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فً هزِ انشسبنخ تى تُبول انعذٌذ يٍ انًفبهٍى والادواد الاسبسٍخ وانشئٍسٍخ فً انتحهٍم 

رنك ثتىظٍف ثعط انًفبهٍى فً انتحهٍم انشٌبظً. وتقذٌى تىغئخ وٌتسٍ وثشهبَهب و ،انتقبسثً

ئٍخ نكىَهب انخطىح الاونى فً تقبسثٍخ انتكبيلاد، وكًب تى استعشاض ثعط انتىصٌعبد الاحصب

انخبصخ كبنتىصٌعبد انلايشكضٌخ وثعط انتىصٌعبد انًشكضٌخ كحبنخ خبصخ يُهب عُذيب ٌكىٌ 

ً نهصفش. صٍغخ ستشنُج انتقبسثٍخ ثبستخذاو غشٌقخ تى اشتقبق  كًب انجبسيٍتش انلايشكضي يسبوٌب

كبيب وثٍتب انلايشكضٌٍٍ يع  نكم يٍ تىصٌعًانتقبسثٍخ خ زنك تى اشتقبق انصٍغوكلاثلاط انتقبسثٍخ، 

 ثعط الاستُتبجبد وانتىصٍبد.

 

 

 

 

 

 

 

 



 

 

 

Abstract 

 

In this thesis, we have many concepts and basic tools in the 

asymptotic analysis based on some concepts in mathematical analysis. 

We introduce Watson's Lemma and its proof to be the first step in 

asymptotic the integrations, so we review some special statistical 

distributions such as the non-central distributions and central 

distributions as special case of it when the non central parameter is equal 

to zero. Also we derive the asymptotic stirling formula by using the 

asymptotic Laplace method, and, we derive an asymptotic expansion for 

each of the two non central distributions Gamma and Beta with some 

conclusions and recommendations. 
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Stieltjes, T. J. see [1] has several results on asymptotic expansions, 

including examples on asymptotic of special functions and discussions of 

the remainder terms in the expansions, almost 151 years ago. 

In 1995, Temme, N. M [1] studied the uniform asymptotic 

expansions of integrals by using examples of Stieltjies work on asymptotic 

of special functions. 

In the same year, Cohen, J.K. [2] studied the symbolic integration 

and asymptotic expansions. 

In 1996, Temme, N. M [3] derived uniform asymptotic for the 

incomplete gamma functions starting from negative values of the 

parameters. 

In 1991, Temme, N. M. [4] studied the numerical algorithms for 

uniform Airy- type asymptotic expansions. 

In 1991, Dunster, T. M, Paris, R.B., and Cang, S. [5] are studied on 

the high-order coefficients in the uniform asymptotic expansion for the 

incomplete gamma function. 

In 2111, Wolfgang, B. [6] derived a special case of the asymptotic 

expansion for a ratio of products of gamma functions. He generalized a 

formula which was stated by Dingle in 1913. [1], first proved by Paris in 

1992. [1] and recently reconsidered by Oliver in 1995. [9] 



In 2111 Gotze, F., and Tikhomirov, A. N. [11] studied the asymptotic 

expansions in non central limit theorems for quadratic forms. 

In 2113 Lieberman, O., Rousseau, J. and Zucker, D.M. [11] are 

studied the valid asymptotic expansions for the maximum likelihood 

estimator of the parameter of a stationary, Gaussian, strongly dependant 

process. 

In the same year, Wolfgang, B. [12] derived general case of the 

asymptotic expansion for a ratio of products of gamma functions. 

In 2114, Dunster, T. M. [13] derived uniform asymptotic expansions 

for incomplete Rieman zeta functions. 

In the same year, Simon, J, A, Malham. [14] studied in the 

asymptotic analysis and properties of asymptotic expansions. 

In 2115, Daalhuis, A. B. [15] studied the uniform asymptotic 

expansions for hypogeometric functions with large parameters. 

 

INTRODUCTION 

 

Asymptotic theory or large sample theory studies the behaviour of 

random variables when the size of the sample tends to infinity. It is 

involves generalizing the usual notions of convergence for real sequences 

to allow for random variables and it is important to emphasis that limiting 



distributions obtained by central limit theorem (CLT) all involve unknown 

parameters which we seek to estimate. 

Asymptotic expansions of functions are useful in statistics in three 

main ways.  

