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الإه تتت    متتتق يقرٌتتت ذرات  ًبث تتت   (LUC)غرٌقتتتل ة ٍتتتل االكتتتة  اا  ٍتتتر  اضتتتلت     

)Sn( ،اةراضل بتط ةلاص ب لر  ااقصةٌر اارم دي (INDO)االف ظ ً اا للضػ ا لةاةل   

إظت فل يصتحٍح ت االترابػ متق   ي ت هته  ااوتلاص  فتًااحترار  درجتل يأثٍر ااعغػ و اةراضلو

فجتل  ااط قتل ول االترابػ غ ق يم ااحصل  ع ى كل من  اا رمً اا ةاري الا شط ر  ن ب احطالأةه 

واا تةارات اا ججةتل ا   تلر  متن ةت    لااللصتٍعرض كسمل وعرض كسمل اال  فؤ واا   شر  

 يلزٌتتق شتتحةل اال تت فؤمت متتل اا رو تتل ااحج تتً، وكتتهات يتتم كطتت     كطتت ب ت االركٍتت  ااحسمتتً

مت  ت ت مج لعتل ب ةلٍت ر لر  هكااوتلاص اا ت ع تى يتم ااحصتل   ٍلوع مل يش ٍل الأشتل ااطتٍة

غ قتتل و  ل عتتن  قطتتل االتتلازنٍ  وقتتة وجتتة ان ث بتت  ااشتت (LUC-INDO)يجرٌ ٍتتل اة تتلذ  شتت   

قٍ ل فجل  ااط قل  بٍة   ك   ااطٍةٍل فً يلافق جٍة مق ااقٍم اات  ٍل ع مل يش ٍل الأشتل واالرابػ 

 ااقٍم اات  ٍل  ناك ر مومت مل اا رو ل ااحج ً 

وجة ان فجل  ااط قتل وعترض وااولاص اا هكلر  ض بق ً  فًيأثٍر اجج د ك ص وقة درش 

بٍة ت  ٌحصتل  قصت ن فتً عترض  ،سداد متق زٌت د  اججت د كت صيت pكسمل اال ت فؤ واشتغ   ااح اتل 

وجتتة ان يصتتره هتته  ااوتتلاص متتت كص وقتتة وع متتل يشتت ٍل الأشتتتل ااطتتٍةٍل  كسمتتل االلصتتٍل 

لأن ااقصةٌر ٌلحل  من  (GPa 1)اعل ةت اع ى قٍ ل الإجج د ال لن  مق اجج د ضح  الصرفج  

)Sn(غلر    إاى غلر)Sn(   ً  ٌعةة هه  ااقٍ ل من الاجج د يقر 

يأثٍر ااحرار  فتً هتها اات تل إن ااولاص اا هكلر  ض بق ً   فًااحرار   يأثٍردراضل   ي 

الغٍر فً ااولاص ااة يج من يغٍر ث ب  ااش ٍ ل ا   لر  مق يغٍر درجتل ااحترار   وقتة وجتة ٌ ثل ا

يسداد متق زٌت د  درجتل  الأشتل ااطٍةٍل وع مل يش ٍل sااح ال اشغ   وان عرض كسمل االلصٍل 

يتأثٍر درجتل وقة درش  قص ن فً فجل  ااط قل وعرض كسمل اال  فؤ   ٌحصل، فً كٍن ااحرار 

1 .1لا ٌلجتتتت وز ى ب تتتتةااحتتتترار  
o
C  بطتتتت   ا لقتتتت   ااقصتتتتةٌر متتتتن ااطتتتتلر)Sn(   إاتتتتى

)Sn(ااطلر    ااةرجلعةة هه  

ٌتطً  ل ئج جٍة  فٍ   إذا يم اةلٍ ر قتٍم  LUC-INDO  لذ  ااضلةلج من هها اات ل إن 

ً يلقتان ٌتطً  وٌ  ن ،لجرٌ ٍلاامث ى ا تلامل ش    ةراضل يتأثٍر ااحترار  وا  ااعغػأثٍر ال اً جٍة  

ً ظرورٌٌتة إظ فل الإضج م الاهلسازي ا ط قل فئن  ،بش ل ك مل    

 ااو صل
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 I 

 

 

A large unit cell (LUC) formalism of eight atoms within intermediate 

neglect of differential overlap (INDO) is used to study some properties of grey 

tin crystal and to investigate the effect of pressure and temperature on these 

properties. Correlation corrections are added to this model and taking the spin-

orbit splitting into consideration. Cohesive energy, direct band gap, valance 

band width, conduction band width and hybridized orbitals of the crystal are 

obtained from the band structure calculations.  Bulk modulus, valance charge 

distribution and x-ray scattering factors are also calculated. All the 

aforementioned properties are obtained by selecting empirical parameter sets for 

(LUC-INDO) model. It is found that the equilibrium lattice constant, cohesive 

energy, x-ray scattering factors are in good agreement with the experimental 

results. The direct band gap and bulk modulus are greater than the experimental 

values.  

The effect of compressive stress on the aforementioned properties is 

investigated . It is found that the direct band gap, valance band width and p state 

occupation increase with increasing the compressive stress, whereas the 

conduction band width  and form factors decrease. The reverse of these 

behaviours are found with the effect of tensile stress. The maximum value of 

stress is taken to be  1GPa, because at this value Sn  transforms to Sn .  

The effect of temperature on these properties is studied below 1.31
o
C  

because beyond this value Sn  has phase transition to Sn . The effect of 

temperature in the present work represents the change of the properties due to 

the change in the lattice constant of the crystal. It is found that the conduction 

band width, s state occupation and form factors increase with increasing the 

temperature, while the direct band gap and valance band width decrease. 

It is concluded that the (LUC-INDO) method gives good results when 

choosing optimum empirical parameter sets and it has a reliable prediction for 

the effect of pressure. This model is deficient for the effect of temperature 

because the adding of the vibrational contribution to free energy of the crystal is 

necessary. 
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Table (31.3): Effect of temperature on x-ray scattering factors 

 

Reflection 

(hkl) 

X-ray scattering factors 

Temperature (K) 

01 01 61 91 021 051 081 201 241 271 285 

(000) 444457 444458 444460 444469 444470 444478 444484 444491 444496 444510 444515 

(221) 094577 094578 094586 094590 094610 094618 094606 094625 094604 094644 094648 

(000) 074440 074445 074450 074462 074471 074479 074488 074498 074519 074521 074524 

(411) 054070 054074 054080 054092 054410 054400 054420 054402 054440 054455 054459 

(000) 00.100 004104 004144 004156 004167 004178 004191 004010 004006 004000 004006 

(422) 014606 014609 014650 014664 014676 014689 014710 014707 014700 014751 014755 

(500) 014042 014045 014056 014069 014081 014092 014415 014409 014404 014451 014455 

(000) 294420 294426 294408 294450 294460 294476 294491 294515 294521 294507 294540 
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All the two center integrals reduced to expressions involving one 

or more basic two-center integrals are known as the reduced overlap 

integral which is given as  
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Where na and nb are the principal quantum number for a and b 

respectively. Substituting  Eq. (A.5) into Eq. (A.7)and using the formula 

that given for la . lb and m. 
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Where   is a function of na , nb , la , lb and m. muCl  is defined in the 

section (2101). 

The reduced overlap integral can be written as  
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Where Ai  and Bj are the auxiliary functions which are givens as, 
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Eq. (A.9) is programmed in this form as a subroutine used in this work. 

Now, the overlap integral can be evaluated as, 

  d)1(S
ab

ab  (A.01) 

Where ab  is a product of any two Slater functions , a  and b  ,  

baab   (A.02) 

with a  on atom A and b  on atom B.  

The overlap integrals have the condition that  


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This condition for the case in which )1(a  and )1(b  are both on 

the same center, A = B. 
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To calculate the overlap integral for two-center case, using the 

Slater functions of a  and b and transforming these functions to prolate 

spheroidal coordinates, the overlap integral becomes in  final form 
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The overlap integral is programmed in this form, using the 

subroutine for the reduced overlap integral. On the other hand, the two 

electron integrals for the s and p orbitals can be calculated by using Slater 

integrals. The only non vanishing integrals are related to F
o
, G

0
 and F

2
 

mentioned in Eq. (2197-21010). These integrals have the following forms 
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    Where Rs and Rpx are the radial part of the s and px orbitals 

respectively. r< and r> are the smallest and largest values of r0 and r2 

respectively. (r0 and r2 are defined in the equation of the two electron 

integral). 
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This integral is also programmed in the present work. The full 

discussion of the calculation of the two and one center integrals are found 

in reference [2].  
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1.1 Preface 

Semiconductors are widely used and have important applications in 

industry and technology specially in instruction of the electronic devices, 

thus there are many studies of the electronic structure and physical 

properties of the semiconductors. The semiconductors have different uses 

according to the difference of their physical properties. The 

semiconducting grey tin, that is one of the phases of tin, has important  

uses due to its specific characteristics. So,  many workers have studied 

the energy bands and physical properties of this element, as well as the 

variation of these properties under the external effects such as pressure. 

Some of these studies are of theoretical styles based on quantum 

mechanics. The origin of quantum mechanics is based on the Bohr's 

(1913) and deBroglie's (1924) assumptions [1]. The first assumption is 

that electrons move in fixed orbits around the nucleus. This leads to the 

idea that the angular momentum of electrons in atoms is quantized rather 

than continuous. DeBroglie has observed that classical mechanics does 

not describe the behavior of electrons, and  he has introduced the 

principle of wave-particle duality. Schrödinger (1926) has derived the 

familiar equation (Schrödinger equation) which depends on these 

assumptions. The Schrödinger equation is generalized for any system, 

and solving it gives the total energy of the system, and some physical 

properties can be obtained. On the other hand, the exact solution of 

Schrödinger equation for a complicated system, which consists of  many 

electrons atoms, is impossible because of a huge number of mathematical 

processes. For solving such equations, many approximations in the theory 

are needed, and the use of the computer programming is necessary. The 

purpose of the large number of approximations in the theory is to 

maintain the ability of computers for solving such equations [2]. In the 
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present work, a theoretical model, which is called the large unit cell-

intermediate neglected of differential overlap (LUC-INDO) method, is 

used to calculate some properties of  grey tin crystal, and to study the 

effect of pressure and temperature on these properties.  

