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Abstract

In this thesis, we have many concepts and basic tools in the
asymptotic analysis based on some concepts in mathematical analysis.
We introduce Watson's Lemma and its proof to be the first step in
asymptotic the integrations, so we review some special statistical
distributions such as the non-central distributions and central
distributions as special case of it when the non central parameter is equal
to zero. Also we derive the asymptotic stirling formula by using the
asymptotic Laplace method, and, we derive an asymptotic expansion for
each of the two non central distributions Gamma and Beta with some

conclusions and recommendations.
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REVIEW OF LITERATURE




There are many researchers who worked in our field at the end of

twenty century and beginning of twenty one century:

Stieltjes, T. J. see ['] has several results on asymptotic expansions,
including examples on asymptotic of special functions and discussions of

the remainder terms in the expansions, almost Y°+ years ago.

In Y49, Temme, N. M [)] studied the uniform asymptotic
expansions of integrals by using examples of Stieltjies work on asymptotic

of special functions.

In the same year, Cohen, J.K. [Y] studied the symbolic integration

and asymptotic expansions.

In Y437, Temme, N. M [¥] derived uniform asymptotic for the
incomplete gamma functions starting from negative values of the

parameters.

In Y44Y, Temme, N. M. [¢] studied the numerical algorithms for

uniform Airy- type asymptotic expansions.

In Y44A, Dunster, T. M, Paris, R.B., and Cang, S. [°] are studied on
the high-order coefficients in the uniform asymptotic expansion for the

incomplete gamma function.

In Y+++, Wolfgang, B. [1] derived a special case of the asymptotic
expansion for a ratio of products of gamma functions. He generalized a
formula which was stated by Dingle in YAVY, [V], first proved by Paris in

Y44Y, [A] and recently reconsidered by Oliver in Y342, [1]



In Y+ +) Gotze, F., and Tikhomirov, A. N. [ *] studied the asymptotic

expansions in non central limit theorems for quadratic forms.

In Y++Y Lieberman, O., Rousseau, J. and Zucker, D.M. [))] are
studied the valid asymptotic expansions for the maximum likelihood
estimator of the parameter of a stationary, Gaussian, strongly dependant

process.

In the same year, Wolfgang, B. ['Y] derived general case of the

asymptotic expansion for a ratio of products of gamma functions.

In Y+« £, Dunster, T. M. [ Y] derived uniform asymptotic expansions

for incomplete Rieman zeta functions.

In the same year, Simon, J, A, Malham. [)¢] studied in the

asymptotic analysis and properties of asymptotic expansions.

In Y++2, Daalhuis, A. B. [Y°] studied the uniform asymptotic

expansions for hypogeometric functions with large parameters.

INTRODUCTION

Asymptotic theory or large sample theory studies the behaviour of
random variables when the size of the sample tends to infinity. It is
involves generalizing the usual notions of convergence for real sequences

to allow for random variables and it is important to emphasis that limiting



distributions obtained by central limit theorem (CLT) all involve unknown

parameters which we seek to estimate.

Asymptotic expansions of functions are useful in statistics in three

main ways.

Firstly, conventional asymptotic expansions of special functions are
useful for approximate computation of integrals arising in statistical

calculations.

Second, asymptotic expansions of density or distribution functions
estimators or test statistics can be used to give approximate confidence

limits for a parameter of interest or p-values for an hypothesis tests.

Third, asymptotic expansions for distributions of estimators or test
statistics may be used to investigate properties such as the efficiency of

an estimators or the power of a test.

In this thesis, we deal with first useful indirectly from through study
and derive an asymptotic expansions for each of the two non-central
distributions gamma and beta, its special functions are usually defined in

terms of integrals. The present study is of three chapters.

Chapter one provides many basic concepts and results of

asymptotic analysis.
Chapter two gives some central and non- central distributions.

Chapter three contains derivation an asymptotic expansions for

each of the two non-central distributions gamma and beta.



The purpose of this chapter is to introduce many basic concepts,
definitions and results from asymptotic analysis. We give two sections,
section one includes some basic concepts about asymptotic theory and
section two contains many definitions from asymptotic expansions which

find use in later chapters.

1.1 Some Definitions and Concepts in Asymptotic Theory
1. 1.1 Asymptotic Theory [ ']

Asymptotic theory or large sample theory studies the behaviour of

random variables when the size of the sample tends to infinity.

1.1. 7 Modes of Convergence [ '] [ 'A] [ 9]
(a) Convergence in Probability:

A sequence of random variables {X,}=(Xq, X5,...,X,) is said to

converges in probability to a random variable X (or weakly convergent) if

forevery ¢>0, lim P(| X,,-X |z ¢) =0,

N—o0

or equivalently, lim P(| X, — X |< ¢) =1, where ¢ is arbitrarily small
N—o0

It is common to write XnL>X or P lim X, =X.
n—o

Remark

We say that an estimator 6’;1\ of a parameter ¢ is weak consistent if



Plim 6, =0.

N—oo

Example

Suppose X, is normally distributed with mean g, =,u+K and the
n

2
. o . .
variance o2 =—. To show that {X,,} converges in probability to y, a
n

fixed constant. Here we show the convergence X, to u by obtaining
P( X, —u|< &) directly.

. k o2) . . .
Since X, —u~N| —,— | itis easily seen that

n n
K k
E—— —&——
P(| X, —ul<e)=F —|-F —"|
Jn Jn

Where F(.) represents the cumulative distribution function of a standard

normal variate. But

k

8_7
lim F| —" | = lim F(ﬂjzl for any e >+
n—o0 i n—o o

Jn

and

K
lim F N\ = fim F(_g\/ﬁle forany € >+
n—oo N—o0 O

Therefore



lim P(| X, —ulke)=1
N—o0
As required

For a given value of g, the rate of convergence of X,, to u clear depends
on k, o and the shape of the distribution function F(.). The larger value

of o, the slower will be the rate of convergence of F(.) to p.

(b) Convergence with probability one:

A sequence of random variables {X,}=(Xq, X5,...,X},) is said to

converge with probability one (or strongly almost surely, almost every

where) to X if

P(lim X, = X) =1, this is written XnW'—P'1>X, n— o0,
n—oo

Or equivalently, X, 2% . X ifand only if for every ¢ >0

P(X,—X|<&forallm>n)—>1asn—o.

Remark

We say that an estimator 9;,\ of a parameter @ is strongly consistent

if ) —22 6.

(c) Convergence in r'™ mean



For a real number r>+, the sequence {X,} convergence in the rth

meanto X, if lim E|X,-X|"=0.

Nn—oo

. . r
This is written as X, —— X, whenever, n — .

If r=Y, then a sequence {X,} is said to converge to X in mean square

error (MSE) if lim E(X, — X)? =0, written as X, —=>>X_.
Nn—oo

Remark

We say that an estimator 6?;]\ is of a parameter U is r'™ mean

th
consistent if Hr/,\ — 50

(d) Convergence in Distribution

A sequence {X,,} is said to converge to X in distribution (or in law)
if the distribution function F,(X) of X,, converges to the distribution

function F(x) of X at every continuity point x of F.

