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 إحسان

 المستخلص
 

   انحبٕنٕجيبٔثلاثية انٓدف يٍ ْرا انعًم ْٕ جعًيى يفٕٓو انحساص انفٕقي في انفضبءات ثُبئية 

 أدَبِ بعض انُحبئج انسئيسية انحي جى انحصٕل عهيٓب:

 

ًسصٕصوة فٕقيوب ببنُسوبة  نو  ان m(τ-μ) ٍ انُوٕ ي (X,τ,μ)ثُبئية انحبٕنٕجيب ءات . كم انفضب1

μ  ٌٕجكm(τ-μ)  ًّسصٕصة فٕقيب ببنُسبة  ن  انشبμ . 

ًسصٕصوة فٕقيوب ببنُسوبة انشوبّ  m(τ-μ) يوٍ انُوٕ  (X,τ,μ). كم انفضبءات ثُبئية جبٕنٕجيوب 2

 . μًسصٕصة فٕقيب ببنُسبة  ن  ان a- m(τ-μ)-جكٌٕ μ ن  

ًسصوٕص فٕقيوب ببنُسوبة  نو  ان m(τ-μ) انحبٕنٕجي يٍ انُٕ  فضبءاً ثُبئي (X,τ,μ)اذا كبٌ  .3

μ ٔ ببنُسبة ان  ثُبئي انٓبٔشدٔزف بحيث اٌ كم يجًٕعة يغهقةτ  في(X,τ,μ)  نٓب اسوبض

 يُحظًب.-m(τ,μ,μ)اً يٍ انُٕ  فضبءيكٌٕ  (X,τ,μ)فبٌ m  اقم يٍ أ يسبٔي

ًسصوٕص فٕقيوب ببنُسوبة  نو  ان m(τ-μ) فضبءاً ثُبئي انحبٕنٕجي يٍ انُٕ  (X,τ,μ). اذا كبٌ 4

μ ٔ ببنُسووبة انوو  ثُووبئي انٓووبٔشدٔزف بحيووث اٌ كووم يجًٕعووة يغهقووةτ  فووي(X,τ,μ)  نٓووب

 يحسقب.-m(τ,μ,μ)اً يٍ انُٕ  فضبءيكٌٕ  (X,τ,μ)فبٌ m اسبض اقم يٍ أ يسبٔي

ً يغهقو (X,τ,μ)يوٍ جصئيب  اً فضبء (Y,τY,μY)ٔ نيكٍ  ثُبئي انحبٕنٕجيبفضبء (X,τ,μ)  نيكٍ .5  ب

,فوبٌ  μفٕقيوب ببنُسوبة  نو   ًسصوٕصان m(τ-μ)يٍ انُوٕ    (X,τ,μ)اذا كبٌ . τببنُسبة ان  

(Y,τY,μY) ٌٕيٍ انُٕ  يك m(τY-μY) ًسصٕص فٕقيب ببنُسبة  ن  انμ. 



 ٔنويكٍ ثُوبئي انحبٕنٕجيوبفضوبء  (X,τ,μ)  . نيك6ٍ IiXiXi  ,:    ججصئوة نهًجًٕعوة

X  يكٌٕ انفضبء(X,τ,μ)  يٍ ان  ُٕm(τ-μ) ًسصٕص فٕقيب ببنُسبة  نو  انμ   اذا ٔ فقو

 .iنكم μi ًسصٕص فٕقيب ببنُسبة  ن ان m(τi-μi)يٍ انُٕ    (Xi,τi,μi)اذا كبٌ 

 μًسصوٕص فٕقيوب ببنُسوبة  نو  ان m(τ-μ)فضبءاً ثُبئي انحبٕنٕجيب يٍ انُوٕ   (X,τ,μ) نيكٍ .7

 جًٕعوووووة يوووووٍ انُوووووٕ ي Y.اذا كوووووبٌ (X,τ,μ)فضوووووبء جصئيوووووب يوووووٍ  (Y,τY,μY)ٔ نووووويكٍ 

Fσ    ببنُسبة ان τ ٌفب(Y,τY,μY)  ٌٕشبّ يسصٕص فٕقيب ببنُسبة ان  يكμY. 

يغهقوبً  (X,τ,μ)يٍ  جصئيب اً فضبء (Y,τY,μY) ٔنيكٍ ثُبئي انحبٕنٕجيب اً فضبء (X,τ,μ) نيكٍ . 8

 μيوب ببنُسوبة  نو  ًسصوٕص فٕقان -m(τ-μ) -aيوٍ انُوٕ    (X,τ,μ).اذا كوبٌ τببنُسبة ان  

 . μYًسصٕص فٕقيب ببنُسبة  ن  ان -m(τ-μ) -aيٍ انُٕ   يكٌٕ (Y,τY,μY)فبٌ 

 ٔنويكٍ ثُوبئي انحبٕنٕجيوب اً فضبء (X,τ,μ) . نيكٍ 9 IiXiXi  ,:    ججصئوة نهًجًٕعوة

X  يكٌٕ انفضبء(X,τ,μ)   ٕيٍ انُو m(τ-μ) -a- ًسصوٕص فٕقيوب ببنُسوبة  نو  انμ  ٔ اذا

 .iنكم μi  ًسصٕص فٕقيب ببنُسبة  ن ان-m(τi-μi) -aيٍ انُٕ    (Xi,τi,μi)فق  اذا كبٌ 

-m(τ يوٍ انُوٕ  انحبٕنوٕجي ثُبئي في انفضبء  τببنُسبة ان  اذا كبَث كم يجًٕعة يفحٕحة  .11

μ)- فٕقيب ببنُسبة  نو   سصٕصًانμ ٔ يوٍ انُوٕ  ْويm(τ-μ)- فٕقيوب ببنُسوبة  انًسصٕصوة

 يسصٕصوة m(τY-μY)جكوٌٕ يوٍ انُوٕ   (Y,τY,μY) جًيو  انفضوبءات انجصئيوةفبٌ  μ ن  

 .μYفٕقيب ببنُسبة  ن  

ً يغهقوو -(`μ,τ) يووٍ انُووٕ  جطبيووش شووبيم fاذا كبَووث  .11 ثُووبئي يووٍ انفضووبء  اً يسووحًس -(`μ,μ) , ب

 `m(τ`- μ) يووٍ انُووٕ  (`Y,τ`, μ)ي انحبٕنووٕجي ثُووبئانوو  انفضووبء  (X,τ,μ)انحبٕنووٕجي 

YyyfZبحيوووث اٌ  `μ فٕقيوووب ببنُسوووبة انووو  انًسصوووٕص   ),(1
 يوووٍ انُوووٕ  

  m(τ-μ)- فوووبٌ  يسصٕصوووة(X,τ,μ) ٌٕيوووٍ انُوووٕ   يكووو(m(τ- μ فٕقيوووب  انًسصوووٕص

                      . μ ببنُسبة ان 

ً يغهقوو -(`μ,τ) يووٍ انُووٕ  جطبيووش شووبيم fاذا كبَووث  .12 ثُووبئي يووٍ انفضووبء  اً يسووحًس -(`μ,μ) , ب

شوبّ  `m(τ`- μ) يوٍ انُوٕ  (`Y,τ`, μ)ثُبئي انحبٕنٕجي ان  انفضبء  (X,τ,μ)انحبٕنٕجي 



YyyfZبحيوووث اٌ  `μ فٕقيوووب ببنُسوووبة انووو  انًسصوووٕص   ),(1
 يوووٍ انُوووٕ  

  m(τ-μ)- فوبٌ  يسصٕصوة(X,τ,μ) ٌٕيوٍ انُوٕ   يكو(m(τ- μ  ّيوب فٕق انًسصوٕصشوب

                      . μ ببنُسبة ان 

 ثُبئي ْبٔشدٔزف فبنعببزات انحبنية يحكبفئة.  (X,τ,μ).نيك13ٍ

(i) (X,τ,μ)    RR- .ثُبئي انحساص انفٕقي 

(ii) (X,τ,μ)   β-  ٔ ثُبئي الاَحظبوα – .يحساص فٕقيب 

(iii) (X,τ,μ)   β-  ٔ ثُبئي الاَحظبوβ- يحساص فٕقيب. – ثُبئي 

(iv) (X,τ,μ)   β- َحظبو ٔثُبئي ثُبئي الا- α –   .يحساص فٕقيب 

(v) (X,τ,μ)   β-  يحساص فٕقيب.    –ثُبئي الاَحظبو ٔثُبئي 

ًسصٕص فٕقيب ببنُسوبة ان m(τ-μ) فضبءاً ثلاثي انحبٕنٕجي يٍ انُٕ   (X,τ,μ,ρ)اذا كبٌ . 14

فوي  τببنُسوبة انو  ثُبئي انٓبٔشدٔزف بحيث اٌ كوم يجًٕعوة يغهقوة  (X,τ,ρ)ٔكبٌ  ρ ن  

(X,τ,μ,ρ) نٓووب اسووبض اقووم يووٍ أ يسووبٔي  m ٌفووب(X,τ,μ,ρ)  ٌٕاً يووٍ انُووٕ  فضووبءيكوو

m(τ,ρ,μ)-.يُحظًب 

ًسصوٕص فٕقيوب ببنُسوبة ان m(τ-μ) انحبٕنٕجي يٍ انُٕ  لاثيفضبءاً ث (X,τ,μ,ρ)اذا كبٌ . 15

فوي  τببنُسوبة انو  ثُبئي انٓبٔشدٔزف بحيث اٌ كوم يجًٕعوة يغهقوة  (X,τ,ρ)ٔكبٌ  ρ ن  

(X,τ,μ,ρ) سووبض اقووم يووٍ أ يسووبٔينٓووب ا m ٌفووب(X,τ,μ,ρ)  ٌٕاً يووٍ انُووٕ  فضووبءيكوو

m(τ,μ, ρ)-.يحسقب 

 جصئيووب يووٍ  اً فضووبء (Y,τY,μY,ρY)ٔنوويكٍ  ي انحبٕنٕجيووبلاثووث اً فضووبء(X,τ,μ,ρ)  نوويكٍ. 16

(X,τ,μ,ρ) بً ببنُسبة ان  يغهقτ . ٌاذا كب (X,τ,μ,ρ)   ُٕيٍ انm(τ-μ) فٕقيوب  ًسصوٕصان

ًسصوٕص فٕقيوب ببنُسوبة ان m(τY-μY) يٍ انُوٕ  يكٌٕ (Y,τY,μY,ρY),فبٌ  ρببنُسبة  ن  

 . ρY ن  

 ٔنوووويكٍ ثلاثووووي انحبٕنٕجيووووبفضووووبء  (X,τ,μ,ρ) . نوووويك17ٍ IiXiXi  ,:    ججصئووووة

ًسصٕص فٕقيب ببنُسوبة  نو  ان m(τ-μ)يٍ انُٕ   (X,τ,μ,ρ)يكٌٕ انفضبء  Xنهًجًٕعة 



ρ  ٌاذا ٔ فق  اذا كب(Xi,τi,μi,ρi)  يوٍ انُو  ٕm(τi-μi) ًسصوٕص فٕقيوب ببنُسوبة  نو ان  

ρi نكمi. 

-m(τ يوٍ انُوٕ  انحبٕنٕجي ي لاثثفي انفضبء  τببنُسبة ان  اذا كبَث كم يجًٕعة يفحٕحة  .18

μ)- فٕقيب ببنُسبة  نو   سصٕصًانρ ٔ يوٍ انُوٕ  ْويm(τ-μ)- فٕقيوب ببنُسوبة  انًسصٕصوة

 m(τY-μY)ٌ يووووٍ انُووووٕ  جكووووٕ (Y,τY,μY,ρY) جًيوووو  انفضووووبءات انجصئيووووةفووووبٌ  ρ نوووو  

 .ρYفٕقيب ببنُسبة  ن   يسصٕصة

ًسصووٕص فٕقيووب ببنُسووبة ان m(τ-μ)فضووبءاً ثلاثووي انحبٕنٕجيووب يووٍ انُووٕ   (X,τ,μ,ρ) نوويكٍ. 19

يجًٕعوووة يوووٍ  Yاذا كوووبٌ  (X,τ,μ,ρ)فضوووبء جصئيوووب يوووٍ  (Y,τY,μY,ρY)ٔ نووويكٍ  ρ نووو  

 ٕقيووب ببنُسووبة انوو شووبّ يسصووٕص فيكووٌٕ  (Y,τY,μY,ρY)فووبٌ τ ببنُسووبة انوو    Fσانُووٕ 

 ρY. 

ً يغهقو -(`μ,τ) يوٍ انُوٕ  جطبيش شبيم f.اذا كبَث 21 يوٍ  اً ( يسوحًسρ`,ρٔ) اً يسوحًس -(`μ,μ) , ب

يوٍ  (`Y,τ`, μ`, ρ)ثلاثوي انحبٕنوٕجي انو  انفضوبء  (X,τ,μ,ρ)انحبٕنوٕجي ثلاثوي انفضبء 

YyyfZبحيوث اٌ  `ρفٕقيوب ببنُسوبة انو  انًسصٕص `m(τ`- μ) انُٕ    ),(1
 

 يكوووووووووووووٌٕ (X,τ,μ,ρ)فوووووووووووووبٌ  يسصٕصوووووووووووووة -m(τ-μ) يوووووووووووووٍ انُوووووووووووووٕ  

                      .ρفٕقيب ببنُسبة ان  انًسصٕص m(τ- μ)يٍ انُٕ  

ً يغهقو -(`μ,τ) يٍ انُٕ  جطبيش شبيم fاذا كبَث  .21 يوٍ  اً ( يسوحًسρ`,ρٔ) اً يسوحًس -(`μ,μ) , ب

يوٍ  (`Y,τ`, μ`, ρ)ٕنوٕجي ثلاثوي انحبانو  انفضوبء  (X,τ,μ,ρ)انحبٕنوٕجي ثلاثوي انفضبء 

بحيوووووووث اٌ  `ρفٕقيوووووووب ببنُسوووووووبة انووووووو  انًسصوووووووٕصشوووووووبّ  `m(τ`- μ) انُوووووووٕ 

YyyfZ   ),(1
 يكوووٌٕ (X,τ,μ,ρ)فوووبٌ  يسصٕصوووة -m(τ-μ) يوووٍ انُوووٕ   

                     .ρفٕقيب ببنُسبة ان  انًسصٕصشبّ  m(τ- μ)يٍ انُٕ  
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           The aim of this work is to generalize  paracompactness in 

bitopological spaces and tritopological spaces. We state below 

some of the main results that are obtained in this work  

 

1. Every m(τ-μ) paracompact w.r.t. μ bitopological space (X,τ,μ) is 

m(τ-μ) semiparacompact w.r.t. μ . 

1. Every m(τ-μ) semiparacompact w.r.t. μ bitopological space 

(X,τ,μ) is m(τ-μ) – a –paracompact w.r.t. μ . 

3. If (X,τ,μ)be an m(τ-μ) paracompact w.r.t. μ , and pairwise 

Hausdorff space such that every τ-closed set in (X,τ,μ) having 

cardinality  m  , then (X,τ,μ,) is m(τ,μ,μ) – regular space.  

4. If (X,τ,μ)be an m(τ-μ) paracompact w.r.t. μ , and pairwise 

Hausdorff space such that every τ-closed set in (X,τ,μ) having 

cardinality  m  , then (X,τ,μ) is m(τ,μ,μ) – normal space.  

5. Let (X,τ,μ) be a bitopological space and let (Y, τy,μy) be a  

τ-closed subspace of  (X,τ,μ) . If (X,τ,μ ) is m(τ-μ)paracompact 

w.r.t μ , then (Y, τY,μY) is m(τY-μY)paracompact w.r.t μY. 

6. Let (X,τ,μ) be a bitoplogical space , let  IiXiXi  ,:    be a 

partition of X .The space (X,τ,μ)is m(τ-μ) paracompact w.r.t. μ 

iff (Xi,τi,μi) is m(τi-μi) paracompact w.r.t. μi for every i . 
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7. Let (X,τ,μ) be m(τ-μ) paracompact w.r.t. μ bitopological space , 

and let (Y, τY,μY) be a subspace of (X,τ,μ) .If Y is F μ-set 

relative to τ , then (Y, τY,μY) ) is m(τY-μY) semi paracompact 

w.r.t. μ . 

8.  Let (X,τ,μ) be a bitopological space and let (Y, τY,μY) be a  

τ-closed subspace of (X,τ,μ). If (X,τ,μ)is m(τ-μ) –a-paracompact 

w.r.t. μ , then (Y, τY,μY) is m(τY-μY)-a- paracompact w.r.t. μY.  

9. Let (X,τ,μ) be a bitoplogical space , let  IiXiXi  ,:     be a 

partition of X .The space (X,τ,μ)is m(τ-μ) –a-paracompact w.r.t 

μ iff  the space (Xi,τi,μi) is m(τi-μi)-a- paracompact w.r.t μi for 

every i .  

11. If each τ-open set in an m(τ-μ) paracompact w .r .t. μ  

bitopological space (X,τ,μ) is m(τ-μ) paracompact w .r .t. μ  , 

then every subspace (Y,τY,μY) is m(τY-μY) paracompact  

w.r.t. μY . 

11.If f is (μ-τ`) closed , (μ-μ`) continuous mapping of a 

bitopological space (X,τ,μ) onto an m(τ`-μ`) paracompact w. r. t 

μ` bitopological space (Y,τ`,μ`) such that YyyfZ   ),(1
 

is m(τ-μ) compact , then  (X,τ,μ) is m(τ-μ) paracompact w. r.t. μ 

11. If f is a (μ-τ`)closed, (μ-μ`) continuous mapping of a 

bitopological space (X,τ,μ) onto an m (τ-μ) semiparacompact 

w.r.tμ` bitopological space (Y,τ`,μ`) such that 
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YyyfZ   ),(1
 is m(τ-μ) compact . Then (X,τ,μ) is  

m(τ-μ) semiparacompact w. r. t µ 

13. Let (X,τ,μ) be a pairwise Hausdorff bitopological space . Then 

the following are equivalent : 

(i) (X,τ,μ) is RR-pairwise paracompact 

(ii) (X,τ,μ) is β- pairwise regular , and α-pairwise paracompact 

(iii) (X,τ,μ) β- pairwise regular , and β-pairwise paracompact 

(iv) (X,τ,μ) is β- pairwise regular , and bi-a- paracompact 

(v) (X,τ,μ) is β- pairwise regular , and bi- paracompact 

14 .If (X,τ,μ)be an m(τ-μ)paracompact w.r.t ρ, and (X,τ,ρ)is 

pairwise Hausdorff such that every τ-closed set in (X,τ,μ,ρ) 

having cardinality m ,then (X,τ,μ,ρ) i s m (τ,ρ,μ,)-regular. 

