 

(0, 1, 2; 3) 

23.83908 

21.1125 

16.34808 

15.11016 

(1, 0, 1; 2) 

(1, 0, 2; 3) 

21.10888 

19.51218 

15.94243 

15.01211 

 

 



Table (0-0) 

The influence of prior information and sample size on the overall risk of the 

optimal procedure (BOS), under linear loss function,  

various priors and various N for k=4. 

 

 

c, 
k 

           sample size 

  prior 
2 3 

c=100 

k=2000 

(1, 1, 0, 0; 2) 

(1, 2, 0, 0; 3) 

283.3326 

185.1144 

208.5114 

112.2223 

(0, 0, 1, 1; 2) 

(0, 1, 1, 1; 3) 

216.1564 

161.6808 

180.0119 

132.5312 

(0, 0, 1, 0; 1) 

(0, 1, 1, 1; 3) 

316.6661 

161.6808 

185.3335 

132.5312 

50c  

1000* k 

(1, 0, 1, 0; 2) 

(1, 0, 1, 1; 3) 

141.6663 

80.84041 

104.2851 

66.01261 

(0, 1, 0, 0; 1) 

(0, 1, 2, 0; 3) 

158.3333 

92.85118 

91.66614 

86.11140 

10c 

100* k 

(1, 0, 1, 0; 2) 

(1, 1, 1, 0; 3) 

21.66663 

20.35115 

19.42851 

19.40416 

(0, 1, 0, 0; 1) 23.33333 18.333340 



(0, 1, 1, 1; 3) 18.08404 12.95852 

(0, 1, 0, 0; 1) 

(1, 2, 0, 0; 3) 

23.33333 

19.52318 

18.333340 

11.380940 

100c 

1000* k 

(0, 0, 1, 0; 1) 

(0, 1, 1, 1; 3) 

233.3333 

130.8404 

183.3334 

129.5852 

(1, 1, 0, 0; 2) 

(1, 1, 1, 0; 3) 

216.6663 

203.5115 

194.2851 

194.0411 

 

 

 Table (0-3) 

The influence of the loss constant and sampling cost on the 

optimal overall risk in (BOS), for different prior  

information, when N=2, 3 and k=3. 

 

N=2 c, 
k 

Prior 10, 200 100, 200 

(0, 1, 2; 3) 

(1, 0, 1; 2) 

(0, 0, 2; 2) 

21.1125 

21.10888 

23.19121 

156.1125 

156.1089 

158.1912 

N=3 10, 200 100, 200 



(0, 1, 2; 3) 

(1, 0, 1; 2) 

(0, 0, 2; 2) 

15.11016 

15.94243 

11.5000 

129.3422 

131.4424 

101.5000 

N=2 100, 100 100, 2000 

(0, 1, 2; 3) 

(0, 1, 1; 2) 

(1, 0, 1; 2) 

153.3862 

154.4195 

153.2544 

118.9886 

238.3908 

201.4888 

N=3 100, 100 100, 2000 

(0, 1, 2; 3) 

(0, 1, 1; 2) 

(1, 0, 1; 2) 

128.5991 

141.549 

136.9046 

142.1016 

156.1308 

141.1243 

N=2 10, 200 100, 2000 

(0, 1, 2; 3) 

(0, 1, 1; 2) 

(1, 0, 1; 2) 

21.1125 

23.83908 

21.10888 

118.9886 

238.3908 

201.4888 

N=3 10, 200 50, 1000 

(0, 1, 2; 3) 

(0, 1, 1; 2) 

(1, 0, 1; 2) 

15.11016 

16.34808 

15.94243 

142.1016 

156.1308 

141.1243 

 



Table (0-4) 

The influence of the loss constant and sampling cost on the  

optimal overall risk in (BOS), for different prior  

information, when N=2, 3 and k=4.  

 

N=2 kc, 

Prior 100, 1000 100, 2000 

(1, 1, 0, 0; 2) 

(0, 1, 1, 1; 3) 

(0, 0, 1, 0; 1) 

216.6663 

130.8404 

233.3333 

283.3326 

161.6808 

316.6661 

N=3 100, 1000 100, 2000 

(1, 1, 0, 0; 2) 

(0, 1, 1, 1; 3) 

(0, 0, 1, 0; 1) 

194.2851 

129.5852 

183.3334 

208.5114 

132.5312 

185.3335 

N=2 50, 1000 100, 2000 

(1, 0, 1, 0; 2) 

(0, 1, 1, 1; 3) 

(1, 0, 0, 0; 1) 

141.6663 

80.84041 

158.3333 

283.3326 

161.6808 

316.6661 

N=3 50, 1000 100, 2000 



(1, 0, 1, 0; 2) 

(0, 1, 1, 1; 3) 

(1, 0, 0, 0; 1) 

104.2851 

12.16041 

91.66614 

208.5114 

132.5312 

183.3335 

N=2 10, 1000 50, 1000 

(1, 0, 1, 0; 2) 

(0, 1, 0, 1; 3) 

(1, 0, 0, 0; 1) 

81.66663 

46.262693 

98.33334 

141.6663 

96.26963 

158.3333 

N=3 10, 1000 50, 1000 

(1, 0, 1, 0; 2) 

(0, 1, 0, 1; 3) 

(1, 0, 0, 0; 1) 

32.28512 

34.03896 

18.333341 

104.2851 

90.03896 

91.66614 

2.5 The Bayesian (Optimal) Fixed Sample Size        

Procedure (BOF) 
 

In this section we present Bayesian optimal fixed (BOF) sample size 

scheme for selecting the best cell in multinomial population using Dirchelet 

priors and linear loss function. Fixed sample size means that exactly N 

observations are taken. 

