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This research establishes a relation between 

bitopolgical spaces on the one hand and topological 

space of the type α - open set , on the other . A new 

definition for δ - open set in bitopology is formulated 

based up on δ - open set in bitopology . A new theorem 

for the relation between topological space and δ - open 

set in bitopology is also offered . The research gives 

the basic specifications for the new definition of δ - 

open set in bitopology .  

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 
 

 

 

 

Symbol Definition 

Ao Interior of A  

A Closure of A 

δ -o(X) The set of all open sets in (X,T,Ω) 

δ - c(X) The set of all closed sets in (X,T,Ω) 

T-int (A) The set of all interior point of A in (X,T) 

Ω- cl (A) The set of all closure subsets A of (X,Ω) 

δ -int (A) The set of all interior point of A in (X,T,Ω) 

δ - cl (A) The closure set of X in (X,T,Ω) 

δ- lm (A) The set of all limit points of A in (X,T,Ω) 

δ- nbd (A) The set of all neighborhoods of X in (X,T,Ω) 

f : X y Single – valued function  

 

 

 



 

 
 

 

 

 

This research establishes a relation between 

bitopological spaces , initiated by Kelly ( 1963) [1] , 

defined as : 

A set equipped with two topologies is 

called a bitopological space , denoted by 

(X,T,Ω) where (X,T) , (X, Ω) are two topolo-

gical spaces defined on X , 

and α - open set , defined by Noiril ( 1974) [2] : 

 Let (X,T) be a topological space , and A⊂ X  

A is said to be α - open set iff A⊂ A0-0 . 

 A new definition for δ - open set in bitopological 

space is introduced on the basis of α - open set in 

topological space : 

 Let (X,T,Ω) be a bitopological space , and A 

be a subset of X . A is said to be δ - open set 

iff A⊂ T-int (Ω -cl ( T-int (A) )) .   

 
 



 From the relation above , the following generaliz-

ation is formulated between topological spaces and      

δ - open set in bitopology : 

 Let (X,T,Ω) be a bitopological space . Then 

every T- open set in topological space is       

δ - open set in bitopological space , but the 

converse is not true . 
 

The research consists of three chapters . Chapter 

One offers the basic definitions for neighborhood , 

interior points , limit points , open set , closed set and 

closure set in bitopological space . 

 Chapter Two gives the definitions and theorems of 

the Separation Axiom in bitopological space , together 

with explanatory examples . 

 Chapter Three investigates δ - continuous in 

bitopological space , formulates the new definitions 

and theorems mentioned , together with their proofs .    

 

 

 

 

 

  



  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  



 This chapter presents some important definitions , 
theorems , remarks and examples of δ-open set in bitopo-
logical space .    
 
1.1 Basic Definition : 
 

1.1.1 Definition : 
 

 Let (X,T,Ω) be a bitopological space , and A be a 
subset of X. A is said to be δ-open ( δ-open set in 
bitopological space ) iff  A ⊂ T-int ( Ω- cl ( T– int (A) )) . 
 
1.1.2 Example : 
 

  Let x = { a,b,c } , T = { X , Ø , {a} , {a,b} } , 
  Ω = { X , Ø }  

(X,T) , (X, Ω) are two topologies on X , then (X,T,Ω) is a 
bitopotogical space . The family of all δ-open set of X is : 
δ.o(X) = { X , Ø , {a} , {a,b} , {a,c} } . 
If we take Y = {a} , then T-int ({a}) = {a}  
Ω-cl ( T-int {a} ) = X  
and T-int (Ω-cl (T-int {a} )) =T-int(X) = X ; therefore {a}⊂ X . 
Hence {a} is δ-open set in (X,T,Ω) , and in general in any 
bitpological space X , Ø are clearly δ-open sets , so are the 
other cases {b} , {c} , {a,c} , {a,b} , {b,c} .     
 
1.1.3 Definition : 
 

 Let (X,T,Ω) be a bitopological space . A subset Y of X 
is called δ-closed set of X if the complement of Y is          δ-
open set of X . 
 
 
 
 



1.1.4 Example : 
 

 Let X = {a,b,c} , T = { X , Ø , {b} , {c} , {b,c} } ,  
Ω = { X , Ø , {a} , {b} , {a,b} } . 

(X,T) , (X, Ω) are two topologies on X . Then (X,T,Ω) is a 
bitopological space . The set of all δ-open sets on X is :  
δ.o(X) = { X , Ø , {b} , {c} {b,c} } . 
Y = {a,b}⊂ X is δ-closed since 
X-Y = {c}∈ δ.o(X) is δ-open set of X . 
Y = {a,c}⊂ X is δ-closed set of X . 
Since X-Y = {b}∈δ.o(X) , which is δ-open set of X . 
However , Y = {b,c}⊂ X is not δ-closed set of X . 
Since X-Y = {a}∉δ.o(X) which is not δ- open of X .  
Hence the set of all δ-closed set of X is  
δ- c(X) = { X, Ø, { a,c } , { a,b } , { a } }. 
 
1.1.5 Definition : 
 

 Let (X,T,Ω) be a bitopological space , and A ⊂ X .  
A point x∈X is said to be δ-interior point of A iff there exist 
an δ-open set G such that x∈G⊂ A , we denote to the set of 
all interior points of A by δ- int (A) . 
 

1.1.6 Definition : 
 

 Let (X,T,Ω) be a bitopological space , and A ⊂ X .  The 
intersection of all δ-closed subsets of A is called                 
δ-closure of A , and denoted by δ-cl (A) ; 
i.e δ-cl (A) = ∩ { F : F is δ-closed , A ⊂ F } . 
 
1.1.7 Example : 
 

 Let X = {a,b,c} , T = { X , Ø , {a} , {b} , {a,b} } , 
 Ω = { X , Ø , {c} , {b} , {b,c} } . 



(X,T) , (X, Ω) are two topologies on X, then (X,T,Ω) is a 
bitopological space such that : 
δ- o(X) = { X, Ø, {a} , {b} , {a,b} }. 
If we take A = {b,c} , then there exists δ-open set {b} such 
that b∈{b} ⊂ A , hence b∈δ-int (A) . 
Also , there exists only δ-open set X containing c , such 
that c∈X ⊄ A , hence c ∉ δ-int (A) , hence δ-int (A) = {b} .  
And there exists δ-closed sets {b,c} , such that {b,c}⊂ X , 
and {b,c}⊂ {b,c} . 
Hence δ- cl (A) = X ∩ {b,c} = {b,c} . 
 
1.1.8 Definition : 
 

 Let (X,T,Ω) be a bitopological space , a point x           is 
δ-limit point of a subset A of X iff each δ-open                    
set G containing a point of A is distinct from x ; that is                
( G / {x} )  ∩ A ≠ Ø , we denote to the set of δ-limit point of 
subset A of X by δ-lm(A) . 
 
1.1.9 Example : 
 

 Let X = {a,b,c} , T = { x , Ø , {a} , {b} , {a,b} } , 
Ω = { x , Ø , {c} } . 

(X,T) , (X, Ω) are two topologies on X , then (X,T,Ω) is a 
bitopological space . 
δ- o(X) = { X, Ø, {a} , {b} , {a,b} }. 
If we take A = {a,b} , then c is the only δ-limit point of A . 
 
1.1.10 Definition : 
 

 Let (X,T,Ω) be a bitopological space , and let x∈X . A 
subset A of X is said to be δ-nbd of a point x iff there exists 
δ-open set U , such that x∈U ⊂ A  . 
 



