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 خلاصة البحث

 خلاصة البحث:

 على اعتمدت عامة عدديةتم اقتراح طريقة  الأول,في الموضوع  أساسيين:يتناول هذا البحث موضوعين  

 (Calculus of Variations) تغايراتوطريقة حساب ال (Finite elements)طريقة العناصر المحددة 

 تحت تأثير حمل من المواد المركبة تعددةمن طبقات م همؤلف بالألياف و ةمقوا هرقيقلمثل الأ لبحث التصميم

 لهياكلاستخدامها في بعض ا بغيةرقائق متعددة الطبقات  لإنشاء بالألياف ةاستخدمت المواد المركبة المقوا معين.

 التركيبية. 

المثلى لزوايا  استخراج المقادير، تم الأولالجزء  يف :من جزئين بدورها الطريقة المقترحة تتألف

ترددات طبيعية للهيكل المتكون من تلك  لأعلىالمقادير المناظرة  إنها أساسطبقة على  في كل الأليافوضع 

 التدوير(,) زوايا  خلال المادة المركبة الألياففقد تم حساب القيم المثلى لترتيب  الثاني،الجزء  أما في الطبقة.

 الأحمالالستاتيكي تحت تأثير  هالتصرف ت على مقطع الرقيقة المركبة طبقاوترتيب الطبقا للطبقة,سمك  أفضل

 لإيجادرة مسيطر عليها عن بعد ي  سلحالة دراسية تضمنت جناح طائرة مالمؤثرة عليها. طبقت الطريقة المقترحة 

كل من الشكل  الطريقة اعتبرتحمل صدمي. ل همعينروط تحليله ديناميكيا تحت ش بغيةمثل الا تصميمال

 ة,بتكقيم ثا التي يتعرض لها التصميمية والأحمال الجناحهيكل ل ( Aerodynamic shapeاميكي )الايرودين

طريقة ترتيب الطبقات على مقطع و ,ات, سمك الطبقة, تعاقب الطبقالأليافكل من زوايا وضع بينما اعتبرت 

 للجناح تكون سبعة نماذجم بناء ت, حقق من نتائج الطريقةلتل مقاديرها المثلى. عنالبحث  بغيةالرقيقة كمتغيرات 

نتائج  أظهرتقد . ولأغراض المقارنة وعشوائية في الثلاثة المتبقية الأولى الأربعةمثلى في  الأليافزوايا وضع 

 التصميم الامثل. أفضليةفاعلية الطريقة و ةنالمقار

التااي بنياات سااابقا لدراسااة  الجناااح نماااذجلاابعض التحلياال الااديناميكي  تضاامن الثاااني فقاادالموضااوع  أمااا

لحااال معادلاااة التاااوازن  للتكامااال العااادد  Newmark)) نيوماااارك طريقاااة مادتااام اساااتخ .ميكياااةاساااتجابتها الدينا

 تمدلاك اساتخذ إلاى بالإضافة. الإخمادخواص  للتعبيرعن(Rayleigh damping)  رايلي إخماد و الديناميكي

نامج عادد  كتابة بر تتم .لرقائق( لحساب الترددات الطبيعية ل(Inverse iteration التكرار المعكوس طريقة

 ماتت APDL (Ansys Parametric Design Language)بلغاة يتضمن كل الخاواص الماذكورة ساابقا 

 بالإضاافة إلااى للماواد المركبااة الامثاال تصاميمال إيجااادجديادة تعماال علاى  كخاصااية Ansys-أل بيئاة إلااى إضاافته

 لها. التحليل الديناميكي

 مان ) (%00-0 حادث عناد مساافة تتاراوح باينل فشال يمن النتائج المستحصلة, وجد اناه أقصاى معاما

للماواد المركباة يتاراوح باين  DLF ويقال باتجااا النهاياة الحارة. (wing root) الجاذرمان منطقاة  الجنااحطاول 

في الوضع الأمن. يعتمد التخميد بشكل كبير على زاوية تادوير الأليااف ويعمال علاى تقليال الازمن  1..5و 1..5

يتغيار التاردد الطبيعاي للماواد المركباة بتغيار زاوياة تادوير  .في الوقات نفساه مستقرةالحالة ال إلىللوصول  ماللاز

      والتي تعتمد بدورها على الشكل الهندسي و الشروط الحدودية.  الألياف
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  ِAbstract 

II 

Abstract 
This research deals with two aspects, In the first a general numerical technique based on 

finite elements and calculus of variation was suggested to investigate the optimum design 

of multi-layered fiber-reinforced composite stiffened shell under certain design load.  

 The technique consists of two parts: in the first, the optimum orientation angles are 

estimated according to that values corresponding to the maximum lamina natural 

frequencies. In the second part, optimum layer thickness, their arrangement through shell 

section, and optimum stacking sequence were recognized according to their static 

behavior under applied loads. The suggested technique was executed to a case study 

which included wing structure of remotely guided aircraft to obtain the optimum design to 

be analyzed dynamically under certain impulsive load conditions. The technique assumed 

both of the aerodynamic shape and the design load (maximum load condition) as real 

constants, while lamina types, arrangement, layer sequence, layer thickness, and 

orientation angles were considered as variables to obtain their optimum configurations. In 

order to verify the obtained optimum configuration of design variables, seven models of 

composite wing structure were created when the fiber orientations are optimum in the first 

four models and arbitrary in the last three. The comparison between them showed the 

reliability of the technique and priority of the optimized design. 

The second aspect was concerned with the dynamic analysis for some of wing 

structures that were created previously in order to study their dynamic responses. 

Newmark integration method was used to solve the dynamic equilibrium equation. 

Damping property was considered using Rayleigh type which is linearly related to the 

mass and stiffness matrices. Systems natural frequencies were obtained by solving the 

eigenvalue problem by inverse iteration method. The Numerical program which includes all 

the above features and written in APDL (Ansys Parametric Design Language) which was 

achieved and added to the ANSYS milieu as a new feature to obtain the optimum design 

of composite materials in addition to their dynamic analysis.  

From the results obtained, it is found that the maximum failure index occurs at a 

distance from 0-%01 from the wing root and decreases in the direction of the free end. DLF 

(Dynamic Load Factor) for the composite materials is arranged between %4.1 and %4.1 in 

the safe case. Damping properties largely depend on the fiber orientation and reduces the 

time required to reach to the steady state response. Natural frequency of composite 

material varies with the variation of fiber orientation which depends itself on the structural 

configuration and boundary conditions. 
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APPENDIX-A 
 

 

A.1 Stress- Strain Matrix 
The transformation matrix [Tm] for rotation by angle  of plane coordinate is 

denoted by: 

 

 



































cs

sc

scscsc

sccs

scsc

Tm

0000

0000

00022

000100

000

000

22

22

22

                                             … (A.1) 

 

Where, c=cos  and s=sin .     

The elements of [Qij] matrix are defined as: 

Q1j = - (E)/ (B)* F1j + (C)/ (B)* F2j -sc/ (D)* F4j                              ( j =1, 2, 4) 

Q2j = - (E)/ (B)*  F2j + (C)/ (B)* F1j + sc/ (D)* F4j                        ( j =1, 2, 4) 

Q33 = F33 

Q4j = 2*sc/ (D)* F1j - 2*sc/ (D)*F2j -(s^2-c^2)/(D)* F4j          ( j =1, 2, 4) 

Q5j = c/(s^2+c^2)* F5j + s/(s^2+c^2)*  F6j                              ( j =5, 6) 

Q6j = - s/(s^2+c^2)* F5j + c/(s^2+c^2)* F6j                             ( j =2, 6) 

Where, 

F11 = C11 c^2
 
+ C12 s^2                               F12 = C11 s^2 +C12 c^2

 

F14 = sc (C11 - C12)
 
                                    F21 = C12 c^2+ C22 s^2

 

F22 = C12 s^2 +C22 c^2                               F24 = sc (C12 – C22) 

F33 = C33                                                    F41 = -2sc C44 

F42 = 2sc C44                                              F44 = C44 (c^2
 
–s^2) 

F55 = cf C55                                                F56 = -sf C55 

F65 = sf C66                                                F66 = cf C66 

B=c^6-s^2*c^4+4*c^2*sc^2-c^2*s^4+s^6+4*sc^2*s^2 

C=s^4-c^2*s^2+2*sc^2 

D=s^4-2*c^2*s^2+c^4+4*sc^2 

E=c^2*s^2-c^4-2*sc^2 

A.1 
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A.2 Shear Correction Factor  

In Timshenko's deep beam theory, the transverse shearing stress is assumed 

constant. Actually, the transverse shear stress is zero at the top and bottom sides of 

the section and maximum at the neutral axis (usually parabola for rectangular 

sections). 

To attain the parabolic shear stress distribution, the equality concept of the 

strain energy in both constant and parabolic distributions is used. The shearing 

strain energy for an element (dx dy dz ), shown in Figure (A.1), under shearing 

stress is: 


Vol 2

1
  d(Vol)= 

Vol G2

2
d(Vol)                                                  …(A.2) 

 

Figure (A.1): Beam element undergoing shear deformation. 

 For a constant shearing stress distribution, the strain energy is equal to: 

 

Vol
KG2

2

1


 d(Vol)                                                                            …(A.3)  

where K is the shear correction factor. 

Now by assuming a piece of beam of unit length with rectangular cross section, 

equation (A.3) will reduce to: 

2

2

1
2KGA

Q
  (A.1)=

KGbh

Q

2

2

                                                                     … (A.4) 

For the parabolic shearing stress, the following relations are used:  

dz 

dx 

γ γ 

γ  dz 
τ 

τ 

b 

h z z' 

A' 
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Ib

zQA ''
                                                                                           … (A.5)                                                                                                   

bA ' ( z
h


2
)                             … (A.6) 

2

1
'z ( z

h


2
)                                                                                                   … (A.7)                                  

Substituting  Equations (A.6) and (A.7) in Equation (A.5) to find that,  

3

2
2

)
4

(6

bh

z
h

Q 

                                                                                  … (A.8) 

then 



Vol
G2

2

2


 d(Vol) = )..1)(

4
(

2

36 2
2

22

2

dzbz
h

hGb

Q
                                                          

                               =
Gbh

Q
6

218
{ 2 *  

2

0

2
2

)
4

(

h

z
h

 dz}  

                                = )(
5

3 2

bhG

Q
                                                                          … (A.9) 

Put 12   

KGbh

Q

bhG

Q

2
)(

5

3 22

                      K=
6

5
=1/ f (Nawras, 2005)

 (44)
.                   

 A.3 Shape Functions  

For quadrilateral Serendipity element, the shape functions are (Bathe, 1996)
 (54)

: 

   )1)(1)(1(
4

1
, tststsN I             )1)(1)(1(

4

1
, tststsNJ   

   )1)(1)(1(
4

1
, tststsNK           )1)(1)(1(

4

1
, tststsNL   

  )1)(1(
2

1
, 2 tstsNM                           )1)(1(

2

1
, 2tstsNN   

   )1)(1(
2

1
, 2 tstsNO                            )1)(1(

2

1
, 2tstsNP   

 

A.3 
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For triangular elements, (Bathe, 1996) 
(54)

: 

        )12(,  sstsN I                                      )12(,  tttsN J  

  )221)(1(, tststsNK                  sttsNL 4,                        

  )1(4, tsttsNM                                )1(4, tsstsNN   

A.4 Applied Load 

Load will be applied on nodes (as nodal forces) on the lower surface of the wing 

structure. Nodal force that corresponds to each node is illustrated in Table (A.1). 

Table (A.1): Nodal forces and corresponding nodes numbers. 

Node 
number 

  Force 
    (N) 

  Node 
number 

  Force 
    (N) 

  Node 
number 

  Force 
    (N) 

  Node 
number 

  Force 
    (N) 

     42  71.571     42  ..2572     24  2.2527     27  4.1522 

    227   .4052     224  77054.    242  2315.4    242  427532 

    2.2  .0452.     2.2  .235.2    2.0  22054.    227  442514 

    220  222523     217  .47542    214  242512    272  424572 

    204  20253.     232  212532    232  227541    230  47257. 

    242  272522     240  271522    277  200521    274  773527 

    227  442527     224  472541    222  472574    222  7475.7 

    272  777572     272  7275.4    270  777574    2.7   72572 

    232    451.     227    2577    224   45727    212   7523 

    .74   2352.     .02  70.547    .02   2.573    .00   2252. 

     .3  701571     72  747522     71  704573     17   .2574 

     47  .4354.     20  .7.504     22  227524      4   27517 

    222  .1250.    220  .7254.    247  244524    413   1.547 

    2.7  ..2574    2.4  .22521    222  202527    427   145.7 

    212  2325.4    212  22.574    210  27252.    422   72512 

    200  223573    230  221574    234  242572    42.   .2547 

    244  22357.    272  221573    272  4..5741    421   2.532 

    222  423524    220  424534    227  724522    423   22502 

    277  743532    274  7475.2    2.2    3252    237   77502 

    222    2507    222    4513    220    4544    432    0533 

    .70   3352.    .07   37531    .04   14523    43.   74533 

    77  773572     7.  777523     73   21524     12   7.542 

 

A.4 
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Appendix-B 

The derivation of strain-displacement and mass matrices is illustrated. 

B.1 Strain-Displacement Matrix 

 1. for [B0], 
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2. For the strain-displacement matrix, [B1], the elements can be defined as: 

Bm, n=Rm, n+Fm, n            (m=1 to 6, and n=1 to 44 step 1)             ...(B.7) 

where, 

B-1 
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3. For strain displacement matrix,[B2],  
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 For all illustrated equations, the values of i, j, k, and l are given by: 

(i =25, j =26, k =22, and l = 1),            (i =24, j =22, k =30, and l = 2). 

(i =31, j =32, k =33, and l = 3),            (i =34, j =35, k =36, and l = 4). 

(i =32, j =34, k =32, and l =5),             (i =40, j =41, k =42, and l = 6). 

(i =43, j =44, k =45, and l = 2),            (i =46, j =42, k =44, and l = 4). 

All the other values are equal to zero. 

 
B.2Mass Matrix. 

B-2 
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Elements of mass matrix are derived below so that; 

mass matrix equation is, 

          00001 MMMdiagM                         

…(B.22) 
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Nyh=Ny Nh    for y,h=1 to 4 step 1. As example, N12=N1 N2   and so on. 

Finally, elements of [M1] are: 

Mm,n=  
 


1

1

1

1
,

2 ][ dtdsM baaa              (m and n =1 to 4, step 1) 

                                                             (a and b =1 to 4 step 1) 
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,

2 ][ dtdsM baaa               (o and p =2 to 16 step 1) 

                  (a and b =1 to 4 step 1) 
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 
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1

1

1

1
,

2 ][ dtdsM baaa               (q and r =12 to 24 step 1) 

              (a and b = 1 to 4 step 1) 

and the rest value equal to zero. 
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Fig.(B.1): Dynamic characteristics of the terminated dynamic impulsive            

excitation. 
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APPENDIX-C 
C.1 Tsai-Wu Theory 

Tsai and Wu postulated that a failure surface in stress space exists in the form, 

(Abdul-Raheem, 0222)
 (7)

: 

1 jiijii FF              i,j=2,1,…,6               … (C.1) 

where, 
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The coefficients F2, F1, and F3 correspond to the linear stress terms and F22, 

F11, F33, F44, F55, and F66 correspond to the quadratic stress terms.  F21, F21, 

and F21 are the coefficients, which take into account the interaction effect of 

various normal stress components. This criterion is the most general 

polynomial failure criterion for composite materials. It doesn’t say any thing 

about the mode of failure (fiber breakage, matrix cracking, delaminating, etc.)  

In this work, first play prediction based on Tsai-Wu failure criteria is 

presented tacking into account the same shear strengths in all direction (i.e. 

T=S=R) because there is no available experimental data about inter-laminar 

shear strengths of  unidirectional composite lamina.   
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C.0 Calculus of Variations 

The calculus of variations is mainly concerned with the stationary or extreme 

values of certain definite integrals called functionals. These integrals involve 

functions, which are unknown at the beginning of the analysis and the 

purpose of the calculus of variations is to determine what conditions are 

imposed on them. In this work, for each natural frequency that corresponds to 

the m
th 

normal mode of the modal analysis, it is required to estimate the 

magnitude of the lamina orientation angle that raises the natural frequency to 

its maximum possible value, RAYLEIGH-RITZ method can be applied herein to 

perform that object. RAYLEIGH-RITZ method has included three steps, which 

are: 

- Deriving mathematical relationships, called the objective functions, relating the 

functionals (natural frequencies) with the dependent variables (orientation 

angles of lamina). 

- Specifying the domain interval of the dependent variables, to define the so-

called constraint equations. 

- First and second order derivative functions are derived from the objective 

functions. The first order derivative function is solved to estimate their roots, 

to be substituted in the second order derivative function to recognize the value 

of this function at each substituted root if it is less or greater than zero. The 

roots that make the second derivative function to be less than zero are 

examined in the objective function to specify that which maximize the 

objective function. The first step can be applied to predict the objective 

equations that relate each of the m
th

 natural frequency with the orientation 

angles for unidirectional  fibers laminas, using numerical regression ( Hate, 

0222)
(55)

 as follows: 

)90()( .  .   .  . )10()()0()()( 1021 mmmm fNfNfNf              . . .  (C.0) 

where m is any integer, representing the m
th 

normal mode of the structural 

analysis 

C.1 
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 The shape functions  )( . . . ),( ),(
1021
 NNN  can be derived according to the 

Lagrange numerical regression as following: 
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This step would be executed using the results of the modal analysis of the 

wing finite element models. 
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CHAPTER ONE 

 

INTRODUCTION 

 

The engineering of modern composite materials has a significant impact on the 

technology of structural design and construction. The high-quality composite 

materials are being lighter, stiffer and stronger than most other structural 

material used in construction. Composite materials are ideal for structural 

applications where high stiffness per unit weight and potentially low unit cost 

are required. Aircrafts, spacecrafts, and vehicles are typical weight–sensitive 

structures in which composite materials are cost–effective.     

A composite material can be defined as a material that is composed of two 

or more distinct phases, usually a reinforcing material (filament) supported in 

compatible matrix, assembled in prescribed amounts to achieve specific physical 

and chemical properties ( Stegmann and Lund, 2001) 
(1)

. 

Composite materials have many characteristics that are different from 

many conventional engineering materials. Most common engineering materials 

are homogeneous and isotropic while the composite materials are often 

heterogeneous and anisotropic. Such materials have physical properties varying 

with respect to the position and orientation (Lekhnitskii, 1891) 
(2)

. 

