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Abstract

The aim of this work is to generalize paracompactness in
bitopological spaces and tritopological spaces. We state below

some of the main results that are obtained in this work

V. Every m(t-p) paracompact w.r.t. u bitopological space (X,t,u) is
m(t-p) semiparacompact w.r.t. u .

Y. Every m(t-u) semiparacompact w.r.t. u bitopological space
(X,t,1) is m(t-pu) — a —paracompact w.r.t. p .

Y. If (Xt,uwbe an m(t-u) paracompact w.r.t. p , and pairwise
Hausdorff space such that every t-closed set in (X,t,u) having
cardinality <m , then (X,t,u,) is m(t,u,u) — regular space.

¢If (Xt,uwbe an m(t-u) paracompact w.r.t. p , and pairwise
Hausdorff space such that every t-closed set in (X,t,u) having
cardinality <m , then (X,t,w) is m(t,u,u) — normal space.

°. Let (X,T,u) be a bitopological space and let (Y, ty,u,) be a
1-closed subspace of (X,t,n) . If (X,7,u ) is m(t-p)paracompact
w.r.t w, then (Y, tv,uy) Is m(ty-py)paracompact w.r.t py.

1. Let (X,t,u) be a bitoplogical space , let y={Xi:XiecNuic1} be a
partition of X .The space (X,t,uw)is m(t-u) paracompact w.r.t.

iff (Xi,ti,ui) is m(ti-pi) paracompact w.r.t. ui for every i .

Vil



V. Let (X,t,n) be m(t-pn) paracompact w.r.t. u bitopological space ,
and let (Y, tv,uy) be a subspace of (X,t,n) .If Y is F p-set
relative to t , then (Y, ty,uy) ) IS m(ty-py) semi paracompact
w.rt p.

A. Let (X,t,u) be a bitopological space and let (Y, ty,uy) be a
t-closed subspace of (X,t,n). If (X,t,u)is m(t-pn) —a-paracompact
w.r.t. i, then (Y, ty,uy) IS m(ty-py)-a- paracompact w.r.t. py.

. Let (X,t,1) be a bitoplogical space , let y = {Xi: XiezNuicl} bea
partition of X .The space (X,t,w)is m(t-p) —a-paracompact w.r.t
w Iff the space (X;,ti,ui) is m(ti-u;)-a- paracompact w.r.t y; for
every i .

'«. If each t-open set in an m(t-p) paracompact w .r .t. p
bitopological space (X,t,w) is m(t-u) paracompact w .r .t. p ,
then every subspace (Y,ty,uy) 1S m(ty-puy) paracompact
w.r.t. uy .

Wiaf fis (u-t') closed , (pu-p") continuous mapping of a

bitopological space (X,t,u) onto an m(t -u") paracompact w. r. t
W bitopological space (Y,t' ) such that Z = f (y),VyeY
IS m(t-p) compact , then (X,t,u) is m(t-p) paracompact w. r.t. p
‘Y, If fis a (u-t')closed, (p-p’) continuous mapping of a

bitopological space (X,t,i) onto an m (t-p) semiparacompact

w.rty'  bitopological space  (Y,t,u') such that

VIl



Z=1f7y),vyeY is m(t-pu) compact . Then (X,t,n) is
m(t-u) semiparacompact w. r. t
VY. Let (X,t,n) be a pairwise Hausdorff bitopological space . Then
the following are equivalent :
(i) (X,t,w) is RR-pairwise paracompact
(if) (X,t,) is B- pairwise regular , and a-pairwise paracompact
(ii1) (X,t,n) B- pairwise regular , and B-pairwise paracompact
(iv) (X,t,u) is B- pairwise regular , and bi-a- paracompact
(v) (X,t,w) is B- pairwise regular , and bi- paracompact
Ve If (X,t,wbe an m(t-p)paracompact w.r.t p, and (X,t,p)is
pairwise Hausdorff such that every t-closed set in (X,t,u,p)
having cardinality <m,then (X,t,w,p) i s m (t,p,u,)-regular.

Yo If (Xt,uw,p) be an m(t-p)paracompact w.rt. p , and
(X,t,p) is pairwise Hausdorff space such that every t-closed
setin ( X, t,u, p) having cardinality <m, then (X,t,u,p) is
m(t,u,p)— normal .

V1. Let (X,T,u, p) be a tritopological space and let(Y,ty ,uy,py)
be a t- closed subspace of (X ,t, w,p ).If (X ,1, w,p )be an
m(t-u ) paracompactw .r .t p , then (Y,ty ,uy,py ) IS an
m(ty -uy ) paracompact.w .r .t py .

‘W.let (Xrtup) be a tritopological space |, et

7={X,:X,e tNuNpie 1} be a partition of X . The space



(X, t,u, p)ism(t-u) paracompact.w .r .t p iff (X, ti ,ui,pi) IS
m(t; -w; ) paracompact.w .r .t p for every i<l.

YA, If each t-open set in an m(t-p) paracompact w .r .t p
tritopological space (X,t,u,p) is m(t-p) paracompact w .r .t p ,
then every subspace (Y, ty, Wy, py)is m(ty-uy) paracompact
w.r.tpy.

Y4, Let (X,t,u,p) be m (t-p) paracompact w.r.t.p tritopological
space, and let ( Y,ty,uy,py) be asubspace of (X,t,u,p). If Y is
1-Fo-set relative to t ,then (Y,ty,uv.py) 1S mM(Ty-py)
semiparacompact w.r.t py.

Yo If fis (u-t7)closed , (u-u') continuous and (p-p*) continuous
mapping of a tritopological space (X,t,u,p) on to an m(t"-u’)
paracompact w. r. t p* tritopological space (Y,t',u",p") such that
Z=f7(y),vyeY is m(rtu) compact , then (X,t,up) is
m(t-p) paracompact w. r.tp.

Y. If fis a (u-t')closed, (u-p') continuous and (p,p*) continuous
mapping of atritpoiogical space (X,t,u,p) onto an is m (t-p)
semiparacompact w. r. t p* tritpoiogical space(Y,t",u’,p") such
that Z = f1(y),Vy e Y is m(z-p) compact , then(X,t,u,p) onto

an is m (t-p) semiparacompact w. r. t p.
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Introduction

/

A principal goal of this work is to study the concept of
paracompactness in bitoplogical spaces , and tritopological space .

Paracompact spaces were first introduced by Die Donne in Y4¢¢ as a
natural generalization of compact spaces still retaining enough structure to
enjoy many of the properties of compact spaces , yet sufficiently general to
include a much winder class spaces . The notion of Para compactness gained
stature with the proof , by A.H. Stone , that every metric space is
paracompact and the subsequent use of this result in the solutions of the
general metrezation problem by Bing , Nagata and Smirnov . the central role
played by Para compactness or paracompact— like properties , in some of the
current areas of intensive investigation in topology ensure it a permanent
place alongside metrizability and compactness among the most important
concept in general topology [ YY ] .

In the second half of twentieth century some papers were introduced on
bitopological spaces and tritopological (Y-topological) spaces . we display
some of them below:

Kelly, J.C. (Y47Y) [ © ] introduced the idea of bitopological spaces .

Singal , M.K. , and Singal , A.R., ("3Y+) [ ¢ ] they introduced some
more separation axioms these consider with bitopological spaces .

Reilly , I.L. (YAYY) [ ¢ ] presented some properties that’s deal with
separation axioms on bitopological spaces .

Xl



Maheshwari , S.N. and Prasad R. (Y4Ve) [ Y) ] . They introduced some
new separation axioms and studied some of their basic properties . the
implications of those new separation axioms among themselves and with the
well known axioms to ,T , were obtained .

Valeriu , P. (Y3YVY) [ Y4 ], introduced some properties of bitopological
semi separation space .

Mirevic, M. (Y4AT) [ YV ], studied the separation axioms in bitopological
space .

Mukherjee , M.N. , and Ganguly , S. (Y3AY) [ YA ], studied characterized
almost continuous multifunctions in bitopological spaces . Also generalized
the idea of almost continuity as studied in (Bose and sinha (Y 3AY) . such
multifunctions had been investigated in relation to the extended concept of
lower and upper semi — continuous multifunctions introduced for
bitopological spaces .

Arya , S.P. , and Nour , T.M. (Y3AA) [ YY ] introduced some separation
axioms that's consider with bitopological spaces and some theorems .

Jelis , M. (Y34A3) [ VY ] introduced some T; pairwise continuous functions
and studied bitopological separation axioms .

Al — Swidi , L. and Shaker AY. (M34Y) [ Y+ ] , studied a semi
compactness in bitopological spaces .

Jelic, M. (Y334¢) [ V) ], studied the nearly PT; — continuous mapping and
the relations among them .

Bosi , G. (Y33Y) [ Y ], he was present a separation theorem in pairwise
normally preordered by topological spaces , which slightly generalize both a
well known separation theorem by Nachbin in normally preordered

topological spaces , and a separation theorem by Kelly in pairwise normal
topological spaces . based on this result , he gave necessary and sufficient

Xl



conditions for the existence of semi continuous order — preserving functions
on such spaces . further , he discussed the existence of upper semi
continuous order preserving functions on preordered topological spaces .

Kovar , M.M. (Y49A) [ Y1 ] modified the concept of 6 — regularity for

spaces with two and three topologies . The new morgeneral property that
was given is fully preserved by sums and products .
Using some bitopological reductions of this property , Michel's theorem for
several variants of bitopological Para compactness was proved . also in
(Y499) [ 'Y ] he slightly generalize some Michel's constructions and
characterize RR- pairwise Para compactness in terms of bitopological 6 —
regularity , and some other weaker modifications of pairwise Para
compactness and he conclude that the bitopological instability of RR —
pairwise Para compactness in presence of pairwise hausedroff separation
axioms is caused by a bitopological property which is much weaker and mor
local than RR — pairwise compactness .

Tallafaha , A., AL-Bsoul , and For a, A — (Y3%%) [ ¥ ] introduced the
concept of being countable dense homogeneous bitopological spaces and
they defined several kinds of that concept . They gave some results
concerning those bitopological spaces satisfying the axioms P -T. , and P —
T, spaces .

Al — Swidi , L. (Y+++) [ 2 ] defined , new space depend on three
topologies which called tritopological spaces . He gave some
characterictions of those spaces and defined some separation axioms as
regular normal , triwise regular and completely normal relative to
tritopological space also he studied the compactness of this spaces .

This thesis have three chapters :

In chapter one we study subspaces , covers , and some separation axioms .
In chapter two , we study the paracompactness in bitopological spaces .
In chapter three we study the paracompactness in tritopological spaces .

X1



CHAPTER ONE

Elementeries
and study
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8§ (V-Y)Subspaces.

In this section we state subspaces in topological spaces , and give the

definition of subspaces of bitopological and tritopological spaces.

(V.V.V)Definition.[1]

Let (X , 1) be a topological space and let Y be a subset of X . The
t-relative topology for Y is the collection tv given by :
v ={GNY :G €1} .
The topological space (Y, tv) is called subspace of (X, 7).
If Y is t-open subset of X, then the subspace (Y , ty) is called t-open
subspace of (X , t ),and other adjectives applying to subset of X apply

similarly to subspace.

(V.)V.Y)Theorem. [1]

Let (Y, tv) be a subspace of (X, 1) . Then

(1)  asubset AofY isclosed in Y iff there exists a set F closed in X such
that A=FNY .

(i) asubset M of Y is a ty-nhd of a point y in Y iff there exists a t-nhd N
of y such that M=NNY.

(V.V.Y)Theorem.[]

Let (Y, tv) be a subspace of (X, t). Then every open (closed) subset
B of Y is open (closed) in X iff Y is open (closed) in X.

(V.).%)Definition.[1]

A subset F of a topological space (X , 7) is called F_ set ifitis a

countable union of 7 —closed sets . We will denote to such setby 7 —F_ .
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(V.V.¢)Remark.]1]

Let {2'/1 :/”teA} be any collection of topologies on a set X.

A topology Vv 7, having U T, as a subbasis is the smallest of the
AeA AleA

topologies on X larger than 7, for every A .

(1.).1) Definition.

Let (X, 7 ,u) be a bitopological space , and let Y be a subset of X .
The collections
Tv= {GNY : GE€1} , and
wy={HNY :HE pn }

are two topologies for Y , called the relative topologies for Y .

Then (Y,ty ,uy) is called a subspace of (X, T ,u) .

().).V)Definition[4]

Let (X, t,u, p)be atritopological space , and let Y be a subset of X .
The collections
w={GNY : GE€1}
Hy={HNY : HE n }, and
py={FNY :FE€p }
are three topologies for Y, called the relative topologies for Y .
Then(Y, tv, Uy, py) is called subspace of (X,t, W,p).
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§()-Y)Covering Properties.
In this section ,we study the covering properties in topological

spaces , bitopological space , and tritopological spaces.

().Y.\)Definition [Y 1.
For an infinite cardinal number m , if a set A consisting of at most m

elements we say that A having cardinality < m (or with cardinality < m) ,
and denoted by WS m . If the collection U = {U ; : 1 € A} consisting of
at most m members then we say that U having cardinality < m (or with
cardinality < m) . Some times this collection denoted by ‘U ‘S m or ‘A‘S m.

().Y.Y)Definition [1].
A cover or (covering) of a space (X , t) is a collection

U ={U; : 1 € A} of subsets of X whose union is all of X . A subcover of

a cover U is a subcollection of U which is a cover . An open cover of X is a
cover consisting of open sets , and other adjectives appling to subsets of X
apply similarly to covers .
().Y.¥)Definition [1].

Let (X,r) be a topological space .Let U={U, : A€A} and
V={V, :y€TI'} be two coverings of X , V is said to be refine (or be a

refinement of ) U, if for each V, there exists some U, with V, - U, .
If W={W; :5 € Q} refine two covers U, V of X, then it is called common
refinement [£] .

(.Y.¢)Definition[1]
A family U={ U, : A€A}of sets in a space (X,1) is called locally

finite, if each point of X has a nhd V such that VNU,#¢ for at most finitely
many indices A. In other word VNU,= ¢ for all but finitely many A.
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().Y.9)Definition[1]

A family U of set in a space(X,7) is called o-locally finite if U = Qlun

where each U, is locally finite collection in X.

(V.Y.V\)Lemma.

Let (X, 1) be a topological space .Let U={U, , A€A} be a cover
of X, and let V={V, : y € '} be a refinement of U. If
W={W, :a€ Q } refines V , then W is also refines U.

(\.Y.V) Remark [Y]
Every locally finite systems of sets is s-locally finite .

(V.Y.N) Lemma][\]

Let (Y, tv) be a subspace of (X, 1) . Ifa system V={V,:y €T}
of sets is (c-) locally finite with respect to 7, then so is {V,NY : y €T }

W.I.1. Ty.

(V.Y.9) Lemma[ Y]

(i) If U={U, : X € A}is locally finite system of sets in (X, t) Then any sub
collection of U is locally finite.

(i) If U= {U, : A € A} is locally finite system of sets in (X, 1) then so is
{CI. (U) : L€ A}. And U cu(ul):cu(u uﬁ)

In particular the union of a locally finite collection of closed sets is closed.

