
 



 

 

 

 

 

 

 

 

ِ  أللَّةأ سْـم  بـ  
حْمِ   يم   ن  ِ  ـلرَّ ح   ألرَّ

 

ون   لْ قـ   يه  لا ي عْل م  ألَّذ  ون  و  يه  يعل م  ى ألَّذ  ه لْ ي سْت و 

وْلـ واْ ألـ ب
ا ي ت ذ كَّر  أ     ب  ِ  ـإ وَّم 

 



                                                                                                      الخلاصة

احذ الأوظمت الذيىميت راث البعذ دسسىا  .تعتبش الىظم الذيىميت مه المىاضع المهمت و الحذيثت

     شكل فت باباسم دالت هيىىن والمعش الثاوى الغيش خطى والمعشوفت

H ba, 








y

x
= 












 

x

xbya 2

 

.و لقذ حصلىا مثل الىقاط الثابتت و الذوسيت و اوىاعها الذالت  ةدسسىا بعض الخىاص العامت لهز

                                                                         :على الىتائح التاليت

تالت هيىىن  تملك وقطت ثابتت خاربفان د  
4

)1(3

4

)1( 22 b
a

b 



و   b <1   ارا كان -1    

 و وقطت ثابتت سشخيت.                                                                                    

 فان دالت هيىىن  تملك وقطت ثابتت  وافشة
4

)1(3

4

)1( 22 b
a

b 



و   b  1   ارا كان -2    

 و وقطت ثابتت سشخيت.                                                                                    

ثابتتيه سشخيتيه. فان دالت هيىىن  تملك وقطتيه     
4

)1(3 2b
a


 و   b  1     3 ارا كان -

 

01,0    , ومه الىتائح   ba دالت هيىىن لاتملك وقاط دوسيت عىذماو لقذ  بشهىا ان            

 المهمت التى اثبتىاها في تكشاس معكىس دالت هيىىن ارا كان 

 0b و   a 
4

)1(3 2b
كان  و    R 2 S   مىطقت مغلقت مه  ba, = { 









y

x
: baCx , , baCy , }  

عىذما   ny او   nx اما    R 2 في    S ba, فان كل الىقاط خاسج  المىطقت     

                                                                                                                 n  
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Abstract  
        

 

     We study the dynamics of the two dimensional mapping the non linear 

mapping H ba, 








y

x
= 












 

x

xbya 2

.For this map. We study some general properties 

of this map, fixed points, periodic points and the type of fixed points till from 

this method ,we determine bifurcation of this map, we conclude the following:  

If b <1 and
4

)1(3

4

)1( 22 b
a

b 



 then Henon map has an attracting fixed point 

and a saddle fixed point . 

 

If b >1  and 
4

)1(3

4

)1( 22 b
a

b 



 then Henon map has repelling fixed point 

and a saddle fixed point . 

 

If b >1 and 
4

)1(3 2b
a


  then Henon map has two saddle fixed points . 

 

     Also, we proved that there are no periodic points for this map where 

01,0  ba  and there are no non wandering point where 
4

)1( 2b
a


  and 

we proved a theorem on the iteration and inverse of Henon map : 

If  S ba, = { 








y

x
: 

baCx , ,
baCy , } where baC , =

2

4)1(1 2 abb 
 , a 

4

)1( 2b
 

and 0b ,then for all 








y

x
R 2 - S ba,  either nx  as n  or ny  

as n .” 
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Introduction  

 

       About 33 years ago the French astronomer –mathematician Michel-Henon 

was searched for a simple two-dimensional map possessing special properties 

of more complicated systems .The result was a family of maps denoted by H ba,  

given  by H 








y

x
ba , = 












 

bx

yax 21
 

where a , b are real numbers .These maps defined in above are called Henon 

maps [13]. 

      Lorenz (1663) has investigated a system of three first order differential 

equations, whose solutions tend toward a “strange attractor”. In (1696) Henon 

showed that the same properties can be observed in a simple mapping of the 

plane defined by x 1i =y i +1-ax 2

i ,y=x i .Numerical experiments are carried out 

for a=1.4,b=3.3, depending on the initial point 








0

0

y

x
 ,the sequence of points 

obtained by iteration of the mapping either diverges to infinity or tends to a 

strange attractor [1]. 

       In (1699) Curry has shown that , for Henon values of the parameters, one 

of the fixed points has a topologically transverse homoclinic orbit , hence that 

there is a horseshoe embedded in the dynamics of the map [4] . 

     In (1691) Feit has shown that , for a>3 and 3<b<1 ,that the non wandering 

set  (H) is contained in a compact set ,and that all points outside this set 

escape to infinity [4].Another form of Henon map H ba, :C 2   C 2  is defined 

by the rule H ba, 








w

z
= 












 

z

zbwa 2

.If a ,b R, then H ba,  restricts to the real  



 2 

Henon map H ba, :R 2   R 2 .The importance of Henon , s map for the 

dynamics of all polynomial diffeomorphisms was recognized by S.Friedland 

and J.Milnor , who proved that every quadratic polynomial diffeomorphism is 

conjugate to a Henon map or to an elementary maps have trivial 

dynamics .Henon map is normal form for all quadratic polynomial 

diffeomorphism with non- trivial dynamic.[11] 

      In our work we used parameter space .Historically ,the first result about the 

parameter space of Henon maps showed the existence of two parabolic 

regions ,one of them is associated with maps with horseshoes,and consequently 

infinitely many periodic points ,and the other region corresponds to maps with 

no periodic points at all ; a “horseshoe” refers to a map which is hyperbolic on 

its nonwandering set and topologically conjugate  .This result was proved in  

[4] .The existence of strange attractors with in the Henon family was 

established in 1661 by M.Benedicks and L.Carleson .The identified set of 

parameters (a,b) of positive Lebesque measuer for which H ba,  admits a strange 

attractor . 

      In this work we, care this form of Henon map H ba, 








y

x
= 












 

x

xbya 2

  [3] . 

The goal of our work is to study bifurcation of Henon map according to 

appearance of fixed points and periodic points ,a sudden change in the nature 

of the fixed points with respect to some parameter space .We introduce the 

iteration of H b,0 .To determine the Henon map H b,0  , 01  b , has no periodic 

point for any period in the plane by dividing the plane to some region which 

are shown in chapter three .  

Also we study the non wandering point for Henon map H ba,  where 
4

)1( 2b
a


   

 



 3 

by using trapping region also we prove one theorem a bout periodic point of 

Henon map where
4

)1( 2b
a


  and 0b ,which is given in [2].At the last 

section, we will prove one theorem about iteration of  H ba,  where 0b and 

4

)1( 2b
a


  which is given in [3]  prove by finding some regions and prove 

some necessary lemma for our proof. 

      We clarified that the Henon map H ba,  has saddle node bifurcation occurs in 

the Henon map at 
4

)1( 2b
a


 and a periodic doubling bifurcation occurs at 

4

)1(3 2b
a


 by prove some propositions and which are exist in chapter one and 

shown in Remark (2.4.6)  

      In chapter three we conclude that there exists an open set about 








0

0
in 

which all points tend to 








0

0
under forward iteration of H .We found these 

regions 1Q , 1,2Q , 2,2Q , 3Q , 4Q  and  1R , 2R , 3R , 4R , 5R , 6R , 7R , we prove there are no 

periodic point for Henon map in the plane .Also, we prove that the norm of 

iteration of Henon map H b,0  tends to infinity for some regions shown in 

proposition (3.3.2) and (3.3.4). 

      In chapter four we conclude there is no non wandering point for Henon 

map H ba, , where 0b and 
4

)1( 2b
a


  we prove that for a closed region     

S ba, ={ 








y

x
: baCx , , baCy , } if 

4

)1( 2b
a


 and 0b  then for all 









y

x
R 2 -S ba,   

either nx as n or ny as n . 
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CHAPTER ONE 

Preliminaries 

 

      The purpose of this chapter is to introduce some definitions and theorems 

necessary for this research. This chapter consists of two sections. In section 

one,we recall some fundamental definitions and necessary theorems .In section 

two, we recall the definition of Henon map and some famous forms of Henon 

map.     

                      

1-1 Basic definitions and necessary theorems  

        Our goal in this section is to list the definitions and theorems that we use 

later in the research .We start with the general definition of a dynamical system. 

 

Definition (1.1.1)[11] 

      A dynamical system is a map KS 


S where S is an open set of 

Euclidean space and writing by  








x

t
= t( x ) ,the map   t: S  S satisfies    

(a)  0  : S  S  is the identity ;that is   0
( x )= x ,for all x  in S 

(b) The composition  t   s=  t +s , for each st,  in K .In case K is Z the 

dynamical system is described to be discrete dynamical system.  

In case  K is real line the dynamical system is described to be continuous. 
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Example (1.1.1)[11] 

       t: R  R   such that    t(x) = xe
kt
  ,  t ,x in R.  

 

Example (1.1.1)[11]  

       t: R
2
 R

2
 such that  t 









y

x
= 














 



t

t

eyxt

xe

)(
, t  in R, 









y

x
in R 2  

Definition (1.1.1)[11] 

    Let V be a subset of  R
2
, and let F: V  R

2
. Frequently such a function is 

called a map. The function F can always be represented in the form 

F(v)= 








)(

)(

vg

vf
 for all  v in V where  f  and   g  are real –valued coordinate map 

of  F. 

   

Remark (1.1.1)[11] 

     In our work, we write the map F: V  R
2
 where V  R

2
, such that 

F 








y

x
=







































y

x
g

y

x
f

; 








y

x
V. 

 

Example (1.1.1)[11] 

      If F 








y

x
= 









 byxa

y

)sin(
 then V=R

2
, f 









y

x
= y and g  









y

x
= byxa )sin( , where 

a , b  are two fixed real numbers, x  and y in R. 
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Definition (1.1.1)[11] 

    The map F:R 2  R
2 

is a linear map if for all v and w in R
2
  

F(bv+cw)=bF(v)+cF(w) ,for all real numbers  b and c. Otherwise it is a non 

linear map. 

 

Definition (1.1.1)[1] 

      A map F: R
2
  R

2 
is C

1
, if all of its first partial derivatives exist and are 

continuous. F is C  , if its mixed k
th

 partial derivatives exist and are continuous 

for all  k Z . 

 

Example (1.1.1)[9]   

      A map  F: R
2
  R

2 
defined by, F 









y

x
=





















2

2

4

4

1

xx

x
 is C  . 

Definition (1.1.11)[11] 

      A map  F: R
2
  R

2
 is called a diffeomorphism provided it is  

(1)  one-to-one 

(2)  onto 

(3)  C   

(4)  Its inverse F
-1

: R
2
  R

2
 is C  . 

 

Definition (1.1.11) [11]  

     Let V be a subset of R
2
, and v3 be any element in R

2
.Consider                                                         

F:V  R
2
 

 
be a map. Further more assume that the first partials of the 

coordinate maps  f and g  of  F exist at  v3  . 
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The differential of  F at  v3  is the linear map  DF(v1 ) defined on  R
2
 
 
by 

 DF(v1 ) = 







































)()(

)()(

00

00

v
y

g
v

x

g

v
y

f
v

x

f

, for all  v in R
2
 .The determinant of  DF(v3 ) is 

called the Jacobian of  F at  v 0  and is denoted by  J=det DF(v 0 ) . 

 

Example (1.1.11)[11]     

      Let F: R
2
  R

2
 be given by F 









y

x
= 









 byxa

y

)sin(
.To find DF 









0

0

y

x
                                                                                                                                                                                         

we have for f = y and byxag  )sin(  that 
x

f




=3, 

y

f




=1,

x

g




= )cos(xa ,

y

g




=b, so 

DF 








0

0

y

x
= 









bxa )cos(

10

0

 for all 








0

0

y

x
 in R

2
, J= )cos( 0xa .      

 

Definition (1.1.11)[11]      

      Let F: R
2
  R

2
 be a map and 0v R 2  if 0 )(det 0vDF <1, then  F is said 

to be area-contracting at 0v , and if )(det 0vDF >1, then  F is said to be area-

expanding at 0v . 

 

Example (1.1.11) [11] 

A map F in example (1.1.11) is an area-contracting at 
















4

3



if  a <2 and an 

area-expanding at
















4

3



 if  a >2   . 



 1 

Definition (1.1.11)[13]                                                                          

The forward orbit of a vector 









0

0

y

x
is the set of points 










0

0

y

x
,F










0

0

y

x
,F 2










0

0

y

x
 

F 3










0

0

y

x
,…and denoted by  O 










0

0

y

x
.If   F a homeomorphism ,we may define the 

full orbit of  









0

0

y

x
,O 









0

0

y

x
,as the set of points  F n










0

0

y

x
 for Zn ,and the 

backward orbit of 









0

0

y

x
, O 










0

0

y

x
, as the set of points F 1










0

0

y

x
,F 2










0

0

y

x
, 

F 3










0

0

y

x
,…,where  we have F n










0

0

y

x
= F 1n










1

1

y

x
=  










n

n

y

x
 . 

 

Definition (1.1.11)[11]      

     Any pair 









q

p
 for which f










q

p
= p , g










q

p
= q                                             (1.1)                                       

is called a fixed point of the two dimensional dynamical system. 

 

Example (1.1.11)[1]  

      Let F: R
2
  R

2
 is given by F 









y

x
= 


















2

2

yx

yx
, then 









 2

2
  is a unique 

fixed point of  F . 

Remark (1.1.11)[24]                                                                         

      If we define two maps   F, G from R 2  to  R by  

                             

        F 








y

x
= x - f 









y

x
  , G 









y

x
= y - g 









y

x
                                                 (1.2)                                                      
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In terms of these maps, the fixed point in equation (1.1) is simply requirement 

that F 








y

x
and G 









y

x
 be simultaneously zero .Fixed points may therefore be 

located as points of intersection of curves in the plane. 

 

Definition (1.1.11)[1]   

     Let  F: R n   R n be a map, x3 R n .The point  x3 is a periodic point of 

period m  if F m (x3)= x3.The least positive integer m  for which  F m (x3)= x3 is 

called the prime period of  x3 .We denote the set of  periodic points of  F by 

Per m
 (F). 

 

Example (1.1.11)  

      Let  F: R
2
  R

2
 is given by  F 









y

x
= 









x

y
, then 









2

1
  is a periodic point of 

period 2 of  F .  

 

Definition (1.1.11)[11]   

      Let F: R n   R n be a map, x3 be in the domain of F. Then x3 is an 

eventually fixed point of  F if there is a positive integer m  such that  F m (x3) is 

a fixed point of  F.  

