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 والأعّذج ٌّٕاطك اٌشتظ تٍٓ الأعراب ٌغشض دساسح الاسرعاتح اٌلاخطٍح 
اٌّؤششج عٍٍها اٌذوسٌح تىظىد ذأشٍش اٌّفاصً الأشائٍح ٌلاحّاي اٌّسٍحح اٌخشسأٍح 

ٌرحًٍٍ إٌّشاءاخ ذحٍٍلا لاخطٍا تاسرخذاَ  أساسا، ذّد الاسرعأح  تثشٔاِط ٌعًّ 
ذُ ذطىٌش  .رىب ِٓ لثً اٌذورىس احساْ اٌشعشتافاٌعٕاصش اٌّحذدج اٌّى تشٔاِط

ذحد ذأشٍش الأحّاي  تٕظش الاعرثاس الإٔشائٍحهزا اٌثشٔاِط ٌٍأخز ذأشٍش اٌّفاصً 
 اٌذوسٌح.

 أِااٌعششٌٓ عمذج ٌرّصًٍ اٌخشسأح  ياٌعٕصش اٌطاتىلً رٌسرخذَ اٌثشٔاِط     
ٕاصش اٌطاتىلٍح . داخً اٌعِطّىسج حذٌذ اٌرسٍٍح فمذ ذُ ذّصٍٍه تعٕاصش ِحىسٌح 

خاصاً تاٌرصشف اٌلاخطً فً حاٌح ذعشض اٌخشسأح  أّٔىرظا ذىضٍحذُ 
اظهاداخ ِسٍطح عٍى ِحاوس ِرعذدج . وزٌه ذُ ذطىٌش  أوِحىسٌح  خلاظهادا

دوسٌح .  أحّاي إٌىٌحسثاْ ذعشض حذٌذ اٌرسٍٍح الاخطٍاً ٌأخز ت أّٔىرظا  
ٌح فً الأضغاط ذصشفا" اعرثش ذصشف اٌخشسأح ذحد ذأشٍش الأحّاي اٌذوس  

ِشٔا" ٌذٔا" ٌرثعه ذصشف ذاَ اٌٍذؤح. أِا ٌرّصًٍ سٍىن اٌخشسأح ذحد ذأشٍش 

 Smeared)اظهاداخ اٌشذ فمذ ذُ ذثًٕ أّٔىرض اٌرشمك إٌّرشش 

Crack Model) و اسرعًّ أّٔىرض ذصٍة اٌشذ   (Tension 

– Stiffening Model) لاحرساب اظهاداخ اٌشذ اٌّرثمٍح فً  

ٔح اٌّسٍحح تعذ ذشممها. وزٌه اخز تٕظش الاعرثاس احرّاٌٍح أغلاق و إعادج اٌخشسا
 فرح اٌشمىق أشٕاء اٌرحًٍّ اٌذوسي.

حٍد ِعادلاخ اٌرىاصْ اٌلاخطٍح تاسرخذاَ طشٌمح ذضاٌذٌح ذىشاسٌح   

(Incremental-Iterative technique ًّذع )

(Load Control)ذحد ذحىُ اٌحًّ -ىذٓو تالاسرعأح تطشٌمح أٍ 

 الخلاصة



ٔمطح  22سافسٓ اٌّعذٌح. أظشٌد اٌرىاِلاخ اٌعذدٌح تاسرخذاَ لاعذج اٌرىاًِ راخ 
 ذىاًِ.
 

اِا سٍىن أرماي اٌمص تٍٓ خشسأرٍٓ ذُ صثهّا تاولاخ ِخرٍفح فرُ ذّصٍٍه      
تاسرخذاَ عٕصش طثمح  تًٍٕ ري اٌعششٌٓ عمذج وّا اعرّذ ّٔىرظً فشؤرٍذو و 

. عٍى اٌرىاًٌشواَ و ذىذٍذ اٌحذٌذ ٍِلاسد ٌرّصًٍ صلاتح ذذاخً اٌ  
 

ذّد اٌّماسٔح ِع إٌرائط اٌّخرثشٌح اٌّرىفشج  ٌّفاصً الاعراب والاعّذج   
اٌخشسأٍح تىظىد ذأشٍش اٌّفاصً الأشائٍح و إٌرائط اٌّسرحصٍح وأد ِماستح 

. وأد إٌرائط % 3.4ً ٌٍٕرائط اٌّخرثشٌح اٌّرىفشج. حٍس اْ اوثش فشق ٌحًّ اٌفش
ذشٍش اٌى اْ اٌفشً فً وً اٌحالاخ حذز فً اٌعرة اٌخشسأً وّا اْ وظىد 
اٌّفصً الأشائً ٌؤدي اٌى ذٕالص ٍِحىض فً صلاتح اٌمص وٌؤشش فمظ عٍى 
 دوساْ اٌّفصً ضّٓ اٌعّىد اٌخشسأً وأفعالاذه اٌمصٍح.

وّا ذُ عشض دساسح ِماسٔح ذرعٍك تاٌّفصً الأشائً ورٌه تاخز وضعٍاخ     
ح ٌٍّفصً وهً ذرضّٓ ِىالع ِخرٍفح ٌٍّفصً الأشائً، ِمذاس اٌحًّ ِخرٍف

اٌعّىدي اٌّسٍظ عٍى اٌعّىد، ِماوِح اٌىىٔىشٌد ٌٍصثح اٌصأٍح، ِمذاس اٌحذٌذ 
 اٌّاس تاٌّفصً. 

 

 
 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

To study the nonlinear response of 

corner beam-column junctions with 

inclusion of the effect of 

construction joint between the 

column and the beam cast at 

different times and subjected to 

cyclic and repeated loads, a 

computer program of three 

dimensional nonlinear finite 

element analysis, written by Al-

ABSTRACT 



Shaarbaf, (P3DNFEA) has been 

extended to account for the effect of 

construction joints on the behavior 

and to deal with concrete behavior 

under cyclic loads . 

   The 02-node isoparamatric brick 

elements have been used to model 

the concrete, while the reinforcing 

bars are modeled as axial members 

embedded within the brick elements. 

A nonlinear cyclic behavior model 

for concrete is developed in uniaxial 

and multiaxial states of stress. Also, 



a nonlinear cyclic behavior model 

for reinforcing bars is presented. 

    In compression, the behavior of 

concrete under cyclic loads is 

simulated by an elasto-plastic work 

hardening model followed by a 

perfectly plastic response. In 

tension, a fixed smeared crack 

model has been used to simulate the 

behavior of concrete with a tension- 

stiffening model to represent  the 

retained post-cracking tensile 

stresses in concrete. Closing and 



reopening of cracks during cyclic 

loading has been taken into 

consideration.  

   The nonlinear equations of 

equilibrium have been solved using 

an incremental-iterative technique 

based on the modified Newton-

Raphson method. The convergence 

of the solution was controlled by a 

force convergence criterion. The 

numerical integration has been 

conducted by using 02-point 

Gaussian rule.    



      To represent the shear transfer 

between two concretes cast at 

different times, 02-noded interface 

layer brick elements are used with 

Fronteddu‟s and Millard‟s models 

to represent the aggregate interlock 

and the dowel stiffness, respectively. 

    Comparison between the results 

obtained by the finite elements and 

the available experimental results is 

made for two examples. First 

example is a cantilever loaded by a 

concentrated cyclic load and the 



other is a corner beam-column 

junction with inclusion of the effect 

of a construction joint. Good 

agreement is obtained. The 

maximum difference in ultimate 

load is 3913.  

   A parametric study dealing with 

construction joint is presented by 

taking various conditions of the 

junction. These include the axial 

load on the column, strength of 

concrete in the second cast and the 

amount of dowels crossing the joint.                
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Evaluation of the Flow Vector 

 

The flow vector {a}, is defined as the derivative of the yield function with respect to 

the stress components, and given by: 
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where c and  , are the material constants, and Q is given by: 

 

     
 

2
1

2
zx

2
yz

2
xy

xzzyyx
22

z
2
y

2
x

2

3

c2c
2Q


















        (B-3) 

 

Table (A-1) Weights and Locations of 

Sampling Points in The 22 and 15 

Integration Rules 

 

Points 
61 Integration Rule 91a,91b, 92 Integration Rule 

   Weight    Weight 

1    W1    W1 

2    W2    W2 

3    W1  +B  W2 



4    W2    W2 

5    W1   +B W2 

6    W2    W2 

7    W1    W2 

8    W2 C -C -C W3 

9 0.0 0.0 -A W3 +C +C -C W3 

10 +A -A 0.0 W2 +C -C +C W3 

11 0.0 -A 0.0 W3 +C +C +C W3 

12 -A -A 0.0 W2 -C -C -C W3 

13 -A 0.0 0.0 W3 -C +C -C W3 

14 -A +A 0.0 W2 -C -C +C W3 

15 0.0 A 0.0 W3 -C +C +C W3 

16 +A +A 0.0 W2     

17 +A 0.0 0.0 W3     

18 0.0 0.0 0.0 W4     

19 +A -A +A W1     

20 0.0 -A +A W2     

21 -A -A +A W1     

22 -A 0.0 +A W2     

23 -A +A +A W1     

24 0.0 +A +A W2     

25 +A +A +A W1     

26 +A 0.0 +A W2     

27 0.0 0.0 +A W3     

where   

 



Symbol 
Integration Rule 

61 91a 91b 92 

A 0.77459 -   - - 

B  1.0 0.84842 0.79582 

C  0.6741 0.72766 0.75878 

W1 0.171468 1.5644 0.712137 0 

W2 0.27435 0.3556 0.686227 0.886427 

W3 0.4389575 0.53778 0.396312 0.33518 

W4 0.702332 - - - 
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 The major part of the symbols used 

in the text is listed below. Others are 

defined when they first appear.  
General Symbols 

[A]T, {a}T  Transpose of matrix [A] and vector {a} 

Notation 



[A]-9 Inverse of matrix [A] 

d ,  Differential symbols 

     , det.  Determinant of a Matrix or absolute value 

{   } Vector  

[   ] Matrix 

Scalar  

As Area of tension reinforcing steel 

Cp  Plasticity coefficient  

d Plastic multiplier 

E Modulus of elasticity  

Ec Modulus of elasticity of concrete 

Es Modulus of elasticity of steel 

f Function  

fc
’ Uniaxial compressive strength of concrete  

ft Uniaxial tensile strength of concrete  

fr Modulus of rupture of concrete  

H’ Hardening parameter  

I9 First stress invariant 

J  Jacobean  



1I  First strain invariant  

2̀J  Second deviatoric strain  

J6 Second deviatoric stress invariant   

S Surface area  

V Volume 

W Weight of a sampling point 

u , v, w Displacement components in x,y and z Cartesian 

coordinates  

x , y , z Cartesian coordinates  

r , s , t Natural coordinates 

9 , 6 Tension-stiffening parameters  

 Shear retention factor  

 Shear strength  

 Shear retention parameters 

 Strain 

cu Ultimate strain of concrete  

 Poisson’s ratio 

 Stress 

o Effective stress at onset of plastic deformation  



 Effective stress 



 Natural coordinate system  

Ni Shape function at the ith node 

Wint Internal work 

Wext External work 

 Equivalent uniaxial stress 

cr Cracking stress of concrete 

cr Cracking strain 

n Stress normal to the cracked plane  

n Strain normal to the cracked plane 

Matrix 

[A]  Displacement gradient matrix  

[B] Strain displacement matrix  

[B`] Strain displacement matrix of the bar element 

[D] Constitutive matrix 

[D`] Constitutive matrix for bar element 

[D]e Elastic constitutive matrix 

[J] Jacobean matrix  

[K] Stiffness matrix  

[K`] Stiffness matrix for bar element 

[N] Shape function  



[T] Transformation matrix  

Vector 

{a}  Nodal displacement or flow vector  

{f} External load vector 

{P} Internal load  

{r} Residual load vector 

{u} Displacement vector  

{} Strain vector 

{} Stress vector 

 Abbreviation 

ACI  American concrete institute  

ASCE American society of civil engineering 

 

 

CHAPTER ONE 

INTRODUCTION 

               

999 General 
 

Many concrete structures are subjected to cyclic loads during their life span. 

These cyclic loads may arise from earthquake ground motion, wind pressure, 

wave action, blast, machine vibrations, and traffic movement and from other 

sources of repeated loads. 



Experimental investigations to determine the complex effect of cyclic loading 

behavior of structures are important, but these investigations do not cover all 

parameter variations.. Analytical models and computer technology allow 

studying all parameter variations with less time and cost [Jwad (9116)]. At 

present, the finite element method offers a powerful and general analytical 

and research tool to investigate the behavior of reinforced concrete members 

under cyclic loading. By this method, the complex behavior of reinforced 

concrete structures including the material nonlinearty  such as, cracking, 

tension-stiffening effect, crushing of concrete and yielding of steel, which were 

previously ignored or treated in a very approximate way, can be incorporated 

into the analysis in a more rational manner. 

 

      9.6 Beam-Column Joint  

The reinforced concrete beam-

column joint is defined as the 

portion of the column within the 

depth of the beam framing into the 

column. 
     An important result from the research done so far is that the notion of a 

rigid joint can be discarded forever. Thus, just as beams, columns and other 

structural elements exhibit flexibility in response to applied loading, so do the 

joints.      

9.3 Classification of Beam-Column Joint  



Structural joints are classified into two categories in accordance with the 

loading conditions on the joint . 

Type 1 : A joint for which the primary design criterion is strength and no 

significant inelastic deformations are expected .    

Type 2 : A joint connecting members for which the primary design criterion is 

the sustained strength under reversals in the inelastic range . 

      The  requirements for joints are dependent on the deformations at the 

joint imposed by the loading condition. Typical applications of each joint type 

are listed below . 

