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Abstract

—/

In this thesis , we study some mathematical models in reliability
systems , such as series , parallel , series — parallel , parallel — series
and complex systems by using some methods such as ; path tracing
method, reduction to series element method , minimal cut method ,
event space method , composite method and decomposition method .
A comparison was done between those methods to get the best
reliability.

Reliability allocation had been studied .The aim of it is to
establish a goal or objective for the reliability of each component.
Two methods had been used to find the reliability allocation for series
and complex systems. This study also discuss the reliability for non —
maintenance depending on the application of Markov and non —

Markov models
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Chapter One Introduction and General Reliability Concepts

1.1 Introduction

The Reliability is defined as the probability that a component,
device, equipment, or system will perform its intended function for
specified period of time under a given set of conditions.
Committees and laboratories studied different problems, such as
maintenance problems, failure of equipments and components.
During the decades following of the war Il many research
laboratories and universities initiated and mathematicians interested
in the study of life testing and reliability problems. There are many
researchers focused on the study of different reliability systems.
Like the series, the parallel, the series — parallel, the parallel —
series systems, and the complex systems that enters in different life
fields. Since there are different available systems and because of
their importance, the researchers attempted to use more than one
method to solve these complex systems, and adopt the best method
through making a comparison among them. Furthermore there are
researchers focused on the study of Markov model to help them in
the calculation of different reliability systems. The Markov model
assumes that the future is independent of the past given the present.
In Markov models the random variable is indexed by time, which
can be either discrete or continuous. Sandlar, (y+3+), [v] studied the
calculation of reliability for the series system and for the parallel
system without maintenance. Also the calculation of mean time to
failure for these selected items is done by determining the transition

matrix P=[p;;] for each model holds the relations p;; >, i,j =\xr,...
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and solving the obtained equations by wusing Laplace
transformations and its inverse. Bhat, (), [¢] studied stochastic
process and classified it into two types depending on parameter
space, and state space and these are Markov chain and Markov
process [rr], [], [»].

Sandlar, [v] evaluate the non- Markovian processes and
discuss the series and parallel systems when there is unconstant
failure rate.

Govil, (144r), [1] searching the series and parallel systems,
which consist of n components [+], [+].

Govil, [+] studied the series — parallel system and the parallel
— series system [y«].

Srinath, (vs¢), [+] experienced a K- out of n system, and this
system requires at least K elements being active for the system to
be active [r¢], ['v].

Srinath, [+] proposed three methods to solve the complex
systems. These methods are path tracing method, reduction to
series element and composite method and he gave some examples
to illustrate these methods. Al-Ali and Subrie,(1444), [¢] used a path
set method to calculate the reliability of a power plant which is
considered as a complete. The eMagazine for the Reliability
Professional, (r.-¢), [v-] studied the complex systems and used
methods such as event space method, decomposition method and
minimal cut method to find the reliability of them . Al-Ali and

Hassan, (r..¢),[r] studied a certain type of complex systems by
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using some of the common (useful) methods, and doing some
comparisons among these methods to reach the best reliability for
complex systems.

Srinath, [+] considered the problem of reliability allocation of
the series system . The reliability allocation means the allocation of
the required reliability for individual components to attain the
specified system reliability and it is the converse of calculating the
system reliability. He used two methods to calculate the reliability
allocation. Subrie, (144%), [¢] used one single method to calculate
the reliability allocation of the complex system. This project
includes two methods to solve the complex systems and the series
systems. Yalaoui, Chu and Chatelet, (v..r),[rr] studied the
reliability allocation in the series- parallel system.

Suri and Aggarwal, (1s+.), ['-] evaluate the reliability of three
different models for computer programs. Such reliability
evaluations are quite useful in testing algorithms for these
programs. They are derived and discussed depending on the nature
of logic flow of the program.

Al-Ali, (v2a), [1] searched two unit repairable system subject
to random shocks, the operating units are put under two types of
repair due to their failure, failure time of the operating unit is
exponential distributed and then the researcher obtain the mean

time to system failure and draw its graph against shock rates.
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Al-Ali (14a1), [r] studied two systems each consisting of one
unit, the unit subject to random shocks which occurs at random
times:-

System . without maintenance.
System r. with maintenance.
he found the mean time to system failure for these systems.

Danielsson and Olsson, (Y49A), ['v] showed that it is
possible to specify the requirement for at least one quality aspect,
the reliability, then we have full control over these requirement
through the whole development process and even during the
operational phase.

Beranek, (v-+1), ['+] provided a guidance for assessing the
reliability of mechanical and electrical systems of navigation locks
and dams.

Abid, (v..v),[re] introduced a general algorithm to determine

the optimum reliability system K out of n.
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1. Y. Some definitions and General concepts

The terminology to follow is very important in creating and

analyzing reliability block diagrams [«], [v],[*].

Definition ( !. ') Probability (P (1))

Probability is a numerical measure of the likelihood of an
event relative to a set of alternative events. For example, there is a
..z probability of observing heads relative to observing tails when

flipping a coin (assuming a fair or unbiased coin).

Probability Properties

The probability of an event A is expressed as P (A), and has

the following properties:
‘- <P (A) <Y,

Y- P(A)=)-P(A),
r- P(@)=,

t- > P(A)=1

Definition ( !. ) Mutually Exclusive Events

Two events A and B are defined as being mutually exclusive if it

Is impossible for them to occur simultaneously (A N B =®).

In such cases, the expression for the union of these two events

reduces to:
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P(A uB)=P(A)+P(B) L.(000)
Since the probability of the intersection of these events is zero.

Definition (1.3) Conditional Probability

Conditional probability of two events, A and B, is defined as the
probability of one of these events occurring knowing that the other
event has already occurred. The expression below denotes the

probability of an occurring A given that B has already occurred.
P(ANB) O

P(B)
Note that knowing that event B has occurred reduces the sample space.

P(A[B):*

Definition (1.4) Independent Events

If knowing B gives no information about A, then the events are
said to be independent and the conditional probability expression

reduces to:
P(A/B)=P(A) .. (V.Y)

From the definition of conditional probability, eq. (1.2) can be written

as.

P(ANB)=P(A/B)P (B) . (0.9)

Since events A and B are independent, the expression reduces to:

P(AB)=P (AP (B) ...(1.5)
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Definition ( !. ©) probability density function p.d.f.

If X is a continuous random variable, then the probability density

function, p.d.f, of X is a function, f (x), such that for two numbers, a and

b with a <b:
b

P@<X<h)=[f(d« andf(x)> -, forall x ..
a

Definition ( !. V) Cumulative distribution function c.d.f

The cumulative distribution function, c.d.f, is a function, F (x), of
a random variable X, and is defined for a number x by:
X
F(X)=P(X =x)= [f(s)ds . (O

— OO

Where s is a dummy integration variable.

The c.d.f is used to measure the probability that the item in
question will fail before the associated time value, t, and is also called

unreliability.

The mathematical relationship between the P.d.f and c.d.f is given

by:

F(x)= )f( f (s)ds

Conversely:

foo = d(FX) 0N

dx
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The value of the c.d.f. at x is the area under the probability density
function up to x, if so chosen. It should also be pointed out that the total

area under the P.d.f is always equal to Y, or mathematically,

0

[ f(9dx=1 L (09

—00

Definition (.v) component

A piece of equipment or portion of a system viewed as an
independent entity for evaluation, i.e. its reliability does not
influence the reliability of another component.

Definition (1.4) System

An orderly arrangement of components that interact among
themselves and with external components, other systems, and

human operators to perform some intended function.

Definition (/. 9) Reliability function R (t)

It is the probability that the system survives from some specified
period of time. This may be expressed in terms of random variable T

the time to system failure:

R (t) =P{T >t} (00
= Probability that the system operates without failure for length
of time.

The probability of survival or reliability R (t) at time t , has the

following properties:
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) <R(t)<)

i) R (+)=); thedevice isassumed to be working properly at
time t =+ , and R(0); no device can work for ever without

failure.
i) R (t) in general is a decreasing function of time t.
LetF (1) =P{T <t} Lo (0Y)

=Probability that the failure takes places at time less than

or equal tot.

