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BSTRACT

This research establishes a relation between
bitopolgical spaces on the one hand and topological
space of the type a - open set , on the other . A new
definition for 6 - open set in bitopology is formulated
based up on 6 - open set in bitopology . A new theorem
for the relation between topological space and 6 - open
set in bitopology is also offered . The research gives
the basic specifications for the new definition of 6 -

open set in bitopology .



5 -0(X)
5 - c(X)
T-int (A)
Q- cl (A)
5 -int (A)
5 - cl (A)
8- Im (A)

5- nbd (A)

f: Xy

Interior of A

Closure of A

The set of all open sets in (X,T,Q)

The set of all closed sets in (X,T,Q)

The set of all interior point of A in (X,T)

The set of all closure subsets A of (X,Q)
The set of all interior point of A in (X, T,Q)
The closure set of X in (X,T,Q)

The set of all limit points of A in (X,T,Q)
The set of all neighborhoods of X in (X,T,Q)

Single — valued function




NTRODUCTIO

This research establishes a relation between
bitopological spaces , initiated by Kelly ( 1963) [1] ,

defined as :
A set equipped with two topologies is
called a bitopological space , denoted by
(X,T,Q) where (X,T) , (X, Q) are two topolo-
gical spaces defined on X,

and a - open set, defined by Noiril ( 1974) [2] :
Let (X,T) be a topological space , and Ac X
A is said to be a - open set iff Ac A*°.

A new definition for 6 - open set in bitopological
space is introduced on the basis of a - open set in
topological space :

Let (X,T,Q) be a bitopological space , and A

be a subset of X . A is said to be /- open set

iff Ac T-int (Q -cl ( T-int (A))) .



From the relation above , the following generaliz-
ation is formulated between topological spaces and
0 - open set in bitopology :

Let (X,T,Q) be a bitopological space . Then

every T- open set in topological space is

o0 - open set in bitopological space , but the

converse is not true .

The research consists of three chapters . Chapter
One offers the basic definitions for neighborhood ,
interior points , limit points , open set, closed set and
closure set in bitopological space .

Chapter Two gives the definitions and theorems of
the Separation Axiom in bitopological space , together
with explanatory examples .

Chapter Three investigates 6 - continuous in
bitopological space , formulates the new definitions

and theorems mentioned , together with their proofs .







This chapter presents some important definitions ,
theorems , remarks and examples of 56-open set in bitopo-
logical space .

1.1 Basic Definition :

1.1.1 Definition :

Let (X,T,Q) be a bitopological space , and A be a
subset of X. A is said to be d5-open ( 5-open set in
bitopological space ) iff A c T-int ( Q-cl (T-int (A))).

1.1.2 Example :

Letx={ab,c}, T={X,0, {a}, {a,b}},
Q={X,0}

(X,T) , (X, Q) are two topologies on X , then (X,T,Q) is a
bitopotogical space . The family of all 5-open set of X is :
d.0X)={X, 9, {a}, {a,b}, {a,c}}.
If we take Y = {a}, then T-int ({a}) = {a}
Q-cl(T-int{a})=X
and T-int (Q-cl (T-int {a} )) =T-int(X) = X ; therefore {a}c X..
Hence {a} is 6-open set in (X,T,Q) , and in general in any
bitpological space X, @ are clearly 6-open sets , so are the
other cases {b}, {c}, {a,c}, {a,b}, {b,c}.

1.1.3 Definition :

Let (X,T,Q) be a bitopological space . A subset Y of X
is called 5-closed set of X if the complement of Y is o-
open set of X .




1.1.4 Example :

Let X={a,b,c}, T={X, 9, {b}, {c}, {b,c}},
Q={X,9,{a},{b},{ab}}.

(X,T) , (X, Q) are two topologies on X . Then (X,T,Q) is a
bitopological space . The set of all 5-open sets on X is :
6.0(X)={X, 3, {b}, {c} {b,c}}.
Y ={a,b}c X is é6-closed since
X-Y = {c}e 6.0(X) is 5-open set of X .
Y ={a,c}c X is 5-closed set of X .
Since X-Y = {b}ed.0(X) , which is 5-open set of X .
However, Y = {b,c}c X is not é-closed set of X .
Since X-Y = {a}«3.0(X) which is not 5- open of X .
Hence the set of all 5-closed set of X is
-c(X)={X,9,{ac},{ab},{a}}.

1.1.5 Definition :

Let (X,T,Q) be a bitopological space ,and Ac X.
A point xeX is said to be s-interior point of A iff there exist
an 5-open set G such that xeGc A , we denote to the set of
all interior points of A by 5- int (A) .

1.1.6 Definition :

Let (X,T,Q) be a bitopological space ,and Ac X. The
intersection of all 6-closed subsets of A is called
o-closure of A , and denoted by 5-cl (A) ;
i.ed-cl (A)=N{F:Fisd-closed, AcF}.

1.1.7 Example :

Let X ={a,b,c}, T={X, 3, {a}, {b}, {a,b} },
Q={X,d,{c}, {b},{b,c}}.




(X,T) , (X, Q) are two topologies on X, then (X,T,Q) is a
bitopological space such that :

8- o(X) ={ X, @, {a} , {b}, {a,b} }.

If we take A = {b,c} , then there exists 5-open set {b} such
that be{b} — A, hence bed-int (A) .

Also , there exists only 3-open set X containing ¢ , such
that ceX ¢ A, hence c ¢ &-int (A) , hence &-int (A) = {b} .
And there exists 3-closed sets {b,c} , such that {b,c}c X,
and {b,c}c {b,c}.

Hence 5- cl (A) = X N{b,c} = {b,c}.

1.1.8 Definition :

Let (X,T,Q) be a bitopological space , a point x is
o-limit point of a subset A of X iff each &-open
set G containing a point of A is distinct from x ; that is
(G/{x} ) NA #3 , we denote to the set of 5-limit point of
subset A of X by 5-Im(A) .

1.1.9 Example :

LetX={a,b,c}, T={x,d,{a}, {b}, {a,b}},
Q={x,0,{c}}.
(X,T) , (X, Q) are two topologies on X , then (X,T,Q) is a
bitopological space .
8-o(X) ={X, @, {a}, {b}, {a,b} }.
If we take A = {a,b}, then c is the only é-limit point of A .