15. If (X,τ,μ,ρ) be an m(τ-μ)paracompact w.r.t. ρ , and  

(X,τ,ρ) is pairwise Hausdorff  space such that every τ-closed 

set in ( X, τ ,μ, ρ ) having cardinality  ≤ m , then (X,τ,μ,ρ) is 

m(τ,μ,ρ)– normal . 

16.   Let (X,τ ,μ, ρ ) be a tritopological space and let(Y,τY ,μY,ρY) 

be a τ- closed subspace of (X ,τ, μ,ρ ).If (X ,τ, μ,ρ )be an        

m(τ-μ ) paracompact.w .r .t ρ , then (Y,τY ,μY,ρY ) is an        

m(τY -μY ) paracompact.w .r .t ρY .  

17.Let (X,τ,μ,ρ) be a tritopological space , let 

  iii ,:    be a partition of X . The space  



 X 

( X, τ ,μ, ρ ) is m(τ -μ ) paracompact.w .r .t ρ iff (Xi , τ i ,μi,ρi) is 

m(τi -μi ) paracompact.w .r .t ρ   for every iI. 

18. If each τ-open set in an m(τ-μ) paracompact w .r .t ρ  

tritopological space (X,τ,μ,ρ) is m(τ-μ) paracompact w .r .t ρ  , 

then every subspace (Y, τY, μY, ρY)is m(τY-μY) paracompact      

w .r .t ρY . 

19. Let (X,τ,μ,ρ) be m (τ-μ) paracompact w.r.t.ρ tritopological 

space, and let ( Y,τY,μY,ρY) be asubspace of  (X,τ,μ,ρ). If Y is 

τ-Fσ-set relative to τ ,then (Y,τY,μY,ρY) is m(τY-μY) 

semiparacompact w.r.t ρy.  

11. If f is (μ-τ`)closed , (μ-μ`) continuous and (ρ-ρ`) continuous   

mapping of a tritopological space (X,τ,μ,ρ) on to an m(τ`-μ`) 

paracompact w. r. t ρ` tritopological space (Y,τ`,μ`,ρ`) such that 

YyyfZ   ),(1
 is m(τ,μ) compact , then  (X,τ,μ,ρ) is  

m(τ-μ) paracompact w. r. t ρ . 

11. If f is a (μ-τ`)closed, (μ-μ`) continuous and (ρ,ρ`) continuous 

mapping of atritpoiogical space (X,τ,μ,ρ) onto an is m (τ-μ) 

semiparacompact w. r. t ρ` tritpoiogical space(Y,τ`,μ`,ρ`) such 

that YyyfZ   ),(1
 is m(τ-μ) compact , then(X,τ,μ,ρ) onto 

an is m (τ-μ) semiparacompact w. r. t ρ. 
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        A principal goal of this work is to study the concept of  

paracompactness in bitoplogical spaces , and tritopological space . 

         Paracompact spaces were first introduced by Die Donne in 1944 as a 

natural generalization of compact spaces still retaining enough structure to 

enjoy many of the properties of compact spaces , yet sufficiently general to 

include a much winder class spaces . The notion of Para compactness gained 

stature with the proof , by A.H. Stone , that every metric space is 

paracompact and the subsequent use of this result in the solutions of the 

general metrezation problem by Bing , Nagata and Smirnov . the central role 

played by Para compactness or paracompact– like properties , in some of the 

current areas of intensive investigation in topology ensure it a permanent 

place alongside metrizability and compactness among the most important 

concept in general topology [ 11 ] . 

       In the second half of twentieth century some papers were introduced on 

bitopological spaces and tritopological (3-topological) spaces . we display 

some of them below: 

      Kelly , J.C. (1963) [ 5 ] introduced the idea of bitopological spaces . 

      Singal , M.K. , and Singal , A.R. , (1971) [ 14 ] they introduced some 

more separation axioms these consider with bitopological spaces . 

     Reilly , I.L. (1971) [ 4 ] presented some properties that’s deal with 

separation axioms on bitopological spaces . 
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     Maheshwari , S.N. and Prasad R. (1975) [ 11 ] . They introduced some 

new separation axioms and studied some of their basic properties . the 

implications of those new separation axioms among themselves and with the 

well known axioms to ,T , were obtained . 

     Valeriu , P. (1977) [ 19 ] , introduced some properties of bitopological 

semi separation space . 

    Mirevic , M. (1986) [ 17 ] , studied the separation axioms in bitopological 

space . 

   Mukherjee , M.N. , and Ganguly , S. (1987) [ 18 ] , studied characterized 

almost continuous multifunctions in bitopological spaces . Also generalized 

the idea of almost continuity as studied in (Bose and sinha (1981) . such 

multifunctions had been investigated in relation to the extended concept of 

lower and upper semi – continuous multifunctions introduced for 

bitopological spaces . 

   Arya , S.P. , and Nour , T.M. (1988) [ 11 ] introduced some separation 

axioms that's consider with bitopological spaces and some theorems . 

  Jelis , M. (1989) [ 11 ] introduced some Ti pairwise continuous functions 

and studied bitopological separation axioms . 

   Al – Swidi , L. and Shaker A.Y. (1993) [ 11 ] , studied a semi 

compactness in bitopological spaces . 

   Jelic , M. (1994) [ 11 ] , studied the nearly PTi – continuous mapping and 

the relations among them . 

  Bosi , G. (1997) [ 3 ] , he was present a separation theorem in pairwise 

normally preordered by topological spaces , which slightly generalize both a 

well known separation theorem by Nachbin in normally preordered 

topological spaces , and a separation theorem by Kelly in pairwise normal 

topological spaces . based on this result , he gave necessary and sufficient 
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conditions for the existence of semi continuous order – preserving functions 

on such spaces . further , he discussed the existence of upper semi 

continuous order preserving functions on preordered topological spaces . 

    Kovar , M.M. (1998) [ 16 ] modified the concept of θ – regularity  for 

spaces with two and three topologies . The new morgeneral property that 

was given is fully preserved by sums and products . 

Using some bitopological reductions of this property , Michel's theorem for 

several variants of bitopological Para compactness was proved . also in 

(1999) [ 13 ] he slightly generalize some Michel's constructions and 

characterize RR- pairwise Para compactness in terms of bitopological θ – 

regularity , and some other weaker modifications of pairwise Para 

compactness and he conclude that the bitopological instability of RR – 

pairwise Para compactness in presence of pairwise hausedroff separation 

axioms is caused by a bitopological property which is much weaker and mor 

local than RR – pairwise compactness . 

     Tallafaha , A., AL-Bsoul , and For a , A – (1999) [ 1 ] introduced the 

concept of being countable dense homogeneous bitopological spaces and 

they defined several kinds of that concept . They gave some results 

concerning those bitopological spaces satisfying the axioms P –T1 , and P –

T1 spaces . 

    Al – Swidi , L. (1111) [ 9 ] defined , new space depend on three 

topologies which called tritopological spaces . He gave some 

characterictions of those spaces and defined some separation axioms as 

regular normal , triwise regular and completely normal relative to 

tritopological space also he studied the compactness of this spaces . 

    This thesis have three chapters : 

In chapter one we study subspaces , covers , and some separation axioms . 

In chapter two , we study the paracompactness in bitopological spaces . 

In chapter three we study the paracompactness in tritopological spaces . 
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§ (1-1)Subspaces. 
 

         In this section we state subspaces in topological spaces , and give the 

definition of subspaces of bitopological and tritopological spaces. 

 

(1.1.1)Definition.[6] 
 

        Let (X , τ) be a topological space and let Y be a subset of X . The  

τ-relative topology for Y is the collection τY given by : 

   τY ={G∩Y : G Є τ} . 

The topological space (Y , τY) is called subspace of (X , τ ). 

If Y is τ-open subset of X, then the subspace (Y , τY) is called τ-open 

subspace of (X , τ ),and other adjectives applying to subset of X apply 

similarly to subspace. 

 

 (1.1.1)Theorem. [6] 
 
 

 Let (Y , τY) be a subspace of (X , τ) . Then 

(i) a subset A of Y is closed in Y iff there exists a set F closed in X such 

that A=F∩Y . 

(ii) a subset M of Y is a τY-nhd of a point y in Y iff there exists a τ-nhd N 

of y such that M=N∩Y. 

 

 (1.1.1)Theorem.[6] 
  

 Let (Y , τY) be a subspace of (X , τ). Then every open (closed) subset 

B of Y is open (closed) in X iff Y is open (closed) in X . 

 

(1.1.1)Definition.[6]  
 

A subset F of a topological space (X , τ) is called F  set if it is a 

countable union of  closed sets . We will denote to such set by  F  .  
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(1.1.5)Remark.[6]  
 

Let   :  be any collection of topologies on a set X.  

A topology 




  having 






  as a subbasis is the smallest of the 

topologies on X larger than   for every   .  

 

(1.1.6) Definition. 
 

 Let (X , τ ,μ) be a bitopological space , and let Y be a subset of  X . 

The collections  

  τ Y= {G∩Y : GЄτ} , and  

  μ Y= {H∩Y : HЄ μ }  

  

are two topologies for Y , called the relative topologies for Y .  

Then (Y,τY ,μY) is called a subspace of (X , τ ,μ) . 

 

(1.1.7)Definition[9] 
 

 

 Let (X , τ , μ , ρ)be a tritopological space , and let Y be a subset of X . 

The collections  

  τY={G∩Y : GЄτ}  

  µY={H∩Y : HЄ μ }, and 

 ρY={F∩Y : FЄ ρ } 

are three topologies for Y, called the relative topologies for Y . 

Then(Y, τY , µY, ρY) is called subspace of (X,τ, µ,ρ). 
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§(1-1)Covering Properties. 
 

 In this section ,we study the covering properties in topological 

spaces , bitopological space , and tritopological spaces. 
 

 (1.1.1)Definition [12]. 
 

For an infinite cardinal number m , if a set A consisting of at most m 

elements we say that A having cardinality   m (or with cardinality   m) , 

and denoted by A  m . If the collection    :UU  consisting of 

at most m members then we say that U having cardinality   m (or with 

cardinality   m) . Some times this collection denoted by U  m or   m. 

 

(1.1.1)Definition [6]. 
 

A cover or (covering) of a space (X , τ) is a collection 

   :UU  of subsets of X whose union is all of X . A subcover  of 

a cover U is a subcollection of U which is a cover . An open cover of X is a 

cover consisting of open sets , and other adjectives appling  to subsets of X 

apply similarly to covers .  
 

(1.1.1)Definition [6]. 
 

 Let (X,τ) be a topological space .Let U={Uλ : λЄΔ}  and  

V={Vγ :γЄГ} be two coverings of X , V is said to be refine   (or be a 

refinement of ) U , if for each Vγ there exists some Uλ with Vγ  Uλ . 
 

If W={Wδ :δ Є Ω} refine two covers U, V of X, then it is called common 

refinement [4] .  
 

(1.1.1)Definition[6] 
 

 A family U={ Uλ : λЄΔ}of sets in a space (X,τ) is called locally 

finite, if each point of X has a nhd V such that V∩Uλ≠  for  at most finitely 

many indices λ. In other word V∩Uλ=  for all but finitely many λ. 
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 (1.1.5)Definition[6]                                          

 

            A family U of set in a space(X,τ) is called σ-locally finite if n
n

UU





1

  

where each Un is locally finite collection in X.  

 

(1.1.6)Lemma. 
 

 Let (X , τ) be a topological space .Let U={Uλ , λЄΔ} be a cover 

of X, and let V={Vγ : γ Є Г} be a refinement of U. If  

W={Wα :αЄ Ω } refines V , then W is also refines U. 

 

(1.1.7) Remark [11] 
       Every locally finite systems of sets is σ-locally finite .  

 

(1.1.8) Lemma[1] 
 

         Let (Y, τY)  be a subspace of (X, τ)  . If a  system  V } = Vγ : γ Є Г} 

of sets is (σ-) locally finite with respect to τ, then so is  {Vγ∩Y : γ Є Г } 

w.r.t. τY. 

 

 (1.1.9) Lemma[11] 
 

(i) If U={Uλ : λ Є Δ}is locally finite system of sets in (X, τ) Then any sub 

collection of   U  is locally finite. 

(ii) If U=  {Uλ  : λ Є Δ} is locally finite system of sets in (X, τ) then so is 

{Clτ (Uλ) : λ Є Δ}. And   













UClUCl    

 

 In particular the union of a locally finite collection of closed sets  is closed.  
 

(iii) The union of  a finite number of locally finites systems of sets is locally 

finite.                
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(1.1.12) Lemma[6] 
 

           Let (X, τ) be a topological space. Let U={Uλ  : λ Є Δ} and   

V= {Vγ :  γ Є Г } be two covering of X and E = { Uλ ∩ Vγ  : (λ, γ) Є  Δ x Г}. 

Then  

  (i) E  is covering of X refines both U and V. Furthermore if, both U and are 

locally finite so also is E. 

(ii) Any common refinement of U and V is also refinement of E. 

(iii) If E be any refinement of V,  and V refines U, then E refines U . 

 

(1.1.11)Definition. 
 

           A topological space (X , τ )is said to be  

(i) m-paracompact[22], if for every open cover of X with cardinality ≤m 

has a locally finite open refinement. 

(ii)  paracompact[8], if for every open cover of X has a locally finite open 

refinement. 

(iii) (m-) semiparacompact , if for every open cover of X (with 

cardinality ≤m) has a σ-locally finite open refinement . 

(iv)  (m-) a-paracompact[1] if for every open cover of X(with cardinality 

≤m) has a a locally finite refinement not necessary either open or 

closed.  

(v)  (m-) z- paracompact[1] if for every open cover of X( with cardinality 

≤m) has a a locally finite closed refinement. 

 

(1.1.11) Definition[7]  
   

A set equipped with two non identical topologies is called a 

bitopological spaces , and it denoted by (X, τ ,μ) where τ and μ are two 

topologies on X .  
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(1.1.11) Definition  
   

         Let (X, τ ,μ) be a bitopological space, and let U = { Uλ : λ Є ∆} be a  

τ-open cover of X. A μ – open refinement  

V= {Vγ :  γ Є Г } of U is called locally finite with respect to the topology μ  

if for every point x of X has a μ- nhd  N such that N∩Vγ ≠   for at most 

finitely many γ . In other word N∩Vγ ═  for all but finitely many γ. 

 

(1.1.11)  Definition       
 

Let (X, τ, μ) be a bitopological space and let  U={Uλ : λ є ∆}be a  

τ -open cover of X.A  μ- open refinement V= {Vγ :  γ Є Г } of U is called  

σ- locally finite with respect to the topology  μ if n
n

VV





1

 where every  Vn is 

locally finite.  w.r.t.μ 
 

(1.1.15)Remark  

   
          Let (X, τ ,μ ) be a bitopological space, and let U={Uλ:λ є∆} be a  

τ-open cover of X.If V= {Vγ :  γ Є Г } is  μ-open refinement of U which is 

locally finite  w.r.t.μ , then V is σ-locally finite .w.r.t.μ.  
 

(1.1.16) Definition[9]  
   

A set equipped with three non identical topologies is called a 

tritopological spaces , and it denoted by (X, τ , μ , ρ) where τ , μ and ρ are 

three topologies on X .  

  

(1.1.17) Definition  
   

         Let (X, τ , μ , ρ)be a tritopological space and let U={Uλ:λ є∆} be a  

τ-open  cover of X . A μ-open refinement V= {Vγ :  γ Є Г } of U is called 

locally finite with respect to the topology ρ  if for every point x of X has  

ρ-nhd N such that  N ∩Vγ     for at   most finitely many γ. In other word 

N∩Vγ=   for all but finitely many γ. 
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(1.1.18) Definition 
 

                  Let (X, τ , μ , ρ) be a tritopogical space, and let U={Uλ :λ є ∆}be a  

 τ -open cover of X . A μ-open refinement V ={Vγ : γ є Г }of U is called  

 σ-locally finite with respect to the topology ρ if  n
n

VV





1

 , where every Vn is 

locally finite. w.r.t.ρ. 

 

(1.1.19) Remark    

   
          Let (X, τ , μ , ρ) be a tritopological space and letU= {Uλ : λ Є ∆ }be a 

τ-open cover of X .If V ={ Vγ : γ Є Г} is μ-open refinement of U which is 

locally finite .w.r.t.ρ , then V is σ- locally finite .w.r.t.ρ. 

 

 

(1.1.12) Lemma 
              

         Let(X, τ , μ , ρ) be a tritopological space, Let U= {Uλ : λ є ∆ } be a  

τ -open cover of X . If V={ Vγ : γ є Г }and W= {Wδ :δ Є Ω} be two μ-open 

refinement of U, E = { Vγ∩ Wδ :(γ, δ) Є Г x Ω } .Then ,  

(i) The collection E is μ- open cover of X refine both V and W consequently 

of U.      

(ii) If both V and W are locally finite w.r.t.ρ so also is E. 

(iii) Any common μ- open refinement of V and W is also μ –open 

refinement of E. 
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Proof: 

 

(i) First we need to prove that E is  a μ-open cover of X . Given x Є X, since 

V and W be two μ-open cover of X , then there exists some  γ , δ such 

that x Є Vγ   and x Є Wδ . Thus x belongs to some Vγ ∩ Wδ; therefore E 

is a cover of X .  Since Vγ and Wδ , are μ-open sets for every  γ, δ so also 

is Vγ ∩ Wδ ( γ , δ) Є Г x Ω. Hence E is a μ-open cover of X . 

Now to show E refines both V and W. Let C Є E . Then there exists Vγ 

and Wδ such that C= Vγ ∩ Wδ . Since C Vγ and C   Wδ , then E refines 

both  V and W. Since fore every C  in E there is Vγ such that C   Vγ, and 

since V refine U, there is Uλ in U such that Vγ   Uλ ; hence  we have for 

every C in E , there is Uλ in U such that C   Uλ . Therefore E refines U.   

                      

 (ii) Let x Є X. Since V = { Vγ : γ Є Г } is locally finite . w.r.t.ρ, then x has 

ρ-nhd N such that N∩ Vγ =   for all but finitely many γ . 

And since W= { Wδ : δ Є Ω } is locally finite. w.r.t.ρ , then x has p- nhd 

M such that  M ∩ Wδ =   for all but finitely many δ. 

