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 المستخلص
 

  اق جبييييي لمجموعييييي    مد و ييييي  نقيييييعري اً جدييييي    عجيييييع    فييييي  لييييي       ييييي    

(open set pr ) و   ي  اًيي  او ايد س س   يي     بو و يي  ف    دض ء   ثن ئ ،

( ف    دضي ء open set pr) اق جب لمجموع    مد و     ل ً رجف   جعجعة ب  نسب  

 .   بو و ي    ثن ئ 
   -و قع  صلن  على   ن  ئج  لآاي  :

  دض ء   ثني ئ     بو و يي   -1  ,,X  فضي ء جكيوoT   إذ  وفقي  إذ   كي  اق جبي

})({})({ جكو  Xف   ,yxاخ لد ين  نقي ين xclpryclpr . 

 ابو و ييييي   زئييييي  ايييين فضيييي ء  نيييي ئ  x}{إذ  ك نيييي  كيييي  اجموعيييي  س   جيييي   -2

  ,,X فإ ر اق جب   ل  اجموع  اغلق ،  ,,X  1جكو  فض ءT  اق جب. 

  دض ء   ثن ئ     بو و ي   -3  ,,X   1فض ء جكوT    إذ  وفق  إذ اق جب: 

       })({aclpr   ك aX  . 

  دض ء   ثن ئ     بو و ي   -4  ,,X   إذ  وفقي  إذ ان ظمي  اق جبي  فضي ء جكيو: 

 V اق جبيي  اد و يي اجموعيي   جو ييع U ،Ux اق جبيي  اجموعيي  اد و يي  كيي  
UVclprو  Vxبحيث س    )(. 

بو و يييي    دضييي ء   ثنييي ئ      -5  ,,X كييي   إذ  وفقييي  إذ   يييوق اق جبييي  جكيييو 

احيوق  Xفي   U اق جبي  واجموع  اد و   X ف  H اق جب   غلقاجموع  ا
H  اق جبيييييييييييييييي  اجموعيييييييييييييييي  اد و يييييييييييييييي جو ييييييييييييييييع V  بحيييييييييييييييييث س 

UVclprVH  )(. 

 يييييييييييييكن  -6  ,,X  ،  ,,Y ابو و ييييييييييييي     ن ئييييييييييييي   فضيييييييييييي ء ،  

:),,(),,(و    YXf   ل     ي . إذ  ك ني    صيورة   ًكسيي  احي

f  في  اق جبي  اد و ي    ك  اجموعY   في  اق جبي  اد و ي   اجموعي ليX ،

 .اق جب   اكو  اس م ة fفإ ر   ع    

 يييييييييييييكن  -7  ,,X  ،  ,,Y ابو و ييييييييييييي     ن ئييييييييييييي   فضيييييييييييي ء ،  

:),,(),,(و    YXf    ليييييييييييييييييييييي     يييييييييييييييييييييي . إذ  كيييييييييييييييييييييي 

))(())(( AfclprAclprf      ك XA  فيإ ر   ع  ي ،f   اكيو

 .اق جب   اس م ة

إذ  كييييييييييي    -8  ,,X  ،  ,,Y ابو و يييييييييييي     ن ئيييييييييييي   فضييييييييييي ء ،  

:),,(),,(و    YXf    ليييييييييييييييييييييي     يييييييييييييييييييييي . إذ  كيييييييييييييييييييييي

))(int())int(( 11 BfprBprf     كييي YB  فيييإ ر   ع  ييي ،f 

 .اق جب  اكو  اس م ة



 يييييييييييييييكن  -9  ,,Y  فضيييييييييييييي ء
oT   ك نيييييييييييييي    ع  يييييييييييييي  ذ  إ ،اق جبيييييييييييييي

),,(),,(:   YXf  وا ب جنييييي ، فيييييإ ر   دضييييي ء اق جبييييي  اسييييي م ة 

  ,,X جكو  فض ء 
2T  اق جب. 

:),,(),,(  كن   ع     -11   YXf   إذ  كي   ، اق جبي  واي ال   اد و

فض ء   ,,X فض ء 
1T   فإ  اق جب  ,,Y  جكو  فض ء

1T  اق جب. 

 ييييييييييييييكن  -11  ,,Y  فضييييييييييييي ء
2T   ذ  ك نييييييييييييي    ع  ييييييييييييي  إ ،اق جبييييييييييييي

),,(),,(:   YXf  وا ب جنيييي ، فييييإ ر اق جبيييي  اسيييي م ة  ,,X 

جكو  فض ء 
2T  اق جب. 

 يكن  -12  ,,X فضي ء   ن ئيي   ابو و يي   و ,Y    و  ع  ي  فضي ء  ابو و يي ،  

),(),,(:   YXf   إذ  كيييييييييييييييييييييييييي  ليييييييييييييييييييييييييي     يييييييييييييييييييييييييي ، 

))(())(( 11 BclprfBfclpr     كييييي YB   فيييييإ ر   ع  يييييf 

 .*اق جب  اكو  اس م ة

:),,(),( يي كن   ع  يي   -13   YXf  إذ  كيي   وايي ال   *اق جبيي  اد و يي ، 

  ,,X  فض ء
oT   فإ ر اق جب ، ,Y  جكو  فض ء

oT . 

 ييييييكن  -14 ,X فضييييي ء  ابو و يييييي   و  ,,Y   ابو و يييييي  ،  ن ئيييييي   فضييييي ء

:),(),,(و   YXf  ،       صيورة   ًكسيي  احي  إذ  ك نيل    f 

 f يي  فييإ ر   ع  Xاغلقيي  فيي   اجموعيي ليي   Yفيي  اق جبيي   كيي  اجموعيي  اغلقيي  

 .**اق جب  اكو  اس م ة
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Abstract 
 

In this thesis, we introduce a new definition  for pr open 

set in bitopological space and give the basic specifications for 

this definition  . 

We state here some of the main results which, we obtain: 

1. A bitopological space ),,( X  is oTpr  -space iff for each 

distinct points yx,  in })({})({, yclprxclprX  . 

2. If every singleton subset }{x  of bitopological space 

),,( X  is pr closed , then ),,( X  is 1Tpr  -space. 

3. A bitopological space ),,( X  is a 1Tpr  -space iff  

 }{aclpr   , for each a X . 

4. Let ),,( X  be a bitopological space, then ),,( X  is a 

pr regular iff for each pr open set U  and Ux , there 

exists pr open set V  such that  Vx , UVclpr  )( . 

5. Let ),,( X  be a bitopological space, then ),,( X  is a 

pr  normal iff for each pr closed set H  in X  and 

pr open set U  in X  containing H , there exists pr open 

set V  such that UVclprVH  )( . 

6. Let   ,,X  and   ,,Y be  bitopological spaces, and  

     ,,,,: YXf  be a function. If the inverse image 

under f  of every pr open set in Y  is pr open set in X , 

then f  is pr continuous function. 

7. Let   ,,X  and   ,,Y be two bitopological spaces, and  

     ,,,,: YXf  be a function. If 

))(())(( AfclprAclprf   , for every XA , then f  

is pr continuous. 

8. Let   ,,X  and   ,,Y  be two bitopological spaces, and 

     ,,,,: YXf  be a function . If  

))(int())int(( 11 BfprBprf    for each YB , then 

f  is a pr continuous function . 
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9. Let   ,,Y  be a oTpr  -space, and      ,,,,: YXf  

is a pr continuous and 1-1 function , then   ,,X  is a 

oTpr  -space. 

10. Let      ,,,,: YXf  be onto and pr open 

function, if   ,,X is a 1Tpr  -space, then   ,,Y is a 

1Tpr  -space. 

11. Let   ,,Y be a 2Tpr  -space, and      ,,,,: YXf  

be a pr continuous and 1-1 function, then   ,,X  is a 

2Tpr  -space. 

12. Let   ,,X  be a bitopological space,  ,Y  be a 

topological space, and      ,,,: YXf  be a function. 

If ))(( 1 Bfclpr   ))((1 Bclf   , for every XB , then 

f  is pr continuous function. 

13. Let      ,,,: YXf  be a pr open and onto 

function and   ,,X  be a Tpr  -space, then  ,Y is a 

T -space. 

14. Let  ,X  be a topological space,   ,,Y  be a 

bitopological space, and      ,,,: YXf  be a 

function. If the inverse image under f  of every pr closed 

set in Y  is a  -closed set in X , then f  is 

pr continuous. 
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Introduction 
 

This thesis establishes a relation between bitopological 

spaces and topological spaces. 

 Bitopological space initiated by Kelly [7,8] is defined as : 

A set equipped with two topologies is called a bitopological 

space, denoted by ),,( X  where ),(),,(  XX  are two 

topological spaces defined on X . 

 open set defined by Njastad (1965) [14] , is as follows: 

Let ),( X  be a topological space and XA , A is said to be  

 open set iff )))((int(int AclA  . The definition for 

pr open set in topological space is introduced by Mashhour , 

Abd El-Monsef , M. E., and El-Deep , S. N. (1981)[11] on the 

basic of   open set in topological space. 

Let ),( X  be a topological space, A be a subset of AX ,  

is said to be  pre open set iff ))((int AclA   [11] , the 

family of all pre open sets is denoted by )(. XOpr . 

 

In this thesis, the phrase " pr open set" refers to 

" pr open set in bitopological space ),,( X ". 

A new definition for pre open set in bitopological space 

is introduced on the basic of  open set in bitopological space 

and pre open set in bitopological space. 

Let ),,( X  be a bitopological space A be any subset of 

X . A is said to be pr open set iff  ))((int AclA  . 

From the relation above, the following generalization is 

formulated between topological space and pr open set in 

bitopological spaces. 

Let ),,( X  be a bitopological space, then there is no 

relationship between  -open sets in topological space   and 

pr open set in bitopological space. 

Kelly , J. C. (1963) [8] . Introduced the idea of 

bitopological spaces . 
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This chapter includes some basic definitions, theorems, 

remarks and examples of pr open set in bitopological space. 

 

Basic Definitions: 

1.1 Definition: 
Let   ,,X  be a bitopological space, and A be a subset 

of X , A is called pr open set with respect to the two 

topological spaces  and   if:  ][int AclA   

The collection of all pr open sets with respect to the two 

topologies is denoted by )(. XOpr  . 

 

1.2 Example: 
Let  cbaX ,, ,  }{,, aX    and  },{},{,, baaX    

    ,,, XX be two topological spaces, then   ,,X  is  

a bitopological space. The family of all pr open sets of X  is:  

 },,{},,{},{,,)(. cabaaXXOpr   

If we have  aY  , then    Xacl )(   

XX )(int    , therefore ,   Xa   .  

Hence  a  is pr open set in   ,,X  . In general, any 

bitopological space  ,X are clearly pr open sets. 

 

1.3 Remark: 
a. Any  open set is not necessary to be pr open set.  

[i.e the topology   is not necessary to be subcollection of 

pr open of X ]. 

b. Any pr open set is not necessary to be of (   open,  

 open) set [i.e the family of pr -open sets is not be 

necessary to be sub collection from any one of the two 

topologies  and  . 

 

The following example explains the part )(a  of the 

Remark (1.3). 
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1.4 Example: 
Let  cbaX ,,  ,  }{,, aX   ,  },{},{},{,, cbcbX    

    ,,, XX  are two topological spaces, then   ,,X  is  

a bitopological space. So,  

)(. XOpr  },{},{,, cbaX   

Clearly ,   is not subcollection of pr open set of X . 

 

The following example explains the part )(b  of the 

Remark (1.3). 

 

1.5 Example: 
Let  cbaX ,,  ,  }{,, cX    ,  },{},{,, cbcX   . 

    ,,, XX  are two topological spaces, then   ,,X  is  

a bitopological space. The family of all pr open sets of X  is:  

)(. XOpr  },{},,{},{,, cbcacX   

Clearly , pr open set of X  is not subcollection from any 

one of the two topologies  and  . 

