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ABSTRACT

In the present study, a theoretical non-linear analysis of driven piles
subjected to different types of static loading is presented. Finite element
method is used. The study includes two parts, static analysis and free vibration

analysis.

In the static analysis, the load-deflection relations are obtained by using

an incremental-iterative technique based on Newton-Raphson (N-R) methods
for iteration process. Exact stiffness matrix for prismatic pile elements under
moment as well as axial force and lateral force is derived in the present study.
Two types of springs represent the soil effect frictional and lateral. Geometric
nonlinearity is also included in the derived stiffness matrix. In free vibration
analysis, the inverse iteration method was used. System mass matrix has been
represented by using both of consistent and lumped models. Test is carried out

in the present study in order to find the natural frequency experimentally.

In the present study, a computer program of (Al-Bidairi) is modified in

Quick Basic £.° language to deal with the considered problem. This program is
used to analyze several cases of piles those where tested theoretically and
experimentally by others. Consequently, it is that average difference in results

is (1.) %) for static analysis and (.°%) for free vibration analysis.

As a result of this investigation, several conclusions are obtained. One of
these conclusions, that the lateral soil stiffness may increase the failure load of

the pile under vertical load to about (V.¢%) for sand.
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CHAPTER ONE

INTRODUCTION

-\ GENERAL

Soil-structure interaction is an important topic in the development of a
performance based design procedure. With the rapid advances of computing
technology, finite element analysis is assuming as a more important method in
engineering practice. The advantage of the finite element analysis lies in its
ability to accommodate complex soil stratigraphy and its potential for solving
three-dimensional soil-structure interaction problems. However, to be
successfully it is used in practical design; the soil model should be simple and
can be easily calibrated by conventional field or lab testing. On the other hand,
the model should be able to realistically capture the most important aspects of

soil-structure nonlinearities [V].

Piles can be defined as slender foundation i.e. having relatively small
cross sectional dimensions with respect to their length .The most important

function of the piles is to transmit loads to a deep soil layer which has the
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required bearing capacity. There are several cases when pile represents the

most economic a structural solution from which [Y]:

a- A soil layers having a reliable bearing capacity can be found at a great depth

only.

b- The layers immediately beneath the structure can be washed out, scours

may occur.

c- For construction where the superstructure transmits great concentrated

loads to the foundation.

d- For structures transmitting unusually high vertical and /or horizontal loads.
e- For structures which are very sensitive to unequal settlements.

f- For offshore constructions.

g- For sites with a high ground water table.

'Y NON LINEAR BEHAVIOR OF STRUCTURES

The behavior of a deep foundation depends on a set of complex factors

such as the nonlinear constitutive behavior of soils including the effect of pore
water pressure, soil pile-superstructure interaction including slip and
separation at the pile-soil interface, characteristics of the loading,
superstructure compliance ...etc. When the amplitude of loading is large, most
of these factors control the behavior. Accuracy and reliability of the predicted
behavior depend not only on the analysis method employed, but also on the

accuracy with which the model parameters (or soil properties) are determined.
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However the non linear behavior of a body or a structure occurs in two
different forms. The first is material or physical nonlinearity which results
from the nonlinear stress-strain relations and in which only small
displacements and small strains are considered .The second is the geometric
nonlinearity which results from the nonlinear strain —displacement relations
and when the large displacements are considered .In the present study, only

the geometrical nonlinearity will be considered.

In comparison with a linear problem, that has a constant stiffness
matrix, the stiffness matrix of the geometrically nonlinear problem contains
terms that are nonlinear functions of the deformations of the structure, and

this matrix is called the tangent stiffness matrix [Y].

\-¥ DYNAMIC ANALYSIS OF PILES

All real physical structures, when subjected to loads or displacements,
dynamically. The additional inertia forces, from Newton’s second law, behave
the mass times the acceleration. If the loads or displacements are are equal to
slowly then the inertia forces can be neglected and a static load applied very
justified. Hence, static analysis is a simple extension of dynamic analysis can be

analysis.

In addition, all real structures potentially have an infinite number of
displacements. Therefore, the most critical phase of a structural analysis is to
model, with a finite number of massless members and a create a computer
displacements that will simulate the behavior of finite number of node (joint)

structural system, which can be accurately the real structure. The mass of a
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for linear elastic structures the estimated, is lumped at the nodes. Also,
experimental data, can be stiffness properties of the members, with the aid of
the dynamic approximated with a high degree of confidence. However,
conditions loading, energy dissipation properties and boundary (foundation)
cases of for many structures are difficult to estimate. This is always true for the

seismic input or wind loads.

The dynamic analysis of linear elements with distributed mass, such as a
pile, rod, shaft, beam or beam-column have been extensively investigated over

the past decades.

The dynamic loads on piles may act due to construction operations (pile
driving),operation of reciprocating and rotary machines and hammer
,earthquakes, loading due to wave action of water, bomb blasts, fast moving
traffic, or loading due to wind. The nature of each of these loads is quite

different from the nature of the loads in the other cases [Y].

The present study deals with the free vibration analysis to determine the

fundamental natural frequency.

\~¢ FINITE ELEMENT ANALYSIS OF PILES.

The finite element method is a numerical procedure for obtaining
solutions to a large number of the problems encountered in engineering
analysis .It has two primary subdivisions. The first utilizes discrete elements to

obtain the joint displacements and a member of forces of a structural
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framework. The second uses the continuum elements to obtain approximate

solutions to heat transfer, fluid mechanics and solid mechanics problems.

The finite element method combines several mathematical concepts and

may include a system of linear or non linear equations .The number of
equations is usually very large, may be from Yto Y+,*** or more and requires
the computational power of the digital computer .The method has a little

practical value if a computer is not a available[ ¢ ].

\-¢ AIMS AND SCOPE:

In heartland and the south of Iraq, the soil layers consist the
sedimentation layers with low bearing capacity in addition to the high water
table. Piles represent the most economic structural solution for this problem

for large structures such as multistory buildings, bridges and water tanks...etc.
The main aims of the present work are as follows:

V-Derive an exact stiffness matrix and mass matrix for prismatic pile
element subjected to moment, horizontal load and vertical load, including

the geometric nonlinearity.

Y- Fabricate a model to test the natural frequency experimentally.
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Y-Present a comprehensive study about the geometrically nonlinear finite
element analysis of pile under different kinds of static and free vibration

analysis.

¢-Study the effect of soil properties on the structural behavior.

The thesis includes seven chapters: the present chapter is an

introductory one. Chapter two is concerned with literature review. Chapter
three includes formulation and derivation of stiffness and mass matrices
related to the finite element method. Chapter four contains computational
techniques and numerical solutions. Chapter five introduces the experimental

test to find the natural frequency.

In chapter six, several application, and verifications of the adopted

method of analysis are presented.

Finally, in chapter seven the conclusions and the recommendations are

written.

CHAPTER TWO

LITERATURE REVIEW




1 References

This review covers two kinds of literatures; the first one includes the
development and the methods in studying the analysis of pile and the second

shows the studies about beam —column on elastic foundation.

Y-\ PILE ANALYSIS RESEARCHES:

Rausche et.al. (Y44 Y) [] investigated the dynamic soil resistance on pile and
presented a pure analysis program for the prediction of pile stresses and blow
counts of a pile driven by an impact hammer. The GRLWEAP software was
shown to produce good simulations of hammer and pile behavior .For accurate
predictions, a good knowledge of both the static and dynamic soil resistance

behavior must also exist.

The commonly used wave equation program (GRLWEAP is based on the
earlier introduced WEAP program [Goble, Rausche Y4VY1]) offers several

options for soil damping calculation.

The paper investigates various damping models and compares results. It
compares GRLWEAP calculated force —velocity histories and evaluates the

sensitivity of the bearing graph results relative to the various damping models.

Paikowsky et.al (Y44 ¢) [V] worked out a dynamic analysis of plugged pipe pile
in clay. A new approach was investigated in witch the spatial stress
transformation within the soil plug was modeled using an axi-symmetric wave
propagation formulation .A two-dimensional finite difference solution was
developed for that formulation .This numerical solution was implemented in a
computer program called PWAR(plug wave analysis program), a case study was
then used to examine the applicability of the solution and to determine if the

static capacity of the pile could be predicted more accurately. The PWAP
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analysis was performed on a pipe pile driven in empire clay using dynamic

records taken from a well documented case study.

Radulescu et.al (Y 441) [A] studied pile foundation design conditions for two
fixed coupled offshore structures on the Romanian Black Sea continental
platform. This paper described the design conditions for a special offshore
platform operating on the Romanian Black Sea continental plateau. This
offshore platform consists of two fixed jackets connected at the operating
level. One of these jackets has been built few years ago, the design of its four -

pile foundation representing, for the time being, a current work.

In order to fully use the existing facilities and to better exploit the oil deposit it

has been decided to joint a new jacket to the first one.

The results of the checking of the piles belonging to the existing jacket under
the new load conditions and of the sizing of the piles of the added jacket are

presented.

Daniel et.al (Y 44A) [ +] performed soil-pile-superstructure interaction in
liquefying sand and soft clay this dissertation describes the results of a study
on the dynamic response of pile foundations in liquefying sand and soft clay
during strong shaking. The research consisted of: (1) a series of dynamic
centrifuge tests of pile supported structures; (Y) a critical study of modeling
techniques and limitations; (V) back-calculation of p-y behavior; and (¢)

comparison of pseudo-static analyses to the dynamic centrifuge model tests.

These dynamic model tests were among the first performed using the new

shaking table on the 4 m radius centrifuge at UC Davis. The results of the
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modeling study presented here will benefit other current and future projects

utilizing the large centrifuge.

Lee et.al (Y444%) [Y ] performed numerical analysis of a piled foundation in
idealised granular material. The first part of this research is aimed at modeling
the basic case of a pile in a granular material. In this study, the pile was
assumed to be an end bearing pile, not a friction pile. The slip elements were,
therefore, applied around the pile in the numerical analysis using Crisp. The
numerical analysis was carried out in order to compare the displacement
patterns and failure mechanisms in terms of strain fields with the laboratory
YD pile load test using a photogrammetry technique. The new Mohr-Coulomb
soil model based on linear elastic perfectly plastic model was used to introduce
the dilation effect into this idealized granular material. In connection with the
new Mohr-Coulomb soil model, all parameters were assumed. Stiffness and
dilation angle were then changed to approach the real experimental behavior

of this idealized material.

Jamaaet.al (Y« +)[) Y] introduced a method for three dimensional
interaction analysis of pile —soil system in time domain. They presented a new
numerical approach to analyze the pile-soil interaction system taking into
account the effects of the behavior of the soil at infinity and at the same time
accounting for the non-linearity exists in the soil adjacent to the pile. Hence, it
is a time domain analysis. It is an accurate and efficient approach to analyze
the pile —soil system tacking into account the presence of near-pile
nonlinearities and in the same time considering the effects of soil behavior at

infinity.
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Rausche et.al (Y * +) [ ¥] presented combining pile design and dynamic
installation analysis. This procedure requires soil resistance vs. depth input
which thus far had to be pre calculated in a separate analysis either manually
or using another computer program. The program has been expanded to
include this pre-analysis .This paper presented the method itself, its correlation
with static tests and another similar method. It also briefly discussed
limitations and special consideration that make this method somewhat
different from other static pile analysis formulas. In this program the analysis
deals with pile element without considering the geometric non-linearity.
However, for meaningful results, this so-called drivability analysis requires a

much more detailed soil parameter input than the original approach.

