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ABSTRACT

Combined free forced convection over inclined surface problem has

many applications in mechanical components, electronics devices cooled by
fans and heat exchangers placed in a low velocity environment, an analytical
solution such as integral method and similarity solution method are
generally using to solve this problem.

The aim of this work is to analyze the study state laminar tow
dimensional uniform flow over inclined heated flat plate for both constant
wall temperature and constant heat flux and investigate the effect of
buoyancy force and inclination angle on Nusselt number and hydrodynamic
properties with combined free-forced convection.

An analytical and a numerical solution used to study local heat
transfer by mixed convection for steady state free stream with Prandtl
number range from 0 up to 100 over homogeneous inclined heated surface.
The integral method is used to solve the constant wall temperature cases
while the similarity solution used to solve the constant heat flux cases with
the assistance of the (MathCAD) computer package.

Results show the variation of boundary layer thickness, Nusselt
number and shear stress with the buoyancy force, inclination angle and the
physical properties of the fluid represented by Prandtl number, where the
Nusselt number increases for the same Reynolds number about range from
0.3*Rexl/2 up to 6*Rexl/2 and Stanton number increases about range from
0.3/Re,"”? up to 6/Rex1/2 with the increases of the Richardson number in
range from O up to 10 and the inclination angle from 0° up to 90°, while the
boundary layer thickness decreases with the increases of the buoyancy force

and the inclination angle.
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NOMENCLATURE

The following symbols are used generally throughout the text.

Others are defined when used.

SYMBOLS

B
C
f
Gry

= = o 09

Nu,

Pr

Re,
Ri,
Ra

St

...............................................................

Wedge angle factor
Arbitrary constant

Function of similarity variable ().

Local Grashof number: Ratio of buoyancy force to the

viscous force, Gry=g.p.AT.x"/ v
Acceleration due to gravity.
Local heat-transfer coefficient.
Thermal conductivity of the plat.
Characteristic length of the plate

B
2-B

Exponent of Variable defined as m =

Constant — exponent of Variable
Local nusselt number Nu,=h.x/k
Pressure

Prandtl number: Ratio of momentum diffusivity (v)
to heat diffusivity (a), Pr=v/a
Specific Local heat transfer rate.

Local Reynolds number: Ratio of inertia force to
the viscous force, Re,=U..x/ v

Local Richardson number: Ratio of buoyancy force
to the change of momentum flow. Ri,=g.p.AT.x/U..*
Rayleigh number: Ratio of natural convective to
change of momentum flux. Ra = Gr«Pr

Stanton number: Ratio of actual to adventives heat
flux. St = Nu/Re «Pr

Temperature

m/s>
W/m>.K
W/m.K

N/m?

W/m?



U, Free stream velocity in x-direction
u Velocity in x-direction
v Velocity in y-direction
X Coordinate along the inclined surface
y Coordinate perpendicular to the inclined surface
X Dimensionless coordinate along the inclined surface
. X
X =—
L
y Dimensionless coordinate perpendicular to the inclined
« _ Y
surface. V = Z
u Dimensionless velocity in x-direction ¥ = T
v Dimensionless velocity in y-direction V =
U, Dimensionless free stream velocity in x-direction
* U ° L
Uu, =—=
|4
Greek Symbols
o Thermal diffusivity
Coefficient of thermal expansion
d Hydrodynamic boundary-layer thickness
O Thermal boundary-layer thickness
. . T B TOO
0 Dimensionless temperature 0 = ﬁ
u Viscosity of the convective fluid

XI

Kg/m.s



Y Kinematics viscosity of the convective fluid
p Density of convective fluid

\ Stream Function

o Inclination Angle

n Similarity Variable

T Sheer Stress

Superscript

* Dimensionless condition

'

Derivative with respect to 1

Subscript

0 Condition at infinity
W Condition at the wall
0 Forced flow condition
mix Mixed flow condition

XII

2
m/s

Kg/m’

Dgree

N/m?
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1.1 General:

The mixed convection flow occurs in several industrial and
engineering technical applications which include electronics devices
cooled by fans, heat exchangers placed in a low velocity environment,
and solar central receivers exposed in wind currents. In the study of fluid
over heated or cooled surface, it is customary to neglect the effect of the
buoyancy force when the flow is horizontal. However, for vertical or
inclined surface, the buoyancy force modifies the flow field and the heat
transfer rate. Therefore, it is not possible to neglect the effect of buoyancy

force for vertical or inclined heated or cooled surface. [1].

1.2 Introduction:

Convection is defined as the transport of both mass and energy by
potential gradient and gross fluid motion can be induced by either forced
or natural convection. Convection uses the motion of fluids to transfer
heat in a typical convective heat transfer, a hot surface heats the
surrounding fluid, which is then carried away by fluid movement, such as
wind. The warm fluid is replaced by cooler fluid, which can draw more
heat away from the surface. Since the heated fluid constantly replaced by

cooler fluid, the rate of heat transfer enhanced. [2] and [3].

Forced convection refers to fluid motion which induced some
external process such as a fluid machine. The boundary layer is initially
laminar but at some distance from the leading edge small disturbances
appear, they are amplified and after a transition region they developed
into a completely turbulent flow region. Therefore, assumed that at some
distance (critical distance x.) from the leading edge, the turbulent flow
occurs, this location is determined by the Reynolds number, if Re < 5+10°

the flow is laminar, where the transient region form laminar to turbulent
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is about 10° < Re < 107, and assumed turbulence if Re is much higher

than 10’ as shown in Fig. (1-1). [3], [5], [7] and [8].

U, |==— Laminar boundary ——=——e— Transition Turbulent boundary layer
> layer region
U
e 3 ©
—_ v »
- 22—
- Us 8" lr\' =\ A\ 4| Turbulent
e Ea /:‘/4 A A < NN layer
— 3
— —ad e N Yo v 4 3[ Buffer layer
— — —— —_— N ~7 / v Laminar sub-
0 o - layer
x /
l——— X, —————— Boundary-layer thickness & Horizontal plate

Fig. (1-1). Flow regime for the forced flow. Ref. [5].

The flow in the boundary layer is said to be laminar where fluid
particles move along the streamlines in an orderly manner. Where
turbulent flow is characterized by the irregular movement of particles of
the fluid. There is no definite frequency as in the wave motion. The
particles travel in irregular paths with no observable pattern and no

definite layers.[7] and [9].

There is another number which is important in forced convection,
as in the case of free convection one has to consider the Prandtl number.
The significance of the Prandtl number is that it represents the ratio
between energy transport by diffusion in the velocity layer and the
thermal layer. For gases the Prandtl number is close to 1, for liquid metals

Pr << 1, for viscous oils the opposite is true, Pr >> 1. [6].

This ratio usually assumed the value 6/0,<< 1 for liquid metals,
0/6:= 1 for gases, and 8/6; >> 1 for viscous oils. Thus, for liquid metals,
the limit 6/6— 0 of 06/6,<< 1 suggests that the momentum boundary
layer be ignored relative to the thermal boundary layer. For gases, begin
slightly less than unity, 8/9, is very closely approximated when thickness

of both layers are assumed identical. For viscous oils, the limit 8/6,— o
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of 6/8; >> 1 suggests that the development of the momentum boundary
layer, being much faster than that of the thermal boundary layer be
ignored and the momentum be assumed fully developed relative to the
thermal layer. For various fluids, the thickness ratio of momentum and

thermal layers and their limits are sketched in Fig. (1-2). [6] and [8].

U 8/6,<< 1 U 8/6,— 0
To

To

YVYY

Y A 'y

L =

W
(a) Liquid metals
8/6,< 1 8/8, — 1
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YYNTYYY

TYYNTTYY

g

\

—
<

Y
—
o

Yvyy
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Tw
(b) Gases

c
Y)Y
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o

b
f

/

—
s

8/6,>> 1 8/6, > oo

To

L

To
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LA\ {V INAAA|
lRA

LA\ {V YYvYyYY

\'\LLMG

—~
—
€

W
(c) Viscous oils

Fig. (1-2). thickness ratio of momentum and thermal boundary layer for various
fluids. Ref. [6].

Natural convection refers to a case where the fluid movement is
created by the warm fluid itself. The density of fluid decrease as it is
heated thus, hot fluids are lighter than cool fluids. Warm fluid
surrounding a hot object rises and replaced by cooler fluid, the result is a

circulation of air above the warm surface, as shown in Fig. (1-3). [3].
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1- hot surface heats
surrounding air

i

b T

i e —

2- warm air rises 3- air is replaced 4- circulation begins
by cool air

Fig. (1-3). Natural convection. Ref. |3].

Natural convection on a vertical flat plate occurs when a plates is

in contact with a fluid of different temperature from the surface. Density

differences provide the body force required to move the fluid. The

boundary layer is initially laminar and it is developed into a completely

turbulent flow. Therefore, assumed that at some distance (critical

distance x.) from the leading edge the turbulent flow occurs. This

location is determined by the Rayleigh number, if Ra < 10’ the flow is

laminar, and if Ra >10° the flow is turbulent as shown in Fig. (1-4). [5],

[7] and [8].
3 Tw
=)
=
=i
F
y Temperature
T, rofile
] ‘ N7
Velocity profile é X, Boundary layer
5 thickness ( 0 )
— \
Vertical flat plate

Fig. (1-4). Temperature boundary layers and Flow regimes for the Natural
Convection flow. Ref. [5].
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Buoyancy is defined as the tendency of a body to float or rise when
submerged in a fluid. The effect of buoyancy on heat transfer in a forced
flow is strongly influenced by the direction of the buoyancy force relative
to that of the flow. Three special cases that have been studied extensively
correspond to buoyancy-induced and forced motion having the same
direction (assisting flow), opposite direction (apposing flow), and
perpendicular direction (transverse flow). Upward and downward forced
motions over a heated vertical plate are examples of assisting and
apposing flows, respectively, as shown in Figs. (1-5, a and b). Examples
of transverse flow include horizontal motion over a heated cylinder,

sphere, or horizontal plate. As shown in Fig. (1-5, c¢). [3], [10] and [11].

A
Tw 1 Tw T Natural
To Te ” flow
Natural Forced
flow Natural HOL»
I\ flow —_—
E—
Vertical Vertical Tw
Plate Plate
Ty>To
Forced Forced
flow flow Sphere
Tw>Te Ty < T
a. Assisting b. apposing c. Transverse
ﬂOW ﬂow ﬂOW

Fig. (1-5). Buoyancy force flow direction relative to the forced flow.

Mixed convection primarily occurs with laminar and transitional
flows for the forced flow and moderate to large (Gr) i.e. (turbulent flow

for the free convection), and the onset of mixed convection depends on



Chapter One ..................cc.uceeeueeesanensnn........ Introduction

the relative magnitudes of (Gr) and (Re), which termed Richardson

X

. G
number Ri, = . and called as buoyancy force term,[3].
e

X

The buoyancy force term will be negligible if (Ri <<1) and forced
convection will dominate. Correspondingly, if (Ri >>1), the buoyancy
force effects will dominate and the flow will essentially be free

convection, as shown in Fig. (1-6). [3], [6], [10] and [12].