(iii) The union of a finite number of locally finites systems of sets is locally

finite.
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(V.Y V) Lemma[ 1]

Let (X, 1) be a topological space. Let U={U;, : A € A} and
V={V,: y€T }betwo coveringof XandE={U, NV, : (A, y) € AXT}.
Then
(i) E is covering of X refines both U and V. Furthermore if, both U and are
locally finite so also is E.

(i) Any common refinement of U and V is also refinement of E.

(iii) If E be any refinement of V, and V refines U, then E refines U .

(V.Y.) V)Definition.

A topological space (X, t)is said to be

(i) m-paracompact[Y +], if for every open cover of X with cardinality <m
has a locally finite open refinement.

(if) paracompact[A], if for every open cover of X has a locally finite open
refinement.

(iti) (m-) semiparacompact , if for every open cover of X (with
cardinality <m) has a o-locally finite open refinement .

(iv) (m-) a-paracompact[‘] if for every open cover of X(with cardinality
<m) has a a locally finite refinement not necessary either open or
closed.

(v) (m-) z- paracompact['] if for every open cover of X( with cardinality

<m) has a a locally finite closed refinement.

(1.Y.\Y) Definition[VY]

A set equipped with two non identical topologies is called a
bitopological spaces , and it denoted by (X, t ,u) where t and p are two

topologies on X ..
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().Y.\¥) Definition
Let (X, T ,u) be a bitopological space, and let U ={ U, : L € A} be a

t-open cover of X. A p— open refinement
V={V,: y €T } of U is called locally finite with respect to the topology p
if for every point x of X has a p- nhd N such that NNV, # ¢ for at most

finitely many y . In other word NNV, = ¢ for all but finitely many .

(V.Y.V¢) Definition

Let (X, T, n) be a bitopological space and let U={U, : A € A}be a
t -open cover of X.A p- open refinement V={V, : y €' } of U is called

o- locally finite with respect to the topology pif v = Gvn where every V, is
n=1

locally finite. w.r.t.n

().Y.Y¢)Remark

Let (X, T ,u ) be a bitopological space, and let U={U,:A eA} be a
t-open cover of X.AfV={V,: y €T } is p-open refinement of U which is
locally finite w.r.t.u, then V is o-locally finite .w.r.t.u.

().¥Y.\V) Definition[ 4]
A set equipped with three non identical topologies is called a

tritopological spaces , and it denoted by (X, T, u, p) where T, pwand p are

three topologies on X .

(V.Y.\Y) Definition

Let (X, T, u, p)be a tritopological space and let U={U,:A eA} be a
t-open cover of X . A p-open refinement V={Vy: y €T } of U is called
locally finite with respect to the topology p if for every point x of X has

p-nhd N such that N NV, =¢ forat most finitely many y. In other word
NNV,= ¢ for all but finitely many .
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(V.Y.\A) Definition

Let (X, t, u, p) be a tritopogical space, and let U={U; :A € A}be a
T -open cover of X . A p-open refinement V ={V, : y ¢ I" }of U is called

o-locally finite with respect to the topology p if Vv = fjvn , Where every V, is
n=1

locally finite. w.r.t.p.

(V.Y.V%) Remark

Let (X, 1, u, p) be a tritopological space and letU= {U; : L € A }be a
t-open cover of X .If V ={ V, : y € I'} is p-open refinement of U which is

locally finite .w.r.t.p, then V is o- locally finite .w.r.t.p.

(V.Y.Y+) Lemma

Let(X, T, u, p) be a tritopological space, Let U= {U, : X € A } be a
t -open cover of X . If V={ V, : y e I" }and W= {W; :5 € Q} be two p-open
refinementof U, E={V,N W5 :(y,8) €T xQ }.Then,
(i) The collection E is p- open cover of X refine both V and W consequently
of U.
(ii) If both VV and W are locally finite w.r.t.p so also is E.
(ili) Any common p- open refinement of V and W is also p —open

refinement of E.
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Proof:

(i) First we need to prove that E is a p-open cover of X . Given x € X, since
V and W be two p-open cover of X, then there exists some vy, & such
that x € V, and x € W; . Thus x belongs to some V, N Wj; therefore E
is a cover of X . Since V, and W; , are p-open sets for every v, 6 so also
iIsV, N W; (v,08) €I x Q. Hence E is a p-open cover of X.

Now to show E refines both VV and W. Let C € E . Then there exists V,
and W; such that C=V, N W; . Since C <V, and C = W; , then E refines
both V and W. Since fore every C in E there is V, such that C < V,, and
since V refine U, there is U, in U such that V, = U, ; hence we have for

every Cin E, there is U, in U such that C < U, . Therefore E refines U.

(if) Letx € X. Since V ={ V, : y €T } is locally finite . w.r.t.p, then x has
p-nhd N such that NN V, = ¢ for all but finitely many vy .
And since W={ W; : 6 € Q } is locally finite. w.r.t.p , then x has p- nhd
M such that M N W; = ¢ for all but finitely many o.
Hence (N N V,) N (M N W;) = ¢ for all but finitely many vy, 8.Then
(NNM) N (V, N W;) = ¢ for all but finitely money vy, . But NNM is
p-nhd of x, and V, N W; is p- open set belong to E . Thus, we have for
every point x in X there is p-nhd intersect at most finitely many

member of E ;Hence E is locally finite. w. r. t.p.

(iii) Let D ={D,, :a € Q } be a pu-open cover of X refining both V and W.
Then for every D, there exists V, and W; such that D,<V, and D, W;
,50 that D, =V,N W, i.e. for every D, in D there is V,N W; in E , such
that D, < V, N W;. Hence D is p-open refinement of E .
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§(V-Y) Some Separation Axioms

In this section we study regularity and normality in bitopological

spaces , and tritopolgical spaces.

().r.Y) Definition [V]

A topological space (X, 1) is said to be regular if for any closed subset
A of X and any point x of X which is not in A, there are open sets U and V
suchthatx € U, A < V, and U NV=4.

(V\.¥.¥Y) Theorem [V]

A topological space (X, 1) is regular if given any x € X and any open

set U containing x there is open set V containing x such that Cl. (V) < U.

(V.Y.Y)YTheorem

Let(X, 1) be aregular space,then the following are equivalent
(i) (X, t) is paracompact.
(i) (X, t) is semiparacompact.
(iii) (X, 1) Is a- paracompact.
(iv) (X, 1) Is z- paracompact.

For the proof see [Y{] .

().Y.¢) Definition [°]

A bitopological space (X, t,u) is called pairwise Hausdorff if for every
two distinict points x and y of X, there exist t -open set U and 1 -open set V
suchthatx € U,y € Vand U NV= 4.
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(V.Y.9) Definition

A bitopological space (X, t ,u) is called (m)(t, u, w)- regular if for

every point x in X and every t -closed set A (|A/<m) such that x € A, there

exist two p- open sets U, and V such that
X€U AcV,and U NV= 4.

Clearly every (t,u, p)-regular space is m(t,u,u)-regular space .

(V.¥.%) Theorem

A bitopological space (X, t,u) is (t, u, w) - regular iff for every point x
of X and every t -open set U containing x there exists a p-open set V

containing x such that Cl, (V) < U..

Proof

Suppose that (X, t, w) is (t, u, u) — regular and suppose that the point

x and the t -open set U containing x are given . Let B=X/U. The B is

T —Closed set and x ¢ B. By hypothesis there exist two p - open sets V and
W suchthatx € V,B <« W, and VNW=¢.
ThenV =X /W
=Cl, (V) = Cl, (XIW) = XIW
= Cl, (V) N W =4
= Cl,(V)NB=¢ [since B <« W]
Therefore Cl,, (V) =X/B=U as desired.
Conversely suppose the point x and the t-closed set B not containing x are

given. Let U= X/B, then U is t-open set containing x. By hypothesis there
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exist a pu- open set V containg x such that Cl, (V)<U. Since Cl, (V) < X/ B
then B < X/Cl, (V) =< U, and X/ Cl, (V) is a p-open set.
Evidently V. N(X/ Cl, (V)) = ¢ . Hence we have p-open set V and

u-open set X/ Cl, (V) such that x € V,B < X/ Cl, (V) and
VAX/CL, (V)= ¢

(V.Y.V)Definition

Given a property Q , a bitopological space (X,t,u) is called bi-Q if
both (X,t) and (X,u) are Q .

().Y.N) Definition.

The bitopological space (X,t,u) is called

(i) a- pairwise (m-)regular if (X,t,u) is (m-)(t,t,n) regular and (m-)(u,w.7)—
regular.

(if) B-pairwise (m-)regular if (X,t,u ) is (m-)(t ,u, 7)- regular and
(m-)(p,t,w)— regular.

(iii)y-pairwise (m-)regular if (X,t,u) is (m-)(t, w,p)—regular and (m-)(w,t,7)—
regular.

(ir) o-pairwise (m-)regular if (X,t,u) is (m-)(tvu,u , tvp)- regular and

(m-)(tv,t ,tv)- regular

(1.Y.%) Proposition.

Every B-pairwise regular bitopological space is a- pairwise regular.

AR
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Proof :

Let (X,t,u) be a B-pairwise regular bitopological space . To show
(X,T,uw) Is a- pairwise regular . We need first to show (X,t,n) is
(t,T, w) —regular . Let x € X and let U be a t-open set containing X .
Since (X,t,u) is (t,u,7) — regular then there exists p- open set V containing x
such that CI.(V) <U. Also since (X,t,u) is (u,t,1) — regular then there exists
- open set G containing X such that Cl,(G) < V..

Hence Cl, (G) <V < CI; (V) <U. Hence for every point x in X and every
T-0pen set U containing x there exists t-open set G containing x such that
Cl, (G) = U. Thus(X,t,) is (t,t,p) — regular. [ by Theorem ().Y.7)].

Now to show (X,t,u) is (u,u, t) —regular . Let x € X, and let U be a
u-open set containing x .Since (X,t,u) is (u,t,)) —regular then there exist a
- open set V containing X such that Cl, (V) <U. Also since(X,t, p) is
(t, u ,7) — regular, then there exist u-open set G containing x such that
Cl.(G)<=V. Hence Cl, (G) =V< Cl, (V) <U. Hence is for every point x in
X and every p-open set U containing x there exist p-open set G containing x
such that Cl (G)<U. Thus (X,t, w) is (wu, t) —regular by Theorem ().7.7) .
And consequently (X,t, w) is a- pairwise regular by Definition (1.Y.A) (i)

(V.Y.\ «) Proposition.

A bitopological space (X,t,u) is B- pairwise regular iff it is y- pairwise

regular.

VY
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Proof:

Suppose that (X,t,u) is a B- pairwise regular space . Let x € X let U be
a T-open set containing x.There exists a p-open set V containing x such that
Cl; (V) <U. Similarly there exists a t-open set W containing x such that
Cl, (W) <V . And finally , there exists a p-open set A containing x such that
Cl. (A) =W. Hence A < Cl, (A)=c W < Cl, (W) = V < Cl; (V)<U. Then
Cl, (A)<U. Thus (X,t, p) is (t,p,p) —regularly.
Reversing the role of t and p we obtain that (X,t,n) is also
(w,t,7)- regular which implies that (X,t,u) is y- pairwise regular .
Conversely, let (X,t,n) is y- pairwise regular . Let x € X let U be a
T-0pen set containing x.Then there exist p-open set V containing x such that
Cl,(V) <U . Similarly there exist t-open set W containing X Such that
Cl. (W)<cV .And finally there exists p-open set A containing x such that
Cl, (A) = W. Hence A < CI, (A)cWc CI, (W)<V < Cl, (V)<cU. Then
Cl.(A)<U . Thus (X,t,u) is (t,u,t) — regular.
Reversing the role of t and p we obtain that (X,t,u) is also

(w,t,w) —regular which implies that (X,t,u) is B- pairwise regular .

(V.Y.\Y) Corollary.

Every vy- pairwise regular bitopological is a- pairwise regular.
Proof :

Since every y- pairwise regular bitopological space is - pairwise
regular by Proposition (1.Y.)+) and every B- pairwise regular is a-pairwise

regular by Proposition (1.Y.2) then the result follows.

'Y
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(V.. Y)Proposition

If (X,t,1) is B - pairwise regular then it is bi-regular.

Proof:

Suppose (X,t,n) is B-pairwise regular.To show(X,t) is regular, let
x € X, and let U be a t- open set containing x. Since (X,t,n) IS
(t,u,t) —regular then by Theorem ().Y.7) there exists p-open set V containing
x such that CI, (V) <U.Also since (X,t,u) is (u,t,u)- regular then there exists
a t- open set G containing x such that Cl, (G) =V.Since G < Cl, (G) < V,
then Cl; (G) < CI. (Cl, (G) < ClI. (V) < U.Hence for every x €X, and every
T- open set U containing X, there is t-open set G containing X such that
Cl. (G) < U. Thus (X,7) is regular by Theorem (V.Y.Y)............... ")

Now to show that ( X,u) is regular. Let x in X and let U be a p- open set
containing x. Since (X,t, ) is(u,t,u) — regular, then by Theorem().¥.1) there
exists a t-open set V containing x such that Cl, (V) <U. And since (X,t, 1)
IS (t,u,t) —regular then by Theorem ().Y.1) there exist p- open set G
containing x such that Cl, (G) < V Since G < Cl, (G) < V, then
Cl, (G) < Cl, (Cl 1 (G)) < Cl(V) <= U.Hence for every point x and every
u- open set U containing x there exists a p- open set G containing x such that
Cl, (G) = U. Thus (X,p) is regular by Theorem ().¥.¥)................. (Y)

From ()) and (V) the result follows.

Note

By using Proposition ().Y.)+) and Proposition (1.Y.)Y) we can show
that the y-pairwise regular space is bi-regular .Although we can give the

independing proof as shown in the following Proposition.

V¢



CRAPLEE ORE...uucneeneiniiniiniieiniiaiiasiesnssatsssssossnsssssssnsonses Elementeries and study

(V.Y.\Y) Proposition.

If (X,z, w) is y-pairwise regular, then it is bi-regular.

Proof:

Suppose (X,t, w) is y-pairwise regular space to show (X,t) is regular
space . Let x € X and let U be a t-open set containing x .Since (X,t, p) is
(t,u,n) — regular then there exists a p-open set V containing x such that
Cl, (V) = U.And since (X,t,p) is (w,t,7) — regular the there exist t-open set
G containing x such that Cl; (G) < V. Hence Cl; (G) < V < Cl, (V) < U.
Hence we have for every x in X, and every t-open set U containing x ,there
exists T-open set G containing x such that Cl; (G) < U.Thus (X,1) is regular
space by Theorem ().Y.Y)........ ")

Now ,to show (X,u) is regular space Let x € X, and let U be a p- open
set containing x , Since (X,t,u) is (u,t,t) —regular then there exists a t-open
set V containing x , such that Cl. (V) < U.And since (X,t,u) Iis
(t,u,n) —regular then there exist a p-open set G containing x , such that
Cl, (G) =V.Hence Cl, (G) < V <ClI, (V) cU. Thus ( X,p) is regular space
by Theorem ().¥.Y)......... (Y). From (Y) and (Y) the result follows.

(V.Y.\ ¢) Proposition.

Let (X,tr, u) be a B- pairwise regular bitopological space and let
U={U A : L € A} be a collection of subsets of X. Then U is locally finite
w.r.t T iff itis locally finite . w.r.t .