A basic ply or lamina of a fiber-reinforced composite material can be 

considered from macro-mechanical point of view as an orthotropic material with 

two principal material directions or natural axes parallel and perpendicular to the 

direction of the filaments. By bonding these laminas together, a multi-laminas 

General Comments 
1.1 
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composite called laminate is formed. The stiffness and strength properties of 

laminate are depending upon several parameters such as: fiber orientation in 

each lamina, properties and volume fractions of constituent materials, and the 

number of bonded laminas, thus the properties of such materials is directional. 

In the design of structures that are fabricated from such materials, the changing 

in the directional properties due to the changing in orientations of the various 

laminas and the number of laminas must be taken into consideration. Thus, the 

design may be optimized with the optimum properties of the material that nearly 

matches the directional loading requirements at the considered point of the 

structure. Unlike bulk metals which must be sized by the design maximum load 

and its direction (and hence are over designed when considering the smaller 

loads in other directions), composite materials can be made to fit the 

requirements. The result gives more efficient utilization and also reduces weight 

if the strength-to-weight ratio of the composite material is comparable with that 

of the metal. Since the strength-to-weight ratios of composites are actually 

greater than those of the commonly used structural metals, the effect of 

designing with composites are cascading.  

Composite polymeric materials are commonly classified into the following: 

A. Fibrous composite materials that consist of fibers in a matrix, e.g. 

 Orthotropic aligned reinforced materials: stiffeners, wires, and fibers in matrix. 

B. Laminated composite materials that consist of layers of various materials, e.g. 

   Laminated glass, plywood and clad metals. 

 C. Particulate composite materials that consist of particles in a matrix, e.g. 

 Quasi-isotropic random reinforced materials: Powder or particles in a matrix like 

ceramics. 

D. Combination of some or all of the above three types, e.g. 

 Laminated fiber-reinforced materials: Orthotropic lamina bonded together to 

form an anisotropic material. 

 Sandwich constructions: face sheets bonded to a light weight core. 
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Fiber–reinforced laminates have increasingly found applications in many 

engineering structures because of their anisotropic material properties that can 

be tailored through variation of the fiber orientation and stacking sequence of 

lamina which gives the designer an added degree of flexibility.  

 

 Laminated composites can be pro-classified according to the 

configuration of fibers in laminate into the following types: 

* Symmetric lamination 

This type of lamination is symmetric in both geometry and material properties        

about the middle surface of laminated composite. The symmetric lamination 

includes two configurations as follows: 

1-Cross-ply lamination  

 (0o
/00o

/0o
) cross ply lamination is an example for this type. Symmetric cross-

ply lamination consists of an odd or even number of orthotropic layers that have 

principal material directions aligned with the axes of lamina and laminated 

symmetrically about the middle surface, (Jones, 1895) 
(3)

. 

2. Angle-ply lamination 

Symmetric angle-ply laminas include an odd or even number of orthotropic 

layers that are symmetrically disposed about the middle surface of the laminated 

composite. For example (30o
/55o

/30o
), the principal material directions are not 

aligned with the lamina axes, (Jones, 1895) 
(3)

. 

** Antisymmetric lamination 

This type of lamination is very effectively used in practical applications of 

laminated plates and shells. Material properties of the individual layers are not 

symmetric about its middle surface. The antisymmetric lamination has bending-

extension coupling and bend-twist coupling. 

The bending-extension coupling effects are illustrated as an example by 

antisymmetric laminated plates after curing. The laminate is flat before curing 
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but thermally induced residual stresses cause the laminate to become highly 

curved, as shown in Figure (1.1), (Stegmann and Lund, 2001) 
(1)

. 

          Figure (1.1): An antisymmetric laminate after curing (1). 

 

The effect of bend-twist coupling on plate bending can be shown in 

Figure (1.2). Utilization from this coupling in advanced design can be illustrated 

in the design of forward-swept wings subjected to aerodynamic loads which 

tend to twist the wing about an axis that is along the wing and off perpendicular 

to the fuselage. The wings are designed using composite laminates at various 

angles to the wing axis which result in bend-twist coupling that cause the wing 

to twist in the opposite sense of the aerodynamic wing-twisting effect, as shown 

in Figure (1.3), (Stegmann and Lund, 2001) 
(1)

. 

Figure (1.2): Effect of bending-twist coupling on plate (1). 
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Figure (1.3): Aerodynamic response of metal and composite wings (1). 

 

Similarly to symmetric lamination, antisymmetric lamination includes 

two configurations as follows: 

1. Cross-ply lamination  

Antisymmetric cross-ply laminate consists of an even number of orthotropic 

layers laid on each other with principal material directions alternating at 0
o
 and 

00
o
 to lamina axes. (0

o
/00

o
/0

o
/00

o
) is an example, (Jones, 1895) 

(3)
. 

2. Angle-ply lamination  

This is the most general configuration type of laminate. It contains even number 

of orthotropic layers laid on each other with principal material directions not 

aligned with lamina axes. (60
o
/30

o
/60

o
/30

o
) is an example, (Jones, 1895) 

(3)
. 

 

 

In this section, generally the properties of composite materials are considered 

and their application is based on the answers of the following questions: 

I- What are the properties of the composite materials? 

  II- According to these properties, what are the suitable applications? 

Composite materials which have uniquely properties make them applicable and        

more effective in comparison with the other materials. Some of these properties      

are:-   

 Applications of Composite Materials 
1.2 
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  1-Directional materials properties; fiber reinforcement properties dominate the 

mechanical behavior of the composite in the direction of reinforcement. 

2- High strength and stiffness to weight ratios. 

3- Static mechanical properties of fiber-reinforce composite are affected by the       

hardener system and the curing conditions (Raj, et al. 1892) 
(5)

. 

4- Economic considerations of low unit and maintenance costs. 

Composite materials have a long history of usage. Their beginnings are 

unknown, but all recorded history contains reference to some forms of 

composite materials. For example, plywood was used by the ancient Egyptians 

when they realized that wood could be rearranged to achieve superior strength 

and resistance to thermal expansion as well as to swelling in the presence of 

moisture, medieval swords and armor were constructed with layers of different 

materials (Jones, 1895) 
(3)

.    

The procession road in ancient Babylon, one of the most wonders of the 

ancient world, was made of bitumen reinforced with straw. Straw and horsehair 

have been used to reinforce mud bricks for at least 5000 years, (Ashby and 

Jones, 1899) 
(6)

. 

Preliminary feasibility investigations have revealed that incorporation of 

high strength, high modulus, and low-density glass or boron filaments in a low 

strength and low modulus epoxy matrix material can result in a composite 

material that offers the potential of a major breakthrough in air and space 

vehicle design. Weight saving over conventional metallic structures of as much 

as (40 to 505) has been predicted for some structural components and these 

studies have been indicated that the total structural weight of a typical aircraft 

could be reduced by more than (355). For re-entry vehicles, the substitution of 

an integrated thermal shield and substructure of advanced composite materials 

for the conventional shield and structure will result in a predicted weight saving 

of (25 to 35 %), depending upon the vehicle type, size and the mission 

environment. The usage of advanced composite materials has also affected 
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propulsion systems. A weight reduction of as much as (33 %) is considered 

possible in air-breathing engines. In addition, composites including both fiber-

reinforced and dispersion-strengthened materials could make possible an 

increase in turbine inlet temperatures of several hundred degrees centigrade, also 

the application of these materials combinations may eventually double the 

attainable thrust-weight ratios in turbo fan engines. 

The composite materials industry however is new. It has grown rapidly in 

the past fifty years with development of fibrous composites; to begin with glass 

fiber-reinforced polymers and more recently carbon fiber-reinforced polymers. 

Fiber reinforced polymer composite with high strength to weight and high 

stiffness to weight ratios have become more important in light weight 

applications such as aircraft, aerospace, sports and boats application….etc. Their 

use in such systems is a revolution in materials usage, which is still accelerating. 

Some of composite materials applications today are listed in Table (1.1). 

Table (1.1): Applications of Composite Materials in Some Industries (7). 

Application Parts 

Marine 
Boats, fairings, deck houses, tanks, deep 

submergence objects, vehicles, etc.   

Aircraft Rudder, fuselage, landing – gear, fairings. 

Automobile Tires, drive shaft, window glass. 

Chemical Industries Pipes, pressure vessels, and tanks.    

Sport Tennis rackets and sports equipments. 

Medical 
Dental materials, joints in human bodies, and denture 

bases. 

Effective Passive Control 

System 
Slider crank mechanism, and peaucellier (17).  
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A laminate composite is a series of laminate bonded together to act as an 

integral structural element. Thus, a laminate is a structural element with 

essential features of both material properties and geometry.  

  Figure (1.4) shows the individual layers with arbitrary orientations 

 

   

              Figure (1.4): Laminated composite with several lamina orientations (1). 

In the analysis of laminated plates and shells, there are two categories of 

theories, equivalent single layer and three-dimensional elasticity theories. In the 

first category, the material properties of the constituent layers are smeared to 

form a hypothetical single layer whose properties are equivalent through 

thickness integrated sum of its constituents, and this category contains classical 

lamination theory, first order theory and higher order theory as subclasses. In the 

classical laminated theory [also called „„classical lamination theory (CLT) ‟‟], 

which is based on Kirchhoff-Love hypothesis for plates and shells as shown in 

Figure (1.5). One of its assumptions is that the normal to the midsurface before 

deformation remains straight and normal to the midsurface after deformation; 

through-thickness shear deformation effects are negligible.  

 

  

 

Analysis Development of Composite Laminas  1.3 

A 

(uo, wo) 

w0/x 

(u, w) w0/x 

CLT 

           Fig.(1.5): Classical Lamination Theory in After Deformation. 
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However, due to the low transverse shear modulus relative to the inplane 

Young‟s modulus of each lamina, the transverse shear deformation effects are 

more pronounced in composite than in isotropic laminate. Hence, several types 

of shear deformation theories have been introduced. Timoshenko beam theory, 

which includes transverse shear deformation and rotary inertia effects, has been 

extended to isotropic plates by Reissner and Mindlin, and to laminate 

anisotropic by Yang, Norris and Stavsky. The theory also called “First order 

shear deformation theory (FSDT)” takes into account the effect of transverse 

shear deformation and assumes it constant through the laminate thickness. Thus 

a shear correction factor is used. 

The assumptions of a higher order lamination theory can also be used 

within equivalent single layer formulation (Stegmann and Lund, 2001) 
(1)

: 

1. The lamina may be moderately thick. 

2. The in plane displacement u (x, y, z, t) and v (x, y, z, t) are cubic functions of z. 

3. The transverse shear stresses xz, yz are parabolic in z. 

4. The in plane stresses x, y and xy are cubic functions of z. 

5. The normals to the mid-surface before deformation are straight, but not                                

necessarily remaining normal to the mid-surface after deformation. 

6. The transverse normal strain z is negligible. 

 

In this thesis the focus will be on hybrid class, namely laminated fiber-

reinforced composite materials and sandwich construction as they are the basic 

building element for composite shell structures. The mechanical properties and 

the response due to the environment loads of such materials are dependent upon: 

the fiber orientation, the number of layers, stacking sequence, and fiber 

orientation angle, in addition to the thickness of each lamina. Thus, the objective 

of the present work will be distributed in the following steps: 

 Objective and Scope 
 1.4 
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1-Suggest a general numerical technique based on the finite element method and 

calculus of variation to use the fiber-reinforced composite materials in the 

construction of complex structure. The technique takes into consideration the 

investigation of the optimum design such as optimum fiber orientation, optimum 

stacking sequence, optimum layer thickness, and optimum thickness distribution 

across the global structure. 

2-Apply the suggested technique on a case study of a remotely guided aircraft wing 

structure to obtain its optimum design, in addition to create an optimized and 

arbitrary wing models to present the validity of the technique.  

3-Analyzing the created models dynamically under the action of specific 

environment load to study their dynamic behavior and effect of some parameters 

such as fiber orientation, dynamic load factor (DLF), and damping properties on 

the dynamic response.         

 

This thesis is organized in five chapters: 

Chapter One:  presents some of the basic definitions concerned with the fiber-

reinforced composite materials, their importance, and usage of them. The 

objectives and the aim of the current work are also presented. 

Chapter Two:   contains a brief review of previous studies on the subject under 

consideration. 

Chapter Three: presents the details of the theoretical consideration of the 

suggested technique and how to be executed to obtain the optimum design, in 

addition to structural consideration concerned with the static, free vibration, and 

dynamic analyses. 

Chapter Four: presents the results of the suggested technique to study the effect 

of the optimum orientation, layer thickness, and thickness. Failure indices and 

the dynamic responses for each configuration are also presented. 

Chapter Five:  gives a summary of the conclusions which can be drawn from 

this study and the suggestions for future related works. 

 Thesis Layout 
 1.5 
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CHAPTER TWO 

REVIEW OF LITERATURE 

 
 

Laminated fiber-reinforced composite shells have continuous increasing usage 

in primary and secondary aerospace and aircraft structures owing to their 

superior mechanical properties as mentioned previously. One form of these 

materials, being used in current design studies, is the unidirectional fiber-

reinforced lamina. In addition, anisotropy, non-homogeneity and larger ratio of 

longitudinal to transverse modulus of these materials supply an improvement in 

the existing analytical tools. As a result, the analysis of laminated composite 

shells has attracted many research workers and has been considerably improved 

to achieve realistic results. 

        The present review covers two aspects: The first includes the static 

analysis of laminated fiber-reinforced composite shell structures and the second 

aspect is concerned with the developments in the dynamic analysis of such 

shells under the action of dynamic loads. 

 
 

      

 

Paul 
(8) 

(1691) developed the linear bending theory of laminated elastic 

cylindrical shells under axisymmetric loading from first principles. It was shown 

that a spontaneous “beam column” type of deformation may be developed even 

in the absence of end loads. Generally, however, this effect was shown to be 

small for metallic cylinders, in which case, the laminated shell deforms in the 

same manner as a homogeneous shell, where the effective flexural rigidity and 

effective extensional rigidity were both shown to have a simple dependence 

upon the elasticity distribution pressurized throughout the wall thickness. The 

1.1 Introduction 

 

1.1 Static Analysis  
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influence of edge loads on a semi-infinite shell are determined and applied to the 

stresses in a titanium shell with a steel-reinforcing band. 

 

Hsu
 (9) 

(1691) developed a general linear theory and the derivations of 

equations of motion for the analysis of laminated cylindrical shells consisting of 

layers of orthotropic lamina. The classical Kirshoff hypothesis of non-

deformable normal commonly used for isotropic shells was banded so that 

compatible shear stresses and deformation between layers can be maintained. 

The transverse coordinate Z, when compared to the radius of midsurface of each 

layered cylinder, was generally small, however; was not neglected in the general 

derivation. The general procedure in the derivation was similar to that presented 

by Amburtsumian for orthotropic plates. However, the resulting governing 

differential equations were substantially more complicated than those for 

orthotropic plate. 

Ahmed and Zienkiewiez 
(01) 

(1691) presented a general formulation for 

curved arbitrary shape of thick and thin shell finite elements with a simplified 

form of axisymmetric situation. Several examples were illustrated ranging from 

thin to thick shell applications were given to demonstrate the formulation 

validity and the accuracy of the solution. At last, from the comparison, the 

accuracy of the formulation was in an excellent form.   

Govil, et al 
(00)

 (1696) applied an iterative method for optimal design of 

large scale wing-type structure that incorporates the concept of substructuring to 

demonstrate its generality, effectiveness and efficiency. Optimum design for 

several wing-type structures were obtained and compared with available results. 

It was shown that considerable efficiencies have been achieved by integration of 

the substructuring concept into a structural optimization algorithm. 

 

Venkatesh and Rao (
01) (1691) developed the stiffness matrix for a doubly 

curved quadrilateral element suited for static and dynamic analysis of laminated 

anisotropic thin shells of revolution.  By expressing an assumed displacement 
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state over the middle surface of the shell as products of one-dimensional first 

order Hermite polynomials, it is possible to ensure that the displacement state 

for the assembled set of such element is geometrically admissible. Systematic 

evaluation of performance of the element is conducted, and considering various 

examples for which analytical or other solutions are available. 

Panda and Nataragan 
(02) 

(1691) described a doubly curved super 

parametric quadrilateral shell element as a model for the static analysis of 

practical, non-classical structural configuration constructed of fiber-reinforced 

laminated composite. The coupling phenomenon between flexural bending 

deflection and in plane stretching and the effect of shear deformation were 

accounted in the formulation. Some examples were examined and compared 

with other available examples. The comparison resulted in good agreement.  

Reddy 
(03) 

(1691) presented an extension of the Sander’s shell theory for 

doubly curved shell to a shell deformation theory of laminated shells. The theory 

accounts for transverse shear strain and rotation about the normal of the shell 

mid surface. Exact solution of the equations were presented for simply 

supported, doubly curved, cross ply laminated shells, under sinusoidal, 

uniformly distributed, and concentrated point load at the center. Fundamental 

frequencies of cross ply laminated shells were also presented. 

Ramana 
(04) 

(1691) presented the static small deflection analysis of 

composite shells by forty-eight degrees of freedom doubly curved quadrilateral 

shell finite element. All three displacements of shell element reference surface 

were expressed as a product of one-dimensional first order Hermite interpolation 

polynomials. The constitutive relationship for bi-modulus composite was 

assumed to be depending on the fiber direction strain experienced by each   

orthotropic layer. Consequently the state of stress /strain is obtained by 

specifying a maximum error in the locations.  

Seide and Chaudhuri 
(05) 

(1699) presented a development of a general 

curved triangular element based on an assumed displacement potential energy 



Chapter Two                                                                                                 Review of Literature 

 11 

approach for static and dynamic analysis of arbitrarily laminated thick shells. 

The associated laminated shell theory assumes transverse inextensibility and 

layerwise constant shear angle. To demonstrate the accuracy and efficiency of 

the presented element, examples of two laminated shell problem were examined. 

Reddy and Pandy 
(01)

 (1699) developed a finite element computational 

procedure for the first ply failure analysis of laminated composite. The 

procedure was based on shear deformation theory and tensor failure criteria that 

contain the maximum stress, maximum strain, Tsi-Wu and Hoffman failure as 

special cases. A number of problems were presented to evaluate those failure 

criteria when applied to laminates subjected to in plane and/or bending load. 