1000

100
Natural Convection

Mixed Convection

0.1

Forced Convection

0.01 I I I |

0.01 0.1 1 10 100 1000
Pr

Fig. (1-6). Heat transfer regimes in adding laminar Mixed Convection from a

vertical isothermal surface for constant heat flux case. Ref. [12].

Resulting buoyancy force aids the convection motion, expect the
Nusselt number to be greater than the force-convection value at that
Reynolds number. And when (T,< T,,), the buoyancy force would oppose
the flow and Nusselt number would decrease, [3]. In the present work
convective flows that originate in part or exclusively from buoyancy

force considered, and introduced the dimensionless parameter needed to
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characterize such flows, to be able to discern when free convection
effects on forced convection are important and to quantify the associated

heat transfer rates.

1.3 Lavout of the thesis:

The present thesis divided in to five chapters.

The first chapter include the introduction of the types of the
convection heat transfer.

The second chapter is devoted to the literature survey for relevant
work which studied the mixed convection over horizontal, vertical and
inclined surfaces.

Third chapter includes mathematical modeling of the governing
momentum and energy equations by integral method and similarity
solution method for both constant wall temperature and constant heat flux
with mixed convection.

The fourth chapter include results and their discussions. While
chapter five present conclusions drawn from this work with the

suggestions for the farther works.
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1.4 Scope of the present work

Combined free - forced convection

l

Integral solution

Constant wall
temperature

l

Similarity solution

’

Constant wall

temperature
v l Variable U, with
Constant U,, Variable U, O=60°

l | for any Pr

for any ®© with ®=60°

inclination

angle
Pr>1 Pr>3.62

l

Velocity distribution
profile with buoyancy
effect

l

Velocity distribution
profile with out
buoyancy effect

for any Pr l
Pr=1

' |

Pr>>>1 Pr<<<1

'

Constant heat
flux

|

Variable U, with
D=60°

for any Pr
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Chapter Two .....................................Literature review

2.1 Horizontal flat plate.

Schneider and Wasel [13], studied the break down of the
boundary-layer approximation for steady state mixed convection above
horizontal heated flat plate with constant wall temperature and constant
heat flux for the Prandtl number rang from 0.5 up to 10. Boundary-layer
equations modified to account for the hydrostatic pressure variation
across the boundary layer are solved numerically by a finite difference
scheme. Concluded As a critical distance from the leading adage is
approached, the derivation of the wall shear stress becomes infinite, while
the wall shear stress it self remaining finite and non-zero, thus the
boundary-layer approximation breaks down before the classical
separation criterion of vanishing wall shear stress is satisfied.

Tasawwur and Noor Afzal [14], studied analytically the steady
state mixed convection boundary-layer above horizontal heated flat plate
in a uniform stream for the Prandtl number of 0.72. For constant heat flux
and constant wall temperature cases is investigated using computer
extension of the perturbation series, the direct expansion is transformed
by Euler transform and other techniques. The results shows for the
buoyancy adding or apposing the main flow for uniform wall
temperature, the maximum error is 5.983% for skin friction and 1.072%
for heat transfer. For uniform heat flux, the maximum error is 6.9% for
skin friction and 1.9% for wall temperature.

Appukuttan A. et al. [15], are studied experimentally the effect of
buoyancy caused by heat generation from a microelectromechanical
system (MEMS)-based thermal shear stress sensor. For study state
laminar flow in horizontal channel with Prandtl number of 0.71 and 1,
operating power of the shear stress sensor is taken the range 4.10* to
1.6:10” , temperature difference between the shear stress sensor and free

stream temperature is taken to be in the range 50-450K and the operating
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Gr, for the (MEMS) shear stress sensor range from 0.05 up to 0.5, with
Re, = 500 and Grashof range of 10* to 10°. as shown in Fig. ( 2-1)

U=U0, Noslipwall T=T, t
4 outlet H=1cm

T=T,

- 0.8+L

_ =T,
No slip wall T=T,
y Horizontal channel
X
"

—
U:U(y) >
>

~

H=0.2
L —a(b? (hh l "

U=0 T=T,
0.32 cm

Fig.(2-1)Geometry and boundary conditions of the full-length model and focused
domain near the sensor. (a), (b), and (c): Sections where velocity profiles are
considered for comparison, Ref. [15] .

concluded due to the small size and relatively low power consumption of
such sensors, the buoyancy effect on the overall flow structure is
generally negligible. However, its impact on the flow variables such as
shear stresses can be significant because such quantities are local and
depend on the gradients of the velocity profile next to the sensor. Due to
the small dimension of the (MEMS) sensor, a multi scale modeling
approach is adopted to examine the effect of buoyancy on the velocity

and wall shear stress profiles.
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Manca O. et al. [16], are studied numerically the effect of the heat
wall position on steady state mixed convection in a channel with an open
cavity. Three basic heating modes are considered: (a) the heated wall is
on the inflow side (assisting flow); (b) the heated wall is on the outflow
side (opposing flow); and (c) the heated wall is the horizontal surface of

the cavity (heating from below), as shown in Fig. (2-2).

s
H‘ ::ul “H H‘ ::l.Ii “H
| 1 y - Y
A A
D D q &
Y a Y DI
(a) (b)
! H
y vy Y
A q
D a
X Y T T
()
- L=2D _

Fig. (2-2). Geometry under consideration: (a) assisting forced flow,
(b) opposing forced flow, and (c) heating from below, Ref.[16].

For constant wall temperature, Reynolds of 100 and 1000, Richardson
number of 0.1 and 100, Pr = 0.71 and the ratio between the channel and
cavity heights (H/D) is in the range 0.1-1.5 and by using the finite
element methods it was noticed that recirculating cells develop within the
cavity, which improve the heat removal from the heat source for the
opposing flow case. The present results show that the opposing forced

flow configuration has the highest average Nusselt number among other

11
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configurations for various (H/D). In addition, the results of this
investigation illustrate that the maximum temperature values decrease as
the Reynolds and Richardson numbers increase for all three
configurations. Generally, the highest thermal performance is achieved in
the opposing mode.

Khalil Khanafer. et al. [17], studied numerically  Mixed
convection heat transfer in two-dimensional open-ended enclosures, for
three basic configurations. A wide range of pertinent parameters such
Grashof number, Reynolds number, and the aspect ratio are varied as 10°
<Re <10% 10° < Gr < 10° and 0.25 < aspect ratio of the in closure (W/H)
< 1. The results show that the lower and the upper average Nusselt
number increase almost linearly with the Reynolds numbers for the three
configurations at low Grashof number. In addition, for low Grashof
number, the results show that the lower average Nusselt number is the
highest for the 45° flow angle of attack and is the lowest for the 90° flow
angle of attack. However, the upper Nusselt number is found to be the
highest for the 90° flow angle of attack and is the lowest for the 45° flow
angle of attack. For high Grashof number, the results show that the lower
and the upper average Nusselt number are the highest for the 45° flow
angle of attack and are the lowest for the 90° flow angle of attack at

various Reynolds numbers as shown in Fig. (2-3).

12
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7
/
2w Ty 2
/) T, ] £ ? Open-Ended side
T H AY T o |l : H
S | » g 5 : T,
I :
T & > : ‘
e
/
) ® T
/
au_ov o au_ov_or g ou_ov_or _
dy oy Oy oy 0Oy Oy oy 0Oy Oy
i il i i D =45
Ly N Ly L)’
| il |
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- LX: [ :L" = - L = T
ou ov_or ] u_ov_or_,
_=_:_:0 u:OaV:anT:Tw - - -
oy 0Oy Oy d oy
(c) (d) (e)

Fig. (2-3). (a) Physical domain, (b) physical domain utilizing the symmetry
condition, (c) horizontal flow, (d) vertical flow, and (e) inclined flow, Ref. [17].

2.2 Vertical flat plate:
Kumari and Nath [1], studied the development of the mixed

convection flow of an incompressible laminar viscous fluid over semi-
infinite vertical plate when the fluid in the external stream is set in to
motion impulsively, for Prandtl number of 0.7 and Richardson number
range from 0 up to 3. by both analytically and numerical similarity
solution concluded there is a smooth transition from the early flow
development to the final steady state. The surface shear stress and the
heat transfer increase and decrease with time when the buoyancy
parameter is greater or less than a certain value. Both the surface shear

stress and heat transfer increase with the buoyancy parameter after the

13
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start of the motion. The surface shear stress and heat transfer for the
constant heat flux case are greater than those of the constant wall

temperature case.

Satish Kumar and Masayoshi Shimo [2], studied analytically the
steady stat mixed convection over an isothermal vertical heated flat plate,
for the Prandtl number of 0.7 and buoyancy parameter Richardson
number range of 0.01 to 0.5. Shooting method can be used to solve for
similarity solution for constant temperature case. The result for this case
of buoyancy adding a forced convective flow over an isothermal vertical
flat plate, the Nusselt number and wall shear stress (normalized by their
values for forced convection) increase as the buoyancy parameter

increase.

Manning and Qureshi [12], studied empirically the laminar aiding
mixed convection over a vertical isothermal heated surface, for prandtl
number range from 0.01 up to 100. the results for constant wall
temperature case and for adding flow Nusselt number and wall shear
stress increase as the free and forced convection parameter increases as

the empirical relation ship ( B.1 ) shows.

Chamkha. et al. [18], studied mixed convection flow over vertical
plate with localized heating (cooling), magnetic field and suction
(injection) for the Prandtl number of 0.7, magnetic parameter was varied
from 0 up to 4, Richardson number was varied from -0.5 up to 0.5 and
mass transfer constant was varied from -1 up to 1. The nonlinear coupled
parabolic partial differential equations governing the flow have been
solved by using an implicit finite-difference Scheme results the effect of
the localized heating or cooling is found to be very significant on the heat
transfer, but its effect on skin friction is comparatively small. The

buoyancy, magnetic and suction parameter increase the skin friction and

14
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heat transfer. The positive buoyancy force (beyond a certain value) causes

an overshoot in the velocity profile.

Ali M. and Al-Yousef F. [19], studied the laminar mixed
convection from a continuously moving vertical surface wit suction or
injection for the boundary layer equation subject to power law
temperature and velocity boundary conditions. By using similarity
solutions for Pr = 0.72 results that the heat transfer coefficient increase
with increases of mixed convection terms, and Nusselt number increase
with increases of temperature exponent with constant mixed convection

parameter (Riy) and injection parameter.