1.2 Crystal Binding 

The force that holds crystal together is the attractive electrostatic 

interaction between the negative charges and the positive charges of  

solid [3]. Other forces such as gravitational forces and magnetic forces 

have only a weak effect on cohesion. The energy deficit of a crystal 

compared with isolated atoms is known as the cohesive energy, and this 

energy when added to the crystal separates its component into neutral free 

atoms at rest. The different classes of solid may be associated with 

different variants of the coulomb attractive forces (bonds) [4,5] and the 

Van der Waals bonds which arise from the attractive interaction of the 

induced dipole moments of atoms such as in benzene [6]. The ionic bond 

is familiar in the case of the NaCl molecule and the coulomb interaction 

between oppositely charged ions leads to a regular three-dimensional 

structure. The bond that connects the H2O molecules in ordinary ice is the 

hydrogen bond. In this type of bonds, the hydrogen atom can involve 

itself in an additional electrostatic bond with a second atom of highly 

electronegative character such as oxygen or to a smaller extent with 

nitrogen [4]. The metallic bond is familiar in some metals. The 

interaction of ion cores with the conduction electrons makes a large 

contribution to the binding energy in metal crystals [3]. The other form of 

bonding in solid is the covalent bond and will be discussed in the next 

section.  
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1.3 Covalent Bond 

This is a particularly important bonding mechanism in organic 

chemistry, and it is also significant in inorganic substances. The C 

(diamond), Si, Ge and grey tin elements all have four valence electrons 

and, therefore, a half-filled sp shell. They need four more electrons to 

form the particularly stable sp octets that characterize the rare gases. The 

covalent bond is usually formed from two electrons, one from each atom 

participating in the bond. The electrons forming the bond tend to be 

partly localized in the region between the two atoms joined by the bond. 

The spins of the two electrons in the bond are antiparallel [3]. Therefore, 

each atom associates with four neighboring atoms by the covalent bond 

as shown in Fig. (1.1) [7]. 

 

 

 

 

 

 

Fig. (1.1) The covalent bond in two dimensions [7] 

1.4 Grey Tin Structure 

The semiconducting grey tin crystallizes in the same structure of 

diamond, Si and Ge which is based on the face-centered cubic (fcc) with 

the basis 000, 
4

1

4

1

4

1
 as in Fig. (1.2). In this figure the atomic position in 

the cubic cell of the diamond structure projects on a cube face; fractions 

denote height above the base in units of a cube edge.  
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The point at 0 and 
2

1
 are on the (fcc) lattice; those at 

4

1
 and 

4

3
 are 

on similar lattice displaced along the body diagonal by one-fourth of its 

length [3]. 

 

 

 

 

 

 

 

 

Fig. (1.2) The atomic position in grey tin structure [3] 

Thus, the conventional unit cube contains eight atoms and the grey 

tin crystal is shown in Fig. (1.3). Each atom has 4 nearest neighbors 

[4,5]. 

 

Fig. (1.3) Crystal structure of grey tin [3] 
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1.5 Hybrid Orbitals of Grey Tin 

Tin has the atomic number Z=50 and four electrons in the valence 

band, and has the following configuration, 

2102610262622 p5d4s5p4d3s4p3s3p2s2s1 . 

We know that in grey tin crystal, each atom makes a covalent bond 

with four atoms. To provide four unpaired electrons, one of the 5s 

electrons is promoted to the empty 5p orbital [8] for giving the following 

configuration,  

1

z

1

y

1

x

122 p5p5p5s5 .............s2s1  

This configuration would then be expected to form three bonds at 

right angles to one another and a fourth weak bond with its s orbital in 

any direction. These four equivalent directed orbitals constitute a set of 

hybrid orbitals and are commonly referred to as sp
3
 hybrids to indicate 

that they are formed by the combination of one s and three p orbitals. 

The general phenomenon of such a combination of pure orbitals is 

termed hybridization, and the resulting orbitals are called hybrid orbitals. 

We can write the four valence orbitals of grey tin as )s5( , )p5( x , )p5( y  

and )p5( z . These are to be combined in suitable proportions to produce 

new orbitals 4321  and ,,  as in the following [9-11]. 

                       )p5()p5()p5()s5(
2

1
zyx1                       (1.1) 

                   )p5()p5()p5()s5(
2

1
zyx2                       (1.2) 

               )p5()p5()p5()s5(
2

1
zyx3                        (1.3) 
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                    )p5()p5()p5()s5(
2

1
zyx4                        (1.4) 

1.6 The Energy Bands and High Symmetry Points  

In  the case of isolated atoms, the electrons have a definite energy 

levels. But in the ordinary state  these atoms are found together, thus the 

electron in any orbit will be affected by the neighboring atoms depending 

on the distances between  the electron and nuclei. So, the electrons have 

energy levels slightly differ between one and another and hence the 

energy levels of electrons in any orbit form an energy band. The upper 

energy band is called the valance band. When the valence electron gets a 

sufficient energy it can rise to the conduction band where it can move 

freely, leaving behind a hole which behaves like a positive charge carrier 

equal in magnitude to that of the electron as shown in Fig (1.4). There is a 

region of forbidden energies between these energy bands. The separation 

between the conduction and valence band is called the band gap [7].  

 
 

Fig (1.4)  Electron behaviour in semiconductors [7]. 
 

On the other hand the hybrid orbitals ( 1  through 4 ) have a 

maximum charge distribution in the direction [111], ]111[ , ]111[  and 

]111[  respectively. The first neighboring atoms for one atom have their 

bonds in the direction ]111[ , ]111[ , ]111[  and ]111[ . The crystal levels 

will be a linear combination of these new levels on each atom. The crystal 

orbitals have a definite linear combination in terms of original s and p 
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orbitals of the free atoms [12]. This linear combination of these atomic 

orbitals (LCAO) is shown in Table (1.1). 

Table (1.1): Some high symmetry   points  as a (LCAO). s1 indicates 

the s orbital on the first atom, s2 indicates the s orbital on 

one of the first neighboring atoms [13]. 

High symmetry points LCAO 

  1  s1+s2 

  2  s1-s2 

 15  

px1+px2 

py1+py2 

pz1+pz2 

  25  

px1-px2 

py1-py2 

pz1-pz2 

The point 1  is the bonding state for the s wavefunctions as in 

molecular physics, while 15  is the bonding state for p wavefunctions. 

The point 2  is the anti-bonding state for the s states, while 25  is the         

anti-bonding state for p states [12]. Similar combinations for other high 

symmetry points that are listed in Table (1.2) are formed at other points 

of k space. However for each  (0,0,0) point there is three x point in the 

directions (1,0,0,), (0,1,0) and (0,0,1) of the crystal. 

Table (1.2): Some high symmetry points in the band structure of solids 

in units of )a/2(   where a is the lattice constant [15]. 

Coordinates in k space )a/2(   High symmetry points 

(0,0,0)   

(1,0,0) X 

(1/2,1/2,1/2) L 

(3/4,3/4,0) K 

(1/2,0,0)   
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(1,1/2,0) W 

(1/2,1/2,0)   

The X points that are in the valence band are similar to the 1  and 

25  points, these points are labeled X1v and X4v. The X points that are in 

the conduction band and are similar to the 2  and 15  points, are labeled 

X1c and X4c [12]. Fig. (1.5) shows the high symmetry points of grey tin 

listed in Table (1.2). The band structure of )Sn(   which contains these 

high symmetry points can be shown from Akdim et al. work [16].They 

used the linearized augmented plane-wave (LAPW) calculations and 

tight-binding (TB) method. 

 

 

Fig.(1.5) Band structure of grey tin at the experimental lattice 

constant,  (
____

),first principles LAPW calculations; (----), TB results. 

In both calculations they set the Fermi level to zero. The energies are 

in rydberg  (1Ry is the binding energy of an electron in a hydrogen 

atom and is equal to 13.636 eV) [16]. 
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1.7 Tin Phases 

Tin has two allotropic forms, white )(  or ordinary tin, and grey 

)(  tin, which have been discussed in the previous sections. The  -Sn 

phase is a tetragonal with two atoms per unit cell [16] as shown in Fig. 

(1.6) [17]. Grey tin is greyish powder with lower density than white tin 

and is formed by cooling of high purity white tin at temperature below 

(13.2)
o
C [18-20]. Some properties of tin are listed in Table (1.3). 

 

Fig (1.6) The  -Sn structure with lattice constants a and c [17]. 

Table (1.3): Some properties of tin [11] 

Property Value 

Atomic no 50 

Valence 4 

Melting point 231.9
o
C 

Boiling point 2602
o
C 

Density 
5.77

a
 

(g/cm
3
) 

7.27
b
 

a
 Grey tin 
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b
 White tin 

 

1.1 Phase Transitions in Tin 

The )(   transition can be experimentally observed when the 

temperature is raised above 13.2 C  or )K286(~  [21]. Also, this 

transition occurs at 1 GPa [16]. On application of pressure to the   

phase, an abrupt transition to a body-centered-tetragonal (bct) phase is 

observed experimentally at about 9.5 GPa, and from this to a body-

centered-cubic (bcc) phase at pressure between 40 and 50 GPa [21]. Thus 

the sequence of transitions is bccbctSnSn  . 

There are other phases of tin can be shown in the phase diagram of 

tin (Fig. (1.7))  [16]. 

 
 

Fig (1.7) Tin phase diagram [16]. 
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1.9 Literature Survey 

1. In 1963, Bassani and Liu [22], studied the electronic band structure 

including spin-orbit coupling for semiconducting grey tin. They 

used the plane-wave method to obtain the energy eigenvalues at the 

symmetry points  , X and L in the Brillouin zone and to compute 

the spin- orbit splittings at these points. They found that both the 

conduction band and valence band edges were at the center of the 

zone. They calculated the effective masses for electrons and holes 

and the effect of pressure on energy band. The properties which 

were calculated had good agreement with experimental results.  

2. In 1970, Pollak et al. [23], used the first principles of relativistic 

orthogonalized-plane-wave calculation to determine the energy 

eigenvalues of grey tin at seven key point of the reduced zone. 

Optical constants and derivative optical constants were calculated 

from p.k


 parameters. Valence band mass parameters, effective 

masses, and g factors at several points in the zone were calculated 

and their values were in good agreement with experimental values.  

3. In 1971, Buchenauer et al.[24], studied the first order one-phonon 

Raman spectrum of grey tin and its temperature dependence. Their 

calculations included the bulk modulus and the calculated value 

was in good agreement with that determined by experiments. 

4. In 1979, Harker and Larkins [25], calculated some properties of 

diamond and silicon crystals using a large unit cell-complete 

neglect of differential overlap (LUC-CNDO) crystal orbital 

approach. They calculated lattice constant, cohesive energy, bulk 

modulus, hybridization states and energy band. Some of these 

properties were in good agreement with experimental values. 
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5. In 1987, Svane [14], used Hartree-Fock approximations based on 

the linear muffin-tin-orbital (LMTO) method for calculating 

electronic structure of diamond, Si, Ge and  -Sn. The frozen core 

approximation was used and relativistic effects were incorporated 

through the scalar relativistic approximation. The calculations of 

cohesive energy and electronic structure were in agreement with 

the previous Hartree-Fock and experimental calculations. 

6. In 1988, Van Camp et al. [26], calculated some ground-state and 

electronic properties of the covalent semiconductors (C, Si, Ge and 

 -Sn). They derived these properties from the total crystalline 

energy. The calculated properties were the lattice constant, bulk 

modulus, pressure coefficients of the bulk modulus, and the energy 

difference between the top valence band and the lowest conduction 

band. The calculated values were in agreement with experimental 

values.  

7. In 1997, Abdul-Sattar [13], used a large unit cell-intermediate 

neglect of differential overlap (INDO) crystal orbital approach 

(LUC-INDO) rather than (LUC-CNDO) to calculate some physical 

properties  of covalent elements (C, Si, Ge and Sn ). He added 

the correlation corrections to the previous calculations made by 

other investigators to simulate the crystal band structure and 

physical properties of the aforementioned semiconductors. Most of 

the properties which were calculated by this model were in good 

agreement with experimental values. 

