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Abstract

This research deals with the subject of chaos behavior
for two Dimensional chaotic mapping .

The aim of this research is to observe the behaviour of
this kind of function in the space of chaos .An example has
been taken for this subjuct that is a horseshoe map .

It has been found that there are many stable points that
remain in the same area even when we make another and
another map . These points behave chaos in side the same
area therefor we used the program when we started to
change the position of these points ,the result was in all

cases that they do not go outside their determinate space .



Introduction

Dynamical system are considered as the most
important subjects in our daily life . It became now a days
something necessary to study chaos behavior ,thus the
research takes one aspect of discrete dynamical systems . It
takes two dimensional chaos function .

The research consists of three chapters . The first
chapter include the definition of dynamical system and
explain when this system become discrete and continuous .
There the fixed point has been studied and defined . The
study has been shown when this point be attracting and
repelling . Moreover, this chapter deals with periodic points
as well as the tent family (T,) .

The second chapter includes chaos . It presents a
simple introduction to chaos. A definition of both transitivity
and strong chaos has been given in this chapter . Many
definition and examples have been suggested concerning
chaos . Then it deals with conjugate with some example and
proofs regarding it . It also includes an examination of
dimensional chaos with some definitions of its concepts .
Linear dynamical system has been defined. Eigen value has
been explained and eigen vector has been defined as well as

characteristic equation. Moreover , non linear function have



been defined. This chapter ends up with some important
examples of nonlinear function such as quadratic family
logistic map and Henon mapping. Finally, it explains bakers
function .

The third chapter includes horseshoe map which
represents the most impotent examples of dynamical system.
The mathematical function of this map has been found and
its behavior has been revealed . It has been found that some
points remain inside the unit square what so ever we repeat

the function they take a chaotic behavior.
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CHAPTERONE

1.1 DYNAMICAL SYSTEM

In this chapter we explain mathematical definition of a
dynamical system and it contains some basic definitions about
types of fixed points and at the end of this chapter we illustrate

some kinds of periodic points .

Definition 1.1

A topological group is a set G with two structures :
(1) G 1s group with respect to .
(2) G s atopological space.
Such that the two structures are compactable

Definition 1.2

A dynamical system on a metric space “manifold” X is the
triple ( X, G, n© ) where G is a topological group, m is a map
from the product space XxG into X, satisfying the following

axioms:

[-m(x,0)=ryforevery y€X “identity axiom”

H-—7n(m(xt),S)=mn(yt+ S)for every y€X and t, SEG “group

axiom”

III- mis continuous  “continuous axiom”. [ 4 ]



Definition 1.3

A dynamical system ( X,G, n ) is discrete if the group G is

cyclic.
i.e all it’s elements are multiples of on element g, €G

[13]

If G i1s R the set of real numbers then it is called a

continuous dynamical system. If G i1s Z the set of integers then

it 1s called a discrete dynamical system. We can restate this

definition as follows :-

For every t€G the mapping n induces a continuous map

f : X — X such that f* () =m (y,t).the map {9 is called
transition “or action” on X satisfying the axioms of dynamical
system. [ 6]

I-£7 (0=x

- (7)) =1

111 — £ is continuous .

Detention 1.4

Let f be a function f: D — D such that D < R . Let %, €D

we say that f(y,) is the first iterate of y, for f.
f(f(y,)) is the second iterate of y, for f, more generally if

n€N and y, = {™(y,) then y,. is the (n+1)th iterate of y, for f. [1]



Remark
We call the sequence {f™(x,) } of iterates of y, “the orbit
n=0

b

of y,” sometimes we will write y, for f"(y,), in that case,

{(xn) %O is the orbit of y, . [10]

1.2 FIXED POINTS

Definition 1.5
Let f: X — X is a map on X, and P be in the domain of f,

we say that P is called a fixed point if f(p)=p.

Definition 1.6
Let P be a fixed point of f, then :

I- The point P is “an attracting fixed point” if (3€) , for all

(X€Ne (P) N D), (lim £'()=P)

II- The point P is “a repelling fixed point * if (3€) , for all g

(x€Ne (P) N D) and x # P, then d( f() , p) > d (y, P). [10]



Proposition (1.1)

Let (X,d) be a metric space, f: X—X be a continuous

function at y , and let P be in the domain of f. If f'(p) — x asn
increases without bound rlllg.} f"(P)=2x" then y is a fixed point
of f.

Proof : Since f""' (y) = f( " (y) ) and f is continuous at y€X.
Then lim £ (P) = 7 =lim (f" (P)) = f(lim " (P)) = ().

Therefore f(y) =y . It means that y is a fixed point of f.

Theorem 1.1
Let f: J—» R where J=[a,b] and suppose that f is

differentiable at the fixed point P
I-If |f(P) | < 1 then P is attracting .