Yeom and Lee 
(08) 

(1696) developed a nine node finite element model for 

the analysis of geometrically non-linear laminated composite shells. The 

formulation was based on the degenerated solid shell concept and utilizing a set 

of assumed strain fields as well as assumed displacement. The formulation 

assumes strain and the determinant of the Jacobian matrix to be linear in the 

thickness direction. This allows analytical integration in the thickness direction 

regardless of ply layups. The results of numerical tests demonstrated the validity 

and the effectiveness of the present approach. 

Kant and Menon 
(09) 

(1696) presented a higher order displacement model 

for behavior of symmetrical and unsymmetrical laminated composites and 

sandwich cylindrical shells based on C
o
 finite element discretization. Two 

theories, namely (0) geometrically thin shell theory based on assumption that the 

ratio of the shell thickness to radius (h/R) being less than unity and (1) 

geometrically thick shell theory, in which (h/R)   << 0 were developed. These 

theories incorporate more realistic non-linear variation of longitudinal 

displacement–through the shell thickness and thus eliminate the use of 

correction coefficients. The influence of (h/R) for a thick shell was studied and 

the results were compared with those of geometrically thin shells and other 

available results. 



Chapter Two                                                                                                 Review of Literature 

 11 

Yunus and Khonke 
(11) 

(1696) presented an efficient numerical 

integration scheme for evaluating the matrices (stiffness, mass, stress stiffness, 

and thermal load) for doubly curved, multilayered composite, quadrilateral 

shells. Finite element formulation was based on three dimensional continuum 

mechanics theory and used to analyze a thin and moderately thick composite 

shell. Numerical data were presented to demonstrate that the presented 

formulation is an order of magnitude economical compared to a conventional 

scheme. 

Liao and Reddy 
(10) 

(1661) formulated the fundamental equations of 

motions based on the principle of virtual displacements of continuous medium 

using the total Lagrangian description. A degenerated shell element with the 

general shell element as a stiffness was developed for geometric nonlinear 

analysis of laminated, anisotropic, stiffened shells. An iteration solution 

procedure of Newton-Raphson method was employed to trace the nonlinear 

equilibrium path. Variety of numerical examples was presented to demonstrate 

the validity and efficiency of the stiffened shell element. 

Surana and Sorem 
(11) 

(1661) presented a new curved shell finite element 

formulation for linear static analysis of laminated composite plates and shells. 

An additional nodal variable in the element displacement approximation 

corresponding to the Lagrange interpolation polynomials in the element 

thickness direction was added. The element formulation was providing C
o
 

continuity or smoothness of displacement across the element boundary. The 

element properties (stiffness matrix and equivalent load vector ) were derived by 

principle of virtual work and the hierarchical approximation element extended 

for generally orthotropic behavior where the material directions are not 

necessarily parallel to the global axes. Several examples were examined and the 

accuracy was in good agreement.  
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Mallikarjuna and Kant 
(12) 

(1661) developed a refined shell theory for the 

analysis of isotropic, orthotropic, and anisotropic fiber-reinforced laminated 

composite and sandwich shells. This theory was based on a higher-order 

displacement model and the three-dimensional Hooke’s law for shell material, 

giving rise to a more realistic representation of the cross-sectional deformation.     

In addition, a higher-order shear deformation shell theory and a first-order shear 

deformation shell theory, following Reissner-Mindlin plate formulation was 

developed and the results were compared with the closed-form solution. The 

parametric effects of the finite element mesh, radius-to-arc length ratio, and 

length-to-thickness ratio, lamination scheme, Gaussian integration rule and 

material anisotropy on the response of the laminated composite shells were 

investigated.  The results obtained were tabulated to provide an easy means   for 

future comparisons by other investigators. 

Lee and Liu 
(13)

(1661) presented a layer reduction technique for 

composite laminated analysis to decrease the number of degrees of freedom by 

combining a multi layer approach with a single layer approach. They concluded 

that the layer reduction technique increases computational efficiency in 

composite materials by reducing (n-layer) laminate to a four layer laminate, but 

retaining the easiness and accuracy in calculating the transverse stresses from 

constitutive equations directly. The feasibility of this technique was 

demonstrated by numerical examples of composite laminates under both 

directional bending and cylindrical bending. 

Kalamkarov and Kolpakov 
(14) 

(1669) obtained closed-form solutions 

based on general homogenization shell model for the effective stiffness module 

of the high-stiffness fiber-reinforced angle-ply composite shell. The design 

problem for the fiber-reinforced shell having the required set of effective 

stiffness was formulated and solved. The set of prescribed stiffness for which 

the problem is solvable was described, and the effective method of the design 

parameter calculation based on convex analysis was developed. The minimum 
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number of reinforcing layers required for the design of the fiber-reinforced 

angle-ply shell with the prescribed stiffness was determined. The solution of 

design problem was a generalized account of minimization of the fiber volume 

content. 

Mohan 
(15) 

(1669) presented a finite element analysis of thin laminated 

shells using a three-noded flat triangular shell element. The first shell element 

was obtained by combining the Discrete Kirchhoff (DkT) plate bending element 

and a membrane element similar to the Allman element, but derived from the 

Linear Strain Triangular (LST) element. The element is first thoroughly tested 

for the linear static analysis of laminated plate and shells and was extended for 

free vibration, thermal, and geometrically nonlinear analysis. Several numerical 

examples were solved to demonstrate the accuracy of the formulation. The 

results were compared with those obtained using the commercial finite element 

package ABAQUS and were found to be in good agreement. The researcher 

concluded that the element can be used to obtain the static and nonlinear 

responses of the complex structure under wind and snow loads.   

Masud and Panahadeh
 (11)

 (1666) presented multilayered/multidirector 

and shear deformable finite element formulation of shells for the analysis of 

composite laminates. The displacement field was assumed continuous across the 

finite element layers through the composite thickness. The rotation field, 

however, layerwise continuous were assumed discontinuous across these layers. 

This kinematics hypothesis results were resulted in independent shear 

deformation of the director associated with each individual layer and thus 

allowed the warping of the composite cross section. The resultant through-

thickness strain field was therefore discontinuous across the element material 

sets. Numerical results were presented to show the performance of the method. 

Davila, et al 
(18) 

(1666) developed a progressive failure analysis method 

based on shell element for computation of damage initiation and growth in 

stiffened thick-skin stitched graphite-epoxy panels loaded in axial compression. 
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The analysis involved a step-by-step simulation of material degradation based 

on ply-level failure mechanics. High computational efficiency was derived from 

the use of superposed layers of shell elements to model each ply orientation in 

the laminate. The analysis results were compared with experimental results and 

the comparison was in good agreement with the experimental values.  

Wu and Lo 
(19)

 (1111) presented an asymptotic theory for the analysis of 

laminated annular spherical shells by the perturbation method. A set of 

governing equations for the bending analysis through the thickness direction of 

an annular spherical shell were obtained. The method of differential quadrature 

was adopted for solving the problems of various orders. Illustrative examples 

were given to demonstrate the performance of the presented asymptotic theory. 

Kessler and Spearing 
(21) 

(1111) focused on the design and analysis of a 

high-g composite fuselage structure. The aft section was not only subjected to 

high impulsive inertial load, but its weight had a substantial effect on the 

controllability of the structure; therefore, it was manufactured by advance 

composite materials to save the weight without incurring a strength penalty. 

Lay-up test specimens were produced to optimize the design. These specimens 

were tested statically as well as in a dynamic environment. The researches 

discovered that composite materials were better to manufacture light space 

vehicle. 

Langley 
(20) 

(1111) presented a method for creating a finite element 

model of tow-placed variable stiffness fiber-reinforced composite. The method 

provided a representation of the overlap regions and an accurate model of fiber 

orientation angle change through the laminate. The GENSIS finite element 

analysis and design package was used to solve for the static response of the 

modeled created. The results of the analysis compared favorably with the results 

from another search and showed some insight into the tow interaction of the 

thickness and fiber-orientation. 
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Yu and Hodges 
(21) 

(1111) developed a geometrically nonlinear shear 

deformation theory for elastic shells to accommodate a constitutive model 

suitable for composite shells when modeled as a two-dimensional continuum. A 

complete set of kinematical and intrinsic equilibrium equations were derived for 

shells undergoing large displacements and rotations but with small, two 

dimensional, generalized strains. The large rotations were represented by the 

general finite rotation of a frame that emended in the unrdeformed 

configuration, of which one axis was along the normal line. The unit vector 

along the normal line of the undeformed reference surface was not in general 

normal to the deformed reference surface because of the transverse shear. 

 

 

Stavsky and Loewy 
(22) 

(1691) established a refined Love-type theory of motion 

for orthotropic composite cylindrical shells. An extended version of the theory 

was formulated to account for dynamic stability problems involving time-

dependent and non-conservative forces. The frequency spectra of free natural 

vibrations were investigated for numerous layered shells, using Love-and 

Donnell type theories. Heterogeneity was found to considerably affect the 

results for the natural frequencies; for certain shells produced of a fixed amount 

of materials, differing only in their arrangement, a suitable composition raises 

the lowest frequency by a factor of (0541). For length-to-radius ratios of about 

(4) the resulting first lowest frequency may be higher by a factor of (0501) than 

the one given by the present Love-type theory. It was noted that higher errors, 

strongly depending on shell heterogeneity, were noted as the length-to-radius 

ratios increase beyond (4). 

Patnaik and Sankaran 
(23) 

(1699) presented the optimum design of 

stiffened cylindrical panels with weight as the objective function and constraints 

on the frequencies in the presence of initial stresses, using unconstrained 

minimization techniques of non-linear mathematical programming problem. The 

1.1 Dynamic Analysis 
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interaction between the buckling constraints and the frequency constraints in the 

presence of initial stresses were included in the formulation. Loss of load 

carrying capacity due to imperfection and due to suddenly applied loads was 

included in the analyses. Results for cylindrical shell were obtained by setting 

the panel angle to (251) degrees. The relationship between the weight of the 

cylinder and the panel (a segment of the cylinder) was also examined. 

Rao and Raju 
(24) 

(1699) considered the vibration of a laminated cross-

ply circular cylindrical shell.  It was shown that, the anti-symmetric lamination 

about the shell middle surface cause coupling between bending and extension of 

the laminate and that this coupling effect dies out rapidly as the number of layers 

increases.  

Reddy 
(25) 

(1691) presented a finite-element analysis of the transient 

behavior of fiber-reinforced, single-layer and two-layer cross-ply rectangular 

plates and shells of bimodular materials. To validate the finite element results, a 

closed-form solution was also presented for a rectangular plate with all edges 

simply supported without in-plane restraints (along the edge) and tangential 

rotation and subjected to a suddenly applied sinusoidal distributed normal 

pressure. The time behavior of the transverse loading is arbitrary (e.g., steps 

loading, impulse loading, etc.). Numerical results for transverse deflection as 

functions of time were presented for two bimodular materials. The finite element 

solutions agree very closely with the closed-form solutions. 

Greenberg and Stavsky 
(21) 

(1691) presented the equations of motion 

derived from a Love-type theory for laminated filament-wound cylindrical shells 

in which each layer was permitted an arbitrary fixed fiber orientation. A general 

method of solution was established, based upon the use of a complex finite 

Fourier transform. The frequency spectra of free natural vibrations were 

investigated for numerous single, big and tri-layered clamped or simply 

supported generally orthotropic shells. The effect of fiber orientation on the 

frequency response was found to be quite considerable in certain composite 
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shells, for some shells the frequency was increased by a fraction of (2:0) by 

simply choosing an optimal combination of fiber winding angles. Similar 

important effects were noted due to the combined action of shell heterogeneity 

and fiber winding angle. 

Raj, et al. 
(4) 

(1691) presented the impact properties of the various glass 

fiber-reinforced composites and their fracture mode under dynamic load. The 

results of dynamic loads were compared with those corresponding to static state. 

They concluded that the impact strength of the most of composite material (as 

glass fiber reinforced composite) depends on its ability to absorb the energy, 

resist the dynamic load, hardened system, and curing conditions (such as the 

time); impact strength goes to the maximum value at a certain curing time and 

decreases after and before this time. In the other hand, they concluded that the 

composite materials sustain higher impact loads and show excellent impact 

strength.  

Rao 
(28)

 (1691) explained the effects of transverse shear and rotatory 

inertia in the case of an anti-symmetrically laminated cross-ply circular 

cylindrical shell. Representative results were given for the case of 

graphite/epoxy shells of varying length-to-radius and radius-to thickness ratios. 

It was shown that the effects under consideration have predominant influence on 

the frequencies even at higher radius-to-thickness ratios. 

Shapana 
(29)

 (1699) presented a finite element scheme for studying the 

effect of using composite on the dynamic response of multi body systems. The 

formulation was exemplified by using fiber-reinforced composite laminates. 

Two numerical examples of a slider crank mechanism and a peaucellier 

mechanism were presented in order to demonstrate the effect of use of 

composite material in the dynamic response of multi body system. Numerical 

results showed that the use of composite materials represents an effective 

passive control strategy. 
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Mustafa and Ali 
(31)

 (1699) described the structural symmetry techniques 

to the free vibration analysis of cylindrical and conical shells for the prediction 

of natural frequencies and mode shapes. Appropriate boundary conditions have 

been developed for the analysis of only a part of the shell and have been shown 

to yield results comparable to the full shell analysis. Half and quarter models of 

the shell have been developed and analyzed using semi-loof and facet shell finite 

elements. Unstiffened and stiffened circular cylindrical shells and stiffened 

conical shells have been considered. It was concluded that the maximum 

magnitudes of the natural frequencies are corresponding to the maximum 

structural stiffness. 

Kumar and Rao 
(30)

 (1699) presented free vibration characteristics of a 

multi layered graphite epoxy circular cylindrical shell using an eight-node 

isoparametric quadrilateral shell element. The effects of rotary inertia were 

considered in the formulation of the mass matrix. Variations of length to radius 

and radius to thickness ratios of the shell, and different fiber orientations such as 

(1°/91°), (1°/91°/1°/91°), (1°/91°), and (1°/91°/1°/91°), with respect to the 

frequency parameter were studied. Comparison of numerical results with other 

literature showed good agreement. 

Malhotra 
(31) 

(1699) studied the effect of fiber orientation on the natural 

frequency of the orthotropic shells having variable thickness. The effect of fiber 

orientation and boundary conditions on natural frequency was studied for a 

linear variation in thickness along the x-direction and the y- direction. The same 

study was conducted to determine the vibration behavior of such shell mode of 

graphite    epoxy used for some aerospace structural components 

Attaf and Hollaway 
(32) 

(1661) presented and studied the dynamic 

response of stiffened and unstiffened composite structures subjected to static in-

plane loads. A finite element package was also used to predict the dynamic 

behavior. The critical load values of the complete structures have been estimated 

from the stability and vibrational analysis. The aims of the studies were to 
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investigate the resonant frequency characteristics for stiffened and unstiffened 

composite structures.  

Suzuki, et al. 
(33) 

(1661) presented an exact solution procedure for solving 

free vibration problems for laminated composite noncircular shells. Based on the 

classical lamination theory, strain energy and kinetic energy functions were first 

derived for shells having arbitrary layer stacking sequences. These functions 

were useful for a general analysis based upon energy principles. Frequencies 

were presented for a set of elliptical cylindrical shells, and the effects of various 

parameters upon them were also discussed. 

Dipankark, et al.  
(34) 

(1669) applied the finite element method to solve 

free and forced vibration problems of isotropic and laminated composite shells 

with and without cutouts employing eight-node isoparametric finite element 

formulation. Specific numerical problems of earlier investigators were solved to 

compare their results. Moreover, free vibration problems of cylindrical, 

spherical, saddle (hyperbolic paraboloid bounded by parabolas), hypar 

(hyperbolic paraboloid bounded by straight lines), and conical shells with 

cutouts and forced vibration of composite hypar and conical shells without 

cutouts were examined to arrive at some conclusions useful to the designers. 

Yen and Cassin 
(35) 

(1666) developed a composite failure criterion for 

dynamic analysis of composite structures. The proposed progressive failure 

criterion has been integrated into an explicit dynamic analysis code for failure 

prediction of thin composite tubes subjected to drop weight impact tests. The 

results provided good correlation with experimental data for impact force 

histories and some critical damage modes.  

Nayfeh and Rivieccio 
(31) 

(1111) presented the analysis of  vibration of 

shallow, simply supported, non symmetric unbalanced composite shell. The 

discretized Lagrangian method of multiple scales solution technique was 

applied. The system of Lagrangian was developed and integrated over the spatial 

domain and substituted into Lagrange’s equation. The resulted equation of 
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motion was a second frequency temporally nonlinear ordinary differential 

equation in the form of Doffing oscillator. 

Liew, et al. 
(38) 

(1111) presented the free vibration analysis of axially 

loaded cross-ply laminated cylindrical shells with the consideration of center- 

fugal force as the initial hoop tension due to rotation. The frequency 

characteristic analysis for shell of simply supported boundary conditions was 

examined and the frequency characteristics of various laminated schemes were 

also investigated. 

The results from the analysis were compared with the available solutions 

to validate its accuracy. 

 

 

 

Many remarks are extracted from reviewing the literature that is concerned with 

the principles of the current work, these are: 

- Stavsky and Loewy 
(22) 

(1691) concluded that the heterogeneity through the   

thickness was found to considerably affect the results for the natural frequencies 

so that, for certain shells produced of a fixed amount of materials, differing only 

in their arrangement, a suitable composition raises the lowest frequency by a 

factor of (0541). Therefore, the stacking sequence must be considered in 

studying of the composite materials especially in the design processes. 

- Govil, et al 
(00)

 (1696) applied an iterative method for optimal design of large 

scale wing-type structure that incorporates the concept of substructuring analysis 

to demonstrate its generality, effectiveness and efficiency. Therefore, this 

concept will be adopted in present work. 

-  It is concluded from the study of Greenberg and Stavsky 
(21) 

(1691) that the fiber              

orientation was found to be quite considerable on the response of laminated 

composite shells. Therefore, the effect of fiber orientation will be studied deeply.  

1.1 Closing Remarks 
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- Raj, et al. 
(4) 

(1691) presented the impact properties of the various glass fiber 

reinforced composites. They concluded that the composite materials sustain 

higher impact loads and excellent impact strength and smaller time response and 

presents higher stiffness and more stability. 

- Shapana 
(29) 

(1699) concluded from his study that using of composite materials 

represents an effective passive control strategy due to the superiorities of 

stiffness to weight for these materials, thus it can be possible to investigate an 

optimized ratio of stiffness\weight according to this result. 

