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Abstract

We study the dynamics of the two dimensional mapping the non linear
: (xj_(a—by—xz
mapping H,, =
oy .

of this map, fixed points, periodic points and the type of fixed points till from
this method ,we determine bifurcation of this map, we conclude the following:

] .For this map. We study some general properties

2 2
If |o|<1 and _(1Zb) <a< 3(12'0) then Henon map has an attracting fixed point

and a saddle fixed point .

IFlo>1 and ~4P

a<w then Henon map has repelling fixed point

and a saddle fixed point .

If |b|>1 and a> then Henon map has two saddle fixed points .

3(1+b)?
4

Also, we proved that there are no periodic points for this map where

—(L+b)?

a=0,-1<b<0 and there are no non wandering point where a< and

we proved a theorem on the iteration and inverse of Henon map :

A/ 2 2
¥ Sa’b:{(ij: |X|Sca,b’|y|Sca,b}WhereCa,b=1+b+ (1+b) +4a a>—_(1+b)

2 ’ 4
X

and b > 0,then for all (y

jeRZ- S,, either |x |——w as n——w or |y | —>x

as n——>®.”
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Introduction

About Y+ years ago the French astronomer —mathematician Michel-Henon
was searched for a simple two-dimensional map possessing special properties
of more complicated systems .The result was a family of maps denoted by H,,

: X _(1-ax®+y
by H =
given py ”’(yj [ bx j

where a,b are real numbers .These maps defined in above are called Henon
maps [ *].

Lorenz (Y47Y) has investigated a system of three first order differential
equations, whose solutions tend toward a “strange attractor”. In (Y1V1) Henon
showed that the same properties can be observed in a simple mapping of the

plane defined by x,,=y,+)-ax?,y=x,.Numerical experiments are carried out

Xo

for a=).¢,b=-.Y, depending on the initial point ( J ,the sequence of points

0
obtained by iteration of the mapping either diverges to infinity or tends to a
strange attractor [V].

In (Y4VY) Curry has shown that , for Henon values of the parameters, one
of the fixed points has a topologically transverse homoclinic orbit , hence that
there is a horseshoe embedded in the dynamics of the map [£] .

In (Y4VA) Feit has shown that , for a>+ and :<b<) ,that the non wandering
set O (H) is contained in a compact set ,and that all points outside this set

escape to infinity [¢].Another form of Henon map H,,:C> —— C? is defined

2
by the rule H,, (Vzv]:(a—bw—z ].Ifa,b eR, then H,, restricts to the real
Z



Henon map H,, :R? —— R ?.The importance of Henon s map for the

dynamics of all polynomial diffeomorphisms was recognized by S.Friedland
and J.Milnor , who proved that every quadratic polynomial diffeomorphism is
conjugate to a Henon map or to an elementary maps have trivial
dynamics .Henon map is normal form for all quadratic polynomial
diffeomorphism with non- trivial dynamic.[ ]

In our work we used parameter space .Historically ,the first result about the
parameter space of Henon maps showed the existence of two parabolic
regions ,one of them is associated with maps with horseshoes,and consequently
infinitely many periodic points ,and the other region corresponds to maps with
no periodic points at all ; a “horseshoe” refers to a map which is hyperbolic on
its nonwandering set and topologically conjugate .This result was proved in
[¢] .The existence of strange attractors with in the Henon family was
established in Y44%) by M.Benedicks and L.Carleson .The identified set of

parameters (a,b) of positive Lebesque measuer for which H,, admits a strange

attractor .

2
In this work we, care this form of Henon map H,, @j:[a—by—x ] [¥].
X

The goal of our work is to study bifurcation of Henon map according to
appearance of fixed points and periodic points ,a sudden change in the nature
of the fixed points with respect to some parameter space .We introduce the

iteration of H,, .To determine the Henon map H,, ,-1<b<0, has no periodic

point for any period in the plane by dividing the plane to some region which
are shown in chapter three .

2
Also we study the non wandering point for Henon map H,, where a< —(1+b)




by using trapping region also we prove one theorem a bout periodic point of

—(1+b)?

Henon map where a< and b >0 ,which is given in [Y].At the last

section, we will prove one theorem about iteration of H,, where b>0and

a>M which is given in [Y] prove by finding some regions and prove

some necessary lemma for our proof.

We clarified that the Henon map H,, has saddle node bifurcation occurs in

the Henon map at a= and a periodic doubling bifurcation occurs at

—(1+b)?
4

2
3(1Zb) by prove some propositions and which are exist in chapter one and

shown in Remark (Y.£.9)

In chapter three we conclude that there exists an open set about [8j in

which all points tend to (gj under forward iteration of H .We found these

regions Q,,Q,,,9,,,Q,,Q, and R,,R,,R;,R,,R;,R,,R;, We prove there are no

periodic point for Henon map in the plane .Also, we prove that the norm of

iteration of Henon map H,, tends to infinity for some regions shown in
proposition (¥.Y.Y) and (¥.¥.¢).
In chapter four we conclude there is no non wandering point for Henon

—(1+b)?
4

map H,,, where b>o0and a< we prove that for a closed region

X

—(L+b)?
4 y

S., :{[3]: X <C,, |y <C,, }ifa> and b >0 then for all ( jeRZ-Sa,b

either |x,|——>owasn—wo0r |y  |——>0as n—.



CHAPTER ONE

Preliminaries

The purpose of this chapter is to introduce some definitions and theorems
necessary for this research. This chapter consists of two sections. In section
one,we recall some fundamental definitions and necessary theorems .In section
two, we recall the definition of Henon map and some famous forms of Henon

map.

V- Basic definitions and necessary theorems

Our goal in this section is to list the definitions and theorems that we use

later in the research .We start with the general definition of a dynamical system.

Definition (1..Y)[ *]

A dynamical system is a map K><S¢—>S where S is an open set of

Euclidean space and writing by ¢ Lij:m(x) ,the map ¢  S—— S satisfies
(@) ¢,:S —>S istheidentity jthatis 4 (x)=x,forall x inS
(b) The composition ¢ o ¢= ¢+ for each t,s in K .In case K is Z the

dynamical system is described to be discrete dynamical system.

In case K is real line the dynamical system is described to be continuous.



Example (1.V.9)[)°]

st R— >R suchthat ¢(x)-xe , t xinR.

Example (V.).Y)][)?]

#. R'— R such that ¢t(xj:[ Xe J tinR, (inn R?
y) ((xt+y)e™ y

Definition (}.).€)[) *]

Let V be a subset of R, and let F: V——R". Frequently such a function is

called a map. The function F can always be represented in the form

F(v)= { f ((V))

" } for all vinV where f and g are real —valued coordinate map

of F.

Remark (Y.).9)[) ]

In our work, we write the map F: V——>R' where VcR', such that

szf@;xev.
e

Example (V.). V)] ]

asin(x) + by

If F[’y‘j:(y j then V=R, f @= yand g (§j=asin(x)+by’ where

a, b are two fixed real numbers, x and yinR.



Definition (Y.).V)[ ]

The map F:R2 — s R' is a linear map if for all v and w in R

F(bv+cw)=bF(v)+cF(w) ,for all real numbers b and c. Otherwise it is a non

linear map.

Definition (1.).M[*]

Amap F: R' —>R'is C', if all of its first partial derivatives exist and are

continuous. F is C~, if its mixed k™ partial derivatives exist and are continuous
forall kez".

Example (1.).9)[V]

, 1
Amap F:R" — >R’ defined by,F(XJ: 17 lisce.
Y) | ax-x?

Definition (Y.Y.Y +)[Y®]

Amap F:R" — R’ is called a diffeomorphism provided it is

()) one-to-one
(Y) onto
(V) C~

(¢) Itsinverse F:R" —»R"isC~.

Definition (V.. YV [V ]

Let V be a subset of R, and v. be any element in R'.Consider

F:V——>R' be a map. Further more assume that the first partials of the

coordinate maps fand g of Fexistat v. .



The differential of F at v. is the linear map DF(v.) defined on R' by

of of
&(Vo) 5(\/0)
DF(v.) = ,forall vinR".The determinant of DF(v.) is

og og
x (Vo) E (Vo)

called the Jacobian of F at v, and is denoted by J=det DF(v,) .

Example (Y.V.V¥)[) +]

Let F: R —R" be given by F| " |={7 . To find DF| ™
y asin(x) + by Yo
we have for f =yand g =asin(x) +by that ﬂ:n QZ\,a—g: acos(x),a—g:b, S0
OX oy OX oy

DF(XOJZ(O 1} for all (XOJ inR’, J=—acos(x,).
yO aCOS(XO) b yO

Definition ().).Y¥)[) +]

Let F:R" ——>R"be amap and v, eR? if 0<|[det DF(v,) |<), then F is said

to be area-contracting at v,, and if \det DF(v,) |>", then F is said to be area-

expanding at v, .

Example (V. €)Y ]

T
A map F in example (Y.Y.)Y) is an area-contracting at {3} if d<Y and an
4

T
area-expanding at[?} if |a>Y
4



Definition (Y.Y.Ye)[) +]

The forward orbit of a vector (Xo]is the set of points (XO],F[XOJ,FZ (XOJ
Yo Yo Yo Yo

Fe (XOJ,...and denoted by O* (XO].If F a homeomorphism ,we may define the
Yo Yo

full orbit of [XOJ,O(XOJ as the set of points F" (XOJ for nez ,and the
Yo Yo

backward orbit of [XOJ, O~ (X"j, as the set of points F™ [XO),FZ (XOJ,
Yo Yo Yo

F3(X°j,...,where we have F" (XO} F“[XlJ= [X”J .
Yo Yo Y Yn

Definition (Y.).Y VD[ ¢]

Anypair(pj for which f(pJ:p, g(pj:q (1Y)
q q q

is called a fixed point of the two dimensional dynamical system.

Example (V.V.\V)[V]

2
Let F: R" —>R" is given by F(ij( x+y J then ( 2] is a unique
y X+y—2 -2

fixed point of F.
Remark (Y.VAM[Y¢]

If we define two maps F, G fromR? to R by

() <)ol




In terms of these maps, the fixed point in equation (.V) is simply requirement

that F[);j and G[);J be simultaneously zero .Fixed points may therefore be

located as points of intersection of curves in the plane.

Definition (V.Y.Y[¥]

Let F: R® ——R"be a map, x.< R".The point X. is a periodic point of

period m if F™(x.)= X..The least positive integer m for which F™(x.)= X. is
called the prime period of x. .We denote the set of periodic points of F by
Per, (F).

Example (Y.).Y+)

Let F: R" — R’ is given by F();j:(zj then (zlj Is a periodic point of

period Y of F.

Definition (V.).YV))[) +]

Let F: R®™ ——>R"be a map, x. be in the domain of F. Then x. is an

eventually fixed point of F if there is a positive integer m such that F™(x.) is

a fixed point of F.

Example (.).YY)

2
Let F: R" ——R" is given by F();}:(X +yj, then ( ﬂ is an eventually
X+ Yy -

fixed pointof F, m=1.



Definition (1.).Y¥)[' 4]

Let A be an nxn matrix .The real number 2 is called eigenvalue of A if
there exists a non zero vector X in R" such that

AX=1X (.Y)

Every non zero vector X satisfying ().Y) is called an eigen vector of A

associated with the eigenvalue 2.

Remark (Y.).Y£)[Y +]

Xo

Before we show the type of fixed point ( j we need to indicate distance

Yo

on R" .To this end ,let v=[);J ,W=(£J.And let the distance |v—w| between v

and w be the distance between the corresponding points in R that is

v =w]=V(r =% + (s~ y)? ().%)

Definition (1.).Y9)[) +]

Let [pJ be a fixed point of F, then [p] is attracting fixed point if and
q q

only if there is a disk centered at (pj such that F(”)(XJ —>(pj for every
q y q

(Xj in the disk as n——.By contrast [pj is repelling fixed point if and only
q

| {0 A2 e

if there is a disk centered at [p] such that
q

m in the disk for which [“j . (F’j .
v v q




Theorem (V.Y V[V ]

Let (pJ be a fixed point of F. Assume that DF(pJ exists, with eigen values
q q

A . A,, then :

(") [2] Is an attracting fixed point, if 4, and 4, are less than one in absolute
value .

(Y) (z) is repelling fixed point, if 4, and A, are greater than one in absolute
value .

() [zj is saddle point, if one of 4, , 4, is larger and the other is less than one

in absolute value.

For proof see [ +].
Example (Y)Y +]

Let F(Xj{y_ J then
y asin(x)—y

(M) %) jsan attracting fixed point if _—i<a<~,

(") 9] is a repelling fixed point if a>Y,

(M 8 is saddle fixed point if :<a<¥.

Definition (Y.Y.YM[¥]

Let F: R" ——R"be a map. The fixed point (pj Is called hyperbolic fixed
q

point of F if DF[pJ has no eigen values on the unit circle, otherwise is said to
!

be non hyperbolic .

AR



For example (gj in example (1.).Y1) is hyperbolic, ifa=Yand a= +.

Definition (1.).Y3)[¥Y]

Let GL(Y,Y) be the set of all YxY matrices, Az(: ijhere a,b,cd eZ

such that Det(A)=+ ).Then if 4, , A4, are eigen values of A satisfying
AeGL(Y,Y) such that |2, >Y>|4,| then we call the matrix A, a hyperbolic

matrix .

Definition (Y.).¥ )[¥]

LetV,ScR? F:V—Vand G:S——S be two maps .Then Fand G are

said to be topologically conjugate if there exist a homeomorphism H:V ——S
such that HoF=G-H .

Remark (Y.).¥ V)] +]

The homeomorphism H is called a topological conjugacy .