II-If | £'(P) | > 1 then P is repelling .
HI- If |[f'(P) | = 1 then P can be attracting , repelling or neither.
[10]

Proof : See[10]

We will illustrate these properties in the following examples .



Example (1)

2wy OS;(S%
Let T, ={," , ...
Case (1)
fo<pu<’

I- 0 is the only the fixed point .
1I- |T’u(o) | = |2u | <1 by theorem (1.1) O is attracting

fixed point .
Case (2
If u="%

I- 0<y< Y% are fixed point .
- By definition (1.6) , 0 < x < ' are attracting fixed

point.

Case (3)
If <p<l
I — There are two fixed point. 0 If 0 < x<'2 and

2u
1+2u

if h<y< .

2u
II- | T’ (0) | = | 2n | >1, by theorem (1.1) m is repelling

fixed point .

. 2 u L .
‘T y(1+2ﬂJ‘—| 2u|>1, by theorem ( 1.1) 0 is a

repelling fixed point .



Example (2)
Letf)=y-x> 0<y <1
0 is the fixed point of fand | f'(0)=1 |
[f0-0|=[x-x" -0 =[x|l1-x] <|x-0| .By
definition (1.6) 0 1s attracting fixed point .

Definition (1.7)

Let P be a fixed point of f, then basin of attraction of P is

the set:
By ={xeD:Iimf"()=P};  [10)
Example (3)

Let f(y) =y * then basin of attraction B, of the fixed point

0. because If |y |<1, then f(y) =X Y+ 0 as increases

with out bound, so that y in B, by contrast, if | y | > 1 then |[f"
()| > 1 so that y is not in B, , thus B, consists of all ¥ such that |
x| <1,thenis B,=(-1,1).

Definition ( 1.8)

Let (x, f) be a discrete dynamical system, and let P be in the
domain of f.
[- P is an eventually fixed point of f if there is a positive
integer n such that f* (P) is a fixed point of f.
II- P is a periodic point of period n if there exists n such

that f'(P) =P . [7]



Example (4)

IA

2 y 0y
<X

1
2
2(1-2) - 1

Let T(x)={

<

then 1/8 1is an eventually fixed point because since T (1/8) =
Va, T(1/4)="%,T(L) =1
T(1) = 0 there for 1/8 1s an eventually fixed point .

1.3 PERIODIC POINTS

Definition (1.9)

Let y be in the domain of f then y has period n “or is
period — n point” if f"(y,) =y, and if in addition { %, , f(),) , £
(o) 5 -y TP y,) ) are distance. If y, has period n, then the
orbit of y, which is { % , (o) 5 ..., (%) } is a periodic

orbit and called an n- cycle .

Example (5)
Let f(y) =-y° , f(1)=-1, f(-1) =1 then 1 is period 2-

point .




Example (6)

The tent function T is given by

T(x)={.

for 0<

Then { 2/7, 4/7, 6/7 } is a 3- cycle for T because A routine
check yields .

T(2/7)=4/7, T(4/7) =2-2(4/7) = 6/4 and T(6/7) = 2-2(6/7) = 2/7
can firming that {2/7,4/7,6/7} is a 3-cycle for T .

Definition (1.10)

Let ¢ be a period — n point for a function f . Then y is an
attracting period — n point if  is an attracting fixed point of f |
also y is a repelling period — n point If y is a repelling fixed

point of f.

Example (7)

Let f(y) = -x” then 1 is an attracting period —2 point of f.
because First notice that f(1) =-1 and f(-1) =1 therefore the point
1 has period —2 . Next, observe that £ (y) = f(f(y)) = -(-x"*)"* =
xl/g , so that (f°)" (1)=1/9 , by theorem (1.1) then implies that 1
is an attracting period —2 fixed point of ¥ | so that 1 is an

attracting period-2 point by definition (1.11) .



Theorem (1.2)
Let {y,z} be a 2- cycle for f

I- If|f'(yx) f'(z) | <1 then the cyclic is attracting .
II- If |f'(yx) f'(z) | > 1 then the cyclic 1s repelling .
Proof see [10]

Example (8)

Let f(y) = y* — 3y +2 then {0,2} is a repelling 2- cycle.
Because since f(0) = 2 and f(2) = 0 . It follows that {0,2} is a 2-
cycle, the fact that f'( ) =2 x —3 implies that {'(0) = - 3 and
f'(2) =1 so that f'(0) f'(2) = (-3)(1) = -3 therefore by theorem

(1.2) implies that {0,2} 1s a repelling 2-cycle of f.