Yang et.al (Y« +)[Y1] Presented the numerical analysis of pile behavior under
lateral loads in layered elastic-plastic soils. That paper represented results from
a finite element study on the behavior of a single pile in elastic-plastic soils.
The pile behavior in uniform sand and clay soils as well as cases with sand layer
in clay deposit and clay layer in sand deposit were analyzed and cross
compared to investigate layering effects. . Finite element results were used to
generate p - y curves and then compared with those obtained from methods
commonly used in practice. Based on the results presented, it is concluded that
three dimensional finite element analysis using very simple elastic-plastic soil

models can predict the pile head defection with a very good accuracy.
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Figure Y-Y: Mesh of Single Pile Model, Side View and Top Eight Layers of Finite Elements as

Yang and Jeremic Represent Their Model

Khodair et.al (Y + V) [ £] Introduced the analysis of pile soil interaction and
presented a YD finite element (FE) model of the Scotch Road integral abutment
bridge located in Trenton, New Jersey. The bridge has been instrumented
during construction, and experimental data that are used to verify the FE
model. Herein, the model has been used to study the substructure, which
consists of an integral abutment supported by a single row of piles. The
behavior of piles has been studied extensively using both laboratory tests and

theoretical studies.
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Rausche (Y* * ¥Y) [ ®] introduced modeling of the pile driving. This paper
summarizes current analytical method and explains how wave equation
analysis can be used in a manner comparable to the analysis of impact driven
piles. Hommer and soil modeling details are discussed with a few examples
demonstrate capabilities and limitation of methods and for the wave equation
approach sensitivity of results to important soil resistance parameter. The
wave equation approach offers a rational means of analysis over a wide range
of hammer frequencies and a simple approach to representing soil resistance

forces.

Alwash (Y« ¥) [Y] introduced the structural behavior of pile during driving. In
this research, the analysis of the pile driving problem is performed by using
finite element method. Two models for idealized the pile —soil system were
adopted. The first one is the lumped spring model. In this model the pile is
represent by a series of truss element while the soil is idealized by frictional
springs lumped at the nodes and bearing spring connected to the last node.
The other model is the consistent spring model. In this model the frictional soil
springs are distributed uniformly along the elements of the pile that embedded
into soil to form pile element. Newmark method is used to show the time

dependent dynamic problem.

Jeonget.al (Y+Y) ['V] studied simplified YD analysis of laterally loaded pile
groups and presented a simple and concise algorithm to analyze laterally

loaded three-dimensional pile groups which proposed by considering both pile-
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soil-pile and pile-cap interactions. Beam-column method, one of the most
practical approaches, was used for numerical modeling of the pile-soil-pile
system. The nonlinear characteristics of the pile soil- pile interaction are
modeled by discrete nonlinear load transfer curves, which account for the
group interaction effects (p-multiplier concept). In addition to the pile-soil-pile
interaction, an analytical method is developed to consider the group effect
that comes from the pile-cap interaction including geometric configuration of

the piles in a group and connectivity conditions between piles and the cap.

Zhang et.al (Y * ¥Y) [YA] presented a Nonlinear Dynamic single pile-soil
interaction analysis, This paper presented a method to take into account the
effects of Nonlinearities due to both strain-induced and pore water pressure
induced softening which are important aspects in dynamic pile-soil
interaction. While the model of beam on Winkler foundation is widely used for
its analysis, the above nonlinearities have not yet been satisfactorily

represented.

In which soil response is expressed in terms of multiple steady state
modal shape functions. By using adequate number of these steady-state shape

functions, the time-domain response can be captured.

Choi et.al (Y * ¥)[Y4] performed the finite element analysis of pile-porous
media Interaction presented the elasto-plastic bounding surface constitutive
model with damage evolution as a property of cohesive soil is proposed and
described as incremental relations between the changes of effective stress and
strain of the soil. Finite element spatial discritization, time integration,

implementation of the model and the iterative procedures for solving the
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nonlinear incremental formulation are described. From the finite element code
developed as u-p-U form, based on the porous media theory and bounding
surface plasticity, the pile-soil interactive behavior is simulated during pile
driving, consolidation, and subsequent loading. The numerically simulated

results are compared with high quality field and experimental data.

P’ersio et.al (Y+*¥) [Y ] performed dynamic axial response of single piles
embedded in transversely isotropic media. In this research, the response of
piles with circular section embedded in transversely isotropic half spaces to
time harmonic axial loads is analyzed. The pile is modeled by the finite element
technique as a series of bar elements. The soil is modeled by an indirect
formulation of the Boundary Element Method. The BEM formulation uses
influence functions which are displacements and stresses due to loads
distributed along circular and cylindrical surfaces inside a transversely isotropic

elastic half space.

i
s}
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Figure Y-Y :P"ersio and Barros' Model

This approach has two main advantages: only the soil-pile interface

needs discretization and the load sources can be applied directly along the true
pile surface. The coupling between the two models is set at the middle point of
the bar elements, rather than at the end points. This leads to a much more
stable numeric solution and to a smoother load transfer profile. The results for
the isotropic case are compared with numerical values obtained by other

researchers. The influence of the soil anisotropy is addressed.

Rausche et.al (Y +¥) [Y Y] studied the dynamic determination of the pile
capacity with a presentation for determining the axial static pile capacity from
dynamic measurements of force and acceleration made under the impact (if a
large hammer). The basic equation for calculation of the force resisting pile
penetration is derived. The limitations of the basic resistance equation are
discussed. It is possible to prove that the Case Pile Wave Analysis Program
(CAPWAP) resistance force distribution is unique. Using the assumption that
the resistance to penetration can be divided into static and dynamic parts, an
expression is developed for calculating the dynamic resistance to penetration.
The resulting method requires the selection of a “damping” constant which is
shown empirically, to relate to soil size distribution .A correlation of the case
method capacity and the capacity observed in static load test is given for 14

statically tested piles that were also tested dynamically.
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Maharaj et.al (Y + ¥) [YY] introduced the effect of raft size and pile length on
load-settlement behavior of ax symmetric piled raft foundation. The nonlinear
finite element analyses have been done to see the effect of raft size and pile

length on the load settlement behavior of ax symmetric piled raft foundation.

Analyses have been done by NLAXIFEM-Nonlinear ax symmetric finite element
software. The piles in the piled raft foundation have been represented as an
equivalent annulus of same volume. The raft, pile and soil have been
discretized into four nodded isoperimetric finite elements. The soil has been
modeled as Von Mises elastoplastic medium. The load carrying capacity of raft

foundation is found to increase with an increase in the size of the raft.

Wang et.al (Y * £) [V] discussed numerical analysis of piles in elasto-plastic
soils under axial loading. A finite element model was developed to simulate
nonlinear response of pile /drilled piers under axial loading. The nonlinear
stress-strain behaviors of soils are modeled via Drucker-Prager and von Mises
type plasticity. A parametric study is carried out to address the influence of
various factors, such as soil friction approximation, effect of interface element
and shear strength profile ...etc. on the prediction of pile behavior in elasto -
plastic soils and key issues in the simulation are critically reviewed. Soil-
structure interaction is an important topic in the development of a

performance based design procedure.

Miyamoto et.al (Y« + £) [Y®] studied Seismic design of a structure supported
on pile foundation considering dynamic soil- structure interaction In this paper

the pile foundation responses were clarified by experimental studies using
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ground motions induced by large-scale mining blasts and nonlinear analyses of

soil-pile foundation-superstructure system.

Nonlinear responses of the soil-pile structure system were obtained for various

levels of liquefaction in the test pit.

The vibration test method employed in this research was found to be very
useful and effective for investigating the dynamic behavior of large model

structures under severe ground motions.

Wang et.al (Y +2) [Y1] introduce the nonlinear analysis of drilled piers under
dynamic and static axial loading, This paper presented the results of numerical
simulation of a series of static and dynamic tests on drilled piers. It
implemented a nonlinear soil model based on multi-axial cyclic bounding

surface plasticity within a general finite element.

The model requires a minimal number of parameters that can be easily
obtained through conventional site investigations. The results of the
simulations show that the model can reasonably capture modulus reduction
and hysteretic damping, the nonlinear response of the soil, and the model is
suitable for fully nonlinear analysis of soil-pile system under multi-directional

shaking.

Blfitlisre
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Figure Y-¢ Foundation soil structure system used by Wang and Sitar.

Ramachandran (Y + ©) [YV] discussed analysis of pile foundations under
seismic loading. This research studies the interaction between piles in pile
groups accounting for soil nonlinearity and pile-soil gapping effects. A YD finite

element analysis is used in this research.
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Y=Y BEAM-COLUMN ANALYSIS RESEARCHES:

Sirosh et.al (Y3A4) [®] introduced a general finite element for beam —columns
on elastic foundation and presented the analysis of beam on elastic foundation
under large axial compressive or tensile force. The reduction or increase in
bending stiffness of beam in case of large compressive or tensile force are
presented, which is sometime referred to as the beam —column or the P-Delta
effect, and it may be treated by a linear analysis if the magnitude of the axial
force is assumed to remain constant during bending. This assumption is
adopted here to derive the stiffness matrix and equivalent nodal loads of

individual members.

A general finite element is derived for beam or beam -column with or
without a continuous Winkler type elastic foundation. The need to discretize
members to shorter elements for convergence towards an exact solution is
eliminated by employing in the derivation of the element exact shape

functions obtained from the equation of the elastic line.

Aristizabal et.al (Y 44V) [%] studied classical stability of beam columns with

semi rigid connections on elastic foundation, this study explains The stability
analysis of beam-columns under compressive end loads with end sides ways
uninhibited, partially inhibited, and totally inhibited, including the effects of
semi rigid connections and a uniformly distributed lateral elastic foundation

(Winkler's type) along its entire span is presented in a classical manner.
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Figure Y-1: Model of Aristizabal and Ochoa

The stability analysis consists of an eigen-value solution to a ¢x¢ matrix

for a column with end side sway uninhibited or partially inhibited at both ends,
and to a YxY matrix for column with end side sway inhibited at one or both
ends, respectively. The effects of end lateral bracing at one or both ends of the

beam-column on its buckling load are presented and analyzed.

Al Khafaji (Y+ +¥)[Y)]introduced a Large displacement and a post —bulking
analysis of plane steel structures with non-prismatic members resting on
elastic foundation. This thesis presents analysis adopts the beam-column
approach and models the structure’s elements as a beam-column elements.
The formulation of the beam-column elements are based on the Eulerian
approach, taking into account the influence of axial force on the bedding
stiffness. Also, changes in the member chord length due to axial deformation

and flexural bowing are taken in to account.
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Brandenberg et.al (Y« +¢) [Y¢] studied Open Sees Beam on Nonlinear Winkler
Foundation Modeling of Pile Groups in Liquefied and Laterally Spreading
Ground in Centrifuge Tests. This paper presented the beam on nonlinear
Winkler foundation (BNWF) analyses of pile groups in liquefied and laterally
spreading ground were performed by using the Open Source for Earthquake
Engineering Simulation (Open Sees). Piles were modeled using elastic beam-

column elements.

¥-¥ THE SUMMARY

The nonlinear finite element analysis of piles driven into elastic soil and
subjected to vertical as well as lateral loads, including the geometric
nonlinearity is not considered in the available literature review and will be

presented in the present study. Also, free vibration analysis of such piles is

considered in this research.

CHAPTER THREE

THEORY AND DERIVATION

Y-\ INTRODUCTION

In this chapter, a theoretical basis for the analysis of piles subjected to static
and dynamic loads is included. The pile is assumed to carry vertical load as well

as transverse loads. At this chapter, Winkler model is adopted to present the
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analytical model of the elastic foundation and in the finite element approach
.The chapter deals also with the derivation of tangent stiffness matrix .The
nonlinear stiffness matrix of the considered pile element is composed of the
beam-column on elastic foundation element derived in the present study and
that of the pile element under axial force derived by Alwash. The derivation of
stiffness matrix of the beam —column on elastic foundation is presented in this
study. Also the derivation of the mass matrix for the beam —column on elastic

foundation is also presented.