Example (1.).¥Y)['¢]

2x for OSXS1

N

Let Q,(x)=¢x()-x) for »<x<Yand T(x)= L :
2(1-x) for §<x§1

Q. is topologically conjugate to T(x). Where topological conjugacy is sin® %x.

Definition ().).¥¥)[) +]

Let (pj be a fixed point of F .The basin of attraction of [p] consists of all
q q

(stuch that F" (Xj _>(pj as N —soo.
y y q

VY



Theorem (V.).Y$)[Y]

Suppose that F has an attracting fixed point at (pJ ‘Then there is an open
q

set about [pj, in which all points tend to [p] under forward iteration of F.
q q

For proof see [Y].

'Y



\-Y Definition and some forms of Henon map

In this section, we start by recalling a definition for Henon map, we give
some forms of it, and we will study the two parameter case.
Henon map is a simple two-dimensional map and special quadratic polynomial
diffeomorphism of R" which may be written in the form Ha’b(ﬁ:[a—bzf(—xj
where (a,b)eRx(-),)\{*}.

This map was introduced by French astronomer-mathematician Michel Henon

in YAY1, primarily for experimental purposes .

Another form of Henon map is an analogue of the logistic equation . It is

defined by the equations .
X n+1 =1- axn2 + yn
yn+1 = bXn (\ .O)

where aand b are real constants ;a controls the extent of the nonlinearity,
while b controls the degree of dissipation .Note that ,unlike the logistic
map ,the henon map is invertible ,while noninvertibility is necessary for chaos

in one dimensional maps , it is not required in higher-dimensions . Generally,

the sequence of points @"j@lj@'j for i =0,,2,...either diverges to
0 1 i

infinity (forx, large) or settles onto an attractor (for [X‘)j near the origin). A

0

V¢



fixed point analysis similar to the one performed earlier for the logistic
equation may be carried out here to determine the behavior of the map as a

map of a and b . For example the two fixed points are found to be

x§=2—1a[—(1—b)i\/(1—b)2+4a] where a=0 , y; =bx; [Y+]. The point (X] Is
y

3(1—Db)>

always unstable and ( ]becomes repelling for a > And for 1— both
y:

fixed points become repelling for a=0.3675 and a two-cycle is born. Now let

us list some forms of Henon map from

DLELOLALDYLD LD LD YLD AL

O ({77
O (5
O )
L e P
R e A

(YH,,: m N [“ yai bxz]

Yo



a—by —x?

In our research we take the form Ha,b(x]:(
X

J, H,p depends on
y

two real parameters, where |b<1 .We note that there is only one nonlinear

term ,so that H,, is indeed one of the simplest nonlinear maps in higher

dimensions .

Definition (V.Y.Y) [V].[Y +]

A bifurcation is a sudden change in the number or nature of the fixed and
periodic points of the system .Fixed points may appear or disappear, change

their stability, or even break a part into periodic points.

2 * *
If a=0,a> _(1;b) Henon map in ().°) has two fixed points (X;J , (X:J one
y_ Y.

of them is attracting fixed point where a is a nonzero number lying in the

interval [—(1;b)2 ,3(1;b)2 ].and the second fixed point is a saddle point where

~(1-b)*

a> ,a=0.Furthermore, we have the following situation for a given

value b in (0,1).1f a<

_(14_b)2 ;then ().°)has no fixed points, if a is nonzero

2
number , % <

2
a<@ ,then ().©) has two fixed points one is attractor

and the other is a saddle point .Now let b be fixed in the interval (0,1) ,and let

2
the parameter a increase .In addition to the bifurcation at a:@, (V.9)

3(L-b)?

has a bifurcation at a = ,because one of the two eigen values of Henon

X"

*

map defined in ().°) descends through -1,s0 that (
y-

J Is transformed from an

V1



attracting fixed point to a saddle point ,we might suspect that as a passes

3(1—Db)?

through , an attracting periodic point of period m for ().¢) would be

born .

AR%



CHAPTER TWO
A characterization of the Henon map in parameter

spaces
The goal of this chapter is to study type of fixed points in different

parameter spaces and the existence of periodic point of Henon map with
respect to parameter spaces. This chapter consists of four sections. In section

one, we give some properties of Henon map. In section two we determine type

of two fixed points where |b/<1 , .In section three, we

2 2
~(b+1)° _, (30b+D)
4 4

. In section

2 2
determine type of fixed points where |b<1 ,_(b;rl) <a<3(bzl)

3(b +1)?

four, we determine type of fixed points where first |bj>1 and a> and

second b=-1anda>0.

¥.Y Some properties of Henon map

In this section is to study some properties of Henon map. First of all, let us

observe how the Henon map acts . For our illustration , we will take a

rectangle .The first thing that we can observe that Tl:@j —>[(1) E][);J IS

contracting Tg(i]—{ X J is translation.

a-y

YA



Thereisafolding T, @J — [y—xsz , arotation iny by %

T4:(Xj—>(0 1][)() andareflectioniny,TE:(Xj—{1 O][Xj.
y -1 0\y y RN

Let us observe the orbit of a typical point (;]under the composition

TeoT,oT,oT,o T, IfT, (X)=X,,i=1...5,then we get x,=X,y,=by,

X, =X1Y,=a- Yy, . X;=X,.Y;=Y,- X221X4: Yai¥o= X3 X=X Y=Y, then for

T.oT,0oT,oT,o Tl();j

the first coordinate is : the second coordinate is:
Xs=X, Ys=Y.

=Y = X

=Y, X, =X,

=a-y,- X’ =X,

=a-by-x? =X

therefore T,o T,o T,o T, T, (;]zHa,b (ij .The Henon map can be realized

as a composition of contracting, translation, folding, rotation and reflection.
These properties of stretching and folding are responsible for the beautiful

dynamics of Henon map .

Proposition (Y.V.))[Y¥L[' Y]

Let H: R" —— R be a Henon map and b be any fixed real number. Then

0) JHa,b(XJ =b , Vv XxyinR.
y
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(Y) If x'-b> +, then the eigen values of DH a,b(XJ are the real numbers
y

-xtx-b .

(Y) Ifb=+, H,p is one-to-one map
(¢) The Henon map H,p is C~.

() If b=+ then Hyp has an inverse.
(") If b=+ H,p is diffeomorphism .

-b

proof :(1) from definition ().).)), DHa,b(Xj:[_fx .
y

JHa,b(ijdet (_2" _bjzb
y 1 0

(Y) If 2 is eigen value of DHa,b(Xj then must be satisfied the characteristic

j,then

y
equation A*+2xA+b=0 and the solutions of this equation are 1,,, where
— +4/4x? _ . ]
Ay, = X 24X 4 =-x ++/x*—b which are real since x*-b>0.

) Let[xlj , (XZJ cR’ such that Ha,b(xlj:Ha,b(XZJ then
Yi Y, Y1 Y,

—by. — —by. —
(a 3:1 XlJ =[a iz XZ) then a-by,-x,=a-by,-x,and x,=x,,
1 2

hence by,=by, and b=+ soy,=vy,, thatis, H,, one-to-one.



(%) Hab(sz(a—by—xzj then M:-Yx | af(x’y):-b, 8g(x,y)=\’
-y X OX oy ox

%=~, so all first partial derivatives exist and continuous. Note that

2 n n n
Ty TTY) 0 g peNand nay, TTEN o GOY) o, gy

ox? OX oy oy"

3" g(xy) _

===+ vneNand n>Y .
oy

We get that all its mixed k™ partial derivatives exist and continuous for all k.

From definition ().).A) Ha,b(xj isC* .
y

(°) We define the following two dimensional maps H,, H,and H, where

_ g2
Hl(XJ:(XJ : HZ(XJ:[ yj ,H3(a+x y J,the Henon map is composed of
y) \by y X y

H,, H,, H, and these maps are invertible maps so H,, is also invertible map

X
and Hypt= H,”> H," o H,* where Hll( j= y ,Hzl( j:( yj,
y) % y) (-x

_ 2 y
Hs-l(sz[x aty j,HllonloHa-l(ij a—x—y? |, hence Ha,b(XJ is
y y Yo \7 % y

y
invertiable where H, (XJ: [a X — yz].

X

(N) By part (Y) and part (¢) of this proposition Ha,b(
y

j IS one-to-one map and

C~.
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To show it is onto let (VZVJbe any element in R' then there exist x=w,

a-w-z2

y= in R such that (inn R" and Ha,b(xj:[zj hence Ha,b(xj Is onto,

y y) W y
and by part(°) Ha,b(xj is C* and Ha,bl(xj is C~.Hence by definition
y y
(Y.).) ) Hgyp is diffeomorphism. o

Proposition (Y.).Y)

O)v m c(@{), PR, DHa,b(Xj is a hyperbolic matrix iff o=,
y y
(VI || <) then H,), is area-contracting and its area-expanding if |b|>).

Proof () (——) Let DHa,b(ije a hyperbolic matrix then in view of
y

definition().).7%) DHa,b(XjeGL(*,V) then det(DHa,b[Xj) = b =+), hence
y y

|b|:\_

() Let [p=" then det(DHa,b(Xj) =p=+) ,DHa,b(XjeGL(*,*) and by
y y

1

the relation between roots and coefficients 1, 4,=+) so |/12|:|/1|
1

(")

and by proposition (Y.Y.)) 2,4, are two distinct real numbers and since

Yy



xe{-V,* )V}, |4 =", vi=),Yand since R is totally order set so either |]>)

or [4]<) vi=),Y,if |4|>) from (Y.)) |/7L2|=|/1i <Vand if{4|<) then

1

1
Al=L>,
| 2| |ﬂ“1|

(Y) If o/ <) then

det(DH a'bm)
y

< and from definition ().).1¥) Ha,bm is area-
y

contracting map and if o/ >" then det(DHa,b[i])

>Y this implies that Ha,b(XJis
y

an area-expanding map.

Proposition (Y.).Y)[¥]

For each value of b in R, there exists b,in R~ U{*} such that, if a> b , the

Henon map has two fixed points.
Proof: Let beR, the point [SJ is a fixed point of Hayb(XJ provided that
y

2
(SJ:H""b[gJ:(a_bq_pj' Then p=q and p=a-bg-p?, implies that
p

p=a-bp-p®.This is equivalent to p*+(b+1)p-a=0 which by the quadratic

formula yields p:_(b+1)iV2(b+1) +4a (¥.)
2 2
such p exists if(b+1)? +4a >0, that s if a>—C" 2" we take b,=—PY"

R-U{:}andsince p=q ifa>b, Ha,b(xj has two fixed points
y

Yy



—(b+1)+/(b+1)? +4a

P+=(p+ (a’b)jz 2 (Y.Y)
p.(@b)) | —(b+1)+(b+1)2+4a
2

~(b+) -/ (b+1)*+4a

P:(p_(a,b)j_ 2
S \p_@h)) | —+D)-+(b+1)?*+4a
2

= (7.%)

Proposition (Y.).¢)

The set of fixed points of Henon map is closed .

Proof: Let A be the set of fixed points of Henon map then

A:{(Xj:Ha,b(Xj:(xj},Ach.To show that A is closed set , Iet(xj cActhen
y y y y

Hap [XJ " [XJ and since AcR?,we have two distinct elements in R?2and R?is
y y

hausdorf space then there exists two disjoint open sets M,N in R?such that

(Xj <M and Ha,b(XJ < N hence (X] e MNH.,1(N) ,since N open subset in
y y y

R?and H,;, is continuous map we have H,,-*(N) is open subset in R*.Let

MM H.p(N) =V, we claim that V< A°. To show this, let (rj <V then (r] <M
S S

and [rJeHa,b-l(N) so[rjeM, Ha,b(rjeN but since MNN=4¢,then ( ]iHa,b[rJ
S S S

r
S S

S y
find the open set V such that V< A° so A° isopen. Then Ais closed set. O

hence (r) < Ac.That is our claim is true. Hence for each (inn A° we could

Y¢



Proposition (¥.Y.8)[¥]

For each value of b in R there exists a unique b ,in R~ U{*} such that if
—(b+1)
- - - 2 -
J has a unique fixed point _(b+1) and if
2

X

a= b, the Henon map Ha,b(
y

a<b ., Ha,b(xj has no fixed point.
y

Proof: Let (a,b) be any element in RZ,CIearbeO:_(b;rl) e RPU{ }If

—(b+1)
a= b, then (b+1)2>+4a=0 , from (Y.7), (¥.£) P,.= P. = —(b2+1) is a unique
2

fixed point of Ha,b(xj but if a<b , we get that (b+1)* +4a<0 and the equation
y

X

p’+(0+1)p-a=0 has no real solution, so Hayb(
y

J has no fixed point in this

case . O
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¥.Y A characterization of the Henon map for

bj<1,

~(b+1)° o, L30b+D’
4 4

The goal of this section is to determine a type of fixed points of Henon map

Hap Where (a,b) eM and M is a parameter space defined as:

2 2
M={(a,bybl <1, ~ 0" <q < 302D

,a,be R} , HM:{ Ha,bi(a,b)e M}.

Proposition (Y.Y.9)[¥]

Let Hope Hwm. If p.’(ab) —b>0 then H,, has an attracting fixed point

[p+(a’ b)J , and a saddle fixed point (p‘(a’ b)] :
p.(a,b) p_(a,b)

p.(a,b)

Proof: By theorem ().).Y1) we get ( b)J Is attracting fixed point if the

+

eigenvalues of Ha'b(p+§a’m are less than ) in absolute value . Let
P, (a,

SO 0<(b+1)* +4a<4(b+1)°,

2 2
P X eHwm so |b|<\ and —(b+1) <a<3(b+1)
(a,b) y 1 ;

thus0 <./(b+1)* + 4a<2(b +1) (¥.°)

by adding —(b+1) for both sides of inequality (Y.°) ,we get that
—(b+)<-(b+1) + /(b+1)* +4a<(b+1) then

Y1



—2<—-(b+)<-(b+1) + (b+D)*+4a<(b+1)<2 , SO

_ 2
1< (b+1)+x/2(b+1) 42 <1, from (V.Y), we get —1<p_(a,b)<).From now for

simply we refer to p.(a,b) as p,, hence p,+1>0 and p,-1 < 0 SO

|p+ +1|=p+ +11|p+ _]'Izl_ p+ (Y-t)

by proposition (Y.).)) , the -eigenvalues of DH,, [p+j are less than Y in
P,

absolute value if ‘— p, £/p.° —b‘ <1.