1.4 THE TENT FAMILY {Tw}

The tent family consists of the functions T defined by

—
o
=

=)

IN

2wy r <+
Tlu (Z) — { 1
2pu-(1=2) for < x =<l
M N
| y=x =1 =
T2/7 I 7 T5/6
— 1 X 1 X | p X
o) 7 Z 3R
(a) (b) (c)

Figure (1)



Figure(l) (a.b.c ) displays T, for u=2/7, %2 and 5/6 . AS p
increases the height of the graph of T, rises because of the factor
p in the formula for T, from this observation and the three
graphs in Figure (1) .

We deduce that If 0 <p < ' then T intersects the line
y=1 , once (at 0) whereas If 2 < u <1 then there are two points
of intersection . We are led to analyze . Separately the members
of {T,} for which 0 <p<’2,p="2and 2<p<1.Finally we
well study T , which is the original tent function T and which

has some very interesting features .

Case 1
O<p<’n
The graph in figure ( 1.a ) shows that 0 is the only fixed
point of T, since 0 <p < . If follows from the definition of
T, thatif 0< y <)2then0<T, (x)=2ny <y andif 2<y<I
then 0 <T, ()=2u(1- ) <l-yx<'2<y.

Consequently for any y in [0,1] the sequence {T,” (%) }:0 is
bounded and decreasing. Then the sequence converges to the

fixed point 0. “ if [f”(») ] is bounded, monotone sequence
n=0

then there is a fixed point P such that f"(y) —> P as n increases
with out bounded”
Therefore 0 is an attracting fixed point whose basin of

attraction is [0,1].



Case 2

w="

First we notice that if 0 <y <’2thenT,, (x) =2 (2 ) x =%
so that y is a fixed point of T;, “figure 1.b”. Next we calculate
that If 2 <y <1,then0< T, () =2("%) (I-y)=1-x<"%
so that Ty, (%) 1s a fixed point of T .

Consequently every point in [ 0,1] either is a fixed point of

T, or has a fixed point for it’s first iterate .

Case 3
2 <p <l

In addition to the fixed point O there is a second fixed
point P that lies in [%2 ,1] as you can see in figure (1.c) to
evaluate P .We solve the equation P =T, (P) =2u (1-p)

Which yieldsp=2 u/(1+2 n) .

As p increases from Y% toward 1, P increases from Y2

toward 2/3 because | T',(%) | =2u>1 on[0,1] except at %2 both

0 and P are repelling fixed points .

Case 4
u=1
If p=IthenT,=T the Tent function give by

AR



2y for 0< y<+
T = {
2(1-7) for ~ 7<x<l [10]

1.5 Eventually periodic and periodic points of
T

This is more technical then what has preceded it, and the

results are independent from what follows .

Theorem (1.3)

Let ¢ be in the interval (0,1) then y is eventually periodic
for T if and only if 7 1s rational .

Proof : see [10]

Lemma (1)

Suppose that P is odd and let y = K/P be in (0,1) . Then y is

periodic for T if and only if K is event .
Proof : See [10]
Lemma (2)

Suppose that P is even and let y = K/P be in (0,1) . Then ¥ is not
periodic for T .
Proof :- Since 7y is assumed to be in reduced form , with P
even it follows that K must be odd , so that y = (odd integer )/P .
But the T(y) = 2k/p or T(y) = 2(p- k) /p , so that in any case
, T(yx) = (integer) /(p/2) . Thus the reduced form for T(y) , like

'Y



T™(y) for any n > 1, can not be ( odd integer )/p . Thus y is not
periodic [ .

Theorem (1.4)

The rational number % in (0.1) is periodic for T if and only
if ¢ has the form (even integer)/(odd integer) .
Proof : Because we assume that y is in reduced form, a
moment’s reflection tells us that theorem 1.3 , Lemma 1 and

Lemma 2 together imply the result.

VY



CHAPTER TWO
CHAQOS
2.1 ONE-DIMENSION , CHAQOS

Sensitive dependence on Initial conditions.

Before giving the definition of sensitive dependence on
initial conditions, we will write a notation which is writing in

the form f:A— B to indicate that the domain of the function f is
A and the range of f is contained in B. Thus f:J —J signifies

that the domain of f is J and the range is contained in J. [10]

Definition (2.1)

Suppose that f:3 —J,J be an interval then f has sensitive

dependence at x if there is an <> 0 such that for each s >othere is
a pointly) in J and a positive integer n such that

x-y|<& and

f<">(x)—f<”>(y)\>e . The above definition says that for

any point x e J there is ((at least)) one point arbitrarily close to x

that diverges from x .[5]

2.2 CHAOS

The word “chaos” is familiar in everyday speech. It
normally means a lack of order or predictability . Thus ,one says
that the weather is chaotic ,or that rising particles of smoke are

chaotic . It is the lack of predictability that lies behind the



mathematical notion of chaos. Sensitive dependence on initial
condition qualify as measures of unpredictability. [10]
Then before giving the definition of chaos, we must know

that is meant by “Lyapunov exponent”.