 

9.2 Definitions 

Cyclic load: is a  sequence of 

loading (or displacements) which 

acts in the form of successive cycles 

with constant or variable intensity. 

Two types of cyclic loading are 

commonly considered: 
a) Repeated loading which means a  sequence of loading whose 

magnitudes vary between zero and a peak load in one direction. 

b) Reversed cyclic loading which means a sequence of loading whose 

magnitudes vary between a peak load in one direction and a peak load 

in the reversed direction about a neutral point where each cycle 

contains both tension and compression half-cycle. 



9.1 Failure Modes in Region of Beam-Column Joint  

Five different modes of failure are possible in the beam-column connection 

region, Fig.(1.1).The most desirable failure mode  , is a ductile flexural 

failure of the beams at the connection ,Fig.(1.1.a) . Formation of hinges in 

the beams outside the connection allows for absorption of energy through 

large inelastic deformations without loss of  strength . Although the 

mechanism is the same as beam hinging , hinging of the column is less 

desirable than beam hinging Fig.(1.1.b). Loss of the concrete cover over the 

reinforcement in the beam-column core,Fig.(1.1.c) , is undesirable since 

the column compressive load capacity may be reduced . The loss of 

anchorage of the reinforcement, Fig.(1.1.d),is undesirable because lateral 

shear can no longer be transmitted by the frame . The consequences of 

failure of the connection in shear are the same as loss of anchorage , 

Fig.(1.1.e) .  

 

9.2 Objective and Scope  

Different codes and specifications give rules for design of beam-column joints. 

Such design rules are usually adequate for all situations. However, on occasions 

a more detailed method of analysis is required which takes into account most of 

the principal parameters . 

The finite element method is one of the methods widely used to explore the 

behavior of a beam-column joint which is cast monolithically, but no attempt 

has been done yet to analyze a beam-column joint which is cast at two stages, as 

this is complicated by a structural discontinuity due to possible occurrence of 

slip and vertical separation between the two pours. Finite element representation 

of those movements is usually achieved by using special interface elements. The 



present work is devoted to the study of the behavior of a corner beam-column 

junction with inclusion of the effect of occurrence of a construction joint when 

the joint is under cyclic loading by using the finite element method. The 

computer program was originally written by [Al-Shaarbaf (9112)], is developed 

in the present study to be applicable to analyze reinforced concrete  structures 

with considering the effect of construction joints and the effect of cyclic 

loading.  
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992 Thesis Layout 

The thesis contains seven chapters. The present chapter one introduces 

the problem to be investigated in the present study. 

Chapter two gives a review of theoretical and experimental work on 

the behavior of reinforced concrete under cyclic loads, the available tests 

on beam-column joints and the effect of interface between two concretes 

cast at different times (construction joint).   



  In chapter three, the finite element formulation is illustrated by 

presenting the derivation of the governing equilibrium equations and the 

numerical integration rule used to evaluate the stiffness matrix. 

Chapter four, deals with the modeling of concrete material properties, 

which are illustrated in terms of the following constituents; the yield 

criterion, the hardening rule, the flow rule and the crushing condition. 

Steel reinforcement properties are also presented. 

Chapter five is concerned with the review of the various material 

models adopted in this study to represent the behavior of interface 

between two concretes, cast in different times. 

In chapter six, the result of the nonlinear analysis of three different 

examples are presented. The numerical analysis results of two examples 

are compared with the available experimental results and a parametric 

study dealing with construction joint is presented. 

 Finally, a summary of the conclusions drawn from this study and 

recommendations for future research are given in chapter seven .    

  

 

 

 

 

 

 



CHAPTER TWO 

LITERATURE REVIEW 
 

099General 
 

This chapter is devoted to review the available experimental studies that deal 

with reinforced concrete beam-column joints, review concerning the use of the 

finite element method for the analysis of   reinforced   concrete members and 

also, behavior of reinforced concrete members under cyclic loads. Shear transfer 

tests are also reviewed.    

 
 

090Experimental Studies on Reinforced Concrete Beam-Column 

Joints  
Besides the number of experimental investigations about the behavior of 

reinforced concrete beam-column joints, there is a scarce and limited number of 

theoretical and analytical studies in this field. The followings are several 

investigations of reinforced concrete beam-column joints presented 

chronologically: 
 

    Hanson and Connor (9192) tested a series of beam-column joint specimens 

to determine joint reinforcement required for ultimate capacity of cast-in-place 

beams and columns subjected to multiple reversals of loading of major 

earthquake magnitudes. The principal variables of this study were column size, 

column load, and degree of confinement of concrete in the joint. An exterior 

column and beam joint was selected for the study. This is the most critically 

loaded joint in a multistory building. A series of six specimens was tested. Two 

column sizes and two amount of hoop reinforcement in the joint were included. 

These specimens were tested under two levels of column load. A seventh 

specimen with short spandrel beam stubs was also tested. This represented a 

less critical joint, since the connection was confined to two sides by surrounding 

concrete members. During the tests, they found that joints connecting beam and 

column need special attention in design : 

1.Hoops are required for unconfined (isolated) beam-column joints. A design 

procedure for hoops based on supplying adequate confinement and shear 

resistance will provide safe design. 

2.Corner joints with beams on only two column faces should be designed as 

unconfined joints that require hoops until tests are made for this case. 

3.Hoops are not required for exterior joints confined to at least three sides by 

beams or spandrels of approximately equal depth and meeting (ACI 313-63) 

requirements for concrete strength needed to transfer the column load through 

the joint. 



4.The cumulative ductility of a test specimen provides a measure of the ability 

of a structure to withstand seismic deformation, well detailed joints sustained 

high values of cumulative ductility while they maintain their strength. Omission 

of important hoop reinforcement reduces the amount of cumulative ductility, 

which could be sustained 

 

      
    Lee et al (9122), tested 6 reinforced concrete exterior beam-column joints 

with various design and loading conditions to investigate the behavior of such 

joints under large load reversals. The design and testing variables were the 

amount of transverse reinforcement, the magnitude of axial load on the column 

and the severity of loading. The specimens were tested in horizontal position. 

During the test of the specimens, the force and deflection at the beam loading 

point were recorded continuously and used to monitor the progress of the test. 

Results from this investigation clearly indicate that the "truss analogy" is not a 

reliable method for determining the contribution of the transverse  

reinforcement to the shear strength of reinforced concrete beam-column joint. 

 
 

       Meinheit and Jirsa (9199), tested 14 beam-column joint specimens to 

evaluate the factors that influence shear capacity of the beam-column 

connection. Several parameters were varied over relatively wide ranges in the 

investigation. The strength of the connection was governed primarily by the 

cross-sectional area of the joint. From the tested specimens, the variation of the 

test parameters can be summarized as follows: 

 

1.Transverse reinforcement in the connection improves the shear capacity. 

2.Column longitudinal reinforcement, if increased, does not produce similar 

increases in shear strength as seen when transverse reinforcement increases. 

3.Unloaded transverse beams improve the shear capacity, the largest increase, 

about 205, is observed when the transverse beams masked most of the side 

faces of the columns. 

4.Column axial load has no effect on ultimate shear capacity of the connection, 

but with higher axial compressive load, the shear at first cracking in the 

connection is increased. 

5.Connection geometry has no influence on shear strength of the joint, when the 

shear area of the connection remains constant. 

 

 

        Durrani and Wight (9191), studied the performance of interior  beam-

column joints which had less transverse reinforcement than required by the draft 

recommendations of ACI-ASCE committee 352. They investigated the effect of 

the level of joint shear stress on strength, stiffness, and energy dissipation of 



beam-column joints and examined the slippage of beam and column bars 

through the joint. To achieve these objectives, three interior beam-column joints 

were designed according to the provision of Appendix A of the ACI Building 

code [1422] and tested under reversed cyclic loading. From the tests, the 

following conclusions are drawn:- 

 

1.The joint shear stress appears to have a significant effect on strength and 

stiffness of joints at larger ductility levels (greater than two). A lower joint shear 

stress helps to stabilize the loss of strength and stiffness irrespective of the 

amount of reinforcement in the joint. 

2.The joint hoop reinforcement is more effective for lower ductility levels. 

3.Lower joint shear stress seems to be more effective in reducing the joint shear 

deformation and slippage of bars than the addition of more joint  reinforcement. 

4.For higher energy dissipation, a combination of a lower joint shear stress and 

a moderate amount of joint reinforcement is found to be more effective than a 

combination of a higher shear stress level and a heavily reinforced joint. 

5.Minimum column-to-beam flexural strength ratio of (1.5) is found to be 

suitable for design.  
 

 

     Sarsam and Phipps (9191), reported on tests carried out by the author that 

there are five high strength exterior beam-column joints. The loading was 

applied in two stages. In the first stage, the column was loaded to a 

predetermined concentric load and this was kept constant throughout the test. In 

the second stage, the beam was loaded near its tip as a cantilever until either the 

joint failed or the beam failed. The specimens were grouped to examine 

different parameters. From test results, all five specimens exhibited joint 

diagonal cracking. Up to the diagonal cracking point, there was no noticeable 

difference in behavior due to the presence of joint hoops. The restraining 

influence of hoops was increasingly evident on reaching the yield point of the 

beam tension steel, and the beam compression concrete crushing point. The 

specimen without hoops, failed in joint shear, after which it exhibited a rapid 

rise in joint deformation together with a continuing drop in the joint load-

carrying capacity. On the other hand, in the specimens with hoops, the joint 

remained intact after the first cracking, failure being in the beam. Upon 

unloading, the presence of joint hoops led to its rebound stiffness being more 

than twice that of the specimens without joint hoops. The specimen without 

hoops, exhibited concrete sapling and large joint cracking at failure. In contrast, 

four other specimens, which had hoops, had only hairline cracks in their joints. 

This illustrates the importance of horizontal joint hoops. They prevent excessive 

joint deformation, large joint cracks and joint failure. 

      

 



    Hamil and Scott (0222), investigated the presence (or absence)  of  column 

ties (hoops) within the connection zone of a reinforced concrete beam-column 

joint by using test results from sixteen external connection specimens. 

Specimens were made using high strength concrete and the results were 

compared with those from a similar set of normal strength concrete specimens. 

Two methods of anchoring the beam steel bars within the connection zone were 

used; bending the bar down into the column and using a U-bar. From their 

investigation they observed: 

 

1.Initial joint cracking is strongly influenced by the tensile strength of the 

concrete within the connection zone. Specimens made with high strength 

concrete have a greater resistance to initial joint cracking due to their greater 

tensile strength. 

 

2. The number of connection ties in the joint does not affect the performance of 

the joint until after cracking occurs. 

 

3. Bending the main beam steel bars down into the column,  rather than using a 

U-bar, increases the ultimate load at which a specimen fails. 

 

4.The load-deflection response of specimens made from high strength concrete 

is seen to be twice as stiff compared with specimens made from normal strength 

concrete. 

 

 

093 Theoretical Studies 
 

In this section, a review of the theoretical studies using the analytical methods 

to analyze reinforced concrete beam-column joints, by the finite element 

method is presented :- 

 

09399Theoretical Studies on Reinforced Concrete Beam-Column Joints: 
 

 Ueda et al (9199), developed a computer program to predict the loaded end 

deformation and anchorage length requirements for reinforcing bars extending 

from beams into exterior columns and subjected to large inelastic loading.   

 

The numerical model incorporated several basic elements: 

1.A local bond stress-slip relationship. 

2.A stress-strain relationship for the steel. 

3.A failure criterion. 

4.An equivalent embedment length criterion for a hooked bar. 

 



     The force displacement relationships were in good agreement with the 

results obtained in tests on 22 specimens. Consideration should be given to 

better defining the objective of development length requirement in codes. The 

objectives should be : 

1.To permit a bar to develop a stress at least (1.25) times the specified yield 

stress for the bar, a requirement that is consistent with recommendation of 

committee 352 [ACI-ASCE 1435]. 

2.The loaded end displacement for the foregoing condition is not greater than 

half at which failure is predicted due to bar pullout or bar fracture.  

 

 

       

 

 

 

  Paulay (9191), introduced a procedure to estimate the behavior of  reinforced 

concrete beam-column joints. The purpose of this study was to show that: 

 

1.Critical features of joint behavior stem primarily from large shear forces that 

need to be transmitted. 

2.With no more than the application of elementary equilibrium criteria, the need 

for an admissible mechanism capable of transmitting shear forces can be 

demonstrated. 

3.Satisfying equilibrium criteria indicates immediately the order of magnitudes 

of internal tension forces that need to be resisted by tension reinforcement. 

4.Confinement of joint cores by means of adjacent plastic hinges in seismically 

loaded beams is not possible. 

5.Axial compression load on columns beneficially influences the shear 

resistance of joints. 

 

From this study, he concluded that: 

1.Orthogonal tensile forces within the core are necessary to enable shear 

stresses applied to the boundaries to be transferred by means of a diagonal 

compression field. 

2.The response of plastic hinges adjacent to a joint may be influenced 

significantly by the disposition of internal forces within a joint. 

3.After diagonal cracking, diagonal compression forces transmitted by concrete 

alone are unconditional prerequisites of statically admissible shear transfer 

within a joint. The purpose of joint shear reinforcement is to sustain such 

mechanisms. 

4.To restrict excessive joint dilation, orthogonal tensile forces within a joint 

core must be resisted primarily by reinforcement in addition to beam and 

column bars that pass through the joint. 



5.Joint forces to be considered are those introduced by means of internal actions 

from adjacent beams and columns. 

6.Hence, a member such as a beam, which is expected to develop its full 

strength at an adjacent plastic hinge, cannot be used to supply simultaneously 

reactive forces.  