 

0.5.1  Construction of the Procedure BOF 



 At the point );,...,,( 21 mnnn k  , where mmm   and mn
k

i
i 

1

, 

),...,1(, kiSi   denote the stopping risk of taking decision ),...,1(, kidi  . The 

terminal decision rule for BOF is as follows: 

Let ),...,,min( 21 kSSSS  , called optimal risk using this procedure. 

Take decision id  if SSi  , 

where the stopping risk iS  for decision id  is given by  

)},({);,...,,(
)|(

21


 pdLEmnnnS i
np

ki


 

                             )}({ ][
)|(

ik
np

ppLEmc 


.                           … (2.5.1) 

If m  number of observations have been taken. 

 

0.5.0  Numerical Results 

 Some numerical work has been carried out to investigate the optimal 

fixed sample scheme (BOF).  

The numerical results given in tables (2-5, 2-6, 2-1), when k=3, 4 and 5, 

show that the Bayes risk using this procedure increases as N increases under 

different priors. From the same tables we also note that as the prior increases 

the Bayes risk is decreases. 

In tables (2-8, …, 2-13) we observed that the Bayes risk using this 

procedure (BOF) increases as the sampling cost and loss constant increase for 

different values of prior and N, when k=3, 4 and 5. 

 



Table (0-5) 

The influence of prior information and N on the Bayes risk of the 

optimal procedure (BOF), under linear loss function,  

different priors and various N for k=3,  

when 100c  , 2000k . 

100c , 2000* k 

N 

Prior 

(0, 1, 1; 2) (1, 1, 1; 3) (2, 1, 1; 4) 

2 

3 

4 

5 

6 

 

542.8511 

581.1195 

646.2122 

115.1534 

190.9091 

 

481.1195 

546.2122 

615.1534 

690.9091 

111.5033 

 

281.1212 

310.5609 

459.091 

550.1189 

644.361 

 

N 

Prior 

(1, 1, 1; 3) (3, 1, 1; 5) (4, 1, 1; 6) 

2 

3 

4 

5 

481.1195 

546.2122 

615.1534 

690.9091 

415.1534 

490.9090 

511.5033 

655.639 

390.9090 

411.5033 

555.639 

642.4319 



6 111.5033 142.4319 131.2812 

N 

Prior 

(1, 3, 0; 4) (1, 3, 1; 5) (2, 3, 1; 6) 

2 

3 

4 

5 

6 

866.6666 

811.4288 

900.0001 

944.4444 

999.9999 

415.1534 

490.9090 

511.5033 

655.639 

142.4319 

259.091 

350.1189 

444.361 

539.3802 

635.3195 

 

Table (0-6) 

The influence of prior information and N on the Bayes risk of the  

optimal procedure (BOF), under linear loss function,  

various priors and various N for k=4,  

when 100c  , 2000k . 

 

 

100c , 2000* k 

N 

Prior 

(0, 0, 0, 1; 1) (1, 0, 0, 1; 2) (2, 0, 0, 1; 3) 

2 346.0311 268.1319 235.5951 



3 

4 

5 

131.8682 

164.4044 

813.8524 

664.4044 

113.8524 

115.1185 

319.481 

410.5958 

505.3295 

N 

Prior 

(1, 0, 0, 1; 2) (1, 0, 1, 1; 3) (1, 0, 2, 1; 4) 

2 

3 

4 

268.1319 

664.4044 

113.8524 

235.5951 

613.8524 

615.1185 

219.4810 

310.5958 

405.3295 

N 

Prior 

(1, 0, 1, 0; 2) (1, 1, 1, 0; 3) (1, 2, 1, 0; 4) 

2 

3 

4 

665.1343 

100.2585 

192.9501 

629.0298 

692.9501 

155.5138 

586.9054 

610.4196 

146.0146 

 

 

 

 

 

 

Table (0-7) 



The influence of prior information and N on the Bayes risk of the  

optimal procedure (BOF), under linear loss function,  

various priors and various N for k=5, 

when 100c  , 2000k . 

