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List of Symbols

Symbol Meaning

AS The complement of A.

pr.O(X) | The family of all pr—open sets of X with respect to
a bitopological space .

7-0open set | The open set with respect to the topology 7.

p-open set | The open set with respect to the topology p.

pr.C(X) | The family of all pr—closed sets of X with respect
to a bitopological space .

7-closed set | The closed set of the topology 7.

p-closed The closed set of the topology p.

set

pr—N(x) | The system pr—nhd at the point x with respect to
a bitopological space .

7—N(X) The system nhd at the point X with respect to the
topology 7.

o—N(X) | The system nhd at the point X with respect to the
topology p.

pr—int( A) | The set of all pr—interior points of A with respect to
bitopological space .

r—Iint(A) | The set of all interior points of A in the topology 7.

p—Iint(A) | The set of all interior points of A in the topology p.

pr—ext(A) | The set of all pr—exterior points of A with respect to
a bitopological space .

7—ext(A) | The set of all exterior points of A with respect to the
topology 7.

p—ext(A) | The set of all exterior points of A with respect to the

topology p.
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to a bitopological space .

7— fr(A) The set of all frontier points of A with respect to
the topology 7.

po— fr(A) The set of all frontier points of A with respect to
the topology p.

pr—Im(A) The set of all pr —limit points of A with respect to
a bitopological space.

7—Im(A) The set of all limit points of A with respect to the
topology 7.

p—Im(A) The set of all limit points of A with respect to the
topology p.

pr—cl(A) The pr—closure of A with respect to
a bitopological space

r—Ccl(A) The pr—closure of A with respect to the topology
T.

po—Cl(A) The closure of A with respect to the topology p.
The relative bitopological space for Y with respect

prO(X)y to pr—open sets? ’ " "

Ty The relative topology of r to Y.

o ¥ The relative topology of pto Y.

pr—cl, (A) | The pr—closure of A inthe subspace Y .

pr—nhd, (A) | The pr—nhd of A in the subspace Y .

pr— fr,(A) |The set of all pr—frontier points of A in the
subspace Y .

pr—Im, (A) |Thesetofall pr—limit points of A in the subspace
Y.

pr—int, (A) |The set of all pr—interior points of A in the

subspace Y .




Absitract

In this thesis, we introduce a new definition for pr—open
set in bitopological space and give the basic specifications for
this definition .

We state here some of the main results which, we obtain:

1. A bitopological space (X,z, p) is pr—T,-space iff for each
distinct points x,y in X, pr—cl({x}) = pr—cl({y}).
2.1f every singleton subset {x} of bitopological space
(X,7,p) is pr—closed, then (X, 7, p) is pr—T,-space.
3. A Dbitopological space (X,z,p) is a pr—T,-space iff
pr—cl{a}=¢ ,foreach ae X.
4.Let (X,7,0) be a bitopological space, then (X,z,p) is a
pr —regular iff for each pr—open set U and x<U, there
exists pr—opensetV suchthat xeV, pr—cl(V)cU.
5.Let (X,7,p) be a bitopological space, then (X,z,p) is a
pr— normal iff for each pr—closed set H in X and
pr—open set U in X containing H, there exists pr—open
setV suchthat H cV < pr—cl(V) cU.
6.Let (X,z,0) and (Y, 7, p')be bitopological spaces, and
f:(X,z,p)—=>(Y,7,p') be a function. If the inverse image
under f of every pr—open setin Y is pr—open set in X,
then f is pr—continuous function.
7.Let (X,z,p) and (Y, 7', p’)be two bitopological spaces, and
f:(X,z,p)=>(Y,7,0) be a function. If
f(pr—cl(A) < pr—cl(f(A)) , for every Ac X, then f
IS pr—continuous.
8.Let (X,z,0) and (Y, p’) be two bitopological spaces, and
f:(X,z,p)—>(,7,p) be a function . If

f *(pr—int(B)) c pr—int( f *(B)) for each BcY, then

f isa pr—continuous function .

Vi



9.Let (Y,7,p') be apr—T,-space, and f:(X,z,p)—>(Y,7,p)
is a pr—continuous and 1-1 function , then (X,z,p) is a
pr—T,-space.

10. Let f:(X,z,p)—>(Y,7,p’) be onto and pr—open
function, if (X,z,p)is a pr—T,-space, then (Y,7', p')is a
pr—T,-space.

11. Let (Y,7, p')be a pr—T,-space, and f:(X,z,p)—(Y,7,p)
be a pr—continuous and 1-1 function, then (X,z, p) is a
pr —T,-space.

12. Let (X,z,p) be a bitopological space, (Y,z') be a
topological space, and f :(X,z,p)—(Y,z’) be a function.
If pr—cl(f*(B)) < f*(z'—cl(B)), for every Bc X, then
f is pr® —continuous function.

13. Let f:(X,z,p)—>(Y,7) be a pr'-open and onto
function and (X,z,p) be a pr—T,-space, then (Y,7)is a
T, -space.

14. Let (X,r) be a topological space, (Y,z,p’) be a
bitopological space, and f:(X,z)—>(Y,7,p) be a
function. If the inverse image under f of every pr—closed
set in Y is a r-closed set in X, then f is

pr** —continuous.

Vil



Introduction

This thesis establishes a relation between bitopological
spaces and topological spaces.

Bitopological space initiated by Kelly [7,8] is defined as :
A set equipped with two topologies is called a bitopological
space, denoted by (X,z,p) where (X,7),(X,p) are two
topological spaces defined on X .

a —open set defined by Njastad (1965) [14] , is as follows:
Let (X,7) be a topological space and Ac X, A is said to be

a—open set iff Acint_(cl _(int_(A))). The definition for
pr —open set in topological space is introduced by Mashhour ,

Abd El-Monsef , M. E., and El-Deep , S. N. (1981)[11] on the
basic of « —open set in topological space.
Let (X,7) be a topological space, A be a subset of X, A

is said to be pre—open set iff Acint_(cl_(A)) [11] , the
family of all pre—open sets is denoted by pr.O(X).

In this thesis, the phrase " pr—open set" refers to
" pr —open set in bitopological space (X, z, p)".
A new definition for pre—open set in bitopological space

Is introduced on the basic of « —open set in bitopological space
and pre—open set in bitopological space.

Let (X, 7, 0) be a bitopological space A be any subset of
X . Alissaid to be pr—opensetiff Acint (cl, (A)).

From the relation above, the following generalization is
formulated between topological space and pr—open set in

bitopological spaces.
Let (X,z,0) be a bitopological space, then there is no

relationship between p-open sets in topological space p and
pr —open set in bitopological space.

Kelly , J. C. (1963) [8] . Introduced the idea of
bitopological spaces .

VI



Singal , M. K., and Singal , A.R., (1970) [16] . They
introduced some more separation axioms these consider with
bitopological spaces .

Reilly , I.L. (1972) [15] . Presented some properties that’s
deal with separation axioms on bitopological spaces .

Maheshwari , S. N. and Prasad R. (1975) [10] . They
introduced some new separation axioms and studied some of
their basic properties. The implications of those new separation
axioms among themselves and with the well known axioms
T,,T,, were obtained.

Valeriu , P. (1977) [18] . Introduced some properties of
bitopological semi separation space .

Mirevic , M. (1986)[12]. Studied the separation axioms in
bitopological space .

Mukherjee , M. N., and Ganguly , S. (1987)[13] . Studied
characterized  almost  continuous  multifunctions  in
a bitopological spaces . Also generalized the idea of almost
continuity as studied in (Bose and Sinha (1982)). Finaly such
multifunctions had been invesligated in relation to the extended
concept of lower and upper semi- continuous multifunctions
introduced for bitopological spaces.

Arya, S. P., and Nour , T. M. (1988)[2] . Introduced some
separation axioms that's consider with bitopological spaces and
some theorems .

Jeli's , M. (1989) [7] . Introduced some Ti-pairwise
continuous functions and studied bitopological separation
axioms .

Al-Swidi, L. and Shaker A. Y. (1993) [1] . Studied a Semi
compactness in bitopological space .

Jelic , M. (1994) [6] . Studied the nearly PT;-continuous
mapping and the relationship among them .

Bosi , G. (1997)[3] . He was present a separation theorem
in pairwise normally preordered bitopological spaces, which
slightly generalizes both a well known separation theorem by
Nachbin in normally preordered topological spaces, and a
separation theorem by Kelly in pairwise normal topological
spaces. Based on this result, he gave necessary and sufficient



conditions for the existence of semi continuous order-preserving
functions on such spaces. Further, he discussed the existence of
upper semi continuous order-preserving functions on preordered
topological spaces.

Dontcher , J. (1998)[4] . Covered most of recent research
on preopen sets .

Tallafaha, A. A. , Al-Bsoul, and Fora A. (1999) [17] .
Introduced the concept of being countable dense homogeneous
bitopological spaces and they defined several kinds of that
concept. They gave some results concerning those bitopological
spaces satisfying the axioms p—T,, and p—T, spaces .

Jaleel , I. D. (2003)[5] . Presents the definition of & -open
set in bitopological spaces and some theorems , and results on
o -open set in bitopological spaces

This thesis consists of three chapters:

In chapter one, we introduce new elementary properties and
definitions about pr—open, pr—closed, pr—nhd, pr-int,
pr—ext, pr—fr, pr—Im and pr—closure sets in bitopological
space.

In chapter two, we present new definitions and theorems
for the separation axioms with respect to pr—open set in
bitopological space, together with examples.

Chapter three contains some new definitions of
pr —continuous, pr°— continuous and pr” —continuous
functions with respect to topological and bitopological spaces.
We study some of their basic properties. The implication of
these new continuous functions among themselves and with the
separation axioms with respect to pr —open sets is given .



Chapter one.................cce............Basic Definitions And Some Important Theorems

This chapter includes some basic definitions, theorems,
remarks and examples of pr —open set in bitopological space.

Basic Definitions:
1.1 Definition:

Let (X,z,p) be a bitopological space, and A be a subset
of X, A is called pr—open set with respect to the two
topological spaces zand p if: Acint_ [cl (A]]

The collection of all pr —open sets with respect to the two
topologies is denoted by pr.O(X) .

1.2 Example:

Let X ={a,b,c}, ={X,s,{a}} and p={X,¢,{a}.{a,b}}
(X,7),(X, p)be two topological spaces, then (X,z,p) is
a bitopological space. The family of all pr—open sets of X is:
pr.O(X) =1{X,¢.{a}.{a,b}{a,c}.}

If we have Y = {a}, then cl ({af) = X
int_(X)=X , therefore, {ajc X .

Hence {a} is pr—open set in (X,z,p) . In general, any
bitopological space X, ¢are clearly pr—open sets.

1.3 Remark:
a. Any p—open set is not necessary to be pr—open set.

[i.e the topology p is not necessary to be subcollection of
pr—open of X].

b. Any pr—open set is not necessary to be of (z— open,
o —open) set [i.e the family of pr—-open sets is not be

necessary to be sub collection from any one of the two
topologiesz and p.

The following example explains the part (a) of the
Remark (1.3).
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1.4 Example:

Let X ={a,b,c}, 7={X,¢{a}}, p={X g {b}{c}{b.c}}
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitopological space. So,
pr.O(X) = {X ! ¢’{a}’{b’ C}}

Clearly , p is not subcollection of pr—open set of X.

The following example explains the part (b) of the
Remark (1.3).

1.5 Example:

Let X ={a,b,c}, 7={X,p{c}} . p={X.4{}.{b.c}}.
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitopological space. The family of all pr—open sets of X is:
prO(X) ={X,¢.{c}.{a.c}.{b,c}}

Clearly , pr—open set of X is not subcollection from any
one of the two topologiesz and p.