 

 

 

  

 

      09390 Theoretical Studies Using Finite Element Method  

 

Al-Niaemi (9111), described a three-dimensional nonlinear finite element 

model suitable for the analysis of high strength fiber reinforced concrete beam-

column joint subjected to non-proportional axial and shear loads. The 20-noded 

isoparametric  brick element was used to model the concrete while the 

reinforcing steel bars were idealized as axial member embedded within the 

brick elements. The behavior of concrete in compression was simulated by an 

elastic-plastic work hardening model followed by a perfect plastic response, 

which was terminated at the onset of crushing. In tension, a smeared crack 

model with fixed orthogonal cracks was used with the inclusion of model for 

the retained post-cracking stress and reduced shear modulus. The nonlinear 

equations of equilibrium were solved by using an incremental-iterative 

technique operating under load control. Perfect bond between concrete and steel 

was assumed to occur. Different specimens of high strength fiber reinforced 

concrete beam-column joints were analyzed and the finite element solutions 

were compared with the experimental data.  

 

 

 

    Hamil et al (6000), used two-dimension nonlinear finite element method for 

the analysis of high strength reinforced concrete beam-column connections. 

Quadrilateral elements formed from a pair of triangular elements with nodes 

at each corner were used to represent concrete while the reinforcement was 

represented by bar element. Perfect bond between concrete and steel was 

assumed to occur. The developed model was shown to be sensitive to changes 

in concrete strength, the detailing arrangements of the tension steel and the 

presence or absence of joint ties. From their investigation, the strength of a 



joint without column ties was proportional to the square root of the concrete’s 

compressive strength. 

 

 

       Mohmood (6009), used two-dimensional nonlinear finite element method 

for the analysis of long-term behavior of plane reinforced concrete members. 

A rectangular eight-noded isoparametric element model was used to idealize 

concrete while an embedded model was used to simulate the reinforcement 

bars. A new model for bond slip was included in the analysis by reducing the 

bond slip stiffness from the steel axial stiffness. The nonlinear behavior of 

concrete, bond slip, post-cracking, shear transfer were considered. An elastic-

plastic one-dimensional behavior of steel was  considered. The time-

dependent behavior of concrete was considered by adopting a visco-plastic 

model and a fluidity parameter for concrete was derived. The computer 

program developed gives complete listing of stresses and deformations and 

presents the results graphically as deformed shape and cracks development. 

Also it presents the general deflection curve with time in comparison with 

experimental or any analytical data. 

 

      Hamza (6001) studied the behavior of beam-column joints with nonlinear 

interface elements. She assumed the interface as a thin brick element with 

Millard dowel forces. 

 

 

 

 

6.2 Behavior of Reinforced Concrete Members Under Cyclic Loads:-  

 The behavior of reinforced concrete members and structural systems under 

cyclic loads has been the subject of intensive investigations since the  



1960s. Because of the complexities associated with the development of 

rational analytical procedures, present-day design methods continue in many 

respects to be based on empirical formulae, using the results obtained from 

the available experimental data. 

  

  

       Verna and Stelon (9126), tested reinforced concrete beams to destruction 

under repeated loading. These beams were simply supported and loaded at 

the third points. It was concluded that the bond type of failure was more 

susceptible to fatigue damage and that shear or diagonal tension failures were 

likely to occur if the specimens were not weak in bond. 

      History of prior loading and its effect on the ultimate static strength of RC 

beams was studied also by Verna and Stelon (9123). Test results showed that 

whenever the beam was not susceptible to bond failure, a significant increase 

in beam strength for a few thousand cycles of repeated load occurred whereas 

the specimens failing by bond became weaker as more repetitions of load 

were applied. 

      Response of simply supported reinforced concrete beam to arbitrary load 

histories was investigated by Sinha et al.(9122). They observed from test 

results that the behavior of under-reinforced concrete beams under cyclic 

loading closely resemble that predicted by an elastic-perfectly plastic theory. 

      

 Gerstle et al. (9121), predicted the response of doubly reinforced concrete 

beams to variable repeated and reversed loading based on stress-strain 

relations of steel and concrete under cyclic loading. It was concluded that the 

concrete stress-strain relations might be approximated by an idealized elastic-

plastic curve in the state of reversed loading. While a non-linear stress-strain 

relationship was suggested to predict the behavior of the steel reinforcement 

in the state of reversed loading. 

 

 



 

    Bresler and Bertero (9121), studied the influence of load cycling on stress 

transfer, and stiffness in simple reinforced concrete elements subjected to 

tension. It was shown that the previous stress history effectively influenced the 

stress transfer at any given stress level and the contribution of the concrete to 

the stiffness of the specimen became negligible as the number of load cycles 

and the magnitude of peak stresses increased.   

 

       

 

      Brown and Jirsa (9119), investigated the effect of load history on the 

strength, ductility and mode of failure of tested RC beams. The results showed 

that the behavior of the specimens under load reversal was influenced 

primarily by shear. They also observed that the changes in beam geometry or 

load history that increased the shear capacity of the beam significantly 

increased the energy absorbing capacity and the total number of cycles 

achieved at failure.     

 

     Ismail and Jirsa (9116), studied experimentally the influence of load history 

on the deterioration of bond along bars subjected to elastic stresses. The 

results indicated that the most important factor affecting bond or stress 

transfer was the peak stress reached in previous cycles. In addition, they found 

out that repetitions of load cycles with constant peak stress produced only a 

gradual deterioration of stress transfer capacity. 

 

 

     Darwin and  Nmai (9112), described the development and application of an 

"energy index" to characterize reinforced concrete beams under cyclic loads. 

The effects of flexural reinforcement, transverse reinforcement, concrete 

strength and load history were considered. From test results, it was concluded 



that in order to improve the cyclic performance of RC beams, it was more 

efficient to increase the shear capacity by increasing the beam width rather 

than to increase the transverse reinforcement. The analysis also indicated that 

increasing the ratio of positive to negative reinforcement might not 

substantially improve the cyclic performance of the tested beam. 

 

 

         Yankelevsky and Reinhardt (9111), developed a one-dimensional model 

for random cyclic behavior of concrete in compression. The model determines 

a set of focal points that govern the pieced linear branches of the unloading 

and reloading curves, Fig.(2.1). The complete unloading-reloading curves, for 

the developed model, were reproduced graphically for any starting point on 

the envelope curve. The model laws were also mathematically formulated 

providing equations of various characteristics, e.g. the common point limit, the 

residual (plastic) strain locus, etc.. 

 

 

 

 

 

         

 

 

 

 

 

 



 

 

 

 

 

 

 

 

Fig. (6.9) Scheme of focal points model in compression 

(Yankelevsky and Reinhardt 9111) 

 

 

 

 

Harajli (9111), presented an analytical joint model describing the moment-

rotation relationship of partially prestressed beam-column joints. The derived 

model was based on idealized material models. The stress-strain behavior of 

concrete under monotonic and cyclic loading adopted in this study is as shown 

in Fig.    .  

 

 

         Yankelevsky and Reinhardt (9191), developed a model for 

stress-strain relationship of concrete subjected to random cyclic 

tension and compression loads which complement the earlier work of 

the researchers (1432). The model used a set of focal points to 

compute the piecewise linear branches of the unloading and the 

reloading curves in the tensile stress domain and in the tension-



compression domain, Fig.(2.2) . This model was similar to their earlier 

model, since both models could be used graphically or 

mathematically to obtain the stress-strain curve of the concrete in 

tension and compression. 

 

 

        
 

 

 

    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (090) Tension-compression model of concrete subjected to 

Cyclic loads (Yankelevsky and Reinhardt 9111) 



 Taplin and Grundy (9111), stated that composite steel and concrete beams 

rely for their strength and stiffness on the stud shear connection between the 

steel and the concrete. Tests have been undertaken on composite beams in 

order to investigate the behavior of the shear connection when it is subjected 

to repeated loading. In particular, the effect of repeated loading on slip in the 

shear connection has been studied. The tests show that repeated loading of 

the beams causes slip damage to accumulate in the shear connection with a 

consequent loss of stiffness, and an increase in the deflection of the composite 

beam. An analytical model is presented which enables this effect to be 

quantified, and comparisons are made between the test results and the 

analytical model. 

   

 

091 Shear Transfer Tests  
 

 Several mechanisms exist by which shear is transferred across reinforced 

concrete sections . Among these mechanisms are the shear stiffness of 

uncracked concrete, aggregate interlock, dowel action by steel bars and the 

effect of tension in reinforcement. For the shear transfer across cracked concrete 

planes crossed by reinforcement, the two major mechanisms in effect are the 

dowel action and the aggregate interlock . Shear transfer by these two 

mechanisms is accompanied by slippage or relative movement of cracked faces 

.  

       The shear transfer mechanisms across a definite plane have been the object 

of numerous experimental investigations for many years, some of these 

investigations are reported herein . 

Hofbeck et al.(9191) studied the shear transfer in reinforced concrete across a 

plane, such as at the interface between a pre-cast and cast-in-place concrete 

elements. Thirty eight push-off specimens were tested , some with, some 

without a pre-existing crack along the shear plane. The results indicated that a 

pre-existing crack along the shear plane would both reduce the ultimate shear 

transfer strength and increase the slip at all levels of load.   
        

       The behavior of both smooth and rough interfaces (concrete-to-concrete 

friction) subjected to monotonically or cyclically imposed shear displacements 

was investigated by means of several series of tests carried out in the laboratory 

of reinforced concrete structure, National Technical University of Athens. Some 



of these tests are briefly represented by Tassios and Vintzēleou (9192), which 

indicated that , generally , the increasing of concrete compressive strength and / 

or the normal stress would improve the frictional capacity .  

   

        Displacement controlled shear tests on concrete lift joint specimens with 

different surface preparations were conducted by Fronteddu et al.. 

Experimental results indicated that the coefficient of friction decreases with the 

increase in normal load . 

        An experimental study of the factors affecting shear transfer strength was 

made by Mattock and Hawkins (1422) using pull-off , push-off , and modified 

push-off specimens. Bass et al.(9191) also made an experimental study to 

provide information on the surface shear capacities between new cast concrete  

against an existing concrete surface. A continuing study of the factors affecting 

shear transfer strength had been made. Some of these factors are as follows: 

1. The characteristics of the shear plane . 

2. The characteristics of the reinforcement . 

3. The concrete strength . 

4. Direct stresses acting parallel and transverse to the shear plane . 

5. Direct stresses transverse to the  shear plane. 
 

6.1.9 Characteristics of the shear plane 

 

Mast (9121) pointed out the need to consider the case where a crack 

may exist along the shear plane before shear is applied. Such cracks 

occur for a variety of reasons unrelated to shear, such as tension forces 

caused by restrained shrinkage or temperature deformations or 

accidental dropping of the member. 

 

     A crack in the shear plane reduces the ultimate shear strength of 

under-reinforced specimens Fig.(2.3). The decrease is greater in the 

push-off specimens than in the pull-off specimens. The shear strength of 

the initially cracked specimens is not directly proportional to the amount 

of transverse reinforcement.  

 

6.1.6 Characteristics of the reinforcement 



 

The reinforcement parameter  (ρfy )  can be changed by varying either 

the reinforcement ratio (ρ) the reinforcement yield strength (fy), or both. 

Also, for a given shear plane the  reinforcement ratio can be changed by 

changing the bar size and/or the bar spacing. In Fig. (2.4), 



 

Fig.(6.3) Variation of shear transfer strength reinforcement 

parameter (ρfy), with and without an initial crack along the shear 

plane (Mattock and  Hawkins (9116)). 

      

 

Fig.(092) Effect of stirrup bar size and spacing on the shear 

transfer strength of push-off specimens (Mattock, 9120). 



        Mattock and Hawkins (1972) showed that the way in which ρ is changed 

does not affect the relationship between shear strength and the reinforcement 

parameter ρfy , Fig.(2.2) . Also it was found that the specimens with 

455MPa(66ksi) steel had slightly higher shear strength than the specimens 

reinforced with 345MPa(50ksi) steel. Therefore the relationship between the 

reinforcement parameter ρfy and the ultimate transverse shearing force Vu is 

the same for higher strength reinforcement as for intermediate grade 

reinforcement, provided the yield strength does not exceed 464MPa(66ksi) . 

  

 

09193 Concrete Strength 
 

The effect of variation in concrete strength on the shear strength of initially 

cracked push-off specimens is illustrated in Fig.(2.5) . For values of ρfy below 

about 4.14MPa(600psi) the concrete strength does not appear to affect the shear 

transfer strength. For higher values of ρfy the shear strength is lower for the 

lower strength concrete . The concrete strength therefore appears to set an upper 

limit value of ρfy , below which the relationship between Vu and ρfy established 

for 22.5MPa(4000psi) concrete would hold for any strength of concrete equal to 

or greater than the strength being considered , and above which the shear 

strength increases at a lesser rate for the concrete strength being considered . 
 

 

6.1.2 Direct Stresses Parallel to the Shear Plane 
 

By using the method which was proposed for the calculation of the shear 

transfer strength of initially uncracked concrete [Zia (9129] , an analytical 

study was made of the influence on shear transfer strength by direct stress 

parallel to the shear plane . From these calculations it appeared that if a direct 

tensile stress exists parallel to the shear plane , then the shear transfer 

strength would increase more slowly , as ρfy was increased , than in the push-

off test where a direct compressive stress exists parallel to the shear plane . 

        



 

 

 

 

The ultimate shear strengths of the pull-off specimens are compared in 

Fig.(2.6). For initially uncracked specimens , the pull-off tests gave lower shear 

strengths than the push-off tests . For specimens cracked along the shear plane 

before being loaded in shear , the shear strengths of the push-off and pull-off 

specimens are essentially the same for any given value of ρfy. 

 

 

 

 

 

 

Fig.(2.5) Effect of concrete strength on the shear transfer 

strength of  initially cracked push-off specimens (Mattock, 1972). 