1.1.11 Example : 
 

 Let X = {a,b,c,d} , T = { Ø, X , {a} , {d} , {a,d}} , 
    Ω = { Ø , X }  

(X,T) , (X, Ω) are two topologies space on X, then (X,T,Ω) is 
a bitopological space . 
δ-o(X) = { X , Ø , {a} , {d} , {a,d} , {a,b} , {a,c} , {a,b,c} , {a,b,d} 

, {b,d} , {c,d} , {a,c,d} , {b,c,d} } . 
If we take A = {a,b} , then only a∈{a} ⊂ {a,b} , and              
a,b∈{a,b} ⊂ {a,b} . Hence δ-nbd (A) = { {a} , {a,b} } .  
 
1.2 Some Important Theorems : 
 

1.2.1 Remark : 
 

(a) T is sub collection of δ-o(X) 
(b) A necessary condition for a non empty set to 
be in δ-o(X) is that its δ- interior is not empty . 
( c ) A ∈ δ-o(X) iff A ⊂ T- int ( Ω-cl ( T- int (A) )) .    

 
1.2.2 Remark : 
 

 The intersection of any two δ-open sets is not 
necessary δ-open set . The following example shows that 
there are two δ-open , but the intersection is not δ-open set 
. 
 
1.2.3 Example : 
 

Let X = { a,b,c,d } ,   T = { X , Ø , {a} , {d} , {a,d} , {b,c} , 
{a,b,c} , {b,c,d} } , 

          Ω = { X , Ø , {a} , {d} , {a,d} } .   
(X,T) , (X, Ω) are two topologies on X , then (X,T,Ω) is a 
bitpological space . 
The set of  δ-open set in X is  



δ-o(X) = { X , Ø , {a} , {d} , {a,d} , {b,c} , {a,b,c} , {b,c,d} , {a,b} 
, {a,c} , { b,d} , { a,b,d} , {a,c,d} } . 

Hence {b,c} , and {a,c} are two δ-open set , but {b,c}∩{a,c}= 
{c} is not δ-open set . 
 
1.2.5 Theorem : 

Let (X,T,Ω) be a bitopological space , and A ⊂ X , then 
δ-int (A) = ⋃ { G : G is δ-open , G ⊂ A } .  
 

Proof : 
 Let x ∈ δ-int (A) iff A is δ-nbd of x , 
        x ∈ δ-int (A) iff there exists δ-open set G  

       such that x ∈ G ⊂ A , 
         x ∈ δ-int (A) iff x ∈⋃ { G : G is δ-open } . 
Hence  δ-int (A) = ⋃ { G : G is δ-open , G ⊂ A } . 
 
1.2.6 Theorem : 
 

Let (X,T,Ω) be a bitopological space and A be a subset 
of X , then : 

(a) δ-int (A) is an δ-open set , 
(b) δ-int (A) is the largest δ-open set contained in A ; 
(c) A is δ-open iff δ-int (A) = A . 
 

1.2.7 Theorem : 
 

Let (X,T,Ω) be a bitopological space , and A ⊂ X , then 
δ-int (A) equals the set of all those points of A which are 
not δ-limit point of X- A . 
 
 
 
 



1.2.8 Theorem : 
 

Let (X,T,Ω) be a bitopological space and A , B be any 
subsets of X , then : 

(a) δ-int (X) = X , δ-int (∅) = ∅ , 
(b) δ-int (A) ⊂ A , 
(c) If A ⊂ B , then δ-int (A) ⊂ δ-int (B) , 
(d) δ-int (A ∩ B) = δ-int (A) ∩ δ-int (B) , 
(e) δ-int (A) ⋃ δ-int (B) ⊂ δ-int (A ⋃ B) , 
(f) δ-int (δ-int (A) ) = δ-int (A) . 
 

Proof : 
(a) Since X and ∅ are δ-open sets , so by theorem  

(1.2.6)(c) , δ-int (X) = X , δ-int (∅) = ∅ .  
 

(b)  If x∈δ-int (A) , then A is δ-nbd of x , so x∈A , hence δ-int 
(A) ⊂ A .  

 

(c) Let x∈δ-int (A) , then A is δ-nbd of x . Since A ⊂ B , so B 
is also a δ-nbd of x ; this implies x∈δ-int (B) , hence δ-
int (A) ⊂ δ-int (B) . 

 

(d) Since A∩B⊂ A , and A∩B⊂ B , we have by theorem 
(1.2.8 (c) ) δ-int (A∩B) ⊂ δ-int (A) , and  

         δ-int (A∩B) ⊂ δ-int (B) . Hence , 
         δ-int (A∩B)⊂ δ-int (A)  ∩ δ-int (B) ……………………(1) 
 
Let x∈δ-int (A)∩δ-int (B), then x∈δ-int (A) and x∈δ-int (B) ; 
hence x is δ-interior point of each of the set A and B  . 
Since A and B are δ-nbd of x , so the intersection A∩B is 
also δ-nbd of x . 
Hence x∈δ-int (A∩B) , thus x∈δ-int (A)  ∩ δ-int (B) ,          x∈δ-
int (A∩B) , 



hence δ-int (A)  ∩ δ-int (B) ⊂ δ-int (A∩B) …….…...…………(2) 
From (1) and (2) , we get : 
δ-int (A∩B) = δ-int (A)  ∩ δ-int (B) .  

 

(e) So by (c)we have A⊂ A⋃B,then δ-int (A)⊂ δ-int (A⋃B) ; 
      B⊂ A⋃B,then δ-int (B)⊂ δ-int (A⋃B) 
Hence δ-int (A)⋃ δ-int (B) ⊂ δ-int (A⋃B) . 
But the converse is not true as in the following  
example . 

 
1.2.9 Example : 
 

Let X = { a,b,c } ,   T = { Ø , X , {a} , {a,c} } . 
     And Ω = { Ø , X , {a} } .  

(X,T) , (X, Ω) are two topologies on X . Then (X,T,Ω) is a 
bitpological space , such that : 
δ-o(X) = { Ø , X , {a} , {a,c} , {a,b}} 
If we take A = {a} , B = {c} then A⋃B = {a}⋃{c} = {a,c} and δ-
int (A⋃B ) = {a}⋃{a,c} = {a,c} ; 
and δ-int (A) = {a} , δ-int (B) = Ø . 
Hence δ-int (A⋃B) ⊄ δ-int (A)⋃δ-int (B) , 
i.e {a,c}⊄{a} .  
 
1.2.10 Theorem : 
 

Let A be a subset of a bitopological space , then : 
(a) δ-cl (A) is the smallest δ-closed set containing A , 
(b) A is δ-closed iff δ-cl (A) = A . 

 
 
 
 
 



1.2.11 Theorem : 
 

Let (X,T,Ω) be a bitopological space and let A , B be 
any subset of X , then : 

(a) δ-cl (∅) = ∅ , 
(b)  A ⊂ δ-cl (A) , 
(c) If A ⊂ B , then δ-cl (A) ⊂ δ-cl (B) , 
(d) δ-cl (A ⋃ B) = δ-cl (A) ⋃ δ-cl (B) , 
(e) δ-cl (A ∩ B) ⊂ δ-cl (A) ∩ δ-cl (B) , 
(f) δ-cl (δ-cl (A) ) = δ-cl (A) . 
 

Proof : 
 (a) Since ∅ is δ-closed , we have δ-cl (∅) = ∅ .  

 

(b) By theorem ( 1.2.10)(a) , hence A ⊂ δ-cl (A) .  
 