We write

lim Fy (X)—Fy (X) =0 or X, —= X, X, —3 5 X
N—0 n

Example:



Let {Xq,....,X,,} be a sequence of random variables having an

exponential distribution with A =1+1/n.

—(1+jx
F.(x)=1-e * " x>,

1+1

lim E,(x) = lim [1—e_( ”)X]:l—e_x.

N—o0 N—00

Which is an exponential distribution with A =).

1.1. 7 Relationships among modes of convergence

Let us summarize relationships among the modes of convergence in

the following diagram:

w (X=x)

1.1. £ The Law of Large Numbers (LLN) [ *-] [ ']

Let X4, X,,... be independent and identically distributed (i.i.d)

random variables, and let



(a) If E|x|<, then X, —p—>y: E(X). This is the weak law of large

numbers (WLLN).

(b) X, i>,u if and only if E|X|<o and u = E(X). This is the strong

law of large numbers (SLLN).

1.1. 2 The Central Limit Theorem (CLT) [ ']
Let X4, X5,...X, are (i.i.d) random variables with mean x=E(X;)

and variance o = V(Xj) <oo.Then

\/ﬁ(xn —u) d

o)

»N(0.1).

We sometimes say that if \/ﬁ()?n—,u)L)N(O,az), then

2 2
asymptotically X, ~ N[z, 7] or X, —a>N[,u,O-T].
n

1. ¥ Asymptotic Expansions
Asymptotic expansions are used in many areas of mathematical

analysis and it is explained by the following concepts.

1. 1.1 Asymptotic Estimates



The symbols O, o and ~, were first used by E. Landau and P. Du Bois

Reymond in [} ¢] and are defined as follows.

1.1.1.) Definition [ ' ] [ r"]

Let M a subset of real or complex members with a limit point a, and
let f, g: M—=>R (or f, g: M—>C) be some functions on M. The following are

asymptotic estimates.

(i) Asymptotically Bounded: f(x)=0(g(x)) as x—>a, xeM, means that:
there exist constants k>0 and 6>+ such that, for O<|x—al|<d , we
have | f(X)|<k|g(x)], (i.e f(x) is asymptotically bounded by g(x) in
magnitude asX — a) and we say that f(x) is of order 'big O' of g(x).
Hence provided g(X) is not zero in a neighbourhood of a; except

possibly at a, then f/ g is bounded.

(ii) Asymptotically Smaller: f(x) =0(g(x)) as x > a, x €M, means that:

for all €>+, there exists 6 >0 such that, for 0<|x—a|<d, we have

f(X)

| f(X)|<&]9(X)]|; or equivalently ﬁ — 0 as x - a, xeM. Provided
g(x

g(x) is not zero in a neighbourhood of a, except possibly at a. We say
that f(X) is asymptotically smaller than g(x) or f(x) is of order 'little

o' of g(x) asx = a.
(iii) Asymptotically Equal: f (x)~g(X) as x = a, xe M means that:

f(xX)=g(X)+o (g(x)), asx—>a;



or equivalently

f(x)

—~>>lasx—>a xeM,
g(x)

and we say that f(x) asymptotically equivalent/ equal to g(x) in this

limit (or more colloquially, f(x), 'goes like' g(x) as x = a).
Examples [ ' ¢] [ T¢]

Y- £(X)=0()) as x— X, means f(x) is bounded close to X,.
Y- f(X)=0()) = f(X)>* as x> X,.

Y- f f(X)=5x2+x+3, then f()=0(), f(X)=0(x*) and

f(X)~5X2 as X —> o; but

f(x)~3as x—0and f(x)=0(/x) as x—0
£- xl~ 2xe *x*, (X > ) (see ¥.Y), page (£+)

s-Inx=0(x"%) ,(x—>0"), a>0;but

Inx=0(x%) , (x> ), a>0

Remarks [ ' ¢]

V- In definition 1.Y.).), the function g(X) is often called a gauge function
because it is the function against which the behaviour of f(X) is

gauged.



Y- Note that O- order is more informative than o- order about the

behaviour of the function concerned as x - a. For example,

sin X = x+0(x2) as X — 0 tells us that sin x— x — 0 faster than x2,

however, Sin X = X + O(x3), tells us specifically that sin x—x — 0 like

X3

Y- This notation is also easily adaptable to function of a discrete variable

such as sequence of real numbers. For example, if X, = 3n* -7n+8

then X, =o(n%), X =0(n?) and Xy ~3n%asn— o,

¢. Often the alternation f(x)<<g(X) as x = a. is used in place of

f(x)=0(g(x)) as x > a.
1.1.1. Y Some Properties of the Asymptotic Estimates [ 7 ¢]

These properties hold as X —> a, X & M
V- o(f (x))+0o(f(x)) =0(f(x))

Y- o(f (x))o(g(x)) = o(f (x)g(x))

Y- 0(0 f(x)) =0o(f(x))

£- O(f(x))+O(f(x)) =0O(f(x))

°- O(f(x))O(g(x)) = O(f (x)g(x))

1- O(0 f(x)) =0O(f (x))

V--0(f(x)) +O(f (x)) = O(f (x))



A-o(f(x))O(g(x)) = o(f (x)g(x))
- O(0 (T (x))) =0(f (x))
V+-0(0 ((x)))=o0(f(x))

1. 1. ¥ Asymptotic Sequences
1.7.7.) Definition [ ' ¢] [ T¢]

let ¢,:M =R, neN, and a be a limit point of M, and let
@,(X) #0 in a neighbourhood U, of a. Then the sequence {@,} is called

asymptotic sequence at x - a, XeM if VneN, we have

$h1(X) =0(4 (X)), (x > a, xeM). ()

Examples (power asymptotic sequences)

V-{(x-a)"} as X—a
Y-{(x"")} as X —> 0
¥. {(sinx)"} as X—0

1.1. 7. Y Some Properties of the Asymptotic Sequences [ ¥ ¢]

\- Any subsequence of an asymptotic sequence is also asymptotic

sequence.



Y- Let f(X)#0 for xeM in some neighbourhood of a and {¢,} be an

asymptotic sequence at x—>a, xeM. Then the sequence

{f (X)@,(X)} is an asymptotic sequence as x > a, Xe M.

Y- Let {4,(X)}, {w,,(X)} be asymptotic sequences as X > a, xe M. Then
the sequence {¢@,(X)y,(X)} is an asymptotic sequence as X —>a,

XxeM.