1.6 Definition:
a. (X,T,p) Is called discrete bitopological space with

respect to pr—open if pr.O(X) contains all subsets on X .
b. (X,z,p) is called indiscrete bitopological space with
respect to pr—open if prO(X)={X,¢} .

1.7 Remark:

Let X be any finite set,  and p are two topological
spaces. If Q is any topology , neither discrete nor indiscrete,
then:




Chapterone......................

<voeenen.Basic Definitions And Some Important Theorems

Case T P pr.O(X)
1 discrete top. Q contains all subsets on X
2 Q discrete top. Q
s [indsceetop. | o | g stens o X e
4 0O indiscrete top. | contains all subsets on X
5 discrete top. | discrete top. contains all subsets on X
6 | indiscrete top. | indiscrete top. | contains all subsets on X
7 discrete top. | indiscrete top. | contains all subsets on X
8 | indiscrete top. | discrete top. {X, 4}
1.8 Remark:

The intersection of any pr—open sets is not necessary a
pr —open set. So the family of all pr—open sets of X does not
represent a topology on X.

The following example explains the above remark.

1.9 Example:

the intersection IS Not pr —open set.

The example shows that there are two pr—open sets, but

Let X - {a’ b’ C}’ r= {x ! ¢’{a}1{a’ b}}’ P = {X ’ ¢’{C}’{a’ C}}
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitopological space, then:
prO(X) ={ X ¢,{a}.{c}.{a,b}.{a,c},{b,c}},

Clearly that , {a,b},{b,c} are two pr—open sets, but

{a,b}{b,c}={b}is not pr—open set.




Chapter one.................cce............Basic Definitions And Some Important Theorems

1.10 Proposition:
The union of any two pr—open sets is pr—open set with

respect to bitopological space.

Proof:
Let A and B be two pr—open sets with respect to

bitopological space (X, z, p).
(i.e) Acint [cl (A)] and Bcint_ [cl,(B)]
AUBcint [cl,(A]lUint [cl (B)l<int [cl ,(A)Ucl (B)]
Since cl (A)Ucl (B)=cl ,(AUB)
Then AUB cint [cl ,(AUB)]

So any two pr—open sets also pr—open set with respect
to bitopological spaced

1.11 Definition:
Let (X,r, p) be a bitopological space. A subset A of X is

called pr—closed set of X iff the complement of A is
pr—open set of X, and the collection of all pr—closed sets
with respect to the two topologies 7 and p denoted by
pr.C(X).

1.12 Remark:

a. Any p-closed set is not necessary to be pr—closed set
[i.e the closed sets of the topology p is not necessary to be
sub collection of pr—C(X)].

b. Any pr—closed set is not necessary to be (7 —closed, p—
closed) set [i.e the family pr—C(X) is not necessary to be

subcollection from one of the closed sets of any of the two
topologies 7 and p].

The following example explains the part (a) of
Remark (1.12).
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1.13 Example:

Let X ={a,b,c},z={X,¢,{a}},and p={X,¢{o}{c}{b,c}
(X,7),(X,p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
pr.O(X) ={X, ¢.{a}.{b,c}},

Hence , the set of all pr—closed sets of X is:
pr—C(X) ={X,¢.{b,c}{a};.

If we take A={a,c} asa p—closed set of X, but A is not
a subcollection of pr—C(X) .

The following example explains the part (b) of
Remark (1.12).

1.14 Example:

Let X ={a,b,c}=, r={X,g{a}{a.c}, p={X,4.{a,c}}.
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitopological space, then:
prO(X) ={X, ¢.{a}.{c}{a,b}.{a,c}.{b.c}}

Hence the set of all pr—closed sets of X is:
pr—C(X) ={X, ¢.{b. c}.{a,b}.{c}{u}. {a}}.

If we take A={a,b} as a pr—closed set of X, but A is
not to be (7 -closed, or p-closed) set.

1.15 Definition:

Let (X,z,p) be a bitopological space, and xeX |,
a subset N of X is said to be pr—nhd of a point x with
respect to bitopological space (X,z,p) iff there exists
a pr—openset U € pr.O(X) suchthat xeU < N.

The set of all pr—nhds of a point x is denoted by

pr—N(x) .
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1.16 Remark:
If x is any point of X, then pr—N(Xx) is not necessary to

be equal to one of 7 —N(x) [nhd system with respect to the
topology 7], or p—N(x) [nhd system with respect to the

topology p].

1.17 Example:

Let X ={a,b,c}, 7= {X,¢.{a}}, p={X,p.{0}{c}{b.c}}.
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitopological space.

The family of all pr—open sets of X is:

pr.O(X) ={X,¢,{a},{b,c}},s0 :
pr.N(a) ={X {a}.{a,b}.{a,c}}
pr.N(b) ={X,{b,c}}

pr.N(c) = {X ,{b,c}}, and
7—N(a) ={X {a}.{a,b}.{a,c}}
r—N(b) ={X}

r—N(c) ={X}

p—N(@) ={X}
p—N(b)=1{X,{b}{a,b},{b,c}}
p—N(c)={X {c}.{a,c}.{b,c}}

1.18 Definition:

Let (X, 7, p) be a bitopological space, and Ac X . A point
X e X is said to be pr—interior point of A with respect to two
topologies 7 and p iff there exists a pr—open set B such that
XxeBc A . The set of all pr—interior points of A with respect

to two topologies 7 and p denoted by pr—int (A).

1.19 Remark:
If A be any subset of X, then pr—int (A) is not

necessary to be equal to one of z—int(A), p—int (A).

The following example explains the above remark.
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1.20 Example:

Let X ={a,b,c} , 7={X,p{a}}, p={X,p.{a}.{a,b}}.
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space. The family of all pr—open sets of X is:
prO(X) ={X,¢{a}{a,b}.{a,c}}

If we take A={a,c}, then pr—int({a,c}) ={a,c}, and
r—int({a,c}) ={a}, p-int{a,c})={a}

Clearly pr—int({a,c}) is not equal to any of
r —int{a,c}), p—int({a,c}).

1.21 Remark:
If X e pr—int(A), then A'is pr—nbd of Xx.

Proof:
Let x e pr—int( A), then by Definition (1.18), there exists

a pr—open set G such that xe G < A. Hence A is pr—nbd of
X O

1.22 Definition:
Let (X,z,p) be a bitopological space, and Ac X.

A point xe X. x is said to be pr—exterior point of A with
respect to the two topologies = and p iff it is a pr—interior
point of the complement of A, that is, iff there exists
a pr—open set B such thatxe B< A® or equivalently xeB
and BNA=¢ .

The set of all pr—exterior points of A with respect to the
two topologies 7 and p is denoted by pr—ext (A).

1.23 Remark:
If A isany subset of X, then pr—ext (A) is not necessary

equal to one of the 7-ext (A), or p-ext (A), as in the following
example.
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1.24 Example:

Let X =fab.c.d}, 7={X,gfoh{ch b} . p={X.4{a}{ab}.
(X,7),(X,p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
prO(X) ={X,¢{a}.{b}.{c}.{a b}.{a.c}.{a,d}.{b.c}.{a,b,c}.{ab,d} {a.c,d}}

If we take A={b,d}, then pr—ext ({b,d}) ={a,c}, but
r-ext ({b,d}) ={c}, and p-ext ({b,d}) ={a}.

Clearly , pr—ext ({b,d}) is not equal to any one of
r-ext ({b,d}), or p-ext ({b,d}).

1.25 Remark:
Let (X, 7, 0) be a bitopological space, and Ac X . Then:

1. pr—ext (A) = pr—int(A°®).
2. pr—ext (A°) = pr—int(A*) = pr—int (A).
It follows from the Definition (1.22).

1.26 Definition:
A point x of a bitopological space (X,z, p) is said to be a

pr —frontier point (or pr—boundary point) of a subset A of X
with respect to the two topologies r and p iff it is neither
pr—interior nor pr—exterior point of A. The set of all
pr—frontier points of A is denoted by pr— fr(A).

[i.e Vxe X &VU, e prO(X)5UNA=g&UNA° =4].

1.27 Remark:
If A be any subset of X, then pr— fr(A) is not necessary

to be any one of the 7 — fr(A), or p— fr(A).

1.28 Example:

Let X ={a,b,c}, 7={X,¢,{b}.{a,b}} and p={X,¢,{c}}.
(X,7),(X,p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
pr.O(X) ={X, ¢.{a}.{o}.{c}.{a,b}.{a,c}.{b.c}}.

If we take A={b,c}, then
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pr—int({b,c}) ={b,c}, pr —ext({b,c}) ={a}, pr - fr({b,c}) =¢
z-int({b,c}) ={b}, 7-ext {b,c})=¢ ,

Alsoz — fr({b,c}) ={a,c}
p-int ({b,c}) ={c}, p -ext ({b,c})=¢ ,

therefore p— fr({b,c}) ={a,b}

From above, we see fr —({b,c}) not equal to any one

of 7—frdb,c}), and p— fr{b,c}).

1.29 Definition:

Let (X,r, p) be a bitopological space, a point x is called
pr—limit point of subset A of X with respect to two
topologies r and p iff for each a pr—open set B containing x

contains another point different from x in A, that is
(BX}H)NA=¢ . The set of all pr—limit points of A be
denoted by pr—Im (A).

1.30 Remark:
If A is any subset of X, then pr—Im(A) is not necessary

equal to any one of the 7 —Im (A), or p—Im (A).
The following example explains the above remark.

1.31 Example:
Let X ={a,b,c}, = {X,¢.{a}} and p={X,¢{b}{c}{b,c}}
(X,7),(X, p) are two topological spaces, then (X,z, p) is
a bitopological space, so:
prO(X) ={X, ¢,{a},{b,c}}.
If we take A={a,c}, then pr—Im (A)={b}and
r—Im A={b,c}, p-Im(A) ={a}
Clearly that pr—Im (A) is not equal to any one of the
r—Im (A), p—Im(A).

1.32 Definition:

Let (X,z,p) be a bitopological space, and Ac X , the
intersection of all pr—closed sets containing A is called
pr —closure of A, and is denoted by pr—cl(A); i.e
pr—cl(A)={F:Fis pr—closed, Ac F}.
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1.33 Remark:
If A is any subset of X, then pr—cl(A) is not necessary

equal to any one of = —cl(A), p—cl(A).
The following example explains the above remark.

1.34 Example:
Let x ={a,b,c.d}, 7={X,¢{b}{cHo.cHand p={X,¢{a}.{ad}} -
(X,7),(X, p) are two topological spaces, then (X,z, p) is
a bitopological space. Hence:
pr.O(X) ={X,¢.{a}.{b}.{c} {a.b}.{a.c}{a,d}.{b,c}. (a.b.c}.fab,d}. fa,c.dY
pr.C(X) ={X,4fb.c,d}.{ac.d}.{a,b,d}.{c.d}.{b, d}.{b,c}.{a, d}{d}.{c}.{b}}
r—-C(X) ={¢, X,{a,c,d},{a,b,d},{a,d}}
p—C(X)=1{g,X,{b,c,d}.{b,c}}
If we take A={c,d}, then
pr—cl(A) ={b,c,d}{a,c,d}N{c,d} X ={c,d}
and 7 —cl(A)={a,c,d}, p—cl(A)={b,c,d}
Clearly that pr—cl(A) is not equal to any one of
r —Ccl(A), p—cl(A).

The following some important theorems that's consider
with pr—int, pr—ext, pr-—fr, pr—cl and pr—-nhd are
discussed .

1.35 Theorem:
Let (X,T,p) be a bitopological space, for each xe X,

pr—N(x) be the collection of all pr—nhds of x, then:

I.) Vxe X, pr—N(x)=¢ (i.e every point x has at least one
pr —nhd).

iI.) VN e pr—N(x), then xeN (i.e every pr-nhd of x
contains x).