Now from (Y.¥), 2 p,= —(b+1) + \/(b+1)*> +4a .Therefore 2 p,>—(b+1)

or equivalently, 2 p, +1>-b and by adding p.* for both sides, we get that
p.2+2p, +1>p.2-b, thus (p, +1)*> p,2-b,50 /(p, +1? >\/p.>-b

that is |p, +q>m , then by (Y.7) p, +1>/p,” —b. Hence

—p, ++p.” -b<1 (.Y)
Since p,<1and ,/p,>~b>0,weget —p, +/p.> ~b>-1 . (Y.A)

Now by (Y.V) and (Y.A) ‘— 0. +/p.? —b‘<1 s0 4] <1, for |,| since p,>-1

and p,’-b>0,weget p,+p.°-b>-1 . (Y.9)

Yv



Also we have a<

3(b+1)?
4

, S0 y(b+1)* +4a <2|b+1=2(b+1), hence

,thatis -b<1-2p, (Y.)+)

—(b+1)+1/2(b+1)2+4a<(b-2+1) by (V.7) Io+<(b;rl)

By adding p.’for both sides of (Y.)+) ,we get p,* -b<p,?+1-2p,,

then by (¥.7), {p.” -b<|p, -1 so p.”-b<i-p,.Hence
P, ++p,” ~b<1 (Y.))

Now from (Y.A) and (Y.))), ‘p++1/p+2—b‘<1, SO |4,|<1,50 by proposition

GRS (p+] is attractor fixed point.
P,

For the second part ,from (Y.£) p_(a,b)= . From now for

—(b+1) -+ (b+1)* +4a
2

simply we referto p_(a,b)as p_. Hence 2p_ =—(b+1)—/(b+1)* +4a
S0 2p_<-(b+1). Hence 2p_+1<-b . (Y.\Y)

By adding p_? for both sides of (Y.)Y) weget p_*+ 2p_+1<p_*-b

s0 /(p_+1)><y/p.—b. Hence [p_ +1<y/p *-b . (YY)

Therefore p_ <R theneitherp_>-1 or p.<-1.If p_>-1 from (Y.\Y)

p_+1=|p_+1<p.*-b.Hence -p_+p*-b>1 . (Y.)9)
If p_<-1then —p_>1,s0(Y.)¢) holds, and from this
‘— p_++p.° —b‘:— p_++/p.° —b>1. By proposition (Y.).)), [4]|>1, now from

(Y.)), we get |4, 4,|=[b|<1 then |12|<ﬁ<1 and by theorem ().).Y1) (E‘J is a
1 _

saddle fixed point. O

YA



Proposition (Y.Y.Y)

There are no point of period two for H,, (Xj c Hwu .
y

Proof: Suppose that there exists a periodic point of period two

for H,, <Hw then from definition (1.).)%) we have H? (Xj:(xj, SO
y) \¥

[a—bx—(a—by—x ) J: (XJ.Then a—bx—(a—by—x?)2=x

a—by—x? y
a—by-x’=y (Y.)9)
S0 a—bx—y’=x
x=27Y (Y.)%)
b+1
- - a_y2
substituting for x , a—by—(ﬁ)zzy , We get
+

(b+1D)*a-(b+D’by—(a-y*)*’=0b+D*y SO0 (a-y*)*+(b+1)°y-ab+1)*=0.
hence y* —2ay’ + (b+1)°%y+(a* —a(b+1)*)=0. (Y.\Y)
Since the equation y*+(b+1)y—a corresponds to the fixed points, the
polynomial p(y) = y* + (b +1)y —a is factor polynomial of

q(y) =y* -2ay’ +(b+1)°y+(a*-a(b+1)*> and by factor theorem there exists a
polynomial h(y) such that q(y)=h(y) p(y) and periodic points are roots of the
equation h(y)=0.We can find h(y)=y*-(b+1)y+((b+1)*-a)=0, where
(a,b)e M, and the quadratic equation y*-(b+1)y+((b+1)°-a)=0 has a

solution, for (b+1)* —4((b+1)* —a) >0 .That is —3(b+1)* +4a >0 ,hence

a> which is contradiction O

3(b +1)>
4

AR



¥-¥ A characterization of the Henon map for [p|>1 and

~(b+1)° o, L30+D’
4 4

The goal of this section is to study a type of fixed points of Henon map

H., ,where(a,b) in N, N is a parameter space defined as:

N={(a,b):[o|>1, ,a,beR} , we divide N into two disjoint

2 2
-(b+1) <a<3(b+1)
4 4

spaces N*{(a,b) € N:b>1}, N = {(a,b) € N :b<-1} , and we denote
Hyve={H.,,:(ab) e N" }y Hy\-={H,,: (ab) e N }.

Proposition (Y.¥.))

Let Hype Hnt. If p.’(ab) —b>0 then H,, has a saddle fixed point

(p(a,b) p+(a’b)J |

.and a repelling fixed point
p_(a,b)] petiing Tixeap [p+(a,b)

proof: Let Ha,b@jbe any element in Hy+. Then (ab)eN*hence

2 2
b>1,¥<a<@. From (Y.£) 2 p_.=—(b+1)-(b+1)? +4a.Therefore

2 p.<-(b+1)<-2 .We note that -p >1 and since /p.®-b>0, we get

‘—p_+,/p_2—b‘:—p_+1/p2—b>1. (Y.VA)

On the other hand, 2 p_<-(b+1)<(b+1),0r equivalently —2p_+1>-b by

adding p_? for both sides, we get , p_>*-2p_+1>p_*-b, thus



(p_-1)?>p_*-b or (p_-1)* >yp.*~b , hence [p ~1>p*-b . (Y.)9)
Since, p_<-1, hence |p_-1=1-p_ thus 1-p_>\p.*-b .

Hencep_+ yp.>-b<1 (Y.X4)

In the same way, since 2 p_<-b-1,0r equivalently 2p_+1<-b by adding

p_“for both sides, we get p >+ 2 p_+1<p_’-b,or (p_+1)?<p.’-b,
hence/(p_ +1)* <y/p_®*-b.Thatis |p_+1<p.*-b ,since p_<-1,we get
—p_—-1<p.>—-b, SO -1<p_++p°-b . (Y.))

Now from (Y.Y+) and (Y.Y)), we get that ‘p +4/p.° —b‘<1, hence |4,/ <1 and by

(Y.YA) |4/>1, in view of theorem ().).Y1) [EJ Is a saddle fixed point, for the

second part since b >1, under the given condition must be p,>1 or p,<-1.

Case : If p .>1 then |p,-1=p, -1 (Y.YY)

2
we have a<3(b11) , SO —(b+1D) +da+(b+1)*<b+1) by (V.Y) we get

2p,<(b+1). Thatis-b<-2p, +1 (Y.YY)

By adding p.’for both sides of (Y.YY) ,we get that p,>-b < p,*-2 p, +1
or \/p,”-b<(p, -1 then by (¥.Y) we have | p,” -b<|p, -1= p, -1. Hence
p.-y/p.>—b>1

AR



(Y.Y¢) Since ‘_ p. +,/pf_b‘:
‘— p, +4p,° —b‘ >1,

p. —/p." =b| by (Y.Y), we get

p. +4p.° —b‘=|12| >1 by

hence |4|>1 since p,>1, clearly p, +p,”-b>1 so

theorem ().).Y7), (?j Is a repelling fixed point.

+

Case Y: If p,<-1,sincep,?-b> 0 then p,-/p.?-b<-1, hence
p+—\/p+2—b‘:‘— p++w/p+2—b‘>1 (Y.Y9)

S0 |4|>1, since /(b+1)? +4a >0 we have —(b+1)+ /(b+1)* +4a > —(b+1)

, by (Y.Y) we get that p+>#.

That is 2p, +1>-b
(Y.YW)

By adding p.” for both sides of (Y.Y1), we getthat p,”>-b < p,*+2 p, +1,
thus /p,* -b<y/(p, +1)* ,since p,<-1we havep,’-b<|p, +1= -p, -1,
hence p.++p. -b<-1

(Y.YVY)

SO

p, +4/p.° —b‘=|/12|>1 by theorem (1.1.Y1) (E*J is a repelling fixed point. o

+

Proposition (Y.Y.Y)

vy



IfH,, ¢ Hy-then H,, has a saddle fixed point,(IO+ (a’E;j, and a repelling
fixed point [p‘(a’b)].
p_(a,b)

Proof: Let H,, ¢ Hn-, then we have (a,b) ¢ N-and from (Y.¥) we have

2 p.=—(b+1) +(b+1)2+4a, hence 2 p.>—(b+1) . (Y.YA)

Or equivalently, 2 p, +1>-b. By adding p.* for both sides , we get that

p.+2p,+1>p,° —b, thus /(p, +1)* > p.”-b, hence
|p++1|>\/p+2_b " (YY‘I)

Now since (a,b) € N~ ,we have —(b+1)>0.From (Y.YA) p, +1>0 then (Y.Y4)

becomes p, +1>,/p,”-b, hence—p, + p.>-b<1l . (Y.v)

On the other hand, since —b >0, we have /p,> —b>4/p,” =|p.|, hence

—p.+yp. =b>-p, +[p,|=0, 0 we get \— p++\/p+2—b\=—p++vp+2—b
from (¥.Y+) and proposition (Y.\.\)‘— p, +/p,° —b‘=|21|<1, for 2, since p,>0,

we get that

p++\/p+2—b‘=p++\/pf—b : (Y.%)
On the other hand , since —b>1,p,>>0, we have  p,” —b>1,then from (Y.YA)

we can say that , p,++p.2-b>1 . (Y.vY)
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By (Y.¥)), (Y.YY) and proposition (¥.).)) we get

p. ++/p.° —b‘=|/12| >1, hence

by theorem ( Y.).Y1) (E*Jis a saddle fixed point. To show that (EJis a

+

repelling fixed point, from (Y.¢) we have 2 p_=—(b+1)-/(b+1)* +4a

then 2 p < —(b+1) (Y.YY)

as the same as (¥.Y)), we get that |p_+1<p.*-b , since (a,b) € N~ we have

2
a<—3(b;“1) and b<-1thus /(b+1)? +4a<4(b+1)’and b+1<0, hence

Jb+1)? +4a<2p+1=-2(b+1), S0 —(b+1) —\/(b+1)* +4a >(b+1), then from
(Y.¢), we get 2p_>(b+1), from (Y.¥Y) we get that (b+1)<2p_<-(b+1)
then we have two cases :

Case): If (b+1)<2p_<0,then —-b>-2p_+1, thus [p_-1<p.* -b

hence 1- p_<.p_?—b,thatis p_+p.>-b>1. (Y.Y¢)

then by(Y.v¢)  and proposition(¥.) .\)‘p +4p. % - b‘ =|4,|>1

(Y.Y°) For 4, , since p_<0 and b<-1, we have /p_.*-b>1, soO
—p_++p.*-b>1 , then by proposition (Y.).)) |4 =‘— P +yp° —b‘ >1
(¥.vY) Now by (Y.Y¢),(Y.¥e) and theorem().).Y T)(Ej is a repelling
fixed point

Ye



Case Y: If 0<2p_<-(b+1), in the same way as (Y.)¥), |p_+1<p.*-b , thus
p.+1<yp.*-b, hence —-p_ +p.?-b>1, hence by proposition (¥.).))
|ﬂ1|=‘— p+w/p2—b‘>1 .Since p_>0,\p *-b>1,we get that p_ +p.>-b>1 .

By proposition (Y.).)), |/12|=‘p_+w/p_2—b‘>1, hence by theorem ().).¥7)

[E‘j is a repelling fixed point. O
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Y-t A characterization of the Henon map for |y>1, a>3(bj11)2

Our goal of this section is to determine a type of fixed points of Henon map

H.,, where (a,b)in G, G={(a,b):|n>1,a>

2
3(b11) ,a,b e R},we divide
Ginto G,, G_where ,G*={(a,b) € G:b>1},G ={(a,b) e Gib<-1 }.
We have Hg*={H,,: (ab) e G" },Hc-={H,,: (ab) e G }.

Proposition (Y.£.Y)

LetH,, ¢ He*, if p,’(a,b) —b >0 then H,, has two saddle fixed points .

Proof: LetH,, (Xj e Hg*, then(a,b) e G" From (¥.Y), we have
y

2 p,=—-0b+1) ++(b+)*+4a ,thus 2 p,>—(b+1).Hence 2 p, +1>-b.

By adding p,*for both sides, we get that p’+2p,+1>p,°~b, SO

J(p, +1)? >/p,’-b Hence|p, +1>/p,” -b
2
(Y.YVY) Now since (a,b) € G we have a>3(b21) , thus

1



—(b+1) +4/(b+D)*+4a>{0+1). By (Y.Y) 2p,>(0+1), hence p,>1, from

(Y.YV), —p++1/p+2—b<1 ) (Y.YA)

Since 2p,>(b+1), we have —b>-2p, +1, by adding p,* for both sides , we get
that p,> -2p, +1<p,’ b, thus /(p, -1)* <\ p.’—b, by definition of absolute

value |p, -1 </p,” -b ,since p,>1 we get p, -1<\p,”-b .
Hence —p, ++p.>—-b>-1 . (Y.79)

So from (Y.¥A),(Y.¥), we have ‘— p, +p.° —b‘ <1 and by proposition (Y.).))

[4]<t, for 2, from (Y.)) |4, 4,[=[p|>1 , then |/12|>ﬁ>1, then by theorem
1

QAR (p*j is a saddle fixed point. To show that (Ej Is a saddle fixed point.