Firstly, conventional asymptotic expansions of special functions are 

useful for approximate computation of integrals arising in statistical 

calculations.  

Second, asymptotic expansions of density or distribution functions 

estimators or test statistics can be used to give approximate confidence 

limits for a parameter of interest or p-values for an hypothesis tests.  

Third, asymptotic expansions for distributions of estimators or test 

statistics may be used to investigate properties such as the efficiency of 

an estimators or the power of a test. 

In this thesis, we deal with first useful indirectly from through study 

and derive an asymptotic expansions for each of the two non-central 

distributions gamma and beta, its special functions are usually defined in 

terms of integrals. The present study is of three chapters. 

Chapter one provides many basic concepts and results of 

asymptotic analysis. 

Chapter two gives some central and non- central distributions. 

Chapter three contains derivation an asymptotic expansions for 

each of the two non-central distributions gamma and beta. 



The purpose of this chapter is to introduce many basic concepts, 

definitions and results from asymptotic analysis. We give two sections, 

section one includes some basic concepts about asymptotic theory and 

section two contains many definitions from asymptotic expansions which 

find use in later chapters. 

 

1.1 Some Definitions and Concepts in Asymptotic Theory 

1.1.1 Asymptotic Theory [16]  

Asymptotic theory or large sample theory studies the behaviour of 

random variables when the size of the sample tends to infinity. 

 

1.1.0  Modes of Convergence [17] [11] [11] 

(a) Convergence in Probability:  

A sequence of random variables ),...,,(}{ 21 nn XXXX   is said to 

converges in probability to a random variable X (or weakly convergent) if 

for every 0 , 0)|(|lim 


XXP n
n

, 

or equivalently, 1)|(|lim 


XXP n
n

, where ε is arbitrarily small 

It is common to write XX
P

n   or XXP n
n




lim . 

 

Remark 

We say that an estimator ^
n  of a parameter θ is weak consistent if  
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^lim n
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P . 

Example 

Suppose nX  is normally distributed with mean 
n

k
n    and the 

variance 
n

n

2
2 

  . To show that }{ nX  converges in probability to μ, a 

fixed constant. Here we show the convergence nX  to μ by obtaining 

)|(|  nXP  directly. 
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Where (.)F  represents the cumulative distribution function of a standard 

normal variate. But 
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       for any ε >1 

and   

0limlim 
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     for any ε >1 

Therefore 



,1)|(|lim 


n
n

XP  

As required 

For a given value of ε, the rate of convergence of nX  to μ clear depends 

on k, σ and the shape of the distribution function (.)F . The larger value 

of σ, the slower will be the rate of convergence of (.)F  to μ. 

 (b) Convergence with probability one: 

 A sequence of random variables ),...,,(}{ 21 nn XXXX   is said to 

converge with probability one (or strongly almost surely, almost every 

where) to X if 

1)lim( 


XXP n
n

, this is written XX
Pw

n  
1..

, n . 

Or equivalently, XX
sa

n 
.

 if and only if for every 0  

 |(| XXP m  for all 1)  nm  as n . 

 

Remark 

We say that an estimator  parameter  a of ^
n  is strongly consistent 

if  
sa

n
.^ . 

 

(c) Convergence in thr  mean 



For a real number r>1, the sequence }{ nX  convergence in the thr  

mean to X, if    0||lim 


r
n

n
XXE . 

This is written as XX
thr

n  ,  whenever, n . 

If r=2, then a sequence }{ nX  is said to converge to X in mean square 

error (MSE) if  0)(lim 2 


XXE n
n

, written as XX
sm

n 
.

. 

 

Remark 

We say that an estimator ^
n  is of a parameter θ is thr  mean 

consistent if  
thr

n
^  

 

 

 

(d) Convergence in Distribution  

A sequence }{ nX  is said to converge to X in distribution (or in law) 

if the distribution function )(xFn  of nX  converges to the distribution 

function )(xF  of X at every continuity point x of F. 

We write 

       0)()(lim 


xFxF XX
n n

 or XX
L

n  , XX
d

n   

 

Example:  



Let },....,{ 1 nXX  be a sequence of random variables having an 

exponential distribution with n/11 . 
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Which is an exponential distribution with λ =1. 

 

1.1.3  Relationships among modes of convergence 

Let us summarize relationships among the modes of convergence in 

the following diagram: 

 

 

 

 

 

 

 

1.1.4 The Law of Large Numbers (LLN) [02] [01] 

 Let ,..., 21 XX  be independent and identically distributed (i.i.d) 

random variables, and let 

 

XX
sa

n 
.