 

 

 

 

 

 

 

6.1.1 Direct Stress Transverse to the Shear Plane  

 

The effect of the compressive stresses acting transverse to the shear plane was 

studied by Mattock and Hawkins (9116). Modified push-off specimens were 

used . The ultimate shear strengths of the modified push-off specimens which 

had shearing type failures are compared with results of the push-off tests in 

Fig.(2.7) .That if a resultant compressive force acts across a shear plane , the 

shear transfer strength is a function of the resultant compressive force and the 

force Avffy in the shear friction reinforcement . However , if a resultant tensile 

force acts across a shear plane , the shear transfer strength will decrease by 

the amount of a resultant tensile force . Tension may be caused by resraint of 

deformations due to temperature change ,creep , and shrinkage . 

 



 

Fig.(099) Effect on the shear transfer strength of direct stress acting 

parallel to the shear plane (Mattock, 9120). 



 

 

 

 

6.1.2 Cyclic shear transfer 

Mattock (1981) examined the results of cyclically reversing and monotonic 

shear transfer tests for companion of initially cracked specimens of normal 

weight and lightweight reinforced concrete. Both composite and monolithic 

specimens were tested. The interfaces of all composite specimens were 

roughened as required by Section 11.7.9 of the ACI Building Code 318-77. In 

some cases the bond at the interface was deliberately broken. The following 

conclusions has been obtained from the test results: 

Fig.(2.7) Effect on shear transfer strength of direct stress acting 

transverse to shear plane (Mattock, 1972). 



1. In the case of a shear plane in normal weight or lightweight monolithic 

concrete and a rough interface between concretes cast at different times, 

when good bond has been obtained at the interface, the strength under 

cyclically reversing shear is about 80 percent of the shear transfer strength 

under monotonic loading. 

2. If the interface is roughened as specified in Section 11.7.9 of ACI Code 

and if good bond is obtained at the interface, then after cracking shear 

transfer behavior under both monotonic and cyclic loading will be 

essentially the same as in the case of shear transfer across a crack in 

monolithic concrete. 

3. If bond at the interface between concretes cast at different times is 

destroyed, shear transfer behavior under cyclic loading deteriorates 

rapidly and the shear transfer strength is only about 0.6 of the shear 

transfer strength under monotonic loading. 

 

Remarks 
After this review, it is noted that no detailed study has been made on RC 

beam-column connections with construction joints under cyclic loading. 

The present study will deal with this problem. 

 



 

 

 

 

 

 

 

 

 

                           

 

 

 

 

 

 

 

 

 

 

 

 

 

     

  
  

 

 

        

 

  

 

 

 

 

 



 

 

 

 

CHAPTER THREE 

FINITE ELEMENT FORMULATION AND 

NONLINEAR SOLUTION TECHNIQUES 

 

 

399 General 

The finite element method of analysis is a very powerful, modern 

computational tool. The method has been used almost universally during the 

past 45 years to solve very complex problems in the structural engineering, fluid 

mechanics, thermal analysis, and many other fields. 

 

       The finite element idealization of reinforced concrete members should 

be able to represent the behavior of concrete, the behavior of reinforcement, and 

the capability of concrete to transfer shear across an interface . 

       In the present study , to create such an idealization the following 

element types are used : 

1. Brick element to represent concrete under three dimensional 

stresses . 

2. Line element to represent reinforcement under axial forces . 

3. Interface element to represent shear transfer .   

 

     In this chapter, the finite element discretization and formulation of 

concrete, steel and the nonlinear solution techniques are discussed. 



 

 

 

 

390 Three – Dimensional Brick Element 

In the finite element method, the construction of the stiffness matrix of the 

brick element has been facilitated by three advances in the finite element 

technology: natural coordinates, isoparametric definition and numerical 

integration [Al–Shaarbaf 9112]. These advances revolutionized the finite 

element field in mid – 1460’s, mainly, when the 3-node linear and the 20–node 

quadratic brick elements were used in representing the three dimensional solid 

bodies. 

 

The quadratic 20 - node brick element shown in Fig. (3.1) is adopted to 

represent both concrete in the present study. This type of element is popular due 

to its superior performance. A major advantage of the quadratic 20 – node brick 

element over the 3 – node brick element, when studying complex cases, is that 

less number of elements can be used, as well as it may have curved sides and 

therefore provides a better fit to curved sides of an actual structure [Cook 

(9122)]. 

 

 

39099 Shape Functions 

The natural local coordinate system is used to describe the displacement 

components of a point p (ξ, ε, δ) within the element. These local coordinates (ξ, 

ε, δ) are emerging from the center of the brick element where the origin point is 

located as shown in the Fig. (3.2) 
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Fig. (399) Linear and quadratic isoparamatric solid element 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig (390) Local coordinate system 

 



 

 

 

 

 

 

 

 

 

 

The element has 20 nodes and 60 d.o.f and bounded by planes with ξ, ε, and δ 

= ± 1 in ξ, ε, δ space. The starting point for the stiffness matrix derivation is the 

element displacement field. The isoparametric definition of displacement 

components is: 
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                      (3.1) 

where Ni (ξ, ε, δ) is the shape function at the i-th node and  ui, vi and wi are 

the corresponding nodal displacements (with respect to the original (global) 

coordinate system x,y and z) and n = 20 is the number of nodes. The shape 

functions of the quadratic 20-node brick element are shown in Table (3.1) 

 

Table (399) Shape functions of the quadratic 02-node brick element 

(Cook 9122) 



Location ξ ε  Ni (ξ, ε, δ) 

Corner nodes 
±

1 

±

1 

±

1 

(1+ ξ ξi)(1+ ε εi)(1+i) (ξ ξi+ ε εi + δ δi-

2 )/3 

mid – side 

nodes 
0 

±

1 

±

1 
(1- ξ2)(1+ ε εi )(1+ δ δi ) /4 

mid – side 

nodes 

±

1 
0 

±

1 
(1- ε2 )(1+ ξ ξi)(1+ δ δi )/4 

mid – side 

nodes 

±

1 

±

1 
0 (1- δ2 )(1+ ξ ξi)(1+ ε εi )/4 

 

To check the above mathematical model, each of its 20 shape functions has a 

value of unity at its specified node and a value of zero at any of the other 14 

nodes. These shape functions also satisfy the rigid body displacement of the 

element. 

 

In the isoparametric group of elements, the interpolation shape functions for 

displacements are also used to define the geometry (or configuration) of the 

element where the 

global coordinates of any point p(ξ, ε, δ) in terms of the natural local 

coordinates are given by the relations: 

  
















20

1i i
)z ,  ,  ( Ni )  ,  , z(

20

1i i
)y  ,  , ( Ni )  ,  , y(

i
x),

20

1i
,( Ni)  ,  , x(







                              (3.2)  

 

 



(3.2) 

[J] 






































































































































z

Ni

y

Ni
x

Ni

x

x

x

 

Ni

Ni

Ni













zy

zy

zy

 where xi , yi  and zi  are the global coordinates of the node i . 

 

39090 Stress and Strain Fields 

Since the geometrical nonlinerities are not considered in the present work, 

displacement gradients remain small throughout the loading process and hence 

the engineering components of strain can be expressed in terms of the first 

partial derivatives of the displacement components. Therefore, the linearized 

strain – displacement relationships may be written as:  
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Since the shape functions Ni are functions of the local coordinates rather than 

Cartesian (global) coordinates; a relationship needs to be established  

between the derivatives in the two coordinates systems. By using the chain rule, 

the partial differential relation can be expressed in matrix form as:   
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where [J] is the Jacobian matrix and the elements of this matrix can be obtained 

by differentiation of equation (3.2). 

 

The Jacobian matrix can be expressed as: 

 

 

 

 

 

 

 

 

 

Then, the derivatives of the shape functions with respect to Cartesian global 

coordinates can be obtain as: 
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where [J]
-1 is the inverse of Jacobian matrix given by: 

 

 

 

 

 

 

 

 

 

as   [J]. [J]
-1 =  [J]

-1. [J] = [I] (unit matrix) 

The vector of stresses is given by: 
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and the stress – strain relationship is represented as: 

 

}].{[}{  D                                                                  (391) 

 

where [D] is the constitutive matrix of order (6 x 6) for three dimentions.  

 

 

 

39093 Stiffness Matrix Calculation 

In order to establish the governing equations of static equilibrium, which will 

lead to the derivation of the stiffness matrix, the principle of virtual 

displacements for a deformable body is used. It simply states that a deformable 

body is in equilibrium if the total work done by all the external forces plus the 

total work done by all the internal forces during any kinematically admissible 

virtual displacement is zero [Dawe (9192)] or in other words, strain energy is 

equal to loss of potential work by external forces:  

   

 

                                                                          (3992 )                                                                      
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The external work can be expressed as the work done in moving the body forces 

b and surface traction t through the virtual displacement { U }, as: 
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where V is the volume of the body 

and S is that part of the surface of 

the body where external tractions 

are prescribed. 
 

The change in the strain energy, or internal work, due to a set of virtual strains, 

{  }, corresponding to the virtual displacements { u } is: 
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By substituting equations (3.4) into equation (3.12), then 
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by substituting equations (3.11) and (3.13) into equation (3.10), then: 
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This expression represents the equation of static equilibrium for a general 

deformable body. 

 

  

 

The basic concept of the finite element analysis is to discretize the continuum 

into arbitrary numbers of small elements connected together at their common 

nodes. For a finite element, e, of the discretized body, the displacement vector 

at any point is: 

 

   eU a  [N]                                                          (3.15)  

 

where [N] is a matrix containing the interpolation functions which relate the 

displacement {U}
e
 , to the nodal displacements {a}

e
. 

   

By differentiation of the displacements, the corresponding strains, {}
e
, are 

obtained such that: 

 

{}
e
 = [A] {U}

e
                                                           (3.16) 

 



where [A] is the matrix, which contains the differential operators. Substituting 

of equation (3.15) into equation (3.16) yields: 

  

{}
e
 = [A] [N] {a}

e      
                                                (3.12) 

or 

          {}
e
 = [B] {a}

e
                                                             (3.13) 

 

where [B] is the strain displacement matrix, which represents the values of the 

strain at any point within the element, due to unit values of nodal displacements. 

In the discretized body, the equations of equilibrium of the  

 

 

continuum body may be written as the sum of integration over the volume and 

surface area for all the finite elements. Therefore, by making use of equation 

(3.15) and (3.13), equation (3.14) becomes: 
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where  a  is the assembled displacements of the body (all elements of the 

body). Since the relationship must be valid for any set of virtual displacements, 

and since  T

ea is arbitrary or  T

ea  not equal 0, then equation (3.19) is 

written in brief for one element e as: 

 



          eaekef .                                          (3.20) 

 

 

where [k]e is the stiffness matrix for one element e. the  structural stiffness 

matrix of the assemblage of the elements [k] is given by: 
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The element assemblage nodal displacement vector is {a}
e
, and thus {f} is 

the element assemblage of external nodal force vector given by:  
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For an element of volume Ve, the stiffness matrix is presented implicitly in 

equation (3.21) as:    
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For three–dimension elements, the differential volume dve, may be written as: 

    

         dxdydzedv                                                               (3.24) 

 

Equation (3.24) can be transformed into the natural coordinates as: 
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where  J  is the determinant of the Jacobian matrix. The limits of integration 

in the natural coordinates become –1 an +1 and the element stiffness matrix 

can therefore be written as:     
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In general it is not possible to evaluate the element stiffness matrix explicitly. 

Thus, numerical integration has to be used.  

 

3.3 Reinforcement Idealization  

In developing a finite element model for reinforced concrete members, at 

least three alternative representations of reinforcement have been used:  

 

a) Distributed Representation 



In this representation, Fig. (3.3a), the steel is assumed to be distributed in the 

concrete element with a particular orientation angle . In the composite 

concrete, reinforcement constitutive relation is used in this case [ASCE 

(9199), Chen (9190)]. To derive such a relation, perfect bond is usually 

assumed between the concrete and steel.    

 

b) Discrete Representation 

A discrete representation of the reinforcement by using independent one – 

dimensional elements has been also used, Fig. (3.3b). Axial force members, 

or bar links, may be used and they are assumed to be pin connected with two 

– degrees of freedom at the nodal points. Beam elements may also be used, 

and they are assumed to be capable of  

 

resisting axial force, shearing forces, and bending moment, with three 

degrees of freedom assigned at each node. In either case, the one – 

dimensional reinforcement elements are easily superimposed on the multi – 

dimensional finite element mesh representing the concrete. A significant 

advantage of the discrete representation is that it can account for possible 

displacement of the reinforcement with respect to the surrounding concrete. 

[Cook (9199), Chen (9190)]. 

 



c) Embedded Representation 

   An embedded representation, Fig. (3.3c), may be used in connection with 

higher order isoparametric concrete elements [ASCE (9199), Al-Mahaidi 

(9121)]. The reinforcement bar is considered to be an axial member built into 

the isoparametric concrete element such that its displacements are consistent 

with those of the element. Perfect bond between the steel and the concrete has 

been assumed in this case. A major advantage of this approach is that the 

steel bars can be placed in their correct positions without imposing any 

restrictions on mesh choice and hence the finite element analysis can be 

carried out with a smaller number of brick elements compared to the discrete  

 

 

representation of reinforcement. Therefore, the embedded representation is 

adopted in the present work. 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a. Distributed representation 
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b. Discrete representation 

v’,y’ 

u’,x’ 

w’,z’ 

c. Embedded representation 

 

X 
 Z 

 Y 

 

 

8 

7 

12 

20 

1 

9 

13 

3 

14 

18 16 

2 
4 

10 

11 

5 

17 

19 

6 

Fig. (3.3) Alternative representations of steel reinforcement 

 



For particular types of problems, a combination of representations may be 

used. As an example, discrete beam elements may be used for main 

reinforcement in beams while axial bar elements for stirrups. Or a distributed 

model can be used for the steel throughout the surface of curved shell and 

discrete bar or beam elements for special reinforcement along the edge. 