 

 

100c , 2000* k 

N 

Prior 

(0, 1, 0, 0, 0; 1) (0, 1, 0, 1, 0; 2) (0, 1, 1, 1, 0; 3) 

2 

3 

4 

1351.515 

1615.000 

1904.162 

1221.419 

1544.405 

1183.385 

1085.959 

1401.918 

165.4.399 

N 

Prior 

(0, 1, 0, 0, 0; 1) (0, 2, 0, 0, 0; 2) (0, 3, 0, 0, 0; 3) 

2 

3 

4 

1351.515 

1615.000 

1904.162 

121.4186 

1144.405 

1450.051 

285.9586 

141.251 

1082.91 

N 

Prior 

(0, 1, 0, 0, 0; 1) (0, 1, 0, 1, 0; 2) (0, 2, 0, 1, 0; 3) 

2 1351.515 1221.419 685.9586 



3 

4 

1615.000 

1904.162 

1544.405 

1183.385 

1014.584 

1368.685 

N 

Prior 

(0, 1, 0, 0, 0; 1) (0, 2, 0, 0, 0; 2) (0, 2, 0, 1, 0; 3) 

2 

3 

4 

1351.515 

1615.000 

1904.162 

121.4186 

1144.405 

1450.051 

685.9586 

1014.584 

1368.685 

 

Table (0-8) 

The influence of loss constant on the optimal procedure  

(BOF), for different priors information , 

when N=2(1)1, and k= 3, 50c . 

 

 

c, 
*k N 

Prior 

(0, 1, 1; 2) (1, 1, 1; 3) 

50, 50 

2 

3 

4 

5 

108.5114 

151.1195 

206.1553 

255.3188 

101.1195 

156.1553 

205.3188 

254.1121 



6 

1 

304.1121 

354.2816 

304.2816 

353.8910 

50, 100 

2 

3 

4 

5 

6 

1 

111.1429 

164.359 

212.3106 

260.1511 

309.5454 

358.5152 

114.359 

162.3106 

210.1511 

259.5454 

308.5152 

351.182 

50, 150 

2 

3 

4 

5 

6 

1 

125.1143 

111.5385 

218.4659 

266.1365 

314.3182 

362.8628 

121.5385 

168.4659 

216.1365 

264.3182 

312.8628 

361.6129 

 

 

 

Table (0-9) 

The influence of the sampling cost on the Bayes risk of the  

optimal procedure (BOF) for different prior information,  



when N=2(1)1, and k= 3, 2000k . 

 

 

c, 
*k N 

Prior 

(0, 1, 1; 2) (1, 1, 1; 3) 

100, 2000 

2 

3 

4 

5 

6 

1 

8 

542.8511 

581.1195 

646.2122 

115.1534 

190.9091 

811.5033 

955.639 

481.1195 

546.2122 

615.1534 

690.9091 

111.5033 

855.639 

942.4319 

500, 2000 

2 

3 

4 

5 

6 

1 

8 

1342.851 

1181.119 

2246.212 

2115.153 

3190.909 

3611.503 

4155.639 

1281.119 

1146.212 

2215.153 

2690.909 

3111.503 

3655.039 

4142.438 

900, 2000 2 2142.851 2081.119 



3 

4 

5 

6 

1 

8 

2981.119 

3846.212 

4115.153 

5590.909 

6411.503 

1355.639 

2946.212 

3815.153 

4690.909 

5511.503 

6455.639 

1342.438 

 

Table (0-12) 

The influence of the loss constant on the Bayes risk of the optimal procedure 

(BOF) for different prior information, 

when N=2, 3, 4 and k= 4, 500c . 

c, 
*k N 

Prior 

(0, 1, 1, 1; 3) (1, 1, 1, 1; 4) 

500, 500 

2 

3 

4 

1091.101 

1518.463 

2068.18 

1018.463 

1568.18 

2061.168 

500, 900 

2 

3 

4 

1163.982 

1641.234 

2123.803 

1141.234 

1623.803 

2110.102 

500, 1300 2 1236.863 1204.004 



3 

4 

1104.004 

2118.821 

1618.821 

2159.036 

 

Table (0-11) 

The influence of the sampling cost on the Bayes risk of the optimal procedure 

(BOF) for different prior information, 

when N=2, 3, 4 and k= 4, 600k . 

c, 
*k N 

Prior 

(0, 1, 1, 1; 3) (1, 1, 1, 1; 4) 

600, 600 

2 

3 

4 

1309.321 

1894.156 

2482.536 

1294.156 

1882.536 

2413.401 

1000, 600 

2 

3 

4 

2109.321 

3094.156 

4082.536 

2094.156 

3082.536 

4013.401 

1400, 600 

2 

3 

4 

2909.321 

4294.156 

5613.401 

2894.156 

4282.536 

5613.401 

Table (0-10) 

The influence of the loss constant on the Bayes risk of the 

optimal procedure (BOF) for different prior information, 



when N=2, 3, 4 and k= 5, 400c . 

c, 
*k N 

Prior 

(0, 1, 0, 1, 0; 2) (0, 0, 2, 0, 1; 3) 

400, 500 

2 

3 

4 

1050.001 

1300.000 

1600.001 

805.8101 

1208.138 

1608.951 

400, 900 

2 

3 

4 

1250.001 

1380.00 

1600.002 

810.4592 

1214.648 

1616.122 

400, 1300 

2 

3 

4 

1450.002 

1460.00 

1600.003 

815.1011 

1221.158 

1623.288 

 

Table (0-13) 

The influence of the sampling cost on the Bayes risk of the  

optimal procedure (BOF) for different prior information , 

when N=2, 3, 4 and k= 5, 100k . 