Selim A. et al. [20], studied the effect of surface mass transfer on
mixed convection flow past a heated vertical flat permeable plate with
thermophoresis, for a non uniform surface mass flux through the
permeable surface, with steady state uniform free stream, for Prandtl
number of 0.7, Schmidt number about 10, local Richardson number range
from 0 up to 5 and for thermophoretic parameter of 0.1, 0.5 and 1, by
using similarity solution method, from the present investigation the

following conclusions may be drawn:

1. in the mixed convection regime the value of the local skin-friction
coefficient, the local Nusselt number and the local Stanton number

increase when the value of the local Richardson number increases.

2. As Richardson number increases both the temperature and

concentration boundary layers decreases in thickness.

3. Wall suction was found to decrease the strength of the stream wise
flow and to decrease both the thermal and concentration boundary

layer thicknesses.

4. As the Schmidt number increases, the concentration boundary layer

becomes thinner and the surface mass flux increases.
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5. As the thermophoretic parameter increases the surface mass flux

increases.

Idiri M. and Souidi F. [21], studied the higher order boundary
layer effect in an opposed mixed convection problem on a vertical flat
plate, for water with study state uniform free stream flow of Prandtle

about 6.7 and mixed convection parameter (Re/Gr >°

) rang from 0.1 up to
0.5 where Gr is modified Grashof number defined as (g«p«q-L*/k«v?),
with constant wall temperature, by using (THE MATCHED
ASYMPTOTIC EXPANSIONS METHOD), concluded for fixed Gr, the
contribution of the higher order on Nusselt increases with increases of
mixed convection parameter, also for fixed mixed convection parameter
Nusselt number decreases as Gr, gets larger and for moderate Grashof

number, the wall shear stress decreases as mixed convection parameter
increases.

Herbert Steinruck [22], examined the effect of the buoyancy on
the laminar steady state boundary layer about vertical heated flat plate, by

using similarity solution method for Prandtl number range from 0.2 up to

. . . .G
2 and mixed convection parameter which defined as A = lim Rr; was
X—> 00 e

varied from -1 for apposed flow to 1 for assisting flow, concluded that the
heat transfer rate increase or decreases with the increases or decreases of

mixed convection parameter respectively.

Ramos R. et al. [23], studied steady state mixed convection
between two parallel vertical heated flat plates, for Prandtl number of 0.7,
Richardson number of (1/64, 1/10.66, 1/96, 1/160 and 1/240), with
different value of Reynolds number, for constant heat flux and constant
wall temperature, by using Generalized Integral Transform Technique
(GITT), concluded the velocity closer to the channel walls is very high,

due to the buoyancy effect, and the flat temperature profiles in regions
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close to the channel center, but sharply decreasing profiles in positions
closer to the walls, which means high temperatures gradients in these
regions.

2.3 inclined flat plate.

Ping Cheng [24], studied combined free forced convection about
horizontal and inclined surface in a saturated porous medium. For the
parameter governing mixed convection from surface in porous media
(Gr/Re) range from 0 up to 50. For constant heat flux case and inclination
angles (0° and 45°) and by using similarity solution method concluded
that the Nusselt number increase as increasing in mixed convection
parameter and increases of inclination angle.

Rogerio Ramos [25], studied the steady state mixed convection in
laminar flow between inclined parallel plats, by using the general integral
transform technique which is employed in the hybrid numerical solution
of the problem. For both constant wall temperature and constant heat flux
and for Pr = 0.7, Re = 100 and 1600 and Ri = 1/37, concluded that the
heat transfer rate and wall shear stress are increase with increases of
buoyancy force and increasing of inclination angle.

Bahlaoui A. et al. [26], studied the steady state combined mixed
convection and radiation in a channel discretely heated from below, for
Ra = 10°, Re = 50, inclination angle range of 0° up to 60° and emissive
power by radiation (¢) of 0, 0.5 and 1, by using Alternate Direction
Implicit Method (ADI), concluded that the Nusselt number increase with
increases of inclination angle for different value of €. This due to
increases of natural convection effect by increases of inclination angle,
total heat transfer cross the wall increases quickly with increases of (¢).

Yang H. Q. and Yang K. T. [27], studied the effect of laminar
forced convection on natural convection from an inclined, heated plate

situated inside the horizontal channel, for Ra of 5.2:10°, Re range of 0.12
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to 120 to cover the range of natural convection dominant flow to the
forced convection dominant flow, plate length fixed at L = 0.54H, where
H is the high of the channel, inclination angle of 60° and 120° to
determined the adding and opposing effect of the forced convection and
Prandtl number of 0.71, numerically concluded that the forced
convection is found to augment the heat transfer as well as to make the
heat transfer rate more uniform on the upward facing side of the plate and
the boundary condition, inclination angle, and offset position are found to
have significant effect on the interaction of forced and natural convection.

Kumari M. ef al. [28], studied numerically the mixed convection
flow over a vertical wedge with magnetic field embedded in porous
medium by using Keller box method for Prandtl number range from 0.72
up to 7, Richardson number range from 0 up to 10, magnetic field
parameter range of 0 to 1, permeability parameter range of 0 to 0.5,and
pressure gradient range of 0 to 1, concluded the skin friction and heat
transfer are increases with the permeability of medium, buoyancy force,
magnetic field and pressure gradient effects, while the effect of
permeability and magnetic field on the heat transfer is very small. The
heat transfer increases with Prandtl number but skin friction decreases.
The buoyancy force which assist the forced convection flow causes an
overshoot in the velocity profiles. Both skin friction and heat transfer

increases with suction and the effect of injection is just the reverse.
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2.4 Summery:

From the above research’s concluded, that the mixed convection on
horizontal flat plate, tangential component of the buoyancy force gives
rise to a hydrostatic pressure distribution across the boundary layer which
modify the forced convection boundary layer. As the boundary layer
develops, the hydrostatic pressure at the plate surface also increase with
increasing distance from the leading edge the buoyancy force either aid or
appose the development of the forced convection boundary layer
depending on wither the induced pressure gradient within the boundary

layer is favorable or adverse.

The transport in aiding laminar mixed convection flow adjacent to
a vertical or inclined surface, the direction of the forced flow is taken to
be upward for the heated surface, this situation causes the flow to be
predominately forced at the leading edge, primarily natural far
downstream, and mixed in the middle, finally buoyancy force aid
convective motion whereas if the surface heated to a temperature higher
than the surroundings temperature and causes variation in the velocity
and temperature field of the forced convection flows leading to variation

in the Nusselt number and wall shear stress.

In the present work compares an analytical and a numerical
analyses techniques that can used to solve for the case of convective flow

aiding forced flow over inclined surface.
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3.1 Introduction:

Problem of boundary layer mixed convection is investigated by
employing many methods. Empirically with a high range of Prandtl
number about from 0.01 up to 100, over a vertical isothermal heated
surface by Manning and Qureshi, [12]. Experimentally with taking the
buoyancy  effect caused by  heat generation from @ a
microelectromechanical system (MEMS) based thermal shear stress
sensor in a horizontal channel for steady state laminar flow by
Appukuttan, [15]. Similarity solution method taking surface mass
transfer effect on mixed convection flow past a heated vertical flat
permeable plate by Selim, [20]. Numerical solution using (Matched
Asymptotic Expansions Method) taking apposing flow effect on a vertical
plate by Idri and Souidi, [21]. Hybrid similarity solution with taking
shear stresses effect in the y-direction using (General Integral Transform
Technique) for inclined two parallel flat plates by Rogerio, [25].
Alternate direction implicit method (ADI) with taking radiation effect in a
horizontal channel by Bahlaoui, [26]. Numerical solution using (Keller
box method) with taking Magnetic field effect over a vertical wedge with
porous media by Kumari, [28]. In the present work is employing tow
method, integral method for constant wall temperature cases in the first
step, and similarity solution method for both constant wall temperature
and constant heat flux in the second step , and to simplify the analyses

there is some assumption are imposed.
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3.2 Assumptions:

The present analysis is based on the following assumption:

1.

Laminar two dimensional and study state incompressible fluid

flow.

. Newtonian fluid with constant properties except for the Buossinesq

approximation.

. Flow which gives the thermal boundary layer thickness and the

hydrodynamic boundary layer thickness are equals.

Viscous shear force in the y-direction is negligible.

There are no pressure variations in the direction perpendicular to
the plate.

The flow with constant wall temperature or constant heat flux.

The heat flow and temprature distribution over the inclined plat is
independent of time, i.e.the heat flow is steady.

The temperature of the surrounding fluid is constant.

Impervious and no-slip walls.
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3.3 Mixed Convection With Constant Free Stream Velocity:

3.3.1 Governing Momentum Equation:

Consider the plate shown in the figure (3-1), the governing
equation of the flow formulated from consideration steady state laminar
flow balance over the integral element (Ax and Ay), taken into account

the assumption of the problem.

— *

Fig (3-1)
Hence, for a two-dimensional steady state condition system and when the
flow parallel to the flat plate.

The continuity equation [5] is defined as:

ou N ov 0
Py Dy (3.1)

Integrating eq. (3.1) along the boundary layer:
J‘ dy + I —dy =0
Oy

© Ou
B.C v=0at y=0, gives: V = _J‘Edy ................. (3.2)

0

The momentum equation for mixed and natural convection [10] is defined
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as the equilibrium of the net momentum in the left side and net shear

force plus body forces in the right side as shown below;

ou ou 0 0u )
p-[u—+v—)= a[; uaz—p-g-sm(@) ................... (3.3)

Assuming that the pressure gradient inside and outside the boundary layer
1s the same, thus:

op .

