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CHAPTER ONE
INTRODUCTION

1.1 General

In the past, horizontally curved beams have been used primarily in such exotic
instances as the round corners of a building, circular balconies, and beams in
circular structures.

Recently, horizontally curved beams are extensively used in the
construction of modern highway intersections and elevated freeways in addition
to their normal used in circular structures such as bridges and concrete tanks
(Fig. (1.1)). Such beams, when loaded transverse to their planes, are subjected to
torsion, bending, and shear. Therefore, special feature of the analysis and design
of such beams is the necessity to include torsional effects. In a reinforced
concrete structures, cracks form even at service load. Such cracking causes local
reduction in torsional and flexural stiffnesses resulting in redistribution of
internal forces.

Torsion is almost invariably a secondary effect in reinforced concrete
building and the subject has not received the same attention as bending,
transverse shear, or diagonal tension.

Concrete members are directly subjected to torsional stresses in the
following cases:
1.Curved beams in horizontal plane.
2.Beams supporting a cantilever balcony.
3.Screw piles.

In addition to these cases there are other cases where it appears at first that
torsion does not occur, but closer examination shows that torsion does exist. For
example:

1.Beams and slabs with alternate panel loading.

2.Exterior floor beams.
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3.Framed structures. ¢’

Generally speaking, we may find members subjected to torsion in every

modern structural form Fig.(1.1).

abasqpmugn | | ANIFE

b- Curved Bridge

c- Reinforced Concrete Curved Beam on Elastic Foundation

Figure(1.1): Applications of Reinforced Concrete Curved Beam

12 REHIuILeu vulivicLle vuitveu pediiis i ridil.
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Beams curved in plan are often used to support the circular walls of reinforced
concrete water tanks, curved balconies and ring beam of domes and shells. The
curved beams are generally supported on columns spaced at regular intervals.
Since the loads and reactions do not lie along the axes at any point of beam,
torsional moment developed at certain cross section of a curved beam. However
in the case of circular beams supported by symmetrically placed columns, the
vertical reactions are provided by the columns and due to the symmetry, the
torsional moments at the center of the curved beam between any two
consecutive supports will be zero. Also the maximum negative bending moment
develops at the support sections and positive maximum bending moment at
sections between the supports*® . Maximum torsional moments will develop at
sections nearer the supports and where the bending moment is zero. In other
words, the maximum torque occurs at points of contraflexure. Also the shear
forces will be maximum at the support sections.

Hence the support sections have to be designed for maximum negative
bending moment and shear and sections where the torque is maximum has to be
designed for maximum torsional moment and the corresponding shear force at

the section. *®

Sectipn of max.

Section _O_fé) . torsignal moment
maximum VA S

negative
bending
moment
and
maximum
shear force o1 0f max.
torsipnal moment

ﬂ_’ Column support
o

Section of maximumT negative bending moment and
maximum shear force

ax. positive bending
moment

Curved girder

Figure (1.2): Position of Maximum Moment in Curved Girders“s),
1.3 NonLinear benaviur ui dull
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Most of the phenomena in the solid mechanics are non-linear. In many
applications, however, it is practical and convenient to use linear formulations of
problems to obtain engineering solutions. On the other hand, some problems
definitely require non-linear analysis if realistic results are to be obtained.

The stress-strain relation of any type of soil depends on a number of
different factors including density, water content, structure of the soil, drainage
conditions, strain conditions (i.e. plane strain, triaxial), duration of loading,
stress history and confining pressures. ©”

It is commonly found"” that the stress-strain curve for all soils is
nonlinear except in a very narrow region near the origin. Kondner ¢V proposed

that the stress-strain curve, which is shown in Fig. (1.3), could be represented by

a hyperbolic equation of the form: -

0-1_0-3:a+ebe .. (L.1)

where

6, and o, are the major principal stresses.

€ is the axial strain and

(a) and (b) are constants which can be determined experimentally.

There are also various elastic foundation models are explained in Chapter

Three.

2 Acevymntote =(~ —~ ) —=_
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1.4 Objective and Scope

This thesis deals with reinforced concrete curved horizontal beams resting on
elastic foundations. Most of the applications on this study are circular water
tanks and nuclear plants, and ring foundation of domes and shells.

The main aim of this work is to include all types of stresses and strains to
present a better understanding for behavior of reinforced concrete curved beam
in plane and to predict the ultimate load that causes the failure for the curved
beam resting on elastic foundations. To achieve this aim a theoretical work using
a materially nonlinearity finite element analysis is carried out to study the
behavior of reinforced concrete curved beam using a brick element to represent

the concrete.

1.5 Thesis Layout
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This thesis consists of six chapters. Chapter one introduces and explains briefly
the problem in hand, the aim of the study and the subjects included in other
chapters. Chapter two is devoted to the review of literature. Outlines of some
previous research works on curved beam in plane are presented.