 

 Example (1.1.11)  

      Let F: R
2
  R

2
 is given by F 









y

x
= 


















yx

yx2

, then 








1

1
  is an eventually 

fixed point of F, 1m  . 
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Definition (1.1.11)[11] 

      Let A be an nn  matrix .The real number   is called eigenvalue of A if 

there exists a non zero vector  X in R
n
 such that  

                AX= X                                                                                         (1.3)                                                                                                                                                                                                                               

Every non zero vector X satisfying (1.3) is called an eigen vector of A 

associated with the eigenvalue  .                                                                  

 

Remark (1.1.11)[11] 

      Before we  show the type of fixed point 








0

0

y

x
 we need to indicate distance 

on R
2
 .To this  end ,let  v= 









y

x
,w= 









s

r
.And let the distance wv   between v 

and w be the distance between the corresponding  points in R
2
,that is  

wv  = 22 )()( ysxr                                                                                 (1.4)                                                                                                                                      

                                                               

Definition (1.1.11)[11] 

      Let 









q

p
 be a fixed  point of F, then 










q

p
 is attracting fixed point if and 

only if there is a disk centered at 









q

p
 such that F

(n)










y

x











q

p
 for every 










y

x
in the disk as n .By contrast  










q

p
is repelling fixed point if and only 

if there is a disk  centered at 









q

p
such that 


















q

p
F

v

u
F > 


















q

p

v

u
 for every 










v

u
 in the disk for which 










v

u











q

p
  .  
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Theorem (1.1.11)[11]   

       Let 









q

p
be a fixed point of F. Assume that DF










q

p
exists, with eigen values 

1  , 2 , then : 

(1) 









q

p
  is an attracting fixed point, if 1  and 2  are less than one in absolute 

value . 

(2)  









q

p
 is repelling fixed point, if 1  and 2  are greater than one in absolute 

value . 

(3) 









q

p
 is saddle point, if  one of 1  , 2  is larger and the other is less than one 

in absolute value. 

For proof see [13]. 

Example (1.1.11)[11]   

      Let   F 








y

x
= 









 yxa

y

)sin(
  then 

(1)   









0

0
 is an attracting fixed point if  

4

1
< a <3, 

(2)   









0

0
 is a repelling fixed point if a >2,  

(3)   









0

0
 is saddle fixed point if  3< a <2. 

Definition (1.1.11)[1]                                                                          

     Let F: R n   R n be a map. The fixed point 









q

p
 is called hyperbolic fixed 

point of F if DF









q

p
 has no eigen values on the unit circle, otherwise is said to 

be non hyperbolic . 
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For example 









0

0
 in example (1.1.26) is hyperbolic, if a 2 and a 3. 

Definition (1.1.11)[11]    

       Let GL(2,2) be the set of all 22 matrices, A= 








dc

ba
where a,b,c,d Z 

such that  Det(A)=   1.Then if 1  , 2  are  eigen values of A satisfying 

AGL(2,2) such that 1 >1> 2 ,then we call the matrix A, a hyperbolic 

matrix . 

 

Definition (1.1.11)[1]    

      Let V,S R 2  ,F: V  V and G:S  S  be two maps .Then F and G  are 

said to be topologically conjugate if there exist a homeomorphism H:V  S 

such that  H F=GH . 

Remark (1.1.11)[11]                                                                         

       The homeomorphism H is called a topological conjugacy . 

 

Example (1.1.11)[11]  

Let Q 4 ( x )=4 x (1- x ) for 3x1 and T( x )=












1
2

1
)1(2

2

1
02

xforx

xforx
 . 

Q 4 is topologically conjugate to T( x ). Where topological conjugacy is sin 2 x
2


.  

Definition (1.1.11)[11]                                                                         

     Let 









q

p
 be a fixed point of F .The basin of attraction of 










q

p
consists of all 










y

x
such that F n










y

x
 









q

p
 as n  . 
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Theorem (1.1.11)[1] 

       Suppose that F has an attracting fixed point at 









q

p
.Then there is an open 

set about 









q

p
, in which all points tend to 










q

p
under forward iteration of F.    

 

For proof see [3]. 
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1-1   Definition and some forms of Henon map     

 

      In this section, we start by recalling a definition for Henon map, we give 

some forms of it, and we will study the two parameter case.  

Henon map is a simple two-dimensional map and special quadratic polynomial 

diffeomorphism of R
2
 which may be written in the form Ha,b 









y

x
= 












 

x

xbya 2

 

where  (a,b)R(-1,1)\{3}.                                     

This map was introduced by French astronomer-mathematician Michel Henon 

in 1696, primarily for experimental purposes  . 

      Another form of Henon map is an analogue of the logistic equation . It is 

defined by the equations . 

x 1n = nn yax 
2

1                                    

nn bxy 1                                                                                                         (1.5)                                                                                                                                             

where a and b  are real constants ; a  controls the extent of the nonlinearity, 

while b controls the degree of dissipation .Note that ,unlike the logistic 

map ,the henon map is invertible ,while noninvertibility is necessary for chaos 

in one dimensional maps , it is not required in higher-dimensions . Generally, 

the sequence of points 








0

0

y

x
, 









1

1

y

x
,…, 









i

i

y

x
,… for i = ,...2,1,0 either diverges to 

infinity (for 0x large) or settles onto an attractor (for 








0

0

y

x
 near the origin). A 
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fixed point analysis similar to the one performed earlier for the logistic 

equation may be carried out here to determine the behavior of the map as   a 

map of a and b . For example the two fixed points are found to be 

]4)1()1([
2

1 2 abb
a

x 

  where 0a ,    bxy  [13]. The point 






















y

x
 is 

always  unstable and 






















y

x
becomes repelling for 

4

)1(3 2b
a


 .And for 

10

3
 both 

fixed points become repelling for 3675.0a  and a two-cycle is born. Now let 

us list some forms of Henon map from  

[1],[5],[6],[1],[11],[15],[16],[19],[11] . 

(1) H ba, : 











 










x

byxa

y

x 2

  

 (2) H ba, : 











 










bx

axy

y

x 21
  

(3) H ba, : 











 










x

bxya

y

x 2

  

 (4) H ba, : 



















axby

y

y

x
2

   

(5) H ba, : 


















2ybxa

y

y

x
  

 (6) H ba, : 








y

x
 












 

ax

bxy 21
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       In our research we take the form Ha,b 








y

x
= 












 

x

xbya 2

, Ha,b depends on 

two real parameters, where 1b  .We note that there is only one nonlinear 

term ,so that Ha,b  is indeed one of the simplest nonlinear maps in higher 

dimensions .  

Definition (1.1.1) [1],[11] 

      A bifurcation is a sudden change in the number or nature of the fixed and 

periodic points of the system .Fixed points may appear or disappear, change 

their stability, or even break a part into periodic points. 

If 0a ,
4

)1( 2b
a


  Henon map in (1.5) has two fixed points 























y

x
 , 























y

x
 one 

of them is attracting fixed point where a  is a nonzero number lying in the 

interval [
4

)1(3
,

4

)1( 22 bb 
],and the second fixed point is a saddle point where 

4

)1( 2b
a


 , 0a .Furthermore, we have the following situation for a given 

value b  in ( 0 ,1).If 
4

)1( 2b
a


 ,then (1.5)has no fixed points, if a  is nonzero 

number , 
4

)1(3

4

)1( 22 b
a

b 



,then (1.5) has two fixed points one is attractor 

and the other is a saddle point .Now let b  be fixed in the interval ( 0 ,1) ,and let 

the parameter a  increase .In addition to the bifurcation at 
4

)1( 2b
a


 , (1.5) 

has a bifurcation at 
4

)1(3 2b
a


 ,because one of the two eigen values of Henon 

map defined in (1.5) descends through 1 ,so that 






















y

x
 is transformed from an 
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attracting fixed point to a saddle point ,we might suspect that as a  passes 

through 
4

)1(3 2b
, an attracting periodic point of period m  for (1.5) would be 

born . 
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CHAPTER TWO 

A characterization of the Henon map in parameter  

spaces  

      The goal of this chapter is to study type of fixed points in different 

parameter spaces and the existence of periodic point of Henon map with 

respect to parameter spaces. This chapter consists of four sections. In section 

one, we give some properties of Henon map. In section two we determine type 

of two fixed points where b <1 , 
4

)1( 2 b
< a <

4

)1(3 2b
.In section three, we 

determine type of fixed points where b <1 ,
4

)1( 2 b
< a <

4

)1(3 2b
. In section 

four, we determine type of fixed points where first b >1 and a >
4

)1(3 2b
 and  

second  1b  and 0a . 

 

 

1.2 Some properties  of Henon map  

 

      In this section is to study some properties of Henon map. First of all, let us 

observe how the Henon map acts . For our illustration , we will take a 

rectangle .The first thing that we can observe that T 1 : 








y

x
 

















y

x

b0

01
  is 

contracting T 2 : 








y

x
 









 ya

x
 is translation.  
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There is a folding T 3 : 








y

x
 









 2xy

x
 , a rotation in y by 

2


   

T 4 : 








y

x
 

















 y

x

01

10
 and a reflection in y, T 5 : 









y

x
 

















 y

x

10

01
 . 

Let us observe the orbit of a typical point 








y

x
under the composition                                                                                       

T 5 T 4
  T 3

  T 2
  T 1 , if T i  (x)=x i , i 5,...,1 ,then we get  x 1 =x, y 1 =b y,  

x 2 = x 1 ,y 2 = a - y 1 ,x 3 = x 2 ,y 3 = y 2 - x 2

2 ,x 4 = y 3 ,y 4 =- x 3 x 5 = x 4 ,y 5 =- y 4  then for 

T 5
  T 4

  T 3
  T 2

  T 1 








y

x
 

the first coordinate is :                              the second coordinate is: 

 x 5 = x 4                                                        y 5 =- y 4  

= y 3                            = x 3  

= y 2 - x 2

2                = x 2  

= a - y 1 - x 2

1      = x 1  

= a -b y - x 2      =x 

therefore T 5
  T 4

  T 3
  T 2

  T 1 








y

x
=H ba, 









y

x
.The Henon  map can be realized 

as a composition of contracting, translation, folding, rotation and reflection. 

These properties of stretching and folding are responsible for the beautiful 

dynamics of Henon map .   

 

Proposition (1.2.2)[3],[21]  

      Let H: R
2
   R

2 
be a Henon map and b be any fixed real number. Then  

(8)    JH a,b 








y

x
 =b   ,       x, y in R. 
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(2)  If x
2
-b2, then the eigen values of DH a,b 









y

x
 are the real numbers 

 - x  bx 2  . 

(3)  If b 2 , Ha,b  is one-to-one map  

(4) The Henon map Ha,b  is C  . 

(5) If b 2 then Ha,b  has an inverse. 

(6) If b 2 Ha,b is  diffeomorphism . 

proof :(8) from definition (818188), DHa,b 








y

x
= 







 

01

2 bx
, then  

JHa,b 








y

x
=det 







 

01

2 bx
=b    

(2) If   is eigen value of DHa,b 








y

x
 then must be satisfied the characteristic 

equation 022  bx  and the solutions of this equation are  1 , 2  where 


1 , 2 =

2

442 2 bxx 
 =- x  bx 2  which are real since bx 2  0 . 

(3)  Let









1

1

y

x
 , 









2

2

y

x
R

2
 such that   Ha,b 









1

1

y

x
=Ha,b 









2

2

y

x
 then 








 

1

11

x

xbya
= 







 

2

22

x

xbya
 then   a-by 1 -x 1 = a-by 2 -x 2 and x 1 = x 2 , 

 hence by 1 = by 2  and b 2 so y 1 = y 2 , that is , Ha,b  one-to-one.     
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(4)    Ha,b 








y

x
= 












 

x

xbya 2

 then  
x

yxf



 ),(
=-2x  , 

y

yxf



 ),(
=-b , 

x

yxg



 ),(
=8, 

y

yxg



 ),(
=2, so all first partial derivatives exist and continuous. Note that  

2

2 ),(

x

yxf




=-2, 

n

n

x

yxf



 ),(
=2  n N and n 3, 

n

n

y

yxf



 ),(
=2,   

n

n

y

yxg



 ),(
=2 and 

1

1 ),(







n

n

y

yxg
=2  n N and n 2 . 

We get that all its   mixed k
th

 partial derivatives exist and continuous for all k. 

From definition (81811) Ha,b 








y

x
 is C   . 

(5) We define the following two dimensional maps H 1 , H 2 and H 3  where 

H 1 








y

x
= 









by

x
 , H 2 









y

x
= 









x

y
 ,H 3 












 

y

yxa 2

,the Henon map is composed of 

H 1 , H 2 , H 3  and these maps are invertible maps so Ha,b  is also invertible map 

and Ha,b
1 = H 1

1


  H 1

2

    H 3

1  where  H 1

1












y

x
=















b

y
x

,H 1

2












y

x
= 









 x

y
, 

H 3

1










y

x
= 












 

y

yax 2

,H 1

1


H 1

2


H 3

1










y

x
=

















b

yxa

y
2 , hence  Ha,b 









y

x
 is  

invertiable   where Ha,b
1










y

x
= 

















b

yxa

y
2 . 

(6) By part (3) and part (4) of this proposition  Ha,b 








y

x
 is one-to-one map and 

C  .   



 22 

To show it is onto let 








w

z
be any element in R

2
 then there exist x=w, 

y=
b

zwa 2
in R such that 









y

x
in R

2
 and  Ha,b 









y

x
= 









w

z
 hence Ha,b 









y

x
 is onto, 

and  by part(5) Ha,b 








y

x
  is C   and Ha,b

1










y

x
   is C  .Hence by definition 

(818182)  Ha,b is diffeomorphism.   □ 

 

Proposition (1.2.1) 

 (8)  








y

x
(Z\{-8,2,8})R, DHa,b 









y

x
  is a hyperbolic matrix iff b =8. 

 (2)If b <8 then Ha,b  is area-contracting and its area-expanding if b >8. 

Proof (8) (  ) Let DHa,b 








y

x
be a hyperbolic matrix then in view of  

definition(818121) DHa,b 








y

x
GL(2,2)  then det(DHa,b 









y

x
) = b =  8, hence 

b =8. 

(  ) Let  b =8  then  det(DHa,b 








y

x
) = b = 8 , DHa,b 









y

x
GL(2,2) and by 

the relation between roots and coefficients 1 2 = 8 so 2 =
1

1


   (218)                

and by proposition (21818) 1 , 2  are two distinct real numbers and since  
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x{-8,2,8} , 
i  8 ,  i =8,2 and since R is totally order set so either 

i >8  

or 
i <8  i =8,2 , if 

1 >8 from (218) 
2 =

1

1


 <8and  if

1 <8 then 

2 =
1

1


>8.  

(2) If b <8 then )det( , 








y

x
DH ba <8 and from definition (818183) Ha,b 









y

x
is  area-

contracting map and if b >8 then )det( , 








y

x
DH ba >8 this implies that  Ha,b 









y

x
is 

an area-expanding map. 

Proposition (1.2.3)[3]   

      For each value of b  in R, there exists b 0 in R   {2} such that, if a > b 0  the 

Henon map has two fixed points.                                          

Proof: Let bR, the point 








q

p
 is a fixed point of Ha,b 









y

x
 provided that 










q

p
=Ha,b 









q

p
= 












 

p

pbqa 2

. Then qp   and 2pbqap  , implies that 

2pbpap  .This is equivalent to 0)1(2  apbp  which by the quadratic 

formula  yields 
2

4)1()1( 2 abb
p


                                                      (212)                                                              

such p  exists  if ab 4)1( 2   0 , that is if  a>
4

)1( 2 b
, we take b 0 =

4

)1( 2 b
  in 

R   {2} and since qp   if a> b 0   Ha,b 








y

x
 has two fixed points  
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P+= 












),(

),(

bap

bap
=























2

4)1()1(

2

4)1()1(

2

2

abb

abb

                                                    (213)                                         

P-= 












),(

),(

bap

bap
=























2

4)1()1(

2

4)1()1(

2

2

abb

abb

       □                                            (214)                                  

Proposition (1.2.2)        

      The set of fixed points of Henon map is closed . 