8. In 1998, Pavone et al. [27], studied the   transition in tin. The 

free energies of   and   phases of tin were calculated in harmonic 

approximation using density functional theory and density 

functional perturbation theory, within the local density 



CHAPTER 1. INTRODUCTION  

 13 

approximation. They found that the narrower the frequency range 

spanned by the vibrational band in the   phase was, the larger its 

entropy was made at high temperature. As a consequence, the free 

energies of the  phases equal each other at a temperature of 38
o
C, 

and this was in close agreement with the transition temperature 

13.2
o
C. 

9. In 1999, Xie et al.[28], studied the thermodynamic properties of 

diamond at high pressure (up to 1000 GPa) by using ab-initio    

pseudopotential plane wave method and the density-functional 

perturbation theory. They studied the effect of pressure and 

temperature on lattice constant and bulk modulus. They found that 

the thermal expansion coefficient decreases with the increase of 

pressure, the phonon frequency at X4 and 3L  gradually goes higher 

than that of X1 and 2L  respectively and the unusual overbending of 

the upper most phonon dispersion curves near 25  decreases with 

the increase of pressure. 

10.  In 2001, Pavone [29], reported an overview of the basic 

lattice dynamics. Starting from the classical formulation, a tutorial 

description of the evalution of the lattice dynamical was reported, 

paying special attention to the method based on the density 

functional theory. Among these methods was the perturbative ab 

initio approach. He gave some applications of this formalism to 

some cases of general interest. In particular he reported on 

controversy about the origin of a peak in the second order Raman 

spectrum of diamond and on the temperature-induced phase 

transitions in tin. 
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11.  In 2001, Asokamani and Rita [30], studied the band 

structure of ABC2 (A=Zn, B=Si, Ge, Sn and C=P, As) ternary 

pnictides performed using the semi-relativistic "tight binding linear 

muffin tin orbital" (TB-LMTO) method within local density 

approximation. Energy gap at ambient pressure was found to be 

direct in all the cases. They calculated the equilibrium lattice 

constant, the bulk modulus from the total energy calculation. More 

generalized equating cell volume V0 and microhardness (H) as well 

as Vo and melting point m  for pnictides were established. The 

values of H and m  for some pnictides were predicted for the first 

time in cases where experimental values were not known. 

12.  In 2002, Akdim et al. [16], used the Naval Research 

Laboratory (NRL) tight-binding (TB) method to study the bulk 

properties of both  -Sn and  -Sn. The parameters were 

determined by fitting data base of first-principles band structure 

and total energies, using the general potential linearized augmented 

plane-wave method for the fcc, bcc, sc and diamond structures, 

with limited information from calculations of the  -Sn phase. They 

discussed the NRL-TB method's ability to calculate electronic band 

structures and density of states. They calculated the elastic 

constants of   -Sn and   -Sn as well as several high-symmetry 

point phonon frequencies of  -Sn, and TB molecular dynamics 

calculations were used to explore the behaviour of tin at finite 

temperatures. 

13.  In 2003, Mujica et al.[21], advanced the accuracy and 

efficiency of first-principles electronic structure calculations which 

allowed detailed studies of the energetics of materials under high 

pressures. At the same time, improvements in the resolution of 
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power X-ray diffraction experiment and more sophisticated 

methods of data analysis have revealed the existence of many new 

unexpected high-pressure phases of tin. The most complete set of 

theoretical and experimental data obtained to date was for the 

group IVA element and group IIIA-VA and IIB-VIA compounds. 

Their studies included the phase transition in tin. 

14.  In 2003, Olguin et al. [31], introduced a theoretical study 

for the effect of hydrostatic pressure on interatomic bond lengths 

and energy band gaps of  -InSe. Total energy calculations were 

performed using the linear augmented plane wave (LAPW) 

method, taking into account scalar relativistic corrections as well as 

spin-orbit coupling. They found that the covalent In-In bonds were 

oriented to be more compressible than the partially ionic In-Se 

bond. They also calculated pressure dependence of band gap. Most 

of their calculations were in good agreement with the experimental 

results. 

1.13 The Research Objective  

Tin has many applications. For example, it is used to form many 

useful alloys. Bronze is an alloy of tin and copper. Tin and lead are 

alloyed to make pewter and solder. On the other hand tin becomes a 

superconductor below 3.72 K. In fact, tin was one of the first 

superconductors to be studied. The Meissner effect which is one of the 

characteristic features of superconductors, was first discovered in 

superconducting tin crystals. The niobium-tin compound Nb3Sn is 

commercially used as wires for superconducting magnets. Because of 

these important applications of tin, especially grey tin, the study of its 

electronic structure and other physical properties is necessary.  



CHAPTER 1. INTRODUCTION  

 16 

The aim of the present work is to apply the self-consistent field 

calculations represented by the large unit cell within intermediate neglect 

of differential overlap (LUC-INDO) method to study the electronic 

structure and some physical properties of grey tin crystal. Correlation 

correction and relativistic effects can be taken into account to obtain 

precise results. This method may be used to investigate the variation of 

properties with pressure and with temperature. Thus, we think that 

calculation of the external effects such as pressure and temperature is 

necessary in industry and applications. 

The (LUC-INDO) method has been chosen in the present work 

rather than other methods because this method can be used to give 

reliable and precise results with relatively short time. This method is used 

to study the properties of grey tin in the present work below 1 GPa and 

temperature range below 13.2 
o
C because beyond these limits tin has 

phase transition to )Sn(  . 
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 1.2 The Schrödinger Equation 

Based on deBroglie's wave-like description of electrons, 

Schrödinger combined the quantum assumptions of Bohr with the wave 

equations of classical mechanics to yield a new description of electrons. 

In mechanics, the total energy of a system of particles can be described in 

terms of particle momenta and coordinates. For time-independent systems 

in classical motion [43-45]
 

E = KE (kinetic energy) + PE (potential energy)          (3.2) 

The kinetic energy of an electron is given by: 

Where m is the mass of electron, v is the electron's velocity, and p is the 

electron's momentum.   

The potential energy for an electron moving in the field of a 

nucleus of charge Ze, 

where r is the distance of the electron from the nucleus and e is the unit of 

electronic charge.  

Thus the total energy of the electron is the sum of a kinetic energy 

contribution and potential energy function, 

m

p
mv)/(KE

2
21

2
2   

(3.3) 

12  rZePE  (3.4) 

12
2

2

 re
m

p
 

(3.5) 
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The equation can be converted to a form suitable for use in quantum 

mechanics, 

where  

  : Plank constant (h) divided by 2  

 : a wavefunction of the electron 

2 : Laplacian operator (kinetic energy operator) 

The operator from the left-hand side of Eq. (3.6) has a special name; it is 

called the Hamiltonian operator which is symbolized by H.  In condensed 

form, the Schrödinger equation is written as,  

Hamiltonian operator of many electron atoms can be formulated in 

similar manner. It is again the sum of the kinetic energy operators for the 

nuclei and for the electrons together with the potential energy terms 

representing the various coulombic interaction [46]. 

Where TN and Te are the kinetic energy operators for the nuclei and 

electrons respectively. Vee, VeN and VNN the potential energy between 

electron-electron, electron-nucleus and nucleus-nucleus respectively. 

Suppose that there are N nuclei with n electrons, the total Hamiltonian 

operator will be, 

)1()1(
2

2
2

2

 






 


r

e

m


 (3.6) 

2

2

2

2

2

2
2

zyx 












   

)1()1(  E   

H
T
 = TN+ Te + Vee + VeN + VNN (3.2) 
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where we have used atomic units:  = me = e = 7. MA is the mass of 

nucleus; m electronic mass; ZA,ZB is the charge on nucleus A,B 

respectively, rpd is the distance between particles p and d and RAB is the 

distance between nuclei A and B [23,2]. The general form of Schrödinger 

equation will be, 

where Ψ is the complete wavefunction for all particles in the molecule 

and E is the total energy of the system. 

1.1 The Born-Oppenheimer Approximation 

Representation of the complete wavefunction as a product of an  

electronic and a nuclear part gives: 

Here r is used to denote the positions and the spins of the electrons, i.e. 

(r7, s7, r2, s2,r,, s,,....). R denotes the nuclear coordinates (R2,R3,…..). 

where the two wavefunctions may be determined separately by solving 

two different Schrödinger equations [,1-,1]. On the other hand, the 

nuclei are much heavier than the electrons and the mass of the nuclei are 

several thousand times larger than the masses of the electrons, so that the 

nuclei move much more slowly, the Born Oppenheimer approximation 

separates the nuclear kinetic energy and nuclear-nuclear repulsion terms 

from  H
T
 , and considers only the part of the Hamiltonian which depends 

on the position but not the momenta of nuclei [04-02]. the electronic 

Hamiltonian operator is given as, 

11
22
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1 







   AB

N
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BAAp

N

A

n

p

A

n
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pd

n

p

p

N

A

A

A

T RZZrZr
M

H  (3.2) 

H
T
(732,…,N,732,…,n) Ψ(732,…,N,732,…,n)=EΨ(732,…,N,732,…,n) (2.1) 

Ψ(r,R) = Ψe (r,R) ΨN (R) (3.22) 
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We can use electronic Hamiltonian to modify Schrödinger equation as, 

The solution of the above equation describes the motion of the electrons 

in the field of the fixed nuclei .The total energy E of a given internuclear 

distance is then given by 

Where ε is the electronic energy and the second term is the electrostatic 

internuclear repulsion energy [3,54]. 

3.2 The Variational Method 

The complete treatment of quantum mechanical problem involving 

electronic structure is equivalent to the complete solution of the 

appropriate Schrödinger equation. A direct approach in terms of 

mathematical treatment of the partial differential equation is practicable 

only for one electron system, but for many electron atoms the solution 

can be obtained by variational method [2300]. This method is equivalent 

to differential equations, The variational principle states that the energy 

computed from the expectation value of the Hamiltonian operator will 

always be larger than or equal to the true ground state energy for the 

system [,1304303]. 
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el rrZH
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 (2.77) 

H 
el
 (732,……,n) Ψ(732,……,n) = ε Ψ(732,……,n) (2.72) 






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ABBA RZZ
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 (3.24) 
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In quantum mechanics we deal with approximate wavefunction for 

a molecular system which when substituted into the Schrödinger 

equation, will always yield higher energy than the actual energy of the 

system. When Ψ is a complete wavefunction, the solution of Schrödinger 

equation gives stationary values of the energy. Therefore, a small change 

δΨ 

The advantage of this method is that the same criteria can be applied to 

incomplete wavefunctions to obtain approximations to correct 

wavefunctions. So we can apply this method when Ψ is a function of 

numerical parameters c7,c2,...as linear combination of fixed function 

Ф7,Ф2,...   