       Hence (N ∩ Vγ) ∩ (M ∩ Wδ) =   for all but finitely many γ, δ.Then   

(N∩M) ∩ (Vγ ∩ Wδ) =   for all but finitely money   γ, δ .  But N∩M is 

ρ-nhd of x, and Vγ ∩ Wδ is μ- open set belong to E . Thus, we have for 

every point x in X there is ρ-nhd intersect at most finitely many 

member of E ;Hence E is locally finite. w. r. t.ρ.  

 

 ( iii) Let D = {Dα :α Є Ω } be a μ-open cover of X refining both V and W. 

Then for every Dα there exists Vγ and Wδ such that DαVγ and Dα  Wδ 

,so that Dα Vγ∩ Wδ, i.e. for every Dα in D there is Vγ∩ Wδ in E , such 

that Dα    Vγ ∩ Wδ . Hence D is μ-open refinement of E . 
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§(1-1) Some Separation Axioms     

 

           In this section we study regularity and normality in bitopological 

spaces , and tritopolgical spaces.  

 

(1.1.1) Definition [7] 
 

     A topological space (X, τ) is said to be regular if for any closed subset 

A of X and any point x of X which is not in A, there are open sets U and V 

such that x Є U, A   V, and U ∩V= . 

 

(1.1.1) Theorem [7] 
   

          A topological space (X, τ) is regular if given any x Є X and any open 

set U containing x there is open set V containing x such that Clτ (V)   U. 

 

(1.1.1)Theorem 
 

   Let(X , τ)  be a regular space,then the following are equivalent 

(i) (X , τ)   is paracompact. 

(ii) (X , τ)   is  semiparacompact. 

(iii) (X , τ)   is a- paracompact. 

(iv) (X , τ)   is z- paracompact. 

For the proof see [24] . 

  

(1.1.1) Definition [5]  
 

        A bitopological space (X, τ ,μ) is called pairwise Hausdorff if for every 

two distinict points x and y of X, there exist τ -open set U and  τ -open set V 

such that x Є U, y Є V and U ∩V=  . 
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(1.1.5) Definition  
 

        A bitopological space (X, τ ,μ) is called (m)(τ, μ , μ)- regular if for 

every point x in X and every τ -closed set A ( mA  ) such that x Є A, there 

exist two μ- open sets U, and V such that 

 x Є U, A   V, and U ∩V=  . 

       Clearly every (τ,μ, μ)-regular space is  m(τ,μ,μ)-regular space . 

 

(1.1.6) Theorem 

 
   A bitopological space (X, τ ,μ) is (τ, μ, μ) - regular iff for every point x 

of X and every τ -open set U containing x there exists a μ-open set V 

containing x such that Clμ (V)   U . 

 

Proof   
 

           Suppose that (X, τ, μ) is (τ, μ , μ) – regular and suppose that the point 

x and the τ -open set U containing x are given . Let  B=X/U. The B is  

  τ –closed set and x   B. By hypothesis there exist two μ - open sets V and 

W such that x Є V, B   W , and V∩W= . 

Then V X /W 

Clμ (V)   Clμ (X/W) = X/W 

  Clμ (V) ∩ W =  

  Clμ (V) ∩ B =     [ since B   W] 

Therefore Clμ (V) X/B= U as desired. 

Conversely suppose the point x and the τ-closed set  B not containing x are 

given. Let  U= X/B, then U  is τ-open set containing x. By hypothesis there 
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exist a μ- open set V containg x such that Clμ (V)U. Since Clμ (V)   X/ B 

then  B   X / Clμ (V)   U , and X/ Clμ (V) is a μ-open set.  

Evidently V  ∩(X/ Clμ (V)) =   . Hence we have μ-open set V and  

μ-open set X / Clμ (V) such that x Є V,B   X/ Clμ (V) and  

V∩(X/ Clμ (V) ) =    

 

(1.1.7)Definition 
 

Given a property Q , a bitopological space (X,τ,μ) is called  bi-Q if 

both (X,τ) and (X,μ) are Q .  

 

(1.1.8) Definition. 

  
       The bitopological space (X,τ,μ) is called   

(i) α- pairwise (m-)regular if (X,τ,μ) is (m-)(τ,τ,μ) regular and (m-)(μ,μ.τ)– 

regular. 

(ii) β-pairwise (m-)regular if (X,τ,μ ) is (m-)(τ ,μ, τ)- regular and  

(m-)(μ,τ,μ)– regular. 

(iii)γ-pairwise (m-)regular if (X,τ,μ) is (m-)(τ, μ,μ)–regular and (m-)(μ,τ,τ)– 

regular. 

(ir) δ-pairwise (m-)regular if (X,τ,μ) is (m-)(τvμ,μ , τvμ)- regular and  

(m-)(τvμ,τ ,τvμ)- regular            

 

(1.1.9) Proposition. 
  

    Every β-pairwise regular bitopological space is α- pairwise regular. 
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Proof : 
   

  Let (X,τ,μ) be a β-pairwise regular bitopological space . To show 

(X,τ,μ) is α- pairwise regular . We need first to show (X,τ,μ) is  

(τ,τ, μ) –regular . Let x Є X and let U be a τ-open set containing x .  

Since (X,τ,μ) is (τ,μ,τ) – regular then there exists μ- open set V containing x 

such that Clτ(V) U. Also since (X,τ,μ) is (μ,τ,μ) – regular  then there exists 

τ- open set G containing x such that Clμ(G)   V .  

Hence Clμ (G) V  Clτ (V) U. Hence for every point x in X and every  

τ-open set U containing x there exists τ-open set G containing x such that 

Clμ (G)   U. Thus(X,τ,μ) is (τ,τ,μ) – regular.  [ by Theorem ( 1.3.6)] . 

        Now to show (X,τ,μ) is (μ,μ, τ) –regular . Let x Є X , and let U be a  

μ-open set containing x .Since (X,τ,μ) is (μ,τ,μ) –regular then there exist a  

τ- open set V containing x such that Clμ (V) U. Also since(X,τ, μ) is  

(τ, μ ,τ) – regular, then there exist μ-open set G  containing x such that 

Clτ(G)V. Hence Clτ (G) V  Clμ (V) U. Hence is for every point x in 

X and every μ-open set U containing x there exist μ-open set G containing x 

such that Clτ(G)U.  Thus (X,τ, μ) is (μ,μ, τ) –regular by Theorem (1.3.6) . 

And consequently (X,τ, μ) is α- pairwise regular by Definition (1.3.8) (i) 

 

(1.1.12) Proposition.  
     

       A bitopological space (X,τ,μ) is β- pairwise regular iff it is γ- pairwise 

regular. 
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Proof:  
   

    Suppose that (X,τ,μ) is a β- pairwise  regular space . Let x Є X let U be 

a τ-open set containing x.There exists a μ-open set V containing x such that 

Clτ (V) U. Similarly there exists a τ-open set W containing x such that  

Clμ (W) V . And finally , there exists a μ-open set A containing x such that 

Clτ (A) W. Hence A   Clτ (A)  W   Clμ (W)   V   Clτ (V)U. Then 

Clμ (A)U. Thus (X,τ, μ) is (τ,μ,μ) –regularly.  

        Reversing  the role of τ and μ we obtain that (X,τ,μ) is also  

(μ,τ,τ)- regular which implies that (X,τ,μ) is γ- pairwise regular .  

Conversely, let (X,τ,μ) is γ- pairwise regular . Let x Є X let U be a  

τ-open set containing x.Then there exist μ-open set V containing x such that 

Clμ(V) U . Similarly there exist τ-open set W containing x Such that  

Clτ (W)V .And finally there exists μ-open set A containing x such that  

Clμ (A)   W. Hence A   Clμ (A)W  Clτ (W)V   Clμ (V)U. Then 

Clτ(A)U . Thus (X,τ,μ) is (τ,μ,τ) – regular.  

      Reversing the role of τ and μ we obtain that (X,τ,μ) is also   

(μ,τ,μ) –regular  which implies that (X,τ,μ) is β- pairwise regular . 

  

(1.1.11) Corollary.      
 

   Every γ- pairwise regular bitopological is α- pairwise regular. 

  

 Proof : 

 

      Since every γ- pairwise regular bitopological space is β- pairwise  

regular by Proposition (1.3.12) and every β- pairwise  regular is α-pairwise 

regular by Proposition (1.3.9) then the result follows. 
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(1.1.11)Proposition  
   

      If (X,τ,μ) is β - pairwise regular then it is bi-regular. 

  

Proof: 
 

    Suppose (X,τ,μ) is β-pairwise regular.To show(X,τ) is regular, let  

x Є X, and let U be a τ- open set containing x. Since (X,τ,μ) is  

(τ,μ,τ) –regular then by Theorem (1.3.6) there exists μ-open set V containing 

x such that Clτ (V) U.Also since (X,τ,μ) is (μ,τ,μ)- regular then there exists 

a τ- open set G containing x such that Clμ (G) V.Since G   Clμ (G)   V, 

then Clτ (G)   Clτ (Clμ (G)   Clτ (V)   U.Hence for every x ЄX, and every 

τ- open set U containing x, there is  τ-open set G containing x such that  

Clτ (G )   U . Thus (X,τ) is regular by Theorem (1.3.2)……………(1) 

       Now to show that ( X,μ) is regular. Let x  in X and let U be a μ- open set 

containing x. Since (X,τ, μ) is(μ,τ,μ) – regular, then by Theorem(1.3.6) there 

exists a τ-open set  V containing x such that Clμ (V) U. And since (X,τ, μ) 

is (τ,μ,τ) –regular then by Theorem (1.3.6) there exist μ- open set G 

containing x such that  Clτ (G)   V Since G   Clτ (G)   V, then  

Clμ (G)   Clμ (Cl τ (G))   Clμ(V)   U.Hence for every point x and every 

μ- open set U containing x there exists a μ- open set G containing x such that 

Clμ (G)   U. Thus (X,μ) is regular by Theorem (1.3.2)……………..(2) 

        From (1) and (2) the result follows.  

Note 
 

         By using Proposition (1.3.12) and Proposition (1.3.12) we can show 

that the γ-pairwise regular space is bi-regular .Although we can give the 

independing proof as shown in the following Proposition. 
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(1.1.11) Proposition. 
  

    If (X,τ, μ) is γ-pairwise regular, then it is bi-regular.  

 

Proof: 
  

   Suppose (X,τ, μ) is γ-pairwise regular space to show (X,τ) is regular 

space . Let x Є  X and let U be a τ-open set containing x .Since (X,τ, μ) is 

(τ,μ,μ) – regular then there exists a μ-open set V containing x such that  

Clμ (V)   U.And since (X,τ,μ) is  (μ,τ,τ) – regular the there exist τ-open set 

G containing x such that Clτ (G)   V. Hence Clτ (G)   V   Clμ (V)   U. 

Hence we have for every x in X, and every τ-open set U containing x ,there 

exists τ-open set G containing x such that Clτ (G)   U.Thus (X,τ) is regular 

space by Theorem (1.3.2)……..(1)  

      Now ,to show (X,μ) is regular space Let x Є X, and let U be a μ- open 

set containing x , Since (X,τ,μ) is (μ,τ,τ) –regular then there exists a  τ-open 

set V containing x , such that Clτ (V)   U.And since (X,τ,μ) is  

(τ,μ,μ) –regular then there exist a μ-open set G containing x , such that  

Clμ (G) V. Hence Clμ (G)   V Clτ (V) U. Thus ( X,μ) is regular space 

by Theorem (1.3.2).........(2). From (1) and (2) the result follows. 

    

(1.1.11) Proposition.        
 

     Let (X,τ, μ) be a β- pairwise  regular bitopological space and let  

 U={U λ : λ Є Δ} be a collection of subsets of X. Then U is locally finite 

w.r.t τ iff it is locally finite . w.r.t μ . 
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 Proof: 
 

        Suppose that U={U λ : λ Є Δ} is locally finite .w.r.t  τ.Then, each  

x Є X has τ-open nhd Vx  such that Vx ∩ Uλ =  for all but finitely  many λ. 

Since (X,τ ,μ) is β- pairwise  regular , then (X,τ,μ) is (τ,μ,τ) – regular. 

Therefore the point  x has μ- open nhd Nx  such that Clτ (Nx)  Vx. Hence  

Clτ (Nx) ∩ Uλ=  for all but finitely many λ. Consequently Nx∩ Uλ=   for all 

but finitely λ . Thus U is locally finite w.r.t. μ. 

       Conversely Suppose U= {Uλ : λ Є Δ} is locally finite . w. r.t μ, then 

each x in X has μ- open nhd Gx such that Gx ∩ Uλ=   for all but finitely 

many λ . since (X,τ,μ) is β- pairwise  regular then (X,τ,μ) is (μ,τ,μ) –regular. 

Therefore x has τ- open nhd Hx such that Clμ (Hx)Gx. Hence  

Clμ (Hx)∩Uλ=  for all but finitely many λ .Consequently Hx∩ Uλ =    for all 

but finitely many λ. Thus U is locally finite .w.r.t τ. 

   

(1.1.15) Definition. 
  

   A bitopological space (X,τ,μ) is called (m-)(τ,μ,μ) –normal if for every 

pair disjoint τ-closed sets A,B of  X,  mBmA  ,  there exist μ-open sets 

U,V such that A U, BV, and U∩V =  . 

       Clearly that every (τ,μ,μ) –normal space is m(τ,μ,μ) –normal. 

 

(1.1.16)Theorem. 
   

  A bitoplogical space (X,τ,μ) is (τ,μ,μ) –normal iff for every τ- closed 

sets and τ-open set U with A U, there exists a μ-open set V containing A 

such that Clμ (V) U. 
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Proof : 
     

  Suppose that (X,τ,μ) is (τ,μ,μ) -normal , and suppose that the τ- closed 

set A and the τ-open set U are given with AU. Let B=X /U, then B is τ-

closed. By hypothesis, there exist μ-open set Vand W containing A and B 

respectively , and V  ∩ W =   so that V   X /W .  

Then Clμ (V)   Clμ (X/W) = X/W .Also X/U W then X/W U.  

Thus Clμ (V) U.Conversely , let A and B be τ-closed subset of X such that 

A∩B= . Let U=X/B the set U is τ-open so that A   U .By hypothesis there 

exists a μ-open set V containing A such that Clμ (V)   U.  

Then X/U   X / Clμ (V)    X/(X/B) X/Clμ (V)    B   X / Clμ (V) 

Evidentially V∩(X/Clμ(V)) = . Thus V and X/Clμ (V) are disjoint μ-open 

sets containing A and B respectively. Therefore (X,τ,μ) is (τ,μ,μ) –normal. 

 

(1.1.17) Definintion  
  

    A bitopological space (X,τ,μ) is called pairwise (m-)normal ,  

if (X,τ,μ) is (m-) (τ,μ,μ) – normal and (m-) (μ,τ,τ) – normal. 

 

(1.1.18) Definintion  
   

  A tritopolgical space (X,τ,μ,ρ) is called[9]  (m-)(τ,μ,ρ) – regular if for 

every point x in X and every τ-closed set A ,   AxmA  , , there exists  

a μ -open set U and a ρ-open set V such that x Є U. A   V, and   U ∩ V= . 

In [9] Al- Swidi state and proved the following theorem . 
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(1.1.19) Theorem.  
     

  A tritopological space (X,τ,μ ρ) is (τ,μ,ρ) –regular iff for every point x 

in X and every τ-open set U containing x there exists a μ-open set V 

containing x such that Clρ(V)   U.    

 

(1.1.12) Definition  
 

  A tritopological  space (X,τ,μ,ρ) is called [9]  (m-)( τ,μ,ρ)– normal if 

for every pair of disjoin τ-closed sets A,B of X   mBmA  ,  there exists 

 μ-open set U and ρ- open set V such that AU, BV. And U∩V= . 

 

In [9] Al- Swidi state the following theorem . 

 

(1.1.11) Theorem. 
 

         A tritopological space (X,τ,μ,ρ) is (τ,μ,ρ) – normal iff for every  

τ- closed set A and τ-open set U with AU, there exists a μ-open set V 

containing A such that Clρ (V)U. 
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§ (2-1)Some Definitions and results 
 

         In this section we give the definitions of some types of Paracompact 

topological spaces, and introduce definitions of some types of Para 

compactness in bitopological  spaces. Also we give some relations among 

these types.    

 

(2.1.1)Definition. 
 

A bitopological space (X , τ ,μ) is called (m-) (τ - μ ) compact if for 

every τ-open cover    :UU of X (with cardinality ≤ m) has a µ-open 

finite subcover .   

 

(2.1.2) Definition 

 
       A bitopological space (X,τ,μ) is called (m-) (τ-μ) paracompact w.r.t μ ,if 

for every τ-open cover    :UU of X (with cardinality ≤ m) has a µ-

open refinement    :VV   which is locally finite w .r .t μ.   

 

(2.1.3) Proposition.  

                Every (τ -μ )paracompact w .r .t. μ bitopological space ( X, τ ,μ ) is 

m (τ-μ)paracompact w .r .t μ . 

 

Proof  

 
            Let ( X, τ, μ )  be a (τ -μ )paracompact w .r .t. μ. Let    :UU is  

τ-open cover of X with cardinality ≤m . By hypothesis U has a μ-open 

refinement    :VV which is locally finite w .r .t μ. Hence (X, τ ,μ ) is 

m(τ-μ)paracompact w.r.t μ . 
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(2.1.4) Definition. 

 
             A bitopological space (X , τ ,μ) is called (m-) (τ - μ) semiparacompact  

w .r .t μ , if for every τ-open cover    :UU of X (with cardinality ≤ m) 

has a μ -open refinement   VV   which is  σ-locally finite. w.r.t μ  . 

 

(2.1.5) Proposition.  
 

           Every (τ -μ )semiparacompact w .r .t. μ bitopological space ( X , τ ,μ ) 

is m(τ -μ )  semiparacompact w .r .t μ . 

 

This proof  uses exactly the same proof of the Proposition (0.9.3) one 

just replaces the locally finite by σ-locally finite. 

 

(2.1.6) Theorem  

 
           Every  m(τ-μ )paracompact w .r .t. μ bitopological space ( X , τ, μ ) is 

m(τ -μ )semiparacompact w .r .t μ . 