c, 
*k N 

Prior 

(0, 1, 0, 1, 0; 2) (0, 0, 2, 0, 1; 3) 

100, 1000 2 250.0002 201.1621 



3 

4 

320.000 

400.0002 

301.6216 

401.1914 

400, 1000 

2 

3 

4 

850.0002 

1220.000 

1600.000 

801.1621 

1201.628 

1601.191 

100, 1000 

2 

3 

4 

1450.00 

2120.00 

2800.00 

1401.162 

2101.628 

2801.191 

2.6   Comparisons between the Selection Procedures  

 BOS and BOF 

 

In this section we discuss the efficiency of the fully sequential scheme in 

terms of the percent reduction  gained due to the use of BOS scheme risk 

which is calculated as follows: 

%
)(

)( )(

BOFRisk

BOS-Risk BOFRisk 
RD   .                             … (2.6.1) 

Tables (2-14,…, 2-11) contain these values for k = 3, 4 for N=2,3 priors 

and various ck , . In tables (2-14, 2-15) we note that the percent reduction in 

risk increases as N increase, when   N =2, 3 and k = 3. When k =4, the 

percentage reduction risk is also increases when N increases, this found in 

tables (2-16, 2-11). 

The comparisons above assume that observation cost in all cases 

remains the same whatever sampling is being used, in practice, an adjustment 



in cost may be necessary to reflect the ease of use of same of the sampling 

methods. In practice the factors such as the cost of sampling, ethical 

considerations, delayed and instantaneous responses etc. may play important 

roles in choosing the sampling method. 

Under the assumption of equal sampling cost and other related factors 

the fully sequential scheme with a maximum total sample size of N will have a 

smaller risk for BOS than for BOF. Suppose that there is a fixed cost associated 

with each sample, in addition to a cost per unit sampled, where the fixed cost 

is the same irrespective of the sample size. In the case of fixed sample scheme 

of N observations, the fixed cost is incurred once. For BOS each observation is 

considered as separate sample, the fixed cost may be incurred up to N times. 

Generally speaking, if the observations are very costly and no fixed cost 

associated with the sampling so that the cost of sampling is a function of the 

observation only, then BOS is preferable. On the other hand, if the fixed cost 

associated with sampling stage is the most important and not the cost of 

observations than the optimal fixed sample scheme may be preferred. The 

very slight loss of efficiency of BOF will usually be more compensated for by its 

greater simplicity of use comparable with BOS in terms of time and computer 

storage required to output sampling scheme. 

 

 

Table (0-14) 

The effect of  N on the percentage reduction in risk for different  

priors when c=100, 100* k  and k=3. 

 



100c , 100* k 

Prior N BOF BOS RD% 

(1, 0, 1; 2) 
2 

3 

201.8511 

314.359 

153.2544 

136.9046 

26.261345 

56.4496 

(2, 1, 1; 4) 
2 

3 

204.3561 

303.528 

151.9065 

109.5610 

25.665186 

63.904153 

(1, 0, 2; 3) 
2 

3 

211.5025 

301.0151 

152.5242 

124.1015 

29.814131 

41.229511 

(1, 2, 1; 4) 
2 

3 

212.3106 

310.1511 

151.4222 

105.0155 

28.618926 

66.206629 

 

 

 

 

 

 

 

Table (0-15) 

The effect of N on the percentage reduction in risk for  

different priors when c=50, 100* k  and k=3. 



500c , 100* k 

Prior N BOF BOS RD% 

(1, 0, 1; 2) 
2 

3 

101.8511 

164.35900 

18.25444 

69.40455 

21.446185 

42.22141 

(1, 0, 2; 3) 
2 

3 

111.5025 

151.0151 

11.52419 

63.39362 

34.023369 

58.022013 

(0, 1, 1; 2) 
2 

3 

111.1429 

162. 3011 

19.419540 

11.54904 

32.202856 

55.911655 

(0, 1, 3; 4) 
2 

3 

116.2338 

150.8849 

18.54881 

62.11115 

32.424103 

58.391626 

  

 Table (0-16) 

The effect N on the percentage reduction in risk for different  

priors when c=100, 2000* k  and k=4. 

 

100c , 2000* k 

Prior N BOF BOS RD% 

(1, 1, 0, 0; 2) 
2 

3 

533.3309 

633.33090 

283.3326 

208.5114 

46.814895 

61.061541 



(1, 2, 0, 0; 3) 
2 

3 

485.1133 

692.9501 

185.1144 

112.2223 

61.164604 

15.146529 

(0, 1, 0, 0; 1) 
2 

3 

866.6661 

966.6642 

316.6661 

183.3335 

63.461536 

81.034411 

(0, 1, 1, 1; 3) 
2 

3 

564.4044 

613.8524 

161.6808 

132.5315 

11.353131 

18.408946 

 

Table (0-17) 

The effect of N on the percentage reduction in risk for  

different priors when c=10, 100* k  and k=4. 