+

From (Y.£), we have 2 p_.= —(b+1)-/(b+1)*+4a . Itis clearly that
2 p.<-(+)< (b+1) and -b<-2p_+1,50 [p_-1>p.°-b . (Y.¢4)

Since 2 p_.< —(b+1)<-2, we get that 1-p_>/p_*> —b hence we have

p_++4p’-b<i
(Y.£))

On the other hand, since 2 p_< —(b+1), in the same way as (Y.Y)) ,we get

v



~1<p_+4p -b (Y.£Y)

now from (¥.€)) and (Y.£Y), we get ‘p_ +4p.° —b‘<1. Hence |1,|<1 for4, from

(Y.1), |44,|=]b>1, then |/12|>ﬁ>1 and by theorem (\.\.YT){E‘j is a saddle

fixed point. O

Proposition (Y.£.Y)

IfH,, ¢ He- then H,, (XJ has two saddle fixed points.
y

Proof: Let H,, (X]e Hg- , by the same way in (Y.)Y), we can show that
y

|p7+1|<,/p72—b . (Y.£Y)

Since a>w , S0/(b+1)? +4a>2p+1=-2(b+1).By (¥.¥) 2p,<(b+1) in the

same way as (¥.)%), we can show that |p_-1>p’-b
(Y.£¢)

Since 2p_<(b+1) and (b+1)<0, we have |p_-1=1-p_, hence from (¥.¢¢)

P +4p’-b<1
(Y.¢°)

Now since p_ <R, we have two cases

Case): If p_<-1,then from (Y.£€Y) p_ +p.>-b>-1

YA



CaseY: If p.>-1,thenclearly p +p°-b>-1 . (¥.¢7)

Hence from (Y.¢0), (Y.£7) ‘p_+w/p_2 —b‘=|/12|<1

(Y.£V)

For 4, from (Y.)), |4, 4,|=|p/>1 then |/12|>ﬁ>1 and by theorem ().).Y1)
1

(E‘j is a saddle fixed point. To show that (?j is a saddle fixed point, by the

same way in (Y.Y%) we get |p, +1>/p,” -b. Since 2p,>—(b+1)>0, we have

—p, ++/p.> —b<1, on the other hand 2p,>-(b+1)>(b+1) then by the same way

in (7% |p.-1<\p. b . (1.4)

Now if p,<1 then —p, ++p.>-b>-1 and if p,>1 by (¥.¢{A), we have

~p.+p, 7 ~b>-1, hence |-p, +\p.”-b[=[z[<1 . (V.29

Since |ﬂ,2|>ﬁ we have |1,|>1 the by theorem ( 1.).¥1) (E‘J is a saddle
1 _

fixed point. O

Proposition (Y.£.Y)

If (a,b) e G then the Henon H,, map has two periodic points of period two .

Y4



Proof: Let (leand[%j be two different vectors such that H,, Py :[qu
P, g, P, d,

2 2
and H,, (ql} Pu] thus [a_bpz ~ P j:(qlJ{a—qu % J=(p1J then
a, p, P, a, g, P,
a_bpz_ p12=q1’ a_qu_q12:q2 and
P=0, O =P, (Y.2+)

eqUivaIently a, -4, :b(qz - pz) + (q12 - plz) .

p2_p1:b(pl_p2)+(p22_plz) ' (Y-o\)

Since (El}(gljare different p,—p, =0, hence from (Y.©)), we get that
2 2
p,+p,=b+1. From (¥.°*) p,=b+1-p,=a-bp, - p,’=a—bb+1-p,) - p,’

thus p,” + blo+1-p,)+b+1—p,—a=0,50 p,”+ (b+)b+1-p,)-a=0 (Y.°V)

since (a,b)eG, thus (Y.eY) has two real solutions

_ (b+D+4a-3(b +1)?

1+ 2

0, = (b+1)—4a—3(b+1)° (Yo%)
1-- 2 .

b+1)++/4a—3(b+1)?
and p, ,=(b+1)-p,.= (b+1) ; (b+1) , hence we get that




(b+1)++4a-3(b+1)> | | (b+1)—+4a-3(b+1)°
2 2
(b+1)—+/4a—30+1)° || (b0+1) +/4a—3(b+1)°

2

2

are two periodic point

for Henon map of period two. O

Proposition (Y.£.£)[Y]

If g2 30+D°
4

and b> -1, then one of the eigen values of DH,, at P.(a,b) is

-1.

2
Proof: If a= 3(b21) , then J(b+1)? +4a=2b+1=+2(b+1)and from ().).£)

0 :—(b+1)+w/(b+1)2 +4a=(b+1) (\‘ 02)
2 2 '

+

Now by proposition (Y.).Y) and (Y.©¢), we get that the eigen values of DH,, at

P.(ab) are - p,(ab)+/((p,(a,b))’ b

_ (D) +W=_M+H=_1onb .
2 T\ 4 2 T 2 '

Proposition (Y.£.0)[ Y]

2
a= 30D and b < —1, then one of the eigen values of DH,, at P _(a,b)

1A



Proof: similar to proposition (¥.£.¢) .

Proposition (Y.¢.%)

If b=-1,a>0 then H,, has two saddle fixed points .

Proof : Since b =-1anda > 0 ,then from (Y.¥) and (V.¢) the fixed points are

p.)_(Va
P.=l " |= Y oo
(pj [ﬁj =9
p(ab)_(-+a
P= = ] Y ot
(p(a,b)j [—ﬁ] (=)
Then by proposition (¥.).1), 4, =-+a ++a+1.Now suppose that || > 1, then
-Va++a+1>1,sinceJa+1>va va>0,we have Ja+1-+a>1 s0

(a+1) >1+2va +a, that is va < 0.But this is contradiction hence |4|<1 . Since

1

M2, =b=-1, we have|1,| = ]
1

but |4| <1, hence |4,|>1. By theorem ().).Y%),P,

Is a saddle fixed point. To show that P. is a saddle fixed point.We suppose that

|4, > 1,then ‘\/E—w/a+1‘ >1,50 Ja+1-+a>1thus (a+1)>1+2Ja+a
hence,va <0 but this is contradiction, so must be|12|<1,since|ﬂi|>ﬁ>1, so by
2

_Jfa

theorem(\\“),( A
—4ia

]is a saddle fixed point. O

Proposition (Y.£.Y)

For the Henon map H,,  if b=-1 then there are no periodic points of period

two.

¢y



Proof. From the proof of proposition (Y.Y.Y), to determine a point (tho be of
y

2

period two, it must satisfy the equation x = ab_yl whose solution is undefined
+

forb=-1. O

Proposition (Y.¢.A)

If b=-1,a>0,then there are no eventually fixed point of H,, (Xj other
y

than fixed points .

Proof: by proposition (Y.).Y), we have only two fixed points P., P_and clearly

they are eventually fixed points . To show that there is no eventually fixed

point except (\/‘EN: \/‘/Q.For (\/‘EJ we suppose that there exists an eventually

fixed point [ *|for H,, [*| and | * 7{‘/5} then by definition ().).Y) there
y "y y)" \Va

exists a positive integer number n such that H" ,, @j is a fixed point of H,, .

Since we have only two fixed points, so there is nez* such that

N X:\/E — X_a+y—x2_\/aJ =
H a’b(yj (\EJ If n=1, then Hab(y}( : J_L/E SO a+y-x?=+a

Ja

and x=+a so a+y-a =+a . Thatis y=+a, hence (XJ:[
y) \Wa

J which is

AN



2y2
contradiction. If n=2 then H? (x]:(a+x—(a+yzx : J=£\/5J thus
y a+y-—x Ja

a+x—(a+y-x?)2=+a,a+y-x*=+va, so x=+a,a+y-x*=+a, that is

x=+/a,y=+a hence@j :[ﬁj but this is contradiction .Now suppose that it is
a

true for k-1 .We must show that it is true for k thus we have ,if

Hk—l(sz Ja then (Xj: Va , we must show that it is true for k that is
y) (Va y) \Va

oo (o)

ot (o e (e

a+y., — x4 =vJa,x.,=+a (Y.eV)

Ja

we put x,,=+va in (¥.°Y) we get y,,= +a, hence H“(Xj:[
y) (Va

j by our

Ja

supposition @j:[‘/gJ , SO it is true v nez*.In the same way, we can show

. X ~Ja X —Ja
that if H" = . then = . that means there are no eventuall
[yj (— \/EJ (yj (—JEJ Y

fixed points other than [‘/EJ, (“6

which are fixed points. O
Ja JE] P

Remark (Y.£.9)

123



From some theorems in this chapter we can deal with bifurcation point of

Henon map. Thus we have the following situation for a given value b in

—(1+Db)?
4

(-1,1) .From proposition (¥.).Y) if a> , then Henon map H,, has two

—(1+b)?
4

fixed points .From proposition (¥.).°) if a= , then H,, has a unique

—(1+b)?

fixed point and if a< , then H,, has no fixed points .Thus sudden

change in fixed point behavior is bifurcation .Thus particular example (with the
sudden appearance and then splitting of a fixed point )is called a saddle node
bifurcation .

: : 3(1+b)?
The Henon map H,, has a bifurcation at a= 2 , because from

proposition (Y.£.£) and proposition (Y.£.°) one of the two eigen values of H,,

2
Is —1,from proposition (Y.Y.Y) if a<@there are no periodic points of

2
period two and from proposition (Y.£.Y) if a>@there are two periodic

3(1+b)?

points of period two. Furthermore from proposition (Y.V.Y) if a< H.,

2
3azb) ",

has a repelling fixed point (E‘J, from proposition (¥.£.Y) if a>

has a saddle fixed point (EJ :

¢0
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CHAPTER THREE

The dynamics of H, , o <1

In this chapter, we introduce forward and backward iteration of Henon

map H,,, wherea=0,-Y<b <0 .In section one ,we study the type of fixed point
of Henon map H,, with a basin of attraction of one of fixed points .In section

two we study non existence of periodic point of Henon map in R" by finding
some region in R" .At the last we introduce forward and backward iteration of

Henon map H,,, wherea=0,b>0 .

¥-) Type of fixed points with basin of attraction

Our goal of this section is to determine type of fixed points of H,, with the

basin of attraction of a fixed point(gj,We will use maximum norm, where the

maximum norm of @jz”@j”:max{m v}

Proposition (¥.).))

If -1<b<0, then H,, has attracting fixed point (8) and a saddle fixed

. (—(b+1)
pomt [_ b +1)] .

1



0

Proof: Since a=0and -1<b<0. By proposition (Y.).Y) PF(O], P=(:§Eigj

are fixed points for H,, .By proposition (¥.).1) 4,, =+J/-b are eigen values of

y
attracting fixed point. To show that P.is a saddle fixed point . From proposition

DH,, (X] at P, . Since ~1<b<0 then 0<v-b<1land |1|=]4[<1, soO (8} is

(Y.).)), we have two eigen values,

A =—0+)+,(b+1)*-b
A, =—(b+D)—b+)*—b . (Y1)

Since b? +b+1< (b+2)thus Vb2 +b+1</(b+2)? =b+2 hence

—(b+D)++b*+b+1<1 . (Y.Y)

On the other hand, since vb? +b+1=/(b+1)?-b > /(b+1)? =|p+1=b+1

50 —(b+1)++b2+b+1>0, hence by (¥.Y) ‘—(b+1)+\/m‘:|/12|<1. (¥.")
For 4, since —1<b<0we have Vb +b+1>b? =[b|=-b . (Y.£)
By adding (b+1) for both sides of (¥.£), we get (b+1) + vb? +b+1 >1

then ‘(b+1)+,/(b +1)2 —b‘ =|4]>1. (¥.9)

Hence from (¥.¢), (¥.°) and theorem (.1.Y1), P_is a saddle fixed point. O

1A%



Remark (¥.).Y)

In view of theorem ().).Y¢), there exists an open set about (gj in which all

. 0 . :
points tend to (Ojunder forward iteration of H,,.The next theorem shows this

open set.

Theorem (¥.).Y)

Suppose 5= {@j 1%,y € R <1-]o}|y| <1-|b|,[o| <1} then for all (i] S

()=l
HS, | | — as n—— oo.
f y O

Xy

Proof: We claim that H,,(S°)<=S~, to show this , Iet( jbe any element in

1

H,,(S°) then there is Cjin S°such that Ho,b@j:(;lj{_by_x j .From this
L X

[y =[x <1-[o (")

and |x,|=]oy +x*| < b|y| +X° < (21— ) +@~|b])?
=[b| ~|b|* +1~2Jp| +[o]*=1-|t] . (Y.v)

Xy

Now from (¥.7), (V.V)( j e S°.Consider the maximum norm

)

1

,S0 | <r, |y|<r andsince|x| <1,

H@j”zmax{w M} Let r=

¢A



y| <1-1b, then r<1-|b|. We denote H,, " “Ifor | *|in S°,by %n ,then
’ y y

Y, =[x | = ‘by+x2‘ < |b||y|+|x|2 <l r+r?=r(b+r) D))

|x2|=‘byl+x12‘ <|b| r+r?(b+r)*. (v.9)
Now since 0<Jb+r <1, we have 0<r? (|o|+r)<r?, then

b r+r2(b|+r)’<[p| r +r>=r(b|+r), hence by (¥.A), (V.4)

Yol <r(b]+1). ("))

Now we claim that |x,,|<r(o[+r) ", |y,,|<r(bl+r)" . (Y.))Y)

We prove it by using mathematical induction from (¥.A), (¥.)+),it is true for

n =1, suppose it is true for k then |x, |<r(b[+r) |y, | <r(b/+r)
to show that it is true for k+1, 'y, ., =—by,,0 o — X202

=-by,, —X2.