Yo
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Proof:

Suppose that U={U A : A € A} is locally finite .w.r.t t.Then, each
X € X has t-open nhd V, such that V, N U, =¢ for all but finitely many A.
Since (X,t ,u) is B- pairwise regular , then (X,t,n) is (t,u,t) — regular.
Therefore the point x has p- open nhd N, such that CI. (N,)< V. Hence
Cl; (Ny) N U;=¢ for all but finitely many A. Consequently N,N U,= ¢ for all
but finitely A . Thus U is locally finite w.r.t. .

Conversely Suppose U= {U, : A € A} is locally finite . w. r.t p, then
each x in X has p- open nhd Gy such that Gy N U,= ¢ for all but finitely
many A . since (X,t,u) is B- pairwise regular then (X,t,p) is (u,t,u) —regular.
Therefore x has t- open nhd H, such that CI, (H,)<Gx Hence
Cl, (HoNU,=¢ for all but finitely many A .Consequently HyN U, = ¢ for all
but finitely many A. Thus U is locally finite .w.r.t t.

(V.Y.)e) Definition.

A bitopological space (X,t,u) is called (m-)(t,u,p) —normal if for every

pair disjoint t-closed sets A,B of X, (A <m,[B/<m) there exist p-open sets
U,V suchthat A cU,BcV,and UNV = 4.

Clearly that every (t,u,pn) —normal space is m(t,,u) —hormal.

(V.Y YY) Theorem.

A bitoplogical space (X,t,uw) is (t,u,n) —normal iff for every t- closed
sets and t-open set U with A U, there exists a p-open set V containing A
such that Cl,, (V) cU.

V1
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Proof :

Suppose that (X,t,u) is (t,u,u) -normal , and suppose that the t- closed
set A and the t-open set U are given with AcU. Let B=X /U, then B is 1-
closed. By hypothesis, there exist u-open set Vand W containing A and B
respectively ,and V "W =g sothatV < X/W.
Then Cl,, (V) < Cl, (X/W) = X/W .Also X/U =W then X/W cU.
Thus Cl, (V) <cU.Conversely , let A and B be t-closed subset of X such that
ANB=¢. Let U=X/B the set U is t-open so that A <= U .By hypothesis there
exists a p-open set V containing A such that Cl, (V) < U.
Then X/U < X/ Cl, (V) = X/(X/B) <XI/Cl, (V) = B < X/Cl, (V)
Evidentially VN(X/C1,(V)) =¢. Thus V and X/Cl, (V) are disjoint p-open

sets containing A and B respectively. Therefore (X,t,u) is (t,u,pn) —normal.

(V.Y.\VY) Definintion

A Dbitopological space (X,t,u) is called pairwise (m-)normal ,

it (X,T,p) is (m-) (t,u,p) — normal and (m-) (w,t,t) — normal.

(V.Y VA) Definintion

A tritopolgical space (X,t,u,p) is called[?] (m-)(t,u,p) — regular if for

every point x in X and every t-closed set A, (A <m) x ¢ A, there exists

a u-open set U and a p-open set V suchthatx € U. A < V,and U N V=4.

In [?] Al- Swidi state and proved the following theorem .

AR%
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(V.¥. V%) Theorem.

A tritopological space (X,t,u p) is (t,u,p) —regular iff for every point x
in X and every t-open set U containing X there exists a p-open set V

containing X such that Cl,(V) < U.

().¥.Y+) Definition

A tritopological space (X,t,up) is called [1] (m-)( t,u,p)— normal if
for every pair of disjoin t-closed sets A,B of X (A <m,[B|<m) there exists

u-open set U and p- open set V such that AcU, BcV. And UNV=4.

In [4] Al- Swidi state the following theorem .

(V.Y.YY) Theorem.

A tritopological space (X,t,u.p) is (t,u,p) — normal iff for every
1- closed set A and t-open set U with AcU, there exists a p-open set V
containing A such that CI, (V) cU.

YA
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8§ (Y-1)Some Definitions and results

In this section we give the definitions of some types of Paracompact
topological spaces, and introduce definitions of some types of Para
compactness in bitopological spaces. Also we give some relations among

these types.

(Y.V.\)Definition.

A bitopological space (X, t,u) is called (m-) (t - n ) compact if for
every t-open cover U ={U, : 1 e A}of X (with cardinality < m) has a p-open

finite subcover .

(Y.1.Y) Definition

A bitopological space (X,t,u) is called (m-) (t-p) paracompact w.r.t p ,if
for every t-open cover U ={U, : 1 e Ajof X (with cardinality < m) has a p-

open refinement vV = v :y e} which is locally finite w .r .t .

(Y.\.Y) Proposition.

Every (t -u )paracompact w .r .t. u bitopological space ( X, t,u ) is

m (t-p)paracompact w .r .t p.
Proof

Let (X, t,u) bea(t-p)paracompactw .r.t. u. LetU ={U, : 1eAlis
T-open cover of X with cardinality <m . By hypothesis U has a p-open

refinement V = _:y e rjwhich is locally finite w .r .t p. Hence (X, t,u ) is

m(t-p)paracompact w.r.t p .

Y4
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(Y.).¢) Definition.

A bitopological space (X, T ,u) is called (m-) (t - u) semiparacompact

w .r .t u, if for every t-open cover U = {U, : 1 € A}of X (with cardinality < m)

has a p -open refinement v :{ V |y el } whichis o-locally finite. w.r.tu .

(Y.).®) Proposition.

Every (t -u )semiparacompact w .r .t. p bitopological space ( X, T,u)

ISm(t-p) semiparacompact w .r .t .

This proof uses exactly the same proof of the Proposition (Y.).Y) one

just replaces the locally finite by o-locally finite.

(Y.V.%) Theorem

Every m(t-p )paracompact w .r .t. p bitopological space ( X, 7, n) is

m(t -u )semiparacompact w .r .t p .

Proof

Let ( X, T, n) bean m(r-pn )paracompact w .r .t p. Let

U=1{U,:1eA}is t-open cover of X with cardinality < m .By hypothesis
there exist a p-open refinement v ={v, :y e} of U which is locally finite

w.r.t.u. By Remark (1.Y.Y) ,V is o-locally finite. w . r .t. u. Hence the space

(X, t,u)is m(t-u ) semiparacompact w .r. t. pu by Definition (¥.).¢) .
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(Y.\.V) Corollary

Every (t-u )paracompact w .r .t. p bitopological space ( X, t,u) is

(t-p) semiparacompactw .r.t. u.

Proof

Let (X, t,u) bea(t-u)paracompact w.r.tu. LetU={U,:1cA}bea
t-open cover of X .By hypothesis there exist a p-open refinement
V ={v, :y eI’} which is locally finite w .r .t u. By Remark (1.Y.Y) ,V is o-

locally finite w .r .t u .Hence the space ( X, t, p ) is (t-u )semipracompact

w.r. t .

(Y.V.AN) Corollary

Every (t-u )paracompact w .r .t. p bitopological space ( X, t,u ) is

m(t -p )semiparacompact w.r.t u.

Proof

The proof is immediately follows from Proposition (¥.).Y) and

Theorem (¥.).1)

(Y.).4) Definition.

A bitopological space (X,t ,u) is called (m) (t - p ) -a-paracompact

w .r .t p ,if for every t - open cover U ={U, : 1eA} of X (with cardinality
< m) has a refinement V ={v, :y eI’} of U not necessary either p-open or

p-closed which is locally finite . w .r .t. p .

AR
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(Y.V.)+) Proposition.

Every (t-u )-a-paracompact w .r .t. p bitopological space ( X, T ,u)

IS m (t-p ) -a-paracompact w.r .t .

Proof

Let ( X, t,u ) Dbe a (r -n ) -a- paracompact w .r .tu. Let

U={U,:1cA}be a 1 -open cover of X with cardinality < m .By hypothesis
U has a refinement v :{ V |y eT" jnot necessary either p -open or p -closed

which is locally finite .w .r .t u. Hence ( X, t, p ) is m(t-p )-a-paracompact w

It

(Y.V. YY) Theorem.

Every m(t -u )semiparacompact w .r .t.u bitopological space

(X,t,u)ism(t-pn)-a-paracompact w.r.t. .

Proof

Suppose that ( X, t,u) be m (t -u )semiparacompact w .r .t.u. Let

U={U,:1eAlbe a 1 -open cover of X with cardinality <m ,then U has
p-open refinement V of U which is o-locally finite w .r .t. u, i.e V= Gvn
n=1

where each v, is p-open collection which is locally finite w.r.t.u , say

V, =V, : #eB}.For each n, let wn=| JV,, , then W, is p - open set.
B

Since X = U(Ovnﬂ] = O(UvnﬂJ —Jw, Then the collection W = fw,jn N} is
B \n=l B

n=1 n=1

u-open cover of X.

AR
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Define :

A=W,/ Jw;, i=),Y,..

i

then A={A :neIN} be a collection of sets they are not necessary either
u-open or p-closed.We claim that A is
(i) cover of X.
(ii) refinement of W.
(iii) locally finite w .r .t. ..
proof of (i)

Let x € X ,Then x€ W, for some n. Let n(x)is the first i for which
XE W; then x € Ay ; hence A covers X.
proof of (ii)

Let A, € A then there exsist W, €W such that An = wn/ me . Hence

mn
A, W, .There fore A refines W.
proof of (iii)

Let x € X =X € W,(X) where n(x)is the first index , then W,(x) is
u-open nhd of x. Since W, ,, NA; =¢ for i)n(x), therefore A is locally finite
w.r.t.p.

Now ,T1={A NV,,|(nB) <INk } is refinement of U which is locally

finite w.r.t. u by Lemma ().Y.) +) and 11 is a collection of sets not necessary
either p-open or p-closed . Hence (X,t,1) be m(t-u )-a- paracompact w.r.t.u
by Definition (¥.).2).

In a same way we can proof the following corollary.

Yy
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(Y.V.\Y)Corollary .

Every (t-p )semiparacompact w .r .t. p bitopological space (X,t,u)

IS (T-p )-a-paracompact w.r.t u .

(Y. V. YY)Corollary

Every (t-u )semiparacompact w .r .t. u bitopological space ( X, T ,u)

IS m (t-p ) -a-paracompact w .r .t p .

Proof

The proof follows immediately from Proposition (Y.).°) , and
Theorem (Y.).))Y)

(Y.V Y8 Corollary

Every m (t-p )paracompact w .r .t. p bitopological space ( X, t,u ) is

m (t-p )- a-paracompact w .r .t. .

Proof

The proof follow immediately from Theorem (Y.).7) and
Theorem (Y.).))Y)

(Y.V.Y8)Corollary

Every (t-p )paracompact w.r.t. u bitopological space ( X, t ,u ) is

(T-p )- a-paracompact w.r.t. p .

Proof

The proof follow immediately from Proposition (Y.).Y) and
Corollary (Y.).Y).

Y¢
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(Y. V.YV Corollary

Every (t-u ) paracompact w .r .t .u bitopological space ( X, t,u) is

m(t-p ) -a-paracompact w.r .t . .

Proof

The proof follow immediately from Corollary (Y.).)e) and

Proposition (Y.).)+).

The following diagram show the relation a among the spaces which have

been studied above

(T-p ) paracompact m(t-p ) paracompact

wrtp :> Wortp

(t-p )semiparacompact m(t-p)semi paracompact
T

|

w.r.tp.

w.r.tu.

(T-p ) a- paracompact m(t-p ) —a- paracompact

|

w.r.tp. w.r.tp.
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§ (Y-Y) Paracompactness and Subspaces .

In this section we give some theorems that related the
paracompactness with separation axioms in bitopological spaces. Also we
give some theorems concerning the subspaces of paracompact bitopological

spaces .

(Y.Y.V) Theorem

If ( X, t,0) be an m(t-p )paracompact w .r .t p. and pairwise
Hausdroff space such that every t- closed set in ( X, t,u ) having cardinality

<m,then (X, t,un)ism(t,u, pu)-regular space.

Proof

Suppose that. ( X, t,u ) be an m(t-u ) paracompact w .r .t. u, and A be
a 1- closed set in ( X, t,u ) having cardinality < m, and x € X/ A . Since

( X, T,u) is pairwise Hausdorff, then for each y€A, we can find t—open set

Vy and p-open set Uy, such that xe U

y '

yeV, and U, NV, =¢ the
collection TT={v,: y e AYU{X/A} form a t — open cover of X having

cardinality < m. and IThas p-open refinement W ={W, :ys I'}which is

locally finite w.r.t. p.
Set

V= JWw, W NA=g}

yell

then V is p-open set containing A.

A\l
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Forlet pe A= peW vye I'suchthatw, NA=¢

= PeW,  forsome ye Isuchthatw NA=g¢

=pe U{\Ny,WﬂA;tqﬁ}

ye I

Hence A cV . Since the u- open cover W is locally finite. w.r.t. p,then x
has a u-nhd U* which meet only finitely many Wry,,....Wy, .If some
Wy;, i=),Y,...n meets A ie W, NA=g¢, then W, = X/Ais impossible thus

there exists W,; .such that w, cv.,.

Set
U=U *ﬂ(ﬁuyij,
i=1

then x € U and U is u- open set. Finelly, we need to show U NV =¢. Assume
contrary that UNV =¢,then there exist at least one point p such that
peUNV

=>peUanpeV

= pein,vi,i =12....n

=3V, >peV,

= pelU,AnpeV,

=peU,NV,

Hence U, NV, = ¢, but that contradiction .

Thus U NV = ¢.Therefore the bitopological space (X,t,u) is m(t,u,w)- regular

Yv



Chapter TWO..ieeeeeeniieenrrnrseseecnsensensncnn Paracompactness in Bitopological Spaces

(Y.Y.Y) Corollary

If (X, t,u)bea(r-u) paracompact w .r .t. pu ,and pairwise Hausdroff

then (X, T,u) is (t,u,p ) —regular.
The proof uses exactly the same as above theorem with omitting the

condition "every t- closed set having cardinality < m”.

(Y.Y.Y¥) Theorem

If ( X, t,u ) be an m (t -pu )paracompact w .r .t pu , and pairwise
Hausdorff space, such that every t-closed set in ( X, t,u ) having cardinality

< m,then ( X, t,u) is m(t,u,u )-normal .

proof
Suppose that ( X, T ,u ) be an m(t -p ) paracompact w .r .t u .Let A,

and B be disjoint t- closed set in ( X, 7 ,u )such that they having cardinality
< m. Since ( X, t,u ) is pairwise Hausdorff, then for each x€A,y€B we can

and

X ]

find t—open set U, and p-open set V, , such that xeU,,yeV
U,NV,=¢ . Then TI={U,: x e AYU{X/A} form a t-open cover of X

having cardinality < m. Then TThas p-open refinement W ={W, :y eI}

which is locally finite w.r.t .
Set

U= Jw, W NA=g}.

yell

Then U is p-open set contains A. For, let pe A= peW, vy el such
that W,NA=¢ =Pew,for some T such that W, NA=g¢

=peJW W NA%g¢} =peU .Hence AcU.

yel

YA
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For each y€B ,we can find p-open nhd H, of y which meets only
finitely many W,, say W,y (y),..., Wyney) (the value of n also depending ony) .
Each W,y which meets A i.e W,NA=¢ ,then W,;—X/A is impossible .

