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 المستخلص
 

 .M–في هذا العمل درسنا التليفات وقدمنا مفهوماً جديداً الا وهو التليفات  

معظمما المهنهنممات التممي تخممص التليفممات تصمموة ايامماً اممادقي اتا  ممدلنا التليفممات  

 قيي المهنهنات تحقق اتا اضمفنا  عما الومنوو. وممن  مين النتماي  التمي  -M التليفات 

 حصلنا عليها هي : 

 .   -Mيصوة ايااً تليف  -Mن جدار تليفي -1

 .-Mيصوة ايااً تليف تقنيهي  -Mجدار تليفين تقنيهيين  -2

 -Mيصوة تليف  -M( الى تليف M-pull back) -Mالسحب الخلفي  -3

يصمموة تليممف  -M( الممى تليممف تقنيهممي M-pull back) -Mالسممحب الخلفممي  -4

 . -Mتقنيهي 

 

 



Abstract  
 

 In this work we study fibrations and we Introduce anew 

concept, namely M-fibrations (Mixed fibrations). 

 Most of the theorems which are valid for fibrations will be 

also valid for M-fibrations the others will be valid if we add extra 

condition. Among the results we obtain are: 

 

1- Aproduct of two Mixed fibration is also a Mixed 

fibration. 

2- Aproduct of two Mixed Approximate fibration is also a 

Mixed Approximate fibration . 

3- The M- pull back of Mixed fibration is also a Mixed 

fibration. 

4- The M- pull back of Mixed approximate fibration is also 

a Mixed approximate fibrtion. 
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Introduction :- 

Algeraic topology is an important branch of topology, fibrations  

is one of the important topics of algeraic topology ; the  first paper in 

fibration appears in  (1955 ) ; from that time till now several  types 

of fibration have  appeared  . In our work , we introduce and study 

the new concept  of  M – fibration  , this is a M –map  , Let Y be any  

space ,   f1: X1  Y,    f2: X2  Y ,   : X2  X1     be map such that  

f1o = f2 ,   let X = {X1, X2} ,   f= {f1, f2}   the (X , f , Y , ) has the 

Mixed homotopy lifting property (M-HLP) w.r.t a space Z iff given 

a map k : Z  X2 and a homotopy  ht : Z  Y  such that f2ok  = ho 

then there exists a homotopy    gt: Z  X1 such that  (1)    f1ogt= ht         

(2) ok =go .M- fiber space is called M-fibration for class  of space 

if  f  has (M-HLP) for each Z   . And extra of objection see[6 , 3 ]   

 This work consists of two chapters .In chapter one we study 

fiber space and Hurewicz fibrations . This chapter consists of three 

sections . In section one, we give the basic definitions and facts 

concerning Homotopy  theory . In section two we study fiber space. 

We also give several examples and  state several theorems . In 

section three, we study Hurewicz fibration in details . In chapter two  

we introduce  a new concept namely M-fiber space and M-Hurewicz  

fibration . This chapter also consists of three sections  . In section 

one, we study M-fiber space . In section two , we study M-Hurewicz 

fibration (Mixed of Hurewicz fibration). 

 In the last section, we study approximate fibration and we 

introduce new concepts namely M-approximate fibration (Mixed 

Approximate  fibration ). 

 The word Map in this work means  continuous  function  
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 Chapter one  

 In this chapter we give the basic definitions and facts 

concerning Homotopy theory , fiber space, and Hurewicz fibration . 

Section 1.1: Homotopy theory  

 In this section we give basic ideas concerning Homotopy 

theory, also we study Homotopy Lifting property.  

Definiton 1.1.1: [2]   

YXLet , be two topological spaces, and , YXgflet :, be two 

maps . We say that f is homotopic to g (by symbols gf  ) 

iff there exists a continuous function YIXH   such that  

H (x,0) = f (x), H(x,1) = g (x),  x  X 

  

 

 

 

 

 

 H is called a homotopy.  

There is an equivalent definition of homotopic maps as follows:  

Definition 1.1.2 :[ 2 ] 

 YXlet , be two topological spaces, and YXfiglet : be two 

maps . We say that, f is homotopic to g (in symbols gf  ), iff there 

)1(X 

)0(X 

g 

f 

IX  Y 
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exists a family of maps {ht : X     Y,tI} such that ho=f, h1=g. {ht} is 

called a homotopy. 