Since a system that does not fail for T <t must fail at same T > t, we

have

R (t) =)-F (1) L. (VDY)
Or equivalent
R(t):1—jf(u)du ()
Or R(t):Tf(u)du N AIEY

Definition (1.1 0) Failure Rate

The failure rate is the probability that a failure per unit time
occurs in the interval, say [t, t +A t], given that a failure has not
occurred before t. That is, the failure rate is the rate at which failures

occur in [t, t +A t],
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P[t<T <t+At[T >t |

At
_ Pla<T <t+A) N(T >t))]

- AtP[T >t]

Failure rate =

_ F+AD)-F()
AtR(t)
Definition ( !. ! ') Hazard Rate h (t)

. (09)

The hazard rate is defined as the limit of the failure rate as the

interval approaches zero, that is, At - .. Thus, we obtain the hazard

rate at time t as

_im FE+AD—F(@) _ f(1)
hO=1"""AR®) RO - 1)

we can explain the hazard rate in the following figure.

o
E /
S Early Life
5| /_ ‘
o .
@ : Wearout Life ————/
5 | !
= /
2 ‘ /
m L
i N v
L * . ‘
3 . Useful Life .
L k. -
™ ,
LS — e L

Time {hours, miles, cycles, etc.)
Figure (1.1)
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The hazard rate is an instantaneous rate of failure at time t, given
that the system survives up to t. In particular, the quantity h (t) dt
represents the probability that a system of age t will fail in the small

interval ttot+ A t.

The hazard rate will change over the lifetime of a system. The
curve above is typical for many systems and components. It may divide

Into three distinct regions:

‘. Early life or Burn-in or debugging or infant mortality phase —
early failures due to material or manufacturing defect or improper

design.

Y. Useful life or normal operating or chance failures phase -

failures caused by sudden stress of extreme conditions.

r.  Wear-out life — fatigue failures caused due to wearing out of
components. These failures occur if the system is not
maintained properly or not maintained at all and frequency of

such failures increases rapidly with time.

Definition (!. ' 1) Mean Time to Failure (MTTF)

In addition to the functions R (t) and h (t), a third useful reliability
measure for non-repairable components is the mean time to failure
(MTTF), or expected life [YY].

MTTF=E(t)=tf ()dt - ()
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Or in terms of the reliability function,
MTTF = [R(t)dt (VDA
0

Example ( ): -

Consider a component with a constant hazard rate h (t) =A.
R ()= F ()=1-e* and f ()= ™

MTTF = [exp(-At)dt=1/ A
0

In most applications, the reliability of a non-repairable component
can be described by a single parameter, such as the reliability R or the

mean time to failure MTTF.

Definition (1.1.3) Mean Time between Failures

The Mean Time between Failures (MTBF) is a concept, which is
frequently used in reliability work. It is defined to be the ‘average' or
‘expected’ lifetime of an item. Alternative notation is p or E (T). Then,

from the definition of a mean or expected value,

MTBFZth (t)dt (009
Alternatively :

MTBF:T[l—F(t)]dt (YY)

0 . . .
We most commonly express the mean time between failures in

terms of the reliability function, namely

MTBF :jR(t) dt
0

'Y
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The functions f (t), F (t), R (t) and h (t) can be transformed with

one another [YY].

For example:
_dF@®) 1 : _dF(@®)
h(t)=="5 R Since ="
From (1.16) we know thathR—ét))=—h(t)dt, which yields
dR(t)
dF(t)=— o0
(t) ot (.M)
Then by integration,
INR®) =—[h(x)dx+¢c, RO)=1c=0) ...(0.¥Y)
0

And taking the exponential of both sides of the equation, one

obtains the fundamental equation relating reliability a failure rate:

R(t):epo h(x)dx} - (T
0

Finally, by differentiation, we can write f (t) in terms of h (t),

f (t)=h(t)exp{—}h(x)dx] L (.Y9)

The exponential distribution is a useful model of the time (or
length) between failures in situations where the failures are happening
at random and at a known rate, . The p.d.f. is then given by

VY



Chapter one Introduction and General Reliability Concepts

f () =1 e™"for t>. , We can find associated functions of exponential

distribution.

(i) Then the c.d.fis

F(t)=P(T <t)
=[ f @©)dt

I
Oty

/Iexp[—/’tt}dt
ie. F)=-e ™ ()
(iHReliability Function

Then since

R ()= -F(t)

=-[-e™]
ie. R()=e™ . ()
(iii) Also, the hazard function is given by
h (t) =f(t)/R(t)

So in this case
hty=A1e*/e”™ L.(0.YY)
h({)=4 (i.e. aconstant)

(iv) The mean time between failures (MTBF) is
MTBF = [R(t)dt

—3

exp|—At|dt

N

(YA
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Example (N: -(Assuming constant failure rates)

(i) A system has a failure rate of ¥ x )+ failures/hours. What is the

mean time between failures?

(i) A component has a failure rate of © )+~ hours. What is the
probability that the component will still be working after Y+« -

hours of operation?

(ili) Assume that a guided missile has a true MTBF of 2 hours

and constant failure rate.

What is the probability of the missile failing to complete a two-hour

mission?
Solution (Using time units of ! hour)
(1)  A=+.++Y failures/hour
Then the MTBF = Y/A=Y/+.++Y=2++ hour

(i) A=ex 1.

We know that R (t) =™

ThenR (1....) = g @ ()
:e'.'.o:'-qo’

(ili) MTBF =Y hours — A = +.2 per hour
P (X<Y) =F (Y) where F () =Y —e ™'

ThenF (V) =) —e /7% = vy

\o



Chapter two Some Mathematical Reliability Systems

r.1 Introduction

In chapter one we discuss some reliability concepts like
hazard function, mean time to failure, mean time between failure
...etc. and we reviewed most of the work which has done on this
subject. In this chapter we study the systems reliability. This need a
complete knowledge of the physical structure of the system which
may vary from small or moderate to large that involves many
components, it also necessitates sufficient acquaintance with the
nature of the system in the event of failure of subsystem.

This chapter contains four sections. Section two deals with
series system, parallel, series—parallel, parallel-series, Combination
of series and parallel and K- out of - n system. Section three
complex systems are studied with some methods for calculating the
reliability of complex systems and we have done comparison with
them.

The last section is concerned with reliability allocation for

series and complex systems.

r. r. SYSTEMS RELIABILITY

Suppose that we have to calculate the Reliability of a system
made up of several components. The total reliability can be
calculated by calculating the reliability of each individual
component, and combining these individual reliabilities [V],[A],
[ 4]. The ways by which the system elements can be combined are

the following:-

1
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Y— Inseries.

Y— In parallel.

Y— Inseries — parallel.
¢~ In parallel — series.

°—  Combination of series and parallel.

1-  K-out of-n Parallel Configuration.

Consider a system of n components connected in series so
that the system will only work (i.e. a signal will pass from | to O) if

all of the components work.
—E-E-E- - —E-

Figure (Y.))

If the components fail independent of each other it is easy to
show that if Ry, Ry, ..., R , are the reliabilities of the individual

components, then the reliability of the system is given by:
RSYSTEM:R\X RYX...XRn ...(“.\)

Example ( ): -

Consider a system of ¥ components connected in series, each
component having a constant failure rate. (In other words, the

components have exponential lifetimes).

—{a©2 B4 [~ c@s |—

ARY
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These rates for components A, B and C are -.Y, +.¢ and +.°
per Y+, +++ hours respectively. Thus we have for constant failure
rate A, the reliability

R(t) =e™".

Thus for component A, Ry = ¢ "

Similarly, Rg =e"and Rg =™,
Hence the reliability of the system is:
R () =e LY e Uy
=e "
Then, for example, the probability that the system is still

working after Y+,+++ hours=R (Y) = = + )Y+ A,

If n components are connected in parallel so that the system

works (signal from | to O) as long as at least one of the components

_-_
«——{m
_-_

Figure (Y.Y)

works.

o

The reliability of the system (again assuming independent

failures) is then:

YA



Chapter two Some Mathematical Reliability Systems
Rsystem = Y- P (all fail)
=) — [P (A, fails) xP (Av fails) x ... x P (A j fails)]
=V-0-R)O-Ry)...("-Ry)
RsysTEM :1_}2 1-R;) . (V.Y)

Example ( N): -

Component A with a constant failure rate of Y. per Y+« hrs
and component B with a constant failure rate of Y per Y+ ++ hrs are
connected in parallel. Find the overall reliability of this system.