1. .Y Asymptotic Series
1.1.7 ) Definition [ ' ¢] [ Y¢]

Let f:M — R and a be a limit point of M, and let {¢,} be an
asymptotic sequence as x - a, X € M. We say that the function f(x) is

expanded in an asymptotic series,
f(X)~ D a,6,(X), (x> a, xe M), (V.Y
n=0

where a, are constants, if for each N> + we have

N
f(X) =D and,(X)+0(dy (X)) asx > a, (0.7
n=0

N
or Ry (X)=f(X)= > a,é,(X) =0(dy (x)), (x> a, xeM).
n=0

Or equivalently



N-1
f(X)= > a6, (X) + O(dy (X)) as x > a. L (0.9)
n=1

i.e. the error is of the order of the first term neglected in the expansion.

This series is called asymptotic expansion of the function f with

respect to the asymptotic sequence {@,}. Ry (X) is called the rest term

(remainder term).

Remarks [ ¥ ¢]

V- The condition Ry (X)=0(#y(X)) means, in particular, that

lim Ry (x) =0 for any fixed N.

X—a

Y- Asymptotic series could diverge. This happens if IiLnOO Ry (X) =0 for
some fixed x.
Y- There are three possibilities
(a) asymptotic series converges to f(X);

(b) asymptotic series converges to a function g(x) = f (x);

(c) asymptotic series diverges;

I.r.r.Y Some Properties of the Asymptotic Series
(Asymptotic Expansions) [ 1] [ T¢]



In this article we introduce some important properties of the

asymptotic expansions.

() Uniqueness. For a given asymptotic sequence{d, (X)}, the asymptotic
expansion of f(X)is unique; i.e the a, are uniquely determined for

n=), Y, ..., N as follows

a; = lim m;
x—a @y (X)
a8y - lim T @A),

X—a @, (X)

N-1
f (X) - an¢n (X)
aN = lim ; — O(¢N (X)) .

. ().9)
x—a Iy (X) Iy (X)

Y- Non- Uniqueness (for a given function). A given function f(x) may

have many different asymptotic expansions. For example as X — 0,
1 2
tan X ~ X+ =x3+—x° +...
3 15
i 1 .3 3,. 5
tan X ~ sin x+§+(sm X) +§(sm X)° +...

tan x ~ x cosh(~/2/3x) + 23—710 (xcosh(x/2/3x))° +...



¥- Sub dominance. Two different functions can have the same asymptotic

expansions. For example f(x)=e* and g(x) =¢* +e X have the

same asymptotic expansion with respect to the asymptotic sequence
{x"}:

ooXn
X ~eXpe X N2y S0t

I ’
=0 n:

’

such a function g(Xx) is said to be subdominant to the asymptotic power

series.

t- Equaling Coefficients: If we write

D an.(x-a)"~ > b(x-a)" as x> a. (00
n=0 n=0

e 0]
We mean that the class of functions to which Zan (x—a)" and
n=0

o0
an(x—a)” are asymptotic as X-—>a are the same. And,
n=0

uniqueness of asymptotic expansions means that a,, =b,, for all ni.e. we

may equal coefficients of like powers of x—a in ().1).

®- Arithmetical Operation



Suppose f(x) ~ Zangbn(x) and g(x) ~ angzﬁn(x) as X — a, then
n=0 n=0

of (X) + fg(x) ~ Z(a” +b,)#,(x) as x—>a, where o and B8 are
n=0

constants. Asymptotic expansions can also be multiplied and divided-

perhaps based on an enlarged asymptotic sequence. (which we will need

to be able to order). In particular for asymptotic power series, when

#,(X) = (x—a)", these operations are straightforward:

0 n
f(x)g(x)~ZCn(x—a)”, as X—a, where Cn:Zanbn_m, and if
n=0 m=0

b, #0, d, =a,/b,, then

;E)’g ~ ni:)dn(x—a)”,as X—>a

n-1
where d, = [an — dmbn_m]/)o .
m=0

1- Integration. An asymptotic power series can be integrated term by

term (if f(x) is integrable near x=a) resulting in the correct

asymptotic expansions for the integral. Hence, if

f(x)~ Zan(x—a)nas X — a, then
n=0

X - . an _ \n+l
jaf(t)dt Zn (x—a)""! as x > a.

— +1



V- Differentiation. Asymptotic expansions can not in general be
differentiated term by term. The problem with differentiation is

connected with sub dominance. For instance the two functions

1 1
f(x) and g(x) = f(x)+e *~" sin| e®"

differ by a subdominant function and thus have the same asymptotic

power series expansion as X — a. However f’(x) and g'(x) where

g'(x) = /() —2(x—a) 3 cos A" |+ 2(x—a)3e *-" gin| e’

do not have the same asymptotic series expansion as X — a.

1. 1. ¢ Asymptotic expansions of integrals [ '] [ ' ]

Integral representations. When modeling many physical
phenomena, it is often useful to know the asymptotic behaviour of

integrals of the form

b(x)
|(x)=j f(x,t)dt,as x - a ARG
a(x)

(or more generally, the integrals of a complex functions along a contour).

For example, many functions have integral representations:

the error function, incomplete gamma function, incomplete beta
function, and many other special functions such as the Bessel, Airy and

hyper geometric functions have integral representations as they are



solutions of various classes of differential equations. Also, if we use

Laplace, Fourier or Hankel transformations to solve differential equations.

We are often left with an integral representation of the solution.

Example (the Exponential Integral) [ ! ]

This nicely demonstrates the difference between convergent and

asymptotic series. Consider the exponential integral function defined for

X >0 by

© —t
Ei(x):jX ert.

Let us look for an analytical approximation to Ei(x) for x>1.

Repeatedly integrating by parts gives

Ei(x) :{—eﬂ -

—t
© e
J —dt

Xt

. A1 1 2 (N =1)!
Ei(x)=e [;—F+F+...+(—1)N 1 ( . )j

X
N [° €

Ei(x) =Sy (X) + Ry (X).

- (V.A)



Here we set Sy (X) to be the partial sum of the first N terms, and

Ry (X) to be the remainder after N terms.

The series for which Sy (X) is the partial sum is divergent for any

fixed x; notice that for large N the magnitude of the N™ term increases
as N increases! of course Ry (X) is also unbounded as N — o, since
SN(X)+Rn(X) must be bounded because Ei(x) is defined (and

bounded) for all x> 0.

Suppose we consider N fixed and let x become large:

N (o . NI _,
IRy (X)| < — I e dt= e ¥ —>0 as Xx—>o. Note that the
X +1 Jy XN+1

ratio of Ry (X) to the last term in Sy (x) is

1a—Xy—(N+1)
Ry (X) ‘< Nle "X =— >0as x—>w, ..().9)
(N —1)!e‘xx‘N\ (N-Dlex N X

thus Ei(X) =Sy (X)+0 (N" term in SN (X)) as x = o, in particular, if x
is sufficiently large and N fixed, Sy (X) gives a good approximation to
Ei(x); the accuracy of the approximation increases as x increases for N

fixed. In fact, as we shall see, this means we can write

|
Ei(X)~e_X(%—i2+%+...) as X — o0, (V)
X< X

Note [ ' {]



For x sufficiently large, the terms in Sy (X) will successively
decrease initially. However at some value N = N,(x), the termsin Sy (X)

for N > N, will start to increase successively for a given x (however large)

—1)!

because the Nth term, (-1)N e (N—N', is unbounded as N — oo.
X

Hence for a given x, there is an optimal value N =N, (X) for which the

greatest accuracy is obtained. Our estimate equation ().A) suggests we

should take N, to be the largest integral part of the given x.