1.1.10 Definition :

Let (X,T,Q) be a bitopological space , and let xeX . A
subset A of X is said to be 6-nbd of a point x iff there exists
d-open set U, such that xeU c A .



1.1.11 Example :

Let X={a,b,c,d}, T={9, X, {a}, {d}, {a,d}},
Q={0,X}
(X,T) , (X, Q) are two topologies space on X, then (X,T,Q) is
a bitopological space .
6-0(X) = { X,o,{a}, {d}, {a,d}, {a,b}, {a,c}, {a,b,c}, {a,b,d}
, {b,d}, {c,d}, {a,c,d}, {b,c,d}}.

If we take A = {a,b} , then only ae{a} < {a,b} , and
a,be{a,b} — {a,b} . Hence 5-nbd (A) = {{a}, {a,b} } .

1.2 Some Important Theorems:

1.2.1 Remark :

(a) T is sub collection of 5-0(X)

(b) A necessary condition for a non empty set to
be in 5-0(X) is that its 5- interior is not empty .
(c)A e€dé-oX)iff AcT-int (Q-cl (T-int (A))).

1.2.2 Remark :

The intersection of any two &-open sets is not
necessary §-open set . The following example shows that
there are two 6-open , but the intersection is not 5-open set

1.2.3 Example :

Let X={ab,cd}, T={X,0,{a}, {d}, {a,d}, {b,c},
{a,b,c}, {b,c,d} },
Q={X,0,{a}, {d},{a,d}}.
(X,T) , (X, Q) are two topologies on X , then (X,T,Q) is a
bitpological space .
The set of 6-open setin X is




o-o(X)={X,d,{a}, {d}, {a,d}, {b,c}, {a,b,c}, {b,c,d}, {a,b}
,{a,c},{b,d}, {ab,d}, {a,c,d}}.

Hence {b,c}, and {a,c} are two 5-open set , but {b,c}N{a,c}=

{c} is not 6-open set .

1.2.5 Theorem :
Let (X,T,Q) be a bitopological space , and A — X, then

o-int (A)=u {G:Gisd-open,GcA}.

Proof :
Let x € 5-int (A) iff A is 5-nbd of x ,
x € o-int (A) iff there exists d-open set G
suchthatx e Gc A,
x € 6-int (A) iff x cu{ G : Gis 5-open}.
Hence 5-int(A)=u {G:Gisd-open,GcA}.

1.2.6 Theorem :

Let (X,T,Q) be a bitopological space and A be a subset
of X, then:
(a) 6-int (A) is an 5-open set ,
(b) o6-int (A) is the largest 5-open set contained in A ;
(c) A is 6-open iff 5-int (A) = A.

1.2.7 Theorem :

Let (X,T,Q) be a bitopological space , and A — X, then
o-int (A) equals the set of all those points of A which are
not &-limit point of X- A .



1.2.8 Theorem :

Let (X,T,Q) be a bitopological space and A , B be any
subsets of X, then :

(a) 6-int (X) =X, 6-int (¥) =T,

(b) 5-int (A) c A,

(c) If Ac B, then &-int (A) c 6-int (B) ,

(d) 8-int (A NB) = &-int (A) N &-int (B) ,

(e) &-int (A) U &-int (B) < 5-int (A U B),

(f) 8-int (6-int (A) ) = &-int (A) .

Proof :
(a) Since X and < are &-open sets , so by theorem
(1.2.6)(c) , 6-int (X) =X, 6-int () =T

(b) If xed-int (A) , then A is 6-nbd of x, so xeA , hence &-int
(A)cA.

(c) Let xed-int (A), then A is 3-nbd of x . Since AcB,soB
is also a 6-nbd of x ; this implies xeo-int (B) , hence 6-
int (A) c 6-int (B) .

(d) Since ANBc A, and ANBc B , we have by theorem
(1.2.8 (c) ) 6-int (ANB) c 5-int (A) , and
o-int (ANB) c &-int (B) . Hence ,
o-int (ANB)c &-int (A) N 3-int (B) «..cvvvevnneinnenenne. (1)

Let xeo-int (A)NS-int (B), then xed-int (A) and xed-int (B) ;
hence x is 5-interior point of each of the set Aand B .
Since A and B are 6-nbd of x , so the intersection ANB is
also 3-nbd of x .

Hence xeb-int (ANB) , thus xeé-int (A) N §-int (B) , Xe€d-
int (ANB) ,



hence &-int (A)N 6-int (B) < &-int (ANB) ..coevviiiiievieianne. (2)
From (1) and (2) , we get :
o-int (ANB) = é-int (A) N é-int (B) .

(e) So by (c)we have Ac AuB,then &-int (A)c d-int (AUB) ;
Bc AuB,then &-int (B)c 6-int (AuB)
Hence o6-int (A)u 6-int (B) — 5-int (AuB) .
But the converse is not true as in the following
example .

1.2.9 Example :

LetX={ab,c}, T={0,X,{a},{ac}}.

And Q={g,X,{a}}.

(X,T) , (X, Q) are two topologies on X . Then (X,T,Q) is a
bitpological space , such that :
8'O(X) = { ) ’ X ’ {a} ’ {a,c} ’ {a!b}}
If we take A = {a}, B = {c} then AuB = {a}u{c} = {a,c} and 6-
int (AuB ) = {a}u{a,c} = {a,c};
and 5-int (A) ={a}, o-int (B) = 9.
Hence 6-int (AUB) ¢ 6-int (A)ud-int (B) ,
i.e {a,c}z{a}.

1.2.10 Theorem :

Let A be a subset of a bitopological space , then :
(a) d-cl (A) is the smallest 5-closed set containing A ,
(b) A is 6-closed iff 5-cl (A) =A.




1.2.11 Theorem :

Let (X,T,Q) be a bitopological space and let A, B be

any subset of X, then :

(a) 6-cl (©) =T,

(b) Acd-cl(A),

(c) If Ac B, then é-cl (A) < 6-cl (B),
(d) 5-cl (A uB) = 6-cl (A) U 5-cl (B),

(e) o-cl (A N B) < 6-cl (A) N 5-cl (B),
(F) &-cl (6-cl (A) ) =o6-cl (A).

