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  انرصًٛى الأيثم نٕسائم انسٛطشج نرسشب آيٍ خلال انسذ انرشاتٙ

  انخلاصح
فكشج ْزا انثحث ْٙ إٚداد انرصًٛى الأيثم نٕسائم انسٛطشج انًسرخذيح فٙ ذقهٛم انرسشب خلال انسذ انرشاتٙ. 

ٚقح انؼُاصش انًحذدجاسرخذيد غش  (finite elements)  نرحهٛم انرسشب انًسرقش ثُائٙ الأتؼاد خلال

 .انسذ انرشاتٙ انًخرهف انُفارٚح

 .(Seep6d) ذهك انرحهٛلاخ غثقد ػهٗ حانّ ػًهّٛ ْٙ سذ انقادسٛح يٍ خلال تشَايح خاْض ذحد ػُٕاٌ
ذ يخرثش٘ يغ َرائح انًُٕرج انشٚاظٙ. ٔتزنك ذى نهرأكذ يٍ صحح ٔ دقح انثشَايح فقذ ذى يقاسَح َرائح ذدشتح نس

  .ذطثٛق انثشَايح ػهٗ انحانح انؼًهٛح
( يقطغ ذصًًٛٙ تٕسائم سٛطشج ػهٗ انرسشب يخرهفح الإَٔاع ٔ الأتؼاد ْٔٙ 569انًُٕرج انشٚاظٙ غثق ػهٗ)

حش٘ ػٍ ذأثٛش ْزِ انقاغغ انشأسٙ انكَٕكشٚرٙ ٔ سراسج انرحشٛح ٔ انهة انطُٛٙ. انًُٕرج انشٚاظٙ اسرخذو نهر

  .انٕسائم ػهٗ انرسشب ٔ ظغػ انًاء انًسايٙ
إٌ يدًٕػح يٍ الأشكال سسًد نثٛاٌ ذٕصٚغ شحُح انعغػ ٔ انشحُح انكهٛح ٔ كزنك يٕقغ انسطح انحش نثؼط 

 .انحالاخ
ب ٔذقهٛم ذشٛش َرائح ذطثٛق انًُٕرج ػهٗ ْزِ انًقاغغ إنٗ إٌ صٚادج أتؼاد ٔ سائم انسٛطشج ٚؼُٙ ذقهٛم كًٛح انرسش

ظغػ انًاء انًسايٙ ٔ كزنك اَخفاض يٕقغ انسطح انحش. ٔتشكم ػاو أٌ اسرخذاو ٔ سائم سٛطشج أكثش ٚؼُٙ 

  .ذقهٛم نكًٛح انرسشب ٔذقهٛم نعغػ انًاء انًسايٙ
اندضء انثاَٙ يٍ ْزا انثحث ٚرعًٍ يسأنح الأيثهٛح. يدًٕػح يٍ انًُحُٛاخ سسًد نثٛاٌ انؼلاقح تٍٛ انرسشب ٔ 

اء انًسايٙ يٍ خٓح ٔتٍٛ أتؼاد ٔ سائم انسٛطشج ػهٗ انرسشب يٍ خٓح أخشٖ. ثى ذى انحصٕل ػهٗ ظغػ انً

يدًٕػح يٍ انؼلاقاخ تٍٛ أتؼاد ٔ سائم انسٛطشج انرٙ ذؼطٙ َعح ايٍ ٔظغػ يسايٙ ايٍ ٔاسرخذيد كًحذداخ 

     .نًسأنح الأيثهٛح

م يسأنح نح (Lagrange Multiplier) ٔ غشٚقح (Simplex) اسرخذيد غشٚقح

  .الايثهٛح ٔرنك لإٚداد اقم كهفح نٕسائم انسٛطشج يغ انًحافظح ػهٗ ذسشب أيٍٛ ٔظغػ يسايٙ أيٍٛ

79.77دند َرائح انثحث أٌ أكثش انًؼانداخ اقرصادٚح ْٙ ػُذ اسرخذاو انهة تؼشض  )  m)  يغ سراسج ذحشٛح

6..0تؼشض )  m) ( 65.:9أٔ ػُذ اسرخذاو انهة تؼشض  m) ً8..7ق )يغ قاغغ سأسٙ تؼ  m)  ٍٔنك

انُرٛدح الاخٛشِ نؼشض انهة كثٛشِ إنٗ حذ يا إرا يا قٕسَد تانؼشض انكهٙ ندسى انسذ. ػشض انهة ٚدة أٌ لا 

ٔنزنك ْزِ انُرٛدح ذرطهة صٚادج ػشض انقششِ. انحانح الأٔنٗ أفعم لأَٓا اقم كهفح ٔاقم  (m)80  ٚردأص

 ْْ يٍ انحانح انثاَٛح. تًُٛا دند انُرائح ػهٗ إٌ اسرخذاو  َعح ٔاقم ظغػ يسايٙ. ٔكزنك يٕقغ انسطح انحش أٔغاْ

 .انهة انطُٛٙ يغ سراسج انرحشٛح يغ انقاغغ انشأسٙ سٕٚا ٚؼطٙ حلا غٛش يقثٕل

 

 

 

  

 

 

 

 



ABSTRACT 

This research aims at determining the optimal design 

of control devices for safe seepage through earth dam. 

The finite element method has been used to analyze 

two-dimensional steady state seepage through 

nonhomogenous isotropic earth dam  . 

 This analysis is performed for a practical case 

study, Al-Qadisiya Dam under a package program 

titled as (seep6d .) 

 The validity of the program was evaluated by 

using existing experimental results measured in a 

laboratory model dam. 

 This model is applied for (569) design cross 

sections with different dimensions of concrete cut-off, 

grout curtain and dolomite core as seepage control 

devices. This model is used to investigate the effect of 

these devices on seepage flow and pore water pressure . 

 A set of figures is presented to show the 

distribution of pressure and total head, as well as, 

location of the free surface for some cases. 

 The results of the application of the model on 

these cross sections indicate that the increasing of the 

dimensions of the control devices leads to decreasing 

seepage discharge and pore water pressure. Also, the 

location of free surface was lowered. In general, using 

more seepage control devices means decreasing the 

seepage quantity and pore pressure . 

 The second part of this work presents 

formulation of the optimization problem. A set of 

curves has been obtained showing the relationships 

between seepage flow and pore pressure for various 

dimensions of seepage control devices. Then, the 



relationships between the dimensions of these devices 

which achieve safe seepage and pore pressure have 

been applied as constrains . 

 The optimization problem has been solved by 

the simplex and Lagrange multiplier methods to find 

the minimum cost of control devices . 

 The results of the analysis have indicated that 

the minimum total cost could be achieved when using 

core width of 79.77 m with grout curtain width of 0..6 m 

or using core width of 9:.65 m with cut-off depth of 7..8 

m. However, this value of core width is rather too large 

when compared with the total width of the 

embankment and the core width should not exceeds 80 

m. This result required increasing the width of shell. 

The first case is preferable because it is less expensive 

and seepage flow and pore pressure are less. Also, the 

location of free surface was lowered. Using of dolomite 

core, grout curtain and concrete cut-off together is 

infeasible solution . 
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 Most of the commonly symbols are listed 

below; others are defined where they appear in the 

research . 

Symbol Definition Dimension 

A Area of the problem domain  L6 

c5 Cost of one cubic meter of concrete cut-off

 unit cost 

c6 Cost of one cubic meter of grout curtain 

 unit cost 

c7 Cost of one cubic meter of dolomite core

 unit cost 

Er. Percentage of error between calculated data 

and observed data   

H Piezometric head at any point in the domain

 L 

He Approximate solution for piezometric head 

distribution in the element (e) L 

Hi Nodal value of head, H, of element (e) L 

{Hi} The vector matrix of nodal values  

i Hydraulic gradient  

k Hydraulic conductivity  L/T 



[ke] Element matrix  

kx, ky, kz Hydraulic conductivity in x, y and z-

directions respectively  L/T 

Lx, Ly Direction cosines   

n Number of nodes in element (e)  

Symbol Definition Dimension 

ne Total number of element in the problem 

domain   

Ni Shape function of element (e)  

p Surface boundaries of the element   

p5 Reservoir boundaries  

p6 Impermeable boundaries  

Re Element residual  

Re Reynolds number   

s Distance a long the flow line  L 

u, v, w Velocity components in x, y and z-direction 

respectively L/T 

Vs Seepage velocity of fluid in porous media L/T 

Wj Weighted function  

x5 Depth of upstream concrete cut-off  L 

x6 Width of grout curtain  L 

x7 Width of dolomite core  L 

z5, z6, z7 Objective functions unit cost 

ψ Stream function  

ρ Fluid density FT6/L8 

μ Coefficient of viscosity FT/L6 

γw Unit weight of water F/L7 

 

 

 

 

 

 



Chapter One 

Introduction 

 

5.5 General 

It is probably safe to say that few engineering projects 

have a greater ability to stir men’s minds than the 

design and construction of a large dam. Within the 

engineering profession there is the excitement that a 

massive integrated engineering endeavor creates. 

The ability of civil engineering profession to produce 

successful designs has promoted precedent as the most 

significant factor influencing the design of new dams. 

Dams designed on the base of precedent tend to be 

conservative, especially where uncertainties regarding 

the material properties or structural behavior exist. 

Performance of a new dam is estimated from previous 

experience and simple analysis rather than as a result 

of a truly fundamental understanding of the structure 

itself [Al-Qaisi, (5....]) 

The present work searches for the optimum design of 

control devices for safe seepage through an earth dam 

to find the best possible solution among the many 

potential solutions satisfying the chosen criteria. 

Simplex and Lagrange multiplier methods are used to 

ensure aforementioned objective. 

 One of the most important problems that causes 

damage to hydraulic structures is seepage through and 

under dams, which occurs due to the difference in 

water level between the upstream and downstream 

sides of the dams. 

Seepage of water through the embankment or 

foundations has been responsible for more than one 



third of earth dams failures. Seepage is inevitable in all 

earth dams and ordinarily it does not harm. 

Uncontrolled seepage may, however, cause erosion 

within the embankment or in the foundation, which 

may lead to piping. Piping is the progressive erosion, 

which develops through the dam. Seepage failures are 

generally caused by pervious foundations, leakage 

through embankment, conduit leakage and sloughing 

[Varshney and Gupta, (5..6.]) 

         Seeping water may prove harmful to the stability of 

the dam by causing softening and sloughing of slopes 

due to the development of pore pressures and thereby 

which lead to the weakling of the mass and even failure 

by shear [Garg and Garg, (5..5)] and [Punima, (5.55 .]) 

So, the study of seepage through earth dams is one of 

the important analysis in dam design to calculate the 

quantity of losses from reservoir, estimating the pore 

water pressure distribution, locating the position of the 

free surface which is used in analysis of the dam 

stability against the shear failure. Finally, studying the 

hydraulic gradient which gives a general idea about the 

potential piping [Sherard et al, (5.:7  .]) 

There are a number of methods for solving steady-state 

seepage problems. Most of these methods are only 

convenient for homogenous soil conditions. The finite 

element method provides a powerful tool for seepage 

analysis in nonhomogenous anisotropic situations 

[Naylor and Pande, (5.55.]) 

In this research a finite element method was used to 

analyze the seepage through and under Al-Qadisiya 

Dam. 

 

 



 

 

 

5.6 Seepage Control 

         Uncontrolled seepage results in two types of trouble 

in hydraulic structures: (a) excess leakage and (b) 

excess pressures or gradients. Seepage control is the 

correction of the conditions which lead to these 

troubles. 

        Control of Quantity of Seepage. Excess quantity of 

seepage is caused by high permeabilities, short seepage 

paths, defects such as cracks and fissures and by 

uneven settlements which produce gaps or cracks in 

the soil or between the structure and the soil. The 

discharge can be reduced by using soils of low 

permeability, pacing cores in earth structures, cut-offs 

in the foundations, and by increasing the seepage path 

by employing upstream blankets. 