Proof: Let A be the set of fixed points of Henon map then   

A={









y

x
:Ha,b 









y

x
= 









y

x
},AR 2 .To show that A is closed set , let










y

x
A c then 

Ha,b 








y

x
  









y

x
 and since AR 2 ,we have two distinct elements in R 2 and R 2 is 

hausdorf space then there exists two disjoint open sets M,N in R 2 such that 










y

x
M and Ha,b 









y

x
 N ,hence 










y

x
 MHa,b

1 (N) ,since N open subset in 

R 2 and Ha,b is continuous map we have Ha,b
1 (N) is open subset in R 2 .Let 

MHa,b
1 (N) =V, we claim that V  A c . To show this, let 










s

r
V then 










s

r
M 

and 









s

r
Ha,b

1 (N) so









s

r
M, Ha,b 









s

r
N but since MN= ,then 










s

r
 Ha,b 









s

r
 

hence 









s

r
 A c .That is our claim is true. Hence for each 










y

x
in A

c  we could 

find the open set V such that V  A c   so A c  is open. Then A is closed set.    □ 
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Proposition (1.2.2)[3] 

       For each value of b  in R there exists a unique b 0 in R   {2} such that if 

a = b 0  the Henon map Ha,b 








y

x
  has a unique  fixed point  























2

)1(
2

)1(

b

b

  and if 

a <b 0  , Ha,b 








y

x
 has no fixed point.  

 Proof: Let ( ba, ) be any element in R 2 ,Clearlyb 0 =
4

)1( 2 b
 R   {2}.If      

a = b 0  then ab 4)1( 2  = 0  , from (213), (214) P+= P- = 























2

)1(
2

)1(

b

b

 is a unique  

fixed point of Ha,b 








y

x
  but  if a <b 0  we get that ab 4)1( 2  < 0  and the equation 

0)1(2  apbp  has no real solution, so Ha,b 








y

x
  has no fixed point in this 

case  .  □  
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1.1 A characterization of the Henon map for  

b <1 ,
4

)1( 2 b
< a <

4

)1(3 2b
 

      The goal of this section is to determine a type of fixed points of Henon map 

Ha,b  where ),( ba M and  M is a parameter space defined as: 

M={( ba, ): b <1,
4

)1( 2 b
< a <

4

)1(3 2b
, Rba , } ,   HM={ Ha,b:( ba, ) M}. 

Proposition (1.1.2)[3]  

   Let Ha,b HM. If bbap  ),(
2

0  then Ha,b has an attracting fixed point 














),(

),(

bap

bap
, and a saddle fixed point 













),(

),(

bap

bap
.  

Proof: By theorem (818126) we get 












),(

),(

bap

bap
 is attracting fixed point if the 

eigenvalues of H ba, 












),(

),(

bap

bap
 are less than 8 in absolute value . Let 

H ),( ba 








y

x
HM so b <8 and 

4

)1( 2 b
< a <

4

)1(3 2b
 so 0 < ab 4)1( 2  < 2)1(4 b , 

thus 0 < ab 4)1( 2  < )1(2 b                               (215)                                                                                                                                                                                                             

by adding )1(  b  for both sides of inequality (215) ,we get that 

)1(  b < )1(  b  ab 4)1( 2  < )1( b  then    
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2 < )1(  b < )1(  b  ab 4)1( 2  < )1( b < 2  , so    

1 <
2

4)1()1( 2 abb 
<1, from (213), we get 1 < ),( bap <8.From now for 

simply we refer to ),( bap  as p , hence p 1 > 0  and p 1  < 0  so 

1p = 1p , 1p =  p1                    (216)                                                      

by proposition (21818) , the  eigenvalues of DH ba, 












p

p
 are less than 8 in 

absolute value if bpp  

2 <1. 

Now from (213), 2
p = )1(  b  ab 4)1( 2   .Therefore    2

p > )1(  b  

or equivalently, 2
p 1 > b  and by adding 2

p  for both sides, we get that        

2

p  2
p 1 > 2

p b , thus 2)1( p > 2

p b , so 2)1( p > bp 

2  

that is 1p > bp 

2  , then by (216) 1p > bp 

2 . Hence  

 p  bp 

2 <1                                                                                           (212)                                                     

Since p <1 and bp 

2
 0 , we get  p  bp 

2 > 1   .                          (211)            

Now by (212) and (211) bpp  

2
<1  so 1 <1 , for 2  since p > 1   

and bp 

2
 0 , we get p  bp 

2 > 1   .                                                (211)                 
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Also we have a <
4

)1(3 2b
, so ab 4)1( 2  < 2 1b = )1(2 b , hence 

2

4)1()1( 2 abb 
<

2

)1( b
 by (213)  p <

2

)1( b
 , that is  b <  p21  (2182)                     

By adding 2

p for both sides of (2182) ,we get 2

p b < 2

p   p21 , 

 then by (216), bp 

2 < 1p   so  bp 

2 <  p1 . Hence  

p  bp 

2 <1                                                                                         (2188)                                                                                                  

Now from (211) and (2188), bpp  

2 <1, so 
2 <1,so by proposition 

(818126) 













p

p
 is attractor fixed point.  

For the second part ,from (214) ),( bap =
2

4)1()1( 2 abb 
. From now for 

simply we  refer to ),( bap as p . Hence p2 = abb 4)1()1( 2                                                                        

so p2 < )1(  b . Hence  p2 1 < b  .                                                         (2182)                                

By adding 2

p  for both sides of  (2182)  we get 2

p   p2 1 < 2

p b  

so 2)1( p < bp 

2 . Hence 1p < bp 

2   .                                      (2183)                                                                              

Therefore p R then either p  1   or p < 1  . If p  1   from  (2183)  

1p = 1p < bp 

2 .Hence   - p  bp 

2 >1  .                                   (2184)                                                                                       

If p < 1  then  p >1 ,so (2184)  holds, and from this  

bpp  

2
=  p  bp 

2 >1. By proposition (21818), 1 >1, now from 

(218), we get 212
 = b <1 then 2 <

1

1


<1 and by theorem (818126)  













p

p
 is a 

saddle fixed point .   □ 
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Proposition (1.1.1) 

      There are no point of period two for H ba, 








y

x
 HM . 

Proof: Suppose that there exists a periodic point of period two 

for H ba, HM  then from definition (818181) we have  H 2
ba, 









y

x
= 









y

x
,  so  

 
















2

22 )(

xbya

xbyabxa
= 










y

x
. Then  22 )( xbyabxa  = x  

                                                          2xbya  = y                                      (2185)                                                                   

so                                                     2ybxa  = x  

                                                           
1

2






b

ya
x                                          (2186)                                         

substituting for x  , 2
2

)
1

(





b

ya
bya = y , we get   

2)1( b 222 )()1( yabyba  = 2)1( b y   so  22 )( ya  3)1(  b 2)1(  bay = 0 . 

 hence 22324 )1(()1(2  baaybayy ) = 0 .                                           (2182)                                                     

Since the equation ayby  )1(2  corresponds to the fixed points, the 

polynomial aybyyp  )1()( 2  is factor  polynomial of 

)(yq
22324 )1(()1(2  baaybayy  and by factor theorem there exists a 

polynomial )(yh  such that  )(yq )(yh )(yp  and periodic points are roots of the 

equation )(yh = 0 .We can find )(yh = ))1(()1( 22 abyby  = 0 , where 

),( ba  M , and the quadratic equation ))1(()1( 22 abyby  = 0  has a 

solution, for ))1((4)1( 22 abb   0  .That is  ab 4)1(3 2 0 ,hence 

 
4

)1(3 2


b
a  which is contradiction    □ 
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1-3 A characterization of the Henon map for b >1 and  

                         4

)1( 2 b
< a <

4

)1(3 2b
 

   The goal of this section is to study a type of fixed points of Henon map  

H ba, ,where ),( ba  in N, N is a parameter space defined as:  

N={ ),( ba : b >1,
4

)1( 2 b
< a <

4

)1(3 2b
, Rba , } , we divide N into two disjoint 

spaces N  {( ba, )  N: 1b }, N  = {( ba, )  N : 1b } , and we denote 

HN


={ H ba, : ( ba, )  N   }, HN
 = { H ba, : ( ba, )  N   }. 

Proposition (1.3.2)    

     Let Ha,b HN
 . If bbap  ),(

2
0  then Ha,b has a saddle fixed point 














),(

),(

bap

bap
, and a repelling  fixed point 













),(

),(

bap

bap
 . 

proof: Let H ba, 








y

x
be any element in HN


. Then ( ba, ) N  hence 

b >1,
4

)1( 2 b
< a <

4

)1(3 2b
. From (214) 2 p = )1(  b - ab 4)1( 2  .Therefore  

2 p < )1(  b < 2  .We note that   p >1  and since bp 

2
0 , we get 

bpp  

2
=  p  bp 

2 >1.              (2181)                                             

On the other hand, 2 p < )1(  b < )1( b ,or equivalently  p2 1 > b  by  

adding 2

p  for both sides, we get  , 2

p
 p2 1 > 2

p b , thus  
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2)1( p > 2

p b  or  2)1( p > bp 

2  , hence 1p > bp 

2   .         (2181)                                                                                        

Since, 1p  , hence  1p =  p1  ,thus  p1 > bp 

2  . 

Hence p  bp 

2 <1                                     (2122)                                                                 

In the same way, since 2 p < 1 b ,or equivalently p2 1 < b   by adding 

2

p for both sides, we get  2

p  2 p 1 < 2

p b , or  2)1( p < 2

p b , 

hence 2)1( p < bp 

2 . That is 1p < bp 

2  , since  1p , we get   

 p 1 < bp 

2 ,  so 1 < p  bp 

2    .                                                 (2128)                                                                                               

Now from (2122) and (2128), we get that bpp  

2 <1, hence 
2 <1 and by 

(2181) 
1 >1, in view of theorem (818126) 













p

p
is a saddle fixed point, for the 

second part since b >1, under the given condition must be p >1 or p < 1 . 

Case 8: If p >1 then 1p = 1p                           (2122)                                 

we have a <
4

)1(3 2b
, so )1(  b  2)1(4  ba < )1( b  ,by (213) we get 

p2 < )1( b . That is b < 12  p                                                                  (2123)                                                                

By adding 2

p for both sides of (2123) ,we get that 2

p b  < 2

p - 2
p 1                

or bp 

2 < 2)1( p then by (2128) we have bp 

2 < 1p = 1p . Hence 

p - bp 

2 >1  .                                                                                           
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(2124)                        Since bpp  

2 = bpp  

2
 by (2124), we get 

bpp  

2 >1, 

hence 
1 >1 since p >1, clearly p  bp 

2 >1 so bpp  

2 =
2 >1 by 

theorem (818126), 












p

p
is a repelling fixed point. 

Case 2: If p < 1 , since bp 

2
  0  then p - bp 

2 < 1  , hence  

bpp  

2 = bpp  

2 >1                                                               (2125)            

so 
1 >1, since 04)1( 2  ab  we have  )1(b  ab 4)1( 2 )1(  b  

, by (213) we get that 
2

)1( 


b
p . That is  bp  12   .                           

(2126)                                                                                                                                                                                    

By adding 2

p  for both sides of  (2126), we get that 2

p b  < 2

p  2
p 1 , 

thus bp 

2 < 2)1( p ,since p < 1  we have bp 

2 < 1p = 1 p ,  

hence p  bp 

2 < 1   .                                                                            

(2122)                   

so bpp  

2
= 2 >1 ,by theorem (818126)  













p

p
 is a repelling fixed point. □   

Proposition (1.3.1) 



 33 

     If H ba,  HN
 then H ba,  has a saddle fixed point, 













),(

),(

bap

bap
, and a repelling 

fixed point 












),(

),(

bap

bap
. 

Proof: Let H ba,  HN


, then we have ( ba, )  N  and from (213) we have 

2 p = )1(  b  ab 4)1( 2  , hence 2 p > )1(  b  .                                    (2121)         

 Or equivalently ,  2
p 1 > b . By adding 2

p  for both sides , we get that        

2

p  2
p 1 > 2

p b , thus 2)1( p > bp 

2 ,  hence  

1p > bp 

2   .                                                                                        (2121)                                  

Now since ( ba, )  N  ,we have )1(  b > 0 .From (2121) 1p > 0  then (2121) 

becomes 1p > bp 

2 , hence  p  bp 

2 <1 .               (2132)                      

On the other hand, since b > 0 , we have bp 

2 > 2

p =
p , hence 

 p  bp 

2 >  p  p = 0 , so we get  bpp  

2 =  p  bp 

2  

from (2132) and proposition (2.818) bpp  

2
= 1 <1, for 2  since p > 0 ,  

we get that bpp  

2
= p  bp 

2   .                                      (2138)                        

On the other hand , since b >1, 2

p > 0 , we have bp 

2 >1,then from (2121) 

we can say that  ,  p  bp 

2 >1 .                           (2132)                                                                
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By (2138) , (2132) and proposition (2.818) we get  bpp  

2 =
2 >1, hence 

by theorem ( 818126) 












p

p
is a saddle fixed point. To show that 













p

p
is a 

repelling fixed point, from (214) we have 2
p = )1(  b - ab 4)1( 2    

then 2 p < )1(  b                                                       (2133)                               

as the same as (2128), we get that 1p < bp 

2  , since ( ba, )  N   we have 

a <
4

)1(3 2b
 and b < 1  thus ab 4)1( 2  < 2)1(4 b and  1b < 0 , hence  

ab 4)1( 2  < 12 b = )1(2  b , so )1(  b ab 4)1( 2  > )1( b , then from 

(214), we get p2 > )1( b , from (2133) we get that )1( b < p2 < )1(  b    

then we have two cases : 

Case8: If )1( b < p2 < 0 , then b > 12  p , thus 1p < bp 

2  

hence  p1 < bp 

2 ,that is p  bp 

2 >1 .                                           (2134)                    

then by(2134) and proposition(2.818) bpp  

2
= 2 >1  .                      

(2135)              For 1  , since p < 0  and b < 1 , we have bp 

2 >1, so  

 p  bp 

2 >1 , then by proposition (2.818) 1 = bpp  

2
>1 .              

(2136)                   Now by (2134),(2135) and theorem(818126) 












p

p
is a repelling  

fixed point  
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Case 2: If 0 < p2 < )1(  b , in the same way as (2183),  1p < bp 

2   , thus 

1p < bp 

2 , hence  p  bp 

2 >1, hence by proposition (21818) 

1 = bpp  

2 >1 .Since p > 0 , bp 

2 >1,we get that p  bp 

2 >1 . 

By proposition (21818), 
2 = bpp  

2 >1, hence by theorem (818126) 














p

p
is a repelling fixed point.   □ 
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1-2 A characterization of the Henon map for  b >1 , a >
4

)1(3 2b
 

     Our goal of this section is to determine a type of fixed points of Henon map 

H ba, , where ),( ba in G , G={ ),( ba : b >1, a >
4

)1(3 2b
, Rba , },we divide  

 G into G  , G  where ,G  ={( ba, )  G: 1b },G  ={( ba, )  G: 1b  }. 