Proof :
(a) Since Jis 5-closed , we have 6-cl (Z) =T .

(b)
(c)

(d)

By theorem ( 1.2.10)(a) , hence A c 5-cl (A) .

By (b) , B < 6-cl (B) . Since A c B, then A c 5-cl (B) .
But 5-cl (B) is d-closed set , thus &-cl (B) is 6-closed
set containing A . Since 5-cl (A) is the smallest o-
closed set containing A , we have 6-cl (A)c 6-cl (B) .

Since Ac AuB , and Bc AuB,

we have 6é-cl (A)co-cl (AuB),and 6-cl (B)c 6-cl (AUB)
by(c).

Hence 6-cl (A)u 6-cl (B) < 6-cl (AUB) .................. (1)
Since 6-cl (A) and &-cl (B) are 6-closed sets ,

and 5-cl (A) v 5-cl (B) is also 5-closed
and by (b) Ac é-cl (A) , B < é-cl (B) .
This implies that AuB c &-cl (A)ud-cl (B) . Thus 6-cl (A) U 6-

cl (B) is 5-closed set containing AUB since 5-cl (AUB) is the

smallest 6-closed set containing AuB .
Therefore 5-cl (AuB) < 6-cl (A)Ud-cl (B) ..cvvevneviiiinnnnnn, (2)



From (1) and (2) , we have :
o-cl (AuB) = 6-cl (A)us-cl (B) .

(e) Since ANB c A, then é-cl (ANB) < 5-cl (A) by (c) , and
ANB c B, then 5-cl (ANB)c é-cl (B) by (c) .
Hence 6-cl (ANB) < 6-cl (A) N &-cl (B) , but the
converse is not true as in the following example .

1.2.12 Example :

LetX={ab,c}, T={0,X,{a}, {a,b}}
and Q={09,X}.

(X,T) , (X, Q) are two topologies on X . Then (X, T,Q) is a
bitpological space , such that :
o6-0o(X)={X, 9, {a}, {a,b}, {a,c}}.
If we take A = {a,b}, B = {b,c}, then ANB = {b} .
Also é-cl (ANB ) = {b} .
Also 5-cl (A) =X, é-cl (B) ={ b,c}.
Hence 6-cl (A) N 6-cl (B) = {b,c}
-.8-cl (A) N 3-cl (B) z 5-cl (ANB).

1.2.13 Theorem :

Let (X,T,Q) be a bitopological space , then every
T-open in topological space is 6-open set in bitopological
space , but the converse is not true .

Proof :

Since AT, then A is open setin ( X,T).
Thus T-int (A) = A, and since Ac Q-cl (A),
then Ac Q-cl (T-int (A)) , T-int (A)cT-int (Q-cl (T-int (A) )),
since T-int (A) =A.
Hence AcT-int ( Q-cl ( T-int (A) )) , thus Aeé-0(x) , but the
converse is not true as in the following example .



1.2.14 Example :

LetX={ab,c}, T={0,X,{a}, {b}, {a,b}},
and Q={9,X}.
(X,T) , (X, Q) are two topologies on X . Then (X,T,Q) is a
bitpological space , such that :
o0-o(X)={@9, X, {a}, {b}, {a,b}, {b,c}, {a,c} }, hence its
topology space .
Thus 8-0(X) # T-open because 5-0(X) ¢ T-open .







In this chapter we recall the separation axioms in
bitopological space and we study the relation between then
and give some examples .

2.1.1 Definition :

Let (X,T,Q) be a bitopological space , then (X,T,Q) is
called 5-T¢ space iff for each pair of points x,y of X, such
that x # y , there exists 5-open set G containing x but not

containing y or d5-open set H containing y but not
containing x .

2.1.2 Example :

Let (X,T, Q) be a bitopological space , where :

X={ab,c,d},
T={X,0,{a}, {ad}, {b,c}, {a,b,c}},
Q={X,0,{a}}.

(X,T), (X, Q) are two topologies on X, then :

o-o(X)={X, 9, {a}, {a,d}, {b,c}, {a,b}, {a,b,d }, {a,},

{a,c,d}, {a,b,c} } and (X,T,Q) is 6-T¢ space .

If we take a and b, a # b, there exists 6-open {a} contains a

but not containing b , and similarly the other cases a #c, a

#Fd,b#c,b#d,c#d, but (X,T) and (X,Q) are not Ty

space .

2.1.3 Proposition :

Let (X,T,Q) be a bitopological space , if (X,T) is To
space , then (X,T,Q) is 6-To space .

Proof :
Letx,y e X,suchthatx# vy.



Since ( X,T ) is To-space , then there exists T-open set A in
Xsuchthatxe A,y ¢ A.

Since every T-open set is 5-open set by theorem (1.2.13),
then Ais 5-open setsuchthatx e A,y A.

Hence (X,T,Q) is 6-T¢ space .

The converse of this proposition is not true by the previous
example (2.1.2) .

2.1.4 Theorem :

A bitopological space (X,T,Q) is Ty space iff for each
distinct point x , y of X, é-cl {x} # 5-cl {y} .

Proof :

Let x ,y €X, such that x # y and let 56-cl {x} # &-cl {y}.
Then there exists at least one point Z in X , such that
Z e o-cl {x},Z ¢ 5-cl {y}.

Suppose x e 3-cl {y}, since {x} c 5-cl {y} .

Then 5-cl {x} < 5-cl (5-cl {y}) .

But 5-cl (cl {y}) = é-cl {y} , then Z ¢ 5-cl {y} and this is a
contradiction .

So x ¢ 6-cl {y}, then x € X-(6-cl {y}) and since &-cl {y} is &-
closed set , so X-(5-cl {y}) is 6-open set .

Hence X-(5-cl {y}) is 6-open set containing x but not y .
Therefore (X,T,Q) is 6-To space .