The following theorem , gives us plainly examples of 

homotopic maps 

Theorem 1.1.3: 

Any two maps f,g : 
nlRX   are homotopic  

Proof:- Define    H: nlRIX        as following  

H (x,t) = (1-t) f (x) + tg(x) forall xX , t I 

Then H(x,0) = f (x),  H(x,1)= g(x) 

For example f: lRX   be defined as f(x) = 5 x, and g:X  lR  be 

defined as g (x) = x2, Then f is homotopic to g.  

Detinition 1.1.4:[2] 

Let X be any space . We say that X is contractible iff 

Ix: X  X  is homotopic to a constant map.  

Theorem 1.1.5:[2] 

Let f: X  S1 be map from a space X to the circle S1 which is 

not surjective then f is homotopic to a constant map (That is f is 

called null homotopic). 

 

Example 1.1.6:  

nn

lR
lRlRIlet n :  be the identity map , then nR

I  is 

homotopic to a constant map, thus nlR  is contractible , but the 

identity of circle is not homotopic to constant map (s1 is not 

contractible). 
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We recall the basic definitions of homotopy lifting property. 

Definition 1.1.7:[7] 

Let P:E  B   be a map, X be any space. We say that P has the 

homotopy lifting property (H.L.P by short) w.r.t X, iff given map 

f: X  E and homotopy  H: X  I  B such that  Pof= Hoi  

 

 

 

 

 

 

 Then there exist a homotopy EIXH :*
 such that  

(1) H*o i0 = f    (2) PoH* = H 

i.e  H*o i0 (x) = f(x) H*(x,0) = f(x) 

      PoH*(x,t) = H(x,t)  for all Xx  and  It  . 

 We can restate the definiton of homotopy lifting property as 

follows . 

Defintition 1.1.8:[5] 

Let P:EB be a map .We say that P has H.L.P. w.r.t X iff 

given a map f: X  E and homotopy ht: X  B such that Pof = ho 

.Then there exist a homotopy ht
*: XE  such that (1) ho

* = f   (2) 

Poht
* = ht     for all Xx  and It . 

 

 

 

 

XI B 

E 

H* i0 P 

H 

f 
X 

B 

E 

th

 

P f 

*

th 

X 
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Section 1.2: Fiber Space  

 In this section we recall the basic definition and fact 

concerning fiber space and lifting  

 

Definition 1.2.1:[2] 

   i- A fiber structure is a triple (E,P,B) consisting of two space E, 

B and a continuous surjection P: E  B. The space E is called the 

total (or fibered) space P is termed the projection , and B is the base 

space let  bo  B Then F = P-1 (bo) and F is called fiber over bo . 

We refer to (E, P, B) as a fiber structure over B.  

Example 1.2.2:  

Let P: 1R2   1R define by P (x,y) = x     (x, y)  1R2  

   P-1 (2) = { (2,y)/ y  1R} 

 

 

 

 

Definition 1.2 3:[4]  

Let (E,P,B) be a fiber structure , X be an arbitrary space, and 

g:X  B  be continuous ,  

 

 

 

 

 

X 

Y 

2 

B 

E 

P g  

g 
X 



 6  

A continuous g : XE such that Po g = g  is called lifting 

(Covering [4]) of g into E . 

The following example show that  a map  g: X  B  need not 

be liftable into E  

Example 1.2.4:[2]  

Let P: 1R  S1 be a map (fiber structure with projection  

ix

exP )(  and let X = S1 it is easy to see that the identity map  

11 ,: 11

ss
ISSI   can not be lifted to map RSf 1: 1   

for suppose 1s
I  can be lifted to map 

11 11: RRsf   then by fact [2] 

[Each continuous 
nn Rsf 1:    (that is flatting)  sends  at  least  one 

a pair of antipodal points to the same point]. 

 There exist a pair of antipodal points (x, -x) such that  

 f(x) = f(-x) = q, but 1s
Ipof   

 pof (x) = 1s
I (x)  p(f (x) ) = x  p (q) = x 

pof (-x) = 1s
I (-x)  p(f (-x) ) = -x  p (q) = -x 

This is contradiction 

 

 

Then  Is
1: s1

s1 can not lifted to map f:s1
1R 

 

 

 

 

 

q 
x 
-x 

p 

s1 

1R 

P f 

Is1 
s1 
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Definition 1.2.5:[2] 

A fiber structure (E,P,B) is called a fiber space or (fibration) 

for class  of spaces if P has the homotopy lifting property (H.L.P) 

for each X  . 