Wageen| = [0V o+ Xai”| < I au |+ X |* < [0 ¥ (0] + 1) ¥+ 02+ 1) 2. (")
Now 0<(|oj+r)"“<1,80 r® (|p[+r) “+]o| r<|p|r+r*=r(bl+r)
Hence r ([o)+r) 2 “+[o r (|ol+r) “<r(p/+r) . (*OT)

Hence from (¥.)Y),we get |y,.,|<r(b[+r) ** . (Y. 9)

Also we have x, ., =- BY p4iys — Xzz(k+1)—1
—_ b 2
——0Y5 1 — X 2k11

:_bXZk - y22(k+1) ) Slnce Xy =VYna

2

< |b||X2k | + ‘YZ(ku)

SO ‘XZ(kﬂ)

:‘bXZk + y22(k+1)
<|b| ro|+r) *+r?(b[+1r) **

hence from (¥.)Y) we get that \szl) <r(b|+r) “**, hence it is true for k +1,

€9



Now b, =] % |=maxClc |y i

o U

norm of HObZ"{XJ
Sy

= Im |x,,[= M r(b+r)"=0, so by definition of maximum

n X —_—
Ho,bz (yj” _|x2n|then

0
lim |y, [=0 soH,, > (i]—)(OJ asn—->ow. (7.)9)

N—-—00

X
y

2

=}

If |H,,

0
]—{OJ as n—— o and

QH:|y2n| , as the same as (Y.\V), H,, *" [
since H,,(S°)cS* then v (;] e S°, we have Ho,b@] eS° by (¥.)°), so

X 0 X 0
H,, > (HO*’(yj)—)[o) as n—— o, S0 H,, M(yj—)(O] as n—— oo,

hence H,, " Cj —>(8J as n—>oo,V();jeS° .0



¥-¥ The Periodic Points for Henon Map Where a=0,-1<b<0

In this section we will show that Henon map H,,,-1<b <0has no periodic

points other than fixed points in the plane. To prove this, we divide the proof to
fifteen lemmas, thus we find some regions such that the union of all regions

covers the plane. We prove that there is no periodic point in each of them until

we get the main purpose. The regions are the following Q,,Q,,,Q,,,Q,,Q,and

in Q,define the following regions R ,R,,R,,R,,R;,R;, R, .

j:xzo,yzo}.

y
=[xz vy
y
X
Rf{(yj:x <bJ-y-y?}
_e(X). —x—x? 2 2
R,= y Yy < . ,—Y T —by<x <-y“,x<y}h

—_rl X). —X—x? 2 2
R={| |iy< by-y-y <x <-by-y°}

y b
—_rl X]. —X—X’ 2 2 2
R,= y y<— ,—Y T —by <x <-y ,x>y,by+x*>1}.
R,= X cy<—-1-b,x <-y %, x>y,by+x?<1,x>-y*—by,x>b/-y-y?}.

o)



v y?2
R7={();j:x<—1—b,y>—1—b,y>x,y2 xbx ,—y>—by>x>b/-y-y’}.

l"ig( 2):“2 ginn “1 .Rg.na.nq,nﬁ.ns.nr
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Lemma (¥.Y.))

H,, is topologically conjugate to H * .,

Proof: Let G: R® ——R" be a map defined by G@J:[EQ Clearly G is

continuous and bijective , G *is continuous, so G is homeomorphism and

2 2
GoHt[¥|=6| —xiyt =0 o o7 AE
e opt - =y |~ b - b2 ( )
y b by by

HOb ° G(ij Hob LbYJ:(b(bX)(by)zjz(bz(xyz)j:(_);_zy J . (V.\V)

From (Y.)1) and (Y.VVY), Ge H, = H,, - G. Hence by definition (Y.).v+), H,,

0.b7t

is topologically conjugate to H ;. . O

Lemma (Y.Y.Y)

There are no periodic points in Q, other than fixed points.
X
o) =t
0

From now for simply we refer to H, as H and H , as H *

ob*

X X Yon
H=| ™= 0 =) 1 . YA
(yOJ [y—(m—l)] [F(Xn + y—nz) ( )

We have -1<b<0,x,=Y,,Y, =_F1(x0+y0) then y , =_F1(xo+yo)>_F1x0 > X,

Xo

Proof: Let ( je Q,, we define norm H@OJ by
0

Yo

y, > X,and since y ,,x,are non negative y > > x,>.Thatis y > +y,* > x> +v,’

thus y.2 + %% > X2 + Y, 250V, 2 +X,° > %" + Y,

oy



>

hence . that is

P s e () %)

Since x, =y,>0,y, :_Fl(xf’ +Y,)=0,we have H " (Q,) = Q,, then (¥.)3) is true

H—n(XOJ H—n+1(xoj
Yo Yo

so the norms of the points in the orbit are strictly increasing. Hence there are no

forall nez*,hence > vnezZ", (Y.v+)

periodic point in the region Q,. O

Lemma (¥.Y.Y)

There are no periodic points inQ, ,.

XO yO

. X
Proof: Let csince H | 7% |=| -1 , 0
(YO] < Qs {yoj {F(Xo + YOZ)J Yo =

and x, >-y,’, hence x1>0,%1(x0+y02)20 ,S0 X, >0,y,>0

(le e Q,, that means Q,, maps into Q, then by lemma (¥.Y.Y) there are no

-1

periodic point for H in Q,, . O

Lemma (Y.Y.¢)

There are no periodic points of even period in Q,,.

Xo

Proof: Let[ ]e Q,,.From (Y.YA),since y_, =%1(x_(n_l) +Y oy )

0

Xy =Y (- SINCE X, <0,y, >0 ,50 X, =Y, >0,y = _Fl(xo +v,°) <0, hence

X,=Y,<0,y, :_Fl(x_l+y_12)>_?lx_l. Since -1<b<0, _le_1> X, =Y,>0,

o¢



-1 . .
hence y, >y, >0.In general y_, > B X0 > Xy = Yo s SO (y_,,) Is strictly

Xo

increasing sequence ,H ‘2”( ) in Q,, UQ,, then we have two cases.

0

Xo

Case V: If H‘Z"[ j € Q,,, then by lemma (¥.Y.Y) there are no periodic points of

0

even period for H.

Case Y: If HZ“[X"j € Q,, and since (y_,,) is strictly increasing sequence so
0

there are no periodic points of even period for H. o

Lemma (¥.Y.8)

There are no periodic points of odd period in Q,.

Xo

Proof: Let( je Q, since x, =y, <0, y, = _Tl(x" +Y,5),% >0 SO

Yo

-1 —
Y, = F(x0 +y,0) > leo > X,, hence 'y, >0,from (Y.VA) x ., =y, , We have
h 1 5y 1 = h by th
X,>0,theny,= F(X’z +y,)> FX’Z >X,=y,>0,nence x , >0 by the same

way y ;= _Fl(x4 + y742) > _le4 >x,=Y,>0, hence
Y oy > Yoongy > >Ys>Y3 >y, >0 . (V-Y \)

Either X,y >00r x,,,<0 S0 H -2 [§0] cQ, or H 21 ();oj cQ,
0 0

Xo

Case V: If Hz”l( ]e Q,, by lemma (¥.Y.Y), there are no periodic point of odd

0

period

00



Case Y: If H™* (XOJ €Q, since (y,,,) is strictly increasing sequence there are
0

no periodic points of odd period . O

Lemma (¥.Y.1)

There are no periodic points of even period inQ, .

Xo Xo

Proof: Suppose there exists ( ]in Q,such that ( jis a periodic point

0 0

of even period. That is there is 2n in z*, HZ”COJ:@"J : (Y.YY)
0 0

. — . X
Sincex =y ..y, = Fl(x_(n_l) +YZn) then either H —2n—1[ o] €Q,, or

0

H -2t (XOJ eQ, forallnenN.If H?>* @0] € Q,, from (*.YY) H*" (XOJ:(XOJ

0 0 0 yO

50 H-Z"-l[x‘)j: H‘l[x‘)], hence H-(H [X(’J): H‘l[xoj, H‘l[x‘)j €Q,,
yO yO yO yO yO ’

S0 Q,, has a periodic point which is contradiction .If H—ZH(XO] €Q,,, in the
0

same way, H " (H ™ (XOJ): H ();OJ H @0] e Q, ,that means there is a
0 0 0

periodic point of even period in Q, which is contradiction ,so there are no

periodic points of even period inQ,. O

Lemma (¥.Y.V)

There are no periodic points of odd period inQ,, .

h



Xo

Proof. Suppose that there is a periodic point ( Jof odd period m.That is there

0

exists at least positive integer n such that m=2n+1, and

X X . X
H_zn_l[yoJ:(yoj, SInce( OJ €Q,, ,wehave x, <-y,’,x,=y,20,also
0 0 0

Y :_Fl(xo +Y,") <0,hence H™ [XOJ eQ,, thatis H*(H 2”1[)(0]): H* (XOJ,

0 0 yO

also H>*(H™* (XOJ): H (XOJ hence Clj is a periodic point of odd period in
0 0 -1

Q. which is contradiction by lemma (¥.Y.2),hence there are no periodic points
of odd period inQ,, .
Lemma (¥.Y.A)

There are no periodic points in R,.

Xo Xo

Proof: Let [ ]be any elementin R, then( J €Q,, %, >-Yy,  thatis y,<0

Yo 0

_ X .
Xo <0, X, Z—yoz, SO X ,=Y,<0,y, :Fl(x0 +y02)20, hence ( lj eQ,.Thatis

-1

H-l[x"j €Q, that means R, maps into Q,, so by lemma (v.Y.£) and lemma
0

(Y.Y.e) there are no periodic pointsin R,. O

Lemma (¥.Y.9)

There are no periodic points in R,.

Proof : Let@‘)] e R, then @"j € Q,, %, <by—y, -V, ,thatis y,<0,x, <0
0 0

X, <by—y, =V, -Thus x, +y,” <b,/—y, SO %(xo +y,0)<—J-Y, , that is

oy



y,<—J/-y, .Hence y *>-y, , that is y,’>-x so -y,”<x , hence

H™ @"j e R,.HenceR, maps into R, by lemma (¥.Y.A) ,there are no periodic
0

pointin R, . O

2 -1.5 -1 0.5 L8]

Fig(3):The region R1,R2 where b=-0.5

Lemma (¥.Y.\*)

There are no periodic point in R,.

2
Xy — Xy

X —
0JeRs,so Yo <

’_YOZ —by, <X, <‘Y02’X0 <Y,,WE
0

Proof: Let (
have x, =—by, —x,", ¥, =%, , Since —x,< y,>+by, , X, >y, >, we get that
Yo +by, <x,- +by,, SO —x, < x,° +by,, thatis , x, > x,,since x, = y,, we have

V> X, . (Y.YY)
Suppose that —x, > y,” +by,, that is ,—x, > x,* +bx,, bx, > by, SO

—x, > X,” +by,=—x, which is contradiction, hence x, >-y,” —by,. (Y.Y9)

Clearly, since —by, <0, then —by, —x,*> <—x,>,hence x, <-v,’. (Y.Y9)

oA



To show that vy, < _le;xlz , since x, <y,,b<0, we have

—X,” —by, >—%," —bx,,S0 X, >—X,” —bx,=—x," —by, . (Y.¥7)
From v, <_X°f;x°2, we have by, >—x, —x,” ,hence x, > x,,since x, <0

X, <x’ thus —x—-by,>-x’—by, then from (¥.Y1),we get that

2
Xl

x, >-x, —by, ,thatis by, >—x, —x,> ,hence vy, < _X+ . (Y.YV)

Now from (¥.YY), (V.Y¢), (Y.Ye)and (Y.YV), we can say that H(R,) = R,,SO

H?(R,) = R, and so on H"(R,) = H"*(R,) = R,,where nis positive integer hence ,

2
— X, — X :
X, <Y, Y, < % thatis by, >-x, —x2,50 x, >-x?—by =X,

hence (x,) is strictly decreasing sequence in R,, so there are no periodic

points in R,.O

Fig(4):The region Ry where b==u. 5
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Lemma (¥.Y.\))

There are no periodic point inR,.

2
XO

Proof: Let [X"]be any element in R, , theny, <_X% (Y.YA)
Yo

and b\/_yo _y02 <X S_bYO _yo2 ' (T‘.Y‘l)

By (Y.YA) by, >—x, —Xx,°0r X, > —by, —x,°=x,, from (Y. A) y, =x, ,S0

Yi>% (¥.v+)

Since x,=—by, —x,”,—by, <0, we have x, <-v,’. (Y.7Y)

Now ,to show that x, >-y,° —by,, since by, >—x, —%,", =%, = by, +y,” ,we get

by, —X, > X, —X,_ + Y, +by, , SO —x, +y," <0, that is , \/x,° >4y, hence

0

. X .
|%o| >yol ,Since {y J €Q,, [Xo| =%y [Yo| ==V, ,thus x, <y, , SO vy, <y, since

0
b<0,we have x,* +by, < x,” +by,, hence, —x, < x,* +by,. Now since x, =y,, we
get that —x, <y,” +by, thatis ,x, >-y,* by, . (Y.¥Y)
On the other hand , x, <y, ,thus ,—x,* —by, > —x,” —bx, ,hence we get that

X, >—X,” by, . (Y.7Y)

From by, > —x, —x,”,then x, >—x,? —by,, SO x, > X, , X,,X, are negative ,so

X,. <%, thus —x,” —by, >—x2 —by, ,hence from (Y.¥Y) x, >—x° by, that is

- X _Xlz

. (Y.¥9)

Y. <

Now from (Y.Y+), (Y.¥)), (Y.¥Y) and (¥.Y¢), we get that (lee R,,S0 R,Mmaps

1

into R,,then by lemma (.Y.) +) there are no periodic points in R,. O



Fig(5):The region Rq where b=-0.5

Lemma (¥.Y.\Y)

There are no periodic points in R;.

2

X — Xy — X
Oje Rs, SOy, <%’_y02_bYO<XO<_YOZlXo > Yo

Proof: Let(

0
by, +%,~ >1,we have x, =-by, —x,°, ¥, = X.