- It is concluded from the study of Mustafa and Ali 
(31) 

(1699) that the maximum 

natural frequency of any mode is corresponding to the maximum structural 

stiffness. Then a further conclusion is extracted, saying that the optimum 

configurations of the laminated fiber-reinforced composite shell structure can be 

predicted if the maximum natural frequencies are derived as a function of those 

configurations. Therefore; an optimization technique will be suggested in the 

present work based upon these conclusions.  

- Yunus and Khonke 
(11) 

(1696) presented an efficient numerical integration 

scheme for evaluating the matrices for doubly curved, multilayered composite, 

quadrilateral shell. Finite element formulation was based on three dimensional 

continuum mechanics theory and used to analyze a thin and moderately thick 

composite shell. They concluded that the formatted element can be applied for 

analysis of thin and moderately thick composite shells. Therefore, this element 

and its formulation will be adopted in present work. 

- As shown from the study of Lee and Liu
 (13)

 (1661) , the layer reduction 

technique increases the computational efficiency in composite material by 

reducing (n-layer) laminate to a four-layer laminate, but retaining the easiness 

and accuracy in calculating the transverse stresses from constitutive equations 

directly. 
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Langley 
(20) 

(1111) developed a tow-placed device to economically manufacture 

composite structures, which have spatially varying fiber orientation and tapered 

layer thickness. The layer thickness that was obtained is 151144 inch. Therefore, 

a tapered thickness distribution with a smaller thickness can be achieved and 

accomplished in this work depending on the mentioned tow-placed device 

ability. 
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Fig.(1.3): The aerodynamic shape of wing of remotely guided aircraft 

                                      Note : all above dimensions are in mm 
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      Fig.(1-2): Wing finite elements model 
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 Fig.(1-1):  Locations and numbers 
of the generated nodes of  the wing finite element model. 
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    Fig.(1-4): Locations and numbers of generated elements of wing. 



Chapter Three                                       Theoretical Consideration of The Suggested Technique                               
 

 

 06 

x 

y 
z 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                  

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Spar1 

Spar 2 

Spar3 

Spar4 

Spar5 

Spar 6  

Spar 7 

Spar 8  

Spar 9 

Spars indices 

Rib8 

Rib1 

Rib2 

Rib3 

Rib4 

Rib5 

Rib6 

Rib7 

                     Fig.(1.5.): Presenting spars and ribs indices 
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          Fig.(1.3): Positive rotation of principal material axes 1-2 from x-y axes (1). 
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Fig.(1.6): Systems of Coordinates. (s,t,r) ,(x,y,z) , and (x,y,z) present 
Element, Nodal, and Global coordinates systems respectively. 
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CHAPTER THREE 

THEORITICAL CONSIDERATION OF The SUGGESTED TECHNIQUE BY FEM  

 

 In this section, a description to the suggested numerical technique which 

includes the concerned theoretical concepts and application will be presented. 

The suggested technique is based upon the finite element method and iteration in 

order to predict the optimum design of laminated composite shells that used in 

the construction of aircraft structure subjected to certain load environments. The 

optimum design would basically includes:
(1)

 the estimation of the optimum 

orientation angles of laminas,
(7)

 optimum thickness of composite laminas, in 

addition to the optimum stacking sequence of laminas through the shell 

thickness. All the above design parameters are estimated such that the induced 

stresses and strains maintained within the allowable values (safety factor) and 

the weight to be minimum. The suggested technique is examined to obtain the 

optimum design of a wing of a remotely guided aircraft structure shown in 

Figure (3.1). The wing is constructed and fabricated by using laminated E-

glass/epoxy composite laminas under the action of maximum aerodynamic loads 

that the wing may be subjected during flight duration.  

 Introduction      
 1.1 
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The developments of suitable methods, more accurately, for analyzing 

various engineering structures are needed in order to investigate their behavior 

under different loading conditions. At present, the finite element method is the 

most powerful numerical technique, which offers approximate solution to 

realistic types of structures such as plates and shells. However, the term “finite 

elements” was first used by Clough in 1691 (mentioned by Reddy, 1621) 
(14)

. 

In this method of analysis, a complex region defining a continuum is discretized 

into simple geometric shapes called “finite elements”. The finite element 

analysis will be used in this work to obtain the displacements, stresses, natural 

frequencies, and the dynamic response as they are considered the main design 

criteria parameters.  

In the present study, the 8–noded isoparametric quadrilateral and 6-noded 

triangular elements are used for discretization of layered shells. The derivations 

of the strain–displacement matrix [B], the elasticity matrix [E] and, as a result, 

the stiffness matrix of layered shells are presented. Also, the formulation of 

element mass matrix [M] and damping matrix [C] of layered shells are 

introduced. Finally, the numerical solutions are also presented in order to solve 

the basic structural modal, static, and the dynamic equilibrium equations. 

  

 

A mesh is generated from the nodes of a “grid”. The term grid is used in this 

work to define the set of node points, which put up the respective mesh.  

Figure (3.2) shows the proposed finite element mesh model (wing), using 

isoparametric shell elements of triangular and quadrilateral shapes. ANSYS finite 

element program is used as a mathematical tool in the analysis of this model, 

according to the following steps: 

  I. The geometric domain of the wing aerodynamic shape can be considered as skin 

surface joining the root and tip airfoils, in addition to interior surfaces 

  Finite Element Modeling     
 1.7 
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representing the geometric domain of spars and ribs stiffeners. The boundary 

curves of each of root and tip airfoil, spar, and rib surfaces are defined through 

eight located points. The skin surface is created as a ruled surface between the 

root and tip airfoil curves, while any of the spars and ribs surfaces are created as 

edge surfaces within the boundaries of their corresponding curves. 

II. The skin surface is discretized into eighty shell elements of quadrilateral shape, 

such that the mesh density is discretized into ten segments along airfoil sections 

and into eight segments along span direction as shown in Figure (3.2). Each of 

the spars surfaces are dicretized into eight shell elements of quadrilateral shape, 

while each of the rib surfaces is discretized into eight shell elements of 

quadrilateral shape and another two shell elements of triangular shape. Figure 

(3.3) shows the locations and numbers of the generated nodes while Figure (3.4) 

shows the locations and numbers of the generated elements.  

 At last, the three main parts of the wing model, skins, spars, and ribs are 

named under different indices for reorganization purposes. The longitudinal 

stiffeners (spars) are defined in different indices, they are: spar1, spar2, spar3 

spar4, spar5, spar6, spar7, spar8, and spar9. The ribs are also named under rib1, 

rib2, rib3, rib4, rib5, rib6, rib7, and rib8 as shown in Figure (3.5). Us and Ls are 

the indices of the upper and lower skins, respectively as shown in Figure (3.2). 

  

     

 

In general, there are three types of coordinates systems used to define any 

geometry such as the above wing model, these are: (1) Global coordinates 

system (2) Nodal coordinates system and (3) Element coordinates system.  

The global coordinates system that is used in the above model is fixed 

Cartesian coordinates system as shown in Figure (3.6) and used in the wing 

model. All surfaces, nodes, and the elements of the model are drawn with 

respect to the global coordinates system. In addition, the directions of the 

 Coordinates Systems     
 1.1 
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applied loads and the constraint degrees of freedom (boundary conditions) are 

defined along this coordinate system.  

 To describe the direction of the element degrees of freedom, a nodal 

coordinates system on each node must be used. The nodal coordinates system is 

located at each node as shown in Figure (3.6) such that the origin is located at 

the corresponding node position. Nodal x -axis is tangent to the curve joining 

this node and the subsequent nodes. Nodal y -axis is tangent to the element 

surface, its direction is perpendicular to that of nodal x -axis. The nodal z -axis is 

perpendicular to the yx   plane, its direction is specified according to the 

orthogonal right-hand rule.  

The element (local) coordinates system is located at each element as 

shown in Figure (3.6). This coordinates system is created on each element such 

that its origin is located at the element area center. The element s-axis is tangent 

to the element surface at coordinate’s origin along the direction of the curve 

joining first, fifth and second nodes for the quadrilateral element. The element t-

axis is tangent to the element surface at coordinate’s origin; its direction is 

perpendicular to that of element s-axis. The element r-axis is perpendicular to 

the s-t plane; its direction is specified according to the orthogonal right-hand 

rule. Element coordinate system is used to describe the direction of the applied 

loads and directions of the stresses and strains that are induced in the elements.  

 

 

The orthotropic stiffness properties are required to define the strain-stress 

relationship. The basic assumption of the composite material that can be treated 

in this work are, (Calcote, 1696) 
(54)

: 

1.  The lamina is assumed to be:  

            - Macroscopically homogeneous. 

            - Linearly elastic.  

            - Macroscopically orthotropic. 

 Stress-Strain Relationship     
 1.1 
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            - Initially stress-free. 

7.  The fibers are assumed to be: 

            - Homogeneous.  

            - Linearly elastic. 

            - Isotropic.  

            - Regularly spaced   

            - Perfectly aligned  

 1. The matrix material is assumed to be: 

            - Homogeneous. 

            - Linearly elastic. 

            - Isotropic. 

      Because of the linearly elastic behavior (assumption), the generalized 

Hooke’s law is used for relating the stresses to strains. A material coordinate 

system is x-y-z, as shown in Figure (3.7) which introduced for the unidirectional 

reinforced lamina.  

Hook’s law gives the general anisotropic constitutive relation with respect to 

a material coordinate system 1–7–1 as follows (Jones, 1621) 
(3)

: 
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(1.1) 

i.e., twenty-one independent material constants are used to describe the stress-

strain relationship. For the composite lamina illustrated in Figure (3.7), there are 

two orthogonal planes of material property symmetry and the material is termed 

orthotropic.  
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The stress–strain relations in coordinates aligned with principal material 

directions are given by, (Yunus and Khonke, 1626)
 (22)

:  
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(1.7) or  

      E                                                                                              … (1.1)                                                             

where  

c11 = A E1,j c33 =E3,j B   

c12 =E1,j  c66=G12,j     …(1.1)

c22 = A E2,j c44 =fG23   c55=f 

G13 



A=E2,j / (E2,j -j E1,j ) , B=12
-6

 

1/ f=1.2, a derivation of the factor f is illustrated in Appendix-A 

To obtain the stress–strain relations for the lamina of arbitrary orientation, 

the transformation equations are used for expressing stresses in x-y-z coordinate 

system in terms of stresses in 1-7-1 coordinate system (Calcote, 1696) 
(54)
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where  
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(1.9) in which, c = Cos , s = Sin  and  is the fiber orientation angle in 

degrees. 

Using the above transformations, the stress–strain relations for arbitrary 

lamina orientation can be written as: 

   

0        0  Q      0 Q Q 

Q  Q      0       0     0     0 

Q Q    0       0   0    0

0      0      0    Q    0     0 

0      0  Q    0   Q Q

0      0  Q    0   Q  Q
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

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






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





































zz

y

x

                                                    … 

(1.2) 

A generally orthotropic composite lamina is an orthotropic lamina in which 

the principal material axes are not aligned with the structural axes and the 

constitutive matrix (Q) is as defined above in Equation (3.7). All coefficients of 

the constitutive matrix are derived and listed in Appendix-A. 

Finally, Poisson’s ratio for orthotropic material is generally defined as 

(Calcote, 1696) 
(54)

: 

i

j

ij 


-υ                                                                                                   … (1.2)  

where i is the strain produced by σi and 
j is the corresponding lateral strain. 

There   are   three    reciprocal    relations   that   must   be   satisfied   for   the 

general orthotropic material, these are (Calcote, 1696) 
(54)

: 
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j

ji

i

ij

EE

υυ
           ji,  = 1, 2, 3                                                                          … (1.6) 

Then: 

2

21

1

12 υυ

EE
                                                                                                   … 

(1.11)  

3

31

1

13 υυ

EE
                                                                                                … 

(1.11) 

3

32

2

23 υυ

EE
                                                                                                   … 

(1.17)  

Then only nine independent elastic properties are needed for a full definition of 

the stress-strain relationship of the general orthotropic material. These nine 

independent stiffness properties are: υ 12, υ 23, υ 13, E1, E2, E3, G12, G23, and G31 

then the material which requires this number of stiffness properties for full 

definition of stress-strain relationship is called three-dimensional orthotropic 

material. 

 

 

 

A quadratic  element of quadrilateral shape which consists of eight nodes, all of 

which are located on the element boundary, have been used to define the wing 

finite element model, while that of triangular shape consists of six nodes, all of 

which are located at the ends of the transverse stringers (ribs). These types of 

elements are used for plates and shells applications and for membrane and 

flexural load conditions (Yunus and Khonke, 1626)
 (22)

. In this section, the 

parameters that are concerned with the selected elements are discussed. These 

parameters basically include the element properties and the element degrees of 

 Element Parameters     
 1.1 
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freedom. The element properties have included the material properties of the 

composite in addition to the thickness of each element. The fiber orientation is 

defined uniformly through the element real constants. The shell is composed of 

N layers in its thickness direction (r). The formulation of such shell is based on 

three-dimensional elasticity theory. It is assumed that the normal to the middle-

plane remain straight after deformation, but not necessarily normal to the 

middle-plane.  

The displacement at any point within the element is written in terms of 

nodal translations and rotations (degenerated element) as:     





 


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
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
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
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cba

cba

cba
rt

N

w

v

u

N

w

v

u

11 2






                                  … 

(1.11) 

Where, n is the number of element nodes 

Ni= shape functions. They are illustrated in Appendix-A. 

iu , iv , iw  =global nodal displacements. 

xi , yi , zi =global nodal rotations. 

ti = nodal thickness. 

r = natural coordinate along thickness direction but normal to the shell surface. 

ai
u
, ai

v
, ai

w
 = direction cosines of u, v, and w with respect to the nodal coordinate 

system at node i.  

The first row of transformation matrix represents the direction cosines of each of 

nodal coordinate axis with respect to the global x-axis. The second row of 

transformation matrix represents the direction cosines of each of nodal 

coordinate axis with respect to the global y-axis. The third row of transformation 

matrix represents the direction cosines of each of nodal coordinate axis with 

respect to the global z-axis.  
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It is obvious that, each node has six degrees of freedom, then the second 

order shell element is of (48) degrees of freedom, while the second order 

triangular element is of (36) degrees of freedom.  

 

 

 

In this section, the strain-displacement relations are developed to explicitly 

express their dependence on the through-thickness coordinate. The integration 

through thickness can then carried out separately. Thus, a separate numerical 

integration rule can be used for each layer through the thickness of the element. 

 The strains are first written in terms of the global derivatives of 

displacements as: 

    EH                                                                                                … 

(1.11) where, 

    T
xzyzxyzyx                                                          … 

(1.11)  







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

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
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100000000
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        
T

wvu EEEE                                                                      … 

(1.19)   





















z

u

y

u

x

uuE                                                                                 

… (1.12)   





















z

v

y

v

x

vvE                                                                              

 Derivation of Strain-Displacement Matrix     
 1.9 
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… (1.12) 



























z

w

y

w

x

wwE                                                                              

… (1.16)  

 The global Cartesian derivatives are related to the local coordinate as: 

    eE                                                                                               … 

(1.71) where,  

        111 
 JJJdiag                  … 

(1.71)          Twvu eeee          … 

(1.77) 

   





















r

u

t

u

s

u
eu          … 

(1.71) 

 and  ve  and   we   are defined similarly to  ue . 

 J  is the Jacobian matrix  

r, s, and t are the local coordinates system. 

The local coordinate displacement derivatives are expressed in terms of the 

nodal displacements as: 

            utute                   … 

(1.71) 

 where 

        111  diagt          … 

(1.71) 

        222  diag                  … 

(1.79) 
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(1.72) 
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(1.72) 

 

         Tw
tuv

tuu
tutu                    … 

(1.76) 

   821 uuuu
tu                              … 

(1.11)  v
tu  and  w

tu  are defined similarly, 

   888111 zyxzyxu                  … 

(1.11) 

 
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(1.17) 
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(1.11) 

 

 v and  w  are defined similarly to u . The matrix equation (3.24) is now 

partitioned and the top partition of  ue  can be written as: 

            uu
u
tuue 21                      … 

(1.11) 

The terms in matrix 2 contain the variable r. Equation (3.34) is expressed and 

written to explicitly express its dependency on r as, (Yunus and Khonke, 

1626)
 (22)

: 

               uuru
tuue 22211                … (1.11) 
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(1.12) 
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Equation (3.35) can be rearranged as: 

             uuuru
tuue 22211                  … 

(1.12) 

 where,   

     u
u  2121                     … 

(1.16) 

and,     

     u
u  2222  .                     … 

(1.11) 

  The strain-displacement relationship can now be written with its 

dependence explicitly expressed as: 

    iuB                                                                                             … (1.11) 

where,  

       
2

2
10 BrBrBB                    … 

(1.17) 
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(1.11)  
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2                            … (1.11) 

         
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
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
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0                   … 

(1.19) 

         








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vJub 22001
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1  +        
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






 u

aJ 210001               … 

(1.12) 

and, 

         










 u

vJub 210001
2                   … 

(1.12) 

 All elements of the strain–displacement matrix,  B , are derived in terms 

of the shape function derivatives and the Jacobian matrix  in Appendix-B. 

  

 

In general, the basic concept of the finite elements method is to discretize the 

continuum into a definite numbers of small elements connected together at their 

common nodes. The strain-displacement matrix, B , as shown previously is 

given by:  

    iuB  

 Derivation of Element Stiffness-Matrix      1.2 
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  The total solution domain is discretized into a number of elements (NE) 

[sub–domain] such that: 





NE

e

ueu

1

)()(                     … 

(1.16) 

where,  and 
e
 are the potential energies of the total solution domain and the 

sub–domain, respectively. The potential energy for an element, e, can be 

expressed in terms of the internal strain energy, SE, and external work done, 

WF, generally, such that: 


e
 (u) = SE – WF                      … 

(1.11) 

in which (u) is the vector of nodal degrees of freedom of an element.  

The internal strain energy of a linearly elastic body is given by: 


V

TSE dv  
2

1
                                                 … 

(1.11) 

where the integration is over the volume of the element. 

By substitution of Equations (3.3) and (3.41) into Equation (4.51), then: 

        

V

udVTeTuSE     B EB
2

1
                                              … 

(1.17) 

The external work done by uniformly distributed load is given by: 

    dVP

V

u
f

W      (If p per unit volume is body force).              … 

(1.11) But, the displacement vector {u} can also be defined as: 
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e
i

uNu }]{[}{                                 … 

(1.11) 

Also, by substitution of Equation (4.54) in Equation (4.53) then: 

      dV P T

V

NTeu
f

W                                      … 

(1.11)                  dVNudV
eeTee P u     B EB u 

2

1
u  

TT 

VV

T 
                      

… (1.19) 

To obtain the Equilibrium State of the element, the potential energy must 

be minimized with respect to the nodal displacements as follows: 

}0{}{ 




eu


 with respect to one element.                    