(Note that components A and B have exponential lifetimes).
Solution:

For the individual components, assuming a constant failure

rate
Ra()=e "
Rg(t)=e "
Then if these components are connected in parallel,
R system () =) = [() —=Ra (1)) x (" —Re (1))]

=) [0 —e "0 —e )]

—e oty ettt

Then, for example, the probability that the system is still

working after Y+ + + hours is

R(V)=e 40 _g™e0)

= . FYAY
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i.e. there is a YY7 chance that such a system will still be

working after Y+ + + hours.

The reliability of a system comprising n component

connected in parallel redundancy, is
Re='1-('-R)" B ARY
Where R is the reliability of an individual component.

If we place n sets in parallel, where each set has m
components connected in series, we get the reliability of such a
system as

Rp = )- ( )- R) n
m
Where R=TTri, and r; is the reliability of the i th
i=1
component in series. Thus,
m
Rs=1-("-T1 n)" - (V.8)

i=1

The series — parallel configuration is shown in fig (¥.Y).

Fig (Y.Y) series — parallel system.
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Example ( 1): -

Compute the reliability of the system for the connection given
in fig (V.¢).

—la—{e—e—b—
—a—{e—e—ot—

Figure (V.¢) series — parallel system whenm = ¢ andn =Y,

The reliability of A, B, C and D are -.%¢, +.49 + 42+ and ..47

respectively.

Making use of equation (Y.V), we get the system reliability for

m=¢andn=1Y,
4 Y
Rs=1-("-11 1)
i=1
=) = (.90 x + 29xe A A1)
=) (- MY
= ~.q.l°~ or‘\'l.°~z

The reliability of n components connected in parallel is given
by Rp

Re=1-(-R)" .- (Y.0)
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Where R is the reliability of an individual component.

If m such sets are connected in series, where each set consists

of n component in parallel, then the reliability of the system is

given by
Rs=['-(-R)"" (Y
The parallel — series configuration is depicted in fig (Y.°).
1 2 m
T > 2 » CLLEE = >
n

Fig (V.°) parallel — series system

Example ( 4): -

Compute the reliability of the system for the connections

given in fig (¥.1):

1 2 3 4

Fig (Y.1) parallel — series system

Yy
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Assuming the reliability of each component is +.49°
Here, we are given n=Y, m= ¢, using eq. (¥.1), we get
Rs=[-(-R)""
=D-(-+49) "
= (+.33Y0) = v 99, =447

To evaluate reliability of a system comprising both parallel
and series systems, divide the system into ‘series only’ and
‘parallel only’ subsystems. Find the reliability of each subsystem as

above then combine in a suitable manner?

Example ( 9): -

Find the reliability of the system shown where the number in
brackets indicates the constant failure rates per year for each of the

components.

— LA e —
—e o0

Solution:

Consider the two branches (AC) and (BD) first. These are

both series ‘subsystems’.
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Then Reliability of top branch =
RopM=Ra®)xRc(t)=e 'xeg =g
Reliability of bottom branch =
R botom (1) =R g (t) x Rp(t)=e " xe ="

We can then consider these two subsystems (AC) and

(BD) as part of a larger system, namely

AC

BD

And for this parallel system
R system (t) = - [(\ -R AC (t)) X (\ -R BD (t))]
= =[x (0 e ]
= e -t +e AR e =V At
Then, if for example we wish to find the probability that the
system will still be operational after T months, R (+.¢), we have
R(:.0)= p () g YO g A(C0)
= + AAY
(i.e. there is an AAZ chance that the mixed system under

consideration will still is operational after T months).

Y¢
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r. r. 7 K-out of - n Parallel Configuration

The k-out of-n configuration is a special case of parallel
redundancy. This type of configuration requires that at least k
components succeed out of the total n parallel components for the
system to succeed. For example, consider an airplane that has four
engines. Furthermore, suppose that the design of the airplane is
such that at least two engines are required to function for the
aircraft to remain airborne. This means that the engines are
reliability-wise in a k-out of n configuration, where k = Y and n =

¢. More specifically, they are in a Y-out of -¢ configurations.

Even though we classified the k-out of-n configuration as a
special case of parallel redundancy, it can also be viewed as a
general configuration type. As the number of units required
keeping the system functioning approaches the total number of
units in the system, the system’s behavior tends towards that of a
series system. If the number of units required is equal to the
number of units in the system, it is a series system. In other words,
a series system of statistically independent components is an n-out
of-n system and a parallel system of statistically independent

components is a Y-out of-n system [ A].

Example ( 7): -

Three hard drives in a computer system are configured
reliability-wise in parallel. At least two of them must function in

order for the computer to work properly. Each hard drive is of the
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same size and speed, but they are made by different manufacturers
and have different reliabilities. The reliability of HD #) is +.2, HD

#Y is « . AN and HD #Y is +.Ae all at the same mission time

Solution:

Since at least two hard drives must be functioning at all times,

only one failure is allowed. This is a Y-out of-Y configuration.

The following operational combinations are possible for a

system success:

Y- All Y hard drives operate.

Y- HD#) fails, while HDs #Y and #Y continue to operate.
Y- HD #Y fails, while HDs #) and #Y continue to operate.
¢~ HD #Y fails, while HDs #) and #Y continue to operate.

The probability of success for the system (reliability) can now

be expressed as:

¥
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Ps=R\RiRr + (" = R)) RyRy + Ry (¥- Ry) R+ RyRy (}-Ry)
This equation for the reliability of the system can be reduced to:
Rs=R\Ry + RyRy + Ry Ry - Y R\Ry Ry .. (YY)
Or:
Rg = 20 A1/
If all three hard drives had the same reliability, R, then the

equation for the reliability of the system could be further reduced

to:

Rs=YR' - YR’ (YA

In many cases, it is not easy to recognize which components
are in series and which are in parallel, in a complex system. The
network shown in Figure (Y.A) is a good example of such a

complex system, [Y+].

‘-

Figure (Y.A): Example of a complex system.

Yv


http://www.weibull.com/SystemRelWeb/series_system.htm
http://www.weibull.com/SystemRelWeb/simple_parallel_systems.htm

Chapter two Some Mathematical Reliability Systems

The system in Figure (Y.A) cannot be broken down into a
group of series and parallel systems. This is primarily due to the
fact that component C has two paths leading away from it, whereas
B and D have only one. Several methods exist for obtaining the

reliability of a complex system including:
Y- The path-tracing method.

Y- Reduction to series elements.

Y- Minimal cut method.

¢~ The decomposition method.

©-  The event space method.

1- Composite method.

r. r . Path-Tracing Method

With the path-tracing method, every path from a starting
point to an ending point is considered. Since system success
involves having at least one path available from one end of the
reliability block diagram to the other, as long as at least one path
from the beginning to the end of the path is available, then the
system has not failed. One could consider the reliability block
diagram to be a plumbing schematic. If a component in the system

fails, the "water"™ can no longer flow through it. As long as there is
at least one path for the "water" to flow from the start to the end of
the system, the system is successful. This method involves

identifying all of the paths the "water" could take and calculating

YA
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the reliability of the path based on the components that lie along
that path.