And the stationary values of ε  will satisfy 

1.2 The Hartree Approximation 

Another common approximation is to construct a specific form for 

the many body wavefunction. If one can obtain an accurate wavefunction, 

then via the variational principle an accurate estimate for the energy will 

emerge. The most difficult part of this exercise is to use physical intuition 

to define a trial wavefunction close to the true wavefunction. The total 

wavefunction for n electron system is generally approximated as  a 

product of the one electron functions ψ 7, ψ 2,..., ψ n  

δε = δ <Ψ|H|Ψ> = 4 (3.26) 

Ψ(c7,c2,...) = c7Ф7+ c2Ф2+ ···· (3.27) 
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Such one electron functions ψn are called orbitals, and the product 

function as such is known as a Hartree product [02301]. Therefore, the 

many electron Hamiltonian H
 el

 (7, 2,…, n) could be written as a sum of 

one electron operators H (P) 

where V(p) is an unspecified one electron potential energy function. 

This form of Hamiltonian is used in Schrödinger equation of the system 

The Hamiltonian for pth electron is 

We can write one electron Schrödinger equation of individual orbitals i  

as the form 

Where  εi  is the orbital energy. 

1.2 The Hartree-Fock Approximation 

Until now we have not taken into account the spin of the electrons. 

According to Pauli exclusion principle: a maximum of two electrons can 

occupy an orbital and the spin of the electrons are paired (i.e opposed). 

The z component of the spin angular momentum is quantized and has two 

Ψ (7, 2,...., n)=ψ7(7) ψ 2(2) ψ ,(,)······· ψ n(n) (2.71) 

H
 el

 (7, 2,…, n)=
P

 H (P) =   
P

P PV )(2/1 2  (2.71) 

H
 el

(732,……,n) Ψ(732,……,n) = ε Ψ(732,……,n) (2.24) 

H (P) = )(2/1 2 PVp   (3.32) 

H (7) ψi (7)= εi ψi (7) (3.33) 
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possible values 
2

1
  in the unit of 

2

h
. These two spin states may be 

represented by two mutually orthogonal spin wavefunctions;   which 

belongs to 
2

1
  state and   which belongs to -

2

1
state [52]. Therefore, the 

complete wavefunction for a single electron is a product of spatial 

function and spin function, 

Where η(7)may be associated with either α or β spin function. 

On the other hand, electrons are Fermions. The minimum 

requirements for a many-fermion wavefunction are antisymmetry with 

respect to interchange of electrons and indistinguishability of the 

electrons [43-45].  Thus,  no physical property of the system can change 

if we simply rename or renumber the electrons. Mathematically, Ψ must 

be antisymmetric with respect to an exchange of the coordinates of two 

electrons for example by the permutation operator P2,1: 

The total wavefunction of two electron as a Hartree product does not 

satisfy antisymmetric principle. Consider  

Now 

The result of P2,1 Ψ(732) is seen to be -Ψ(732) as desired. Therefore, 

Ψ(732) is an acceptable wavefunction. Notice that Ψ(732) is the 

determinant of a simple matrix 

Ψ(7)=ψ(7) η (7) (2.2,) 

P2,1Ψ(732)=-Ψ(732) (3.35) 

Ψ(732)=ψ7(7)α(7)ψ7(2)β(2)-ψ7(2)α(2)ψ7(7)β(7) (3.36) 

P2,1 Ψ(732)= ψ7(2)α(2)ψ7(7)β(7)-ψ7(7)α(7)ψ7(2)β(2) (3.37) 
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Generalizing the previous equation to give 2n electrons system 

determinant can be as follow [2301301]:  

This form of wavefunction is called Slater determinant [,3334]. It reflects 

the proper symmetry  of the wavefunction and Pauli principle. Eq. (2.21) 

can be written as the product of the diagonal elements of the matrix 

enclosed in bars 

For the one electron wavefunction, the orthonormality condition is 

applied in the calculation, 

In this expression, dτ is the volume element, ij  denotes the kronecker 

delta, which is 7 when i= j and  4 otherwise. We notice the factor 
!2

1

n
 in 

the right hand side of Eq. (2.21). This is so because the combination of 

Hartree products is normalized to unity. 

3.6 The Energy Expression for  a Closed Shell System 

Let's assume a wavefunction of Slater determinate form, and find 

an expression for the expectation value of the electronic energy for 2n 

electrons system,  

Ψ(732)=
2

1
 

)2()2()2()2(

)1()1()1()1(

11

11




 (3.32) 

Ψ(732,…,n)=
!2

1

n

)n2()n2(..........)n2()n2()n2()n2(

................................................

)2()2(..........)2()2()2()2( 

)1()1(...)1()1()1()1()1()1( 

n11

n11

n211







     (3.32) 

Ψ(732,……,n)= )2()2(....).........2()2()1()1( 11 nnn   (3.32) 

ijji d    (3.42) 
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where He is the electronic Hamiltonian operator, it may be separated into 

one and two-electron parts [00301] 

or   

where   

Here H
core

 is the one electron Hamiltonian corresponding to the motion of 

an electron in the field of bare nuclei. The energy expectation value is the 

sum of the expectation values of the one electron and two electron part 

[2],  

The one electron part is given as,  

Eq. (2.,2) is simplified as follows 

 |/|H| e
 (3.42) 

He = H7 + H2 (3.43) 

He 



dp

1

pd

p

core r)p(H  (3.44) 

 
A

1

PAA

2

p

core rZ
2

1
)p(H  (3.45) 

 |H||H||H| 21e  (3.46) 

 
n2

p

core

1 |)p(H||H|  (3.47) 





n

1i

ii1 H2|H|  (3.42) 
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where Hii is the expectation value of the one electron core Hamiltonian 

corresponding to the molecular orbital, 

The second part of Eq. (2.,3) is given as, 

where 







 )1n2)(n2(

2

1
 is the electron-electron repulsion terms and because 

of the indistingushability of electrons, each will give the same 

contribution. The final result of Eq. (2.,1) is given as, 

where Jij is called the coulomb integrals,  

and Kij is the exchange integral  

Therefore, the total electronic energy will be, 

This formula contains a set of  three and six-dimensional integrals Hii, Jij 

and Kij [00337]. The one electron integral Hii represents the energy of an 

electron in a molecular orbital i  in the field of bare nuclei, and because 

1i

core*

iii d)1(H)1(H    (3.42) 

 1

122 r)1n2)(n2(
2

1
|H|  (3.42) 

 
n

i

n

j

ijij2 )KJ2(|H|  (3.52) 
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iij dd)2()1(
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)2()1(J    (3.52) 
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there are two electrons in each orbital, this term should be multiplied by 

2. The interaction of the smoothed-out charged distribution i

*

i  and 

j

*

j  is represented by the two electron integral Jij. The second term in 

Eq. (2.0,) comes from the fact that if electrons 7 and 2 are assigned to 

different spatial molecular orbital i  and j , both have   or   spin and 

there will be four contributions each of which equals to 7/2 Jij. The 

exchange integral enters with a negative sign and reduces the energy 

between the electrons with parallel spin in different orbitals i  and j . 

Therefore, if the electrons 732 are assigned to different spatial orbital  i  

and j , there will be two contribution each of which equals to 7/2 Kij. 

3.2 Hartree-Fock Equations 

After getting the proper form for the many electron wavefunction 

for closed shell system as a single determinant of spin orbitals, and 

developing a convenient expression for the electronic energy, the 

variational principle to this expression will be applied. According to this 

principle, if one adjusts an approximate of many electron wavefunctions 

as Slater determinate to lower the energy, then the solution of this 

wavefunction will be approached. one can obtain the best molecular 

orbitals by varying all the contributing electron functions n21 ..,,.........,   

in Slater determinate to achieve the minimum value of the energy 

[04300]. The variation of  , )(  is zero to first order, 

0  

The variation of   is written as,  

 
n

i

n

j

ijij

n

i

ii )KJ2(H2  (3.55) 
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Because the variations of the orbitals are linearly independent, one can 

derive a related equation for a single electron (7) in a single orbital (i)  

where  

 i  is the electronic energy of the electron in orbital i. 

 Jj  is the coulomb operator which is defined by  

It is the averaged electrostatic potential of the two electrons in the orbital 

j . 

Kj is the exchange operator and can not be written as a simple function 

but has the property that  

It is more complicated, and it arises from the effect of the antisymmetry 

of the total wavefunction on the correlation between electrons of parallel 

spin. The quantity in large curly  brackets in Eq. (2.03) is called the Fock 

operator F(7). Thus, 

These are commonly known as the Hartree-Fock equations which state 

that the best molecular orbitals are all eigenfunctions of the Fock operator 

[04301337]. 
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3.2 Self-Consistent Field Theory (SCF) 

This theory is used to calculate the proper wavefunction of the 

system. It is commonly used to solve the integrodifferential equations 

after transforming these equations to differential equations [32]. 

Therefore, in order to evaluate Jj and Kj terms in Eq. (2.03) for the 

calculation of i , one needs to know i , First, assuming a set of trial 

solution ,......, 21   allows the computation of coulomb and exchange 

operators in order to calculate a new eigenfunctions ,......, 21    of these 

operators which are the second set of trial functions. This procedure is 

continued until there is no change in the orbital between iterations 

[04300]. The orbitals are then said to be self-consistent with the field 

generated by the electrons. Hence, we call this process a Self-Consistent 

Field (SCF) calculation [3,]. 

3.2 Linear Combination of Atomic Orbitals (LCAO) 

For molecular system of any size, direct solution of Hartree-Fock 

equation is impractical and more approximate methods are required to 

solve these equations. Therefore, the individual molecular orbitals is 

required to be expressed as linear combinations of a finite set of No 

prescribed one electron functions known as basis functions. If the basis 

functions are n21 ..,,.........,  , then an individual orbital i  can be written 

[,1330333] 

where iC  are the molecular orbital expansion coefficients. 

This method has a further advantage that it aids the interpretability 

of the result, since the nature of chemical problem frequently involves 




 
oN

1

ii C  (3.52) 
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relating properties of molecules to those of the constituent atoms. The 

orthonormality condition in the LCAO approximation is given as,  

where ij  is the kronecker delta and S  is the overlap integral for atomic 

function   and  , 

3..2 Basis Sets 

The atomic orbitals used for the LCAO procedure form the basis 

set of the calculation. Selection of the correct basis set is an important 

decision because it dictates the accuracy and computational difficulty of 

the calculation. We distinguish here three types of basis sets commonly 

encountered [2]: 

(7) Valence: only valence orbitals (e.g., 2s and 2p on C). 

(2) Minimal: all orbitals up to and including valence (7s, 2s, and 2p on 

C). 

(,) Extended: extra functions added to the minimal set (e.g., d on C). 

In the atomic problem, we are faced with a spherical symmetry 

problem. So, the functions contain a radial and an angular function, the 

latter being simply the spherical harmonics ),(m l  [,23,,33,]. 

We shall thus write an atomic orbital as 

The angular part is defined as  




  ijj

*

i SCC  (3.62) 

   1d)1()1(S  (3.62) 

),()r(R),,r( n  l  (3.63) 
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where, in real space 

The quantities )(cosPm l  are the normalized associated Legendre 

polynomials, taken in the form [2] 

where l, and m are the azimuthal and magnetic quantum numbers 

respectively, and the coefficients Clmu are determined from the usual form 

of the associated Legendre polynomials  )(cosPm l . The different types of 

orbitals will differ by the form of the radial function Rnl. The atomic 

orbitals also present some peculiarities at the nucleus (i.e. a cusp), and the 

basis functions should be tried to satisfy those conditions as possible. 