 

Proof  

 
           Let ( X, τ , μ )  be an  m(τ-μ )paracompact w .r .t μ. Let 

   :UU is τ-open cover of X with cardinality ≤ m .By hypothesis 

there exist a μ-open refinement }:{  VV  of U which is locally finite  

w.r.t.μ. By Remark (9.0.7) ,V is σ-locally finite. w . r .t. μ.  Hence the space  

( X, τ ,μ ) is  m(τ-μ ) semiparacompact w .r. t. μ by Definition (0.9.4) . 
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(2.1.7) Corollary 

 
          Every  (τ-μ )paracompact w .r .t. μ bitopological space ( X , τ ,μ ) is 

(τ-μ)  semiparacompact w .r .t. μ . 

 

Proof  

 
        Let ( X, τ,μ )  be a (τ -μ )paracompact w .r .t μ. Let    :UU be a  

τ-open cover of X .By hypothesis there exist a μ-open refinement 

}:{  VV  which is locally finite w .r .t μ. By Remark (9.0.7) ,V is σ-

locally finite w .r .t μ .Hence the space ( X, τ, μ ) is (τ-μ )semipracompact  

w .r. t. μ. 

 

(2.1.8) Corollary  

 
         Every  (τ-μ )paracompact w .r .t. μ bitopological space ( X , τ ,μ ) is 

m(τ -μ )semiparacompact  w .r .t μ . 

 

Proof  
 

        The proof is immediately follows from Proposition (0.9.3) and 

Theorem (0.9.6)  

 

(2.1.9) Definition. 

 
              A bitopological space (X,τ ,μ) is called (m) (τ - μ ) -a-paracompact 

w .r .t μ ,if for every τ - open cover    :UU  of X (with cardinality  

≤ m) has a  refinement }:{  VV  of U not necessary either µ-open or  

µ-closed  which is locally finite . w .r .t. μ  . 
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(2.1.10) Proposition. 

 
             Every (τ-μ )-a-paracompact w .r .t. μ bitopological space ( X , τ ,μ ) 

is m (τ -μ ) -a-paracompact w .r .t μ . 

 

Proof  
 

        Let ( X, τ,μ )  be a (τ -μ ) -a- paracompact w .r .t.μ. Let 

   :UU be a  τ -open cover of X with cardinality ≤ m .By hypothesis 

U has a refinement   VV not necessary either  μ -open  or μ -closed 

which is locally finite .w .r .t μ. Hence ( X, τ, μ ) is m(τ-μ )-a-paracompact w 

.r. t μ. 

 

(2.1.11)Theorem. 

 
           Every  m(τ -μ )semiparacompact w .r .t.μ bitopological space  

( X , τ ,μ ) is m (τ -μ ) -a-paracompact w .r .t. μ . 

 

Proof     

        Suppose that  ( X, τ ,μ )  be m (τ -μ )semiparacompact w .r .t.μ. Let 

   :UU be a  τ -open cover of X with cardinality ≤m ,then U has   

µ-open refinement V of U which is σ-locally finite w .r .t. μ , i.e n
n

VV





1

  

where each nV  is µ-open collection which is locally finite w.r.t.µ , say 

   :nn VV .For each n, let 


nV Wn  , then Wn   is μ - open set. 

Since   





































111 n

n

n

n

n

n WVV






  Then the collection   nWW n  is 

μ-open cover of X. 
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Define : 

           
ij

jii WWA


 / , i=9,0,… 

then  INnAA n  :  be a collection of sets they are not necessary either  

μ-open or  μ-closed.We claim that A is  

(i) cover of X. 

(ii) refinement of W. 

(iii) locally finite w .r .t. μ . 

 proof of (i) 

       Let x Є X ,Then xЄ Wn for some n. Let n(x)is the first i for which  

xЄ Wi  then x Є An(x) ; hence A covers X. 

proof of (ii) 

       Let An Є A then there exsist Wn ЄW such that  
nm

mWWn/  An


 . Hence 

nWnA  .There fore A refines  W. 

proof of (iii)  

       Let x Є X x Є Wn(x) where n(x)is the first index , then Wn(x) is  

μ-open nhd of x. Since  ixnW )(  for  )(xni , therefore  A is locally finite 

w.r.t.μ .  

       Now ,   INxnVA nn  ),(  is refinement of U which is locally 

finite w.r.t. μ by Lemma (9.0.92) and   is a collection of sets not necessary 

either μ-open or μ-closed . Hence (X,τ,μ) be m(τ-μ )-a- paracompact w.r.t.μ  

by Definition (0.9.1) . 

 

In a same way we can proof the following corollary. 
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(2.1.12)Corollary . 

              Every (τ-μ )semiparacompact w .r .t. μ bitopological space (X,τ,μ) 

is (τ-μ )-a-paracompact w.r.t μ . 

 

(2.1.13)Corollary  

            Every (τ-μ )semiparacompact w .r .t. μ bitopological space ( X, τ ,μ ) 

is m (τ-μ ) -a-paracompact w .r .t μ . 

 

Proof  

        The proof follows immediately from Proposition (0.9.5) , and  

Theorem (0.9.99) 

 

(2.1.14)Corollary  

           Every m (τ-μ )paracompact w .r .t. μ bitopological space ( X, τ ,μ ) is 

m (τ-μ )- a-paracompact w .r .t. μ . 

 

Proof  

The proof follow immediately from Theorem (0.9.6) and  

Theorem (0.9.99) 

 

(2.1.15)Corollary  

             Every (τ-μ )paracompact w.r.t. μ bitopological space ( X, τ ,μ ) is  

(τ-μ )- a-paracompact w.r.t. μ .  
 

Proof  

         The proof follow immediately from Proposition (0.9.7) and  

Corollary (0.9.90) . 
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(2.1.16)Corollary 

              Every (τ-μ ) paracompact w .r .t .μ bitopological space ( X, τ ,μ ) is 

m(τ-μ ) -a-paracompact w .r .t .μ . 

 

Proof 

The proof follow immediately from Corollary (0.9.95) and  

Proposition (0.9.92). 

 

The following diagram show the relation a among the spaces which have 

been studied  above  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(τ-μ ) paracompact 

w .r .t μ. 

m(τ-μ ) paracompact 

w .r .t μ. 

(τ-μ )semiparacompact             

w .r .t μ. 

m(τ-μ)semi paracompact               

w .r .t μ. 

(τ-μ ) a- paracompact                        

w .r .t μ. 

m(τ-μ ) –a- paracompact                        

w .r .t μ. 
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§ (2-2) Paracompactness and Subspaces . 
 
 

         In this section we give some theorems that related the  

paracompactness with separation axioms in bitopological spaces. Also we 

give some theorems concerning the subspaces of paracompact bitopological 

spaces . 

 

 

(2.2.1) Theorem 
 

         If ( X, τ ,μ ) be an m(τ-μ )paracompact w .r .t μ. and pairwise 

Hausdroff space such that every τ- closed set in ( X, τ ,μ ) having cardinality 

  m , then ( X, τ ,μ ) is m(τ ,μ, μ )-regular space .  

 

Proof  
 

          Suppose that. ( X, τ ,μ ) be an m(τ-μ ) paracompact w .r .t. μ , and A be 

a τ- closed set in ( X, τ ,μ ) having cardinality   m, and x Є X / A . Since  

( X, τ ,μ ) is pairwise Hausdorff, then for each yЄA, we can  find τ–open set 

Vy and μ-open set Uy, such that yUx  , 
yVy,  and yy VU  the 

collection yV{ : y  }/{}    form a τ – open cover of X having 

cardinality   m. and  has  μ-open refinement }:{  WW which is 

locally finite w.r.t. μ. 

Set  

                 }:{ 



 


 WWV  

then V is μ-open set containing A. 
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For let  Wpp such that  W  

               ,WP for some  such that  W  

                 







 WWp ,  

Hence  V  . Since the μ- open cover W is locally finite. w.r.t. μ,then x 

has a μ-nhd U* which meet only finitely many Wγ9,….Wγn .If some  

Wγi, i=9,0,…n meets A  i.e  AW I  , then  /iW is impossible thus 

there exists Wγi .such that yii VW  . 

Set 

                 










yi

n

i

UUU
1

*  , 

then x Є U and U is μ- open set. Finelly, we need to show VU  . Assume 

contrary that VU  ,then there exist at least one point p such that 

p VU   

VpUp   

niUp iyi .....2,1,,   

yiyi VpV 
 

yiyi VpUp   

yiyi VUp   

Hence yiyi VU  , but that contradiction . 

Thus VU  .Therefore the bitopological space (X,τ,μ) is m(τ,μ,μ)- regular 
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(2.2.2) Corollary 

       If ( X, τ ,μ ) be a (τ-μ ) paracompact w .r .t. μ ,and pairwise Hausdroff 

then ( X, τ ,μ ) is (τ,μ,μ ) –regular. 

The proof uses exactly the same as above theorem with omitting the 

condition "every τ- closed set having cardinality   m”.     

 

(2.2.3) Theorem 

 
       If ( X, τ,μ ) be an m (τ -μ )paracompact w .r .t μ , and pairwise 

Hausdorff space, such that every τ-closed set in ( X, τ,μ ) having cardinality 

  m , then ( X, τ,μ ) is m(τ,μ,μ )-normal . 

 

proof 

         Suppose that ( X, τ ,μ ) be an m(τ -μ ) paracompact w .r .t μ .Let A , 

and B be disjoint τ- closed set in ( X, τ ,μ )such that they having cardinality 

  m. Since ( X, τ ,μ ) is pairwise Hausdorff, then for each xЄA,yЄB we can  

find τ–open set Ux and μ-open set Vx , such that xx VyUx  ,  , and 

xx VU   . Then :{ xU  x  }/{}    form a τ-open cover of X 

having cardinality   m. Then  has  μ-open refinement }:{  WW  

which is locally finite w.r.t μ.  

Set 

                            },{ 



 


 WWU . 

Then U is μ-open set contains A. For, let   ,Wpp  such 

that  W  ,WP for some   such that  W                 

  





 WWp ,  Up  . Hence U . 
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For each yЄB ,we can find µ-open nhd Hy of y which meets only 

finitely many Wγ, say Wγ9(y),…, Wγn(y) (the value of n also depending on y) . 

Each Wγi(y) which meets A i.e Wγi∩A   ,then WγiX/A is impossible . 

Thus there exists Ux i such that Wγi(y)   Ux i for xi Є A. 

Set         











xi

n

i
yy VHG

1

 . 

Then Gy  is µ-open set which contains y but does not meet U 

Let    y
y

GV


  .Then V is  µ-open set, and V .For , let  yGpBp   for 

some By . y
By
GUp


 i.e Vp .Finelly, we need to show U∩V   . 

Assume contrary that  U∩V   then there exists at least one point p such  

 that p VU   

VpUp   

niVp ixi .....2,1,,   

 xixi UpU   

 xixi UpVp   

  xixixixi UVUVp   but that contradiction . 

Thus U∩V   . Therfore ( X, τ ,μ ) is m(τ ,μ,μ )-normal. 

 

(2.2.4) Corollary.  
 

       If ( X, τ,μ ) be a (τ -μ ) paracompact w .r .t. μ ,and pairwise Hausdorff 

space then it is (τ, μ, μ ) –normal .  

 

proof 

       The proof uses exactly the same as above theorem with omitting the 

condition "every τ- closed set having cardinality   m".     
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(2.2.5 )Theorem 

 
       Let ( X, τ ,μ ) be a bitopological space and let (Y, τY ,μY ) be a τ- closed 

subspace of (X ,τ, μ ).If (X ,τ, μ ) is m(τ-μ ) paracompact w .r .t .μ , then  

(Y, τY ,μY ) is m(τY-μY ) paracompact w .r .t. μY .  

 

Proof  

         Suppose that (Y,τY,μY) be a τ- closed subspace of m(τ-μ ) paracompact 

w .r .t.μ space (X,τ ,μ).To show that (Y,τY,μY) is m(τY-μY)paracompact  

w .r .t μY. 

Let                                be a τY- open cover of Y with cardinality   m.  

Since         is τY-open subset of Y, there is τ- open subset V   of X such that 

each                           . The collection. 

                    V{ : }/{} Y   

form a τ-open cover of`` X with cardinality   m. For , let x  .If Yx ,then 

Yx /    ./YVx 


 


. If 



UxYx 


    

   







VxYVYVx  


 . 

 YVx /


 



.Thus  is τ-open cover of X. Since  m, then   

having cardinalitym.By hypothesis   has μ-open 

refinement }:{  WW  which is locally finite w.r.t. μ.               

         Now, let  А ={ }  YW ,then А is a collection of μY-open subset of 

Y. We claim that А is  

(i) cover Y 

(ii) refine U 

(iii)  locally finite w.r.t.μ.  

proof of (i). 

U

YVU  

.

}:{  UU
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            Let  yYy .Since W covers X, then 



WyWy 


 for 

some YWy    for some   





 YWx , hence А covers Y. 

 proof of (ii) 

            Since W refines  ,then WW   ,there exists V such that 

YVYWVW    .But YVU   ; Hence  UYW  .Hence for 

every member of А there exists member of U containing it. Thus А refines U  

Proof of (iii) 

             А is locally finite.w.r.t μY by Lemma (9.0.2) . Therefore (X, τY ,μY ) 

is m(τY – μY ) paracompact w .r .t. μY. 

 

(2.2.6)Corollary. 
 

        Let ( X, τ ,μ ) be a bitopological space and let (Y, τY ,μY ) be a τ- closed 

subspace of (X ,τ, μ ).If (X ,τ, μ ) is (τ-μ) paracompact w .r .t μ , then  

(Y, τY ,μY) is (τY-μY) paracompact w .r .t μY .  

 

(2.2.7)Theorem 

 
        Let ( X, τ ,μ ) be a bitopological space and let  }::  iii   be 

a partition of X. the space (X,τ,μ) is m(τ-μ)paracompact w .r .t .μ iff (Xi,τi,μi) 

is m(τi -μi ) paracompact  w .r .t .μi .  for every i.  
 

Proof  

        The "only if "part. Since j



ij

X/Xi  is τ- closed , then the subspace 

(Xi , τ i ,μi) is m(τi - μi) paracompact  w .r .t μi for every i by Theorem (0.0.5) 

The "if" part . 
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        Let }:{  UU be a τ- open cover of X with cardinality m .The 

collection }:{   iU  is τi-open cover of Xi with cardinalitym for 

every i. For ,let Uxxx i   for some iUx  .  for some 

 .Then 

  


iUx  



 cover Xi. Since (Xi, τi ,μi) is m(τi -μi) paracompact 

w .r .t μi . i , there exist a μi- open refinement    :{A iiA  of which 

is locally finite. w.r.t .μi.  

        Let        W= 


i

Ii

 .We claim that W is  

(i) μ- open  cover of X 

(ii) refine U 

(iii) locally finite w.r.t. μ.   

 proof of (i)  

         Since Aiλ is μi- open and Xi Є μ then Aiλ is μ-open set by  

Theorem (9.9.3), and consequently, W is a collection of μ-open sets. Now 

since   





































 



 



 Ii

i

Ii

ii

Ii

 . Hence W cover X. 

proof of (ii) 

       Let WA
Ii

i 


 .Since Аi refines  then for every i , ii U    

 for some  . 







 UUU
Ii

i

Ii

I 













   .Hence W refines U. 

proof of (iii) 

Let x  , if x i , then x has μi- open nhd N intersect at most finitely 

many member of Ai . In other word N Aiλ=  for all but finitely many λ 
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.    


i
Ii

AN  for all but finitely many λ.  







i
Ii

AN   for all but 

finitely many λ. Since N is μi – open nhd of x and Xi Єμ then N is μ – open 

nhd of x by Theorem(9.9.3) and WAi
Ii




  hence W locally finite w.r.t μ . 

Hence (X,τ,μ) is m(τ - μ) paracompact w .r .t .μ. 

 

 (2.2.8) Corollary.  

          Let (X,τ,μ) be a bitopological space , let  Iiii  ,:    

be a partition of X. The space ( X, τ ,μ ) is (τ -μ ) paracompact w .r .t. μ iff 

the space (Xi , τ i ,μi) is (τi -μi ) paracompact w .r .t. μi   for every i.  

 

(2.2.9) Theorem  
           Let (X, τ ,μ) be a m( τ -μ) paracompact w.r.t. μ bitopological space 

and let (Y,τY ,μY) be a subspace of(X, τ ,μ). If  Y is τ-Fσ set then (Y,τY ,μY) is 

m( τY-μY) semiparacompact w.r.t. μY. 

 

Proof 

 
      Suppose Y is τ-Fσ . Then nYY  where each Yn,is τ- closed .  

Let }:{  UU be a τY-open cover of Y with cardinality ≤ m.Since each 

Uλ is τY- open subset of Y, we have Uλ = Vλ∩Y, where Vλ is τ-open subset 

of X for each λ Є ∆. For each fixed n ,      nn YXVE /:   form a  

τ-open cover of X with cardinality ≤ m.By hypothesis En has a μ-open 

refinement   INnWW n  ,:  which is locally finite .w.r.t.μ.For each n, 

let    nnnn YWYWB  : .Let nBB  .We claim that B is  

(i) collection of μY-open set 

(ii) covers  Y 
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(iii)  refines  U 

(iv)  σ- locally finite w.r.t. μY 

  

   proof of (i) . 

           Since Wλ is μ-open, then Wλn ∩ Y is μY –open . 

    proof of (ii) 

           If y Є Y y Є Yn for some  n and then for some set  

Wλn Є W x Є Wλn ∩Y; hence B covers Y. 

    proof of (iii)  

          Here WλnX/Yn is impossible so that Wλn  Vλ for some λ  

Wλn∩Y Vλ∩Y=Uλ for some Uλ Є U intersecting Yn so that B refines U. 

    proof of (iv)  

          Since W is locally finite w.r.t.μ. Then Bn is locally finite .w.r.t. μY by 

Lemma (9.0.2) .Hence B is  σ- locally finite w.r.t. μY . There for (X, τ ,μ) is 

m(τY -μY) semiparacompact w.r.t. μY. 

 

(2.2.10) Corollary 

 
           Let (X, τ ,μ) be a ( τ -μ) paracompact w.r.t. μ bitopological space and 

let (Y,τY ,μY) be a subspace of (X, τ ,μ) . If Y is τ-Fσ then  

(Y,τY ,μY) is( τY-μY) semiparacompact w.r.t. μY. 

 

(2.2.11) Corollary 

 
            Let (X, τ ,μ) be a m (τ -μ) paracompact w.r.t. μ biological space and 

let (Y,τY,μY) be a subspace of (X, τ ,μ) If Y is τ-Fσ then  

(Y,τY ,μY) is m( τY –μY)-a-paracompact w.r.t. μY. 
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Proof  
 

        The proof follows immediately from Theorem (0.0.1) and  

Theorem (0.9.99) 

 

(2.2.12) Corollary . 