 

1.6 Definition: 
a.   ,,X  is called discrete bitopological space with 

respect to pr open if )(. XOpr  contains all subsets on X . 

b.   ,,X  is called indiscrete bitopological space with 

respect to pr open if  ,)(. XXOpr   . 

 

1.7 Remark: 
Let X  be any finite set,   and   are two topological 

spaces. If   is any topology , neither discrete nor indiscrete, 

then: 
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Case     )(. XOpr  

1 discrete top.   contains all subsets on X  

2   discrete top.   

3 indiscrete top.   
contains subsets on X  neither 

discrete nor indiscrete topology 

4   indiscrete top. contains all subsets on X  

5 discrete top. discrete top. contains all subsets on X  

6 indiscrete top. indiscrete top. contains all subsets on X  

7 discrete top. indiscrete top. contains all subsets on X  

8 indiscrete top. discrete top. },{ X  

 

1.8 Remark: 
The intersection of any pr open sets is not necessary a  

pr open set. So the family of all pr open sets of X  does not 

represent a topology on X . 

 

The following example explains the above remark. 

 

1.9 Example: 
The example shows that there are two pr open sets, but 

the intersection is not pr open set. 

Let  cbaX ,, ,  },{},{,, baaX   ,   },{},{,, cacX    

    ,,, XX  are two topological spaces, then   ,,X  is  

a bitopological space, then: 

)(. XOpr  ,},{},,{},,{},{},{,X, cbcabaca  

Clearly that , },{},,{ cbba  are two pr open sets, but 

},{ ba }{},{ bcb  is not pr open set. 
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1.10 Proposition: 
The union of any two pr open sets is pr open set with 

respect to bitopological space. 

 

Proof: 

Let A and B  be two pr open sets with respect to 

bitopological space   ,,X . 

(i.e)  ][int AclA   and   ][int BclB   

A  ][int AclB    ][int Bcl   Acl [int   ]Bcl  

Since  Acl   Bcl Acl ( )B   

Then BA  Acl ([int  )]B  

So any two pr open sets also pr open set with respect 

to bitopological space   

 

1.11 Definition: 

Let   ,,X  be a bitopological space. A subset A of X  is 

called pr closed set of X  iff the complement of A is 

pr open set of X , and the collection of all pr closed sets 

with respect to the two topologies   and   denoted by 

)(. XCpr . 

1.12 Remark: 
a. Any  -closed set is not necessary to be pr closed set  

[i.e the closed sets of the topology   is not necessary to be 

sub collection of )(XCpr  ]. 

b. Any pr closed set is not necessary to be (  closed,   

closed) set [i.e the family )(XCpr   is not necessary to be 

subcollection from one of the closed sets of any of the two 

topologies   and  ]. 

  

The following example explains the part )(a  of  

Remark (1.12). 
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1.13 Example: 
Let    ,,, cbaX  ,}{,, aX  and    },{},{},{,, cbcbX   

    ,,, XX  are two topological spaces, then   ,,X  is a 

bitopological space, so: 

)(. XOpr  ,},{},{,, cbaX   

Hence , the set of all pr closed sets of X  is: 

 )(XCpr  }{},,{,, acbX  . 

If we take },{ caA  as a  closed set of X , but A is not 

a subcollection of )(XCpr   . 

 

The following example explains the part )(b  of  

Remark (1.12). 

 

1.14 Example: 
Let   cbaX ,,  ,   },{},{,, caaX   ,   },{,, caX  . 

    ,,, XX  are two topological spaces, then   ,,X  is  

a bitopological space, then: 

)(. XOpr  ,},{},,{},,{},{},{,, cbcabacaX   

Hence the set of all pr closed sets of X  is: 

 )(XCpr  }{},{},{},,{},,{,, abcbacbX  . 

If we take },{ baA  as a pr closed set of X , but A is 

not to be ( -closed, or  -closed) set. 

 

1.15 Definition: 
Let   ,,X  be a bitopological space, and Xx  ,  

a subset N  of X  is said to be pr nhd of a point x  with 

respect to bitopological space   ,,X  iff there exists  

a pr open set U )(. XOpr  such that NUx  . 

The set of all pr nhds of a point x is denoted by 

)(xNpr   . 
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1.16 Remark: 
If x  is any point of X , then )(xNpr   is not necessary to 

be equal to one of  )(xN  [nhd system with respect to the 

topology  ], or  )(xN  [nhd system with respect to the 

topology  ]. 

 

1.17 Example: 
Let  cbaX ,, ,   }{,, aX   ,   },{},{},{,, cbcbX  . 

    ,,, XX  are two topological spaces, then   ,,X  is  

a bitopological space. 

The family of all pr open sets of X  is: 

)(. XOpr  ,},{},{,, cbaX  so :  

)(. aNpr  },{},,{},{, cabaaX  

)(. bNpr  },{, cbX  

)(. cNpr  },{, cbX , and 

 )(aN  },{},,{},{, cabaaX  

}{)( XbN   

}{)( XcN   

}{)( XaN   

 )(bN  },{},,{},{, cbbabX  

 )(cN  },{},,{},{, cbcacX  

 

1.18 Definition: 
Let   ,,X  be a bitopological space, and XA . A point 

Xx  is said to be pr interior point of A with respect to two 

topologies   and   iff there exists a pr open set B  such that 

ABx   . The set of all pr interior points of A with respect 

to two topologies   and    denoted by intpr )(A . 

 

1.19 Remark: 
If A be any subset of X , then pr int )(A  is not 

necessary to be equal to one of )int( A , int )(A . 
 

The following example explains the above remark. 
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1.20 Example: 
Let  cbaX ,,   ,   }{,, aX   ,   },{},{,, baaX  . 

    ,,, XX  are two topological spaces, then   ,,X  is a 

bitopological space. The family of all pr open sets of X  is: 

)(. XOpr  },{},,{},{,, cabaaX   

If we take },{ caA , then },{}),int({ cacapr   , and  

 }{}),int({ aca  ,  }{}),int({ aca   

Clearly }),int({ capr  is not equal to any of 
 }),int({ ca ,  }),int({ ca . 

 

1.21 Remark: 
If x )int( Apr  , then A is pr nbd of x . 

 
Proof: 

Let x )int( Apr  , then by Definition (1.18), there exists 

a pr open set G  such that Gx A . Hence A is pr nbd of 

x   
 

1.22 Definition: 
Let   ,,X  be a bitopological space, and  XA .  

A point Xx . x  is said to be pr exterior point of A with 

respect to the two topologies   and   iff it is a pr interior 

point of the complement of A, that is, iff there exists  

a pr open set B  such that cABx    or equivalently Bx  

and B A  . 

The set of all pr exterior points of A with respect to the 

two topologies   and   is denoted by pr ext )(A . 

 
1.23 Remark: 

If A is any subset of X , then pr ext )(A  is not necessary 

equal to one of the  -ext )(A , or  -ext )(A , as in the following 

example. 
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1.24 Example: 
Let  dcbaX ,,,  ,   },{},{},{,, cbcbX   ,   },{},{,, baaX  . 

    ,,, XX  are two topological spaces, then   ,,X  is a 

bitopological space, so: 
)(. XOpr  },,{},,,{},,,{},,{},,{},,{},,{},{},{},{,, dcadbacbacbdacabacbaX       

If we take },{ dbA , then pr ext },{}),({ cadb  , but 
 -ext }{}),({ cdb  , and  -ext }{}),({ adb  . 

Clearly , pr ext }),({ db  is not equal to any one of  
 -ext }),({ db , or  -ext }),({ db . 

 

1.25 Remark: 

Let   ,,X  be a bitopological space, and  XA . Then: 

1. pr ext )(A pr int )( cA . 

2. pr ext )( cA pr int )( ccA pr int )(A . 

It follows from the Definition (1.22). 
 

1.26 Definition: 
A point x  of a bitopological space   ,,X  is said to be a  

pr frontier point (or pr boundary point) of a subset A of X  

with respect to the two topologies   and   iff it is neither 

pr interior nor pr exterior point of A. The set of all 

pr frontier points of A is denoted by )(Afrpr  .  

[i.e UXOprUXx X  )(.&  &A cAU   ]. 

 

1.27 Remark: 

If A be any subset of X , then )(Afrpr   is not necessary 

to be any one of the  )(Afr , or  )(Afr . 

 

1.28 Example: 
Let  cbaX ,, ,    },{},{,, babX   and   }{,, cX  .  

    ,,, XX  are two topological spaces, then   ,,X  is a 

bitopological space, so: 

)(. XOpr  },{},,{},,{},{},{},{,, cbcabacbaX  . 

If we take },{ cbA , then  
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pr int },{}),({ cbcb  , pr ext }{}),({ acb  , pr }),({ cbfr   

 -int }{}),({ bcb  ,  -ext }),({ cb   , 

Also  },{}),({ cacbfr   

 -int }{}),({ ccb  ,   -ext }),({ cb   , 

therefore  },{}),({ bacbfr   

From above, we see }),({ cbfr   not equal to any one 

of   }),({ cbfr , and  }),({ cbfr . 
 

1.29 Definition: 
Let   ,,X  be a bitopological space, a point x  is called 

pr limit point of subset A of X  with respect to two 

topologies   and   iff for each a pr open set B  containing x  

contains another point different from x  in A, that is 

})/{( xB A   . The set of all pr limit points of A be 

denoted by pr lm )(A . 
 

1.30 Remark: 
If A is any subset of X , then )(Almpr   is not necessary 

equal to any one of the  lm )(A , or  lm )(A . 

The following example explains the above remark. 
 

1.31 Example: 
Let  cbaX ,, ,   }{,, aX   and   },{},{},{,, cbcbX   

    ,,, XX  are two topological spaces, then   ,,X  is 

a bitopological space, so: 

)(. XOpr  },{},{,, cbaX  . 

If we take },{ caA  , then pr lm }{)( bA   and 

 lm },{ cbA  ,      lm }{)( aA   

Clearly that pr lm )(A  is not equal to any one of the 

 lm )(A ,  lm )(A . 
 

1.32 Definition: 
Let   ,,X  be a bitopological space, and A X  , the 

intersection of all pr closed sets containing A is called 

pr closure of A, and is denoted by )(Aclpr ; i.e 

 )(Aclpr FF :{ is pr closed, }FA . 
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1.33 Remark: 
If A is any subset of X , then )(Aclpr  is not necessary 

equal to any one of  )(Acl ,  )(Acl . 

The following example explains the above remark. 

 

1.34 Example: 
         Let  dcbaX ,,, ,  },}{{},{,, cbcbX   and  },{},{,, daaX    . 

    ,,, XX  are two topological spaces, then   ,,X  is 

a bitopological space. Hence: 

)(. XOpr  },,{},,,{},,,(},,{},,{},,{},,{},{},{},{,, dcadbacbacbdacabacbaX   

)(. XCpr  }{},{},{},,{},,{},,{},,{},,,{},,,{},,,{,, bcddacbdbdcdbadcadcbX   

     )(XC  },{},,,{},,,{,, dadbadcaX  

     )(XC  },{},,,{,, cbdcbX  

If we take },{ dcA , then  

},,{)( dcbAclpr  },,{ dca },{ dc },{ dcX   

and  },,{)( dcaAcl  ,  },,{)( dcbAcl   

Clearly that )(Aclpr  is not equal to any one of 

 )(Acl ,  )(Acl . 

 

The following some important theorems that's consider 

with pr int, pr ext, pr fr, pr cl and pr nhd are 

discussed .  

 

1.35 Theorem: 

Let   ,,X  be a bitopological space, for each Xx , 

)(xNpr   be the collection of all pr nhds of x , then: 

i.) Xx ,  )(xNpr  (i.e every point x  has at least one  

pr nhd). 

ii.) N  )(xNpr  , then Nx  (i.e every pr-nhd of x  

contains x ). 