—=—p, - gsm(P

0~ P8 (@) (3.4)
Substituting eq. (3.4) in to eq. (3.3) and using boussinesq approximation
gives:

2
ZZ +v% = u%Jr g.p.sin(®).(T-T,)

T-T,
Integratlng eq. (3 5) along the boundary layer and adding and subtracting

. . _1l(p.—p
Where the thermal expansivity [4] is defined as £ = -

the term I u _8y Y gives:
o ) 0 A2
ou ov ou
u—-dy+uv| —lu—dy =0 dy + sin(®).(T —T. )d
! b \0 ! P !ayz y jgﬁ (®)(T - T,)dy

B.C;u=v=0aty=0, u=U,_, andV—_J—dy at y=0
Thus;

Tua—”d Uia—ud ju—d ujazud +j B.sin(®).(T —T.)d
Uy U] e e e ES y

Ox o Ox 0
ou B ov
From (3.1) ; o x 8y
Thus;
d S dul® ¢
— U ))dy=v—| + | g.8.sm(®).(T-T )d
de(;u(u My =v !gﬂ (@).(T-T)dy ... (3.6)
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@—O 5
But, dy at y= Thus;
& u u @ du
U2 | 1-"dy =—9o.B.sin(O).| (T -=T Ydy + vZ=
. dinw( TR g.B.sin( )!( )dy ], 67

3.3.2 Boundary layer Thickness, Nusselt number and Shear

Stress:

Solving eq. (3.7) by selected the velocity distribution profile for the

forced convection flow [6] 1s defined as;

Tr-T 3y 1y
T »® - 1 -z 4z

T -T. 25 2 5t3 ........................................... (3.9
Where O =0, from the assumption.
Substituting eqgs. (3.9) and ( 3.8) into eq. (3.7), gives;

39U, ds 3 3v-U

> — =——g.B.sin(D).0 6+ — =
220 8gﬂ (®).0, Y T T (3.10)

Solving the above differential equation by integration both sides gives:

5, 2 o :
. T 7 [1-exp[-5.4-Ri,sin(@)]] G.11)
(Re, )?.(Ri, -sin(D))?
Where as for the forced convection flow over a flat plate [5];
o 4.64
R 3.12
Ty (3.12)
Thus, the dimensionless boundary layer thickness ratio becomes;
S 0.431 o :
5= - [l—exp[-5.4-Ri, -sin(@)]] (3.13)

° [Ri, -sin(®)]?
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Since the heat balance on the plate surface [10], at ¥ = 0 is defined as:

dT
q=—k-d— =h-(T,=T.) i, (3.14)
Y 120
Thus; h = 3.k 3.15
us; 2 e (3.15)
-
Since; Nu :Tx ...................................... (3.16)
Substituting egs. (3.11) and (3.15) in to eq. (3.16), gives;
3 1
Nu, ==-\JRe Ri -sin(®@) ———0m——m " ... 3.17
e 4 \/ ¢ Ri, -sin(®) \/l—exp[—5.4-Rix sin(d))] ( )

Where as for the forced convection flow over a flat plate Nusselt number

defined as [5]:

Nu, =0.332-Pr2 Re. (3.18)
Thus;
Nu i'w/Rix -sin(®) |
mix. — ———— 3.19
Nu, 0332 Prg J1—exp[-5.4-Ri_sin(®)] (3-19)

Shear stress at the wall may be expressed in terms of a friction coefficient

C, [5] where:

Substituting egs. (3.8) and (3.12) in to eq. (3.20), gives.

&: 3-J[Ri, -sin(D)] . 1 (3.21)
; TIPSR were e vy e B .
Nu .
Since; St, =— (3.22)
Re -Pr

Substituting eq. (3.18) in to eq. (3.22) gives:

~C, 3[R, sin(®)] 1
* 2-Pr 4. JRe -Pr Jl-exp[-5.4-Ri,sin(®)]

St
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The limits for egs. (3.13), (3.19) and (3.23) respectively at Ri, — 0

means negligible buoyancy force effect which results:
lilel [l-exp[-5.4-Ri, -Sin(CD)]E ~l (3.24)
"2 [Ri, -sin(®)]?

lim§~x/Rex-Rix-sin(®)- ! =0323-\/Re,  ......(3.25)

K0 4 J1—exp[-5.4-Ri_sin(®)]

3 Ri, -sin(®) 1 0323 (3.26)

kll;l’olz JRe, \/1 —exp|-5.4-Ri_sin(®)] - \/Rex '''''''

The limits for eqgs. (3.13), (3.19) and (3.23) at ® - 0 means horizontal

flat plate which results:
lilel Ji—exp[-5.4-Ri -sin(@)] =1 e, (3.27)
D—0

[Ri_ -sin(D)]?

1

3
1 —-+JRe -Ri_-sin(®)- =0.323-,/R. ...(3.28
1&9014 JRe,: Ri, sin(®) J1—exp[-5.4-Ri_sin(®)] o (.28)
3 4/Ri_ -sin(D) 1 032 (3.29)

lqg%lz JRe, ' \/l—exp[—5.4«Rix sin(®)] B \/Rex
The limits for egs. (3.13), (3.19) and (3.23) at ® — 90 means vertical flat

plate which results :

lim 0431 1 [1—exp[-5.4-Ri, -sin((l))]g = '4311 -[1—exp(—5.4'Rix)]%...(3.30)
" [Ri, -sin(®)]? Ri>

3 1 3 Ri_-Re
im=-/Re.-Ri_ -sin(®)- :.\/ e (331
14,1334 O Ri, -sin(@) Jl—exp[-5.4-Ri sin(®)] 4 V1-exp(-54-Ri,) 3D

Ri.

.3 - Ri, -sin(D) 1 3 1—exp(-5.4-Ri,)
lim- : — = : (3.32)
b0 4 Re, -Pr \/l—exp[— 54-Ri, sm(CD)] 4-Pr Re,
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3.3.3 Hydrodynamic Boundary Laver Thickness and Shear

Stress for The Assumption of (Pr >>> 1):

For this case temperature distribution profile is defined as:

r-7,
—TW CT (3.33)
Substituting egs. (3.8) and (3.33) in to eq. (3.7) give:
39U, do 3w,
2 — =- sin(®).0 0 +
230 2 g.p.sin(P) G e (3.34)
Integrating eq. (3.34) gives:
5 1.224 o :
=z = i ; [1—exp[-14.4- Ri_ -sin(®)] (339
(Re,)?.(Ri, - sin(d))?
Thus;
5 0.264 o 3
== [l -exp[-14.4-Ri -sin(@)] (3.36)
*  [Ri_-sin(®)]?
Substituting egs. (3.8) and (3.35) in to eq. (3.19) gives:
Er 3R, sin(@)] L (3.37)
2 2.448-JRe,  /l—exp|-14.4-Ri_ sin(®)]

3.3.4 Boundary laver thickness and Nusselt number for The

Assumption of (Pr <<< 1):

For this case velocity distribution profile is defined as:

The integral form of the energy equation [10] is defined as:

j (T-T)dy=—a- dar
dy

y=0

Substituting egs. (3.9) and (3.38) in to eq. (3.39) gives:
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31 —ryy, 40 3 @@ -T)
8 dx 2 S

Solving eq. (3.40) gives:

5__ 8 (3.41)

X \/W ......................................................

Nu,, =0.5303-/Pr-Re, (3.42)

3.3.5 Boundary Laver Thickness and Nusselt Number with

Constant Free Stream Velocity by Using Energy Equation:

Substituting egs. (3.8) and (3.9) in to eq. (3.39) gives:
39, 45 3a

2080 U7 e 35 e (3.43)

Integrating eq. (3.34) gives:

o 4.64

e 3.44

x ,/Pr-Re, ( )

Thus;

N, =0323-PrRe, oo (3.45)

C .

S (3.46)

2 Re,

st=S 3.47

STpr e (3.47)

Equating eq. (3.25) with eq. (3.45) for Richardson number equal to zero

gives Pr=1.
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3.3.6 Velocity Profile with Buoyancy Effects:

Consider plate shown in the Fig. (3-2) the dimensionless equation of
the velocity distribution is formulated from consideration steady state
laminar flow balance and the boundary condition over the boundary layer

thickness taken into account the assumption of the problem.

Inclined flat plate

Fig (3-2)

Hence, for a two-dimensional steady state condition system, the boundary

condition of the mixed flow condition:
1. u=U_ at y=6
2. u=0 at y=0

3. 9% _ g at y=0

oy

O’u g psin(®).(T,-T,)
9 ayZ L

o

. From eq. (3.5) at y=0

Let UL= A+by+cy’ AV (3.48)

o0

Substitute the above boundary conditions in eq. (3.48) gives:
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a=0
p_&PAsn(@).(T,-T,)-0 3 1
4,.1/.(]Oo 20
_ g Bsin(@).(T, -T,)
2.U, v
_gfsin(@T,-T,) 1 1 1
4‘Uoo'V o 2 53
Thus;
u PB.sin(®).(T, ~T,)-6° 3 Ly
_ g psin(@)(T, -T,) .Z.{l_l} Jr—l——y—3 ....(3.49)
U, 4-U, v sl ol 26 26

3.3.6.1 Boundary laver thickness, Nusselt number and shear

stress:

Substituting egs. (3.9) and (3.49) in to eq. (3.39) gives:

4 'g.,b’.sin(CI))-3-52+ 39 U ds 3 a-
105 4'Uoo'V 280 “ dx 9§ e

Integrating eq. (3.50) and find the root by using MathCAD program

gives:

O i 2 39 1 (39)2 1 13440 1 (3.51)
_mix I B + - . - - > + . - - .. .
x  Re, 32 Ri, -sin(D) 32 (Ri - sin(D)) 1024 Pr-Ri_-sin(®)

2
O _ 2 39 1, (”j L B 1 (3.52)
o, 4.64 32 Ri, -sin(D) 32) (Ri,-sin(®))> 1024 Pr-Ri_-sin(D)

Nty 3 1 .(3.53)
Reo 4[5 . (39)2. L 13440 I

32 Ri,sin(@) \\32) (Ri, -sin(®))’ 1024 Pr-Ri, -sin(®)
Nu,, 3 1 .(3.54)

1
4.332.p° [ 39 1 (39)2. 1 L 13440 1
32 Ri_-sin(®) \\32) (Ri,-sin(®))> 1024 Pr-Ri_-sin(®)

Substituting egs. (3.49) and (3.51) in to eq. (3.20) gives:
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C _Risin(g) |39 1 (39j2 1 | 13440 | .
2 2-\Re, 32 Ri_-sin(®) 32) (Ri_ -sin(®))*> 1024 Pr-Ri, -sin(®)

4fRe. |59 . (39)2‘ L1401
32 Ri,-sin(@®)  \\32) "(Ri,-sin(®))’ 1024 Pr-Ri, -sin(®)

Substituting eq. (3.53) in to eq. (3.22) gives:
3 1

St = :
32 Ri_-sin(g) 32) (Ri,-sin(®))> 1024 Pr-Ri_ -sin(®)

C, Ri 39 1 (39)2 1 13440 1
—_— . —_—— —_—— + _ . + . -
2 2-Re, 32 Ri_ -sin(®) 32) (Ri -sin(®@))*> 1024 Pr-Ri -sin(®)
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3.4 Mixed Convection With Variable Free Stream Velocity:

3.4.1Governing equation:

Consider the plate shown in the Fig. (3-3) the governing equation of
the flow is formulated from consideration steady state flow balance over
the integral element (Ax and Ay), taken into account the assumption of the

problem with variable free stream velocity.