Thus there exists Uy; such that W,y = Uy for x; € A.
n
ey =tyn(va)
Then G, is p-open set which contains y but does not meet U

Let v=UG,.ThenVis p-openset,and B<V .For,let peB= peG, for

yeB

some yeB.= peUBGyi.e p eV .Finelly, we need to show UNV=¢
ye

Assume contrary that UNV = ¢ then there exists at least one point p such
that peUNV
=peUanpeV

=peV,,v,,i=12..n

=3dU,>peU,
= pevxi/\peuxi
= peV,;NU,; =V,; NU,; = ¢ but that contradiction .

Thus UNV=¢ . Therfore ( X, T ,u ) is m(t ,u,p )-normal.

(Y.Y.¢) Corollary.

If ( X, t,u) be a(t-u) paracompact w .r .t. u ,and pairwise Hausdorff

space then it is (t, u, p ) —normal .

proof

The proof uses exactly the same as above theorem with omitting the

condition "every t- closed set having cardinality < m".

AR
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(Y.Y.¢ YTheorem

Let ( X, t,u ) be a bitopological space and let (Y, Ty ,uy ) be a - closed
subspace of (X ,t, w).If (X ,t, n ) is m(t-p ) paracompact w .r .t .u , then

(Y, Ty ,uy ) is m(ty-py ) paracompact w .r .t. py .

Proof

Suppose that (Y,ty,y) be a t- closed subspace of m(t-p ) paracompact
w .r .t.u space (X,t ,u).To show that (Y,ty,uy) IS m(ty-py)paracompact
w.r.tpuy.
Let U :{U/1 ‘Ae A}ae a ty- open cover of Y with cardinality < m.
Since U, is ty-open subset of Y, there is t- open subset v, of X such that
each U, =V, Y . The collection.

[T={V,: 1 e AyJU{X/Y}

form a t-open cover of ~ X with cardinality < m. For, let xe X .Ifx¢Y ,then

xeXlY —= xe U VAU(X/Y)_. If XeY:>XeU U,
AEN Al

=xelJ v, nY)=Yv, Ny =xeJV,.
AgA AeA

AeA

=xelJ V,U(X/Y).Thus ITis t-open cover of X. Since |A|<m, then [I
AgA

having cardinality<m.By hypothesis I1 has p-open

refinementw ={w, : y e T} which is locally finite w.r.t. p.

Now, let A ={W nY|y eT},then A is a collection of py-open subset of

Y. We claim that A is
(i) coverY

(i)  refine U
(iii)  locally finite w.r.t.u.
proof of (i).
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Let yeY=yeX.Since W covers X, then ye( ) W, =yew, for

rel

some y=yeW, NY forsome y = xe U(Wy ﬂY), hence A covers Y.

st
proof of (ii)

Since W refines II,then vw, eW there exists V, e[Tsuch that
W, <V, =W NYcV,NY.But U, =v,NY; Hence W, NYcU,.Hence for
every member of A there exists member of U containing it. Thus A refines U
Proof of (iii)

A is locally finite.w.r.t uy by Lemma ().Y.A) . Therefore (X, ty ,uy )

IS m(ty — wy ) paracompact w .r .t. py.

(Y.Y.)Corollary.

Let ( X, t,u) be a bitopological space and let (Y, tv ,uy ) be a t- closed
subspace of (X ,t, u ).If (X ,t, n ) is (t-p) paracompact w .r .t p , then

(Y, Ty ,uy) IS (ty-py) paracompact w .r .t py .

(Y.Y.V)Theorem

Let ( X, t,u ) be a bitopological space and let y ={ X, : X, erNu:ic}be
a partition of X. the space (X,t,u) is m(t-p)paracompact w .r .t . iff (X, ti, 1)
Is m(t; -p; ) paracompact w .r.t.u;. forevery .
Proof

The "only if "part. Since Xi=X/| ] X; is 1- closed , then the subspace

j#i
(Xi, Ti,w) is m(t; - w;) paracompact w .r .t w; for every i by Theorem (Y.Y.2)
The "if" part .

AR
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Let U={U, :1<A}be a t- open cover of X with cardinality <m .The
collectionTT={u, N X, : 2 € A}IS Ti-0pen cover of X; with cardinality<m for
every i. For \let xe X, => xeX=xeU, for some 1.= xeU,NX, for some
2. Then

Xe U . NX,)=TI cover X;. Since (Xi, T ;) is m(t; -p;) paracompact

W .r .ty .vi, there exist a u;- open refinement A ={A,,:1eA } of [Twhich
is locally finite. w.r.t .p;.
Let  W={[J A,|21eA }.We claim that W is

it
(i)  p-open cover of X
(i)  refine U
(iii) locally finite w.r.t. p.
proof of (i)
Since Aj is w- open and X; € p then Ajp is up-open set by

Theorem (.).Y), and consequently, W is a collection of p-open sets. Now

since X = U X, = Uau [= U | JA. | - Hence W cover X.

ie 1| & A de Al e |

proof of (i)
Let [ A, eW .Since A, refines [Tthen for every A,,, A, cU, NX,

icl

forsomes . = JA, cU, ﬂ(UXJ:Ul NX cU,.Hence W refines U.

icl icl
proof of (iii)
Let xeX , if XeX; , then x has p;- open nhd N intersect at most finitely

many member of A;. In other word N NAp=¢ for all but finitely many A

vy
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= U(NNA,)=g¢for all but finitely many X.:Nﬂ(_ul AM)=¢ for all but

finitely many A. Since N is y; — open nhd of x and X; €u then N is pu — open
nhd of x by Theorem().).Y) and UA, ew hence W locally finite w.r.t p .

Hence (X,t,u) is m(t - w) paracompact w .r .t ..

(Y.Y.A) Corollary.

Let (X,7,n) be a bitopological space , let y :{ Xi:XjerNuiel }

be a partition of X. The space ( X, t,u ) is (t -u ) paracompact w .r .t. p iff

the space (Xi, Ti,w) IS (tj -1 ) paracompact w .r .t. u; for every i.

(Y.Y.%) Theorem
Let (X, T ,u) be a m( t -p) paracompact w.r.t. p bitopological space

and let (Y,tv ,uy) be a subspace of (X, t,u). If Y is t-F, set then (Y,ty ,uy) is

m( ty-Ly) semiparacompact w.r.t. py.

Proof

Suppose Y is t-F, . Then Y =UY, where each Y,,is t- closed .
Let U ={U, : 1 € A}be a ty-0open cover of Y with cardinality < m.Since each

U,. is ty- open subset of Y, we have U, = V,NY, where V, is t-open subset
of X for each A € A. For each fixedn, E,={,:1eA}U{X/Y,}forma

t-open cover of X with cardinality < m.By hypothesis E, has a p-open

refinement W = {w,, :(1,n)e Ax IN}which is locally finite .w.r.t.u.For each n,
let B, =W, NY:W, NY, =¢}.Let B=UB,.We claim that B is

(i)  collection of uy-open set

(i) covers Y

Yy
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(iti)  refines U

(iv)  o- locally finite w.r.t. puy

proof of (i) .
Since W, is p-open, then W,,, N Y is py —open .
proof of (ii)
If y € Y =y € Y, for some n and then for some set
W,, EW =X € W,, NY; hence B covers Y.
proof of (iii)
Here W,,cX/Y, is impossible so that W;,c V, for some A
=W,,NY <V,NY=U, for some U, € U intersecting Y, so that B refines U.
proof of (iv)
Since W is locally finite w.r.t.u. Then B, is locally finite .w.r.t. py by
Lemma ().Y.A) .Hence B is o- locally finite w.r.t. uy . There for (X, t,u) is

m(ty -Ly) Semiparacompact w.r.t. py.

(Y.Y.) ) Corollary

Let (X, T,u) be a ( t-p) paracompact w.r.t. u bitopological space and
let (Y,ry ,uy) be a subspace of (X, = ,n) . If Y is 1-F; then

(Y, Ty ,uy) is( Ty-py) Semiparacompact w.r.t. py.

(Y.Y.V\)) Corollary

Let (X, t,u) be a m (t -u) paracompact w.r.t. u biological space and
let (Y,tv,uy) be a subspace of (X, t ,u) If Y is t-F, then
(Y,ty ,iy) is m( Ty —y)-a-paracompact w.r.t. py.

Ye
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Proof

The proof follows immediately from Theorem (Y.Y.%) and
Theorem (Y.).))Y)

(Y.Y.\Y) Corollary .

Let (X, T ,u) be a ( T-u) paracompact w.r.t. p bitopological space and
let( Y,tv ,uy) be a subspace of(X, t ,u) .If Y is t-F, , then (Y,ty ,uy) is

(ty-py) —a-paracompact w.r.t. py

Proof

The proof is immediately follows from Corollary (Y.Y.)+) and
Corollary (Y.).\Y)

(Y.Y. VY )Theorem

let ( X, T,u) be a bitopological space and let (Y, tv ,uy ) be a - closed
subspace of (X ,t, u).If (X ,t, u) is m(t-p )-a- paracompact w .r .t .u, then

(Y, tv ,uy ) is m(ty ,uy )-a- paracompact w .r .t. py .
Proof

Suppose that (Y,ty,uy) be a t- closed subspace of m(t-p)-
a- paracompact w .r .t. p space ( X, t,u ). To show (Y,ty,uy ) is m(ty -py)-
a- paracompact w .r .t. uy.
Let U={U,:4eA} bearty-open coverof Y with cardinality <m.
U/I

Yo
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Since each IS Ty-0open subset of Y, there is a t- open subset v, of X
such that each U, =V, MY . The collection T1={V, : 1 e A}U{X/Y} form a

T -open cover of X with cardinality <m. For , let xeX . If xeY, then

xeXIY =xe|JV,UX/NY) If xeY=xelJU,
AeA

Ae A

=xelJ v, nY)=v, ny=xeJ Vv,

AeA

=xe|J V,U(x/Y) thus ITis t — open cover of X. Since |A|<m, then [T
AgA

having cardinality < m . By hypothesis [I has refinement

W ={W, :y eT}(not necessarily either p-open or p-closed) which is locally

finite w.r.t .
- Now, letA=W NY,yerjthen A is a collection of subsets of Y (not

necessarily either py-open or py-closed).We claim that A is

(i) coverY

(i)  refine U
(iii)  locally finite . w.r.t .uy.
Proof of (i)

LetyeY = yeX.Since W covers X, then ye UW, = yewW,  for some

yell

y=yeW, NY forsome y = xe UW, NY); hence A covers Y.

proof of (ii)
Since W refines [I, then wvw, ew, there exists V, eIl such

thatw, cv, =w,NY <V, NY.But U, =V, NY ;hence W, NY cU, Hence for

every member of A there exists member of U containing it. Thus A refines U.

proof of (iii)

1
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Ais locally finite w .r .t. uy by Lemma ().Y.A). Therefore (Y, Ty ,uy ) IS

m(ty - wy )-a- paracompact w .r .t. py.

(Y.Y.V€)Corollary

Let ( X, T ,u ) be a bitopological space and let (Y, ty ,uy ) be a
- closed subspace of (X ,t, w).If (X ,z, u) is (t -u )-a- paracompact w .r .t. u

, then (Y, tv ,uy ) is (ty -py )-a- paracompact w .r .t .uy .

(Y.Y.Ve)Theorem

Let ( X, T ,u ) be a bitopological space and let y ={ X, : X, ecNu:iel}
be a partition of X. The space ( X, T,u) is m(t -y )-a- paracompact w.r.t. p

AFE OX; ,Ti,) 1S m(t; -y )-a- paracompact w .r.t. u; for every i.

Proof

The "only if "part. Since Xi=X/| J X, is 1- closed , then the subspace

i
(Xi,Ti, 1) 1S m(ti-w;)-a-paracompact w.r.t.u for every i by Theorem (Y.Y.\Y)
The "if" part .

Let U={U,:1eA}be a t-open cover of X with cardinality < m .The
collection TT={U, NX, : 2 e A}iS 1;- open cover of Xi with cardinality < m
for every i . For ,let xeX, =>xeX=xeU, for some 1.=xeU,NX, for

some 2.Then xelJ (U, NX;)=TI cover Xi. Since |A|<m, then IT having

AeA
cardinality < m. Since (X, 7j ,) IS m(t; -w;)-a- paracompact w .r .t. y; Vi,
there exist a refinement Ai={A,:1eA } of [I(not necessarily either

wi-open or p;-closed) which is locally finite. w.r.t p;.

v
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Let  W={[]J A,|2eA }.We claim that W is

it
(i) cover of X(not necessarily either u-open or p-closed)
(ii) refine U
(iii) locally finite w.r.t .pu.
proof of (i)
Since Aj is (not necessarily either p-open or pi-closed)

then it is not necessarily either p-open or u-closed sets.

Now since X =] X, ={J| JA. [=U|UA: |-

ie | ie Il 2 A e Al g |

Hence W cover X.
proof of (ii)
Let | JA, eW .Since A, refines [Tthen for every A,,, A, cU, NX,

icl
for some 4.

icl icl

=JA, <y, H(Uxi}ul NX cU,.Hence W refines U.
proof of (iii).
Let xe X | if xe X, then x has ;- open nhd N intersect at most finitely

many member of A;. In other word N NAp=¢ for all but finitely many A
= U(NNA,)=gfor all but finitely many A= Nﬂ(_UI Au)zqﬁ for all but
finitely many A. Since N is y; — open nhd of x and X; €u then N is pu — open
nhd of x by Theorem().).Y) and UA, ew hence W locally finite w.r.t p .

Hence (X,t,u) is m(t-u) —a- paracompact w.r.t p.

(Y.Y. V1Y) Corollary.

YA
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Let ( X, t,u ) be a bitopological space, let y ={ X, : X, erNuel }be
a partition of X. The space ( X, T,u ) is (t -u )-a- paracompact w .r .t .y iff

the space (X, ti,W) IS (tj - ) —a-paracompact w .r .t ui  for every i.

(Y.Y.\V) Theorem.

If each t-open set in an m(t-u) paracompact w .r .t u bitopological
space (X,t,u) is m(t-pw) paracompact w .r .t. u , then every subspace

(Y, Ty, puy) is m(ty-py) paracompact w .r .t .py .

Proof

Let U={U,:1<A} is a ty-open cover of Y with cardinality< m .
Since each U, is tv-open inY,we haveu, =V, NY whereVv, t-open subset of
X,for every 4€A Then G=UV,is a t-open set . Let v =\, A1eAlbe a
t-open cover of G with cardinality =M.By hypothesis G is m(t-w)
paracompact w .r .t. p .ThusVv has a p-open refinement A=1{A ,» eI} which

is locally finitew .r .t .
Set
B=1{B,,y eI}, whereB, =A NY.
We claim that B is
(i) wy-open cover of Y,
(ii) refine U

(iii) locally finite w .r .t py.

proof of (i).

Y4
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Since Avy.is p-open in X ,then By is py-open inY . i.e B is a collection of

wy-open sets. Clearly that B cover Y.

proof of (ii).

Let B,eB.=>3A €A>B, =ANY.

Since A refinesV = VA, e A3V, eV>A <V, = A NY <V, NY.i.e B, U,

proof of (iii).