 

iii.) If N  NxNpr &)( M , then M )(xNpr   (i.e 

every set containing a pr nhd of x  is a pr nhd of x ). 
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iv.) If N )(xNpr  , then there exists M )(xNpr   such 

that NM   and M )(yNpr , y M  (i.e if N  is a 

pr nhd of x , then there exists a pr nhd M  of x  which 

is a subset of N  such that M  is a pr nhd of each of its 

points). 
 

Proof: 

i.) Since X  is a pr open set, it is a pr nhd of every 

x X . Hence there exists at least one pr nhd (namely 

x ) for every x X . Hence  )(xNpr  x X . 

 

ii.) If N )(xNpr  , then N  is pr nhd of x . So by 

definition of pr nhd, xN . 

 

iii.) If N )(xNpr  , then there is a pr open set B  such 

that xB N . Since N  M , xB M  and so M  is 

a pr nhd of x . Hence M  )(xNpr  . 

 

iv.) If N )(xNpr  , then there exists a pr open set M  

such that xM  N . Since M  is a pr open set, it is a 

pr nhd of each of its points. Therefore M  )(yNpr , 

y M   

 

1.36 Theorem: 

Let   ,,X  be a bitopological space, and A X , then: 

 )int( Apr G{  GXOpr :)(. }.A  

 

Proof: 

If x )int( Apr   iff A is a pr nhd of x  iff there exists a 

pr open set G  such that xG  A iff 

x G{ GXOpr :)(. }A . 

    Hence  )int( Apr  G{ GXOpr :)(. }A  
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1.37 Theorem: 

Let   ,,X  be a bitopological space, and A, B  be any 

subsets of X , then: 

i.) XXpr  )int(  ,     )int(pr  . 

ii.) AApr  )int( .  

iii.) If A B , then )int( Apr   )int( Bpr    

iv.) Apr int( )B  )int( Apr   )int( Bpr  . 

v.) )int( Apr   )int( Bpr   Apr int( )B . 
 

Proof: 

i.) Since X  is a pr open set with respect to the two 

topologies   and  , and X  X , so x X  pr open 

set X  x X  X . Hence XXpr  )int( . Also 

  )int(pr . 
 

ii.) If x )int( Apr  , then x  is a pr interior point of A 

with respect to two topologies  and  , so 

)(XOprG    xG  A, so x A.  

     Hence, AApr  )int( . 
 

iii.) If x )int( Apr  , then x  is an pr interior point of A 

with respect to the two topologies   and   , so 

)(. XOprG  xG  A and A B , so xG  B  this 

implies that x )int( Bpr  , hence 

)int( Apr   )int( Bpr   
 

iv.) Since A B A, and A B B , [by part (iii) above], 

we have Apr int( )B  )int( Apr  , 

Apr int( )B  )int( Bpr  .  

          Hence , Apr int( )B  )int( Apr   )int( Bpr  . 
 

v.) Since A A B  and B A B , so by [a part (iii) 

above], we have: 
 )int( Apr   Apr int( )B  

 )int( Bpr   Apr int( )B  

Hence  )int( Apr   )int( Bpr   Apr int( )B   
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The following example explains the converse of the parts 

(ii) and (iii) of the previous theorem are not true. 

 

1.38 Example: 

Let },,,{ dcbaX  ,   },{},{},{,, babaX  and    },{},{},{,, cbcbX  . 

    ,,, XX  are two topological spaces, then ),,( X  is  

a bitopological space, such that: 

)(. XOpr  },,{},,,{},,{},,{},{},{,, dcbcbacbbabaX  .  

If we take },{ caA , then }{)int( aApr  , clearly,  

A )int( Apr  . And if we take },,{ cbaB   then 

},,{)int( cbaBpr  . Clearly, BA  but )int()int( AprBpr   .  

 

1.39 Remark: 
The converse of the part (iv) in the previous theorem is not 

true by Remark (1.8) .   

 

The following example explains the converse of the part 

(v) in the previous theorem is not true. 

 

1.40 Example: 
Let },,{ cbaX  ,   },{},,{},{,, cbbabX  ,   },{},,{},{},{,, cacbcaX  .  

    ,,, XX  are two topological spaces, then ),,( X  is  

a bitopological space, so: 

)(. XOpr  },{},,{},,{},{},{,, cbcabacbX   

If we take }{bA , and }{aB  , then: 

},{)( baBA   and Apr int( },{}),int({) babaprB  ,but 

)int( Apr   })int({})int({)int( aprbprBpr  
}{}{ bb    

Hence , Apr int( )B  )int( Apr   )int( Bpr  . 

 

1.41 Theorem: This theorem is equivalent to definition (1-22) .  

Let ),,( X  be a bitopological space, and XA , then: 

pr ext )(A }:)({ cAGXOprG  . 
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Proof: 

By Remark (1.25), pr ext )(A )int( cApr  . But by 

Theorem (1.36),  )int( cApr }:)(.{ cAGXOprG   

Hence pr ext )(A }:)(.{ cAGXOprG    

 

1.42 Theorem: 

    Let ),,( X  be a bitopological space, and A, B  be subsets of 

X , then: 

i.) pr ext )(X   ,   pr ext )( X . 

ii.) pr ext )(A
cA  .  

iii.) If BA , then pr ext )(B  pr ext )(A   

iv.) pr ext A( )B  pr ext )(A  pr ext )(B . 

 

Proof: 
i.) By Remark (1.25) and Theorem (1.37): 

pr ext )(X pr int )( cX pr int )(   . 

Also by Remark (1.25) and Theorem (1.37) we have 

pr ext )( pr int )( c pr int XX )( . 

 
ii.) By Remark (1.25 and part (ii) of Theorem (1.37), we get    

pr ext )(A pr int cc AA )( .  

 
  

iii.) If BA , then 
cc AB  , by part(iii) of Theorem (1.37) 

we have pr int )( cB pr int )( cA , therefore 

pr ext )(B   pr ext )(A .  

 

iv.) By Remark (1.25) and De-Morgan Law,   

pr ext )( BA pr int cBA )(   

pr int )( cc BA   pr( int )( cA pr int ))( cB [by part(iv) 

of Theorem (1.37)] pr ext )(A  pr ext )(B  .  

Hence pr ext )( BA  pr ext )(A  pr ext )(B   
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The following example explains the converse of the part (ii) 

in the previous theorem is not true. 

 

1.43 Example: 
Let },,{ cbaX  ,   },{},{},{,, cacaX  ,   },{},{},{,, babaX  . 

    ,,, XX  are two topological spaces, then ),,( X  is a 

bitopological space, so , 

)(. XOpr  },{},,{},{},{,, bacacaX   

If we take }{aA , then },{ cbAc  , and,  

pr ext )(A pr int )( cA pr int }{}),({ ccb   

Clearly cA pr ext )(A . 
 

The following example explains the converse of the part 

(iii) in the previous theorem is not true. 
 

1.44 Example: 
Let },,{ cbaX  ,   },{},{,, baaX  ,   },{},{,, cbbX  . 

    ,,, XX  are two topological spaces, then ),,( X  is a 

bitopological space, so, 

)(. XOpr  },{},,{},{},{,, cbbabaX   

If we take }{cA , }{bB  , then we have 

pr ext )(B  pr ext )(A  

Since pr ext  prB)( ext  prb})({ int  prb c )}({ int }{}),({ aca  ,

and pr ext  prA)( ext  prc})({ int  prc c )}({ int },{}),({ baba   

Hence pr ext )(B  pr ext )(A , but BA . 

 

The following example explains the converse of the part 

(iv) in the previous theorem is not true .  

 

1.45 Example: 
Let },,{ cbaX  ,   },{},{,, babX  ,   },{,, baX  . 

    ,,, XX  are two topological spaces, then ),,( X  is a 

bitopological space, so, 

)(. XOpr  },{},,{},,{},{},{,, cbcababaX   

If we take }{aA  , }{bB   , so  
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pr ext },{}),int({)int()( cbcbprAprA c   

pr ext },{}),int({)int()( cacaprBprB c  , hence ,  

pr ext prA )( ext }{},{},{)( ccacbB    

pr ext  prBA )(  ext  })int({}),({ cprba  .  

Hence , pr ext prA )( ext  prB)( ext )( BA  .  

  

1.46 Theorem: 

    Let ),,( X  be a bitopological space, and XA , then the 

point x  in X  is a pr frontier point of A iff every pr nhd of 

x  intersects both A and cA . 

 

Proof: 

    Suppose that x )(Afrpr   iff x pr int )(A  and  

x  )(Aextpr pr int )( cA  iff neither A nor cA  is a pr nhd 

of x  iff no pr nhd of x  can be contained in A or 
cA  iff every 

pr nhd of x  intersects both A and 
cA . From Theorem (1.35) 

part (iii) every set containing a pr nhd of x  is a pr nhd of x  
 

1.47 Corollary: 

     )(Afrpr )( cAfrpr   
 

Proof: 

Suppose that x )(Afrpr   iff every pr nhd of x  

intersects both A and 
cA  iff every pr nhd of x  intersects both 

ccA )(  and 
cA  [since ccA )( A] iff x )( cAfrpr    

 

1.48 Theorem: 

Let A be any subset of a bitopological space ),,( X  

then pr int )(A , pr ext )(A  and )(Afrpr   are disjoint and 

X pr int )(A   pr ext )(A  )(Afrpr  . 

 

Proof: 

By Definition (1.22), pr ext )(A  pr int )( cA . Also  

pr int )(A  A and pr int )( cA 
cA . 
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Since A cA  , it follows that  

pr int )(A  pr ext )(A pr int )(A  pr int )( cA . 

Again by definition of pr frontier, we have:  

x )(Afrpr   iff x pr int )(A  and x pr ext )(A  iff  

x pr[ int )(A  pr ext )](A iff x pr[ int )(A  pr ext cA)]( . 

Thus , [)(  Afrpr pr int )(A  pr ext cA)](  

It follows that )(Afrpr   pr int )(A   , and 

)(Afrpr   pr ext )(A  ,and 

X pr int )(A  pr ext )(A   )(Afrpr    

 

1.49 Theorem: 

Let ),,( X  be a bitopological space, and A X  , then: 

i.) )(Aclpr  is the smallest pr closed set containing A. 

ii.) A is pr closed iff  )(Aclpr A. 

 

Proof: 

i.) This follows directly from the Definition (1.32). 

ii.) If A is pr closed, then A itself is the smallest 

pr closed set containing A , hence  )(Aclpr A.  

Conversely, if  )(Aclpr A, by (i), )(Aclpr  is 

pr closed , so , A is also pr closed  

 

1.50 Theorem: 

Let ),,( X  be a bitopological space, and A, B  be any 

subsets of X , then: 

i.)  )(clpr   ,  )(Xclpr X . 

ii.) A )(Aclpr . 

iii.) If A B , then )(Aclpr  )(Bclpr . 

iv.) Aclpr (  )B )(Aclpr  )(Bclpr . 

v.) Aclpr (  )B  )(Aclpr  )(Bclpr . 

vi.) [clpr  )](Aclpr )(Aclpr . 
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Proof: 

i.) Since   and X  are pr closed sets, by Theorem (1.49) 

we have  )(clpr   and  )(Xclpr X  . 

 

ii.) By Theorem (1.49) part (i), we obtain  

       A )(Aclpr . 

 

iii.) By a part (ii) above, B )(Bclpr , since A B , then    

A )(Bclpr , but )(Bclpr  is pr closed set,  

      thus )(Bclpr  is pr closed set containing A.   

      Since )(Aclpr  is the smallest pr closed set 

containing A,   hence )(Aclpr  )(Bclpr . 