We have HG
 = { H ba, : ( ba, )  G   }, HG

 = { H ba, : ( ba, )  G  }. 

Proposition (1.2.2) 

       Let H ba,  HG


, if bbap  ),(
2

0   then H ba,  has two saddle fixed points . 

Proof: Let H ba, 








y

x
 HG

 , then ( ba, )  G
+ .

 From (213), we have   

2 p = )1(  b  ab 4)1( 2   , thus 2 p > )1(  b . Hence  2 p 1 > b .    

By adding 2

p for both sides, we get that 2

p  2 p 1 > 2

p b , so 

2)1( p > bp 

2  .Hence 1p > bp 

2   .                                           

(2132)                                  Now since ( ba, )  G
+ , 

we have  a >
4

)1(3 2b
 , thus  
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)1(  b ab 4)1( 2  > )1( b . By (213)  p2 > )1( b , hence p >1, from  

(2132),   p  bp 

2 <1    .                                                                       (2131)                                 

Since p2 > )1( b , we have 12  pb , by adding 2

p  for both sides , we get 

that 2

p
 p2 1 < 2

p b , thus 2)1( p < bp 

2 , by definition of absolute 

value 1p < bp 

2  ,since p >1 we get  1p < bp 

2  . 

Hence   p  bp 

2 > 1    .                                                                     (2131)                                                                                    

So from (2131),(2131), we have bpp  

2 <1 and by  proposition  (21818) 

1 <1, for 2  from (218) 212
 = b >1 , then 

2 >
1

1


>1, then by theorem 

(818126) 












p

p
is a saddle fixed point. To show that 













p

p
is a saddle fixed point. 

From (214), we have  2 p = )1(  b - ab 4)1( 2   . It is clearly  that  

2 p < )1(  b < )1( b  and  b < 12  p , so 1p > bp 

2  .               (2142)                                                                                                                     

Since 2
p < )1(  b < 2 , we get that  p1 > bp 

2   hence we have       

p  bp 

2 <1 .                                                                                          

(2148)                                

On the other hand, since 2 p < )1(  b , in the same way as (2128) ,we get  
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1 < p  bp 

2                         (2142)                                                                                

now from (2148) and (2142), we get  bpp  

2 <1. Hence 
2 <1  for 1  from 

(218), 
21 = b >1, then 

2 >
1

1


>1 and by theorem (818126) 













p

p
 is a saddle 

fixed point.   □ 

Proposition (1.2.1) 

       If H ba,  HG- ,then  H ba, 








y

x
 has two saddle fixed points. 

Proof: Let H ba, 








y

x
 HG- , by the same way in (2183), we can show that                                                                   

1p < bp 

2    .                                                                                       (2.43)    

Since a >
4

)1(3 2b
 , so ab 4)1( 2  > 12 b = )1(2  b .By (213) p2 < )1( b  in the 

same way as (2181), we can show that 1p > bp 

2  .                            

(2144)          

Since p2 < )1( b  and )1( b < 0 , we have 1p =  p1 , hence from (2144) 

p  bp 

2 <1  .                                                                                         

(2145)                               

Now since p R, we have two cases  

Case8: If p  1 , then   from (2143)   p  bp 

2 > 1   
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Case2: If p > 1 , then clearly     p  bp 

2 > 1    .                                (2146)         

Hence from (2145), (2146)  bpp  

2 =
2 <1 .                                      

(2142)     

For 1  from (218), 212
 = b >1 then 

2 >
1

1


>1 and by theorem (818126) 














p

p
 is a saddle fixed point. To show that 













p

p
 is a saddle fixed point, by the  

same way in (2121) we get 1p > bp 

2 . Since p2 > )1(  b > 0 , we have 

 p  bp 

2 <1, on the other hand p2 > )1(  b > )1( b then by the same way 

in (2131) 1p < bp 

2  .                          (2141)                                                           

Now if p <1 then  p  bp 

2 > 1   and if p  1 by (2141), we have 

 p  bp 

2 > 1 , hence bpp  

2
= 1 <1 .                 (2141)                         

Since 2 >
1

1


 we have 2 >1 the by theorem ( 818126) 













p

p
 is a saddle 

 fixed point.   □ 

 

Proposition (1.2.3)  

     If ),( ba  G then the Henon H ba,  map has two periodic points of period two . 
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Proof: Let 








2

1

p

p
and 









2

1

q

q
be two different vectors such that H ba, 









2

1

p

p
= 









2

1

q

q
 

and H ba, 








2

1

q

q
=










2

1

p

p
 thus 













 

1

2

12

p

pbpa
= 









2

1

q

q
,













 

1

2

12

q

qbqa
= 









2

1

p

p
 then  

2

12 pbpa  = 1q , 2

12 qbqa  = 2q  and  

21 qp   , 21 pq                                                                                           (2152)       

equivalently 1q 2q = )()(
2

1

2

122 pqpqb   . 

                   12 pp  = )()(
2

1

2

221 ppppb   .                                               (2158)                            

Since 








2

1

p

p
, 









2

1

q

q
are different 12 pp   0 , hence from (2158), we get that 

21 pp  = 1b . From (2152)  2p = 1b
1p = 2

12 pbpa  = a )1( 1pbb 
2

1p  

thus 2

1p  )1( 1pbb   1b
1p a =0 , so  2

1p  )1)(1( 1pbb  a = 0      (2152) 

since ( ba, )G, thus (2152)  has two real solutions  

1p  = 
2

)1(34)1( 2 bab
 

1p = 
2

)1(34)1( 2 bab
                                                                          (2153)                                

and 2p =  1)1( pb = 
2

)1(34)1( 2 bab
, hence we get that  
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





















2

)1(34)1(

2

)1(34)1(

2

2

bab

bab

,























2

)1(34)1(

2

)1(34)1(

2

2

bab

bab

are two periodic point  

for Henon map of period two.  □ 

 

Proposition (1.2.2)[1] 

If 
4

)1(3 2


b
a and b > 1 , then one of the eigen values of DH ba,  at P+( ),ba  is 

1  . 

Proof: If 
4

)1(3 2


b
a , then ab 4)1( 2  = 12 b = )1(2  b and from (81814) 

2

4)1()1( 2 abb
p


 =

2

)1( b
 .                               (2154)                                          

Now by proposition (21818) and (2154), we get that the eigen values of DH ba,  at 

P+( ),ba  are  - bbapbap  

2)),((().(   

                                = -
2

)1( b
 b

b





4

)1( 2

=-
2

)1( b


2

1b
= 1  or b . □    

Proposition (1.2.2)[1] 

     If 
4

)1(3 2


b
a and b < 1 , then one of  the eigen values of DH ba,  at P  ( ),ba  

is 1  .  
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 Proof: similar to proposition (2.414) .  

Proposition (1.2.2) 

       If  1b , 0a  then H ba,   has two saddle fixed points . 

Proof : Since 1b and 0a ,then from (213) and (214) the fixed points are 

P+= 












p

p
=















a

a
                                                                                 (2155)                              

P-= 












),(

),(

bap

bap
=



















a

a
    .                                                                         (2156)    

Then by proposition (21818), 1 = 1 aa .Now suppose that 
1  1, then 

1 aa  1, since 1a > a  0a ,we have aa 1  1  so  

)1( a  aa  21 , that is a  0 .But this is contradiction hence 
1 <1 . Since 

21 =b = 1 , we have
2 =

1

1


 but 

1 <1, hence 
2 >1. By theorem (818126),P+  

is a saddle fixed  point. To show that P-  is a saddle fixed point .We suppose that 

2 1 ,then 1 aa  1,so 1a a 1  thus aa 21)1(  + a   

hence, a < 0  but this is  contradiction, so must be
2 <1,since

1 >
2

1


>1, so by 

theorem (818126), 


















a

a
is a saddle fixed point.   □ 

Proposition (1.2.2)  

For the Henon map H ba, , if 1b  then there are no periodic  points of period 

two.                
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 Proof:  From the proof of proposition (21212), to determine a point 









y

x
to be of 

period two, it must satisfy the equation 
1

2






b

ya
x  whose solution is undefined 

for 1b .   □ 

 

Proposition (1.2.2) 

     If  1b , 0a ,then there are no eventually fixed point of H ba, 








y

x
, other 

than fixed points . 

Proof: by proposition (2.813), we have only two fixed points P+, P- and clearly 

they are eventually fixed points . To show that there is no eventually fixed 

point except 














a

a
,



















a

a
.For 















a

a
 we suppose that there exists an eventually 

fixed point 









y

x
for H ba, 









y

x
 and 










y

x
 














a

a
 then by definition (818128) there 

exists a positive integer number n  such that H n
ba, 









y

x
is a fixed point of H ba, . 

Since we have only two fixed points, so there is Zn  such that 

H n
ba, 









y

x
=















a

a
. If n =1 , then H ba, 









y

x
= 












 

x

xya 2

= 













a

a
   so 2xya  = a  

and x = a  so aya  = a  .  That is ay  , hence 









y

x
= 














a

a
 which is 
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contradiction. If 2n   then H 2










y

x
= 

















2

22 )(

xya

xyaxa
=















a

a
 thus  

axyaxa  22 )( , axya  2 , so ax  , axya  2 , that is 

ayax  , hence 








y

x
=















a

a
 but this  is contradiction .Now suppose that it is 

true for 1k  .We must show that it is true for k  thus we have ,if 

H 1k










y

x
=















a

a
then 









y

x
=















a

a
, we must show that it is true for k  that is  

if H k










y

x
=















a

a
then 









y

x
=















a

a
 . 

Now H(H 1k










y

x
)=H 













1

1

k

k

y

x
= 












 





1

1
2

1

k

kk

x

xya
,H(H 1k










y

x
)=















a

a
 then 

1
2

1   kk xya  = a , 1kx = a                                                                         (2152)                                                                                                              

we put 1kx = a   in (2152) we get 1ky = a , hence H 1k










y

x
=















a

a
 by our 

supposition 








y

x
=















a

a
 , so it is true  Zn .In the same way, we can show 

that if H n










y

x
= 



















a

a
 , then  









y

x
=



















a

a
, that means there are no eventually 

fixed points other than 














a

a
, 



















a

a
which are fixed points.  □ 

 

Remark (1.2.2) 
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      From some theorems in this chapter we can deal with bifurcation point of 

Henon map. Thus we have the following situation for a given value b  in 

( 1 ,1) .From proposition (21813) if 
4

)1( 2b
a


  , then Henon map H ba, has two 

fixed points .From proposition (21815) if  
4

)1( 2b
a


  , then H ba, has a unique 

fixed point and if 
4

)1( 2b
a


 , then H ba, has no fixed points .Thus sudden 

change in fixed point behavior is bifurcation .Thus particular example (with the 

sudden appearance and then splitting of a fixed point )is called a saddle node 

bifurcation . 

The Henon map H ba,  has a bifurcation at 
4

)1(3 2b
a


  , because from 

proposition (21414) and proposition (21415) one of the two eigen values of H ba,  

is 1 ,from proposition (21212) if 
4

)1(3 2b
a


 there are no periodic points of 

period two and from  proposition (21413) if 
4

)1(3 2b
a


 there are two periodic 

points of period two. Furthermore from proposition (21312) if 
4

)1(3 2b
a


  H ba,  

has a repelling fixed point 












p

p
, from proposition (21412) if 

4

)1(3 2b
a


  H ba,  

has a saddle fixed point 












p

p
. 
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CHAPTER THREE  

The dynamics of H b,0 , 1b  

       In this chapter, we introduce forward and backward iteration of Henon 

map H ba, , where 0a ,-1<b < 0  .In section one ,we study the type of fixed point 

of Henon map H b,0  with a basin of attraction of one of fixed points .In section 

two we study non existence of periodic point of Henon map in R
2
 by finding 

some region in R
2
 .At the last we introduce forward and backward iteration of 

Henon map H ba, , where 0a , 0b  . 

 

3-1 Type of fixed points with basin of attraction  

     Our goal of this section is to determine type of fixed points of H b,0  with the 

basin of attraction of a fixed point









0

0
. We will use maximum norm, where the 

maximum norm of 









y

x
= 









y

x
=max{ ,x y }. 

 

Proposition (3.1.1)  

     If 01  b , then  H b,0  has attracting fixed point 








0

0
and a saddle fixed 

point 












)1(

)1(

b

b
. 
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Proof: Since 0a and 01  b . By proposition (2.1.3) P+= 








0

0
, P-= 













)1(

)1(

b

b
 

are fixed points for H b,0 .By proposition (2.1.1) b2,1  are eigen values of 

DH b,0 








y

x
 at P+ .. Since 01  b  then 10  b  and  

1 =
2 <1 ,  so 









0

0
is 

attracting fixed point. To show that P- is a saddle fixed point . From proposition 

(2.1.1) , we have two eigen values,  

bbb  2

1 )1()1(  

bbb  2

2 )1()1(    .                                                                         (3.1) 

Since 22 )2(1  bbb thus 2)2(1 22  bbbb   hence  

11)1( 2  bbb    .                                                                             (3.2)              

On the other hand, since 11)1()1(1 222  bbbbbbb  

so 01)1( 2  bbb , hence by (3.2) 1)1()1( 2

2  bbb .   (3.3)         

For 1  since 01  b we have bbbb  22 1 = b  .                        (3.4)                                                         

By adding )1( b  for both sides of (3.4), we get )1( b  12 bb  >1 

then 1)1()1( 1

2  bbb  .                                          (3.5)                 

Hence from (3.4), (3.5) and theorem (1.1.26), P- is a saddle fixed point.  □ 
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Remark (3.1.3) 

     In view of theorem (1.1.34), there exists an open set about 








0

0
in which all 

points tend to 








0

0
under forward iteration of H b,0 .The next theorem shows this 

open set.   

Theorem (3.1.3) 

     Suppose S= { 








y

x
: bybxRyx  1,1,, , b <1} then for all 









y

x
S   

H n

b,0 








y

x
 









0

0
 as n  . 

Proof: We claim that H b,0 (S  )S  , to show this , let 








1

1

y

x
be any element in 

H b,0 (S  ) then there is 








y

x
in S  such that  H b,0 









y

x
= 









1

1

y

x
= 












 

x

xby 2

 .From this 

1y = x < b1                                                                                                (3.6)                               

and 1x = 2xby  
2

xyb  < b ( b1 ) 2)1( b  

                                             = b
2

b
2

21 bb  = b1   .                        (3.4) 

Now from (3.6), (3.4) 








1

1

y

x
 S  .Consider the maximum norm  










y

x
=max{ ,x y }. Let r = 









y

x
, so x r , y r  and since x b1 ,  
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y b1 , then r < b1 . We denote H b,0

n










y

x
for 









y

x
in S  ,by 









n

n

y

x
,then 

2y =
1x = 2xby  

2
xyb   b r + r 2 = )( rbr                    (3.4)             

2x = 2

11 xby   b r + 22 )( rbr   .                                                                      (3.4) 

Now since 0 < rb  <1, we have 0 < 2r ( rb  ) < 2r , then  

b r + 22 )( rbr  < b r 2r = )( rbr  , hence by (3.4), (3.4) 

2x < )( rbr  .                                                                                                (3.13)                 

Now we claim that   
nx2

< )( rbr  n  , 
ny2

< )( rbr  n  .                               (3.11)         

We prove it by using mathematical induction from (3.4), (3.13),it is true for 

1n , suppose it is true for k then 
kx2

< )( rbr  k ,
ky2

< )( rbr  k  

to show that it is true for 1k ,  )1(2 ky = 2)1(2
2

2)1(2   kk xby   

                                                           = kk xby 2
2

2  . 