(c) By (b) , B ⊂ δ-cl (B) . Since A ⊂ B , then A ⊂ δ-cl (B) .  
But δ-cl (B) is δ-closed set , thus δ-cl (B) is δ-closed 
set containing A . Since δ-cl (A) is the smallest         δ-
closed set containing A , we have δ-cl (A)⊂ δ-cl (B) . 

 

(d) Since A⊂ A⋃B , and B⊂ A⋃B , 
we have δ-cl (A)⊂δ-cl (A⋃B),and δ-cl (B)⊂ δ-cl (A⋃B) 
by(c). 
Hence δ-cl (A)⋃ δ-cl (B) ⊂ δ-cl (A⋃B) ………………(1) 
Since δ-cl (A) and δ-cl (B) are δ-closed sets , 

and δ-cl (A) ⋃ δ-cl (B) is also δ-closed  
and by (b) A⊂ δ-cl (A) , B ⊂ δ-cl (B) . 
This implies that A⋃B ⊂ δ-cl (A)⋃δ-cl (B) . Thus δ-cl (A) ⋃ δ-
cl (B) is δ-closed set containing A⋃B since δ-cl (A⋃B) is the 
smallest δ-closed set containing A⋃B  . 
Therefore δ-cl (A⋃B) ⊂ δ-cl (A)⋃δ-cl (B) …………………...(2) 



From (1) and (2) , we have : 
δ-cl (A⋃B) = δ-cl (A)⋃δ-cl (B) .  

 

(e) Since A∩B ⊂ A , then δ-cl (A∩B) ⊂ δ-cl (A) by (c) , and  
A∩B ⊂ B , then δ-cl (A∩B)⊂ δ-cl (B) by (c) .  
Hence δ-cl (A∩B) ⊂ δ-cl (A) ∩ δ-cl (B) , but the 
converse is not true as in the following example . 

 
1.2.12 Example : 
 

Let X = { a,b,c } ,   T = { Ø , X , {a} , {a,b} } 
     and  Ω = { Ø , X } .  

(X,T) , (X, Ω) are two topologies on X . Then (X,T,Ω) is a 
bitpological space , such that : 
δ-o(X) = { X , Ø , {a} , {a,b} , {a,c} } . 
If we take A = {a,b} , B = {b,c} , then A∩B = {b} . 
Also δ-cl (A∩B ) = {b} . 
Also δ-cl (A) = X , δ-cl (B) = { b,c} .  
Hence δ-cl (A) ∩ δ-cl (B) = {b,c} 
∴δ-cl (A)  ∩ δ-cl (B) ⊄ δ-cl (A∩B). 
 
1.2.13 Theorem : 
 

Let (X,T,Ω) be a bitopological space , then every        
T-open in topological space is δ-open set in bitopological 
space , but the converse is not true .  
 

Proof : 
 Since A∈T , then A is open set in ( X,T ) . 
Thus T-int (A) = A , and since A⊂ Ω-cl (A) , 
then A⊂ Ω-cl (T-int (A)) , T-int (A)⊂T-int (Ω-cl (T-int (A) )) , 
 since T-int (A) = A . 
Hence A⊂T-int ( Ω-cl ( T-int (A) )) , thus A∈δ-o(x) , but the 
converse is not true as in the following example . 



1.2.14 Example : 
 

Let X = { a,b,c } ,   T = { Ø , X , {a} , {b} , {a,b} } , 
     and  Ω = { Ø , X } .  

(X,T) , (X, Ω) are two topologies on X . Then (X,T,Ω) is a 
bitpological space , such that : 
δ-o(X) = { Ø , X , {a} , {b} , {a,b} , {b,c} , {a,c} } , hence its 
topology space . 
Thus δ-o(X) ≠ T-open because δ-o(X) ⊄ T-open . 
 
 
 
 
 
 
 

 
 
  

  

  

  

  

  

  

  

  

  

  

  



  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  



 
 In this chapter we recall the separation axioms in 
bitopological space and we study the relation between then 
and give some examples . 
 
2.1.1 Definition : 
 

 Let (X,T,Ω) be a bitopological space , then (X,T,Ω) is 
called δ-T0 space iff for each pair of points x,y of X , such 
that x ≠ y , there exists δ-open set G containing x but not 
containing y or δ-open set H containing y but not 
containing x . 
 
2.1.2 Example : 
 

 Let (X,T, Ω) be a bitopological space , where : 
X = { a,b,c,d } , 
T = { X , Ø , {a} , {a,d} , {b,c} , {a,b,c} } , 

      Ω = { X , Ø , {a} } . 
(X,T) , (X, Ω) are two topologies on X , then : 
δ-o(X) = { X , Ø , {a} , {a,d} , {b,c} , {a,b} , {a,b,d } , {a,c} , 

{a,c,d} , {a,b,c} } and (X,T,Ω) is δ-T0 space . 
If we take a and b , a ≠ b , there exists δ-open {a} contains a 
but not containing b , and similarly the other cases a ≠ c , a 
≠ d , b ≠ c , b ≠ d , c ≠ d , but (X,T) and (X,Ω) are not T0 
space . 
 
2.1.3 Proposition : 
 

 Let (X,T,Ω) be a bitopological space , if (X,T) is         T0 
space , then (X,T,Ω) is δ-T0 space .  
 

Proof : 
 Let x , y ∈ X , such that x ≠  y . 



Since ( X,T ) is T0-space , then there exists T-open set A in 
X such that x ∈ A , y ∉ A . 
Since every T-open set is  δ-open set by theorem (1.2.13), 
then A is  δ-open set such that x ∈ A , y ∉ A . 
Hence (X,T,Ω) is δ-T0 space . 
The converse of this proposition is not true by the previous 
example (2.1.2) .  
 
2.1.4 Theorem : 
 

 A bitopological space (X,T,Ω) is T0 space iff for each 
distinct point x , y of X , δ-cl {x} ≠ δ-cl {y} . 
 

Proof : 
 Let x , y ∈X , such that x ≠  y and let δ-cl {x} ≠ δ-cl {y}.  
Then there exists at least one point Z in X , such that           
Z ∈ δ-cl {x} , Z ∉ δ-cl {y} . 
Suppose x ∈ δ-cl {y} , since {x} ⊂ δ-cl {y} . 
Then δ-cl {x} ⊂ δ-cl (δ-cl {y}) . 
But δ-cl (cl {y}) = δ-cl {y} , then Z ∈ δ-cl {y} and this is a 
contradiction . 
So x ∉ δ-cl {y} , then x ∈ X-(δ-cl {y}) and since δ-cl {y} is    δ-
closed set , so X-(δ-cl {y}) is δ-open set . 
Hence X-(δ-cl {y}) is δ-open set containing x but not y . 
Therefore (X,T,Ω) is δ-T0 space . 
Conversely , since (X,T,Ω) is δ-T0 space , then for each two 
distinct point x , y∈X , there exist δ-open set G such     that 
x∈G , y∉G . X-G is δ-closed set which does not contain x , 
but contains y . By definition (1.1.6) , δ-cl{y} is the 
intersection of all δ-closed set containing {y}.Thus           δ-
cl{y}⊂ X-G , then x∉X-G . This implies that x∉δ-cl {y} , so 
we have x∈δ-cl {x} , x∉δ-cl {y} .  
Therefore δ-cl {x} ≠  δ-cl {y} .  



2.1.5 Theorem : 
 

 Every subspace of δ-T0 space is δ-T0 space  . 
 