        Control of Pressures and Gradients. Excessive 

uplift pressures, particularly at the points where there 

is little weight of structure to resist them, lead to 

boiling and piping. Control of these pressures and 

gradients can be effected in many ways such as by 

changing the direction of the seepage, incorporation of 

internal drains, relief walls, and by increasing the 

external load. In addition, the upstream blanket, cut-

offs are also effective in reducing gradients and 

pressures [Sowers and Sally, (5.:6     .]) 

 The use of these devices in controlling the seepage 

through and under hydraulic structures depends on 

the nature of the foundation, type of the structure and 

the cost of the devices to be used . 

5.7 Objectives of Study 



        The main objectives of this study can be 

summarized as follows: 

5. Evaluating the effect of using single and 

combinations of different seepage control devices on 

pore water pressure and seepage flow . 

6. Determination of the optimum design (hydraulic 

and economical) for the control devices in order to 

satisfy the safe seepage through earth dam. 

7. Applying this study to one of the Iraqi earth dam. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

Chapter Two 

Theoretical Seepage Analysis and Review of Literature 
 

6.5 General 

       The amount of water seeping through and under 

an earth dam, together with the distribution of the 

water pressure, can be estimated by using the theory of 

flow through porous media. In this chapter the basic 

flow equations with indication how they may be solved 

and the previous studies on the seepage through earth 

dams will be explained. 
 

6.6 Theory of Seepage flow in porous Media 

Seepage problems are generally classified as the 

percolation of water due to head difference under 

hydraulic structures or through earth dams, 

riverbanks or into excavations.        

Any seepage problem involves three principal factors: 

the soil media, the type of flow, and the boundary 

[Rushton and Redshaw, (5...)]. 

The soil media through which seepage takes place 

represents porous media which may be homogenous if 

the hydraulic conductivity is independent of position; 

otherwise it is called heterogeneous, and it may be 

isotropic if the hydraulic conductivity is independent of 

direction; otherwise it is called anisotropic [Ruadkivi 

and Callander, (5..:)]. 

 Seepage flow through permeable soil may be either 

steady or time-variant, in the latter case; its 

characteristics are effected by the lapse of time; 

whereas the steady state occurs when the condition at 



the boundary of the region must remain fixed with 

time. Also, the seepage flow is said to be confined if the 

boundary of flow region is fixed otherwise it is called 

unconfined where one boundary is a free surface. A 

general-class of unconfined flow problems is the 

problem of seepage through earth dams [Taylor and 

Brown, (5.:.)]. 

6.6.5 Darcy’s Law  

       The “Darcy’s law of seepage “ establishes a linear 

relationship between the seepage velocity and 

hydraulic head gradient. This law, which is a simple 

consequence of viscous flow neglecting inertia effects, 

can obviously be written in the form: 

         Vs = ki                                        

…(6-5) 

or 

        Vs = - k                                                                                 

… (6-6) 

where:  

       Vs  : seepage velocity of fluid in porous media,( 

L/T); 

        k   : hydraulic conductivity,(L/T); 

        i    : hydraulic gradient = - dh/ds   

        h   : piezometric head = (p/ w ) + z , (L); 

        p   : hydrostatic pressure,(F/L6 ); 

        w  : unit weight of water,(F/L7 ); 

        z   : elevation head ,(L); 

and  s   : distance along the flow line,(L). 

 Darcy’s law is valid when the flow is laminar, i.e. 

Reynolds number is taken equal to or less than one 

[Harr, (5.:6)]. That is:  



                                                                                     …(6-

7) 

where:  

        Vs  : flow velocity, (L/T); 

        d   : average diameter of soil particles, (L); 

        ρ   : fluid density, (FT6 /L8 ); 

        μ   : coefficient of viscosity, (FT/L6 ); 

6.6.6 Laplace’s Equation 

        The components of seepage flow through porous 

media according to the general Darcy’s law form are 

[Freeze and Cherry, (5...)]. 

                                                                                        … 

(6-8a) 

                                                                                        … 

(6-8b) 

                                                                                       … 

(6-8c) 

where:  

      u,v,w   : velocity components in the x, y, and z-

direction,  

                    respectively, (L/T);  

      kx,ky,kz : hydraulic conductivity in the x, y, and z-

direction,   

                    respectively, (L/T ). 

          The continuity equation for three-dimensional 

and incompressible flow is: 

                                                                                  …(6-9) 

        Substituting Darcy’s law, Eq. (6-8); in Eq. (6-9) 

results in: 

                                                 …(6-:) 

For homogenous and isotropic soil, the permeability is 

independent of the direction of the flow, thus: 



        kx =ky =kz =k   

Then equation (6-:) may be written as: 

                                                                             …(6-.) 

        Equation (6-.) is the Laplace equation; it is similar 

to Laplace equation of velocity potential for ideal fluid 

flow. 

       For the analysis of seepage flow through and under 

earth dams, the flow is considered to be two-

dimensional and the equation is used in the form: 

                                                                                      …(6-

5)  

Consequently, for the conditions of steady-state 

laminar flow, the seepage pattern can be completely 

determined by solving Eq. (6-5), subject to the 

boundary conditions of the flow domain. Family of 

streamlines and equipotential lines can represent the 

solution of this equation. 
 

For equipotential lines 

H (x, y) = Constant 
 

For stream lines 

ψ (x, y) = Constant 
 

where ψ is a stream function, which satisfies Laplace’s 

equation:  

                                                                                 …(6-.) 

Line H and ψ present flow pattern and are directed 

orthogonally to each other.    
 

6.7 Boundary Conditions 



       Referring to figure (6-5), the boundary conditions 

associated with seepage through earth dam is as 

follows: 
 

a. Impervious Boundary 

       At impervious boundaries the fluid can neither 

penetrate the boundary nor leave gaps, thus, the 

velocity component normal to the boundary must be 

zero, so this boundary is a streamline. Defining n as the 

perpendicular direction to this line,   at the boundary. 

b. Boundary of the Reservoirs  

       Along the boundaries of the reservoir the pressure 

distribution may be taken as hydrostatic; that is, the 

pressure must be function of depth only; i.e., constant 

head. This type of boundary represents equipotential 

lines. 

c. Free Surface (Phreatic Line) 

       The line of seepage is the upper streamline in the 

flow domain. The determination of its locus is one of 

the major objectives of unconfined seepage problems. 

The pressure at any point along its surface is constant 

and equal to atmospheric pressure. Thus, along this 

line:  

H=Y                                                                                                

…(6-50) 
  
 

 

Figure (6-5): Seepage through earth dam with 

boundary conditions 
 

 

d. Seepage Face 



           The free surface ends at the down stream face, 

not at the water surface. This is the portion where the 

water seeps out of the soil into air, therefore, it is 

named seepage face. Because the pressure is 

atmospheric, the only condition on this boundary is 

that the total head equals the elevation head.  
 

6.8 Methods for Solution of Seepage Equations  

           In order to do seepage analysis, a general model 

describing the phenomena of seepage must be 

available. Supplied with specific boundary conditions 

and soil properties, this model can be used to 

determine heads and flow distribution and seepage 

quantities. The Laplace’s equation is a mathematical 

basis for several methods have been developed to solve 

exactly or approximately Laplace’s equation for 

various cases of seepage [U.S. Army Crops. of 

Engineers, (5.5:)]. 

Many methods have been developed for analyzing the 

seepage problems such as graphical method (The flow 

net), analytical methods and experimental methods of 

which are the electrical analogy method, viscous flow 

method and sand tank method. These methods of 

solution are well applicable when the boundary of the 

region of seepage is clearly defined and the soil 

medium is homogenous and isotropic with respect to 

permeability.  

           However, it is cumbersome for problems 

involving unconfined flow in non-homogeneous soil. 

For solving such types of problems, the use of 

computer aided methods seems to be more 

appropriate. Three different numerical procedures 



have been used in computer methods for unconfined 

seepage analysis; the finite difference method, the finite 

element method and the boundary element method. 

[Chang, (5.55)] and [Bear and Verruijt, (5..0)]. 
 

6.8.5 The Finite Difference Method (F.D.M) 

 A numerical finite difference solution to steady 

state flow situations was first presented by Show and 

Southwell in 5.85 but the development of this method 

accelerated with advance of computers [Al-Qaisi, 

(5...)].  

The finite difference method solves the flow equations 

by approximating them with a set of linear algebraic 

equations. The flow region is divided into a discrete 

rectangular grid with nodal points, which are assigned 

values of head. Using Darcy’s law and the assumption 

that the head at a given node is the average of the 

surrounding nodes, a set of N linear algebraic equation 

with N unknown values of head are developed [U.S. 

Army Crops. of Engineers, (5.5:)]. 
 

6.8.6 The Finite Element Method (F.E.M) 

The finite element method is more usable in solving 

complex problems than the finite difference method for 

the following reasons:  

5. In finite element method anisotropy and non-

homogenous problems are taken into account quite 

easily in comparison with the finite difference method.  

6. The boundary conditions are easily handled by the 

finite element method, where formulas must be 

developed for each condition by finite difference 

method [Al-Obaidi, (6005)]. 



 More detailed definitions and explanation of this 

method will be given later in chapter three. 
 

 

 

6.8.7 The Boundary Element Method (B.E.M) 

The boundary element method, which could be 

considered as one of the new methods that are used in 

analyzing the unconfined flow problems of both 

steady-state and non-steady state conditions. The 

boundary element method requires discritization only 

on the boundary rather than over the whole region as 

that required in finite element method, so, the effort of 

input preparation and requirement for computer are 

greatly reduced [Chang, (5.55)]. 
 

6.9 Previous Studies on F.E.M 

           The finite element method was first applied to 

boundary value problems by Zienkiewicz and Cheung 

(5.:9) and their method was later extended to obtain a 

solution for a steady state seepage in an isotropic 

foundation under a concrete dam [Zienkiewicz etal., 

(5.::)]. 

           Solutions to unconfined flow problems were 

presented by Finn (5.:.) and Taylor and Brown (5.:.) 

shortly after. In the unconfined case the free surface in 

the dam is unknown at the start of the analysis and an 

assumption has to be made as to its position. In this 

analysis the free surface is assumed to define the upper 

boundary of the mesh and an iterative procedure is 

adopted to adjust the position of nodes on this 

boundary until all boundary conditions are satisfied. 



           Finn’s solution can be described in a number of 

steps:  

i. A free surface line is assumed for the section to be 

analyzed.  

ii. The saturated region below that line is divided 

into finite elements.  

iii. The coordinate and element data are then 

supplied to the program with the other boundary 

conditions. (The pressures within the and on the free 

surface are assumed unknown.  

iv. A solution to the Laplace equations is obtained 

and the potentials printed. 

v. If the boundary condition of the pressure head (ψ) 

being zero on the free surface is not met at any node (to 

a reasonable degree of accuracy) the coordinate data is 

modified so that the second guess would satisfy the 

(ψ=0) condition along the surface. If the first guess was 

poor, the mesh would be also modified by adding or 

subtracting elements to avoid any unreasonable 

deformation.  

vi. A second solution is obtained and iteration 

continues until the boundary condition on the free 

surface is satisfied. 

Neuman and Witherspoon (5..0) studied a new iterative 

approach to steady seepage of groundwater with a free 

surface by using the finite element method. The 

method was applied to heterogeneous porous media 

with complex geometric boundaries and arbitrary 

degrees of anisotropy, it could handle problems where 

the free surface was discontinuous and where portions 

of the free surface were vertical or near vertical. For 

example they studied a homogeneous dam with a toe 



drain and they found that the position of the free 

surface by this method after to iterations was the same 

as that obtained by flow net analysis.          

Dunglas (reported by Sing-Bharat 5..:) also studied 

unconfined flow in a homogenous dam (59m height) 

having a vertical drain (5m height) by using the finite 

element method. He calculated the position of the free 

surface by changing the position of drain and the 

permeability coefficient ratio in x and y direction.  

His results indicated that when the drain position is at 

the start of down stream slope, the free surface location 

is above the drain for   greater than 50. When the 

position of the drain changed . m from downstream 

slope, the   ratio increased to 60. Figure (6-6) represents 

the results.                 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

          
          

 



Lacy and Prevost (5.5.) developed a finite element 

procedure to locate accurately the free surface of 

unconfined seepage flow through porous media. The 

procedure allowed solution in non-homogeneous 

materials and complex geometrical shapes. Accuracy 

of the procedure was demonstrated by solving various 

unconfined seepage flow problems through earth 

structures. 