Conversely , since (X,T,Q) is 6-To space , then for each two
distinct point x , yeX, there exist 56-open set G such that
xeG , ygG . X-G is d-closed set which does not contain x ,
but contains y . By definition (1.1.6) , &-cl{y} is the
intersection of all 5-closed set containing {y}.Thus o-
cl{y}c X-G , then x¢X-G . This implies that x¢d-cl {y} , so
we have xed-cl {x} , xgd-cl {y} .

Therefore o5-cl {x} # 5-cl {y}.



2.1.5 Theorem :

Every subspace of 6-T¢ space is 6-Top space .

Proof :

Let Y be a subspace of 5-To space X, to prove Yis ©o-
To space,lety;1# y2eY,sinceY cX.
Then y1 # y2 € X and X is 8-T¢ space . There exists 5-open
set G in X, such that y1€G and y,¢2G,so G NY is 5-open
setinYandy,eGNY, y,¢GN Y.
Hence Y is 8-T space .

2.1.6 Definition :

A bitopological space (X,T,Q) is called 6-T¢1 space iff
for each pair of distinct point x,y of X there exists two
d-open sets G,H such that xeG , but y¢G ; and yeH , but
x¢H .

2.1.7 Example :

Let (X,T,Q) be a bitopological space , such that
X={ab,c,d},
T={X,9J,{a},{ad}, {d}, {b,c}, {a,b,c}, {b,c,d} },
Q={X,a,{a}, {d},{ad}}.
(X,T), (X, Q) are two topologies on X such that :
6-o(X) ={ X, J, {a}, {d}, {a,d}, {b,c}, {a,b}, {a,b,c}, {a,c},
{b,d}, {a,b,d}, {a,c,d}, {b,c,d} }.
Let a,b € X, such that a # b . {a} and {b,c} are 5-open sets
such that ac{a}, but bg{a} ; and be{b,c} but agz{b,c}.
Also there exists 6-open sets {a} , {b,c} such that ac{a} ,
but c¢{a} ; and ce{b,c}, but ag{b,c}.
Also there exist 6-open sets {a} , {d} such that ac{a} , but
d¢{a}; and de{d}, but dz{a} .



Also there exists 6-open sets {b,d}, {a,c} such that be{b,d}
but c¢{b,d} ; and ce{a,c} , but bg{a,c} . Also there exists 6-
open sets {a,b} , {d} such that be{a,b} , but dg{a,b} ; and
de{d}, but bg{d} . And there exists 5-open sets {b,c}, {d},
such that ce{b,c}, but dz{b,c} ; and de{d} but cz{d} .
Hence (X,T,Q) is 6-T1 space .

2.1.8 Proposition :
If (X,T) is T1 space, then (X,T,Q) is 6-T1 space .

Proof :

Let a,b € X, a# b . Since (X,T) is T space , then there
exists T-open sets A, B in X such that acA , but bgA ; and
beB , but agB . Since every T-open set is 5-open set by
theorem (1.2.13) , then A, B are $-open sets , such that ac
A ,butbg A; and be B, but agB.

Hence (X,T,Q) is 6-T1 space .

2.1.9 Remark :
The converse of the above proposition is not true ;

that is if (X,T,Q) is 5-T1 space, then it is not true that (X,T) is
T4 space by the previous example ( 2.1.7) .

2.1.10 Theorem:

Every subspace of 56-T1 space is 6-T1 space .

Proof :

Let (X,T,Q) be a 6-T1 space and let (Y,Ty,Q y) be a sub
space of (X,T,Q) .
Let y1 # y2eY and since Yc X, theny, #y2 € X.
Since X is 6-T¢1 space , there exists two 6-open sets G, H in
X, such that y1€G , but y,¢G ; and y1€H , but y,¢H . Then



Gi=GNY,H =HNY are 6-open sets in Y and we have
y1€Gq , but y2¢G4 ; and y1¢H4 , but yoeH4. Hence (Y,T,,Q y)
is 6-T1 space .

2.1.11 Theorem:

A bitopological space (X,T,Q) is a 6-T¢ space iff every
single subset {x} of X is 6-closed .

Proof :

Suppose X is 6-T1 space , and x be any point of X .
Let yeX- {x} , then x # y and so there exists 5-open set U
containing Y but not x , and 5-open set V containing x but
not containingy,y € U c X-{x}.
Hence X- {x} is 3-open set, then {x} is 5-closed set .
Conversely :
Let x, yeX, such that x #y . Since {x} is é-closed set , then
X- {x} is 6-open set containing y but not x .
Similarly , X- {y} is 6-open set containing x but not
containing y .
Hence (X,T,Q) is 6-T1 space .

2.1.12 Theorem:

A bitopological space (X,T,Q) is 6-T1 space iff
o-cl {a} = O foreacha e X.

Proof :

Let (X,T,Q) be a 6- T1 space .
Suppose é-cl {a} # T, for some aeX, then there is a point b
, such that bed-cl {a} , and b # a . Since X is 5-T¢1 space ,
then there exist 6-open set G such that agG ,b €eG . Thus G
N {a}=g.
Hence bgd-cl {a} , which is contradiction.Thus 5-cl {a} = &.



Convenersely :

suppose that é6-cl {a} = I, foreach aeX,and letx,y € X,
suchthatx #y.

Then xgd-cl {y} , and there exists 5-open set G such that
xeG and G N {y} =9 , hence G contains x but not
containing y . Similarly , there exists 6-open set contains y
but not containing x . Thus (X,T,Q) is 6-T¢ space .

2.1.13 Definition :

A bitopological space (X,T,Q) is called 6-T2 space (6-
Hansdorff ) iff for each pair of distinct points x ,y of X there
exists two 5-open sets G, H Such thatxeG,yeH, GNH
=J.

2.1.14 Example :

Let (X,T,Q) be a bitopological space such that

X={a,b,c,d}, T= { X,Jd,{a},{b}.{a,b}.{c,d}}, {a,c,d},{b,c,d} },
Q={X4J,{a}}.
(X,T), (X, Q) are two topologies on X, such that :
6-o(X)= {X,J,{a},{b},{a,b},{c,d},{a,b,c},{a,c}.{a,d}.{b,c}.{b,d}
{a,b,d},{a,c,d},{b,c,d} }.