 

 

XX
P

n  

 

XX
M

n  

 

XX
d

n  

(X=x) 



         



n

i

in X
n

X
1

1
. 

(a) If || xE , then )(xEX
p

n   . This is the weak law of large 

numbers (WLLN). 

(b) 
sa

nX
.

 if and only if || xE  and )(xE . This is the strong 

law of large numbers (SLLN). 

 

1.1.5 The Central Limit Theorem (CLT) [00] 

 Let nXXX ,..., 21  are (i.i.d) random variables with mean )( ixE  

and variance  )(2
ixv . Then 

)1,0(
)(

N
Xn dn 






. 

We sometimes say that if ),0()( 2 NXn
d

n  , then 

asymptotically ],[~
2

n
NX n


  or ],[

2

n
NX

a
n


 . 

 

1.0 Asymptotic Expansions 

 Asymptotic expansions are used in many areas of mathematical 

analysis and it is explained by the following concepts. 

  

1.0.1 Asymptotic Estimates 



 The symbols O, o and ~, were first used by E. Landau and P. Du Bois 

Reymond in [14] and are defined as follows. 

 

1.0.1.1 Definition [14] [03] 

 Let M a subset of real or complex members with a limit point a, and 

let f, g: M→R (or f, g: M→C) be some functions on M. The following are 

asymptotic estimates. 

(i) Asymptotically Bounded: ))(()( xgOxf   as x→a, xM, means that: 

there exist constants 0k  and δ>1 such that, for  ||0  ax , we 

have |)(||)(| xgkxf  , (i.e )(xf  is asymptotically bounded by )(xg  in 

magnitude as ax  ) and we say that f(x) is of order 'big O' of )(xg . 

Hence provided )(xg  is not zero in a neighbourhood of a; except 

possibly at a, then f / g is bounded. 

(ii) Asymptotically Smaller: ))(()( xgoxf   as x → a, x M, means that: 

for all ε>1, there exists 0  such that, for  ||0 ax , we have 

|)(||)(| xgxf  ; or equivalently 0
)(

)(


xg

xf
 as x → a, xM. Provided 

)(xg  is not zero in a neighbourhood of a, except possibly at a. We say 

that )(xf  is asymptotically smaller than )(xg  or )(xf  is of order 'little 

o' of )(xg  as x → a.  

 (iii) Asymptotically Equal: )(xf ~ )(xg  as x → a, xM means that: 

       )(xf = )(xg +o ( )(xg ),    as x → a ;  



or equivalently 

                 1
)(

)(


xg

xf
 as x → a, xM, 

and we say that )(xf  asymptotically equivalent/ equal to )(xg  in this 

limit (or more colloquially, )(xf , 'goes like' )(xg  as x → a). 

Examples [14] [04] 

1- )(xf =O(1)   as xx  means )(xf  is bounded close to x . 

2- )(xf =o(1)  )(xf →1 as xx . 

3- If 35)( 2  xxxf , then )()( 3xoxf  , )()( 2xOxf   and      

25~)( xxf  as x ; but 

     3~)(xf  as 0x  and )/1()( xoxf   as 0x  

4- xx xexx 2~!  , )( x  (see 3.1), page (41) 

5- )(ln  xox     , )(  ox , 0 ; but 

    )(ln xox       , )( x , 0  

 

 Remarks [14] 

1- In definition 1.2.1.1, the function )(xg  is often called a gauge function 

because it is the function against which the behaviour of )(xf  is 

gauged. 



0- Note that O- order is more informative than o- order about the 

behaviour of the function concerned as x → a. For example, 

)(sin 2xoxx   as 0x  tells us that 0sin  xx  faster than 2x , 

however, )(sin 3xOxx  , tells us specifically that 0sin  xx  like 

3x . 

3- This notation is also easily adaptable to function of a discrete variable 

such as sequence of real numbers. For example, if 873 2  nnX n  

then )( 3noX n  , )( 2nOX n   and 23~ nX n  as n . 

4- Often the alternation )(xf << )(xg  as x → a. is used in place of 

))(()( xgoxf   as ax  . 