 

iv.) Since A A B  and B A B , by a part (iii) above,  

we have )(Aclpr  Aclpr (  )B  and  

)(Bclpr  Aclpr (  )B . hence  

)(Aclpr  )(Bclpr  Aclpr (  )B .          …… (1-1)  

since )(Aclpr  and )(Bclpr  are pr closed sets and 

)(Aclpr  )(Bclpr  is also pr closed, [by a part (ii) 

above].  

A )(Aclpr , B )(Bclpr . 

This implies that A B )(Aclpr  )(Bclpr . 

Thus )(Aclpr  )(Bclpr  is pr closed set containing 

A B , since Aclpr (  )B  is the smallest pr closed set 

containing A B . 

Therefore, Aclpr (  )B  )(Aclpr  )(Bclpr  .. (1-2) 

From (1-1) and (1-2), we have 
Aclpr (  )B )(Aclpr  )(Bclpr  

 

v.) Since A B A. then Aclpr (  )B   )(Aclpr  by a 

part (iii) above and, then A B B , Aclpr (  )B   

)(Bclpr  by a part (iii) above.  

Hence Aclpr (  )B  )(Aclpr  )(Bclpr .  
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vi.) Since )(Aclpr  is pr closed set, we have by 

Theorem(1.49) part (ii), [clpr  )](Aclpr )(Aclpr  

 

The following example explains the converse of the part (ii) 

of the previous theorem is not true. 
 

1.51 Example: 

Let },,{ cbaX  ,   },{},{,, cbbX  ,    },}{{},{,, cacaX  .  

    ,,, XX  are two topological spaces, then ),,( X  is  

a bitopological space then: 

)(. XOpr  ,},{},,}{{},{,, cbcacbX   

and )(. XCpr  }{},{},,{},,{,, abbacaX . 
If we take }{cA , then },{)( caAclpr  . 

Hence, it is clearly that, )(Aclpr A . 

 

The following example explains the converse of the part 

(iii) of the previous theorem is not true. 

 

1.52 Example: 

Let },,{ cbaX  ,    }{,, aX    and  .},{},{,, baaX    

    ,,, XX  are two topological spaces, then ),,( X  is  

a bitoplogical space so: 

)(. XOpr  ,},{},,{},{,, cabaaX   

and )(. XCpr  .}{},{},,{,, bccbX  

If we take }{bA  and },{ cbB  , then clearly BA , and 

}{)( bAclpr  , },{)( cbBclpr  . 

Hence )(Bclpr  )(Aclpr . 

 

The following example explains the converse of the part (v) 

in the previous theorem is not true. 

 

1.53 Example: 

Let },,,{ dcbaX  ,  ,}{,, dX  ,  .},{},,{,, dbcaX     

    ,,, XX  are two topological spaces, then ),,( X  is  

a bitopological space, then: 
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)(. XOpr  },,,{},,{},,{},,{},,{},{,, cbadccbdabadX  },,{},,,{},,,{ dcbdcadba  

Therefore the family of all pr closed sets is: 

)(. XCpr  }{},{},{},{},,{},,{},,{},,{},,,{,, abcdbadacbdccbaX      

If we take },,{ dbaA , and },( dcB  , then:  

}{dBA  , Also Aclpr (  }{})({) ddclprB  , but    

)(Aclpr  XBclpr  )( },{},{ dcdc  ,it is clear that , 

)(Aclpr  )(Bclpr  Aclpr (  )B . 
 

1.54 Definition: 

Let ),,( X  be a bitopological space, and Y  be a subset 

of X . The relative bitopological space for Y  is denoted by 

),,( YYY  , Such that: 

GY {  GY :  }  and 

HY { HY :  }  

Then ),,( YYY   is called the subspace of bitopological 

space ),,( X , the relative bitopological space for Y  with 

respect to pr open sets is the collection YXOpr )(.  given by: 

GXOpr Y {)(.   GY :  )}(. XOpr  
 

1.55 Remark: 

The collection of YXOpr )(.  does not represent a topology 

on Y . 
 

1.56 Example: 

Let },,,{ dcbaX  ,  }{,, dX   ,  },{},,{,, dbcaX    . 

    ,,, XX  are two topological spaces, then ),,( X  is  

a bitopological space, so: 

)(. XOpr  },,,{},,{},,{},,{},,{},{,, cbadccbdabadX  },,{},,,}{,,{ dcbdcadba  

And let },,{ dbaY  , then  }{,, dYY   , 

and   },{},{,, dbaXY    

),( YY  , ),( YY   are two topological spaces, then 

),,( YYY   is a subspace of bitopological space ),,( X , such 

that, YXOpr )(.  },{},{},,{},,{},{,, dbbdabadY  . 

Clearly that YXOpr )(.  does not represent a topology on Y . 
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1.57 Theorem: 

Let ),,( YYY   be a subspace of bitopological space 

),,( X . 

Then: 

i.) A subset A of Y  is pr closed in Y  iff there exists 

pr closed set F  such that A F Y . 

ii.) For every A Y ,  )(Aclpr Y )(Aclpr X Y . 

iii.) A subset M  of Y  is a pr nhdY of a point yY  iff 

NM  Y  for some pr nhdx N  of y . 

iv.) A point yY  is a limit point of A in a subspace Y  iff y  

is a limit point of A in a bitopological space X . Further; 

 )(Almpr Y )(Almpr X Y . 

v.) For every A Y , )(int Apr X  )(int Apr Y  

vi.) For every A Y , )(Afrpr Y  )(Afrpr X . 

 

Proof: 

i.) A is pr closed in Y  iff AY   is pr open in Y  iff 

GAY  Y for some pr open subset G  of X  iff 

A (Y G  YY () )G YY   [De-Morgan Law] iff 

A Y G  iff A Y  X( )G  iff A Y F  (where 

 XF G  is pr closed in X  since G  is pr open in )X . 

 

ii.) By Definition (1.32)  )(Aclpr Y kk :{  is pr closed 

in Y  and A  }k F{ FY :  is pr closed in X  and 

A F  }Y [by (i) above] F{  FY :  is pr closed in X  

and A {}F FF :  is pr closed in X  and  

A }F Y )(Aclpr X Y . 

 

iii.) Let M  be pr nhdY of y , then there exists a pr open set 

H  in Y  such that yH  M , then there exists  

a pr open set G  in X  such that y GH   Y M . 

Let N M G . Then N  is a nhdx of y , since G  is  

a     pr open set, such that y G  N . Further: 
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N )( GMY  MY ( )Y  )( YG , since YM  , so  

MYN   MYG )(    because YG M . 

Conversely, let YNM   for some pr nhdx of y . Then 

there exists a pr open set G  in X  such that Gy N  which 

implies that Gy  NY  MY  . 

Since YG  is pr open set in Y , So M  is a pr nhdY of y . 
 

iv.) y is a pr limit point of A in Y  iff AyM }]/{[  , for 

every pr nhdY M  of y  iff }]/{[ yYN  A  , for 

every pr nhdx N  of y , by (iii) above iff 

AyN }]/{[   iff y is pr limit point of A in X . 
 

v.) Let  prx intx )(A , then x  is a pr interior point of A, 

then  a pr nhdx G  of xx  G  A, so yG  is a 

pr nhdY of x , so , x YG  AYA  . 

    Hence pr intx )(A  pr intY )(A . 
 

vi.) Let y )(Afrpr Y , then y is a pr frontier point of A in 

y , then by Theorem (1.46) every pr nhdY of y  intersects both 

A and AY  . 

So YN   intersects both A and AY  , for every 

pr nhdx N  of y , hence every pr nhdX N  of y  intersects 

both A and AX  , then y  is a pr frontier point of A in X . 

Therefore, y )(Afrpr X . Hence )(Afrpr Y  )(Afrpr X  
 

1.58 Theorem: 

Let ),,( YYY   be a subspace of a bitopological space 

),,( X . 

If a subset A of Y  is pr open ( pr closed) in X , then A 

also pr open ( pr closed) in Y . 
 

Proof: 

Since YA , we have YAA  , so that A is the 

intersection Y  with a set pr open ( pr closed) in X ,namely A. 

Hence by the Definition (1.54) and Theorem (1.57)  

part (i), A is pr open ( pr closed) in Y   
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The Separation Axioms in bitopological space: 
In this chapter, we recall the separation axioms in 

bitopological space and we study the relationship among them 

with some examples. 

 

2.1 Definition: 

Let ),,( X  be a bitopological space, then ),,( X  is 

called oTpr  -space iff for each pair of points Xyx , , such 

that yx  , there exists pr open set G  containing x  but not y  

or pr open set H  containing y  but not x . 

 

2.2 Remark: 

If a bitopological space ),,( X  is oTpr  -space, then 

any of two topological spaces ),( X  and ),( X  is not 

necessary to be oT -space , and the converse also possible . 

 

2.3 Example: 

Let },,{ cbaX   ,  }{,, aX    and  }{,, bX    

),(),,(  XX  are two topological spaces, then ),,( X  is 

a bitopological space, so: 

)(. XOpr  },{},,{},{},{,, cbbabaX   

If we take a  and b , a b , then there exists pr open set 

}{b  contains b  but not contains a , and similarly the order cases 

cb   , a c , therefore ),,( X  is pr oT -space, but 

),(),,(  XX  are not oT -spaces. 

 

2.4 Remark: 

If any of two topological spaces ),(),,(  XX  is oT -space, 

then a bitopological space ),,( X  is not necessary to be 

oTpr  -space. 
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2.5 Example: 

Let },,{ cbaX  ,  }{,, aX    },{},,{},,{},{},{},{,, cbcabacbaX    

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, then: 

)(. XOpr  }{,, aX   

If we take b  and c , cb  , then there is no pr open set 

such that it contains b  but not c  or conversely, and it contains c  

but not b . 

Therefore , ),,( X  is not oTpr  -space, but it is clear 

that ),( X  is oT -space. 

 

2.6 Theorem: 

A bitopological space ),,( X  is oTpr  -space iff for 

each distinct points yx,  in })({})({, yclprxclprX  . 

 

Proof: 

Let yx,  X , such that yx   and 

})({})({ yclprxclpr  . Then there exists at least one point 

z  in X , such that, z })({xclpr   but z })({yclpr  . 

Suppose z })({xclpr  . To show that x })({yclpr  . 

If x })({yclpr  , then }{x  })({yclpr  , so  

})({xclpr   clpr   }))({( yclpr })({yclpr  , hence 

z })({xclpr  , then z })({yclpr   which is contradiction. 

Hence x })({yclpr   , consequently x X })({yclpr   

but })({yclpr   is pr closed, so X })({yclpr   is 

pr open which contains x  but not y . 

It follows that ),,( X  is oTpr  -space. 

Conversely, since ),,( X  is oTpr  -space, then for each 

two distinct points x , y X , there exists pr open set G  such 

that xG , yG . GX   is closed set which does not contain 

x  but contains y . 

By Definition (1-32), })({yclpr   is the intersection of all 

pr closed sets which contain }{y . 
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Thus, })({yclpr   GX  , then x GX  . This implies 

that x })({yclpr  , so we have x })({xclpr  , 

x })({yclpr  . Therefore  })({xclpr })({yclpr    

 

The oTpr  -space is hereditary property . 

 

2.7 Theorem: 

Every subspace of oTpr  -space is oTpr  -space . 

 

Proof: 

Let ),,( YYY   be a subspace of oTpr  -space ),,( X . 

To prove that the subspace is oTpr  -space, let 

21 yy  Y . 

Since Y  X , then 21 yy   X  and ),,( X  is oTpr  -

space. 

There exists pr open set G  in X , such that 1y G , 

2y G . 

So G Y  is pr open set in Y  and 1y G Y , 

2y G Y . 

Hence ),,( YYY   is oTpr  -space  

 

2.8 Definition: 

A bitopological space ),,( X  is called 1Tpr  -space iff 

for each pair of distinct points x , y  in X , there exist two 

pr open sets G , H  such that G  contains x  but not y  and H  

contains y  but not x . 