Then (X,T,Q) is 6-T2 space .
Let a,beX , a # b. {a} and {b} are 6-open sets such that
ac{a},be{b} , and {a} N {b} = , and similarly the other
casesa¥c,a¥d,b#c,b#d,c#d.

2.1.15 Proposition :

Let (X,T,Q) be a bitopological space . If (X,T) is
T2 space, then (X,T,Q) is 6-T2 space .




Proof :

Let x,y € X, x #y. Since (X,T) is T2 space , then there
exist U , V T-open set in X such that xeU , yeV ,
unv=gyg.

Since every T-open set is 56-open ( by theorem1.2.13 ) , then
U, V are 5-open sets such that xe U, yeV, U NV =4 .
Therefore (X,T,Q) is 6-T2 space .

The converse of this proposition is not true by the previous
example (2.1.14).

2.1.16 Remark :

Every 0-T2 space is a 6-T1 space , but the converse is
not true as shown by the following example .

2.1.17 Example:

Let (X,T,Q) be a bitopological space , such that

X ={a,b,c,d},

T={J,X,{c}, {ab,d}},

Q={J,X,{c}}.
(X,T), (X, Q) are two topologies on X, such that :
o-o(X)={X,,{c}, {a,b,d}, {a,b,c}, {a,c}, {b,c}, {a,c,d},

{b,c,d} ,{c,d}}.
Clearly (X,T,Q) is 6-T1 space , but not 5-T2 space since there
exists a # b , such that for all 5- open sets , {a,c}, {b,c} and
{a,c}N{b,c}# 9.




2.1.18 Theorem:
Every subspace of 5-Hansdorff space is 6- Hansdorff.

Proof :

Let (X,T,Q) be a 6-Hansdorff , and let y # & subset of X
.Let x #y €Y , then x # y € X and , since (X,T,Q) is
d-Hansdorff , there exists two 5-open sets G, H such that x
eG,yeH,GNH=9J.
SoGNY,HNY, is o-open set in Y ,and xeG N Y,
yeHNY;and(GNY)N(HNY)=(GNH)NY=Y.

Hence (Y,Ty,Qy) is -T2 space .

2.1.19 Definition:

A bitopological space (X,T,Q) is called 5-regular space
iff for each 6-closed set F is in X , and each x ¢ F ; and
there exist 6-open sets U,V suchthatx e U ,FcV, U
nNvV=yg.

2.1.20 Example:

Let (X,T,Q) be a bitopological space , such that :
X={a,b,c},
T={X,9,{a}, {c,d}, {c}, {b,c}, {a,c,d}, {a,c},
{a,b,c}, {b,c,d} },

Q={XJ{a}}.

(X,T), (X, Q) are two topologies on X.

Then s-0o(X)={ X, I, {a}, {c,d}, {c}, {b,c}, {a,c,d}, {a,b,c}

, {a,c} ,{a,b}, {a,d}, {a,b,d},{b,c,d} }.

Take F = {b,c,d}, a ¢ F, then there exists {a}, {b,c,d}

d-open sets such that ae{a}, {b,c,d} c {b,c,d},

and {a} N {b,c,d}=J.

And similarly the other cases .

Hence (X,T,Q) is -regular space .




2.1.21 Proposition:

Let (X,T,Q) be a bitopological space . If (X,T) is regular
space , then (X,T,Q) is é-regular .

Proof :

Let F be T-closed setin X, xeXsuchthatx ¢ F.
Since (X,T) is regular space , then there exists G , H are
T-opensetin Xsuchthatxe G,FcH,GNH=J.
Since every T-open set is 6-open set (by theorem 1.2.13) ,
then G,H are 6-open sets , such that xeG ,Fc H ,GNH=J.
Hence (X,T,Q) is é -regular .

2.1.22 Remark:

The converse of the above proposition is not true that
(X,T) is regular , by the previous example ( 2.1.20) .

2.1.23 Theorem:

Let (X,T,Q) be a bitopological space , then (X,T,Q) is 6-
regular iff for each 5-open set U and xeU , there exists
d-open set V such that xeV ,5-cl (V)c U.

Proof :

Let (X,T,Q) be o-regular space . Let xe U where U is
o-open.LetH=X-U,thenHis é-closed,x ¢ H.
Then there exists 6-open sets w and V such that : xeV ,
Hocw,VNiw=Jd.
ThenVcX-w,dé-cl(V)ctcl (X-w)=X-w............. (1)
Hcw,thenX-wcX-H=U,thenX-wcU............. (2)
From (1), (2) we have , xeV,d-cl (V)c U.
Conversoly :



let H be 6-closed set and x¢H . Let U =X - H, then U is
o-open and xeU . By hypothesis , there exists 6-open set V
such that xeV,d-cl(V)cU,Hc(X-(d-cl(V))).

Since xeV,VN (X-(6-cl (V) ))=9.

Hence (X,T,Q) is 5-regular .

2.1.24 Theorem:

Every subspace of é-regular space is é-regular .

Proof :

Let (X,T,Q) is &-regular space , let (Y,T,,Qy) be a
subspace of X . To prove (Y,Ty,Q ) is d-regular,
let geY and F be 6-closed set in Y, such that qg¢F . Then &-
cly (F) =o6-clx(F) N Y, and since F is é6-closed in Y so  5-cly
(F)=F.Then,F=5&-clx(F)NY.
Since q¢F , then qgd—clx (F) NY , qed-clx (F) , thus 6-cly (F)
is 0-closed in X ; and since (X,T,Q) is é-regular , then there
exist two disjoint 5-open sets G, H in X, such that qeG, 5-
clx(F) cH&GNH=O.
qeGNY and &-clx (F)N Yc HNY , Fc HNY , since G, H are 5-
open in X, then GNY , HNY are 6-open set in Y . Since GNH
=, then (GNY) N (HNY).
(GNH)NY=0NY=Y.
So (Y,Ty,Qy) is 6-regular subspace of (X,T,Q) .

2.1.25 Definition :

A bitopology space (X,T,Q) is called 5-normal space iff
for each pair of d6-closed set G H in X, such that GnN
H = &, there exists 5-open sets U,V suchthat Gc U, Hc
VandUNV=gY.