) If Nepr—=NX)&NcM, then Mepr—N(x) (i.e
every set containing a pr—nhd of x isa pr—nhd of x).

10
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Iv.) If N e pr—N(x), then there exists M e pr—N(x) such
that M <N and M e pr—N(y), VyeM (i.e if N is a
pr—nhd of x, then there exists a pr—nhd M of x which
Is a subset of N such that M is a pr—nhd of each of its
points).

Proof:
I.) Since X is a pr—open set, it is a pr—nhd of every
X € X . Hence there exists at least one pr—nhd (namely
x) forevery xe X.Hence pr—N(X)zgV xe X.

ii.) If Nepr—N(x), then N is pr—nhd of x. So by
definition of pr—nhd, xe N.

i) If N € pr—N(X), then there is a pr—open set B such
that xeBc N.Since NcM, xeBcM andso M is
a pr—nhd of x. Hence M € pr—N(Xx).

iv.)If N e pr—N(x), then there exists a pr—open set M
such that xe M < N . Since M isa pr—open set, itis a
pr —nhd of each of its points. Therefore M € pr—N(y),
VyeM O

1.36 Theorem:
Let (X,z, p) be a bitopological space, and Ac X, then:
pr—int( A) =U{G € pr.O(X):G c A}.

Proof:

If xe pr—int(A) iff Aisa pr—nhd of x iff there exists a
pr—open set G such that xXeGc A iff
Xx e U{G e pr.O(X):G c A}.

Hence pr—int(A)=U{G e prO(X):Gc A} O

11
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1.37 Theorem:
Let (X,z, p) be a bitopological space, and A, B be any

subsets of X, then:

1) pr=int(X)=X, pr—int(¢)=¢ .

i) pr—int(A) c A.

ii.) If Ac B, then pr—int( A) < pr—int(B)

iv.) pr—int(ANB) < pr—int(A) N pr—int(B).

v.) pr—int(A)U pr—int(B) < pr—int(AUB).

Proof:
I.) Since X is a pr-—open set with respect to the two

topologies 7 and p, and X < X, so Vxe X 3 pr—open
set Xa3xeXc X. Hence pr—int(X)=X. Also

pr—int(¢) = 4.

i) If xe pr—int(A), then x is a pr—interior point of A
with respect to two topologies randp , SO
3G e pr—0O(X)> xeGc A,so xe A.

Hence, pr—int( A) c A.

iii.) If x e pr—int(A), then x is an pr—interior point of A
with respect to the two topologies r and p , so
dG e prO(X)>3xeGc A and Ac B, so xeGc B this
implies that X e pr—int(B), hence
pr—int( A) < pr—int(B)

iv.) Since A(1Bc A, and A(1B< B, [by part (iii) above],
we have pr—int(A(1B) < pr—int(A),
pr—int(A(B) < pr—int(B).
Hence , pr—int(ANB) < pr—int(A) " pr—int(B).

v.) Since Ac AUB and Bc AUB, so by [a part (iii)
above], we have:
pr—int( A) < pr—int(AUB)
pr—int(B) < pr—int(AU B)
Hence pr—int(A)U pr—int(B) < pr—int(AUB) O

12
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The following example explains the converse of the parts
(if) and (iii) of the previous theorem are not true.

1.38 Example:

Let X ={abc.d}.r={X g {ah Ehfabtand p={X ¢} {c}b.cH.
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitopological space, such that:
prO(X) ={X, ¢.{a}.{b}.{a,b}.{b,c}.{a,b,c}.{b,c,d}}.

If we take A={a,c}, then pr—int(A)={a}, clearly,
Az pr—int(A). And if we take B={ab,c} then
pr—int(B) ={a,b,c}. Clearly, A= B but pr—int(B) ¢ pr—int(A) .

1.39 Remark:
The converse of the part (iv) in the previous theorem is not
true by Remark (1.8) .

The following example explains the converse of the part
(v) in the previous theorem is not true.

1.40 Example:

Let X={abchr={X,¢.{b}{a, b} {b.c}}. p={X, 4 e} e} {b.chiach.
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitopological space, so:
prO(X) ={X, ¢.{b}.{c}.{a,b}.{a, c}.{b,c}}

If we take A={b}, and B ={a}, then:
(AUB)={a,b} and pr—int( AUB)= pr-int({a,b})={a,b},but
pr—int(A) U pr—int(B) = pr —int({b}) U pr —int({a})
={0}Ug¢ ={b}

Hence , pr—int(AUB) & pr—int(A) U pr—int(B).

1.41 Theorem: This theorem is equivalent to definition (1-22) .
Let (X, 7, p) be a bitopological space, and Ac X, then:

pr—ext (A)=U{G e pr—0O(X):G c A°}.

13
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Proof:

By Remark (1.25), pr—ext(A)= pr—int(A®). But by
Theorem (1.36), pr—int( A°) =U{G € prO(X):G < A"}

Hence pr—ext(A)=U{G e prO(X):Gc A} O

1.42 Theorem:
Let (X, 7, p) be a bitopological space, and A, B be subsets of

X, then:
1) pr—ext(X)=¢ , pr—ext(¢g)=X.
i) pr—ext(A)c A°.
i) If Ac B, then pr—ext(B) c pr—ext(A)
iv.) pr—ext(AUB) c pr—ext(A)() pr—ext(B).

Proof:
I.) By Remark (1.25) and Theorem (1.37):

pr—ext(X) = pr—int(X°) = pr—int(¢)=¢ .
Also by Remark (1.25) and Theorem (1.37) we have
pr—ext(¢) = pr—int(¢°) = pr—int(X) = X.

il.) By Remark (1.25 and part (ii) of Theorem (1.37), we get
pr—ext(A) = pr—int(A®) c A°.

iii.) If Ac B, then B® < A®, by part(iii) of Theorem (1.37)
we have pr—int(B®) c pr—int(A®),  therefore
pr—ext(B) c pr—ext(A).

iv.) By Remark (1.25) and De-Morgan Law,
pr—ext(AUB) = pr—int(AUB)® =
pr-int(A°N1B®) = (pr—int(A°) N pr—int(B®))[by part(iv)
of Theorem (1.37)] pr—ext(A) pr—ext(B) .
Hence pr—ext (AUB) < pr—ext(A)( pr—ext(B) O

14



Chapter one.................cce............Basic Definitions And Some Important Theorems

The following example explains the converse of the part (ii)
in the previous theorem is not true.

1.43 Example:

Let X ={a,b,c}, 7= {X,4.{a}.{c}{a.c}}, p = {X.¢.{a}.{b}.{a.b}}-
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so
prO(X) ={X,¢.{a}.{c}.{a.c}.{a,b}}

If we take A={a}, then A ={b,c}, and,
pr—ext(A) = pr—int(A°) = pr—int({b,c}) ={c}
Clearly A° & pr—ext(A).

The following example explains the converse of the part
(iii) in the previous theorem is not true.

1.44 Example:

Let X ={a,b,c},z ={X,¢,{a}.{a,b}}, o = {X,,{0}.{b,c}}.
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so,

prO(X) ={X, ¢ {a},{b}{a,b}.{b,c}}
If we take A={c}, B={b}, then we have

pr—ext(B) c pr—ext(A)
Since pr —ext(B) = pr-ext({b}) = pr-int({b}*) = pr-int({a,c}) ={a},

and pr —ext(A) = pr—ext({c}) = pr—int({c}) = pr-int({a,b}) ={a,b}
Hence pr—ext(B) < pr—ext(A), but Az B.

The following example explains the converse of the part
(iv) in the previous theorem is not true .

1.45 Example:

Let X ={a,b,c},7 = {X, ¢, {o}.{a.b}}. p= {X, 4. {a.b}}.
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so,
prO(X) ={X, ¢,{a}.{b}.{a,b}.{a,c}.{b.c}}

If we take A={a}, B={b},so

15
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pr—ext(A) = pr—int( A°) = pr—int({b,c}) ={b,c}
pr—ext (B) = pr—int(B®) = pr—int({a,c}) ={a,c}, hence,
pr—ext (A) pr—ext (B) ={b,c}{a,c}={c}

pr—ext (AUB) = pr—ext ({a,b}) = pr—int{c})=¢ .
Hence, pr—ext (A)() pr—ext (B) & pr—ext (AUB) .

1.46 Theorem:
Let (X,7,p) be a bitopological space, and Ac X, then the

point x in X isa pr—frontier point of A iff every pr—nhd of
X intersects both A and A°.

Proof:

Suppose that xepr—fr(A) iff xe¢pr—int (A) and
X ¢ pr—ext(A) = pr—int(A°®) iff neither A nor A® isa pr—nhd
of x iff no pr—nhd of x can be contained in A or A° iff every

pr—nhd of x intersects both A and A°. From Theorem (1.35)
part (iii) every set containing a pr—nhd of x isa pr—nhd of x O

1.47 Corollary:
pr— fr(A) = pr— fr(A°%)

Proof:
Suppose that xe pr— fr(A) iff every pr—nhd of x

intersects both A and A°® iff every pr—nhd of x intersects both
(A°)¢ and A° [since (A°)° = A]iff xe pr— fr(A°) O

1.48 Theorem:
Let A be any subset of a bitopological space (X,z,p)

then pr—int(A), pr—ext(A) and pr— fr(A) are disjoint and
X = pr—int(A) U pr—ext(A) U pr— fr(A).

Proof:
By Definition (1.22), pr—ext(A)= pr—int(A®). Also
pr—int(A) < A and pr—int(A°) c A°.

16
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Since AN A° =¢ , it follows that
pr—int(A) N pr—ext(A) = pr—int(A) pr—int(A°) =¢.
Again by definition of pr —frontier, we have:
xe pr— fr(A) iff x g pr—int (A) and x ¢ pr—ext(A) iff
X g[pr—int(A) U pr—ext(A)]iff xe[pr—int(A)U pr—ext(A)].
Thus, pr— fr(A)=[ pr-int(A)U pr—ext(A)]°
It follows that pr—fr(A)N pr—int(A)=¢ , and
pr— fr(A)( pr—ext(A) =¢,and
X =pr—int(A U pr-ext(AU pr- fr(A)O

1.49 Theorem:
Let (X, 7, p) be a bitopological space, and Ac X , then:

I.) pr—cl(A) is the smallest pr —closed set containing A.
ii.) Ais pr—closed iff pr—cl(A)=A.

Proof:
1.) This follows directly from the Definition (1.32).

i) If A is pr—closed, then A itself is the smallest
pr —closed set containing A , hence pr—cl(A)=A.
Conversely, if pr—cl(A)=A, by (i), pr—cl(A) is
pr—closed , so, Aisalso pr—closed O

1.50 Theorem:
Let (X,7,p) be a bitopological space, and A,B be any

subsets of X, then:
1) pr—cl(g)=¢, pr—cl(X)=X.
ii.) Ac pr—cl(A).
ii.) If Ac B, then pr—cl(A) c pr—cl(B).
iv.) pr—cl(AUB)=pr—cl(A)U pr—cl(B).
v.) pr—cl(ANB)c pr—cl(A)N pr—cl(B).
vi.) pr—cl[ pr—cl(A)]= pr—cl(A).

17



Chapter one.................cce............Basic Definitions And Some Important Theorems

Proof:
I.) Since ¢ and X are pr—closed sets, by Theorem (1.49)

we have pr—cl(g@)=¢ and pr—cl(X)=X .