Let yeY =yeX =3 p-nhd Nof ysNNA =¢ forall but finitely many y
= (NNY)N(A NY)=¢ for all but finitely many y.Since M =NNY is py-nhd
of yand B,=A NY, then mNB, =¢ for all but finitely many vy.i.e B is

locally finite w.r.t.uy. Therefore (Y,tv,uy) IS m(ty-py) paracompact w.r.t.py.

(Y.Y.\AN) Corollary

If each t-open set in (t - p) paracompact w .r .t p. bitopological space
IS (T - w) paracompact w .r .t u. Then every subspace (Y, Ty, Wy) IS (Ty-Ly)

paracompact w .r.t. py.

(Y.Y. V%) Theorem.

If fis (u- t') closed, (u-pn") continuous mapping of a bitopological space

(X,T,1) onto an m(t'-u") paracompact w.r.t.u" bitopological space (Y,7",u")
such that Z = f‘l(y),Vy €Y is m(t-u) compact , then (X,t,n) is m(t-p)

paracompact w. r. t. .
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proof:

Let U={U,:21eA} be at-open cover of X with cardinality <m . Then

U cover of Z .Since Z is m(t-p) compact , there exists a finite subset y of A

such that z = UU,,where U, is p—open set for every 1ey.

Aey

Let T be the family of all finite sub set y of A, then [[j<m .

Set
v, :Y/f[X/UU;] .
Aey

Since UU, is u—open set, the set X/UJU, is u— closed , and since f is

Aey Aey

( u-t°) closed , then f[X/UU)} is T'— closed in (Y,7",u") , hence V, is

Aey

T —open ,and yeV, and f*lﬁ/y]c UU,. Therefore v = :yeT}is v'— open
Aey

cover of Y with cardinality <m. Since (Y,t',u") is m(t’- u') paracompact
w. r. t. &, then V has a pu* - open refinement W ={w, : 5 Q} which is
locally finitew. r.t .

Set IT={f *[W,]NU, :(5,2) e Qxy, .

We claim that IT is

(i) n—open cover of X,

(ii) refines U
(iii) locally finite w. r. t .
Proof of (i)

Since wsis p' - openvseQand f is (u-p') continuos ,the set |, ]

is u—open vseQ,and since U, is p—openviey, , then 2w, ]nU, is
u—open , for every (5,4)e Qxy,.

Now, ifxe X =3U, 3xeU, and dyeY sy = f(x)= f(x)eW,

¢y
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for some 8= x e f *|W,]= xe f *[w,]NU, for some(3,y;).i.e T1covers X.

Proof of (ii)

Let f*w,]NU, elLsince f*Ww,]JNU, cU, =11 refines U.
Proof of (iii)
Let xe X =3y eY >y=f(x). Since Wis locally finitew. r. t u* ,then there

is - nhd N of y such that N intersect at most finitely many W;. In other

word NNW, =¢ for all but finitely many 8= f*[NNW,]=¢ for all but
finitely many 6= f*[N]N f*w,]NU, =¢ for all but finitely many (3,))

since f is (u- W) continuous ,then f*[N] is p-nhd of x, and f *[w,]NU, eT1
,hence 11 is locally finite w. r. t .. Therefore(X,t,u) is m(t-p) paracompact

W. It

(Y.Y.Y+) Corollary .

If fis (u- 7°) closed , (u-p) continuous mapping of a bitopological

space (X,t,u) onto an (t'-u') paracompact w.r.t.u’ bitopological space
(Y,7,u) such that Z = f‘l(y),Vy €Y is (t-p) compact , then (X,t,p) is

(T-w) paracompact w. r. t. ..

(Y.Y.Y)) Theorem.

If fis (u-t') closed, (u-pn") continuous mapping of a bitopological space

(X,T,u) onto an m(t -u')semiparacompact w.r.t.u’ bitopological space
(Y,t',u') such that Z = f‘l(y),Vy eY is m(t-p) compact , then (X,t,n) is

m(t-p)semiparacompact w. r. t. ..

AN
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Proof

LetUu ={U, : 21 e A} be a t-open cover of X with cardinality <m .Then U

cover of Z. Since Z is m (t-p)compact ,there exists a finite subset y of A

such that z = UU,,where U, is u-open set for every iey.

Aey

Let T be the family of all finite subset y ofa, then [Ij<m.

Set

Vy:Y/f[X/UU,I]

Aey

Since UJU, is p-open set, the setx/UJU,is p-closed ,and since f is

Aey dey

(u- t')closed, then f[X/UUl}is t'-closed in(Y,t",u") ,hence V, is t° -open

Aey

and yev,and f*), |c UuU,.Therefore v = :yerT}is v -open cover of Y
Aey

with cardinality <m.Since (Y,t,u") is m (t'-u’) semiparacompact w. r. t

W ,then V has p'-open refinement W =UW. where every W, is locally finite

w.r.tp.
Set
W, =W, :6eQ}.Thusw =U{Ww,, : 5 € Q}.

Set c =U C, ,wherecC, ={f *wNu, i (5,4) e Qxy5}. We claime that C,, is

(i) collection of p-open set

(ii) locally finite w. r. t. .

123
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Proof of (i)
Since W5 is u' -open V& e Qand fis (u-p') continuous, the set

f 1w, ;] IS p-open VS e ,and since Uy is p-open  viey, , then

f 1[W,]MU , IS u-open V(5,i)eQx7/5.
Proof of (ii)
Let xeX =3yeY>y=1f(x).Since W, is locally finite w. r. t. p

— 34" —nhd N of y such that NOW,; =¢ for all but finitely many

5= fl[N]ﬂ(fl[\Nw]ﬂqugﬁ for all but finitely many (3,A) since f is

(u-p°) continuous ,then f*[N]is p-nhd of x .Hence C, is locally finite

W.r.t .
Its remains to show that C is :
(i*) cover X

(ii*) refine U

proof of (i*)

Let xeX =3U,>xeU, and JyeYsy=f(x)=3W,,>yeW,  for some

né=xe _fl[vvn&] for some n,d = xe f*w ,]NU, for some( 5,1).

Proof of (ii*) .

Since f*Ww,,]JNU, cU,,v,, = @(f 1[\Nn5]ﬂuﬂjcul
n=1

I.e T1 refine U,. Therefore (X,t,u) is m(t-p) semiparacompact w. r. t p.

¢0
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(Y.Y.YY) Corollary

If fis (u- t°) closed, (u-u") continuous mapping of a bitopological space

(X,T,1) onto an (t'-p")semiparacompact w.r.t.u" bitopological space (Y,t",u")
such that Z=f‘1(y),Ver IS (t-p) compact , then (X,t,un) is

(t-pw)semiparacompact w. r. t. .

1)
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§(Y-Y) Pairwise Paracompact spaces.

In this section we study the concept of pairwise paracompact spaces.

(¥.¥.)) Definition [ @]

The bitopological space ( X, t, ) is called

(1) RR-pairwise (m-) paracompact if the space is (m-)( t- 1)

paracompact w.r.t. u, and (m-) (u- ) paracompact w.r.t t.

(i)  FHP -pairwise (m-) paracompact if the space is (m-)(t-p)

paracompact w.r.t pand (m-)(u - ) paracompact w.r.t t.

(ili) a-pairwise (m-) paracompact if the space is (m-) (t-( T vV p))

paracompact w.r.t pand (m-)(u-( TV w)) paracompact w.r.t t.

(iv) B- pairwise (m-) paracompact if the space is (m-) (=-( T vV n))

paracompact w.r.t Tand (m-)( n-( TV p)) paracompact w.r.t p.

(Y.¥.Y) Definition

The bitopological space ( X, t, p) is called

(i) RR-pairwise  (m-)semiparacompact if  the  space IS
(m-)(t-t)semiparacompact w.r.t.u, and (m-)(u- p)semiparacompact

w.rt t.
(i) FHP  -pairwise (m-)semiparacompact if the space is

(m-)(t-p)semiparacompact w.r.t.u and (m-)(u- t)semiparacompact

w.r.t t.

1A%
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(i) o-pairwise  (m-)semiparacompact if the space is
(m-)(t-(tvp))semiparacompact w.rt p and (m-)(p-(tv )

semiparacompact w.r.t t.

(iv) B- pairwise (m-)semiparacompact if the space is (m-) (t-( T v n))
semiparacompact w.rt t and (m-)( p -( T v p))semiparacompact

w.rt .

(Y.¥.¥) Definition

The bitoplogical space ( X, t, ) is called

(i) RR-pairwise (m-)-a-paracompact if the space is (m-)( t- 1)-

a-paracompact w.r.t. u, and (m-) (u- p)-a-paracompact w.r.t t.

(i) FHp -pairwise (m-)-a- paracompact if the space is (m-) (t-p)-

a- paracompact w.r.t pand (m-)(u - t)-a- paracompact w.r.t t.
(i)  o-pairwise (m-)-a- paracompact if the space is (m-) (t-( T v p))-
a- paracompact w.rt p and (m-)(n -( T v p))-a- paracompact

w.r.t.t.

(iv) B- pairwise (m-)-a- paracompact if the space is (m-) (t-( T v p))-

a- paracompact w.r.t tand (m-)( u-( t Vv p))-a- paracompact w.r.t p.

¢A
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(Y.Y.€) Proposition

(1) Every RR-pairwise (semi, a-) paracompact is RR-pairwise

m (resp.semi, a-) paracompact .

(if) Every FHp — pairwise( semi, a-) paracompact is FHP- pairwise

m(resp.semi, a-) paracompact.

(ili) Every a - pairwise( semi, a-) paracompact is a - pairwise

m(resp.semi, a-) paracompact .

(iv) Every pB- pairwise( semi, a-) parcompact is f - pairwise

m(resp.semi ,a-) paracompact.

(Y.¥.®) Theorem

Every RR- pairwise m- paracompact is a- pairwise m- paracompact.

Proof

Let(X, T, u) be RR- pairwise m- paracompact.To show (X, t, n) is
m (t —(tvp)) paracompact w.r.t. u. Let U={ U,: A € A} be a t-0pen cover of
X with cardinality < m. By hypothesis (X, t, w) is m(t - t) paracompact
w.r.t. u. Hence U has a t-open refinement V={V,:ye -} which is locally finite
w.r.t. n. Since every t-open set is (tvu)-open because T < t vu. Thus V
is(tvp)-open refinement of U which is locally finite w.r.t p.Hence(X, t, p) is
m( t- tvp)- paracompact w.rt. p.To show(X, T , p) IS m(u-tvp)
paracompact w.rt. . Let C= {C, :a € Q} be a p-open cover of X with
cardinality <m By hypothesis (X,t,u) is m(u - n) paracompact w.r.t. t. Hence

C has a p-open refinement D= {D,:y€ T" } which is locally finite w.r.t. t

€9
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since every p-open setis T v u—open because w ctvpu.ThusDisa
T Vv u — open refinement of C which is locally finite w.r.t. T Hence (X, t, n)
IS m ( p- p) paracompact w.r.t. T There fore(X, t , w) is a- pairwise

m — paracompact

(Y.Y.") Corollary

Every RR-pairwise paracompactis a- pairwise paracompact.

(Y.¥.V) Theorem.

Every FHP- pairwise m-paracompactis a- pairwise m-paracompact.

Proof
Suppose that( X, T, pn) be FHP- pairwise m- paracompact. First we

need to show that (X,r,u) is an m (t-tvp) paracompact w.rt p.
Let U={ U,: A € A} be a t-open cover of X with cardinality < m . Since
(X, T, wbe an m(t — p) paracompact w.rt p then there is u-open
refinement V={V,: y e I'}of U which is locally finite w.r.t. n. Hence (X,t,n)
IS m (t - tvu) paracompact w.r.t . No to show that (X, t, ) is m (u —(tvp)
paracompact w.r.t. t. Let C= {C, :a ¢ Q} be a p-open cover of X with
cardinality <m. Since (X,t,u) is m(u-t) paracompact w.r.t. 7, then there is a
t-open refinement D={D,:y€ I'} of C which is locally finite .w.r.t. T. Since
T v W, then D is( tv n) —open refinement which is locally finite w. r.t. t.
Hence (X, T, w) ism (X, T, w) is a-pairwise m — paracompact .

(Y.Y.N) Corollary

Every FHP-pairwise paracompact is a-pairwise paracompact.
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(Y.¥.%9) Theorem.

Every RR-pairwise m-semiparacompact is a- pairwise m-semiparacompact.
Proof

Suppose that( X, t, u) be RR- pairwise m- semiparacompact. First we
need to show (X, T, ) an m (t - tvn) Semiparacompact w.r.t. p.
Let U={ U A: A € A}be a 1-0pen cover of X with cardinality <m. Since (X,z,
W) be an m (t- t) semiparacompact w.r.t. p then there is a t-open refinement
V of U which is o- locally finite w.r.t. u .Since t< tvy, then V is (tvp) -
open refinement of U which is o- locally finite w.r.t. u. Hence (X, t, n) be
an m (t — tvu) semiparacompact w.r.t. p.

Now to show that (X, t, n) isan m (u - tvp)semiparacompact w.r.t. .

Let C={C, :a e Q} be a pn-open cover of X with cardinality <m .

Since (X, T, w) be an m (u - p) semiparacompact w.r.t. =. Then there is a
u -open refinement D of C which is o- locally finite w.r.t. .Since pc vy,
then D is (tvu)-open refinement of C which is o- locally finite w.r.t. t.
Hence (X, T, ) is an m (p - tvp)semiparacompact w.r.t.t. Hence ( X, 7, p)

IS a- pairwise m—semiparacompact.

(Y.¥.\ ) Corollary

Every RR-pairwise semiparacompact is a-pairwise semiparacompact.

(Y.¥.VY) Theorem.

Every FHP-  pairwise = m-semiparacompact is  o—pairwise

m-— semiparacompact.

o)
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Proof

Suppose that( X, T, n) be FHP — pairwise m- semiparacompact. First we
need to show (X, T, w) IS m (t - tvu) Semiparacompact w.r.t. p.
Let U={ U ,: A € A}be a t-0pen cover of X with cardinality < m . Since
(X, T, n) be an m (t- u) semiparacompact w.r.t. u ,then there is a p -open
refinement V of U which is o- locally finite w.r.t. p .Since p < tv p, then V
Is ( tvu) -open refinement of U which is o- locally finite w.r.t. u. Hence (X,
T, W isan m (t—( tvp)semi- paracompact w.r.t. p.

Now to show that(X, T, u) be an m (u - tvu) semiparacompact w.r.t. t.
Let C= {C, :a € Q}be a p -open cover of X with cardinality < m . Since
(X, t, n) bean m (u - t) semiparacompact w.r.t. t then there is a t-open
refinement of U which is o- locally finite w.r.t. . Since t —tvy, then D is
(tvp)-open refinement of C which is o- locally finite w.r.t.t. Hence (Xz, w)
Isan m (u - tvu) semi Paracompact w.r.t. T.Thus (X, t, n) is o —pairwise

m-— semiparacompact.

(Y.Y\Y) Corollary

Every FHP-pairwise paracompact is o —pairwise semiparacompact.

(Y.¥Y.\Y) Theorem.

The bitopolgical space is RR- pairwise m-a-paracompact iff it is

o- pairwise m —a- paracompact

oY
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Proof

Suppose that( X, 7, u) be RR — pairwise m- a-paracompact. First we need
to show that (X, T, ) is m (t - tvp) -a-paracompact w.r.t. .