Muhammad (5..5) conducted a study on the seepage 

through earth dams by using the finite element 

method, first he prepared a program in Fortran 

language to examine the seepage through earth dams 

and to locate the phreatic surface position and then to 

find out the quantity of seepage.  Assuming the soil is 

isotropic and the permeability coefficient equals one. 

He operated his programming times on this case, table 

(6-5) represents the results that have been occurred by 

changing the equipotential lines number for the same 

number of the flow channels and the seepage quantity 

which results from it and the error ratio. All the results 

indicated that the increasing in accuracy was gained by 

increasing the number of equipotential lines while 

keeping the number of flow channel constant, and 

increasing the accuracy is also by increasing the 

number of flow channels while keeping the number of 

equipotential lines constant. 
 

 

 

 

 

 

 

 

 



Table (6-5): The seepage quantity results by changing 

the equipotential lines number [data from Muhammad 

J.R, (5..5)] 

The flow  channels number 

N5 The equipotential lines number 

N6 The seepage quantity m7/day Error percent  ٪

according to the theoretical value(8.7 m7 /day) 
7 50 8.: ... 

7 57 8.95 ..8 

7 59 8.8: :.7 

7 5. 8.86 9.7 

7 60 8.75 8.7 

8 50 8.96 ..9 

8 57 8.8: :.7 

8 59 8.88 9.. 

8 5. 8.86 9.6 

8 60 8.7: 7.5 

9 50 8.89 9.. 

9 57 8.8 8.. 

9 59 8.7. 8.8 

9 5. 8.:: 7.. 

9 60 8.77 7.5 

: 50 8.7: 7.. 

: 57 8.78 7.8 

: 59 8.78 7.6 

: 5. 8.77 7.5 

: 60 8.76 7.: 

 

Huang (5..:) used an efficient finite element procedure 

to locate the free surface of steady state flow through 

an earth dam for evaluating the pressure distribution 

within an earth dam. Using these procedures, the 

seepage forces on each element in the finite element 

mesh can be estimated for stability analysis.    

         Al-Qaisi (5...) applied a finite element program to 

analyze the steady seepage condition in Liyn Brianne 

Dam. The pressure head was predicated from the finite 

element program. The researcher noticed from his 

results that pore water pressures during the steady 



state seepage condition occur at higher concentrations 

near the upstream of the clay core. He plotted the 

phreatic line by intersecting the elevation and the 

contour which had the same value of the total head.  

         Abo (6005) studied seepage in earth dam by using 

F.E.M. He used a package program written in Fortran 

language. The program computed quantity of seepage 

and the phreatic line, pore water pressure and total 

head in homogeneous and zoned dams. The accuracy 

of the program was investigated. The program was 

applied to several dams and the results showed 

acceptable accuracy. In addition to this, the efficiency 

of the filter in earth dam and its importance in 

decreasing pressure in the dam and its effect on the 

amount of seepage was studied.  

Subuh (6006) studied a two-dimensional steady state 

seepage through stratified an isotropic earth dam by 

using the finite element method to predict the 

piezometric head distribution, seepage quantity, pore 

water pressure and locating the free surface profile. 

This study was applied to Al-Qadisiya Dam and the 

applicability of this method has been evaluated based 

on a comparison between the numerical solutions and 

measured field data. He found that using a D/S drain 

would decrease the pressure in the D/S shell and using 

the grout curtain and the asphaltic concrete 

diaphragm means decreasing the seepage discharge 

and also, the pore water pressure and the head 

gradient behind the curtain.  

 Ahmed (6007) used a two-dimensional steady state 

finite element model with linear triangular elements to 

analyze seepage of water through Mosul Dam and its 



foundation. This model is written under a package 

program titled as (Seep6d). She used this program to 

estimate the permeability of each material in seven 

cross sections of Mosul Dam body by using trail and 

error calibration and the average permeability of 

foundation, but this permeability was changed from 

time to time according to solution of gypsum or due to 

grouting. She studied the efficiency of grouting and 

filter with their effects on phreatic surface and their 

importance in reducing pore pressure.  
 

6.: Previous Studies on Optimization Problem          

 Optimization is a mathematical technique that 

selects the best solution from a set of feasible 

alternatives. Many studies were used the optimization 

model in hydraulic structures problems. Some of them 

are as given below: 

 Gill (5.50) used the theoretical ideas presented by 

Bennet (5.8:) criteria for optimal design of rectangular, 

triangular and trapezoidal blankets. It is shown that a 

triangular blanket is more effective, hence more 

economical than rectangular and trapezoidal blankets, 

in reducing under seepage and uplift force. The uplift 

force is reduced in the same proportion as the seepage.  

 Jawad (5..:) presented the coupling of the 

hydraulic behavior of an unconfined aquifer system 

with an optimization model.  

 Hamed (5..:) used Rosenbrock constrained 

optimization and Sequential Unconstraint 

Minimization Technique methods in order to solve the 

non-linear programming problem. He found the 



optimum design of barrage floor (area of concrete and 

reinforcement). 

 Al-Musawi (6006) studied the optimum design of 

control devices for safe seepage under hydraulic 

structures and used the finite element method to 

analyze seepage below hydraulic structures. 

 The results indicated that the use of an upstream 

blanket would reduce the uplift pressure and exit 

gradient. However, the use of a downstream blanket 

would increase the uplift pressure and exit gradient. 

Also, for a hydraulic structure with different control 

devices, the minimum total cost could be achieved 

when using a filter trench while the maximum total 

cost was when a downstream cut-off is used.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

Chapter Three 

Finite Element Formulations 

 

7.5 General 

Wide range of techniques is available for the study of 

seepage problems. Many developments in recent years 

in the analysis of seepage have been made by means of 

mathematical models. They are usually based on 

analog or digital computers [Rushton, and Redshow, 

(5...   .]) 

The finite element method is a very powerful and 

relatively modern computation tool. It requires the use 

of a digital computer because of the large number of 

computations involved [Stas, (5.5:     .]) 

This chapter presents the principles of the finite 

element method and the finite element formulations for 

two-dimensional flow through porous media using 

Galerkin weighted residual method. 

 In addition, this chapter includes an explanation 

for the finite elements computer program that has been 

used in this study and its general structure chart   . 

7.6 Fundamental Concept of the Finite Element               

     Method 

 The finite element method is a numerical 

procedure for obtaining solutions to many of the 

problems encountered in engineering analysis.  In 

ground water flow problems, one could imagine that a 

region is subdivided into small elements, these elements 

may be two, or three-dimensional and joined to each 



other by nodes existing on the element boundaries. The 

flow of each element is described in terms of the head 

in the nodal points, and then a system of equations is 

obtained from the conditions that the flow must be 

continuous at each node [Bear, and Verruijt, (5..0      .])

     

 The field variable model describing an 

approximate variable model describing an 

approximate variation of piezometric head (He) within 

the element is  

                                                                (…7-5 )Where: 

Hi: Nodal value of head; H, of the element ; 

n: Number of nodes per element; 

Ni: Shape function of the element. 

 It is possible to write Equation (7-5) in matrix form 

as follows [Zienkiewicz etal., (5.:::]) 

 He =[Ni]{Hi}                                                                

        …(7-6 ) 

Where: 

[Ni]: shape function matrix; 

{Hi}: vector matrix of nodal values. 

 The approximate solution for head variation, H, 

over the whole domain is given as follows: 

                                                         (…7-7 )or  

                                                                 (…7-8) 

Where: 

 ne: is the total number of elements in the problem 

domain. 

  

 

The methods that are used to obtain the approximate 

solution, are as follows: [Zienkiewicz, (5...) and Rao, 

(5.56.]) 



5- Direct approach. 

6- Variational approach     . 

7- Weighted Residual approach. 

The weighted residual method is the most widely used 

in the finite element work [Smith, (5..5.]) 

 

7.6.5 Weighted Residual Method  

 The weighted residual method is a technique, 

which can be used to obtain approximate solutions to 

linear and non-linear differential equations. In such 

method the finite element equations can be derived 

directly from governing differential equation of the 

problem [Zienkiewicz, (5...   .]) 

 If (A) is a problem domain and (h) is the field 

variable then the governing equation can be written as 

follows: 

 F (h)=0      in A                                                             

       …(7-9  ) 

 If the approximate solution as (ha) then, by 

substituting it in Eq. (7-9), the equation does not equal 

zero, but there is a residual (R:) 

                                                                 (…7-:) 

 The best solution is the one, which makes this 

residual a minimum or maintains it small at all points 

of the domain. In order to reach this aim, Eq. (7-:) 

should be integrated on the problem domain after 

weighting by a certain function and should be equal 

zero as follows: 

                                                                      (…7-.a) 

or  

                                                                 (…7-.b ) 

Where: 

 Wj: Weighted function; 



  Re: element residual  . 

 There are different approaches, which can be 

used, depending on the choice of the weighted function. 

The best is the one which is known as Galerkin 

technique where the weighted function is taken equal 

to the shape function (i.e., Wj=Nj) [Segrlind, (5.58  .]) 

 

7.6.6 The Galerkin Principle  

 The Galerkin principle is applied to derive the 

elements matrix. From equation (7-5:) 

     

Where (Hi) is the value of the piezometric head in node 

(i.) 

The finite element approximation is applied to the 

general equation for seepage flow in porous media as 

mentioned in chapter two, is for two-dimensional, 

anisotropic and nonhomogenous: 

     

                                                ( …7-5) 

And substituting Eq. (7-5) in Eq. (7-5) gives: 

                           (…7-.) 

 Now, by applying Galerkin principle and 

substituting Eq. (7-.) in Eq. (7-.b) yields: 

         (…7-50) 

Where: 

 dA= dx.dy;         (j=5,6,…, n) 

  n: number of nodes for each element. 

 To reduce the continuity requirements for the 

shape function, N, from C5 to C0 continuities 

[Zienkiewicz, (5.56)], integration by parts with Green’s 

theorem is applied to the second order derivatives 

terms, where C5 and C0 are the continuity for the 

shape function for the first and zero stage, respectively 

[Burnett, (5.5..]) 



 The first term of equation (7-50) will be as follows: 

                   (…7-55 ) 

 

 The second term of equation (7-50) will be as 

follows: 

               (…7-56) 

 

 Substituting equations (7-55) and (7-56) in equation 

(7-50) gives : 

             (…7-57) 

 

Where   represents the surface boundaries of the 

element. 

 The boundary conditions are : 

H = H0                                                                                  

      …(7-58a) 

 On p5 which represents the domain boundaries, 

and  

                                                        (…7-58b) 

 On p6 which represents the impermeable 

boundaries by applying finite element method to 

equation (7-58b) it becomes : 

                             (…7-59) 

Where Re is element boundary residual. 

 Using Galerkin Weighted residual method, 

equation (7-59) becomes:                                                     

                                                                                              

            …(7-5:) 

Where: dx = Lxdp, dy = Lydp 

 Multiplying equation (7-57) by (-5), then adding it 

to equation (7-5:) gives : 

      (…7-5.) 

 

And in matrix form: 

                                                                               (…7-55) 



Where [Ke] represents the element matrix and its 

typical coefficient is: 

                               (…7-5.) 

 

 The surface integral on  in the equation (7-5.) is 

unknown. This condition does not cause any difficulties 

in solving the simultaneous equation because this 

equation does not form in the node, which lies in the 

boundaries on the surface  and the equation (7-5.) does 

not apply in this part because the value of piezometric 

head is known. Therefore, equation of element matrix 

can be simplified as: 

 

                                  (…7-60) 

 It is possible to represent [Ke] in matrix form as 

follows: 

                                                       (…7-65) 

Where: 

  

  

 Assembling the equations or matrices of the finite 

element [Ke] to form the global matrix gives: 

[K]{H}=0                                                                               

     … (7-66 ) 

Where, [K] is the global matrix   = 

 Solving the assembled equation (7-66) by using the 

frontal solution [Hinton and Owen, (5....]) 