Definition (2-2)

Let f:0—-J be continuously differentiable on the bounded

interval J . Then a(x)znmim‘(f(“))’(x)(is called Lyapunove

n—w N
exponent of fat xeJ.[2]
Definition (2-3)

A function f is chaotic if it satisfies at least one of following

conditione :

1- f has a positive Lyapuunove exponent at each point in it’s
domain that is not eventually periodic .

2- f has sensitive dependence on initial condition on it’s

domain.

2.3 TRANSITIVITY
Definition (2-4)

Suppose that J is an interval and f:J — J.Then f is transitive if

for any pair of non-empty open intervals U and V that lie in side
J ,there is a positive integer n such that f™u) and V have a

common element.



A subset A of the interval J Is dense in J if A intersects

every nonempty open subinterval of J. Because every non-
empty open interval contains rational numbers, it follows that
the collection of rationales in the interval [0,1] is dense in [0,1] .
By contrast ,the interval [0,1/2] is not dense in the interval [0,1]

because [0,1/2] does not intersect open intervals like (1/2,1).

Example (1): The set p of periodic points of the tent function T

Is dense in [0,1] because if we suppose U be in open subinterval
in [0,1] with U=(a,b) ,let d=b-a and let n be an odd integer such
that n>2/d .

since5 k-1_1
n n

d
<_
n 2
and since U has length d , it follows that two successive
numbers in the group 1/n,2/n,...,(n-2)/n lie in U of the two
successive numbers , one of them must have .
the form “even integer” /”odd integer” by theorem (1-4) such a

number is periodic for T. So is in p, therefore p is dense in [0,1].

Theorem (2-1)

Suppose that J is a closed interval and f:3 —J then f is

transitive if and only if there is an x in J whose orbit is dense in
J.
Proof : see [10].



Theorem (2-2) “Hine-Borel theorem”

Suppose that B,,B,{B,}", IS a sequence of closed bounded
intervals of reals such that B,,cB, for all n. Then there is a

point common to all the B,’s.

2.4 Strong chaos
Definition (2-5)

A function f on an interval J is strongly chaotic if:
a.  fischaotic
b.  fhasa dense set of periodic points.

C. f is transitive .

Theorem (2-3)

a.  The tent function is chaotic .
b.  The tent function has a dense set of periodic point .

C. The tent function is transitive.



2.5 Conjugate
Definition (2-6)
Let J and K be intervals , the function f:0—>K IS a

homeomorphism of J on to K provided that h is one-to-one and
on to , and provided that both f and f*are continuous.
Definition (2-7)

Let J and K be intervals and suppose that f:1—J and

f:K > K. Then f and g are conjugate “to one another” if there is

a homeomorphisim h:J—ksuch that heo f = g oh in this case

~y

we write f ~g.

Theorem (2-3)

~y

Suppose that f ~ g then :
a. ho f™W=g™on forn=1,2,3,...
b. if X is period-n point of f, then h(x") is a period-n
point of g.
c. If fhasadense set of periodic points ,then so does g.

Proof : see [10].

Example(2):

Let g(x) =x>-3/4 for  —3/2<x<3/2 and
Q(x)=3x(1-x) for 0<x<1 show that g zh Q where h(x)=-
(1/3) x +1/2



Solution :

We will verify that hog=Q-h. A routine check verifies
that h is a homeomorphism from [-3/2 ,3/2] on to [0,1], and
that:

(hog)y =h(g(x)=h(x? —3/4)=-1/3(x* ~3/4)+1/2=~(1/3) x? +3/4

and

(Qoh)y, =Q(h(x)) = Q(- (1/3) x +1/2) = 3(~ (1/3)x +1/2)1 - (- (1/3) x +1/2))
=(1/3)x* +3/4

therefor hog=Qoh,

Teorem (2-4):

~y

Assume that f ~ g and that f:J— K is transitive , then g

Is also transitive.

Proof : see [10].
Theorem (2-5)

Let f(x) =ax’+bx+c and g(x) = rx* +sx +t  where

az0and r=0 and where c=(b*-s*+2s-2b+4rt)/4a

Then f and g are linearly conjugate to one another with a

ssociated homeomorphism given by h(x) =(a/r)x +(b-s)/2r

Proof: see [10].



Example (3):
Let g.(x)=x*+c and Qm(x) =m x (1-x) with 0<m<4 to

"~y

find ¢ and h so that g, ~ Qm and his linear.