)1(2 ky = 2

22 kk xby  
2

22 kk xyb   b )( rbr  k + )(2 rbr  2 k   .                 (3.12)    

Now   0 < ( rb  ) k <1, so 2r ( rb  ) k + b r < b r + 2r = )( rbr   

Hence 2r ( rb  ) 2 k + b r ( rb  ) k < )( rbr  1k  .                                  (3.13)                          

Hence from (3.12),we get )1(2 ky < )( rbr  1k  .                                         (3.14)         

Also we have )1(2 kx = 2

1)1(21)1(2   kk xby  

                                                    = 12
2

12   kk xby  

                                                    = )1(2
2

2  kk ybx  ,    since 1 nn yx  

so )1(2 kx = )1(2
2

2  kk ybx <
2

)1(22  kk yxb  

                                       < b )( rbr  k + )(2 rbr  2 k                               

hence from (3.13) we get that )1(2 kx < )( rbr  1k , hence it is true for 1k , 
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Now 








y

x
H

n

b

2

,0 = 








n

n

y

x

2

2 =max{
nx2

,
ny2

},if 








y

x
H

n

b

2

,0  =
nx2

then  

n

lim









y

x
H

n

b

2

,0 =
n

lim
nx2

=
n

lim )( rbr  n = 0 , so by definition of maximum 

norm of 








y

x
H

n

b

2

,0 .
n

lim
ny2

= 0  so H b,0

n2










y

x
 









0

0
 as n  .    (3.15)                         

If 








y

x
H

n

b

2

,0 =
ny2

, as the same as (3.13), H b,0

n2










y

x
 









0

0
 as n   and 

since  H b,0 (S  )S   then  








y

x
 S  , we have  H b,0 









y

x
S   by (3.15), so 

H b,0

n2 ( H b,0 








y

x
)  









0

0
 as n  , so  H b,0

12 n










y

x
 









0

0
 as n  , 

hence H b,0

n










y

x
 









0

0
 as n  , 










y

x
S  . □   
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3-2 The Periodic Points for Henon Map Where  0a , 01  b  

      In this section we will show that Henon map H b,0 , 01  b has no periodic 

points other than fixed points in the plane. To prove this, we divide the proof to 

fifteen lemmas, thus we find some regions such that the union of all regions 

covers the plane. We prove that there is no periodic point in each of them until 

we get the main purpose. The regions are the following 1Q , 1,2Q , 2,2Q , 3Q , 4Q and 

in 3Q define the following regions   1R , 2R , 3R , 4R , 5R , 6R , 7R  .  

1Q ={ 








y

x
: 0x , 0y }. 

1,2Q ={ 








y

x
: 0x , 0y , 2

yx  }. 

2,2Q ={ 








y

x
: 0x , 0y , 2

yx  }. 

4Q = { 








y

x
: 0x , 0y }. 

1R = { 








y

x
: 2

yx  }. 

2R = { 








y

x
: 2

yybx  } 

3R ={ 








y

x
:

b

xx
y

2
 , byy 

2 2
yx  , yx  }. 

4R ={ 








y

x
:

b

xx
y

2
 , 2

yyb 
2

ybyx  } 

5R ={ 








y

x
:

b

xx
y

2
 , byy 

2 2
yx  , yx  , 12  xby }. 

6R ={ 








y

x
: by  1 , 2

yx  , yx  , 12  xby , byyx  2 , 2yybx  }. 
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7R ={ 








y

x
: bx  1 , by  1 , xy  ,

b

xx
y

2
  , byy  2 > 2yybx  }. 
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Lemma (3.2.3)  

       H b,0  is topologically conjugate to H 1

.0 1


b

 

Proof: Let G: R
5
  R

5
 be a map defined by G 









y

x
= 









bx

by
. Clearly G is 

continuous and bijective , G 1 is continuous, so G is homeomorphism and   

G H 1

.0 1


b 









y

x
=G
















1

2

b

yx

y

=












 


by
b

yx
b

1

2

=












 


by
b

yx
2

2

                                   (5153)                                          

H b,0   G 








y

x
= H b,0 









bx

by
= 












 

by

bybxb 2)()(
= 












 

by

yxb )( 22

=












 


by
b

yx
2

2

 .           (5153)        

From (5153) and (5153), G   H 1

.0 1


b

= H b,0   G. Hence by definition (515.53), H b,0  

is topologically conjugate to H 1

.0 1


b

. □ 

 

Lemma (3.2.2)  

      There are no periodic points in 1Q  other than fixed points. 

Proof: Let 








0

0

y

x
 1Q , we define norm 









0

0

y

x
 by 









0

0

y

x
 = 2

0

2

0 yx   

From now for simply we refer to H b,0  as H and H 1

.0 1


b

as H 1  

H n










0

0

y

x
= 


















)1(

)1(

n

n

y

x
=






















)(
1 2

nn

n

yx
b

y

     .                                                     (5153) 

We have 01  b , 01 yx  , )(
1

001 yx
b

y 


  then )(
1

001 yx
b

y 


 > 00

1
xx

b



 

01 xy  and since 01 , xy are non negative 2

0

2

1 xy 
.That is 2

0

2

0

2

0

2

1 yxyy 
  

thus 2

0

2

0

2

1

2

1 yxxy  
so

2

0

2

0

2

1

2

1 yxxy   , 



                                               15 

hence 












1

1

y

x
> 









0

0

y

x
,  that is  


















0

0

0

01

y

x

y

x
H .                                          (5153)             

Since 01 yx 
0 , )(

1
001 yx

b
y 


 0 ,we have H 1

11)( QQ  , then (5153) is true 

for all Zn ,hence 








0

0

y

x
H n > 









0

01

y

x
H n   Zn  ,                                 (5153)                               

so the norms of the points in the orbit are strictly increasing. Hence there are no 

periodic point in the region 1Q . □ 

 

Lemma (3.2.3)  

      There are no periodic points in 1,2Q . 

Proof: Let 








0

0

y

x
 1,2Q , since H 1










0

0

y

x
=


















)(
1 2

00

0

yx
b

y

, 00 y  

and 2

00 yx  , hence 01 x , 0)(
1 2

00 


yx
b

 , so 01 x , 1y 0  














1

1

y

x
 1Q , that means 1,2Q maps into 1Q  then by lemma (51515) there are no 

periodic point for H  in 1,2Q  . □ 

 

Lemma (3.2.4)   

      There are no periodic points of even period in 2,2Q . 

Proof: Let 








0

0

y

x
 2,2Q .From (5153),since ny = )(

1 2

)1()1(  


nn yx
b

, 

)1(   nn yx . Since 0,0 00  yx  ,so 001  yx , 1y  0)(
1 2

00 


yx
b

, hence 

012   yx , 2y  1

2

11

1
)(

1






x

b
yx

b
. Since  01  b , 1

1



x

b
 001  yx , 
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hence 2y 00  y .In general ny  )1(

1



nx

b
 )1(  nx )2(  ny , so   ny 2  is strictly 

increasing sequence ,H n2










0

0

y

x
 in 1,2Q  2,2Q  then we have two cases. 

Case 5: If H n2










0

0

y

x
 1,2Q , then by lemma (51515) there are no periodic points of 

even period for H. 

Case 5: If H n2










0

0

y

x
 2,2Q  and since   ny 2  is strictly increasing sequence so 

there are no periodic points of even period for H. □ 

 

Lemma (3.2.5) 

       There are no periodic points of odd period  in 4Q . 

Proof: Let 








0

0

y

x
 4Q  since 001  yx , 1y  )(

1 2

00 yx
b




, 00 x  so 

1y  


)(
1 2

00 yx
b

00

1
xx

b



, hence  01 y ,from (5153) nn yx  )1(  , we have 

2x  0 ,then 3y  


 )(
1 2

22 yx
b

22

1
 


xx

b
= 1y 0 ,hence 4x 0  by the same 

way 5y  


 )(
1 2

44 yx
b

44

1
 


xx

b
= 3y 0 , hence  

135)12()12( ...   yyyyy nn 0   .                                                         (5155)          

Either 012  nx  or 012  nx  so H 12  n










0

0

y

x
 1Q  or  H 12  n










0

0

y

x
 2Q   

Case 5: If H 12  n










0

0

y

x
 1Q , by lemma (51515), there are no periodic point of odd 

period  
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Case 5: If H 12  n










0

0

y

x
 2Q  since   12ny  is strictly increasing sequence there are 

no periodic points of odd  period . □   

 

Lemma (3.2.6) 

       There are no periodic points of even period in 4Q . 

Proof: Suppose there exists 








0

0

y

x
in 4Q such that 









0

0

y

x
is a periodic point 

 of even period. That is there is n2  in Z , H n2










0

0

y

x
= 









0

0

y

x
 .         (5155)                                    

Since 1  nn yx , )(
1 2

)1()1(  


 nnn yx
b

y ,then either H 12  n










0

0

y

x
 1,2Q  or  

H 12  n










0

0

y

x
 1Q  for all Nn .If  H 12  n










0

0

y

x
 1,2Q ,from (5155) H n2










0

0

y

x
= 









0

0

y

x
 

so H 12  n










0

0

y

x
= H 1










0

0

y

x
, hence H n2 (H 1










0

0

y

x
)= H 1










0

0

y

x
, H 1










0

0

y

x
 1,2Q  

so 1,2Q  has a periodic point which is contradiction .If H 12  n










0

0

y

x
 2,2Q , in the 

same way, H n2 (H 1










0

0

y

x
)= H 1










0

0

y

x
, H 1










0

0

y

x
 1Q ,that means there is a 

periodic point of even period in 1Q which is contradiction ,so there are no 

periodic points of even period in 4Q . □ 

                          

Lemma (3.2.3) 

    There are no periodic points of odd period in 2,2Q   .  
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Proof: Suppose that there is a periodic point 








0

0

y

x
of odd period m .That is there 

exists at least positive integer n  such that 12  nm , and 

H 12  n










0

0

y

x
= 









0

0

y

x
, since 









0

0

y

x
 2,2Q  , we have  2

00 yx  , 001  yx , also 

)(
1 2

001 yx
b

y 


 0 ,hence H 1










0

0

y

x
 4Q , that is H 1 (H 12  n










0

0

y

x
)= H 1










0

0

y

x
, 

also H 12  n (H 1










0

0

y

x
)= H 1










0

0

y

x
 hence 













1

1

y

x
 is a periodic point  of odd period in 

Q 4 which is contradiction by lemma (51511),hence there are no periodic points 

of odd period in 2,2Q  .  

Lemma (3.2.3) 

      There are no periodic points in 1R . 

Proof: Let 








0

0

y

x
be any element in 1R , then 









0

0

y

x
 3Q , 2

00 yx  ,that is  0y 0  

00 x , 2

00 yx  , so 1x = 0y 0 , 0)(
1 2

001 


 yx
b

y , hence 












1

1

y

x
2Q .That is  

H 1










0

0

y

x
2Q  that means 1R  maps into 2Q , so by lemma (51515) and lemma 

(51511)  there are no periodic points in 1R . □ 

 

Lemma (3.2.3) 

      There are no periodic points in 2R . 

Proof : Let 








0

0

y

x
2R then 









0

0

y

x
 3Q , 2

000 yybx  ,that is 0y 0 , 00 x  

2

000 yybx  .Thus 0

2

00 ybyx  so 0

2

00 )(
1

yyx
b




, that is  
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01 yy  .Hence 
0

2

1 yy 
, that is 1

2

1 xy  so 1

2

1 xy   , hence 

H 1










0

0

y

x
1R .Hence 2R  maps into 1R , by lemma (51513) ,there are no periodic  

point in 2R  . □ 

 

Lemma (3.2.33) 

       There are no periodic point in 3R . 

Proof: Let 








0

0

y

x
 3R , so 

b

xx
y

2

00

0


 ,

0

2

0 byy 
2

00 yx  , 00 yx  ,we  

have 2

001 xbyx  , 01 xy  , since  0x
0

2

0 byy  ,
0

2

0 yx  2 , we get that 

0

2

00

2

0 byxbyy  , so  0x
0

2

0 byx  , that is , 10 xx  ,since 10 yx  , we have 

11 xy    .                                                                                                        (5155)          

 Suppose that 1

2

11 byyx  , that is ,
0

2

01 bxxx  , 00 bybx  , so 

0

2

01 byxx  = 1x  which is contradiction, hence 1

2

11 byyx  .                (5155) 

Clearly, since 00  by , then  2

0

2

00 xxby  ,hence  2

11 yx  .                (5151)           
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To show that 
b

xx
y

2

11
1


 , since 00 yx  , 0b , we have  

0

2

00

2

0 bxxbyx  ,so 
0

2

01 bxxx  =
1

2

0 byx  .                  (5153) 

From 
b

xx
y

2

00

0


 , we have 2

000 xxby   ,hence 10 xx  ,since 00 x  

2

1

2

0 xx  ,thus
1

2

11

2

0 byxbyx   then from (5153),we get that 

1

2

11 byxx  ,that is  2

111 xxby   ,hence 
b

xx
y

2

11
1


  .                           (5153)                                                                     

Now from (5155), (5155), (5151)and (5153), we can say that 33 )( RRH  ,so 

33

2 )( RRH   and so on 33

1

3 )()( RRHRH nn   ,where n is positive integer hence , 

nn yx  ,
b

xx
y nn

n

2


 ,that is 2

nnn xxby  ,so 
nnn byxx 

2

1 nx  

hence  nx  is strictly decreasing sequence in 3R , so there are no periodic 

points in 3R .□   
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Lemma (3.2.33) 

      There are no periodic point in 4R . 

Proof: Let 








0

0

y

x
be any element in 4R  , then

b

xx
y

2

00

0


                            (5153)                             

and 2

00 yyb 
2

000 ybyx   .                                                                 (5153)        

By (5153) 2

000 xxby  or 0x
2

00 xby  = 1x , from (5153) 01 xy   ,so  

11 xy    .                                                                                                        (5153) 

Since 1x = 2

00 xby  , 00  by , we have 1x
2

1y .                  (5155) 

Now ,to show that 1

2

11 byyx  , since 2

000 xxby  , 2

000 ybyx  ,we get 

0

2

0

2

0000 byyxxxby  , so 0
2

0

2

0  yx , that is , 2

0

2

0 yx  hence 

00 yx  ,since 








0

0

y

x
3Q ,

00 xx  ,
00 yy  ,thus 00 yx  , so 01 yy  ,since 

0b ,we have  0

2

0 byx 1

2

0 byx  , hence,  1x
1

2

0 byx  . Now since 10 yx  , we 

get that 1

2

11 byyx   that is , 1

2

11 byyx   .                                              (5155)                                                                       

On the other hand , 00 yx   ,thus ,
0

2

00

2

0 bxxbyx  ,hence we get that 

1

2

01 byxx  .                                                                                       (5155)         

From 2

000 xxby  ,then 
0

2

00 byxx  , so 10 xx   , 0x , 1x  are negative ,so 

2

1

2

0 xx  , thus 
1

2

11

2

0 byxbyx   ,hence  from (5155) 1

2

11 byxx  , that is  

b

xx
y

2

11
1


  .                                                                                              (5155)                          

Now from (5153), (5155), (5155) and (5155), we get that 








1

1

y

x
3R ,so 4R maps 

into 3R ,then by lemma (515153) there are no periodic points  in 4R . □ 
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Lemma (3.2.32) 

      There are no periodic points in 5R . 