¥-Y WINKLER MODEL

The sugared reaction model of the soil behavior was originally proposed by
Winkler (YA1Y); characterizes the soil as a series of unconnected linearly elastic
springs. The deflection at any point (or any spring) occurs only where loading
exists at that point. The obvious disadvantage of this soil model is the lack of
continuity. Real soil at least to some extent is continuous. A further
disadvantage is that the spring modulus of the model (modulus of subgarde
reaction) is dependent on the size of foundation. In spite of these drawbacks,
the subgarde reaction approach has been widely employed in foundation
practice because it provides a relatively simple means of analysis and enables
factors, such as non-linearity, variation of soil stiffness with depth and layering
of the soil profile to be taken into account. Soil configuration can be presented
by using two types of subgarde reaction modulus along the foundation length,

the normal and the tangential.

The normal sugared reaction modulus is defined as the load required to acting
normally on a unit area of the elastic foundation to produce a unit normal

displacement. The tangential subgarde reaction modulus is defined as the load
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required to acting tangentially on a unit area of elastic foundation to produce a

unit horizontal displacement.
¥.¥ STATIC ANALYSIS

The stiffness matrix for beam on elastic foundation including the geometric
nonlinearity is presented in this chapter. Then, the stiffness matrix of axial pile
is combined with beam-column on elastic foundation matrix in order to find

the final pile stiffness matrix under any type of loading.
¥-¥-\ FINITE ELEMENT APPROACH

In this approach, the tangential incremental stiffness matrix in Lagrangian
coordinates system has been derived by using the principle of stationary

potential energy which leads finally to the expression [Chajes and Churchill

VAAV]:
[Kil{AX}= {AP} (YY)

Where [Ki] is the incremental stiffness matrix that relates the incremental

displacements {AX} to the corresponding incremental element forces {AP}.

The incremental stiffness matrix in equation (¥-)) consists of the sum of four

distinct matrices [V +], that is:

(") K= Kol [kpT+ == KT+ 2= K]

in which
[k.] = conventional linear stiffness matrix.

[K,] = initial stress matrix, which is linear function of the axial force presented

at beginning of the incremental steps.
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[Ky] and [K+] = nonlinear stiffness matrices and quadratic functions of the

incremental element displacements respectively.

In some instances the nonlinear effects due to the change in element force and
displacement occurring during the incremental step are very small compared
with the nonlinear effects of the forces and deformations that exist at the
beginning of the step. When this is the case, [K\] and [K+] can be neglected and

the stiffness matrix takes the form:

[Ki] = [K.] + [K] (V%)

Since this stiffness matrix, [ki], depends only on the internal forces and
deformations existing at the beginning of the load step, it is commonly

referred to as the tangent stiffness matrix, [K;].
¥-¥-Y FORMULATION OF STIFFNESS MATRIX:

According to castigliano’s first theorem, for an element having strain energy U,

the force F exists at node i where the nodal degree of freedom e presents is:

(v-z)pi:ﬂ

8ei

Castigliano’s second theorem indicated that the stiffness coefficient K;; of such

element is (j is the other node on element):

. 2
(V_D)Kijzﬁz 0"
aej aeiaej
The strain energy for flexural element is:
El d2y

|
(v-1u == E2dx
(I)2 dx2



v:

if El is constant then equation(Y-7) becomes:

By differentiation with respect to e;:

Then, differentiation with respect to e;:

1)

Now:

y=a, f(x)\+av f(x)y +ar f(x)r +arf(x):

1)

Applying the boundary conditions that:

atx=+ then vy=y;, y=6

atx=I| then y=y;, y =6

References
| 42
(r-v)u =2 820
2 0 dx
ou oy
Y_A =
(7-A) 7o EIlY
2 2.
(Y- oY —EIf(y oy ay o )
aeic’iej oe; aej aeJ
(T-)+)
f(x)
f(x)
(v-yz[al a2 3.3 a4 f(X)g
f(x),

("-YV)y =[a}{z(x)}
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("-Y7) e} = [Rfa}
(") {a)=[R]™ e}

Let [R]"1=[G] (v-e)

(V-)1). y = [z(0][Gle}
(*-WV)y =[Z (][GHe}

is linear function of (e) then ”Since y

o’y _
éeiée-

(3-18)

Substitute from equation (3-18) in equation (3-8) then

2 [P
(319)K; =29 g XY 4
1 aelaej anl 8ej

o .
(3-[K] = EI j{%}m[%‘ dx
0 1x4

20)

Then, in a detailed matrix form:
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8y"
ael

loey |loy" o oy oy
(B-K-E{ 2 Y YN Y g
oloy || 981 Oy deg Oey
8e§
oy
oey

21)

to find Yy
oe:

(3-22)y" | Z'00 [ee)

(3-23)y" - [eJo]T ')

(7Y f){?—;} 1ol |
(3-25){%} -6 o
4x1

x| [
g L

Sub Eq (3-26) and Eq (3-25) in Eq (3-21):

(3-[K]=ElI Ij[c;]t .{Z"(x)}LZ"(x)J.[G]dX
0

27)
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[G] is constant

(3- - [K] = EI[G]! IJ{Z"(X)}{Z"(X)J.dx.[G]
0
28)

¥-¥.¥ DERIVATION OF STIFFNESS MATRIX FOR THE BEAM ~ COLUMN
ELEMENT ON ELASTIC FOUNDATION.

A beam column of length L, cross section area A and modulus of elasticity E
and x is the distance from beam head, is laying on soil having a variable side
resistance spring constant K. If a static axial load P, lateral load 'P (where n is

>+) and moment M are applied at first end.

MC—P—» ——————— M%‘T&I,ﬁ[dfp
BEEEEEEE el

¥

Fig (3-1) beam on elastic foundation with applied loads

The differential equation of the beam-column on the elastic foundation based
on the principle of minimum potential energy (Aristizabal and Ochoa (Y4 4V))
is:

d4y

2
(r-ya)g 4y pdy

—+k.y=0
d*x  d°x Y

By solve the Eq.(Y-Y4) :

(Y-¥)Elm* +Pm? +k, =0
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PYI Py k
F_Y _+ | PP} K
(T-7)my 2.4 \/ZEI [2E|j El

y=AeM1X +B ¢M2X +C ¢M3X +DeMyX (Y-7Y)

Where A, B, C and D are constants determined from the boundary conditions.

The solution of the differential equation (Y-YY) as Aristizabal and Ochoa

mentioned at their paper:

For 0<P< /kSEI:

(Y-y= (Ae‘xX +Be” O‘chosBx +(Ceax + De_axjsin BX

vY)

And for P> /ks El :

(Y-y=A cosyx+Bcosex + C sinyx + D sin gx
v'¢)

Where

kg P
=W 25 Yoy
P=\ae " 2m (-7
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This solution depends on three assumptions:

V-The pile material is homogenous, therefore the modulus of elasticity is

constant.

Y-The stiffness of elastic foundation is constant (linear) along the length of

Beam-column element.

Y-The axial load is constant.

Y«f«¢ TANGENT MATRIX FOR 0<P< [k El:
A
_ — B
y(x)z[eaxcosﬁx e~ cospx e sinpx e axsinﬁx} c =[z(x)Jfa}

D
(*-¥4)

To find O derive equation (Y-Y¢) with respect to x:

y' = A(ae“x cospx  pe™™ sin ij + B(-ae'ax cosBx +Be * sin ij
(\‘_

+C(ae°‘x sinpx +pe*™ cosBx)+D(Be'°‘X cospx ae *¥ sian)
¢ ~)

Apply boundary conditions:

o)

V) \ 4

Fig (3-2) beam-column Deformations
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Atx=*, v=vy, 0=06;
Atx=Il, v=v,, 0=0,
Substitute into equations (Y-Y¢) and (Y-¢+)
(Y-8Y) v, =A+B
0, =Aa Ba+Cp+Dp (Y-£Y)

(Y-v, :(Ae"‘I +Be 0")cos[?il+(Ce°‘I +De 0")sinBI
£Y)

62=A(aea|cosﬁl Bealsin[}lj+8( ae *lcospl pe 0‘Isinﬁl)
+C(ae“|sin[3|+[3e°‘|cosBIj+D(Be ol eospl ae 0‘Isin[?)lj

(T-£¢)

in matrices form:

1 1 0 0
o —0 B B A V1
al —al al_; —al_; B 0,
=| e cospl e ~ cosPl e sin Bl e sinpl (Y-
_ _ Vv
ae®lcospl—- —ae *cospi— ae®lsinpr+ pe ! cospl- g 62
ol .. —al _. al —al . 2
pe” sinpl Be sin B Be” cosPl ae sin B

£o)



1 1 0
o —a B
[R]= e%lcos pi e *lcospl e%sin pi e~ %sin pI
ae®!cospl— —ae *lcospi— we®!sinpr+ pe ! cospl-
_BealsinBI Be_alsinBI BealcosBI
(V-i'l)
Gll G12 G13 Gl14
G21 G22 G23 G24 5
[G]= =[R]
G3l G32 G33 G334
G4l G42 G43 G444
i\/)
where
2
(*-G11=2¢
i/\)
(Y-G21=
i"\)

o\)

1)

ae” sin Bl

References

(V-

sin 2 Bl - Bze_ 20l 20.Bsin pcospl + BZ

302sin2 pl_p2e2! _p2e— 201, g2

—2Bsin BlcosPl + 2a.sin 2 Bl

(Y-G31=

B2 cosplie™ * —e®y _ apsinpie= ¢ + ey

302sin2 pl_p2e2ol _pZg—20l | 552

—Bsinpl(e” ol —eo‘l)

(Y-Ga1=

302sin2 pl_p2e2! _p2e— 20l , g2



o\’)

oY‘)

oi)

OO)

o‘l)

o\/)

o/\)

ey References

_ 2apsin Blcospl + 2a.2 sin2 pl + p2 — p2e2

(T'G].Z =
302 sin? pI - p2e2 _p2e=2al , 752
(*-G22 = —2asin? pl
30,2 sin 2 Bl _BZeZOLI —Bze_ 20l 2l32
(Y-G32= —p2 cosplie”* —e*) + apsinpie” ! +e*)
302 sin2 pl— p2e2cl _p2e—20l | 52
(Y-G42 = psin pie” ! —e®)

ape” 2% _ 262 sin Blcospl + of(sin2 Bl —cos? Bl)

(Y-G13=

—2asinBlcospl—pe 2 1 g
302 sin2 pl— p2e2o _ 2= 201 | 552

(Y-G23=

2a.2e™ Hsin I+ apcosple™ —e~ )y 4 g2 sinpie~H —eo)

(Y-G33=
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—peosplEe™ —e )+ 20sinple ™

(Y-G43=

o‘\)

202 sin Blcospl — ape® + ap(cos? Bl +sin 2 pl)
302 sin2pl—p2e2 _p2e— 200 | 552

(Y-Gl4=

1)

2a.sin Blcospl + B — pel
302sin2pl—p2e2d _ 2201 52

(Y-G24 =

)

2026 sin p1— g2 sinpl(e™ M — ey — o pcosple™ ! e

(Y-G34=

1Y)

—2ae sin Bl +pcospl(e® —e~

(Y-G44 =

1Y)