1.0.1.0 Some Properties of the Asymptotic Estimates [04] 

These properties hold as ax  , Mx  

1- ))(())(())(( xfoxfoxfo   

2- ))()(())(())(( xgxfoxgoxfo   

3- ))(())( ( xfoxfoo   

4- ))(())(())(( xfOxfOxfO   

5- ))()(())(())(( xgxfOxgOxfO   

6- ))(())( ( xfOxfOO   

1- ))(())(())(( xfOxfOxfo   



1- ))()(())(())(( xgxfoxgOxfo   

9- ))(()))(( ( xfoxfoO   

11- ))(()))(( ( xfoxfOo   

 

1.0.0 Asymptotic Sequences 

1.0.0.1 Definition [14] [05] 

Let RMn : , Nn , and a be a limit point of M, and let 

0)( xn  in a neighbourhood nU  of a. Then the sequence }{ n  is called 

asymptotic sequence at x → a, Mx  if Nn , we have 

))(()(1 xox nn   , (x → a, Mx ).              … (1.1) 

 

Examples (power asymptotic sequences) 

1- }){( nax              as             ax   

0- )}{( nx                 as             x  

3- }){(sin nx              as             0x  

 

1.0.0.0 Some Properties of the Asymptotic Sequences [04] 

1- Any subsequence of an asymptotic sequence is also asymptotic 

sequence. 



0- Let 0)( xf  for Mx  in some neighbourhood of a and }{ n  be an 

asymptotic sequence at ax  , Mx . Then the sequence 

)}()({ xxf n  is an asymptotic sequence as ax  , Mx . 

3- Let )}({ xn , )}({ xn  be asymptotic sequences as ax  , Mx . Then 

the sequence )}()({ xx nn   is an asymptotic sequence as ax  , 

Mx . 

 

1.0.3 Asymptotic Series 

1.0.3.1 Definition [14] [05] 

Let RMf :  and a be a limit point of M, and let }{ n  be an 

asymptotic sequence as x → a, Mx . We say that the function )(xf  is 

expanded in an asymptotic series, 
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where na  are constants, if for each N ≥ 1 we have 
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Or equivalently 
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i.e. the error is of the order of the first term neglected in the expansion. 

This series is called asymptotic expansion of the function f with 

respect to the asymptotic sequence }{ n . )(xRN  is called the rest term 

(remainder term). 

 

Remarks [04] 

1- The condition ))(()( xoxR NN   means, in particular, that 

0)(lim 


xRN
ax

 for any fixed N. 

0- Asymptotic series could diverge. This happens if 0)(lim 


xRN
N

 for 

some fixed x. 

3- There are three possibilities 

(a) asymptotic series converges to )(xf ; 

(b) asymptotic series converges to a function )()( xfxg  ; 

(c) asymptotic series diverges; 

 

1.0.3.0 Some Properties of the Asymptotic Series 

(Asymptotic Expansions) [14] [04] 



In this article we introduce some important properties of the 

asymptotic expansions. 

 

(1) Uniqueness. For a given asymptotic sequence )}({ xn , the asymptotic 

expansion of )(xf is unique; i.e the na  are uniquely determined for 

n=1, 2, …, N as follows  
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0- Non- Uniqueness (for a given function). A given function )(xf  may 

have many different asymptotic expansions. For example as 0x ,  
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3- Sub dominance. Two different functions can have the same asymptotic 

expansions. For example xexf )(  and xx eexg /1)(   have the 

same asymptotic expansion with respect to the asymptotic sequence 

}{ nX : 
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such a function )(xg  is said to be subdominant to the asymptotic power 

series. 

 

4- Equaling Coefficients: If we write  
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We mean that the class of functions to which 






0

)(

n

n
n axa  and 








0

)(

n

n
n axb  are asymptotic as ax   are the same. And, 

 

 uniqueness of asymptotic expansions means that nn ba   for all n i.e. we 

may equal coefficients of like powers of ax   in (1.6). 

 

5- Arithmetical Operation 
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constants. Asymptotic expansions can also be multiplied and divided- 

perhaps based on an enlarged asymptotic sequence. (which we will need 

to be able to order). In particular for asymptotic power series, when 
n
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6- Integration. An asymptotic power series can be integrated term by 

term (if )(xf  is integrable near x=a) resulting in the correct 

asymptotic expansions for the integral. Hence, if               
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7- Differentiation. Asymptotic expansions can not in general be 

differentiated term by term. The problem with differentiation is 

connected with sub dominance. For instance the two functions 

)(xf  and 
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differ by a subdominant function and thus have the same asymptotic 

power series expansion as ax  . However )(xf   and )(xg  where 
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do not have the same asymptotic series expansion as ax  . 