 

10c , 100* k 

Prior N BOF BOS RD% 

(1, 0, 1, 0; 2) 
2 

3 

43.28611 

50.01293 

21.66663 

19.42851 

49.94623 

61.152905 

(1, 1, 1, 0; 3) 
2 

3 

41.45149 

49.64154 

20.35115 

19.40416 

50.88922 

60.914961 

(0, 1, 0, 0; 1) 
2 

3 

53.33334 

63.333210 

23.33333 

18.33334 

56.250011 

11.052051 



(0, 1, 0, 1; 2) 
2 

3 

41.59341 

48.22022 

15.80182 

15.11103 

61.994412 

61.293141 

 

 

3.1 Summary 

In this chapter, we consider some Bayesian (suboptimal) sequential 

schemes for selecting the best cell in multinomial population and their 

performance is studied using Monte Carlo Simulation methods. 

This chapter is organized as follows: 

A method to generate multinomial random variates which are used to 

carry out MC simulations is given in section 3.2. Section 3.3 presents the 

description of the MC studies. The construction of the Bayesian suboptimal 

sequential procedure (BSS) and some numerical results are given in section 

3.4. Section 3.5 contains the construction of the Bayesian suboptimal fixed 

sample size procedure (BSF) and some comparisons between the schemes 

(BSS) and (BFS). 

 

3.2 Generating Observations from Multinomial Distribution 

[29] 

 

Given the values of ),...,,( 21 kpppp   we are now in a position to 

generate observations (by computer) from the multinomial distribution with k 

cells with ),..,2,1(, kipi   as the probability of an observation in the thi  cell. 



Let ),...,,( 21 knnnn   represents the observed frequencies in the k cells 

of the multinomial distribution. Then the problem is to generate a random 

vector n  where ),(~ pmMn  where ),( pmM  represents a multinomial 

conditional on the number of observations 



k

i
inm

1

 and the cell probabilities, 

p . 

An easy method is generate one observation at a time using the 

probabilities kppp ,...,, 21 . If a set of m independent observations is generated 

one at a time from the distribution ),1( pM , the joint distribution of the m 

observations, represented by the vector of cell frequencies is ),( pmM . Hence 

to is to use the uniform distribution  nng straightforward method of obtainia 

generate one observation at a time and accumulate the cell frequencies. 

The assignment of a success to one of the k cells is as follows: 

Generate a uniform variate u from U(0, 1) and assign 1 to jn  if 





j

i
i

j

i
ji pupp

11

 for all j=1, …, k.           … (3.2.1) 

and    



k

i
ip

1

1. 

 

3.3 Description of the MC Studies 

In this section, we shall illustrate the method of MC simulation as it is 

applied to our procedures. MC studies have been carried out to investigate the 

performance characteristics of the proposed procedure such as the probability 



of correctly selecting the best cell and the expected number of observations. 

Computer programs, which simulate the operations of these procedures were 

written in Fortran power station. The simulation program performs a large 

number of runs (t=5000), which are assumed to be independent, in order to 

obtain MC estimates with high precision. At each run mutually independent 

multinomial observations are generated by using the assumed probability 

specified in advance and then the selection procedure is  nand  punder l mode

applied. After generating observations from multinomial distribution, we 

calculated the posterior estimate of ip as: 

),...,1(,   ˆ ki
mm

nn
p ii

i 



,                                                  … (3.3.1) 

Such that 



k

i
inm

1

  and   



k

i
inm

1

  with 

iii nnn  will be termed the posterior frequencies in the ith cell. 

In our work, we assumed values of the following quantities; 

),...,,( 21 kpppp , ),...,,( 21 knnnn   (prior frequencies) such that 





k

i
ip

1

1 . The observed values of performance characteristics are 

accumulated. At the end of all runs, these accumulated values are divided by 

number of runs, t, to obtain the MC estimates of the performance 

characteristics of interest. As measures of performance of the proposed 

procedures we shall use the following quantities: 

 

1- P(CS): Probability of Correct Selection 



 In an  MC experimentation the cell that has the greatest probability of 

event is known to us, so we can check if the procedure gives a correct 

selection. After t repetitions we estimate the probability of correct selection by 

the fraction of correct selection in the t replications. It can be computed as 

follows: 

:)/( ii DDP The proportion of number of times when the procedure stops 

and takes decision iD  given decision iD  is true in t 

repetitions. 

An estimate of probability of correct selection is given by 





k

i
ii DDPCSP

1

)/()(, where ][: kii ppD   (i=1, …, k).  … (3.3.2) 

2- E(M): Expected sample size 

where (M) denoted the actual number of observations taken from the 

given population. An estimate of E(M) is given by 





t

j
j tMME

1

/)(, where jM  denotes the number of observations in cell 

j. 

 

3.4 Bayesian (suboptimal) sequential procedure (BSS) 

3.4.1 Construction of the procedure (BSS) 

These procedures are constructed using the following sampling rules 

1- 1R : Fully sequential where observations are taken sequentially one at a time 

until a terminal decision is reached. 



2- )(2 hR : Group sequential where observations are taken sequentially in group 

of (h) observations at each stage N will be a multiple of h, in 

conjunction with the following stopping rule.  

Stop sampling at the sample size m when 

   ]1[][ ˆ/ˆ kk pp,                                                    … (3.4.1) 

where )1(     is preassigned and ][ˆ ip  is the ith ordered posterior 

mean,  (i=1, …, k). In these cases the best cell is chosen to be that with the 

largest posterior probability with ties being broken by randomization. 