2.1.26 Example :

Let (X,T,Q) be a bitopological space , such that
X={ab,c,d},
T={J,X,{c},{ac},{a}},
Q={X,Jd}, such that:
o-oX)={J, X, {c}, {a}, {a,b}, {a,c} ,{a,b,c}, {a,d}, {b,c},
{a,b,d}, {a,c,d}, {b,c,d}, {c,d}}.
Then ( X,T,Q) is 6-normal space.

2.1.27 Proposition :

Let (X,T,Q) be a bitopological space . If (X,T) is normal
space , then (X,T,Q) is 6-normal space .

2.1.28 Remark :

The converse of the above proposition is not true that
(X,T) is normal , By the previous example ( 2.1.26 ) .

2.1.29 Theorem :

Let (X,T,Q) be a bitopological space . Then (X,T,Q) is
d-normal space iff for every d-closed set H in X and §-open
set U in X containing H , there exist 56-open set V , such that
HcVc écl(V)cU.

Proof :

Suppose (X,T,Q) is 6-normal space , let H be 5-closed
in Xand U is 6-open in X, suchthat Hc U. Then X- U is 6-
closed in Xand H N (X- U) = J . So there exist 5-open sets
V,K such that X-Kc U, HcV,VNK=9J , X-Kc U, Vc X-K
. This implies that 5-cl (V)c é-cl (X - K) = X-K..



ThenHcVcoé-cl(V)cU.

Conversely , H is 6-closed in X , and U is 6-open in X, then
X-Uisdé-closedinX,andHN(X-U)=J.

By hypothesis , there exist 5-open set V, such that H c V,
o-cl (V)cU,thenX-Uc (X-(5-cl(V)).

Sowe have HcV,X-Uc (X - (é-cl (V)), and
VN(X-(—-—cl(V))=9

Therefore , ( X,T,Q) is 6-normal space .

2.1.30 Corollary :

A bitopological space (X,T,Q) is 6-normal space iff for
each d5-closed set H in X and each 6-open set U in X
containing H , there exists a subset A of X , such that
Hc é-int (A)c é-cl (A)cU.

Proof :
By using the last theorem and taking A = U, the proof
is satisfied .

2.1.31 Definition :

A bitopological space (X,T,Q) is called a 6-T3 space iff
X'is 6-T¢1 and o5-regular .

2.1.32 Example :

Let (X,T,Q) be a bitopological space , such that :
X={a,b,c,d},
T={X,d,{a}, {a,d}, {d}, {b,c}, {a,b,c}, {b,c,d} },
Q={X,J,{a},{d},{ad}}.
(X,T), (X, Q) are two topologies on X, such that :



o-o(X)={X, 3, {a}, {d}, {a,d}, {b,c} ,{a,b}, {a,b,c}, {a,c},
{b,d}, {a,b,d}, {a,c,d}, {b,c,d} }

Then ( X,T,Q) is 6-regular and 5-T1 space .

Thus (X,T,Q) is 6-T3 space .

2.1.33 Remark :

Every 0-T3 space is é-regular and the converse is not
true as we show in the following example .

2.1.34 Example :

Let (X,T,Q) be a bitopological space , such that :
X ={a,b,c,d},
T={J,X,{a},{b,c}},
Q={J,X,{a}, {c}, {a,c}}, such that:
S-O(X) = { a,X, {a} ’ {b,C} }
(X,T,Q) is é-regular , but not 5-T1 space ; hence (X,T,Q) is
not 6-T; space.

2.1.35 Definition :

A bitopological space (X,T,Q) is called 5-T4 space iff X
is 8-normal and 5-T1 space .

2.1.36 Example :

Let (X,T,Q) be a bitopological space , such that :
X ={a,b,c},
T={X,J,{a},{b},{c},{a,b}, {b,c} {ac}},
Q={X,0}.(XT), (X, Q) are two topologies on X
such that :
6-0(X) ={J, X, {a}, {b}, {c}, {a,b}, {b,c}, {a,c}},
then (X,T,Q) is 6-T1 space and 6-normal space .
Then (X,T,Q) is 6-T4 space .



2.1.37 Proposition :

Every 6-T4 space is also 6-T3 space .

Proof :

Let (X,T,Q) be a 56-T4 space , then (X,T,Q) is 6-normal
as well as 6-T1 space . To prove that the space is 5-T3 space
, it suffices to show that the space is é-regular .

Let F be a 56-closed subset of X and , let x be a point of X
such that x ¢ F . Since (X,T,Q) is a 6-T1 space .

Thus {x} is a d-closed subset of X , such that {x} N F = &,
then by &-normarlity , there exist 56-open sets G , H such
that {x}c G,FcHandGNH=J.

Also {x}c G, then xeG , then there exist 5-open sets G , H
such that xeG , Fc H and GNH = ¢ . It follows that the
space (X,T,Q) is é-regular .






In this chapter we give some important definitions and
theorems for continuity .

3.1 o5-Continuous on (6-open , &é-closed ,
o-interior , o-closure ) in bitopological
space

3.1.1 Definition :

Let (X,T,Q) and ( Y,T;Q/) be a bitopological space , A
mapping f : XY is said to be 56-continuous at x, € X iff

every 6-open set V in Y containing f(x,) there exist 5-open
set U in X containing X, such that f(U) c V.

3.1.2 Definition :

Let f : X 2Y be a mapping, then :
(a) f is said to be 56-open mapping iff f(G) is 6-open in Y for
every d-open set Gin X.

(b) f is 6-closed iff f(F) is 6-closed in Y for every &-closed set
FinX.

(c) f is 6-continuous iff f is 6-open and é-closed .

(d)f is 6-homeomorphism iff (i) f is bijective (1-1 , onto ) ,
(ii) f and f 1 are s-continuous where (X,T, Q) , ( Y,T;Q/)
are two bitopological spaces .

3.1.3 Example :

Let X ={a,b,c} , T={J, X, {a}},
Q={J,X}.




(X,T) , (X, Q) are two topologies on X , then (X,T,Q) is a
bitopological space , such that :
o-o(X)={9, X, {a}, {a,b}, {a,c}}.
AndletY ={1,2,3}, T/={®,X,{1}},
Q={J,X}.