Proof : 
 Let Y be a subspace of δ-T0 space X , to prove Y is    δ-
T0 space , let y1 ≠  y2 ∈ Y , since Y ⊂ X . 
Then y1 ≠  y2 ∈ X and X is δ-T0 space . There exists δ-open 
set G in X , such that y1∈G and  y2∉G , so G ∩ Y is δ-open 
set in Y and y1∈ G ∩ Y ,  y2 ∉ G ∩  Y . 
Hence Y is δ-T0 space .  
 
2.1.6 Definition : 
 

 A bitopological space (X,T,Ω) is called δ-T1 space iff 
for each pair of distinct point x,y of X there exists two        
δ-open sets G,H such that x∈G , but y∉G ; and y∈H , but 
x∉H . 
 
2.1.7 Example : 
 

 Let (X,T,Ω) be a bitopological space , such that  
    X = { a,b,c,d } , 
    T = { X, ∅ , {a} , {a,d} , {d} , {b,c} , {a,b,c} , {b,c,d} } ,  
    Ω = { X , ∅ , {a} , {d} , {a,d} } . 

(X,T) , (X, Ω) are two topologies on X such that : 
δ-o(X) = { X , ∅ , {a} , {d} , {a,d} , {b,c} , {a,b} , {a,b,c} , {a,c} , 

{b,d} , {a,b,d} , {a,c,d} , {b,c,d} } . 
Let a,b ∈ X , such that  a ≠ b . {a} and {b,c} are δ-open sets  
such that a∈{a} , but b∉{a} ; and b∈{b,c} but a∉{b,c} . 
Also there exists δ-open sets {a} , {b,c} such that a∈{a} , 
but c∉{a} ; and c∈{b,c} , but a∉{b,c} .  
Also there exist δ-open sets {a} , {d} such that a∈{a} , but   
d∉{a} ; and d∈{d} , but d∉{a} . 



Also there exists δ-open sets {b,d} , {a,c} such that b∈{b,d} 
but c∉{b,d} ; and c∈{a,c} , but b∉{a,c} . Also there exists δ-
open sets {a,b} , {d} such that b∈{a,b} , but d∉{a,b} ; and 
d∈{d} , but b∉{d} . And there exists δ-open sets {b,c} , {d} , 
such that c∈{b,c} , but d∉{b,c} ; and d∈{d} but c∉{d} . 
Hence (X,T,Ω) is δ-T1 space .  
 
2.1.8 Proposition : 
 

 If (X,T) is T1 space , then (X,T,Ω) is δ-T1 space . 
 

Proof : 
 Let a,b ∈ X , a ≠ b . Since (X,T) is T1 space , then there 
exists T-open sets A , B in X such that a∈A , but b∉A ; and 
b∈B , but a∉B . Since every T-open set is δ-open set by 
theorem (1.2.13) , then A , B are δ-open sets , such that a∈ 
A , but b∉ A ; and b∈ B , but a∉B . 
Hence (X,T,Ω)  is δ-T1 space . 
 
2.1.9 Remark : 
 The converse of the above proposition is not true ; 
that is if (X,T,Ω) is δ-T1 space , then it is not true that (X,T) is 
T1 space by the previous example ( 2.1.7) . 
 
2.1.10 Theorem: 
 

 Every subspace of δ-T1 space is δ-T1 space . 
 

Proof :  
Let (X,T,Ω) be a δ-T1 space and let (Y,TY,Ω Y) be a sub 

space of (X,T,Ω) . 
Let y1 ≠ y2∈Y and since Y⊂ X , then y1 ≠ y2 ∈ X . 
Since X is δ-T1 space , there exists two δ-open sets G , H in 
X , such that y1∈G , but y2∉G ; and y1∈H , but y2∉H . Then    



G1 = G ∩ Y , H1 = H ∩ Y are δ-open sets in Y and we have 
y1∈G1 , but y2∉G1 ; and y1∉H1 , but y2∈H1. Hence (Y,Ty,Ω y) 
is δ-T1 space . 
 
2.1.11 Theorem: 
 

 A bitopological space (X,T,Ω) is a δ-T1 space iff every 
single subset {x} of X is δ-closed . 
 

Proof :  
Suppose X is δ-T1 space , and x be any point of X . 

Let y∈X- {x} , then x ≠ y and so there exists δ-open set U 
containing Y but not x , and δ-open set V containing x but 
not containing y , y ∈ U ⊂ X- {x} . 
Hence X- {x} is δ-open set , then {x} is δ-closed set . 
Conversely : 
Let x , y∈X , such that x ≠ y . Since {x} is δ-closed set , then 
X- {x} is δ-open set containing y but not x . 
Similarly , X- {y} is δ-open set containing x but not 
containing y . 
Hence (X,T,Ω) is δ-T1 space . 
 
2.1.12 Theorem: 
 

 A bitopological space (X,T,Ω) is δ-T1 space iff  
δ-cl {a} = ∅ for each a ∈ X . 
 

Proof :  
Let (X,T,Ω) be a δ- T1 space . 

Suppose δ-cl {a} ≠ ∅ , for some a∈X , then there is a point b 
, such that b∈δ-cl {a} , and b ≠ a . Since X is δ-T1 space , 
then there exist δ-open set G such that a∉G , b ∈G . Thus G 
∩ {a} =∅ . 
Hence b∉δ-cl {a} , which is contradiction.Thus δ-cl {a} = ∅. 



Convenersely :  
suppose that δ-cl {a} = ∅ , for each a∈X , and let x , y ∈ X , 
such that x ≠ y .  
Then x∉δ-cl {y} , and there exists δ-open set G such  that  
x∈G and G ∩ {y} =∅ , hence G contains x but not 
containing y . Similarly , there exists δ-open set contains y 
but not containing x . Thus (X,T,Ω) is δ-T1 space . 
 

2.1.13 Definition : 
 

 A bitopological space (X,T,Ω) is called δ-T2 space    (δ-
Hansdorff ) iff for each pair of distinct points x ,y of X there 
exists two δ-open sets G , H Such that x∈G , y ∈ H ,    G ∩ H 
= ∅ . 
 
2.1.14 Example : 
 

 Let (X,T,Ω) be a bitopological space such that 
X={a,b,c,d} , T= { X,∅,{a},{b},{a,b},{c,d}} , {a,c,d},{b,c,d} } ,  
             Ω = { X,∅,{a} }. 
(X,T) , (X, Ω) are two topologies on X , such that :  
δ-o(X)= {X,∅,{a},{b},{a,b},{c,d},{a,b,c},{a,c},{a,d},{b,c},{b,d} 

      {a,b,d},{a,c,d},{b,c,d} } . 
Then (X,T,Ω) is δ-T2 space . 
Let a,b∈X , a ≠ b. {a} and {b} are δ-open sets such that 
a∈{a},b∈{b} , and {a} ∩ {b} =∅ , and similarly the other 
cases a ≠ c , a ≠ d , b ≠ c , b ≠ d , c ≠ d . 
 
 
 
2.1.15 Proposition : 
 

 Let (X,T,Ω) be a bitopological space . If (X,T) is           
T2 space , then (X,T,Ω) is δ-T2 space .  
 



Proof : 
 Let x,y ∈ X , x ≠ y . Since (X,T) is T2 space , then there 
exist  U , V T-open set in X such that x∈U , y∈V ,               
U ∩ V = ∅ .  
Since every T-open set is δ-open ( by theorem1.2.13 ) , then 
U , V are δ-open sets such that x∈ U , y∈V , U ∩ V =∅ . 
Therefore (X,T,Ω) is δ-T2 space . 
The converse of this proposition is not true by the previous 
example ( 2.1.14 ) . 
 