Theorem 1.2.6:  

Let E = B  Y where Y is any space , define P1: B  Y  B  

as followes P1 (b,y) = b for all (b,y)  B  Y  (where P1 is the 

projection over the first factor) then P1 has the H.L.P w.r.t  every 

space X. 

Proof:- Let P2: B  Y  Y is the projection over the second factor 

define as P2 (b,y) = y for all (b,y)  B  Y 

let f: X  B  Y   be any map and let H: X  I  B 

be any homotopy such that P1 of (x) = Hoi (x) 

Then we can define H* : X  I  B  Y as follows  

H* (x,t) = (H (x,t) , P2 of(x) )  then  

(1) P1 oH* = H             (2) H* (x,o) = f (x) 

 

 

 

 

 

 

Definition 1.2.7:[2]  

Let (E,P,B) be a fiber structure , let X be any space, and  

let g : X  B  be any continuous map into base B, let Eg  E  X be 

X  I B 

BY 

P1 H* 

H 

f 
Y 

P2 X 

i 
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the subspace , Eg = { (e,x)  E  X / p(e) = g (x) } of the cartesian 

produet.  

Let P*: Eg  X be the projection P* (e,x) = x. Then P* is called 

the pull back of   P by g. 

Letting  : Eg  E  be the projection  (e,x) = e , it is immediate 

from the definitions that the diagram is commutative such that  

Po   = gop* 

 

 

 

 

 

 

Theorem 1.2.8:[2]  

The pull back of a fibration is also fibration  

proof:  Let Y  , we will show that P* has the H.L.P w.r.t Y. 

let  f: Y  Eg be a map and H :Y × I X be a homotopy such that 

P*of (y) = Hoi(y) and i = Y  Y  I    be inclusion map  

 

 

 

 

 

B 

E 

P 

g 

  

P*
 

Eg 

X 

Y I 

Eg 

P*
 

H 

f 

B 

E 

P 

g 

  
Y 

i 

X 
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Consider of : Y  E  and goH: Y  I  B are homotopic  

Now  Po  of = goHoi 

  Po  of = goH(y,o) 

  Po  of = goP*of      because [P*of = H (y,o) ] 

 But  P  is fibration. Then there exist a homotopy H* :Y  I  

E such that PoH* = goH,   H* (y,o) =  of.  

 

 

 

 

 

 

 

Define   k : Y  I  Eg    by  

k (y,t) = ( H* (y,t), H (y,t) ) 

 

 

 

 

 

 

 Then (1) P*ok = H,  (2) koi = f 

 P*ok (y,t) = P* (k (y,t) ) = P* (H* (y,t), H (y,t) ) = H (y,t) 

 koi = k (y,o) = (H* (y,o), H (y,o) ) = f (y) 

There fore (Eg,p*, X) is a fibration for the class  of space Y  

Eg 

P* k 

H 

f 

YI 

Y 

i 

X 

B 

E 

P H* 

goH 

 of 

YI 

Y 

oi 
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Definition 1.2.9:[2]  

 Let ht : X  B  be a homotopy , suppose that ht 
* can be lifting 

of ht , we say that ht 
* is stationary with ht  , iff  ht(xo)  constant. as a 

function of t , the function ht 
* (xo) is also constant as function of t .  

 

 

 

 

 

 

Example 1.2.10:[2]  

 Let P1: YZ  Y  be the first projection defined  as               

P1 (y,z) = y, Then (YZ,P1,Y) is fibration . In fact ,  

let  P2: Y  Z  Z   be the projection defined as P2 (y,z) = z ; then 

for any continuous f: X  Y  Z  and homotopy ht : X  Y   such 

that  P1of = ho the map  kt: X  Y  Z   define, as  

 kt(x) = (ht (x), P2of (x) ) such that.  

 (1) ko = f  (2) p1 okt = ht 

is H.L.P and is stationary with ht. 

 

 

 

 

 

 

 

B 

E 

P ht 
* 

ht
 

X 

Y 

Y  Z 

th

 

P1 f 

Z 
P2 

kt 

X 
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Theorem 1.2.11:  

Let (E,P,B) and (L,q,C) be fibrations  then  (EL, P  q, B  C) 

is also fibrtion.  