To get [Z2"] differentiate equation (Y-£ +) with respect to x:

y”’ =AK- aBeaX sin[3x+oL2e°LX cosBx)—(BzeaX COSBX+aBeaX sinﬁxﬂ
+ Bﬁaﬁe'ax sian+a2e'ax cosﬁxj—(ﬁze'ax cospx — ape” % sinﬁxﬂ

+CHaBe°‘X cosp x + 0. 2e®® sianj+(—B2e°‘X sinBx + ape ** cosp xﬂ

+ D[(—Bze'“x sinp x — afe cosBx)—(Bae'“X cosp X — a2e X sian)]

(Y-1¢)



or y'= A(a1)+ B(a2)+ C(a3)+ D(a4)

10)

£

(*‘-(}){z"(x)} " 0] dx

Then find
)
| .
(v-j172
0|23
ay
%)
ajay
(Y- apdy
ol 23%1
a4a1
TA)

where

487
azas
azay
a4a2

4,43
ajas
azas
a4a3

| ajay
dna
%27

a4a1

a1a4
a2a4
a3a4
a4a4

i

4
aq 'bl

ay

d8p
asas
azay
a4a2

dx =

References

(Y-

a, ag a4]dx

4,43
ajay
aza3
a4a3

1 z2
z2 75
z3 26
z4 z7

a1a4
dnad

224 | 4
a3a4
ah8y

z3 z4
26 z7
z8 29
z9 z10
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¢0o

(“2 ‘BZJZ 22|,

2

ae

2al

2

BZ

2al

2al
cos2pl +

20|

) e
sin 21 —
P 2

sin2pl ———
262

5 cosZBl+2—1B}

J

22

2
(Y-z2= w—zaz B2 |1

—+

(Y-19)

{0

s

2)2 |
: +2a2 [32 .SIHZBI

2B

v\)
2
QZ—BZ 201 20l
23— ( j 2022 || — 1| %8 Ginopi— & cos2ple
2 [1+°‘2] 252 2B 2B
(r- P -
2al 201
2 a2 1 a . a
+|2aB| a” - : cos2pl + sin 2Pl ———
[ ( H (“az] [ 22 2[32)
A& _
2
2 .2
a” -
2) Z4=[-2aB(a2—Bzﬂ |- ( ; j +a2 p2 | (cos2p1-1)
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242

-20l -2al
1 -0e e : o 2 2
][ cos2pl + 25 sm2[31+—} +[2a[3[a -B ﬂ (Y-YY)

-2al -2al
L 2% sinopi-&— cos2pl+ -
} 2P 2P

[az _szz + 402 p2

(v-26 = | 2ap(a? -2 )|-1- i (cos2p1-1)

Ve)

2
(o -#?)
a” —p -2l -2l
g ) 50242 L J[ *® _ sinopl-S

c052[31+i
2 { a2 2B
1+ —

-2al -2al
B 2 a2 1 |-ae e . a
[Zaﬁ(a B ﬂ[ QZJ { 2[32 cos2pl+ 25 S|n2[31+—2[32

(T-ve)
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20l

[32

2al

20|
cos2pl +

20|

V)

1 [
2 2
[:Ha } 2B

2
(Y-29= @—20@ p% |-1-

. e
sin 231 —
p 2

sin2pl ———
2p2

5 cosZBl+2iB]

a } J2ap(u?-p2)]

(Y-v1)
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2

2 2

2.2 [e?4P1] (“ _B) 20262 |
20 2

-2al -20l
1 -oe e ; o 2 2
: cos2pl + sin2pl+—— | |—| 20 -B4 |- Y_VA
[1 az][ 2p* 2 ZBZJ 2l )y

-2al -2al
L2 Ginopl—® cos2pi+ L
[QZ} ZB2 2P 2B
1+ —

52

Substitute the equation (¥-1A) and [G] values at equation (Y-YA) to get the

stiffness matrix.

¥-£-® TANGENT MATRIX FOR P > /K El :

Differentiate equation (Y-Y1) with respect to x to have:
=-Ay sinyx —B ¢ sindpx +Cy cosyx +D ¢ cosdpx (Y-Ya)y

Then apply the boundary conditions that:

=0, to be substitute into equations (Y¥-Y¢) and (Y-Y1) in order to "At x=* y=v,, y

have
V)=A+B (Y-A+)
6,=Cy+D ¢ (Y-AY)

=0,'At x=l y=vy,y

To be Substitute in to at equations (¥-Y¢) and (Y-Y1) to get:
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Vr=Acosyl +B cos®l + C sinyl +D sin ¢l (Y-AY)

Oy=Aysinyl — B ¢ sindl +Cy cosyl + D ¢ cosdl (F-AY)

In @ matrix form:

A
1 1 0 0 "1
B 01
0 0 y 1)
= : : C (Y-|v2
cos yl cos ¢l sinyl  sin ¢l
. . D b
—ysin yl —@sin gl ycosyl ¢@cos el
Af)
1 1 0 0
0 0 Y [0}
[R]= . . (Y-
cos vyl cos ol sinyl  sin ol
—vysin vyl —osin ol ycosyl ¢cosol
G1l1 G12 G13 G114
G21 G222 G23 G224
Aoy [G1]=
G31 G32 G333 G'34
G4l G'42 G'43 G'44
(\‘-/\'1)
Where
(*-G11= (I)yCOS(p|COSy|—¢y—(|)2 sin ¢lsin yl
sin ylsin (|>I(<|)2 + y2) —2yp+ 2¢ycosol cosyl
AY)

(*-G21= —o¢sinylcos¢l + ysin ¢l cosyl

sinylsin ¢|((|)2 + y2) —2yp+ 2¢ycosol cosyl

AN



A4)

1)

1Y)

ayY)

iY)

1¢)

i0)

1)

0. References

(*-G'31= ydcosdl — gy cosyl
sin ylsin c|>|(<|>2 + yz) —2yp+ 2¢ycosol cosyl

(*-G41 = —ysin ¢l + $sinyl

sinylsin (1>I((1>2 + yz) —2y¢p+ 2¢ycosdlcosyl
(*-G12 = —¢y+y2 sin ylsin ¢l + ydpcos¢l cosyl

sinylsin ol(02 +v2) — 2y + 2¢ycospl cosyl
(*-G22 = ¢sin ylcosol —ysin ¢plcosyl

sin ylsin o2 +v2) — 2yo + 2¢ycosdl cosyl
(*-G'32 = —ydcosdl + pycosyl

sin ylsin (1)I((l)2 +y2) —2yp+ 2¢ycosol cosyl
(Y-G42 = ysin ¢l —psin vyl

sin ylsin (|)|((I)2 +y2) —2yp+ 2dycosdl cosyl
(*-G13= —(p2 sin @l cosy + gysin A cosgl

sin A sin ¢I(¢2 + yz) —2yp+ 2¢ycosdl cosy
(*-G23 = ysinylsin ¢l + pcosolcosyl —

sin ylsin <|>I(<|)2 + y2) —2yp+ 2¢ycosol cosyl
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. 2 .
(*-G'33 = —dysinyl + ¢“ sin ¢l
sinylsin <|)I(<|>2 + y2) —2yp+ 2dycosolcosyl
‘W)
(Y-G43 = —dcosyl+dcosol
sin ylsin (1)I((l)2 +y2) —2yp+ 2¢ycosol cosyl
A)
(*-G14 = dycosylsin <|>I—y23in ylcos¢l
sin ylsin <|>I(<|)2 + y2) —2yp+ 2¢ycosol cosyl
14)
(*-G24 = ycosylcosol + ¢psin plsinyl —y
sin ylsin <|)I(<|>2 +y2) —2yp+ 2dycosdl cosyl
\ . n)
2 Sinyl - dsin ¢l
(Y-G34 = T m Y
sin ylsin ol($2 +v2) — 2ye + 2¢ycosdl cosyl
YY)
2 cosyl - cosol
(V-G'44 = v ST

sinylsin ¢|(¢2 + y2) —2y¢p+ 2dycosdlcosyl

V4Y)

Then, the second derivative of y will be:

=-A y?cosyx — B ¢p2cospx —Cy? sinyx — D Pp3sindx (Y-ry
VoY)

(x)}in order to substitute in to equation (3-"(x) .. {z"Determine the value of [ iz

28)
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y* cos? yx y2p® cosyx singx  y* cosyx sinyx  @Zy?sin gx cosy
2" (01" ()= @°y® COSEX COSyx @" Cosgx P°y® cospxsinyx " cosgxsin gx (r-
p*sinyxcosgx  @°y®sin yxcosgx y*sin? yl 2@ sin yxsin ox
@°y®sin gxcosyx  @*sin gxcospx  @*y® sin gxsin yx @' sin® px
\~i)
Thus
a;a; a;a, aaz aay
lla,a; aja, ajas asa (. "
=f| 2 TaE TR TR gy (‘“-I{y (x)}-[y (x)]dx
0| @3dy dgzdp dazdz dzdy 0
a,a; aza, asaz audy
\nO)
aa, aa, aa; aa, X1 X2 X3 X4
(v}azal dydy djdz Ajdy dx = X2 X5 X6 X7
olasa; aga, asaz aza;| | X3 X6 X8 X9
asd; Qudp, Audy Audy X4 X7 X9 Xi10
\~'L)
Where
4
(¥ V) x1= [ 1+ L sin 2y
2 2y
v?e? (sin(y—g)l _sin(y +o)|
(Y-X2 = +
2 Y= Y+
\~/\)

3
(VA~ﬂ)x3=%?gn2w

(T._X4=y2(p2(COS((p—y)l_COS((pry)l_ 1,1 j
2 Y= o+y =0 Y+

V1e)



oy References

4 .
(FIV))x5= @ [ |4 3ol
2 ®

(V_X6=vchz[COS(cp—v)_COS(cpﬂ)_ 1,1 }
2 Y- Y+ =0 Y+¢

1Y)

3
(Y- Y)x7 =2 sin2 gl
2

4
(Y- YV ¢)xg=T1_ -2 i 29l
2 2y

(X9 — Yoo’ (sin(cp—v)l ~ Sin(<p+v)|]
2 o-y P+y

V10)

(p4 1 .
(Y-Y Y1) X10 = (I - —sin 2¢l)
2 20

|
Substitute all the values of [aja; atequation (¥-)+7), and substitute from
0

equation (Y-) 1) and [G] value into equation (Y-Y £) to get the stiffness matrix

for such cases.
Y-t THE STIFFNESS MATRIX OF PILE UNDER AXIAL LOAD:

The stiffness matrix for pile under axial load with frictional spring is (Alwash

Y~~Y);

. e2p| e -2l e -pl _epl
[K]= : UA 20 L o (=)
2 oo P, 2p
(e -pl _eplj 58 e e e

P P
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¥-¢«¥ THE FINAL STIFFNESS MATRIX:

In this section the super position between the stiffness matrix of the beam on
elastic foundation and the stiffness matrix of pile under axial load will be
carried out to find the final stiffness matrix for the pile element subjected to
lateral as well as vertical load. Six degree of freedom (u), v), 8), uY, vY¥ and 8Y)

per node and is constructed as follows:

i

U’T\

R
A

0 u

\YAl

D, SE

VY

=

" i
o
I

Fig (3-3) a-beam on elastic foundation b-pile under axial load c-pile after super

position
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If one put the stiffness matrix of equation (¥-) V) in the following form:

o] o

And the stiffness matrix of beam-column on elastic foundation as:

Bix Bix Big
(Y-)V9)[K]=|Byy By, By
Bs1 Bso Basgs

The final stiffness matrix [Kg] will be:

YK = : : , ,
(7 [Ke] Oy 0 0 Oy, 0 0

YY)

And the equation of displacement will be:

'F1] [0, O 0 05, O 0 [ul]
Fy1 0 By B, 0 Byg By
M1 0 Byy By, 0 Bz Bygfol
F2| [0, O 0 0,, 0 0 |u2
2| | 0 By By, 0 Byy Bgy|v2
M2 0 By Byr 0 Byz By, |62

YY)

Y- DYNAMIC ANALYSIS

The dynamic equation of the motion and the derivative of mass matrix for the

pile are presented. The equation of the motion for nonlinear system can be
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formulated by expressing the equilibrium of the effective forces associated
with each of its degrees of freedom. In general, four types of force will be
involved, the externally applied load {F;(t)} and the internal force resulting from
motion which are inertia force {f;},damping {fp; }Jand internal force {f; }thus the

dynamic equilibrium may be expressed as (Clough and penzien Y4V?e):
{Fut + {foi } + {fa } = { Fi(t)} (Y-1YY)

In which:
(VYY) i, = MKy

ARAATRE e
(V=) Yo) {fs} = [THw}

Substitute egs. (Y-Y YY), (Y-YY¢) and (Y-)Y°) in to equation (Y- YY) give the

complete dynamic equilibrium of system i.e:

(7)Y ) [+ [l + [THw = (o)

where

[M]: mass matrix
[C]: damping matrix
[T]: stiffness matrix

: Nodal acceleration vector of the nodal point of the system{w}

: Nodal velocity vector of the nodal point of the system {w}

: Nodal displacement vector of the nodal point of the system{w}
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Y-\ FORMULATION OF MASS MATRIX

Mass matrix can be defined in two basic types, lumped and consistent the two
methods will be considered in this section.