The reliability of the system is simply the probability of the
union of these paths. In order to maintain consistency of the

analysis, starting and ending blocks for the system must be defined.
Now we solve figure (Y.A) by using this method
Rs) = Ra.Rg.Re.Rg
Rsv = Ra.Rc.Re.Rg
Rsr = Ra.Rc.RE.Rg
Rs: = Ra.Rp.Re.Rg
Rs :1_i1££(1_Rsi)
=)- [(-Rs)) (Rev) (-Rsr) (1-Rs2)]
(V.9)
We obtain
Rs (1) = Ra.Re.Rp.Rg + Ra.Rg.Re.Rg + Ra.Rc.Re.Rg
-Ra.Rc.Rg.Rp.Rg -Ra.Rc.Re.Rp.Rg - Ra.Rc.Re.Rg.Rg
+ Ra.Rg.Rc.Rp.Re.Rg+ RaA.RE.Rp.Rg + Ra.Re.Rg.Rg
+ Ra.RE.Rc.Rg - Ra.RF.Rp.Rg.Rg - Ra.RE.Rp.Rc.Rg
-Ra.RF.Rc.Rg.Rg+RA.RE.Rp.Rc.Rg - Ra.Re.RE.Rp.Rg
-Ra. Re Re. Rg. Rg - Ra. Re Re. Re. Re
+RA.Re.Rr.Rg.Rp.Rg+ Ra.Re.RE.Rc.Rp.Rg

+Ra.Re.Rr.Rg.Rc.Rg

¥4
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- Ra.Re.Re.Rg.Rc.Rp.Rg (YY)
Let Ra=Rg=...=Rg="+.9, with independent units we get
Rs=R'+R"+R'=R°—=R°"-R"+R+R"+R’
+R-R"-R°-R°+R°-R°-R’-R’
+R'+R +R-R'
Rs=TR -AR*+¢R-R' L (T))
And we substitute (+.2) ineq. (¥.))) we get

Rg =+ A1

rr.r Reduction to series elements

In this method we systematically replace each parallel path by
an equivalent single path, and ultimately reduce the given system to

one consisting of only series element, [1].

Step !:  The parallel elements E, F will be first

replaced by an equivalent series element.

Say P!
Rey (1) = Y- [(Y-Re) (*-Rp)]
= RetRr - Re.Rr (Y)Y

The system has now been modified to another system is

shown in fig. (¥.2). Blew
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4
09)

>
\ 4
A
@]
y
A 4

P

()}

* D

Figure (Y.9)

Step (7): parallel elements B, C, D can be replaced by
an equivalent element whose reliability is

obtained from the rule that. Say PY
Rev (1) = Y- [(*-Rs) (*-Rc) (*-Rp)]
= Rp*+Rg+R¢ — Rg.Rp- Re.Rp- Re.R¢ + Rg.Rc.Rp
(YN

The system has now been reduced to a system contains series

elements as:

A

\ 4

Py o P ——] G

Fig (Y.)+)

Step -
The system reliability of Fig (Y.)+) is
Rs = Ra.Rg.Re.Rg + Ra.Rc.Re.R: + Ra.Rp.RERG
+RA.Rc.Re.Re— Ra.Rc.Rp.ReRG - Ra.Rc.Re.RERG

- Ra-RB.Rp.Re.Rr.Rg - Ra.Rg.Rc.Rp.Re.Rg

)
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+ Ra.Rg.Rc.Rp.Re.RE.Rg (Y9

If we take Ra=Rg=...=Rg=".4, with independent identical units we

get
Rs)=R"+R'+R*"+R'-R-R"-R'—-R'+R’
=tR'-YR -YR+R' .. (Y)0)

= ~./\°

r. . Minimal cut method

A cut is a set of components such that when the component in
the cut is removed from the system, i.e. there is no path from one
terminal to other, the minimal cut method is a powerful tool in
analyzing systems that are connected in form of a bridge. When we

apply this method to fig. (Y.A), we obtain.

—| B » C |—> " C|—> —> E |—
> > C > | |
* D > *1 E > *1 F > —| F >
Fig (Y.)))

Rey (t) = Y- [(*-Re) (*-Rc) (*-Rp)]
Rey () = Y- [(*-R¢) (*-Rg)]

Rer (t) = - [(-Re) (*-RF)]

A

\ 4
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Res (1) = V- [(\-Re) (-R)]
Rs (1) = Ra.Rc.Re.Rg + Ra.Rc.RE.Rg - Ra.Rc.Re.RE.Rg

+ Ra.RB.Re.Rr.Rg - Ra.Rg.Rc.RE.RE.Rg

+ Ra.Rp.Re.RE.Rg - RA.Rp.Rc.Re.RE.Rg

- Ra-Rg.Rp.Re.RE.Rg tRA.Rg.Rc Rp.Re.RE.Rg ... (YN 1)
If we take Ra=Rg=...=Rg=".%, with independent identical units we
get

Rs()=YR +R -YR+R" (YY)

= +.YA

r. 1. ¢ Decomposition Method

The decomposition method is an application of the law of
total probability. It involves choosing a "key" component and then
calculating the reliability of the system twice: once as if the key
component failed (R = +) and once as if the key component
succeeded (R = V). These two probabilities are then combined to
obtain the reliability of the system, since at any given time the key
component will be failed or operating. Using probability theory, the
equation is:

Rs=P(ENA)+P(GNA)

=P(s| AP(A)+P(s| A)P(A) (YA

Example (V): -

Consider three units in series.

Yy
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A is the event of Unit ) success.
B is the event of Unit ¥ success.
C is the event of Unit ¥ success.
S is the event of system success.

First, select a "key" component for the system. Selecting Unit
), the probability of success of the system is:
Rs=P(S|A)P(A)+P(S|A)P(A)
If Unit Y is success, then P (S| A) = Rv Ry

That is, if Unit Y is operating, the probability of the success of

the system is the probability of Units Y and Y succeeding.
If Unit \ fails, then:
P(s|A)=0

That is, if Unit Y is not operating, the system has failed since
a series system requires all of the components to be operating for

the system to operate. Thus the reliability of the system is:
RS: RyRyP (A) = R\R\R¢

Example (A): -

Consider the following system:

1 2

3

Figure (Y.Y)

Ye
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A is the event of Unit ) success.

B is the event of Unit Y success.

C is the event of Unit ¥ success.

S is the event of system success

Selecting Unit ¥ as the "key" component, the system reliability is:
Rs=P(S/C)P(C)+P(S/C)P(C)

If Unit ¥ success, then P (S| C) =)

That is, since Unit Y represents half of the parallel section of
the system, then as long as it is operating, the entire system

operates.

If Unit ¥ fails, then the system is reduced to:

P(s|C)=R1R2
The reliability of the system is given by:
Rs = P(C) + RiR2P(C) = R3+ RiR2(1— R3)
Or:
Rs=Rr + RyRy- RyRy Ry (YY)

The event space method is an application of the mutually
exclusive event axiom. AIll mutually exclusive events are

determined and those that result in system success are considered.

Yo
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The reliability of the system is simply the probability of the union
of all mutually exclusive events that yield a system success.
Similarly, the unreliability is the probability of the union of all
mutually exclusive events that yield a system failure. This is

illustrated in the following example.

Example ( 9): -

Consider the following system, with reliabilities Ry, Ry and

Ry for a given time:

A Is the event of Unit Y success.
B is the event of Unit Y success.
C iIs the event of Unit ¥ success.

The mutually exclusive system events are:

X,=ABC , all units succeed.

Xx=ABC , unit ) fail and Y, ¥ succeed
Xy=ABC,  unitYfailand ), ¥ succeed
X.=ABC , unit ¥ fail and Y, Y succeed
X.=ABC : unit Y, Y fail and ¥ succeed
X-=ABC,  unit), ¥ fail and ¥ succeed

1
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X.=ABC , unit Y, ¥ fail and Y succeed

X,=ABC |, all units fail.

System events X, Xy and X, result in system failure. Thus

the probability of failure of the system is:
(VYY)
Pt =P(XelUX7U X3s)
Since events X+, Xy and X, are mutually exclusive, then:
Pi=P (X:)+P(Xy)+P(X) (YY)
And:

P(X6)=P(ABC)=(1-R1)(R2)(1-R3)
P(X7)=P(ABC)=(R1)(1-R2)(1-R3)
P(X8)=P(ABC)=(1-R1)(-R2)(1-Rs3)
Combining terms yields:

Pt (t) =)- Ry Ry - Rr + Ry Ry Rr L (YY)
Since:

Rs () =)-P¢
Then:

Rs(t) =Ry Ry + Rr- Ry Ry Ry

This is of course the same result as the one obtained previously

using the decomposition method.
If Ry = 44.07%, Ry= 9A.Y/ and Ry= 4VY.YZ, then:
Rg () = (+.330) (*.3AY) + (+.2YY) - (+.390) (+.9AY) (+.4VY)

= +.49490Y0V00 gr Rg=%4.490/

Yv
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r r. 7 Composite method

This method is similar to the path tracing method, but it does
not list the entire parallel path. The probability factor is derived in a

comprehensive manner starting from the input end. The series

(13 29

elements are assigned “and” and the parallel elements “or” in

setting up the expressions for the probability factor.