Proof:  

Let g : X  E and g`: X L be any maps .Define g* : X  E L 

be  a map by  g* (x) = ( g (x), g` (x) ) , and ht : X  B and ht` =XC 

be any maps . Define ht* : X  B  C   by ĥt (x) = ( h (x), h` (x) ) 

such that  and (P× q ) og* =ho* 

 

 

 

 

 

 

 

Since P,q are fibrations . then there exists   

gt: X  E such that Pogt  = ht,  go = g and g`t: X  L such that 

qog`t = ht,  g`o = g` 

Now for ĥt there exist g*
t :X  E  L   define as  

g*
t (x) = (gt (x),  g`t (x)) such that  

 (1) (P  q) o g*
t = ht*,  (2) g*

o = g*  

then Pq : EL  BC   has HLP w.r.t X.  

 there for Pq is afibration  

P  q 

BC 

E  L 

g* 

gt
* 

ht* 

X 
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Section 1.3: Hurewicz fibration  

 In this section we recall the basic definitions and facts 

concerning Hurewicz fibration .  

Definition  1.3.1:[7]  

    i- Let (E, P, B) be a fiber structure, we say that P is a Hurewicz 

fibration iff  P has the HLP  w.r.t  all spaces .  

   ii-Let (E,P,B) be a Hurewicz fibration we ,  say that P is a regular 

Hurewicz fibration .  

 The following theorem is an immediate consequenc of 

theorem 1.2.8 

Theorem 1.3.2:  

 The pull back  of a Hurewicz fibration is also a Hurewicz 

fibration. 

 The following theorem is an immediate consequenc of 

theorem 1.2.11 

Theorem 1.3.3: 

 Let (E,P,B) and (L,q,C) are two  Hurewicz fibrations then  

(E  L , P  q, B  C) is also Hurewicz fibration.  

Definition 1.3.4:[2]  

Let ( E , P , B) be a fiber structure , and let BI: (  : I  B )  

p  E  BI  be subspace ,  p = {(e, )  EBI/ P(e) =  (o) } of 

the Cartesian product where   

A lifting function for (E,P,B) is a continuous map : pEI 

such that (e,) (o) = e and  po(e,)(t) =  (t) for each (e,)  p  
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and t  I , we say that  is regular if  (e,) is a constant path 

whenever  is a constant path. 

 

 

 

 

 

 

Thus a lifting function associated to each e  E and path  in B 

starting at P(e) , path (e,) in E starting at e , that is ; a lift of  .[7] 

 Since the c-topology is used in EI, the countinuity of  is 

equivalence to that of associated  : p  I  E, by simpling  

  (e,)  EI  and  (e,): I E  

  (e,) (o) = e,   po  (e,) (t) =  (t) 

 P* () : I  B  

 P* () (t) = p (  (t)) 

  : p  I  E    such that  (e,) (t) = ( (e, ) ) (t) 

 

 

 

 

 

 

 

 

B 

E 

P 

q2 

q1  

P*
 

EI 

BI 

p 

s2 

s1   

  P(e)  B  

 (e,)  e E  

p  
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Remark  1.3.5:  

Let (P,E,B) be a fiber structure  ,  f: X  E  be given a map  

and let  ht: X  B  be a homotopy  

 

 

 

 

Such that Pof(x) = ho (x)   for each  x X , the map  x : I  B 

defined   by x (t) = ht (x) ,   defines a path in B  

Theorem 1.3.6:  

 A map  P: E  B  is a fibration if and only if there exist a 

lifting function for p. 

Proof: See [7] 

Theorem 1.3.7:[2] (curtis- Hurewicz)  

 The fiber structure (E,P,B) is a (regular) Hurewicz fibration if 

and only if a (regular) lifting function  exists . 

Proof :- If P is a(regular) Hurewicz fibration. Let X = p   

and  f: P E   and  ht : p  B  defined by  f(e, ) = e and  

ht (e,) =  (t) then  ho (e, ) =  (o)= P(e) = Pof (e,)  

 

 

 

 

 

 

B 

E 

P f 

ht 

kt 

p 

B 

E 

P f 

ht 

X 
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there exist a map  kt : p  E   be a homotopy lifting such that  

ko (e, ) = f(e,) = e      and     Pokt = ht  

 kt defines a lifting function  for p by  (e,) (t) = kt (e,)  

 is a lifting function which is (regular) whenever kt is 

stationary with ht.  

Conversely: If P has a lifting function. Let  f: X  E be given and 

ht: X  B  be a homotopy such that pof = ho, for each   x  X 

 Iet x : I  B be defined by x(t) = ht (x) 

 

 

 

 

 

 

 Define a map kt : X  E as followes : 

 kt (x) =  (f (x) , x) (t) 

 then  (1) ko (x) = f(x)  and  (2) Pokt = ht 

therefore P has a (regular) Hurewicz fibration.  