 

7.7 Derivation of Element Matrix (Linear                         

              Triangular Element) 

 

 The linear triangular element shown in Figure (7-

5) has straight sides and three nodes, one at each 

corner. A constant labeling of the nodes is a necessity 

and the labeling here proceeds counter clockwise from 



node 5 which is arbitrarily specified. The nodal values 

of H are H5, H6 and H7, whereas the nodal coordinates 

are (x5, y5), (x6, y6) and (x7, y7.) 

The interpolation polynomial is: 

H = a0 + a5x + a6y                                                                

        … (7-67) 

 To find the constant values a0, a5, a6 substitute x, y 

and H for the three node results: 

H5 = a0 + a5x5 + a6y5 

H6 = a0 + a5x6 + a6y6 

H7 = a0 + a5x7 + a6y7 

 In matrix form  

                                                            ( …7-68) 

 Solving the equation (7-68) for the constant and 

substituting the constants values in the equation (7-67) 

and expressed it in a matrix form results : 

 

 

 

 

 

 

Figure (7-5): Parameters for the linear triangular 

element [Segerlind, (5.58.]) 

 

 

 

                                          (…7-69) 

H = (a5 + b5x + c5y)H5 + (a6 + b6x + c6y)H6 + (a7 + b7x 

+ c7y)H7 

H = N5H5 + N6H6 + N7H7 

or 

  

Where: 

I: number of nodes in the element = 7, 

Ni: interpolation function, 



Hi: values of domain variable at node i. 

 The interpolation function is: 

Ni =ai + bix + ciy                                                                 

         …(7-6: ) 

                              (…7-6.a) 

                                             (…7-6.b) 

                                              (…7-6.c ) 

                                                               (…7-6.d) 

Where: A is the area of the triangle. 

 The interpolation functions derivative with 

respect to x and y gives: 

                                                                  (…7-65) 

Substituting the above values in the equation (7-60) 

results: 

                                                    (…7-6.a) 

                                                            (…7-6.b                                                                                                  ) 

 The above equation represents the element matrix 

elements and it is rectangular matrix (7*7.) 

 

7.8 Steps of the Solution 

 The general steps, which are used to solve the 

unconfined seepage problems through earth dam by 

using the finite element method are as follows: 

5. Discretization the flow region into triangular 

elements numbering the elements and the nodes for 

each element. 

6. Assuming the initial position of the free surface. 

7. Evaluating the element matrix for each element by 

using the formulations in section (7.7.) 

8. Assembling the element matrices from (local) to 

(Global.) 

9.  Applying the boundary conditions in the global 

matrix. 



:. Solving the system of equations to find the head 

values (H) at each node. 

.. Adjusting the position of the free surface in order 

to satisfy the free surface boundary [y=H.] 

5. Repeating the trials until the condition in step (.) 

is satisfied. 

.. Calculating the necessary parameters such as 

seepage quantity and pore water pressure. 

For the above steps, a general package under the name 

of “Seep6d” is used to execute the above calculations    . 

 

7.9 Outline of the Computer Program 

The computer program which is used in this study is 

entitled “Seep6d”. This program is in Fortran language 

and it is a 6-D finite element flow model designed to 

compute seepage in earthen dam. Seep6d can be used 

to model confined and unconfined flow situations. For 

unconfined flow situation, the phreatic surface is 

determined. Seep6d can model complicated 6-D seepage 

problems involving complex model geometries and 

soils that are nonhomogenous and anisotropic . 

Seep6d is a steady state flow model and will compute 

the piezometric head value at each node of the finite 

element mesh. From these values, flow lines and 

equipotential lines are plotted showing the resulting 

seepage flow net. Figure (7-6) is a structure chart for 

the computer program, showing the solution 

procedure . 

7.9.5 Mesh Generation      

 At first, the region is subdivided into triangular 

element by hand or by using computer program such 

as (GMS “Ground Water Modeling System” program 



which is used in this study, Nastran program). After 

mesh generation, the number of nodes, number of 

elements and the number of different materials of the 

dam are indicated. 

7.9.6 Input File 

The input file for “Seep6d” program is prepared under 

extension (.dat) as follows: 

5. Input the number of nodes, elements and the 

number of different materials of the region. 

6. Input the values of soil permebilities (kx and ky) 

for each material. 

7. Place all the node coordinates and all elements of 

the mesh. 

8. Place all the boundary conditions (known head) at 

some nodes, (upstream and down stream nodes) of 

earth dam. 

7.9.7 Output Files     

There are three files obtained as output from operating 

“Seep6d” program and they are as follows : 

5. First file contains flow lines, flow rate, pressure 

head, pore pressure, velocity and total head for each 

node. 

6. Second file includes adjusting mesh. 

7. Third file includes coordinates of free surface and 

seepage flow . 

   

 

 

 

 

 

 

 

Figure (7-6): Overall structure chart of computer 

program “Seep6d”. 



 

Chapter Four 

The Case Study “Al-Qadisiya Dam” 

 

8.5 General  

 Al-Qadisiya dam is a multi-purpose hydro-

development designed to control the Euphrates River 

flow in the interests of irrigation, electric power 

generation and for partial accumulation of extreme 

Euphrates River inflows into Al-Qadisiya reservoir . 

 Al-Qadisiya dam was constructed on the 

Euphrates River in the Middle West of Iraq .km 

upstream from Haditha town. In 5.55 the project was 

completed. The project generates (::0 Mw) of electrical 

power a side from performing its flood control 

function. Central and southern parts of Iraq get the 

benefit of irrigation water from its reservoir. Figure (8-

5) shows a general layout of the project [Hydroprojekt, 

(5.55  .]) 

 The project comprises mainly of an earth dam, . 

km long, because of its considerable length and 

diversity of its topography and geological conditions, 

the design of the dam embankment varies from section 

to section but in general it preserves the features of the 

basic type which cover most of the dam length as 

shown in figure (8-6) [Irzooki, (5..5.]) 

 The body of the dam consists of a central dolomite 

core and shells made of sand/gravel material and/or a 

rock muck (random rock material) [Salih, (6000)]. An 

asphaltic concrete diaphragm through the core was 

provided as an antiseepage measure through the body 



of the dam. A grout curtain was constructed to provide 

treatment for the foundation against seepage.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Various instruments were installed in the body of the 

dam for safety measure of the dam. Piezometers and 

observation wells were installed in the body of the dam 

and adjacent area to monitor the ground water 

movement and for detecting any seepage that could 

occur. 

 The general features of the dam and reservoir are 

outlined in the following [Hydroprojekt, (5..5:]) 

Table (8-5): Design values of the parameters of interest 

of Al-Qadisiya Dam. [Hydroprojekt, (5..5]) 

Body of the dam  

Maximum height 9. m 

Top width  60 m  

Top elevation  598 m  

Length of the right bank  77:5.5 m 

Length of the river section 875 m 

Length of the left bank 9580 m  

The water level in the reservoir  

Maximum design level  58. m.a.s.l 

Minimum water level  56..9 ma.s.l 

Dead-storage level  556 m.a.s.l 



 

8.6 Geological Conditions of the Project Area 

 The area of the project is located in the Euphrates 

River valley, .km to the north of Haditha town. The 

geology of the dam site is rather complex. It is 

characterized by Miocene dolomites and limestone. 

  Limestone rocks are of medium strength which 

are fissured, cavernous and karsted. Most of the 

caverns are filled with dense carbonaceous clays. 

 Dolomites are predominated rocks in the area and 

formed by the dolomization of limestone and preserve 

the various texture of the initial rock [Salem, (5.59)]. 

The upward succession of the litho logical rock 

varieties through the geological section is as follows 

[Hydroproject, (5..5 :]) 

 In the bottom part of the geological section the 

rocks of the “Baba” formation occur (500 m) thick in 

total and they are divided into two horizons (bench 5 

and benches 6-8) and composed primarily of the “Ana” 

formation, (5.-68 m) in thickness. The rocks are hard 

(bench :) and jointly to a variable degree, cavernous 

and karstified with bonnies and lenses of marls, clays 

and dreccia bound with weak argillaceous cement. 

Total clay content (up to 60٪) grows as approaching the 

stratum foot (bench 9) and in this case lenses and 

bonnies of clay become (7-9 m) in size. In the roof of the 

“Ana” formation breccia and conglomerate-breccia 

(bench .), (0.6-9 m), rarely up to (50 m) in thickness and 

composed of fragment of hard aphanitic limestones 

bound with weak argillaceous or marly cement . 

 The “Euphrates” formation deposits (50 m) thick 

in total, over the deposits of the “Ana” formation and 



they are subdivided into three representative horizons. 

The lower horizon, (5.-6. m) thick is represented by 

(bench 5-55) composed of the limestones having 

different hardness and alternating with dolomite 

interlayers.  

 The deposits of the middle horizon, (bench 56-57), 

of the “Euphrates” formation (55-66 m) thick, are 

represented by detritus dolomites which are intensively 

leached the rocks of the upper horizon of the 

“Euphrates” formation (55-77 m) thick, feature 

lithological variability and intensive crumpling, (bench 

58-59) are singled out, figure (8-7) shows longitudinal 

section along axis of the dam and the geological 

condition of the benches . 

  

 

 

 

 

 

 

The characteristics of rock permeability of the mean 

stratigraphic horizons from the bottom to the top are 

given in table (8-6 .) 

Table (8-6): Coefficient of permeability of the geological 

sections at dam site [Hydroprojekt, (5..5]) 

 

No.  

Rock Formations Permeability Coefficient (m/d) 

5. “Baba” Formation  

• The lowers part of upper Baba  

• The upper part of upper Baba   

0.9-5 

9 

6. “Ana” Formation  0.005-76.9 



7. “Euphrates” Formation  

• Lower horizon 

• Middle horizon  

• Upper horizon  

6 

0.05-0.5 

0.9-9 

8. “Lower Fars” Formation  

• Lower horizon 

• Middle horizon  

• Upper horizon  

5 

5-9 

0.6-75.: 

9. Alluvial deposits 0.9-90 

 

8.7 Engineering Properties of Materials Used in the        

      Dam 

 

8.7.5 Dolomite 

Dolomite, as semirock soils, are available in large 

quantities in central and western part of Iraq. Very 

often they are deposited close to the ground surface 

and considerably higher than the water table [Salih, 

(6000 .]) 

The “Euphrates” formation is the potential source for 

dolomite fill that has been selected for the core. It 

consists of detrious powdery dolomite with interlayers 

of clay and marl. Limestone exists at the top and 

bottom of this formation which is cavernous and 

karstified. 

Table (8-7) summarizes the physical and mechanical 

properties of the dolomite used [Hydroprojekt, (5.55 .]) 

 



Table (8-7): Physical and mechanical properties of 

dolomite  

No. Item  Value 

5. Natural moisture content 7.9-56.9% 

6. Natural bulk density 5.99-6.55 ton/m7 

7. Swelling 0.7% 

8. Shrinkage None  

9. Optimum moisture content (W) 59-55% 

:. Max. dry density (γd) 5..:-5.59 ton/m7 

.. Angle of internal friction φ 70 ο 

5. Cohesion (C) 0.57-0.5 kg/cm6 

.. Modulas of deformation 5.00 kg/cm6 

50. Permeability coefficient (5.88-0.:5*)50-8 cm/s 

5. 

6. 

7. 

8. Design and control     γd 

Parameters:                  w 

                                           C 

                                           φ  ≥5.5 ton/m7 

55± %6% 

0 

70 

 

The seepage water passing from the dam embankment 

and foundation is drained into the drainage system 

provided in the dam embankment and foundation. The 

seepage water passing from the dam embankment is 

drained into a sandy-gravel interlayer placed on the 

downstream side of the central dolomite zone. 

 The drainage water is collected and diverted 

through a drainage ditch (an open drain running along 

the down stream slope.) 

 

8.7.6 Asphaltic Concrete Diaphragm  



 In the center of the dolomite core, an asphaltic 

concrete diaphragm was provided to preclude the 

seepage through the core. The diaphragm wall has a 

variable cross section, it was located (50 m) upstream 

from the center line of the dam. The top of the 

diaphragm is brought to elevation of (590.5 m) i.e., 

above the maximum flood level. From the base to 

elevation (569 m) the diaphragm is (0.5 m) thick while 

from elevation (569 m) up to (590.5 m) its thickness is (0.9 

m .) 