2.1.16 Remark : 
 

 Every δ-T2 space is a δ-T1 space , but the converse is 
not true as shown by the following example . 
 
2.1.17 Example: 
 

Let (X,T,Ω) be a bitopological space , such that           
X = {a,b,c,d} , 

          T = { ∅ , X , {c} , {a,b,d} } , 
Ω = { ∅ , X , {c} } . 

(X,T) , (X, Ω) are two topologies on X , such that :  
δ- o(X) = { X , ∅ , {c} , {a,b,d} , {a,b,c} , {a,c} , {b,c} , {a,c,d} , 

{b,c,d} ,{c,d} } . 
Clearly (X,T,Ω) is δ-T1 space , but not δ-T2 space since there 
exists a ≠ b , such that for all δ- open sets , {a,c} , {b,c} and 
{a,c} ∩ {b,c} ≠ ∅ . 
 
 
 
 
 
 
 
 
 



2.1.18 Theorem: 
 Every subspace of δ-Hansdorff space is δ- Hansdorff. 
 

 Proof : 
 Let (X,T,Ω) be a δ-Hansdorff , and let y ≠ ∅ subset of X 
. Let x ≠ y ∈Y , then x ≠ y ∈ X and , since (X,T,Ω) is               
δ-Hansdorff , there exists two δ-open sets G , H such that x 
∈ G , y ∈ H , G ∩ H = ∅ . 
So G ∩ Y , H ∩ Y , is δ-open set in Y ,and x∈G ∩ Y,          
y∈H ∩ Y ; and (G ∩ Y) ∩ (H ∩ Y) = (G ∩ H) ∩ Y = ∅ . 
Hence (Y,TY,ΩY) is δ-T2 space . 
 

2.1.19 Definition: 
 

 A bitopological space (X,T,Ω) is called δ-regular space 
iff for each δ-closed set F is in X , and each x ∉ F ; and 
there exist δ-open sets U , V such that x ∈ U , F⊂ V ,           U 
∩ V = ∅ .  
 

2.1.20 Example: 
 

Let (X,T,Ω) be a bitopological space , such that : 
X = {a,b,c} , 
T = { X , ∅ , {a} , {c,d} , {c} , {b,c} , {a,c,d} , {a,c} , 

{a,b,c} , {b,c,d} } , 
Ω = { X,∅,{a} } .  

(X,T) , (X, Ω) are two topologies on X . 
Then δ-o(X) = { X , ∅ , {a} , {c,d} , {c} , {b,c} , {a,c,d} , {a,b,c} 

, {a,c} ,{a,b} , {a,d} , {a,b,d},{b,c,d} } . 
Take F = {b,c,d} , a ∉ F , then there exists {a} , {b,c,d}  
δ-open sets such that a∈{a} , {b,c,d} ⊂ {b,c,d} , 
and {a} ∩ {b,c,d} = ∅ . 
And similarly the other cases . 
Hence (X,T,Ω) is δ-regular space . 



2.1.21 Proposition: 
 

 Let (X,T,Ω) be a bitopological space . If (X,T) is regular 
space , then (X,T,Ω) is δ-regular . 
 

Proof : 
 Let F be T-closed set in X , x∈X such that x ∉ F . 
Since (X,T) is regular space , then there exists G , H are           
T-open set in X such that x ∈ G , F ⊂ H , G ∩ H = ∅ . 
Since every T-open set is δ-open set (by theorem 1.2.13) , 
then G,H are δ-open sets , such that x∈G ,F⊂ H ,G∩H = ∅ .  
Hence (X,T,Ω) is δ -regular . 
 
2.1.22 Remark: 
 

 The converse of the above proposition is not true that 
(X,T) is regular , by the previous example ( 2.1.20 ) . 
 
2.1.23 Theorem:  
 

Let (X,T,Ω) be a bitopological space , then (X,T,Ω) is δ-
regular iff for each δ-open set U and x∈U , there exists       
δ-open set V such that x∈V , δ -cl ( V )⊂ U . 

 

Proof : 
Let (X,T,Ω) be δ-regular space . Let x∈ U where U is      

δ-open . Let H = X – U , then H is δ-closed , x ∉ H .  
Then there exists δ-open sets ω and V such that : x∈V ,    
H⊂ ω , V∩ω = ∅ .  
Then V⊂ X – ω , δ-cl ( V )⊂δ-cl ( X – ω ) = X – ω ………….(1)                     
H⊂ ω , then X – ω ⊂ X – H = U , then X – ω ⊂ U ………….(2) 
From (1) , (2) we have , x∈V , δ-cl ( V )⊂ U . 
Conversoly : 



let H be δ-closed set and x∉H . Let U = X – H , then U is      
δ-open and x∈U . By hypothesis , there exists δ-open set V 
such  that x∈V , δ-cl ( V ) ⊂ U , H ⊂ ( X – (δ-cl ( V ) )) . 
Since x∈V , V∩ ( X – (δ-cl ( V ) )) = ∅ . 
Hence (X,T,Ω) is δ-regular . 
 
2.1.24 Theorem:  
 

Every subspace of δ-regular space is δ-regular . 
 

Proof : 
Let (X,T,Ω) is δ-regular space , let (Y,Ty,Ωy) be a 

subspace of X . To prove (Y,Ty,Ω y) is δ-regular , 
let q∈Y and F be δ-closed set in Y , such that q∉F . Then   δ-
clY (F) = δ-clx (F)  ∩ Y , and since F is δ-closed in Y so     δ-clY 

(F) = F . Then , F = δ-clx (F)  ∩ Y . 
Since q∉F , then q∉δ–clx (F)  ∩ Y , q∉δ-clx (F) , thus δ-clx (F) 
is δ-closed in X ; and since (X,T,Ω) is δ-regular , then there 
exist two disjoint δ-open sets G , H in X , such that q∈G , δ-
clx (F) ⊂ H & G∩H = ∅ . 
q∈G∩Y and δ-clx (F)  ∩ Y⊂ H∩Y , F⊂ H∩Y , since G , H are δ-
open in X , then G∩Y , H∩Y are δ-open set in Y . Since G∩H 
= ∅ , then (G∩Y) ∩ (H∩Y) . 
( G∩H )  ∩ Y = ∅ ∩Y = ∅ . 
So (Y,Ty,Ω y) is δ-regular subspace of (X,T,Ω)  .  
 
2.1.25 Definition :  
 

A bitopology space (X,T,Ω) is called δ-normal space iff 
for each pair of δ-closed set G H in X , such that           G ∩ 
H = ∅ , there exists δ-open sets U , V such that G ⊂ U , H ⊂ 
V and U ∩ V = ∅ . 

 



2.1.26 Example :  
 

Let (X,T,Ω) be a bitopological space , such that               
X = { a,b,c,d } ,  
T = { ∅ , X , {c} , {a,c} , {a} } ,  
Ω = { X , ∅ } , such that : 

δ-o(X) = { ∅ , X , {c} , {a} , {a,b} , {a,c} ,{a,b,c} , {a,d} , {b,c} , 
{a,b,d} , {a,c,d} , {b,c,d} , {c,d} } . 

Then ( X,T,Ω) is δ-normal space. 
 
2.1.27 Proposition : 
 
 

 Let (X,T,Ω) be a bitopological space . If (X,T) is normal 
space , then (X,T,Ω) is δ-normal space . 
 
2.1.28 Remark : 
 

 The converse of the above proposition is not true that 
(X,T) is normal , By the previous example ( 2.1.26 ) . 
 