 
          Let (X, τ ,μ) be a ( τ-μ) paracompact w.r.t. μ bitopological space and 

let( Y,τY ,μY) be a subspace of(X, τ ,μ) .If Y is τ-Fσ , then  (Y,τY ,μY) is  

(τY-μY) –a-paracompact w.r.t. μY 

 

Proof  

 
       The proof is immediately follows from Corollary (0.0.92) and 

Corollary (0.9.90) 

 

(2.2.13 )Theorem 

 
          let ( X, τ ,μ ) be a bitopological space and let (Y, τY ,μY ) be a τ- closed 

subspace of (X ,τ, μ ).If (X ,τ, μ ) is m(τ-μ )-a- paracompact w .r .t .μ , then 

(Y, τY ,μY ) is m(τY ,μY )-a- paracompact w .r .t. μY .  

 

Proof  

 

        Suppose that (Y,τY,μY) be a τ- closed subspace of m(τ-μ)-  

a- paracompact w .r .t. μ space ( X, τ ,μ ). To show (Y,τY,μY ) is  m(τY -μY)- 

a- paracompact w .r .t. μY. 

Let                                be a τY- open cover of Y with cardinality m.  

U

}:{  UU
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Since each         is τY-open subset of Y, there is a τ- open subset V   of X 

such that each                       .  The collection V{ : }/{} Y   form a  

τ -open cover of  X with cardinality  m. For , let x  . If Yx ,  then 

Yx /     ./YVx 



 



 If 



UxYx 


   

   







VxYVYVx  


  

 YVx /


 



 thus  is τ – open cover of X. Since  m, then   

having cardinality   m . By hypothesis   has refinement 

}:{  WW (not necessarily either μ-open or μ-closed) which is locally 

finite w.r.t μ.               

   Now, let    ,YWA  ,then A is a collection of subsets of Y (not 

necessarily either μY-open or μY-closed).We claim that A is 

(i) cover Y  

(ii) refine U  

(iii)  locally finite . w.r.t .μY.               

Proof of (i) 

      Let XyYy  .Since W covers X, then 


WyWy 


  for some 

YWy    for some  YWx  





 ; hence A covers Y. 

proof of (ii) 

      Since W refines  , then WW   , there exists V  such 

that YVYWVW    .But YVU   ;hence  UYW  . Hence for 

every member of A there exists member of U containing it.Thus A refines U. 

 proof of (iii)  

YVU  

.

.
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       A is locally finite w .r .t. μY by Lemma (9.0.2). Therefore (Y, τY ,μY ) is 

m(τY - μY )-a- paracompact w .r .t. μY. 

 

 

(2.2.14)Corollary 

 
         Let ( X, τ ,μ ) be a bitopological space and let (Y, τY ,μY ) be a  

τ- closed subspace of (X ,τ, μ ).If (X ,τ, μ ) is (τ -μ )-a- paracompact w .r .t. μ 

, then (Y, τY ,μY ) is (τY -μY )-a- paracompact w .r .t .μY .    

 

(2.2.15)Theorem 

 
      Let ( X, τ ,μ ) be a bitopological space and let  }::  iii    

be a partition of X. The space ( X, τ ,μ ) is m(τ -μ )-a- paracompact  w .r .t. μ 

,iff (Xi ,τi,μi) is m(τi -μi )-a- paracompact  w .r .t. μi   for every i.  

 

Proof  

          The "only if "part. Since j



ij

X/Xi  is τ- closed , then the subspace 

(Xi,τi,μi) is m(τi-μi)-a-paracompact w.r.t.μ  for every i by Theorem (0.0.93) 

The "if" part . 

 Let }:{  UU be a τ-open cover of X with cardinality   m .The 

collection }:{   iU  is τi- open cover of Xi with cardinality   m  

for every i . For ,let Uxxx i   for some iUx  .  for 

some  .Then   


iUx  



 cover Xi. Since  m, then   having 

cardinality   m. Since (Xi, τi ,μi) is m(τi -μi)-a- paracompact w .r .t. μi i , 

there exist a refinement    :{A iAi  of  (not necessarily either  

μi-open or μi-closed) which is locally finite. w.r.t μi.  
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          Let        W= 


i

Ii

 .We claim that W is  

(i) cover of X(not necessarily either μ-open or μ-closed) 

(ii) refine U 

(iii) locally finite w.r.t .μ.   

      proof of (i) 

            Since Aiλ is (not necessarily either μi-open or μi-closed)                     

then it is not necessarily either μ-open or μ-closed sets.  

         Now since   





































 



 



 Ii

i

Ii

ii

Ii

. 

  Hence W cover X. 

    proof of (ii) 

         Let WA
Ii

i 


 .Since Аi refines  then for every i , ii U    

 for some .  









 UUU
Ii

i

Ii

I 













   .Hence W refines U. 

    proof of (iii). 

       Let x  , if x i , then x has μi- open nhd N intersect at most finitely 

many member of Ai . In other word N Aiλ=  for all but finitely many λ 

.    


i
Ii

AN  for all but finitely many λ.  







i
Ii

AN   for all but 

finitely many λ. Since N is μi – open nhd of x and Xi Єμ then N is μ – open 

nhd of x by Theorem(9.9.3) and WAi
Ii




  hence W locally finite w.r.t μ . 

Hence (X,τ,μ) is m(τ-μ) –a- paracompact w.r.t μ. 

 

(2.2.16) Corollary.  
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             Let ( X, τ ,μ ) be a bitopological space, let  Iii   : be 

a partition of X. The space ( X, τ ,μ ) is (τ -μ )-a- paracompact w .r .t .μ iff 

the space (Xi , τi ,μi) is (τi -μi ) –a-paracompact w .r .t μi   for every i.  

 

(2.2.17) Theorem. 

 
         If each τ-open set in an m(τ-μ) paracompact w .r .t μ  bitopological 

space (X,τ,μ) is m(τ-μ) paracompact w .r .t. μ  , then every subspace  

(Y, τY, μY) is m(τY-μY) paracompact w .r .t .μY . 

 

Proof 
         

Let    :UU  is a τY-open cover of  Y with cardinality m  . 

Since each U is τY-open inY,we have YVU    where V  τ-open subset of 

X,for every  .Then 


VUG


 is a τ-open set . Let    ,VV be a  

τ-open cover of G with cardinality m .By hypothesis G is m(τ-μ) 

paracompact w .r .t. μ  .ThusV  has a μ-open refinement    ,AA  which 

is locally finite w .r .t μ . 

    Set 

            ,BB , where YAB   . 

We claim that B is 

(i) μY-open cover of Y, 

(ii) refine U 

(iii) locally finite w .r .t μY. 

    proof of (i). 
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      Since Aγ,is μ-open in X ,then Bγ is μY-open inY . i.e B is a collection of 

μY-open sets. Clearly that B cover Y. 

 

   proof of (ii). 

       Let BB  . YABAA   . 

Since A refines ., YVYAVAVVAAV    i.e 
 UB   

   proof of (iii). 

    Let  XyYy  μ-nhd N of   ANy   for all but finitely many γ 

      YAYN   for all but finitely many γ.Since YNM   is μY-nhd 

of y,and YAB   , then  BM   for all but finitely many γ.i.e B is 

locally finite w.r.t.μY. Therefore (Y,τY,μY) is m(τY-μY) paracompact w.r.t.μY.   

(2.2.18) Corollary 
 

        If each τ-open set in (τ - μ) paracompact w .r .t μ.  bitopological space 

is (τ - μ) paracompact w .r .t μ. Then every subspace (Y, τY, μY) is (τY-μY) 

paracompact  w .r .t. μY. 

 

(2.2.19) Theorem. 

 
       If f is (μ- τ`) closed , (μ-μ`) continuous mapping of a bitopological space 

(X,τ,μ) onto an m(τ`-μ`) paracompact w.r.t.μ` bitopological space (Y,τ`,μ`) 

such that YyyfZ   ),(1
 is m(τ-μ) compact , then  (X,τ,μ) is m(τ-μ) 

paracompact w. r. t. μ . 
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proof: 

 
        Let    :UU  be a τ-open cover of X with cardinality m  . Then 

U cover of Z .Since Z is m(τ-μ) compact , there exists a finite subset γ of Δ 

such that 

UZ



  ,where Uλ is μ –open set for every  .  

       Let   be the family of all finite sub set γ of Δ , then m  . 

Set  

                 












 UXfYV //  . 

Since 

U



  is μ –open set , the set 

UX



/  is μ – closed , and since f  is  

( μ-τ`) closed , then 











UXf /  is τ`– closed in (Y,τ`,μ`) , hence Vγ is  

τ`–open ,and Vy  and   


 UVf


  1 . Therefore     :VV is τ`– open 

cover of Y with cardinality m . Since (Y,τ`,μ`) is m(τ`- μ`) paracompact  

w. r. t. µ` , then V has a μ` - open refinement    :WW  which is 

locally finite w. r. t µ` . 

Set         ,:1 UWf  . 

We claim that Π is 

(i) μ –open cover of X, 

(ii) refines U  

(iii) locally finite w. r. t µ. 

      Proof of (i) 

        Since wδ is  μ` - open  and f  is (μ-μ`) continuos ,the set  Wf 1  

is μ –open  ,and since Uλ is μ–open    , then    UWf 1  is  

μ–open , for every    , . 

     Now, if  UxUXx   and     WxfxfyYy   
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for some δ      UWfxWfx 11    for some(δ,γδ).i.e  covers X. 

   Proof of (ii) 

     Let   .1 

 UWf  since   

 UUWf 1  refines U. 

   Proof of (iii)  

    Let  xfyYyXx  . Since W is  locally finite w. r. t µ` ,then there 

is µ`- nhd N of y such that N intersect at most finitely many Wδ . In other 

word  WN   for all but finitely many δ      WNf 1  for all but 

finitely many δ        UWfNf  11  for all but finitely many (δ,λ) 

since f  is (μ- µ`) continuous ,then  Nf 1  is µ-nhd of x, and   

 UWf 1  

,hence   is  locally finite w. r. t .µ.Therefore(X,τ,μ) is m(τ-μ) paracompact 

w. r. t µ. 

 
(2.2.20) Corollary . 

 

        If f is (μ- τ`) closed , (μ-μ`) continuous mapping of a bitopological 

space (X,τ,μ) onto an (τ`-μ`) paracompact w.r.t.μ` bitopological space 

(Y,τ`,μ`) such that YyyfZ   ),(1
 is (τ-μ) compact , then  (X,τ,μ) is 

(τ-μ) paracompact w. r. t. μ . 

 

(2.2.21) Theorem. 

 
       If f is (μ- τ`) closed , (μ-μ`) continuous mapping of a bitopological space 

(X,τ,μ) onto an m(τ`-μ`)semiparacompact w.r.t.μ` bitopological space 

(Y,τ`,μ`) such that YyyfZ   ),(1
 is m(τ-μ) compact , then  (X,τ,μ) is  

m(τ-μ)semiparacompact w. r. t. μ . 
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Proof 

 
        Let    :UU  be a τ-open cover of X with cardinality m  .Then U 

cover of Z. Since Z is m (τ-μ)compact ,there exists a finite subset γ of    

such that 

UZ



  ,where Uλ is μ-open set for every  . 

Let   be the family of all finite subset  of , then m . 

    Set 

               












 UXfYV // . 

Since 

U



  is μ-open set, the set 

UX



/ is μ-closed ,and since f  is  

(μ- τ`)closed, then 











UXf / is  τ`-closed in(Y,τ`,μ`) ,hence Vγ is τ` -open 

and Vy and   


 UVf


  1 .Therefore    :VV is τ` -open cover of Y 

with cardinality m .Since (Y,τ`,μ`) is m (τ`-μ`) semiparacompact w. r. t 

µ`,then V has μ`-open  refinement n
n

WUW   where every Wn is locally finite 

w. r. t μ`. 

Set 

                :nn WW .Thus    :n
n

WUW . 

Set n
n

CUC  ,where    








 

  ,:1 UWfC nn  . We claime that Cn is  

(i) collection of μ-open set 

(ii) locally finite w. r. t. µ. 
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   Proof of (i)  

      Since Wnδ is μ` -open    and f is (μ-μ`) continuous, the set 

 nWf 1  is μ-open   ,and since Uλ is μ-open      , then 

   UWf 1  is μ-open     , . 

   Proof of (ii) 

     Let  xfyYyXx  .Since Wn is locally finite w. r. t. μ 

nhd   N of y such that  nWN   for all but finitely many 

δ      









  UWfNf n  11  for all but finitely many (δ,λ) since f  is  

(μ-µ`) continuous ,then  Nf 1 is µ-nhd of x .Hence Cn is locally finite  

w.r.t μ. 

      Its remains to show that C is :  

(i*) cover X  

(ii*) refine U 

 

  proof of (i*)  

     Let  UxUXx   and    nn WyWxfyYy   for some 

n,δ  nWfx
1

  for some n,δ    UWfx n 1  for some( δ,λ).  

Proof of (ii*) .  

Since      UUWfUUWf n
n

nn 









 





  1

1
,

1 ,   

i.e   refine Uλ. Therefore (X,τ,μ) is m(τ-μ) semiparacompact w. r. t μ. 
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(2.2.22) Corollary 

 
       If f is (μ- τ`) closed , (μ-μ`) continuous mapping of a bitopological space 

(X,τ,μ) onto an (τ`-μ`)semiparacompact w.r.t.μ` bitopological space (Y,τ`,μ`) 

such that YyyfZ   ),(1  is (τ-μ) compact , then (X,τ,μ) is  

(τ-μ)semiparacompact w. r. t. μ . 
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§(2-3) Pairwise Paracompact spaces.  

 
       In this section we study the concept of pairwise paracompact spaces.  

 

(2.3.1) Definition [15] 

 
The bitopological  space ( X, τ, μ) is called  

 

(i) RR-pairwise (m-) paracompact if the space is (m-)( τ- τ) 

paracompact w.r.t. μ, and (m-) (μ- μ) paracompact w.r.t  τ.  

 

(ii) FHP -pairwise  (m-) paracompact if the space is (m-)(τ-μ)  

paracompact w.r.t  μ and (m-)(μ - τ) paracompact w.r.t  τ. 

 

(iii) α-pairwise (m-) paracompact if the space is (m-) (τ-( τ v μ))  

paracompact w.r.t  μ and (m-)(μ -( τ v μ)) paracompact w.r.t  τ . 

 

    (iv) β- pairwise  (m-)  paracompact if the space is (m-) (τ-( τ v μ))   

paracompact w.r.t  τ and (m-)( μ -( τ v μ)) paracompact w.r.t  μ. 

 

(2.3.2) Definition  

 
  The bitopological  space ( X, τ, μ) is called  

 

(i) RR-pairwise (m-)semiparacompact if the space is  

(m-)(τ-τ)semiparacompact w.r.t.μ, and (m-)(μ- μ)semiparacompact 

w.r.t  τ. 

 

(ii) FHP -pairwise  (m-)semiparacompact if the space is  

(m-)(τ-μ)semiparacompact w.r.t.μ and (m-)(μ- τ)semiparacompact 

w.r.t  τ. 
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(iii) α-pairwise (m-)semiparacompact if the space is  

(m-)(τ-(τvμ))semiparacompact w.r.t μ and (m-)(μ-(τv μ)) 

semiparacompact w.r.t  τ . 

 

    (iv) β- pairwise  (m-)semiparacompact if the space is (m-) (τ-( τ v μ)) 

semiparacompact w.r.t  τ and (m-)( μ -( τ v μ))semiparacompact  

w.r.t  μ. 

 

(2.3.3) Definition  
    

              The bitoplogical  space ( X, τ, μ) is called  

 

(i) RR-pairwise (m-)-a-paracompact if the space is (m-)( τ- τ)-  

a-paracompact w.r.t. μ, and (m-) (μ- μ)-a-paracompact w.r.t  τ. 

 

      (ii) FHp -pairwise  (m-)-a- paracompact if the space is (m-) (τ-μ)- 

a-  paracompact w.r.t  μ and (m-)(μ - τ)-a- paracompact w.r.t  τ. 

 

(ii) α-pairwise (m-)-a- paracompact if the space is (m-) (τ-( τ v μ))- 

a-  paracompact w.r.t  μ and (m-)(μ -( τ v μ))-a- paracompact 

w.r.t.τ. 

 

    (iv) β- pairwise  (m-)-a-  paracompact if the space is (m-) (τ-( τ v μ))- 

a- paracompact w.r.t  τ and (m-)( μ -( τ v μ))-a- paracompact w.r.t  μ. 
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(2.3.4) Proposition 
 

(i) Every RR-pairwise (semi, a-) paracompact is RR-pairwise  

m (resp.semi, a-) paracompact .  

 

(ii) Every FHp – pairwise( semi, a-) paracompact is FHP- pairwise 

m(resp.semi, a-) paracompact.  

 

(iii) Every α - pairwise( semi, a-) paracompact is α -  pairwise 

m(resp.semi, a-) paracompact . 

 

  (iv) Every  β- pairwise( semi, a-) parcompact is β -  pairwise 

m(resp.semi ,a-) paracompact. 

 

(2.3.5) Theorem  

 
       Every RR- pairwise m- paracompact is α- pairwise m- paracompact. 

 

Proof 
  

      Let(X, τ , μ) be RR- pairwise m- paracompact.To show (X, τ , μ) is  

m (τ –(τvμ)) paracompact w.r.t. μ. Let U={ Uλ: λ Є ∆} be a τ-open cover of 

X with cardinality ≤ m. By hypothesis (X, τ , μ) is m(τ - τ) paracompact 

w.r.t. μ. Hence U has a τ-open refinement V={Vγ:γє┌}which is locally finite 

w.r.t. μ. Since every τ-open set is (τvμ)-open because τ   τ vμ. Thus V 

is(τvμ)-open refinement of U which is locally finite w.r.t μ.Hence(X, τ , μ) is   

m( τ- τvμ)- paracompact w.r.t. μ.To show(X, τ , μ)   is m(μ-τvμ) 

paracompact w.r.t. τ.  Let C= {Cα :α є Ω} be a μ-open cover of X with 

cardinality ≤m By hypothesis (X,τ,μ) is m(μ - μ) paracompact w.r.t. τ. Hence 

C has a μ-open refinement D= {Dγ:γЄ Г } which is locally finite  w.r.t. τ 
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since every μ-open set is  τ v μ – open because  μ   τ v μ . Thus D is a  

τ v μ – open refinement of C which is locally finite w.r.t. τ Hence (X, τ , μ) 

is  m ( μ- μ) paracompact w.r.t. τ There fore(X, τ , μ) is α- pairwise  

m – paracompact 

 

(2.3.6) Corollary 
 

      Every RR-pairwise paracompactis α- pairwise paracompact. 