 

 

 

3.4.0  Numerical Results  

The criteria used to judge the performance of the rules are: 

 )(),( NCSPCSP (1- )(CSP )and E(M). The program generates the necessary 

random numbers as input data for the simulated model and analyses the 

behaviour of the scheme. A listing of the programs is given in the appendix (B). 

The above criteria are calculated in each case from the results of a Monte Carlo 

Simulation of (5000) runs. 

Tables (3-1, 3-2) show that the values of )(CSP  and E(M) increases as the 

value of the parameter   increases, for fully and group sequential schemes. 

These values are calculated for 4-cells and 5-cells. 



From tables (3-3, 3-4) we see that as N increases the values of )(CSP  and E(M) 

are also increases for (fully and group) sequential. However, the fully 

sequential method 1R , has slightly smaller )(CSP and smaller expected sample 

sizes compared with the group sequential 2R  for different k-cell and N. 

Over these values in all tables )(NCSP  decrease as N,   increases. 

The effect of group size in 2R  is also investigated, some results are presented 

in tables (3-5, 3-6) for N=100, 200 and group size (1, 2,3, 4, 5, 10, 20, 25). 

These tables show that )(CSP  and E(M) increases as h increases. Also ,we 

noted  that in the same tables the )(CSP and E(M) increase as   increase. 

 

 

 

 

 

 

 

                                           Table (3-1) 

The effect of   on the performance characteristics of the schemes using 

sampling methods ( 1R  and 2R ), for different N and prior frequencies, when 

k=4, h=2 and fixed values of ),...,( 41 ppp  . 

 



N=011 
)3,5,7,4(n                          ; )47,.19,.31,.03(.p 

Performance Characteristics 

Sampling Rule  P(CS) P(NCS) )(ME 

1R 0.1 4.533111E-10 3.245111E-10 41.8135 

0.8 5.101111E-10 2.088111E-10 41.1005 

0.0 1.355111E-10 1.423111 E-10 14.1021 

1.0 8.313111 E-10 0.435111E-10 80.155 

1.1 8.351111E-10 0.428111E-10 00.4043 

1.2 8.138111E-10 0.141111E-10 04.2001 

1.4 8.085111E-10 0.103111E-10 08.2183 

2R 0.1 4.005111E-10 3.113111E-10 43.1838 

0.8 5.013111E-10 2.185111E-10 40.1021 

0.0 1.035111E-10 1.143111E-10 81.1111 

1.0 8.311111E-10 0.481111E-10 80.5801 

1.1 8.435111E-10 0.343111E-10 01.1288 

1.2 8.843111E-10 0.035111E-10 05.0405 

1.4 0.101111E-10 0.011110E-11 08.1118 

 

 

 

                                           

 

                                                 Table (3-0) 



The effect of   on the performance characteristics of the schemes using 

sampling methods ( 1R and 2R ), for different N and prior frequencies, when k=5, 

h=2 and fixed values of ),...,( 51 ppp  . 

 

N=011 )7,3,8,9,6(n   ; )36,.20,.18,.15,.11(.P 

Sampling Rule   
Performance Characteristics 

P(CS) P(NCS) )(ME 

1R 

0.1 

0.8 

0.0 

1.0 

1.1 

1.2 

1.4 

0.811111E-10 

0.818111E-10 

0.821111E-10 

0.831111E-10 

0.838111E-10 

0.843111E-10 

0.845111E-10 

0.181111E-11 

0.111111E-11 

0.581111E-11 

0.481111E-11 

0.411111E-11 

0.351111E-11 

0.331111E-11 

11.1881 

81.185 

01.0001 

05.0008 

01.8323 

08.1001 

02.2111 

2R 

0.1 

0.8 

0.0 

1.0 

1.1 

1.2 

1.4 

0.815111E-10 

0.823111E-10 

0.825111E-10 

0.848111E-10 

0.853111E-10 

0.855111E-10 

0.885111E-10 

0.131111E-11 

0.551111E-11 

0.531111E-11 

0.311111E-11 

0.251111E-11 

0.231111E-11 

0.031111E-11 

18.1481 

84.2018 

01.0081 

05.2013 

01.8838 

08.8483 

00.4338 

 

 

 

 



                                              

 

                                                Table (3-3) 

The effect of N on the performance characteristics using  

sampling methods ( 1R  and 2R ), for different of  , prior  

frequencies and fixed values of  ),...,( 41 ppp  ,  

when k=4, h=2 and N=50(10)100. 