11.) By Theorem (1.49) part (i), we obtain
Ac pr—cl(A).

ili.) By a part (ii) above, B < pr—cl(B), since Ac B, then
Ac pr—cl(B), but pr—cl(B) is pr—closed set,
thus pr—cl(B) is pr—closed set containing A.
Since pr—cl(A) is the smallest pr—closed set
containing A, hence pr—cl(A)c pr—cl(B).

iv.)Since Ac AUB and B< AU B, by a part (iii) above,
we have pr—cl(A)c pr—cl(AUB) and
pr—cl(B) < pr—cl(AU B). hence
pr—cl(A)U pr—cl(B)c pr—cl(AUB).  ...... (1-1)

since pr—cl(A) and pr—cl(B) are pr—closed sets and
pr—cl(A)U pr—cl(B) is also pr—closed, [by a part (ii)
above].

Ac pr—cl(A), Bc pr—cl(B).

This implies that AU B < pr—cl(A)U pr—cl(B).

Thus pr—cl(A)U pr—cl(B) is pr—closed set containing
AUB, since pr—cl(AUB) is the smallest pr—closed set
containing AU B.

Therefore, pr—cl(AU B) < pr—cl(A)U pr—cl(B) .. (1-2)

From (1-1) and (1-2), we have
pr—cl(AU B) = pr—cl(A)U pr—cl(B)

v.)Since AN B < A.then pr—cl(AB) < pr—cl(A) by a
part (iii) above and, then A(1Bc< B, pr—cl(ANB)c
pr—cl(B) by a part (iii) above.

Hence pr—cl(ANB)c pr—cl(A) pr—cl(B).

18
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vi.)Since pr—cl(A) is pr—closed set, we have by
Theorem(1.49) part (i), pr—cl| pr-cl(A)]= pr—cl(A)O

The following example explains the converse of the part (ii)
of the previous theorem is not true.

1.51 Example:

Let X ={ab.c}, 7= X410, p={X,g{a}{cHac}.
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitopological space then:
pr.O(X) ={X, ¢,{b}.{cHa,c}.{b,c}}
and pr.C(X) ={g, X,{a,c},{a,b},{b}.{a}}.

If we take A={c}, then pr—cl(A)={a,c}.

Hence, it is clearly that, pr—cl(A) « A.

The following example explains the converse of the part
(iii) of the previous theorem is not true.

1.52 Example:

Let X ={a,b,c}, z={X,¢,{a}} and p={X,¢,{a}.{a,b}}
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitoplogical space so:
prO(X) ={X,¢.{a}.{a,b}.{a,c}}
and pr.C(X)=1{, X {b,c},{c},{b}}

If we take A={b} and B ={Db,c}, then clearly Ac B, and
pr—cl(A) ={b}, pr—cl(B)={b,c}.

Hence pr—cl(B) « pr—cl(A).

The following example explains the converse of the part (v)
in the previous theorem is not true.

1.53 Example:

Let X ={a,b,c,d}, 7={g, X,{d}},, p={X,¢.{a,c}.{b,d}}
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitopological space, then:
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prO(X)={X, 4,{d}.{a.b}{a, d}.{b,c}.{c,d}.{ab,c} {ab.d}{ac.dhfo.c.df

Therefore the family of all pr —closed sets is:
prC(X) ={X,¢.{a,b,ck.{c,d}.{b,c}{a d} {a b} {d}.{c}.{b} {a}}

If we take A={a,b,d}, and B =(c,d}, then:
ANB={d}, Also pr—cl(ANB)=pr—cl{d})={d}, but
pr—cl(A) pr—cl(B) = X N{c,d}={c,d},it is clear that |,
pr—cl(A)N pr—cl(B) z pr—cl(AN B).

1.54 Definition:
Let (X, 7, p) be a bitopological space, and Y be a subset

of X. The relative bitopological space for Y is denoted by
(Y,z,, o), Such that:

7, ={GNY:Ger}and

o, ={HNY :H e p}

Then (Y,7,,0,) is called the subspace of bitopological
space (X,z, ), the relative bitopological space for Y with
respect to pr—open sets is the collection pr.O(X), given by:
prO(X), ={GNY :Ge pr.O(X)}

1.55 Remark:
The collection of pr.O(X), does not represent a topology

ony.

1.56 Example:

Let X ={a,b,c,d}, 7 ={X,4,{d}}, p={X,¢.{a,c}.{b,d}} .
(X,7),(X,p) are two topological spaces, then (X,z,p) is
a bitopological space, so:
prO(X) ={X, ¢.{d}.{a,b}.{a,d}.{b.c}.{c. d}.{ab,c}, {a b, d}a,c,d}.{b,.c,d})

And let Y ={a,b,d}, then 7, ={Y,¢,{d}},
and py ={X,¢{a}{b,d}}

Y,z,).,(Y,p,) are two topological spaces, then
(Y,z,,p, ) is a subspace of bitopological space (X,z,0), such
that, prO(X), ={Y,¢.{d}.{a.b}.{a,d}.{b}.{b,d}}.

Clearly that pr.O(X), does not represent a topology on Y .
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1.57 Theorem:
Let (Y,z,,p,) be a subspace of bitopological space

(X,z,p).
Then:
I.) A subset A of Y is pr—closed in Y iff there exists

pr —closed set F such that A=F Y.

ii.) Forevery AcY, pr—cl,(A)=pr—cl, (A)NY.

iii.) A subset M of Y is a pr—nhdy of a point yeY iff
M =NY forsome pr—nhdx N of y.

Iv.) A point y €Y is a limit point of A in asubspace Y iff y
Is a limit point of A in a bitopological space X. Further;
pr—Im, (A)=pr—-Im, (A)NY.

v.) Forevery AcY, pr—int, (A)c pr—int, (A)

vi.) Forevery AcY, pr—fr, (A) c pr— fry, (A).

Proof:

I.) A is pr—closed in Y iff Y—A is pr—open in Y iff
Y -A=G(1Yfor some pr—open subset G of X iff
A=Y -(GNY)=(Y-G)UY -Y [De-Morgan Law] iff
A=Y -G iff A=YN(X-G) iff A=YNF (where
F=X-G is pr—closed in X since G is pr—openin X).

ii.) By Definition (1.32) pr—cl, (A)=N{k:k is pr—closed
in Y and Ack}=N{FNY:F is pr—closed in X and
Ac FY}by (i) above] =(¥FNY :F is pr—closed in X
and Ac F}={NF:F is pr—closedin X and

Ac F}NY =pr—cl, (ANY.

ili.) Let M be pr—nhdy of y, then there exists a pr —open set
H in Y such that yeHcM, then there exists
a pr—openset G in X suchthat yeH =GY cM.

Let N=M UG. Then N is a nhdx of y, since G is
a  pr—open set, suchthaty € G < N. Further:

21



Chapter one.................cce............Basic Definitions And Some Important Theorems

NAY=MUG)NY=MNY)U(GNY), since McY, so
NAY=MU(GNY)=M because GY =M.

Conversely, let M =N Y for some pr—nhdy of y. Then
there exists a pr—open set G in X such that ye G < N which
impliesthat yeGNY cNNY =M.

Since GMY is pr-opensetin’Y, So M isa pr-nhdy of vy.

iv.) y is a pr—limit point of AinY iff [M /{y}]NA=¢, for
every pr—nhdy M of y iff [NOY /{y}NA=¢, for
every pr—-nhdx N of 'y, by (i) above iff
[INAy}YNA=¢ iffyis pr—limit point of Aiin X.

v.)Let xe pr—intx (A), then x is a pr—interior point of A,
then 3 a pr—-nhdx G of xaxeGc A, so Gy is a
pr—nhdy of x,s0, xeGY < A(Y =A.

Hence pr—intx (A) < pr—inty (A).

vi.) Let y e pr—fr, (A), then y is a pr—frontier point of A in
y, then by Theorem (1.46) every pr—nhdy of y intersects both

Aand Y —A.
So N(Y intersects both A and Y —A, for every
pr—nhdx N of y, hence every pr—nhdx N of y intersects

both A and X —A, then y isa pr—frontier point of Ain X.
Therefore, y € pr— fr, (A). Hence pr— fr, (A) < pr— fr, (A) O

1.58 Theorem:
Let (Y,z,,p,) be a subspace of a bitopological space

(X,7,0).
If asubset A of Y is pr—open ( pr—closed) in X, then A
also pr—open (pr—closed) inY.

Proof:
Since AcY, we have A=A[Y, so that A is the
intersection Y with a set pr—open (pr—closed) in X ,namely A.

Hence by the Definition (1.54) and Theorem (1.57)
part (i), Ais pr—open (pr—closed) inY O
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The Separation Axioms in bitopological space:

In this chapter, we recall the separation axioms in
bitopological space and we study the relationship among them
with some examples.

2.1 Definition:

Let (X,7,0) be a bitopological space, then (X,z,p) is
called pr—T,-space iff for each pair of points x,y e X, such
that x = vy, there exists pr —open set G containing x but not y
or pr—open set H containing y but not x.

2.2 Remark:

If a bitopological space (X,z,p) is pr—T,-space, then
any of two topological spaces (X,z) and (X,p) is not
necessary to be T, -space , and the converse also possible .

2.3 Example:

Let X ={a,b,c}, 7={X,¢,{a}} and p={X,¢,{b}}

(X,7),(X, p) are two topological spaces, then (X,z, p) is
a bitopological space, so:
prO(X) = {X, ¢,{a},{0}.{a, b}, {b,c}}

If we take a and b, a =D, then there exists pr —open set
{b} contains b but not contains a, and similarly the order cases
bxc , a=c, therefore (X,z,p) is pr—T,-space, but
(X,7),(X, p) are not T, -spaces.

2.4 Remark:

If any of two topological spaces (X, 7),(X, p) is T,-space,
then a bitopological space (X,z,p) is not necessary to be
pr —T,-space.
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2.5 Example:

Let X ={ab,c}, r={X,4.{a}} p={X,4.{a},{},{c}.{a.b}.{a.c}.{o.c}}
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, then:
prO(X) ={X,¢.{a}}

If we take b and ¢, b=c, then there is no pr—open set

such that it contains b but not ¢ or conversely, and it contains ¢
but not b.
Therefore , (X,z,p) is not pr—T, -space, but it is clear

that (X, p) is T,-space.

2.6 Theorem:
A Dbitopological space (X,z,p) is pr—T,-space iff for
each distinct points x,y in X, pr—cl({x}) # pr—cl({y}).

Proof:
Let X,ye X, such that X#Y and

pr—cl({x}) = pr—cl({y}). Then there exists at least one point
z in X, suchthat, ze pr—cl({x}) but z¢ pr—cl({y}).

Suppose ze pr—cl({x}). To show that x ¢ pr—cl({y}).
If xe pr—cl{y}), then {x} < pr—cl({y}), so
pr—cl({x}) < pr—cl (pr—cl{y})) = pr —cl({y}), hence
ze pr—cl({x}), then z e pr—cl({y}) which is contradiction.

Hence x ¢ pr—cl({y}) , consequently x e X —pr-cl({y})
but pr—cl({y}) is pr—closed, so X -—pr—cl{{y}) is
pr —open which contains x but not vy.

It follows that (X, z, p) is pr —T,-space.

Conversely, since (X,z, p) is pr—T,-space, then for each
two distinct points x, y e X, there exists pr—open set G such
that xe G, ygG. X —G is closed set which does not contain
X but contains vy.

By Definition (1-32), pr—cl({y}) is the intersection of all
pr —closed sets which contain {y}.

24



Chapter two................c.cceeen.o...... The Separation Axioms In Bitopological Spaces

Thus, pr—cl({y}) c X -G, then x ¢ X —G. This implies
that xg pr—cl({y}), so we have xe pr—cl{{x}),

X ¢ pr—cl({y}). Therefore pr—cl({x}) = pr—-cl{y}) O
The pr—T,-space is hereditary property .

2.7 Theorem:
Every subspace of pr—T,-space is pr —T,-space .

Proof:

Let (Y,z,,p,) be asubspace of pr—T,-space (X,z, p).