The system in the example (9) has elements A and B in series

connected to the input end. Next comes element in parallel. Hence,
P(S)=P[(AandB) or C]
Assuming that the elements are independent, we have
P(S)=P{(AorC)and (BorC)}
P (S)={P (A) orP(C)} x{ P(B) or P(C)}
={P (A) + P(C) - P (A) P(C)}x {P (B) + P(C) - P (B) P(C)}
=P(A)PB)+P(C)P(B)-P(A)P(B)P (C)+P (A)P(C)
+P(C)-PAPC)-P(A)PB)P(C)-P(B)P(C)
+P (A)P(B)P(C)
=P(A)P(B)+P(C)-P(A)P(B)P(C) (VYY)
Or
Rs() =R Ry + Rr- R, Ry Ry
This is of course the same result as in equation (Y.)?).
If Ry = 44,07, Ry= 3A.¥7/ and Ry= 4V.¥7Z, then:

Rg (1) = (+.990) («.AAY) + (+.AVYY) - (+.990) (+.AAY) (+.2VY)

YA
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= .+ 44490)oVoo

And we can solve previous example by using the first three

methods as follows:

Solution:

Assume starting and ending blocks that cannot fail, as shown next.

st — il

Figure (Y.\Y)
The paths for this system are:
X=1 rand Xy=r
The probability of success of the system is given by:
PX,UX)=P(X)+P(X)-P (X nX)

=P (L, N+P(N-P(, "N
Or:

Rs(t): R/ Ry+ R R/R/R¢

This is of course the same result as in equation (Y.) ).

Y4
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Y- Reduction to series element

Solution:
In this method we systematically replace each parallel path by

an equivalent single path, and ultimately reduce the given system to
one consisting of only series element. We shall assume the

elements to be independent
Step !:

Accordingly, elements A, B in fig (Y.)Y) are first replaced by an

equivalent single element, say s,. Using the probability rules, we

get

P(s\)=P (Aand B) =P (A). P (B) (YY)
OI’ Rs\:RA-RB
Step '

The given system has now been modified to that shown in fig

(Y.)¢)

| — — 0

C
Figure (Y. ¢)
Now Rs=Rc there fore, the reliability of the system is
Rs (1) = 1-110-(Ry; ©)
=)-[(-Ry)) (-Rs1)]
=R + Rer —Rg1.Rgx .. (Y.Y9)

And we substitute Rs,, Rsy by equivalent elements we obtain
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Rs (1) = Ra. Re + Rc — Ra. Re. R¢ (R

This is of course the same result as in equation (Y.)4)

When we apply this method to fig (¥.)Y) we get

Ry ()= -[("-Ra) (*-Rc)]= Rpy =Ra+ Rc-Ra. Rc ... (V.YVY)
Ror () = Y-[("-Rg) (*-Rc)] = Rpr=Rg + Rc - Rg. Rc ... (V.Y4)
R ()= HRp,(t) (Ry,+R. R R)(R;+R.—R,.R.) ... (Y.Y9)
Now We solve the equation (Y.Y4) we get

R ()= HRp,(t) (RyRz+R.—R,.R;R.)

This same result as in equation (Y.)4).

Reliability allocation is the process by which the failure

Fig (Y.)°)

allowance for a system is allocated in some logical manner to its,
sub-systems and elements. The purpose of reliability allocation is
to establish a goal or objective for the reliability of each component
so that the manufacturers can have an idea of the performance
required of this product.

The reliability factor of a system is known or is specified on

the basis of the overall mission required .If the system comprises

£

l
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many elements and units, we must have method to determine the
reliability factor for each of them.

Consider a system consisting of n components (dependent or
independent) with individual reliability factors R,,R.,R.,...R,, . The
system reliability R (t) is a function of these components reliability.
Thus,

R(@{)=f(R,R,R,...,R}) ()

The problem now is to determine the values of R,,R.,R.,....R;
for a given value of R(t) .This problem will not have a unique
answer , at the same time , the value of R, R,, R.,..., R , cannot be
altogether arbitrary . The problem can be viewed from two aspects.
First, if we allocate the reliability requirement in some logical
manner among the n component, a goal will be set for the
manufacturer to product components with these reliability factors.
Second, if the state of art is such that the reliability R; of a
particular component i cannot possibly be improved upon, and if
the allocated reliability factor is higher.

In our project we shall discuss two methods by which the
reliability can be logically apportioned among the consistent
element of a system. The problem will not be treated in its most
general form as stated in eq. (Y.Y+), but in a slightly different
manner. The reliability or the predicted failure probability of each
component is obtained from its failure — data analysis. If the failure
allowance specified for the system is apportioned among the

components in some equitable manner [A].

&y
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We discuss the reliability allocation for series system by

using two methods:-

The system consisting of n components connected in series.
The principle adopted in this method for subdividing the system
failure allowance is that the failure allowance of each component is
directly proportional to the predicted probability of failure. This
rule based on the assumption that the components exhibit a
constant failure rate, and if A; is the failure rate of component i,
I=,...., n then we can use the approximation :
Rs (t) = exp (-Ast) = -Agt o (vm)
Where Ag= iﬁjlxli , As 1S termed the predicted system failure rate.

s is the specified system failure rate which is assumed to be less

than As. To compute the required failure rate for component i

which is denoted by A, i=.....n, we use the following equation :
it = (Ait/hst). Mgt v ()

So the reliability goal for the component i is

R (D) =exp (-1 t) = -1t e ()

Example (! +): -

A system is composed of ¢ units connected in series .the failure
rates for these units are as follows:

Ay= e Ay = e eer

Ar= e eed Je= o 00V

T O

£y
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It is desired that the maximum failure rate for the system be

Ns= .
(i) Allocate this among the four units.
(if) Allocate reliabilities to the four units.
Solution (i):
The sum of the unit failure rate is

As= A+ Ar+ Art+ A: cee ()

=Y F vt et o= o

Hence, the allocated unit failure rates are

A= (o) x r=aare

A= (o) X =

A= (o) X e = e,

A= (o) X v = e
(i) IF A"y, &'y, &'y and 1" are allocated failure rates, we get

N T I R R I
Rs()=¢" ¢" ¢ e - e (o)

A=Al ) A, A =(AslA's) A
A r= (/Is//i*s) Ar A e= (ﬂs/i*s) As

Hence, the allocated reliabilities are

R* ,(t) — e- (As/A*s) /1‘; o (nm)
R* r(t) = e- (AS/A*S) i'; e (Y.rv)
R* f(t) = e- (AS/A*S) lr; oo (“.Y’f\)

¢¢
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R*f(t) = (151775) 2. s ()
R*\(t):e'(“"\/"'ﬁ).'“* — . 99AY0
R*x(t):e'(""”"'“)""v= v A49AYVY
R*v(t):e-(“..\/...ﬁ).'“i — . 99vo0.
R*g(t):e'(“'.\/"'ﬁ).'“V — . q9970Y
- Second method

In this method (known as the minimum effort method) the
reliability of only those components is increased that have a value
less than a certain figure. Further, the reliability of each of those
components is raised to a common value and not apportioned in the
sense in which it was done in first method.