     … (1.12) 

By substitution of Equation (3.56) in Equation (3.57) and carrying out 

the partial differentiation, then: 

            0  P      B EB}{ T 



 dVNudV

u V

e

V

T

e


                      … (1.12) 

or 

}0{][}{][  eee Fuk          … 

(1.16) 

where,  

   
 



V

TTe dtdsdrJdVk
1

1

1

1

1

1

det]B][E[]B[ ]B][E[]B[][              … 

(1.91) 

in which,  
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[K]
e
: is the element stiffness matrix,  

[F]
e
: is the element external applied force vector, 

J : is the determinant of the Jacobian matrix. 

For layered element, equation (3.62) can be written as: 

    
 


1

1 1

1

1

det]B[]E[]B[
1

tp
j

bt
j

r

r

j
T

N

j

e
dtdsJdrK                                       … (1.91) 

where, 

N1= number of layers. 

rj
tp

 and rj
bt

 =coordinates of the top and bottom of the layer j, respectively. 

The determinant of Jacobian matrix depends on the thickness variable, r, for 

curved shell. This dependence can be explicitly written in the form: 




















a

v
a r1                                                                                 … (1.97) 

where,  

 Jdet2             … 

(1.91) 

 bta


2

1
          … 

(1.91) 

 btv


2

1
          … 

(1.91) 
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0.1 rt                     … 

(1.99) 0.1 rb                                                                                 … 

(1.92) 

Combining the definition of [B] and det [J] given in Equations (3.41) 

and (3.62), respectively, into Equation (3.61) leads to the element stiffness 

matrix as: 

                       011110

1

1 000

1

11 ( BEBBEBBEBK
TTT

                       

      .)242

231132022220

dtdsBEB

BEBBEBBEBBEB

T

TTTT


 

where, 

        drTETrE
jmj

T

jm

N

j

r

r
a

v
tp
j

bt
j

2

1
0

1

1
















       … 

(1.96) 

        drTETrrE
jmj

T

jm

N

j

r

r
a

v
tp
j
bt
j

2

1
1

1

1



















                          ... (1.21) 

        drTETrrE
jmj

T

jm

N

j

r

r
a

v
tp
j
bt
j

2

1

2
2

1

1



















                 … 

(1.21)                                           

        drTETrrE
jmj

T

jm

N

j

r

r
a

v
tp
j
bt
j

2

1

3
3

1

1



















               … (1.27) 

        drTETrrE
jmj

T

jm

N

j

r

r
a

v
tp
j
bt
j

2

1

4
4

1

1



















                          … (1.21) 

... (1.92) 
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It is noted that the present formulation requires an additional set of 

integrations for the material effect through thickness to obtain the matrices 0E , 

 
1E ,  

2E ,  3E , and  
4E , respectively. These integrations, however, are 

relatively simple as they do not involve the shape functions. In addition, the 

present formulation allows the direct input of matrices that reflect the integrated 

effects of the material properties through the thickness (Yunus and Khonke, 

1626)
 (22)

. 

 

When the shape functions used for the derivation of the mass matrix are 

identical to those used in formulating the element stiffness matrix; matrix [M] is 

called the consistent mass matrix. This matrix was first derived by Archer in 

1691 (Hyder, 7111)
 (64)

. 

To derive the consistent mass matrix, one can consider the kinetic energy 

of the total solution domain discretized into number of elements (NE) such that: 





NE

e

e uTIuTI
1

)()(                     … 

(1.21) 

where TI and TI
e
 are the kinetic energies of the total solution domain and the 

sub–domain respectively. The kinetic energy of the element can be expressed as: 


V

Te dVumuTI }]{[}{
2

1
                    … 

(1.21) 

The velocity vector within an element is related such that: 





n

i
ii uNu

1
}{}{  ,     n (number of nodes)                                                … (1.29) 

 Derivation of Element Mass- Matrix 

 

 1.2 
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By substituting Equation (3.76) into Equation (3.75), then: 





n

i V
ii

T
i

T
i

e udVNmNuTI
1

}{ )   ][(}{
2

1
                                                     … 

(1.22) or in a matrix form: 

 
V

eTTTe uMuudVNmNuTI }{][}{
2

1
}{]][[][}{

2

1
               … (1.22) 

Thus, the mass matrix of the presented curved shell element is written as: 

(Yunus and Khonke, 1626)
 (22)

: 

          0
0001

MMMdiagM   

where  

     



V

N

j

T
j dVNNM

1

1
0                                                         … 

(1.26) 

where, 
j  is density of layer j.  N is a vector of  the  shape  functions for 

inplane  motions  involving  only  the nodal translations which are functions of s 

and t only.  0  is a null matrix of size 24*24. Equation (3.79)  can  be  written  

in 

an expanded form as: 

           



1

1

1

1
1

0

1

det
N

j

r

r

T
tp
j
bt
j

dtdsNNdrJM                 … 

(1.21) Using equation (3.62) in equation (3.82) above, then 

           





















1

1

1

1
1

2

2
0

1

det1
N

j

r

r

T

a

v
ja

tp
j
bt
j

dtdsNNdrJrM               … (1.21)  

Defining a weighted average density,
a , as: 























1

1

1
2

1
N

j

r

r
a

v
ja

tp
j
bt
j

drr           … (1.27) 

then 

       


1

1

21

10 dtdsNNM
T

aa          … (1.21) 
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Only a 2*2 spatial Gauss integration scheme is required. All values of the 

mass matrix are derived in Appendix-B. 

 

 

The free vibration analysis is the first step in the dynamic analysis, the natural 

frequency, , of the structure is important to give an idea about the oscillation of 

the system with time, stiffness to weight ratios for different modes of 

oscillations, and to determine the natural period (T) of vibration which 

represents the time for which the vibration repeats itself, as: 

T = 2/                                                                                                                   … 

(1.21) 

 Therefore; the free vibration (modal analysis) is used to determine the 

basic vaibrational characteristic of structures, which are the natural frequencies 

and mode shapes (normal modes). Natural frequencies and mode shapes are 

important parameters in the design of a structure under dynamic loading 

conditions. They are also needed if it is required doing dynamic analysis such as 

frequency, transient and spectrum analysis. To determine the natural frequencies 

of a structure, the governing differential equation of motion for the free 

vibration problem (no external applied loads) and undamped case is assumed in 

general, (Weaver and Johnston, 1622) 
(58)

: 

 0}]{[}]{[
10




XKXM                                                                       … (1.21)         

Assuming harmonic motion that is: 

kitX iii ,...2,1;sin}{}{                                                                   … 

(1.29) where:  

k : the number of D.O.F. of the system 

{i} : the mode shape vector for the i
th

 mode of vibration, and 

i : the angular frequency of mode i. 

Differentiating Equation (3.86) twice with respect to time yields: 

 Free Vibration Analysis          
 1.6 



Chapter Three                                       Theoretical Consideration of The Suggested Technique                                               

 16 

tX
iii

i  sin}{}{ 2


                                                                        … 

(1.22) Then, substituting Equations (3.86) and (3.87) into Equation (3.85) 

yields, after canceling the term (sin it ): 

 0 }{ ])[]([ 0
2

1  ii MK                                                                            … (1.22)          

Equation (3.88) has the form of the algebraic eigenvalue problem (K=M). 

From the theory of homogeneous equations, nontrivial solutions exist only if the 

determinant of the coefficient matrix is equal to zero. Thus: 

 0][][
0

2

1
 MK

i
                                                                                   … 

(1.26) Expansion of the determinant yields a polynomial of order NR called 

characteristic equation. The NR roots of this polynomial (i
7
) are the 

characteristic values or the eigenvalues. The cyclic natural frequency (fi) is then 

obtained from: 

fi= i / 2                                                                                                   …(1.61) 

Substitution of these roots (one at each time) into the homogeneous equation, 

(3.89), produces the characteristic vectors or the eigenvectors {i} within 

arbitrary constants. A number of solution algorithms have been developed for 

the solution of the eigenvalue problem. However, the inverse iteration method 

will be presented and used in this work. 

 

 

This technique is very effective in calculating the smallest eigenvalue and the 

corresponding eigenvector, which are the most important eigenpair in structural 

dynamics. 

        The basic steps for solving the eigenvalue problem of the form (D =  I) 

using the inverse iteration method are (Hussain et al., 7117) 
(65)

: 

1. Computing the dynamic matrix [D] as follows : 

[D]= [M2]
-1

[K1]                                                                                      … (1.61) 

1.9.3 Inverse Iteration Method  
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2. Assuming initial trial vector {1} almost with all terms equal 1.2. 

3. Substituting the vector, {1}, in the following equation: 

  ( [D] _  (1/) [I] 
 
){ (1)}= 2                                                               

…(1.67)                                                                                      

 

4. Approximate value of (1/) is obtained by dividing the first element of the 

column matrix [D] {
(1)

} by 1
(1), that is: 

  

 

 
1

1 

1

1

1)    (





 











Dofrowfirst

                                                                  … 

(1.61) 

where (1)
1 is the first element of the matrix {

(1)
}. 

1. The second approximate value of the characteristic vector {
(2)

} is obtained by: 

 

    
  1/ 

  
  

(1)

. 




D
appr

                                                                                … (1.61) 

These steps can be continued until the errors become sufficiently small where 

the used error criterion is the absolute difference, such that: 

  1iir                                                                                        … 

(1.61) For the composite wing structure, modal analysis is done to predict the 

relationships between the natural frequencies and corresponding mode shapes 

with the orientation angles of composite laminas. For this purpose, the element 

properties are created such that the orientation angles of a single unidirectional 

fibers lamina are assigned to ten iterated angles (2, 12, 22… 92). 

 

 
1.9.2 Optimum Orientation Angle  
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The superiority of any structure mainly depends on the strength and properties 

of the materials that are used in the structure. It is well known that as each 

composite is a blend of materials with unique direction-dependent materials 

properties, the strength of composite lamina basically depends on the orientation 

of the fiber-reinforcement in each layer and the lay-up sequence of a laminate 

which play an essential role in obtaining its most attractive features of high 

stiffness/ strength-to-weight ratio. Therefore, in this section, the aim is to find 

the orientation angles which correspond to the stacking maximum (m
th

) natural 

frequency. Because of the testing of modal analysis at different value of 

orientation (2, 12, 22 …92), the calculus of variation principles can be possible 

to apply to find the corresponding frequency at a certain orientation. 

RAYLEIGH-RITZ method can be applied herein to estimate the optimum 

orientation as shown in Appendix-C.  

 

 

  

A static analysis calculates the effects of steady loading conditions on a 

structure, while ignoring inertia and damping effects, such as those caused by 

time-varying loads. The static analysis is governed by the following equilibrium 

equation: 

     FuK                                                                                                    … 

(1.69) 

where, [K] : the assembled stiffness matrix. 

The above equilibrium equation is solved by Newton-Raphson method   

to obtain the unknowns {u} vector. The results of the static analysis would be 

including the following items: 

 1. The element stresses along element coordinates axis. 

Static Analysis          
 1.11 
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 7. The linear and angular displacements of the nodes ( ziyixiwu  ,, ,  ,  , ) along 

global coordinate axis.  

 1. The element criteria stress index Ψ, according to Tsi-Wu (quadratic) yield 

criteria (Abdul-Raheem, 7111)
 (7)

, which is used for orthotropic materials and 

cited in Appendix-C. 

The wing structure is subjected to static nodal forces that are shown in 

Appendix-A. Preliminary design of this structure against those loads is 

assumed, in which a three of the E-glass/epoxy laminas is of same assumed 

thickness of (3 mm), and oriented by the optimum angles that correspond to the 

first five mode shapes for each of spars, ribs, and skins. Composite and stiffener 

laminas are arranged through the thickness in a scheme such that, honeycomb 

stiffener lamina is surrounded from each side with three of composite laminas. 

 

 

 

 

Since the use of composite materials became widespread in aerospace, defense 

and automotive applications three or four decades ago, laminated structural 

elements (such as plates and shells) made of layers of fiber-reinforced composite 

materials (high stiffness and strength-to-weight ratios) have been most often 

adopted in these applications. Thicknesses of the layers of a laminate are 

available as structural variables in the case of fiber composite structures.  

 

Therefore, an important issue is that, how a laminated composite 

structural element can be designed by choosing the best layers thicknesses, so 

that the most efficient performance can be achieved together with the fulfillment 

of the required design specification. A great deal of this section is to obtain the 

1.31.3 Optimum Layer Thickness and Its Arrangements  
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optimum thickness and arrangement for each layer of composites. The allowable 

limit of criteria stress index depends upon the required safety factor, which is 

further depending upon the function of the structure. The safety factor is defined 

as (Abdul-Raheem, 7111)
 (7)

: 

S.F=1/Ψ                                                                                                    … 

(1.62) where, S.F is the safety factor and Ψ is the failure index. 

Due to the applied load on the structure, it is subjected to general stress 

state in which the shell elements be under both membrane and flexure stress 

condition. Membrane stresses are uniformly distributed through shell thickness, 

while flexure stresses are distributed through shell section in a manner such that, 

they are maximum at the outer or inner surfaces of the shell elements (Hate, 

7117)
 (55)

. Then it is preferable to arrange the laminas through shell section 

according to the behavior of the structure if constructed of a single unit of them 

(each considered separately) under the action of applied load such that the 

laminas of lower induced stresses are located near outer or inner surfaces of 

shell section, then a priority in the thickness fraction (with respect to composite 

total thickness) is given to that laminas. Total thickness of composite is the 

summation of that of laminas, and then optimum value of each one of them is 

specified according to the following steps: 

I- In order to recognize the behaviors of the structure if constructed from only a 

single of the three laminas, static analysis is performed to the structure (for each 

lamina) under the action of the applied load. 

II- From results of static analysis, Tsi-Wu failure criteria indices are extracted for 

each lamina, then laminas are arranged through shell section such that the 

laminas of minimum indices are located near outer or inner shell surface, and 

that of maximum indices are located near honeycomb stiffeners (spars and ribs) 

lamina which is placed at intermediate plane of the shell so that the optimized 
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fraction of a layer thickness is obtained from the division of its failure index to 

the summation of layers failure indices as follows:   

βi=(1/Ψi) / (1/ Ψ1+1/ Ψ2+1/ Ψ3 )                                        …(1.62) 

Then the optimum layer thickness would be estimated as a fraction of the 

total composite thickness as: 

    Ti=Tt*βi                                                                                … 

(1.66) 

       where  Tt is the total composite thickness. 

 

 

 

         
In the previous section, the optimum thickness arrangement across the layers of 

composite lamina (the optimum arrangement of the layers thicknesses along the 

total thickness of composite lamina) is obtained. In addition, the total thickness 

(Tt) for each one of the layered elements (regions) along the span and chord 

have the same opimized value. With the manufacturing process, it is possible to 

produce variable thicknesses for layered elements by a regional application. In 

order to fully utilize these manufacturing possibilities in the design model and to 

guarantee maximum flexibility, the general design model must also allow 

regionally variable layer thicknesses. 

 In the finite element method, the FE-mesh already divides the structure 

into substructures in the form of finite elements. Within each composite finite 

element the fiber orientations and thicknesses are defined independently. Thus, 

the finite element properties (thicknesses and fiber orientations) can be used for 

the design model formulation as principal independent structural variables. 

In this section, the total thickness for each element along the wing struture 

from the root to the tip will make a different value depending upon the Tsi-Wu 

failure indices of these elements. That it is, the element of large value of failure 

index will take large thickness and the element of minimum failure index will 

1.31.2 Tapered Distribution in Global Thickness of the Structure  
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take the minimum thickness but does not exced  the allowable value of 

2.125mm for each layer (Liu and Haftka, 7111)
 (52) 

 

 In general, if the maximum obtained failure index is denoted by(Ψmax), 

then for each element of a failure index of (Ψel) would have a thickness of : 

Tti= (Ψei / Ψmax)*Tt                                                                     … (1.111)  

where Tti represents the total thickness of element number i.  Based on this 

criterion, a tapered thickness distribution along the wing domain is obtained. 

This distribution gives a superiority in weight reduction; thus increasing in the 

stiffness matrix by decreasing in the values of mass matrix. It is importanat to be 

noted that the present step is the final step of the suggested technique that was  

mentioned previously. A flow-chart presenting the sequence of optimization 

procedure of all the above steps is sited in Appendix-C. 

 

 

Majority of today’s structures are subjected to the load which varies with time. 

In fact, with possible exception of dead load, imposed loads cannot really be 

considered as static. However, in many cases the variation of the force is slow, 

which allows the structures to be treated as static. For aerospace and aeroplane 

flying through storm as an example, the dynamic effect associated with the load 

must be accurate for the proper evaluation of safety, performance, and reliability 

of these systems (Warburton, 1629)
 (53)

. 

 

 

The dynamic equation for a system can be formulated by directly expressing the 

equilibrium of all forces acting on the mass. In general, four types of forces will 

be involved; the externally applied load and three forces namely, inertia, 

 1.11.1 Dynamic Equilibrium Equation 

Dynamic Analysis             1.11 
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damping, and the elastic forces. Thus, the dynamic equation may be expressed 

in a matrix form as follows (ANSYS
 R

, 1662) 
(56)

: 

           tFuKuCuM                                                    … 

(1.111) 

  

where : 

 M : structural mass matrix. 

 C :  structural damping matrix. 

 K : structural stiffness matrix. 

 u :  nodal acceleration vector. 

 u :  nodal velocity vector. 

 u = nodal displacement vector. 

  tF = applied load factor as a function of time. 

 

The above equilibrium equation is solved by Newmark Family method to 

obtain the unknowns {un+1} vector. The results of the dynamic analysis include 

the following items: 

1. The linear and angular displacements of the nodes ( zyxwu  ,,,, , ) along 

global coordinate axis as a function of time.  

  7. The element stresses along element coordinates axis as a function of time. 

  1. Dynamic load factor (Magnification Factor) for all nodes presented in the 

structure.  

The Dynamic Load factor (DLF) is defined as the ratio of dynamic 

displacement at any instant of time to the static displacement. It is non-

dimensional and independent on the magnitude of the load. The maximum 

dynamic load factor is known as the Magnification Factor. In many structural 

problems, the magnification factor is of importance (Warburton, 1629)
 (53)

. 