We use theorem (2-5) with the following substitutions :
a=1,b=0,c=c , r=-m,s=m, t=0 using (1) we find that

c=(b*-s +2s-2b+4rt)/da =-m’/4 + m/2 then g =¥ Qp

,where by (2) h satisfies :

h(x)=(a/r)x+(b-8)/2r =(-1/m)x +1/2

This completes the solution.



2.6 TWO — DIMENSIONAL CHAOS

Brief Review of 2x2 matrices

LetA:(i Zj and B:(; D and let r br a real number, then

a+e b+f ra rb
A+B= , TA= and
c+g d+h rc rd

ae+bg af +bh
AB = :
ce+dg cf +dh

The matrices on the form (g gj is called diagonal matrices

and the matrices on form [(1) cl)j is called the identity matrix

and itis denoted by I.

Now suppose that A is an arbitrary 2x2 matrix . If there is a
2x2 matrix B such that AB=I and BA=I then B is the
inverse of A. [11]

If such a matrix B exists for a given matrix A ,then B is

unique and is written A™ . Not every matrix has an inverse .

a

We will show below that [C

b .
dj has an inversely when ad-

bc =0 .
The expression ad-bc is called the determinant of A and it
is denoted by det A or |A| .

Thus det(a 2] —ad—ch. [10]
¢ /

Theorem (2-6) :
A,,» matrix A has an inverse if and only if det(A)=0
Proof: see [10].




Proof :-

Let A:@ ZJ . First suppose that det A=ad-bc =Q , then

you can check diretly that : A~ = 1 ( d _b]
ad—bcl-c a

Conversely , suppose that det A=0 then

det (AB)=(det A) (det B) =0 (bet B) =0 for all B

If there were a B such that AB=1 then 1=det | =det(AB) =0.
This contradiction show that no such B exists.

Therefor A has no inverse and the proof is complete .
Definition (2-8):

Xy Y1

X, Y2
LetV ,wW eR? suchthat V=|x,|, W=|y,| ,then:

Xn yn_

d(V,W) =V -w|= Q/(x1 v, (X, =y, ) (X, =Y, )

If w=0 then |V|=g/x] +x} +..+x"

Definition (2-9):

Let {v,}” be a sequence and W , V,eR". Then {v }”

n=0

converge to Wif |[v, -w| >0 as n—>o

Definition (2-10)

We say that L:R" —R" is a continuous function at zero if

(V €>0),(38 > 0) such that If [V <& then|L(V)|<e . [1]



2.7 Linear dynamical system

Definition (2-11):

The function L:R* > R?is linear if :

L (bv+cw)=bL(v)+cL(W), v vyweR?and Vh,ceR.

A linear function is also called linear map .[10]

Definition (2-12) :

Let V:B}GRZ and L:R? — R?such that:
L(V):[ax by} . then the matrix AL{a b} is called the
cX dy c d

“associated matrix” . [10]
Definition (2-13):

Suppose that A is as, matrix >Therefor number . is an

eigen value of a provided that there is a non zero V *“vector” in

R suchthat Av=2xv

In this case V is an eigen vector of A “relative to »”

Example (4):

The vector V:m is eigen vector of a matrix A:[lf :2}

such that it’s eigen value =4

sl 23]



to find the eigen value for matrix A,,, we write Av =av which is

equivalence (A1-A)V=0 whereV =0 ,then [r1-Al=0.

This equation is called “characteristic equation” for A . [12]

Example (5):

The eigen value r=4 for A:Ff :ﬂ and corresponding

eigen vector x=4.

because
1 0] [10 -9 [A-10 9
M-—A=2 - =
[o 1} {4 —2} {—4 x+2}
A-10 9
M -Al= =(A-10)1+2)+36=0
-4 A+2

M —8L+16=0  then XA =4 istheeigen value.

To find an eigen vector V for =4 ,we will solve Av =2xv for V

If v= @ this means we must find x and y such that :

10x -9y | |4x
[ 4x - Zy} - [4y}
Thus 10x-9y=4x , so that 3y=2x —  y=(2/3)x consequently

X
any vector of the form (ij such as (;3) IS an eigen vector for
3

A=4.

NOT: The general formula for the eigen values of any 2x2

matrix are 2 :%(adrb)ir%\/(a—b)2 +4bc where A = {a bj

c d

Theorem (2-7):  “For discrete dynamical system”




Let p be a fixed point of f . Assume Df(x) exists and
continuous in N(p) with %, , i=1234,.,n are the eigen values
of Df(p) then:

a. Ifn|<1 fori=1,23,.,n then p is an attracting point.
b. If x]>1 for i=1,23..,n then p is an repelling point

C. If there exists i such that

<1 and‘xj‘>]. for each jsuch thati = jand

iI=1,2,3,...,n then pis asaddle point.