Let the system consist of n component connected in series, and let
R, R, R...., R, be their individual reliabilities .The system
reliability will be

Rs() =R xR xR.x..x R,

Let R's (t) be the desired reliability for the system, and assume that
R’s (t) is greater than Rs .we have now to increase the reliability of
a minimum number of components to a value such that the new
reliability of the system becomes R’s (t). To achieve this we
proceed as follows:

(@) The known reliabilities of the component are arranged in an

ascending order. Having done this assume that

Ri<R«<R<...<Rn o ()

(b) The reliabilities of the first K components in eq.(x.::) are

increased to the same value Ry

¢o
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The reliabilities Ry, Ry+.,..., Ry at the remaining component are

left unchanged. For determining k and R, the first is to calculate the

value of
R
R2xR3x...xRn e ()
This is compared with R, .IF
Rs : >R )
R2oxRax...xRn \ oo (o

Then R, will have to be increased to the value R,. The next step is

to calculate the value of

S
R3XR4X...XRn e (r.sr)
This is compared with R. .If
, .
Rs >R, e (ras2)
RaxRax...xRn
Then R, will have to be increased to the value R,. This procedure is
continued till.
g
Rk+1XRk+2...XRn >R K (Y'io)

Then R ( will also have to be increased to the value R,. In general,

k is the maximum value of j such that

2
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L
Rs
n+1

IR
| i=j+1 |

> R, ()

Where R, .The reason for introducing R, iIs to include the
possibility that in a system it may be necessary to raise the
reliabilities R,, R,, R.,...,R, of all the n components to common
higher value , whose maximum value will be at most equal to
Rp+=0.

Example (11): -

Four units are connected in series, with reliabilities R,=. e,
R=.5, R=.4 R.=.4. Calculate the system reliability. If the
reliability is to be increased to a value of .-, how should this is
apportioned among the four units according to the minimum effort
method?
Solution:
The system reliability Rs for these units in series is
Rs () =R. R. R. R

= . A0 X .4 X.AX .40

= . on

The value of Rs is ... Following the procedure explained earlier,

we have

Rs E _ 065 _
R2xR3xRaxRn+1 '

Since ..1:e > ..ae, the value of R, will have to be increased to R, Next

2
{ R TZ ( 0.65 jﬂ i
RaxRaxRn.1 0 76
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Since ..ar > .2 the value of R, will have to be increased to R,
Next

E
R; & 0.65 1
RaxRoa |~ \ o5 ) — ™"

Since ..~ > . the value of R, will have to be increased to R, Next

. 4
Ry 1{0-65}%_
Rost | L200] — "

Since .1 IS less than ... The value of R. will be left unaltered.

From (v.c¢), we see that K =r and the value of R, is obtained from

/3
[ R TP (o8 -
Ro= = | — |= .
RaxRn+1 0.95

This means that the reliability of the first unit is to be increased

from its present value of .+ to ..av; the reliability of the second
unit is to be increased from .. to -.axv; and the reliability of the third
unit is to be increased from .. to -an and the reliability of the
fourth unit will continue to be ..s-.the reliability of the system will
then be

Rg:R1>’<><R;’<><R;’k><R:1k

= U AM X AA X L AAY X L 40 Lo

r.«.r. Reliability allocation for a complex system

EA
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Similarly, we can find the reliability allocation for complex

system by using previous methods [%].

Example (11): -

A system consists of six elements connected as shown in fig

(vo+) the predicted reliabilities of the components for a .-hour

period are also shown.

C d
A v A
a b f
— O > o A I 40
g g e
Ao
Fig (v17)
Y- Convert the given system into an equivalent system
consisting of only series elements.
v-  Calculate the system reliability.
r-  If the system reliability is to be improved to a value of .. for

a --hour period, determine the reliability goal of each
component. Assume constant failure rate of all elements
without using the approximation R () = -At

.- Solve problem by using minimum effort method.

Solution:

- For calculating the system reliability, the given system

converted into an equivalent system consisting of only series

€9
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components, the components c,d,e mentioned in the reduction
method

R g (t) = Rc Rd + Re- Rc Rd Re (by probability rules)
= () () + (2 = () () (09) =200

Now the given system has been reduced to a series system as

shown in fig. (x.»v)

\ 4
=2
A\ 4
«Q
A 4
=y
v

Fig. (1)
We have, the reliability of the system is
R, (t) =exp (-Aqt) = -5
Rp (1) = exp (-Apt) = A
Ry (t) = exp (-Agt) = -.qea
And R (t) = exp (-Ast) = -20

The value of At would have been

At =)

Apt= ¥

/19'[: EFAL
And At= . 0

Y- Thus the system reliability is given by
Rs (t) = Ra(t) x Ry () x Rg (t) x R¢ (1)
= eXp [- (Aat + Apt + Agt + Aft)]
= exp (- Ast)

Where Ast = .o+ v+ . ov + o= Lvay (from e, vove)
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Rs (t) = exp (--.rax) = -.ave

Y- The desired reliability R's(t) = +.A® for the system, there fore
R*S (t) = e-k*St == K*st =y
R*S (t) — e—)\,*at e_K*bte_k*gt e—)\.*ft
La=(\'s/As) ra, A'b = (A's/As) Ab
A'g = (Ls/hs) Ag, A f = (\'s/As) Af

Hence, the allocated reliabilities are
R*a (t) — e- (A*s/ks) Aa.
R*b (t) — e- (A*s/As) Ab.,

R*g (t) — e- (A*s/ks) Xg;

R*f (t) — e- (A*s/As) Af,

R*a (t) = e- Cndrad) =2 = . 9014
R*b (t) — e' (-,"\Y/-,Y‘ﬁ\’) .Y — qY .

* - \'\Y/.V‘ﬁ\' vt
Ry (1) = ¢ &l ¥ 2 | gy

And R*f (t) — e' (~,Hv/.,rﬂ) 00 — .qvq

- To solve this problem by using minimum effort we follow
this step

(@) From (v.:.) we arranged the known reliabilities of the component in

an ascending order. Having done this assume that

o)



Chapter two Some Mathematical Reliability Systems

R<R<R<Z .. LR,

(b) The value of R’ (t) is -+ . Following the procedure explained

earlier, we have

Rs %_ 085
Rox RaxRax Ras1 0819

Since r..v> . 4, the value of R, will have to be increased to R, Next

1/2
R 2 (085
= — | = a2
RsxR4xRn+1 0.910

Since ..ax1 > .. the value of R, will have to be increased to R, Next

. P 1/3
{ R: F 085 ) _
R4X Rn+1 0.958

Since .1« > . 2 the value of R. will have to be increased to R, Next

RS yi 0.85]%_
2 = —] = .a%
Rn+1 1.00

Since -.11.> .2ex, The value of R. will have to be increased to R, we

see that K = « and the value of R is obtained from

« 1%
R.= Rs 4:(0'85)1/4: .91,
0 Rn+1 100 -

¥ yk % % *
RS—RaxbeRngf

T o470 X 4% X AT X AT =0 Al

oy
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In this chapter, we study six — method to find the reliability of
complex system, path-tracing method, reduction to series element,
minimal cut method, the decomposition method, the event space
method and composite method.

We concluded

Y- In the figure ( 7.4) the reliability in the first method as in eq.
(Y.)Y) is the largest than the reliability of the second and third
method as an eqg. (Y.Y°) and (Y.)V). While the reliability in
figure (1.1 7) is equality for all methods.

Y- In the figure (7.4 the system reliability is bounded between
the upper bound as in eg. (Y.))) and lower bound as in eq.
(Y.VY). But the reliability value in fig. (Y.1Y) is similar.

Y- The system reliability is depending on the way with which the

elements of the system are connected .

oy
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In the previous chapter, we studied system reliability for

different models and discussed some methods of the complex
systems reliability. Also some comparisons have been done to
select the optimal way to find the reliability of complex system. In
this chapter, we will give some basic concepts from stochastic
process, as Markov chain and Markov process, which will be used
in this work.

This chapter contains four sections. Section two deals with
some concepts on Markov models. In section three reliability
models of non-maintained system are studied. Also in this section
we shall be concerned with developing the reliability functions and
expected time to system failure for the series and parallel system
configurations.

The last section is concerned with non-Markovian processes.

In this section, we will present some concepts in Markov
models, needed for calculating the reliability system; most of those

definitions are taken from [Y4], [YY],[YY].

Definition (3.7) stochastic process

It iIs a function whose values are random variables. The

classification of a random process depends on different quantities

[\'\]:

o¢
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Y—  State space

Y— Index (time) parameter

- State Space

The set of possible values (states) that X (t) might take
on.

If there are finite states => discrete-state process or
chain

If there is a continuous interval => continuous process.

- Index (Time) Parameter

If the times at which changes may take place are finite
or countably infinite , then we say we have a discrete-
(time) parameter process.