 

(2.3.7) Theorem.  

 
       Every FHP- pairwise m-paracompactis α- pairwise m-paracompact. 

 

Proof  
          Suppose that( X, τ , μ) be FHP- pairwise m- paracompact. First we 

need to show that (X,τ,μ) is an m (τ-τvμ) paracompact w.r.t μ.  

Let U={ Uλ: λ Є ∆} be a τ-open  cover of X with cardinality ≤ m . Since  

(X, τ , μ)be an m(τ – μ) paracompact w.r.t  μ  then there is μ-open  

refinement V={Vγ: γ є Г}of U which is locally finite w.r.t. μ . Hence (X,τ,μ) 

is m (τ - τvμ) paracompact w.r.t μ. No to show that (X, τ , μ) is m (μ –(τvμ) 

paracompact w.r.t. τ. Let C= {Cα :α є Ω} be a μ-open cover of X with 

cardinality  ≤ m. Since (X,τ,μ) is m(μ-τ) paracompact w.r.t. τ, then there is a 

τ-open refinement D={Dγ:γЄ Г} of C which is locally finite .w.r.t. τ. Since  

τ  τv μ, then D is( τv μ) –open refinement which is locally finite w. r.t. τ. 

Hence (X, τ , μ) is m (X, τ , μ) is α-pairwise m – paracompact .  

 

(2.3.8) Corollary 
      

    Every FHP-pairwise paracompact is α-pairwise paracompact. 
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(2.3.9) Theorem. 

  
Every RR-pairwise m-semiparacompact is α- pairwise  m–semiparacompact. 

 

Proof 
  

     Suppose that( X, τ , μ) be RR- pairwise m- semiparacompact. First we 

need to show (X, τ , μ)  an m (τ - τvμ)  semiparacompact w.r.t. μ.  

Let U={ U λ: λ Є ∆}be a τ-open cover of X with cardinality ≤ m. Since (X,τ, 

μ) be an m (τ- τ) semiparacompact w.r.t. μ then there is a τ-open refinement 

V of U which is σ- locally finite w.r.t. μ .Since τ  τvμ, then V is (τvμ) -

open refinement of U which is σ- locally finite w.r.t. μ. Hence (X, τ , μ)   be 

an m (τ – τvμ) semiparacompact w.r.t. μ.  

Now to show that (X, τ , μ) is an m (μ - τvμ)semiparacompact w.r.t. τ. 

Let C= {Cα :α є Ω} be a μ -open cover of X with cardinality ≤ m . 

Since (X, τ , μ) be an m (μ - μ) semiparacompact w.r.t. τ. Then  there is a  

μ -open refinement D of C which is σ- locally finite w.r.t. τ.Since μ  τvμ, 

then D is (τvμ)-open refinement of C which is σ- locally finite w.r.t. τ. 

Hence (X, τ , μ) is an m (μ - τvμ)semiparacompact w.r.t.τ. Hence ( X, τ , μ) 

is α- pairwise m–semiparacompact. 

 

(2.3.10) Corollary 

 
        Every RR-pairwise semiparacompact is α-pairwise semiparacompact. 

 

(2.3.11) Theorem. 

  
       Every FHP- pairwise m-semiparacompact is α–pairwise  

m– semiparacompact. 
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Proof  
 

     Suppose that( X, τ , μ) be FHP – pairwise m- semiparacompact. First we 

need to show (X, τ , μ)  is  m (τ - τvμ)  semiparacompact w.r.t. μ.  

Let U={ U λ: λ є ∆}be a τ-open cover of X with cardinality ≤ m . Since  

(X, τ , μ) be an m (τ- μ) semiparacompact w.r.t. μ ,then there is a μ -open 

refinement V of U which is σ- locally finite w.r.t. μ .Since μ   τv μ, then V  

is ( τvμ) -open refinement of U which is  σ- locally finite w.r.t. μ. Hence (X, 

τ , μ)  is an m (τ –( τvμ)semi- paracompact w.r.t. μ. 

      Now to show that(X, τ , μ) be  an m (μ - τvμ)  semiparacompact w.r.t. τ.  

Let C= {Cα :α є Ω}be a μ -open cover of X with cardinality ≤ m . Since  

(X, τ , μ) be an m (μ - τ) semiparacompact w.r.t. τ then  there is a τ-open 

refinement of U which is σ- locally finite w.r.t. τ. Since τ τvμ, then D is 

(τvμ)-open refinement of C which is σ- locally finite w.r.t.τ. Hence (X,τ, μ) 

is an m (μ - τvμ)  semi Paracompact w.r.t. τ.Thus  (X, τ , μ) is α –pairwise  

m– semiparacompact. 

  

(2.3.12) Corollary 
 

      Every FHP-pairwise paracompact is α –pairwise semiparacompact. 

 

(2.3.13) Theorem. 

  
      The bitopolgical space is  RR- pairwise m-a-paracompact iff it is  

α- pairwise m –a- paracompact 
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Proof  
 

     Suppose that( X, τ , μ) be RR – pairwise m- a-paracompact. First we need 

to show that (X, τ , μ)  is  m (τ - τvμ) -a-paracompact w.r.t. μ.  

    Let U={ U λ: λ є ∆} be a τ-open cover of X with cardinality ≤ m .  

Since (X, τ , μ) be an m (τ-τ) –a-paracompact w.r.t. μ then there is a 

refinement V of U not necessarily either τ –open  or τ-closed  which is 

locally finite w.r.t. μ  And also  V is not necessarily either  ( τvμ) –open or 

(τvμ) – closed . Hence (X, τ , μ)  is an  m (τ –( τvμ))-a- paracompact w.r.t. μ.    

     Now to show (X, τ , μ)  an m (μ - τvμ) –a- paracompact w.r.t. τ . 

Let C= {Cα :α є Ω} be a μ -open cover of X with cardinality ≤ m.  

Since (X, τ , μ) be an m (μ- μ) – a- paracompact w.r.t. τ then there is a 

refinement D of C  not necessarily either μ-open or μ-closed which is locally 

finite w.r.t. τ. And also D not necessarily either τv μ-open or τv μ-closed  . 

Hence (X, τ , μ)  is  an  m(μ –( τvμ))-a- paracompact w.r.t. τ. Thus(X, τ , μ) 

is α- pairwise m –a- paracompact. 

       Conversely, suppose that ( X, τ , μ)  is α- pairwise m –a- paracompact   . 

First we need to show (X, τ , μ)  is  m(τ - τ) –a-paracompact w.r.t. μ. Let 

U={ U λ: λ є ∆} be a τ-open cover of X with cardinality ≤ m. Since (X, τ , μ) 

be an m (τ-( τvμ)) –a-  paracompact w.r.t. μ. Then there is a refinement V of 

U not necessarily either (τvμ) -open or (τvμ) closed which is locally finite 

w.r.t. μ And also V is not necessarily either τ-open or τ – closed.  Hence  (X, 

τ , μ)  is  an  m(τ – τ)-a- paracompact w.r.t. μ . 

       Now to show that (X, τ , μ) is an m (μ - μ) –a- paracompact w.r.t. τ . 

Let C= {Cα :α є Ω} be a μ -open cover of X with cardinality ≤ m . Since  

(X, τ , μ) be an m (μ-(τvμ)) –a- paracompact w.r.t. τ , then  there is 

refinement D is not necessarily either (τvμ)-open or (τvμ)-closed . Hence  

(X,τ,μ)  is  an m (μ - μ) –a- paracompact w.r.t. τ .  Thus (X, τ , μ)  is an  

RR- pairwise m-a-paracompact. 
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 (2.3.14) Corollary 
 

      The bitopological space is RR-pairwise a-paracompact iff it is  

α- pairwise a - paracompact . 

 

(2.3.15) Theorem. 

  
     A bitopolgical space is  RR- pairwise m-a-paracompact iff it is FHP- 

pairwise m-a-paracompact.  

 

Proof  

 
     Suppose that( X, τ , μ) be RR – pairwise m- a-paracompact. First we need 

to show that (X, τ , μ)  is an m (τ - μ)  -a-paracompact w.r.t. μ. Let  

U={ Uλ: λ Є ∆}be a τ-open cover of X with cardinality ≤ m . Since (X, τ , μ) 

be an m (τ- τ) - a-  paracompact w.r.t. μ then there is a refinement V of U not 

necessarily either τ –open  or τ-closed  which is locally finite w.r.t. μ. And 

so  V is  not necessarily either μ –open  or μ -closed .Hence  (X, τ , μ)  is  an 

m ( τ-μ) –a- paracompact w.r.t. μ.  

     Now to show (X, τ , μ)  an m (μ - τ) –a- paracompact w.r.t. τ . 

Let C= {Cα :α є Ω} be a μ -open cover of X with cardinality ≤ m . Since  

(X, τ , μ) be an m (μ-μ) –a- paracompact  w.r.t. τ , then  there is refinement 

D of C not necessarily either μ-open or μ– closed which is locally finite 

w.r.t.τ. Hence (X,τ,μ)  is  an  (μ-τ)-a-paracompact w.r.t .τ . Thus (X, τ , μ) is 

FHP- pairwise m-a-paracompact. 

     Conversely, suppose that( X, τ , μ) be FHP – pairwise m- a-paracompact. 

To show (X, τ , μ)  is  m (τ - τ)  -a-paracompact w.r.t. μ. Let  

U={ U λ: λ Є ∆}be a τ-open cover of X with cardinality ≤ m . Since (X, τ , μ) 
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be an m (τ -μ) –a- paracompact w.r.t. τ , then  there is refinement V of U not 

necessarily either μ-open or μ– closed . which is locally finite .w.r. μ.And so 

V is not necessarily either τ -open or τ – closed . Hence  (X, τ , μ)  is  an   

(τ- τ)-a -paracompact w.r.t. μ.    

        Now to show that (X, τ , μ) be an m (μ - μ) –a- paracompact w.r.t. τ . 

Let C= {Cα :α є Ω} be a μ -open cover of X with cardinality ≤ m . Since  

(X, τ , μ) be an m (μ- τ) –a- paracompact w.r.t. τ , then  there is refinement D 

of C not necessarily either τ -open or τ – closed which is locally finite w.r.t.τ 

. And so D is not necessarily either μ -open or μ – closed. Hence (X, τ , μ) is  

an m (μ - μ) –a- Paracompact w.r.t. τ .Thus (X, τ , μ) is  RR- pairwise  

m-a-paracompact.  

 

(2.3.16) Corollary 
 

     A bitopolgical space is  RR- pairwise a-paracompact iff it is FHP- 

pairwise a-paracompact.  

 

(2.3.17) Corollary 
 

      A bitopological space is FHP pairwise m- a- paracompact iff it is  

α- pairwise m –a- paracompact . 

 

Proof 
 

The proof follows from Theorem (0.3.93) and Theorem (0.3.95) .  

 

(2.3.18) Corollary 
 

      A bitopological space is FHP-pairwise  a- paracompact iff it is  

α- pairwise a-paracompact . 
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Proof 
 

The proof follows from Corollary (0.3.94) and Corollary (0.3.96) .  

 
 

The relations among the concepts that were studied a can be showed 

in the following diagram ; 

 

 

 

 

 

-pairwise
  a-para

-pairwise

  semi para

-pairwise
  para.

-pairwise
  m-para

-pairwise

m semi para

-pairwise
m-a-para

FHP-pairwise
  a-para

FHP-pairwise
  a-para

FHP-pairwise
  a-para

FHP-pairwise
  a-para

FHP-pairwise
  a-para

FHP-pairwise
  a-para

RR-pairwise
m-a-para

RR-pairwise

m semi para

RR-pairwise
  m-para

RR-pairwise
  para.

RR-pairwise

  semi para

RR-pairwise
  a-para.

 
 

 

Note: 

      Some implications that were given in above diagram can be proved by 

using the diagram which was given in §(0-9) 
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(2.3.19) Theorem  

 
       Let (X, τ , μ) be β - pairwise  regular bitopological  space. The space  

(X, τ , μ) is α- pairwise  m - paracompact iff  it is β- pairwise  

m- paracompact  . 

   

Proof :  
 

The " only if " part. Suppose that( X, τ , μ) be α – pairwise  

m- paracompact. To show (X, τ , μ)  is  m(τ - τvμ)  paracompact w.r.t. τ. Let 

U={ Uλ: λ Є ∆}be a τ-open cover of X with cardinality ≤ m . Then  U has a 

(τvμ)  -open refinement V which is locally finite w.r.t. μ .Since( X, τ , μ) is 

β-pairwise regular , then V locally finite w.r.t. τ by Proposition (9.3.94) 

Hence ( X, τ , μ) is an m(τ- τvμ) paracompact w.r.t. τ.  

Reversing the role of τ and  μ, we obtain that( X, τ , μ) is an m(μ -τvμ) 

paracompact w.r.t. μ. is β- pairwise  m- paracompact . 

The "if" part . First we need to show that ( X, τ , μ)  is an m (τ –τvμ) 

paracompact w.r.t. μ . Let U τ– open cover of X with cardinality ≤ m . Then 

U has a (τvμ)-open refinement V which is locally finite w.r.t .τ. Since  

( X, τ , μ) is β- pairwise  regular then V is locally finite w.r.t. μ by 

proposition (9.3.94). Hence  ( X, τ , μ)  is m(τ -τvμ) paracompact w.r.t. μ. 

       Reversing the role of τ and μ we obtain that ( X, τ , μ) is m(μ -τvμ) 

paracompact w.r.t. τ. Thus ( X, τ , μ)  is α- pairwise m-paracompact. 

 

(2.3.20) Corollary 

 
        Let ( X, τ , μ) be β- pairwise  regular bitoplogical space . The space  

( X, τ , μ)   is α- pairwise  paracompact iff it is β- pairwise paracompact.   
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(2.3.21) Theorem. 
        Let ( X, τ,μ ) be a β- pairwise  regular bitoplogical space . The space  

( X, τ , μ)   is α- pairwise m-a- paracompact iff it is β- pairwise  

m-a-paracompact .  

 

Proof : 
           The " only if " part. Suppose that( X, τ , μ) be α – pairwise  

m- a-paracompact. To show that (X, τ , μ)  is  m(τ - τvμ) –a- paracompact 

w.r.t. τ. Let U={ Uλ: λ Є ∆}be a τ-open cover of X with cardinality ≤ m . 

Then  U has a refinement V not necessarily either (τvμ)  -open or   

(τvμ)  -closed which is locally finite w.r.t. μ . Since ( X, τ , μ) is β-pairwise 

regular , then V is locally finite w.r.t. τ by Proposition (9.3.94). Hence 

(X,τ,μ) is an m(τ- τvμ) –a- para compac w.r.t. τ. 

         Reversing the role of τ and  μ, we obtain that( X, τ , μ)  is 

m (μ -τvμ)-a- paracompact w.r.t. μ . So it is β- pairwise  m-a- paracompact . 

         The "if" part . First we need to show that  ( X, τ , μ)  is m (τ –τvμ) – 

a-paracompact w.r.t. μ . Let U τ– open cover of X with cardinality ≤m . 

Then U has a refinement V not necessarily either (τvμ)-open or   

(τvμ)-closed which is locally finite w.r.t .τ. Since( X, τ , μ) is β- pairwise  

regular then V is locally finite w.r.t. μ by Proposition (9.3.94). Hence 

(X,τ,μ)  is m(τ -τvμ) –a-paracompact w.r.t. μ. 

          Reversing the role of τ and μ we obtain that ( X, τ , μ)  is m(μ -τvμ) –

a-paracompact w.r.t. τ. Thus ( X, τ , μ)  is α- pairwise m-a-paracompact. 

 

(2.3.22) Corollary 

 

           Let ( X, τ,μ ) be a β- pairwise  regular bitoplogical space . The space 

 ( X,τ ,μ)   is α- pairwise a- paracompact iff it is β- pairwise  a-paracompact .  
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(2.3.23) Theorem. 

  
    A bitopological space ( X, τ,μ ) is  β- pairwise m-a-paracompact iff it is  

bi- m-a - paracompact. 

 

Proof  

 
            The " only if" part . To  show (X, τ) is an m-a- paracompact. Let U 

be a τ –open cover of X with cardinality ≤ m .  Since( X, τ , μ) be an  

m(τ -τvμ) -a-  paracompact w.r.t. τ,then U has a refinement V not  

necessarily either τvμ-open or τvμ-closed – which is locally finite. w.r.t. τ. 

And so V is not  necessarily either τ-open or  τ-closed .Hence (X, τ) is an 

m-a -paracompact. Now to show (X, μ) is an m-a- paracompact .Let  C be μ 

-open cover of X with cardinality ≤ m . Since (X, τ , μ) is an m (μ -τvμ) – 

a-  Paracompact w.r.t. μ., then C has refinement D is not  necessarily either 

τvμ -open or  τvμ -closed which is locally finite w.r.t. μ and so D is not  

necessarily either μ -open or μ-closed . Hence (X, μ) is an  

m-a- paracompact. Thus ( X, τ , μ) is  bi-m-a-Paracompact. 

       The "if" part .To show ( X, τ , μ) is m (τ -τvμ) -a-  paracompact w.r.t. τ. 

Let U be a τ- open cover of X with cardinality ≤m. Since (X, τ) is  

m-a-paracompact ,then U has a refinement V  not  necessarily either τ-open 

or  τ-closed which is locally finite w.r.t. τ . And so V is  not  necessarily 

either τvμ-open or  τvμ-closed. Hence ( X, τ , μ) is m (τ- τvμ) - 

a- paracompact  w.r.t. τ.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        

         Now to show ( X, τ , μ) is m (μ -τvμ) -a-  paracompact w.r.t. μ. 
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Let C be a μ - open cover of X with cardinality ≤m. Since (X, μ) is  

m-a-paracompact ,then C has a refinement D  not  necessarily either μ -open 

or  μ -closed which is locally finite w.r.t. μ. And so D is  not  necessarily 

either τvμ-open or  τvμ-closed. Hence ( X, τ , μ) is m (μ - τvμ) – 

a- paracompact  w.r.t. μ. Thus   ( X, τ , μ) is  β- pairwise m-a-paracompact.                                              

 

(2.3.24) Corollary. 

  
       A bitopological space is  β- pairwise a-paracompact iff it is  

bi- a – paracompact.  