We claim thatR, maps into R,, sincex, > y,,we have —x,* —bx, > —x,” —by,

also since —x,” —by, = x, x, = y,;, We havex, <-y,* —by, . (Y.Yo)
On the other hand, since we have x, <-y,” then \/~x, > \/yTZ =1Yo|=- Y, SO,

by, <-b\—x, , hence by, +x,> < x,° —b\/—x, ,thus —x, <y, —b /-y, . (Y.v7)

2
- X, —X .
To show that y, < % ,since by, +x,” >1, we have x, <-1,50 x,°>-x,.

2
Since bx, > 0,we get bx, > - x, - x,° ,that is x, < % but y, = x,, SO

i}



2
AT (Y.7V)
b

Now from (V.¥°), (Y.¥V)and (¥.¥V) ,our claim is true, so by lemma (¥.¥.)))

Y1 <

there are no periodic points inR,. O

Fig( 6):The region Rg where b=-0.5

Lemma (¥.Y.\Y)

The region R, maps into R, UR, under backward iteration .

Proof: Let (XO

Yo

Jbe any element inR,.We must show that H 1()(0} eR,UR,.

0

2

From (Y)A) x, =v,,y,= % , sincey, <-1-b, we have

x,<-1-b . (V.¥A)

2

Since x, >-y,” —by,, We have y, < % thatis x, <y, . (Y.79)

Also, since x, >b,/-y, —y,”,we have 2o ™Yo <1/— Yo SO =y, <.-VY

thus, y, <—y,*,hence x, <-y,*. (v.€+)

1y



2 2 2
From x, > y,,we have _Xogy" z_y"b_yf’ ,hence y_lz%. (Y.6))

X4

Now from (7.14), (mX)(.¢)and (.61) (2] <, UR, that is (| in

=Y Yo

R,UR,. O

Fig(7):The region Rg where b=-0.5

Lemma (¥.Y.) ¢)

There are no periodic points in R,.

2
Proof: Let @"Jbe any element inR,, sincey, > %, the graph of the map
0
_X_X2 . . . _Xo_y02 2
y = intersects x-axis at point (-),+),thus x, >-1,50 bTJr Y, <1,
that is by , +x 2 <1. (Y.£Y)

Since —x, >1+b, y, >-1-b, we have —y,* —x, > (1+b)—(1+b)*=b(-1-b),

ay



2

hence %«pb, y.,<-1-b. (Y.£7)

2
On the other hand , x, < —y,* —by,, thus y, > %, SO X,>VY, . (Y.€¢)

2
Also , since x, >b,/-y, -y, ,we get % <=, ,thus -y, < /-y,

SO y_12 < _yO 1that iS X—l < - y—12 . (v.io)

Hence, from (¥.£Y), (V.¢Y), (V.£€¢) and (V.¢°) R, maps into R,, by lemma

(Y.¥.YY) R, maps into R,UR,, so there is no point [§°j In R, such that
0
Hz”l(XOJ e R,.That is, there is no point [XOJin R, such that HZ“(XO]:(XOJ
Yo Yo Yo Yo

hence there are no periodic points of odd period in R,.To show that there are

no periodic points of even period in R,.

0 0 0 yO

Let P:{[XO] eR,: H_Z"_l[xoj eR;, H_Z”[XOJ eR,} vneN |if (XOJ e P ,we claim

that the sequence (y,,) is strictly increasing ,since y,>-1-b ,we have

Yo(~1-Db) < (1+Db)?. (¥.€7)
2

Also y,* < (1+b)?,—x, >1+b,50 —x, —y,> > —b(1+b), hence % <-1-b

that is ,(OTVO)Z > (L+b)2. (Y.£Y)

2
Now from (¥.£7), (™.£V), we get that (%)2 > ¥y (~1—b) =y, —by,

2
X1—Ya

i — . X
S0 ,by, >y, -y, , thatis y, < =y ,.In general, since ( —2nj eR,

Y-on

we have, y,, >-1-b, x,, <-1-b, S0 y, (-1-b) < (@+Db)*,y , * <(@+b)?.

¢



2
Hence —x_,, —y.,.2 > —b(+b), that is (%)2 > (L+b)? > (-1-b)y_,, .
So y72n—12 > (_1_b)y72n == Yo _by—Zn =X _by—Zn ’ that is , WE get that

2
— X —
bY o > X pn1— Y ana » NENCE Y, < *2”*1b Vs _y - forall n>1.

So, (y_,,) s strictly increasing sequence in R., so there are no periodic points

of even period in P. O

Fig(g):The region Ry where b=-0.5

Lemma (¥.Y.\°)

There are no periodic points in R,.

Proof: by lemma (Y.Y.)Y),R, maps intoR, UR,, there are no periodic points in

R, UR,, so there are no periodic points in R,. O

10



Theorem (¥.Y.) @)

There are no periodic points of H, in R" other than fixed points.

Proof: Ifx,>-1-b,y,=-1-b ,we have —x,> >—(1+b)?, —by, =b+b?, hence

—X,- —by, >b+b* —1-b*-2b=-1-b, SO x, > -1-b,y, =x,>-1-b ,all points

2
@J in R, satisfiy the equation y<% JAf y, >-1-b,x, =-1-b ,we get that

—by, >b+b*, x> =(1+b)* SO —x* —by >-1-b, thatis x, >-1-b,y, =x,=-1-b
Hence from theorem (¥.).Y) ,and previous lemmas (¥.7.)),(V.Y.Y),...(V.V.) %),
,(Y.Y.Ye) | since a periodic point under forward iteration implies one under

backwards iteration, and viceversa . o

"



Y-¥ Iteration of Henon Map (H,,,b>*)

The main purpose of this section is to give the proof of two propositions
which ensures that orbits of every point in the two regions are infinite under
forward iteration of Henon map H ,, ,which are W and V where

—|ly+1+b/+y-1-b
<

,V=1-Db
> y }

W:{@J:,xso,y<—1—b,xzy},V:{(ij:,x

where b is a positive real number .

Lemma (Y.Y.))

Suppose W= {@J :,Xx<0,y<1-b,x>y}, then there is no fixed point for

H,, * in W.

Xo

Proof : Suppose there is a fixed point [ jfor H,, ™ in W, then this fixed point

Yo

2

satisfies two equations x, =y, , Y, :%, thus x,(x, +(b+1))=0.

Either X =0 or X =—l_b’ hence[XOJz(oJ or (X()]:(—l—b}
Yo 0 Yo -1-b

which is contradiction . O

Proposition (¥.Y.Y)

For (XJ eW,
y

X
Ho,b_n[yjH—NO as N—— oo,

1y



. XO -1 X0 X—l yO 2 H
Proof: Let y eW, then H v ) =| =%, -V, | Since x, >y, ,we get
0 0 - .
b

2 2
that _Xo;)’o S‘Yob_yo _ (Y.£A)

2
On the other hand, y, <-1-b, so by, >-y,’ -y, ,hence vy, >% From

2

(Y.¢A),we get that y, > %, thatis y, >y, ,y, <-1-b,50 x, >y, .Now

2
y,<-1-b.Asabove by, >-y *—y,, thatis y, 6 >— ylb_ Ya

“Xa=Ya _mYaYy

Since x, >y, ,we have . .

that is y, >y, ,we suppose

that y_ ., >y, ,y,<-1-b. To show that y, >y .., , since y, <-1-b so

2
by, >-y.>—V..hencey,, >% . (V.£9)

P S VA
Since y ., =x, ,by our supposition y_, <x_, ,then _kb S _kb .

From (V.¢%), we get y_,.,, <y, SO (y_,) is strictly decreasing sequence ,that is
(y_,) IS monotonic sequence , (y_) is bounded above by a negative real
number M, if possible (y_.) is bounded below then <(y_ ) is
convergent, x_..,, = ¥, ,that is (x_,) , also convergent so there is a fixed point
for H,, * in W which is contradiction to lemma (Y.¥.}). Hence (y_,) is not

bounded below, (y_,) is strictly decreasing sequence |_jm Y., ——>—®

n——

and |_jm *x.,——>-<,80 Lim Hovb_n[;jH—mo. O

n——© n—-—>x

TA



Corollary (¥.¥.Y)

There are no periodic points for H,, = in W.

Proof: Directly from Proposition (¥.Y.Y).

Proposition (¥.Y.¢)

5 —|ly+1+b/+y-1-b
2

,y#=1-b} be an open region in Q,, then

Let Vz{(ij T X

for all (Xj inV ‘
y

X
HOb"( jH——)oo as n—— oo,
Y

Proof: Let (X‘)jbe any element in V, since y, #1-b ,either y, >1-b or

Yo
Yo <-1-b.If y, >-1-b, then x, <-1-b<y, . (Y.e4)
If y, <-1-b,then x, <y, <-1-b. (Y.2))

So from (Y.e+), (¥.°)), we get x,<y, and x,<-1-b
(7.2Y)

NOW x, — X, =—X," —by, =X, < =X, — (b +1)X,. (Y.eY)
Also x, <-1-b, SO x,°>-x,—bx,, that is —x,>—(b+1)x, <0. Hence from

(Y.eY) ,we get that x, <x, ,since y, = x, ,we have x, <vy,, x, <-1-b,hence

X, — X, ==X —by, =% <—-x° —(b+1)x,

(V.°%)

Also x, <-1-b, SO x°>-x, —bx,, that is —x,* — (b +1)x, <0. Hence from (¥.c¢)

we get that x,<x ,by the same way we continue ,we get for nez”

X, <X, <..<Xy <X, <X <X, SO (x,) IS strictly negative decreasing sequence so

it is a monotonic sequence , if possible (x,) is bounded below then (x,) is

convergent ,y,.., =x, that is (y,) also convergent , H is continuous, so there

14



exits a fixed point for H,, in V which is contradiction .Hence (x,) not

bounded below that is (x,) ——>-o as n ——o and (y,) ——>—-w as n ——>©

SO Lim Ho’bn[ﬁu—_)oo' O

n—-—w

Corollary (¥.Y.°)

There are no periodic points for H,, inV

Proof: Directly from Proposition (¥.Y.Y).



CHAPTER FOUR

The Non Wandering Point and Periodic Point of Henon map

This chapter consists of two sections. In section one , we study non
wandering point of Henon map. In section two, we study periodic point and

non escape set of Henon map .

¢-Y The Non Wandering Point of Henon Map Where b>0 and

2
a<_ 40"

The main goal of this section is to prove two theorems on the henon map

H,,,b>0. To prove these theorems , we divide the plane into three regions

such that the union of this three regions covers the plane. we suppose

_ 2 - -
a, = (1:1rb) , prove some lemmas with respect to parameters a,b and regions

till we get the main purpose ,the regions are the following :

S,= {@j:x,ye R x<-y|}

wm
1

X
) {(y]:x,yeR,xz—M,ySO}

w

X
3:{(yj:x,yeR,xZ—|y|,y>0}

\A



0 -BC

Fig(9):Region S, ,S,.S5;

Definition (£.Y.Y)["]

Let F: R" ——>R" be a map .A closed region Q < R" is trapping region for

F if F(Q) is contained in the interior of Q.

Lemma (£.).Y)

Let a<a,, b>0.Then S, is trapping region forH,, .

Proof: clearly S, is closed region .To show thatH,, (S,)c S, °.

Let (XJ e H,, (S,), then there exists (X"jin S.,suchthatH,, (Xon (Xj »
y Y, Yo y

x=a-by,—x,”,y =X, , Sincex, e R We have two cases :
case): y, >0 then |y,|=y,, %, <-Y,, since b >0, we have by, <-bx,. (£.Y)

Thus a+by, —x,” <a—bx, —x,” . (£.Y)

\At



Since -by, Is a negative real number we have -by, <by, hence

a—by, —x,- <a+by, —x,” - (£.7)

Now from (¢.Y) and (£.Y) we get x<a—bx, —x,” . (¢.9)

Since a <a, from (£.¢), we get x<—%—bxo—xo2
=—[W+(l+|b|)xo+xoz]+xo
——[1+T|b|+x0]2+x0

S0 x<x,, that is x<y. On the other hand x, <0, so |y |=-y,x<-|y|, hence
m 'S, thatisH,,(S,)c S,°.

CaseY:y, <0 then|y,|=-y,,S0 x, <y,, since b >0, we have —by, <-bx, (£.°)
thus a—by, —x,” <a—bx, —x," . (£.7)

Now as the same as above case , we get x<X,, X, <Y,<0 S0 |y |=-y thus

x<—|y|, hence m 'S, thatisH,,(S,)c S,°. o

Lemma (£.).Y)

Let a<a, ,b>0.ThenS, istrapping region forH,, * .

Proof: clearly, S, is closed region. To show that H,, *(S,)<= S, °, let

(Xj e H,, *(S,) ,then there exists (X"Jin S,,suchthatH,, (XOJz (Xj 50
v Yo ¥o) \y

2
a—X,—Yo

. X,
X= Yo, y=———", since

y j S, we have x, >-y,| and y, <0 that is
0

Xo =Y, - (£.Y)

A



Now since b >0,a<a, from (£.Y) we have :

(1+b)?

2
— X, —
4 o~ Yo

by=a—x,—Y,” <—

__(+b)y’

4 _YO_YO2

(1+b)?

:_[ +)’o*‘l:)yo_byo"'yoz]

1+Db)?
=12 @by, + v, T+ by,
1+b
=22y by,
Hence by < by, ,since b >0, we get y<y,,that is y<x, since x=y,<0, we get

ly|=-y,y<x.Hence —|y|<x, S0 [?] eS,%henceH,, *(S5,)cS,°% O

Proposition (£€.Y.€)[¢]

Leta<a,, b>0.
() H.,(6,US;)csS,”

(i) (x,» is strictly decreasing sequence along H ,, -orbits and

@) H,, *(S,US;)c=S,°.

a

nf X X).
H., (yJH ——oaS n——oo, for all (y]m S,.