1.1.£. 1 Laplace Integrals [ '] [ ' ]

A Laplace integral has the form
b

1(x) =j f(t) e*Ot, L0
a

where we assume X >0. Typically x is a large parameter and we are

interested in the asymptotic behaviour of 1(X) as X — 4+ . Note that we

can write 1(x) in the form

_1epf®d o o
1(x) = XLM) (et

Integration by parts gives

|(x){lﬂex¢a)}b_ljbi(mjewm dt .0
o ), xhalgo) 7

boundary erm integralterm

o




If the integral term is asymptotically smaller than the boundary

term, i.e.

Integral term= o (boundary term) as X — 4+,

b
11O ewm} as X — 40

x ¢'(t)

boundgry erm

then 1(x) ~ {

a

ie. |(x)~1f(b) w0 L T@ @) g x sy (0T

x ¢'(b) x ¢'(a)
and we have a useful asymptotic approximation for 1(X) as X — +o0. In
general, this will in fact be the case, i.e. formula (Y.)Y) is valid, if ¢(t),
¢'(t) and f(t) are continuous functions (possibly complex) and one of

the following three conditions is satisfied:

(i) ¢'t)#0 for a<t<b and either f(a)=0 or f(b)=0. These

conditions ensure that the integral term in equation (1.)Y) is bounded

and is asymptotically smaller than the boundary term.

(ii) Reg(t)<Reg(b) for a<t<b, Reg¢'(b)=0 and f(b)=0. These
conditions do not ensure that the integral term in equation (Y.)Y) is

bounded, but by Laplace’s method (see ).Y.£.Y) they ensure

1 f(b)
x ¢'(b)

eX?() as x — +o0

I (X) ~

(iii) Reg(t) <Reg(a) for a<t<b, Re¢'(a)#0 and f(a)=0. Similar to
the last case, the integral term in equation ().)Y) is not necessarily

bounded, but by Laplace's method we can ensure



1(x) ~ 11@) eX#(@) 35 x — +o0

x ¢'(a)

Further, if any one of these conditions is met then we may also
continue to integrate by parts to generate further terms in the

asymptotic expansion of |(X); each integration by parts generates a new

factor of 1/ x.

1.1.£ Y Laplace's Method [ '] [ ¢] [ T 4]

We have seen that for Laplace integrals, integration by parts fails,

for example, when ¢'(t) has a zero somewhere in a<t<b. Laplace's

method is a general technique that allows us to generate an asymptotic

expansion for Laplace integrals for large x in such cases. Recall

1(x) = j: (1) &0t

where we now suppose f(t) and ¢(t) are real, continuous functions.

Basic Idea

If #(t) has a global maximum at t=c with a<c<band if f(c)=0,

then it is only neighbourhood of t=c that contributes to the full

asymptotic expansion of 1(x) as X — +o©.

Procedure



Step ). We may approximate 1(x) by 1(x;&) where

e

“fty eOdt,  if a<c<b
JC—¢&

e =1 f®e¥Od, i c=a  .(.%)
Ja

f(t) e*® dt, if c=b

<

where ¢ > 0 is arbitrary.

Step Y. Now &£>0 can be chosen small enough so that (now we're
confined to the narrow region surrounding t=c) it is valid to

replace ¢(t) by the first few terms in its Taylor or asymptotic

series expansion.

(i) If ¢'(c) =0 with a<c<b and ¢"(c) # 0, approximate ¢(t) by

§0) = 40) + S F'E)t )
(ii) If c=a or c=b and ¢'(c) = 0, approximate ¢(t) by
#(t) ~ g(c) + ¢'(c)(t —c).

In either case approximate f(t) by the leading order term in its

series expansion about t=c,

f(t)~ f(c)=0 - (1.)°)



Step Y. Having substitute the approximations for ¢ and findicated above,
we now extend the endpoints of integration to infinity, in order

to evaluate the resulting integrals:

(i) If ¢'(c) =0 with a<c<b, we must have ¢"(c) <0 (t=c is a maximum)

and so as X — +0,

1., 2
c X($(C)+-¢"(C)(t—c)?)
Km@~LjHQe 2 dt

o0 @t_ 2
- () e[ "e" 2 0 it

e 0]

_ 21 (c) e [Ce*
X))

where in the last step we made the substitution

ds, SARES

s2 =—x@(t—c)2.

o0 2
SinceJ- e ds=+/r,

—00

V27 f(c) X
J=x¢"(c)

If c=a or c=b. then the leading order behaviour for I(x) is the same as

We get | (Xx) ~ as X — +oo - (VYY)

that in formula (Y.)V) except multiplied by a factor % when we extend

the limits of integration, we only do so in one direction, so that the

integral in formula (Y.) 1) only extends over a semi-infinite range.



(i) If c=a and ¢'(c) # 0, we must have ¢'(c) <0, and as X — +0,

1
X($(@)+ ¢ (a)(t-a))
1(x;£) ~ j:” faye 2 dt

~ f(a) @ J:exqﬁ'(c)(t—c) dt,

f(a) e*/@

which implies that 1(x) ~ — p
x¢'(a)

A similar argument for the case c=b, for which  ¢'(b) > 0, gives

f (b) a X4 (b)

) )

as X —> 40,

1LY YWatson's Lemma [ '] [ 77]

The first step in the asymptotic of integrals is Wastson's lemma.

Consider the following example of a Laplace integral
b —xt
I(x):jof(t) e Xt dt (b>0) (VOA)

Suppose f(t) is continuous on [+, b] and has the asymptotic

expansion

fA)~t“> at" as  t—-0" (009
n=0



We assume that a > -1 and £ >0 so that the integral is bounded near

t=+; if b=co, we also require that f (t) = 0(e®")as t — +o for some ¢>, to

guarantee the integral is bounded for large t. Then

as X —> 4w (VYY)

Xa+/3h+1

() ~ ianr(a+m+l)
n=0

Proof

Step \: Replace 1 (x) by I(x,&) where
(X, &) = jogf (t)e Xt ARAY

This approximation only introduces exponentially small errors for any

>0.

Step Y: we can now choose ¢ >0 small enough so that the first N terms

in the asymptotic series for f(t) are a good approximation to

f(t),i.e.