The asphaltic concrete mixture used for foundation 

sealing was the same as that for center antiseepage. It 

had the properties given in the table (8-8) below 

[Hydropojekt, (5..5 .]) 

 

Table (8-8): Properties of asphaltic concrete mixture 

No. ItemValue 

5. Residual porosity  < 70% 

6. Compressive strength at 60ο C  <50 kgf/cm6 

7. Consistency at 590ο C 50-699 

8. Bitumen excess over dry material  <5% 

9. Segregation while heating to 590ο C 5.05-5.0: 

:. Water saturation while heating at 50 ο C for .9 hr
  >6.9% 

 Mixture of the asphaltic concrete has the following 

proportioning by weight : 

Gravel (9-70) mm in size                                           8.٪ 

Sand up to 9 mm in size                                           6:٪ 

Bitumen of (:0/.0) Gaira or Dora brand with            5.:٪ 

500 %mineral filler  

  

8.7.7 Sand and Gravel Mixture (SGM) 



Al-Qadisiya project is essentially an earth dam with 

hydraulic fill shell on the left side and dry filled sand 

and gravel mixture on the right side . 

 Shell of the dam is from sand and gravel mixture 

(SGM) hydraulically filled into the dam body or into 

stockpiles. 

 The (SGM) of the stocks piles is transported to the 

dam body too and filled in the dry. Right side shell of 

the dam is filled hydraulically up to elevation (580 m), 

while the left side shell is filled in layers and normal 

compaction procedures are followed. 

Table (8-9) summarizes the physical and mechanical 

properties of the (SGM) used . 

  

Table (8-9): Physical and mechanical properties of 

(SGM) 

No. ItemHydraulic Fill Fill in Dry  

5. Average bulk density (ton/m7) 5.. 6.0 

6. Particles > 5 mm 90-50% 70-.0% 

7. Moisture content :-.% 6-9% 

8. Permeability coefficient (cm/s) (8-.*)50-7 (8-9*)50-7 

9. φ 

Average (85-77) 

(7. ο) (85-75) 

(89 ο) 

In the channel sections, the rock fines were used to 

build the upstream prism of the shell. Table (8-:) 

concludes the engineering properties of the rock fines . 

 Three layers of rock muck protect the upstream 

shell of the dam, the downstream is protected by one 

layer of rock muck . 

 

Table (8-:): Engineering properties of rock fines  



No. Item  Value 

5. Clay content  ≤9% 

6. Unit weight (γd) ≥ 6.59 ton/m7 

7. Coefficient of permeability (K) (5-50*)50-7 cm/s 

8. Angle of internal friction  (φ) 79 ο 

9. Cohesion (C) 0 

 

8.7.8 Grout Curtain 

 The main purpose of the grout curtain is to reduce 

the seepage losses from the reservoir, seal the 

concentrated seepage paths and provide the seepage-

erosion resistance on the contact of the detritus 

dolomites of the dam central portion and foundation 

rocks . 

 The maximum depth of the grout curtain is in the 

river channel section and under the power house where 

the grout curtain was extended to the lower horizon of 

the “Baba” formation with coefficient of permeability 

of about (55.9.*50-7 cm/s). The deep grout curtain on the 

flood plain sections, 60+00-79+90 and 80+00-9.+00, then it 

was extended into the “Baba” formation upper horizon 

with the permeability coefficient of (55.9.*50-8 cm/s) 

[Salih, (6000 .]) 

 The deep grout curtain is of two constructed rows, 

the distance between the rows is (5.9 m). The in-line 

bore holes are spaced at (7 m) centers and offset by (5.9 

m) with respect to bore holes of the other row. 

 

 

 

 

 



 

Chapter Five 

Verification and Application 

 

9.5 General 

The computation procedure for seepage water through 

earth dam is presented in the preceding chapter. It is 

thought that the verification of these procedures is very 

important, thus, it should be done before applying the 

present approaches to any practical problem. The 

main aims of the verification are; to check the 

reliability of the theoretical aspects utilized in the 

derivation of the present approaches, and then 

examine the proper working of the computer program 

that have been prepared to execute the computation in 

the approach. 

 The verification is performed by applying the 

computation procedure to experimental results 

measured in laboratory model dams . 

 Also, this chapter describes the application of 

(Seep6d) program, a finite element model shown in 

chapter three to analyze seepage problem through Al-

Qadisiya Dam and its foundation and analyze (569) 

design cross sections that are suggested to obtained the 

optimum design of control devices through earth dam . 

 

9.6 Accuracy of Mathematical Model (F.E.M) 

 The validity of the program was evaluated by 

using experimental results measured in laboratory 

model dams . 

 Data from a laboratory model dam (Kellogg, 5.85), 

[Ching and Chang, (5.5.)] was used for the evaluation 

of the program. The model dam is made of sand with a 



permeability of (0.5 cm/s) as in Fig. (9-5). Seven pore 

pressures cells were embedded in the model at various 

locations so that the measured results would show the 

spatial variation of pore pressure. The height of the 

model is (75 cm) and the width is (:5 cm). The reservoir 

was filled to a height of (75 cm.) 

 Seep6d program was applied for this laboratory 

model to determine the position of the phreatic surface 

and total head. Fig. (9-6) shows the finite element mesh, 

Fig. (9-7) shows the phreatic surface position and total 

head contour lines. Table (9-5) shows the percentage 

error between the calculated value of head and 

observed head at cell position that was computed from : 

                                                                    ( …9-5) 

Where: 

Er. : Percentage error in calculated head, 

Hc  : Calculated head, 

Ho  : Observed head. 

 The results indicate good agreement between the 

calculated total head and the observed total head at 

cell position as shown in table (9-5), also these results 

indicate acceptable agreement between the calculated 

and observed pressure head . 

 

 

 

 

 

 

 

 

 

 

Table (9-5): The percentage error for total head and 

pressure head between the calculated and observed 

data at Kellogg Dam. 



 

Cell No. Cell position K=0.5 (cm/s) % Error in 

calculate total head  %Error in calculate pressure 

head 

  

x (cm)  

y (cm) Observed total head (m) Calculated total 

head (m)   

5 ..5: 7..7 7..78 7..9 +0.87 +0.85 

6 75.6: 58.85 77.06 75.6 -9.95 -.... 

7 75.76 9.0: 75.:5 6..5 -9..7 -..0: 

8 79.07 55..8 76..8 70.7 -..89 -5..86 

9 8...9 9.5: 65.56 5... -:..6 -5.5. 

: :5.55 9..0 ..7. ..8 +0.57 +0.:. 

. 88.99 57.50 68.6. 67 -9.75 -55.96 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (9-5): Laboratory dam (Kellogg Dam) cross 

section 

 

 

 

 

 

9.7 Application of the Mathematical Model to  

      Al-Qadisiya Dam 

9.7.5 Seepage Through and Under Al-Qadisiya Dam  

 Seepage through the dam embankment is 

controlled by the dolomite core and the asphaltic-

concrete diaphragm. The core is built of mealy 



dolomite with low permeability of (0.5-5) m/day. It 

serves the purpose of the main water tight feature of 

the dam embankment. 

 Seepage studies of the dam embankment and 

foundation were conducted at the typical cross section 

of the left bank dam which closed with river channel 

because of its critical cross section. The typical cross 

section of the dam at station 86 Km was used to 

investigate the basic seepage parameters (head loss 

across the curtain, residual head downstream of 

curtain, the seepage quantity, pore pressure under 

asphaltic-concrete diaphragm and locating the 

phreatic surface). Fig. (8-5) shows the location of the 

section (plan view.) 

 Seven material types were used in the analysis of 

this station; the properties of each material type are 

shown in table (9-6). Typical cross section of the dam at 

station 86 is shown Fig. (9-8 .) 

Table (9-6): Coefficient of permeability of each material 

in Al-Qadisiya Dam at station 86 [Hydroprojekt, (5..5]) 

Material Type Kx (m/s) Ky (m/s) 

Asphaltic concrete diaphragm K5 0.5*50-50 0.5*50-50 

Dolomite core K6 0.5*50-9 0.5*50-9 

Sandy gravel shell K7 0.6*50-7 0.6*50-7 

 

Foundation materials K8 0.9*50-7 0.9*50-7 

 K9 0.5*50-7 0.5*50-7 

 K: 0.7*50-8 0.7*50-8 

Grout curtain K. 0.6*50-9 0.6*50-9 

 

 

 

 

 



 

 

 

 

 

 

9.7.6 Model Grid  

 Finite element idealization of the vertical cross 

section of Al-Qadisiya Dam was used, in this 

idealization linear elements (three nodal triangular 

elements) were used with (.96) elements and (975) nodal 

points. This mesh used in the program for representing 

problem domain was carefully selected so several trails 

have been made. Fig. (9-9) indicates the finite element 

mesh for this section at station 86. 

 

9.7.7 The Results 

 The program was applied to the Al- Qadisiya Dam 

with U/S water level of (58. m.a.s.l) and D/S water level 

of (50..59 m.a.s.l). The mesh was modified many times in 

order to obtained acceptable results and minimize the 

time required for the analysis process. Figure (9-:) 

represents the phreatic surface position, it was plotted 

by intersecting the elevation by the contour that has 

the same value of total head after (66) iteration. This is 

because of the phreatic surface has a pressure head 

equals to zero by definition. Figure (9-.) represents the 

pressure head contour lines. Figure (9-5) represents the 

total head contour lines. This figure indicates that the 

total head in the u/s shell equals to reservoir level. It 

can be seen from this figure that most of seepage head 

loss occurs in the control devices and the foundation. 

The seepage flow at station 86 is (5.85:: l/s/m) and the 



pore water pressure down the asphaltic-concrete 

diaphragm is (78.579 mH6O .) 

These results are somewhat safe and acceptable from 

the General Establishment of the Dams and Reservoirs 

in Iraq point view [G.E.D.R, (6009)]. In addition, it 

should be noted that Subuh [Subuh, (6006)] found that 

for heads of (577.99 and 575.0. m.a.s.l.) the seepage flow 

equals to 0..5 l/s/m and 5.085 l/s/m respectively . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

9.8 Effect of Different Seepage Control Devices on          

    Pore Pressure and Seepage Flow  

 In this section the effect of dimensions of dolomite 

core, grout curtain and concrete cut-off on pore 

pressure and seepage flow are analyzed. The effect of 

using different combinations of these devices on pore 

pressure and seepage flow are studied by (569) design 

cross sections as shown in table (9-7 .) 



9.8.5 The Core  

 The top width of dolomite core (x7) is varied from 

5 to 68 m in steps of 9..9 m to investigate its effect on 

pore pressure and seepage flow as shown in Fig. (9-.). 

This figure is chosen from five cross sections as 

example to show the typical cross section. Then, the 

mathematical model is applied for these design cross 

sections and the results are shown in table (9-7). 

Figures (9-50), (9-55) and (9-56) represent the phreatic 

surface position, pressure head and total head contour 

lines respectively as example for this case . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

9.8.6 The Core and Grout Curtain    

 The width of grout curtain (x6) is varied from 0 to 

: m in steps of 5.9 m with different core widths to 

investigate the effects of using. Figure (9-57) is chosen 

from (69) cross sections as example to show the typical 

cross section. Then, the mathematical model is applied 

for these design cross sections and the results are 

shown in table (9-7). Figures (9-58), (9-59) and (9-5:) 



represent the phreatic surface position, pressure head 

and total head contour lines respectively as example 

for this case. 

9.8.7 The Core and Cut-off  

 The depth of cut-off (x5) is varied from 0 to 56 m in 

steps of 7 m with different core widths to investigate 

the effects of using. Figure(9-5.) is chosen from (69) 

cross sections as example to show the typical cross 

section. Then, the mathematical model is applied for 

these design cross sections and the results are shown in 

table (9-7). Figures (9-55), (9-5.) and (9-60) represent the 

phreatic surface position, pressure head and total head 

contour lines respectively as example for this case. 