2.1.29 Theorem : 
 

 Let  (X,T,Ω) be a bitopological space . Then (X,T,Ω) is  
δ-normal space iff for every δ-closed set H in X and δ-open 
set U in X containing H , there exist δ-open set V , such that 
H ⊂ V ⊂  δ-cl ( V ) ⊂ U . 
 
 
 

Proof : 
 Suppose (X,T,Ω) is δ-normal space , let H be δ-closed 
in X and U is δ-open in X , such that H ⊂ U . Then X– U is  δ-
closed in X and H ∩ (X– U) = ∅  . So there exist  δ-open sets 
V,K such that X–K⊂ U , H⊂ V , V ∩ K = ∅ , X–K⊂ U , V⊂ X–K 
. This implies that δ-cl (V)⊂ δ-cl (X - K) = X–K .  
 



Then H ⊂ V ⊂ δ-cl (V) ⊂ U . 
Conversely , H is δ-closed in X , and u is δ-open in X , then 
X– U is δ-closed in X , and H ∩ (X – U ) = ∅ . 
By hypothesis , there exist δ-open set V , such that H ⊂ V , 
δ-cl (V)⊂ U , then X – U ⊂ ( X – (δ-cl (V) ) .  
So we have H⊂ V , X – U ⊂ ( X – (δ–cl (V) ) , and  
V ∩ ( X – (δ–cl (V) )) = ∅ 
Therefore , ( X,T,Ω) is δ-normal space . 
 
2.1.30 Corollary : 
 

 A bitopological space  (X,T,Ω) is δ-normal space iff for 
each δ-closed set H in X and each δ-open set U in X 
containing H , there exists a subset A of X , such that         
H⊂ δ-int ( A ) ⊂ δ-cl ( A )⊂ U . 
 

Proof : 
 By using the last theorem and taking A = U , the proof 
is satisfied . 
 
2.1.31 Definition : 
 

 A bitopological space (X,T,Ω) is called a δ-T3 space iff 
X is δ-T1 and δ-regular .  
 
2.1.32 Example : 
 

Let (X,T,Ω) be a bitopological space , such that :              
    X = {a,b,c,d} ,  
    T = { X ,∅ , {a} , {a,d} , {d} , {b,c} , {a,b,c} , {b,c,d} } ,  
    Ω = { X , ∅ , {a} , {d} , {a,d} } . 

(X,T) , (X, Ω) are two topologies on X , such that : 
 



δ-o(X) = { X , ∅ , {a} , {d} , {a,d} , {b,c} ,{a,b} , {a,b,c} , {a,c} , 
{b,d} , {a,b,d} , {a,c,d} , {b,c,d} } 

Then ( X,T,Ω) is δ-regular and δ-T1 space . 
Thus (X,T,Ω) is δ-T3 space . 
 
2.1.33 Remark : 
 

  Every δ-T3 space is δ-regular and the converse is not 
true as we show in the following example .   
 
2.1.34 Example : 
 

Let (X,T,Ω) be a bitopological space , such that :             
X = {a,b,c,d} ,   
T = { ∅ , X , {a} , {b,c} } ,  

  Ω = { ∅ , X , {a} , {c} , {a,c} } , such that : 
δ-o(x) = { ∅ , X , {a} , {b,c} } 
(X,T,Ω) is δ-regular , but not δ-T1 space ; hence (X,T,Ω) is 
not  δ-T3 space . 
 
2.1.35 Definition : 
 

 A bitopological space (X,T,Ω) is called δ-T4 space iff X 
is δ-normal and δ-T1 space .  
 

2.1.36 Example : 
 

Let (X,T,Ω) be a bitopological space , such that :             
X = {a,b,c} ,   
T = { X , ∅ , {a} , {b} , {c} , {a,b } , {b,c} ,{a,c} } ,  

  Ω = { X , ∅ } . (X,T) , (X, Ω) are two topologies on X 
such that : 
δ-o(X) = { ∅ , X , {a} , {b} , {c} , {a,b} , {b,c} , {a,c} } , 
then (X,T,Ω) is δ-T1 space and δ-normal space . 
Then (X,T,Ω) is δ-T4 space . 



2.1.37 Proposition : 
 
 

 Every δ-T4 space is also δ-T3 space . 
 

Proof : 
 Let (X,T,Ω) be a δ-T4 space , then (X,T,Ω) is δ-normal 
as well as δ-T1 space . To prove that the space is δ-T3 space 
, it suffices to show that the space is δ-regular . 
Let F be a δ-closed subset of X and , let x be a point of X 
such that x ∉ F . Since (X,T,Ω) is a δ-T1 space . 
Thus {x} is a δ-closed subset of X , such that {x} ∩ F = ∅ , 
then by δ-normarlity , there exist δ-open sets G , H such 
that {x}⊂ G , F⊂ H and G ∩ H = ∅ . 
Also {x}⊂ G , then x∈G , then there exist δ-open sets G , H 
such that x∈G , F⊂ H and G∩H = ∅ . It follows that the 
space (X,T,Ω) is δ-regular .  
 
 
  
 
 

 
  

  

  

  

  

  

  

  

  



  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  



 
 
 In this chapter we give some important definitions and 
theorems for continuity . 
 
3.1  δ-Continuous on (δ-open , δ-closed ,     

δ-interior , δ-closure ) in bitopological 
space   

 
 

3.1.1 Definition : 
 

 Let (X,T,Ω) and ( Y,T,َΩ َ ) be a bitopological space , A 
mapping f : X Y is said to be δ-continuous at xo ∈ X iff  
every δ-open set V in Y containing f(xo) there exist δ-open 
set U in X containing xo such that f(U) ⊂ V . 
 
3.1.2 Definition : 
 

 Let f : X Y be a mapping , then :  
(a) f is said to be δ-open mapping iff f(G) is δ-open in Y for 

every δ-open set G in X . 
(b) f is δ-closed iff f(F) is δ-closed in Y for every δ-closed set 

F in X . 
(c) f is δ-continuous iff f is δ-open and δ-closed . 
(d) f is δ-homeomorphism iff (i) f is bijective (1-1 , onto ) ,  

(ii) f and f -1 are δ-continuous where (X,T, Ω) , ( Y,T,َΩ َ ) 
are two bitopological spaces . 

 
3.1.3 Example : 
 

Let X = {a,b,c} , T = { ∅ , X , {a} } ,  
Ω = { ∅ , X } . 



(X,T) , (X, Ω) are two topologies on X , then (X,T,Ω) is a 
bitopological space , such that : 
δ-o(X) = { ∅ , X , {a} , {a,b} , {a,c} } . 

And let Y = {1,2,3} , T َ = { ∅ , X , {1} } , 

    Ω َ = { ∅ , X } . 

(Y,T َ) , (Y, Ω َ) are two topologies on Y , then ( Y,T,َΩ َ) be a 
bitopological space , such that : 
δ-o(Y) = { ∅ , Y , {1} , {1,2} , {1,3} } . 

Define f : (X,T,Ω) ( Y,T,َΩ َ ) by f(a) = 1 , f(b) = 2 , f(c) = 3 . 
Then f is δ-continuous and δ-open set because                   f -
1(Y) = {a,b,c} = X is δ-open in X , and f -1(∅) = ∅ is δ-open in 
X . Similarly the other cases f -1({1}) , f -1({1,2}) , f -1({1,3}) are 
δ-open in X , therefore f is δ-continuous . 
And since f({a}) = {1} is δ-open in Y and f({∅}) = ∅ is         δ-
open in Y , similarly the other cases f({X}) , f({a,b}) , f({a,c}) 
are δ-open in Y . Therefore f is δ-open mapping .  
 