 

2.9 Remark: 

If a bitopological space ),,( X  is 1Tpr  -space, then 

any of two topological spaces ),( X  and ),( X  is not 

necessary to be 1T -space. 
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2.10 Example: 

Let },,{ cbaX   ,  },{},{,, caaX    and  },{,, caX    

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, such that: 
)(. XOpr  },{},,{},,{},{},{,, cbcabacaX   

If we take a , b X , such that a b , then there are two 

pr open sets }{a , },{ cb ; such that }{a  contains a  but not  b  

and },{ cb  contains  b   but not  a  . 

Also , a , c X ; such that a c , then there are two 

pr open sets }{a , }{c ; such that }{a  contains a  but not c  and 

}{c  contains c  but not a . 

Also,  b , c X ; such that b c , then there are two 

pr open sets },{ ba , }{c ; such that },{ ba  contains  b   but not  

c   and }{c  contains  c   but not  b . 

Therefore, ),,( X  is 1Tpr  -space. But, it is clear that 

),(),,(  XX  are not 1T -spaces. 

 

2.11 Remark: 

If any of two topological spaces ),(),,(  XX  is 1T -space, 

then a bitopological space ),,( X  is not necessary to 1Tpr  -

space. 

 

2.12 Example: 

Let },,{ cbaX  ,  },{,, caX   ,  }{},{},,{},,{},,{},{,, cbbacacbaX    

),(),,(  XX  are two topological spaces, then ),,( X  is a 

topological space, such that: 
)(. XOpr  },{,, caX   . 

If we take a , c ,  a c , then there are no two pr open 

sets, such that one of them contains a  but not c  and the other 

contains c  but not a . 

Therefore, ),,( X  is not 1Tpr  -space, but it is clear that 

),( X  is a 1T -space. 
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2.13 Remark: 

Every 1Tpr  -space is oTpr  -space. 

Proof: 
The proof is as follows . From Definitions of (2-1) and  

(2-8)  
 

2.14 Remark: 

The converse of the above remark is not true, as the 

following example . 
 

2.15 Example: 

Let },,{ cbaX   ,  }{,, cX    and  }{,, aX    

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, hence: 

)(. XOpr  },{},,{},{},{,, cabacaX  . 

If we take a , and b , a b , then we cannot find two 

pr open sets, such that one of them contains a  but not b  and 

the other contains b  but not a . 

Therefore, ),,( X  is not 1Tpr  -space, but it is clear that 

),,( X  is a oTpr  -space. 

The 1Tpr  -space is hereditary property . 
 

2.16 Theorem: 

Every subspace of 1Tpr  -space is 1Tpr  -space. 
 

Proof: 

Let ),,( YYY   be a subspace of 1Tpr  -space ),,( X . 

To prove that the subspace Y  is 1Tpr  -space. 

Let 21 yy  , since Y  X , then 21 yy   X  and since 

),,( X  is 1Tpr  -space. 

Then there exist two pr open sets G , H  in X , such that 

1y G , but 2y G ; and 2y H , but 1y H . 

Then we obtain two sets 1G G Y , 1H H Y  are 

pr open sets in Y  , we have 1y  1G , but 2y  1G ;  2y  1H , but 

1y  1H  .  

Hence  YYY  ,,  is 1Tpr  -space  
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2.17 Theorem: 

If every singleton subset }{x  of bitopological space 

),,( X  is pr closed , then ),,( X  is 1Tpr  -space. 
 

Proof: 

Let x , y X   such that x y . Since }{x  is pr closed 

set, then X - }{x  is pr open set containing y  but not x . 

similarly, X - }{y  is pr open set containing x  but not y . 

Hence , ),,( X  is 1Tpr  -space  
 

2.18 Theorem: 

A bitopological space ),,( X  is a 1Tpr  -space iff  

 }{aclpr   ,for each a X . 
 

Proof: 

Let ),,( X  be a 1Tpr  -space. Suppose  }{aclpr   

for some a X , then there exists a point b , such that 

b }{aclpr  , and ba  . 

Since X  is a 1Tpr  -space, then there exists a pr open 

set G  such that aG , bG , thus G  }{a  . 

Hence , b }{aclpr  , which is contradiction. 

Thus  }{aclpr  . 

Conversely, suppose that  }{aclpr  , for each a X , 

and let x , y X , such that yx  . 

Then x }{yclpr  , and there exists pr open set G  

such that xG  and  G  }{y  . 

Hence, G  contains x  but not y , similarly, there exists 

pr open set H  contains y  but not x . 

Thus ),,( X  is 1Tpr  -space  
 

2.19 Definition: 

A bitopological space ),,( X  is called a 2Tpr  -space 

( pr  Hausdorff) iff for each pair of distinct points x , y  in X , 

there exist two pr open sets G , H  such that xG , yH , 

G  H  . 
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2.20 Example: 

Let },,{ cbaX  ,  },{},{,, babX    and  },{,, caX    

),(),,(  XX  are two topological spaces, then ),,( X  is 

a bitopological space, so: 

)(. XOpr  },{},,{},,{},{},{},{,, cbcabacbaX  . It is clear that     

),,( X  is 2Tpr  -space. 

 

2.21 Remark: 

If a bitopological space ),,( X  is 2Tpr  -space, then 

any one of these topological spaces ),(),,(  XX  is not 

necessary to 2Tpr  -spaces. 

 

2.22 Example: 

Let },,{ cbaX  ,  },{},{,, cbaX   and  },{,, cbX    

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, so: 

)(. XOpr  },{},,{},,{},{},{},{,, cbcabacbaX  . 

Hence , ),,( X  is 2Tpr  -space, but it is clear that 

),( X  and ),( X  are not 2T -spaces. 

 

2.23 Remark: 

If any of two topological spaces, ),(),,(  XX  are 2T -

space, then it is not necessary to be a bitopological space 

),,( X 2Tpr  -space. 

 

2.24 Example: 

  Let  },,{ cbaX  ,  },{},{,, baaX   ,  },{},,{},,{},{},{},{,, cbcabacbaX   . 

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, so: 

)(. XOpr  },{},{,, baaX  . 

If we take a  and c , such that ca  , then there exists 

pr open set },{ ba  containing a  but not c  , but there is no a 

pr open set containing c  but not a  , therefore , ),,( X  is 

not 2Tpr  -space, but it is clear that , ),( X  is 2T -space. 
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2.25 Remark: 

Every 2Tpr  -space is a 1Tpr  -space. 

 

Proof: 
 

To prove this remark , we use Definitions of (2-8) and  

(2-19)  

 

2.26 Remark: 
 

The converse of the remark above is not true , the 

following example shows that. 

 

2.27 Example: 
 

Let },,{ cbaX  ,  },{},{,, cbaX   and  }{},,{},,{,, abacaX   . 

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, then: 

)(. XOpr  },}{,{},,{},{,, cbcabaaX  . 

Clearly ),,( X  is a 1Tpr  -space, but not 2Tpr  -space, 

because there exists cb  , there is only pr open sets },{ ba , 

},{ ca , such that },{ bab , },{ cac , but },{},{ caba   . 

The 2Tpr  -space is hereditary property . 

 

2.28 Theorem: 
 

Every subspace of 2Tpr  -space is a 2Tpr  -space.  

 

Proof: 
 

Let ),,( X  be a 2Tpr  -space, and let Y  be a subset 

of X , and Yyx  , then x  and Xy  , since ),,( X  is 

2Tpr  -space, there exist two pr open sets G , H  such that  

Gx  and Hy , HG . 

So YG , YH   are pr open sets in Y  and Gx Y ,  

YHy  ; and )( YG  )( YH  )( HG Y . 

Hence ),,( YYX   is a 2Tpr  -space  
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2.29 Theorem: 

Each singleton subset of 2Tpr  -space is a pr closed. 

Proof: 

Let X  be a 2Tpr  -space, and let Xx . To show that 

}{x  is a pr closed. 

Let y  be any arbitrary point in X  distinct from x . Since 

X  is 2Tpr  -space, there exists pr open set N  of y ; such 

that Nx  . It follows that y  is not a limit point of }{x  and 

consequently  })({Xlmpr . 

Hence, }{})({ xxclpr   and so is pr closed  

 

2.30 Definition: 

A bitopological space ),,( X  is called pr regular 

space if and only if for each pr closed set F  in X , and each 

Fx ; there exist pr open sets U ,V  such that Ux , VF   

and VU  . 

 

2.31 Remark: 

If a bitopological space, ),,( X  is pr regular space, 

then any of two topological spaces ),(),,(  XX  are not to be 

regular space. 

 

2.32 Example: 

Let },,{ cbaX   ,  },{,, caX    and  }{,, bX   .  

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, so: 

)(. XOpr  },}{,{},,{},{},{},{,, cbcabacbaX  , and  

)(. XCpr  }{},{},{},,}{,{},,{,, abccbcabaX  . 

Take },{ cbA  , Aa , then there exist },{},{ cba  

pr open sets such that },{},{},{ cbcbaa  , and 

},{}{ cba   , if we take },{ caA , Ab , then there exist 

},{},{ cab pr open sets such that },{},{},{ cacabb  , and 

},{}{ cab  . 



Chapter two…………….................. The Separation Axioms In Bitopological Spaces 

 

 32 

If we take },{ baA , Ac , then there exist },{},{ bac  

pr open sets such that },{},{},{ babacc  , and 

},{}{ bac  .Hence , ),,( X  is a pr regular space. But it 

is clear that no one of two topological spaces ),(),,(  XX  is  

a regular space. 
 

The following example explains that if any of two 

topological spaces, ),(),,(  XX  is a regular space, then a 

topological space, ),,( X  is not necessary to be pr regular 

space. 
 

2.33 Example: 

       Let },,,{ dcbaX  ,  },{},,{,, dcbaX   and  },{},,,{},,{},{},{,, dadbabadaX   .  

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, so: 

)(. XOpr  },,{},,,{},{},,{},,{},,{},{,, dcadbaadcdabadX   , and 

)(. XCpr  }{},{},,{},,,{},,{},,{},,,{,, bcbadcbcbdccbaX   

If we take },{ cbA  , Aa , then there are no pr open 

sets HG, , such that GA , Ha , HG . 

Similary the other cases, if we take },,{ dcbA  , Aa , 

and if we take },,{ cbaA  , Ad   so ),,( X  is not regular 

apace. But it is clear that ),( X , is a regular space. 
 

2.34 Example: 

Let },,,{ dcbaX   ,  },{,, dbX    and  

 },,,{},,{},,{},,{},,{},,{},{},{,, cbadccbdacabacaX    

},,{},,{},{},{},,,{},,,{ dcbdbdbdcadba  

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, so: 

)(. XOpr  },{,, dbX  , and )(. XCpr  },{,, caX  . 

    If we take },{ caA , Ab , then there exists pr open set 

G , containing b  , but there exists no pr open set H  such that  

HA , and HG . 

    So ),,( X  is not regular space. But, it is clear that ),( X , 

is a regular space. 
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2.35 Theorem: 

Let ),,( X  be a bitopological space, then ),,( X  is a 

pr regular iff for each pr open set U  and Ux , there exists 

pr open set V  such that  Vx , UVclpr  )( . 

 

Proof: 

Let ),,( X  be a pr regular, Ux  where U  is a 

pr open set. 

Let UXH  , then H  is pr closed, Hx . 

Then there exist pr open sets W  and V  such that: 

Vx , WH  , WV  .  

Then WXV  , WXWXclprVclpr  )()( …..(2-1) 

WH  , then UHXWX  , then UWX  …….(2-2) 

From (2-1),(2-2) we have, VX  , UVclpr  )( .Conversely, 

let H  be pr closed set and Hx . Let HXU  , then U  is 

a pr open and Ux . 

By hypothesis, there exists pr open set V  such that 

Vx , UVclpr  )( , )))((( VclprXH  .Since Vx , 

 )))((( VclprXV  . Hence ),,( X  is pr regular space  

 

2.36 Theorem: 

Every subspace of a pr regular space is a pr regular 

space. 