9.8.8 The Core, Grout Curtain and Cut-off  

 The effect of different combinations of the above 

dimensions of the seepage control devices (core, grout 

curtain and cut-off) is investigated. Figure (9-65) is 

chosen from (.9) design cross sections as example to 

show the typical cross section. Then, the mathematical 

model is applied for these design cross sections and the 

results are shown in table (9-7). Figures (9-66), (9-67) and 

(9-68) represent the phreatic surface position, pressure 

head and total head contour lines respectively as 

example for this case. 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

Table (9-7): The Results of Mathematical Model 

(F.E.M) for Seepage flow and Pore Pressure 

Cross section No. Number of iteration  

X5  

(m)  

X6  

(m)  

X7  

(m) Seepage Flow (l/s/m) Pore Pressure 

m H6O 

5 55 0 0 5 6.6::8 79...5.. 

6 50 0 0     :..9 6.5606 79..89.6 

7 55 0 0 56.9 5...57 79..5. 

8 55 0 0 55.69 5..876 79.7.909 

9 5 0 0 68 5..88. 79.7.788 

: 55 0 5.9 5 6.55:. 78.595.5 

. 56 0 5.9     :..9 5...:6 78.9:.5. 

5 59 0 5.9 56.9 5..065 78.5:.98 

. 59 0 5.9 55.69 5.969: 78.05969 

50 55 0 5.9 68 5.966. 77..5:.: 

55 57 0 7 5 5..56: 78....5 

56 66 0 7     :..9 5.::05 78.6...9 

57 59 0 7 56.9 5.857 77..9.58 

58 55 0 7 55.69 5.87.9 77..70:5 

59 50 0 7 68 5.7:59 77.8.07.8 

5: 56 0 8.9 5 5..598 78..906 

5. 55 0 8.9     :..9 5.:9.6 78.0:5:7 

55 55 0 8.9 56.9 5.85.6 77..6 

5. 55 0 8.9 55.69 5.80.5 77.75959 

60 56 0 8.9 68 5.68.8 77.557959 

65 5: 0 : 5 5..097 78.6.075 

66 55 0 :     :..9 5.9:.: 77.505.: 

67 65 0 : 56.9 5.98.. 77.77.5: 



68 50 0 : 55.69 5.86.8 77.557:. 

69 66 0 : 68 5.0569 76..80:.9 

6: 5. 7 0 5 6.555. 79.5668: 

6. 57 7 0     :..9 6.5555 79.:7587 

Cross section No. Number of iteration  

X5  

(m)  

X6  

(m)  

X7  

(m) Seepage Flow (l/s/m) Pore Pressure 

m H6O 

65 56 7 0 56.9 6.00. 79..655: 

6. 56 7 0 55.69 5..7.9 79.7.69 

70 5: 7 0 68 5..687 79.0:9.59 

75 55 7 5.9 5 6.55:6 78.59657 

76 5: 7 5.9     :..9 5..0:6 78.5085: 

77 50 7 5.9 56.9 5..9.8 78.9958: 

78 58 7 5.9 55.69 5.96:: 78.0.8:. 

79 57 7 5.9 68 5.::0: 77..55709 

7: 57 7 7 5 5.5.0: 78..5858 

7. 65 7 7     :..9 5..5.7 78.55:59 

75 . 7 7 56.9 5.:.:8 78.69:.5 

7. . 7 7 55.69 5.985 77..56:9 

80 50 7 7 68 5.7:8. 77.8:.799 

85 . 7 8.9 5 5..:65 78.9:.6.9 

86 55 7 8.9     :..9 5.:.59 78.70.6 

87 50 7 8.9 56.9 5.8:89 78.509:8 

88 . 7 8.9 55.69 5.7875 77.65:85 

89 58 7 8.9 68 5.6885 77.550.69 

8: 56 7 : 5 5.:.8. 78.:7858 

8. 5. 7 :     :..9 5.:976 77.9.06: 

85 56 7 : 56.9 5.9558 77.9.75 

8. . 7 : 55.69 5.6.95 77.7.7.: 

90 66 7 : 68 5.05:. 76..7.699 

95 66 : 0 5 6.85.. 7:.69655 

96 66 : 0     :..9 6.76.5 79..957. 

97 55 : 0 56.9 6.56:6 79..5695 

98 . : 0 55.69 6.5566 79.89..7 

99 50 : 0 68 6.0.56 79.79.: 

9: 55 : 5.9 5 6.556 78.59:58 

Cross section No. Number of iteration  

X5  



(m)  

X6  

(m)  

X7  

(m) Seepage Flow (l/s/m) Pore Pressure 

m H6O 

9. 56 : 5.9     :..9 5...: 78.9:..7 

95 50 : 5.9 56.9 5.:95 78.9:875 

9. 59 : 5.9 55.69 5.967: 78.0.58 

:0 56 : 5.9 68 5.95. 77..60. 

:5 66 : 7 5 5.985 78.77... 

:6 57 : 7     :..9 5.556: 78.09.: 

:7 56 : 7 56.9 5.859. 77..9657 

:8 50 : 7 55.69 5.8:76 77..7995 

:9 55 : 7 68 5.79:6 77.8:8.. 

:: 66 : 8.9 5 5.87.5 78.8975. 

:. 58 : 8.9     :..9 5.:55. 77...5 

:5 56 : 8.9 56.9 5.7.75 77.:.7: 

:. . : 8.9 55.69 5.7:99 77.5:5. 

.0 57 : 8.9 68 5.6877 77.558899 

.5 50 : : 5 6.706. 78.6.985 

.6 57 : :     :..9 5..9:: 77.565:. 

.7 . : : 56.9 5.86.9 77.7..05 

.8 50 : : 55.69 5.97:5 77.5579. 

.9 66 : : 68 5.0598 76..78059 

.: 55 . 0 5 6.8607 7:.7596 

.. 55 . 0     :..9 6.6808 79..9.79 

.5 55 . 0 56.9 6.5::9 79.57556 

.. . . 0 55.69 6.57.. 79.9.5.5 

50 5 . 0 68 5..7.6 79.87.69 

55 55 . 5.9 5 6.559 78.59009 

56 56 . 5.9     :..9 5..508 78.9:55. 

57 . . 5.9 56.9 5.::.9 78.9:565 

58 59 . 5.9 55.69 5.960: 78.0.5.6 

59 56 . 5.9 68 5.96:6 77..666:9 

Cross section No. Number of iteration  

X5  

(m)  

X6  

(m)  

X7  

(m) Seepage Flow (l/s/m) Pore Pressure 



m H6O 

5: 5. . 7 5 5...5. 78.6:9:5 

5. 56 . 7     :..9 5..979 78.655.. 

55 50 . 7 56.9 5..056 78.6:..5 

5. 50 . 7 55.69 5.8:5. 77..7557 

.0 55 . 7 68 5.7955 77.8:9.: 

.5 66 . 8.9 5 6.0..7 78.88.05 

.6 56 . 8.9     :..9 5..0.5 78.75689 

.7 55 . 8.9 56.9 5.857 77.5:69: 

.8 55 . 8.9 55.69 5.809. 77.75:06 

.9 5. . 8.9 68 5.68.7 76...5.7 

.: 65 . : 5 6.55:8 78.6.0:7 

.. 55 . :     :..9 5.566 77.56:.. 

.5 50 . : 56.9 5.88.7 77.:7689 

.. 55 . : 55.69 5.6:.9 77.7.69. 

500 66 . : 68 5.0559 76..80899 

505 66 56 0 5 6.7987 7:.76899 

506 55 56 0     :..9 6.5055 79...8. 

507 55 56 0 56.9 5..... 79...806 

508 . 56 0 55.69 5...58 79.9.6.5 

509 5 56 0 68 5..7.5 79.8790. 

50: 50 56 5.9 5 6.5889 78.5:09 

50. 56 56 5.9     :..9 5.558. 78.9.8.9 

505 50 56 5.9 56.9 5.:9:7 78.9::9. 

50. 58 56 5.9 55.69 5..8.7 78.09.75 

550 56 56 5.9 68 5.96.. 77..67:59 

555 5. 56 7 5 5...5: 78.77.85 

556 58 56 7     :..9 5..855 78.50078 

557 5: 56 7 56.9 5.95. 77..7.:5 

558 55 56 7 55.69 5.8755 77..6..9 

Cross section No. Number of iteration  

X5  

(m)  

X6  

(m)  

X7  

(m) Seepage Flow (l/s/m) Pore Pressure 

m H6O 

559 55 56 7 68 5.7979 77.8:0959 

55: 56 56 8.9 5 5..605 78.9.76 

55. 56 56 8.9     :..9 5..0.7 77....7 

555 55 56 8.9 56.9 5.8055 77..089. 

55. 50 56 8.9 55.69 5.78.9 77.5:.:6 

560 58 56 8.9 68 5.6877 77.5..08 



565 50 56 : 5 6.709: 78.6..95 

566 55 56 :     :..9 5..555 77.55:5 

567 5: 56 : 56.9 5.8:5 77..56. 

568 . 56 : 55.69 5.6596 77.07885 

569 65 56 : 68 5.659. 76..8068 

 

 

 

 

 

 

Chapter Six 

 

Formulation of the Optimization Problem and Analysis 

of the Results  

 

 

:.5 :General  

 The purpose of optimization is to find the best 

possible solution among the many potential solutions 

satisfying the chosen criteria. Designers often base 

their designs on the minimum cost as an objective, 

taking into account mainly the costs of foundation, 

safety and serviceability. 

 A general mathematical model of the optimization 

problem can be represented in the following form: 

A certain function (Z), called the objective function , 

 

 Z = f {xi}       i=5, 6, …, n                                             

   …(:-5) 

 

which is usually the expected benefit (or the involved 

cost), involves (n) design variables {x}. Such function is 

to be maximized (or minimized) subject to certain 



equality or inequality constraints in their general 

forms: 

             i=5, 6, …, I                                           …(:-6) 

            j=5, 6, …, J                                           …(:-7) 

 The constrain reflects the design and functional 

requirements. The vector {x} of the design variables 

will have optimum values when the objective function 

reaches its optimum value. 

:.6 :Methods of Optimization 

  The available methods of optimization can be 

subdivided into three categories as briefly discussed 

below. 

:.6.5 :The Linear Programming (LP) 

 The main characteristic of a linear programming 

(LP) problem is that the objective function and all the 

constraints form linear relationships with the design 

variables. 

 Several algorithms are available to solve LP-

problems. However, the simplex method, developed by 

C.B. Dantzig in 5.8:, is the most widely used [Dantzig, 

(5.:7)]. More detailed definitions and explanation of 

this method will be given later in Sec. (:.8.7a). Some 

other methods are available such as graphical methods, 

revised simplex method and transportation method 

[Phillips et al., (5..:.]) 

 

:.6.6 :The Non-Linear Programming Methods (NLP) 

 If the objective function or any of the constraints 

is non-linear the optimization problem will term a non-

linear problem. This formulation is more important 

than (LP) since most of real-world design problems are 

in fact non-linear. 



 There are a large number of algorithms and 

techniques for solving NLP- problems . 

:.6.6.5 :The Analytical Approach 

 In this approach, the problem is represented by a 

number of mathematical relationships from which 

certain equations can be developed which aid in the 

search for an optimum. The methods of this approach 

usually require the use of differential calculus and the 

optimum solution is theoretically found exactly 

[Gallagher and Zienkiewicz, (5..7)]. The most familiar 

methods underlying this approach are: 

a. Differential Calculus 

 This method generally uses the laws of differential 

calculus to solve simple unconstrained NLP-problems. 

b. Lagrange Multiplier 

 This method is used to solve constrained non-

linear optimization. More detailed definitions and 

explanation of this method will be given later in Sec. 

(:.8.7b.) 

 

:.6.6.6 :The Numerical Approach  

 In this approach, a near optimum solution is 

automatically generated in an iterative manner. An 

initial guess is used as a starting point for searching the 

better solutions. The search continues until no further 

improvement in the objective function is possible or 

until a certain convergence criterion is satisfied, which 

indicates that the optimum solution has been achieved 

within the desired accuracy. 

 The two distinguished methods in these respect 

are the direct-search method and the gradient – search 

method . 



a. Direct Search 

 Here, the search proceeds with the evaluation of 

the objective function only in an iterative manner until 

a local or an approximate optimum solution is reached. 

The step sizes and the direction of moves at each 

iteration represent the main features of this approach. 