A derivation is presented in this section for a bar parallel to the local 

coordinate axis . A similar derivation can be used for bars parallel to  and  

axes [Phillips and Zienkiewicz (9112), Mohamed (9112)]. 

 

For a bar lying inside a hexahedral brick element and parallel to the local 

coordinate axis , with  = c and  = c, the displacement representations 

are: 
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The strain-displacement relationship can be expressed in the local coordinate 

system as: 
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Eq. (3.28) is expressed in a compact form as: 

{}=[B]{a}
e
                                                                                 (3.30) 



 

where [B] is the strain-displacement matrix of the bar element. Then the 

stiffness matrix of an axially loaded bar element may be expressed as: 

     

[K]e= 
`v

[B]T [D] [B]dve                                                             (3.31) 

 

The constitutive matrix [D] represents the modulus of elasticity of the steel 

bar for the case of one-dimensional bar element lying in the direction parallel 

to the natural coordinate line, and the volume differential dve can be written 

as: 

 

dve = As dx= As h d                                                                      (3.32) 

 

where As is the cross-sectional area of the bar. By substitution of Eq. (3930) 

into Eq. (3939), the stiffness matrix of the embedded bar can be expressed 

as: 

 

[K']e= As 




1

1

[B]T [D] [B] h d                                                 (3.33) 

 

 

3.2 Numerical Integration 



To perform the integration required to set up the element stiffness matrix, 

suitable scheme of numerical integration has to be made. In finite element 

work, the Gauss-Legendre quadratic scheme has been found to be accurate 

and efficient. The finite integral of the element stiffness matrix given in Eq. 

(3.26), can be expressed in the form [Robinson (9113), Dawe (9112)]: 
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which may be rewritten numerically as: 
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where ni, nj, nk are the number of Gaussian points in the 
k

,
j

,
i

 direction 

respectively. The function ),,
kji

( F   represents the matrix multiplication 

) [J] D].[B].det[B] 
T .[( at sampling points 

k
,

j
,

i
 .  

In a similar manner, the integral of the stiffness matrix of the embedded 

reinforcement can be written as: 
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The application of the three-dimensional finite element analysis in connection 

with the non-linear behavior of reinforced concrete structures needs a large 

amount of computation time, due to the frequent evaluation of the stiffness 

matrix. Therefore, it is necessary to choose a suitable integration rule that 

minimizes the computation time with sufficient accuracy. Several types of 

integration rules can be used such as the eight (2 x 2 x 2), and the twenty-

seven (3 x 3 x 3) Gaussian rules are integrate the stiffness matrix of the eight-

node linear and the twenty node quadratic  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a. 91 Point rule 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



brick elements [Bathe, 9112]. Also, there is the fifteen - node Gauss type 

integration rule which evaluates the integration for the twenty node quadratic 

brick element [Irons 9119]. 

 

The integration rules, which exist in the program of the present study, are the 

8(2 x 2 x 2) and 27 (3 x 3 x 3) Gauss quadratures and also the 15 point 

integration rule. The weights and abscissa of the sampling points are listed in 

Appendix (A) .The relative distribution of the Gaussion points over the element 

is given in Fig. (3.4). 

 

In the present study, 72 Gauss points are used for the numerical integration, 

as this procedure gives better accuracy [AL-Shaarbaf, 0991].  

 

 

 

 

 

391 Nonlinear Solution Techniques 
 

   A non-linear solution is usually 

obtained by making a succession of 

linear approximations until the 

constitutive laws and conditions of 

equilibrium are satisfied with an 



acceptable error [Zienkiewiez and 

Taylor]. 

  Using finite element methods leads 

in general to a set of algebraic 

equations in the form: 

 

{p} = [k]{a} 

 

   This can not be achieved directly 

in the cases of nonlinear system 

where the stiffness matrix [k] is a 

function of structure displacement. 

 

[k] = [k{a}] 

 

  Therefore, it cannot be calculated 

before determining the unknown 

nodal displacements {a}. While in a 

simple linear elastic problem, the 



solution for these equations can be 

obtained directly. 

 

3.5.1 Survey of Numerical Methods   

 

  The most widely used numerical 

methods can be classified into three 

categories: 

9. Incremental techniques. 

0. Iterative techniques. 

3. Incremental- Iterative techniques. 

 

In the present study, Incremental- 

Iterative techniques are used. 

 

 

3.5.1.1 Incremental- Iterative 

techniques 

 



  In the present study, the solution 

of nonlinear problems has been 

achieved by using the incremental- 

iterative techniques, in which the 

load is applied incrementally, but 

after each increment, successive 

iterations are performed in order 

to obtain a converged solution [ 

Al-Shaarbaf 1440]. This method 

yields higher accuracy but a large 

cost of computational effort, Fig. 

(391) 
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  The computer program used in 

this study incorporates the 

following  incremental-iterative 

methods . 



9. The standard Newton- Raphson 

method: In this method the 

tangential stiffness matrix is 

updated at each iteration. This is 

an expensive computational 

procedure [Ma and May 9199]. 

0. The modified Newton- Raphson 

method: In this method the 

stiffness matrix is updated only 

once for each load increment. 

Fig.(399b ) shows that the stiffness 

matrix is updated at the beginning 

of the first iteration of each load 

increment, ( the KT9 method ), 

while Fig. (399c ) shows that the 

stiffness matrix is updated at the 

beginning of the second iteration. 

( the KT0 method ). But the 

developed program incorporates a 

modified Newton- Raphson 



method, in which the stiffness 

matrix is updated at the 0
nd

 ,…, 

iterations of each increment of 

loading. This method is designated 

as KT0a at stiffness method. 

3. The initial stiffness method: In 

this method the stiffness matrix is 

formulated only once for the 

analysis. The computation cost per 

iteration is significantly reduced. 

However, the solution requires 

many more iterations compared 

with those required by the 

previous methods. 

 

    

   
5.6 Convergence Criteria  

The convergence criterion is an 

indication for the control of the 



level of accuracy of the solution . It 

terminates the equilibrium iteration 

as soon as the desired accuracy is 

achieved . 

      For nonlinear structural 

analysis , several convergence 

criteria can be used to monitor 

equilibrium. These criteria are 

usually based on out of balance 

forces, displacements or internal 

energy . 

     In the present work , a 

displacement convergence criterion 

is adopted. For this convergence , 

the criterion employed is : 
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where N denotes the total number of 

nodal points in the problem , n  and  i  

are the number of load increments 

and iterations , respectively.  U  is 

the incremental displacement 

vector, and  U  is the displacement 

vector during the previous iteration. 

       In the present study a tolerance 

of 13 is used . 

 

 
 

 

2.2.2 Shear Retention Models 

 

In the finite element analysis of reinforced concrete members, a 

shear retention model is usually used to take into account the 

capacity of the cracked concrete to transfer shear across the crack. 

In the present study, a reduction factor  has been used across the 

crack plane, to reduce the shear stiffness at the cracked sampling 

points. Before cracking a value of unity is assigned to the shear 

reduction factor. As the crack propagates, the shear reduction 

factor is taken to be linearly decreasing with the strain normal to 

the cracked plane, which represents the crack width. When the 

cracks have sufficiently opened, a constant value is assigned to  to 

account for dowel action. The shear retention model can be 

expressed as: 



 9) For   εn < εcr 

β = 992        (2.09) 
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3) For    εn > γ9 εcr 

β = γ3        

 (2909) 

 

 

Fig. (4.4) shows schematically the value of () for different stages. 9, 

0, and 3 are shear retention parameters. 9  represents the rate of 

decay of shear stiffness as the crack widens, 0 is the sudden loss in 

shear stiffness at the instant of cracking and 3  is the residual shear 

stiffness due to the dowel action. When the crack at a sampling point 

is closed because of application of cyclic or repeated loading, it is 

assumed that the original shear modulus is retained, as shown in Fig. 

(4.4) and thus a value of unity is assigned to the shear reduction factor 
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2.1 Modeling of Reinforcement 

 

In this study the reinforcing steel is modeled as a linear elastic, homogeneous 

material that can be assumed to have the same strength in tension and 

compression behavior and its mechanical properties in comparison to the 

properties of concrete are well known and well understood. Reinforcing bars are 

usually long and slender and therefore can be generally assumed to be capable 

of transmitting axial forces only. 

 

 

   In the current study, an elastic-linear work hardening model, as shown in 

Fig.(4-4), simulates the uniaxial stress-strain behavior of steel bars [Raid 

Ahmed 0221]. 

   In this figure, if the load is released before failure in cyclic or repeated 

loading, the response curve for unloading from any stress state is approximately 

a straight line parallel to the initial elastic response. Reloading results in a 

response path approximately parallel to the original elastic shape. 
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Fig (292) Shear retention for concrete 



 

 

 

 

 

 

 

 

 

 

 

2.1 Outline of The Computer Program 

   The computer program P3 DNFEA (three-dimensional nonlinear finite 

element analysis) has been used in the present work. This program is originally 

developed by Al – Shaarbaf. The main objective of the program is to analyze 

reinforced concrete members under general three-dimensional states of 

loading up to failure. 

   In the present research work, the computer program has been modified to 

analyze beam-column joints under cyclic loading. A nonlinear cyclic behavior 

model for concrete is used for uniaxial and multiaxial states of stress. Also, a 

nonlinear cyclic model for reinforcing bars is presented. Closing and reopening 

of cracks during cyclic loading has been taken into consideration. 

    In the present study, the numerical analysis has been carried out on 1.7 GHz 

Pentium (IV) processor of a computer that is provided with an 256 MB RAM, 

using the virtual memory technique that utilizes a strong capacity of 40 GB. 

 

 

Fig (2-1) Idealized elastic-plastic stress-strain  relationship for 

reinforcing steel 
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2.1 Termination of the Analysis 

 

   The finite element analysis is terminated when any of the following 

criteria is satisfied. 
1. The stiffness matrix is no longer positive definite . 
2. A reinforcing bar has been fractured .  
3. Excessive concrete crushing takes place . 
4. The number of increments exceeds a maximum specified number . 
5. The number of iterations exceeds a maximum specified number . 

         

 

 
Since steel-reinforcement elements in concrete construction are 

mostly one-dimensional, it is generally not necessary to introduce the 

complexities of multiaxial constitutive relationships for steel. For 

simplicity, it is often necessary to idealize the one-dimensional  stress-

strain curves for steel. 

 

2.1 Stress-Strain Models for Concrete in Compression  

 

The behavior of concrete in compression is simulated by an elasto-plastic work 

hardening model followed by a perfectly plastic response, which is terminated 

at the onset of crushing. The model will be illustrated in terms of the following 

constituents 

(a) The yield criterion 
(b) The hardening rule  
(c) The flow rule 
(d) The crushing condition 
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Fig.(2.1) Flow chart of the 

developed program DPACJ  

 



2.1.9 Yield Criterion 

 

The strength of concrete under multidimensional states of stress is a function 

of the state of stress and cannot be predicted by limitations of simple tensile, 

compressive, and shearing stresses independently of each other. Therefore, a 

proper evaluation of concrete strength can be achieved by considering the 

interaction of the various components of the state of stress. Many researchers 

have successfully used a yield criterion which is also used in the present work [ 

Al-Shaarbaf ],[Owen, and Hinton] and [Naji]. It can be expressed as: 

   

    f (σ) = f ( I9 , J0  ) =[ ( α I9)
0

 + 3 β J0 ] 5.0 = σ    (299)  

where α  and  β  are material parameters,  I9  is the first stress invariant given 

by, 

         I9 = σx + σy + σz        (290)                             

  J0  is the second deviatoric stress invariant given by , 

         J0 =9/3 [(σx
2 + σy

2 + σz
2 ) – (σx σy + σy σz + σz σx)] +[ τxy

2 + τyz
2 +                 

τzx
2 ]          (293) 

and σ  > 292   is the equivalent effective stress at the onset of plastic 

deformation which can be determined from the uniaxial compression test as:  

          σ = Cp f 'c         (4.4) 

 

where Cp is the plasticity coefficient which is used to mark the 

initiation of the plastic deformation.  

The parameters () and () are determined by using the uniaxial and biaxial 

compression tests. Then for a uniaxial compression state, the yield stress is 

given by: 

 ox                                                                                  (4.5) 

 



and for the equal biaxial compression state, the yield stress is given by: 

 

 o yx                                                                           (4.6) 

If the results obtained by [Kupfer et. al. (9121)] for the failure envelope is 

employed for initial yield, the value of the constant () is equal to (1.16). Fro Eq. 

(4.1) and using Eqs. (4.5) and (4.6), the material constants can be found to be: 

 

1.35468    and     o35468.0                              (4.7) 
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   then Eq. (4.1) can be written as: 
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This can be solved for  o
 as: 
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2.1.6 The Hardening Rule 

 

The hardening rule is necessary to define the change of position of the loading 

surface during plastic deformation. A relationship between the accumulated 

plastic strain and the effective stress is required to control the position of the 

current “loading surface”. A number of  hardening rules has been proposed to 

describe the growth of the subsequent loading surfaces for a work hardening 

material. The isotropic hardening rule has been adopted in the present study 

to simulate concrete behavior. This rule assumes that the yield surface 

expands uniformly without distortion as plastic deformation occurs. Therefore, 

the subsequent loading surfaces may be written as: 

 

           f (σ) = f ( I1 , J2  ) =[ ( α I1)2 + 3 β J2 ] 5.0 = σ                 (4.10) 

 

where the effective stress or equivalent uniaxial stress σ  represents the level 

at which further plastic deformation will occur. The uniaxial stress-strain curve 

is assumed to be linear up to stress level equal to Cpf'c  followed by a parabolic 

shape up to peak compressive stress f'c . 