< kta+ﬂ(N +1) ’

N
fM)-t* > at”

n=0

(V.YY)

for 0 <t <& and some constant k> +. Substituting the first N terms in the

series for f(t) into ().Y)) we have by using (1.YY), that

N
1(x;e)— Zan J'Ogtm,b’ne—xtdt
n=0

N
:‘K( (t)—t“r;)antm]e’“dt




e Xdt

N
< J-i FO)-t*> ath

n=0

<k 'gta+,[)’(N +1)e—xtdt
0

< k .oota+ﬂ(N +1)e—Xtdt '
JO

By using the identity

[ tmedt = % - (.TT)

We have just established that

< kF(a+,B+,BN +1)
- Xa+/§’+/§’N+1 )

N
&
I(x,&)- > a, jo t@+MeXgt
n=0

Step ¥: Extending the range of integration to [ ¢, o) and using the identity

(1.YY) again, we get that

N
(%) = Zan [+ pn+1)

1
NIy +O(Xa+ﬂN+1) as N —+oo ..().V¢)
n=0

Since this time for every N, we have proved (V.Y *) and thus the Lemma.

Example [ T 7]

To apply Watson's lemma to the modified Bessel function

1
k, (X) =LOO (s2-1) 2e7%s,



We first substitute s=t+1, so the lower endpoint of the integration is

t="

1
k. (X) = e‘Xj: (t% +2t) 2edt.

For |t |< 2, the binomial theorem implies

1 1 1

1 o n F(n + j
(t2+2t) 2 =(21) 2 (1+%)_2 - (2t)_22(— 3) N2

Watson's lemma, then immediately tells us that

1 2
: (F(”HD
k,(X) ~ e (-)"
n=0

1

n+= 1) n+=
2 2n!1“(2)x 2

Example:

To find the asymptotic expansions of the integral

Ioﬂ et Lsintdt forlarge x

© ¢ q\Nt2n
Since t‘lsintzzﬁ
£ (2n+1)!



( 1) t2n
ttsint ~ Z(2n+1)|

Then by using Watson’s lemma, we get

J'Oﬁ et Lsintdt~ Z( D)"T(2n +1)

< x"D) (2n +1)!

(-1)"(2n)!

— x2"*(2n +1)!

~1/x—1/3x3 +1/5x°.... For X — .

In this chapter, we explain the importance of normal distribution
and the definition of Poisson distribution in section one, while section
two contains a review for some central distributions, and in section three

speaks about non central distributions.

r. ' Normal Distribution [ '] [ Y]

The normal distribution or, as it is often called the Gaussian

distribution is the most important distribution in statistical theory and
application and clear importance from central limit theorem (CLT) which
proves that most of the probability distributions (discrete or continuous)
converge from the normal distribution when sample size is very large.
Also, sampling distributions base their derivation for the normal

distribution.



A continuous random variable X has a normal distribution if its

probability density function (p.d.f) is given by

f(x;y,(;z):Le_[j2 —00 < X <00

(Y
o~ 27 —o< u<wo,0>0 (1)

where u is a location parameter, equal to the mean and o the standard
deviation are real constants we write X ~ N(,u,az). The cumulative

distribution function (c.d.f) or simply (the distribution function) is given

(YY) F(X | o) =2 ie_;(t;ﬂj dt

Notes

V- If X ~N(u,0°%), then Z = X4 is @ standard normal variate with
o

mean * and variance ). we write Z ~ N(0,1).

Y- The p.d.f of the standard normal variable Z is given by

And the corresponding distribution function

is given by ¢(z) = p(Z £ 2)



(ii) Poisson Distribution [ Y4]

A discrete random variable X has a Poisson distribution if its Mass

probability function (m. p.f) given by

e A X
X!

X:~,\,...,/1>' (YT”)f(X,/I)ZP(XZX)Z

(A is a parameter distribution) We write X ~ Po(A4).

The distribution function is given by

X e—/ilr
o (Y.8) ,F(X|/1):Pr(sz):Z o
r=0 )

o0 e—ﬂ%r ~

|
=0 r

and, 1

r. Y Some Central Distributions
In this section, we explain the some central distributions as follows:

(i) Gamma Distribution [ '] [ Y3] [¥+]



A continuous random variable X, taking all real values in the range
(0,) is said to have a gamma distribution with parameters a and 8 if its

probability density function is given by

Xa—le—xlﬂ
(YO) f(X,a,ﬂ):W X>O,a,ﬂ>0

where a, 8 are constants. We write X ~ G(a, f).

The Gamma function I'(«) is defined as

which converges for all a >0 and divergesif ¢ <0 I'(a) = J.: x* e *dx
and has the following properties:

(V) If ais a positive integer, then
INa+1)=al= .[o x%e *dx.

For this reason I'(«) is sometimes called the factorial function.

(Y) for any positive real number

INa+1) =ao ().
1
(¥) r(—j =Jr.
2
The distribution function is given by,

(7 F(X |a) =ﬁjoxt“‘le‘tdt



The incomplete gamma functions definitions are
[} X
, (e, X) = I t e tdt. y(a, x) = IO t*Tetqt
X

It is easy to ~check that, ¥(«a,0)=0, y(a,©)=I(x),
I'(a,0) =T («x),I'(e¢,0) =0 and obviously I'(«) = y(«, X) + I'(«, X) .

The incomplete gamma functions ratio definitions are

,Q(a, xX) = Flsfo,z;() and clear p(a,X)+Q(a,x)=1. p(a,X) = 71E0(50’[))()
Notes:

X

() If a=1, the (p.d.f) (Y.°) becomes f(x) =%e B it is common the

exponential distribution is a special case of the gamma distribution.
We write X ~ Exp(/f).

The distribution function is given by

t X

‘< x <00, F(X | B) :jox%e_ﬂdtzl—e_ﬂ

(Y) Another special case gives if azg,ﬂ:Z then p.d.f (Y.2) become

n
—1
0 —— _x2 e/

HE



It is common the central chi-square distribution with n degree of
freedom (n.d.f) (positive integer), we write ;((Zn), and the distribution

function is given by

n
Ny
O<x<ooF(X|n):#n.foxt2 e 2t
r(”j 22
2

(i) Beta Distribution [ *] [ ']

A continuous random variable X, taking all real values in the range
(0,) is said to have a beta distribution with parameter a and b if its

probability density function is given by

1

x*11-x)P?1 0<x<1 ab>0
B(a,b)

- (Y.Y) f(x;a,b) =

where a, b are constants, we write X~B (a,b). The Beta function B(a,b) is

defined as
1
which converges if a >+, and b>* B(a,b) = Io x2 11— x)°Ldx

The Beta function is related to the gamma function according to the

following formula:

_T@T(b)

Blab)= I'(a+b)

The distribution function is given by



1

<t<), 0, 0> L (VA F(X [a,b) = B(a,b)

onta_l(l—t)b_ldt

_By(ab)
= a) =1,(ab).

It is common incomplete Beta function.

Notes

(Y) The Beta distribution reduces to the uniform distribution over (*,)) if

a=b=1.

(Y) The Beta function is symmetric B(a,b) = B(b,a).