To prove that the subspace is pr—T,-space, let
Vi #=Y,eY.

Since Y < X, then y, #y,e X and (X,z,p) is pr—T,-
space.

There exists pr—open set G in X, such that y, G,
Y, zG.

So GNY is pr—open set in Y and y,eGNY,
y,GNY.

Hence (Y,z,, ) is pr—T,-space O

2.8 Definition:

A bitopological space (X,z, p) is called pr—T,-space iff
for each pair of distinct points x, y in X, there exist two
pr—open sets G, H such that G contains x but not y and H
contains y but not x.

2.9 Remark:

If a bitopological space (X,z,p) is pr—T,-space, then
any of two topological spaces (X,7) and (X,p) is not
necessary to be T,-space.
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2.10 Example:

Let X ={a,b,c}, r={X,¢,{a}.{a,c} and p={X,¢,{a,c}}
(X,7),(X, p) are two topological spaces, then (X,z,p) Is a
bitopological space, such that:
prO(X) = {X, ¢.{a}.{c}.{a,b}. {a.c}.{o.c}}

If we take a, be X, such that a=b, then there are two
pr —open sets {a}, {b,c}; such that {a} contains a but not b

and {b,c} contains b butnot a .

Also , a, ce X; such that a=c, then there are two
pr —open sets {a}, {c}; such that {a} contains a but not ¢ and

{c} contains ¢ but not a.

Also, Db, ce X; such that b=c, then there are two
pr —open sets {a,b}, {c}; such that {a,b} contains b but not

¢ and {c} contains ¢ butnot b.
Therefore, (X,z,p) is pr—T,-space. But, it is clear that
(X,7),(X, p) are not T, -spaces.

2.11 Remark:

If any of two topological spaces (X, 7),(X, p) is T,-space,
then a bitopological space (X, 7, p) is not necessary to pr—T,-
space.

2.12 Example:

Let X ={ab,c},z={X,4,{a,c}}, p={X,¢.{a}.{b,c}.{a,c}.{a b}, {b}.{c}}
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
topological space, such that:
prO(X)=1{X.¢.{a.c}} .

If we take a, ¢, a=c, then there are no two pr—open

sets, such that one of them contains a but not ¢ and the other
contains ¢ but not a.
Therefore, (X, 7, p) isnot pr—T,-space, but it is clear that

(X, p) isa T,-space.
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2.13 Remark:
Every pr—T,-space is pr—T,-space.
Proof:

The proof is as follows . From Definitions of (2-1) and
(2-8) O

2.14 Remark:
The converse of the above remark is not true, as the
following example .

2.15 Example:

Let X ={a,b,c}, 7={X,¢,{c} and p ={X,¢,{a}}
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, hence:
prO(X) =1{X,¢{a},{c}{a,b}.{a,c}}.

If we take a, and b, a=b, then we cannot find two
pr —open sets, such that one of them contains a but not b and

the other contains b but not a.
Therefore, (X, 7, p) is not pr—T,-space, but it is clear that

(X,z,p) isa pr—T,-space.
The pr—T,-space is hereditary property .

2.16 Theorem:
Every subspace of pr—T,-space is pr—T,-space.

Proof:

Let (Y,z,,p,) be asubspace of pr—T,-space (X,z,p).

To prove that the subspace Y is pr—T,-space.

Let y,#Y,, since Yc X, then y,#y,e X and since
(X,7,p) is pr—T,-space.

Then there exist two pr—opensets G, H in X, such that
y,€G,buty,#G;and y,e H, buty, ¢ H.

Then we obtain two sets G, =G(1Y, H,=HNY are
pr—opensetsinY ,we have y,e G, but y,G;; Yy, e H, but
yreH, .

Hence (Y,z,,p, ) is pr—T,-space O
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2.17 Theorem:
If every singleton subset {x} of bitopological space

(X,z,p) is pr—closed, then (X, 7, p) is pr—T,-space.

Proof:
Let x,ye X such that x=y. Since {x} is pr—closed

set, then X -{x} is pr—open set containing y but not Xx.
similarly, X -{y} is pr —open set containing x but not y.
Hence, (X,z,p) is pr—T,-space O
2.18 Theorem:
A Dbitopological space (X,z,p) is a pr—T,-space iff
pr—cl{a}=¢ ,foreach ae X.

Proof:

Let (X,7,p0) be a pr—T,-space. Suppose pr—cl{a}=¢
for some ae X, then there exists a point b, such that
be pr—cl{a},and a=b.

Since X is a pr—T,-space, then there exists a pr—open
set G suchthat ag G, be G, thus GN{a}=4¢.

Hence , b ¢ pr—cl{a}, which is contradiction.

Thus pr—cl{a}=¢.

Conversely, suppose that pr—cl{a}=¢, foreach ae X,
and let x, y e X, such that x=y.

Then x ¢ pr—cl{y}, and there exists pr—open set G
such that xe G and G N{y}=¢.

Hence, G contains x but not vy, similarly, there exists
pr—open set H contains y but not x.

Thus (X, 7, p) is pr—T,-space O

2.19 Definition:

A bitopological space (X,z,p) is called a pr—T,-space
( pr — Hausdorff) iff for each pair of distinct points x, y in X,
there exist two pr—open sets G,H such that xe G, yeH,

GNH=¢.
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2.20 Example:
Let X ={a,b,c},7={X,4,{0}.{a,b}} and p={X,¢,{a,c}
(X,7),(X, p) are two topological spaces, then (X,z, p) is
a bitopological space, so:
pr.O(X) ={X, ¢,{a},{o}.{c}.{a,b}.{a,c},{b,c}}. It is clear that
(X,7,p) is pr—T,-space.

2.21 Remark:

If a bitopological space (X,z,p) is pr—T,-space, then
any one of these topological spaces (X,7),(X,p) is not
necessary to pr —T,-spaces.

2.22 Example:

Let X ={a,b,c},z={X,4,{a},{b,c}and p={X,s,{b,c}
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
prO(X) = {X, ¢.{a}.{b}.{c}.{a b} {a, c}.{b.c}}.

Hence , (X,z,p) is pr—T,-space, but it is clear that
(X,7) and (X, p) are not T,-spaces.

2.23 Remark:

If any of two topological spaces, (X,7),(X,p) are T,-
space, then it is not necessary to be a bitopological space
(X, 7, p) pr—T,-space.

2.24 Example:

Let X=fabc}r={X g {ah{a b}, p={X ¢ fah b} {chabhfachib.cl.
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
pr.O(X) ={X, ¢,{a}.{a,b}}.

If we take a and c, such that a=c, then there exists

pr —open set {a,b} containing a but not c , but there is no a

pr —open set containing ¢ but not a , therefore , (X,z,p) is
not pr —T,-space, but it is clear that, (X, p) is T,-space.
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2.25 Remark:
Every pr—T,-space isa pr—T,-space.

Proof:

To prove this remark , we use Definitions of (2-8) and
(2-19) O
2.26 Remark:

The converse of the remark above is not true , the
following example shows that.

2.27 Example:

Let X ={ab,c},7={X,4{a}{b,cHand p={X, 4{ach{ab}{a}.
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, then:
prO(X) =1{X,¢.{a},{a,b},{a,cHb,c}}.

Clearly (X, 7, p) isa pr—T,-space, but not pr—T,-space,
because there exists b = c, there is only pr—open sets {a,b},
{a,c}, such that b e{a,b}, c e{a,c}, but {a,b}{a,c}=¢.

The pr —T,-space is hereditary property .

2.28 Theorem:

Every subspace of pr—T,-space isa pr —T,-space.

Proof:

Let (X,z,0) bea pr—T,-space, and let Y = ¢ be a subset
of X, and x=yeY, then x and ye X , since (X,z,p) is
pr —T,-space, there exist two pr—open sets G,H such that
xeGand yeH, GNH =4¢.

So GMY, HNY are pr—opensetsinY and xeGNY,
yeHNY;and (GOY)NHNY)=(GNH)NY =¢.

Hence (X,z,,p,) isa pr—T,-space O
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2.29 Theorem:
Each singleton subset of pr —T,-space is a pr —closed.

Proof:
Let X be a pr—T,-space, and let xe X. To show that

{x} isa pr—closed.

Let y be any arbitrary point in X distinct from x. Since
X is pr—T,-space, there exists pr—open set N of y; such
that x ¢ N . It follows that y is not a limit point of {x} and
consequently pr—Im{X}) =¢.

Hence, pr—cl({x}) ={x} and so is pr—closed O

2.30 Definition:

A bitopological space (X,z,p) is called pr—regular
space if and only if for each pr—closed set F in X, and each
X ¢ F ; there exist pr—open sets U,V such that xeU, F cV
andUNV =¢.

2.31 Remark:

If a bitopological space, (X,z,0) is pr—regular space,
then any of two topological spaces (X,7),(X, p) are not to be
regular space.

2.32 Example:

Let X ={a,b,c}, 7={X,¢,{a,c}} and p={X,¢,{b}}.
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
prO(X) =1{X, ¢.{a},{b},{c}.{a,b}.{a,cHb,c}}, and

prC(X) ={X, ¢,{a, b},{a, cHb, c}{c},{b},{a}}.
Take A={b,c}, ag¢A, then there exist {a}{b,c}

pr—open sets such that ae{a}{b,c}c{b,c}, and
{a}{b,c}=¢ , if we take A={a,c}, b A, then there exist
{b}.{a,c} pr —open sets such that be{b}{a,c}={a,c}, and

{3 {a.ck=¢.
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If we take A={a,b}, c¢ A, then there exist {c},{a,b}
pr—open sets such that ce{c}{a,b}c{a,b}, and
{c}N{a,b}=¢.Hence, (X,z,p) isa pr—regular space. But it
is clear that no one of two topological spaces (X,7),(X, p) is
a regular space.

The following example explains that if any of two
topological spaces, (X,7),(X,p) is a regular space, then a
topological space, (X,z, p) is not necessary to be pr—regular
space.

2.33 Example:

Let X=fabcd},r={X g {ab}.{c.d}land p={X,¢{a}{d}{ab}{a b d}{ad}.
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
prO(X) = {X,¢4,{d},{a,b},{a,d},{c,d}.{a}.{a,b,d}.{a,c,d}} , and
prC(X) =1{X,¢{a,b,c},{c,d}{b,c}{b,c,d},{a b}, {c}{b}}

If we take A={b,c}, a¢ A, then there are no pr—open
sets G,H , suchthat AcG,aeH, GNH=4¢.

Similary the other cases, if we take A={b,c,d}, ag¢ A,
and if we take A={a,b,c}, de A so (X,z,p) is not regular
apace. But it is clear that (X, 7), is a regular space.

2.34 Example:

Let X ={a,b,c,d}, r={X,¢,{b,d}} and
p=1{X,¢.{a}.{c}.{a,b}.{a,c},{a,d},{b,c}.{c.d}.{a.b,c},
{a,b,d},{a c,d},{0}.{d}.{b,d},{b,c,d}}

(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
prO(X) ={X,¢,{b,d}}, and pr.C(X)={X,¢,{a,c}}.

If we take A={a,c}, be A, then there exists pr—open set
G, containing b , but there exists no pr—open set H such that
AcH,and GH =¢.

So (X,z,p) is not regular space. But, it is clear that (X, o),
IS a regular space.
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2.35 Theorem:

Let (X, 7, p) be a bitopological space, then (X,z,p) is a
pr —regular iff for each pr—openset U and x €U, there exists
pr—opensetV suchthat xeV, pr—cl(V)cU.

Proof:
Let (X,z,p) be a pr—regular, xeU where U is a

pr —open set.

Let H=X —-U, then H is pr—closed, x¢ H.

Then there exist pr—open sets W and V such that:
XxeV, HcW,V W =¢.