 

          a) For  σ ≤ Cp f 'c  

                      σ = E εc                 (2999) 

          b) For   Cp f 'c ≤ σ  ≤ f 'c 

                      σ  = Cp f 'c +E[ ε c - 
E

fCp c
 ] - 

ε2

E
 [ε c -

E

fCp c
  ] 2    (2990)   

          c) For    εc ≥  (0- Cp)f 'c / E 

                       σ = f 'c            (4.13) 

where  ε  the total strain 

corresponding to the parabolic part 

of the curve given by: 



Fig. (4.2) Uniaxial stress-strain curve for concrete 

(AL-Shaarbaf 1440) 
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       ε = 2 ( 1- Cp ) f 'c / E          (4.14) 

 

A value of 0.5 is assumed for the plastic coefficient Cp in the present study and 

hence plastic yield begins at stress level that equals (0.5 f'c) Fig.(4.2) . 

  In cyclic loading or repeated loading, when the load is released before failure 

the response curve for unloading part is approximately a straight line parallel 

to the initial elastic response. Reloading follows the same path of unloading 

stage. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

    By substituting the value of total strain component, which is the sum of the 

elastic and plastic strains in Eq (4.12), the effective stress – plastic strain 

relationship can be expressed as: 

 

         σ  = Cp f 'c – E εp + (2 E 2  ε εp ) 5.0                (4.15) 

 

  The hardening coefficient, which is the slope of the effective stress – plastic 

strain curve, is used in the formulation of the hardening coefficient          H' 

which is obtained by differentiating Eq. (4.15) with respect to the effective 

plastic strain. 

 

    

          H' = 
pd

d




 = E [ (

pε2

ε ) 5.0 - 1.0 ]                           (4.16) 

 

3.5.4 Flow Rule 

In plasticity theory, a flow rule must be defined so that the plastic strain 

increment can be determined for a given stress increment. The associated flow 

rule has been widely used for concrete models mainly because of its simplicity. 

This approach is adopted in the current study. The plastic strain increment is 

expressed as: 

 




f 

  d )
p

d(                  …(4.17) 



The normal to the current loading surface  






 f  is termed as the flow vector 

{a} which is, the yield function derivatives with respect to the stress 

components: 
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These derivatives are given in Appendix [B]: 

 

3.5.3 The Crushing Condition  

Crushing indicates the complete rupture and disintegration of the material 

under compressive stress state. After crushing, the current stresses drop 

rapidly to zero and the concrete is assumed to lose its resistance completely 

against further deformation. 

 

 

In the adopted model, concrete is considered to crush when the strain reaches 

a specified ultimate value. Hence, rewriting the yield condition from Eq. (4.9) in 

terms of the peak strain, the following crushing criterion is obtained: 
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where 1I  : is the first strain invariant 

          2J  : is the second deviatoric strain invariant  

cu : is the ultimate concrete strain that can be obtained from the uniaxial 

compression test (  cuu
  ). 

 

2.2 Crack Model for Concrete in Tension   

A smeared fixed-cracking model is used to represent the crack model and it is 

widely used in connection with the finite element analysis. This implies that 

the cracks are distributed at a cracked sampling point [Al-Shaarbaf]. It is 

assumed that the concrete becomes orthotropic after the first crack has 

occurred. Cracks are assumed to form in a plane perpendicular to the direction 

of the maximum principal tensile stress. 

 

 

 

 

 

 



 

2.2.9 The Cracking Criterion 

Tensile failure occurs if the tensile stress in a principal stress direction 

exceeds the limiting tensile strength of concrete. Also a plane of 

fracture is assumed to develop perpendicular to the principal stress 

direction. The limiting tensile stress required to define the onset of 

cracking can be calculated for states of triaxial tensile stress and for 

combinations of tension and compression principal stresses as 

follows[Bathe and Ramaswamy 9121]. 
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For the tension-compression-compression zone  0     0, 231    
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where 



cr is the cracking stress and both ft and f`c are given positive values. 

Eq. (4.21) incorporates the fact that compression in one direction 

favors cracking in the others and thus reduces the tensile capacity of 

the material.  

 

 

 

When the major principal stress 9 violates the cracking criterion, 

planes of failure develop perpendicular to its direction. Concrete 

behavior is no longer isotropic, it becomes orthotropic with the 

direction of orthotropy coinciding with the direction of 9. Therefore, 

the normal and shear stresses across the plane of failure and the 

corresponding normal and shear stiffness are reduced, and the 

concrete is assumed to be transversely isotropic with axes of isotropy 

being perpendicular to the direction of 9 or parallel to the plane of 

crack . Thus, the incremental stress-strain relationship in the local 

axes can be expressed as: 
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or in a condensed from: 
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cr
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where E9  is the reduced modulus of elasticity in the direction of 9 , 

and 1G is the reduced shear modulus across the failure plane. [Dcr] is 

the material stiffness in the local axes. The stress increments in the 

global axes (x, y, z) may be obtained by using the coordinate 

transformation matrix such that: 
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where [T] is the transformation matrix expressed in terms of the 

direction cosines as: 
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where li, mi and ni represent the direction cosines of the local 

coordinate axes (i=1, 2 and 3 for x, y and z) direction respectively. 

For the tension – tension – compression and the triaxial tension states 

of stress, the cracking criterion may be violated by the major principal 

stress , and the second principal stress simultaneously. Thus, 

two sets of orthogonal cracked planes may develop and the 

constitutive matrix in the local material axes becomes diagonal: 
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In the current model, a maximum of three sets of cracking are allowed 

to form at each sampling point. 

 

2.6.4 Tension- Stiffening Model 
The tensile stresses normal to the cracked planes are gradually 

released, and represented by an assumed average stress-strain curve. 

In the present study such a relationship is obtained by using the 

tension-stiffening model. This is specified by a linear descending 
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stress-strain curve similar to that shown in Fig. (4.3) and this is given 

by: [Scanlon  (9129), Bathe and Ramsawamy (9121)] 
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b) For 
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where n
 and n are the normal stress and strain normal to the 

cracked plane, cr is the cracking strain associated with the cracking 

stress cr and 9 and 0 are the tension-stiffening parameters. 9 

represents the rate of stress release as the crack widens, while 0  

represents the sudden loss of stress at instant of cracking. 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

29993 Closing and Re-Opening of Cracks 

For a member under cyclic or repeated loading, cracks at sampling 

points may close. For a closing crack it is assumed that the orthotropy 

of the sampling point under consideration is maintained. Unloading 

and re-opening of cracks are assumed to follow a secant path, Fig. 

(4.3) . The secant modulus, E1, can be evaluated from the previously 

stored maximum strain developed normal to the cracked plane. This 

secant modulus may be used to calculate the retained stress as: 

    n
 = E1. n                                                             (4.30) 

 

where n is the maximum strain developed normal to the cracked 

plane.   



 

CHAPTER FOUR 

MODELING OF MATERIAL PROPERTIES 

 

2.9 Introduction  

Concrete and reinforcing steel have very different material properties ,the 

behavior of the composite reinforced concrete is usually simulated by 

considering the constitutive relations of the constituents independently. Full 

interaction between the two materials has been assumed to exit throughout the 

present work.. The stress–strain relationship for steel is very well defined. 

Concrete, however, is heterogeneous but assumed homogeneous for 

macroscopic behavior and has completely different properties in tension and 

compression . 
 

2.6 Uniaxial Behavior of Concrete    

2.6.9 Uniaxial Behavior of Concrete in Compression    

The stress-strain relation is composed of an almost straight line up to about 0.3  

f 'c for normal strength concrete then a strain-hardening portion extending to the 

maximum compressive stress (f 'c), which is of the same shape for various 

testing conditions, followed by a strain-softening portion extending to the 

ultimate compressive strain (Ecu), Fig. (4.1). 

 

       The shape of the stress-strain 

curve is similar for concrete of low, 

normal, and high strength .A high 

strength concrete behaves in a 

linear fashion to a relatively higher 



stress level than the low strength 

concrete, but all peak points are 

located close to a strain value of 

(0.002).On the descending portion of 

the stress-strain curve ,higher 

strength concretes tend to behave in 

a more brittle manner ,the stress 

dropping off more sharply than it 

does for concrete with lower 

strength. The essential features 

defining the stress-strain relation 

are  :  

1.Compressive strength (f 'c) . 

2. Initial elastic modulus (E). 

3. The strain corresponding to the 

maximum stress (Eo). 
     

2.6.6 Uniaxial Behavior of Concrete in Tension 

 Fig. (4.1) shows the stress-strain curve for concrete in uniaxial tension and 

compression. The curve for tension is nearly linear up to a relatively high stress 

level equal to the tensile strength. The shape of the curve shows some 



similarities to the uniaxial compression curve. This is not surprising since the 

role of microcraking must be even more important for tensile states of stress. 

There are, however, some differences between the two states of stress.  

There are several forms of models which are used to represent the post-

cracking behavior such as linear descending branches, bilinear and trilinear 

descending branches, and nonlinear descending branch. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

FIG.(2.9) TYPICAL STRESS-STRAIN CURVE FOR CONCRETE [KUPFER] 
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2.3 Multiaxial Behavior of Concrete 

Under multiaxial states of stress, concrete exhibits strength, stiffness and 

stress-strain behavior somewhat different from that of uniaxial state. Based on 

experimental results [Kupfer et al.(1464)], the concrete ductility under biaxial 

stresses has different values depending on whether the stress states are 

compressive or tensile. Under biaxial compression state, the compressive 

strength increases approximately by 01 percent for principal stress ratio of 291 

and by 99 percent for principal stress ratio of 992 .Under biaxial compression-

tension ,the compressive strength decreases almost linearly as the applied 

tensile stress is increased .Under biaxial tension ,the strength is almost the same 

as that of uniaxial tensile strength . When subjected to triaxial compressive 

stress, concrete exhibits strength which increases with the increasing confining 

pressures . 

 

4.4 Stress-Strain Behavior of Reinforcing Steel 

Typical stress-strain curves for steel are composed of three distinctive parts: 

a linear elastic part, a yield plateau and a strain-hardening part which is 

terminated by ultimate value. The stress-strain curves for steel are generally 

assumed to be identical in tension and compression. The essential properties 

defining the stress-strain curves are: 

9. Elastic modulus (Es). 

0. Yield strength (fy). 

3. Yield plateau. 

2. Strain-hardening region. 

1. Ultimate steel strain( εsu ). 

 

 

  



 

 

 

1.1 Shear Transfer Across the Crack  

For the shear transfer across cracked concrete planes crossed by 

reinforcement , the two major mechanisms in effect are the dowel action and 

the aggregate interlock. Shear transfer by these two mechanisms is 

accompanied by slippage or relative movement of crack faces . When the 

concrete interface is subjected to a shear displacement, this relative 

displacement causes some deformation and/or cut-off of protruding asperities 

. Due to this overriding , a lateral dilatancy is produced . To this dilatancy the 

reinforcing bar responds by a pullout force . For the purpose of equilibrium this 

tensile force is equal to a compressive force acting on the concrete at the 

vicinity of the bar . It is precisely due to this compressive force that a shear 

resistance is developed at the interface.    

 

1.1.9 Aggregate Interlock   

Several models have been proposed to explain or predict the aggregate 

interlock behavior. The two-phase model by [Walraven and Reinhardt (9119)] 

is an example of a physical model . That type of model gives a better 

understanding of the mechanism involved at the crack interface. The 

[Yoshikawa et al. (9111)] model is an example of an empirical model , in which 

a free slippage occurs in the initial shear load on the cracked planes which are 

not in close contact , and further application of the shear stress makes the 

cracks stiffer due to firm contact (aggregate interlock ). Finally , the shear 



stress levels are approaching the ultimate shear strength . The [Tassios and 

Vintzeleou (9111)] model is another example of empirical model . It covers two 

types of interfaces , the rough interface and the smooth interface , for normal 

stresses ranging up to 2 MPa . 

 

   In this model , the frictional resistance is roughly equal to the tensile strength 

of concrete , taking into account the tensile strength reduction due to a 

transverse compressive stress as follows : 

             τ u = [ 0.3 ( 1009 ( σc/f t ) - ( σc/f t )
2 )0.5 ] f t  (5.6) 

       [Fronteddu et al. (9111)] utilized their experimental results from 

displacement controlled shear tests on concrete lift joint specimens with 

different surface preparations, to propose an empirical interface constitutive 

model based on the concept of basic friction coefficient (μb) and roughness 

friction coefficient (μi) : 

             
ibid

iibd

μμχλ1

μχμλ
u




       (5.7)  

where      μb = 0.950 –0.220 σn       for  σn ≤ 0.5 MPa 

                μb = 0.865 –0.050 σn          for  0.5 ≤ σn ≤ 2.0 MPa 

μi  is defined by the equations in Table (5.1). Two correction factors were 

introduced: (1) dλ , the dynamic reduction factor equal to 1.00 for static loading, 

and 0.85 for dynamic loading ; and (2) iχ ,the interface roughness factor equal 

to 1.00 for cracked homogeneous concrete , 0.8 for water blasted joints, 0.15 for 

untreated joints, and 0.00 for flat independent concrete surfaces. 



         Based on the experimental results presented by [Fronteddu et al. 

(9119)], a bilinear relationship between shearing stress and slip, Fig. (5.3), 

is adopted, which is multiplied by the effective thickness at the Gaussian point 

of interface element to convert it to a relationship between shearing stress and 

strain. From Eqs.(5.6 and 5.2) a good prediction of aggregate interlock 

stiffness can be obtained. 