There are two types of the function representation of minimal basis 

sets of the atomic orbitals [0333,333332]: 

)()(),( mmm  ll  (3.64) 
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3..2.. Slater-Type Orbitals (STO) 

These orbitals have the radial form  

Where Nn is the radial normalization constant, 

  is the orbital exponent, these functions arise from a potential  

The Slater-type orbitals constitute good  atomic orbital basis for atomic 

and molecular calculations, but for molecules the evaluation of integral 

over polycentric functions is quite difficult. The STO is used in this work. 

3..2.3 Gaussian-Type Orbitals (GTO) 

These very common functions have a radial form  

with: 

arising from a potential: 

  is a constant, the greatest advantageous type of these functions is the 

easily integrable polycentric functions. They are less satisfactory than 

)rexp(rN)r(R 1n

nn    (3.62) 
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2/1n

n
])!n2[(

)2(
N


  (3.62) 

2r2

)1()1n(n

r

n
)r(V







ll
 (3.62) 

)rexp(rN),r(R 21n

n  

  (3.72) 

])2(!)!1n2[(2N 4/)1n2(4/12/11n 

   (3.72) 

2

22

r2

)1()1n(n
r2)r(V




ll
 (3.73) 



CHAPTER 2. THEORY  

 ,, 

STO as representations of atomic orbitals, particularly because they do 

not have a cusp at the origin. 

3... Roothaan-Hall Equations 

Substituting the linear expansion of Eq. (2.01) in the molecular 

orbital integrals [2], yields:  

where H  is the core Hamiltonian matrix elements,  

Similarly we may write 

where )/(   is the differential overlap matrix elements  

The total electronic energy of Eq. (2.0,) can be written in terms of 

integral over atomic orbitals. By substituting the pervious expressions in 

the equation of the electronic energy, we  obtain  

where P  is the density matrix elements, 


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 HCCH i

*

iii  (3.74) 
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Applying the variational method to Eq. (2.21), a small variation of the 

molecular orbital i  can now be given as  

And when applying the condition for a stationary point )0(  , one can 

obtain the following  final form, [,1,0,301] 

where F  is the Fock matrix  

The equations for LCAO which self-consistent field molecular 

orbitals, Eq. (2.17) are algebraic equations rather than differential 

equations (Hartree-Fock equations). They were set forth independently by 

Hall and by Roothaan, These equations are solved by first assuming an 

initial set of linear expansion coefficients iC , generating the density 

matrix P  and computing the first guess at F , then one can calculate a 

new matrix of iC . This procedure is continued until there is no change in 

iC  between iterations [2]. 

3..3 Semi-empirical Methods 

The approach which involves solving the HF equations with a few 

other short-cuts as possible is called ab initio method [01331]. Because 

everything is calculated based on simple physics, we can say that the 

i
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iCC2P    (3.72) 
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results are "from first principles". This method involves the evaluation of 

large number of two electron integrals. For the large systems the 

evaluation of two electron integrals becomes a computer time problem. 

The most widely used methods are the semi-empirical methods [31]. 

These methods are based on the observation that vast majority of 

computer time is spent dealing with integrals. The zero-differential 

overlap approximation (ZDOA) is the starting point for many semi-

empirical methods[230,]. 

The ZDOA sets all but a few terms in the differential overlap 

matrix identically to zero: 

and the overlap integrals, S  are neglected in the normalization of the 

molecular orbitals. The Hamiltonian matrix elements H , are treated 

semi-empirically.  

The ZDOA simplifies the Roothaan equations to become: 




  iii CCF  (3.25) 
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1
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1
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These equations are only applied to the closed shell molecules and reduce 

the number of 2-electron integrals. 

3..3.. Complete Neglect of Differential Overlap (CNDO) 

The degree to which the ZDOA is applied varies from one method 

to another. The simplest form is the complete neglect of differential 

 )/()/(  (3.24) 
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overlap (CNDO) [31324] introduced by Pople, Santry and Segal. Only 

valence electrons are treated explicitly, the inner shells being treated as 

part of a rigid core. The remaining 2-electron integrals in this 

approximation is given by: 

where AB  is the average electrostatic repulsion between any electron on 

atom A and any electron on atom B. Therefore, the integral depends only 

on the nature of the atoms A&B. 

The Fock matrix elements for this approximation is given as: 

where PBB is the total electronic density associated with atom B, 

we can apply the same approximation to the matrix elements H  of the 

core Hamiltonian operator,  

where –VB is the potential due to the nucleus and inner shells of atom B. 

Thus one arrives at: 

AB)/(   (3.27) 
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Where 

We shall restrict ourselves to the s, p, d, ……. sets in the following 

development. If we use these sets, U , when  , is zero by symmetry. 

The term )/V/( B   must be a constant (VAB), where -VAB is the 

interaction of any valence electron on atom A with the core of atom B. 

Furthermore, neglecting the monatomic differential overlap means that 

  ,0)/V/( B . For H , when   on A and   on B the second part is 

neglected in Eq. (2.14) because it is a three-center integral. The first part 

of this equation is a measure of the possible lowering of energy levels by 

an electron being in the electrostatic field of two atoms simultaneously. It 

is referred to as a resonance integral  , which is assumed to be 

proportional to the overlap integral, 

Applying these further conditions to Eq.(2.14), we arrive at  

This expression can now be substituted into the Fock matrix,  
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where QB is the net charge on atom B, 

The quantity ABBB VZ A  represents the difference between the potentials 

due to the valence electrons and core of the neutral atom B. The total 

energy can be written by applying these approximations  

To evaluate o

ABABAB  and ,V,U,S 
 we can use two systems adopted, 

termed CNDO/7 and CNDO/2 [230,]. 

1. CNDO/1 

 The overlap integrals are directly evaluated using formulas 

discussed in appendix A. 

AB  is calculated as the two center coulomb integral involving 

valence s functions, 

The evaluation of these integrals is also discussed in appendix B. 

 The electron-ion interaction VAB is also calculated using an s-

orbital on atom A. 
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 The one-electron Hamiltonian matrix elements, U , is obtained by 

fitting to atomic ionization energies. 

 The bonding parameters o

AB  are approximated by the expression  

Here A  depends only on the nature of atom A, so only semi-empirical 

parameter is selected for each element. 

2.  CNDO/2 

This version of the CNDO method differs from CNDO/7 in the 

way that handles penetration integrals and the one center atomic core 

integrals. There are two improvements made to the CNDO/7 

parameterization. 

7. The electron-core potential integrals VAB are no longer evaluated 

separately but are related to the electron repulsion integrals by  

2. Instead of fitting the U  using only ionization potential, an 

average of the ionization potential and electron affinities is used, 

where  A,I  are the ionization potential and electron affinities 

respectively. This should make CNDO/2 better suited to modeling the 

tendencies for atomic orbitals to both gain and lose electrons than 

CNDO/7. 

1
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3..3.3 Intermediate Neglect of Differential Overlap (INDO) 

When two electrons in different atomic orbitals on the same atom 

have a smaller average repulsion energy if they have parallel spins, the 

exchange integral of this type is given by 

In CNDO theory such integrals are neglected, and all interaction between 

two electrons on atom A are replaced by AA  irrespective of their spin. In 

this method the exchange integral of this type is taken into account. 

The diagonal Fock matrix element in INDO [27] is  

For 2s and 2p orbitals which have the same radial parts. The non 

vanishing integrals are given by Slater [22] 

AA

oF)xx/ss()ss/ss(   (3.22) 
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2o F
25

2
F)yy/xx(   (3.222) 

and similar expressions for (ss/zz), … etc. 

where 21o F and G,F  are two-electron integrals involving the radial parts of 

the atomic orbitals. All the above integrals are one-center integrals. By 

one-center integrals we mean that the integrated functions are on one 

atom. These integrals will be discussed in appendix B. Two-center 

integrals mean that the integrated functions are distributed on two atoms. 

For the large atomic number such as tin (Z=34), the evaluation of these 

two-electron integral is impossible because the relativistic effects will 

affect the energy levels which is used to evaluate these integrals. 

However, we can evaluate these integrals from theoretical definition as 

explained in appendix A. 

3..2 Tight-Binding Method (TBM) 

Up to now we can not apply ab initio or approximate self-

consistent theories to solids because of the infinite number of atoms and 

electrons in the solid. Therefore, in this method we can apply the linear 

combination of atomic orbitals to the solids as following. 

Consider a microcrystal of N
,
 large unit cells each containing '  

spin orbitals. The total number of electrons in the system is Ñ 3N' , and 

the total electronic wavefunction   with the Hartree-Fock approximation 

can be represented as a single determinate of Ñ order [2,] 

)r,k()........r,k()........r,k()Ñ........1(
Ñ1    (3.223) 
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where )r,k(  is the crystal orbital, k denotes the wave vector, r is a 

position vector and   is the normalization constant. In constructing one-

electron crystal orbital )r,k(  we need the following properties 

7. The translational symmetry of the crystal where by the crystal 

orbital is described by Bloch theorem [,]. 

with U(k,r) having the periodicity of the crystal  

where (Ru) is the position vector defined as  

Ru = n7a7 + n2a2 + n,a, ; n7, n2, n,, are integers and a7, a2 and a, are the 

basic translation vectors of the large  unit cell (LUC) of the crystal. The 

crystal orbital is translated to the new position r + Ru, then we have 

Using the Bloch condition in equation (2.74,) we obtain  

2. The wavefunction should be repeated after N cells [20], i.e. 

Thus, the Bloch orbital is approximated by a linear combination of 

one-electron molecular orbitals Xu in the cells. Hence  

)r.ikexp()r,k(U)r,k(   (3.224) 

)Rr,k(U)r,k(U u  (3.225) 

))Rr.(ikexp()Rr,k(U)Rr,k( uuu   (3.226) 

)R.ikexp()r,k()Rr,k( uu   (3.227) 

)r,k()Nr,k(    (3.222) 
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cells
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The one electron molecular orbital may be written as a LCAO of atomic 

orbitals in the cell: 

where p  is the basis function. The one electron crystal orbital is written 

as  

The total Hamiltonian for a microcrystal consisting of Ñ  electrons may 

be written as, 

The Hartree-Fock equations for the microcrystal can be written as, 

where Fpq and Spq (the Fock and overlap integrals) are now given by: 

)R.ikexp(F)k(F u

u

uq,oppq   (3.224) 
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The Fock matrix elements may be expressed in terms of one and two-

electron components: 

with 

and  

where 

and 



rsP  is a density matrix element with the form 

with 

The new wave vector k' refers to the summation over all the allowed 

values of k [2,]. 

uq,opuq,opuq,op GHF   (3.222) 
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3..4 The Large Unit Cell-INDO Method 

In the large unit cell method, we shall need to reduce the zone of 

the wave vector (k) to simplify the calculations [7,]. The first Brillouin 

zone is defined by the wave vector with a lattice constant (a) in the one 

dimensional case  

a/ka/   

The zone of the wave vector will become smaller when choosing a LUC 

lattice with a large  lattice constant and when the lattice constant of LUC 

lattice is equal to (2a). This zone is defined by the new wave vector 

a2/ka2/   

Thus, if we choose a LUC lattice with a lattice constant large enough will 

make all points in the first Brillouin zone close to the point k=4 in the 

three-dimensional case. This leads to use only the points at the origin of 

the first Brillouin zone in the solving of the self consistent equations. This 

approximation is called the k=4 approximation [2,]. Substituting k=4 in 

Eq. (2.772) yields 

The Fock matrix elements within the LUC-INDO method have the 

following form: 
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for p and q on different atomic centres and   

for p and q on the same atomic centre. 