 

(2.3.25) Theorem. 

 
         Every β - pairwise m –paracompact space is bi - m- a- paracompact. 

 

 

Proof : 
       Suppose that  ( X,τ,μ) be a bitopological space . First we need to show 

that ( X, τ) is m-a- paracompact. Let U be a τ-open cover of X with 

cardinality ≤ m . Since( X,τ,μ) is m(τ -τvμ) paracompact w.r.t. τ, then U has 

τvμ- open refinement V which is locally finite w.r.t. τ . Hence V is not 

necessarily either τ –open or τ –closed refinement of U which locally finite 

w.r.t. τ . Thus ( X, τ) is m-a- paracompact. 

        Reversing the role of τ and  μ we obtain that ( X, μ)  m-a- paracompact.  

Therefore  ( X,τ,μ) is bi - m- a- paracompact.  

 

(2.3.26) Corollary 

 
       Every  β- pairwise paracompact  space is bi-  a paracompact. 

 

 



Chapter Two………………………………..Paracompactness in Bitopological Spaces 

 69 

(2.3.27) Corollary 

 
   Every  β- pairwise  paracompact space is bi-m-a- paracompact. 

 

(2.3.28) Theorem. 

 
        If ( X, τ , μ) be a - pairwise .Hausdorff space such that every τ-closed 

set and every  μ- closed set in ( X, τ , μ) having cardinality ≤ m . Then : 

(i)Every RR- pairwise m- paracompactspace is β- pairwise m- regular . 

(ii)Every FHP- pairwise m- Paracompact space is γ- pairwise m- regular. 

 

Proof: 
 

(i) Let  ( X, τ , μ)be RR- pairwise m- paracompact and pairwise Hausdorff 

space . Then ( X, τ , μ) is m (τ - τ) paracompact w.r.t. μ and pairwise . 

Hausedorff. If every τ-closed set having cardinality ≤ m .  

     Then ( X, τ , μ) is m(τ , μ, τ)- regular by Theorem (0.0.9). 

     Also ( X, τ , μ) is m (μ - μ) paracompact w.r.t. τ and pairwise . 

Hausedorff. If every μ -closed set having cardinality ≤ m , then ( X, τ , μ) 

is m(μ , τ, μ)- regular by Theorem (0.0.9) . Hence (X,τ,μ) is β-pairwise 

regular by Definition (9.3.2) (ii).  

(ii) Let  (X, τ , μ) be FHp- pairwise m - paracompact and pairwise 

Hausedorff space .Then (X, τ, μ) is m( τ- μ) Paracompact w.r.t. μ and  

pairwise  Housedorff.  If evry τ-closed set having cardinality ≤ m , then      

( X, τ , μ) is m(τ, μ, μ)- regular by Theorem (0.0.9).Also (X,τ,μ) is m(μ-τ) 

paracompact w.r.t.τ and pairwise Hausedorff.If every μ -closed set having 

cardinality ≤ m, then ( X, τ , μ) is m(μ,τ,τ) regular by Theorem (0.0.9) 

and so it is γ- pairwise regular by Definition (9.3.2) . 
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(2.3.29) Corollary 
 

      If (X, τ , μ) be a pairwise Hausdorf space. Then: 

(i)Every RR- pairwise paracompact space is β-pairwise regular,and  

consequently α - pairwise regular. 

(ii)Every FHP pairwise paracompact space is γ- pairwise regular , and 

consequently β - pairwise regular . 

 

 

proof: 
 

(i) Let (X, τ , μ) be RR- pairwise paracompact space, and pairwise Hausdorff 

.Then (X, τ , μ) is (τ - τ) paracompact w.r.t. μ and pairwise Hausdorff. 

Hence (X, τ , μ)is (τ ,μ ,τ)- regular by Corollary (0.0.0) . Also (X, τ , μ) is 

(μ - μ) paracompact w.r.t. τ and pairwise Hausdorff , then (X, τ , μ) is  

(μ, τ, μ ,)- regular by Corollary (0.0.0) . Hence (X, τ , μ)  is β - pairwise 

regular by Definition (9.3.2) (ii) . And consequently α - pairwise regular 

by Proposition (9.3.1) . 

(ii) Let (X,τ, μ) be FHP- pairwise paracompact space, and pairwise 

Hausdorff.Then  (X, τ , μ) (τ - μ) paracompact w.r.t. μ and pairwise 

Hausdorff. Hence (X, τ , μ)is (τ ,μ , μ,) regular by Corollary (0.0.0) .      

Also (X, τ , μ) is (μ- τ) paracompact w.r.t. τ and pairwise Hausdorff. 

Hence (X, τ , μ) is (μ , τ ,τ) regular by Corollary (0.0.0) . Hence (X, τ , μ)  

is  γ - pairwise regular by Definition (9.3.2) (iii). And consequently 

(X,τ,μ) is  β-pairwise regular by Proposition (9.3.92) . 
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(2.3.30)Theorem. 
 
Let  (X, τ , μ) be a pairwise Hausdorff bitopological space .  Then the 

following are equivalent: 

(i)(X, τ , μ)is RR- pairwise paracompact. 

(ii)(X, τ , μ)is β- pairwise regular and  α - pairwise paracompact. 

(iii)(X, τ , μ) is  β- pairwise regular and  β - pairwise para-compact. 

(iv) (X, τ , μ)is  β- pairwise regular and bi- a- paracompact. 

(V) (X, τ , μ)is β- pairwise regular and bi-  paracompact. 

 

Proof  
 

(i)    (iii) follow form Corollary (0.3.6) and Corollary (0.3.01) (i) .  

(ii)   (iii) Corollary (0.3.02). 

(iii)  (iv)Corollary (0.3.06). 

(iv)  (v) Suppose (iv) .To show (X, τ) and (X, μ) are paracompact. 

By (iv) (X, τ , μ)is β- pairwise regular.  

Then(X, τ) and (X, μ)  are  regular  by Proposition (9.3.90) and both 

these topological spaces are a-paracompact . Hence they are 

paracompact by Theorem (9.3.3). 

(v)  (i) .Suppose (V) .To show (X, τ,μ) is (τ- τ) paracompact w.r.t. μ. 

Let U be a τ-open cover of X. Since (X, τ) is paracompact , then U has 

a τ-open refinement V which is locally finite w.r.t. τ. Since(X, τ,μ) is 

β - pairwise  regular , then V is  locally finite w r.t. μ by 

proposition(9.3.94). Hence(X, τ,μ) is   (τ- τ) paracompact w.r.t. μ. 

      Now to show (X, τ,μ) is( μ- μ) paracompact w.r.t. τ. Let C be  

a μ-open cover of X. Since (X, μ) is Paracompact , then C has  

a μ - open refinement D which locally finite w.r.t. μ. Since (X, τ, μ) is 
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β - pairwise  regular, then D is locally finite w.r.t.τ by Proposition 

(9.3.94) .Hence (X, τ,μ) is ( μ- μ) paracompact, w.r.t. τ. Therefore the 

space (X, τ,μ) is RR- pairwise paracompact. 

 

(2.3.31) Corollary 
 

          Let (X, τ,μ) is pairwise Hausedorff. Then 

 (i) Every FHP- pairwise paracompact is RR- pairwise  paracompact. 

(ii)Every FHP_  pairwis paracompact  is bi-a-paracompact. 

            

proof  
 

(i) Let  (X,τ,μ) is FHP- pairwise paracompact and pairwise Hausedorff. Then 

by corollary (0.3.2) (X, τ,μ) is α - pairwise paracompact. Also it is  

β - pairwise  regular by Corollary (0.3.01) (ii).Hence (X, τ, μ) is RR- 

pairwise paracompact by Theorem (0.3.32). 

(ii) Follows immediately form (i) and Theorem (0.3.32).  

 

(2.3.32)Theorem 
 

       Every FHP- pairwise paracompact space is bi- paracompact. 

 
 

Proof : 
   

          Let (X , τ , μ) be FHP- pairwise paracompact.Let U be a τ-open cover 

of X. Since (X , τ , μ) is (τ - μ) paracompact w.r.t. μ, then U has a μ-open 

refinement V which is locally finite  w.r.t. μ .And since (X , τ , μ) is(μ- τ) 

paracompact w.r.t. τ, then V has a τ-open refinement W which is locally 
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finite w.r.t. τ. But W refines U by Lemma (9.0.6) . Thus (X , τ ) is 

paracompact. 

         Symmetry , let U be a μ -open cover of X . Since (X, τ , μ) is (μ - τ) 

paracompact w.r.t. τ  ,then U has a τ-open refinement V which is locally 

finite w. r.t. τ  .And since(X , τ , μ) is  ( τ - μ) paracompact w.r.t. μ, then V 

has a μ –open refinement W which is locally finite  w.r.t.μ .But W refine U 

by Lemma (9.0.6) .Thus (X, τ , μ)  is paracompact. Therefore (X, τ , μ)   is 

bi- paracompact. 

 

(2.3.33) Theorem 
 

            Every FHP-pairwise semi paracompact space is bi-semiparacompact. 

 

Proof: 
     

          Let (X, τ , μ) be FHP- pairwise semiparacompact. Let U be aτ-open 

cover of X. Since (X, τ , μ) is (τ - μ) semiparacompact w.r.t. μ, then U has a 

μ-open refinement V which is σ- locally finite w.r.t. μ. And since (X, τ , μ) is 

(μ, τ) semiparacompact w.r.t. τ. Then V has a τ-open refinement W which is 

σ-locally finite w.r.t. τ.  (X, τ , μ) is (τ , μ) semiparacompact w.r.t. μ. But W 

refines U by lemma (9.0.6) .Thus (X, τ) is semiparacompact.  

       Symmetry, let A be μ-open cover of X.Since(X,τ,μ) is (μ-τ) 

semiparacompact w.r.t. τ, then A has a τ -open refinement B which is  

σ-locally finite w.r.t. τ. And since (X,τ,μ) is (τ- μ) semiparacompact w.r.t. μ., 

then B has a μ-open refinement  D which is σ-locally finite w.r.t. μ. But D 

refines A  By Lemma (9.0.6).Thus  is (X, μ) is semiparacompact. Therefore 

(X, τ , μ) is bi-semiparacompact. 
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(2.3.34) Theorem 
 

           If (X, τ , μ) be FHP-pairwise m- paracompact,and pairwise 

Housdorff, such that every τ- closed set and every μ-closed set in(X, τ , μ) 

having cardinality ≤ m, then (X, τ , μ) is pairwise m-normal.    

 

Proof : 
 

      Let (X, τ , μ) be FHP- pairwise m- paracompact and  pairwise Hausdorff 

space . Then (X, τ , μ) is m (τ - μ) Paracompact w.r.t. μ and pairwise 

Hausdorff .If every τ- closed set in (X, τ , μ) having cardinality ≤ m , then 

(X, τ , μ)  is m(μ , τ , μ) normal by Theorem (0.0.3).Also  (X, τ , μ)  is  

m (μ - τ ) paracompact w.r.t. τ and pairwise Hausdorff. lf every μ- closed set 

in (X,τ,μ) having cardinality ≤ m then (X, τ , μ) is m(μ , τ , τ) normal by  

Theorem (0.0.3). Hence (X,τ,μ) is pairwise m-normal by Definition 

(9.3.97). 

 

(2.3.35) Theorem 
 

       Every FHP-pairwise paracompact pairwise Hausdorff space is pairwise 

normal. 

 

Proof : 
 

         Let (X, τ , μ) be FHP- pairwise paracompact and pairwise Hausdorff 

space .Then (X,τ,μ)is(τ- μ) paracompact w.r.t.μ and pairwise Hausdorff 

,hence(X, τ , μ) is( τ , μ , μ)- normal by Corollary (0.0.4) Also (X, τ , μ) is  

(μ - τ) paracompact w.r.t. τ and pairwise Hausdorff . Hence (X, τ , μ) is  

(  μ , τ , τ)- normal by Corollary (0.0.4).Thus (X , τ , μ) pairwise normal by 

Definition (9.3.97). 
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§ (3-1)Some Definitions and results 
 

     In this section we define the paracompactness , and semiparacompactness  

in tritopological spaces. 

 

(3.1.1)Definition. 
 

           A tritopological space (X , τ , μ , ρ ) is called(m)(τ-μ) paracompact 

w.r.t ρ [66]  if for every τ-open cover    :UU  of X (with cardinality  

≤ m) has a µ-open refinement    :VV  which is locally finite  w.r.t ρ. 

 

(3.1.2) Proposition.  

      Every (τ -μ )paracompact.w .r .t ρ. tritopological space ( X, τ ,μ ρ ) is 

m (τ -μ )paracompact w .r .t ρ . 

 

Proof  

 
        Let ( X, τ, μ,ρ )  be a (τ -μ ) paracompact w .r .t ρ. Let    :UU be 

a  τ -open cover of X with cardinality ≤ m .By hypothesis U has a μ-open 

refinement    :VV which is locally finite  .w .r .t ρ. Hence ( X, τ ,μ,ρ ) 

is m (τ -μ ) paracompact  w. r. t ρ. 

 

(3.1.3). Definition 

 
        A tritopological space (X,τ,μ,ρ) is called (m) (τ - μ ) semiparacompact 

w .r .t ρ ,[66] if for every τ - open cover    :UU of X (with cardinality 

≤ m) has a µ-open refinement    :VV   which is  σ-locally finite.  

w .r .t ρ  . 
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 (3.1.4) Proposition.   
 

             Every (τ -μ )semiparacompact w.r.t.ρ tritopological space (X,τ,μ,ρ ) 

is m(τ -μ )semiparacompact  w .r .t. ρ . 
 

Proof : 

The proof is the  same as the proof of the Proposition (3.6.1) with 

replacing the word “paracompact “ by the word “semiparacompact”. 

 

(3.1.5) Theorem. 

  
Every  m(τ-μ ) paracompact w .r .t. ρ tritopological space (X , τ, μ ,ρ ) is  

m (τ-μ )  semiparacompact  w .r .t .ρ . 
 

Proof  
         Let ( X, τ , μ ,ρ ) be  m(τ-μ )paracompact w .r .t ρ. Let    :UU be 

a τ-open cover of X with cardinality ≤ m .By hypothesis there exist a μ-open 

refinement    :VV of U which is locally finite  

.w .r .t ρ. By Remark (6.1.69) , V is σ-locally finite. w . r .t ρ . Hence the 

space ( X,τ ,μ,ρ ) is m (τ-μ ) semiparacompact w .r. t ρ by Definition (3.6.3). 
 

(3.1.6) Corollary. 
 

         Every  (τ-μ )  paracompact w .r .t .ρ tritopological space ( X , τ ,μ, ρ ) 

is (τ-μ )  semiparacompact w.r .t ρ . 

 

(3.1.7) Corollary  
 

          Every  (τ-μ ) paracompact w .r .t ρ. tritopological space ( X , τ ,μ, ρ ) 

is m(τ-μ )  semiparacompact .w .r .t ρ . 
 

Proof 
        The proof is immediately follow from Proposition (3.6.1) and    

Theorem (3.6.1) . 
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§(3-2) Paracompactness and Subspaces.  
 

            In this section we give some theorems that related the 

paracompactness with separation axioms in tritopological spaces-Also we 

give some theorems concering the subspaces of paracompact tritopological 

spaces. 

 

(3.2.1)Theorem. 

 
      If ( X, τ , μ ,ρ ) be m (τ-μ ) paracompact. w .r .t ρ and ( X, τ, ρ )  pairwise 

Hausdorff such that every τ- closed set in ( X, τ ,μ, ρ ) having cardinalitym, 

then ( X, τ ,μ, ρ ) is m(τ , ρ , μ ) - regular . 

 

Proof 
  
          Suppose that ( X, τ ,μ, ρ ) be m(τ ,μ ) paracompact.w .r .t ρ,and A be a 

τ- closed set in ( X, τ ,μ, ρ ) having cardinality   m, and ./ AXx . Since  

( X, τ , ρ )  is pairwise Hausdorff, then for every Ay ,we can  find τ – open 

set Vy ,and ρ-open set Uy, such that yUx , yVy and yy VU  .The 

collection  

   AXAyVy /:  form a τ-open cover of X having cardinality   m. 

For,let Xp ,if  Ap τ–open set   ersAXVpVpV y
Ay

yy cov/ 


  

X.if   


AXVpAXpAp y
Ay

//   covers X.Hence in any case 

  covers X. Since A having cardinality m  ,then the collection  AyVy :  

having cardinality m , thus   having cardinality m . By hypothesis   has 

μ – open refinement    :WW  wich is locally finite.w.r.t.ρ. 
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Set 

              





AWWV  : . 

Then V is µ– open set containing A . For,let   ,WaAa  such that 

 AW     


 


AWWaAWWa  :,   

Hence VA  .Since the    µ – open   cover W is locally finite . w .r .t ρ , x has  

a  ρ-nhd  
*U   which meets only finitely many Wγ , say Wγ6 , … , Wγn . If 

some Wγi, i=6,1,…,n  meets A it must be subset of some Vy , say Vyi . In 

fact if niAW i ,...,2,1,     

  niAXW i ,...,2,1,/     

niAXW i ,...,2,1,/    

iii VWV    (since W refines Π) , for i=6,1,…,n . 

Set .
1

*


















yi

n

i

UUU   

Then Ux  and U is ρ– open  set. Finally , we need to show .VU   

Assume contrary that, .VU  then there exist at least one point 

VpUpVUp    

niiUp yi ,...,2,1,,   

yiyi VpV   

yiyi VpUp   

yiyi VUp   

i.e. yiyi VU  . 

But this is a contradiction. Thus VU  . 

Therefore the tritopological space ( X, τ ,μ, ρ ) is m(τ ,ρ,μ )-regular. 
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(3.2.2) Corollary.  
 

           If ( X, τ ,μ, ρ ) be a (τ-μ ) paracompact.  w .r .t .ρ .and (X , τ , ρ) is 

pairwise Hausdorff space then ( X, τ ,μ, ρ ) is (τ, ρ , μ ) –regular. 

 

(3.2.3) Theorem. 

          If  ( X, τ ,μ, ρ ) be an  m(τ , μ ) paracompact.w .r .t ρ,and  ( X, τ , ρ ) is 

pairwise Hausdorff  space such that every τ-closed set in ( X, τ ,μ, ρ ) having 

cardinality ≤ m , then ( X, τ ,μ, ρ ) is m (τ ,μ, ρ ) – normal . 

Proof. 