Fig.(3-3)

Hence, for a two-dimensional steady state condition system, the

Bernoulli’s equation with variable free stream is defined as [5] and [4]:

D, g sin@)-p,U,

dx de e

Substituting eq. (3.58) in eq. (3.3) and wusing the boussinesq

approximation gives;
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( ou 6uj o%u dU.,
plu—=+v— —tp.U,-
oy dx

By integrate the momentum eq. (3.60) along the boundary layer add and

subtract the term IU _y dy gives :

u=v=o0at y=0 u=U_ and v——.f—dy at y =90

By substituting the boundary conditions and add and subtract the term

)
[u
0

in to the eq. (3.61) gives:

S5
i(UOO2 02)+ U, ., Ol = Vd_u -g-p ~sin(CD)oJ.(T -T,)dy (3.62)
dx dx dy -0 0
)
. . u
Where 0;; the displacements thickness =I(1 _U_)dy ........ (3.63)
0 [e'e]
5
5,; the momentum thickness = j 1=y (3.64)
; 10 TR :
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3.4.2 Boundary Layer Thickness , Nusselt Number and shear

stresses with variable free stream velocity:

By solving the momentum and energy equations, the velocity
distribution profile for the forced flow equation (3.8) and the temperature
distribution profile also for the forced flow equation (3.9) are substituted

in equations (3.39) and (3.62) gives;

dU,’ - dU
39 d(U, é)+§°Uw°5—°°=V-Uw-i—§-L-§ ........ (.65
280 dx 8 dx w8
39 dU,-5) 3a
220 d R (3.66)

Let U,=C, -x",0=C,-x" this gives;

3 9 m+n— 3 m+n— 3 C m—n 3 n
2—80C12C2(2m+n)x2 1+§C12C2-mx2 1=§Véx —o LG .(3.67)
13 4 a

—C,-C,-(m+n)x""" =—x"

20¢ ¢ ( ) C,F (3.68)

B

Where M = 2_g and B is defined as the wedge angle factor [4],
Thus,

13 a

—.C,-(m+n)x"" = x"

120 & ( ) R —— (3.69)
39 n— 3 n— 3 v -n 3 L n
2—80C2(2m+n)x l+§C2-mx ! :ECZ-wa _§Uw2 -Cyx"....(3.70)

»  140q-x7

C,  =——
from eq(3.69) » B(ma ), oo (3.71)
Substituting eq.(3.71) in to eq.(3.70) gives:
1 (61m—13m-Pr+35Gx -sin(D))
s o T T T e (3.72)

13 (1-Pr)
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. 52 _ 2 2n-2
Since: x—z—Cz X e e snieeeneees (3.73)

Substituting eq. (3.71) in eq. (3.73) gives:

o 140
;_\/13(m+n)Pr-Rex .......................................... (3.74)
Thus;
x VRe, \/(;f-m+Rix -sin(CD)j-Pr
o, 2 (Pr—1)
S T T s (3.76)
% 464 (48'm+Rix -sin((D)j-Pr
35
Numix _i 1
R 4 (Prol) | s (3.77)
(48 -m+Ri_- sin(CD)j -Pr
35
Numix 3 1
Nu T (Prol) | e (3.78)
4.332-Pr3 13
[ -m+Ri_- sin(d))J -Pr
35
C
Sro_ 3 L (3.79)
2 4-Re, \/ (Pr-1)
(48 o j
—-m+Ri_-sin(P) |-Pr
35
Substituting eq. (3.91) in to eq. (3.22) gives:
3 1
St =
x 4-\/Pr- Re. (Prl) e (3.80)
(48 “m+Ri_- sin((D)J
35
Thus;
St (3.81)

[\)
g [~
.
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Solving the egs. (3.69) and (3.70) Simultaneously by using MathCAD

program to fined the root gives:

1 1
n=— , m=—
4 2
|
For m = o gives: @ = 60°
1 1
-2 in(60) - &
Clotossy - 23, v |2 88500, 1= (3.82)
13 « v’
il Bsin(60) - 0 L il
sin . 41 45
C2:2.75(§j z{g > } {—E+ﬂ4 .................... (3.83)
Thus;
1 1
J— . — 1
U, —1985] - B v | 2| &fsmO00, = s (3.84)
13 « v’
s (_?;JFPrJ ‘
S = D TS | e 3.85
X (Pr)’ - (Gr, -sin(60)) (.85)
5 275 (_ f; ’ Prj
ML= |, 3.86
Ty 7 JRe. | (Pr) -(Ri. -sin(60)) (3-86)
5 275 [_§+Prj 4
= | 3.87
5, 4.64| (Pr)’ -(Ri, -sin(60)) G587
Nu,, = 0.545(Pr)5 (Gr, - sin(60))§ (— % + Prj PR OPRROURRO (3.88)
or % =o.545(Pr)% (Ri, -sin(60))zlt[—?—§+Prj L (3.89)

X
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Nu,, _ 0.545 (Pr)f (Ri, -sin(60))i[—£+1>rj e, (3.90)
Nu, - 13

332 Pr3
C 3 [—45+Prj )
et T (3.91)
2 2.2.75-JRe, | (Pr)’ -(Ri, -sin(60))

1o 145 K

St- Rex==054SGk)2(R@-SHK6O”4(—E§~+Prj .................. (3.92)

3.4.3 Boundary Lavyer Thickness, Nusselt Number and Shear

Stress with Variable Free Stream Velocity by Using Energy

Equation:
Energy equation (3.43)

39 d(5-U,) 3 «a 03
250 e 5TF e, (3.93)
U,-5-d5+35%dU, =%-a-dx ....................................... (3.94)
Let S-dS=A-dX (3.95)
Integrating eq. (3.95) gives:

S =2 A X (3.96)
Let U, = C X e, (3.97)

Substituting egs. (3.95), (3.96) and (3.97) in equation (3.94) gives:
140

C-x’"-A-dx+2A-x~C-m-x’”‘ldx=F-adx ............................ (3.98)
Simplifying eq. (3.98) gives:

140
A= (3.99)

13 [1+2m]-U,
Substituting eq. (3.99) in to eq. (3.96) gives:

5 280 1
= PP PRTTPUTRPPPRRRT (3.100)

x \13-[l+2m] /Pr-Re,
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o 1 1
5—0_ 1+2m'E ............................. (3.101)

(3.103)

Nu = 3280 JPrRe, (3.102)
* 13-+ 2m1]

Nu _ 3 ‘ \/ﬁ

Nu 2- {1_’»[2184(-)2;11] 0.332 -Pré

Substituting egs. (3.8) and (3.100) in eq. (3.20) gives:

C
G 3 AP L (3.104)

22 JRe, 280

13-[1+2m]
Substituting eq. (3.102) in to eq. (3.22) gives:
3 1

St. = e e 3.105

Co, [ 280 JPr-Re, ( )

13-[1+2m]
Thus;
Cf

St=ote e, (3.106)
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3.5 Similarity Solution with Variable Free Stream Velocity for

60° Inclination angle and Constant Wall Temperature.

3.5.1 Dimensionless Momentum and Energy Equations.

The energy equation is defined as [10] :

oT oT 0T
u P +v o —aayz .................................. (3.107)

Egs. (3.60) and (3.107) can be converting to dimensionless form by

suggestion dimensionless variables:

. X « Y . u-L . Vv-L . U _-L
X =— , = , u =— Vv =— UOO =2
L Y L v v v
T-T,
T —T,

Substituting the dimensionless parameter in to egs. (3.60) and (3.107) get

the dimensionless form of the momentums and energy equations:

Lout Lout otwt ., dU'x  g.B.sin(®).(T-T,)L
U —+v ——=——+U e — 4 &Sl )2( ) .(3.108)
ox oy dx 1%
,00 .00 1 0°0
u + T D i e (3.109)

P Y
ox - Prgy

Where for the forced flow the similarity variable [3] is defined as:

U
= (3.110)

V-X

And free stream velocity for inclined surface [4] is defined as:

U = C X e (3.111)
By substituting the dimensionless variable in to eq. (3.110) gives:

m—1
=AC Y X T (3.112)
dimensionless stream function [3] is defined as:
W= [uTdyT (3.113)
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Substituting the dimensionless variables and eq. (3.111) in to eq.(3.113)

gives:

¥ :«/Z-x*mTH-f .................................................. (3.114)
U = X (3.115)
- c-x*m;{m;_lf—mz_lﬂ'f} ............................. (3.116)

Substituting eqs. (3.112), (3.114), (3.115) and (3.116) in egs. (3.108) and
(3.109) to convert the partial differential equations in to ordinary

differential equations gives:

1 0
f’”+%f'f”+m-(1—f'2)+x*zm1 S0 o, (3.117)
9"+Pr-(1+2mf~«9']=0 ............................................... (3.118)

: : 1
Equation (3.117) valid only For m = 5 thus;
" 3 " 1 12
S +Zf-f +5-(1—f )+O=0 (3.119)
14 3 ’
0 +Pr'Zf'9 =0 (3.120)
B.C; f(0)=0, /' (0)=0, f'(0)=1,6(0)=1, O(0)=0

1
For m =§, gives: @ = 60°
Where ¢ =./Gr,-sin(60) ... (3.121)

Thus,

3
W= Gr, sin(60) - x4 - (3.122)
1
u = JGr-sin(60) - X2 £ (3.123)
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v’ =—/Gr, -sin(60) ‘x*_‘{%fﬁLi?]'f} ........................ (3.124)

By using (MathCAD) program can be solving the ordinary differential
equations (3.119) and (3.120) simultaneously.

Substituting eq. (3.112) in eq. (3.14) gives:

h:—ki/g.ﬂ'(Tw_Tw)'Sin(60) . !

— X0 (3.125)
Thus,
Nu . .. /4
——===—|Ri_-sin(60)| -0

R [ (3.126)

c 210 (Ri, - sin(60))i

............................... (3.127)
! JRe,

Butwhen c¢=Re;, eq.(3.119),(3.126) and (3.127) becomes:

............... (3.128)
Nu ¥ 1/4
mix — | . 0! 0
Re. (L) () e, (3.129)
2-f"(0)-[]’fj“
C, = T (3.130)

X

By using (MathCAD) program can be solving the ordinary differential
equations (3.120) and (3.128) simultaneously.
Where:

B.C: f(0)=0, f/(0)=0, f'(@)=1,60(0)=1, 6(c0)=0
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3.6 Similarity Solution with Variable Free Stream Velocity for

60 Inclination Angle and Constant Heat Flux.

From definition for constant heat flux (variable wall temperature )

condition 7, -T, = A-x" [4] and [10].

We suppose:
U e = C X e (3.131)
m—1
M=y N C X T (3.132)
g-f-A-x"-sin(g)- L’
=\/ JT e (3.133)
Substituting the dimensionless variables and eq. (3.133) in eq. (3.113)
gives:
. . - A4- . 'L3 *2m+n+2
¥ = ‘*\/g p Vs‘zm(‘ﬁ) X (3.134)
. -B-A-si AL
u =Jg p Vszm(‘b) X (3.135)

. . Lo 73 2m+n2 —
V*:_z;\/g B A Szm(¢) L = [2m+n+2 2m+4n 277-f']..(3.136)

14
Substituting eqgs. (3.132), (3.134), (3.135) and (3.136) in egs. (3.108) and
(3.109) to convert the partial differential equations in to ordinary
differential equations gives:

2m+n+1 2m+n

S 1"

(1= f")+ —an =0 oo (3.137)

9”+Pr‘[—n-6’-f’+m+rn_i_2'f'9'j=0 ........................... (3.138)

1 1
Eq. (3.137) valid only For m = ) and for constant heat flux 7 = 5 thus;
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1
For m =— gives: ® = 60°

2
m 4 " 3 12
S +§f-f +§-(1—f )+O0=0 (3.139)
14 1 / 4 !
0 +Pr-(—§~«9-f +§~f-<9j=0 ................................... (3.140)

B.C; f(0)=0, f'(0)=0, f'(©)=1,0(0)=1, 8(x)=0

By using (MathCAD) program can be solving the ordinary differential
egs. (3.139) and (3.140) simultaneously.