 



Chapter Three                                       Theoretical Consideration of The Suggested Technique                                               

 12 

 

In the analysis of dynamic problems, it is assumed that the amplitude of free 

vibration remains constant with time, but experience shows that the amplitude 

diminishes with time and that the vibrations are gradually damped out. 

To bring the vibration analysis into better agreement with reality, the 

equation of motion for a discretized body or structure, often, must include a term 

to account for energy dissipation, i.e. damping forces. These forces may arise 

from several causes, such as friction, air or fluid resistance, internal friction due 

to imperfect elasticity of materials, and so on. Among all of these sources of 

energy dissipation, the case where the damping force is proportional to velocity 

is called viscous damping, and this is the simplest to deal with mathematically. 

For this reason, resisting forces of a complicated nature are replaced for purpose 

of analysis by equivalent viscous damping (Timoshenko et al., 1621)
 (57)

.
  
 

 

 

In most cases the effect of damping on the response of a vibratory system is 

minor and thus, it can be ignored. However, for vibratory system with a periodic 

excitation and a frequency at or near the natural frequency, i.e. the resonance 

phenomenon, damping will be of primary importance and must be taken into 

account (Timoshenko et al., 1621) 
(57)

. 

Figure (3.8) shows the relationship between the magnification factor () 

which represents the ratio of dynamic response to static response (function of 

dynamic response of the system), and the ratio (/) which represents the ratio 

of the angular frequency () of a simple harmonic force function (Psint or 

Pcost) to the natural frequency of the system, , plotted for various levels of 

damping ratios (). As for undamped case, the value of () is approximately 

unity for small values of (/), and approaches zero for large values of (/). 

 1.11.7 Formulation of Damping Properties 

 1.11.1 Effect of Damping 
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However, as the value of  approaches   (i.e. (/) approaches unity), the 

magnification factor grows rapidly.  

Furthermore, the value of  at or near resonance is very sensitive to the 

amount of damping. Thus, while the damping has only a minor effect when the 

system is remote from resonance, it has a dramatic effect at or near resonance. In 

structural dynamics the influence of damping is critical for this case and 

represents its most important application (Weaver and Johnston, 1622) 
(58)

. 

 

 

 

 

 

 

 

                 Figure (1.3): Effect of damping on the magnification factor (85). 

 

 

 

With the present understanding of damping in structures, it is not possible to 

formulate an explicit damping matrix for distributed damping throughout a 

structure, in a manner similar to that followed for the stiffness [K] and mass [M] 

matrices (Pytet, 1661) 
(62)

. In practice, damping is usually expressed in terms of 

damping ratios for each of the natural frequency modes. These ratios are 

established from experiments on similar structures.  

 1.11.1 Damping Matrix 

txxxx  sin2 22
...

  
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The most common form of representation of the damping matrix [C] is the 

so-called Rayleigh-type damping (Timoshenko et al., 1621)
 (57)

 as a linear 

combination of mass and stiffness matrices which is given as: 

[C] = ao [M] + a1 [K]                                             … 

(1.117) 

in which (ao) and (a1) are arbitrary proportionality factors which make the 

damping matrix satisfy the orthogonality condition with respect to the modal 

matrix [] in the same way of the orthogonality conditions for the mass and 

stiffness matrices that is (Bathe, 1669) 
(59)

: 

[]
 T

 [M] [] = [I]                                    … 

(1.111) []
 T

 [K] [] = []                                    … 

(1.111) []
 T

 [C] [] = 2 [] []
 1/2                                   … 

(1.111) where:  

              [] = Modal matrix whose columns represent the natural modal shapes and the 

superscript (T) denotes transpose, 

[I] = Identity matrix. 

[] = Spectral matrix, which is diagonal with elements representing the squares 

of the natural frequencies (i
7)

 and  

[] = Modal damping matrix which is also diagonal with elements representing 

the damping ratios for the system modes (i ). 

Premultiplying Equation (3.122) by []
 T

 and post-multiplying it by [] yields: 

[]
T
 [C] [] = ao []

T
 [M] [] + a1 []

T
 [K] []                                 

…(1.119) 

Substituting Equations (3.123) to (3.125) into Equation (3.126) gives: 

2 [] []1/2 = ao [I] + a1 []                                             

…(1.112) The two factors, ao and a1, can be determined by specifying  damping 
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ratios for two modes, for example 1 and 2, and substituting into Equation 

(3.127) as (Pytet, 1661) 
(62)

: 

2 1 1 = ao + 1
2 a1                                              … 

(1.112) 2 22 = ao + 2
2 a1                                             … 

(1.116) where 1 and  2 are the natural frequencies for modes 1 and 2 

respectively. 

Solving the above two Equations, then   

)(

)(2

2
1

2
2

211221








oa                                    … 

(1.111) 
)(

)(2

2
1

2
2

1122
1








a                                     

… (1.111) Then, the values of ao and a1 are substituted into Equation (3.122) to 

get the required damping matrix. The natural frequencies (i) which are used in 

the above equations can be obtained from the solution of the eigenvalue problem 

for the undamped case (Timoshenko et al, 1621) 
(57)

. As will be shown later, 

the corresponding damping ratios (i) can be obtained by finding the damping 

ratio 1 , related to the first mode of vibration, using field testing of a structure or 

from previous experience or even by assuming it within an acceptable range 

according to the type of the structure. With the value 1 on hand, other values of 

i can be extrapolated using the approximate formula (Weaver and Johnston, 

1622) 
(58)

: 

el

i
i 










1

1



   ; (2.5  el  2.7)                                  … 

(1.117) Rewriting Equation (3.127) for an arbitrary mode ( i ) gives: 

2 i i = ao + a1 1
2                                    … 

(1.111) from which the damping ratio (i ) can be defined as: 
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i

io
i

aa






2

2

1
                                     … 

(1.111) The relationship of Equation (3.114) between the natural frequency (i) 

and the damping ratio (i) is illustrated in Figure (3.9) (Pytet, 1661) 
(62)

. 

 

 

 

 

 

 

 

 

 

 

 

 

     

Figure (1.9): Relationship between damping ratio and frequency for Rayleigh 

damping (06) 

 

 

 

 

The dynamic equilibrium equation, equation (3.121), represents a system of 

linear differential equations of second order and, in principle; the solution of the 

equations can be obtained by standard procedures for the solution of differential 

equations with constant coefficients. However, the procedures proposed for the 

solution of general system of differential equations become very expensive if the 

order of the matrices is large. In practical finite element analysis, there are few 

Numerical Method for the Dynamic Analysis             1.17 
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effective methods. These are mainly, direct time–integration and mode 

superposition. In the present work, the direct integration method is used. 

In direct integration method, the dynamic equilibrium equations are 

integrated using a numerical step–by–step procedure. The term “direct” meaning 

that prior to the numerical integration and no transformation of the equation into 

different form is carried out.  

In essence, direct numerical integration is based on two ideas. First, 

equation (3.121) is satisfied at discrete time intervals (∆t) apart. The second idea 

is that a variation of displacements, velocities, and accelerations within each 

time interval (∆t) is assumed. The available direct procedures can be further 

sub– divided into implicit and explicit methods. 

The implicit algorithms are more effective for structural dynamic problems, 

in which the response is controlled by a relatively small number of low 

frequency modes, while explicit algorithms are very efficient for wave 

propagation problems, in which the contribution of intermediate and high 

frequency structural modes to the response is important (Subbaraj and 

Dokainish, 1626) 
(61)

. 

In the present study, only implicit methods will be considered because of 

their properties discussed above. 

 

 

Newmark method is based on using the equilibrium conditions given by 

equation (3.121) at time t+t in order to calculate the displacements at this time. 

This method is based on the following assumptions: 

])1[( tttttt XXtXX                 … (1.111a) 

and, 

 1.17.1 The Newmark Family of Methods 
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])
2

1
[()( 2

ttttttt XXtXtXX              … (1.111b) 

where the parameters  and α determine the stability and accuracy of the 

algorithm. Assuming different values for αand give different formulas 

within the Newmark family of methods. This method is unconditionally stable if 

αand 

 

 Unless αtaken to be 1.1, the method introduces artificial damping which 

can be negative when < 1.1 (Pytet, 1661) 
(62)
Therefore, as remarked by 

Newmark, all schemes for which αand are unconditionally 

stable and indeed show no artificial damping, (Zienkiewicz, 1622) 
(62)

. 

In the present study, values of αand are 1.1 and 1.71, respectively. 

Newmark method with these values of  αand  iscalled constant –average- 

acceleration methodThis method is generally used in structural dynamics 

because it has been shown to have high degree of numerical stability, ( Al-

Sarraf et al., 7111) 
(63)

.The complete algorithm of the present method is given 

in (Subbaraj and Dokainish, 1626) 
(61)

.   
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Fig.(1.4): The first mode shape of the Skinsf  in  
            term of deformed and undeformed shapes. 
 

 

Fig.(1.4):The second mode shape of the Skinsf  in  
              term of deformed and undeformed shapes. 
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Fig.(1.3): The third mode shape of the Skinsf  in  
             term of deformed and undeformed shapes. 
 

 

 

 Fig.(1.1): The fourth mode shape of the Skinsf  in  
             term of deformed and undeformed shapes. 
 

 



Chapter Four                                                                                          Results and Discussions  

 

 78 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

   Fig.(1.4): The fifth mode shape of the Skinsf  in  
               term of deformed and undeformed shapes. 
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Fig.(1.4): Variation of natural frequency with 
orientation angles of Skinsf. 
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        Fig.(1.4): The first mode shape of the Spar1f  in  
              Term of deformed and undeformed shapes. 
 

 

 

Fig.(1.4): The second mode shape of the Spar1f  in  
              Term of deformed and undeformed shapes. 
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Fig.(1.4): The third mode shape of the Spar1f  in  
              term of deformed and undeformed shapes. 
 

 

     Fig.(1.44): The fourth mode shape of the Spar1f  in  
                 term of deformed and undeformed shapes. 
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     Fig.(1.44): The fifth mode shape of the Spar1f  in  
                 term of deformed and undeformed shapes. 
 

0 10 20 30 40 50 60 70 80 90

0

10

20

30

40

50

60

70

80

90

100

110

120
First mode

Second mode

Third mode

Fourth mode

Fifth mode

Fiber Orientation, θ (deg.) 
 

Fig.(1.44): Variation of natural frequency with 
orientation angles of Spar1f. 
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Fig.(1.43): Variation of natural frequency with 
orientation angles of Spar2f. 
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Fig.(1.41): Variation of natural frequency with 
orientation angles of Spar3f. 
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Fig.(1.44): Variation of natural frequency with 
orientation angles of Spar4f. 
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Fig.(1.44): Variation of natural frequency with 
orientation angles of Spar5f. 
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Fig.(1.44): Variation of natural frequency with 
orientation angles of Spar6f. 
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Fig.(1.44): Variation of natural frequency with 
orientation angles of Spar7f. 
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Fig.(1.44): Variation of natural frequency with 
orientation angles of Spar8f. 
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Fig.(1.44): Variation of natural frequency with 
orientation angles of Spar9f. 

 

N
a
tu

ra
l 
F

re
q

u
e
n
c
y
 (

H
z
)

 

 



Chapter Four                                                                                          Results and Discussions  

 

 88 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

      Fig.(1.44): The first mode shape of the Rib1f  in  
                 term of deformed and undeformed shapes. 

 

 

        Fig.(1.44): The second mode shape of the Rib1f  in  
                        term of deformed and undeformed shapes. 
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   Fig.(1.43): The third mode shape of the Rib1f  in  
                term of deformed and undeformed shapes. 

 

 

Fig.(1.41): The fourth mode shape of the Rib1f  in  
              term of deformed and undeformed shapes. 
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Fig.(1.44): Variation of natural frequency with 
orientation angles of Rib1f. 
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Fig.(1.44): The fifth mode shape of the Rib1f  in  
   term of deformed and undeformed shapes. 
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Fig.(1.44): Variation of natural frequency with 
orientation angles of Rib2f. 
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Fig.(1.44): Variation of natural frequency with 
orientation angles of Rib3f. 
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Fig.(1.44): Variation of natural frequency with 
orientation angles of Rib4f. 
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Fig.(1.34): Variation of natural frequency with 
orientation angles of Rib5f. 
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Fig.(1.34): Variation of natural frequency with 
orientation angles of Rib6f. 
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Fig.(1.34): Variation of natural frequency with 
orientation angles of Rib7f. 
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Fig.(1.31): Vertical displacement (uy) of the first model 
(Rst1OO) in meter. 
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Fig.(1.33): Variation of natural frequency with 
orientation angles of Rib8f. 
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Fig.(1.34): Vertical displacement (uy) of the second model 
 (Rst2OO) in meter. 

 

 

Fig.(1.34): Vertical displacement (uy) of the third model 
(Rst3OO) in meter. 
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Fig.(1.34): Vertical displacement (uy) of the fourth model 

(Rst4OO) in meter. 

Fig.(1.34): Vertical displacement (uy) of the fifth model 

(Rst1AO) in meter. 
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Fig.(1.14): Vertical displacement (uy) of the seventh model 
(Rst3AO) in meter. 

 

Fig.(1.34): Vertical displacement (uy) of the sixth model 
(Rst2AO) in meter. 
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Fig.(1.14): Optimum layers thicknesses and its arrangements 
for composite wing structure of Rst2OO. 
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3rd layer ,  θ 45, it =3098 

2nd layer,  θ 9, it =2086 
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b) Spar layers thickness 
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2nd layer, θ 9, it =2093 

3rd layer , θ 45, it =3024 

 a) Thickness of upper and 
lower skin in mm 
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Fig.(1.11  ): Optimum layers thicknesses and its arrangements 
for composite wing structure of Rst4OO. 
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1st layer,  θ 39, it =2094 
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Z 3rd layer ,  θ 45, it =3032 

2nd layer,  θ 75, it =2076 

1st layer,  θ 45, it =2092 

 c) Rib layers thickness 

         in mm 
 

3rd layer ,  θ 45, it =2098 

2nd layer,  θ 75, it =3098 

1st layer,  θ 45, it =2094 
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1st layer,  θ 45, it =2071 
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3rd layer , θ 45, it =3012 

 a) Thickness of upper and 
lower skin in mm 
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Fig.(1.14): Optimum layers thicknesses and its arrangements 
for composite wing structure of Rst2AO. 
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b) Spar layers thickness 

         in mm 
 

3rd layer ,  θ 99, it =3091 

2nd layer,  θ 45, it =2076 

1st layer,  θ 99, it =2079 

Stiffeners (Spars and Ribs) 

1st layer,  θ 99, it =2092 

2nd layer, θ 45, it =209 

3rd layer , θ 99, it =3016 

 a) Thickness of upper and 
lower skin in mm 
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Fig.(1.14): Distribution of maximum Tsai-Wu failure index on the                    

lower skin of Rst11OO. 
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Fig.(1.44): Distribution of maximum Tsai-Wu failure index on the 
 lower skin of Rst22OO. 
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Fig.(1.44): Distribution of maximum Tsai-Wu failure index on the 

 lower skin of Rst33OO. 
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Fig.(1.41): Distribution of maximum Tsai-Wu failure index on the 

 lower skin of Rst44OO. 
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Fig.(1.44):Global tapered thickness distribution 

at the lower surface of Rst11OOtap. 
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Fig.(1.44):Global tapered thickness distribution  

at the lower surface of Rst33OOtap. 
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Fig.(1.44):Global tapered thickness distribution  

at the upper surface of Rst11OOtap. 
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Fig.(1.44 ):Global tapered thickness distribution  

at the upper surface of Rst33OOtap. 
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Fig.(1.41): Tapered thickness distribution of spars element of 
Rst11OOtap. 
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Fig.(1.44): Tapered thickness distribution of spars element of 
Rst33OOtap. 

 

Fig.(1.44): Tapered thickness distribution of spars element of 
Rst44OOtap. 
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Fig.(1.44):The vertical displacement of Rst1OO,Rst11OO 
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Fig.(1.44):The vertical displacement of Rst2OO,Rst22OO 
, and Rst22OOtap. 
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               Fig.(1.44):The vertical displacement of Rst4OO,Rst44OO 

               , and Rst44OOtap. 
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Fig.(1.44):The vertical displacement of Rst3OO,Rst33OO 
, and Rst33OOtap. 
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Fig.(1.43):The vertical displacement of Rst2AO,Rst22AO 

, and Rst22AOtap. 
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Fig.(1.44):The vertical displacement of RstAO,Rst11AO 
, and Rst11AOtap. 
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Fig.(1.41):The vertical displacement of Rst3AO,Rst33AO 
, and Rst33AOtap. 
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Fig.(1.44): Dynamic response of maximum normal stress at 
different layer thicknesses for the first model. 
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Fig.(1.44):Dynamic response of maximum shear stress at 
different layer thickness for the first model. 
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Fig.(1.44): Dynamic response of maximum principal stress at 
different layer thickness for the first model. 
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    Fig.(1.44): Dynamic response of maximum normal stress at 
different layer thicknesses for the seventh model. 
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Fig.(1.44): Dynamic response of maximum shear stress at 
different layer thicknesses for the seventh model. 
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Fig.(1.44):Dynamic response of maximum shear stress at 
different layer thickness for the seventh model. 
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Fig.(1.44): Apex transient response. 
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CHAPTER FOUR 

RESULTS AND DISCUSSION 

 
 

 

The static and dynamic behavior of composite material is very affected by the 

stiffness properties. Since the stiffness properties of composite materials  depend 

on the fiber orientation, lamina stacking sequence, lamina thickness, and 

allocations, thus studying of these variables is of significant importance. Based 

on this idea, a procedure to find the optimum design ( fiber orientation, layers 

thicknesses, and thickness distribution and allocation) became excessively 

necessary to be presented. Therefore, the results of this chapter are circulated in 

three parts: (1) Free vibration analysis (2) Static analysis and (3) Dynamic 

analysis.  

Optimum orientations are obtained from the first part of the suggested 

technique, in addition seven models are constructed, each different to other in its 

orientation angle only. To verify the results of free vibration (authenticity of the 

suggested technique), the previously created models are analyzed statically and  

a comparison is made between their failure indices. In addition, optimum layer 

thickness and tapered thickness distribution are also performed. At last, the 

 Introduction 
 1.4 
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dynamic analysis is done on the above models to study their dynamic effects and 

responses. 