¥«x\x\ LUMPED MASS MATRIX:

In this method it is assumed that the entire mass is concentrated at the nodal
points at which the translational displacements are defined. The usual
procedure for defining the lumped mass to be located at each node is to
assume that the pile is divided into segments, and the nodes serving as
connection points. The total mass concentrated at any node, is, the summation
of the nodal contributions from all the segments attached to that node (Clough

and Penzien Y4V®),

ml

dy

d)

Fig (3-4) lumping of mass at element nodes

The lumped mass matrix for the uniform pile element as shown below can be

obtained by placing half of the total element mass as a particle at each node.
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Thus the lumped mass matrix for that element can be given as (Cook ET

al.)4Ad):

10 0 0 0 O]

01 0 00 O

L2

- m|0 0 5 00 0

(¥- )[M]=7o 0 0 10 O

00 0 01 O

L2

00 0 00 —

i 12 |

The third and sixth diagonal terms in the mass matrix refer to the rotary
inertia, which can be neglected in most cases assuming that the particle mass

lumps have no rotary inertia.

The zero diagonal terms M (i#]) of the lumped matrix vanish because the
inertia force at any node (i) due to a unit acceleration at another node(j) is

always equal to zero.

¥.6«\«Y CONSISTENT MASS MATRIX:

The element consistent mass matrix can be derived by making use of the finite
element concept by procedure similar to that of the derivation of element

stiffness matrix.

For the pile element the inertia force per unit length F/(x) along the pile due to

acceleration w(x)is:
(Y-YYA)F () =mg \./\./(X)

Where, m. is the mass per unit length.
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Y¥-0-\x¥~\ CONSISTENT MASS MATRIX FOR BEAM ON ELASTIC

FOUNDATION:

For the beam on the elastic foundation the acceleration w(x) may be
expressed by the same function derived for the displacement w(x) same

equation (¥-YY) for 0<P < /k El and equation (Y-Y4) forP > /k, El , hence

01,01/ )\

\ o
wl,wl
ml
02,02
(EEE—
w2, w2

Fig (3-5) Nodal displacement and acceleration for abeam element 0<P <./k, El

(Y-w= (Aeax +Be” “X)cosﬁx +(Ce°‘x +De” “X)sin BX

1Y4)

And for P > /k El
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(Y-w = A cosyx + B cosex + C sinyx + D sin gx

YY)

In order to solve the dynamic equation of motion the inertia force F,(x) in Eq.

(Y-YYA) should be transformed to the nodal force.

It is possible to express the acceleration w(x), the acceleration \;\./(x) may obtain

as:

(AT ) W) = [z(x)][e]{'e'}

The matrices [z(x)]and[G] have the same forms (¥-Y4) and (¥-£V) for

[ X )
0<P<,k.El andeq(¥-Y¢)and eq (Y-A1) forP > /k El, and the matrix{ e } is
the nodal accelerations vector.

The equation (Y-)YY) can be re-written as:

(¥-) M)\./\./(X) = [f1f2f3f4]<

<ol - N -]

Where

For 0<P < kg El
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202 sin? pl—p2e 2% 4 208 sin peospl + B2
302 sin2pl - p2e28l _p2e— 200 | 52

f, =e®* cospx

—233in[31cos[31+2asin2m
(11+e(11)

+e~ X cospx
(Y-
B2 cospl(e ¢ e“l) opsinpl(e”
3a25in2B1 BZ 2al B29—2a1+2[32
ol
—OoX . —PBsinple” *
+e sin Bx
3a25in2[31 BZ 2al B2€_20d+2[32

+e*%sin BX

e(ll)

VYY)
_ : 2 cin2 2 p242dl
R
—ax —2a.sin? Bl
+e COSPX
_p2 —al al : —al al
+eaxsian B COzSB-I(i e2 gwtloc[&s;m[zl(le J;e )
3a”sin“ Bl—pe ™ —pe™* +2B
: al _ Lal
+e_°‘Xsian 2 o 2BSInB2I(ezl ez )2| 2
3a”sin“Bl—pe ™ —pe™* +2B
VY'¢)
ax aBe?* — 202 sin Blcospl + a.p(sin? Bl — cos? BI)

f; =e™" cospx
’ 302 sin2 Bl —p2e2% —p2e—2%1 4 2p2

—ZocsinBIcosBI Be 24 4+

+e~ X cospx

(Y'_
+ 6% sin px 20.%e " sin [3I+oc[3005[3l(e°‘I ‘“')+[32 sinpl(e ™ —e™)
e~ ginpx —BcosBI(e“' “*')+2asmBIe —al
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2 sin Bl cospl — ape? + ap(cos? l+sin2 Bl)

fy =e®* cospx — 20

2asin Blcospl + p — pe !
302 sin2 pl - 2291 _p2e— 20T | 552
2026 sinp1— g2 sinple™ ! —e®!) — o pcosple™ * e

302 sin2 pl_p2e20] _p2e-201 , 552

+e~ X cospx
(V-

+e % sin BX

—20e™ sinpl+peospl(e® —e— )
302 sin2 pl_ p2e2%1 _p2e—201 | 552

+e~ “sinpx

AAIY)]

For P> /K El

dycosolcosyl —dpy— ¢2 sin ¢plsin yl
sinylsin ¢|(¢2 + y2) —2yp+ 2dycosolcosyl
—¢sinylcosol + ysin ¢l cosyl

fy = cosyx

+ COSOQX
(- sin ylsin (1)I((|>2 +y2)—2y(p+ 2¢ycosolcosyl
ydcosdl — @y cosyl
sinylsin ol(02 +72) - 2y + 2¢ycospl cosyl
—ysin ¢l + ¢sinyl

+ siny X

+ sin @x I,
sinylsin ol(¢= +v<) — 2yp+ 2¢ycosdl cosyl

1Y)
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2 5in ylsin ¢l + ydcosdlcosyl

—oy+y
sin ylsin o192 +v2) — 2y¢ + 2¢ycosol cosyl

¢@sinylcos¢l —ysin ¢plcosyl

f2 = COSY X

+ COSQX
(- sinylsin ¢|(¢2 +y2)—2yq>+ 2¢gycosolcosyl
—ydcosol + pycosyl
sinylsin <|>I(<|>2 + yz) —2yp+ 2¢ycosolcosyl
ysin ¢l — ¢sin vyl
sin ylsin (1)I((1>2 + yz) —2yp+ 2¢ycosdlcosyl

+sinyx

+ sin px

YYA)
2 . .
f5 = CosyX— .(p Slr21(|)|C(2)Sy|+d)ySIny|COS(|)|
sinylsin ol(¢= +v°) —2yp + 2dycosol cosyl
+COSQX— .ysmylzsm¢I2+¢cos¢lc03yl—<|>
(¥ sinylsin ol(¢° +v“) — 2yp + 2¢ycosdl cosyl
. 2 -
+sinyx— - 2c|>y3|2yl+¢ sin ¢l
sinylsin ol(¢° +7°) — 2yp + 2¢ycosodl cosyl
+ sin ox — - ;¢cc25yl+¢cos¢l
sinylsin ol(¢° +7°) — 2yp + 2¢ycosol cosyl
y¥4)
. 2 .
f, = cosyX— _<|>ycoszylsm2<l>l v sin ylcosol
sinylsin ol(¢° +7y°) — 2yp + 2¢ycosodl cosyl
+COSQX— -yCOSy|2COS(I;|+(I)S|n(I)|S|ny|—y
v sinylsin ol(¢° +v“) — 2yp + 2¢pycosol cosyl

Yz sinyl —ydsin ¢l

+8iny X —— >
sinylsin ol(¢= +v°) — 2yp + 2¢ycosdl cosyl

vZ2 cosyl —ycosol
sinylsin ¢|(¢2 + yz) —2y¢p+ 2¢ycosdlcosyl

+ sin px

Vi4)
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Now, if the beam element is subjected to unit nodal acceleration, w(x),then

the equation (Y- Y°) becomes:
For 0<P <,k El

FL(x) = mo(e™ cospx 202 sin? p1 —pZe 2! + 2afsin pcospl + B2
1(X) =mo

302 sin2 pl_ p2e2% _p2e— 201 | 52
_ 2Bsin Bl cospl + 20:5in 2 pl

—aX
+e CoSPX
302 sin 2 Bl _BZeZal _Bze— 2al | 2BZ

(Y-

B2 cosple ™ — ey _opsinpie ™ + e

oax
+e " sinBx
30.2 sin 2 Bl —Bzezo‘l —Bze_ 2ol 2[32

_psinple~ 4 —ed) v

+e~ “sinpx

1£Y)

ForP> k. El:

d)yCOS(pICOSyl—¢y—¢28in¢lsiny|
sinylsin (1>I((1>2 + yz) — 2y + 2¢ycosolcosyl
4 COSQX— -—q)smzylcozsq)I+ysm¢lc05yl
(Y- sinylsin ol(¢° +v°) — 2yp+ 2¢ycosdl cosyl
ydcosdl — @y cosyl
sin ylsin oI($2 +72) — 2y + 2¢ycosdl cosyl
—ysin ol + ¢psin vyl °°
_ : Y 2¢ gsiny "™
sinylsin ol(¢° +v°) — 2yp+ 2¢ycosol cosyl

F (X) =mg(cosyx

+sinyx

+ sin ox

V£Y)

To determine the mass matrix coefficients m)Y), mY), m¥) and m¢)virtual

displacementsinw), 6), and wY and 0Y direction are applied separately.

For example, to determine the mass matrix Coefficient mY), a virtual

displacement corresponding to the unit displacement in the 8 —direction of



10 References

(606Y=)) is proceeded to apply the principle of virtual work for an elastic system

as shown in fig (Y-1).

Equating distributed inertial force, F(x), gives:

(Y-V£Y)Pase, = }F, (x)dw (x)dx
0

[ X ]
Fig (3-6) beam element supporting inertial load due to acceleration w 1, undergoing virtual

displacement 661=1.