Substituting eq. (3.132) in eq. (3.14) gives:

; 1
h:—kz‘\/g'ﬂ'(Tw‘fw)'smwo) X0 (3.141)
14

Thus:
Nu_. .. 1/4
—2& = —|Ri_-sin(60)| " -0’

Re [Ri,-sin(60)]"*-0" (3.142)

1

¢, 2 21O (R sin60))e (3.143)

JRe,
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Chapter Four.................................... Results and Discussion

4.1 Mixed Convection with Constant Free Stream Velocity:

4.1.1 Uniform free stream parallel to the flat plate:

Generally, the variation of hydrodynamic, heat transfer and shear
stress along the flat plate may be affected by many factors such as surface

temperature, Prandtl number, Richardson number and inclination angle.

4.1.2 Hydrodynamic:

Boundary layer thickness ratio along the inclined flat plate
obtained by equation (3.13) is plotted in Figs.(4-1) and (4-2), for Pr = 1
boundary layer thickness' ratio decreases with gradually increases of
Richardson number and inclination angle, due to the increases of

buoyancy force effect by increases of adding flow component.

Variation of the thickness' ratio along vertical plate obtained by
equation (3.30) with Richardson number is plotted in Fig.(4-3), the
maximum decreasing in boundary layer thickness ratio with the increases
of Richardson number approximately occurs with 0.1 < Riy < 3 which
limited maximum adding flow region because of the maximum common
effect of both free and forced convection limited in this region as shown
in Fig. (1-6).

Boundary layer thickness' ratio obtained from equation (3.36) is
plotted in Figs.(4-4) and (4-5), for Pr >>> 1, thickness ratio decreases
with the increases of Richardson number and inclination angle due to the

increases of buoyancy force component effect on the flow.

4.1.3 Heat transfer:

Increasing of Nusselt number along the inclined surface obtained
from the equation (3.17) is plotted in Figs. (4-6) and (4-7), for the same
Reynolds number, Pr = 1 and inclination angle range from 0° up to 90°,

Nusselt number increases with the increases of Richardson number and
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inclination angle due to the increases of buoyancy force effect on the

flow which increases the heat transfer rate.

Increases of Nusselt number with Richardson number along the
vertical surface obtained from equation (3.31) is plotted in Fig. (4-8) for
Pr = 1, when (Riy, —= 0) ie. Reynolds number is very high, forced
convection is dominated and there is no effect of buoyancy force on the
flow as shown in point (A), then Nusselt number increases with the
increases of Richardson number due to the increases of buoyancy force

effect which increases heat transfer rate.

The effect of the buoyancy force term component (Riy«sin (®)) on
Nusselt number ratio obtained from equation (3.19) is plotted in Fig.(4-9),
the ratio increases with the increases of (Riysin (®)) for assisting flow
and decrease with the decreases of (Riy+sin (®)) for opposing flow and
equals to one when the buoyancy force component equals to zero as

shown in point (A).

Increasing of Nusselt number along the flat plate obtained from
equations (3.42) and (3.45) is plotted in Fig.(4-10) Nusselt number
increases with the increases of Prandtl number due to the increases of
momentum diffusivity with respect to the thermal diffusivity also the
figure shows that the Nusselt number approach’s to the real value when
the velocity distribution profile approach’s to the real condition as shown

in point (A).

4.1.4 Shear stress:

Increasing of Stanton number along the flat plate obtained from eq.
(3.23) is plotted in Figs.(4-11 ) and (4-12), for Pr = 1, Stanton number
increases with the increases of Richardson number and inclination angle

due to the increases of heat transfer rate by increases the buoyancy effet.
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The effect of buoyancy force term component and Prandtl number
on Stanton number obtained from equation (3.23) is plotted in Fig.(3-13)
Stanton number decreases with the increases of Prandtl number and
always increases with the increases of buoyancy force term component
(Riy+sin(d)) due to the increases of buoyancy force effect.

Stanton number along the vertical flat plate with buoyancy force
term and Prandtl number obtained from equation (3.32) is plotted in Fig.
(4-14), for different Prandtl number when=Ri, 0) i.e. Reynolds
number is very high, forced convection is dominated and there is no
effect of buoyancy force on the flow, Stanton number have the same
value of the forced convection condition and increases with the increases
of Richardson number due to the increases of heat transfer rate by
increases of buoyancy force effect and decreases with the increases of
Prandtl number due to the increases of momentume difusivity withrespect

to the thermal difusivity.

4.2 Velocity Distribution profile with Buoyancy Effect:

4.2.1 hydrodynamic:

Boundary layer thickness ratio along the flat plate obtained from
equation (3.52) is plotted in Figs. (4-15 ) and (4-16) for Pr=1 the ratio is
decrease with the increases of Richardson number and inclination angle
due to the increases of buoyancy effect which increases the flow rate,
while the ratio by equation (3.52) is greater than the ratio by equation
(3.13) because of the velocity distribution profile is approach’s to the real
condition by the effect of the buoyancy force.

4.2.2 Heat Transfer:

Nusselt number along the flat plate obtained from equation (3.53)
is plotted in Figs.(4-17) and (4-18) for Pr = 1 and the velocity distribution

profile contained the buoyancy force effect, the Nusselt number increases
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with the increases of Richardson number and inclination angle due to the
increases of the flow rate by the increases of buoyancy effect which

increases the heat transfer rate.

Variation of Nusselt number along the plate obtained from
equation (3.53) with buoyancy forced component and Prandtl number is
plotted in Fig. (4-19), Nusselt number increase with the increases of
Prandtl number due to the increases of momentum diffusivity with
respect to the thermal diffusivity and Nusselt number equals to Nu, when
Richardson number approach’s to zero at point (A) and then increase with
the increases of Richardson number due to the increases of buoyancy

force effect.

Nusselt number ratio along the plate obtained from equation (3.54)
with buoyancy forced component and Prandtl number is plotted in Fig.
(4-20), Nusselt number ratio increase with the increases of Prandtl
number and the ratio is always greater than one when the rang of
Richardson number approachs to the mixed convection range due to the

effect of the buoyancy force.

The problem of mixed convection over vertical flat plate which
solved by Ref, [12] in equation (B.1), and solved by equation (3.53) are
plotted in Figs. (4-21), (4-22) and (4-23), shows the difference in
increasing of Nusselt number with the increases of Prandtl number where
the carves are identical with the increasing of Prandtl for small range
from 0.1 to 15 and begin to increase with equation (3.53) for high range
of Prandtl number because of the absence of the shear stress effect in

equation (3.53).
4.2.3 Shear Stress:

Variation of Stanton number along the flat plate obtained from the

equation (3.56) is plotted in Figs. (4-24) and (4-25) for Pr = 10 and the
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buoyancy effect on the velocity distribution profile the Stanton number
increase with the increases of Richardson number and inclination angle
due to the increases of heat transfer rate by increases the buoyancy effect
on the flow.

Variation of Stanton number along the flat plate with buoyancy
force component and Prandtl number obtained from equation (3.56) is
plotted in Figs. (3.26) and (3.27), Stanton number increase with the
increases of buoyancy force component which increases the heat transfer
rate and decrease with the increases of Prandtl number due to the
increases of the momentum diffusivity with respect to the thermal
diffusivity.

4.3 Mixed convection with variable free stream velocity:

4.3.1 hydrodynamic:

Boundary layer thickness ratio along the plate obtained from
equation (3.76) is plotted in Figs.(4-28) and (4-29) for inclination angle
range from 5° to 90° and Prandtl number of 1.1 the thichness ratio
decreases with the increases of inclination angle and Richardson number
due to the increases of buoyancy force effect on the flow while the ratio
approach’s to one  with negligible buoyancy effect and Prandtl
approach’s to one as shown in Fig. (4-30).

Figs.(4-31) and (4-32) show the prandtl number effect on the
thickness ratio for inclination angle of 70°, the ratio decreases with the
increases of Richardson number due to the increases of buoyancy force

and increase with the increases of Prandtl number.

4.3.2 Heat transfer:

Nusselt number along the plate for equation (3.77) is plotted in
Figs. (4-33) and (4-34) for inclination angle range from 5° up to 90° and

Pr = 2, Nusselt number increase with the increases of inclination angle
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and Richardson number due to the increases of heat transfer rate by
increases buoyancy force effect on the flow.

Fig.(4-35) shows for inclination angle of 60° Nusselt number
increase with the increases of Richardson number due to the increases of
buoyancy force effect and decrease with small range of Prandtl and then
constant for large increases of Prandtl number.

Nusselt number ratio along the plate obtained from equation (3.78)
is plotted in Figs.(4-36, a and b) for Pr = 2 and 10 respectively Nusselt
ratio increases with the increases of Richardson number and inclination
angle due to the increases of buoyancy force effect on the flow, for
inclination angle range from 5° to 90° and Richardson number range from
0.1 to 10 the Nusselt ratio increases with the increase of Richardson
number and inclination angle due to the increases of buoyancy effect on
the flow and decrease with the increases of Prandtl number as show in
Fig. (4-37).

4.3.3 Shear stress:

Stanton number along the plate obtained from equation (3.80) is
plotted in Figs.(4-38) and (4-39) for inclination angle range from 5° to 90°
and Pr = 2, Stanton number increases with the increases of the
Richardson number and inclination angle due to the increases of heat

transfer rate by the increases of buoyancy effect on the flow.

4.4 Mixed Convection with Variable Free Stream Velocity and

inclination angle of 60°:

4.4.1 Hydrodynamic:

Boundary layer thickness ratio along the plate with inclination of
angle of 60° obtained from equation (3.87) is plotted in Figs. (4-40) and
(4-41) pulse increasing of the thickness ratio for Prandtl number range

from 3.462 to 4 and then decreasing with increases of Prandtl number due
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to the increases of momentum diffusivity with respect to the thermal
diffusivity and always decreases with the increases of Richardson

number due to the increases of buoyancy effect on the flow.

4.4.2 Heat transfer:

Nusselt number along the plate of inclination angle of 60° obtained
from equation (3.89) is plotted in Figs.(4-42, a and b) and (4-43) pulse
decreasing of Nusselt number for Prandtl number range from 3.462 to 6
and then increases with the increases of Prandtl number due to the
increases of momentum diffusivity with respect to the thermal diffusivity,
while Nusselt number always increases with the increases of Richardson
number due to the increases of buoyancy effect.