 

 

 

B 

P f 

ht 

kt 

X 

E 
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Chapter two 

 In this chapter we introduce a new concept namely mixed 

fibration (M-fibration) , Mixed Hurewicz fibration (M- Hurewicz 

fibration) and Mixed Lifting function.  

Section 2.1: M-fibration  

 In this section we introduce and study a new concept which is 

namely Mixed fibration (M-fibration) . We start with the following 

definition .  

Definition 2.1.1:  

 (1) Let X1 , X2, Y be three topological space , let X= {X1, X2}, 

f ={f1, f2} where   f1 :  X1  Y ,  f2 :  X2     Y    are  two  maps , and  

: X2X1 such that f1o = f2  then (X, f, Y, ) is a M-fiber space 

(Mixed- fiber space). 

 

 

 

 

 

 

If  X1 = X2 =X,     = identity , f1 = f2 = f   then (X, f, Y) is the usual 

fiber space . 

 (2) Let (X, f, Y, ) be a M-fiber space , Let yo  Y  then   

F = { f -1 (yo) } is the M- fiber over yo 

 

 

 

Y 

X1 
  

X2 

f2 f1 
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Definition 2.1.2:  

 Let (X, f, Y,) be a M- fiber structure . Y, B  be any spaces 

and ht: B  Y be map . A continuous k1:B  X1 and k2: B  X2 

such that f1ok1 = ht  and f2ok2 = ht , where K = {k1, k2} is called a M-

lifting of ht  

 

 

 

 

 

 

 

Remark  2.1.3:  

 Let {X, f, Y,  } be a M-fiber structure over Y. 

If f1,f2 are homeomorphism then  f= {f1, f2} is called         

a M-homeomorphism.  

Remark 2.1.4:  

 Let X = {X1, X2},   f= {f1, f2}, f1: X1  Y,   f2: X2  Y 

 f ` = {f1`, f2`} ,  f1`: X1  Y,   f2`: X2  Y    

we say that f is M-homotopic to f ` if  

(i)    f1  f1`   (ii)   f2  f2` 

Definition 2.1.5:- 

 Let Y be any  space ,   f1: X1  Y,    f2: X2  Y ,   : X2  X1     

be map such that  f1o = f2 ,   let X = {X1, X2} ,   f= {f1, f2}   the 

(X,f,Y,) has the Mixed homotopy lifting property (M-HLP) w.r.t a 

space Z iff given a map k : Z  X2 and a homotopy  ht : Z  Y   

Y 

X1 

f1 

ht 

   

k2 

X2 

B 

k1 

f  
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such that f2ok= ho, then there exists a homotopy    gt: Z  X1 such 

that  (1)    f1ogt= ht         (2)    ok = go 

 

 

 

 

 

 

 

M- fiber space is called M-fibration for class  of space if  f has   

(M-HLP) for each Z   

Theorem 2.1.6 :  

 Every fibration is a Mixed fibration  

Proof:  Let {X, f, Y, } is fiber space such that  

 X = X1 = X2 ,  = I (identity) , f = f1 = f2 

 

 

 

 

 

 

let g: Z  X2     and homotopy     ht : Z  Y   such that   

f2og = ho,   then there exist   gt : Z  X1   such that  go = og  

and    f1ogt = ht       for all z  Z    and    t   I  

Then  f  has M-HLP  w.r.t  space  Z 

Therefore  f  has  M-fibration.  

ht 

Y 

X1 

f1 

ht 

k 

X2 

Z 

gt 

f  

 

Y 

X1 

f1 g 

X2 

Z 

gt 

f  

 
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Remark 2.1.7: 

 Mixed fibration may not be a fibration.  

Example 2.1.8: 

 Every M- covering projection is aM-fibration in order (the 

natural M-Projection f:XB  B, define as f (x,b) = b, is                 

aM-fibration) which is not fibration. 

for let  P: X1 B  X1  be the projection define as P(x1, b) =x1  

forall (x1,b)  X1B , let k: Z  X2  B  be any map, and ht:Z  B  

be any homotopy such that   f2ok = ho. 

 

 

 

 

 

 

 

 

 Then we may define  gt: Z  X1  B   as follows    

gt(z) = { Pook (z) , ht (z) } ,  then  gt  satisfy as condition   

(1)  f1ogt = ht    (2) go = Pook. 

There fore f: X  B  B is M-fibration, but not fibration.  

Definition 2.1.9:  

 Let {X, f, Y, } be M- fiber structure  let X be any space , and 

let g: Y` Y  be any continuous map into base Y .  