 

 

Structural analysis includes the free vibration analysis, static analysis, and 

dynamic analysis. In free vibration analysis, frequencies of five modes are 

obtained. Failure indices of the models are obtained by static analysis. Finally, 

time responses of displacements and stresses are executed by dynamic analysis. 

 

 

Free vibration analysis is the first step in the suggested technique. At first, the 

wing model is divided into three parts: spars (longitudinal stiffeners), ribs 

(transverse stiffeners) and the skins (upper and lower surfaces). These parts are 

defined previously in section (3.2). 

Here, the effect of these parts will be studied separately on the structure 

by obtaining the relationship between the fiber orientations and frequencies that 

correspond to five mode shapes only. This accomplished by creating a 

substructural models named under different indices. As an example, if the 

substructural model has a name of Spar1f, then this model consists of the skins 

and the spar1 only, and  other spars and ribs are neglected. Rib1f refers to a 

substructural model consisting of skins and Rib1 only; the other spars and ribs 

are neglected. The index of the substructural skins model is Skinsf. The last 

letter f in the indices of the substructural models refers to the free vibration 

analysis. Therefore, nine substructural models for the spars, seven for the ribs, 

and one for the skins are created, they are: (Spar1f, Sapr2f, Spar3f, Spar4f, 

Spar5f, Spar6f, Spar7f, Spar8f, and Spar9f) and (Rib1f, Rib2f, Rib3f, Rib4f, 

Rib5f, Rib6f, Rib7f,  and Rib8f ) and (Skinsf), respectively. 

 

 

Structural Analysis   1.4 

 1.4.4.1 The Substructural Skins Model 

4.2.1 Free Vibration Analysis  
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The free vibration analysis is done on the substructural skins model to define the 

values of maximum natural frequency of each one of its five modes. Figures 

from (4.1) to (4.5) present the first, second, third, fourth, and the fifth mode 

shapes while Figure (4.6) presents the variation of natural frequency values with 

the orientation angles of Skinsf. The increments in the natural frequency with 

the number of mode mean that there is an increase in the stiffness of the 

corresponding modes itself. In other words, the minimum natural frequency 

corresponds the minimum stiffness and the maximum natural frequency 

corresponds the maximum stiffness. Dependency of natural frequency values on 

the stiffness and mass matrix  for the same mass of the skins in each mode 

represents the main reason in the previous increment. The maximum natural 

frequency in the first mode occurs at 0°. For the other mode shapes, the 

maximum natural frequency occurs at 45°.  

At last, the first mode shape of the minimum natural frequency value is 

more dangerous than the other modes because of its minimum stiffness. 

 

 

The free vibration analysis is done on the substructural spars model to define the 

values of maximum natural frequency of each one of its five modes. Figures 

from (4.7) to (4.11) present the first, second, third, fourth, and the fifth mode 

shapes. Figures from (4.12) to (4.20) present the variation of natural frequency 

values with orientation angles of Spar1f, Spar2f, ..., and Spar9f, respectively. It 

can be seen that for most substructural spars models, the locations of the spars 

have an apparent effect on the natural frequency values; thereby on the stiffness, 

so that the last is decreasing with the increase of the substructural spar index. It 

is noted that the minimum natural frequency that corresponds to the five modes 

is occurring at the substructural spars of indices of Spar8 and Spar9 which may 

lead to conclude that these substructural models have the smallest stiffness and 

 1.4.4.4 The Substructural Spars Models 



Chapter Four                                                                                          Results and Discussions 

 

 67 

may not affect on the whole wing geometry. In  other hand, the difference 

between the natural frequency values for each one of their modes are less than 

that corresponding of the substructural spars models. This mean that because of 

the little stiffness, the change in the fiber orientation gives less effect on the 

natural frequency as compared to the other substructural spars models. 

For the first mode, the maximum natural frequency occurs at 00 in which 

the fiber direction is in the direction of the wing span itself. The second mode of 

substructural spars models is a special case of bending which have a behavior  

similar to the first mode, 00 is the angle of maximum natural frequency. Plane 

horizontal motion is presented in the third mode shapes. Torsion is the address 

of the fourth mode. It can be seen that the maximum natural frequency occurs 

between 400 and 500 (45.2), hence, maximum stiffness to resist the torsion. 

There are a slight difference in the natural frequency values according to the 

location of the spars ( substructural spars models).  

At last, the fifth mode is the wave case which presents a complex 

bending. From the Figures, it can be seen that the maximum natural frequency 

occurs at 00.         

      

 

The free vibration analysis is done on the substructural ribs model to define the 

values of maximum natural frequency of each one of its five modes. Figures 

from (4.21) to (4.25) present the first, second, third, fourth, and the fifth mode 

shapes. Figures from (4.26) to (4.33) present the variation of natural frequency 

values with the orientation angles of Rib1f, Rib2f, ..., and Rib8f respectively. 

The same, it can be seen that the first mode, bending; represents the mode of the 

lowest value of frequency. The locations of the ribs have a slight difference on 

the natural frequency value because the main benefit of the ribs is the torsion 

resistance which represents the second mode. Therefore, there is no large 

difference in the frequency values that is corresponding of the first mode shapes 

 1.4.4.4 The Substructural Ribs Models 
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of the substructural ribs models. It is noted that all the substructural ribs have a 

maximum frequency value at a value closing to 450 and decreases at 00 and 900, 

respectively.   

The locations of the ribs have an apparent effect on the frequency values 

which increase gradually when the substructural ribs index increases also. In 

general, the more main reason that causes this effect is the mass of the selective 

ribs that decreasing due to the decreases in its volume; thereby an increase in the 

frequency values occurs. The third mode is the common mode between the first 

and the second. From the above figures, it is clear that the maximum frequency 

occurs at 450 and decreases at 00 and 900, respectively. However, the behavior 

is also common between the first and the second modes. The locations of the 

ribs (substructural ribs models) have an affect similar to that corresponding of 

the first and the second modes. Motion in the (x-z) plane of the model occurs in 

the fourth mode. The maximum frequency occurs between 100 and 200. For the 

fifth mode in which the substructural ribs models move in a wave form in the y-

direction, it is noted that the maximum frequency occurs at 900. As mentioned 

previously, there are slight differences of the natural frequency values according 

to the ribs locations. 

From the above figures, there are three values of the orientations in which 

the natural frequency is maximum for each one of the five modes which are  

0°,90°,45° and between 10° and 20° , and 90° for the first , second, third, 

fourth, and fifth modes, respectively. 

It is important to refer that the natural frequency of the torsional mode in 

substructural spars model is greater than that corresponding in the substructural 

ribs models. Therefore, it can be concluded that the spars play an important role 

in increasing the torsion resistance in addition to increasing the bending one.   

At last, as a general view for all figures above of the substructural models 

it is noted that firstly, the natural frequency is largely depends on the fiber 

orientation. Secondly, the natural frequency values of the substructural spars 
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models have a frequency approximately equal to that corresponding of the 

substructural ribs models. In other words, mass of the skins in the above models 

is the same for substructural spars and ribs models, mass of the spars is greater 

than of the ribs then the stiffness of the spars is greater than of ribs. 

 

 

 

 

  

 

The main goal of the static analysis is to obtain the failure indices of each 

available tested models to define and decide the optimum one (optimum 

orientations and optimum thicknesses for a minimum failure index). 

 Depending on the results (optimum orientations of the substructural 

analysis) that are obtained from free vibration analysis, new four models 

consisting of all spars and ribs in addition to the skins (whole models) of indices 

named as Rst1OO, Rst2OO, Rst3OO, and Rst4OO are created. The last two 

letters (OO) represent the first letters of “Optimum Orientation” term. Each one 

of its elements consists of three layers. At first, each layer has the same 

thickness and orientations extracted from the free vibration outcomes (suggested 

technique). In addition to other three models of arbitrary orientations (their 

orientations are self-governing; independent on the free vibration optimization) 

of indices of Rst1AO, Rst2AO, and Rst3AO for comparison purposes with those 

models  based on the free vibration suggested technique and for studying the 

effect of fiber orientation on structure response in the same time. The last two 

letters (AO) represent the first letters of “Arbitrary Orientation”. Table (4.1) 

presents these models, their indices, and orientations. Static analysis is done on 

the above models, shown in Table (4.1), in primary total  thickness of 7mm until 

the desired failure index (0.68) occurs. Table (4.1) presents failure indices for 

 1.4.4  Static Analysis 
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different thicknesses (7,8, and 9mm) for all models. From the previous Table, it 

can be seen that failure indices of each layer are inversely proportional with the 

total thickness of each composite lamina, i.e., failure indices are decreasing with 

increasing the total thickness. The model reached firstly to the required failure 

index at 9mm is Rst1OO. In addition, to verify a reality of the present suggested 

technique, it can be seen that the maximum failure indices occur at  the arbitrary 

models (Rst1AO, Rst2AO,and Rst3AO) due to the arbitrary orientations, so that 

the required stiffness is not directed in the direction of  load confrontation. 

              . 

 

Table (4.1): Failure indices for models under different thicknesses. 

Model 

Index 

mmLllll 

Parts 

hhKii 

Orien-

tation 

(Deg.) 

Failure indices of layers for different thicknesses 

Thickness=7mm Thickness=8mm Thickness=9mm 

    Layer 

        1 

Layer                                 

2 

   Layer  

       3 

  Layer  

     1 

    Layer 

       2 

Layer       

3 

Layer     

1 

Layer    

2 

Layer 

3 

Rst1O

O 

Spar 0/45/0 0.71 0.82 0.75 0.62 0.77 0.66 0.56 0.64 0.59 

Rib 90/45/90 0.68 0.74 0.75 0.59 0.65 0.67 0.54 0.57 0.58 

Skins 0/45/0 0.77 0.82 0.89 0.65 0.71 0.76 0.61 0.65 0.68 

Rst2O

O 

Spar 45/0/45 0.79 0.72 0.78 0.69 0.63 0.69 0.62 0.56 0.61 

Rib 90/45/90 0.67 0.73 0.75 0.58 0.64 0.64 0.54 0.57 0.59 

Skins 0/45/0 0.83  0.88 0.95 0.72 0.77 0.81 0.63 0.68 0.74 

Rst3O

O 

Spar 0/45/0 0.83 0.92 0.89 0.73 0.81 0.77 0.65 0.72 0.69 

Rib 45/90/45 0.77 0.87 0.79 0.67 0.73 0.68 0.61 0.67 0.63 

Skins 45/0/-45 0.95 0.99 1.07 0.83 0.85 0.94 0.74 0.77 0.82 

Rst4O

O 

Spar 45/0/45 1.04 0.97 1.07 0.92 0.83 0.93 0.81 0.76 0.82 

Rib 45/18/45 0.94 0.97 1.01 0.82 0.85 0.89 0.75 0.74 0.793 

Skins 45/0/-45 0.96 1.01 1.21 0.84 0.89 1.01 0.76 0.79 0.87 

Rst1AO Spar 30/45/30 2.21 2.28 2.23 1.95 1.99 1.95 1.72 1.78 1.74 

Rib 30/45/30 2.14 2.17 2.21 1.87 1.89 1.93 1.71 1.69 1.72 

Skins 30/45/30 2.23 2.25 2.34 1.95 1.96 2.03 1.74 1.75 1.82 

Rst2AO Spar 45/75/45 3.34 3.53 3.38 2.92 3.08 2.97 2.6 2.72 2.63 

Rib 45/75/45 2.63 2.59 3.13 2.35 2.29 2.75 2.14 2.01 2.43 

Skins 45/75/45 3.42 3.52 3.51 2.97 3.09 3.06 2.65 2.73 2.85 

Rst3AO Spar 90/45/90 4.10 3.79 4.31 3.58 3.34 3.79 3.11 2.94 3.32 

Rib 90/45/90 3.67 3.71 3.82 3.21 3.29 3.37 2.85 2.9 3.01 

Skins 90/45/90 4.24 4.02 4.45 3.71 3.52 3.92 3.21 3.19 3.48 
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It can be seen that for most models, the fiber orientation has a great effect on the 

values of failure indices for each layer and model, so that for most results  

shown in the above Table, the failure index for the layer of optimum orientation 

is smaller than that corresponding of  layers of arbitrary orientation. In addition, 

the difference between the failure indices of the first four models is smaller than 

that corresponding in the last three of arbitrary orientations. From the other 

hand, there are differences in failure index values for spars, ribs, and skins in the 

same model because of the stress state in them so that the maximum value 

occurs at the skins and minimum at ribs.  

It is important to remember that the three layers of the above seven 

models have the same thickness, i.e., layer thickness is equal to the total 

composite thickness divided by 3. 

 

 

In this section, effect of fiber orientation on the static response is discussed in 

details. Figures from (4.34) to (4.40) present the normal deflection (uy) of 

Rst1OO, Rst2OO,... ,and Rst3AO, respectively. it can be seen that the deflection 

values are different from model to other depending on the difference of their 

properties such as fiber orientation. From the above figures, it is clear that the 

deflection response (behavior) of the above models can be described as a 

combination response between the first and the second modes that resulted from 

free vibration view for most substructural models. Therefore the concentration 

of the discussion will be enlarged in the direction of the effect of fiber 

orientation on the static deflection response for these modes. 

 Firstly, a minimum deflection occurs at the first model and increases with 

increasing of the model index. However, it is reaching to the maximum value for 

the last three arbitrary orientations. Because of the differences in the deflection 

values for the same conditions of the applied static load firstly, and the inverse 

 1.4.4.4 Effect of Fiber Orientation on the Static Deflection  
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proportionalities of the deflection with the stiffness values secondly, then these 

values are increasing with the decreasing of the stiffness properties. In other 

words, the model of the minimum deflection is of maximum stiffness. 

 In other hand, it is noted that the static responses are changed in clear 

form of the last three models, there are negative values of the vertical 

displacement that mean a material is displaced in opposite direction of Y-axis. 

These are clear signs on the inheritance of failure as buckling which represents a 

more dangerous case. To explain the above lines, each one of the models will be 

discussed alone as follows: 

For the first model (Rst1OO) of a minimum deflection (maximum 

stiffness), each one of its orientations corresponds to the maximum natural 

frequency value (free vibration that means maximum frequency as verified 

previously) for each spars, ribs, and skins.  

 Skins and ribs of the second model (Rst2OO) is the same for the first 

model. For the spars, two of the three layer orientations (45°,45°) increasing the 

stiffness of the fourth mode and the other one increase the first modes (bending). 

Therefore, the deflection is larger than that corresponding of the first model. 

For the third model (Rst3OO) spars orientations offer the same effect of 

the first model. Orientations of the ribs increase the stiffness of this model more 

than its increment in the first one. Skins orientations increase the stiffness of  

last four modes than the first mode. Therefore, the deflection value is larger than 

the first model. 

For the fourth model (Rst4OO) , effect of the spars orientations is the 

same as in third model. Ribs orientations increase the stiffness of the second, 

third, and the fourth modes.  Skins orientations increase the stiffness of the last 

four modes larger than that of the first one.  

For the last three models, it is noted that the deflection values are greater 

than the above four models. It is important to refer that the differences in the 

deflection values are greater than that corresponding of the previous four 
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models. The main reasons of these differences are the arbitrary orientations 

firstly, and the vanishing effect in building of the stiffness that required to resist 

the applied loads secondly, in other words, when a specific orientation increases 

the stiffness of the spars in a specific modes, it may vanished this stiffness in the 

skins or ribs; because of the difference in its optimum orientations. The main 

solution for the presented problem (interacted effect of enforcing and decaying 

the stiffness of the substructural models) is  using of the substructural  analysis 

to give each one of this substructural models its responsibilities to build  a whole 

stiff structure. 

Again, for the first arbitrary model (Rs1AO), fiber orientation of (30°) 

gives good but not optimized stiffness for the spars, ribs, and the skins in 

different ratios. 45° reduces the spars stiffness and increases the ribs stiffness in 

the second and third modes. 

The second arbitrary model (Rst2AO) has an orientations of (45°,75°, 

45°). The first and third orientations give a good stiffness for the last modes of 

the skins and less for the first mode. In addition it reduces the stiffness of the 

spars for all modes except the first one, at last increases the stiffness of the 

second and third modes of the skins only. The second orientation ( 75°) 

decreases the stiffness of spars and skins for all modes, gives good efficiency for 

the  ribs for all modes except the fourth one. For these reasons, the deflection of 

this model is greater than the above models. 

At last, ( 90°,45°,90°) are the orientations of the third arbitrary model 

(Rst3AO). The first and  third orientations (90°) offer good stiffness for the ribs 

in first and fifth modes and less in the second, third, fourth, respectively. In 

addition, it gives a minimum stiffness for the spars of all modes because  

minimum frequency occurs at this angles. Effect of 45° is mentioned previously. 

As a final point, depending on the different orientations of the above 

models in increasing or decreasing the stiffness of the first and the second 

modes, the deflections are also different. 



Chapter Four                                                                                          Results and Discussions 

 

 66 

 

      

Up to now, optimum orientations and failure indices for each layer are obtained. 

The main scope of this topic is to obtain the optimum layer thickness and its 

distribution across the composite lamina depending on the procedure mentioned 

in sec( 3.10.1). Figures from (4.41) to (4.47) show optimum layers thicknesses 

and its arrangement for skins, spars, and ribs of the first, second, and third layers 

at  total layers thickness equal to 9mm , respectively.          

From the above figures, it is noted that the fiber orientation plays an 

essential role in limiting the layer thickness, so that the layer of optimum 

orientation has a small thickness as compared with those of not optimized (or in 

an arbitrary degree) in its orientations in which the thickness is of large value. 

These are logical results assure that when the fiber in a specific layer is oriented 

in the direction (or closed to the direction) of load resistance, the dependency on 

thickness of this layer is smaller than that corresponding to which the fiber not 

oriented in the direction (far from direction) of load resistance. 

 As an example, let me explain  two cases of spars only, they are similar in 

all boundary and loading conditions (load in direction of longitudinal spar axis) 

except in orientations. The fiber orientation of the spars is 00 in the first and 90° 

in the second. The fiber in the first case will resist a greater value of the applied 

load than the matrix in the first case but in the second spar, the fiber will resist a 

very small value of the applied load and the other will be distributed in the 

matrix material. Because of the little strength of matrix material as compared 

with fiber material, the matrix will fall short under the applied load. Then, a 

need to increase the value of thickness is necessary to resist the applied load. 