Nusselt number ratio along the plate of inclination angle of 60°
obtained by equation (3.90) is plotted in Figs.(4-44), (4-45) and (4-46)
Nusselt ratio decreases with the increases of Prandtl number but always
greater than one for mixed region of Richardson number range due to the

buoyancy effect on the flow.

4.4.3 Shear Stress:

Stanton number along the plate with inclination angle of 60° for
equation (3.92) is plotted in Figs.(4-47), (4-48) and (4-49), Stanton
number decrease with the increases of Prandtl number and increases with
the increases of Richardson number due to the increases of heat transfer

rate by the increases of buoyancy effect on the flow.

4.5 Variable free stream from energy equation:

4.5.1 Hydrodynamic:

Boundary layer thickness ratio along the flat plate obtained from
equation (3.101) is plotted in Figs. (4-50) and (4-51) the ratio decreases
with the increases of Prandtl due to the increases of momentum

diffusivity with respect to the thermal diffusivity, the figure shows the
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small effect of inclination angle on the boundary layer thickness' with

respect to the Prandtl effect with the absence of the buoyancy effect.

4.5.2 Heat transfer:

Nusselt number along the flat plate obtained from equation (3.102)
is plotted in Fig. (4-52) Nusselt number increases with the increases of
Prandtl number due to the increases of momentum diffusivity with
respect to the thermal diffusivity and also increases with the increases of
inclination angle but with small range due to the absence of the buoyancy

effect on the flow.

4.5.3 Shear stress:

Stanton number along the flat plate obtained from equation (3.105)
is plotted in Fig. (4-53) Stanton number decreases with the increases of
Prandtl number due to the increases of momentum diffusivity with the
respect to the thermal diffusivity and there is a few increases with the

increases of inclination angle due to the absence of buoyancy effect.

4.6 Similarity Solution with Variable Free Stream Velocity for

60 Inclination Angle and Constant Wall Temperature:

4.6.1 Hydrodynamic:

Dimensionless velocity distribution profile along the plate of
inclination angle of 60° from the selected run of the exact similarity
solution of the equation (3.119) is plotted in Fig.(4-54) for inclination
angle of 60° and Prandtl of 0.6, 1, 3, 15, 50 and 100, the profile decrease
with the increases of Prandtl number, while the profile increases with the
increases of similarity variable (1) and then equals to one when (1)
represented as infinite value, i.e., far of the surface but with negligible
buoyancy effect on the flow there is no effect of Prandtl number on the

velocity profile as shown in Fig. (4-55) while the Prandtl number effect
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increases with the increases of buoyancy effect on the flow as shown in
Fig. (4-56).
4.6.2 Heat transfer:

Dimensionless temperature distribution profile along the plate of
inclination angle of 60° for selected rune of the exact similar solution of
the equation (3.120) is plotted in Fig. (4-57), the profile variant with
variation of Prandtl number and the temperature decrease with the
increases of similarity variable (1) far of the surface.

Variation of dimensionless heat transfer factor along the plate of
inclination angle of 60° for the exact similar solution of equation (3.120)
is plotted in Fig.(4-58) for the Prandtl number of 0.6, 1, 3, 15, 50 and 100
dimensionless heat transfer factor decrease with the increases of Prandtl
number due to the increases of momentum diffusivity with respect to the
thermal diffusivity.

Nusselt number along the plate of inclination angle of 60° for the
solution of equation (3.126) is plotted in Fig. (4-59) for the Prandtl
number of 0.6, 1, 3, 15, 50 and 100 Nusselt number increases with the
increases of buoyancy force term component due to the increases of
buoyancy effect on the flow and increases with the increases of Prandtl
number due to the increases of momentum diffusivity with respect to the

thermal diffusivity.
4.6.3 Shear stress:

Variation of shear stress factor along the plate of inclination angle
of 60° is plotted in Figs. (4-60) and (4-62) for the exact similar solution
of eq. (3.119) and eq. (3.127) for Prandtl number of 0.6, 1, 3, 15, 50 and
100, coefficient of friction decreases with the increases of Prandtl number
and increase with the increases buoyancy effect on the flow but with

negligible buoyancy effect on the flow there is no effect of Prandtl
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number on the coefficient of friction as shown in Figs. (4-61) and (4-63)
which plotted by the selected run for the exact similar solution of eq.
(3.128) and eq. (3.130), while the Prandtl number effect increases with

the increases of buoyancy effect on the flow.

4.7 Similarity Solution with Variable Free Stream Velocity for

60° inclination Angle and Constant Heat flux:

4.7.1 Hydrodynamic:

Dimensionless velocity distribution profile along the plate of
inclination angle of 60° with constant heat flux from the selected rune of
the exact similarity solution of the equation (3.139) is plotted in Fig. (4-
64) for inclination angle of 60° and Prandtl of 0.6, 1, 3, 15, 50 and 100
the profile decreases with the increases of Prandtl number, while the
profile increases with the increases of similarity variable (1) and then

equals to one when (1)) represented as infinite value, i.e. far of the surface.

4.7.2 Heat transfer:

Dimensionless temperature distribution profile along the plate of
inclination angle of 60° with constant heat flux for selected rune of the
exact similar solution of the equation (3.140) is plotted in Fig. (4-65), the
profile variant with variation of Prandtl number and the temperature
decreases with the increases of similarity variable (1) far of the surface.

Variation of dimensionless heat transfer factor along the plate of
inclination angle of 60° with constant heat flux for the exact similar
solution of equation (3.140) is plotted in Fig. (4-66) for the Prandtl
number of 0.6, 1 ,3 ,15, 50 and 100 dimensionless heat transfer factor
decreases with the increases of Prandtl number due to the increases of
momentum diffusivity with respect to the thermal diffusivity.

Nusselt number along the plate of inclination angle of 60° with

constant heat flux for equation (3.142) is plotted in Fig. (4-67) for the
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Prandtl number of 0.6, 1, 3, 15, 50 and [100, Nusselt number increases
with the increases of buoyancy force term component due to the increases
of buoyancy effect on the flow and increases with the increases of Prandtl
number due to the increases of momentum diffusivity with respect to the
thermal diffusivity.

For comparison the similarity solution for both constant wall
temperature and constant heat flux with inclination angle of 60° is ploted
in Fig. (4-70). The results shows that the Nusselt number are always
increases with increases of Richardson number, the results shows also
that the Nusselt number for constant wall temperature are less than
Nusselt number for constant heat flux with about 15% for any value of
Prandtl number, these results are identical to that presented by
Schlichting, [4] and Holman, [5]. for both conditions of free and forced

convection alone with constant wall temperature and constant heat flux.

4.7.3 Shear stress:

Variation of shear stress along the plate of inclination angle of 60°
with constant heat flux is plotted in Figs. (4-68) and (4-69) for the exact
similar solution of equation (3.139) and equation (3.143) for Prandtl
number of 0.6, 1, 3, 15, 50 and 100, coefficient of friction decreases with
the increases of Prandtl number and increases with the increases of flow

rate due to the increases buoyancy effect on the flow.
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Fig. (4-1): Variation of boundary layer thickness ratio (0mi/0,) with
Richardson number range of 0 to 1 and inclination angle range of 0.1° to 90°
for Pr =1, by eq. (3.13).
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Fig. (4-2): Variation of boundary layer thickness ratio (6,i/0,) with
Richardson number range of 1 to 10 and inclination angle range of 0.1° to 90°
for Pr=I, by eq. (3.13).
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Fig. (4-3): Variation of boundary layer thickness ratio with Richardson number
range of 0 to 10 for vertical flat plate and Pr = 1, eq. (3.30).
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Fig. (4-4): Variation of boundary layer thickness ratio (6 / o, with
Richardson number range of 0.1 to 1 and inclination angle range of 0.1° to 90°
and Pr >>> ] eq. (3.36).
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Fig. (4-6): Variation of (Num,-x/(Rex)w) with Richardson number range of 0 to
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Fig. (4-7): Variation of (Numb/(Rex)I/ 2) with Richardson number range of I to
10 and inclination angle range of 0.1° to 90° for Pr =1, by eq. (3.17).
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for Ri, — 0, by eqs. (3.42, 3.45).

59



Chapter Four

. Results and Discussion

SMudR&Jw

Inclination angle

()
p

N
]

=
p

2H

b

T =05 T 6 ST 9

5\\

g 085 0

04 04 \\HK&H
35 \\\:\\\;::\“MMDS Dﬂihf
04 7 ]

5
Nx“hﬁiiihmh“DASﬁﬁ‘
04—

03— 33

0.35

02 04 06 03

Richardson number

Fig. (4-11): Variation of (Stm,-x*(Rex)I/ 2 ) with Richardson number range of 0 to 1
and inclination angle range of 0.1° to 90° for Pr =1, by eq. (3.23).

Stuix(Re)””

Inclination angle

=
-C.I__b

(o]
'd.l__b

La)
-C.I__b-

20-\1\1 ~

Lo 2

b

2 4 b 8 10

Richardson number

Fig. (4-12): Variation of (Stmix*(Rex)l/ 2) with Richardson number range of 1 to 10
and inclination angle range of 0.1° to 90° for Pr =1, by eq. (3.23).

60



Chapter Four . Results and Discussion
]
249
y 0.8 /
Stic(R
(Rey 2.45
P3| &g
\
L ““}gw‘h\
'lﬁ'i"}:‘}‘aﬁ%&‘&%% - 100 04 249 4_613f
— 67351
4613 _—
0 02- 49/"”# 6 %ga'?jgﬂ
i i i 2,858 =10.98113 103157
Risin(®) 613" 'fﬁ%m SEToTaN :aca:_r_:.T—Hé
2 4 & 3 1
a b Riysin(®)
Fig. (4-13): Variation of (Stmix*(Rex)I/ 2) with (Ri.+sin(®)) range of 1 to 10
and Prandtl number range of 0.1 to 1, by eq. (3.23).
Q Pr=1 '_'_'_..--""""""'
"s _',.-.0"
S
; ..... S
A a0 /S e e emwtt Pr=15
0
0 1 2 3 4 5 6 7 8 9 10

Richardson number

Fig.(4-14): Variation of (Styix+(Rey) "*) with Richardson number range of 0 to 10
for vertical flat plate and Pr = 0.5,1 and 1.5, by eq. (3.32).
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Fig. (4-15): Variation of boundary layer thickness ratio (0mi/0,) with
Richardson number range of 0.1 to 1 and inclination angle range of 1° to 90°
for Pr =1, by eq. (3.52).
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Fig. (4-17): Variation of (Numb/(Rex)I/ 2) with Richardson number range of
0.1 to 1 and inclination angle range of 1° to 90° for Pr =1, by eq. (3.53).
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Fig. (4-29): Variation of boundary layer thickness ratio (0mi/0,) with