If the changes may occur anywhere within a finite or
infinite interval on the time axis, then we say we have a

continuous-parameter process.

There are many kinds of stochastic processes. Two of the

most important distinguishing characteristics of a random process

such as Markov chain and Markov process
Definition (. ") Markov Chain

It is a stochastic process with a discrete state space and time

space [ 1].

A set of random variables forms a Markov chain if the

probability of the next state S (,,,) depends only on the current state

S (n), and not on any previous states.

I.e. S+ dependsonlyon S ,andnotonany X, '<i<n

oo
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States must be

Y—  Mutually exclusive.
Y—  Let P; (t) = Probability of being in state S ; at time t.
When > R(t)=1

Definition ( *. 1) Markov process

It is a stochastic process with a discrete - state space and
continuous time. In this section, we will be concerned with the
discrete-state continuous — time model. i.e. the Markov process.

Any Markov model is defined by the set of probabilities P;;
where Pj; is the probability of transition from any state i to any state
J. One of the most important features of the Markov process is that
the transition probability P; depends only on states i and j and is

completely independent of all past states except the last one.
r. 1. ). The transition probability matrix

The transition probabilities can be arranged as transition

probability matrix P = (p; ;)
Final state —»

Poo Poi Pop2

p= [P0 P11 P2 - l Initial state

. The row 1 contains the transition probabilities from state i to
other states.
Since the system always goes to some state, the sum of the

row probabilities is ).

o1
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. A matrix with non-negative elements such that the sum of
each row equals ) is called a stochastic matrix.
. One can easily show that the product of two stochastic

matrices is a stochastic matrix.

. r. v Laplace Transform

The Laplace transform is important in solving differential
equations [1]. The Laplace transform of a time function f (t) is
defined by the integral
L{f (1))= £*(s) = f (e *dt,Re(5)>0 ()
Where L represer:ts the Laplace transform.

The utility of the Laplace transform is that it reduces ordinary
constant coefficient linear differential equations to algebraic
equations in s which are easily solved .The solution in terms of s is
then converted back to a time function by an inverse transform
procedure. In this section, we give a few examples to show the
transformation, [Y£], [Y1].

Example ( ):

Find the Laplace transform of the exponential function f (t) =e ™
Solution:

L{f @)]=f*(s)=[e-2e Ndt= [~ Vdt

o

—(a+s)t w©
EE— -1 for s>-a
sSs+a -° S+a

oy
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Example ( N:

Find the Laplace transform of the function f (t) =\

Solution:

LIF @R " (9)=[1edt

— st oo
— € | =1 for s>o0

Example ( 1):

ar (t)
dt

Find the Laplace transform of the function

df (t) df(t) e
L{ I }—f ()=~ e dt

=°fe—stdf (®)

o

—st

This integral can be evaluated in parts. Letdy=df(t)andu=e

On integrating, we get

L{df(t)
dt

The value of ' f (t) at the upper limit becomes zero as

}=e5t f(t) T+ sof f (t)e_Stdt

lime s f(t)=0

t—>w

At the lower of e f (t) we get f (+), the initial value of the
function .The second part of the integral is the Laplace transform of

the function itself. Thus,

df (t)
)

} s £*(5)-(0) - (TY)

oA
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Example (4):
Solve the following differential equations
M:_g p, (1) .. (YY)
dt
d th(t):g Po(t)—4 p,(t) R
Solution:

Taking the Laplace transform of eqgns. (¥.Y) and (¥.¢) we have
5Py (s)—Po(0)=—2P5 ()

SPi(s)—P1(0)=APo(s)-APi(s)

Here,
Po(0)=1 and p,(0)=0.

Thus,
spg(s)=—Apg(s)+1 .. (V.0)

sp;(s)=4Ap5(s)-4p;(s) (T
Solving egns. (¥.°) and (¥.1) simultaneously, we obtain

) 1 .. (YY)
)= ——
Po(S) s+/1]
A

Pi) (s+/1)2J
On inversion, we get the time dependent functions
P.(t)=e™ (T
P, (t) = (At) e™ (T

These are the terms of the Poisson distribution forn =+ and n =).

o9
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£ r ¥ Poisson process

In discussing the Markov process, one of the examples, which
IS great importance, is the Poisson process. In this section, we shall
derive the Poisson distribution as the governing probability law for
a Poisson process [V].

In a Poisson process, we are interested in the number of
occurrences in time, the probability of each occurrence in small
time (A t) being a constant. The probability density function is
given by

P(xzx):(ﬂbt)xe_ﬂ“t X2, YT BGAL)
X!

The basic assumptions that are necessary in driving a Poisson
process model are as follows:

Y- The probability that a transition occurs from the state of n

occurrences to state of (n+Y) occurrences intime Atis A A t.
Y- Each occurrence is independent of all other occurrences.

Y- The transition of two or more occurrences in interval A t is
negligible.

In view of these assumption, a transition matrix P, which
describes this failure process for an interval t, t+ A t, can be
developed .For example, if at time t the system is in state -, the
conditional probability of remaining in that state is Y- A A t .The
probability of a transition to state ) is A At. the probability of

transition to states higher than ) are (A t) from assumption
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Y.Similarly if the system is in state ) at time t, then it can remain in
that state during t ,t +A t with probability Y- A A t, or transit to
state Y with probability A A t. notice that the system cannot return
to state + unless repairs are made on failed equipments. Thus we
can write a transition matrix for each of these conditions. It should
be noted that the sum of each row of matrix is always unity. Since

the system must be in one or another state.

) Yoo n-) n
O (11 A o .. O 0
1 0] 1-4 A4 ... O 0
2
p:
n-1 O O 0O 1-4 A
n 0] 0O 0O 0O 1

We can write the probabilities of being in each state directly as:

P.(t+41) =P.1®)(- A41) + (1)
Pit+A)=P.0) AAt+P,()-A41) + - (41)
Py (t+4 1) =Py, (t) 14 t+ Py (1) + (1)

This formulation leads to our system of differential equations.
To see this let us examine P, (t+ A t). Expanding we have:
Pit+4t)=P. () A4t+P,(t)-P,(t) 14t+ - (41)
From the definition of a derivative we have

d p,(t) _ p, (t+At)—p,(t)
dt At

=4 po(t) —A pl(t)

A%
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Similarly, the other equations are found to be:

P! (1) + AP.(f) -,
P ()-AP.®)+ AP, (1) =-
Py’ (t) - APy, (0) =.

If we assume that at t=- all equipment’s are in working order,
then the initial conditions are simply:
P. (1) =), Py (1) =2, Py ()=, P ()=,
And by using the Laplace transformation we shall first solve for
P.(t), then for the remaining states. Applying the definition of the
Laplace transform, we have the first equation
SP.(s)-"+ AP.(s) =~
So that
P.(s)="(s+ A4)
To find P. () we must take the inverse transform of the
expression for P. (s).
We find
L {P. ()} =f(t)=e™
Thus, the probability of no failures up to a time t is simply the
negative exponential function. With the solution to P. (t) it is easy
to find P, (t), P+ (t) and so forth. For example
P, (t) = A P, (t) + Ae™

And transforming the expression

A
P+ APy (S)=——
S+ A

1y
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And
A

(s+ 1)

P1(s)=
So that
P,@)=L"{P, (5)}= Ate ™

Continuing in this fashion we note that in general
n

A
Pa(s)= "
n (S+/1)n+1
Whose inverse is
Pn(t):W JForn=)Y,Y.Y... ..(T.\Y)
n!

This is the Poisson density function.
|7 Relibiliy models of non - mainiained sysem. |
For non — maintained system we shall define the reliability
function R (t) as the probability distribution which gives the
probability that the system will not fail within a given interval of
operating the probability time (+,t). In this chapter we shall be
concerned with developing the reliability functions and expected
time to system failure for the following system configurations [V].
- Series configuration.

- Parallel configuration.

The simplest arrangement of a number of equipment is a
series configuration .In this type of configuration all n equipment

must be operating for the system to be operating.
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| — 1 ) N n ——o

Series configuration

In order to define the reliability induced by this kind of
process, we need only consider the state where all the equipment
are operating. Thus, the probability that it had been operating at
time t, and that none of the n equipment’s failed in the interval t,
t+dt. Therefore, we make the following statements and assumptions:
Y- The system is failed when any one of the n equipment fails.