Many methods are proposed as standard algorithms 

such as the pattern search of Hooke and Jeeves, the 

complex method, the Fletcher and Powell method, and 

the Rosenbrock method [Bunday, (5.58.]) 

b. Gradient Search 

 The basic idea, here, is to evaluate the gradient of 

the objective function at a point and utilize it to 

improve and accelerate the search. The acceleration is 

gained by finding the direction of the steepest descent, 

following this direction until no further improvement 

is possible, then, the direction is changed again. The 

search continues until the gradient becomes zero 

indicating that the optimum solution is reached . 

 The most widely used method following this 

approach is the Sequential Unconstraint Minimization 

Technique, Rosen method and Fletcher and Powell 

method. These methods require smaller number of 

iterations than the direct search methods. 

 

:.6.7 :Dynamic Programming 

 Dynamic programming is used to solve special 

types of optimization problems, which involve 

multistage decision processes. The optimization of each 

stage will affect the next stage and the final optimum 

decision is ensured to be the sum of all the optimization 

decision of all stages. 



 The method is very powerful and used to solve 

continuous and discrete non-linear programming 

problems [Slaby, (5.5..]) 

:.7 Design Variables 

The preliminary design of an earth dam is done on the 

basis of past experience and on the basis of the 

performance of the dams built in the past. 

The design variables are taken as follows [see Fig.(:-5: ]) 

5-Depth of the upstream cut-off (x5)=0 - 56; step 7 m . 

 

 

 

 

 

 

 

 

Figure (:-5): Schematic Representation of the design 

Variables 

6-Width of grout curtain (x6)=0 - :; step 5.9 m. 

7-Width of core (x7)=5 - 68; step 9..9 m. 

 

:.8 The Optimization Model 

 

  :.8.5 The Objective Functions 

 There are three cost objective functions of the 

present research: 

5-The cost objective function (Z5) deals with two 

control devices, concrete cut-off which is (5m) width 

and dolomite core. Such function is formulated as 

follows   : 

Z5=c5x5+c7x7                                                                        

    …. (:- 8) 

Where: 

c5=cost of one cubic meter of cut-off, (690 $/m7 ) 



x5=depth of upstream cut-off, (m ;) 

c7=cost of one cubic meter of dolomite core, (60 $/m 7 ) 

x7=width of core, (m.) 

6-The cost objective function (Z6) deal with another two 

control devices, grout curtain and dolomite core, that 

is: 

Z6=c6x6+c7x7                                                                        

  ….. (: –9) 

Where: 

c6=cost of one cubic meter of grout curtain, (800 $ /m7 ) 

x6=width of grout curtain, (m.) 

7-The cost objective function (Z7) deal with all control 

devices that used in this research together, that is: 

Z7=c5x5+c6x6+c7x7                                                               

    ….(: - :) 

:.8.6 Constraints 

The objective function (Z5) is minimum and subject to 

the following constraints: 

5. The relationship between core width and cut-off 

depth for safe pore pressure (78.579 m H6O) as 

mentioned in Sec. (9.7.8), is given by: [see Fig. (:-.]) 

x7= - 0.0:6.x5 + 9:.965                                                             

… (:-.) 

6. The relationship between core width and cut-off 

depth for safe seepage flow (5.85:: l/s/m) as mentioned 

in Sec. (9.7.8), is given by: [see Fig. (:-57]) 

x7= - 0...87x5 + :0.5.:                                                            

…. (:-5) 

7. The cut-off depth should be equal or less than (56 

m.) 

The objective function (Z6) is minimum and subject to 

the following constraints: 



5 .The relationship between core width and grout 

curtain width for safe pore pressure (78.579 m H6O), is 

given by : [see Fig. (:-5.]) 

                                                                     (…:-.) 

6 .The relationship between core width and grout 

curtain width for safe seepage flow (5.85:: l/s/m), is 

given by: [see Fig. (:-69]) 

                                                              ( …:-50)   

The objective function (Z7) is minimum too and subject 

to the following constraints: 

5-The relationship between core width, cut-off depth 

and grout curtain width for safe pore pressure (78.579 m 

H6O), is given by: 

x7 = 87.06.-0.05.7x5-...7x6                                                     

… (:-55) 

6-The relationship between core width, cut-off depth 

and grout curtain width for safe seepage flow (5.85:: 

l/s/m), is given by: 

x7= 88..09+0.099.7x5-:..55x6                                                  

… (:-56) 

 Both equation (:-55) and (:-56) are obtained by 

using a software entitled “ SPSS” with applying 

multiple linear regression. 

7 .The cut-off depth should be equal or less than (56 m.) 

 

:.8.7 Methods of Optimization 

 The methods of optimization employed in this 

research are the simplex and the Lagrange multiplier 

methods. 

 

 

 

a. Simplex Method 



The simplex method is an iterative procedure for 

solving linear programming problems expressed in 

standard form. The general steps of the simplex 

method are as follows: 

5 .State the linear programming problem in standard 

form. 

6 .Select a set of m variables (where m = number of 

constraints) that form an initial basic which is feasible. 

All other variables are non-basic and are sets equal to 

zero, calculate the value of the objective function. 

7 .Improve the initial solution if possible by finding 

another basic feasible solution with a better objective 

function value. At this step the simplex method 

implicitly eliminates from consideration all those basic 

feasible solution whose objective function values are 

worse than the present one. 

 8 .Continue to find better basic feasible solutions 

improving the objective function values. When a 

particular basic feasible solution cannot be improved 

further, it becomes an optimal solution and the simplex 

method terminates. [Phillips et al., (5..:)] and [Wu and 

Coppins, (5.55.]) 

 b. Lagrange Multiplier Method  

 The procedure is to convert the problem into 

unconstrained one by multiplying each of the 

constraint equations by 5 6,…, m), respectively, 

and adding them to the objective function to obtain: 

                  (.…:-57) 

where (m) denotes the total number of constraint 

equations and                  5 6, …, m) are called 

Lagrange multipliers. The above equation is often 

called the  (Lagrangian) and is denoted by (L). Taking 



the (m+n) (where n is total number of variables) 

derivatives of the new objective function (L) and 

setting them equal to zero, gives: 

  

                         (..…:-58) 

and 

                                           (.…:-59) 

 Solving Eqs. (:-58) and (:-59) simultaneously gives 

the required solution [Dimitri, (5.56.]) 

:.9 Analysis of the Results  

 Different cases were analyzed to investigate the 

effect of dimensions of control devices (dolomite core, 

concrete cut-off and grout curtain) on pore pressure 

and seepage flow by using the finite element method as 

mentioned in chapter five. 

 In order to determine the optimum design of 

control devices, three cases were examined: 

:.9.5 The First Case 

 Al-Qadisiya dam is operated with two seepage 

control devices (concrete cut-off and dolomite core) for 

different dimensions and studied the effect of these 

devices on pore pressure and seepage flow by using a 

finite element method. Figures from (:-6) to (:-:) show 

the relationship between pore pressure and core width 

for different cut-off depths . 

 

 

 

 

 

 

 

 

 

 

 



Figure (:-6): Pore pressure versus core width 

relationship for grout curtain width=0 and cut-off 

depth=0 

 

 

 

 

 

 

 

 

 

Figure (:-7): Pore pressure versus core width 

relationship for grout curtain width=0 and cut-off 

depth=7 m 

 

 

 

 

 

 

 

 

 

Figure (:-8): Pore pressure versus core width 

relationship for grout curtain width=0 and cut-off 

depth=: m 

 

 

 

 

 

 

 

 

 

Figure (:-9): Pore pressure versus core width 

relationship for grout curtain width=0 and cut-off 

depth=. m 

 

 

 



 

 

 

 

 

 

 

Figure (:-:): Pore pressure versus core width 

relationship for grout curtain width=0 and cut-off 

depth=56 m 

 

 From these relationships, we obtained relationship 

between core width and cut-off depth for safe pore 

pressure, which is mentioned in Sec. (9.7.8) (78.579 H6O), 

as shown in Fig. (:-. .) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (:-.): Core Width Versus Cut-off Depth 

Relationship for Pore Pressure = 78.579 m H6O 

 

 Figures from (:-5) to (:-56) show the relationship 

between seepage flow and core width for different cut-

off depths . 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 From these relationships, we obtained relationship 

between core width and cut-off depth for safe seepage 

flow, which is mentioned in Sec. (9.7.8) (5.85:: l/s/m), as 

shown in Fig. (:-57 .) 

 

 

 

 

 

 

 



 

 

 

:.9.6 The Second Case  

 Using different devices, Al-Qadisiya dam is 

operated with other two seepage control devices (grout 

curtain and dolomite core) for different dimensions 

and studied the effect of these devices on pore pressure 

and seepage flow by using a finite element method. 

Figures from (:-58) to (:-55) show the relationship 

between pore pressure and core width for different 

grout curtain widths . 

 

 

  

Figure (:-58): Pore Pressure Versus Core Width 

Relationship for Cut-off Depth=0 and Grout Curtain 

Width = 0 

Figure (:-59): Pore Pressure Versus Core Width 

Relationship for Cut-off Depth=0 and Grout Curtain 

Width =5.9 m 

 

Figure (:-5:): Pore Pressure Versus Core Width 

Relationship for Cut-off Depth=0 and Grout Curtain 

Width =7 m 

Figure (:-5.): Pore Pressure Versus Core Width 

Relationship for Cut-off Depth=0 and Grout Curtain 

Width =8.9 m 

Figure (:-55): Pore Pressure Versus Core Width 

Relationship for Cut-off Depth=0 and Grout Curtain 

Width =: m 

 

 From these relationships, we obtained relationship 

between core width and grout curtain width for safe 



pore pressure, which is mentioned in Sec. (9.7.8) (78.579 

H6O), as shown in Fig. (:-5..) 

 Figures from (:-60) to (:-68) show the relationship 

between seepage flow and core width for different 

grout curtain widths . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 From these relationships, we obtained relationship 

between core width and grout curtain width for safe 

seepage flow, which is mentioned in Sec. (9.7.8) (5.85:: 

l/s/m), as shown in Fig. (:-69 .) 

:.9.7 The Third Case  

 Al-Qadisiya dam is operated with three seepage 

control devices (concrete cut-off, grout curtain and 

dolomite core) for different dimensions and studied the 

effect of these devices on pore pressure and seepage 

flow by using a finite element method. Figures from (:-

6:) to (:-70) show the relationship between pore 

pressure and core width for different grout curtain 

widths and different cut-off depths. From these 

relationships, we obtained a correlation between cut-

off depth, grout curtain width and core width for safe 



pore pressure which is (78.579 H6O), as shown in 

equation (:-55 .) 

Figure (:-69): Core Width Versus Grout Curtain Width 

Relationship for Seepage Flow=5.85:: l/s/m  

  

 

Figure (:-6:): Pore Pressure Versus Core Width 

Relationship for Different Grout Curtain Width and 

Cut-off Depth=0 m 

 

Figure (:-6.): Pore Pressure Versus Core Width 

Relationship for Different Grout Curtain Width and 

Cut-off Depth=7 m 

 

Figure (:-65): Pore Pressure Versus Core Width 

Relationship for Different Grout Curtain Width and 

Cut-off Depth=: m 

 

 

 

 

Figure (:-6.): Pore Pressure Versus Core Width 

Relationship for Different Grout Curtain Width and 

Cut-off Depth=. m 

 

Figure (:-70): Pore Pressur0e Versus Core Width 

Relationship for Different Grout Curtain Width and 

Cut-off Depth=56 m 

  

 Figures from (:-75) to (:-79) show the relationship 

between seepage flow and core width for different 

grout curtain widths and different cut-off depths. 

From these relationships, we obtained a correlation 

between cut-off depth, grout curtain width and core 



width for safe seepage flow which is (5.85:: l/s/m), as 

shown in equation (:-56 .) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

Figure (:-75): Seepage Flow Versus Core Width 

Relationship for Different Grout Curtain Width and 

Cut-off Depth=0 m 

 

Figure (:-76): Seepage Flow Versus Core Width 

Relationship for Different Grout Curtain Width and 

Cut-off Depth=7 m  

 

Figure (:-77): Seepage Flow Versus Core Width 

Relationship for Different Grout Curtain Width and 

Cut-off Depth=: m 

Figure (:-78): Seepage Flow Versus Core Width 

Relationship for Different Grout Curtain Width and 

Cut-off Depth=. m 

Figure (:-79): Seepage Flow Versus Core Width 

Relationship for Different Grout Curtain Width and 

Cut-off Depth=56  

  



 Figures from (:-6:) to (:-70) indicate that the pore 

pressure decreases with increasing the dimension of 

the control devices. 