 

Proof: 

Let ),,( X  be a pr regular space, ),,( YYY   be a 

subspace of Y . To prove ),,( YYX   is pr regular space . Let 

Yq  and A be pr closed set in Y , such that Aq , then 

YAclprAclpr XY )()(  , and since A is pr closed set in 

Y , so AAclpr Y  )(  

Then YAclprA X )( . Since Aq , then YAclprq X )(  , 

)(Aclprq X , thus )(Aclpr X  is pr closed in X , and 

since ),,( X  is pr regular, then there exist two disjoint 
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pr open sets HG,  in X , such that Gq , HAclpr X  )(  

and HG  . 

YGq   and YHYAclpr X   )( , HA , since HG,  

are pr open in X , then YG , YH   are pr open set in Y . 

   Since YG , then )( YG  )()( HGYH     YY   . 

   So ),,( YYY   is pr regular subspace of ),,( X   

 

2.37 Definition: 

A bitopological space ),,( X  is called pr normal 

space iff for each pair of pr closed sets HG,  in X , such that  

HG  , there exist pr open sets VU ,  such that  UG   , 

VH   and VU  . 

 

2.38 Remark: 

If a bitopological space ),,( X  is pr normal, then any 

of two topological spaces ),(),,(  XX  is not necessary to be 

normal space. 

 

2.39 Example: 

Let },,{ cbaX  ,  },{},,{},{,, cabaaX   and  },{},,{},{,, cbbabX    

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, so: 

)(. XOpr  },{},,{},,{},{},{,, cbcababaX  . 

)(. XCpr  }{},{},{},,{},,{,, abccacbX  . 

If we take }{},,{ acb  pr closed sets, such that, 

}{},{ acb  , then there exist two disjoint pr open sets 

}{},,{ acb , such that },{},{ cbcb   and }{}{ aa   and if we take 

}{},{ ba , we can obtain two disjoint pr open sets such that 

every one containing pr closed set of them, so if we take 

}{},,{ bca , so if we take }{},{ cb , and if we take }{},{ ca .  

Hence , ),,( X  is pr normal. But clearly no one of the 

two topological spaces is normal. 
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2.40 Theorem: 
 

Let ),,( X  be a bitopological space, then ),,( X  is a 

pr  normal iff for each pr closed set H  in X  and pr open 

set U  in X  containing H , there exists pr open set V  such 

that UVclprVH  )( . 

 

Proof: 
 

Let ),,( X  be pr normal. Let H  be pr closed in X  

and U  is pr open in X , such that UH  . then UX   is 

pr closed  in X  and  )( UXH   . 

So there exist pr open sets K  and V  such that, 

KUX  , VH  , KV   , UKX  , KXV  . 

This implies that , KXKXclprVclpr  )()( . 

Then UVclprVH  )(  UVclprV  )( . 

Conversely, H  is a pr closed set in X  and U  is a 

pr open in X , then UX   is a pr closed set in X , then 

UX   is a pr closed in X , and  )( UXH   . 

By hypothesis, there exists pr open set V  such that 

UVclprVH  )( , then )))((( VclprXUX   . 

So we have VH  , )))((( VclprXUX  , and  

 )))((( VclprXV  . 

Hence ),,( X  is pr normal space 

 
2.41 Corollary: 

 

A bitopological space ),,( X  is a pr normal iff for 

each pr closed set H  in X  and each pr open set U  in X  

containing H , there exists a subset A of X , such that  

UAclprAprH  )()int( . 

 
Proof: 

By using the Theorem (2-40) and taking VA  , the proof 
is satisfied  
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2.42 Theorem: 

    Every pr closed subspace of a pr normal space is a pr  

normal. 
 
Proof: 

Let ),,( X  be a pr normal space and ),,( YYY   be 

any pr closed subspace of X . 

We have to show that ),,( YYY   is also pr normal 

space. 

Let  ML ,  be disjoint pr closed subsets of Y . 

Then there exist pr closed subsets ML,  of X , such that  

YLL   and YMM  . Since Y  is pr closed, it follows 

that  ML ,  are disjoint pr closed subsets in X . Then by  

pr normality of X , there exist pr open sets HG,  in X , 

such that  GL  , HM 
 and HG  . 

Since YL 
 and YM 

, these relations imply: 

YMMYGL    ,  and ))( YHYG   . 

Setting GYG  and  HYH  , we see that  HG ,  

are pr open subset of Y  such that:  GL , 
  HM and 

 HG  . 

Accordingly ),,( YYY   is a pr normal space 

 

2.43 Definition: 

A bitopological space ),,( X  is called a 3Tpr  -space 

iff X  is a 1Tpr   and a pr regular space. 

 

2.44 Example: 

Let },,{ cbaX   ,  },{,, baX    and  }{,, cX   . 

),(),,(  XX  are two topological spaces, then ),,( X  is  

a bitopological space, so: 

)(. XOpr  },{},,{},,{},{},{},{,, cbcabacbaX  , and 

)(. XCpr  }{},{},{},,{},,{},,{,, abcbacacbX  . 

Then ),,( X  is a pr regular and a pr 1T -space. 

Thus ),,( X  is a 3Tpr  -space. 



Chapter two…………….................. The Separation Axioms In Bitopological Spaces 

 

 37 

2.45 Remark: 

Every 3Tpr  - space is a pr regular and the converse is 

not true as we will show in the following example. 
 

2.46 Example: 

  Let },,{ cbaX  ,  },{,, cbX   and   },{},,{},,{},{},{},{,, cacbbacbaX    

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, so: 

)(. XOpr  },{,, cbX  , and )(. XCpr  }{,, aX  . 

Clearly , ),,( X  is a pr regular, but it is not  

a pr 1T -space. 

Hence ),,( X  is not a 3Tpr  -space. 

 

2.47 Theorem: 

Every subspace of 3Tpr  -space is a 3Tpr  -space. 
 

Proof: 

Let X  be a 3Tpr  -space and Y  be a subspace of X . 

Now X  is a pr regular as well as a 1Tpr  -space and we 

have shown that both these properties are hereditary. 

It follows that Y  is a pr regular as well as  

a 1Tpr  -space. 

Hence Y  is a 3Tpr  -space 
 

2.48 Definition: 

A bitopological space ),,( X  is called a 4Tpr   space if 

and only if X  is a pr normal and a 1Tpr  -space. 
 

2.49 Example: 
[ 

        Let },,{ cbaX  ,  },{},{},{,, cacaX    And  },{,, baX   . 

),(),,(  XX  are two topological spaces, then ),,( X  is a 

bitopological space, so: 

)(. XOpr  },{},,{},,{},{},{},{,, cbcabacbaX  , and 

)(. XCpr  }{},{},{},,{},,{},,{,, abcbacacbX  . 
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Then ),,( X  is a pr normal and a pr 1T -space. 

Thus ),,( X  is a 4Tpr  -space. 
 

2.50 Remark: 
 

Every 4Tpr  -space is a pr normal and the converse is 

not true as we will show in Example (2-46). 
 

 

    The following diagram illustrates the relationship between the 

properties of spaces discussed in this chapter. 

 

 pr normal 

 

pr regular 

 

0Tpr 

 

 

1Tpr  

 

2Tpr 

 

 

3Tpr  

 

4Tpr 
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In this chapter, we deal with the continuous open and 

closed functions in bitopological space. Also , we study the 

separation axioms that we can translate by a continuous function 

and the nature of the conditions that we need to satisfy the 

translation. 

 

In the following, we state the definition of pr continuous 

function, and some important theorems that deal with 

( pr open, pr closed, clpr  sets and pr interior points) in 

bitopological spaces. 

 

3.1 Definition: 
 

Let ),,( X  and ),,(  Y  be two bitopological spaces.  

A function ),,(: Xf ),,(  Y  is said to be 

pr continuous at Xx  iff for every pr open set V  in Y  

containing )(xf  there exists pr open set U  in X  containing 

x  such that  VUf )( . We say that f  is pr continuous on X  

iff f  is pr continuous at each Xx . 

 

3.2 Definition: 
 

Let ),,(),,,(  YX  be two bitopological spaces and 

     ,,,,: YXf  be a function, then: 

i.) f  is said to be pr open function iff )(Gf  is pr open 

set in Y  , for every pr open set G  in X . 

ii.) f  is said to be pr closed function iff )(Ff  is 

pr closed set F  in Y  , for every pr closed set F  in 

X . 

 

3.3 Theorem: 
 

Let   ,,X  and   ,,Y  be  bitopological spaces, and  

     ,,,,: YXf  be a function. If the inverse image 

under f  of every pr open set in Y  is pr open set in X , then 

f  is pr continuous function. 
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Proof: 

Let )(1 Vf   is pr open set in X , for each V  is pr open 

set in Y   to prove f  is pr continuous. 

Let Xx  and V  is pr open set in Y  containing )(xf , 

so  Vf 1  is a pr open set in X  containing x  and  

VVff  ))(( 1 . Then f  is pr continuous on X   

 

3.4 Theorem: 

Let   ,,X  and   ,,Y  be two bitopological spaces, 

and      ,,,,: YXf  be a function. If the inverse image 

under f  of every pr closed set in Y  is a pr closed set in X , 

then f  is pr continuous function. 

 

Proof: 

Let )(1 Af   be pr closed in X  for every pr closed set 

A in Y . We want to show that f  is a pr continuous function. 

Let B  be any a pr open set in Y , then BY   be 

pr closed in Y , so by hypothesis )()( 11 BfXBYf    is 

pr closed in X , that is, )(1 Bf   is pr open in X . 

Hence , by Theorem (3-3) f  is pr continuous  

 

3.5 Theorem: 

Let   ,,X  and   ,,Y be two bitopological spaces, 

and       ,,,,: YXf  be a function. If 

))(())(( AfclprAclprf   , for every XA , then f  is 

pr continuous. 

 

Proof: 

Let ))(())(( AfclprAclprf  , for every XA . 

Let B  be any a pr closed set in Y , so that 

BBclpr  )( . Now XBf  ][1
, by hypothesis, 

BBclprBffclprBfclprf   )()))((()))((( 11
    

Therefore, )())(( 11 BfBfclpr   . But,  ))(()( 11 BfclprBf    
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always. Hence )())(( 11 BfBfclpr    and so )(1 Bf   is 

pr closed in X . Hence, by Theorem (3.4) f  is  

a pr continuous  

 

3.6 Theorem: 

Let   ,,X  and   ,,Y  be two  bitopological spaces, 

and       ,,,,: YXf  be a function. If 

))(())(( 11 BclprfBfclpr    , for every YB , then f  is 

pr continuous. 

 

Proof: 

Let A be any pr closed set in Y , so that AAclpr  )( , 

by hypothesis, )())(())(( 111 AfAclprfAfclpr   . But  

))(()( 11 AfclprAf    always. 

    Hence )())(( 11 AfAfclpr    , so )(1 Af   is pr closed in 

X  . 

    It follows from Theorem (3.4) that f  is a pr continuous 

function  

 

3.7 Theorem: 

Let   ,,X  and   ,,Y  be two bitopological spaces, 

and      ,,,,: YXf  be a function. If  

))(int())int(( 11 BfprBprf    , for each YB , then f  is 

a pr continuous function . 

 

Proof: 

Let G  be any pr open set in Y , so that GGpr  )int( , 

by hypothesis, ))(int())int(( 11 GfprGprf   , since 

)())int(( 11 GfGprf   , then ))(int()( 11 GfprGf   . 

But )())(int( 11 GfGfpr    always and so 

)())(int( 11 GfGfpr   . 