 

 

 

 

Table (199) Roughness coefficient for concrete interface model 

[Fronteddu et al. (1998)] 

Interface type σn (MPa) Peak μib 

 

Homogeneous 

σn ≤ 0.4 

0.4 ≤ σn ≤ 1.5 

1.5 ≤ σn ≤ 2 

0.90- 1.367 σn 

0.40- 0.1167 σn 

0.30- 0.050 σn 

 

Water- blasted 

σn ≤ 0.275 

0.275 ≤ σn ≤ 1.2 

1.2 ≤ σn ≤ 2 

0.875- 1.75 σn 

0.44- 0.185 σn 

0.25- 0.0375 σn 

 

Untreated 

σn ≤ 1.0 

1.0 ≤ σn ≤ 2.0 

0.15- 0.15 σn 

0.05- 0.005 σn 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.1.6 Dowel Action  

Shearing forces can be transmitted across a crack in the reinforced 

concrete by the reinforcement crossing the crack . If the reinforcement 

is 

 normal to the plane of cracking, dowel action (shearing and flexure 

of the bars) will contribute to the overall shear stiffness . 

Fig. (193) Adopted shearing stress-slip 

relationship 



It has been suggested  [Paulay et al. (9112)] that there are three mechanisms 

of shear transfer through the dowel action in cracked reinforced concrete, i.e. 

direct shear, kinking and flexure of the bars . If the concrete supporting each 

bar were considered to be rigid , the first two mechanisms would predominate. 

However, it has been recognized [Mills (9111)] that significant deformation of 

the concrete does occur , so that flexure of the dowel bar within the concrete 

is a principal action . This has been modeled [Millard (9112)] by considering the 

dowel bar as a beam on elastic foundation. This model is adopted, according to 

this model the dowel force , Fd,  is given by : 

         Fd = 0.166 Δ t Gf 
0.75 Φ1.75 E s

0.25       (5.8) 

where the constant term is dimensionless  

        Gf : foundation modulus for concrete , A typical value for 35 MPa concrete 

has been found to be 750 N/mm3 (ACI Committee 325). For the high strength mix, 

it has been assumed that Gf is proportional to fcu 0.5. 

        Φ : diameter of the bar. 

        Es : elastic modulus of steel. 

        Δ t : slip or relative displacement across the crack .  
Only the initial dowel stiffness can be predicted using this equation . 

   The nonlinear shear stiffness of the dowel action may be attributed to one or 

both of the following two causes . 

1) Crushing or splitting of the concrete supporting the bar . 

2) Plastic yielding of the reinforcement . 

A good prediction of the ultimate shearing force in a bar with an axial stress of 

fs = αfy is given by: 



       Fdu = 1.3 Φ2 fcu 0.5 ( fy (1- α 2 )) 0.5     (5.9) 

where  Fdu  is the ultimate dowel force and  α = fs/ fy. 

       An exponential function was used to describe the overall dowel action 

behavior. The dowel force , Fd , is as follows : 

        Fd = Fdu (1-exp(-ki Δ t / Fdu ))        (5.10) 

 

  where ki = Fd / Δ t is the initial dowel stiffness obtained from Eq.(4.8).By 

simplifying Eq.(5.10), the shear stiffness of the dowel action which is used in the 

present study as a relationship between the shearing stress and the shear 

strain can be found as follows : 

        kd = ( ki - 
du

t
2

F2

Δki
) t / Ac      (5.11) 

 

 

1.2 Interface Element  

The behavior of a composite concrete specimen depends upon the 

interaction between the two concerts cast at different times . There 

can be separation , closing of gap , and slipping between the two parts 

.In the present study a thin layer element is used to represent this 

behavior . 
 

 

 

 



1.2.9 Thin Layer Element  

An isoparametric finite element formulation , which is treated essentially like a 

solid element , can be used to represent the behavior of the interface region 

[Desai and Zaman (1434)] , Fig.(5.4) . Since the element is treated essentially 

like any other solid element , its incremental stress-strain relationship is 

expressed as : 

{dσ}= [D]i {d ε}          (5.12)     

where [D]i is the constitutive matrix for the interface region . The behavior of 

the interface material is assumed to be like the concrete of the softer material 

properties for all stages of loading, described in Chapter four , except the shear 

component which represents the shear behavior specified for the interface 

region, described in Chapter four (Gt), thus the constitutive matrix for the 

interface element can be written as : 
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 (1.93) 

Where E' =
   211

E
 

 

where Gt is obtained from Eq. (5.11) for dowel action and from Eq. (5.7) 

besides the contribution to the dowel action, the steel reinforcement crossing 

the interface is treated as axial members embedded in the concrete (interface) 

brick elements. 



Gt = Ki + K* 

K* =( τ u )(tefc.) 

 

          The interface behavior depends on the properties of the surrounding 

media . However, it also depends on the thickness of the thin-layer element .If 

the thickness is too large in comparison with the average contact dimension 

(B) of the surrounding element , the thin-layer element will behave essentially 

as a solid element. On the other hand, if it is too small, computational 

difficulties may arise .Based on the available experimental results, the 

satisfactory simulation of the interface behavior can be obtained for (t / B) 

ratios in the range from (0.01) to (0.1). This conclusion may need modification 

if the nonlinear behavior of solids and interfaces were simulated .The 20-

noded isoparametric brick element is used to describe the interface brick 

element in this study.   

 

 

 

 

 

 

 

 

 

Fig.(192) Thin layer interface 

element 



 

 

 

 

 

CHAPTER FIVE 

 

INTERFACE ELEMENT 

 

199 Introduction: 

In many cases, the assumption of complete compatibility in the contact 

interface between two bodies or two materials is a coarse simplification 

which may lead to unrealistic results in a finite element analysis .The 

contact interface is a special region of a structure, which behaves 

nonlinearly causing stress concentration and relative displacement like 

crack opening or slip. The adequate modeling of the interaction between 

two concretes cast at different ages including the definition of the stress 

transfer in the interface requires an interface element which is compatible 

to the three-dimensional elements used in concrete modeling. An 

isoparametric solid element has has been used to meet these requirements. 

   This solid element called a thin-layer element, developed by [Desai et.al. 

(9192)] is used in the present study. The twenty-node isoparametric brick 

element with small thickness is used to model the interface, Fig.(199). The 

formulation of the thin-layer element is essentially the same as for the brick 

element used for representing concrete, but a special constitutive model is 



used and various deformation modes such as no slip, slip, debonding and 

rebonding are incorporated. The normal and shear stiffnesses are assumed 

to be composed of participation of the thin-layer element and the adjoining 

solid elements. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.6 Shear-Friction Concept  

The shear-friction concept provides a convenient tool for the design of 

members for direct shear where it is inappropriate to design for diagonal 

tension , as in precast connections, and brackets or (corbels) . The approach is 

to assume that a crack has formed at an expected location , as illustrated in 
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Fig. (199) Three – dimensional thin layer 02 – node interface 

element 



Fig.(5.2). As slip begins to occur along the crack , the roughness of the crack 

surface forces the opposite faces of the crack to separate . This separation is 

resisted by reinforcement (Avf) across the assumed crack . The tensile force 

(Avffy) developed in the reinforcement by this strain induces an equal and 

opposite normal clamping force , which in turn generates a frictional force 

(Avffyμ)parallel to the crack to resist further slip ,  where μ  is the coefficient of 

friction .  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

   

   Shear-friction design is to be used where direct shear is being transferred 

across a given plane. Situations where shear-friction design is appropriate 

include the interface between conceretes cast at different times , an interface 

between concrete and steel , and connections in precast constructions . 

Successful application of the concept depends on proper selection of the 

location of the assumed slip or crack .  



 

 

1.3 Shear-Friction Design Method  

As with other design applications , the code provisions for shear-

friction are presented in terms of shear-transfer strength (Vn) for direct 

application in the basic shear strength relation : 

       Vu  Φ Vn        (5.1) 

where Φ  is 0.85 for shear (ACI Code 318M-95) . The required shear-transfer 

strength for shear-friction reinforcement perpendicular to the shear plane is : 

       Vu  Φ Avf fy μ          (5.2)  

The required area of shear-friction reinforcement (Avf) can be computed 

directly from : 

       Avf  = Vu / Φfy μ       (5.3) 

       The condition where shear-friction reinforcement crosses the shear plane 

at an angle αf other than 90 degrees , the tensile force (Avf fy)  is inclined to the 

crack and must be resolved into two components : 1)a clamping component 

(Avf fy sinαf), and 2) a component parallel to the crack that directly resists slip 

equal to (Avf fy cosαf) . The shear transfer strength requirement becomes : 

         Vu   Φ(Avf fy sinαf μ+ Avf fy cosαf)    (5.4) 

The required area of shear-friction 

reinforcement can be computed 

directly from:  



         Avf  = Vu / Φfy (μ sinαf+ cosαf)     (5.5) 

The shear-friction method assumes that all shear resistance is provided by 

friction between crack faces. The actual mechanics of resistance to direct shear 

is more complex, since dowel action and the apparent cohesive strength of the 

concrete both contribute to direct shear strength. It is , therefore, necessary to 

use artificially high values of the coefficient of friction (μ) in the shear friction 

equations so that the calculated shear strength will be in reasonable 

agreement with test results . Use of these high coefficients gives predicted 

strengths that are a conservative lower bound to test data .  

 

 

  

1.2 Coefficient of Friction  

The effective coefficient of friction (μ) for the various interface conditions includes a parameter λ which 

accounts for the somewhat lower shear strength of all lightweight and sand lightweight concretes . For 

example , μ value for all lightweight concrete (λ=2921) and when placed against hardened concrete 

not intentionally roughened it is 299(2921)=2921 . 
 

 

 

CHAPTER SIX 

APPLICATION OF FINITE ELEMENT 

ANALYSIS TO BEAM-COLUMN JOINTS 

 



 

999 Introduction 

 

   In this chapter, a three dimensional nonlinear finite element analysis 

has been carried out on corner beam-column joints by implementing 

the modified computer program. The three-dimensional model 

describe the behavior of the analyzed corner beam-column joint under 

cyclic loading. In this chapter, two of these examples have been 

chosen from the available experimental studies for the numerical 

analyses. 

    The first example is a cantilever loaded by a concentrated cyclic 

load applied at the free end, which was tested by [Kwak and Kim 

(0229)]. While the second example is a corner beam-column joint , 

which was tested by [Sarsam (9193)]. The third example is a corner  

beam-column joint subjected to cyclic load.   

 

 

990 Kwak and Kim Reinforced Concrete Cantilever Under Cyclic 

Load 

 

  A cantilever of ordinary reinforced concrete was analyzed to 

investigate the validity and accuracy of the finite element models and 

solution techniques adopted in this study. This was designated as R6 

and chosen from the two beams tested by [Kwak and Kim]. 

 



 

99099 Description of Beam (R9) 

 

  The beam (R6) was a cantilever over 1534 mm span. It had a 

rectangular cross-section 223.6 mm wide and 406.4 mm deep. The 

longitudinal steel ratio was 1.525. Loading arrangement, reinforcement 

details and geometry of the beam are shown in Fig.(6.1). 

 

 

 

 

 

 

 

 

 

 

 



 

Fig. (999) Dimensions and reinforcement details of beam (R9) 

 

 

 

 

99090 Finite Element Idealization and Material Properties  

 

 By taking into consideration the advantage of the loading and 

geometric symmetry, only one-half of the beam has been used in the 

finite element analysis. The half considered was modeled using 50 

brick elements. The finite element mesh, boundary and symmetry 

conditions and loading arrangement used are shown in Fig (6.2). 

 



 

Fig. (990) Finite element mesh, boundary and symmetry conditions 

for beam (one-half of the beam) 

 

 

 

x 



 

or this ordinary reinforced concrete beam the tension-stiffening 

parameters α 1 and  α 2 was set equal to 55 and 0.5 respectively. While 

the shear-retention parameters γ 1,γ2 and γ 3 was set equal to 10, 0.5 

and 0.1 respectively. Material properties adopted in the analysis are 

shown in Table (6.1). 

 

  

 

Table (9-9) Material properties used for beam (R9) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

       

CONCRETE 

Ec Modulus of elasticity  (GPa) 24.0 

f’c Compressive strength (MPa) 24.3 

f t Tensile strength (MPa) 3.2 

 Uniaxial crushing strain 0.004 

Ν Poisson’s ratio
* 0.2 

LONGITUDINAL REINFORCEMENT 

Es Young’s modulus (GPa)  200 

fy Yield strees (MPa) 451 

As 

 

Area of top steel (mm2) 1256.6 

Area of bottom steel (mm2) 1256.6 



 

     

* Assumed value 

 

 

 

99093 Results of Analysis of Beam (R9) 

 

    The experimental and numerical cyclic load-deflection curves 

obtained for this beam are shown in Fig.(6.3). Good agreement is 

obtained by using the finite element model compared with the 

experimental results throughout the entire range of the behavior. 

During the experimental tests, unloading of the beam was started after 

the yielding of reinforcement took place. A relatively stiffer 

numerical response has been observed and the peak load was slightly 

higher than the experimental value. Table (6-2) presents a comparison 

between the peak experimental and numerical peak load. 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (993) load-deflection curve 

 

 

 

 

 



Table (2.6) Comparison between the peak experimental and numerical peak 

loads for beam (R2) 

 

 

PU6/Pu9 

 

 

NUM. 

PEAK LOAD 

PU6(KN) 

 

 

EXP. 