Proof: Let 








0

0

y

x
 5R , so

b

xx
y

2

00

0


 ,

0

2

0 byy 
2

00 yx  , 00 yx   

1
2

00  xby ,we have 2

001 xbyx  , 01 xy  . 

We claim that 5R  maps into 4R , since 00 yx  ,we have 
0

2

00

2

0 byxbxx   

also since 
10

2

0 xbyx  10 yx  , we have 1

2

11 byyx   .                         (5151)                                                                                                                                                   

On the other hand, since we have 2

00 yx  ,then 
2

00 yx  = 0y = 0y  so, 

00 xbby  , hence 0

2

0

2

00 xbxxby   ,thus 
1

2

11 ybyx  .          (5153)            

To show that 
b

xx
y

2

11
1


 ,since 1

2

00  xby , we have 11 x  , so  1

2

1 xx  . 

Since 00 bx ,we get 0bx
2

11 xx  ,that is 
b

xx
x

2

11
0


  but 01 xy  , so  
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b

xx
y

2

11
1


  .                                                                           (5153)                                                                   

Now from (5151), (5153)and (5153) ,our claim is true, so by lemma (515155) 

there are no periodic points  in 5R .  □ 

 

 

Lemma (3.2.33) 

     The region 6R  maps into 72 RR  under backward iteration . 

Proof: Let 








0

0

y

x
be any element in 6R .We must show that 









0

01

y

x
H 72 RR  . 

From (5153)  
b

yx
yyx

2

00
101 ,


   , since by  10 , we have 

bx  1
1

 .                                                                                                   (5153) 

Since 
0

2

00 byyx  , we have 
b

yx
y

2

00

0


  ,that is  11   yx  .                   (5153)       

Also, since 2

000 yybx  ,we have 
b

yx
2

00 
0y  ,so  1y 0y  

thus, 2

10  yy ,hence 2

11   yx  .                                                                  (5153)          



                                               35 

From 00 yx  ,we have  
b

yy

b

yx
2

00

2

00 



,hence 

b

xx
y

2

11
1





 .      (5155) 

Now from (5153), (5153),(5153)and (5155) 












1

1

y

x
72 RR  ,that is 









0

01

y

x
H  in 

72 RR  .  □   

 

 

Lemma (3.2.34) 

      There are no periodic points  in 7R . 

Proof: Let 








0

0

y

x
be any element in 7R , since

b

xx
y

2

00

0


 , the graph of the map 

b

xx
y

2
  intersects x-axis at point (-5,3),thus 10 x ,so 1

2

0

2

00 


y
b

yx
b , 

that is 1
2

11   xby .                                                           (5155) 

Since  bx  10 , by  10 , we have  2

0

2

0 )1()1( bbxy  = )1( bb  , 



                                               35 

hence b
b

yx



1

2

00 , by  11 .                                      (5155) 

On the other hand , 0x
0

2

0 byy  , thus 
b

yx
y

2

00

0


 , so  11   yx  .         (5155)       

Also , since 2

000 yybx   ,we get 0

2

00 y
b

yx



 ,thus  1y 0y  

so 
0

2

1 yy 
,that is 1x

2

1 y   .                                                                  (5151) 

Hence, from (5155), (5155), (5155) and (5151) 7R  maps into 6R , by lemma 

(515155) 6R  maps into 72 RR  , so there is no point 








0

0

y

x
in 7R  such that 

H 








0

012

y

x
n

 7R .That is, there is no point 








0

0

y

x
in 7R  such that H 









0

012

y

x
n = 









0

0

y

x
 

hence there are no periodic points of odd period in 7R .To show that there are 

no periodic points of even period in 7R . 

Let P={ 








0

0

y

x
 7R : H 









0

012

y

x
n

 6R , H 








0

02

y

x
n

 7R } Nn  ,if 








0

0

y

x
 P ,we claim 

that the sequence   ny 2  is strictly increasing ,since by  10 ,we have 

2

0 )1()1( bby  .                                                                                         (5153)                                                 

Also 22

0 )1( by  , bx  10 ,so 
2

00 yx )1( bb  , hence b
b

yx



1

2

00  

that is , 22

2

00 )1()( b
b

yx



.                               (5153) 

Now from (5153) , (5153), we get that )1()( 0

2

2

00 by
b

yx



= 00 byy   

so , 0by
2

10  yy  , that is 2

2

11
0 

 


 y
b

yx
y .In general, since 













n

n

y

x

2

2

7R                           

we have,  by n  12 , bx n  12 , so 2

2 )1()1( bby n  , 22

2 )1( by n 
. 



                                               31 

Hence  

2

22 nn yx )1( bb  , that is (
b

yx nn

2

22  
) 2

nybb 2

2 )1()1(  . 

So 
nn yby 2

2

12 )1(   = nnnn byxbyy 21222    , that is , we get that  

2

12122   nnn yxby , hence  ny 2 22

2

1212


 


n
nn y

b

yx
, for all n 1 . 

So,   ny 2 is strictly increasing sequence in 7R , so there are no periodic points 

of even period in P.  □  

 

 

 

Lemma (3.2.35) 

      There are no periodic points in 6R . 

Proof: by lemma (515155), 6R  maps into 72 RR  , there are no periodic points in 

72 RR  , so there are no periodic points in 6R .  □    
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Theorem (3.2.35) 

     There are no periodic points of H b,0  in R
5
 other than fixed points. 

Proof: If bybx  1,1 00 ,we have 22

0 )1( bx   , 2

0 bbby  , hence 

2

0x
2

0 bbby  bb 21 2  = b1 , so 1x b1 , 01 xy  > b1 ,all points 










y

x
in R 3  satisfiy the equation 

b

x
y

2
 ,if bxby  1,1 00 ,we get that 

2

0 bbby  , 22 )1( bx   so 2x by b1 , that is  bx  11 , 01 xy  b 1  

Hence from theorem (51515) ,and previous lemmas (51515),(51515),…,(515155), 

,(515151) , since a periodic point under forward iteration implies one under 

backwards iteration, and viceversa .  □ 
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3-3 Iteration of Henon Map (H b,0 ,b>3)  

       The main purpose of this section is to give the proof of two propositions 

which ensures that orbits of every point in the two regions are infinite under 

forward iteration of Henon map H b,0 ,which are  W and V where 

W={ 








y

x
: yxbyx  ,1,0, },V={ 









y

x
: by

byby
x 


 1,

2

11
, } 

where b  is a positive real number . 

 

Lemma (3.3.3) 

     Suppose W= { 








y

x
: yxbyx  ,1,0, }, then there is no fixed point for 

H b,0

1  in W. 

Proof : Suppose there is a fixed point 








0

0

y

x
for H b,0

1  in W, then this fixed point 

satisfies two  equations  00 yx   , 
b

yx
y

2

00

0


 , thus 0))1(( 00  bxx . 

Either  00 x  or bx  10 , hence 








0

0

y

x
= 









0

0
 or 









0

0

y

x
= 













b

b

1

1
  

which is contradiction .   □ 

 

Proposition (3.3.2) 

      For 








y

x
W, 









y

x
H

n

b,0 as n . 
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Proof: Let 








0

0

y

x
W, then 







































b

yx

y

y

x

y

x
H 2

00

0

1

1

0

01 , since 00 yx  ,we get 

that 
b

yy

b

yx
2

00

2

00 



   .                                                                         (5153) 

On the other hand, by  10 , so 
0

2

00 yyby  ,hence 
b

yy
y

2

00
0


 .From 

(5153),we get that
b

yx
y

2

00

0


 , that is 10  yy  , by  11 ,so 11   yx .Now  

by  11  . As above  1

2

11   yyby , that is  
b

yy
y

2

11
1





 . 

Since 11   yx  ,we have 
b

yy

b

yx
2

11

2

11  



,that is 21   yy  ,we suppose 

that kk yy  )1( , by k  1 . To show that )1(   kk yy , since by k  1 so  

kkk yyby  
2 ,hence

b

yy
y kk

k

2





  .                                                   (5153)                                                 

Since kk xy  )1( ,by our supposition kk xy   ,then 
b

yy

b

yx kkkk

22

 



. 

From (5153), we get kk yy  )1( , so  ny is strictly decreasing sequence ,that is 

 ny is monotonic sequence ,  ny  is bounded above by a negative real 

number M, if possible  ny  is bounded below then  ny is 

convergent, nn yx  )1( ,that is  nx , also convergent so there is a fixed point 

for H b,0

1  in W which is contradiction  to lemma (51515). Hence  ny is not 

bounded below,  ny is strictly decreasing sequence Lim
n 

ny   

and Lim
n 

nx   , so  Lim
n 










y

x
H

n

b,0 .    □ 
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Corollary (3.3.3) 

      There are no periodic points for H b,0

1  in W. 

Proof: Directly from Proposition (51515). 

 

Proposition (3.3.4) 

      Let V={ 








y

x
: by

byby
x 


 1,

2

11
} be an open region in Q 3 , then 

for all 








y

x
 in V , 









y

x
H

n

b,0  as n . 

Proof: Let 








0

0

y

x
be any element in V, since by  10 ,either by  10  or 

by  10 .If by  10 , then 00 1 ybx   .                                              (5113) 

If by  10 , then byx  100 .              (5115) 

So from (5113), (5115), we get 00 yx  and bx  10  .                                  

(5115) 

Now 
00

2

001 xbyxxx  0

2

0 )1( xbx  .                                                 (5115)       

Also bx  10 , so 
00

2

0 bxxx  , that is 0)1( 0

2

0  xbx . Hence from 

(5115) ,we get that  01 xx   ,since 01 xy   ,we have 11 yx  ,  bx  11 ,hence 

1

2

111

2

112 )1( xbxxbyxxx   .                                                           

(5115)   

Also bx  11 , so  11

2

1 bxxx  , that is 0)1( 1

2

1  xbx . Hence from (5115) 

we get that 12 xx   ,by the same way we continue ,we get for Zn  

01231 ... xxxxxx nn    so  nx  is strictly negative decreasing sequence so 

it is a monotonic sequence , if possible  nx  is bounded below then  nx  is 

convergent , nn xy 1  that is  ny also convergent , H is continuous, so there 
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exits a fixed point for H b,0 in V which is contradiction .Hence  nx   not 

bounded below that is   nx   as n   and  ny   as n   

so  Lim
n 










y

x
H

n

b,0 .    □ 

 

Corollary (3.3.5) 

      There are no periodic points for H b,0  in V .    

          

Proof: Directly from Proposition (51515). 
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CHAPTER FOUR  

The Non Wandering Point and Periodic Point of Henon map  

 

      This chapter consists of two sections. In section one , we study non 

wandering point of Henon map. In section two, we study periodic point and 

non escape set of Henon map . 

                      

 

4-1 The Non Wandering Point of Henon Map Where 0b  and 

4

)1( 2b
a


 . 

      The main goal of this section is to prove two theorems on the henon map 

H ba, , 0b . To prove these theorems , we divide the plane into three regions  

such that the union of this three regions covers the plane. we suppose 

4

)1( 2

0

b
a


 , prove some lemmas with respect to parameters ba,  and regions 

till we get the main purpose ,the regions are the following : 

S 1 = { 








y

x
: yxRyx  ,, }  

S 2 = { 








y

x
: 0,,,  yyxRyx }  

S 3 = { 








y

x
: 0,,,  yyxRyx }   
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Definition (4.1.1)[3] 

    Let F: R n   R n  be a map .A closed region Q  nR  is trapping region for 

F if F(Q) is contained in the interior of Q. 

 

Lemma (4.1.4) 

     Let  a 0a  , 0b .Then S 1  is trapping region for H ba,  . 

Proof: clearly S 1  is closed region .To show that H ba, ( S 1 )  S 1

0  . 

Let 








y

x
 H ba, ( S 1 ), then there exists 









0

0

y

x
in S 1 , such that H ba, 









0

0

y

x
= 









y

x
 so  

x
2

00 xbya  , 0xy   , since 0x R  we have two cases : 

case7: 00 y  then 00 yy  , 00 yx  , since 0b , we have  00 bxby  .            (1.7) 

Thus 
2

00 xbya
2

00 xbxa   .                                                                      (1.7)                               
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Since 0by  is a negative real number we have 0by 0by  hence 

2

00 xbya 
2

00 xbya   .                                                                               (1.7)               

Now from (1.7) and (1.7) we get x
2

00 xbxa   .                                         (1.1)                  

Since a 0a  from (1.1), we get  x
2

00

2

4

)1(
xbx

b



  

                                                    =-[ 0

2

00

2

])1(
4

)1(
xxxb

b



 

                                                    = 0
2

1
[ x

b



 0

2] x . 

So x 0x , that is x y . On the other hand 00 x , so  yy  , x y , hence 










y

x
 S 1

0  ,that is H ba, ( S 1 )  S 1

0 .   

Case7: 00 y  then
00 yy  ,so 00 yx  , since 0b , we have 00 bxby         (1.4) 

thus 
2

00 xbya
2

00 xbxa   .                                                                       (1.4)       

Now as the same as above case , we get  x 0x , 00 yx  0  so  yy   thus 

x y , hence 








y

x
 S 1

0 , that is H ba, ( S 1 )  S 1

0 .   □  

 

Lemma (4.1.3) 

       Let  a 0a  , 0b .Then S 2  is trapping region for H ba,

1  . 

Proof: clearly, S 2  is closed region. To show that H ba,

1 (S 2 )  S 2

0 , let  










y

x
 H ba,

1 (S 2 ) ,then there exists 








0

0

y

x
in S 2 , such that H ba,

1










0

0

y

x
= 









y

x
, so 

x 0y ,
b

yxa
y

2

00 
  , since 









0

0

y

x
 S 2  we have 0x

0y and 00 y that is 

0x 0y   .                                                                                                         (1.1) 
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Now since 0b , 0aa   from (1.1) we have : 

by
2

00 yxa 
2

00

2

4

)1(
yx

b



   

                        
2

00

2

4

)1(
yy

b



  

                        = ]
4

)1(
[

2

0000

2

ybybyy
b




  

                        = 0

2

00

2

])1(
4

)1(
[ byyyb

b



  

                        = 0

2

0 ]
2

)1(
[ byy

b



 . 

Hence 0byby   ,since 0b , we get 0yy  ,that is xy  , since 0yx  0 , we get  

yy  , xy   . Hence xy  , so 








y

x
S 2

0 , hence H ba,

1 (S 2 )  S 2

0 .  □ 

 

Proposition (4.1.4)[4] 

      Let 0aa  , 0b  . 