 Let X1` = { (x1, y`)  X1  Y` : f1 (x1) = g (y`) }     and  

 X2` = { (x2, y`)  X2  Y` : f2 (x2) = g (y`) }         then  

B 

X1 B 

f1 

ht 

k 

  IB 

Z 

gt 

f  

X1 X2 B 
P 
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X` = {X1`,X2} is called a M-pullback of f by g and  

f ` = {f1` , f2`} : X`  Y`  is called induced M-function of  f  by  g . 

Define `: X2` X1` by `(x2 , y`)=( (x2), y`) 

To show ` is continuous  

Since `=  × Iy`  ,  is continuous and Iy` is continuous then ` is 

continuous . 

To show is commutative   

f1`o `(x2 , y`) = f1`( (x2), y`)= y` 

f2` (x2 , y`) = y` 

therefore f1`o `= f2` 

 

 

 

 

 

 

Theorem 2.1.10:  

The M – pull back  of M- fibration is also M- fibration 

Proof: Let k`:Z X2` and  k: Z  X2  Define a homotopy   

ht : Z  Y  such that  ho = f2ok  

 

 

 

 

 

 

 

X2 X`2 

Y 

X1 

f1 

L1 

Y` 

X1` 

L2 

g 

f2 

  `  f1` 

f2` 

Z 

k` 

Z 

X`2 

Y 

f1 

L1 

Y` 

X1` 

L2 

g 

  `  

ht` ht
 

X1
 

X2
 

kt` 

f2
 

kt
 

Id 

f1` 

f2` 

k 
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since f is M-fibration  

then there exist  kt : Z  X1  such that  f1okt = ht and ko = ok,   

Define   ht` : Z  Y` as  goht` = f1okt    and   ho` = f2`ok`.  

then there exist  kt`: Z  X1` , where  

kt` (z) = (kt (z), ht` (z)) ,   Hence f1` okt` = ht`   and  ko` = `ok` 

There for  f ` :X`  Y`  is M- fibration.  

Proposition 2.1.11:  

 Let f: X  Y and f `: X`  Y  be two M- fibration then    

f  f `: X  X`  Y  Y`  is also M-fibration.  

Proof:- See proposition 2.2.3. 

Section 2.2: M- Hurewicz  fibration  

 In this section we introduce and study a new concept which is 

namely Mixed Hurewicz fibration (M-Hurewicz fibration) we start 

with the following definition.  

Definition  2.2.1:  

 Let {X, f, Y, } be aM-fiber structure over Y, we say that  f is  

M- Hurewicz fibration iff f has the M- HLP  w.r.t  all spaces.  

 The following theorem is an immediate consequence of 

theorem 1-2-10.  

Theorem 2.2.2:  

The M-pullback of M-Hurewicz fibration is also M-Hurewicz 

fibration  

Proposition 2.2.3 :  

 Let  f: X  Y  and  f ` : X`  Y`  be two M- Hurewicz 

fibration then  f  f ` :X  X`  Y  Y` is also M-Hurewicz 

fibration.  
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Proof: Let Z be any  arbitrary space  

Let K* : Z  X2  X2`   be a map, where K* (z) = ( k (z), k` (z)) 

such that   k : Z  X2 and k` : Z  X2`  and h*
t : Z  Y  Y`    

define as ht
* (z) = {ht (z), ht` (z) } and  (f2f2`) ok*=ho 

 

 

 

 

 

 

such that  ht : Z  Y  and   ht` : Z  Y`   since f, f ` are M-Hurewicz 

fibration, then there exists a homotopy  kt : Z  X1  such that  

f1okt = ht,  ko = ok   and a homotopy kt`: Z  X1` such that  

f1`okt` = ht`,  ko` = `ok`  

Now, for h*
t there exist K*

t : Z  X1  X1`  define as  

K*
t (z)= {k1(z) , kt`(z)} such that (f  f ` ) oK*

t (z) = h*
t (z) and  

Ko
* = (  1) o K* ,   since Z  be arbitrary .  

Therefore  f  f ` : X  X`  Y  Y`  is M- Hurewicz .  

Definition 2.2.4:  

 Let (X, f, B, ) be M-fiber structure and BI: {W: I  B}  

f  X  BI be the subspace ,  f = {(x,w)  X  BI / f (x) = w (o) }.  