PEAK LOAD 

PU9(KN) 

 

 

 

NUMBER OF 
HALF-CYCLIC 

1.123 

 

127.3 

 

113.3 

 

1
st half cyclic 

 

1.187 -125.04 -105.3 2
nd  half cyclic 

 

2.3 Beam-Column Joint Specimen (under monotic loads) 

 

Nine specimens of beam-column joints ( 5 exterior and 4 interior ) were tested 

by [Sarsam (9113)]. The plane exterior ones – EX series were made of two 

pours. The first pour was made on one day. This pour included the specimen 

up to the level of the top of the joint. The second pour was made on the next 

day for the top column. Thus, a horizontal construction joint existed at top of 

joints. 

 

2.3.9 Description of Beam-Column Joint Specimen 



The column was reinforced with four 16mm longitudinal bars and 8mm closed 

links at 85mm center to center spacing , giving three joint links . The beam was 

reinforced with two 16mm bars on the tension side and two 12mm bars on the 

compression side . Beam links were 8mm of closed type and spaced at 130mm 

center to center . 

          EX1 specimen is used in the present study , its dimensions are shown in 

Table(6.3) and Fig.(6.4) .Material properties and additional material parameters 

of this specimen are shown in Table (6.4) .The column was first loaded to a 

predetermined value of (Nc) , prior to any beam loading , the next stage 

involved loading the beam up to ultimate load . 

 

Table (6.3) Dimensions of Sarsam’s specimens 
 

Column 

Load 

(kN) 

av 

(mm) 

Lc 

(mm) 

Column 
Beam 

Dimensions/ 
Specimens b (mm) h (mm) b (mm) h (mm) 

292.6 1422 1531 152 205 152 303 
Specimen 

EX1 

 

 

 

 

 

 

 

h

a)corner beam-column joint
2Ф16

8mm @ 130 c/c

2Ф12

b

h

b)cross-section of the beam

2Ф16

8mm @ 85 c/c
2Ф16

b

c)cross-section of the column

Fig.(6.1) Experimental corner beam-column joint specimens of Sarsam

(1983).

Not to scale



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

Table (6.4) Material properties and 

additional material parameters of 

Sarsam‟s specimen EX1 
First pour (age=92 days) 

Material properties 
Material parameters 

Modulus of elasticity , E (MPa) 35500 Tension-stiffening 

parameters : 

α 1=35 ,  α 2=0.35 

Shear-retention 

parameters : 

γ 1=25,γ2=0.5, γ 3=0.1 

Compressive strength, f’c(MPa) 56.3 

Tensile strength , f t (MPa) 4.5 

Poisson’s ratio , ν 0.2* 

Uniaxial crushing strain 0.00238 

Second pour (age=93 days) 

Material properties Material parameters 

Modulus of elasticity , E (MPa) 30600 Tension-stiffening 

parameters : 

α 1=25 ,  α 2=0.25 

Shear-retention 

parameters : 

γ 1=25,γ2=0.5, γ 3=0.1 

Compressive strength, f’c (MPa) 45.8 

Tensile strength , f t (MPa) 3.93 

Poisson’s ratio , ν 0.2* 

Uniaxial crushing strain 0.003* 

Fig. (2.2) Experimental corner beam-column joint specimens of 

Sarsam (9113 



Steel reinforcement  

Longitudinal bar Φ16 

Yo
u

n
g’

s 
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lu

s 

(M
P

a)
 

208000 

Yi
el

d
 s

tr
es

s 
(M

P
a)

 504 

Longitudinal bar Φ12 198000 507 

Stirrup bar Φ8 197000 517 

   * Assumed value 

 

2.3.6 Finite Element Idealization  

 The concrete of specimen EX1is  idealized by using 58 20-noded brick elements 

(including 1 interface element at the top level of the joint), (for half of this 

specimen) , Fig.(6.5) . To simulate the procedure of loading that occurred 

during the experimental test , the column axial load has been firstly applied in 

equal increments of  10: of the maximum column load for this specimen . Later 

,for EX1 two different sizes of increments have been used for beam loading. 

The beam was loaded initially by increments of 37.5kN up to 75: of the expected 

collapse load (40 kN) . Then reduced increments of 1.43kN each were applied 

until the failure load has been reached . Both the initial and post-cracking 

stiffness are reasonably predicted, Table (6.4). For this ordinary reinforced 

concrete beam the tension-stiffening parameters α 1 and  α 2 was set equal to 

55 and 0.5 respectively. While the shear-retention parameters γ 1,γ2 and γ 3 

was set equal to 1000.5 and 0.1 respectively. 

 

2.3.3 Analysis of EX9 Specimen (under static loads) 



 In order to analyze the specimen, the effect of the thickness of interface 

element must be examined . For EX1 specimen, numerical tests with values of 

the thickness (t) equal to 0.014mm ,0.14mm , and 1.4mm have been carried out . 

The results show that the type of failure of the specimen EX1 is beam hinging 

for the range of (0.014-0.14)mm for thickness of interface element, Fig.(6.3). A 

response stiffer than the experimental results was obtained when the 

thickness is reduced within the range , and the best fit to the experimental 

results was obtained at t=0.14mm with effective thickness of  Gaussian point of 

0.038mm  , in which the effect of nonlinearities along the loading stages is clear 

. The failure load of numerical results is 37.5kN while the failure load of 

experimental results is 36.04kN , so that the error ratio is 3.9:. In the present 

study the value of thickness of the interface element equal to 0.14mm is fixed 

for EX1 specimen, Fig.(6.5) . 

 

 

 

 

 

 

 

 

 

Fig.(2.1) Comparison between experimental and analytical 

response for different interface thickness values for EX9 
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Also Ex1 has been taken. This was made of two pours. The first pour was made 

on one day. This pour included the specimen up to the level of the top of the 

joint. The second pour was made on the next day for the top column. Thus, a 

horizontal construction joint existed at top of joints. 
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Fig.(999) Comparison between experimental and analytical 

response for t=2992mm for EX9 specimen 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

Fig.(992) Finite element discretization of half of EX9 

 

 

 

 
 

2.2.9 Finite Element Idealization   

 

 By making use of the geometric and loading symmetry, a segment, which represents one-half of the 

beam-column joint, has been used for the finite element analysis. This segment has been discretized into 

19 02-noded brick elements (including 9 interface element at the top level of the joint) . 
    The column axial load has been firstly applied in equal increments of  923 of the maximum column 

load for this specimen . Later ,four different sizes of increments have been used for beam loading. 
 As in Table (6.4). for this ordinary reinforced concrete beam the tension-

stiffening parameters α1 and  α2 were set equal to 55 and 0.5 respectively, 

while the shear-retention parameters γ1, γ2 and γ3 were set equal to 1000.5 

and 0.1 respectively. 



 

 

6.4.2 Analysis of EX1 (under cyclic loads) 

 Fig. (999) shows the numerical repeated load-beam tip deflection curve. Also the figure reveals that the 

first half-cyclic, a tri-segmental curve was usually recognized. The first segment represents the elastic-

uncracked stage of behavior. The second represents the elastic-cracked stage. While, the third stage  

represents the yielding of main reinforcment. During the sequence of half cycles, these segments will 

disappear and a smooth behavior is seen which is characterized by cracking and post-yielding stages. 
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Fig. (6.3) Numerical load-beam tip deflection behavior 

 

 

 

 

2.2.3 The Effect of Column Axial Load  

  In order to inspect the effect of column axial load on the behavior of 

construction joint, a numerical study has been carried out, one with 

experimental column axial load (Nc=242.6kN), and the other with half 

column axial load (Nc/2) for the case of construction joint at the top 

level of the beam-column joint. It can be observed from Figs.(6.10) 

and (6.11) that the shear and normal strains in the joint for Nc/2 are 

less than the strains for Nc=242.6kN  . A possible explanation of this 



feature may be the following : Higher compressive stresses (at 

Nc=242.6kN),in spite of the more intimate interlocking they secure, 

produce a shortening of the protruding asperities and subsequently 

reduce overriding resistance . This mechanism is less apparent at 

Nc/2. On the contrary , due to loss of some confinement for Nc/2, the 

response of the specimen at Nc/2 is softer than the response for 

Nc=242.6kN , Fig.(6.4) . 
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                 Fig. (2.1) Load-beam tip deflection curve  
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                   Fig. (6.10) Normal strains distribution in joint 
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                    Fig. (6.11) Shear strains distribution in joint 
 



   

 

2.2.2 The Effect of the Percentage Steel Across the Construction Joint  

 Three numerical tests have been carried out by using percentages of  steel across the construction joint 

(diameter of the bar) (99mm), (99mm), and (02mm) for the construction joint at the top level 

of the beam-column  joint, these tests occurred with the original designed specimen. From 

Fig.(9990), the deflection decreases with the increase in the steel percentage across the construction 

joint (column reinforcement) , the contribution in this result is the decreased strains in joint due to 

increase in dowel stiffness. Figs. (9993) and (9992) show the shear and normal strains in joint 

. It can be notice that these strains decrease with the increase in the steel percentage   across the 

construction joint. 
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           Fig. (6.12) Effect of diameter of crossing steel on the load-beam tip 

deflection  
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            Fig.(6.14) Normal strains distribution in joint 
 

 

 

 

2.2.1 The Effect of the Age of Concrete 

 

The age of concrete pour has an effect on the compressive strength of the 

concrete . In order to study the effect this age , two tests have been carried out 

with f'c  values equal to 45.8 , 40 MPa , Fig.(6.15). These values of strengths are 

for ages approximately equal to 63 , 38 days , respectively for the second pour, 

including the construction joint. These tests show that the higher concrete 

compressive strength  results in a slight increase in aggregate interlock 

stiffness of construction joint . 
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Fig.(2.91) effect of compressive strength on the load-beam tip 

Deflection curve for case b (construction joint at the top level of joint) 
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Fig.(2.92) Cases of construction joints of beam-column joint 

 

 

 

2.2.2 The Effect of Position of Construction Joint  

 

In order to study the effect of the position of construction joint (c.j.), a 

numerical study on four cases have been carried out, Fig.(6.16) , case 

(a) without c.j. , case (b) with c.j. at the top level of the joint , case (c) 

with c.j. at the bottom level of the joint , and case (d) with vertical c.j.. 

These cases were made of two pours (1,2) of material properties 

shown in Table (6.4) . Fig.(6.12), (6.13) and (6.14) represents load-tip 

deflection of these cases . As a result of comparison between curves , 

a soft response occurred for cases with c.j. , the response of case (c) is 

softer than the response of case (b) , and a softer response of all is 

observed for case (d) .  
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Table (992) Material properties and 

additional material parameters of 

Sarsam‟s control specimens  
First pour (1) (age =64 days) 

Material properties 
Material parameters 

Modulus of elasticity , E (MPa) 35500 Tension-stiffening 

parameters : 

α 1=35 ,  α 2=0.35 

Shear-retention 

parameters:  

γ 1=25,γ2=0.5, γ 3=0.1 

Compressive strength, f’c(MPa) 56.3 

Tensile strength , f t (MPa) 4.5 

Poisson’s ratio , ν 0.2* 

Uniaxial crushing strain 0.00238 

Second pour (2) (age =63 days) 

Material properties 
Material parameters 

Modulus of elasticity , E (MPa) 30600 
Tension-stiffening 

parameters : 

α 1=25 ,  α 2=0.25 

Shear-retention 

Compressive strength, f’c(MPa) 45.8 

Tensile strength , f t (MPa) 3.93 

Poisson’s ratio , ν 0.2* 



Uniaxial crushing strain 0.003* 
parameters: 

γ 1=25,γ2=0.5, γ 3=0.1 

 

 

 

 

 

 

 

0.00 10.00 20.00 30.00 40.00
Beam tip deflection (mm)

0.00

10.00

20.00

30.00

40.00

L
o

a
d

 (
K

N
)

Cases of the position of

construction joint

Case (a)

Case (b)

 

 

Fig.(2.91) Load-beam tip deflection for cases a and b of  

Construction joints 
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Fig. (2.91) Load-beam tip deflection for cases b and c of  

Construction joints 
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Fig.(9991) Load-Beam tip deflection for cases c and d of 
Construction joint 

 

CHAPTER SEVEN 

CONCLUSIONS AND RECOMMENDATIONS 

 

 

1.9 Conclusions . 

The following conclusions can be drawn from the present study : 

 

9. A good assessment can be 

obtained for the behavior of corner 

beam-column joints by using the 



developed program of the current 

study  (DPACJ) and is suitable to 

predict the behavior of reinforced 

concrete under cyclic and repeated 

loads . 
2. The performance of the interface element , used in this study to model the 

shear transfer between two concerts cast in different times , is quite good. 

3. A stiff response can be obtained with decrease the thickness of the    interface 

element. 

4. The response of a specimen can be expected within a certain range of thickness of interface 

element. This range depend on the finite element mesh , nonlinear behavior of material , and 

the combination of stresses.    

5. The construction joint would affect only on the joint. On the other hand, the mode of 

failure for the corner beam-column joint in this study is beam hinging, this type of failure 

conforms with the design requirements. 

6. The presence of column axial load would decrease the aggregate 

interlock stiffness. However, it secures a good confinement for the 

beam ,and so as the result of increase it . 
2.The increased of steel percentage across the construction joint would decrease the strains in 

joint. Consequently, a slightly decrease of deflection occurred.    

 

 

 

 



1.6 Recommendations . 

 

1.The extension of the present work to consider bond-slip effects between     

concrete and steel bars, at that time the material parameters may be varied. 

2.Analysis fibrous reinforced concrete beam-column joint under cyclic load by 

using finite element model.   

3.Detailed numerical tests on interior beam-column joints are required . 

4.Time dependent effects are needed to be incorporated in this study . These 

effects include concrete shrinkage , creep , and aging of concrete. 

5.Modification and extension of the present work may be done to investigate 

dynamic behavior of the beam-column joints . 

6.Study the effect of construction joints at beam-column junctions in the multi 

story buildings. 
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