Therefore )(1 Gf 
 is pr open in X  and consequently by 

Theorem (3.3) f  is a pr continuous function  
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3.8 Theorem: 

Let   ,,X ,   ,,Y  and    ,,Z  be bitopological 

spaces, the functions      ,,,,: YXf and 

     ,,,,: ZYg  be pr continuous, then the 

composition function      ,,,,: ZXfg   is  

a pr continuous. 

 

Proof: 

Let Xx  and ))(()( xfgxfgz   , and W  be  

a pr open subset of Z  which contains z , since g  is 

pr continuous, so there exists pr open set V  in Y , such that 

Vxf )(  and WVg )( , but f  is pr continuous, so there 

exists any a pr open set U  in X , such that Ux  and VUf )( . 

Hence, we get that WVgUfgUfg  )()()]([  . 

    Therefore, fg   is pr continuous function from X  into Z  

 

In the following, we study some basic theorems on 

pr continuous function on separation axioms in bitopological 

spaces. 

 

3.9 Theorem: 

Let   ,,Y  be a oTpr  -space, and      ,,,,: YXf  

be a pr continuous and 1-1 function, then   ,,X  is a 

oTpr  -space. 

 

Proof: 

Let 2121 ,, xxXxx  . Since f  is a 1-1 function, then 

Yxfxfxfxf  )(),(),()( 2121 , and Y  is oTpr  -space, then 

there exists pr open G  in Y , such that Gxf )( 1 , Gxf )( 2 , 

so there exists pr open set H  in X  such that Hx 1 , Hx 2  

and GHfxf  )()( 1 , )()( 2 Hfxf  . 

Hence ,   ,,X  is a oTpr  -space  
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3.10 Theorem: 

Let      ,,,,: YXf  be a pr open and onto 

function. If   ,,X  is a oTpr  -space, then   ,,Y is a 

oTpr  -space. 

 

Proof: 

Suppose 2121 ,, yyYyy  , since f  is onto, there exist 

Xxx 21, , such that )( 11 xfy  , )( 22 xfy   , if 21 xx  . Then 

f is not well defined , which contradiction since f  is onto 

function , then 21 xx  .  

Since X  is a oTpr  -space, there exists pr open set G , 

such that  Gx 1 , Gx 2 . 

    Hence )()( 11 Gfxfy   , )()( 22 Gfxfy   , since f  is 

pr open function, then )(Gf is a pr open set in Y . 

Therefore,   ,,Y  is a oTpr  -space 

 

3.11 Theorem: 

Let   ,,Y be a 1Tpr  -space, if      ,,,,: YXf is 

a pr continuous and 1-1 function, then X  is a 1Tpr  -space. 

 

Proof: 

    Let 2121 ,, xxXxx  . Since f  is 1-1 function, then    

YYxfxf ,)(),( 21   is 1Tpr  -space, then there exist 21,UU  

pr open sets in Y , such that 11)( Uxf  , 12)( Uxf  , 

22)( Uxf  , 21)( Uxf  , since f  is pr continuous, so there 

exist pr open sets 21, HH  in X , such that: 11 Hx  , 12 Hx   

and 21 Hx  , 22 Hx   and 11)( GHf  , 22)( GHf  . Hence 

  ,,X is a 1Tpr  -space  

 

3.12 Theorem: 
 

Let      ,,,,: YXf  be onto and a pr open 

function, if   ,,X is a 1Tpr  -space, then   ,,Y is a 

1Tpr  -space. 
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Proof: 

Suppose 2121 ,, yyYyy  . since f  is onto then there 

exist Xxx 21, , such that )( 11 xfy  , )( 11 xfy   and since f  is 

a function, then Xxx  21 . Since, X  is a 1Tpr  -space, there 

exist pr open sets G  and H  in X   such that Gx 1  but 

Gx 2  and Hx 2  but Hx 1 . 

Hence , )()( 1 Gfxf  , )()( 2 Gfxf  , since f  is 

pr open function, hence )(Gf , )(Hf  are pr open sets of Y ,  

)(1 Gfy  , but )(2 Gfy   and )(2 Hfy  , but )(1 Hfy  . 

Hence ,   ,,Y is a 1Tpr  -space  

 

3.13 Theorem: 

Let   ,,Y  be a 2Tpr  -space, and      ,,,,: YXf  

be a pr continuous and 1-1 function, then   ,,X  is a 

2Tpr  -space. 

 

Proof: 

Let 2121 ,, xxXxx  . Since f  is a 1-1 function, then 

)()( 21 xfxf  , )( 11 xfy  , )( 22 xfy  , 21 yy  . since Y  is 

2Tpr  -space, there exist two pr open sets HG,  in Y  such 

that Gy 1 , Hy 2 , HG  . 

Hence, there exist two pr open sets 11, HG  in X , such 

that: 11 Gx  , and 12 Hx   and GGf )( 1 , HHf )( 1 . But 

 HGHfGfHGf  )()()( 1111 , so )( 11 HGf   , 

then 11 HG   .Therefore   ,,X  is a 2Tpr  -space  

 

3.14 Theorem: 

Let      ,,,,: YXf  be onto and pr open 

function, if   ,,X  is a 2Tpr  -space, then   ,,Y is  

a 2Tpr  -space. 

 

Proof: 

    Let Yyy  21 . since f  is onto function, then there exist 

Xxx  21 , such that )( 11 xfy  , )( 22 xfy  , since X  is 
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2Tpr  -space, then there exist pr open sets HG,  in X  such 

that HxGx  21 ,  and HG , and )()( 11 Gfxfy  , 

)()( 22 Hfxfy  .Since f  is a pr open function, then )(Gf , )(Hf  

are two pr open sets in Y  and   )()()()( fHfGfHG   . 

Also, )()( 11 Gfxfy  , )()( 22 Hfxfy   . Hence   ,,Y  

is a 2Tpr  -space  

 
In the following , we give the definition of 

pr continuous function, also studying some important 

theorems that are related with ( pr open, pr closed, 

pr interior, pr closure) in bitopological spaces. 

 

3.15 Definition: 
Let   ,,X  be bitopological space,  ,Y  be a 

topological space, a function      ,,,: YXf  is said to be 

pr continuous at Xx  iff for every  open set V  in Y  

containing )(xf  there exists a pr open set U  in X  containing 

x  such that VUf )(  . We say that f  is pr continuous on 

X  iff  f  is pr continuous at each Xx . 

 

3.16 Definition: 
Let   ,,X  be bitopological space,  ,Y  be topological 

space, and      ,,,: YXf be a function, then: 

i.) f  is said to be a pr open function iff )(Gf  is  

  -open in Y  , for every pr open set G  in X . 

ii.) f  is a pr closed function iff )(Af  is   - closed in 

Y  , for every pr  closed set A in X . 

 

3.17 Theorem: 
Let   ,,X  be bitopological space,  ,Y  be a 

topological space, and      ,,,: YXf  be a function. If the 

inverse image under f  of every   -open set V  of Y  is a 

pr open set of X , then f  is pr continuous function . 



Chapter three ……………................................The Continuity In Bitopological Spaces 

 

 46 

Proof: 

Let )(1 Vf   be pr open set in X  for each V  a   -open 

set in Y  to prove f  is pr continuous. 

    Let Xx  and V  be a   -open set in Y  containing )(xf , 

)(1 Vf   is pr open in X  containing x  and VVff  ))(( 1 . 

Then f  is pr continuous function  

 

3.18 Theorem: 
Let   ,,X  be a bitopological space,  ,Y  be a 

topological space, and      ,,,: YXf be a function. If the 

inverse image under f  of every   -closed set in Y  pr  closed 

set in X , then f  is pr continuous function . 

 

Proof: 

Let )(1 Af   be pr closed in X  for every   -closed set A 

in Y , to show that f  is pr continuous function. Let G  be any 

  -open set in Y , then GY   is   -closed in Y  so by hypothesis; 

    )()( 11 GfXGYf    is pr closed in X , that is )(1 Gf   

is pr open in X . Hence, by Theorem (3-3) f  is 

pr continuous function  

 

3.19 Theorem: 
Let   ,,X  be a bitopological space,  ,Y  be  

a topological space, and      ,,,: YXf  be a function. If: 

))(( Aclprf   ))(( Afcl  for every XA , then f  is  

a pr continuous function . 

 
Proof: 

Let ))(( Aclprf   ))(( Afcl  , for every XA . 

Let B  be any   - closed in Y , so that BBfcl  ))(( . 

Now,  XBf  )(1
, by hypothesis,  

)))((( 1 Bfclprf   )))((( 1 Bffcl   BBcl  )( . 
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Hence, )())(( 11 BfBfclpr    , so )(1 Bf   is 

pr closed in X . Hence, by Theorem (3-18), f  is  

a pr continuous function  

 

3.20 Theorem: 
 

Let   ,,X  be a bitopological space,  ,Y  be a 

topological space, and      ,,,: YXf  be a function. If 

))(( 1 Bfclpr   ))((1 Bclf   , for every YB , then f  is 

pr continuous function. 

 
Proof: 

 

Let the condition holds and A be any   - closed in Y , so 

that AAcl  )(  by hypothesis , ))(( 1 Afclpr   )())(( 1 AfAfcl  . 

But   )(1 Af ))(( 1 Afclpr   always for every XA . 

Hence )())(( 11 AfAfclpr    , so )(1 Af   is  

pr closed in X . It follows from Theorem (3-18) that f  is 

pr continuous function  

 

3.21 Theorem: 
 

Let   ,,X  be a bitopological space,  ,Y  be 

topological space, and      ,,,: YXf  be a function. If 

))int((1 Bf    ))(int( 1 Bfpr  , for every YB , then f  is 

pr continuous function. 

 
Proof: 

 

Let the condition holds and G  be any   -open set in Y , so 

that GG  )int( , by hypothesis ))int((1 Gf    ))(int( 1 Gfpr  , 

since )())int(( 11 GfGf   , then  )(1 Gf ))(int( 1 Gfpr  . 

But )())(int( 11 GfGfpr    always, so )())(int( 11 GfGfpr   . 

Therefore, )(1 Gf 
 is a pr open in X  and consequently 

by Theorem (3-17) f  is pr continuous function  
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The following ,we are studying some main theorems those 

deal with pr continuous functions on separation axioms in 

bitopological spaces. 

 

3.22 Theorem: 

Let  ,Y be a T -space, if      ,,,: YXf is  

a pr continuous and 1-1 function, then   ,,X  is  

a Tpr  -space. 

 

Proof: 

Let 2121 ,, xxXxx  . Since f  is 1-1 function, then 

)()( 21 xfxf  , Yxfxf )(),( 21 , and  ,Y  is a 0T -space, then 

there exists  open G  in Y , such that Gxf )( 1 , Gxf )( 2 , 

so there exists pr open set H  in X  such that Hx 1 , Hx 2  

and GHfxf  )()( 1 , )()( 2 Hfxf  . Hence ,   ,,X  is a 

Tpr  -space  

 

3.23 Theorem: 

Let      ,,,: YXf  be pr open and onto function  

  ,,X  be a Tpr  -space, then  ,Y is a T -space. 

 

Proof: 

Suppose 2121 ,, yyYyy   since f  is onto, there exist 

Xxx 21, ,  such that )( 11 xfy  , )( 22 xfy   since f  is onto 

function, then 21 xx  . Since, X  is a Tpr  -space, then there 

exists pr open set G , such that Gx 1 , Gx 2 . Hence, 

)()( 11 Gfxfy  , )()( 22 Gfxfy  , since f  is openpr *  

function, then )(Gf  is a   -open set in Y . 

Therefore,  ,Y is  0T -space 

 

3.24 Theorem: 

    Let  ,Y  be a 1T -space,      ,,,: YXf  be  

a pr continuous and 1-1 function, then  ,,X is  

a 1Tpr  -space. 
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Proof: 

Let 2121 ,, xxXxx  . Since f  is a 1-1 function, then 

Yxfxf )(),( 21 , Y  is 1T -space, then there exist 21,UU    -open 

sets in Y , such that 11)( Uxf  , 12)( Uxf  , and 22)( Uxf  , 

21)( Uxf  . Since f  is a pr continuous, so there exist two 

pr open sets 
21, HH  in X  such that 11 Hx  , 12 Hx   and 

21 Hx  , 22 Hx   and 11)( GHf  , 22)( GHf  . Hence, 

  ,,X is a 1Tpr  -space  

 

3.25 Theorem: 

Let      ,,,: YXf  be onto and pr open function. 