 

5.1 )17,16,11,14(n                    ; )4,.1,.2,.3(.P 

Sampling Rule N 
Performance characteristics 

P(CS) P(NCS) )(ME 

1R 

41 

51 

11 

81 

01 

011 

0.101111E-10 

0.115111E-10 

0.005111E-10 

0.131111E-10 

0.181111E-10 

0.231111E-10 

0.011111E-11 

0.131111E-11 

8.831111E-11 

1.481111E-11 

1.111111E-11 

5.481111E-11 

31.218511 

35.104311 

40.111511 

41.143111 

51.852111 

51.011111 

2R 

41 

51 

11 

81 

01 

011 

 

0.105111E-10 

0.108111E-10 

0.041111E-10 

0.143111E-10 

0.181111E-10 

0.285111E-10 

 

0.831111E-11 

0.111110E-11 

8.411111E-11 

1.351111E-11 

1.111111E-11 

5.031111E-11 

31.305811 

35.458111 

41.118111 

48.255311 

53.114511 

58.451111 



  

 

 

 

 

 

 

Table (3-4) 

The effect of N on the performance characteristics using  

sampling methods ( 1R  and 2R ), for different of  , prior  

frequencies and fixed values of  ),...,( 51 ppp  ,  

when k=5 and N=50(10)100. 

 

2.2 )3,2,6,5,4(n            ; )36,.20,.15,.18,.11(.P 

Sampling Rule N 
Performance Characteristics 

P(CS) P(NCS) )(ME 



1R 

 

41 

51 

11 

81 

01 

011 

 

8.211111E-10 

8.841111E-10 

0.045111E-10 

0.205111E-10 

0.433111E-10 

0.145111E-10 

 

0.521111E-10 

0.038111E-10 

8.331111E-11 

5.131111E-11 

5.131111E-11 

2.011111E-11 

 

30.001811 

48.443811 

51.812111 

11.110311 

85.222111 

04.230511 

2R 

41 

51 

11 

81 

01 

011 

 

8.401111E-10 

8.018111 E-10 

0.081111 E-10 

0.318111 E-10 

0.405111E-10 

0.183111E-10 

 

 

0.388111E-10 

0.111111E-10 

8.081111E-11 

4.111111E-11 

4.111111E-11 

1.851111E-11 

 

30.13111 

48.554511 

58.110511 

11.250511 

85.431111 

04.143811 

 

 

 

 

Table (3-5) 

Performance characteristics of the group sequential schemes 

for k=4, using 2R (h) sampling method for different  

group and various  , and N=100. 

 

),..,( 41 nnn  N=011 h Performance characteristics 



),..,( 41 ppp     

 P(CS) P(NCS) )(ME 
)

3
,1
,4
,2

=
(

 
n

 

)
3
1

,.
0
0

,.
2
0

,.
1
2

=
(.

 
p  
 

0.8 

0 

1 

2 

3 

4 

01 

11 

14 

5.101111E-

10 

5.103111E-

10 

5.201111E-

10 

5.411111E-

10 

1.511111E-

10 

8.481111E-

10 

0.018111E-

10 

0.113111E-

10 

2.088111E-

10 

2.185111E-

10 

2.518111E-

10 

2.232111E-

10 

1.218111E-

10 

0.308111E-

10 

8.111111E-

11 

1.151110E-

11 

41.1005 

40.1021 

52.3111 

52.381 

14.111 

84.041 

80.018 

00.314 

1.2 

0 

1 

2 

3 

4 

01 

11 

14 

8.138111E-

10 

8.843111E-

10 

8.01811E-10 

8.055111E-

10 

0.135111E-

10 

0.153111E-

0.141111E-

10 

0.035111E-

10 

0.11111E-10 

0.123111E-

10 

0.431110E-

10 

0.251111E-

04.2001 

05.0405 

05.4188 

01.1105 

01.853 

01.543 

00.111 

00.141 



10 

0.288111E-

10 

0.203111E-

10 

11 

5.011111E-

11 

5.151111E-

11 

1.4 

0 

1 

2 

3 

4 

01 

11 

14 

8.085111E-

10 

0.101111E-

10 

0.135111E-

10 

0.138111E-

10 

0.031111E-

10 

0.031111E-

10 

0.251111E-

10 

0.311111E-

10 

0.103111E-

10 

0.011111E-

11 

0.431110E-

11 

0.411111E-

10 

8.511111E-

11 

8.481111E-

11 

5.311110E-

11 

4.181111E-

11 

08.2183 

08.1118 

08.1013 

08.1415 

00.325 

00.345 

00.531 

00.104 

 

Table (3-6) 

The effect of   on the performance characteristics using )(2 hR (group 

sequential schemes) sampling method with various group sizes, 

   and prior information, k=5,N=200.. 
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3.5 Bayesian (Suboptimal) Fixed Procedures (BSF) 

         In this subsection, we propose Bayesian (suboptimal) fixed scheme (BFS) 

for selecting the best cell in multinomial population. 

3.5.1 Construction of the procedure (BSF) 

         In this procedure, a fixed sampling rule (denoted by 3R ), where a sample 

size is taken from the multinomial population; that is we don’t need any 

stopping rule since all N observation are taken. We calculate ),...,2,1(,ˆ kipi 



for the procedure and then select the largest cell probability. Let the ordered 

values of kppp ˆ,...,ˆ,ˆ 21  is ]2[]1[ ˆˆ pp   ][ˆ,..., kp , that is, select the cell 

associated with the ][ˆ kp . Some numerical results are given in the next 

subsection. 