(iv)  (y.,) is strictly increasing sequence along H ,, * -orbits and

a,

o[ X X).
H., (y]” ——oaS n——oo for all (yjm S,.

V¢



Xo

proof:(i) Let @j e H,,(5,US,), so there exists (y
0

Jin S,US,, such that

x=a—by, —x,>,y =X, ,Since (XO] eS,US,, we have (XOJeslor [X"j eS,,if
Yo Yo 0
XO

(XOJ eS,. From lemma (£.).Y), @j e S, °%,in the case [y
0

J €S, we have
Yo

X, >—|yoland y,>0,x,eR .

case): If x, <0, then |y [=—yand —x, s positive, s0 —x, > x, >y, . Since b>0,

2
we get —bx, > -by, ,hence x=a—by, —x,” <— (1+4b) ~by, —x,~ thus
2
_[%-‘r(l-l-b)xo +X, ]+ X, that isx < _[(1J;b) +X%,1°+X%X, SO X <X,.

Since x, =y, we get that x<-]y| so (;] eS,°.

Case V: If x, >0, then‘y ‘: Y, X, >-Y,, Since b>0, we get by, >—bx,. (£.M)
Since y, >0,a<0 ,we get x=a—by, —x," <0 SO |[x=—x . (£.9)
2 (1+b)2 2
On the other hand x=a-by, —x," <- —by, —x," <0 , hence we get that
2 2
>y = S by (£1°)

2
Now from (£.A), (¢.)+) ,we get that |x| > (1+4b) —bx, +X,” + X, — X, thus

(L+b)

4> (

Now from (£.9),(£.))),we get —x>x,,that is -x>y=]y| sox<—|y |, hence

—Xo) X, . (£.0Y)

m 'S, thatisH,, (S,US,)<S,°.

Yo



(if) From lemma (£.1.Y) S, is trapping region for H,,, that is H,, (S,)<S,°
and x, < x, and this is true for all [ij inS, , soitistrue for H,, (S,) ,that is we

have H,, (H, (S,))c(H,(S,))"and (H,,(S,))"=(5,°)°=S,°, so
H.,, *(5,)<=S,°, and x, < x, <x, and by the same way, we get for neN
H,, "(5,)cS,%and x,<..< x, < x, <X, ,that is (x,) is strictly decreasing

sequence .

For the second part , since x, <0 a sequence (x,) is bounded above by zero, if
possible (x.) is bounded below then it is bounded and its monotone so it is
convergent ,y,., =x, that is (y,)also convergent , H,, is continuous, so there
exits a fixed point for H,, in S, which is contradiction to proposition

(Y.).2).Hence (x,) not bounded below that is (x,) ——> - as n ——ooand the

sequence (y,) ———oo as n —oo that is

o

(iii) Let ();j e H,, *(5,US,) ,s0 there exists (

X
Hab"£ jH——)oo as n ——oo for all
Y

X"jin S,US,, such that

Yo

VR VI X X X
xzyo,yzax"Ty" ,smce( OjeslUsg,We have (yOJeszor [y(’jesg.
0 0 0

If [ioj eS, thenH,, _l[xoj e H,, *(S,), from lemma (£.).¥) S, is trapping
0 0

Xo

region for H,, ,so @J e S, %,in the case ( ]e83, we have x, >-]y,| and

Yo
Y, >0 thatis x, > -y,. (£.0Y)

Now since b>0,a<a, from (£.1Y) we have :

A



_(L+b)?

by =a=X; =Y <= "= =% Yo’
< —%4- Yo~ Yo
=_[(1+4b)2 — Yo — by, +bys +¥,°]
=_§£%Qi_a+my¢+mﬁ—b%
=—{a;m—yd2—wo

hence by <-by, and b >0 ,dividing both sides by b, we get y<-y, ,that is

y <—x. Since x =y, >0, we have —x is a negative real number, so y <x .
. X
Now since y<-y,, we have y<0 thus |y|=—y hence —|y|<x, SO (yJ eS,°.

Hence H,, *(S,US;)c S, °.

(iv)By lemma(£.).Y), S, is trapping region for H,, * that is H,, *(S,)cS,°

and y, <y, <0, (le e S, ° which is a subset of S,, so it is true for S, ° that

4
iIsH,, *(S5,°)cS,%,s0 y,<y,<y,<0andH,, *(S,)cH,, *(S,°)

and H,, *(S,°)cS,%soweqget that y,<y, <y, <y, <0, by the same way
we get that for n eN , H, " (S,)cS, °, so we have
Y << Ya<Y,<Yy,<Y,<0,thatis (|y_| is strictly increasing sequence .
For the second part a sequence (y_,) bounded above by zero ,if possible (y )

Is bounded below then it is bounded and its monotone,so it is convergent ,since

X_mey = Yonothat is (x_,) also convergent , H,, is continuous so there exits a

fixed point for H,,in S,, which is contradiction, hence (y_,) is not bounded

A%



below that is (y_,) ——>—© as n ——w and (x_,) ——>—w as n ——o, that

IS

o[ X X) .
Hap (yj”—m as n ——oo for all (y} inS,. O

Remark: From Proposition (£.).¢) we note that S, US, is trapping region for

H., and S, US, is trapping region for H,, .

Theorem (£.).9)

Let a<a,(b),b>0,the Henon map H,, has no periodic point for any
period, that is Per (H,,)=4.

Proof: Suppose that there exists a periodic point @j for H,, of period n, where

neN then must be in R* and from the partition with respect to S,, S,and

X

S,.Since (
y

J eR? then either (;jin S,UsS,orS,. If @j eS,US,
, then by lemma(£.).£)(ii) (x,) is strictly decreasing sequence along H,, -orbits

in S, and

Ha,bn(in —>0 as n—>w for all (Q in S, and from
lemma(¢.).€)(iv) (|y_,| is strictly increasing sequence along H,, ** orbitsin S,

and

Hab_n@)” —— as n——o for all (ij in S, that means there is no finite
orbit for any pointin S, US,, so @j has no finite orbit which is contradiction .

£ (]S, by lemma (2.1.)0) H,, (8.)<S,*and S,°<S,, thus S, maps

into S, and by our supposition @J is periodic, so H,, @J is a periodic point

in S, which is contradiction . So there is no periodic point for H,, in

YA



S,US,US, andsince S,US, U S,=R". We get H., has no periodic point for
any period .0

Definition (¢.Y.V)[Y].[Y®]

Let F: R — R be a map. A point (zj is called non wandering provided

that for every neighborhood U of (EJ there is an integer n>0 such that
Fr(U)NU=¢ .Thus ,there is a point [3 eU with F" (3 eU. The set of all non

wandering points for F is called the non wandering set and is denoted by
Q(F).

Definition (£.V.V)[YY]

Let F: R" — >R" be a map. Let K*(F) denotes the set of points in R" with

bounded forward orbits .Let K- (F) denotes the set of points in R with
bounded backward orbits then the set K(F)= K*(F)NK~(F) is called filled

Julia set .

Definition (£.V.M[YY]

Let F: R" — >R be a map. Let J*(F)= 6 K*(F),and J(F)=J*(F)NJ~ (F)
then J* (F) is called the forward /backward Julia set and J(F) is the Julia set of F.
Theorem (£.Y.9)[Y¥]

Let F be a hyperbolic regular polynomial automorphism of C " with
det DF|<1.Then Q(F) = J(F)U{ . a,, ....a,}, Where theq, are the attracting

periodic points of F.

A



Theorem (¢.).) )
Let a<a,(b),b>0,the Henon map H,, has no non wandering point , that is

Q(Ha,b):¢'

Proof: since b <1and from definition (1.).) V) |det DF|=

det(_zx _bj‘=|b|<l,
10

for@j <R" we have three cases :

case ) : If(?j eS,,from lemma (£.).¢) part (ii) ,(x,) is strictly decreasing
sequence along H,, -orbits and (x,) is not bounded below that is (x,) ——>-o
as n ——oo for all @jin S, ,that is there is no element in S, such that has
bounded forward orbits ,so by definition (¢.).Y) K*( H,,)=¢ and by definition
(¢VYA) I (H,,)=0(¢) for all (Qin S,.since o (g)=¢ ,we have J*( H,,)= ¢
hence by definition (¢.).A) J(H,,)=¢NJI (H,,) =¢ .

Case Y:If @J eS,, from lemma (£.).¢) part (iv) the sequence (y ) is strictly
decreasing sequence along H,, ~-orbit and it is not bounded below , that is
(y_,) ——>—o0 a8 n ——oofor all (;j in S, that is there is no element in S,
such that has bounded backward orbit so by definition (¢.).V) K- (H,,)=¢ and
by definition (¢.Y.A) J-( H,,)=0(¢) for all (?jin S, ,we have 0 (¢)=¢ SO

J7(H,,)=¢, hence by definition (¢.Y.A) we get J(H,,)=J"(H.,)Ng¢ =4.



Case Y: If@j eS, by lemma (£.).¢) part (i) H,,(S,)<S, °,hence

H.,(S,)NS,=S,N S,°, since S,N S,°=¢, we have H,, (S,)NS,=¢
H,,(S;)c=S,°% so S, maps into S, hence by case ' ,we have J*(H,,)=¢. So

X

from definition (¢.).A), J(H,,)=¢NJ* (H,,) =¢ .Now for all (y

]in R', we
get J(H ., )= ¢ ,by theorem (£.).¢), H,, has no periodic point for any

period ,hence by theorem (£.).9) Q(H,,)=¢. O
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¢€-Y [Iteration with Periodic Point of Henon Map where
—(@+]b])?
a>————-
4

The main purpose of this section is to prove one theorem on Henon map

L+ |p])?
4

H,, where a>— . To prove this theorem, we need to prove some

lemmas. To state and prove our lemmas, we fix b and define two crucial
a—Vvalues

~(@+]b)?

V- ao(b)= 4

Y- ay(b) =2(1+|b])*

and, for any particular a—value ,we define C=C,, by

1+]b|+/@+)?* +4a :
C.,= > , we will go to prove necessary lemmas.

Lemma (£.Y.V)[¢]

(i) C is positive real and the larger root of C? —(1+p)C—-a=0 if and only if

a<a.
(ii) a-jpjc >C ifand only if a>a,
proof: (i) Since a, < a, we have (1+|b))* +4a>0,s0 C is positive real number, if

C? —(@1+p) C—a=0 ,since (1+[b)*+4a>0.We have two distinct real roots

1+]b|+/@+[b)* +4 1+[b|—/@+]b)? +4
+|b+/@+p])* + 42 and +pl =@ +]p)” +4a ;the first is positive and

2 2

which are

the second may be negative so C is larger root .

AY



(ii) If a—|plc>C , this implies that a> 1+ ]p)C (£.7)

We have 2C —(L+]b) =./(L+]p)* +4a . (£.¢)
Now let (1+p)= p, then 2C—p=\/A*+4a, that is (2C-p)* = p2+4a, SO
C? - pC =a.We put the value of a in (£.)Y) ,we getthat C*-gC>pC (£.)9)
so C?>28C since C is positive we have C>2p3, that is C>2(1+|b)) .
AN

Now by (£.)%) @+ +/@+]o)? +4a > 4@+ ,that is 4a+(1+b)? >9(+]b)?,
hence a>2(1+b))* .

By the same way, we can prove that if a>a, then a-hC>C. O

Lemma (¢.Y.Y)[¢]

(i)  The image under H_, of the horizontal strip |y,|<y is the region
bounded by the two parabolas a—|bly —y,” <x, <a+|bly—y,” and the
image under H,, of the vertical strip |x,| < is the horizontal strip
ly,|< 7, where y is positive real number .

(i)  The inverse image of the vertical strip |x,| < is the region bounded

by two parabolas -y +a-x,” <by , <a+y-x,” and the image of the

horizontal strip |y,| < y is the vertical strip |x | <y .

Proof: (i) we have |y,|<y, SO-y <y, <y , if -1<b<0 then by <-by, <-by and

b|=—b, hence —|bly <—by, <|b|y. (£.)Y)

AY



If 0<b<1 ,then byx=-by,>-by , [|poj=b hence —py<-by, <|bly

(£.A)

Now in all case —|b|y <-by, <oy ,S0 a—|bjy <a-by, <a+|by ,since x, =y,
a-lbly-y,’ <x <a+foly-vy° . (¢.19)
Also if |x,| <y, since x, = y,,we have |y,|<y that means the image under H

of the vertical strip |x,| < is the horizontal strip |y,|<y.
(i) We have |x,|<y SO y<—x,<—y SO a-y-x,°<by, <a+y-x,",y,=X, ,

SO |y,| = x| ,the image under H,, ~*of the horizontal strip |y,| <y is the vertical

strip |x /<y . ©

Lemma (£.Y.Y)[Y]

a
LetP|b :{Cj:a—|b|y—y2 <x<a+py-y’}S,(a,8)=Rx[a,ps]and
y
S,(a,B)=[a,p]xR,reR and then for the Henon map H,, the following are
hold :
() H, S, (=77)=S,(-7r.7).

a
(i) H.,Gn(=r7)c=P]b].
y
a
(i) H, *(P|b)=S,(-rr).
y

A€



Xo

Proof: (i) Let(;]eH&b (S,(=7.7)), so there exists [ JESV(—y,y) such that

0

Xo

X X . .
H,, | ° :(j,that IS x=a-b —xz,y=x,SlnCG(
b [yoj y Yo = %o 0 y

X, e[-7,7] ,hence (?j eRx[-y,y] thatis ();j eS, (-ry) .

]e[—y,}/]xR we have
0

Conversely: Let ();Je S, (-7,y) then xeR and ye [ -y,» ] ,50

) y y
8=X7Y <R thus [axsze[%y]xR , since (Xj=Hab [axyz] we
b — y |
b b
have (yj H.. (S, (=7.7)).