Let U={ U ,;: A e A} be a t-open cover of X with cardinality <m .
Since (X, T, w) be an m (t-t) —a-paracompact w.r.t. pu then there is a
refinement V of U not necessarily either t —open or t-closed which is
locally finite w.r.t. u And also V is not necessarily either ( tvu) —open or
(tvp) —closed . Hence (X, T, ) isan m (t —( tvp))-a- paracompact w.r.t. p.

Now to show (X, T, w) an m (u - tvu) —a- paracompact w.r.t. t.
Let C={C, :a e Q} be a pn -open cover of X with cardinality <m.
Since (X, T, u) be an m (u- p) — a- paracompact w.r.t. T then there is a
refinement D of C not necessarily either p-open or p-closed which is locally
finite w.r.t. =. And also D not necessarily either tv p-open or tv p-closed .
Hence (X, T, n) is an m(u —( tvp))-a- paracompact w.r.t. 7. Thus(X, t, p)
IS - pairwise m —a- paracompact.

Conversely, suppose that ( X, T, p) is a- pairwise m —a- paracompact
First we need to show (X, t, n) is m(t - t) —a-paracompact w.r.t. u. Let
U={ U ,: X e A} be a t-open cover of X with cardinality <m. Since (X, T, )
be an m (t-( tvp)) —a- paracompact w.r.t. . Then there is a refinement V of
U not necessarily either (tvu) -open or (tvu) closed which is locally finite
w.r.t. w And also V is not necessarily either T-open or T — closed. Hence (X,
T, W) IS an m(t — 1)-a- paracompact w.r.t. u .

Now to show that (X, t, p) isan m (u - u) —a- paracompact w.r.t. .

Let C= {C, :a € Q} be a u -open cover of X with cardinality < m . Since
(X, T, w be an m (u-(tvp)) —a- paracompact w.r.t. t , then there is
refinement D is not necessarily either (tvu)-open or (tvu)-closed . Hence
(X,t,u) is an m (u - p) —a- paracompact w.r.t. . Thus (X, T, p) is an
RR- pairwise m-a-paracompact.

oy
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(Y.¥.V¢) Corollary

The bitopological space is RR-pairwise a-paracompact iff it is

o- pairwise a - paracompact .

(Y.¥.Ve) Theorem.

A Dbitopolgical space is RR- pairwise m-a-paracompact iff it is FHP-

pairwise m-a-paracompact.

Proof

Suppose that( X, T, ) be RR — pairwise m- a-paracompact. First we need
to show that (X, T, ) is an m (t - u) -a-paracompact w.r.t. p. Let
U={ U,: L € A}be a t-open cover of X with cardinality <m . Since (X, t, )
be an m (t- t) - a- paracompact w.r.t. p then there is a refinement V of U not
necessarily either T —open or t-closed which is locally finite w.r.t. u. And
so Vis not necessarily either u —open or p -closed .Hence (X, t, ) is an
m ( t-p) —a- paracompact w.r.t. p.

Now to show (X, T, u) an m (u - t) —a- paracompact w.r.t. .

Let C= {C, :a € Q} be a u -open cover of X with cardinality < m . Since
(X, T, w) be an m (u-p) —a- paracompact w.r.t. T, then there is refinement
D of C not necessarily either p-open or p— closed which is locally finite
w.r.t.t. Hence (X,t,n) is an (p-t)-a-paracompact w.r.t .t. Thus (X, t, ) is
FHP- pairwise m-a-paracompact.

Conversely, suppose that( X, T, n) be FHP — pairwise m- a-paracompact.
To show (X, T, w iS m (t - t) -a-paracompact w.rt. u. Let
U={ U ,: X € A}be a t-open cover of X with cardinality <m . Since (X, t, )
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be an m (t -u) —a- paracompact w.r.t. T, then there is refinement V of U not
necessarily either p-open or u— closed . which is locally finite .w.r. n.And so
V is not necessarily either T -open or t — closed . Hence (X, t, u) is an
(t- 1)-a -paracompact w.r.t. p.
Now to show that (X, t, n) be an m (u - ) —a- paracompact w.r.t. .

Let C= {C, :a € Q} be a u -open cover of X with cardinality < m . Since
(X, T, n) be an m (u- t) —a- paracompact w.r.t. T, then there is refinement D
of C not necessarily either t -open or T — closed which is locally finite w.r.t.t
. And so D is not necessarily either p -open or p — closed. Hence (X, T, ) is
an m (n - p) —a- Paracompact w.r.t. T .Thus (X, T, n) is RR- pairwise

m-a-paracompact.

(Y.¥Y. YY) Corollary

A bitopolgical space is RR- pairwise a-paracompact iff it is FHP-

pairwise a-paracompact.

(Y.Y.\V) Corollary

A Dbitopological space is FHP pairwise m- a- paracompact iff it is

Q- pairwise m —a- paracompact .

Proof

The proof follows from Theorem (Y.Y.)Y) and Theorem (Y.¥.)?) .

(Y.YYAN) Corollary

A Dbitopological space is FHP-pairwise a- paracompact iff it is

Q- pairwise a-paracompact .
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Proof

Paracompactness in Bitopological Spaces

The proof follows from Corollary (Y.Y.) ¢) and Corollary (Y.¥.11) .

The relations among the concepts that were studied a can be showed

in the following diagram ;

Note:

/

RR-pairwise | | RR-pairwise @ RR-pairwise RR-pairwise RR-pairwise RR-pairwise
a-para. N semi para para. | m-para [ msemipara — /| m-a-para
@ @ [ [ [ @
] ] ] v
ot-pairwise \A; a-pairwise A\; or-pairwise a-pairwise o-pairwise o-pairwise
a-para semi para para. - m-para ﬁ m semi para :/N m-a-para
g 4§ % 5
FHP-pairwise| - FHP-pairwise &FHP-pairwise FHP-pairwise FHP-pairwise FHP-pairwise
a-para N a-para a-para | a-para /| a-para /| a-para

I

Some implications that were given in above diagram can be proved by
using the diagram which was given in §(¥-))
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(Y.¥.V4) Theorem

Let (X, t, n) be B - pairwise regular bitopological space. The space
(X, T, w is a- pairwise m - paracompact iff it is B- pairwise

m- paracompact .

Proof :

The " only if " part. Suppose that( X, T, u) be a — pairwise
m- paracompact. To show (X, T, u) is m(t - tvn) paracompact w.r.t. t. Let
U={ U,: A € A}be a t-open cover of X with cardinality <m . Then U has a
(tvp) -open refinement V which is locally finite w.r.t. u .Since( X, T, ) is
B-pairwise regular , then V locally finite w.r.t. T by Proposition ().¥.)¢)
Hence ( X, t, p) is an m(t- tvp) paracompact w.r.t. .

Reversing the role of T and p, we obtain that( X, t, p) isan m(u -tvp)
paracompact w.r.t. u. is 3- pairwise m- paracompact .

The "if" part . First we need to show that ( X, t, u) isan m (t —tvp)
paracompact w.r.t. pu . Let U t— open cover of X with cardinality <m. Then
U has a (tvp)-open refinement VV which is locally finite w.r.t .t. Since
( X, T, w is B- pairwise regular then V is locally finite w.r.t. p by
proposition ().Y.Y£). Hence ( X, t, u) is m(t -tvu) paracompact w.r.t. p.

Reversing the role of t and p we obtain that ( X, t, p) is m(u -tvp)

paracompact w.r.t. 7. Thus ( X, t, ) is a- pairwise m-paracompact.

(Y.Y.Y+) Corollary

Let ( X, T, u) be B- pairwise regular bitoplogical space . The space

(X, t,w Iisa-pairwise paracompact iff it is B- pairwise paracompact.
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(Y.¥.¥Y)) Theorem.
Let ( X, t,u ) be a B- pairwise regular bitoplogical space . The space

(X, 7,1 IS a- pairwise m-a- paracompact iff it is B- pairwise

m-a-paracompact .

Proof :
The " only if " part. Suppose that( X, T , u) be a — pairwise

m- a-paracompact. To show that (X, T, p) is m(t - tvu) —a- paracompact
w.r.t. . Let U={ U;: A € A}be a t-open cover of X with cardinality < m .
Then U has a refinement V not necessarily either (tvu) -open or
(tvp) -closed which is locally finite w.r.t. pu. Since ( X, t, w) is B-pairwise
regular , then V is locally finite w.r.t. T by Proposition (1.Y.)¢). Hence
(X,T,1) Is an m(t- tvp) —a- para compac w.r.t. t.

Reversing the role of T and p, we obtain that( X, t, ) is
m (u -tvp)-a- paracompact w.r.t. i . So it is B- pairwise m-a- paracompact .

The "if" part . First we need to show that ( X, t, u) ism (t —tvu) —
a-paracompact w.r.t. u . Let U t— open cover of X with cardinality <m .
Then U has a refinement V not necessarily either (tvu)-open or
(tvp)-closed which is locally finite w.r.t .t. Since( X, t, w) is B- pairwise
regular then V is locally finite w.r.t. u by Proposition ().¥.)¢). Hence
(X,t,u) is m(t -tvu) —a-paracompact w.r.t. p.

Reversing the role of t and p we obtain that ( X, t, w) is m(u -tvp) —

a-paracompact w.r.t. . Thus ( X, T, p) is a- pairwise m-a-paracompact.

(Y.Y.YY) Corollary

Let ( X, t,u ) be a B- pairwise regular bitoplogical space . The space

( X,T,u) Iis a- pairwise a- paracompact iff it is - pairwise a-paracompact .
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(Y.Y.YY) Theorem.

A bitopological space ( X, t,u ) is B- pairwise m-a-paracompact iff it is

bi- m-a - paracompact.

Proof

The " only if" part . To show (X, 1) is an m-a- paracompact. Let U

be a t —open cover of X with cardinality < m . Since( X, T, u) be an

m(t -tvp) -a- paracompact w.r.t. t,then U has a refinement V not
necessarily either tvu-open or tvu-closed — which is locally finite. w.r.t. .

And so V is not necessarily either T-open or t-closed .Hence (X, 1) is an

m-a -paracompact. Now to show (X, p) is an m-a- paracompact .Let C be u
-open cover of X with cardinality <m . Since (X, t, ) isan m (u -tvp) —

a- Paracompact w.r.t. u., then C has refinement D is not necessarily either
TVU -open or tvp -closed which is locally finite w.r.t. p and so D is not
necessarily either p -open or p-closed . Hence (X, W) is an
m-a- paracompact. Thus ( X, t, p) is bi-m-a-Paracompact.

The "if" part .To show ( X, t, w) is m (t -tvu) -a- paracompact w.r.t. t.
Let U be a t- open cover of X with cardinality <m. Since (X, 1) is
m-a-paracompact ,then U has a refinement V. not necessarily either t-open
or t-closed which is locally finite w.r.t. t. And so Vis not necessarily
either tvu-open or tvp-closed. Hence ( X, T, p) is m (t- tvp) -
a- paracompact w.r.t. T.

Now to show ( X, T, w) is m (u -tvu) -a- paracompact w.r.t. p.
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Let C be a p - open cover of X with cardinality <m. Since (X, p) is

m-a-paracompact ,then C has a refinement D not necessarily either u -open

or p -closed which is locally finite w.r.t. u. And so D is not necessarily

either tvp-open or tvp-closed. Hence ( X, t, w) is m (n - tvn) —

a- paracompact w.r.t. u. Thus (X, t, u)is B- pairwise m-a-paracompact.

(Y.¥.Y¢) Corollary.

A Dbitopological space is (- pairwise a-paracompact iff it is

bi- a — paracompact.

(Y.Y¥.Ye) Theorem.

Every B - pairwise m —paracompact space is bi - m- a- paracompact.

Proof :
Suppose that ( X,t,u) be a bitopological space . First we need to show

that ( X, t) is m-a- paracompact. Let U be a t-open cover of X with
cardinality < m . Since( X,t,u) is m(t -tvp) paracompact w.r.t. T, then U has
tvu- open refinement V which is locally finite w.r.t. t . Hence V is not
necessarily either T —open or t —closed refinement of U which locally finite
w.r.t. t. Thus ( X, 1) is m-a- paracompact.

Reversing the role of T and p we obtain that ( X, w) m-a- paracompact.

Therefore ( X,t,u) is bi - m- a- paracompact.

(Y.Y.YY) Corollary

Every [B- pairwise paracompact space is bi- a paracompact.
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(Y.Y.YV) Corollary

Every [B- pairwise paracompact space is bi-m-a- paracompact.

(Y.Y.YA) Theorem.

If ( X, T, w) be a - pairwise .Hausdorff space such that every t-closed
set and every p- closed set in ( X, t, w) having cardinality <m. Then :
(i)Every RR- pairwise m- paracompactspace is 3- pairwise m- regular .

(i)Every FHP- pairwise m- Paracompact space is y- pairwise m- regular.

Proof:

(i) Let ( X, t, wbe RR- pairwise m- paracompact and pairwise Hausdorff
space . Then ( X, T, w) is m (t - T) paracompact w.r.t. u and pairwise .
Hausedorff. If every t-closed set having cardinality <m .

Then ( X, T, w) is m(t, w, 7)- regular by Theorem (Y.Y.)).

Also ( X, T, p) is m (u - n) paracompact w.rt. T and pairwise .
Hausedorff. If every p -closed set having cardinality <m , then ( X, t, p)
iIs m(u , t, w)- regular by Theorem (Y.¥.)) . Hence (X,t,u) is B-pairwise
regular by Definition ().Y.A) (ii).

(i) Let (X, t, u) be FHp- pairwise m - paracompact and pairwise
Hausedorff space .Then (X, t, p) is m( t- n) Paracompact w.r.t. u and
pairwise Housedorff. If evry t-closed set having cardinality < m, then
(X, 1, W ism(t, u, w- regular by Theorem (Y.Y.Y).Also (X,t,n) is m(u-t)
paracompact w.r.t.t and pairwise Hausedorff.If every p -closed set having
cardinality < m, then ( X, t, p) is m(u,t,t) regular by Theorem (¥.Y.))

and so it is y- pairwise regular by Definition (}.Y.A) .
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(Y.¥.Y%) Corollary

If (X, T, n) be a pairwise Hausdorf space. Then:

(i)Every RR- pairwise paracompact space is [-pairwise regular,and
consequently a - pairwise regular.

(i)Every FHP pairwise paracompact space is y- pairwise regular , and

consequently B - pairwise regular .

proof:

(i) Let (X, T, n) be RR- pairwise paracompact space, and pairwise Hausdorff
.Then (X, t, p) is (t - T) paracompact w.r.t. u and pairwise Hausdorff.
Hence (X, T, w)is (t ,u,1)- regular by Corollary (¥.Y.Y) . Also (X, T, ) is
(u - w) paracompact w.r.t. T and pairwise Hausdorff , then (X, t, p) is
(u, T, w,)- regular by Corollary (¥.Y.Y) . Hence (X, t, n) is B - pairwise
regular by Definition (}.Y.A) (ii) . And consequently o - pairwise regular
by Proposition (}.Y.4) .