ThenVc X-W,pr-cl(V)c pr-c(X -W)=X-W.....(2-1)
HcW,then X -Wc X-H=U,then X-WcU....... (2-2)

From (2-1),(2-2) we have, X €V, pr—cl(V) cU .Conversely,
let H be pr—closed setand x¢ H.Let U =X —-H, then U is
a pr—openand xeU.

By hypothesis, there exists pr—open set V such that
xeV,pr—cl(V)cU, Hc(X-(pr-cl(V)).Since xeV,
V(X =(pr—cl(V)) =¢. Hence (X,z, p) is pr—regular space O

2.36 Theorem:
Every subspace of a pr—regular space is a pr—regular

space.

Proof:

Let (X,z,p) be a pr—regular space, (Y,z,p,) be a
subspace of Y. To prove (X,z,,p0,) is pr—regular space . Let
qeY and A be pr—closed set in Y, such that q¢ A, then
pr—cl, (A) = pr—cl, (A)(Y, and since A is pr —closed set in
Y,so pr—cl, (A)=A

Then A=pr-cl, (A)Y. Since q¢A, then q¢ pr—cl, (ANY ,
qe pr—cly (A), thus pr—cly (A) is pr—closed in X, and
since (X,z,p) is pr—regular, then there exist two disjoint
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pr—open sets G,H in X, such that G, pr—cly,(A)cH

and G(NH =¢ .

qeGNY and pr—cly, (A)NN\Y cHNY, AcH, since G,H

are pr—openin X,then G(1Y, H(Y are pr—opensetinY.
Since GNY =¢, then (GNY)N(HNY)=(GNH)NY =¢NY =¢ .
So (Y,z,, ) is pr—regular subspace of (X,z, p) O

2.37 Definition:

A bitopological space (X,z,p) is called pr—normal
space iff for each pair of pr—closed sets G,H in X, such that
G(H =¢ , there exist pr—open sets U,V such that GcU |,
HcVandUNV =¢.

2.38 Remark:

If a bitopological space (X,z, p) is pr—normal, then any
of two topological spaces (X,7),(X,p) is not necessary to be
normal space.

2.39 Example:

Let X=fabc}.7={X,¢.{a}{a b} {a.cHand p={X.¢. {0} {ab}{b.c})
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
prO(X) = {X, ¢.{a}.{b}.{a.b}.{a,c}.{b.c}}.
prC(X) = {X,¢.{b,c}.{a,c}.{c}.{o} {a}}.

If we take {b,c}{a} pr—closed sets, such that,
{b,c}{a}=¢, then there exist two disjoint pr—open sets
{b,c},{a}, such that {b,c} < {b,c} and {a} = {a} and if we take
{a},{b}, we can obtain two disjoint pr—open sets such that
every one containing pr—closed set of them, so if we take
{a,c},{b}, so if we take {b},{c}, and if we take {a},{c}.

Hence, (X, 7, p) is pr—normal. But clearly no one of the
two topological spaces is normal.
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2.40 Theorem:

Let (X,z,,0) be a bitopological space, then (X,z,p) is a
pr — normal iff for each pr—closed set H in X and pr—open
set U in X containing H, there exists pr—open set V such
that H cV c pr—cl(V) cU.

Proof:

Let (X,7,0) be pr—normal. Let H be pr—closed in X
and U is pr—open in X, such that HcU. then X -U is
pr—closed in X and HN(X -U)=¢ .

So there exist pr—open sets K and V such that,
X-UcK, HcV,VNK=¢, X-KcU,VcX-K.

This implies that, pr—cl(V) c pr—cl(X -K)=X -K.

Then HcV cpr—cl(V)cU Vcpr—cl(V)cU.

Conversely, H is a pr—closed set in X and U is a
pr—open in X, then X —U is a pr—closed set in X, then
X —-U isa pr—closedin X,and HN(X -U)=¢ .

By hypothesis, there exists pr—open set V such that
HcV cpr-cl(V)cU,then X -U (X —(pr—cl(V))) .

So we have HcV, X-Uc(X—-(pr—cl(V))), and
VX =(pr—cl(V)) =4¢.

Hence (X, 7, p) is pr—normal space I

2.41 Corollary:

A Dbitopological space (X,z,p) is a pr—normal iff for
each pr—closed set H in X and each pr—open set U in X

containing H, there exists a subset A of X, such that
Hc pr—int(A) c pr—cl(A) cU.

Proof:
By using the Theorem (2-40) and taking A=V, the proof
Is satisfied O
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2.42 Theorem:
Every pr—closed subspace of a pr—normal space is a pr—

normal.

Proof:

Let (X,z,p) be a pr—normal space and (Y,z,,p,) be
any pr —closed subspace of X.

We have to show that (Y,z,,p,/) is also pr—normal
space.

Let L,M”™ be disjoint pr —closed subsets of Y .

Then there exist pr—closed subsets L,M of X, such that
L"=LNY and M* =M Y. Since Y is pr—closed, it follows
that L,M™ are disjoint pr—closed subsets in X. Then by
pr—normality of X, there exist pr—open sets G,H in X,
suchthat L'cG, M cH and GNH =¢ .

Since L' <Y and M™ <Y, these relations imply:
L'cGNY,M"cMNY and (GNY)NHNY)=¢.

Setting GNY =G" and HNY =H", we see that G*,H"
are pr—open subset of Y such that: L'<cG", M" < H"and
G'NH" =4¢.

Accordingly (Y,z,, /) isa pr—normal space O

2.43 Definition:
A bitopological space (X,z,p) is called a pr—T,-space
iff X isa pr—T, and a pr—regular space.

2.44 Example:

Let X ={a,b,c} ,7={X,4,{a,b}} and p={X,,{c}}.
(X,7),(X,p) are two topological spaces, then (X,z,p) Iis
a bitopological space, so:
pr.O(X) = {X, ¢,{a}.{o}.{c}.{a, b}.{a,c}.{b,c}}, and
pr.C(X) ={X,¢.{b,c}{a c}.{a,b}.{c}.{o}.{a}}.

Then (X, 7, p) isa pr—regularand a pr—T,-space.

Thus (X, 7, p) isa pr—T,-space.
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2.45 Remark:
Every pr—T,-space is a pr—regular and the converse is

not true as we will show in the following example.

2.46 Example:

Let X ={ab.c},7={X,4{b,cHand p={X,4{a}.{b},{c}{ab},{b,c}{ac}
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
prO(X) ={X,¢{b,c}}, and prC(X)={X,¢,{a}}.

Clearly , (X,z,p) is a pr—regular, but it is not
a pr—T,-space.
Hence (X, 7, p) isnota pr—T,-space.

2.47 Theorem:
Every subspace of pr—T,-space isa pr —T;-space.

Proof:
Let X bea pr—T,;-space and Y be a subspace of X .
Now X isa pr—regular as well as a pr—T,-space and we

have shown that both these properties are hereditary.
It follows that Y is a pr—regular as well as

a pr—T,-space.
Hence Y isa pr—T,-space O

2.48 Definition:
A bitopological space (X, z, p) is called a pr—T, space if
and only if X isa pr—normal and a pr—T,-space.

2.49 Example:

Let X ={a,b,c},7={X,¢{a}{c}.{a,c}} And p={X,¢,{a,b}}.
(X,7),(X, p) are two topological spaces, then (X,z,p) is a
bitopological space, so:
prO(X) =1{X, ¢.{a},{b}.{c}.{a, b}.{a,c},{b,c}}, and
prC(X) ={X,¢.{b,c}.{a c}.{a b}.{c},{b}.{a}}.
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Then (X, 7, p) isa pr—normal and a pr—T,-space.
Thus (X,z, p) isa pr—T,-space.

2.50 Remark:

Every pr—T,-space is a pr—normal and the converse is
not true as we will show in Example (2-46).

The following diagram illustrates the relationship between the
properties of spaces discussed in this chapter.

pr —normal

A

A

pr—T, pr—T,

7}
©
=
I
o
A

pr—T; pr—T,

A 4

A 4

A 4

A 4
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In this chapter, we deal with the continuous open and
closed functions in bitopological space. Also , we study the
separation axioms that we can translate by a continuous function
and the nature of the conditions that we need to satisfy the
translation.

In the following, we state the definition of pr —continuous
function, and some important theorems that deal with
(pr—open, pr—closed, pr—cl sets and pr—interior points) in
bitopological spaces.

3.1 Definition:

Let (X,z,0) and (Y,7, p") be two bitopological spaces.
A function f:(X,7,p)—>(,7,p) is said to be
pr—continuous at xe X iff for every pr—open set V in'Y
containing f(x) there exists pr—open set U in X containing
x suchthat f(U)cV.Wesaythat f is pr—continuous on X
iff f is pr—continuous at each xe X .

3.2 Definition:

Let (X,7,p),(Y,7, p") be two bitopological spaces and
f:(X,z, p)—>(Y,7, o) be a function, then:
I.) f issaid to be pr—open function iff f(G) is pr—open
setinY , for every pr—openset G in X.
ii.) f is said to be pr—closed function iff f(F) is
pr—closed set F in'Y , for every pr—closed set F in
X.

3.3 Theorem:

Let (X,7,p)and (Y,7', ') be bitopological spaces, and
f:(X,z,p)=>(Y,7,p) be a function. If the inverse image
under f of every pr—opensetinY is pr—opensetin X, then
f is pr—continuous function.
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Proof:

Let f (V) is pr—open setin X, for each V is pr—open
setinY toprove f is pr—continuous.

Let xe X and V is pr—open set in Y containing f(x),
sof *(\V) is a pr-open set in X containing x and
f(f*(V))<V.Then f is pr—continuouson X O

3.4 Theorem:

Let (X,z,p) and (Y,7,p’) be two bitopological spaces,
and f:(X,z,p)—(Y,7, p') be a function. If the inverse image
under f of every pr—closed setinY isa pr—closed setin X,
then f is pr—continuous function.

Proof:

Let f'(A) be pr—closed in X for every pr—closed set
Ain Y. We want to show that f isa pr—continuous function.

Let B be any a pr—open set in Y, then Y—-B be
pr—closed in Y, so by hypothesis f*(Y =B)=X —f (B) is
pr—closed in X, thatis, f *(B) is pr—openin X.

Hence , by Theorem (3-3) f is pr—continuous O

3.5 Theorem:
Let (X,z,0) and (Y,7,p')be two bitopological spaces,
and f:(X,z,p)>(Y,7,p) be a function. If

f(pr—cl(A) < pr—cl(f(A) , for every Ac X, then f s
pr —continuous.

Proof:

Let f(pr—cl(A)) < pr—cl(f(A)), forevery Ac X.

Let B be any a pr—closed set in Y, so that
pr—cl(B)=B. Now f7[B]JcX, by hypothesis,
f(pr—cl(f *(B))) < pr—cl(f(f*(B)) < pr—cl(B)=B
Therefore, pr—cl(f *(B))c f *(B). But, f*(B)c pr—cl(f*(B))
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always. Hence pr—cl(f™*(B))=f*(B) and so f*(B) is
pr—closed in X. Hence, by Theorem (3.4) f is
a pr—continuous O

3.6 Theorem:
Let (X,z,p) and (Y,7, ') be two bitopological spaces,
and f:(X,z,p)—>(Y,7,p) be a function. If

pr—cl(f *(B))c f *(pr—cl(B)) , for every BcY, then f is
pr —continuous.

Proof:

Let A be any pr—closed set in Y, so that pr—cl(A) = A,
by hypothesis, pr—cl(f *(A) < f *(pr—cl(A) = f(A). But
f1(A) < pr—cl(f *(A)) always.

Hence pr—cl(f *(A)=f*(A),so f*(A) is pr—closed in
X .