If   ,,X  is a 1Tpr  -space, then  ,Y  is a 1T -space. 

 

Proof: 

Suppose 2121 ,, yyYyy   since f  is onto function , there 

exist Xxx 21, ,  such that )( 11 xfy  , )( 22 xfy   and since f  

is a function, then Xxx  21  . Since X  is 1Tpr  -space, there 

exist pr open sets HG,  in X , such that Gx 1 ,  but Gx 2 , 

and Hx 2  but Hx 1 . 

Hence, )()( 1 Gfxf  , )()( 2 Hfxf  , since f  is pr open 

function, hence, )(Gf , )(Hf  are   -open sets of Y , such that  

)(1 Gfy  , but )(2 Gfy  , and )(2 Hfy  , but )(1 Hfy  . 

Then  ,Y is a 1T -space 
 

3.26 Theorem: 

Let  ,Y be a 2T -space,      ,,,: YXf  be  

a pr continuous and 1-1 function, then   ,,X is  

a 2Tpr  -space. 

 

Proof: 

Let 2121 ,, xxXxx  . Since f  is a 1-1 function, then 

)()( 21 xfxf  , )( 11 xfy  , )( 22 xfy  , 21 yy  . Since  ,Y  is 

2T -space, there exist two   -open sets HG, in Y , such that 

Gy 1 , Hy 2 , HG  . 
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Hence, there exist two pr open sets 11, HG in X , such 

that 11 Gx   and 12 Hx  , and GGf )( 1 , HHf )( 1 . But 

)()()( 1111 HfGfHGf    HG , so )( 11 HGf  , then 

11 HG   . Therefore ,   ,,X  is a 2Tpr  -space 

 

3.27 Theorem: 

Let      ,,,: YXf  be onto and a pr open 

function. If   ,,X  is a 2Tpr  -space, then  ,Y is  

a 2T -space. 

 

Proof: 

Let 21 yy  . Since f  is an onto function, then there exist 

Xxx  21 , such that )( 11 xfy  , )( 22 xfy  . Since X  is 

2Tpr  -space, then there exist pr open sets HG,  , HG . 

Since f  is a pr open function, then )(Gf , )(Hf  are two  

  -open sets in Y, and   )()()()( fHGfHfGf   . 

Also, )()( 11 Gfxfy  , )()( 22 Hfxfy  . 

Hence,  ,Y is a 2T -space 

  

In the following, we state a definition for  

pr continuous function, also mention some important 

theorems on ( pr open, pr closed, pr interior, and 

pr closure) in bitopological space.  

 

3.28 Definition: 
Let  ,X  be topological space,   ,,Y be bitopological 

space, a function      ,,,: YXf  is said to be 

pr continuous at Xx  iff for every pr open set V  in Y  

containing )(xf  there exists  -open set U  in X  containing x  

such that VUf )( . 

We say f  is pr continuous on X  iff  f  is 

pr continuous at each Xx . 
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3.29 Definition: 
Let      ,,,: YXf  be a function, then: 

i.) f  is said to be pr open function iff )(Gf  is 

pr open set in Y  , for every  -open set G  in X . 

ii.) f  is pr closed function set iff  )(Af  is pr closed 

set in Y  , for every  -closed set A in X . 

 

3.30 Theorem: 
Let  ,X  be a topological space,   ,,Y  be a 

bitopological space, and      ,,,: YXf be a function. If 

the inverse image under f  of every pr open set V  of Y  is a 

 -open set of X , then f  is pr continuous function . 

 

Proof: 

Let )(1 Vf   be a  -open set in X , for each a pr open set 

V  in Y . To prove f  is pr continuous. 

Let Xx  and V  be pr open in Y  containing )(xf , so 

)(1 Vf   is  -open  set in X  containing x  and VVff  ))(( 1  . 

Then f  is pr continuous on X  

 

3.31 Theorem: 
Let  ,X  be a topological space,   ,,Y  be  

a bitopological space, and      ,,,: YXf  be a function. 

If the inverse image under f  of every pr closed set in Y  is  

a  -closed set in X , then f  is pr continuous. 
 

Proof: 

Let )(1 Af 
 be a  -closed in X  for every pr  closed set 

A in Y . To show that f  is pr continuous function. Let G  

be any pr open set in Y . Then GY   is pr closed in Y  , so 

by hypothesis , )()( 11 GfXGYf    is  -closed in X , that 

is )(1 Gf 
 is  -open in X . Hence, by Theorem (3-30) f  is 

pr continuous function 
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3.32 Theorem: 
Let  ,X  be a topological space,   ,,Y  be  

a bitopological space, and      ,,,: YXf be a function. If 

)(( Aclf   ))(( Afclpr , for every XA , then f  is 

pr continuous function. 
 

Proof: 
Let ))(( Aclf   ))(( Afclpr , for every XA ,and B  

be any pr  closed set in Y , so that BBclpr  )( .Now, 

XBf  )(1
, by hypothesis, )))((( 1 Bfclf   ))((( 1 Bffclpr   BBclpr  )( . 

Therefore, ))(( 1 Bfcl  )(1 Bf  .But  )(1 Bf ))(( 1 Bfcl   

always. Then )())(( 11 BfBfcl    and so )(1 Bf   is  

 -closed set in X .Hence, by Theorem (3-31) f  is 

pr continuous function  
 

3.33 Theorem: 
Let  ,X  be a topological space,   ,,Y  be a 

bitopological space, and      ,,,: YXf be a function. If 

))(( 1 Bfcl   ))((1 Bclprf  , for every YB , then f  is 

pr continuous function. 
 

Proof: 

Suppose ))(( 1 Bfcl   ))((1 Bclprf 
, for every 

YB  that satisfy, let A be any pr  closed set in Y , so that 

AAclpr  )(  . By hypothesis, ))(( 1 Afcl   )())(( 11 AfAclprf    

But  )(1 Af ))(( 1 Afcl   always. Hence )())(( 11 AfAfcl   , 

so )(1 Af   is  -closed in X . It follows from Theorem (3-4), f  

is pr continuous function  
 

3.34 Theorem: 
Let  ,X  be a topological space,   ,,Y  be a 

bitopological space, and      ,,,: YXf be a function. If 

))int((1 Bprf   ))(int( 1 Bf  , for every YB , then f  is 

pr continuous function. 
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Proof: 

Let ))int((1 Bprf   ))(int( 1 Bf  , for every YB , 

that satisfy G  be any pr open set in Y , so that 

GGpr  )int( . By hypothesis, ))int((1 Gprf   ))(int( 1 Gf  , 

since )())int(( 11 GfGprf   , then  ))(( 1 Gf ))(int( 1 Gf  . 

    But ))(int( 1 Gf  )(1 Gf   always and so 

)())(int( 11 GfGf   .Therefore, )(1 Gf   is  -open in X  

and consequently by Theorem (3-30) , f  is a pr continuous 

function 

 
In the following, we are discussion some important 

theorems that deal with pr continuous functions on 

separation axioms in bitopological spaces. 

 

3.35 Theorem: 

Let   ,,Y  be Tpr  -space. if      ,,,: YXf is a 

pr continuous, 1-1 function, then  ,X  is a oT -space. 

 

Proof: 

Let 21 xx   in X , such that )( 11 xfy   and )( 22 xfy  , 

since f  is 1-1, so 21 yy  , but Y  is Tpr  -space. Then there 

exists pr open set V in Y , such that Vy 1 , and Vy 2 , since 

f  is pr continuous, then there exists  -open set U  in X , 

such that Ux 1 , Ux 2  and VUf )( . Therefore  ,X  is  

oT -space  

 

3.36 Theorem: 

Let      ,,,: YXf  be pr open and onto 

function, if  ,X  is a oT -space, then   ,,Y  is a  

Tpr  -space. 
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Proof: 

Suppose 2121 ,, yyYyy   since f  is onto, there exist 

Xxx 21, ,  such that )( 11 xfy  , )( 22 xfy   , so 21 xx  . 

Since X  is oT -space, then there exists  -open set G , such 

that Gx 1 , Gx 2 . Hence )()( 11 Gfxfy  , 

)()( 22 Gfxfy  , since f  is pr open function, then )(Gf  

is a pr open set in Y . 

Therefore   ,,Y is a Tpr  -space  

 

3.37 Theorem: 

Let   ,,Y  be 1Tpr  -space, if      ,,,: YXf is a 

pr continuous and 1-1 function, then  ,X  is a 1T -space. 

 

Proof: 

Let 2121 ,, xxXxx  . Since f  is a 1-1 function, then 

Yxfxf )(),( 21 , Y  is a 1Tpr  -space, there exist 21,VV  

pr open sets in Y , such that 11)( Vxf  , 12)( Vxf   and 

22)( Vxf  , 21)( Vxf   . Since f  is a pr continuous 

function, then there exist two   -open sets 21,UU  in X , such 

that 11 Ux  , , 12 Ux  , and 21 Ux  , 22 Ux   and 11)( VUf  , 

22)( VUf  . Hence,  ,X   is 1T -space  

 

3.38 Theorem: 

      Let      ,,,: YXf  be pr open and onto function, 

if  ,X  is a 1T -space, then   ,,Y  is a 1Tpr  -space. 

 

Proof: 

Suppose 2121 ,, yyYyy   since f  is onto, there exist 

Xxx 21, ,  such that )( 11 xfy  , )( 22 xfy   and Xxx  21  . 

Since X  is 1T -space, there exist  -open sets HG,  in X  such 

that Gx 1 , but Gx 2  and Hx 2  but Hx 1 . Hence, 

)()( 1 Gfxf  , )()( 2 Hfxf  , since f  is pr open function, 
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hence, )(Gf , )(Hf  are pr  open sets of Y . )(1 Gfy  , but 

)(2 Gfy   and )(2 Hfy  , but )(1 Hfy  . 

Then   ,,Y is 1Tpr  -space  

 

3.39 Theorem: 

Let   ,,Y  be 2Tpr  -space,      ,,,: YXf  be  

a pr continuous and 1-1 function, then  ,X  is a 2T -space. 

 

Proof: 

Let 2121 ,, xxXxx  . Since f  is 1-1 function, then 

)()( 21 xfxf  , )( 11 xfy  , )( 22 xfy  , 21 yy  . since Y  is 

2Tpr  -space, there exist two pr open sets HG, , in Y , such 

that Gy 1 , Hy 2 , HG . 

Since f  is a pr continuous function, so there exist two 

 -open sets 11, HG , in X , such that 11 Gx  , 12 Hx  , and 

)( 11 Gfy  G , )( 12 Hfy  H , but HG  , so 

 )()()( 1111 HfGfHGf  .Then 11 HG   .Therefore, 

 ,X  is a 2T  -space  

 

3.40 Theorem: 

Let      ,,,: YXf  be pr open and onto 

function, if  ,X  be a 2T -space, then   ,,Y  is a  

2Tpr  -space. 

 

Proof: 

Let 21 yy   since f  is onto, then there exist Xxx  21 ,  

such that )( 11 xfy  , )( 21 xfy   since X  is 2T space, then there 

exist  -open sets HG,  in X , such that Gx 1 , Hx 2 , 

HG . 

Since, f  is a pr open function, then )(Gf , )(Hf  are 

two pr open sets in Y , and )(Gf   )()()( fHGfHf  . 

Also, )()( 11 Gfxfy  , )()( 22 Hfxfy  . Hence,   ,,Y  

is 2Tpr  -space  
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