Proof: see.[2]

Example (6):

Let f(x):( Y ) and o is fixed point of f .

3sinx—y

oo O LT[0 1
()_[3coso —1)‘[3 —J

det(Df (0)—Al) =32 + A -3 =212 +A—3=0= %, =

17413

2

ie. [u,|>1

so 0 is repelling fixed point.

Definition (2-14) :

Let L:R? > R? and M:R? ->R? be two linear functions ,

then L and M are “linearly conjugate “ If 3p suchthatp:R? — R?

IS an inevitable linear function spoL=Mop or M=poLop® . [10]



Theorem (2-8):

Let L:R? - R? have the following property :

a.  Let A_have the distinct real eigen values »

b. Mwith [/<1,|M<1 ThenvVeR?L"(V)—o0 therefor 0 is “an

attracting fixed point” of L and R? is the basin of attracting of
0 [10]

Proof:

Let reR? since L® (V) =(A)". "If L:R? »R? IS linear function

and A_ is the associated matrix of L ,then L(V)=A.(V),
VVeR?"

Now we should show that (A,)"(v) —o0.

Let B=B '\O/J then A_~B (since A_ has two distinct eigen

values)

Then 3 E "invertible matrix”; A_ =B

i.e. EA=B.E then (A)™=E1B™ .(E(V)), to proof will be
complete if we show that (E*.B™. (E(V)). —> 0

we Know that B" {78“ I\” next, Let E V :@ then:

JCOR P Rt

since o<1 and |M| <1 by hypothesis , we find that :

B'EW)j=|(77 |

= 2% +M?y? 50 as n—o0 therA™ —»0 as n—o




then 0 is attracting fixed point and the basin of attraction R’

Example(7):

LM:D;ﬂ show that 0 is an attracting fixed point whose
basin in R?

Solution:
x| [12 0Tx] | 1/2 0
L |= e A=
y 0 1/4|y 0 1/4
then it’s eigen values %=1/2 and M=1/4 soA<1 and [M/<1 ,

then by theorem (2-8) we have that 0 is attractive fixed point .
2.8 NON-LINER MAPS
Definition (2-15):

Let VcR? andletF:vV—R? , the map F can be always be

F(v)
F(v)

real-valued Coordinate functions such that one of them or both

represented in the form F(V){ } for all vin V and f ,g are

of them is are non —linear . Then F is called a non-linear map.
Definition (2-16):

Let V be a subset of R? and consider F:v — R?

and also assume that the first partials of the coordinates
function f and g of F exist at vy . Then the differential of F at v

is the linear function DF(vo) which is defined on R?
of of
&(Vo) a_y(vo)

0 0
D) D)

(v) forallveR?

By: [DF(v,)]v) =



Since the matrix DF(vy) is called Jacobian matrix . Therefor we
treat the jacobian matrix like an associated matrix of the linear
system in order to determine the corresponding dynamical
system.

Example (8):

Let F[Xj:[ Y j,find DF(XO] we have f(XJ:y
y asinx + by Yo y

and

g(;j =asinx + by SO that :

A 0,1 DB scosx , Y- therefor [ *° | the partial are
OX oy oX oy Yo

ﬂzo ,ﬁ=1 : a—g=acosx0 and@:b

ox oy OX oy

0 b

. X, 0 1
matrix from DF -
Yo acosx, b

Definition (2-17):

0o 1 . . :
consequently DF(X(’jvz( jvfor all v in R? or in jacobian
y acosXx,

Let p be a fixed point of F .The p is an attracting
fixed point if and only if 3adisk o(p) Which is centered at p such
that F"(v)—»p for every veo(p) then by contrasting ,p is
arepeeling if and only if :

Jo(p) such that : [F(v)-F()|>|v-p| ¥veo@) andv=p .[10]



Theorem (2-9):
Let p be a fixed point of f .Assume that DF(p) has

eigen values » and p  such that [»|<1 and |y<1 . Then pisan

attracting fixed point.

Proof:

Let >0 and from the chain rule we have :

(1) )=l 200l (2 [t ol el

since p is a fixed point so we have () (p)=(f'(p))"

If we apply the two dimensional analog to the function F, then
we have :

[oF Jp) = [OF(P)”

If the partials coordinate of the function f and g are continuous

in some neighborhood of v, .Then it’s possible to have that:-
F(v) = F(v,) = [DF (vy) J(v ~ vy)

[v=vol

-0 as v -o>v,

If we replaced F by F" and v, by p , then we find that :

F () -p-[PFE)] (v-p)|_[F” () -F (p)-[OF)” @)v-p)| __
| vl I vl H

If v is in a sufficiently small neighborhood v of p and

v =p.However the eigen values of

[(DF)(p)]™ are " andp" ,since|r|<1 Ju|<1 by hypothesis ,therefor :