(i) Let (X,r, n) be FHP- pairwise paracompact space, and pairwise
Hausdorff. Then (X, T, w) (t - n) paracompact w.r.t. u and pairwise
Hausdorff. Hence (X, T, w)is (t ,u , w,) regular by Corollary (Y.V.Y) .
Also (X, T, p) is (u- t) paracompact w.r.t. T and pairwise Hausdorff.
Hence (X, t, w) is (u, t,t) regular by Corollary (Y.Y.Y) . Hence (X, t, p)
IS vy - pairwise regular by Definition ().Y.A) (iii). And consequently

(X,t,u) is B-pairwise regular by Proposition ().Y.) ).
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(Y.Y.Y )Theorem.

Let (X, t, n) be a pairwise Hausdorff bitopological space . Then the
following are equivalent:

(H)(X, T, wis RR- pairwise paracompact.

(i)(X, T, wis p- pairwise regular and o - pairwise paracompact.

(i) (X, T, w) is PB- pairwise regular and B - pairwise para-compact.

(iv) (X, T, wis PB- pairwise regular and bi- a- paracompact.

(V) (X, T, w)is B- pairwise regular and bi- paracompact.

Proof

(i) = (iii) follow form Corollary (Y.¥.7) and Corollary (Y.Y.¥9) (i) .

(ii) = (iii) Corollary (Y.Y.Y+).

(iii)= (iv)Corollary (Y.Y.Y1).

(iv)= (v) Suppose (iv) .To show (X, 1) and (X, n) are paracompact.

By (iv) (X, T, w)is - pairwise regular.

Then(X, 1) and (X, n) are regular by Proposition (1.¥.)Y) and both

these topological spaces are a-paracompact . Hence they are

paracompact by Theorem ().Y.Y).

(V)= (i) .Suppose (V) .To show (X, t,u) is (t- ) paracompact w.r.t. u.

Let U be a t-open cover of X. Since (X, t) is paracompact , then U has

a t-open refinement V which is locally finite w.r.t. . Since(X, t,u) is

B - pairwise regular , then V is locally finite w r.t. p by

proposition().¥.) £). Hence(X, t,n) is (- T) paracompact w.r.t. p.
Now to show (X, t,u) is( p- w) paracompact w.r.t. . Let C be

a p-open cover of X. Since (X, w) is Paracompact , then C has

a u - open refinement D which locally finite w.r.t. p. Since (X, t, p) is

1y
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B - pairwise regular, then D is locally finite w.r.t.t by Proposition
(V.Y.Y£) .Hence (X, t,u) is ( u- n) paracompact, w.r.t. . Therefore the

space (X, t,u) is RR- pairwise paracompact.

(Y.¥.¥V) Corollary

Let (X, t,u) is pairwise Hausedorff. Then
(i) Every FHP- pairwise paracompact is RR- pairwise paracompact.

(if)Every FHP_ pairwis paracompact is bi-a-paracompact.

proof

(i) Let (X,t,n) is FHP- pairwise paracompact and pairwise Hausedorff. Then
by corollary (Y.¥.A) (X, T,u) is a - pairwise paracompact. Also it is
B - pairwise regular by Corollary (Y.Y.Y%) (ii).Hence (X, 1, n) is RR-
pairwise paracompact by Theorem (Y.Y.Y'+).

(ii) Follows immediately form (i) and Theorem (Y.¥.Y'+).

(Y.Y.YY)Theorem

Every FHP- pairwise paracompact space is bi- paracompact.

Proof :

Let (X, t, 1) be FHP- pairwise paracompact.Let U be a t-open cover
of X. Since (X, t, w) is (tr - u) paracompact w.r.t. u, then U has a p-open
refinement V which is locally finite w.r.t. u .And since (X, t, n) is(u- 1)

paracompact w.r.t. t, then V has a t-open refinement W which is locally
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finite w.r.t. . But W refines U by Lemma ().Y.1) . Thus (X , t ) is
paracompact.

Symmetry , let U be a pu -open cover of X . Since (X, T, ) is (u - 1)
paracompact w.r.t. T ,then U has a t-open refinement V which is locally
finite w. r.t. T .And since(X , t, n) is ( t - p) paracompact w.r.t. u, then V
has a u —open refinement W which is locally finite w.r.t.u .But W refine U
by Lemma (}.Y.1) .Thus (X, t, n) is paracompact. Therefore (X, T, u) is

bi- paracompact.

(Y.Y.YY) Theorem

Every FHP-pairwise semi paracompact space is bi-semiparacompact.

Proof:

Let (X, t, w) be FHP- pairwise semiparacompact. Let U be at-open
cover of X. Since (X, T, u) is (t - w) semiparacompact w.r.t. u, then U has a
p-open refinement V which is o- locally finite w.r.t. u. And since (X, T, p) is
(1, T) semiparacompact w.r.t. . Then V has a t-open refinement W which is
o-locally finite w.r.t. . (X, 7, p) is (t, p) semiparacompact w.r.t. p. But W
refines U by lemma (1.Y.71) .Thus (X, 1) is semiparacompact.

Symmetry, let A be p-open cover of X.Since(X,t,u) is (u-1)
semiparacompact w.r.t. 7, then A has a t -open refinement B which is
o-locally finite w.r.t. 7. And since (X,t,u) is (t- n) semiparacompact w.r.t. u.,
then B has a p-open refinement D which is o-locally finite w.r.t. u. But D
refines A By Lemma ().Y.7).Thus is (X, n) is semiparacompact. Therefore

(X, t, ) is bi-semiparacompact.
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(Y.Y¥.Y¢) Theorem

If (X, t , w be FHP-pairwise m- paracompact,and pairwise
Housdorff, such that every t- closed set and every u-closed set in(X, t, p)

having cardinality <m, then (X, t, p) is pairwise m-normal.

Proof :

Let (X, T, u) be FHP- pairwise m- paracompact and pairwise Hausdorff
space . Then (X, T, w) is m (t - w) Paracompact w.r.t. p and pairwise
Hausdorff .If every t- closed set in (X, T, w) having cardinality < m , then
X, t,w ism(u, T, w normal by Theorem (Y.Y.Y¥).Also (X, T, ) Iis
m (u - T ) paracompact w.r.t. T and pairwise Hausdorff. If every p- closed set
in (X,t,n) having cardinality < m then (X, t, pw) iIs m(un , T, T) normal by
Theorem (Y.Y.Y). Hence (X,t,n) is pairwise m-normal by Definition
(V.YAY).

(Y.Y.¥®) Theorem

Every FHP-pairwise paracompact pairwise Hausdorff space is pairwise

normal.

Proof :

Let (X, T, n) be FHP- pairwise paracompact and pairwise Hausdorff
space .Then (X,t,n)is(t- u) paracompact w.r.t.u and pairwise Hausdorff
hence(X, t, p) is( T, u, w)- normal by Corollary (¥.Y.£) Also (X, t, ) is
(u - T) paracompact w.r.t. T and pairwise Hausdorff . Hence (X, t, p) is
( pn,t,1)-normal by Corollary (Y.Y.€).Thus (X, T, u) pairwise normal by
Definition ().Y.) V).
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8§ (¥-V)Some Definitions and results

In this section we define the paracompactness , and semiparacompactness

in tritopological spaces.

(Y¥.\.\)Definition.

A tritopological space (X, t, n, p ) is called(m)(t-u) paracompact

w.r.t p [Y1] if for every t-open coverU ={U, : 1 e A} of X (with cardinality

<m) has a p-open refinement vV = \v_:y T} which is locally finite w.r.t p.

(Y.V.Y) Proposition.

Every (t -u )paracompact.w .r .t p. tritopological space ( X, t,up ) is

m (T -p )paracompact w.r .t p .

Proof

Let (X, 1, up) bea(t-p) paracompactw.r.tp. LetU={U,:1<cA}be

a t -open cover of X with cardinality < m .By hypothesis U has a p-open

refinement vV =\, :» e "'jwhich is locally finite .w.r.t p. Hence ( X, 1 ,u,p)

is m (T -p ) paracompact w. r.t p.

(¥.).Y). Definition

A tritopological space (X,t,u,p) is called (m) (t - 1 ) semiparacompact

w.r.tp,[)1]if for every T - open cover U = {U, : 1 € A}of X (with cardinality
< m) has a p-open refinement V=Y, :y eI} which is o-locally finite.

w.or.itp .
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(Y.\.€) Proposition.

Every (t -u )semiparacompact w.r.t.p tritopological space (X,t,u,p )

Is m(t -u )semiparacompact w.r .t. p.

Proof :

The proof is the same as the proof of the Proposition (¥.).Y) with

replacing the word “paracompact “ by the word “semiparacompact”.

(Y¥.V.2) Theorem.

Every m(t-p ) paracompact w .r .t. p tritopological space (X, t, u,p ) is

m (t-p ) semiparacompact w.r.t.p.

Proof
Let (X, T, pn,p)be m(t-u)paracompact w.r .tp. Let U ={U, : 1< A}be

a t-open cover of X with cardinality < m .By hypothesis there exist a p-open

refinement V = v _:y e Tfof U which is locally finite

W .r.tp. By Remark (1.¥.Y1) , V is o-locally finite. w . r .t p . Hence the
space ( X, ,uw,p ) is m (t-u ) semiparacompact w .r. t p by Definition (¥.).Y).
(¥.).1) Corollary.

Every (t-pn) paracompact w .r .t .p tritopological space ( X, t.u, p)

IS (T-u ) semiparacompact w.r.tp .

(¥.\.V) Corollary

Every (t-p ) paracompact w .r .t p. tritopological space ( X, t,u, p)

IS m(t-p ) semiparacompact .w .r.tp.

Proof
The proof is immediately follow from Proposition (¥.).Y) and

Theorem (¥.).2) .

1y
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§(Y-Y) Paracompactness and Subspaces.

In this section we give some theorems that related the
paracompactness with separation axioms in tritopological spaces-Also we
give some theorems concering the subspaces of paracompact tritopological

spaces.

(Y.Y.\)Theorem.

If (X, t,u,p)bem(r-pu) paracompact. w.r.tpand ( X, 7, p) pairwise
Hausdorff such that every t- closed set in ( X, t,u, p ) having cardinality<m,

then (X, t,u,p)ism(t,p, ) -regular.

Proof

Suppose that ( X, t,u, p ) be m(t ,u ) paracompact.w .r .t p,and A be a
1- closed set in ( X, T ,u, p ) having cardinality < m, and xe X /A.. Since
(X, t,p) is pairwise Hausdorff, then for everyy e A,we can find t — open
set Vy ,and p-open set Uy, such that xeU,yeV,and U NV, =¢ .The

collection

=1y, :yeAjU{X/Alform a t-open cover of X having cardinality < m.
Forletpe X ,ifpe A= 31—o0pensetV, > peV, = pe UV, U{X/A}= Icovers
yeA

X.if pgA=peX/A=pe UV, U{X/A}=TI covers X.Hence in any case

yeA

1T covers X. Since A having cardinality <m then the collection Y, :y  Af

having cardinality <m, thus 1T having cardinality <m. By hypothesis 11 has

u —open refinement W = W, : e T} wich is locally finite.w.r.t.p.

TA
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Set
V=UW, W NA=g|

yel

Then V is p— open set containing A . For,let ac A= a¢W,, vy eI" such that

W NA=¢ :aewy,ayerawyﬂA¢¢:>aeyL€Jr§Ny W, NA=g|

Hence AcV .Sincethe [ —open cover W is locally finite . w.r .t p, x has
a p-nhd U~ which meets only finitely many Wy , say Wy, , ..., Wy, . If
some Wy;, i=),Y,...,n meets A it must be subset of some Vy , say Vy; . In
factif W, NA=4,i=12..n

=W, N(X/A)=¢,i=12,.n

=W,z X/Ai=12..,n

=3V, >W, <V, (since W refines IT) , for i=),Y,...,n.
Set U U*ﬂ{ﬁuy,}
i=1

Then xeU and U is p—open set. Finally , we need to show U NV = ¢.
Assume contrary that, UNV =g¢.then there exist at least one point
peUNV =>peUnanpeV

= peU,,Vii=12..n

=3V,>peV,

= peU,AnpeV,

=peU,NV,

i.e. U, NV, =¢.

But this is a contradiction. Thus U NV = ¢.

Therefore the tritopological space ( X, T ,u, p ) is m(t ,p,u )-regular.

14
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(¥.Y.Y) Corollary.

If (X, t,u, p)bea(t-u) paracompact. w.r.t.p.and (X, t,p)is

pairwise Hausdorff space then ( X, t,u, p)is(t, p, u ) —regular.

(Y¥.Y.Y) Theorem.

If (X, t,u,p)bean m(t, pn) paracompact.w.r.tp,and (X,t,p)is

pairwise Hausdorff space such that every t-closed set in ( X, T ,u, p ) having
cardinality <m , then ( X, T,u, p) ism(t,u, p ) — normal .
Proof.

Suppose that ( X, t,u, p ) be an m(t - u ) paracompact.w .r .t. p. Let A
and B be disjoint t-closed sets in ( X, T ,u, p ) such that they having
cardinality < m. Since( X, T, p ) is pairwise Hausdorff space then for each
xeAYeB we can find t-open set U, and p-open set V, such that
xeU,,yeV, and U NV, =¢ . Then II={U, : X e AjJu{X/A} from a t-open

cover of X having cardinality < m.For, let pe X, if pe A=3 t— open set

U, speU, = peUU,U{X/A}=TIcovers X.

XxeA

If pgA=peX/A=peUU,U{X/A}=TI covers X.Hence in any case IT

xeA

covers X. since A having cardinality<m ,then the collection {U, :xe A}
having cardinality =Mthus 11 having cardinality= ™. By hypothesis IT has
U — open refinement W =W :y eI’} wich is locally finite . w .r .t p . set

U=UW,:W,NA=g|.

Then U is p— open set containing A .
Forlet ac A=agW, Vyel suchthatw NA=¢
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:aeWy,EIyel“aWyﬂA¢¢:>aeyL€Jr{\Ny W, NA=g|

Hence AcuU .
For each y in B, we can find p-open nhd H, of y which meet only finitely
many Wy , say Wryig) ... , Wyny) -(the value of n also dependends ony ) .

Each Wy which meets A is contained in some Uy, say Ui, for x, e A. In
fact if W, (y)NA=g,i=12,...n =W, (y)N(X/A)=4,i=12,...n
=W, (y)z X/Ai=12..,n

=3U,;,x € A>W,(y) cU, (since W refines IT) , for i=),Y,...n.
Set G, =H, m[mv]
i=1

The Gy is p —open set which containes y but does not meet U . in fact , if

zeG,AnzeU=1zeV,,Vi=3U,5zeU, =V, NU, = 4. But that

Xi?

contradiction . hence GyNU=¢ . Let vV =UG, .then V is p — open set

yeB
containing B . For let

pgV—=>pgG,VyeB
= pegH,VyeB
= peB

Finally we need to show that U NV =¢. Assume contains y that U NV = ¢

=3IpeUNV
=>peUanpeV
= peUnpeG,

forsomey.=UNG, #¢ forsomey.
But that contradiction since UNG, = ¢

for every y e B. Hence UNV = ¢. Therefore the space ( X, t,u, p)is

m (t ,u, p )- normal by Definition (.Y.Y+) .

\A
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(¥.Y.¢) Corollary.

If ( X, t,u,p ) be a (t -p ) paracompact.w .r .t p .and(X,t,p)is pairwise

Hausdorff space,then ( X, t,u, p)is (t,u, p ) —normal
proof

The proof is the same as above theorem one just omit the condition

"every t- closed set having cardinality <m".