In which Pa is the real inertia force existed before applying the virtual

displacement 60,, which can be expressed as:

Pa=mY) wi1=mY) (V-1 ¢¢)

And &dw(x) is the virtual displacement of a section at distance x.

Using the same displacement field in equation (Y- ¢)) to represent the

displacement dw(x), with a unit nodal displacement in other direction gives:
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For 0<P < kg El

ZaBS|nBIcosBI+2a sin? Bl + B2 B2 20
32 sin2 Bl — p2e?* _ p2e 201 4 2p?
—2asin? Bl

302 sin? pl — p2e2! _ p2e21 | 2p?

—p2cosplie™ — ey + aBsin Bl(e™ +e*)

302 sin? pl — p2e2 _ p2e2o1 | 2p?
: —al _ .ol

3azsin2§|smgzl(eza| Bi 7)2(xl )691

sw(x) = (e** cospx

+e~ ** cospx
(V-

+e* sinpx

+e~ sinpx

V¢0)

ForP > /k El :

2

—dy+v< sinylsin ¢l + ydcosdlcosyl

dw(x) = (cosyx >
sinylsin ol(¢“ +v<) — 2yp+ 2¢ycosolcosyl

sin ylcosl —ysin ¢l cosyl
+ COSQX ¢sin ylcos¢l —ysin ¢l cosy

(- sin ylsin o102 +y2) — 2y + 2¢ycospl cosyl
—ydcosdl + pycosyl

sin ylsin ¢|(¢2 +y2) —2yp+ 2¢ycosolcosyl
Zysmz(bl—q)sm 7l 150,

sinylsin ol(¢6“ +v<) — 2y + 2dpycosol cosyl

+sinyx

+ sin px

V41)
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Substituting Equations (Y- Y £¢), (Y-Y€)) and (Y-) £¢°) for 0<P<./k El and
Equation (Y- £1), Equation (¥-) £ £) and Equation (Y- £Y) forP > \/k  El at

Equation (Y- ¢Y), yields:

ForO<P< Kk El

2sin2p1 —p2e~ 2% 4 20psin pcospl + p2

302 sin 2 Bl — BZ 20l [32 2a1+2B2

20,

g% COSPX

_oBsi in2
+e_axcosﬁx ZBsmBlcosBHZasm Bl
Ma1=1Mo 2 - al - —al | .al

0 B< cosplie” * e ) —ofsinBl(e +e™)

oxX ..
+e "sinBx

—Bsinpl(e ™ —e®) (F-)£Y)

—oX .-
+e sin Bx

_ 20.Bsin Blcospl + 202 sin2 Bl + p2 — 22!

ax
e”" cospx
3a23inZBI 132 2aul B2 20LI+2B

—2asin? Bl
3a23in2[3| BZ 2aul BZ 20L| B
~p2cosple” * — ey + apsinpie™ * +eoh
3a25in2BI BZ 2ol BZ —2al 2[32
psin ple~ ¢ — oy
302sin2 Bl p2e2 _ g2e— 201 552

+e~ X cospx

dx

+e*sin BX

+e~ X sinpx
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ForP > /k El

myg = [Mg
0

dycosolcosyl —dy— ¢2 sin ¢lsin yl
sin ylsin ¢|(¢2 + yz) — 2y + 2¢ycosolcosyl
—¢sinylcosol + ysin ¢plcosyl

COSY X

+ COSQX 5>
sinylsin pl(¢= +v<) — 2yp + 2¢pycosol cosyl

ydcosol — @y cosyl
sinylsin (1>I((1>2 + y2) -2y + 2¢ycosdlcosyl
—ysin¢l+ ¢sinyl
sinylsin ¢|(¢2 + y2) —2yp + 2¢ycosdlcosyl
2

+ sinyXx

+ sin px

—dy+y<sinylsin ¢l + ydpcosdlcosyl
sinylsin (1>I(<|>2 + yz) -2y + 2dycosdlcosyl

osinylcosdl — ysin ¢lcosyl

CoSy X

+ COSQX

sinylsin ol(92 + v2) — 2y + 2¢ycosdl cosyl
—ydcosol + pycosyl

+sinyx 5 5
sinylsin pl(¢= +y<) — 2yp + 2¢ycosdl cosyl

ysin ¢l —dsinyl

+ sin px 5 5
sinylsin ol(¢= +v<) — 2yp + 2dpycosol cosyl

Solve the Egs (Y-Y¢VY) and (Y- £A) to get my,.

References

*

(Y-Y€A)

In order to put Egs (Y¥-Y¢V) and (Y- £A) in a general form for all mass

coefficients, the acceleration fields w1, and the displacement ,w(x) should be

put in matrix forms as:

(*-)£3)w(x) = [f]d}

(Y- oY w(x) = [fd}
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In which [f] is (Yx¢) matrix with same values of f,, fY, f™ and f: at eq (¥-1Y¥) to

theeq (¥-)¢1)

And {d} and {d} are the displacement and acceleration vectors with:

d\=V\;dY= 0, ;dv=Vw;dz=ew (V_
\0\)

}d2=91}d3=V2}d4=92 (v-\o*)dlzvl

Applying the same procedure, the consistent mass coefficients may be

determined from the following equation:
|
(Y- o¥) mij = mg [ f;;dx
0

Using the equation (Y-)°Y) gives the following relationship between the initial

force and acceleration of the nodal coordinates:

(v-)2%) {p} = [M, Jd}
where,

=the inertial force vectors at nodal coordinates. {p}
=the consistent mass matrix for translation inertia.[M, |

In the same way, the consistent mass coefficients for the rotational inertia can

be written in condensed forms as:
(Y-Ye°){p}=[M, Kd}

And for axial inertia by using same way from can get for axial pile:
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v_(y_ Mg MM1 Mmz}(-d-
(74P} sinhZ(_wn[Mmz vt [

Yod)

where MM\ and MMY expressions are:

(¥-) V) MM1 = sinh(2wl) _l
4o 2

(- Mm2 .= ST (@D (l ——Sinh(zml)jcosh(ml)
20 2 4o

\0/\)
Finally combining the mass matrix in eqs (Y-Y2¢), (¥-Y22) and (Y-)°1) gives the
complete consistent mass matrix [M.] for a beam as [Cook etal.) 9A4]

[Mc] = [M{] + [M ]+ [M,] (Y-Ye9)

CHAPTER FOUR

COMPUTATION TECHNIQUES
AND NUMERICAL SOLUTIONS
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¢-\ INTRODUCTION:

This chapter deals with the configuration and strategy for solving the
nonlinear simultaneous equations of the problem. Also, this chapter concerns
with the adopted solution technique and the numerical method which is used

for the analysis of the present problem.

The first part of this chapter presents the non prismatic presentation for the
member. The second part deals with the static analysis and presents the basic
strategies for the solution of nonlinear problems. The third part deals with the

dynamic analysis.

¢.Y THE EFFECT OF NON PRISMATIC MEMBER:

In this study the effect of non prismatic member will be presented by

using steps method.

This method divides each member to (n) segments, each segment has different
cross section area and different moment of inertia .Also, the thickness of each
segment is (L/n) .The width of segmentiiis :

h—hg
n

(£-))h; =h—i(——2)

Where
i: segment number

n: total number of segment

| «— h —>|
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Figure ( ¢- ) steps method for non prismatic pile

t.¥Y STATIC ANALYSIS

There are several techniques for solving nonlinear problems; this part

presents and reviews two of them:

t.¥«\ STEPWISE PROCEDURES (OR INCREMENTAL
PROCEDURES)
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The basic of the stepwise or incremental procedure is the subdivision of
the load in to many small partial loads or increments. Usually these load

increments are of equal magnitude, but in general they need not be equal.

During the application of each load increment the equations are assumed to be
linear, i.e. tangent stiffness matrix is used. Based on the last configuration of
the structure (beginning of load step) .It is assumed to have a fixed value
throughout each increment. The solution for each step of loading is obtained
as an increment of the displacement (x). These displacement increments are
accumulated to give the total displacement at any stage of loading, and
incremental process approximates the nonlinear problem as a series of linear

problems, that nonlinearity is treated as piecewise linear (Desai and Abel

VAVY).

In writing the equations for the incremental method, the total load may be

divided into n increments, so the total effective load, (P,), is:

(P,)= il(AP,-) (£-Y)
J:

Where the symbol A is used to indicate a finite increment .Hence, after the

application of the i increment, the load and the displacement vectors are

given by:

(£-7)(R)= él(APj)

(£-£) (X)= T(AX,)
J=1



A& References

To compute the increments of the displacements, a fixed value of the stiffness

which is evaluated at the end of the previous increment, may be used as:
Fori=), Y..,n (£-°) [T Jlaxi} = (aR)
Where:
(2-9[Tia]=[T(Xi-0 ) (Pia))
In which:
[Ti.v] = the tangent stiffness matrix at the end of the i-Y" increment.

= the vectors of incremental applied loads and the corresponding {AX,},(AP))

change in deformations respectively.

=the internal forces and deformations obtained at the end of the i- {Xi_l}, (Pi_l)

V™ |oad step.

The incremental procedure is schematically indicated in fig (¢-Y)

Load (P) AP

\L Incremental solution

Ti.\ .
Exact solution

Displacement (x)
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Figure ( £- 1) basic incremental procedure

The accuracy of the incremental procedure can be improved by assuming small
load increments. However, since a new incremental tangent stiffness matrix
must be computed for each step, the increased accuracy is purchased at the
cost of computational effort [Chajes and Churchill Y 4AY].It is more practical to
use large increments at the beginning of the analysis and small increments at
final steps of the analysis because most structures have a linear part at the

beginning of the load deflection curve and a nonlinear behavior at final steps.

¢-¥.Y ITERATIVE PROCEDURES

The iterative procedure is a sequence of calculation in which the

structure is fully loaded in one step to get initial approximate solution which is
then improved step by step by using an iteration process until equilibrium is
satisfied. After each iteration, the portion of the total loading which is not
balanced is calculated and used in the next iteration to compute an additional
increment of the displacements. This process is repeated until equilibrium is
approximated to some acceptable degree. Essentially, the iterative procedure
consists of successive corrections to the solution until equilibrium under the

total load (P,) is satisfied.

£-¥Y-\ INCREMENTAL ITERATIVE METHOD:
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The conventional N-R method is one of the oldest and best known

methods used in solving nonlinear problems.

In this method as [Desai and Abel YV +] mention the necessary load (P;) for the

i cycle of iteration is:

(£-V) as {P}={P}—{Py i _1}

shown in the fig (£-Y):
{P.}=the total load to be applied.
{P.,. }=the equilibrated load after the previous iteration.

An increment to the displacement is computed during the i iteration by using

the relation.
(&-M[TigfiaXj={p; }

And the total displacement after the i" iteration is computed from:

(i‘ﬂ){xi}Zi{AXj}

1

Finally, {P¢ .1} is calculated as the load necessary to maintain the displacements
{X;}.The procedure is repeated until the increments of the displacements {AX;}
or the unbalanced forces, {P;}, become sufficiently close to null according to

some pre-selected criterion.

Load (P)

A \Pr /Pr/
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Pe
AXY

aX

»
>

Xy Xx Xr Displacement (x)

Figure ( £-1) conventional N-R method

In the above iterative procedure, the tangent stiffness matrix in Eq. (£-A)
can be computed from the configuration at the end of the previous iteration
which represents the slope of the load-deflection curve at the point ({X;.\},{Pi.

v}).At the beginning of the analysis [T.] represents the tangent stiffness at point
({X.1{P.}).

Instead of computing a different stiffness for each iteration a modified N-R

technique has been employed, which utilizes only the initial stiffness, [T.].