(i) H ba, (S 1 S 3 )S 1

0   

(ii)  nx  is strictly decreasing sequence along H ba, -orbits and 










y

x
H

n

ba,  as n , for all 








y

x
in S 1 . 

(iii) H ba,

1 (S 2 S 3 )  S 2

0 . 

(iv)  ny is strictly increasing sequence along H ba,

1 -orbits  and 










y

x
H

n

ba,  as n  for all 








y

x
in S 2 . 
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proof:(i) Let 








y

x
  H ba, (S 1  S 3 ), so there exists 









0

0

y

x
in S 1  S 3 , such that 

x
2

00 xbya  , 0xy   ,since 








0

0

y

x
S 1 S 3 , we have 









0

0

y

x
S 1 or 









0

0

y

x
S 3 ,if  










0

0

y

x
S 1 . From lemma (1.7.7), 









y

x
  S 1

0 ,in the case 








0

0

y

x
S 3  we have 

0x
0y and 00 y , Rx 0  . 

case7: If 00 x , then yy  and 0x is positive, so 000 yxx  . Since 0b , 

we get 00 bybx   ,hence x
2

00 xbya 
2

00

2

4

)1(
xby

b



   thus  

x 0

2

00

2

])1(
4

)1(
[ xxxb

b



 , that is x 0

2

0 ]
2

)1(
[ xx

b



   so 0xx  . 

Since yx 0 , we get that yx   so 








y

x
 S 1

0 .   

 

Case 7: If 00 x , then yy  , 00 yx  , since 0b , we get 00 bxby  .        (1.4) 

Since 00 y , 0a  ,we get x
2

00 xbya  0  so xx   .                           (1.4)                    

On the other hand x
2

00 xbya 
2

00

2

4

)1(
xby

b



 0  , hence we get that 

2

0

2

4

)1(
xby

b
x 




2

00

2

4

)1(
xby

b



   .                                                   (1.74) 

Now from (1.4), (1.74) ,we get that x 00

2

00

2

4

)1(
xxxbx

b



 thus  

x ( 0
2

)1(
x

b



) 2 + 0x  .                                                                                  (1.77) 

Now from (1.4),(1.77),we  get 0xx  ,that is yx  = y  so x y , hence  










y

x
 S 1

0   that is H ba, (S 1 S 3 )S 1

0 .   
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(ii) From lemma (1.7.7) S 1  is trapping region for H ba, , that is H ba, (S 1 )S1

0  

and 01 xx   and this is true for all 








y

x
in S 1  , so it is true for H ba, (S 1 ) ,that is we 

have  H ba, ( H ba, (S 1 ))  (H ba, (S 1 )) 0  and (H ba, (S 1 )) 0  (S 1

0 ) 0 = S 1

0 , so  

H ba,

2 (S 1 ) S 1

0 , and 2x  01 xx   and by the same way, we get  for n N 

H ba,

n (S 1 )  S 1

0  and  ...nx 2x  01 xx   ,that is  nx  is strictly decreasing 

sequence . 

For the second part , since 00 x  a sequence   nx  is bounded above by zero, if 

possible  nx  is bounded below then  it is bounded and its monotone so it is 

convergent , nn xy 1  that is  ny also convergent , H ba,  is continuous, so there 

exits a fixed point for H ba, in S 1  which is contradiction to proposition 

(7.7.4).Hence  nx  not bounded below  that is  nx   as n  and the 

sequence  ny   as n   that is 








y

x
H

n

ba,  as n   for all  










y

x
in S 1 .   

(iii) Let 








y

x
  H ba,

1 (S 2  S 3 ) ,so there exists 








0

0

y

x
in S 2  S 3 , such that 

x 0y ,
b

yxa
y

2

00 
  ,since 









0

0

y

x
S 1 S 3 , we have 









0

0

y

x
S 2 or 









0

0

y

x
S 3 . 

If 








0

0

y

x
S 2  then H ba,

1










0

0

y

x
 H ba,

1 (S 2 ) , from lemma (1.7.7) S 2 is trapping  

region for H ba, ,so 








y

x
  S 2

0 ,in the case 








0

0

y

x
S 3 , we have 0x

0y  and 

00 y  that is 0x 0y .                                                                                   (1.77)                                                                                                    

Now since 0b , 0aa   from (1.77) we have : 
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by
2

00 yxa 
2

00

2

4

)1(
yx

b



   

                        
2

00

2

4

)1(
yy

b



  

                        = ]
4

)1(
[

2

0000

2

ybybyy
b




  

                        = 0

2

00

2

])1(
4

)1(
[ byyyb

b



  

                        = 0

2

0 ]
2

)1(
[ byy

b



  

hence 0byby   and 0b ,dividing both sides by b , we get 0yy  ,that is 

xy  . Since 0yx  0 , we have x  is a negative real number, so xy   . 

Now since 0yy  , we have 0y  thus yy   hence xy  , so 








y

x
S 2

0 . 

Hence H ba,

1 (S 2 S 3 )  S 2

0 . 

 

(iv)By lemma(1.7.7), S 2 is trapping region for H ba,

1  that is H ba,

1 (S 2 )S 2

0  

and 001  yy  , 












1

1

y

x
 S 2

0 , which is a subset of S 2 , so it is true for S 2

0  that 

is H ba,

1 (S 2

0 )S 2

0  , so  0012   yyy  and H ba,

2 (S 2 )H ba,

1 (S 2

0 ) 

and  H ba,

3 (S 2

0 )S 2

0  so we get  that  00123   yyyy , by the same way 

we get that for n N  , H ba,

n (S 2 )  S 2

0 ,  so we have 

0....... 0123   yyyyy n , that is  ny  is strictly increasing sequence . 

For the second part a sequence  ny  bounded above by zero ,if possible  ny  

is bounded below then it is bounded and its monotone,so it is convergent ,since 

nn yx  )1( ,that is  nx  also convergent , H ba,  is continuous so there exits a 

fixed point for H ba, in S 2 , which is contradiction, hence  ny  is  not bounded 
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below that is   ny   as n   and  nx   as n  , that 

is 








y

x
H

n

ba,  as n    for all 








y

x
 in S 2 .  □ 

Remark: From Proposition (1.7.1) we note that S 1 S 3  is trapping region for 

H ba,  and  S 2 S 3  is trapping region for H ba,

1 . 

 

Theorem (4.1.5) 

     
       Let )(0 baa  , 0b ,the Henon map H ba,  has no periodic point for any 

period, that is Per n
( H ba, )  . 

 

Proof: Suppose that there exists a periodic point 








y

x
for H ba, of period n , where 

Nn  then must be in R
7 

 and  from the partition with respect to S 1 , S 2 and 

S 3 .Since 








y

x
R 2  then either 









y

x
in S 1 S 2 or S 3 . If 









y

x
S 1 S 2  

, then by lemma(1.7.1)(ii)  nx  is strictly decreasing sequence along H ba, -orbits 

in S 1  and 








y

x
H

n

ba,   as n  for all 








y

x
in S 1 and from 

lemma(1.7.1)(iv)  ny  is strictly increasing sequence along H ba,

1  orbits in S 2  

and 








y

x
H

n

ba,   as n  for all 








y

x
in S 2 that means there is no finite 

orbit for any point in S 1 S 2 , so 








y

x
 has no finite orbit which is contradiction . 

If 








y

x
S 3 , by lemma (1.7.1)(i) H ba, (S 3 )S 1

0  and  S 1

0 S 1 , thus  S 3  maps 

into  S 1  and by our supposition 








y

x
 is periodic,  so H ba, 









y

x
 is a periodic point 

in S 1  which is contradiction . So there is no periodic  point for H ba,  in 
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S 1 S 2   S 3  and since S 1 S 2   S 3
R

7
. We get H ba,  has no  periodic point for 

any period .□                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                             

    

 

Definition (4.1.6)[3],[45] 

    Let F: R
7
  R

7
 be a map. A point 









q

p
 is called non wandering provided 

that for every neighborhood U of  








q

p
, there is an integer 0n  such that 

F n (U)U   .Thus ,there is a point 








s

r
U with F n










s

r
U. The set of all non 

wandering points for F is called the non wandering set and is denoted by 

 (F). 

 

Definition (4.1.4)[43] 

      Let F: R
7
  R

7
 be a map. Let K  (F) denotes the set of points in R

7
 with 

bounded forward orbits .Let K  (F) denotes the set of points in R
7
 with 

bounded backward orbits  then the set K(F)= K  (F)K  (F) is called filled  

Julia set . 

 

Definition (4.1.4)[43] 

     Let F: R
7
  R

7
 be a map. Let J  (F)=  K  (F),and J(F)= J  (F) J  (F) 

then J  (F) is called the forward /backward Julia set and J(F) is the Julia set of F. 

Theorem (4.1.4)[43] 

     
      Let F be a hyperbolic regular polynomial automorphism of C n with 

1det DF .Then  (F) = J(F) { ,, 21  … m, }, where the i are the attracting 

periodic points of  F. 
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Theorem (4.1.14) 
     Let )(0 baa  , 0b ,the Henon map H ba,  has no non wandering point , that is 

 ( H ba, )= . 

 

Proof: since 1b and from definition (7.7.77) DFdet = 






 

01

2
det

bx
= 1b , 

for 








y

x
R

7
 we have three cases : 

case 7 : If 








y

x
S 1 ,from lemma (1.7.1) part (ii) ,  nx  is strictly decreasing 

sequence along H ba, -orbits and  nx  is  not bounded below  that is  nx   

as n   for all 








y

x
in S 1  ,that is there is no element in S 1  such that has 

bounded forward orbits ,so by definition (1.7.1) K  ( H ba, )=  and by definition 

(1.7.4) J  ( H ba, )=  ( ) for all 








y

x
in S 1 ,since  ( )=  ,we have J  ( H ba, )=   

hence by definition (1.7.4) J(H ba, )=   J  ( H ba, ) =  . 

Case 7:If 








y

x
S 2 , from lemma (1.7.1) part (iv) the sequence  ny  is strictly 

decreasing sequence along H ba,

1 -orbit and it is not bounded below , that is 

 ny   as n  for all 








y

x
 in S 2 ,that is there is no element in S 2  

such that has bounded backward orbit so by definition (1.7.1) K  ( H ba, )=  and 

by definition (1.7.4) J  ( H ba, )=  ( )  for all 








y

x
in S 2 ,we have  ( )=  so 

J  ( H ba, )= , hence by definition (1.7.4) we get  J(H ba, )= J  ( H ba, )   = . 
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Case 7: If 








y

x
 S 3 ,by lemma (1.7.1) part (i)  H ba, (S 3 )  S 1

0 ,hence 

H ba, (S 3 )  S 3 S 3   S 1

0 , since S 3   S 1

0 =  , we have H ba, (S 3 )  S 3 =   

H ba, (S 3 )S 1

0 , so S 3  maps into S 1 , hence by case 7 ,we have J  ( H ba, )= . So 

from definition (1.7.4), J(H ba, )=   J   ( H ba, ) =  .Now for all 








y

x
in R

7
,
 
we 

get J(H ba, )=  ,by theorem (1.7.4), H ba,  has no periodic point for any 

period ,hence by theorem (1.7.4)  ( H ba, )= .   □ 

 

 

 

 

 

  

 

 
 

 

 

 

 

 

 

 

 

 

 



 47 

4-4 Iteration with Periodic Point of Henon Map where 

4

)1( 2b
a


  

       

      The main purpose of this section is to prove one theorem on Henon map 

H ba, where 
4

)1( 2b
a


 . To prove this theorem, we need to prove some 

lemmas. To state and prove our lemmas, we fix b  and define two crucial 

a values 

7-  
4

)1(
)(

2

0

b
ba


  

7-  2

1 )1(2)( bba   

and, for any particular a value ,we define C=C ba,  by  

C ba, =
2

4)1(1 2 abb 
, we will go to prove necessary lemmas. 

 

Lemma (4.4.1)[4] 

(i) C is positive real and the larger root of   C 2 )1( b C a = 0   if and only if 

0a  a . 

 (ii) CCba   if and only if  1aa            

proof: (i) Since 0a  a , we have 04)1( 2  ab ,so C is positive  real number, if  

C 2 )1( b C a = 0  ,since 04)1( 2  ab .We have two distinct real roots 

which are 
2

4)1(1 2 abb 
 and 

2

4)1(1 2 abb 
 ,the first is positive and 

the second may be negative so C is larger root  . 
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(ii) If CCba   , this implies that Cba )1(                                              (1.77) 

We have  C2 abb 4)1()1( 2    .                                                      (1.71) 

Now let  )1( b  , then aC 42 2   , that is aC 4)2( 22   , so 

aCC  2 .We put the value of a  in (1.77) ,we get that CCC  2      (1.74)                   

so CC 22  ,since C  is positive we have 2C , that is )1(2 bC  .         

(1.74)               

Now by (1.74) )1(44)1()1( 2 babb 
 
,that is  22 )1(9)1(4 bba  , 

hence 2)1(2 ba    . 

By the same way, we can prove that if 1aa   then  CCba  .    □ 

 

Lemma (4.4.4)[4]  

       

(i) The image under H ba,  of the horizontal strip 0y  is the region 

bounded by the two parabolas 2

1yba    1x
2

1yba    and the 

image under H ba,  of the vertical strip 0x  is the horizontal strip 

1y , where   is positive real number .  

(ii) The inverse image of the vertical strip 0x  is the region bounded 

by two parabolas 2

1 xa  1by
2

1 xa   and the image of the 

horizontal strip 0y  is the vertical strip 1x . 

 

Proof: (i) we have 0y , so   0y  , if 01  b  then  bbyb  0  and 

bb  , hence   bbyb  0 .                                                                   (1.71) 
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If 10  b  ,then  bbyb  0 , bb   hence  bbyb  0
 .                   

(1.74)                     

Now in all case  bbyb  0
 ,so  babyaba  0

 ,since 10 yx   

2

11

2

1 ybaxyba    .                                                                      (1.74) 

Also if 0x , since 10 yx  ,we have  1y  that means the image under H ba,  

of the vertical strip 0x  is the horizontal strip 1y . 

 

(ii) We have 0x  so   0x  so  2

11

2

1   xabyxa  , 10  xy  ,                             

so 
10  xy ,the image under H ba,

1 of the horizontal strip 0y  is the vertical 

strip 1x  .   □ 

 

 

Lemma (4.4.3)[4] 
         

     Let P


















b

a

={ 








y

x
: 22 ybaxyba   } S h ( , )=R[ , ] and  

S v ( , )=[ ,  ]R,  R and  then for the Henon map H ba, the following are 

hold : 

(i) H ba, (S v (  , ))= S h (  , ). 

(ii) H ba, (S h (  , ))  P 


















b

a

.  

(iii) H ba,

1 (P 


















b

a

)  S h (  , ) . 
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Proof: (i) Let 








y

x
H ba, (S v (  , )), so there exists 









0

0

y

x
S v (  , ) such that  

H ba, 








0

0

y

x
= 









y

x
, that is x

2

00 xbya  , 0xy  ,since 








0

0

y

x
[  , ]R we have 

0x [  , ] ,hence 








y

x
R[  , ] ,that is 









y

x
 S h (  , )  . 