Evarestov [23] and Szymanski [73] added correction to previous 

equations by suggesting the modulating function f(x) 

where x for the 1 atom LUC is given by 

where o

ABR  is the distance between the atom A at the central lattice o and 

the atom B at the v lattice. The modulating function is multiplied by the 

density matrix )P(   and two electron integral AB  when a summation on 

the LUCs (v) is made to avoid divergence when including large number 

of neighbors. 

The final form of the Fock matrix elements within the LUC-INDO 

method with the added modulating function f(x) is given by: 

for p and q on different atomic centres and  
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for p and q on the same atomic centre. 

These equations are programmed to calculate the effect of pressure 

and temperature on some properties of grey tin crystal in the next chapter. 

3..5 Corrections to the Hartree-Fock Theory 

3..5.. Correlation Corrections  

The Hartree-Fock equation is an approximated solution to the true 

ground state many body wavefunction. Terms not included in the 

Hartree-Fock energy referred to as correlation contributions. Correlation 

energy is defined as the difference between Hartree-Fock and exact 

energy [,1301]. 

Correlation energies may be included by considering Slater determinates 

composed of orbitals which represent excited state contribution. This 

method of including unoccupied orbitals in the many body wavefunction 

is referred to as configuration interaction or "CI" [3,322321]. The exact 

wavefunction can be expressed as a linear combination of the 

determinatal wavefunction: 

Where 0  is the full Hartree-Fock many-electron wavefunction. Here 

,......, 21   are wavefunctions for other configurations, and the linear 

coefficient ,......a,a 21  are to be determined. CI theory is very expensive to 

implement, but the results are usually very good. 
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Another method of correlation to correct the calculated Hartree-

Fock total energy that can be applied to molecular and solid calculations 

is the Møller-Plesset perturbation theory (MPPT) [04301331]. 

Perturbation theory attempts to describe differences between systems, 

rather than to describe the systems separately and then takes the 

difference. In this method the correlation Hamiltonian is written as a 

perturbation over the exactly solvable Hartree-Fock Hamiltonian 

where Ĥ  is the total Hamiltonian, 
0Ĥ  is the Hartree-Fock Hamiltonian,   

is a dimensionless parameter and H' is the correction Hamiltonian. In this 

method 
0Ĥ , is taken to be the sum of the one-electron Fock operators, 

The wavefunction is now given by  

and the energy will be  

The perturbation )1(H  is given by  

The HF energy EHF associated with ground-state HF wavefunction 0  is 

the expectation value 

'ĤĤĤ 0   (3.246) 





n

1i

i0 F̂Ĥ  (3.247) 

......)2(2)1()0(   (3.242) 

)2(2)1()0( EEEE   (3.242) 
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i
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The zero-order energy E
(4)

 and the first order energy correction E
(7)

 is 

given as 

From Eqs (2.704)-(2.702) we conclude that  

The second-order contribution to the Møller-Plesset energy is  

where (ij/ab) is a two-electron integral over spin orbitals, 

Here i  and j  are the occupied spin orbitals, ba ,  virtual spin orbitals. 

Eq. (2.700) is the final form of the second-order energy correction 

and the inclusion of it is designated MP2 [03321321]. 

It is possible to extend the MPPT to include third-and fourth-order 

energy corrections, and the procedures are then referred to as MP, and 

MP0 respectively. The full discussion of this method can be found in the 

reference [14], and this method is used in this work. 

0

)1(

00HF |HH|E   (3.252) 

000

)0( |H|E   (3.252) 

0
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0
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3..5.3 Relativistic Corrections  

For high atomic number (Z) nuclei, the relativistic effects 

[1731231,310] can not be neglected in the band structure calculations. 

There are three term of relativistic corrections which may be added to 

Schrödinger equation [00]. 

7. Kinetic energy correction term 

where P and m are the momentum and mass of the particle, c the speed of 

light. The effect of this term on s state )0(   is more pronounced than the 

other states of high value of the angular momentum )(  and this term has 

a negative expectation value. 

2. Potential energy correction term (Darwin correction) 

where  2/h , Vp is the potential. This term has an effect on s states and 

has a positive expectation value. 

,. Spin-orbital term 

where L is the angular momentum operator and S is the spin operator. 

This term has no effect on s state )0(   and has the effect of splitting 

levels of 0 . The splitting of the p states can be measured directly in 

experiment. The experimental spin-orbit splitting )( 0  of the p states at 

the top of the valence band of the grey tin (dealing with solid in our 

23
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work) is equal to (4.1 eV) [13]. As an example of this effect 25  point is 

splitted to 8  and 7  states as follows 

where   is given by 

3

0  

The experimental estimation of the effect of the first and two terms 

is difficult, but the inclusion of these terms in any calculations is easier 

than the inclusion of spin-orbit term. This is so because the number of 

states will be increased when the spin-orbit term is added to the 

Hamiltonian. The preferred corrections include the relativistic correction 

to the kinetic and potential energy only and to drop the spin-orbit term 

from the calculations [7,]. 

 

 )(E)(E 258  (3.252) 

 2)(E)(E 257  (3.262) 
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3.1 The Structure of Computer Program 

 In Fig (3.1), a block diagram of the computational procedure used 

in the present calculations is shown. Each individual program step serves 

to perform a specific task as in the following: 

1. Specification of the positions of atoms and the kind of states that are 

given as input data. 

5. The (overlap, core Hamiltonian and two electron) integrals are 

calculated and stored. 

3. The Fock matrix Fpq is calculated from an initial guess of the 

wavefunction with the calculated integrals in the previous step. 

4. Calculation of the density matrix from the new eigenvalues. 

5. Calculation of the total electronic energy from the density matrix. 

6. Calculation of a new Fock matrix from the new eigenvalues. 

7. Steps 4 and 5 are repeated until self-consistency is achieved. 

8. The total energy compared with the previous one and when the total 

energy differs from the preceding one by more than a given tolerance, 

steps 6,4 and 5 are repeated. If the final total energy differs from the 

preceding one by less than the given tolerance, step 9 is executed. 

9. Calculation of the correlation corrections and correlated 

wavefunctions using the final HF wavefunction. 

11.  Calculation of the band structure, some physical properties of 

)Sn(   and the effect of pressure and temperature on these 

properties. 
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Fig (3.1): The flow chart of computer program used to calculate the band 

structure and some physical properties of )Sn(   and the effect of pressure and 

temperature on these properties. 
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3.3 Choice of Large Unit Cell  

The general approach to the selection of a large unit cell, such that 

those special points required in the Brillouin zone occur at the )0K( 


 

points in the reduced Brillouin zone [51]. For a face-centered cubic lattice 

system, large unit cells can be based on either the primitive translation 

vector set [55]. 

)0,1,1(
2

a
a 0

1   

)1,0,1(
2

a
a 0

2   

)1,1,0(
2

a
a 0

3   

or on the Bravais translation set: 

)0,1,1(aa 01   

)1,0,1(aa 02   

)1,1,0(aa 03   

Calculations on LUCs are centered on small and limited number of 

atoms per a LUC. In Table (3.1) the most common LUCs that are used 

for the calculations of the band structure of diamond structure crystal are 

listed with the high symmetry points that are obtained from the solution 

of Hartree-Fock equations for these crystals [13,55]. 
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Table (3.1): The high symmetry points for different numbers of     

atoms per LUCs [13,31]. 

Number of atoms in the LUC High symmetry points 

8  3,  

16 L4,3,   

64  12,W6,6,L4,3,  

158 
 12,W6,6,L4,3,  and 35 

inner points of Brillouin zone 

 

In this work we choose the LUC of eight atoms with the diamond 

structure. The calculations are carried by forming a cube of a side 3a 

where a is the lattice constant of the Bravais lattice. The number of 

Bravais lattices in this cube is 57 lattices. The interaction of the atoms in 

the central Bravais lattice with the surrounding atoms up to the fourth 

neighbors is included. These calculations require the determination of 

wavefunctions and positions of 864 electrons and 516 nuclei.  

3.3 Choice of Parameters 

There are four parameters in the LUC-INDO methods. These are 

)AI(
2

1
,, ss

o   and )AI(
2

1
pp  . In order to compensate the errors 

caused by neglecting many smaller integrals, empirical parameters are 

calibrated against reliable experimental or theoretical reference data. It is 

necessary to vary these parameters in order to get optimum results in the 

intermediate neglect of differential overlap. 
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These parameters are varied firstly to give nearly the exact values 

of the equilibrium lattice constant, cohesive energy, direct band gap and 

valence band width. The remaining of the output data of the programs is a 

result of the theory that is used in the present work. We found that the 

investigated properties were sensitive to the aforementioned parameters. 

The optimum values of these parameters lead to results in agreement  

with the experimental results are listed in Table (3.5).  

Table (3.3): Parameters set for the LUC-INDO method used in the 

present work 

The parameter This work 

ζ (a.u.
-1

) 1.9965 

β
O
 (eV) -5.3345 

-1/5(IS+AS) (eV) 9.455 

-1/5(Ip+Ap) (eV) 5.635 

 

3.3 The Total Energy 

By using the procedure in Fig (3.1), the total energy of the crystal 

is calculated. The process of the calculation depends on the self-

consistent style. The total energy is calculated from the initial guess of 

the wavefunction. The new wavefunction gives a new value of the total 

energy. This process is continued until the difference between the last 

value of the total energy and the previous one is less than a given 

tolerance. 

The tolerance of convergence of the total energy depends on 

whither double precision (16 digits) calculations are used or single 

precision (8 digits). This precision is taken as 9.1×11
-6

 (a.u) which is 
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equivalent to (1.11154 eV). Table (3.3) shows the successive total energy 

calculated in each iteration without taking the correlation corrections into 

account. The difference of total energy between step 5 and step 4 is 

(5.8×11
-6

 (a.u)) which is less than the required tolerance (9×11
-6

 (a.u)), so 

the calculations are terminated at step 5. A large number of iterations will 

result in an accumulation of computational errors in the matrices of the 

calculated quantities. Therefore, we stopped at step 5. In our calculation 

we added the correlation corrections. Since we have 35 eigenvalues of 

half filled with electrons, the full number of the possible configurations is 

557 (16
5
+1). All of these configurations are considered in the present 

calculations using Møller-Plesset perturbation theory discussed in section 

(5.15.1). 

Table (3.3): The successive total energy  calculated in each iteration 

in the present work. 