11
V B —, =T
Ve
(¢) If X; and X, are independent random variables, X; has a gamma

Xq
X1+ X5

distribution, and X, has a gamma distribution then X = has

a beta distribution.
(iii) Student's t-Distribution [ ¥ 1] [ *1]

If X and Y are independent random variables and X has a standard

normal distribution and Y has a chi-square distribution with n degrees of

freedom, then the variable t = has a t-distribution if its probability

X
NJY In

density function is given by



x/mzl"(EJ n
_n+1
» N\
n
, . (¥.9)= —00 < X <00
\/ﬁB(]' nj
2'2

where n is a parameter (positive integer), we write t~ t,

The distribution function is given by

n+1

L
(YY) F(t|n):+_“t (1+”—] * du
JHB(Z ”j - n

(iv) F-Distribution [ ¥ T][ ¥ 1]

If X; and X, are independent random variables and X; has chi-

square distribution with m degrees of freedom and X, has a chi-square

XiIm
IS
Xo/n

distribution with n degrees of freedom then the variable F =

said to have F-distribution with m, n degrees of freedom if its probability

density function is given by



m n

mEnEF m+n m,
2 F 2

f(F;m,n)= : , FeR
m n m+n
F(zjr(zj (MF +n) 2
mn m_,

- —, ARR)
B(Z’zj (MF+n) 2

where m, n are parameters (positive integer), we write F ~ Fm,n.

The distribution function is given by

L (YAY)  F(F|mn)=

r. ¥ Non-central Distributions

In this section, we discuss the non-central distributions as follows:

(i) Chi-square Distribution [ Y] [F£] [F°]

If Xi,X,,...,X,, are independently distributed and X; is N(g;,1)

n
then the random variable U = ZXiz is called a non-central chi-square
i=1

1/2
n
variable with n degree of freedom. We call 5:(2%42] the non
i=1

centrality parameter of the distribution if its probability density function

is given by



, e (YY) f(U;n,/1)=Zpo(%)f(U;n+2r) U>0,1>0
r=0

) (AU)fr@Hj

"y tua
Jand =———y2 e 2%

N - o N

zzr(j r=0 (2r).F(2+ r)
2
A r
()
is Poisson probability mass function A =52 is the po(g):—lz
r

non-central parameter and f(U;n+2r) is a central chi-square with

(n+ 2r) degree of freedom (positive integer).

The distribution function is given by

A F(l+rj
St r 9 u Nerg 26
FUINY)=—t e 2y A2 12" e 2qt
NN 2r)t _(n 0
221“() r=0 I —+r
2 2
1 r
_i © (2) n U
Y€ _e 2 n.. Y
AREY FUINA) =e 22 ~5pC+1.2)

r=0

Where P(.,.) is incomplete gamma function ratio.

Notes

(Y) The ordinary or central chi-square distribution is a special case of the
noncentral distribution when the noncentral parameter 6=+ The

same goes for the F-and t- distributions.



(Y) The noncentrality parameter is usually defined differently, some
1
authors use/1:52, while others use/1=552, both using the same
symbol 6.
(¥) We use the symbol ZF\,/I for a noncentral chi-square variable with n
degrees of freedom and non centrality parameter A, and the symbol
2 2
Xn for An0-
(£) If X; and X, be independent random variables and X; hasa Zr'nz,51

and X, hasa;(ﬁﬁz. Then (X;+X,) have a g% with r=m+n,

5=62+52)""

(ii) F-Distribution [ *F] [F£] [F7]

If X; and X, are independent random variables and X; is anon-

central chi-square distribution with m degrees of freedom and

noncentrality parameter A and X, is a central chi-square distribution
with n degrees of freedom then the variable

Xi/m
X,/n

is said to have a non-central F-Distribution with m, n F' =

degrees of freedom (positive integers) and non-central parameter 4 >0,

if its probability density function is given by

A\ (m+n
_&oo E F 2 +r
f(F:mnA)=e 2
Fimna=e 23 2

SRS




and

. (Y.)9)

And we write F'~ F 1, 7.

The distribution function is given by

e
F(F'| m,n,ﬂ):jo UKf(F";m,n,A)dU.

i;mf a5y

ﬂ, r
& (2) m n
F(F'|m,n,A)=e 2 I | =—+r1,= |, L (Y
(F' )rz(‘;r!q[z ) (.0
mF’
_ n .. .
where q—T , 1q(.,.) isincomplete Beta function.
1+
n

(iii) t-distribution [ *F] [*£] [ 7]

If X and Y are independent random variables and X is a normal

distribution with mean 6 and variance ) and Y is a central chi-square with

X
n degrees of freedom then the variable t' =
& JY In

has a non-central t-




distribution with n degrees of freedom (positive integer) and non- central

parameter & (real) if its probability density function is given by

And we write t' ~ t, .

The distribution function is given by

52
_7 © r r t r
F(tlln,é‘): e Z ) 22F(n+r+1}J‘ u 1du
\/— n = r 2 —» n-+r+
nzl| — |r= r'n2 u2 2
2 1_|_7
n
8
e 2 &2 -1 (r+lj (r+1 nj
(YOAN)E@|n,8) = 22 | —={S, +S,1,| —=,=
(LIAFEIn.0) &E)n 2 )7t T2El 2 )

Where §; and S, are signs differing between cases with positive or
negative t as well as odd or even r in the summation. The sign Sy is -) if r

is odd and +) if it is even while S, is +) unless t<* and r is even in which

caseitis-).

(iv) Gamma Distribution [ *1][ V]



If Y has a non-central chi-square distribution with Ya degrees of

freedom and non-centrality parameter YA, then the random variable

Y . .
X =§ has a non-central gamma distribution with parameter a and a

non-centrality parameter 4, if its probability density function is given by

A

r
j Xc;err—le—x
r' T'(a+r)

, a>0,1>0. ..(YVY)f(Xa, )= Z (
The distribution function is given by

10N

NC(a+r)Jo0

o
iiﬂ“

A
F(X |, A) = Ze 2 j @+ 1 gty

Cat r)7/(0{ +r,X),

2/ r
., (3)
() and F(X|a,)=Ye Z%p(owr,x),

where y(a + r, X) is incomplete gamma function,

and p(a +r,X) is incomplete gamma function ratio.

(v) Beta Distribution [ 1] [ V]

If X; and X, be independent random variables and X;is non-

central gamma distribution with parameter a and non-centrality



parameter 4, and X, is a central gamma distribution with parameter b,
X1

X1+ X,

then the random variable X = has a non-central beta

distribution with parameters (a, b) and non centrality parameter A. if its

probability density function is given by

A

RSN
o € 2(2) Xa+r—1(1_x)b_1
a,b>0,1=0. ..(Y.Y\)f(x;a,b,i)zz
r=0 r! B(a+ r,b)

The distribution function is given by

i r
w 4 (j a+r-1 b-1
F(X|a,b,/1):_[XZe ,\2) t A-1)""
0~ r! B(a+r,b)

J‘Oxta+l’—1. (1 _ t)b_ldt

— 2
;

r'B(a+r,b)

2 r
G
L (Y.YY) ,F(X|a,b,;t):rzz(:)e 2%lx(a+r,b)

where 1, (.,.) isincomplete Beta function.