 

1.0.4  Asymptotic expansions of integrals [1] [14] 

Integral representations. When modeling many physical 

phenomena, it is often useful to know the asymptotic behaviour of 

integrals of the form 
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(or more generally, the integrals of a complex functions along a contour). 

For example, many functions have integral representations: 

the error function, incomplete gamma function, incomplete beta 

function, and many other special functions such as the Bessel, Airy and 

hyper geometric functions have integral representations as they are 



solutions of various classes of differential equations. Also, if we use 

Laplace, Fourier or Hankel transformations to solve differential equations. 

We are often left with an integral representation of the solution. 

 

Example (the Exponential Integral) [14] 

This nicely demonstrates the difference between convergent and 

asymptotic series. Consider the exponential integral function defined for 

0x  by  
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                  )()()( xRxSxEi NN  . 



Here we set )(xSN  to be the partial sum of the first N terms, and 

)(xRN  to be the remainder after N terms. 

The series for which )(xSN  is the partial sum is divergent for any 

fixed x; notice that for large N the magnitude of the thN  term increases 

as N increases! of course )(xRN  is also unbounded as N , since 

)()( xRxS NN   must be bounded because )(xEi  is defined (and 

bounded) for all 0x . 

Suppose we consider N fixed and let x become large: 
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thus oxSxEi N  )()(  ( thN  term in )(xSN ) as x , in particular, if x 

is sufficiently large and N fixed, )(xSN  gives a good approximation to 

)(xEi ; the accuracy of the approximation increases as x increases for N 

fixed. In fact, as we shall see, this means we can write  
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Note [14] 



For x sufficiently large, the terms in )(xSN  will successively 

decrease initially. However at some value )(xNN  , the terms in )(xSN  

for  NN  will start to increase successively for a given x (however large) 

because the Nth term, 
N

xN

x

N
e

)!1(
)1( 1 

  , is unbounded as N . 

Hence for a given x, there is an optimal value )(xNN   for which the 

greatest accuracy is obtained. Our estimate equation (1.1) suggests we 

should take N  to be the largest integral part of the given x. 

 

1.0.4.1 Laplace Integrals [1] [14] 

A Laplace integral has the form 
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where we assume 0x . Typically x is a large parameter and we are 

interested in the asymptotic behaviour of )(xI  as x . Note that we 

can write )(xI  in the form 
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Integration by parts gives 
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If the integral term is asymptotically smaller than the boundary 

term, i.e. 

Integral term= o (boundary term) as x , 

then   
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and we have a useful asymptotic approximation for )(xI  as x . In 

general, this will in fact be the case, i.e. formula (1.13) is valid, if )(t , 

)(t  and )(tf  are continuous functions (possibly complex) and one of 

the following three conditions is satisfied: 

(i) 0)(  t  for bta   and either 0)( af  or 0)( bf . These 

conditions ensure that the integral term in equation (1.12) is bounded 

and is asymptotically smaller than the boundary term. 

(ii) )(Re)(Re bt    for bta  , 0)(Re  b  and 0)( bf . These 

conditions do not ensure that the integral term in equation (1.12) is 

bounded, but by Laplace’s method (see 1.2.4.2) they ensure 

             )( 
)(

)(1
~)( bxe

b

bf

x
xI 


 as x  

(iii) )(Re)(Re at    for bta  , 0)(Re  a  and 0)( af . Similar to 

the last case, the integral term in equation (1.12) is not necessarily 

bounded, but by Laplace's method we can ensure 
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Further, if any one of these conditions is met then we may also 

continue to integrate by parts to generate further terms in the 

asymptotic expansion of )(xI ; each integration by parts generates a new 

factor of x/1 . 

 

1.0.4.0  Laplace's Method [1] [14] [04] 

We have seen that for Laplace integrals, integration by parts fails, 

for example, when )(t  has a zero somewhere in bta  . Laplace's 

method is a general technique that allows us to generate an asymptotic 

expansion for Laplace integrals for large x in such cases.   Recall       
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where we now suppose )(tf  and )(t  are real, continuous functions. 

 

Basic Idea 

 If )(t  has a global maximum at t=c with bca  and if 0)( cf , 

then it is only neighbourhood of t=c that contributes to the full 

asymptotic expansion of )(xI  as x . 