 Figures from (:-75) to (:-79) indicate that the 

seepage flow decreases with increasing the dimension 

of the control devices. 

 

:.: Optimum Design of the Control Devices  

 For the first case the objective function (Z5), as in 

equation (:-8) and all the constraints form linear 

relationships with the design variables, therefore the 

simplex method is used to solve this problem . 

Minimize:        Z5=c5x5 +c7x7                                             

               …(:-8) 

Minimize:       Z5= 690x5 + 506:x7            

Subject to:      0.0:6.x5 + x7 = 9:.965                                                  

                       0...87x5 + x7 = :0.5.:                                                  

                                  x5         ≤ 56                                                         

                                 x5, x6     ≥ 0 

Minimize:       Z5= 690x5 + 506:x7 + MA5 + MA6 + 0S  

Subject to:      0.0:6.x5 + x7 + A5                = 9:.965                                                  

                       0...87x5 + x7          + A6       = :0.5.:                                                  

                                  x5                          + S = 56                                                         

                                 x5, x7, A5, A6, S           ≥ 0 

 

 

 

 

First Tableau 

Min Z5 690 506: M M 0 

i CB xB x5 x7 

A5 A6 S bi θi 

5 M A5 0.0:6. 5 5 0 0 9:.965

 9:.965 



6 M A6 0...87 5 0 5 0 :0.5.:

 :0.5.: 

7 0 S 5 0 0 0 5 56 ∞ 

Zj 5.09.M 6M M M 0 55:..68M 

Cj - Zj 690-5.09.M 506:-6M 0 0 0 

 

 The solution by the first tableau is : 

x5= 0 , x7= 0 , S= 56 , A5= 9:.965 , A6= :0.5.: , Z5= 55:..68M 

$/m 

 The solution is non-feasible because there is an 

artificial variable in the basic variable . 

 The solution is not optimal because we have a (-ve) 

reduced value of a non-basic variable in a 

minimization problem . 

  Second Tableau 

Min Z5 690 506: M M 0 

i CB xB x5 x7 A5 A6 S bi θi 

5 506: X7 0.0:6. 5 5 0 0 9:.965

 .05.9: 

6 M A6 0..75: 0 -5 5 0 7.::5 7..7. 

7 0 S 5 0 0 0 5 56 56 

Zj :8.7706+0..75:M 506: 506:-M M 0 9......65 

+7.::5M 

Cj - Zj 559.::.5-0..75:M 0 -506: +6M 0 0 

 The solution by the second tableau is : 

x5= 0 , x7= 9:.965 , S= 56 , A5= 0 , A6= 7.::5 , 

Z5= 9......65 +7.::5M $/m 

 The solution is non-feasible because there is an 

artificial variable in the basic variable . 

 The solution is not optimal because we have a (-ve) 

reduced value of a non-basic variable in a 

minimization problem . 

Third Tableau 



Min Z5 690 506: M M 0 

i CB xB x5 x7 A5 A6 S bi θi 

5 506: X7 0 5 (0.0:6. /0..75:+)5 -0.0:6. /0..75: 0

 (-7.::5*0.0:6. /0..75:+)9:.965  

6 690 X5 5 0 -5/0..75: 5/0..75: 0

 7.::5/0..75:  

7 0 S 0 0 5/0..75: -5/0..75: 5 (-7.::5 /

0..75:+)56  

Zj 690 506: 56:.:.5 5...7060: 0 95.65..:5 

Cj - Zj 0 0 M-56:.:.5 M-5...7060: 0 

 

 The solution by the third tableau is : 

x5*= 7..8 m , x7*= 9:.65 m , S*= 5.0: , Z5*= 95.65..:5 $/m 

 The solution is feasible. 

 The solution is optimal because we don't have a (-

ve) reduced value of a non-basic variable in a 

minimization problem . 

 This result required increasing the width of shell. 

 For the second case the objective function (Z6) is 

linear relationship as in equation (:-9) but all the 

constraints form non-linear relationship with the 

design variables, therefore, the Lagrange multiplier 

method is used to solve this problem. 

Minimize:        Z6=c6x6 +c7x7                                             

               …(:-9) 

Minimize:       Z6= 55000x6 + 506:x7            

Subject to       : 

                        

  

           (…5) 

  

                                                                                   (…6) 

                                                         (…7) 

                                                       (…8) 

By solve these equations the results are obtained :   

x6*=0..6 m, x7*=79.77 m, λ5*=.05.05, λ6*=568... 



Z7*= 8.605.95 $/m 

 For the third case the objective function (Z7), as in 

equation (:-:) and all the constraints form linear 

relationship with the design variables, therefore, the 

simplex method is used to solve this problem. 

Minimize:        Z7=c5x5 + c6x6 + c7x7                                 

             …(:-:) 

Minimize:       Z7= 690x5 + 55000x6 + 506:x7            

Subject to:      0.05.7x5 + ...7x6 +  x7 = 87.06.                                                  

                   -0.099.7x5 +:..55x6 + x7 = 88..09                                                  

                                x5                       ≤ 56                                                         

                                x5, x6, x7             ≥ 0 

Minimize:       Z7= 690x5 + 55000x6+ 506:x7 + MA5 + MA6 

+ 0S  

Subject to     0.05.7x5 +   ...7x6 +  x7+ A5              = 87.06.                                                  

                  -0.099.7x5 + :..55x6 + x7        + A6      = 88..09                                                  

                               x5                                     + S = 56                                                         

                                 x5,x6, x7, A5, A6, S                 ≥ 0 

First Tableau 

Min Z7 690 55000 506: M M 0 

i CB xB x5 x6 

x7 A5 A6 S bi θi 

5 M A5 0.05.7 ...7 5 5 0 0 87.06.

 9.86: 

 

6 M A6 -0.099.7 :..55 5 0 5 0 88..09

 :.:: 

7 0 S 5 0 0 0 0 5 56 ∞ 

Zj 0.0777.M 58.:85M 6M M M 0 5...76M 

Cj - Zj 690-0.0777.M 55000-58.:85M  506:-6M 0 0

 0 

 

 The solution by the first tableau is : 



x5= 0 , x6=0, x7= 0 , S= 56 , A5= 87.06. , A6= 88..09, Z7= 

5...76M $/m 

 The solution is non-feasible because there is an 

artificial variable in the basic variable . 

 The solution is not optimal because we have a (-ve) 

reduced value of a non-basic variable in a 

minimization problem . 

  Second Tableau 

Min Z7 690 55000 506: M M 0 

i CB xB x5 x6 x7 

A5 A6 S bi θi 

5 55000 X6 0.05.7 /...7 5 5 /...7 5 /...7 0 0

 87.06. /...7 87.06. 

 

 

6  

M  

A6 (0.05.7 /...7(       )-:..55              )-0.099.7  

0  

(-:..55 /...7+ )5  

-:..55 /...7  

5  

0 87.06. /...7 (-:..55+)88..09  

97..8 

7 0 S 5 0 0 0 0 5 56 ∞ 

 

Zj 606.:..   -0.5759M  

55000  

66:..5:+0.598M  

66:..5:-0.58:M  

M  

0  

..::9.76+5.6.6M 

 

Cj - Zj 8..705 +0.5759M  

0   

-5687.5:  -0.598M -66:..5:+5.58:M  



0  

0 

 

 The solution by the second tableau is : 

x5= 0 ,x6 = 9.86: m, x7= 0 , S= 56 , A5= 0 , A6= 5.6.6, 

Z7=..::9.76+5.6.6M  $/m 

 The solution is non-feasible because there is an 

artificial variable in the basic variable . 

 The solution is not optimal because we have a (-ve) 

reduced value of a non-basic variable in a 

minimization problem . 

 

Third Tableau 

Min Z7 690 55000 506: M M 0 

i CB xB x5 x6 x7 A5 A6 S bi θi 

5 506: X7 0.05.7 ...7 5 5 0 0 87.06.

  

6 M A6 -0.58967 -5.65. 0 -5 5 0 5.:.5  

7 0 S 5 0 0 0 0 5 56  

Zj .5.:655-0.58967M 557:.55-5.65.M 506: 506:-M M 0

 88589..06+5.:.5M 

Cj - Zj 595.7.5+0.58967M .5:7.56 +5.65.M   

0 -506: +6M  

0  

0 

 The solution by the third tableau is : 

x5* = 0, x6* = 0,  x7*= 87.06. m , S*= 56 , A5* = 0, A6* 

=5.:.5         Z7*= 88589..06+5.:.5M $/m 

 The solution is non-feasible because there is an 

artificial variable in the basic variable . 

 The solution is optimal because we don't have a (-

ve) reduced value of a non-basic variable in a 

minimization problem . 



 Table (:-5) shows the summary results of optimum 

design of control devices. 

Table (:-5): The summary results of optimum design of 

control devices 

case No.  Cut-off depth, x5(m) Grout curtain 

width,x6(m) Core width,x7(m) Total cost*508 ($/m) 

5 7..8 ___ 9:.65 9.5.65 

6 ___ 0..6 79.77 8..605 

7 ___ ___ ___ Infeasible problem 

Using core width of 79.77 m with grout curtain with of 

0..6 m is cheaper than using core width of 9:.65 m with 

cut-off depth of 7..8 m as shown in table (:-5). In 

addition, the first case is preferable because seepage 

flow and pore pressure are less as in figures (:-7:) and 

(:-7.) respectively. Also, the location of free surface was 

lowered as in figure (:-75.) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter Seven 

Conclusions and Recommendations 

..5 Conclusions 

In this study, the finite element method was used to 

analyze unconfined seepage through earth dam which 

is provided with dolomite core, asphaltic concrete 

diaphragm, grout curtain and concrete cut-off as 

seepage control devices. The simplex and Lagrange 

multiplier methods were used to find the optimum 

design for the control devices from hydraulic and 

economical point views. The following conclusions 

were reached : 

5.  The computer program (seep6d) and the used 

linear triangular element have been given acceptable 

results to solve the existing case. 

6. Several trails must be done in order to select the 

best mesh which can be used in the finite element 

model for accurate results, and to comply with the 

existing condition of Al-Qadisiya Dam. Small elements 

must be used in areas of rapid changes (regions of 

grout curtain, cut-off and the asphaltic diaphragm.) 



7. The head values are influenced by the dimensions 

of the control devices. Therefore, the parameters such 

as pressure head, total head …etc. are also influenced 

by changing the dimensions. 

8. The results of application of the model on (569) 

design cross sections indicate that increasing of the 

dimensions of the control devices and using more 

devices leads to decreasing seepage discharge and pore 

water pressure. Also, the location of free surface was 

lowered . 

9. Minimum total cost could be achieved when using 

core width of 79.77 m with grout curtain width of 0..6 m . 

:. Minimum total cost could be obtained too when 

using core width of 9:.65 m with cut-off depth of 7..8 m. 

This result required increasing the width of shell. 

.. Using core width of 79.77 m with grout curtain with 

of 0..6 m is cheaper than using core width of 9:.65 m 

with cut-off depth of 7..8 m. In addition, the first case is 

preferable because seepage and pore pressure are less. 

Also, the location of free surface was lowered. 

5. Using of dolomite core, grout curtain and cut-off 

together presented infeasible problem. 

 

..6 Recommendations  

 Further developments of the present work are 

suggested as follows: 

5. Extending both the present model and the 

computer program to analyze the effect of earthquake 

and dam stability . 

6. Extension of the present analysis to include 

structures with various soil stratification including soil 

anisotropy . 



7. Applying the present analysis to another case 

studies. 

8. Extension of the present analysis to include 

another seepage control devices such as filter, blanket 

and relief well. 

9. The analysis can be modified further if three-

dimensional analysis of the seepage problem under 

transient conditions is added 
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