Iteration no. Total energy (a.u) 

1 -58.51875141 

1 -58.53713986 

5 -58.54119589 

3 -58.54139199 

4 -58.54145166 

5 -58.54145354 

 

The total energy of the crystal has a minimum value at the 

equilibrium lattice constant as shown in Fig (3.5). The equilibrium lattice 

constant is at the bottom of the total energy curve and its value is in good 

agreement with the experimental value as shown in Table (3.4). 
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Fig (3.3): Total energy of )Sn(   as a function of lattice constant 

after taking the correlation corrections into account. 

 

3.1 The Cohesive Energy  

The cohesive energy is calculated from the total energy of the large 

unit cell. Since the large unit cell is composed of 8 atoms, the cohesive 

energy is given by [13] 

Where Efree is the free atoms sp shell energy. Its value is equal to   

(93.515 eV) for tin [76]. 

E1 is the vibrational energy of ground state. Its value is (1.13 eV) [77]. 

The calculated value of the cohesive energy is in good agreement 

with the experimental value as shown in Table (3.4). The relation 

between the cohesive energy and the lattice constant is shown in           

Fig (3.3). 

 

 

Fig (3.3): Cohesive energy of )Sn(   as a function of lattice constant 

in the present work. 

3.3 Band Structure 

The band structure and the electronic properties of grey tin crystal 

are calculated by using the procedure of section (3.1). These are listed in 

table (3.4) in comparison with other results [14]. It is interesting to note 

the effect of INDO and correlations corrections on CNDO calculations. 

This is shown in Table (3.5) using our parameter set. It can be noted that 

0free

T

coh EE8/EE   (3.1) 



CHAPTER 3. COMPUTATIONS AND RESULTS  

 59 

the effect of INDO or INDO + correlation corrections are  in the same 

direction in some of the listed properties and in opposite direction in the 

others. It is obvious that the value of the cohesive energy determined by 

INDO + correlation corrections is in good agreement with the 

experimental value, whereas the cohesive energy value evaluated from 

CNDO method differs markedly from the experimental value.  By using 

INDO and correlation corrections the hybridization state tends to increase 

the s state occupancy. The eigenvalues of the high symmetry points are 

shown in Table (3.6). The high symmetry   and X points which are 

listed in this table are explained in section (1.6). 

 

Table (3.3): The band structure and electronic properties of grey tin                 

crystal in the present work compared with other results 

[13] and experimental data. 

 

The property Ref [14] This work Exp. 

Lattice constant (a.u) 15.51 15.563 15.563 [16] 

Cohesive energy (eV/atom) 1.1 3.144  3.14 [3] 

Valence band width (eV) 16.1 11.87 ---- 

Direct band gap (eV) 5.6 1.76
a 

-1.1
a
 [78] 

Conduction band width (eV) ---- 5.5 ----- 

Hybridization state ---- s
1.37

 p
5.63

 ----- 

Neighbors included ---- 4 ----- 

a 
Spin-orbit corrected 
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Table (3.1): The band structure and electronic properties of grey tin 

crystal using the parameters of the present work for 

CNDO calculations and for INDO and INDO+correlation 

corrections. 

The property CNDO INDO 
INDO 

+Correlation 

Cohesive energy (eV/atom) 8.96 5.87 3.14 

Valence band width (eV) 11.51 15.14 11.87 

Direct band gap (eV) 5.33 1.5 1.76 

Conduction band width (eV) 4.59 5.4 5.5 

Hybridization state s
1.31 

p
5.69 

s
1.36 

p
5.64 

s
1.37 

p
5.63 

 

Table (3.3): Energy bands of grey tin crystal in eV at   and X high             

symmetry points compared with other results [13], and 

with the experimental data for some of these high 

symmetry points. 

Symmetry points  Ref [14] This work Exp. 

1 -16.1 -15.14 ----- 

X1v -11.5 -7.18 ----- 

X4v -3.9 -5.8 ----- 

55 1.1 1.1 1.1    

5 5.6 1.5 -1.1
a
 [78] 

X1c 4.39 4.37 ----- 

X4c 15.1 6.95 ----- 

15 6.6 5.19 5.6 [79] 
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3.3 Valence Electronic Charge Densities 

The charge density for each valence band can be written as [5] 

Where the summation is over all states in the Brillouin zone for a given 

band n. The total charge density can be obtained by adding the charge 

density from all valence bands, that is  

Where the sum is over all the occupied bands. The total charge density 

can be calculated as the expectation value of the charge density operator 

 
i

i )rr(  [51]. 

In our work using the LCAO molecular orbitals wavefunctions, this may 

be written as 

The charge density for each directions in the crystal can be 

calculated. Figs. (3.4), (3.5) and (3.6) shows the charge density in the 

directions [511], [111] and [411] respectively. 

 

 

 

 
k

2

k,nn )r()r(  (3.2) 


n

n)r(  (3.3) 

  )rr()r( i  (3.4) 

)r()r(P)r( qp

p q

pq    (3.5) 
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4.1 Discussion of the Results  

4.1.1 The Empirical Parameters  

The value of the parameter )AI(
2

1
ss   of the solid in the present 

work is less than the same value of the free atom [13], this means that the 

electrons of  s orbitals of the solid are less connected to their atoms than 

in free atom. The value of the parameter )AI(
2

1
pp   in solid is always 

grater than the value of the same parameter of atom. The difference 

between these values of parameters for solid and atom is a result of the 

solid formation requirements for the electrons to change their position to 

more convenient positions at the half distance between two neighboring 

atoms in a solid. Therefore, the difference between )AI(
2

1
ss   and 

)AI(
2

1
pp  is always less than the difference between these two parameters 

in the case of atom. On the other hand, the value of the bonding 

parameter o  of the solid is larger than that for molecule which is given 

by Boca [85]. This can be understood by noting that the number of bonds 

in solid is higher, thus the interaction energy is distributed over all these 

bonds while in the molecular case this energy is limited in its number and 

direction distribution. The value of the orbital exponent determines the 

charge distribution of electrons around the nucleus or in the solid. The 

value of this parameter for solid is larger than that for atom. This 

indicates the contracted charge distribution for solid and the diffuse 

charge distribution for atom [13]. 
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4.1.2 The Total Energy   

The parameters o, , )AI(
2

1
ss   and )AI(

2

1
pp   are varied till we 

obtain the correct minimum value of the total energy at the experimental 

lattice constant. The variation of these parameters is made after adding 

the correlation correction. The value of the total energy of the crystal is 

minimum at the equilibrium lattice constant and this value increases 

under the effect of pressure and temperature. The crystal potential is 

responsible for the variation of the total energy. Therefore, we notice that 

when the lattice constant of the crystal decreases with the increase of the 

compressive stress, the repulsion between electrons will increase and this 

increases the value of the total energy. On the other hand, as the lattice 

constant is larger than the equilibrium distance, the value of the total 

energy will be higher because the attraction between the electrons and 

nuclei decreases, this occurs at the effect of tensile stress and 

temperature.  

4.1.3 The Cohesive Energy   

As is obvious from Eq. (3.1), a correct calculated value of the total 

energy gives a correct value of the cohesive energy. This leads to that the 

calculated value of the cohesive energy is in good agreement with 

experiment results. On the other hand, the calculated value of the 

cohesive energy is directly proportional to the value of the total energy, 

thus the change in the cohesive energy is similar to the change in the total 

energy under the effect of compressive stress, tensile stress and 

temperature. 



CHAPTER 4. DISCUSSION, CONCLUSIONS AND SUGGESTIONS   

 103 

4.1.4 The Direct Band Gap   

The calculated value of the direct band gap is greater than the 

experimental value. This is the same as in the result of other Hartree-Fock 

calculations [14]. The larger value of the band gap can be attributed to the 

approximations involved in HF method as well as in the present LUC-

INDO formalism. The important approximations are:  

(a) The use of equal 
o and   values for s and p wavefunctions. 

The difference between bonding and anti-bonding state is directly 

proportional to S o , where the overlap integral S is a function of 

 . Therefore, the value of percentage difference in   between s 

and p orbitals is 14.4: for tin [86]. Thus, this difference makes an 

error in the band gap. 

(b) Neglecting the core states will also result in a neglect of its effects 

on the distribution of the outer valence electrons. The effect of 

core states increases in the high Z elements, so the error in the 

band gap increases. 

We found that the band gap increases with the increase of the 

compressive stress. Generally, the changes in energy bands can be 

understood by noting the changes in the energy value of high symmetry 

points. The direct band gap is bound by the states 252  . From the 

definition of the symmetry points, 2  moves up with the decrease of the 

lattice constant, thus the increasing of the 2  state will increase the band 

gap. This is in excellent agreement with Bassani and Liu [22]. They have 

decreased the lattice constant (a) of grey tin in their calculations by an a 

mount 0.026a and have found that relative to 25 , the state 2  moves up 

by ~0.05 Ry. We found that the reverse is true for the effect of tensile 
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stress and temperature. The decreasing of the band gap, in this case, is 

due to the movement of 2  down when increasing the lattice constant of 

the crystal. The experimental results for the effect of pressure and 

temperature on this property for tin crystal are not available. But for other 

semiconductors such as Ge, GaP, GaAs, GaSb, InP, ZnSe and CdS, the 

experimental results have shown that the energy gaps of these 

semiconductors increase with increasing the pressure and decrease  with 

increasing the temperature [87,88].  

4.1.5 The Valence and Conduction Band Width   

The experimental values of these bands are not available. The 

valence band width can be calculated from 251   and the conduction 

band width from ~X4c- 2 . For many cases, when the lattice constant 

decreases the widths of the valence and conduction bands increase, as 

introduced by Bernal [89]. So, we notice that the state 1  decreases with  

the increase of the compressive stress and this causes increasing in the 

valence band width. On the other hand, it is expected that the conduction 

band width increases with the increase of the compressive stress due to 

the increase in the state X4c. But we know that the state 2  moves up too. 

Therefore, at given compressive stress the change in 2  is larger than 

that for X4c, this makes the conduction band width (~X4c- 2 ) decreases 

with the compressive stress. The reverse is true with the effect of tensile 

stress and temperature, 1  moves up, this leads to decrease the valence 

band width. 2  moves down more than that for X4c, this  leads to 

increasing the conduction band width. 
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4.1.6 Hybrid Crystal Orbitals   

Both INDO and correlation correction give an increase in the s 

state occupancy, Abdul Sattar, 1997 [13] found the same effect by using 

INDO and correlation correction for C, Si and Ge. On the other hand, we 

found that when the lattice constant decreases by the effect of 

compressive stress, s state occupation decreases. The pressure 

dependence of the s state occupancy shows that electrons under pressure 

leave low orbitals (s orbitals) and occupy high orbitals (p orbitals). This 

phenomenon is known and leads to phase transitions due to the change of 

electronic distribution such as the s-d transition in alkali Metals [90]. So, 

we expect that the electrons change their positions at half the distance 

between two neighboring atoms. In the case of the effect of temperature 

and tensile stress the s state occupation increases because increasing the 

distance between atoms, this reflect the tendency of atoms to return their 

atomic configuration s
2
p
2
. 