Y- The failure probability of each equipment is independent of
the remaining n-) equipments.
Y- The probability that any one equipment will fail in the
interval t, t+dt, given that it was operating at time t, is Adt
We then have
P. (t+ dt) =P. (t)(’-nA dt)+ -dt
And
P’.(t) + nAP. (t) = -

Solving by Laplace transforms as in the previous examples, we find

(T

And they’re fore
P. (t) =e™ (YY)

¢
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If we let R=e™, the reliability function for a series
configuration can simply be written as
R({t)=R" (YY)
And we noticed that this low is similarly to find the reliability
system ineq. (V.)).
L tPalleloonfiuraion |
In this configuration the assumation is that all n equipments
operate simultaneously and that each equipment has the same
failure rate. For the system to be in an operable state at a time t, the

system can be in any state other thann .

O

Parallel configuration

The transition matrix in this case is of the form:

\ Y

0(1-nA nA 0 .. 0
1 0 1-n-DA4 (-DA .. O
21 0 0 1-(n-2)4 ... O
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For example let us consider a system consists of two
equipment where the equipments are connected in parallel and it
has the same failure rate besides the two equipment operates
simultaneously

The state space is *, ) and Y representing the number of
equipment failed. The system is failed when it researches state Y.

The transition matrix in this case is of the form:
\ \
p— 0(1-24 24 0
1 O -4 A
2l 0 0 1

To develop the system of differential equations we must first

enumerate the probabilities of being in each state at t+ dt. These are

po(t+dt) = py(1-24dt) +0dt
p,(t+dt) = p,24dt+p,(t)(1-4dt) +0dt
p,(t+dt)= p,(H)Adt +0dt

From which we obtain

4P _ 975 1

dt
P02 py0-1p,0
dp,(t)
0. 2p,0)

With initial conditions

po(0)=1 p,(0)=0, p,(0)=0

Taking the Laplace transform we have

N
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(s+24) p,(s) =1
~22 py(8)+(5+4) py(5) -0
—Ap,(S)+sp,(s) =0
And
1
PolS)= ¢ o
o 22 2
P sr22)(5+2) (s+2) (s+22)
22
P20)= v 22)(542)
And since
R()=p, )+ p, () (T
We have
R@)=reH-g™ L (YY)

In general case where n equipments are operating in parallel,

the reliability function is

R() =1- [l_e—H(t)]n L (TN
Where
H (t) = (h(t) dt
0
Or R({)="'-(1-e™" AAR)

When n equipments are connected in a series arrangement,

the system fails when any one equipment fails. Applying the
definition ().1Y), the mean time to reach state ¥ when starting state
N 5

moy= I (O)dt=[ R(t)dt BNAAD
0 0

v
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From equation (¥.) €)

© YY)
iy NAD

If each equipment has a different failure rate,

1
n
2Aj
=1

Moz

ror ¢ MTTE of parallel configuration

When n equipment are connected in a parallel arrangement,
the system operate when any one equipment operate. Applying the
definition (1.VY), the mean time to reach state n when starting state
N [S5

moy= It (O)dt=[ R(t)dt (T
0 0

From equation (Y.)A)
mon = A= (1—e )" dt L (TYY)

0
We can make use from the binomial formula (a + b) " to solve
the term (- e™) "that is
(n 1) 2 n(n-H(n-2)

(1 e—/u) =1 +n(—e )+ ey L3 (_e—/u)3

_|_..._|_n(_e—/1t) _|_(_e—/1t)

Suppose that the system have two equipment connected in

parallel , so we obtain

TA
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1 2t pe it
Now from eq. (¥.YY) we get

[A-(—e)?)dt = T[l—(l—Ze‘M e ) ot
0

0

_ T on—at -2t
_g[Ze e )}dt

:g_i:i Y Y¢
1 21 24 e (TLT2)

r«  NON-— MARKOVIAN PROCESSES

It will be recalled that the basic assumption made with regard
to Markov processes was that they were characterized by constant
transition probabilities. This implies that the intervene distribution
of times to failure is exponentially distributed and we say therefore
that equipments fail at a constant rate. Thus knowledge of the
system at a time t uniquely determines its future stochastic
behavior. Now if we assume a more general form of the failure
distribution function, F (t), we define a non — Markovian processes
we shall soon see, it is often possible to treat a stochastic process of
the non — Markovian type by reducing it to a Markovian process.

To define a non- Markov process completely we must specify
more information than is required in a Markov process. In the
Markov formulation we did not concern ourselves with how the
system got to a particular state since its present state determines the
future behavior of the system. This is a consequence of the constant

failure rate assumption [V].

14
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Example (4): -

In a two equipment redundant system where each equipment
has the failure distributed Y-e™, there is no need to know how long
each equipment has been operating, since their probability of
failure in t, t+dt , given that they were operating at t, is A df,
whether they had just been replaced or had been operating for some
time. However, if this probability is related to time h(t) dt we must
also have information as to how long ago the equipment was
replaced. Thus, if at a time t one equipment had been operating for
t hours and the second had failed and been replaced at t-T, their
respective conditional failure probabilities in t, t + dt are h (t) and h
(t-T) dt, respectively, there are many cases where the equipment
failure distributions are other than exponential, but the transition
process can be treated in the Markov sense by increasing the
number of states, each being described by a constant transition rate.

Example ( 7):

Consider a single—equipment system with F (t)="- e™'- At e™,
the gamma distribution. Suppose we assume that the equipment
goes through two exponential phases each of length Y/A.

This is reasonable since (e *'dt=1/1 and TAate*dt=1/2
Now we define three stat?es: °

State +: the system is operating in the first phase.

State V: the system is operating in the second phase.

State Y: the system is failed.

This formulation leads to the transition matrix.
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\ Y

01-2 4 0
P=1 0 1-4 4
2l 0 0 1

To develop the system of differential equations we must first

enumerate the probabilities of being in each state at t + At. These

are

P, (t+A 1) =P, (t) (- L A1) +o(A1)
P.(t+At) =P, () AAL+P, (- AL +o(AD)
P,(t+A 1) =P, () A At +P, (1) +o(AY)

From the definition of derivative we have

dp,(t
R
d p,(t
i po0-2p,0
The solutions of these equations are simply R (t)=P. (t)+ P, (t),
R(t)=e™(V+At),asineq. (*.2) and (*.)+).

In the case where the equipments are operating in parallel and

equipment has a conditional failure rate h (t) =A t, we have the
following matrix of differential equations (The transition matrix) in

this case is of the form:

\ Y

01-24t 24t O
1 0 1-at At
2l 0 0 1

P=

The state space is -» and v representing the number of

equipment failed. The system is failed when it researches state ».

\A
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To develop the system of differential equations we must first

enumerate the probabilities of being in each state at t + dt. These

are.
p,(t+dt)=p,(t)L-24tdt) +0dt
p,(t+dt) = p,(t)24tdt+p,(t)A-Atdt)  +0Odt
p,(t+dt)= p, (t)Atdt +0dt

From which we obtain

4P _ ozt p 1)

dt
d th(t) =2t p,(t)—At p,(t)
d pz(t)
_ At p, (t
dt p,(t)

With initial conditions
p,(0)=1 p,(0)=0, p,(0)=0
Taking the Laplace transform we have
(5+24t) p,(S) =1

=22t py(s)+(s+At) p,(S) =0
—Atp,(s)+sp,(s) =0

And
1
S =
Po(5) S+2t
2t 2 2
pl(s): = -
(S+2At)(s+At) (s+At) (s+24t)
And since

R()=po(®)+p, (O

\Al
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By substituting h (t) = At, ineq. (v.)4)
We have
R(t) = 2a-1/2i? _g-it? . (T.Y0)

Y- Notice that the reliability value (for series system) that can be
obtained from (¥.)°) is similar to that which can be achieved
by the eq. (Y.)) .

Y- Notice that the reliability value (for parallel system) that can

be obtained by eq. (¥.)4) is similar to that calculated by the
eq. (V.¢).

Yy
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