Up to now, the researcher agrees with Eschenauer
 (51) 

who said that “It 

become possible to achieve a lower structural weight in the optimal design by 

doing a simultaneous optimization of thickness and fiber orientations compared 

to pure thickness optimization. In terms of physics the fibers are oriented in such 

 1.4.4.4 Optimum Layer Thickness and Its Arrangement  
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a direction, that the stiffness or strength requirements can be fulfilled by smaller 

layer thicknesses” so that there is an accordance between the results and what he 

said. 

 It is important to refer that for all models above; the thicknesses in the 

upper skin layers are smaller than that in the lower skin layers, i.e., the total 

thickness in the upper skin is smaller than the lower skin. Here, the researcher 

doesn’t agree with   Boyang Liu
 (52) 

who said that “The upper skin panels are 

thicker than the lower skin panels”. In fact, this sentence is not absolutely true, 

because the strengths for most composite materials in tension are different than 

that corresponding in compression. Glass, boron, and graphite have strength in 

tension smaller than in compression. Due to the applied load, the upper skin will 

be in compression and the lower one will be in tension. Because the failure 

index is a function of strength for both tension and compression, failure index is 

smaller in compression than tension; thereby the thickness in the upper skin 

(compression) is smaller than the lower one (tension). 

 At last, due to non-equality in thickness values of the upper and lower 

skins as mentioned instantaneously; there is difference between them (equal to 

lower thickness - the upper thickness). The difference value is varying from 

model to another depending on the fiber orientations (stiffness). it can be seen 

that the maximum difference occurs at the first model and decreases with 

increasing the model index. Again, to verify the practicality of this distribution, 

a static analysis is done for the resulted models of optimized layers thicknesses. 

Indices of these models after the solution became Rst11OO, Rst22OO, 

Rst34OO, Rst41OO, Rst11AO, Rst22AO, and Rst33AO corresponding to 

Rst1OO, Rst2OO, Rst3OO, Rst4OO, Rst1AO, Rst2AO, and Rst3AO, 

respectively for purposes of reformation only. Table (4.2) shows failure indices 

of the reformatted models at 9mm only. 

From this Table, it can be seen that still Rst11OO is more successful 

whenever presents a minimum failure index ( higher safety factor), maximum 
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failure indices of the models after optimum thickness distribution is smaller than 

that corresponding in case of constant layer thickness mentioned in Table (4.1) 

previously . The main reason is that each one of layers has taken the required 

thickness to resist the supplied load. This is a strong guide on the veracity and 

the preeminence in the presented procedure. In general, it is noted that the 

decreasing and increasing in failure index values that resulted from the optimum 

thickness for each layer are depending on the differences between old layer 

thickness (3mm) and new optimized one. 

 

 

 

 

 

Rst11OO Spar 0/45/0 0.58 0.61 0.6 

Rib 90/45/90 0.55 0.56 0.58 

Skins 0/45/0 0.63 0.62 0.56 

Rst22OO Spar 45/0/45 0.57 0.59 0.61 

Rib 90/45/90 0.55 0.56 0.54 

Skins 0/45/0 0.66 0.69 0.65 

Rst33OO Spar 0/45/0 0.68 066 0.68 

Rib 45/90/45 0.64 0.60 0.58 

Skins 45/0/-45 0.77 0.78 0.71 

Rst44OO Spar 45/0/45 0.8 0.78 0.76 

Rib 45/18/45 0.76 0.77 0.73 

Skins 45/0/-45 0.79 0.81 0.77 

Rst11AO Spar 30/45/30 1.79 1.65 1.84 

Rib 30/45/30 1.72 1.71 1.63 

Skins 30/45/30 1.75 1.78 1.68 

Rst22AO Spar 45/75/45 2.62 2.55 2.65 

Rib 45/75/45 2.23 2.31 2.23 

Skins 45/75/45 2.68 2.76 2.77 

Rst33AO Spar 90/45/90 3.18 3.11 3.12 

Rib 90/45/90 2.94 2.95 2.82 

Skins 90/45/90 3.27 3.23 3.30 

Model 

index 

Parts Orien- 

tation 

(Deg) 

Failure indices of layers for different 

thicknesses 

Thickness=9mm 

Layer 1 Layer 2 Layer 3 

 

Table (4.2): Maximum failure indices for models after optimum         
thickness distribution 
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At last, in the same Table, it can be concluded that the optimized layer 

thickness technique has an excellent efficiency for models of optimum fiber 

orientation and less for those of arbitrary orientation. This is another guide 

adding to the previous models on the dependency of composite materials on the 

reinforced elements (fibers) and its orientations.  

 

Failure indices distribution for upper and lower skins for the models is 

illustrated in Figures from(4.48) to (4.55). It is noted that all illustrated models 

have the same behavior in general but different in values and locations of 

maximum failure indices. In addition, these values in the upper skin are smaller 

than corresponding in the lower skin as mentioned previously. The maximum 

failure indices occur at a distance between 0-10: from the wing root because of 

maximum bending moment. 
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The locations of maximum failure index for the above models are 

distributed between the first and second spar. Spar 2 is the location of maximum 

failure for the first, third, and fourth model and spar 1 for the second model. 

These differences depended itself on the structural parameters such as stiffness 

that building from oriented fiber in such direction. 

The main benefit from this distribution (failure index) not only to give an 

idea about the static response but to give another one about the values of tapered 

thickness distribution in a global structure as explained in the next section ,so 

the location of maximum failure index will be of maximum thickness values and 

the same for minimum failure index that occurs at the tip and attains a minimum 

thickness value.  

 

 

The final step in the suggested technique is the  address of this section to obtain 

a “Tapered distribution in global thickness of the structure”. The procedure of 

this distribution is mentioned previously in Sec (3.10.2). At first, the procedure 

is applied on Rst11OO, Rst22OO, Rst33OO, and Rst44OO only in which the 

total thickness for each one of its elements is constant (9mm), in other words if 

the element of number 1 has a total thickness of 9mm then total thicknesses of 

the other elements are 9mm also. For  the other three models, there is no benefit 

of displaying the tapered distribution because it has originally failed. New 

models of indices named as: Rst11OOtap, Rst22OOtap, Rst34OOtap, and 

Rst41OOtap corresponding to Rst11OO, Rst22OO, Rst34OO, and Rst41OO, 

respectively, are developed as a result of the procedure application. The last 

section of the developed indices refers to “Tapered”. Figures from (4.56) to 

(4.67) present the tapered distribution of total thickness for all developed 

models in the upper and the lower skins in addition to the spars elements. 

From the above figures, it is noted that maximum thickness occurs at the  

element closed to the wing root due to the maximum failure index (maximum 

 1.4.4.4 Tapered Distribution in Global Thickness of The  Structure 
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stress intensity), and decreases along the wing span in the direction of the tip in 

which a minimum thickness is attained.  

 

 

To investigate the dynamic characteristics of all models, a dynamic analysis is 

applied. To achieve this, the time histories of responses are recorded after the 

models being perturbed from the steady state by different load sets. In the wing 

models, localized pattern of fluctuation are represented in term of  impulsive 

input. The dynamic characteristics of the impulsive excitation is presented in 

Appendix-B. The total effective time represents the summation of  all times 

steps size (0.002 sec), (Ansys
R
, 4666)

 (56)
. The dynamic response will be 

represented in two types: (1) displacements response and (2) stresses response. 

Dynamic analysis is done on the models to study their dynamic effects.  

 

 

Figures from (4.68) to (4.74) present the more important, vertical displacement 

dynamic response (Uy) for the models under study. It can be seen that the model 

of optimum layer thickness gives a smaller dynamic displacement than the 

tapered and constant layer thickness for the same model, respectively. The main 

reason is the stiffness as shown previously. 

Finally, from the previous figures, it is noted that the models of optimum 

layer thickness gives  good results if they are compared with the constant and 

tapered layer thickness. While, the tapered thickness has an efficient 

performance in dynamic behavior less than that corresponding in static case. 

Depending on the displacements values, there is an important relationship 

between the dynamic displacement  and the dynamic load factor. 

 

 
Dynamic load factor represents the maximum ratio of dynamic to static 

displacement for the structure. It is very important factor in the dynamic analysis 

Dynamic Analysis   1.4 

 1.4.4 Displacements  Response  

 1.4.4 Dynamic Load Factor (DLF) 
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and gives a complete information about the structure stiffness and its  natural 

frequency. Models of smaller dynamic load factor is more stiff than that of 

higher dynamic load factor. Figure (4.75) shows the dynamic load factor 

relationship with models mentioned previously. It is noted that this factor is 

different with both of models and type of layer thickness, and it is of minimum 

value for optimum layer thickness and greater value for constant and tapered 

layer thickness. 

It can be seen that DLF largely depends on the applied load frequency and the 

structural parameters (natural frequency and damping ratio). It is noted that DLF 

is increasing gradually with increasing of model index, the main reason is  its 

dependency on the natural frequency of these structures under the same 

conditions of applied load.  

As mentioned previously, the first model has a maximum frequency, 

hence maximum stiffness. The stiffness of first model is greater than the second 

and the second is greater than the third, etc.. Therefore, natural frequency of the 

first is greater than the second and the second is greater than the third, etc., 

reaching to the last model of minimum natural frequency. In other words, the 

frequency ratio of the first model is smaller than the second and the second is 

smaller than the third reaching to the last model of maximum one. From the 

figures above, it can be concluded that DLF gives an idea about the required 

time for structure to reach to the steady state response case, so that the structure 

of minimum DLF need to a time smaller than corresponding of larger DLF. 

Finally, it is important to refer that there is a reliance relationship between 

the deflection and DLF values, so that increasing in the dynamic deflection 

values leads to increasing in the corresponding DLF because of their 

connections with so called “stiffness” term. 

 

 

The main goal from the previous study is to obtain the optimum design for fiber-

reinforced composite wing structure depending on changing of specific 

 1.4.4 Stresses Response 



Chapter Four                                                                                          Results and Discussions 

 

 61 

parameters such as: fiber orientation, layer thickness, and stacking sequence. As 

mentioned previously, is to study the dynamical effect and the behavior of 

composite structure, it is preferred to have superior properties in order to be 

more effective. Because of the large number of the models under study, the 

researcher will concentrate on the first model (best optimized one, higher safety 

factor) and the seventh model ( worst model, smaller safety factor). A       

comparison can be made between the results to understand the effect of fiber 

orientation on the dynamical behavior firstly and dynamical behavior itself 

secondly. 

 Figs.(4.76), (4.77), and (4.78) present the dynamic response of maximum 

normal , shear, and principal stresses for the first model, respectively. It can be 

seen that the values of response for the optimum model are smaller than that the 

constant and tapered models, respectively due to the changing in the layer 

thicknesses and the stiffness.  

 For the seventh model, Figs.(4.79), (4.80), and (4.81) show the dynamic 

response of maximum normal, shear, and principal stresses. Also, it can be noted 

that differences exists in corresponding values of normal and shear stresses for 

the first and the seventh models, so there are large differences between them. 

The main reason is fiber orientations; thereby  the stiffness. 

 

 

A several examples are studied and compared with the available research results 

for  verification purpose. Three examples of static, free, and dynamic analysis, 

respectively, are presented. Another example is presented to verify the 

applicability of the optimization procedure (such as fiber-reinforced plate 

structure)  

Example No. 4: (Static Analysis) 

A 00/900 cross ply laminated simply supported spherical square patch under 

uniform pressure load is analyzed. Because of the symmetry of the geometry 

 Verification  and  Application 
 1.1 
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and loading, only one quadrant of the shell is modeled using  4*4 mesh. All  

above properties of the sphere geometry are listed in Figure (4.82). The problem 

had been solved by (Yunus and Khonke, 4666)
(20)

, using a finite element 

method. The formulation of element was based on three-dimensional 

continuums mechanic theory. Table (4.3) shows the non-dimensional central 

deflection (w‾) of the structure under verification. It can be seen that there is an 

excellent agreement with solution of (Yunus and Khonke, 4666)
(20)

. The non-

dimensional central deflection is calculated as : (w‾) =( w t
3 
E2/p a

4 
)*10

2
, where 

w is central deflection of A 

   

 
       

 

 

 

 

                        Table (4.3): Comparison of results with theoretical study (Ex.1) 

 

Example No.4: (Free Vibration Analysis) 

A full circular cylindrical shell is modeled with eight element along its 

circumstance and four element along its length of 0°/90° laminate. All the 

details of the geometry are given in Figure (4.83). The problem had been solved 

by Kumar and Rao
 (41) 

using the finite element method of a curved shell element 

of five degrees of freedom. Table (4.4) presents the non-dimensional  frequency 

case R/a a/t Yunus, et al Present work 

1 4 477 7.7146E-4 7.7466E-4 

Geometrical parameters 

R/t=5 

L/R=2 



Chapter Four                                                                                          Results and Discussions 

 

 67 

parameter Kw which is defined as: (Kw)
2
 =

4

11

42





D

L
  , D11= 12/*

2

)1( 2

11tQ
F

  ,  

F =E2
 
/E1. There are good agreement with the results shown in Table (4.4). 

           

 

 

 

 

 

                 Table (4.4): Comparison of results with theoretical study (Ex.2) 

R/t L/R Kumar, et al Present work 
7 4 4.444 4.44 

 

Example No.4: (Dynamic Analysis)                                                                                    

Two layers of 45°/-45° ply-laminated simply supported  spherical  shell  under 

uniformly distributed load is analyzed. A distributed step pressure is applied to 

the outer surface. It has intensity P=2000N/m
2
 with time step size of 0.03s. The 

details and specifications of the geometry are given in Fig.(4.84). The total 

thickness of the laminated composite shell is 0.01m. (To and Wang) 
(66) 

in 1998 

solved this example using the finite element method by employing the eight 

node hybrid strain based shell element with six degrees of freedom at each node.  

 

  

 

 

Sphere geometry 

R=01m 

b=19000m 

Material properties 

E0=295E+00 N/m2 

E2=091E+01 N/m2 

G02=G01=195E+01 N/m2 

G21=192E+01 N/m2 

υ 02= 1925 

p=2111 N/m2 
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 Fig.(4.85) shows Apex transient response (point A). It can be seen that 

there is good accordance between To and Wang
 (66) 

solution and present work, 

so that the same behavior for the two responses was achieved.   

                       

         Two layers, simple supported, square and angle ply laminate plate is analyzed. 

The plate side length is 0.25m and thickness of 0.05m. The problem was solved 

by (Nabeel, 4771)
(67)

 for several times of different orientation angles. From his 

study, he concluded that the best angle to minimum deflection, minimum 

summation of normal stress and minimum shear stress in plate is 45°. From the 

application of the optimum orientations procedure on the same problem, the 

results are extracted for free vibration analysis and the orientation angle that 

corresponds to the maximum natural frequency was 44.27°. This mean that 

there is good agreement between the results firstly, and the previously presented 

procedure can be executed on the composite plate structure secondly.  

           Example No.1 (Verification of the Suggested Technique) 

 



CHAPTER FIVE 

CONCLUSIONS AND RECOMMENDATIONS 

Fiber-reinforced composite materials are used to construct multilayered stiffened 

shell structures. During execution of the suggested technique, and from obtained 

the results obtained from the static and dynamic analyses and their discussion in 

chapter four, the following conclusions can be drawn: 

1- From free vibration analysis, the fiber orientations of laminas have a 

considerable effect on the natural frequencies of the structure in each one of 

their modes.  

2- The natural frequency of the structure in each mode depends on the stiffness of 

the mode itself. So, the maximum stiffness in the structure is corresponding to 

the maximum natural frequency. Therefore, the study must be focused on the 

first two or three modes of minimum natural frequencies because of their 

minimum stiffness. 

3- The substructural analysis represents an excellent tool in the study of the more 

complex structures such as wings. Therefore, the complex structure is divided 

into substructural models and studied it alone (separately). The substructural 

method must be used in complex fiber-reinforced composite structures to avoid 

the vanishing and the building interaction between their effects as mentioned 

previously, and in a less importance for complex isotropic materials. 

4- At studying of the substructural spars, ribs, and skins models, it is found that 

each one of these substructural models has different natural frequencies. These 

differences represent the main reason in using the substructural analysis. In other 

words, the optimum fiber orientation is a function to the structural configuration 

and boundary condition of constraint. Since, it was noted that optimum 

5.1 Conclusions 
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orientation angles take different styles in each one of substructural models, then 

there is agreement in this conclusion with Shapana 
(39)

 who concluded that the 

behaviors of composite structures are largely depending on the boundary 

conditions. 

5- The optimum arrangement of lamina through shell thickness is a function to the 

structural shape and applied load, so that the skins laminas are arranged 

symmetrically in its orientations about the stiffeners (spars and ribs). The skins 

laminas are arranged along skins thicknesses such that, a lamina of maximum 

stiffness against applied load is located on exterior surface (where the flexural 

deflections are maximum), and a lamina of minimum stiffness are located near 

the stiffeners (where the flexural deflections are minimum). 

6- The technique is suitable for both composite shells and plates structures.   

7- Maximum failure index occurs at a distance from 0-10: of wing span measured 

from the root and decreases in the direction of the free end.  

8- From the dynamic analysis, it is noted that the model that give a good behavior   

in the static response gives a good behavior in dynamic also. 

9- The dynamic load factor represents an excellent factor from which one can more 

understand the dynamical behavior of structure. It is found that DLF for the 

composite materials is arranged between 1445 and 1485 in the safe case.          

 

 

 

 

 

 

 



Chapter five                                                                       Conclusions and Recommendations 

 131 

 

Many aspects may be concerned with the objectives of the current work, in 

addition to other which features are not considered in the current work. Thus it 

possible to suggest the following items as further objectives in future 

1- The constituent materials of composite are assumed to behave as isotropic 

manner. Then it is required to study a material of other behavior such as hyper 

elastic and visco-elastic in matrix. 

2- Although unidirectional configuration is the most types of lamina that are used 

in the fabrication of composite structures, but other types such as multiple 

orientations fiber, woven fiber configurations and rounded fiber configurations 

are also present in the industry. Thus it is suggested to extend and use the 

suggested technique to cover these laminas types. 

3- For reality, the subject requires to be supplemented by experimental results to be 

obtained from high performance laboratory tests under static and dynamic loads. 

4- In the prediction of elastic failure of laminated composite materials, Tsai-Wu 

failure criteria theory is used, which doesn’t consider delamination failure. Thus 

there is need for to studying the effect of delaminating on the dynamic behavior 

of laminated composite shell. 

5- Macro and micromechanics could be integrated and adopted to enable the 

designers to instantly study the sensitivity of micromechanics variables on the 

final design.    

   

     

 

5.2 Recommendations and Suggestions 
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