AM –lifting function for(X , f , B ,  )is continuous map : f XI   

such that  

 (x,w) (o) = x    and    fo  (x,w) (t) = w(t) 

for each (x,w)  f      and  t  I  

thus   = {1 , 2 }    and     f = {f1, f2} , where  

YY` 

X1  X1` 

f1f1` 

h*
t 

Z 

k*
t
 

` 

X2  X2` 
f2f2` 

k* 
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1 : f1  X1
I   and     2 : f2  X2

I defined as  

1 (x1, w) (o) = x1 ,   f1o 1 (x1, w) (t) = w (t)     and  

2 (x2, w) (o) = x2 ,   f2o 2 (x2, w) (t) = w (t)  

thus a M-lifting function therefore associates  

 

 

 

 

 

 

 

 

with each xX, and each bath w in B starting at  f (x) a path   

(x1,w) in X1 and 2 (x2, w) in X2 , starting at x2 and x1, and is         

M-cover of w since the c- topology used in XI, the continuity of  is 

equivalent to that of associated i : f  I  X 

Theorem 2.2.5:  

 The M- fiber structure {X, f, B, } is M-Hurewicz fibration if 

and only if  f  has M-lifting function.  

Proof:- if  f  is M-Hurewicz fibration , let Z = f  

let  g: f2  X2    and    ht : f  B   be defined by g (x2,w)(o) = x2  

and   ht (x,w) = w (t),  then  ho (x,w) = w (o) = f2 (x2) = f2og (x2,w)   

since f is M- Hurewicz fibration . Then there exist gt : f1  X1  

such that  go (x1,w) = og (x2,w) (o),  f1ogt = ht. defined as a lifting 

function  

  (x, w) (t) = gt (x,w) 

BI 

X1
I 

f1
* 

ht 

2 

X2
I 

f
 

1 

f  

X1 

B 

X2 
f  

J2 J1 

` 

f1  

 

w 
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 i.e: 1(x1,w) (t) = gt(x,w)  1(x1,w) (o) = go(x1,w) = x1 

 f1o1(x1,w) (t) = f1ogt (x1,w)  f1o1(x1,w) = ht (x1,w)= w(t) 

 

 

 

 

 

 

 

 

 

 

 

Conversely : If f has M-lifting function  

Let  g*:Z  X2   and   h*
t:Z B   such that f2og* = h*

o,  

consider wz:IB such that wz (t) = h*
t (z) and define g*

t : Z  X1  as  

g*
t(z) = 1 (og*(z), wz) (t) 

Thus : g*
o = og*    and   f1og*

t = h*
t 

Hence g*
t is M-HLP  of h*

t  w.r.t Z 

Since  Z  is arbitrary  

Therefore  f  is M-Hurewicz fibration.  

 

 

Corollary : 2.2.6: 

Let (X, f, B, ) is M-Hurewicz fibration, then any w bath in B 

such that wo = f2 (x2) = f1o (x2), can be M- lifted to a path in X1. 

BI 

X1
I 

f1
* 

q 

2 

X2
I 

f
 

1 

f  

X1 

B 

X2 f  

gt 

` 

f1  

 

w 

h*
t 

Z 

g* 
g g*

t 

ht
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Proof:- 

 

 

 

 

 

A path w: I  B can be regarded as a homotopy  

wt: {s}  B  where  {s} is a point space, and a point x2  X2  such 

that f2(x2) = wo, corresponds to a map g: {s}  X2 such that   

(f2og){s} = wo ({s}), and since f is a M-Hurewicz fibration there 

exists a path wt
* in X1 such that  w*

o =  (x2) and f1owt
*= wt 

Where wt
*: {s}  X1 is a M-lifted of wt: {s}  B.  

Section 2.3: Approximate and Mixed Approximate fibration . 

In this section we recall the basic defintions and facts 

concerning Approximate fibration and we introduce a new concept 

namly Mixed approximate fibration (M-Approximate fibration ). 

Definition 2.3.1: 

 Let f,g: E B be two mappings and  be an open cover of B 

we say that f,g are - closed iff give e  E, then there exist w   

such that f(e), g(e)  w  

Definition 2.3.2 

 Let P: E  B be mapping from E into B , we say that P has 

Approximate homotopy lifting property (A-HLP) w.r.t space X iff 

given f: X E and a homotopy ht: X B such that Pof= ho and open 

cover  of B then there exists a homotopy gt :X E such that go = f 

and Pogt, ht are  – closed.  