Richardson number range of 1 to 10 and Inclination angle range of 5° to 90

for Pr=1.1, eq. (3.76).
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Fig. (4-30): Variation of boundary layer thickness ratio (0mi/0,) with Richardson
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Pr=1.0002 eq. (3.76).
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Fig. (4-31): Variation of boundary layer thickness ratio (0mi/0,) with Prandtl
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eq. (3.76).
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and Inclination angle range of 5° to 90° for Pr =2, eq. (3.77).
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Variation of (Nu,/Nu,) with Richardson range of 0.1 to 10
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Fig. (4-37) Variation of (Nuui/Nu,) with Richardson range of 0.1 to 10
and Inclination angel range of 5° to 90° for Pr = 1.2, 2 and 10

respectively, by eq. (3.78).
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Fig. (4-38): Variation of (Stm,;v*(Rex)l/ 2) with Richardson number range of 0.1 to 1
and Inclination angel range of 5° to 90° for Pr =2, eq. (3.80).
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Fig. (4-39): Variation of (Styix+(Rey) 2 ') with Richardson number range of 1 to 10
and Inclination angel range of 5 ° to 90° for Pr =2, eq. (3.80).
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Fig. (4-40): Variation of boundary layer thickness ratio (0mi/0,) with Richardson number
range of .01 to 1 and Prandtl number range of 3.462 to 8 for @ = 60°, eq. (3.87).
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Fig. (4-42,a): Variation of (Nt,:/(Re)")
with Richardson number range of 1 to 10
and Pr range of 3.6 to 50 for @ = 60", eq.
(3.89).
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Fig.(4-42,b): Variation of (Nu,./(Re)")
with Richardson number range of 0.1 to 1
and Pr range of 3.6 to 6 for @ = 60°, eq.
(3.89.)
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Fig. (4-48): Variation of (St,,,,-x*(Rex)I/ 2) with Richardson number range of 1 to 10
and Prandtl number range of 10 to 50 for @ = 60°, eq. (3.92).
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Fig. (4-49): Variation of (Stm,-x*(Rex)w) with Richardson number of 0.5, 1, 5
and 10 and Prandtl number range of 3.462 to 1000 for @ = 60°, eq. (3.92).
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Fig. (4-50): Variation of boundary layer thickness ratio (0 / 6,) with Prandtl
number range of 0.1 to 1 and Inclination angle range of 0° to 90°, by eq. (3.101).
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Fig. (4-51): Variation of boundary layer thickness ratio (0 / d,) with Prandtl
number range of 1 to 10 and Inclination angle range of 0° to 90°, by eq. (3.101).
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Fig. (4-52): Variation of (Nux/(Rex)I/ 2) with Prandtl number range of 0 to 100
and inclination angle of 0°, 15°, 30°,60°,75 ‘and 90° for Ri. = 0, by eq. (3.102).
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Fig. (4-53): Variation of (Stx*(Rex)w) with Prandtl number range of 0 to 100
and inclination angle of 0°, 15°, 30°,60°,75 and 90° for Ri, = 0, by eq. (3.105).
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Chapter Five ... ...............Conclusions and Recommendations

5-1 Conclusions:

The present theoretical investigation shows the significant effect of

combined free and forced convection on the variation of Nusselt number,

temperature profile, velocity profile and shear stresses along heated

inclined flat plate. The following observations have been made on the

bases of the calculations of the present study.

I.

For given Reynolds number and wall temperature the buoyancy
effects is negligible at the leading edge of the plate.

At low Reynolds number, the Nusselt number increases with
surface temperature downstream due to the increases of buoyancy

effects.

. At high Reynolds number, there is no effect for increasing wall

temperature on the Nusselt number downstream due to the
dominate force convection on the heat transfer process (the
buoyancy is very week at this region).

For the same Reynolds number and buoyancy force term
(Richardson number), Nusselt number increases with the
increases of the inclination angle due to the increases of

buoyancy force term component.

. The temperature profile along the plate shows a steep profile near

the heated surface with thermal boundary layer thickness
decreases with the increases of buoyancy force term component.

The velocity profile along the plate shows a steep profile far of
the plate with acceleration of growth of hydrodynamic boundary
layer thickness with increases of buoyancy force term component.
Increases of shear stress due to the increases of coefficient of

friction with increases of buoyancy force term component.
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5-2 Recommendation for the future works:

According to the extension of this work, the following
recommendation are suggested:

1. The inclined flat plate in case of constant heat flux and
constant wall temperature can be studied taking into
consideration unsteady state cases.

2. Different array of inclined flat plates as is it a group of fins
can be studied.

3. Study the thermal flow over inclined flat plate by using
suction or magnetic field.

4. Steady and unsteady flow over cooled inclined flat plate

(opposing flow) can be studied.
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Appendix (A.1): The Program (M) for the similarity solution with 60°
Inclination angle and constant wall temperature:

. ( 1528723
£ 0537936 )

Pri=1

x1:=0 x2:=7 Interval endpoints.

-3 1 |: 2:|
Dh(x,H) := T.HO'HZ P = (Hl) - Hs Derivative function.

load2(x,V) :=| Vo

Vl)

Vi-1)
V3 - 0)
ic2 := sbval(g,x1,x2,Dh,load2,score2)

score2 (x,V) = (

. ( 1.528724
1c2 =
~0.537936 )

0 )

0
IC :=| ic2g
1
ic2 )
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N :=30

S := rkfixed(IC ,x1,10,N,Dh)

N = g0
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Appendix (A.2): The Program (N) for the similarity solution with 60°
Inclination angle and constant wall temperature:

0.899717 ) ,
g:= Pr:=1 Ris:=0
—0.477575 )
x1:=0 x2:=7 Interval endpoints. Ris =Ri.sin(¢)
_ Hy -
Hy
= HoHy - 1-[1 ~(n )2] _ RisH
Dh(x,H) :=| 4 0275 1 3 | Derivative function.
Hy
> Ho-Hy-P
—_— . . r
I 4 0T |
0 )
0
load2(x,V) :=| Vo
1
Vl)

Vi-1)
V3-0)
ic2 := sbval(g,x1,x2,Dh,load2,score2)

score2 (x,V) = [

( 0.899717 )
-\ -0.477572 )

0 )

0
IC := | 1c2
1
ic2) )

97



ADDEIAICES ... ... oo e e e e e e e e e e e e e e eae e eae ane

N :=30
S := rkfixed(IC ,x1,10,N,Dh)
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6.146192

1.000291

0.000062

0.000036

-0.000001

N
5]

7.333333

6.479625

1.000312

0.000064

0.000036

[
W

7.666667

6.813066

1.000333

0.000065

0.000036

[\
NS

8

7.146514

1.000355

0.000066

0.000036

N
(V)]

8.333333

7.47997

1.000377

0.000067

0.000036

[
(=)

8.666667

7.813433

1.0004

0.000068

0.000036

N
BN |

9

8.146903

1.000422

0.000069

0.000036

N
=)

9.333333

8.480381

1.000445

0.00007

0.000036

N
=)

9.666667

8.813866

1.000469

0.00007

0.000036

7
=]

10

9.14736

1.000492

0.000071

0.000036
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Appendix (A.3): The Program (L) for the similarity solution with 60°
Inclination angle and Heat flux:

. ( 1.548008 )
=7 L0.6231234)

Pr.=1

xl:=0 x2:=6 Interval endpoints.

= == ()]
Dh(x,H) := ?'HO'HZ * 5 - (Hl) —Hz Derivative function.

load2(x,V) :=| Vo

Vl)

Vi-1)
V3 - 0)
ic2 := sbval(g,x1,x2,Dh,load2,score2)

score2(x,V) = (

1.548008
~0.623123 )

0 )

0
IC := | ic2g
1
ic2y )

1c2 =
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N :=30
S := rkfixed(IC ,x1,10,N,Dh)

n =

S

)

f:=S

SN

f =S

)

f':=S

(3

3

0

0

0

1.548008

-0.623123

0.333333

0.076568

0.431375

1.054648

0.794249

-0.605629

0.666667

0.27118

0.713635

0.656554

0.600178

-0.553341

1

0.539701

0.880768

0.364323

0.4287

-0.471531

1.333333

0.849602

0.967523

0.172171

0.287807

-0.372246

1.666667

1.179351

1.004461

0.06168

0.180771

-0.270981

2

1.516438

1.014825

0.008548

0.105857

-0.181416

2.333333

1.854744

1.013766

-0.010431

0.057652

-0.111554

2.666667

2.192005

1.009557

-0.012844

0.02916

-0.062977

ORI QNN R WIN| =IO

3

2.527866

1.005743

-0.009463

0.013698

-0.032643

(S
<

3.333333

2.862665

1.003258

-0.00548

0.005993

-0.015542

[
(S

3.666667

3.196839

1.001942

-0.002621

0.002467

-0.006803

[
(8]

4

3.530708

1.001371

-0.000986

0.000984

-0.002741

—
W

4.333333

3.864461

1.001195

-0.000183

0.000411

-0.001017

—
=

4.666667

4.19819

1.001203

0.000169

0.000207

-0.000347

[
9]

5

4.531937

1.001288

0.000313

0.000141

-0.000108

p—
(=)

5.333333

4.865718

1.001404

0.000371

0.000122

-0.000029

[
3

5.666667

5.199541

1.001533

0.000399

0.000118

-0.000004

[
L

6

5.533408

1.001669

0.000416

0.000118

0.000003

—
o

6.333333

5.867321

1.00181

0.000429

0.000119

0.000004

[\
<

6.666667

6.201282

1.001955

0.000442

0.000121

0.000005

[\°]
o

7

6.535292

1.002105

0.000453

0.000123

0.000005

N
N

7.333333

6.869352

1.002258

0.000465

0.000124

0.000005

N
(73]

7.666667

7.203464

1.002415

0.000476

0.000126

0.000004

N
S

8

7.537629

1.002575

0.000487

0.000127

0.000004

N
(0]

8.333333

7.871847

1.002739

0.000497

0.000129

0.000004

[\°]
=)

8.666667

8.206122

1.002906

0.000507

0.00013

0.000004

(9]
B |

9

8.540452

1.003077

0.000518

0.000131

0.000004

N
o]

9.333333

8.87484

1.003251

0.000527

0.000133

0.000004

N
=)

9.666667

9.209287

1.003429

0.000537

0.000134

0.000004

W
(=}

10

9.543793

1.00361

0.000547

0.000135

0.000004
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Appendix (B): Previous Study’s Equations:

B.1: Equations of the problem of mixed convection over vertical flat plate

which solved by Manning and Qureshi, [12].
)

1 — o .
F, = O.339-Pr3-(0.1-Pr“3 +l] ’  Heat transfer factor for forced convection.

-4
1 - \9
Fn=0.503-Pr*- (0.670 -Pr'o+ 1] Heat transfer factor for natural
convection.

Thus for mixed convection correlation Nusselt number defined as:

1
RAY
Nut,, —{F/{Fn-Riﬁ) J .................................... (B.1)
Re

X

Where: n=3.5-Pr®""
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