 

Procedure 



Step 1. We may approximate )(xI  by );( xI  where  
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where 0  is arbitrary. 

 

Step 0. Now 0  can be chosen small enough so that (now we're 

confined to the narrow region surrounding t=c) it is valid to 

replace )(t  by the first few terms in its Taylor or asymptotic 

series expansion. 

(i) If 0)(  c  with bca   and 0)(  c , approximate )(t  by 
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1
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(ii) If c=a or c=b and 0)(  c , approximate )(t  by 

        ))(()()( ctcct   . 

In either case approximate )(tf  by the leading order term in its 

series expansion about t=c, 

         0)()(  cftf                                                              … (1.15) 

 



Step 3. Having substitute the approximations for   and f indicated above, 

we now extend the endpoints of integration to infinity, in order 

to evaluate the resulting integrals: 

(i) If 0)(  c  with bca  , we must have 0)(  c  (t=c is a maximum) 
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where in the last step we made the substitution 
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If c=a or c=b. then the leading order behaviour for )(xI  is the same as 

that in formula (1.11) except multiplied by a factor 
2

1
 when we extend 

the limits of integration, we only do so in one direction, so that the 

integral in formula (1.16) only extends over a semi-infinite range. 



(ii) If c=a and 0)(  c , we must have 0)(  c , and as x , 
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A similar argument for the case c=b, for which     0)(  b , gives 
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1.0.4.3 Watson's Lemma [1] [06] 

The first step in the asymptotic of integrals is Wastson's lemma. 

Consider the following example of a Laplace integral 
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Suppose )(tf  is continuous on [1, b] and has the asymptotic 

expansion 
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We assume that 1  and 0  so that the integral is bounded near 

t=1; if b=∞, we also require that )()( cteotf  as t for some c>1, to 

guarantee the integral is bounded for large t. Then 
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Proof 

Step1: Replace )(xI  by ),( xI  where 
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This approximation only introduces exponentially small errors for any 

0 . 

 

Step 0: we can now choose 0  small enough so that the first N terms 

in the asymptotic series for )(tf  are a good approximation to 

)(tf , i.e. 
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for  t0  and some constant k>1. Substituting the first N terms in the 

series for )(tf  in to (1.21) we have by using (1.22), that 
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We have just established that 
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Since this time for every N, we have proved (1.21) and thus the Lemma. 

 

Example [06] 

To apply Watson's lemma to the modified Bessel function 
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Example: 

 To find the asymptotic expansions of the integral  
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In this chapter, we explain the importance of normal distribution 

and the definition of Poisson distribution in section one, while section 

two contains a review for some central distributions, and in section three 

speaks about non central distributions. 

 

0.1 Normal Distribution [11] [07] 

The normal distribution or, as it is often called the Gaussian 

distribution is the most important distribution in statistical theory and 

application and clear importance from central limit theorem (CLT) which 

proves that most of the probability distributions (discrete or continuous) 

converge from the normal distribution when sample size is very large. 

Also, sampling distributions base their derivation for the normal 

distribution. 



A continuous random variable X has a normal distribution if its 

probability density function (p.d.f) is given by 
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where  is a location parameter, equal to the mean and  the standard 

deviation are real constants we write ),(~ 2NX . The cumulative 

distribution function (c.d.f) or simply (the distribution function) is given 

by 
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Notes 
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(ii) Poisson Distribution [01] 

A discrete random variable X has a Poisson distribution if its Mass 

probability function (m. p.f) given by  
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(λ  is a parameter distribution) We write )(~ PoX . 

The distribution function is given by  
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0.0 Some Central Distributions  

In this section, we explain the some central distributions as follows: 

(i) Gamma Distribution [1] [01] [32] 



 A continuous random variable X, taking all real values in the range 

),0(   is said to have a gamma distribution with parameters α and β if its 

probability density function is given by 
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where α, β are constants. We write ),(~ GX . 

The Gamma function )(  is defined as 
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The incomplete gamma functions definitions are  
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Notes: 
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exponential distribution is a special case of the gamma distribution. 
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It is common the central chi-square distribution with n degree of 

freedom (n.d.f) (positive integer), we write 2
)(n , and the distribution 

function is given by  

















x

t

n

n
dtet

n
nXF

0

2/
1

2

2  
2

1
)|(

2

.           x0 

 

 (ii) Beta Distribution [31] [30] 

A continuous random variable X, taking all real values in the range 

),0(   is said to have a beta distribution with parameter a and b if its 

probability density function is given by 
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where a, b are constants, we write X~B (a,b). The Beta function B(a,b) is 

defined as  
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It is common incomplete Beta function. 