It follows from Theorem (3.4) that f is a pr—continuous
function g

3.7 Theorem:

Let (X,z,p) and (Y,7,p’) be two bitopological spaces,
and f:(X,z,p)=>(,7,p) be a function. If
f *(pr—int(B)) c pr—int( f *(B)) , for each BcY, then f is
a pr—continuous function .

Proof:
Let G be any pr—open setin Y, so that pr—int(G) =G,

by hypothesis, f*(pr—int(G)) c pr—int( f *(G)), since
f (pr—int(G)) = f (G), then f*(G) < pr—int( f *(G)).
But pr—int(f *(G))c f(G) always and so
pr—int( f 1(G)) = f (G).
Therefore f*(G) is pr—open in X and consequently by
Theorem (3.3) f isa pr—continuous function
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3.8 Theorem:

Let (X,z,p0), (Y,7,p) and (Z,7", p") be bitopological
spaces, the functions f:(X,z,0)=(Y,7, p)and
9:(Y,7,p)—>(Z,7",p") be pr—continuous, then the
composition  function gof:(X,7,p)>(Z,7",p") is
a pr—continuous.

Proof:

Let xeX and z=gof(X)=g(f(x)), and W De
a pr—open subset of Z which contains z, since g is
pr —continuous, so there exists pr—open setV in Y, such that
f(x)eV and g(V)cW, but f is pr—continuous, so there
exists any a pr—openset U in X, such thatxeU and f(U)cV.
Hence, we get that g[f (U)]=g- f(U)cg(V)cW.

Therefore, go f is pr-continuous function from X into Z O

In the following, we study some basic theorems on
pr —continuous function on separation axioms in bitopological

spaces.

3.9 Theorem:

Let (Y,7',p') bea pr—T,-space, and f:(X,z,p)=>(Y,7,0)
be a pr—continuous and 1-1 function, then (X,z,p) is a
pr—T,-space.

Proof:
Let x,X, € X,X #X,. Since f is a 1-1 function, then

f(x)=f(x), f(x) f(x,)eY, and Y is pr—T,-space, then
there exists pr—open G in Y, such that f(x) €G, f(x,)eG,
so there exists pr—open set H in X such that x, eH, x, ¢ H
and f(x)ef(H)cG, f(x,)e f(H).

Hence, (X,z,p)isa pr-T,-space O
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3.10 Theorem:

Let f:(X,7,p)—>(Y,7,p') be a pr—open and onto
function. If (X,z,p) is a pr-T,-space, then (Y,7,p)is a
pr—T,-space.

Proof:
Suppose vy,,Y, €Y,y #Y,, since f is onto, there exist

X, X, € X, such that y, = f(x), y,=f(x,) , if X, =x,. Then
f is not well defined , which contradiction since f is onto
function , then x, = X, .
Since X is a pr—T,-space, there exists pr—open set G,

such that x, €G, x, ¢G.

Hence vy, =f(x)ef(G) , y,=1(X,)¢e f(G) , since f is
pr —open function, then f(G)isa pr—opensetinY .
Therefore, (Y,7',p') isa pr—T,-spaceq]

3.11 Theorem:
Let (Y,7', p )be a pr—T,-space, if f:(X,z,p)—=(Y,7,p)is
a pr—continuous and 1-1 function, then X isa pr—T,-space.

Proof:
Let Xx,X,eX,X#X,. Since f is 1-1 function, then

f(x), f(x,)eY,Y is pr—T,-space, then there exist U,U,
pr—open sets in Y, such that f(x)eU,, f(x,)eU,
f(x,)eU,, f(x)eU,, since f is pr—continuous, so there
exist pr—open sets H,,H, in X, such that: x, e H,, x, ¢ H,
and x, ¢H,, x,eH, and f(H,)cG, f(H,)cG,. Hence
(X,7,p)isa pr—T,-space O

3.12 Theorem:

Let f:(X,z,p)—>(Y,7,p') be onto and a pr—open
function, if (X,z,p)is a pr—T,-space, then (Y,7,p)is a
pr—T,-space.
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Proof:
Suppose y,,Y,€Y,y, #Y,. since f is onto then there

exist x;,X, € X, such that y, = f(x), y, = f(x)) and since f is
a function, then x, #x, € X. Since, X isa pr—T,-space, there
exist pr—open sets G and H in X such that x, eG but
X, G and x, eH but x, ¢ H.

Hence , f(x)e f(G), f(x,)ef(G), since f is
pr —open function, hence f(G), f(H) are pr—open sets of Y,
y,e f(G),buty, ¢ f(G) and y, e f(H), but y, ¢ f(H).

Hence, (Y,7,p')isa pr—T,-space O

3.13 Theorem:

Let (Y,7', p') bea pr—T,-space, and f:(X,z,p)—=(Y,7,p)
be a pr—continuous and 1-1 function, then (X,z,p) is a
pr—T,-space.

Proof:

Let x,X, € X,X #X,. Since f is a 1-1 function, then
FOx)=f00), Yi=1(x), Y.=1(X), y,#Y,. since Y is
pr—T,-space, there exist two pr—open sets G,H in Y such
that y, eG, y,eH, GNH=¢ .

Hence, there exist two pr—open sets G;,H, in X, such
that: x, €G;, and x,eH; and f(G)cG, f(H,)cH. But
F(GNH)=f(G)NT(H)=GCNH=¢, 50 F(GMNH)=¢,
then G,NH, =¢ . Therefore (X,z,p)isa pr—T,-space O

3.14 Theorem:

Let f:(X,7,p)—>(Y,7,p') be onto and pr—open
function, if (X,z,p) is a pr-T,-space, then (Y,z,p)is
a pr—T,-space.

Proof:
Let y, =Y, eY. since f is onto function, then there exist

X #X, € X, such that y,=f(x), y,="f(x,), since X s
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pr —T,-space, then there exist pr—open sets G,H in X such
that x, €eG,x,eH and G(NH=¢, and y,=f(x)ef(G),
y,=f(x,)e f(H).Since f isa pr-open function, then f(G), f(H)
are two pr—opensetsinY and (GNH)=f(G)Nf(H)=f(d)=4¢ .

Also, y, = f(x)e f(G), y,=f(x,) e f(H) . Hence (Y,7,0)
isa pr—T,-space O

In the following , we give the definition of
pr* —continuous function, also studying some important
theorems that are related with (pr—open, pr—closed,
pr —interior, pr—closure) in bitopological spaces.

3.15 Definition:

Let (X,z,p) be bitopological space, (Y,z') be a
topological space, a function f :(X,z, 0)—(Y,7’) is said to be
pr —continuous at xe X iff for every z'—open set V in Y
containing f(x) there exists a pr—open set U in X containing
x such that f(U)<V . We say that f is pr® —continuous on

X iff f is pr® —continuous at each xe X .

3.16 Definition:
Let (X,z,p) be bitopological space, (Y,z’) be topological
space, and f :(X,z, p)—(Y,7")be a function, then:
i.) f is said to be a pr*—open function iff f(G) is
r'-openinY , forevery pr—openset G in X.
i) f isa pr’—closed function iff f(A) is z'- closed in
Y , forevery pr— closed set Ain X.

3.17 Theorem:

Let (X,z,p) be bitopological space, (Y,z’) bea
topological space, and f :(X,z, p)—(Y,7’) be a function. If the
inverse image under f of every z’'-open set V of Y is a

pr —open set of X, then f is pr® —continuous function .
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Proof:
Let f*(V) be pr—open set in X for each V a 7'-open

setin Y to prove f is pr*—continuous.
Let xe X and V be a 7'-open set in Y containing f(x),

f (V) is pr—openin X containing x and f(f *(V))cV.
Then f is pr® —continuous function OO

3.18 Theorem:

Let (X,z,p) be a bitopological space, (Y,z') be a
topological space, and f :(X,z, p)—(Y,z’)be a function. If the
inverse image under f of every 7'-closed setin'Y pr— closed

setin X, then f is pr® —continuous function .

Proof:

Let f(A) be pr—closed in X for every z’'-closed set A
in Y, to show that f is pr*—continuous function. Let G be any
r'-opensetin Y, then Y —G is 7'-closed in Y so by hypothesis;

f Y -G)=X-f(G) is pr—closed in X, thatis f *(G)
IS pr—open in X. Hence, by Theorem (3-3) f is
pr* —continuous function O

3.19 Theorem:

Let (X,z,p) be a bitopological space, (Y,z) be
a topological space, and f :(X,z, p)—(Y,’) be a function. If:
f(pr—cl(A) c 7 —cl(f(A) for every Ac X, then f is
a pr° —continuous function .

Proof:
Let f(pr—cl(A) c ' —cl(f(A)) , forevery Ac X.
Let B be any 7'- closed in Y, so that 7' —cl(f (B)) =B.
Now, f*(B)c X, by hypothesis,

f(pr—cl(f (B))) c ' —cl(f(f*(B)) cz —cl(B)=B.

46



Chapterthree ...............cccceceeeeeeeveeveeneennn The Continuity In Bitopological Spaces

Hence, pr—cl(f*B)=f*B) , so f*(B) is
pr—closed in X. Hence, by Theorem (3-18), f is
a pr* —continuous function O

3.20 Theorem:

Let (X,z,p) be a bitopological space, (Y,z') be a
topological space, and f :(X,z, 0)—(Y,7') be a function. If
pr—cl(f *(B)) c f *(<'—cl(B)), for every BcY, then f is
pr* —continuous function.

Proof:

Let the condition holds and A be any z'- closed in Y, so
that 7' —cl(A) = A by hypothesis , pr—cl(f (A) c 7' —cl(f (A) = f (A).
But f(A)c pr—cl(f™(A) always for every Ac X.

Hence pr—cl(f*(A)=f"A , so f A is
pr—closed in X. It follows from Theorem (3-18) that f is
pr* —continuous function O

3.21 Theorem:

Let (X,z,p) be a bitopological space, (Y,z) be
topological space, and f :(X,z, 0)—>(Y,7') be a function. If
f (' —int(B)) c pr—int( f *(B)), for every BcY, then f is
pr* —continuous function.

Proof:

Let the condition holds and G be any z'-open setin Y, so
that 7' —int(G) =G, by hypothesis (7' —int(G))  pr-int(f *(G)),
since f (7' =int(G)) = f *(G), then f(G)c pr—int( f *(G)).

But pr—int(f *(G))c f *(G) always, so pr—int( f *(G)) = f (G).

Therefore, f(G) is a pr—open in X and consequently
by Theorem (3-17) f is pr” —continuous function
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The following ,we are studying some main theorems those
deal with pr® —continuous functions on separation axioms in
bitopological spaces.

3.22 Theorem:

Let (Y,z)be a T, -space, if f:(X,z,p)—>(Y,7)is
a pr-—continuous and 1-1 function, then (X,z,p) is
a pr—T -space.

Proof:
Let X, X € X,% #X,. Since f is 1-1 function, then

f(x)= f(x,), f(x) f(x,)eY, and (Y,7) is a T,-space, then
there exists 7' —open G in Y, such that f(x)eG, f(x,)¢G,
so there exists pr—open set H in X suchthat x, eH, x, ¢ H
and f(x)ef(H)cG, f(x,)e f(H). Hence , (X,z,p) is a
pr—T. -space O

3.23 Theorem:
Let f:(X,z,p)—(Y,7) be pr’—open and onto function
(X,z,p) bea pr—T, -space, then (Y,')is a T,-space.

Proof:
Suppose vy,,Y,€Y,y, #Y, since f is onto, there exist

X, X, € X, such that y, = f(x), y,=f(x,) since f is onto
function, then x, #Xx,. Since, X is a pr—T,-space, then there
exists pr—open set G, such that x, €G, x,¢G. Hence,
y,=f(x)ef(G), y,=Tf(x,)e f(G), since f is pr —open
function, then f(G) isa 7'-opensetinY .