In this chapter, we explain stirling formula and its proof in section

one, while we derive the asymptotic expansions for each the two non-
central distributions gamma and beta in section two and three,
respectively, conclusions and recommendations are mentioned at section

four.



.1 Asymptotic Formula for I'(x) (Stirling’s formula)

If x is large, the computational difficulties inherent in a calculation
of I'(x) are apparent. A useful result in such case is supplied by the

relation
AR v<0<) . T(Xx+1) = /272 x*e *ef/12(x+D)

For most practical purposes the last factor, which is very close to ) for

large x can be omitted. If x is an integer, we can write

- (7.Y) X1~/ 27mxx e *

This sometimes called stirling’s factorial approximation or

asymptotic formula for x!

Proof

By using Laplace’s method, (see ).Y.£.Y) we shall try to find the

leading order behaviour of the (complete) gamma function.

as X — 400 . [(X+1) = jooo e 't*dt = jooo g trxintyy

First we try to convert it more readily to the standard Laplace
integral form by making the substitution t=xr (this really has the effect of

creating the maximum of ¢ away from the origin),

_ © xr+xInx+xInr _uXx+l * X(=r+Inr)
JT(Xx+D) =] e xdr = X e dr
0 0



Hence f(r)=) and ¢(r) =—r +Inr.

Since ¢'(r) = —1+1 and ¢"(r) = _iz'
r r

For all >+, we conclude that ¢ has a local (and global) maximum at
r=Y, and ¢"(r) <0. Hence after collapsing the range of integration to a

narrow region surrounding r=Y, we approximate

WO =40+ (- =1 -1y

Subsequently extending the range of integration out to infinity again we

see that

o “X(r-p)?

T(x+1) ~ x”lf e ‘e 2 dr

Making the substitution S? = g (r —1)2 and by using the identity

0 2
, then reveals thatj e > ds=+/x
—0

as X — +0. (X +1) = X!~ v/ 2mxx e

When X e N, this is stirling’s formula for the asymptotic of the factorial

function for large integers.

r.v Asymptotic Expansion for the non-Central Gamma
Distribution

We know that



gl

—j tetrletdt ¢ >0 1>0
NT(a+r)Jo

o0 A
L(YF(X e, 2)=)e 2
r=0

Is the cumulative distribution function (c.d.f) of non-central gamma

distribution.

We now take the integral term in (Y.Y) called (incomplete gamma

function y(a +r,X)). To find an asymptotic expansion of the y(a +r,X)
as X = o by expanding the integrand in powers of t and integrating term

by term, we have

X
yla+r)= | 1o et

( 1)n a+r+n
Z nl(a+r+ n)’
Using the ratio test, we find that the series converges for all x. However,

the series is only useful for small x. (for large values of x, it converges very

slowly which in practical terms is not very useful).

To deal with y(a +r, x) for x large, we proceed indirectly with I'(a +r, X)

, Write



. (7.9) y(a+r,X)=T(a+r)-T(x+r,X)
N P | . © —tea+r-1
.y(a+r,x)_joe g2+ 1gg j e e+ g

X

We now take the incomplete gamma function
T(a+r,X) :j e e+ 1g
X
We shall develop the integral by repeating the integration by parts:

T(a+r,x)=[-e 4 " 2 +(a+r —1)J.:O e it gt
—Xa+r-1

—e *x +(a+r —1)e *x¥*r2

+(a+r-D(a+r— Z)J'Ooe‘tt“”‘sdt .
X

T(a+r,X)=e *[X*" +(@+r-Dx*"2+..
+(a+r=1)..(a+r—N+1x*"N]

@t —D(a+r—2) (a+r— N)Iwe‘tt“+r‘N‘1dt
X

remainder term Ry

The integrands of successive integrals are becoming smaller in the
regin of integration 1<Xx<t. However, this series generated by
integration by parts does not convergent for fixed finite x. (by using the

ratio test). But for fixed N, the error committed by omitting Ry (e + 1, X)



is small for large x, that is, as X > o, Ry(a+r,X) >0 for fixed N. In

order to prove this, we estimate Ry as follows:

Assume N >a+r -1

0
<]
X

I e—tta—H’—N —ldt
X

e—tta+r—N —1‘dt

o0
< Xa+r—N—1J‘ e_tdt
X

_ Xonrr—N—le—x

— O(XO(+I’—Ne—X)’
as X — 0.

Thus, for sufficiently large x, the remainder term Ry will be small and

only a few terms in the series are needed to give a reasonable

approximation toI'(« + ', X) . Series sums like that are called asymptotic

expansions, and are written as:

F(a+r,x) ~ e_xxaﬂ(lJr (x+r-1) N (a+r-D(a+r-2) +)
X x* X3

By substitution in equation (¥.¢), we get

v +1,X)~T(a+r)—e *x**"

2 3

as X —> oo ... (v_O)GJr(OHr—l)+(a+r—1)(a+r—2)+m)
X X

although the series is divergent.

Now, when we substitute the formula (Y.°) in equation (Y.Y), we get



r A r
- e;(@ . e(ZHJK’;j X+
FX |a’l)~§ r! _Z') T (e +r)

2 3

(EJF(a+r—1)+(a+r—1)(a+r—2)+m]_
X X X

o0 ﬂr
Then by using the identity Z:e’1 — =1, we have
r!
r=0

e(iﬂ)(zjfxw

IR 2 1 (a+r-9
F(X|a,4)~1 ; MNC(a +r) (XJF NG i
(a+r_1)(3a+r_2)+...j.as X — 00 - (.Y
X

This result gives an asymptotic expansion for the non-central gamma

distribution.

r.r Asymptotic Expansion for the non Central Beta

Distribution

(ﬂjr
0 _& E
We know that  F(X |a,b,A) = E e 2—| I, (a+r,b)
r!
r=0

a,b>0,1>0 . (T.Y)

A

-——\ 2 F(a+r+b) Xa+r-1 b-1
Y A)= 2 -
- (TA) Z;e rt T'(a+r)['(b) 0 A




Is the cumulative distribution function (c.d.f) of non-central Beta

distribution.

We derive an asymptotic expansion of F(X |a,b, 1), through two

stages:
First Stage:
'(a+r
We shall derive the asymptotic expansion of (a+r) where a,
I'(a+r+hb)

b>+, a>b and r € N .we start from the Beta function B(a+r,b), which

has the formula.