(Y,T), (Y, Q) are two topologies on Y , then ( Y,T,Q ) be a
bitopological space , such that :
o-o(Y)={D,Y,{1},{1,2},{1,3}}.

Define f : (X,T,Q)=( Y,T;Q/) by f(a) =1, f(b) =2, f(c) =3.
Then f is 6-continuous and 3-open set because f
1(Y) = {a,b,c} = X is d-open in X, and f '1(®) = is d-open in
X . Similarly the other cases f'({1}), f '({1,2}), f "({1,3}) are
6-open in X, therefore f is 6-continuous .

And since f({a}) = {1} is 6-open in Y and f({J}) = J is -
open in Y, similarly the other cases f({X}) , f({a,b}) , f({a,c})
are 5-open in Y . Therefore f is 6-open mapping .

3.1.4 Example :

Let X ={a,b,c} , T={J, X, {a}},
Q={J,X,{b},{a,b}}.
(X,T) , (X, Q) are two topologies on X , then (X,T,Q) is a
bitopological space , such that :
S'O(X)={®5X!{a}}'
AndletY={1,2,3}, T ={@, X, {2}, {1},{1,2} },
Q ={J,X,{1},{1,2}}.

(Y,T/) , (Y, Q/) are two topologies on Y , then ( Y,T;Q/) be a
bitopological space , such that :
8'O(Y) ={® ’ X ’ {1} ’ {2} ’ {1,2}} .




Define f : (X,T,Q)=( Y,T,Q) by f(a) =1, f(b) = f(c) = 2 . Then

f is 6-open but not d-continuous because f'1(Y)
= {a,b,c} = X is 5-open in X, and f '1(®) = J is 6-open in X,
but f '1({2}) = {b,c} is not 6-open in X . Hence f is o-
continuous .

And since f(X) = {1,2} is 6-open in Y , f({J}) = D is -open in
Y . And f(a) = ({1}) , is 8-open in Y therefore f is 5-open .

3.1.5 Theorem :

Let (X,T,Q) and ( Y,T;Q/) be a bitopological space ,
then a mapping f : XY is 3-continuous iff for every xeX

the inverse image under f of every &-open V of f(X) is
d-open set of X .

Proof :

Let f 5-continuous , and V is -open in Y to prove f
(V) is 5-openin X . If f (V)= O soitis S-openin X.If  f°
W) # @, let xef (V) , then f(x)eV . By definition of
d-continuous there exist 3-open Gy in X containing x such
that f(Gx) c V.
.. xeGxc f(V).
Hence f '1(V) is 0-open set in X..
Conversely :
Let f '1(V) is 6-open set in X, for each V is 6-open setin Y to
prove f is 5-continuous .
Let xeX and V is 3-open set in Y containing f(x) so f '1(V) is
d-open in X containing x and f ( f '1(V) )c V.
Then f is 6-continuous on X..



3.1.6 Theorem :

Let (X,T,Q) and ( Y,T:Q/) be a bitopological space . A
mapping f : XY is §-continuous iff the inverse image
under f of every 6-closed setin Y is 6-closed set in X.

Proof :
( obvious )

3.1.7 Theorem :

A mapping f : X =Y is 6-continuous iff :
f (6-cl (A) ) < &-cl ( f(A) ) for every A c X, where (X,T,Q) and

( Y,T;Q/) are two bitopological spaces .

Proof :

Let f be 5-continuous . Since 5-cl ( f(A) ) is 5-closed set
inY.
f'1( o-cl ( f(A) )) is d-closed set in X By (3.1.6) therefore ,
5-cl (f7(8-cl (F(A)))) = F(5-Cl (F(A))) corrrrrrreerrrrerrnne (1)
Now :
f(A) c 5-cl (f(A)), Acf(f(A))=f(5-cl (f(A))).
Then -cl (A)c 5-cl ( f'(5-cl (f(A)))) = f (5-cl ( f(A) )by (1).
Then f (5-cl (A) ) c é-cl (f(A) ) .
Conversely : let f (6-cl (A) ) < 5-cl ( f(A) ) for every A c X
Let F be any 6-closed setin Y, so that 6-cl (F)=F.
Now f '(F) = X, by hypothesis
f(5-cl (f'(F)) cd-cl (f(f(F))) cd-cl(F)=F.
Therefore , 5-cl (f™ (F)) < f(F)
But f '(F) < 5-cl (f \(F) ) always .



Hence 5-cl ( f '(F) )= f "(F)and f "'(F) are 5-closed set in X .
Hence f is 5-continuous by theorem (3.1.6) .

3.1.8 Theorem :

A mapping f: X = Y is §-continuous iff :
5-cl (f(B)) < f(5-cl (B)) for every B c Y, where (X,T,Q)

and ( Y,T:Q/) are two bitopological spaces .

Proof :
( obvious )

3.1.9 Theorem :

A mapping f : X =Y is 6-continuous iff
f '1( o-int (B) ) < &-int ( f '1(B) ) for every B c Y, where (X,T,Q)

and ( Y,T:Q/) are two bitopological spaces .

Proof :
( obvious )

3.1.10 Theorem :

Let X, Y and Z be a bitopological space and the mappings
f : XY and g : Y= Z be d-continuous , then the

composition map gof : X Z is 6-continuous .

Proof :
( obvious )

3.2 &-Continuous on Separation AXioms in
Bitopological Space

3.2.1 Theorem :




Let (Y,T,Q) be 5-T, space , if f: (X,T,Q) = (Y,T.Q) is
d-continuous 1-1 function .
Then (X,T,Q) is 6-T¢ space .

Proof :

Let x4, X2 € X, X1 # X2 . Since f is 1-1 function , then
f(x4q) # f(x2) , f(x1) , f(x2) € Y, and Y is 3-T¢ space , then there
exists d-open set G in Y such that f(x1)eG, f(x2) ¢ G. So x4
cf'(G),x22f" (G).

o7 (G) is 6-open set in X, then (X,T,Q) is 6-To space .