 

Notes 

(1) The Beta distribution reduces to the uniform distribution over (1,1) if 

1 ba . 

(0) The Beta function is symmetric ),(),( abBbaB  . 
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 (iii) Student's t-Distribution [30] [33] 

     If X and Y are independent random variables and X has a standard 

normal distribution and Y has a chi-square distribution with n degrees of 

freedom, then the variable 
nY

X
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  has a t-distribution if its probability 

density function is given by 
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where n is a parameter (positive integer), we write t~ tn 

The distribution function is given by  
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(iv) F-Distribution [30][33] 

If 1X  and 2X  are independent random variables and 1X  has chi-

square distribution with m degrees of freedom and 2X  has a chi-square 

distribution with n degrees of freedom then the variable 
nX

mX
F

/

/
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1  is 

said to have F-distribution with m, n degrees of freedom if its probability 

density function is given by  
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where m, n are parameters (positive integer), we write nFmF ,~ . 

The distribution function is given by 
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0.3 Non-central Distributions  

In this section, we discuss the non-central distributions as follows: 

 

(i) Chi-square Distribution [30] [34] [35] 
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 is Poisson probability mass function 2   is the 

non-central parameter and )2;( rnUf   is a central chi-square with 

)2( rn   degree of freedom (positive integer). 

The distribution function is given by 









































U

t
r

n

r

r

n
dtet

r
n

r

r
enUF

0

2
1

2

0

2

2
2

2

1

)!2(

2

1
2

1
),|(






. 

)
2

,
2

(
!

2
),|(

0

2
U

r
n

p
r

enUF

r

r












 












           … (2.14) 

Where P(.,.) is incomplete gamma function ratio. 

 

Notes 

(1) The ordinary or central chi-square distribution is a special case of the 

noncentral distribution when the noncentral parameter δ=1. The 

same goes for the F-and t- distributions. 



(0) The noncentrality parameter is usually defined differently, some 
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(ii) F-Distribution [33] [34] [36] 

If 1X  and 2X  are independent random variables and 1X  is anon-
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with n degrees of freedom then the variable 
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And we write ,,~ nmFF . 

The distribution function is given by  
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(iii) t-distribution [33] [34] [36] 

If X and Y are independent random variables and X is a normal 

distribution with mean δ and variance 1 and Y is a central chi-square with 

n degrees of freedom then the variable 
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X
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distribution with n degrees of freedom (positive integer) and non- central 

parameter δ (real) if its probability density function is given by  





















0 2

2

!

)(

2

),,(

2

r
r

r

nr

t

n
n

e
ntf









 








 














 





2

1
21 2

2

1
2 rn

n

t
r

rn

.                     … (2.11) 

And we write ,~ ntt . 

The distribution function is given by 
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Where 1S  and 2S  are signs differing between cases with positive or 

negative t as well as odd or even r in the summation. The sign 1S  is  -1 if r 

is odd and +1 if it is even while 2S  is +1 unless t<1 and r is even in which 

case it is -1. 

 

(iv) Gamma Distribution [33][37] 



 If Y has a non-central chi-square distribution with 2α degrees of 

freedom and non-centrality parameter 2, then the random variable 
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Y
X   has a non-central gamma distribution with parameter α and a 

non-centrality parameter , if its probability density function is given by 
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The distribution function is given by  
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where ),( xr  is incomplete gamma function, 

and ),( xrp   is incomplete gamma function ratio. 

 

(v) Beta Distribution [33] [37] 

 If 1X  and 2X  be independent random variables and 1X is non- 

central gamma distribution with parameter a and non-centrality 



parameter , and 2X  is a central gamma distribution with parameter b, 

then the random variable 
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The distribution function is given by 

dt
braB

tt

r
ebaXF

x bra

r

r

  


















0

11

0

2

),(

)1(

!

2
),,|(







 

             dttt
braBr

e

r

x
bra

r

 





















0
0

112 )1.(
),(!

2




 

),(
!

2
),,|(

0

2 braI
r

ebaXF x

r

r

























,           … (2.22) 

where (.,.)xI  is incomplete Beta function. 