B 

X1 

f1 

wt 

   
X2 

{s} 

g 

f2 

w* 
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Definition 2.3.3: 

 Let P:E  B be a mapping . We say that P is an approximate 

fibration iff, P has the (A-HLP) w.r.t the class  of spaces also we 

say that P is an approximate Hurewicz fibration iff P has the               

(A- HLP) w.r.t the class of all space.  

Remark : 2.3.4:[1] 

1- Every Hurewicz fibration is an approximate Hurewicz 

fibration . 

2- Every fibration is an approximate fibration . 

3- Approximate fibration may not be a fibration. for example see 

[1].  

The proof of the following theorem is similar to the proof of 

theorem 1.2.11 

Theorem 2.3.5: 

Let (E,P,B) and (L,q,C) be Approximate fibration then  

(EL, Pq, BC) is also Approximate fibrtion .  This theorem 

also is true for approximat Hurewicz fibration. 

Proposition 2.3.6:[1] 

 The Pull back of an approximate fibration is also an 

approximate fibration. 

Definition 2.3.7:  

Let X, Y be a topological space  f1: X1  Y , f2 : X2  Y 

:X2X1 be a map such that f1o=f2, where X= {X1,X2}, f ={f1,f2}, 

then we say that f has the Mixed approximate homotopy lifting 

property (M- AHLP) iff given a map k : Z  X2  and homotpy     

ht : Z  Y such that f2ok = ho and all open cover  of Y , then there 
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exist a homotopy  gt:Z  X1 such that go= ok  and f1ogt, ht are        

 – close in ht.  

then gt is called the approximate lifte of ht 

Map with (M-AHLP) w.r.t all class  of spaces called Mixed 

approximate fibration. 

Also for all spaces is called Mixed approximat Hurewicz 

fibration.  

For the above definition we have the following result. 

Remark. 2.3.8: 

1- Every Mixed fibration is an Mixed approximate fibration 

. 

2- Every approximate fibration is an Mixed approximate 

fibration.  

3- A Mixed approximate fibration may not be an 

approximate fibration.  

Theorem 2.3.9: 

 Let f: X  Y and f ` : X`  Y` be two M- Approximate 

fibration then f  f `: X  X`  Y  Y` is also M- Approximate 

fibration . 

Proof:- Let Y be topological space 

 Let K* : Z  X2  X`2 be a map, where K*(z) = { k (z), k`(z) } 

such that k : Z  X2 and k` : Z  X`2 . 

let h*
t : Z  Y  Y` defined as h*

t (z) = {ht (z), h`1 (z)}and (f2f`2)ok*=ho  

 

 

 

X1X`1 

h*
t 

Z 

K* 

K*
t
 

X2X`2 

YY` 

f2f`2 

f1f`1 

` 
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such that ht : Z  Y  and  h`t : Z  Y`  and open cover  of  Y and 

open cover ` of  Y`. since f , f` are M- approximate fibration  

then there exists a homotopy kt: Z  X1 such that ko = ok  and 

f1okt , ht are –closed in ht and homotopy  kt`: Z  X`1  such that  

k`o = `ok`  and  f1`ok`t, h`t are ` - closed in h`t.  

Now for h*
t and open cover ` of YY` there exists  

K*
t : ZX1X`1  defined as K*

t (z) = {kt(z) , k`t (z)} such that 

 K*
o=(o`)oK*  and (f1f1`)oK*

t (z) , h*
t (z) are `  closed in h*

t 

therefore f  f ` : X  X`  Y  Y` is M-approximate fibration .  

 

 The proof of the following proposition is similar to the 

theorem 2.1.10. 

 

Proposition 2.3.10: 

 The M-pull back of M-approximate fibration is also Mixed 

approximate fibration. 
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Future work  

 Here we  refer to some future work . 

 Let Y be any space and let f1: X1  Y , f2: X2  Y, f3 :X3Y, 

21: X2  X1, 32: X3  X2 , 31: X3  X1, such that 21o32 = 31, 

f1o21 = f2 , f2o32 = f3, f3o31 = f1, let X = {X1, X2, X3} , ij ={21, 

32, 31} , f = {f1, f2, f3}, then {X, f, Y, ij} has  3-homotopy lifting 

property (3-HLP)  w.r.t a space Z iff , given a map ki: Z  XI and a 

homotopy ht: Z  Y such that fioki  = ho  ,  then  there  exists   a 

homotopy L
j

t
= Z Xj where i > j , such that fjo L

j

t
=ht, ijoki = L

j

o
. 

The3-fiber space is called 3-fibration , similarity we find 4-fibration.  

So what we had discussed in our work is 2-fibration.  
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