3.2.2 Theorem :
Let f: (X,T,Q)—D(Y,T:Q/) be an 5-continuous 5-open 1-

1 and onto function . If (X,T,Q) is 6-T¢ space , then (Y,T;Q/)
is 6-Tp space .

Proof :

Suppose that y1 , y2 € Y, y1 # y2 . Since f is onto ,
there exists x4, X2 € X, such that y, = f(x4) , y2 = f(x2) and
since fis 1-1 , then x4 # X2, since X is 5-To space .

There exists 6-open set G, such that x1€G, x2¢G .
Hence y1 = f(x4) € f(G) , y2 = f(x2) ¢ f(G) , since f is d-open
function , then f(G) is 6-open setin Y .

Therefore (Y,T,Q) is 5-T, space .

3.2.3 Theorem :
Let (Y,T,Q ) be 5-Ty space , if f: (X,T,Q) = (Y,T,Q) is &-
continuous 1-1 function, then X is 5-T1 space .

Proof :
Let X1, X2 € X, X1 #X2. Since fis 1-1 f(xq) # f(x2) f(x4)
, f(x2) € Y, Y is 6-T1 space , then there exists U, U; o-



open set in Y such that f(x4) € Uq , but f(x2) ¢ U; and
f (x2) € U2, but f (x2) « U>.
Then x41ef '(U4) but x22f (U4) ; and x2 € f'(U,) , but X1
¢ f '1(U2) ; and f'1(U1) , f'1(U2) are 5-open set in X
Hence (X,T,Q) is 5-T1 space .
3.2.4 Theorem :

Let f: (X,T,Q)—D(Y,T;Q/) be 5-continuous 1-1 and onto ,

6-open function : If (X,T,Q) is 6-T¢1 space then (Y,T,/Q/) is o-
T4 space.

Proof :

Suppose y1,y2 € Y, y1 #y2. Since f is onto , there
exists X1, X2 € X such that y1 = f(x4) , y2 = f(x2) . Since fis 1-
1 then x4 # x2 € X, f(xq) # f(x2) , and X is 6-T¢1 space , there
exists 6-open sets G , H such that x1€G but x ¢ G and
x2eH but x4¢ H.

Hence f(x1)ef(G) , f(x2)ef(H) , since f is 5-open function ,
hence f(G) , f(H) are 5-open sets of Y, y1&f(G) , but y2¢ f(G)
and y,ef(H) , but y,1¢ f(H) .

Then (Y,T:Q/) is 6-T¢ space .

3.2.5 Theorem :

Let (Y,T,Q) be 5-T, space , if f : (X,T,Q)=(Y,T,Q) s
d-continuous 1-1 function , then (X,T,Q) is 6-T2 space .

Proof :
Let x4 #x2 € X, since fis 1-1, f(x4) # f(x2) .
Letys=1f(xq) ,y2=f(x2),y1#y2€ Y. SinceYis o-
T2 space , there exist two 6-open sets G, Hin Y, such that
y1EG ’ yzeH ,GNH=J .
Hence xqef ™ (G), xoef ™ (H) since f is 6-continuous and f
1(G), £ (H) is 5-open set in X .



Alsof ' (G)Nf'H)=f"GNH)=f"1(©)=2.
Thus (X,T,Q) is -T2 space .
3.2.6 Theorem :

Let f : (X,T,Q)=(Y,T,Q) is 5-continuous, 1-1 and onto ,

6-open function . If (X,T,Q) is 6-T, space , then (Y,T;Q/) is o-
T2 space.

Proof :

Let y1 # y2€Y . Since f is 1-1 and onto , then there
exists x4 # xo2eX such that y1 = f(x4) , y2 = f(x2) . Since X is &-
T2 space , then there exists 5-open sets G , H such that
x1€G , x2eH , GNH = J . Since f is 6-open mapping , then
f(G) , f(H) are two 5-open setin Y and
f(GNH)=f(G)Nf(H)=f(Y)=9.

Also y1 = f(x1)ef(G) , y2 = f(x2) e f(H)

Hence (Y,T:Q/) is 6-T, space .

3.2.7 Theorem :
Let (X,T,Q) be 5-regular space and

f: (X,T,Q)—D(Y,T;Q/) be 5-homeomorphism . Then (Y,T:Q/) is
o-regular .

Proof :

Let F be d-closed set in Y , q¢F , qeY . Since f is 1-1
and onto map , then there exists peX such that f(p) =q, p
= f'1(q) . Since f is 3-continuous so f'1(F) is d-closed in X,
qeF ,p=f '1(q) ¢ f'1(F) . Since (X,T,Q) is é-regular , there
exists 6-open sets G, H such that pe G, f'1(F)c Hand GN
H=J.



So q=f(p)ef(G) , Fcf(f '1(F) ) < f(H) , since f is o-
open map , hence f(G) , f(H) are 5-open sets in Y and
f(GNH) =f(G) N f(H) = f(Y) = .
Therefore (Y,T;Q/) is 6-regular space .
3.2.8 Theorem :

d-normality is a bitopological property .

Proof :
Let (X,T,Q) be 5-normal space and let (Y,T;Q/) bea o-
homeomorphic image of (X,T,Q) under a 5-homeomorp-hic

f to show that (Y,T:Q/) is also 6- normal space .

Let L,u be a pair of disjoint d6-closed subsets of Y . Since f
is d-continuous map, then f '1(L) and f '1(p) are f isé-closed
subsets of X . Also f (L) Nf (W) =f'Lnp=f'©)=2.
Thus f '1(L) , f '1(|,|) are a disjoint pair of 56-closed subsets of
X . Since the space (X,T,Q) is 6-normal , then there exist 5-
open sets G and H such that f '1(L)c G, f'1(p)c H and GN H
=2 .But f(L)c G, thenf(f'(L))=f(G), Lc f(G) similarly
, Mc f(H) . Also since f is an 5-open mapping f(G) and f(H)
are 6-open subset of Y, such that :
f(G)N f(H) = f( GNH )

=f(D) =2
Thus there exists o6-open subset in Y , G4 = f(G) and
H1 = f(H) such that LcG4, pc H1, and GiN Hy = J . It follows

that (Y,T:Q/) is also 6-normal space .
Accordingly , 6-normality is a bitopological property .
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