(Y¥.Y.2) Theorem.

Let ( X, T.u, p) be atritopological space and let (Y, Ty, Ly,py )
be a - closed subspace of (X ,zt, wp ).If (X ,7, w,p )be an
m(t-u ) paracompact .w .r.t p, then (Y, ty ,uy,py ) is an

m(ty -uy ) paracompact.w .r .t py .

Proof

Suppose that (Y, Ty ,uy,py ) be a t- closed subspace of
m (t -u ) paracompact w .r .t p space ( X, T ,u, p ). To show that
(Y, Ty ,ly,py) IS M(ty ,uy ) paracompact w .r .t py

Let U={U,:1ecA} be a ty- open cover of Y with cardinality <m. since
each U, U,=V,NyY
IS Ty-open subset of Y, there is t- open subset Vv, of X such that

The collection T1=1{v,: 1 AJU{X/Y}.

form a t — open over of ~ X with cardinality <m. For , let xe X .If x¢Y,
then xe X/Y =xelJV,UX/Y) If xey=xelJU,
AgA AeA

=xelJ v, nY)=Yyv.ny=xeJ Vv,

AeA

\Al
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=xe|J V,U(X/Y) thus ITis t — open cover of X. Since |A|<m, then [T
AgA

having cardinalitysm. By hypothesis Il has p-open refinement
W ={W, :y eI’} which is locally finite. w.r.t p.

Now, let A ={{w, nY:yer}then A is a collection of py -open subset of

Y.We claim that A is
(i) cover Y,

(ii) refine U,
(iii) locally finite.w.r.t py
proof of (i).

Let yeY=yeX.Since W covers X, then yelJ W, =yew, for some

rel

y=yeW, NY forsome y = xe|JW, NY), hence A cover Y.

bt
proof of (ii)

Since W refines [I,ithen vw, ew there exists V,ellsuch that
W, cV, =W, NY <V, NY

But U, =V, NY; Hence W, NY cU,.Hence for every member of A there

exist member of U containing it. Thus A refines U .
Proof of (iii)
A is locally finite.w.r.t py by Lemma ().Y.A). Therefore (Y, tv ,uy, py )

IS m(ty — wy ) paracompact w .r .t py.

(Y.Y.\YCorollary.

Let ( X, t,u, p) be a tritopological space and let (Y, ty ,uy,py ) be a
1- closed subspace of (X ,z, w,p ).If (X ,7, u,p ) is (t - )paracompact.

w.r.t.p then (Y, 1y ,uy,py ) IS (Ty —uy )paracompact. w .r .t .py .

A
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(Y¥.Y.V) Theorem.

Let(X,t,u,p) a tritopological space and : let

7={X,:X, e tNuNp,ie 1} beapartition of X. The space ( X, T,u, p)is

m(t -p ) paracompact.w .r .t p ,iff (X ,ti ,ui,pi) 1S M(ti-w;) paracompact w .r .t

p; foreveryiel

Proof

The "only if "part. SinceXi=X/J X;is - closed , then the subspace

i
(Xi , Ti .M, pi) 1S m(t -w; ) paracompact w .r .t pi  for every iel Dby
Theorem (¥.Y.°)

The "if" part .Let U={U,:1<eA}be a 1- open cover of X with cardinality
<m. The collection m={u,NX,:2eA}is ti- open cover of Xi with

cardinality<smvi .For \let xe X; => xe X=xeU, for some 1.=xeU,NX,

for some 12 =xelJ U,NX;)=11 cover Xi.Sine|Al<mthen TI having

AeA

cardinality<sm. Since (X, T ,ui,pi) 1S an m(t; -w;) paracompact. w .r .t p;

,V,, there exist a ;- open refinement A ={ A,:1eA } of II which is

locally finite w.r.t pi. Let
W = {U A, i dle A} \We claim that W is
iel

(i)u- open cover of X
(ii)refine U
(ii)locally finite .w .r .t p.

V¢
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proof of (i)
If A, eAthere is pu- open set G,such that A, =G, NX, since X,eu ,
then A, is p- open set in X and consequently W is a collection of p- open

sets .

Now x =[] X; =J| UA, |= | JA,, |hence W cover X.
ie |

ie I| 2e A e Al ie |

proof of (ii)
Let | JA, ew .Since Ai refines IT then for every A, ,A,, cU, NX, for

iel

some 2 =|JA, cU, m(UXi]:Ui NXcU,

icl icl
proof of (iii).

If XeX, then XeX; , for some i ; hence x has p;- open nhd N intersect at
most finitely many member of A;. In other word NNA, =¢ for all but

finitely many 2 .Then _UI(N NA,)=¢ for all but finitely many 2

=N ﬂ{u AVJ_¢ for all but finitely many 2 . Since N is pi — open nhd of x
iel

then there exists p — open nhd M of x such that N =M N X, . But X, € p thus

N is p —open nhd of x, and [ JA, ew, hence (iii) holds .

icl

Therefore (X, t,u, p)is m (t-n) paracompactw.r .tp.

Yo
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(Y.Y.M) Corollary.

Let(X,t,u,p) be a tritopological space : Let
7={X,:X,ecNuNp,iel } be a partition of X. The space (X,t,u, p) is
(t -p ) paracompact.w .r .t. p ,iff the space (Xi, i ,Mi, pi) IS (Ti -} )

paracompact w .r .t. p; foreveryiel

(¥.Y.4) Theorem.

If each t-open set in an m(t-w) paracompact w .r .t p tritopological
space (X,t,u,p) is m(t-u) paracompact w .r .t p , then every subspace

(Y, v, kv, pv) Is M(ty-pry) ) paracompact w .r .t. py.

Proof

Letu={U,:1eA} is a ty-open cover of Y with cardinality <m .
Since each U, is ty-open in Y,we haveU, =V, NY whereV, t-open subset of

X,for every 1eA.Then G=UV,is a t-open set .Let V={v,: 1A} be a

AeA

t-open cover of G with cardinality <m.By hypothesis G is m(t-p)
paracompact w.r .t p .Thus vV has a p-open refinement A={A :y '} which
is locally finite w .r .t p .Set B=1{B :y eI}, whereB, = A NY.

We claim that B is

(i) wy-open cover of Y,

(ii) refine U

(iii) locally finite w .r .t py.

A
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proof of (i)

Since A,,is p-open in X,then B, is py-open in Y.i.e B is acollection of
wy-open sets.And clearly that B cover Y.
proof of (ii)
Let B,eB.=3A €A>B, =ANY .
Since ArefinesV = VA, e A3V, eVsA cV, = A NYcV,NY.i.e B cV,
proof of (iii)

Let yeY =>yeX =3 p-nhd Nof y>NNA =¢ forall but finitely many y

= (NNY)N(A NY)=¢ for all but finitely many y .Since M =NNY is py-nhd
ofyand B, =A NY thenM NB, =¢ for all but finitely many y.i.e B is locally

finite w .r .t. py.Therefore (Y, tv, Wy, py) iS m(ty-py) paracompact w .r .t py.

(¥.¥.\ ) Corollary

If each t-open set in (t - n) paracompact w .r .t. p tritopological space

(X, tuwp) is (tr - p) paracompact w .r .t p. Then every subspace

(Y, tv, Wy, py) IS (Ty-py) paracompact w .r .t py.

(¥.Y.VY) Theorem.

Let (X, t,u,p) be m (t-p) paracompact w.r.t p tritopological space, and
let ( Y,tv,uy,py) be asubspace of (X,t,u,p).1f Y is 1-Fo set , then (Y,ty,uy,py)

IS m(ty-py) semiparacompact w.r.t.py.

A%
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Proof.
Suppose Y is F.-set relative t . Then Y =Uy, where each Y, , is

1- closed .Let U ={U, : 1 € A}be a ty-open cover of Y with cardinality < m.

Since each U, is ty- open subset of Y, we have U, = V,NY, where V, is

T-open subset of X for each A € A . For each fixed n ,
E, ={V,:1eA}U{X Y} format-open cover of X with cardinality <
m.By hypothesis E, has a p-open refinement W = {w,, :(1,n)e Ax IN}which is
locally finite .w.r.t.p. For each n, let B, ={w, NY :W, NY, = ¢} .

Let B=UB,we claim that B is

(i)  collection of py-open set

(i) covers Y

(iii)  refines U

(iv)  o- locally finite w.r.t. py
proof of (i)

Since W, is p-open, then W,,, N Y is pY—open
proof of (i)

If vy € Y =y € Y, for some n and then for every set
W, €EW =X E€W,, NY; hence B covers Y.
proof of (iii)

Here W,,c X/Y, is impossible so that W,,cV, for some V,
=W, NY <V;,NY= U, for some U,EU intersecting Y/, so that B refines U.
proof of (iv)

Since W is locally finite w.r.t.p. Then B, is locally finite .w.r.t. py by
Lemma ().Y.A) .Hence B is o- locally finite .w.r.t.py.Therefor (Y, tv ,uy, py)

IS m(ty -Ly) semiparacompact w.r.t. py.

YA
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(Y.Y.\Y) Corollary.

Let (X, t,u,p) be (t-p) paracompact w.r.t p tritopological space, and
let ( Y,ty,uy,py) be asubspace of (X,t,up).If Y is T —Fc set , then

(Y,Ty,y,py) IS (Ty-py) Semiparacompact w.r.t.py.

(Y.Y.\Y) Theorem.

If f is (u- t) closed , (u-p’) continuous and (p-p’) continuous
mapping of a tritopological space (X,t,u,p) onto an m(t'-p") paracompact
w. I. t p° tritopological space (Y,t',u",p") such that Z = f 1(y),Vy eY

Is m(t-p)compact, then (X,t,u,p) is m(t-p) paracompact w. r. tp .

proof:

Let U={U,:21eA} be a t-open cover of X with cardinality <m . Then

U cover of Z .Since Z is m(t-pu) compact , there exists a finite subset y of A

such that z < UU, where U, is u—open set for every 1ey. Let T be the

Aey

family of all finite sub set y of A , then [[j<m .

Set

vV, =Y/f[X/UUJ .

Aey

Since UU, is pu—openset, theset X/UU, is u—closed, and since f

Aey Aey

Is (u-t*) closed , then f[X/UU;J is - closed in (Y,7",u",p") , hence V, is
Aey

v'—open and yeV, and f*[,]c UU,. Therefore Vv ={, :yeT}is v'— open
Aey

cover of Y with cardinality <m since (Y,t",u',p") is m(t'- u') paracompact

A
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w.r.tp", then V has a u' - open refinement W ={w, : 5 e @} which is locally
finitew.r.tp .

Set T1={f *W,]NU, :(5,4) e Qxy ;.

We claim that IT is

(i) u—open cover of X,

(ii) refines U

(iii) locally finrte w. r. t p.

Proof of (i)

Since W;sis ' - openvseQand f is (u-u') continuous ,the set

f*w,] is u—open vseQ,and since U, is y—openvi ey, then f *jw,]NU , is
u—open.

Now, if xeX =3U,>xeU, and dyeY>y=f(x)= f(x)ew, for some &

= xe f W, ]=xe f W, ]NU, for some(d,ys).i.e TIcovers X.
Proof of (ii)
Let f*w,]NU, eI1.Since f*Ww,]NU, cU, =11 refines U.
Proof of (iii)
Let xe X =3yeY >y=f(x). Since W is locally finite w. r.t. p°, then

there is p - nhd N such that N intersect at most finitely many Wj;. In other
word NNW, =¢ for all but finitely many 6= f*[NNW,]=¢ forall but
finitely many 6= f*[N]N f*w,]NU, =¢ for all but finitely many (5,1)

since f is (p- p°) continuous ,then f*[N] is p-nhd of x, and f *|w,]NU, eI
hence 11 is locally finite w. r. t. p . Therefore (X,t,u, p) is m(t-p)

paracompact w. r. t. p.
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(Y.¥.V€) Corollary .

If £ is(u-1)closed, (u-u') continuous and (p-p*) continuous mapping
of a tritopological space (X,t,u,p) onto a (t'-u’) paracompact w. r. t p’
tritopological space (Y,t',u',p’) such that Z = f 2(y),vVyeY s
(t-w)compact, then (X,t,w,p) is (t-p) paracompact w. r. t. p .

(Y.Y.V®) Theorem.

If f is(u-1") closed, (u-p') continuous and (p-p*) continuous mapping
of a tritopological space (X,t,u,p) onto an m(t'-p") semiparacompact w.r.t p'
tritopological space (Y,t',u',p") such that Z = f‘l(y),Vy eY is

m(t-p)compact, then (X,t,uw,p) is m(t-p)semiparacompact w. r. t p .

Proof

LetUu ={U, : 1A} be at-open cover of x with cardinality <m .Then U

cover of Z.Since Z is m (t-p)compact,there exists afinite subset y of A such

thatz = U U ,where U, is p-open set for every 1ey.

Aey

Let I be the family of all finite subset  of A, then T <m-

Set

Vy:Y/f[X/UU,I]

Aey

Since UU, is p-open set,ithe setx/UU,is p-closed ,and since f is

Aey Aey

(u- t')closed, then f[X/UU)}is t-closed in(Y,7,u’,p") ,hence V, is

Aey

AN
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v -open and yeVv,and f*V, ]c UU, therefore V=Y :yerlfis v -open
Aey

cover of Y with cardinality <m. Since (Y,tu,’p) is m(t-pn)

semiparacompact w. r. t p",then V has p'-open refinement w =Uw_ where

every W, is locally finitew.r. tp".
Setw, ={W,,:5eQ}. Thus W =UW ,: 6 Q} .

Set c =UcC, ,wherecC, ={f w ]Nu, :(5,/1)EQ><7§}. We claim that C, is

(i) collection of p-open set

(ii) locally finite w. r. t p.

Proof of (i)

Since Wy is 1 -open  vseQand f is (u-u') continuous, the set

f 2w, ] is p-openves e @ ,and since U, is p-open viey,then 3w, ]NU,

iS p-open V(5,1)e Qxy,.

Proof of (ii)
Let xeX=3yeY>y=f(x).since W, is locally finite w.r.tp’

—=3p -nhd N of x such that NNw,=¢ for all but finitely many
5= fl[N]ﬂ[fl[\NM]ﬂUiquﬁ for all but finitely many (3,A) since f is

(p-p’) continuous,then f*[N]is p-nhd of x.Hence C, is locally finite w.r.t p.

Its remain to show that C is:
(i*) cover X
(ii*) refine U

AY
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proof of (i*)

Let xeX=3U,>xeU, and 3JyeY>sy=f(x)=3IW  >yeW, 6 for
some nd=xef?*w,] for some nd=xef*w ]NU, for some( 3,1).

Proof of (ii*) . Since f*Ww,]NU, cU,,V,, :U(fl[wm]ﬂul]cul ie II
refine U,. Therefore (X,t,u,p) is m(t-u) semiparacompact w. r. t p.

(¥.Y.\V) Corollary

If f is(u-1")closed, (u-p'*) continuous and (p-p*) continuous mapping
of a tritopological space (X,t,u,p) onto a (t'-pn’") semiparacompact w. r. t p’
tritopological space (Y,t',u',p") such that Z = f‘l(y),Vy eY is

(t-p)compact, then (X,t,u,p) is (tT-p)semiparacompact w. r. t. p .

AY
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