Xo

(i) Let[geHa,b (S, (=7.7)) ,s0 there exists (y ]eSh (=7,7) such that

0

H., (XOJ:Cjand @0) eRx[-7,7],50 we get that |y,| <y and by lemma (£.Y.Y)

Yo 0
a
Part (i)a—|bjy -y, <x, <a+ply-v,” sO (XJE Plb].
g Y
a a
(iii) Let(ne H,, *(P|b]),so there exists @‘)j e P | b | such that
¥ ’ ¥

H,, ™ @ j:@j hence a-|bjy—y,” <x, <a+fojy—y,". Clearly x eR.To show
0

2
that y e[-7,7], suppose that y > » then H’T_yo>y (£.Y4)

Now if b>0, then from (£.Y+) a—x,—y," > by, SO x, <a—|oy —y,* which is
contradiction ,if b<0 then from (£.Y+) a—x,-vy,” <by, SO x, >a+[ojy—y,’
which is contradiction .
To show thaty>-y , if b>0 then x, <a+[ojy-y,* SO —by<a-x,-y,’ thus
2
a—Xo— Yo

—y <=, thatis y>-y,if b<0then |o=-b, hence x, >za+by-y,*

Ao
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SO —by>a—x,—y,” thus —ys%=y, thatis y>—y henceye[-y,7]
X

(yJESh(—%H- O

Proposition (£.¥.£)[Y]

LetS,, = {@j: X <C,,,|y|<C,,} be a closed region in R? ,for Henon map

a
H,,,ifb=0thenH, (S,,)=P {b}ﬂ S,(-Cc,C).
C
Proof: From definition of S,,, we have S,, =S, (-C,C)N S,(-C,C).

S0 H,,(S.,)=H., (S (-C.C)N H,, (S, (-C.C)). (£.YY)

a
Now by lemma (£.Y.Y)(ii) H. S, (-cC)) c P {b}

C
(£.YY)
By lemma (£.Y.Y)(iii),since H,, is diffeomorphism , we get that
a
Plb|cH,,(S,(-C,C)). (£.YY)
C
a
Hence from (£.YY) and (£.YY), we getthatH,, (S,(-C,C))=P | b (£.Y¢%)
C
From lemma (£.Y.¥)(i) we have H,, (S,(-C,C))=S,(-C,C) . (£.Y9)
a
Now by (£.Y)), (¢.Y¢)and (£.Y°) H,,(S,,)=P Lb}ﬂ S,(-Cc,Cc). o
C

Remark (£.Y.9)

AT



We define some region and proof one theorem on Henon map fora > a, ,
the regions are M,, M,, M, and M, where :

Fig{10)Region M, M, M, M,

Theorem (£.Y.V)[Y]

AY



Suppose S, , = {@]: X <C,,.|y|<C,,} is aclosed region in R?.If a > a,(b)

X

and b > 0,then for all (y

]eRZ— S., either |x |[—— as n—— Or |y |[—>

aS Nn—— .

Lemma (£.Y.V)

Let H,, be a Henon map,(i] e M, and b>0.Then the sequence (x,) Is

strictly decreasing sequence and |x,|——w as n——oo.

Proof: If |y,|=C then we have two cases:

_(C_|YO|)_C_|yo| —

Case ): |y,|<C, hence |C—|y,|=C—|y,|, SO X, < ; ~C thus
Xy <~C <y - (£.77)
NOW X, — X, = a—hy, —X," =X, SO X, =X, < a+oly, —%,* =X, - (£.YV)

Since x, <-ly,| we have |y|<-x,, S0 by (£.YY) x —x, < a—|bjx, —%," =%
(£.YA)
a—|bjx, —x," =%, =a—(b|+1x, —x,” but this equation has two roots which are

. —(@+[pDF@+[b)* +4a
X" =

0 5 , one of them is —C, for any value less than —-C

a—(b/+1)x, —x,° <0. From (£.Y1), we have x, <-C, s0 a—(b|+1)x, —x,” <0,
hence by (£.YA) x, —x, <0, thatis x, <X,.

—(¥o| =) =C—lyo|
2 __| 0|

Case ¥: |y,|>C, hence C—|y,|=]y,|-C, 50 x, <

and |y,| >C, thus x, <-y,| <—C . (£.Y9)

AA



NOW x, — X, = a—hy, —X," =%, < a+oy,|—x," =%
<a—ox, —X," =X, =a—(L+[o)x, =%, - AR
As case Y, a—(L+[b)x, —x,"=0 has two roots one of them is -C .From (£.Y4) ,

X, <—C, S0 a—(1+o)x, —X,° <0, hence by (£.¥+) x, <x,.

Now since x, < — —|y0|;—C el e have X, <-C, thatis y, <~C so |y,|>C.
Hence |y,|-C=[C—ly,] . (£.9Y)
On the other hand x, <x, and x, is a negative real number so x, <—{x,|=—1y,|
From (£.Y)), we get x, < -(C _|Y1|;—C_|y1| . As above we get that
x2<x1<_(C_|y1|;_C_|yl| : (£.YY)
Now |y,|>C, from (£.YY) ,we have x, =y, <-C s0 |y,|-C=[C-|y,| . (£.YY)
Also x, < x, and x, is a negative real number so x, <—|x,|=-|y,| .
—(C-ly.)-C-ly,|

From (£.YY) we get x,< As (£.Y+), we get x,<x, .

2
continuing in this procedure, we get that for a positive integer n
X, <X, <...<X, <X <X, thatis (x,) isstrictly decreasing sequence .

For the second part ,if possible (x_ ) is bounded, since it is monotone, we get
(x,) convergent , since x,=y,, , that is (x,), also convergent , H,, is
continuous. So there exits a fixed point for H,, in M,which is contradiction,

hence (x,) is not bounded ,thatis |x,| ——>o as n ——w.O

Remark (¢.Y.AM)[A]

In theorem (£.Y.V) the equality holds only for x, =-C,y, =FC.
Proof: If b>0, then x, —x, =a—|oy, —x,” =X, ifx, =—C,y, =—C, then

X, =X, =a+(L+[p)C—-C?, by lemma (£.Y.)) x, —x, =0, thatis x, = x,.

If b<0, then x, —x, =a+oly, —x,° =%, ifx, =—C,y, =C, then

A4



X, — %, =a+(1+|p)C—-C?, by lemma (£.Y.)) x, —x, =0, thatis x, = x,. O

Lemma (£.Y.9)

Let H,, ™ be the inverse of Henon map , suppose (;j eM,and b>0.Then

the sequence (y_,) is strictly decreasing sequence and |y_ | ——>w as n—— .

Xo

Proof: Let (
Yo

jeMz,from remark (£.Y.°) x, >vy,, y, <-C , consider

by, —Yo) =by, —by, =a—%,—y," —by, . (£.7¢)
Since x, > y,, we have a—x, —y,” —by, <a—y, -y, —by,

=a—(1+h)y, -y, - (£.Y°)
From (£.Y¢) and (£.Y°), we get b(y, —v,) <a—(1+b)y, -, . (£.Y7)
Now the quadratic equation a—(1+b)y, —y,”=0 has a negative root y, =-C
If we take another value y =y, such that y,<-C,

becomes a-(1+b)y-y?<0, and we have y, <-C,s0 a—(1+b)y, -y, <0.
From (£.Y7), we get that b(y, -y,) <0,since b>0 ,wegety, <y, <-C

. . X
and since x, =y,,we have y, <x, thatis (y‘lj eM, .
1

Now if possible y_ <y_,, <...<y, <Y,,since y, <-C,we have y , <-C.
Also x_ =y ., Wehave y , <x_ . (£.YV)

b(Y oy~ V) Sa—x, -y, —by, <a-y, -y, —by,
=a-(1+b)y, -y, . (£.¥A)

Now the quadratic equation a—(1+b)y , —y_>=0 has a negative root y,, =-C
if we take another value y = y’, suchthat y’ <-C becomes a—(1+b)y—-y*<0
and we have y , <-C,s0 a—(+b)y, -y, ,> <0, so from (£.¥A) we get that
b(Y_gy — Y4) <0,sinCe b>0, we get y .., <y, S0 we get that

Yoo < VYo <..-<Yy<Yo,thatis (y_ ) is strictly decreasing sequence .



For the second part ,if possible (y_.) is bounded, since it is monotone we get
(y_,» convergent ,since x_,, =Y., that is (x,) also convergent , H,, is
continuous so there exits a fixed point for H,, in M, which is contradiction

hence (y_,) notbounded thatis |y | ——>o @5 n ——o0.0O

Lemma(£.Y.)+)
The region M, maps into M, under backward iteration of Henon map H,, ,

provided a>a,,b>0.

Xo

Proof: Let ( )eMg, hence by remark (£.Y.¢) we have x, >-y, and y, >C,,

Yo
SO b(y_, —y,)=by, —by, =a—x,—y,” —by, . (£.Y9)
Since x, > -y, and y, >0we have —by, <by, so by (£.Y9), we have

b(Y—Yo) Sa+Y,—Yo +by,=a+L+b)y, -y, - (£.2+)
Now by lemma (£.Y.Y)(i) the quadratic equation y,” —(1+b)y,-a=0 has a
positive real root y; =C ,for any value y, > C this quadratic equation is negative
and we have y,>C so from (£.£+) b(y,-vy,) <0 ,ince b>0 ,we get

y, <Yy,andsince x, =y,,we have y, <x .

2

Now we have to show that y , <-C since y, +C =87% 7Y ¢, Yo >0, we
b

have b(y ,+C)=a—x, -y, +bC <a+y, -y, +by,

—a+(+b)y-y°. (£.£Y)
As above and since y, >C, we have a+(1+b)y—y® <0 , hence by (£.¢)) we get
that b(y_, +C)<0,since b>0, we get y, <-C ,hence @leMZ'D
-1

Lemma (£.Y.1))
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The region M, maps into M, under forward iteration of the Henon map
H,,,provided a>a,,b>0.

Proof: Let (;"]GM4 hence from remark (£.Y.¢), we have |y,|<C and x, >C

0
from definition of Henon map x, +C=a—-by, -x,” +C . (£.£Y)
Sincex, >C, we have x,° >C?. Furthermore |y,|<C so —by, <bC. (£.€Y)

Now from (£.£Y) and (£.£Y) we get that

x,+C<a+bC-C?+C=a+(1+b)C-C? (£.£¢)
From lemma (£.Y.))(i) ,C is a positive real root y* —(1+b)y—a=0

SO a+(@+b)C-Cc?= 0, from (£.£¢), we get x, +C<0, that is x, <-C ,since
Y1 =X, X, >C and we have x, <-C,weget y, >x, . (£.£90)
NOW x, +x, = x, +a—by, —x,” . (£.€7)
Since x, >C >|y,|,s0 if y, >0 then x, > y,,hence bx, > by, > -by,.

Ify, <0 then x, > -y, that is bx, > -by,.

From (£.€7), we get x,+x <X +a+bx,—% = a+{l+b)x,—x,’
(£.£Y)

As above C is a positive real root , x> —(1+b)x—a=0,for x, >C

a+(1+b)x, —x,” <0 , from (£.¢V) ,we get that,x, +x, <0 thatis x, <—x,=-vy,.

X

Now we havex, <y, <-x S0x, <-|y,| ,%, =|y,|>C,which becomes [
Y1

jeMl.D

proof of theorem (£.Y.1)

Let ();je RZ - Sa,b1 by remark (2\"0) (ije U?:l I\/II SO we have the

following cases :

ay



Case I: If @jeMl, by lemma (£.Y.Y) the sequence (x,) is strictly decreasing
sequence and |x,|—>o0 a5 n——co.
Case II: If @J eM,, by lemma (£.Y.3) the sequence (y ,)is strictly decreasing
sequence and |y_ | —>o as n—— 0.
Case Il If (§J6M2 by lemma (£.Y.)+) @j maps into M, under backward

iteration of Henon map H,, .So from case Il the sequence (y_,) is strictly

decreasing sequence and |y_,|——w a5 n——.
Case IV: If (Qe M, by lemma (£.Y.))) (ﬂ maps into M, under forward

iteration of the Henon map H,, so from case | the sequence (x,)is strictly

decreasing sequence and |x,|—>o0 a5 N—>o0. O

Corollary (£.Y.) Y)[Y]

If a>a,(b) thenPe (H,,)<=S,,.
Proof: Let ();Je Per(H,, ),if ();Je S.,.then (;je (S,,) ¢ thatis (?jeRz-

S., , by theorem (£.Y.°) either |x | ——>o a5 n—>w0, OF |y |[—>

aS N——>0, X, = Y1y X gy = Yoo, SO there is no finite orbit for H,, of @j which

is contradiction .So [?J e S,y thatisPe (H,,)<S,, .0

Definition (£.Y.Y¥)[Y]
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For a>a,(b) we define non-escape set of H,, with respect to a and b by
a)_ X . .
A(bJ_{(yJER W

Corollary (£.Y.) €)[Y]

-

For the Henon map H,,, A (Z]: N H,,"(S.)-
meZ

Proof: Let (;j eA [Z].To show that (;j e N H,,"(S,,), if we suppose that

meZ

@j ¢ N H,,"(S,,),then there exists k e Z ,such that @j ¢ H,,“(S,,) that means
meZ

there exists r e Z such that H,,"(S,,) ¢S., thatis H,,"(S,,) €(S.,)*,s0 by
theorem (£.Y.9)

5

which is contradiction hence (?j e N H,,"(S.)-
Z

me

el

To show that N H,,"(S,,) CA(EJ, let (;] e NH,,"(S,.,) SO (i] e H,," (S,)
meZ meZ

for all min Z, hence Ha,b”[g eS,, forall nez,that means if nis very large

q¢



X - n X
Hab”( jesab, where n——w Of n——>—o then Lim H,, (yjesab S0
1 y ! ’ ’

o X
Ha,b y

a m
A( J: ﬂ Ha,b (Sa,b)'D
b meZ

Lim

n——— 10

is real number that is (;] € A[ZJ SO N H,,"(S.p) A(Z] , that is
meZ

q0
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