3.1.4 Example : 
 

Let X = {a,b,c} , T = { ∅ , X , {a} } ,  
Ω = { ∅ , X , {b} , {a,b} } . 

(X,T) , (X, Ω) are two topologies on X , then (X,T,Ω) is a 
bitopological space , such that :  
δ-o(X) = { ∅ , X , {a} } . 

And let Y = {1,2,3} , T َ = { ∅ , X , {2} , {1} , {1,2} } , 

    Ω َ = { ∅ , X , {1} , {1,2} } . 

(Y,T َ) , (Y, Ω َ) are two topologies on Y , then ( Y,T,َΩ َ) be a 
bitopological space , such that : 
δ-o(Y) = { ∅ , X , {1} , {2} , {1,2} } . 



Define f : (X,T,Ω) ( Y,T,َΩ َ) by f(a) = 1 , f(b) = f(c) = 2 . Then 
f is δ-open but not δ-continuous because                    f -1(Y) 
= {a,b,c} = X is δ-open in X , and f -1(∅) = ∅ is δ-open in X, 
but f -1({2}) = {b,c} is not δ-open in X . Hence f is         δ-
continuous . 
And since f(X) = {1,2} is δ-open in Y , f({∅}) = ∅ is δ-open in 
Y . And f(a) = ({1}) , is δ-open in Y therefore f is δ-open .  
 
3.1.5 Theorem : 
 

Let (X,T,Ω) and ( Y,T,َΩ َ ) be a bitopological space , 
then a mapping f : X Y is δ-continuous iff for every x∈X 
the inverse image under f of every δ-open V of f(X) is          
δ-open set of X . 

 

Proof : 
Let f δ-continuous , and V is δ-open in Y to prove         f 

-1(V) is δ-open in X . If f -1(V) = ∅ so it is δ-open in X . If       f -
1(V) ≠ ∅ , let x∈f -1(V) , then f(x)∈V . By definition of                    
δ-continuous there exist δ-open Gx in X containing x such 
that f(Gx) ⊂ V . 
∴ x∈Gx ⊂ f -1(V) . 
Hence f -1(V) is δ-open set in X . 
Conversely :  
Let f -1(V) is δ-open set in X , for each V is δ-open set in Y to 
prove f is δ-continuous . 
Let x∈X and V is δ-open set in Y containing f(x) so f -1(V) is 
δ-open in X containing x and f ( f -1(V) ) ⊂ V . 
Then f is δ-continuous on X . 
 
 
 



 
 
 
 
3.1.6 Theorem : 
 

Let (X,T,Ω) and ( Y,T,َΩ َ ) be a bitopological space . A 
mapping f : X Y is δ-continuous iff the inverse image 
under f of every δ-closed set in Y is δ-closed set in X . 

 

Proof : 
( obvious ) 

 
3.1.7 Theorem : 
 

A mapping f : X Y is δ-continuous iff : 
f (δ-cl (A) ) ⊂ δ-cl ( f(A) ) for every A ⊂ X , where (X,T,Ω) and 

( Y,T,َΩ َ) are two bitopological spaces .  
 

Proof : 
Let f be δ-continuous . Since δ-cl ( f(A) ) is δ-closed set 

in Y . 
∴ f -1( δ-cl ( f(A) )) is δ-closed set in X By (3.1.6) therefore ,   
δ-cl ( f -1( δ-cl ( f(A) ))) = f -1( δ-cl ( f(A) )) ……………………(1) 
Now : 
f (A) ⊂ δ-cl ( f(A) ) , A ⊂ f -1( f(A) ) ⊂ f -1(δ-cl ( f(A) )) . 
Then δ-cl (A)⊂ δ-cl ( f -1(δ-cl ( f(A) ))) = f -1(δ-cl ( f(A) ))by (1).  
Then f (δ-cl (A) ) ⊂ δ-cl ( f(A) ) . 
Conversely : let f (δ-cl (A) ) ⊂ δ-cl ( f(A) ) for every A ⊂ X 
Let F be any δ-closed set in Y , so that δ-cl (F) = F . 
Now f -1(F) ⊂  X , by hypothesis 
f (δ-cl ( f -1(F) ) ⊂ δ-cl ( f ( f -1(F) )) ⊂ δ-cl (F) = F . 
Therefore , δ-cl ( f -1 (F) ) ⊂ f -1(F)  
But f -1(F) ⊂ δ-cl ( f -1(F) ) always . 



Hence δ-cl ( f -1(F) )⊂ f -1(F)and f -1(F) are δ-closed set in X . 
Hence f is δ-continuous by theorem ( 3.1.6 ) . 
 
3.1.8 Theorem : 
 

A mapping f : X  Y is δ-continuous iff : 
δ-cl ( f -1(B) ) ⊂ f -1( δ-cl (B) ) for every B ⊂ Y, where (X,T,Ω) 

and ( Y,T,َΩ َ) are two bitopological spaces .  
 

Proof : 
( obvious ) 

 
3.1.9 Theorem : 
 

A mapping f : X Y is δ-continuous iff  
f -1( δ-int (B) ) ⊂ δ-int ( f -1(B) ) for every B ⊂ Y, where (X,T,Ω) 

and ( Y,T,َΩ َ) are two bitopological spaces .  
 

Proof : 
( obvious ) 

 
3.1.10 Theorem : 
 

Let X , Y and Z be a bitopological space and the  mappings 
f : X Y and g : Y  Z be δ-continuous , then the 
composition map gof : X  Z is δ-continuous  .  

 

Proof : 
( obvious ) 

 
3.2  δ-Continuous on Separation Axioms in 

Bitopological Space   
 
3.2.1 Theorem : 



 Let (Y,T,َΩ َ) be δ-T0 space , if   f : (X,T,Ω)  (Y,T,َΩ َ) is 
δ-continuous 1-1 function . 
Then (X,T,Ω) is δ-T0 space . 

 

Proof : 
Let x1 , x2 ∈ X , x1 ≠ x2 . Since f is 1-1 function , then 

f(x1) ≠ f(x2) , f(x1) , f(x2) ∈ Y , and Y is δ-T0 space , then  there 
exists δ-open set G in Y such that f(x1)∈G , f(x2) ∉ G .  So x1 
∈ f -1 (G) , x2 ∉ f -1 (G) . 
∴ f -1 (G) is δ-open set in X , then (X,T,Ω) is δ-T0 space . 
 
3.2.2 Theorem : 
 Let f : (X,T,Ω) (Y,T,َΩ َ) be an δ-continuous δ-open   1-

1 and onto  function . If (X,T,Ω) is δ-T0 space , then (Y,T,َΩ َ) 
is δ-T0 space . 

 

Proof : 
Suppose that y1 , y2 ∈ Y , y1 ≠ y2 . Since f is onto , 

there exists x1 , x2 ∈ X , such that y1 = f(x1) , y2 = f(x2) and 
since f is 1-1 , then x1 ≠ x2 , since X is δ-T0 space . 
There exists δ-open set G , such that x1∈G , x2∉G . 
Hence y1 = f(x1) ∈ f(G) , y2 = f(x2) ∉ f(G) , since f is δ-open 
function , then f(G) is δ-open set in Y .  

Therefore (Y,T,َΩ َ)  is δ-T0 space .   
 
3.2.3 Theorem : 
 Let (Y,T,َΩ َ) be δ-T1 space , if  f : (X,T,Ω)  (Y,T,َΩ َ) is δ-
continuous 1-1 function , then X is δ-T1 space .  
 