[(DF)m)]™ ; —0

Also if n large enough and veV withv=p then:



M (yv)_ .
WHQE , it follows that F"(v)—p,veV, and

consequently p is attracting . Using the same argument in the

above proof we can show that if [»/>1 ,|u/>1 then p is repelling

fixed point . Also if [3[>1 ,|u/>1, then p is a saddle point. [10]

2.9 IMPORTANT EXAMPLES

“Quadratic Family-Logistic map”

Quadratic family or Logistic map is an important example
for the one dimensional chaos which has the general form :
Qm(X)=mx(1-x) for o<m<1 and the parameter meR which it
depend on , so Qn,(X) is a parametric function with 0<m<4,

To analyze Q,, we should simulate it’s main properties as
follows:

Suppose 0<x<1 and 0<x<4, Qn has two fixed points 0 and

1—% for 0<x<1 and 0<x<4 .[10]

a. If o<m<1then:
Qm(X) has a fixed point which is equal to 0 but Q',(0)=m,

then we have |Q,(0)<1 and then O is an attracting fixed

point .

b. 1<m<2 then Q,, has two fixed points which are

equal to 0 and 1—% such that Q,(0)=0 then |Q/,(0)|>1

then 0 is a repelling fixed point . Also Q' (1—%):-(m-2)



then [Qn@-1/m)<1 then 1-1/m is an attracting fixed point .

c. If 2<m<3 then Qm has two fixed points which are

equal to 0 and 1—% , and similarly we have that 0 is

repelling fixed point, 1—% is a repelling fixed point.



Henon Mapping

In years ago the preach astronomer mathematician michel
Henon we searching for a simple two-dimensional function
possessing special properties of more complicated systems. The

result was a family of functions which are denoted by H,,. and

given by Ha,b@):(l_a;i +yj, where a,b are real numbers .
Hanon map has the following properties : [8] and [9]

A Let a and b be any fixed real numbers , then
X
det DHa,b(y]:_b , Vx,y e R?

X

If a’x* +b>0 , then the eigen values of DHM(y

]are the real

number —ax ++/a’x? +b . B is called the constant Jacobian for H,,
which determines whather the area —expanding or area-
contracting for the value of |bthat if:
b|<1 then the area — contracting .
b|>1 then the area — expanding.
il. H, p 1S one-to-one.

The map H, is composed of the three function Hy,H,

and H; where :



for O<b<1, such that H,, =H, o H, o H,

1
: . : Y
iv. H.y is invertible and Ha’b’l( j: b

y —1+b—2y2+x

Since Hy,H, and Hs are invertible and then that :

H, =(HyoH, oH,)" =H o Hyl o HY!
V. Let a=0. Then H,}, has a fixed point if az-%(l—b)z in

the even that H,, has two a fixed points p and g .They are

given by :
. 2—}(b1+ (1—b)2+4a) |
z—a(b—1+ (1—b)2+4a)
.- Z—ia(b—l— (l—b)2+4a) |
z—a(b—l— (l—b)2+4a)

2.10 Baker’s functions:

We define the function B,:R* —» R? by the two formulas



and

1.1,
B 12| 2 2 for0<x <1 and 1sysl
"y E(y_lj 3

2 3

Then By is called a Baker’s function because it’s linear on
two portions of the domain the way the one dimensional Baker’s
function is. The domain of B, consists of the unite square

S=[0,1] x [0,1] . The effect of By on S can be seen graphically in

Figure (5) where the rectangles in the right graph are the images

of the rectangles with similar shading in the left graph .

X Y,
].;.

Ya
figure (5)

The image B',?(s) in depicted on the right in figure (6)




Bo

A

figure (6)



Chapter Three
QUASI HORSESHOE MAP

The horseshoe map is one of the important example on
dynamical systems.
The horseshoe map will be denoted by M. It’s domain is

the set D in R* composed of the unit square T=[0,1]x[0,1] and it
bounded on the left and right by semicircles A and B where :

A={(x,y):x2+y2 <y and xSO}
B:{(x,y):(x—l)zjty2 <y and le}

We assume that D contains A and B. We will partition T
asinto C;, Cypand C, .

(0,1)

v

(1,0) Figure 1

The function M Shrinks T vertically by a factor of a<1/3
and expands T horizontally by a factor of b=3 . So that the

semicircles are A and B.

So that the function M will shrinks semicircles A and B into the



points (0,0) and (3,0) respectly by factor of a<1/3 , i.e.
“homothefic”  see (Figure II)

Y (0,1/3)  (1,1/3) (2,1/3) (3,1/3)

A

v

Figure II (3,0)

The resulting figure is folded by M so that it fits a gain in side D
with only the semicircles protruding to the left of T .