Therefore, (Y,7')is T,-space O

3.24 Theorem:

Let (Y,7) be a T,-space, f:(X,7,p)—>(Y,7) be
a pr'—continuous and 1-1 function, then(X,z,p)is
a pr—T,-space.
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Proof:
Let x,X, € X, X, #X,. Since f is a 1-1 function, then

f(x), T(x,)eY, Y is T -space, then there exist U,,U, 7’-open
sets in Y, such that f(x)eU,, f(x,)eU,, and f(x,)eU,,
f(x)&U,. Since f is a pr’ —continuous, so there exist two
pr—open sets H,H, in X such that x, e H;, x, ¢H,; and
xe¢H,, x,eH, and f(H)cG, f(H,)cG,. Hence,
(X,z,p)isa pr—T,-space O

3.25 Theorem:
Let f:(X,z,p)—(Y,7’) be onto and pr* —open function.
If (X,z,p)isa pr—T,-space, then (Y,7') is a T,-space.

Proof:
Suppose v,,Y, €Y,y, #Y, since f isonto function, there

exist x;,X, € X, such that y, = f(x), y, = f(x,) and since f
is a function, then x, #x, € X . Since X is pr—T,-space, there
exist pr—open sets G,H in X, such that x, e G, but x, G,
and x, e H but x, ¢ H.

Hence, f(x)e f(G), f(x,)e f(H),since f is pr' —open
function, hence, f(G), f(H) are z'-open sets of Y, such that
y,e f(G),buty,e f(G),and y,e f(H),buty, & f(H).

Then (Y,7')isa T,-space O

3.26 Theorem:
Let (Y,7')be a T,-space, f:(X,z,p)—(Y,7) be

a pr'—continuous and 1-1 function, then (X,z,p)is
a pr—T,-space.

Proof:

Let x,X, € X, X, #X,. Since f is a 1-1 function, then
f(x)= (X)), p=F(x), ¥, =1(X), yp#Y,. Since (Y’T') is
T,-space, there exist two z'-open sets G,Hin Y, such that
y,€G,y,eH,GNH=¢.
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Hence, there exist two pr—open sets G;,H,in X, such
that x, €G, and x,eH;, and f(G)cG, f(H,)cH. But
f(GNH)=1(G)NFf(H)cGNH=¢, so (G, NH,)=¢, then
G,NH, =¢ . Therefore , (X,z,p)isa pr-T,-space O

3.27 Theorem:

Let f:(X,z,p)—>(Y,7’) be onto and a pr’—open
function. If (X,z,p) is a pr—T,-space, then (Y,7')is
a T,-space.

Proof:
Let y, #Y,. Since f is an onto function, then there exist

X, #X, € X, such that y,=f(x), y,="f(x,). Since X is
pr —T,-space, then there exist pr—open sets G,H ,G(H =¢.
Since f is a pr® —open function, then f(G), f(H) are two
r'-opensetsinY,and f(G)Nf(H)=f(GNH)=f(¢)=¢ .
Also, y,=T(x) e f(G), y,=f(x,)e f(H).
Hence, (Y,7')is a T,-space O

In the following, we state a definition for
pr** —continuous function, also mention some important
theorems on (pr—open, pr—closed, pr—interior, and
pr —closure) in bitopological space.

3.28 Definition:

Let (X,7) be topological space, (Y,z’, p’)be bitopological
space, a function f:(X,z)—(Y,7,p’) is said to be
pr* —continuous at x e X iff for every pr—open setV inY
containing f(x) there exists r-open set U in X containing x
such that f(U)cV.

We say f is pr™ —continuous on X iff f s

pr** —continuous at each x e X..
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3.29 Definition:
Let f:(X,7)—>(Y,7, p') be a function, then:
i.) f is said to be pr™ —open function iff f(G) is
pr—opensetiny , forevery r-openset G in X.
ii.) f is pr” —closed function set iff f(A) is pr—closed
setinY , for every r-closed set A in X.

3.30 Theorem:

Let (X,z) be a topological space, (Y,7,p) be a
bitopological space, and f :(X,z)—(Y,7, p’)be a function. If
the inverse image under f of every pr—opensetV of Y is a
r-open set of X, then f is pr*™ —continuous function .

Proof:
Let f (V) be a r-open setin X, for each a pr—open set

V inY.Toprove f is pr” —continuous.
Let xe X and V be pr—open in Y containing f(x), so

f1(V) is r-open setin X containing x and f(f*(V))cV .
Then f is pr** —continuous on XO

3.31 Theorem:

Let (X,r) be a topological space, (Y,7,p’) be
a bitopological space, and f :(X,z)—(Y,z',p’) be a function.
If the inverse image under f of every pr—closed setin Y is
a r-closed setin X, then f is pr’™ —continuous.

Proof:
Let f'(A) be a r-closed in X for every pr— closed set

A in Y. To show that f is pr*™ —continuous function. Let G
be any pr—opensetinY. Then Y -G is pr—closedin Y , so

by hypothesis , f (Y =G) =X — f (G) is r-closed in X, that
is f(G) is r-open in X. Hence, by Theorem (3-30) f is
pr** —continuous functiong
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3.32 Theorem:

Let (X,z) be a topological space, (Y,7,p') be
a bitopological space, and f :(X,z)—(Y,7, o')be a function. If
f(z—cl(A)c pr—cl(f(A)), for every Ac X, then f is
pr** —continuous function.

Proof:

Let f(z—cl(A))c pr—cl(f(A)), for every Ac X,and B
be any pr— closed set in Y, so that pr—cl(B)=B.Now,
f*(B)c X, by hypothesis, f(r-tl(f () < pr-cl(f(f "(B)) = pr-cl(B)=B.
Therefore,z —cl(f *(B))c f *(B).But f *(B) < r—cl(f *(B))
always. Then z—cl(f*(B))=f"(B) and so f*(B) is
r-closed set inX.Hence, by Theorem (3-31) f s
pr** —continuous function

3.33 Theorem:

Let (X,z) be a topological space, (Y,7,p) be a
bitopological space, and f :(X,z)—(Y,7, p')be a function. If
r—cl(f *(B)) c f *(pr—cl(B)), for every BcY, then f is
pr** —continuous function.

Proof:

Suppose z—cl(f (B))c f *(pr—cl(B)), for every
BcY that satisfy, let A be any pr— closed set in Y, so that
pr—cl(A) = A . By hypothesis, 7-cl(f (A) < f(pr-cl(A) = *(A)

But (A cr-cl(f™(A) always. Hence r—cl(f™*(A)=1"(A),
so f'(A) is r-closed in X . It follows from Theorem (3-4), f
is pr** —continuous functiong

3.34 Theorem:

Let (X,z) be a topological space, (Y,7',p') be a
bitopological space, and f :(X,z)—(Y,7', p’)be a function. If
f *(pr—int(B)) c r—int( f (B)), for every BcY, then f is
pr** —continuous function.
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Proof:

Let f*(pr—int(B)) c r—int( f *(B)), for every BcY,
that satisfy G Dbe any pr-open set in Y, so that
pr—int(G) =G. By hypothesis, f*(pr—int(G)) c r-int(f™(G)),
since f*(pr-int(G)) = f (G), then (f *(G)) c r—int( f *(G)).

But  r—int(f (G)) c f (G) always and  so
r—int( f *(G)) = f (G).Therefore, f*(G) is r-open in X
and consequently by Theorem (3-30), f isa pr™ —continuous
function 0O

In the following, we are discussion some important
theorems that deal with pr*™ —continuous functions on
separation axioms in bitopological spaces.

3.35 Theorem:
Let (Y,7', p') be pr—T -space. if f:(X,7)—=(Y,7,p)isa
pr** —continuous, 1-1 function, then (X, 7) is a T,-space.

Proof:

Let X, #X, iIn X, such that y, =f(x) and y, = f(X,),
since f is1-1,s0 y,#Y,, butY is pr—T, -space. Then there
exists pr—open set Vin Y, such that y, eV, and y, ¢V, since
f is pr’" —continuous, then there exists z-open set U in X,
such that x,eU, x,¢U and f(U)cV. Therefore (X,7) is
T,-space O

3.36 Theorem:

Let f:(X,z)—>(Y,7,p) be pr”-open and onto
function, if (X,r) is a T,-space, then (Y,7,p') is a
pr—T,_-space.
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Proof:
Suppose y,,y,€Y,y, =Y, since f is onto, there exist

X, X, € X, suchthat y, = f(x), Yy, = f(X,) ,S0 X #X,.

Since X is T,-space, then there exists z-open set G, such
that X, €G, X, ¢ G. Hence y, = f(x) e f(G),
y, = f(x,) ¢ f(G), since f is pr** —open function, then f(G)
ISa pr—opensetiny.

Therefore (Y,z",p')is a pr—T, -space O

3.37 Theorem:
Let (Y,7,p') be pr—T,-space, if f:(X,7)—=(Y,7,p)isa
pr* —continuous and 1-1 function, then (X, z) is a T, -space.

Proof:
Let x,X, € X, X, #X,. Since f is a 1-1 function, then

f(x), f(x,)eY, Y is a pr-—T,-space, there exist V,,V,
pr—open sets in Y, such that f(x)eV,, f(x,)eV, and
f(x,)eV,, f(x)eV, . Since f is a pr™ —continuous
function, then there exist two z -open sets U;,U, in X, such
that x, eU,, , x, ¢U,, and x, ¢U,, X, €U, and fU,)V,,
f(U,) cV,. Hence, (X,z) is T,-space 0O

3.38 Theorem:
Let f:(X,z)—(Y,7,p') be pr’*—open and onto function,
if (X,7)isa T,-space, then (Y,z', p') isa pr—T,-space.

Proof:
Suppose V,,Y,€Y,y, #Y, since f is onto, there exist

X, X, € X, such that y, = f(x), y,=f(x,) and x, #x, e X .
Since X is T,-space, there exist z-open sets G,H in X such
that x, €G, but x,G and x,eH but x ¢H. Hence,

f(x)e f(G), f(x,)e f(H), since f is pr™ —open function,
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hence, f(G), f(H) are pr— open sets of Y. y, € f(G), but
y, ¢ f(G) and y, e f(H), but y, ¢ f(H).
Then (Y,7,p')is pr—T,-space O

3.39 Theorem:
Let (Y,7,p') be pr—T,-space, f:(X,z)—>(Y,7,p’) be
a pr** —continuous and 1-1 function, then (X, 7) is a T,-space.

Proof:

Let Xx,X, e X, #X,. Since f is 1-1 function, then
FO)=T06), Yi=1(x), Y.=1(x), y,#Y,. since Y is
pr —T,-space, there exist two pr—open sets G,H, in Y, such
that y, €G, y,eH, G(NH =¢.

Since f isa pr™ —continuous function, so there exist two
r-open sets G,,H,, in X, such that x, €G, x,eH,;, and
y, e f(G)cG, y,ef(H)cH, but GMH=¢ , so
f(GNH)=F(G)NT(H)=¢.Then G (N1H,=¢ .Therefore,
(X,7)isaT, -space O

3.40 Theorem:

Let f:(X,z)—>(Y,7,p) be pr”-open and onto
function, if (X,z) be a T,-space, then (Y,7,p’) is a
pr—T,-space.

Proof:
Let y, =Y, since f is onto, then there exist x, # X, € X,

such that y, = f(x)), y, = f(X,) since X is T,space, then there
exist r-open setsG,H in X, such that x €G, X, eH,
GNH=¢.

Since, f isa pr* —open function, then f(G), f(H) are
two pr—opensetsinY,and f(G)N f(H)=f(GNH)="f(g)=4.
Also, y, = f(x) e f(G), y,=f(x,)e f(H). Hence, (Y,7, ')
Is pr—T,-space O
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