Proof : 
Let x1 , x2 ∈ X , x1 ≠ x2 . Since f is 1-1 f(x1) ≠ f(x2)     f(x1) 

, f(x2) ∈ Y , Y is δ-T1 space , then there exists U1 , U2     δ-



open set in Y such that f(x1) ∈ U1 , but f(x2) ∉ U1 and              
f (x2) ∈ U2 , but f (x2) ∉ U2 . 
Then x1∈f -1(U1) but x2∉f -1(U1) ; and x2 ∈ f -1(U2) , but          x1 
∉ f -1(U2) ; and f -1(U1) , f -1(U2) are δ-open set in X . 
Hence (X,T,Ω) is δ-T1 space  .  
 

3.2.4 Theorem : 
 Let f : (X,T,Ω) (Y,T,َΩ َ) be δ-continuous 1-1 and onto , 

δ-open function : If (X,T,Ω) is δ-T1 space then (Y,T,َΩ َ) is   δ-
T1 space .  

 

Proof : 
Suppose y1 , y2 ∈ Y , y1 ≠ y2 . Since f is onto , there 

exists x1 , x2 ∈ X such that y1 = f(x1) , y2 = f(x2) . Since f is 1-
1 then x1 ≠ x2 ∈ X , f(x1) ≠ f(x2) , and X is δ-T1 space , there 
exists δ-open sets G , H such that x1∈G but x2 ∉ G and 
x2∈H but x1∉ H . 
Hence f(x1)∈f(G) , f(x2)∈f(H) , since f is δ-open function , 
hence f(G) , f(H) are δ-open sets of Y, y1∈f(G) , but y2∉ f(G) 
and y2∈f(H) , but y1∉ f(H) . 

Then (Y,T,َΩ َ) is δ-T1 space .  
 

3.2.5 Theorem : 
 Let (Y,T,َΩ َ) be δ-T2 space , if f : (X,T,Ω) (Y,T,َΩ َ)       is 
δ-continuous 1-1 function , then (X,T,Ω) is  δ-T2 space .  
 

Proof : 
Let  x1 ≠ x2 ∈ X , since f is 1-1 , f(x1) ≠ f(x2) . 
Let y1 = f(x1)  , y2 = f(x2) , y1 ≠ y2 ∈ Y . Since Y is        δ-

T2 space , there exist two δ-open sets G , H in Y , such that 
y1∈G , y2∈H , G∩H = ∅ . 
Hence x1∈f -1 (G) ,  x2∈f -1 (H) since f is δ-continuous and    f 
-1 (G) , f -1 (H) is δ-open set in X . 



Also f -1 (G)  ∩ f -1 (H) = f -1 (G∩H) = f -1 (∅) = ∅ . 
Thus (X,T,Ω) is δ-T2 space .  
3.2.6 Theorem : 
 Let f : (X,T,Ω) (Y,T,َΩ َ) is δ-continuous, 1-1 and onto , 

δ-open function . If (X,T,Ω) is δ-T2 space , then (Y,T,َΩ َ) is  δ-
T2 space . 

 

Proof : 
Let y1 ≠ y2∈Y . Since f is 1-1 and onto , then  there 

exists x1 ≠ x2∈X such that y1 = f(x1)  , y2 = f(x2) . Since X is δ-
T2 space , then there exists δ-open sets G , H such that  
x1∈G , x2∈H , G∩H = ∅ . Since f is δ-open mapping , then 
f(G) , f(H) are two δ-open set in Y and  
f (G∩H) = f (G) ∩ f (H) = f(∅) = ∅ . 
Also y1 = f(x1)∈f(G) , y2 = f(x2)∈ f(H)  

Hence (Y,T,َΩ َ) is δ-T2 space . 
 
3.2.7 Theorem : 
        Let (X,T,Ω) be δ-regular space and  

f : (X,T,Ω) (Y,T,َΩ َ) be δ-homeomorphism . Then (Y,T,َΩ َ) is 
δ-regular .   

 

Proof : 
Let F be δ-closed set in Y , q∉F , q∈Y . Since f is 1-1 

and onto map , then  there exists p∈X such that f(p) = q , p 
= f -1(q) . Since f is δ-continuous so f -1(F) is δ-closed in X , 
q∉F , p = f -1(q) ∉  f -1(F) . Since (X,T,Ω) is δ-regular , there 
exists δ-open sets G , H such that p∈ G , f -1(F)⊂ H and   G∩ 
H =∅ . 



So q = f(p)∈f(G) , F ⊂ f ( f -1(F) ) ⊂ f(H) , since f is                 δ-
open map , hence f(G) , f(H) are δ-open sets in Y and                     
f( G∩H ) = f(G)  ∩ f(H) = f(∅) = ∅ . 

Therefore (Y,T,َΩ َ) is δ-regular space . 
3.2.8 Theorem : 
 δ-normality is a bitopological property .  

 

Proof : 

Let (X,T,Ω) be δ-normal space and let (Y,T,َΩ َ) be a    δ-
homeomorphic image of (X,T,Ω) under a δ-homeomorp-hic 

f to show that (Y,T,َΩ َ) is also δ- normal space .  
Let L,µ be a pair of disjoint δ-closed subsets of Y . Since f 
is δ-continuous map, then f -1(L) and f -1(µ) are f isδ-closed 
subsets of X . Also f -1(L)  ∩ f -1(µ) = f -1(L  ∩ µ) = f -1(∅) = ∅ .  
Thus f -1(L) , f -1(µ) are a disjoint pair of δ-closed subsets of 
X . Since the space (X,T,Ω) is δ-normal , then there exist δ-
open sets G and H such that f -1(L)⊂ G , f -1(µ)⊂ H and G∩ H 
= ∅ . But  f -1(L)⊂ G , then f ( f -1(L) ) ⊂ f(G) , L⊂ f(G) similarly 
, µ⊂ f(H) . Also since f is an δ-open mapping f(G) and f(H) 
are δ-open subset of Y , such that : 
f(G)  ∩ f(H) = f( G∩H )  
                  = f(∅) = ∅      
Thus there exists δ-open subset in Y , G1 = f(G) and              
H1 = f(H) such that L⊂G1 , µ⊂ H1 , and G1∩ H1 = ∅ . It follows 

that (Y,T,َΩ َ) is also δ-normal space . 
Accordingly , δ-normality is a bitopological property . 
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 التبولوجيѧا مѧن ناحيѧة ،        –يؤسس هذا البحث العلاقѧة بѧين الفѧضاءات الثنائيѧة            
يѧѧستنتج  ، آمѧѧا)  α-open" (ألفѧѧا المفتوحѧѧة  " ات التبولوجيѧѧة مѧѧن نѧѧوع  والفѧѧضاء

          المفتوحѧѧѧѧة" دلتѧѧѧѧا "  التبولوجيѧѧѧѧا مѧѧѧѧن نѧѧѧѧوع  –تعريفѧѧѧѧاً جديѧѧѧѧداً للفѧѧѧѧضاءات الثنائيѧѧѧѧة  

)δ-open (     ةѧا   " بدلالة الفضاءات التبولوجيѧذه         " ألفѧى هѧتناد إلѧة ، وبالاسѧالمفتوح

ساسية للعلاقة بѧين الفѧضاءات التبولوجيѧة    العلاقة يقدم هذا البحث صياغة للنظرية الأ      
المفتوحѧة ، آمѧا يفѧصل البحѧث الخѧواص      " دلتѧا  "  التبولوجيѧا  –والفѧضاءات الثنائيѧة   
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