         Suppose that ( X, τ ,μ, ρ ) be an  m(τ - μ ) paracompact.w .r .t. ρ . Let A 

and B be disjoint τ-closed sets in ( X, τ ,μ, ρ ) such that they having 

cardinality ≤ m. Since( X, τ , ρ ) is pairwise Hausdorff  space then for each 

ByAx  ,  we can find τ-open set Ux and ρ-open set Vx such that 

xx VyUx  ,  and xx VU   . Then    AXAXU x /:   from a τ-open 

cover of X having cardinality ≤ m.For, let Xp , if  Ap   τ – open set 

  ersAXUpUpU x
Ax

xx cov/ 


  X.  

If   


AXUpAXpAp x
Ax

//   covers X.Hence in any case   

covers X. since A having cardinality m  ,then the collection  AxU x :  

having cardinality m thus   having cardinality m . By hypothesis   has  

µ – open refinement    :WW  wich is locally finite . w .r .t ρ . set 

 





AWWU  : . 

Then U is µ– open set containing A . 

 For,let   ,WaAa  such that  AW   
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   


 


AWWaAWWa  :,   

Hence UA  . 

For each y in B, we can find ρ-open nhd Hy of y which meet only  finitely 

many Wγ , say Wγi(y) … , Wγn(y)  .(the value of n also dependends on y ) . 

Each Wγi(y) which meets A is contained in some Ux , say Uxi , for .Axi  . In  

fact if   niAyW i ,...,2,1,       niAXyW i ,...,2,1,/)(     

niAXyW i ,...,2,1,/)(    

xiiixi UyWAxU  )(,   (since W refines П) , for i=6,1,…,n . 

Set .
1 

















xi

n

i
yy VHG   

The Gy is  ρ – open   set which containes y but does not meet U . in fact , if 

 xixixixixiy UVUzUiVzUzGz , . But that 

contradiction . hence Gy∩U=  . Let y
By

GV


   .then V is ρ – open   set 

containing  B . For let  

 

Bp

ByHp

ByGpVp

y

y





 ,

 

Finally we need to show that VU  . Assume contains y that VU    

yGpUp

VpUp

VUp





 

 

for some y .  yGU   for some y . 

But that contradiction since yGU   

for every By . Hence VU  . Therefore the space ( X, τ ,μ, ρ ) is  

m (τ ,μ, ρ )- normal by Definition (6.3.17) . 
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(3.2.4) Corollary. 

            If ( X, τ,μ,ρ ) be a (τ -μ ) paracompact.w .r .t ρ .and(X,τ,ρ)is pairwise 

Hausdorff space,then  ( X, τ ,μ, ρ ) is (τ,μ, ρ ) –normal  

 proof 

           The proof  is  the same as above theorem one just omit the condition  

"every τ- closed set having cardinality m". 

 

 

(3.2.5) Theorem. 

 
       Let ( X, τ ,μ, ρ ) be a tritopological space and let (Y, τY , μY,ρY )  

be a τ- closed subspace of (X ,τ, μ,ρ ).If (X ,τ, μ,ρ )be an 

m(τ-μ ) paracompact .w .r .t ρ , then (Y, τY ,μY,ρY ) is an  

m(τY -μY ) paracompact.w .r .t ρY .    

 

Proof 
  
            Suppose that ( Y, τY ,μY,ρY ) be a τ- closed subspace of  

m (τ -μ ) paracompact w .r .t ρ space ( X, τ ,μ, ρ ). To show that  

(Y, τY ,μY,ρY) is m(τY ,μY ) paracompact w .r .t ρY 

 Let      :UU   be a τY- open cover of Y with cardinality m. since 

each U      

 is τY-open subset of Y, there is τ- open subset  V  of X such that   

The collection     YXV /:   . 

form a τ – open over of`` X with cardinality m. For , let x  .If Yx ,  

then Yx /    ./YVx 


 



 If 



UxYx 


    

  







VxYVYVx  


   

YVU  
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 YVx /


 



 thus  is τ – open cover of X. Since  m, then   

having cardinalitym. By hypothesis   has μ-open refinement 

}:{  WW  which is locally finite. w.r.t ρ.               

Now, let  А ={ }:{   YW ,then А is a collection of μY -open subset of 

Y.We claim that А is  

(i) cover Y,  

(ii) refine U, 

(iii) locally finite.w.r.t ρY  

proof of (i). 

Let  yYy .Since W covers X, then 



WyWy 


 for some 

YWy    for some   





 YWx , hence А cover Y. 

 proof of (ii) 

Since W refines  ,then WW   ,there exists V such that 

YVYWVW     

But YVU   ; Hence  UYW  .Hence for every member of А there 

exist member of U containing it. Thus А refines U . 

Proof of (iii) 

        А is locally finite.w.r.t ρY by Lemma (6.1.6). Therefore ( Y, τY ,μY, ρY ) 

is m(τY – μY ) paracompact w .r .t ρY. 

 

(3.2.6)Corollary. 

 
            Let ( X, τ ,μ, ρ ) be a tritopological space and let (Y, τY ,μY,ρY ) be a 

τ- closed subspace of (X ,τ, μ,ρ ).If (X ,τ, μ,ρ ) is  (τ -μ )paracompact. 

 w .r .t .ρ ,then (Y, τY ,μY,ρY ) is (τY –μY )paracompact. w .r .t .ρY .   

.
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(3.2.7) Theorem. 
 

             Let(X,τ,μ,ρ) a tritopological space and , let 

  iii ,:    be a partition of X. The space ( X, τ ,μ, ρ ) is 

m(τ -μ ) paracompact.w .r .t ρ ,iff (Xi ,τi ,μi,ρi) is m(τi-μi) paracompact  w .r .t 

ρi  for every iI 

 

Proof 
  

        The "only if "part. Since j



ij

X/Xi is τ- closed , then the subspace  

(Xi , τi ,μi, ρi) is m(τi -μi ) paracompact w .r .t ρi   for every Ii  by  

Theorem (3.1.1) 

The "if" part .Let }:{  UU be a τ- open cover of X with cardinality 

m. The collection }:{   iU  is τi- open cover of Xi with 

cardinalitym i  .For ,let Uxxx i   for some iUx  .  

for some     


iUx  



 cover Xi.Sine m then   having 

cardinality m .  Since (Xi , τi ,μi,ρi) is an m(τi -μi) paracompact. w .r .t ρi 

, i , there exist a μi- open refinement     :A iiA  of  П which is 

locally finite w.r.t ρi. Let  

                 

















 :i
Ii

AW  .We claim that W is  

(i)μ- open  cover of X 

(ii)refine U 

(iii)locally finite .w .r .t ρ.   
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 proof of (i) 

      If ii AA  there is μ- open set G such that ii XGA    since iX  , 

then iA  is μ- open set in X and consequently W  is a collection of μ- open 

sets . 

 

Now   
  












































Ii

i

Ii

ii

Ii

hence W cover X. 

proof of (ii) 

       Let WA
Ii

i 


 .Since Аi refines П then for every i , ii U    for 

 some   







 UUU
Ii

i

Ii

I 













    

proof of (iii). 

    If x , then i
x   , for some i ; hence x has ρi- open nhd N intersect at 

most finitely many member of Аi. In other word  iAN   for all but 

finitely many   .Then    


i
Ii

ANU   for all but finitely many  

 
















i

Ii

AN   for all but finitely many  . Since N is ρi – open nhd of x 

then there exists ρ – open nhd M of x such that iXMN   . But iX  thus 

N is ρ – open nhd of x ,  and WA
Ii

i 


 , hence (iii)  holds . 

Therefore  ( X, τ ,μ, ρ ) is m (τ-μ) paracompact w .r .t ρ . 
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(3.2.8) Corollary. 
 

     Let(X,τ,μ,ρ) be a tritopological space . Let 

 Iiii  ,:    be a partition of X. The space (X,τ,μ, ρ) is 

(τ -μ ) paracompact.w .r .t. ρ ,iff the space (Xi , τi ,μi, ρi) is  (τi -μi ) 

paracompact w .r .t. ρi   for every Ii  

                                                                                                                                                                                                                                                                          

 (3.2.9) Theorem. 

 
       If each τ-open set in an m(τ-μ) paracompact w .r .t ρ  tritopological 

space (X,τ,μ,ρ) is m(τ-μ) paracompact w .r .t ρ  , then every subspace   

(Y, τY, μY, ρY) is m(τY-μY) ) paracompact w .r .t . ρY . 

 

Proof 
   

            Let    :UU  is a τY-open cover of Y with cardinality m  . 

Since each U  is τY-open in Y,we have YVU    where V  τ-open subset of 

X,for every  .Then 


VG


  is a τ-open set .Let    :VV  be a  

τ-open cover of G with cardinality m .By hypothesis G is m(τ-μ) 

paracompact w .r .t ρ  .Thus V  has a μ-open refinement    :AA  which 

is locally finite w .r .t ρ .Set    :BB , where YAB   . 

We claim that B is  

(i) μY-open cover of Y, 

(ii) refine U  

(iii) locally finite w .r .t ρY. 
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proof of (i) 

      Since Aγ,is μ-open in X,then Bγ is μY-open in Y.i.e B is acollection of 

μY-open sets.And clearly that B cover Y. 

proof of (ii) 

Let BB  . YABAA    . 

Since A refines ., YVYAVAVVAAV    i.e  VB   

proof of (iii) 

    Let  XyYy  ρ-nhd N of   ANy   for all but finitely many γ 

      YAYN   for all but finitely many γ .Since YNM   is ρY-nhd 

of y,and YAB    then  BM   for all but finitely many γ.i.e B is locally 

finite w .r .t. ρY.Therefore (Y, τY, μY, ρY) is m(τY-μY) paracompact w .r .t ρY.   

(3.2.12) Corollary 
 

       If each τ-open set in (τ - μ) paracompact w .r .t. ρ  tritopological space 

(X, τ,μ,ρ) is (τ - μ) paracompact w .r .t ρ. Then every subspace  

(Y, τY, μY, ρY) is  (τY-μY) paracompact w .r .t ρY.   

 

(3.2.11) Theorem. 

  
         Let (X, τ,μ,ρ) be m (τ-μ) paracompact w.r.t ρ tritopological space, and 

let ( Y,τY,μY,ρY) be asubspace of (X,τ,μ,ρ).If Y is τ-Fσ set , then (Y,τY,μY,ρY) 

is m(τY-μY) semiparacompact w.r.t.ρY.   
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Proof. 
         Suppose Y is Fσ-set relative τ . Then nYY  where each Yn , is  

τ- closed .Let }:{  UU be a τY-open cover of Y with cardinality ≤ m. 

Since each Uλ is τY- open subset of Y, we have Uλ = Vλ∩Y, where Vλ is  

τ-open subset of X for each λ Є ∆ . For each fixed n ,                     

   YXVEn /:    form a τ-open cover of X with cardinality ≤ 

m.By hypothesis En has a μ-open refinement   INnWW n  ,:  which is 

locally finite .w.r.t.ρ. For each n, let    nnnn YWYWB  :  . 

Let nBB  we claim that B is   

(i) collection of μY-open set 

(ii) covers  Y 

(iii)  refines  U 

(iv)  σ- locally finite w.r.t. ρY 

proof of (i)  

    Since Wλ is μ-open, then Wλn ∩ Y is μY–open  

proof of (ii) 

     If y Є Y y Є Yn for some  n and then for every set  

Wλn Є W x Є Wλn ∩Y; hence B covers Y. 

proof of (iii)  

   Here Wλn  X/Yn is impossible so that  WλnVλ for some Vλ  

Wλn ∩ Y Vλ∩Y= Uλ for some UλЄU intersecting Yn so that B refines U. 

proof of (iv)  

    Since W is locally finite w.r.t.ρ. Then Bn is locally finite .w.r.t. ρY by 

Lemma (6.1.6) .Hence B is  σ- locally finite .w.r.t.ρY.Therefor (Y, τY ,μY, ρY) 

is m(τY -μY) semiparacompact w.r.t. ρY.  
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(3.2.12) Corollary. 

 
Let (X, τ,μ,ρ) be  (τ-μ) paracompact w.r.t ρ tritopological space, and 

let ( Y,τY,μY,ρY) be asubspace of  (X,τ,μ,ρ).If Y is τ –Fσ set , then 

(Y,τY,μY,ρY) is (τY-μY) semiparacompact w.r.t.ρY.   

 

(3.2.13) Theorem. 

 
 If f  is (μ- τ`) closed , (μ-μ`) continuous and (ρ-ρ`) continuous 

mapping of a tritopological space (X,τ,μ,ρ) onto an m(τ`-μ`) paracompact  

w. r. t ρ` tritopological space (Y,τ`,μ`,ρ`) such that YyyfZ   ),(1  

is m(τ-μ)compact, then (X,τ,μ,ρ) is m(τ-μ) paracompact w. r. t ρ . 

 

proof: 
 

Let    :UU  be a τ-open cover of X with cardinality m  . Then 

U cover of Z .Since Z is m(τ-μ) compact , there exists a finite subset γ of Δ 

such that 

UZ



   where Uλ is μ –open set for every  . Let   be the 

family of all finite sub set γ of Δ , then m  .  

Set  

                 












 UXfYV //  . 

Since 

U



  is μ –open set , the set 

UX



/  is μ – closed , and since f  

is (μ-τ`) closed , then 











UXf /  is τ`– closed in (Y,τ`,μ`,ρ`) , hence Vγ is 

τ`–open and Vy  and   


 UVf


  1 . Therefore     :VV is τ`– open 

cover of Y with cardinality m   since (Y,τ`,μ`,ρ`) is m(τ`- μ`) paracompact  
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w.r.tρ` , then V has a μ` - open refinement    :WW  which is locally 

finite w. r. t ρ` . 

Set         ,:1 UWf  . 

We claim that Π is 

(i) μ –open cover of X, 

(ii) refines U  

(iii) locally finrte w. r. t ρ. 

Proof of (i) 

Since Wδ is  μ` - open  and f  is  (μ-μ`) continuous ,the set 

 Wf 1  is μ –open  ,and since Uλ is μ–open   ,then    UWf 1 is  

μ–open. 

Now, if  UxUXx   and     WxfxfyYy   for some δ 

     UWfxWfx 



  11  for some(δ,γδ).i.e  covers X. 

Proof of (ii) 

    Let   .1 

 UWf  Since   

 UUWf 1  refines U. 

Proof of (iii)  

Let  xfyYyXx  . Since W is  locally finite w. r. t. ρ` , then 

there is ρ`- nhd N such that N intersect at most finitely many Wδ. In other 

word  WN   for all but finitely many δ      WNf 1  forall but 

finitely many δ        UWfNf  11  for all but finitely many (δ,λ) 

since f  is (ρ- ρ`) continuous ,then  Nf 1  is ρ-nhd of x, and   

 UWf 1  

,hence   is  locally finite w. r. t. ρ . Therefore (X,τ,μ, ρ) is m(τ-μ) 

paracompact w. r. t. ρ. 
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(3.2.14) Corollary . 

 

If f  is (μ- τ`) closed , (μ-μ`) continuous and (ρ-ρ`) continuous mapping 

of a tritopological space (X,τ,μ,ρ) onto a (τ`-μ`) paracompact w. r. t ρ` 

tritopological space (Y,τ`,μ`,ρ`) such that YyyfZ   ),(1  is  

(τ-μ)compact, then (X,τ,μ,ρ) is (τ-μ) paracompact w. r. t. ρ . 

 

(3.2.15) Theorem. 
 

If f  is (μ- τ`) closed , (μ-μ`) continuous and (ρ-ρ`) continuous mapping 

of a tritopological space (X,τ,μ,ρ) onto an m(τ`-μ`) semiparacompact w.r.t ρ` 

tritopological space (Y,τ`,μ`,ρ`) such that YyyfZ   ),(1  is  

m(τ-μ)compact, then (X,τ,μ,ρ) is m(τ-μ)semiparacompact w. r. t ρ . 

 

Proof 

 
Let    :UU  be aτ-open cover of x with cardinality m  .Then U 

cover of Z.Since Z is m (τ-μ)compact,there exists afinite subset γ of    such 

that 

UZ



  where Uλ is μ-open set for every  . 

     Let   be the family of all finite subset  of , then m . 

    

Set 













 UXfYV // . 

Since 

U



  is μ-open set,the set 

UX



/ is μ-closed ,and since f  is  

(μ- τ`)closed, then 











UXf / is  τ`-closed in(Y,τ`,μ`,ρ`) ,hence Vγ is  
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τ` -open and Vy and   


 UVf


  1 .therefore    :VV is τ` -open 

cover of Y with cardinality m . Since (Y,τ`,μ,`ρ`) is m(τ`-μ`) 

semiparacompact w. r. t ρ`,then V has μ`-open  refinement n
n

WW   where 

every Wn is locally finite w. r. t ρ`.  

Set    :nn WW . Thus    :n
n

WW   . 

Set n
n

CC  ,where    








 

  ,:1 UWfC nn  . We claim that Cn is  

(i) collection of μ-open set 

(ii) locally finite w. r. t ρ. 

 

Proof of (i)  

Since Wnδ is μ` -open    and f  is (μ-μ`) continuous, the set 

 nWf 1  is μ-open  ,and since Uλ is μ-open     ,then    UWf 1  

is μ-open     , . 

 

Proof of (ii) 

Let  xfyYyXx  .since Wn is locally finite w.r.t.ρ` 

nhd ` N of x such that  nWN   for all but finitely many 

δ      









  UWfNf n  11  for all but finitely many (δ,λ) since f  is  

(ρ-ρ`) continuous,then  Nf 1 is ρ-nhd of x.Hence Cn is locally finite w.r.t ρ. 

Its remain to show that C is:  

(i*) cover X  

(ii*) refine U 
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proof of (i*) 

Let  UxUXx   and    nn WyWxfyYy   for 

some n,δ  nWfx 1  for some n,δ    UWfx n 1  for some( δ,λ).   

Proof of (ii*) . Since      UUWfUUUWf nnn 









   1

,

1 ,  i.e   

refine Uλ. Therefore (X,τ,μ,ρ) is  m(τ-μ)  semiparacompact w. r. t ρ. 

 

(3.2.16) Corollary 
 

If f  is (μ- τ`) closed , (μ-μ`) continuous and (ρ-ρ`) continuous mapping 

of a tritopological space (X,τ,μ,ρ) onto a (τ`-μ`) semiparacompact w. r. t ρ` 

tritopological space (Y,τ`,μ`,ρ`) such that YyyfZ   ),(1  is  

(τ-μ)compact, then (X,τ,μ,ρ) is (τ-μ)semiparacompact w. r. t. ρ . 
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