I'(a+nIr{)
C(@a+r+bh) Jo

..(*.9)B(@a+r,b) = 3+ 1 (1—t)°qt

Then by using the substitution t =e™ and dt = —e “du we obtain

.. (V\ ~) B(a+ r’b):J:e_(a+r)U (1_e—U)b—ldu
And using the fact that (1—-e™") = e_”/ZZSinh% we have

b-1
(P a-ku b1 oo [ U u
, ...(\‘.H)B(a+r,b)__[oe u (smh(zj/(zjj du

(b-1)
o

where K =(a+r)+

b-1
Now expand {Slnh(;j/(;ﬂ in powers of u? as U — ©



GV Bt

o0 b-1 00
{Zhnuﬂ ~Y Cut, (YY)

b-1
> 1
let h =y — —
n LZ_:;(Zn+1)!22“}

The last quality follows by Didonate and Morris [YA].

b-1
Where C,are the expansion Coefficients of {Sinh(;j/(uﬂ , and

2

which can be expressed of the generalized Bernoulli polynomials [Y4],

C.—plb\ 2
S

o)

By substitution equation (Y. Y) in (¥.))) we get

duB(a+r,b) ~ J-:e_k“ub_lzcnuzn
n=0

.B(a+r,b)~> C, fe‘k“u br2n-1qy
n=0

And using Watson's Lemma (see V.Y.£.Y) we obtain the asymptotic

expansion

Fa+r) I'(b+2n)
L (TY) T(a+r+h) kbZ ['(b) (kj



Second Stage:
In this stage we derive the asymptotic expansion of I, (a+r,b),

I'(a+r+b)
I'(a+r)I'(b)Jo

, (T (a+r,b) = ta (1 — )b gt
X

when a,b>0,a>b,0<x<land re N, and then transform the expression
for it as the same in equation (¥.1) and changing integration terms, to

obtain

F(a +r+ b) Ooe_ku b—1
I'(a+r)I'(b)J-logx

S

where as before k =(a+r) +(b2 1) by using (Y. Y) we have

I,(@a+r,b)=

I'(a+r+b) akuy2n+b-1 v \n
|, (a+r,b) ~ r(a+r)r(b)z jlogx du . (YO

Let w=ku, then u = %W and du :%dw, so from (V. 1) we have

_T(a+r+h) g e bty
x(@+r.b) F(a+r)l“(b)z J.klogx ( j de

_T'(a+r+Db) Z I'(b+2n) 1 J‘ oWy 21T
- T(a+n(b) ~ K20 (b +2n) ogx -



_ I'(a+r+b)
I'(a+r)I(b)k" 4

Zanr(b+Zn)Q(b+2n —klogx), ... (Y.\Y)

where Q(.,.) is incomplete gamma function ratio. We can proceed by

using the recurrence relations for Q(.,.) to express Q(b + 2n,—k log x) in

terms of Q(b,—k log x) . This gives
. (YA) I, (a+r,b) ~Q(b,—klog x) + R(a+r,Db, X)

Where we have use the formula (¥.)Y) to cancel out the factors

multiplying Q, the other term R(a+r,b,X)is a double summation over n
and the Yn residual terms obtained by expressing Q(b +2n,—k logx) in

terms of Q(b,—klogx).

To obtain the asymptotic expansion we require to reordering this sum.

First we write (¥.)°) in the form

I, (a+r,b)=

I'(a+r+hb) Uoo oku
I'(a+r)I'(b) [ J-logx

([2sinh(u/2)]b'—1 bl}my+j —kuy bldu} (TN9)

Iog X

Integrate the first integral by parts twice as follows:
jw e ([2sinh(u/2)]"* —u** Hu =
—log x

iro gku d—22 ([ZSinh(u 12)PPt - ub_l)ju

k2 J-logx du



k
X : b-1 b1 1d
o [2sinh(u/2)1P —u e
[2sinnuraP-w2)]| )

In the integral in (¥.Y +) we now subtract the second term (C,uP*!)

in expansion of [25inh(u/2)]b_1 and add a corresponding integral so that

the integral in (Y.Y +) becomes

o 2
j gku d—z([ZSinh(u/Z)]b‘l —uP?t—cuPydu +
—log x du

I'b+2 o _ _
o (TY) , ( )Cl_[ e Ky gy
I'(b) —log x
and producing two further integrated terms evaluated at u = —log x.

Again Integral the integral term in (V.Y+) by parts twices and

b+3)

subtract a third term (C,u from the expansion of [ZSinh(u/Z)]b_1

and add a corresponding integral on separately. This procedure is
continued indefinitely. The separate integrals stating from the ones on
the right of (¥.)4) and (¥.Y)) add together to give Q(b,—klogx) as in

(Y.YA) so that

I, (a+r,b) ~Q(b,—k log x)

N I(a+r+Dhb) XkiHn(b,x) (T

Fa+nrp) = k"t~



n/2
([2smh(u/2)]b 1Y u2mtt

m=0 u=—log x

where H, (b, X) =

ZC u2m+b -1 '

m="+1
2

u=—log x
and n/Y in the summation is to be interpreted as largest integer <n/2 as

in integer division. The quantities H, satisfy the simple recurrence

formula
d
JHypy=—H
2n+1 du 2n
d b1 T(2n +b)
(Y YY)YH,, =—H -Cu —~
( ) 2n du 2n-1 F(b)

We can express H,(b,x) directly in terms of b and x, for example,
H. (b, x) = 1/ /x —/x)*™ = (= log x)* L.
However, for x close to ), evaluation of H, in this way can lead to large

rounding errors on subtraction, and so H, (b, X) is better evaluated from

its power series expansion in u.

Now, when we substitute the formula (Y.YY) in equation (Y.A), we

get

_ﬂ(ﬂjr

F(X |a,b, 1)~ Z = [Q(b,—k log x)



+1“(a+r+b) i Hn(b,x) x)

F@a+nrb) = Sk

4

e ~ — [(a+r+b)
Z(:, a0 klogx)+r§ [(a+r)r(b)

e ;(g)r — H,(b,x)

I n+1
r! i k

—ﬂﬁr

By using the identity Z =1 we get

r=0

1
F(X|a,b,4)~Q(b, klogx)+ﬂ

A 2 r
2| v k
- I'(@a+r+b)e (2] X" H (b, %)
ARE) Z A% A
C(a+nr! LS

which is an asymptotic expansion for the non-central beta distribution.
.t Conclusions and Recommendations

(1) Conclusions

From our work in this chapter we conclude that:

Y- Asymptotic expansions are not necessary convergent.

Y- Asymptotic expansions are very useful for determining the local

behaviour of functions, and study some its properties.



Y- Asymptotic expansions which are converges tell us the number of
terms we need to get an accurate estimate of functions when x is large

and also it tells us about the long-range behaviour of functions.

¢- Finding Asymptotic Expansions is complicated some how, in turn its

coefficients become more complex.

(i1) Recommendations
Since we work in this field we recommend to:

V- find doubly Non-central two distributions gamma and beta and then

derive asymptotic expansions for it.

Y- find multivariate non-central two distributions gamma and beta and

then derive asymptotic expansions for it.

Y- Studying the degree of convergence or divergence in the optimal
solutions.

¢- Using Simulaty to study the behaviour of functions.
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