The modified procedure (figure ¢-£) necessitates a greater number of the
iterations; however, there is a substantial saving of computation because it is

not necessary to invert a new stiffness at each cycle [Cook at al.) 1A4]

Load (P)

A
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Figure ( ¢- ¢) Modified N-R Method

The above two procedures can be combined together to get the so called
combined conventional and modified N-R method in which the stiffness is held
constant for several iterations and is updated when the rate of convergence
begins to deteriorate (number of iterations exceeds maximum limit)[Cook et al

Y4A4], Figure(¢-°) illustrates the combined N-R method.

Load(P)
A T.

p l/
v N AX)D> <€ AXY

[

»

X\ Xy Xy Displacement(x)
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Figure ( ¢-°) Combined N-R method

In present study the incremental iterative has been used.

t«¢ DYNAMIC ANALYSIS

For nonlinear systems, the only applicable method for solving the
second order differential equation of motion is the direct time —integration
method, in which the approach is to write the equation of motion, at specific

instance of time [Cook et al Y4A4]:

()L X} +[eb{X] +[7 ), - ),

Where
{f}, = internal forces vector at time nAt.
[T], = tangent stiffness matrix at time nAt.

{X}, = displacements vector at time nAt.

{X}n = velocities vector at time nAt.

= accelerations vector at time nAt. {X}n
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The direct numerical integration is based on two ideas:

V- The dynamic equilibrium equation Eq (£-) +) is satisfied at discrete time

intervals At.

Y- The variation of displacements, velocities and accelerations within each time
interval At, is assumed .Different forms of these assumed variations give rise to
different direct integration schemes, each of which has different accuracy

,stability and cost [Subbaraj and Dokainish Y 3A4],
The available direct procedures can be further subdivided into

\-explicit method; have the form [Cook et al Y 4A4]

()X, = F <3, 0, 0%, 0, ,0--)

And hence, permit {X},-y to be determined in terms of completely historical
information consisting of displacements and time derivatives of displacement

at time nAt and before.

Y-Implicit methods have the form:

(£07) (X} = FEX, 0 0% OG0

And hence, computation of {X},. requires knowledge of the time derivatives of

{X},. which are unknown.

Implicit algorithms tend to be numerically stable, permitting large time steps,
but the cost per time step is high and storage requirements tend to increase
dramatically with the number of D.O.F. of the structure. On the other hand,

explicit algorithms tend to be inexpensive per step and require less storage
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than implicit algorithm, but the numerical stability requires small time steps to

be employed [Subbaraj and Dokainish Y 4A4].

Generally, implicit algorithms are more effective for structural dynamic
problems, in which the response is controlled by relatively a small number of
low frequency mode, while explicit algorithms are very efficient for wave
propagation problems, in which the contribution of intermediate and high
frequency structural modes to the response is important [Subbaraj and
Dokainish Y4A4].The preset study deals with undemped free vibration of piles
in order to obtain the natural frequencies with the corresponding mode shape

vectors.

t«¢«)\ CALCULATION OF NATURAL FREQUENCIES.

In the dynamic analysis ,the natural frequency w of the vibration is important
to give an idea about the oscillation of the system with time and to determine
the natural period T of the vibration which represents the time for which the

vibration repeats itself ,where:

(87T =28
()]

To determine the natural frequencies of the structure, a free vibration problem
(no external applied loads) for the un-damped case is assumed [Weaver and

Johnston Y4AV]:

() MK} +[THX}=0

Assuming harmonic motion that is:
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;i=),Y,Y (Vo) {X }={dIsinmt
where
n=the number of degrees of freedom of the system.
=the mode shape vector for i mode of vibration.{¢;}
w;=the angular natural frequency of mode i.

Differentiating Eqg. (£-) 1) twice with respect to time yields:

(£ 1){>.(.i}=—03i2{¢i}5in o;t

Then, substituting eqs(£-Y1)and (¢-1V) into Eq.(¢-)°) yields, after canceling the

term (sinw;t):
([T]- o M) {;}=" (£-)Y)

Eq(¢-YA) has the form of the algebraic eigenvalue problem (T¢ =AM ¢ ) .From

the theory of homogeneous equations, nontrivial solutions exist only if the
determinant of the coefficient matrix is equal to zero.[Gere and Weaver

Y 4AY]thus:
(i-M)‘[T]—wiz[M]=o

Expansion of the determinant yields a polynomial of order n called
characteristic equation. The n roots of this polynomial o)i2 are the

characteristic value or eigenvalue.

The cyclic natural frequencies, f; is then obtained from:

¢y = 20
(&9 =2
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Substitution of these roots (one at each time) into the homogeneous equation

(£-)A) produces the characteristic vectors or eigenvectors, { ¢. } within

arbitrary constants.

A number of solution algorithms have been developed for the solution of
eigenvalue problem .One of most important techniques is the inverse iteration

method.

¢-¢-\-) INVERSE ITERATION METHOD

This technique is very effective in calculating the smallest eigenvalue and
the corresponding eigenvector which are the most important egien pair in

dynamic structural.

The basic steps for solving the eigenvalue problem of the form (T¢ =AM ¢)

using the inverse iteration method is [Bathe YAY]:

Y-Asumming a starting iteration vector, {X,} almost with all terms equal to one.
Y- Assuming that:

{V\}= M {X} (£-Y+)

Y-Evaluating for each iteration step k=), ¥...
(£-9) Xk =TT

(£-Y Y)Y ko1} = [MHXka}

(%) [ 0 3| - S E
{X 1} {Y 1}
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{1}

(£-YE){Y,1}= z
X Vi)™

Where the superscript T denotes transpose

¢-The value of p, ({Xkﬂ}j in equation (£-Y £) represents an approximation to

the eigenvalue A) denoting the current approximation for A\ by k'i*l ,i.e.

= Py [{X_M}j the convergence will occur when: 2™

‘k(lkﬂ) _ X(lk)‘

(¢-Ye) k+1
e

<10°°

Where
S: is the number of significant digits of the desired accuracy.

°- If mis the last iteration cycle, then the smallest eigenvalue A and the

corresponding eigenvector will be respectively:

(£-Y1) 4, = py ({X mei})

X1}

(£-YV)  {o3=

(X med Yo

CHAPTER FIVE

EXPERIMENTAL WORK
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°-\ THE EXPERIMENTAL TEST:

To verify the ability of the program a 1+ * mm length of steel rod with

width € *mm and thickness Tmm as cantilever supported by welded at bottom
with steel base as shown in figure (°-)) has been chosen to be an experimental
model of the present study to obtain the natural frequency and compare it

with the natural frequency that was obtained from the theoretical study.

EOD 40x6mm

T

] support
il
prmx
Zw
] P4

Top view

G00mm
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Figure (°-)): experimental model

There are three cases of tests presented in this study. The first one obtained
the natural frequency for the model without the effect of the elastic
foundation. The second case symbolized the pile with the elastic foundation by
using four elements and the third case indicated the pile with the elastic

foundation effect by using three elements.

°~Y SOIL REPRESENTATION:

The soil resistance is represented by using springs, as shown in figure(°-
Y) .There are two springs for each node ,vertical one ( parallel to the rod)
which represents the frictional resistance of soil and horizontal spring

(perpendicular to the rod) which represents the elastic foundation effect.
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Figure: (e-Y) spring system that used to represent the elastic foundation

°-Y THE RECORDING TOOL..

Because of there is no available instrument to determine the natural
frequency; in present study a manual tool had been used for recording the

waves of vibration.

The recording tool is a tool product by fabricated two cylinder fixed by
plastic pipes to bots with a steel angle as shown in the figure (°-Y), the steel

angle welded vertically to a steel base.

i

o ° mol

A: Handrail
B: Cylinder

- Cunnnart [ctanl analal
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Figure: (5-3) Recording tool

The bottom cylinder is the roll of a recording paper and the recording
paper stick by the top cylinder and the top cylinder has a handrail to use it to

moving up the recording paper.

°-Y THE STEPS OF THE TEST:

- Find the stiffness of the spring by fixing the spring at the top and
indicate the location of the bottom then suspend a load at the bottom
and locate the displacement happen by this load. Then, increase the
load and find out the corresponding displacement of the final load.
Obtain the axial stiffness by draw the relationship between load and
displacement as figure (°-£). From this figure the stiffness of the spring

that is used at this study is *.9AY N/mm.



A4 References

20
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Figure (=-¢): The relationship between loads and displacement for spring

Y- By putting the recording tool in front of the rod closer to let the pin

cored attached the record paper as in fig (°-°).

Din \
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Fig (5-5) Recording tool and the model

Y- Impact the rod laterally without any spring as shown in figure (°-1) to
find the natural frequency for the model and record the wave that was
draws from this movement (calculate the number of cycles) and record

the movement time. Figure (°-V) shows the recorded movements.
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Figure (°-1): Model without any springs

Figure (e-v): Recorded movement

¢- Calculate the natural period T by the relation ship:

_ Total time of movement (free vibration)

(>-)T
Number of cycle

The natural frequency obtained by using the relation ship:

== (°-Y)
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°- Then, Fixing the springs at the three nodes by bolts (the vertical and
horizontal springs).The distance between the two nodesis Y°*mm c/c as
shown in figure (°-A). Similar retest in the steps Y and ¥ to obtain the
natural frequency for the pile (four elements) with the effect of elastic

foundation.
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Figure (e-A): the model of pile with three systems of springs

1- By changing the six springs by four (replace the three points of contact
to two points .The distance between two bolts is Y+ *mm c¢/c) as shown
in figure (°-). To obtain the natural frequency for the pile of three

elements a retest is followed the similar as in steps Yand Y.
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Figure (°-1) the model of pile with two systems of spring

Table (°-)) shows the natural frequencies which was obtained from the test

and theoretical analysis for the considered model.

Table (e-V) the natural frequencies from the test and theoretical analysis for the
model.

Case Experimental Theoretical Natural
Natural frequency Cycle/sec frequency Cycle/sec

Without springs VY £TAA Y¢ Yooo

Two springs VY AYey VY oYY

Three springs Yo 08YA YY VYAV

The maximum difference between the theoretical frequency and experimental

frequency one is (1. £%) and this belongs to two sources:




e References

\-The experimental frequency is a combination of the infinite number of
frequencies in addition to the fundamental natural frequency that found

theoretically and this will reduce this frequency.

Y- The experimental frequency is based on damped free vibration while the

theoretical is based on undamped free vibration.

CHAPTER SIX

COMPUTER PROGRAM
AND APPLICATIONS

-\ INTRODUCTION

This chapter presents a description of the computer program of Al
Bidairi developed in the present study. The computer program was first

introduced by Al-Rawanduzi () 21), and it was designed to deal with large



a1 References

displacement elastic stability analysis of plane frames under static and dynamic

loads.

In the present study, the previous version of the computer program has

been adopted and developed to deal with the pile element inside different
layers of soil .This program is developed to deals with the non —prismatic pile
under vertical as well as lateral loads and moment. The stiffness matrix as well
as the miss matrix those were derived in the present study for non-prismatic
pile element under lateral and vertical loads, are involved in the present
version of program. Also; the program is modified to find the natural

frequencies of piles.

«Y PROPERTIES AND ABILITIES OF THE PROGRAM

The computer program has been developed as a stated previously, to

deal with large displacement elastic stability analysis of the piles with different
end conditions subjected to vertical and lateral loads. The free vibration
problem is also considered in the present study. The properties and abilities of

this program may be summarized as:

V-Use either proportional or non-proportional load increments in the static

part of analysis.