Y M(C,)

M(Co)

M(C))
Figure III

and we define Mby M:D ———> M(D) such that:



(3x,lyj O£xsl
3 3

cosz(6x -3) sinﬁ(6x -3) 1 1
M(x,y) = —2 12 - -
4y +2 4y +2 2 3

(3—3x,1—lyj s ESXSI
3 3

V0<y<lI

Theorem (3-1):

M: D — > M(D) is a homeomorphism .

Proof: By definition M is one -to- one and onto. To prove that
M is continuous, we compre subrigious in Figure (1) with their
corresponding image in Figure II1.

The map M expands distances in C; and C, by factor of 3

and shrinks distances in A and B.

The length of the top boundary of D is % and the length of

exterior boundary is less than w/2 , it follows that M expands
distances in D by no more than a factor of 6. Consequently if V
and W one is T and |[V-W|[<e then |[M(V)-M(W)|[<6e
therefore M is continuous the inverse map M is continuous by

the same kind of argument therefore M is a homeomorphism.

We notice from the result ,which have shown above that
the some point ,which was attracted into the place of T, will
explode and convey to the place of B and then exit to the place

of A with out return .



M?(Co)

P
<«

M*(B)

M*(A)

When this process is repeated another once shrinks
vertically by a factor of a<1/3 ,also examples horizontally by a
factor of b=3 ,then we do with fits a gain inside it in the same

first side ,we will get on the following shape for the function.

A

N

v

Theorem (3-2):

M has a unique fixed point p in A

Proof: Since M shrinks the domaine vertically by a factor of

a<%, this means that for each n, M™(A) is closed and

semicircular with diameter a".
In addition , ADM(A) oDM*(A) o ...oM™(A)
By (Heine-Borel) implies that anested sequence of closed

bounded set in R* has a comment point.

Thuse the iner section B,, of the set M°(B) is a* and lima" —o0

thus B, contains exactly one element which we denote by P.

consequently P=M(P), which means that P is fixed point.



Although p attracts all points in B and E, p is not an
attracting fixed point because the iterates of points in the interior
of C, are drawn away from p . Then we say that p is a saddle

point.

(X,d) 1s a complex metric space ,H(X) is the set of all non
empty compact subset of X. First we define the distance d(t,A)
between any point t and a given closed bounded sub set A of R

d(t,A)=the minimum value of |t-a| forain A .

Next we are preferred to define a distance d from an arbitrary
closed and bounded subset A in R? to an other such set B.
d(A,B)=the maximum value of d(a,B) for a in A.
ie.

d(A,B) =sup inf d(x,y)
xeA YeB
. D(A,B):max{sup inf d(x,y),sup ing d(X,y)}
yeA X€

(H(X),D) is a compact metric space.

M:H(T) — > H(T) contraction
xeH(T) iff XcT

where X non empty and closed

ToX, :M(Xo)sz :M(Xl)Q“‘

there exist non empty K = ﬁXi

i=1



1.e. lim M"(T)=K=® and K is closed and bounded

n—oo

We notice that :
K=lim X_, =lim M™(X,)

=lim M(M"(X,))

=MIlim ( Because M is continuous

= M(K)
K = M(K) € H(X)
then K 1s a fixed point of M 1in H(X) invariant subset of T

under M.

1et X= (819821"')3 Si S {O,Z}C K
y= (019029"')3 G, € {0,1,2}C K
1.€. x:i+6—2+8_3+
3 9 27

OSXS1<—>81=O

y 5, =0

W | —

3
ESXSH—)SI =2
3

(3){,
M(x,y) = 1 .
(3—3x,1—§yj 5, =2

where 5, =0 nggé



M (x, ):(3x,%yj , 3x=0.5,5,0,

1 y=0.0,0,0,--"

0, _|_O'2 +O'3
3 9 27

y=(01,05,05,), =

1 o, 0, O,
—y=—+—"4+—+---=.00,0,0;-
37779 T27 78 e

e, X,=(x,Y,)=(05,0,,.00,0,0, )

M (X,) = X, = (x,, yl): (-5253'”9-00'10'20'3'”)
2
3

where 0, =2 <x<1

M (x,y)=(3—3x,1—%y

X=.28,6,8, = 3X=2.5,6,8,
3-3Xx=3-2.6,0,8,--=1-.8,6,6,--=0.5,5,5, -
1- % y=1-0.00,0,0; o, €{0,1,2}
M(X,y) = (05_2535_4 -,.20,0,0; " )

=-+.0,0,0,0,0,.0,0,0,""

MA(X,y) =+ 0,0,0,0,5,6,.6,5, - [3]
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