4.1.7 The Bulk Modulus    

The calculated value of bulk modulus is higher than the 

experimental value. Furthermore, we have calculated the bulk modulus 

without using the correlation correction because this correction leads to 

very high value of  bulk modulus. So we expect that the correlation 

correction does not always lead to an enhancement in the calculated 

values. We think that the deviation in the value of bulk modulus, 

especially when we use the correlation corrections, comes from the 

choosing of the parameters   and . In the choosing of these 

parameters, we have desired the enhancement of the band structure of the 

crystal. In the same time the best parameters set that may be preferred to 

band structure and some properties may cause deviation in the other 

properties. Therefore, the error in bulk modulus may be higher as we use 
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the correlation correction. Furthermore, we notice that the correlation 

correction causes meanders in the curves of the properties when they are 

as functions of lattice constant. M.A. Abdul Sattar [13] has found that the 

parameter   has higher effect on the bulk modulus than the parameter 

o for silicon crystal. This confirms that the calculated value depends on 

the choosing of these two parameters.  

4.1.8 Valence Charge Distribution    

The valence charge density is determined from the density matrix. 

The charge is accumulated along the distance between the atoms. We can 

also notice that the overall electron cloud in the region between two 

atoms decreases and is compensated by an increase in the spherical 

charge distribution around the atoms as the lattice constant increases by 

temperature or tensile stress. This can be expected from the hybridized 

crystal states that show an increment in the s state occupancy which is of 

a spherical shape. The reverse of this case may be expected with the 

compressive stress, in spite of that the decreasing of s state occupancy 

and increasing the p state occupancy are not shown obviously in their 

figures due to the very small changes in the occupancy of the s and p 

orbitals. On the other hand, the computed charge distribution is not too 

much affected by INDO and correlation correction. The effect of these 

corrections is to transform some of the electronic charge from the region 

of the bands to the spherical region around the atoms. 
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4.9.1 X-Ray Scattering Factors 

The calculated x-ray scattering factors are in good agreement with 

the experimental values. We have got this agreement because we have 

added the electronic charge densities of the core [48] to the valence 

charge density of the crystal. The previous Hartree-Fock calculations 

have good results because they have included core states. On the other 

hand, we note that the x-ray scattering factors decrease with the increase 

of the compressive stress. We think that when the compressive stress 

increases, the electronic charge distribution decreases in the near 

distances from the center of atoms. thus we show a decrease of the  s state 

occupation with the increasing of the compressive stress. Therefore, the 

result of  ρc(r) exp(-iG.r) decreases, and it increases with tensile stress or 

temperature because of the increasing of s state occupation. On the other 

hand, there are many results of form factors of different elements which 

have been calculated as a function of   /sin  where   is x-ray 

incident angle and   is the wavelength of the x-ray radiation [3113]. 

When the factor  /sin  increases the form factors decrease. So, 

according to Bragg condition  sind2n  where d is the distance 

between two parallel planes, the factor  /sin  is directly proportional 

to 1/2d. When the compressive stress increases the distance (d) will 

decrease because of the decreasing in the lattice constant. Therefore, the 

form factors decrease. The reverse is true in the cases of tensile stress and 

temperature. 
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4.2 Conclusions  

1. The values of the empirical parameters )AI(
2

1
ss   and )AI(

2

1
pp   of 

the solid have different values from that of the atom. 

2. The absolute value of the bonding parameters 
o  for the solid is 

less than that for the molecule because of the high number of bond 

in solid. 

3. The value of the orbit exponent )(  determines the charge 

distribution in the solid. The value of this parameter is larger than 

that for the atom, because it indicates the contracted charge 

distribution for solid and the diffuse charge distribution for atom. 

4. The calculated value of the cohesive energy found by INDO and 

correlation correction is approximately equal to the experimental 

value. These corrections give better result for the cohesive energy 

than the result of CNDO. 

5. The absolute value of cohesive energy decreases as the 

compressive stress or tensile stress or temperature increases. The 

cohesive energy is a function of the total energy and the total 

energy has a high sensitive to the potential energy of the crystal. 

The potential energy of the crystal varies with all the 

aforementioned effects. This leads to a decrease in the absolute 

value of the total energy and hence a decrease in the absolute value 

of the cohesive energy. 

6. The calculated value of the direct band gap is greater than the 

experimental value. This can be attributed to the neglecting of the 

state of the core and using   and 
o  to be equal for s and p 

wavefunction. The direct band gap increases as the compressive 
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stress increases and decreases with the increase of the tensile stress 

or temperature. 

7. The valence band width increases with increasing the compressive 

stress. The state 1  moves down as the compressive stress 

increases and leads to increasing the valence band width. On the 

other hand, the conduction band width in this case decreases 

because the state 2  moves up more than the state X4c. The 

reverse of these situations happens with the tensile stress or 

temperature because the states 1 , 2  and X4c move in the 

opposite directions. 

8. The s state occupation decreases with increasing the compressive 

stress.. When the lattice constant increases by the effect of the 

tensile stress or temperature the s state occupation increases. This 

reflects the tendency of the atom to retain their atomic 

configuration s
2
 p

2
. 

9. The calculated value of the bulk modulus is larger than the 

experimental value. The parameters   and 
o  and the correlation 

correction have high effect on the calculated value of the bulk 

modulus. 

10.   From the valence electronic charge distribution, it is noted 

that the electronic charge density is high at the half distance 

between two atoms, and it has a small variation with the pressure 

or temperature. 

11.  The  form factors are in good agreement with the 

experimental results. The form factors decrease as the compressive 

stress increases and their values increase with increasing the tensile 

stress and temperature. 
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12.  The tensile stress and temperature have the same effect on 

the properties because they increase the lattice constant of the 

crystal. 

13.  We expect that our calculations for the effect of temperature 

are not always of good precision because these calculations do not 

include the electron-phonon interaction. 

14.   Inspite of  the large number of approximations in the 

adopted model, the optimum empirical parameters give results in 

good agreement with the experimental results.   

4.3 Suggestions  

We suggest:  

1. Applying the present work calculations to a larger LUC of 16, 64 

or 128 LUCs to investigate the band structure, optical properties 

and effective masses. This will lead to a more detailed band 

structure due to the large number of symmetry points that will be 

produced, and it is expected that will give more precise results . 

2. Applying other methods of approximations such as modified 

intermediate neglect of differential overlap (MINDO) or the 

neglect of the diatomic differential overlap (NDDO) for computing 

the two-electron integrals. But these levels of approximations need 

advanced computers and much greater computing time. 

3. Using the present model with the different LUCs to study the phase 

transitions in tin and in other semiconductor such as Si and Ge. 

4. Study of the effect of temperature on the properties of tin or other 

semiconductors by considering the vibrational contribution to the 

free energy. 
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5. Study of the effect of pressure on different semiconductors by 

using other methods of approach in quantum mechanics such as 

density-functional theory (DFT) calculations. 

6. Applying the present work to study the properties of the ionic 

crystals and the superconductive copper oxide crystalline 

compounds. 

7. Study the effect of pressure on some molecules by using ab-intio 

calculations. 



 

 XII 

Index of Widely Used and Important Symbols  
 

1- Alphabetical Symbols 

a Lattice constant 

A  Affinity 

B Bulk modulus 

iC  Combination coefficients of hybridized orbitals  

E
T
 Total energy 

E
(0)

 The zero-order energy 

E
(1)

 The first-order energy correction  

E
(2)

 The second-order energy correction  

f X-ray form factor 

f (x) Modulating function 

F  Fock Hamiltonian matrix element between orbitals   and   

F
0
 Zero order two-electron integral 

F
1
 Second order two-electron integral 

G
1
 First order two-electron integral 

H
T
 Total Hamiltonian operator 
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Appendix  A 

The Overlap Integrals and Slater Integrals 

 To evaluate the overlap integrals, the prolate spheroidal coordinate 

system ),,(   is used. 

The relations between the prolate spheriodal system and two 

spherical polar systems centered at atoms A and B separated by a distance 

R are [2],  

R

rr
,

R

rr BABA 



  (A.1) 

2

)(R
r,

2

)(R
r BA





  (A.2) 

 

The product of the spherical harmonic functions centered on a and 

b in terms of a function of prolate spheroidal coordinates ),(T  . 

)(cos)(cos),(T B

m

A

m

ba
 ll  (A.3) 

Where la and lb are the angular quantum numbers for a and b respectively 

and  











1
cos           

1
cos BA  (A.4) 

The final form of ),(T   can be written as  
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Appendix B 

Two-Center and One-Center Coulomb Integrals in 

INDO Approximation 

Two center electron-electron interaction integrals of the coulomb 

type over Slater s functions have the following form  

21bb

1

12aababa dd)2(r)1()R,,,n,n(  

   (B.1) 

Where the charge distribution )1(aa  and )2(bb  are the product 

of Slater s function. The two-center integrals are developed for 

programming in its final form. These integrals can be calculated using the 

formula of the reduced overlap integrals [2],  
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and the integrals are programmed in this form in the present work. On the 

other hand, a general expression for one-center coulomb integrals over 

Slater s functions is given by  

21bb

1

aababa dd)2(r)1()0,,,n,n(  

   (B.3) 

And finally the form of this integrals can be written by using the 

reduced overlap integral as follows,  
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He  Electronic Hamiltonian operator 

Hii Expectation value of core Hamiltonian  

H
core

  Core Hamiltonian 

H' Correlation correction core Hamiltonian 

I  Ionization potential  

jij Coulomb integral  

jj Coulomb operator  

Kij Exchange integral 

Kj Exchange operator 

k Wave vector 

P Pressure 

P  Density matrix  

QB  Net charge on atom B 

r Radial distance 

r21 Distance between particle one and two 

s Reduced overlap integral 

S Overlap integral 

T Temperature 



LIST OF SYMBOLS  

 XIV 

U  Local core matrix element 

V Volume 

Vp Potential 

VAB 
The interaction potential of valence electron on atom A 

with the core of atom B 

X High symmetry points in k space  

Ylm  Spherical harmonics  

Z Nuclear charge 

1- Greek symbols 

L  Linear thermal expansion coefficient 

o  Bonding parameter 

AB  Two-electron integral between atoms A and B 

  High symmetry point in k space 

  Kronecker delta 

  Eigen values of Fock Hamiltonian  

  Orbital exponent  

)/(   Two-electron integral 

c  Electronic charge density 
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 XV 

i  Atomic wavefunctions 

X(k,r) Molecular wavefunction within one LUC 

i  Hybridized orbital 

  Total anti symmetric wavefunction 

3- Abbreviations 

bcc Body centered cubic  

bct Body centered tetragonal 

CI Configuration interaction  

CNDO Complete neglect of differential overlap  

fcc Face centered cubic 

GTO Gaussian type orbital 

HF Hartree Fock  

INDO Intermediate neglect of differential overlap  

LCAO Linear combination of atomic orbitals 

LUC Large unit cell  

MINDO Modified intermediate neglect of differential overlap  

MPPT Møller-Plesset perturbation theory 

NDDO Neglect of diatomic differential overlap 
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sc  Simple cubic  

SCF Self-consistent field  

STO Slater type orbital  

TBM Tight-binding method 

ZDO Zero differential overlap 
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