In this chapter, we explain stirling formula and its proof in section 

one, while we derive the asymptotic expansions for each the two non-

central distributions gamma and beta in section two and three, 

respectively, conclusions and recommendations are mentioned at section 

four. 

 



3.1  Asymptotic Formula for )(x  (Stirling’s formula) 

If x is large, the computational difficulties inherent in a calculation 

of )(x  are apparent. A useful result in such case is supplied by the 

relation 

)1(12/  2)1(  xxx eexxx    1<θ<1.                       … (3.1) 

For most practical purposes the last factor, which is very close to 1 for 

large x can be omitted. If x is an integer, we can write 

xxexxx 2~!                 … (3.2) 

This sometimes called stirling’s factorial approximation or 

asymptotic formula for x! 

 

Proof 

By using Laplace’s method, (see 1.2.4.2) we shall try to find the 

leading order behaviour of the (complete) gamma function. 
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r=1, and 0)(  r . Hence after collapsing the range of integration to a 
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, then reveals that 

 xxexxxx  2~!)1(       as x . 

When Nx , this is stirling’s formula for the asymptotic of the factorial 

function for large integers. 

 

3.0 Asymptotic Expansion for the non-Central Gamma 

Distribution 

We know that  
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Is the cumulative distribution function (c.d.f) of non-central gamma 

distribution. 

We now take the integral term in (3.3) called (incomplete gamma 

function ),( xr ). To find an asymptotic expansion of the ),( xr  

as x  by expanding the integrand in powers of t and integrating term 

by term, we have 
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Using the ratio test, we find that the series converges for all x. However, 

the series is only useful for small x. (for large values of x, it converges very 

slowly which in practical terms is not very useful). 

To deal with ),( xr  for x large, we proceed indirectly with ),( xr 

, write 
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The integrands of successive integrals are becoming smaller in the 

regin of integration tx 1 . However, this series generated by 

integration by parts does not convergent for fixed finite x. (by using the 

ratio test). But for fixed N, the error committed by omitting ),( xrRN   



is small for large x, that is, as x , 0),(  xrRN   for fixed N. In 

order to prove this, we estimate NR  as follows: 
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although the series is divergent. 

Now, when we substitute the formula (3.5) in equation (3.3), we get  
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This result gives an asymptotic expansion for the non-central gamma 

distribution. 

 

3.3   Asymptotic Expansion for the non Central Beta   

         Distribution 

We know that       
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Is the cumulative distribution function (c.d.f) of non-central Beta 

distribution. 

We derive an asymptotic expansion of ),,|( baXF , through two 

stages: 
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The last quality follows by Didonate and Morris [31]. 
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Second Stage:  

In this stage we derive the asymptotic expansion of ),( braIx  , 
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where Q(.,.) is incomplete gamma function ratio. We can proceed by 

using the recurrence relations for Q(.,.) to express )log,2( xknbQ   in 

terms of )log,( xkbQ  . This gives 
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multiplying Q, the other term ),,( xbraR  is a double summation over n 
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Integrate the first integral by parts twice as follows: 
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and producing two further integrated terms evaluated at xu log . 
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We can express ),( xbHn  directly in terms of b and x, for example, 

11 )log()/1(),(   bb xxxxbH . 

However, for x close to 1, evaluation of nH  in this way can lead to large 

rounding errors on subtraction, and so ),( xbHn  is better evaluated from 

its power series expansion in u. 
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which is an asymptotic expansion for the non-central beta distribution. 

3.2 Conclusions and Recommendations 

 (i) Conclusions 

From our work in this chapter we conclude that: 

1- Asymptotic expansions are not necessary convergent. 

2- Asymptotic expansions are very useful for determining the local 

behaviour of functions, and study some its properties. 



3- Asymptotic expansions which are converges tell us the number of 

terms we need to get an accurate estimate of functions when x is large 

and also it tells us about the long-range behaviour of functions. 

4- Finding Asymptotic Expansions is complicated some how, in turn its 

coefficients become more complex. 

 

(ii) Recommendations 

Since we work in this field we recommend to: 

1- find doubly Non-central two distributions gamma and beta and then 

derive asymptotic expansions for it. 

2- find multivariate non-central two distributions gamma and beta and 

then derive asymptotic expansions for it. 

3- Studying the degree of convergence or divergence in the optimal 

solutions. 

4- Using Simulaty to study the behaviour of functions. 
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