Y-Use different methods of analysis, those are:
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a - Linear analysis.
b- Nonlinear analysis by linear —incremental method.

c- Nonlinear analysis by incremental-iterative methods using either

N-R or modified N-R method for iteration process.

Y- Calculate the relationship between the determinant of the tangent stiffness
matrix and the load factor, which can be used to determine the approximate

elastic critical load by the extrapolation method presented in chapter four.

¢- Use the Eulerian coordinates system in constructing the member tangent
stiffness matrix, in which the coordinates are updated after each iteration

according to the member last configuration.

©- Use two different types of mass representation (lumped and consistent).

1-Solve the eigenvalue problem of free vibration by using the inverse iteration

method to determine the fundamental natural frequency.

V-Record the central processing unit time needed for completing the analysis
.This make it easy to compare the different methods used in static and
dynamic analysis and then to choose the most economical one, that is ,the

most time saving one for the same accuracy.
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Y STRUCTURE OF THE PROGRAM

The program is coded in Quick Basic language (Version £.°).

It consists of a main routine and many subroutines. Each one of these
subroutines deals with a specified stage of the analysis which may be repeated

many times in the main routine.

The sequence of the operations in the main routine is presented in the Flow-

Chart in figure (1-)) and a brief description for the main items used in the flow

l

DATA

chart is shown in table (1-)):

YES
IF STATIC="

NO
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T-COMP.

EIGEN

!
<: CONTINUE :>

|

Figure ( 7- ) the flow —Chart of the Computer program

Table ( 7-) A description for the main items used in the Flow-Chart of the

computer program.
No. | Item Description
\ Dat Read all data concerning pile geometry and properties,
ata
applied loads and method of analysis
_ If YES: There is free vibration
Y If static =+ ] _ _
If NO: There is static loading
_ If YES: Linear analysis is used.
v If linear ) ..
If No: Nonlinear analysis is used.
¢ INCS. Number of load increments.
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° Apply-St Calculate the static applied load vector.
1 NM Number of elements.
If YES: use prismatic member in the analysis
\ PR If No: calculate the properties of each segment and
analysis by steps method.
Evaluate the tangent stiffness matrix for each element of
A T.S.M.)
<P< [k _EI.
0 S
Evaluate the tangent stiffness matrix for each element of
4 T.S.M.Y
P> |k El.
S
V+ | T-Comp. Evaluate the pile tangent stiffness matrix
Solve the set of equation for the incremental
VY | Solve-St displacement by Gauss elimination. Also find the
determinate of the T.S.M.
\Y | Disp. Evaluate the total displacement vector.
_ Calculate the member axial force by iterative process.
VY | Axial _
Also find the member end moments.
_ If YES: the linear incremental method is used.
V¢ | If Lin.Inc. _ _ _ _
If NO: the incremental-iterative method is used.
Ve | Internal Evaluate the internal force vector of the system.
V% | Residual Calculate the out-of-balance load vector.
Check the convergence of the solution using the
\V | Chk.Conv.=" ) o
displacement criterion.
If YES: The solution does not converge.
‘A | If Conv.= _
If No: the solution converges.
If YES: The modified N-R is used for the iteration
V4 | If Mod.N-R process.

If NO: The conventional N=R method is used.
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Y+ | Print Print all the desired results.
o Set the initial conditions at time for acceleration, velocity
Y\ | Intitial _
and displacement.
Time step and end of the time chosen for the dynamic
Yy |TS.Tf _ _
analysis respectively.
If YES: Lumped mass matrix is used.
Y¢ | If mass=) _ _
If NO: The consistent mass is used.
Ye | Lumped Calculate the member mass lumped matrix.
Y1 | Consistent Calculate the member consistent mass matrix.
YV | M-Comp. Evaluate the pile mass matrix.
_ Solve the eigen value problem and find the natural
YA | Eigen

frequencies of the system.

«¢ NUMERICAL EXAMPLES

In order to verify the reliability of the computer program, seven

examples are used to be solved and the results are compared with those by

other researchers. These examples represent different types of loading

conditions for the pile and beams on elastic foundation.

The first three examples deals with static analysis .The next two examples

deals with the dynamic free vibration analysis and obtain the natural

frequencies. The last two are explaining the pile under static loads in case of

prismatic and non-prismatic case.
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¢\ EXAMPLE NoO.

The first example chosen to be solved in the present study represents a

square aluminum (E=Y+ MPa) pile Y.7A¢ m length with width of +.¢Y3 mm
embedded in uniform sand media under an axial load media (the specification
of the pile is shown in figure (1-Y)) .This example had been solved by (Yang
and Jeremic Y+ + +) using finite element method .In the present study ,pile was
analyzed using (° elements) and equal load increments each of (£ +KN).The N-R
method has been used for the iteration process with a tolerance error of ( Yx

Y +"). Figure (1-¥) shows the load-displacement curves for point (A), where a
good agreement has been shown between the present study and the previous

solution obtained by (Yang and Jeremic Y+ + +).

The maximum percentage difference between the present study and
That of Yang and Jeremic is (©.%7%) due to the analysis of previous study depend

on YD FEM while the present study used YD FEM.

Ks=YVi+KPa
Kf:/\q-L +KPa

L=Y."Am

E=Y+ MPa
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Figure (6-2) the geometry and loading condition for pile in example No./

400

350 1

300

)

250

200 +

Ansaal load(E

150 4

100 +

50 - Vang and Jeremic 2000
—— Present study

l:l I T T T T T T
0 5 10 15 20 25 a0 an

Displacement (cm)

Figure (6-3) the load-displacement Curve for point A of example No./
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{.Y EXAMPLE NO.Y

In this example ,the geometry and properties of the lateral loaded

aluminum pile are embedded in uniform clay media shown in figure (1-¢).This
problem had been solved by (Yang and Jeremic),by using YD finite element
method .In the present study ,pile was analyzed using (° elements) and equal
load increments each of (Y *KN) . N-R method has been used for the iteration
process with a tolerance error of ( Yx )+ ).Figure (1-°) shows the load-
displacement curves of point A (the top of pile), where a good a agreement has
been shown between the present study and previous solution as obtained by

(Yang and Jeremic).

The differences in the results occur because of the same reason that was

mentioned before.

Ks=Y)+++KPa A
K=Y).YKPa
EAIuminum:v. MPa

Width =+.¢Y4 mm
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Figure (6-4) the geometry, properties and loading condition for pile in example No.2
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Figure (6-5) the load-displacement curves for point A of example No.2
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A beam shown in the figure (1-1) with it geometry and properties was
chosen to be analyzed in the present study to indicate the validity of computer
program. The problem had been solved by (Al-Khafaji) by using beam-column

approach.

In the present study, this beam on elastic foundation was analyzed using ()

elements) and equal load increments each of (Y°KN).

The results is shown in figure (1-V).It can be seen that the present solution

have a good agreement with pervious study.

E=Y YT AY KN/mm”
i |
1=).Y3YYoEA mm* (At end A) l
dv
L=YAYAAMmM d $ \l/

—




)

Load (E

Y References

Figure (6-6) the geometry, properties and loading condition for beam on elastic

foundation in example No.3
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¢ EXAMPLE NO. ¢

The same pile at example No.) has been chosen to be acquainted with

the effective of the lateral soil stiffness on the failure load.

Figure (1-A) is shown the load- displacement curve for the pile with
lateral soil stiffness effect and for pile without lateral soil stiffness effect. The

displacement shown at figure represents the vertical displacement for point A.
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Figure (6-8) the load-displacement curves of example No4.

35



ARE References

-0 EXAMPLE NO.?®

A fixed ended beam as shown in figure (1-1) was chosen to verify the reliability

of the dynamical part of the computer program.

This example has been given by (Al-Bidairi Y 99A) to obtain the natural

frequency.

Table (1-Y) gives the fundamental natural frequency that obtained by (Al
Bidairi) and the present study, A good an agreement has been shown between
the present study and previous solution obtained by (Al-Bidairi Y 44A).With

difference of not more than ( ¥.£7)

L=°+Amm

b=Ye.¢{mm

h=Y.YYemm

E=Y.1.4Yox )+ MPa
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Figure (6-9) the geometry, properties and loading condition for pile in example No.5

The table ( 7- ¥) the natural frequency for example No. ©

. Al-Bidiari Present stud
Type of Mass Matrix y

Natural frequency Cycle/sec | Natural frequency Cycle/sec

V-lumped(Y elements) AT vavy 19,V .Yo

Y-Lumped (¢ elements) VeTAYA VOATVYY
Y-Lumped (Aelements) V+3,09A1 Yy yyay
¢-consistent (Y elements) VIV YVYY VIV PAYE

& EXAMPLE NO."

The geometry and properties of the beam in the figure (1-) *) show the
example that was given by (kolousek) VYY) .In the previous study were used ©
elements to analyze the problem, while the present study )+ elements were

used to analyze the problem.

-

333 3m
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Figure (6-10) the geometry, properties and loading condition for pile in example No.6

The table (1-Y) shows the natural frequency that was obtained by (Kolousek
Y 4VY) and the present study, A good agreement has been shown between the

present study and the previous solution obtained by (Kolousek Y4VY).

Table ( 7- 1) the natural frequencies for example No. 7

Natural frequency
Reference

Cycle/sec
Kolousek Y.v
Present study Y.

.Y EXAMPLE NoO.V
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A non-prismatic steel pile fixed at bottom and free at top under bending
moment and the axial load had been chosen to be the seventh example ,the

geometry and properties are shown in figure (1-))).

K=)Y+ -+ +KPa P
0%

Ke=Ao+ + KPa
E=Y:+MPa

a
L=¥m
Aa=)1++ v omm’

b

Figure (6-11) the geometry and properties for example No. 7

The Figure (1-1Y) shows the load-vertical displacement curve. The example had
been analyzed by seven elements and increment equal load is (1 + KN) for the

axial load with fixing the magnitude of the moment.

400

300+

2004

Aial load (KIT)

100
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Figure (6-12) the load-vertical displacement curve for exampleNo.7

CHAPTER SEVEN

CONCLUSIONS AND
RECOMMENDATIONS

V-\ CONCLUSIONS
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Based on the results obtained in the present study, several conclusions may be

drawn. These may be summarized as follows:

\-This study shows that the large displacement elastic behavior of steel pile
subjected to static loads and the free vibration behavior can be accurately

predicted by using the present finite element modeling.

Y-Using different types of pile mass matrices gives a considerable difference in
the obtained solutions. The consistent mass matrix is shown to be more
accurate than the lumped mass matrix to obtaining the fundamental natural
frequency. Increasing the number of elements with a lumped mass matrix
makes the solution approaches to that obtained by the consistent mass
matrix. The difference between the results that obtained by the present

study by using consistent mass matrix and those the other researchers is

about (V.Y %).

¥-The elastic foundation decreases the natural frequency for the pile.The
percentage of drop in the fundamental natural frequency may reach to

(Y £.YAZ) experimentally.

£-The lateral soil stiffness may increase the failure loads of the pile to about

(V.e7) for clay.
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®-Experimentlly, the natural frequency of the considered model is well
matched with the result that obtained theoretically with difference about

(Y V7).

V.Y RECOMMENDATIONS:

The following recommendation may be considered as an extension for the

present study:

\- The tangent stiffness matrix presented in this study may be modified to
include more effects such as the variation of the moment of inertia

along the pile.

Y- The present study has been concerned with free vibration .A promising
field to extending the present work is to study the dynamic behavior of
pile under different dynamic types of loads.

Y- The present work may be extended by considering the post-critical
behavior of the pile.

¢- Further research may be directed for investigating the elasto-plastic

behavior of the piles.
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