Conversely: Let 








y

x
 S h (  , ),  then x R and y [  , ] ,so 




b

yxa 2

R ,thus  
















b

yxa

y
2 [  , ]R , since  









y

x
=H ba,

















b

yxa

y
2  ,we 

have  








y

x
 H ba, (S v (  , ) ). 

 

(ii) Let 








y

x
H ba, (S h (  , )) ,so there exists 









0

0

y

x
S h (  , ) such that  

H ba, 








0

0

y

x
= 









y

x
and 









0

0

y

x
R[  , ],so we get that 0y  and by lemma (1.7.7) 

Part (i) 2

11

2

1 ybaxyba    so 








y

x
 P 



















b

a

. 

(iii) Let 








y

x
 H ba,

1 (P 


















b

a

) ,so there exists 








0

0

y

x
 P 



















b

a

 such that  

H ba,

1










0

0

y

x
= 









y

x
, hence  2

00

2

0 ybaxyba   . Clearly x R.To show 

that y [  , ] , suppose that y  then 


b

yxa
2

00             (1.74)           

Now if 0b , then from (1.74) byxa 
2

00 , so 2

00 ybax    which is 

contradiction ,if 0b  then from (1.74) byxa 
2

00
, so 2

00 ybax    

which is contradiction . 

To show that y  , if 0b  then 2

00 ybax    so 2

00 yxab   thus 

y
b

yxa





2

00 , that is  y ,if 0b then bb  , hence 2

00 ybax    



 44 

so 2

00 yxab    thus y
b

yxa





2

00 , that is y  hence y [  , ]  










y

x
S h (  , ).   □ 

 

 

 

Proposition (4.4.4)[4] 

      Let S ba, = { 








y

x
: 

baCx , ,
baCy , } be a closed region in R 2 ,for Henon map 

H ba, , if 0b  then H ba, (S ba, )= P 
















C

b

a

  S h ( CC, ). 

Proof: From definition of S ba, , we have S ba, = S h ( CC, )  S v ( CC, ). 

 

So  H ba, (S ba, )= H ba, (S h ( CC, ))  H ba, ( S v ( CC, )) .                                 (1.77)               

Now by lemma (1.7.7)(ii)  H ba, (S h ( CC, ))   P 
















C

b

a

 .                                 

(1.77) 

By lemma (1.7.7)(iii),since H ba,  is diffeomorphism , we get that 

 

P 
















C

b

a

H ba, (S h ( CC, ) ) .                                                                            (1.77) 

Hence from (1.77) and (1.77), we get that H ba, (S h ( CC, ))= P 
















C

b

a

           (1.71) 

From lemma (1.7.7)(i) we have H ba, (S v ( CC, ))= S h ( CC, )   .                 (1.74)       

Now by (1.77), (1.71) and (1.74)  H ba, ( S ba, )= P 
















C

b

a

  S h ( CC, ) .  □ 

 

 Remark (4.4.5) 
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       We define some region and proof one theorem on Henon map for 0aa   , 

the regions are M 1 , M 2 , M 3  and M 4 where  : 

 

M 1 = { 








y

x
:

2

yCyC
x


 }. 

M 2 = { 








y

x
: yx  , Cy  }. 

M 3 = { 








y

x
: yx  , Cy  }. 

M 4 = { 








y

x
: Cx  , Cy  }. 

 

 
 

 

 

 

Theorem (4.4.6)[3] 



 44 

      Suppose S ba, = { 








y

x
: 

baCx , ,
baCy , } is a closed region in R 2 .If a  )(0 ba   

and 0b ,then for all 








y

x
R 2 - S ba,  either nx  as n  or ny  

as n . 

 

 

 

 

Lemma (4.4.4)  

     Let H ba, be a Henon map, 








y

x
  M 1  and 0b .Then the sequence  nx  is 

strictly decreasing sequence and nx  as n .  

Proof: If Cy 0
 then we have two cases: 

Case 7: Cy 0
, hence 00 yCyC  , so 

2

)( 00

0

yCyC
x


 = C  thus 

00 yCx   .                                                                                              (1.74) 

Now  01 xx
0

2

00 xxbya  , so  01 xx
0

2

00 xxyba  .                         (1.71)                  

Since 
00 yx  ,we have

00 xy  , so by  (1.71)  01 xx
0

2

00 xxxba      

(1.74)        

0

2

00 xxxba  = 2

00)1( xxba   but this equation has two roots which are 

2

4)1()1( 2

0

abb
x





 ,  one of them is C , for any value less than C  

2

00)1( xxba  0 . From (1.74), we have Cx 0 , so 2

00)1( xxba  0 , 

hence by (1.74)  01 xx 0 , that is 01 xx  . 

Case 7: Cy 0 , hence CyyC  00 , so 
2

)( 00

0

yCCy
x


 =

0y  

and Cy 0 , thus Cyx  00  .                                                                 (1.74)   
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Now  01 xx
0

2

00 xxbya    0

2

00 xxyba   

                                                < 0

2

00 xxxba  = 2

00)1( xxba   .          (1.74) 

As case 7, 2

00)1( xxba  = 0  has two roots one of them is C .From (1.74) ,     

Cx 0 , so  2

00)1( xxba  < 0 , hence by (1.74) 01 xx  . 

Now since 
2

)( 00

0

yCyC
x


 ,we have 0x C , that is Cy 1  so Cy 1

. 

Hence  11 yCCy    .                                                                              (1.77) 

On the other hand 01 xx   and 0x  is a negative real number so 
01 xx  =

1y . 

From (1.77), we get 
2

)( 11

1

yCyC
x


 . As above  we get  that 

2x
2

)( 11

1

yCyC
x


   .                                                                         (1.77) 

Now Cy 1
, from (1.77) ,we have Cyx  21  so 22 yCCy   .         (1.77) 

Also 12 xx   and 1x  is a negative real number so 
12 xx  =

2y  . 

From (1.77) we get 
2

)( 22

2

yCyC
x


 .As (1.74), we get 23 xx  . 

continuing in this procedure, we get that for a positive integer n  

 1nn xx … 012 xxx  , that is   nx  is strictly  decreasing sequence . 

For the second part ,if possible  nx  is bounded, since it is monotone, we get 

 nx  convergent , since 1 nn yx , that is   nx , also convergent , H ba,  is 

continuous. So there exits a fixed point for H ba,  in M 1 which is contradiction, 

hence   nx  is not bounded ,that is  nx   as n  .□  

 

Remark (4.4.4)[4] 
      

     In theorem (1.7.1) the equality holds only for CyCx  00 , . 

Proof: If 0b , then  01 xx
0

2

00 xxyba   if Cx 0 , Cy 0 , then  

 01 xx 2)1( CCba  , by lemma (1.7.7)  01 xx 0 , that is 01 xx  . 

If 0b , then  01 xx
0

2

00 xxyba   if Cx 0 , Cy 0 , then  
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 01 xx 2)1( CCba  , by lemma (1.7.7)  01 xx 0 , that is 01 xx  . □ 

 

Lemma (4.4.4) 

     Let H ba,

1  be the inverse of Henon map , suppose 








y

x
M 2 and 0b .Then 

the sequence  ny  is strictly decreasing sequence and ny  as  n .  

Proof: Let 








0

0

y

x
M 2 , from remark (1.7.4) 00 yx  , Cy 0  ,  consider 

0

2

000101 )( byyxabybyyyb  
 .                                                        (1.71) 

Since 00 yx  , we have  0

2

00 byyxa 0

2

00 byyya   

                                                             = 2

00)1( yyba  .                             (1.74) 

From (1.71) and (1.74), we get )( 01 yyb  
2

00)1( yyba   .                     (1.74)             

Now the quadratic equation 2

00)1( yyba  = 0  has a negative root 

0y = C  

if we take another value y
*

0y  such that *

0y C , 

becomes 2)1( yyba  0 , and we have Cy 0 , so  2

00)1( yyba  0 . 

 From (1.74), we get that )( 01 yyb 
0 ,since  0b  , we get Cyy  01  

and since 01 yx  ,we have 11   xy  that is 












1

1

y

x
M 2  . 

Now if possible   )1(kk yy … 01 yy   , since Cy 0 , we have Cy k  . 

Also )1(   kk yx , we have kk xy    .                                                             (1.71) 

)( )1( kk yyb   
kkk byyxa  

2
 kkk byyya  

2  

                                                      = 2
)1( kk yyba   .                                 (1.74) 

Now the quadratic equation 2
)1( kk yyba   = 0  has a negative root 

ky = C  

if we take another value y
*

ky  such that *

ky C  becomes 2)1( yyba  0  

and we have Cy k  , so  2
)1( kk yyba   0 , so from (1.74)  we get that 

)( )1( kk yyb   0 ,since 0b , we  get kk yy  )1( , so  we  get  that 

  )1(nn yy … 01 yy   ,that is  ny  is strictly decreasing sequence . 
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For the second part ,if possible  ny  is bounded, since it is monotone we get 

 ny convergent ,since nn yx  )1( ,that is  nx  also convergent , H ba,  is 

continuous so there exits a fixed point for H ba, in M 2  which is contradiction 

hence   ny  not bounded that is  
ny   as n  .□  

 

Lemma(4.4.14) 
       The region M 3  maps into M 2 under backward iteration of Henon map H ba, , 

provided 0aa  , 0b . 

Proof: Let 








0

0

y

x
M 3 , hence by remark (1.7.4) we have 00 yx   and baCy ,0   

so 
0

2

000101 )( byyxabybyyyb  
 .                                                   (1.74) 

 Since 00 yx   and 00 y we have 00 byby   so by (1.74), we have  

0

2

0001 )( byyyayyb 
= 2

00)1( yyba   .                                            (1.14) 

Now by lemma (1.7.7)(i) the quadratic equation 2

0y ayb  0)1( = 0  has a 

positive real root 

0y =C ,for any value *

0y C  this quadratic equation is negative 

and we have Cy 0  so from (1.14) )( 01 yyb 
0 ,since  0b ,we get 

01 yy  and since 01 yx  ,we have 11   xy  . 

Now we have to show that Cy 1  since C
b

yxa
Cy 




2

00
1 , 00 y , we 

have 
0

2

00

2

001 )( byyyabCyxaCyb 
 

                                                   = 2)1( yyba  .                                         (1.17) 

As above and since Cy 0 , we have 2)1( yyba  0  , hence by (1.17) we get 

that 0)( 1  Cyb ,since  0b , we get Cy 1 ,hence 












1

1

y

x
M 2 .□ 

 

 

Lemma (4.4.11) 
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       The region M 4 maps into M 1 under forward iteration of the Henon map 

H ba, , provided 0aa  , 0b . 

 

Proof: Let 








0

0

y

x
M 4  hence from remark (1.7.4), we have Cy 0

 and Cx 0  

from definition of Henon map CxbyaCx 
2

001
 .                               (1.17) 

Since Cx 0 , we have 22

0 Cx  . Furthermore Cy 0
 so bCby  0 .             (1.17)       

Now from (1.17) and (1.17) we get that 

CCbCaCx  2

1 = 2)1( CCba                                                           (1.11)                                   

From lemma (1.7.7)(i) ,C  is a positive real root 2y ayb  )1( = 0  

so 2)1( CCba  = 0 , from (1.11), we get 01 Cx , that is Cx 1 ,since 

01 xy  , Cx 0  and we have Cx 1 , we get 11 xy    .                                    (1.14) 

Now 2

00010 xbyaxxx   .                                                                      (1.14) 

Since 00 yCx  ,so if 00 y  then 00 yx  ,hence 000 bybybx  . 

If 00 y  then 00 yx  that is 00 bybx  . 

From (1.14), we get 2

00010 xbxaxxx  = 2

00)1( xxba   .                   

(1.11)        

As above C  is a positive real root , 2x axb  )1( = 0 ,for Cx 0  

2

00)1( xxba  0  , from (1.11) ,we get that, 010  xx  that is  01 xx  1y . 

Now we have 111 xyx   so 11 yx   , Cyx  10 ,which becomes 








1

1

y

x
M 1 .□  

 

proof of theorem (4.4.6) 

     Let 








y

x
 R 2 - S ba, , by remark (1.7.4) 









y

x
4

1i M i  so we have the 

following cases : 
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Case I: If 








y

x
M 1 , by lemma (1.7.1) the sequence  nx  is strictly decreasing 

sequence and nx  as n .  

Case II: If 








y

x
M 2 , by lemma (1.7.4) the sequence  ny is strictly decreasing 

sequence and ny  as n .  

Case III: If 








y

x
M 2  by lemma (1.7.74) 









y

x
maps into M 3 under backward 

iteration of Henon map H ba, .So from case II the sequence  ny is strictly 

decreasing sequence and ny  as  n .  

Case IV: If 








y

x
M 4 by lemma (1.7.77) 









y

x
maps into M 1 under forward 

iteration of the Henon map H ba, so from case I the sequence  nx is strictly 

decreasing sequence and nx  as n . □ 

 

Corollary (4.4.14)[4]  

      If )(0 baa   then Per n
(H ba, )S ba, . 

Proof: Let 








y

x
 Per(H ba, ),if 









y

x
 S ba, ,then 









y

x
 (S ba, ) C ,that is  









y

x
R 2 -

S ba,  , by theorem (1.7.4) either nx  as n , or ny  

as n , 1 nn yx , nn yx  )1( , so there is no finite orbit for H ba, of 








y

x
 which 

is contradiction .So 








y

x
 S ba, ,that is Per n

(H ba, )S ba, .□ 

 

Definition (4.4.13)[4] 
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 For )(0 baa  we define non-escape set of H ba, with respect to a  and b by 

 








b

a
= { 









y

x
R 2 :

n

Lim 








y

x
H

n

ba, } C . 

 

Corollary (4.4.14)[4] 

For the Henon map H ba, , 








b

a
= )( ,, ba

m

ba
Zm

SH


 .  

Proof: Let 








y

x
  









b

a
.To show that 









y

x
 )( ,, ba

m

ba
Zm

SH


 , if we suppose that  










y

x
 )( ,, ba

m

ba
Zm

SH


 ,then there exists Zk  ,such that 








y

x
 )( ,, ba

k

ba SH ,that means 

there exists Zr such that )( ,, ba

r

ba SH baS , ,that is )( ,, ba

r

ba SH (S ba, ) C ,so by 

theorem (1.7.4) 








y

x
H

p

ba, as p so 








y

x
( 









b

a
) C ,that is 










y

x
  









b

a
 

 which is contradiction hence 








y

x
 )( ,, ba

m

ba
Zm

SH


 . 

To show that )( ,, ba

m

ba
Zm

SH


 









b

a
, let 









y

x
 )( ,, ba

m

ba
Zm

SH


  so 








y

x
 )( ,, ba

m

ba SH  

for all m in Z, hence ba

n

ba S
y

x
H ,, 








  for all Zn , that means if n is very large   
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ba

n

ba S
y

x
H ,, 








, where n  or n  then 

n

Lim ba

n

ba S
y

x
H ,, 








 so 

n

Lim 








y

x
H

n

ba,  is real number that is 

















b

a

y

x
so )( ,, ba

m

ba
Zm

SH


 









b

a
, that is 

 








b

a
= )( ,, ba

m

ba
Zm

SH


 .□   
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