 

3.5.0  Numerical Results 

In tables (3-1, 3-8), we calculated the probability of correct selection and 

we see that it increases as N increases, so we compare the performance 

characteristics of this procedure (BFS) with (BSS). These results are obtained 

for different number of cells, different N and prior information. 

 

 

The effect of N on the performance characteristics using Sampling methods ( 1R

and 3R ) for k=4, fixed prior ),...,( 41 ppp  

and different prior frequencies. 
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Table (3-7) 
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Table (3-8) 

The effect of N on the performance characteristics using sampling methods ( 1R

and 3R ) for k=5, fixed prior ),...,( 51 ppp  

and  different prior frequencies. 
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4.1 Conclusions 

1. In this thesis we attempt to apply Bayesian statistical decision theory 

which leads to a quite different approach to the selection problem as 

the concepts of loss of taking a certain decision when particular values 

of the parameters of interest are true, the cost of sampling and some 



prior information about the parameters of the underlying distributions 

are involved.  

2.  Since reaching a decision as quickly as possible is desirable it seems 

sensible to employ sequential technique to achieve the aim. 

3.  The main property of a sequential procedure are that the sample size 

required to terminate the procedure is a random variable since it 

depends on the results of observations and they are economical in that a 

decision may be reached earlier by sequential procedure than by that 

using a fixed sample size. 

4. Optimal sequential sampling needs to use a computer with high speed 

and large capacity to do the calculations. The large computer storage is 

necessary to usethe recursive formula when the number of stages are 

large makes computations particulariy only for small value of k and N. 

Therefore, Bayesian suboptimal schemes, which are simple and easy to 

apply, are proposed. 

 

 

 

 

 

4.2 Suggestions for Future Work 

Some suggestions for future work are given as follows: 

1- Group sequential sampling can be tried where observations are taken in 

groups to build Bayesian sequential scheme for the selection problem. 



2- The problem of selecting the least probable cell can be attempted. 

3- An upper bound for risks may be found using functional analysis. 

4- General loss functions may be tried, where linear loss is considered as a 

special case. 

5- In some problems the experimenter might be interested in selecting a 

subset of the cells including the best cell. In this problem a correct selection 

is the selection of any subset including the cell with thi  largest probability. 

Bayesian approach can be used to solve such as a problem. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

v4=nrr(4)-1 

v3=r-nr(4) 

v2=(4×tot)-3 

v1=4×(fact(r))
4

 

P4=(r1×sum)/(fact(v2) 

×fact(v3)×fact(v4)) 

r=r-a 

f1=r-aa 

f2=r-b 

dd=(4× tot)-(nrr(4)+a+aa+b) 

r=tot-1 

v11=fact(c) ×fact(dd) 

R22=fact(a)×fact(b)×fact(aa) 

×fact(e)×fact(f1)×fact(f2) 

Sum=0.0 

Do j1=nrr(4), tot-1 

aa=j2 

a=j1 

Do j2=nrr(4), tot-1 

Do j3=nrr(4), tot-1 

b= j3 

Sum=sum+r 

R1=v11/r22 

Flowchart: (A) continued 

1 

Start 

Do i=1,4 

cs(i)=0.0 

ncs(i)=0.0 

pcs(i)=0.0 

pncs(i)=0.0 

m1=0;pcs=0.0 

pncs=0.0 

  n(2)=n(2)+1 

     n(1)=n(1)+1 

m=m+n(i) 

nrr(i)=n(i)+nrr(i) 

   tot=m+mr 

phat(i)=nrr(i)/tot 

Do  i=1,5 

Do  i=1,5 

   n(3)=n(33)+1 

  n(4)=n(4)+1 No 
yes 

No yes 

No yes 

No yes 

    

   

     

     u.gt(p(1)+p(2).and.u. 

      lt.(p(1)+p(2)+p(3) 

 
                         

                                u.gt.o.and. u.lt.p(1) 

 

                     au.gt.o. 

 

 

                                  u.gt.p(1) and u.lt (p(1)+p(2)) 

 

    

   

                   

u.gt.(p(1)+p(2)+p(3).and.  

            u.lt.1. 

Do k2=1, 4 

 

    Input nm, nr, ,t ,p 

Flowchart (B): Bayesian (suboptimal) procedures for selecting the 

best multinomial populations (BSS) 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

mr=mr+nr(i) 

 

Do i1=1,3 

Do j1=i1+1,4 

q(kk)=p(kk) 

Do k12=1, t 

Do i=1,4 

q(j1).le.q(i1) yes 

Do  i=1,4 

Do  k=1,4 

rk1=q(i1) 

q(i1)=q(j1) 

q(j1)=rk1 

No 

n(i)=0 

nrr(i)=0 

m=0.0,tot=0.0 

  ncs(k2)=ncs(k2)+1 cs(k2)=cs(k2)+1 

Do k5=1, 4 

 

pcs(k5)=cs(k5)/t 

pncs(k5)=ncs(k5)/t 

 

phah(4).eq. 

phat(k2) 

No yes 

 

Q(4)eq.q(k2) 

Do k3=1, 4 

 

pcst=pcst+pcs(k3) 

  pncst=pncst+pncs(k3) 

Pem1=m1/t 

 

Print 
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