Chapter three contains a finite element method and the formulation of the
governing equilibrium equations. The adopted quadratic brick element, the steel
representation and integration rules used in evaluating the element stiffness
matrix are also described. The incremental-iterative Newton-Raphson method
and the nonlinear solution techniques used for solving the set of nonlinear
equations are also presented. Also the various elastic foundation models are
explained in this chapter. The outline of computer program is also presented in
this chapter.

In Chapter four, material modeling concerning the plastic model used for
concrete in compression is described. A smeared crack model that is used to
model the concrete in tension, and the elastic-linear work hardening model used
to simulate the reinforcement are also given. In Chapter five, several numerical
examples are presented and verified by the previous analytical and experimental
studies. Chapter six gives the conclusions and recmmendations for future

studies.
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CHAPTER TWO

Review of Literature
2.1 General

Reinforced concrete beams curved in plane occur frequently as members in
buildings, bridges, and other structures. Methods for the determination of
ultimate loads for straight beams have been the subject of many studies and are
well established. Ultimate loads for reinforced concrete curved beams have not
been studied in any detail although steel bents and beams curved in plane were
the subject of a pioneering study by Johansen ®? and have also been studied by
other research workers. In this chapter a literature survey is divided into two
major Scopes:
1. Experimental studies.

2. Theoretical studies.

2.2 Experimental Studies

In 1974, Jordaan et al.®” investigated four concrete curved beams and the
results were compared with those predicated by a plastic analysis based on a
yield criterion which defines the behavior of the cross-section under the
combined action of bending and torsion only, i.e. shear is neglected. Four
reinforced concrete curved beams were tested. Each beam having a (152
mm*310 mm)cross-section, radius (2200 mm), and a subtended central angle of
(86). The differences between those beams are state of loading and type the
boundary condition. The instrumentation enable measurement of applied loads,
deflections, angles of twist and steel strains. Loads were applied by hydraulic

jacks and were measured by load cells. Fig. (2.1) shows the system of forces
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applied on the torsion arms of the heads and the straight end portions of the

curved beams.

For this test, the following conclusions were drawn:

1. The plastic theory used gives satisfactory prediction of the mode of
failure, i.e., the location and type of plastic hinges.

2. The predicted value of ultimate load was conservative for modes of
failure containing pure bending and combined bending-torsion hinges in
which bending predominates. The predicted value was slightly higher
than the experimental ultimate load for modes of failure containing free
hinges.

3. Small changes in geometry due to large deformations during loading can
have a significant effect on the value of the collapse load for curved

beams failing in a mode that contains free hinges.

Machine Head

Figure(2.1): Geometry of Test Specimens®4)

w
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The logical extension of previous work was to include the effects of shear
in the analysis of reinforced and prestressed concrete; therefore, in 1977
Badawy et al."? formulated two yield criteria to represent the behavior of a
reinforced concrete section under the combined action of bending, torsion and
shear, and the analysis was modified to include the effect of shear . They tested
seven straight and eight curved beams, and the results were compared with the
modified analysis. Seven straight beams were tested under different
combinations of bending, torsion and shear. In this test on curved beams, the
plastic hinge locations and consequently the modes of failure were recognized
from the crack patterns, the deformed shape of the beam and the measured
reinforcement strains. The workers observed the plastic hinges either torsion-
shear hinges, flexural hinges, or bending-torsion-shear hinges. Analysis of the
test results and comparison with the results predicated by the plastic theory
indicates the following conclusions:

1. The methods of plastic analysis can be applied to reinforced concrete
curved beams.

2. An analysis using the first criterion gives a good predication of the
ultimate load, mode of failure and the internal forces. Whereas an analysis
using the second criterion establishes a lower bound for the ultimate load
and the internal forces. The dimensionless equations for these two

surfaces are :

m*+t/(1vH=1 (2-1)
for the first yield criterion and
m*+t?/(1-v)’=1 . (2-2)

for the second yield criterion where :
m=M/M,, t=T/T,, v=VIV,; M, T, and V are the bending moment, torsion
and shear respectively; and My, T, and Vpare the corresponding plastic

capacities of the cross-section in pure bending, torsion, and shear.

9
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3. Two types of redistribution of internal forces occur in a curved beam, one
due to cracking and the other due to plastic hinge formation.

4. The effect of modes of failure is accurately predicted by the analysis.

Figure(2.2): Geometry of Test Specimens0

Hsu et al.?” in 1978 carried out experimental studies on reinforced
concrete horizontally curved beams. Seven reinforced concrete horizontally
curved beams have been tested. Each beam had a cross-section of (152.4
mm*304.8 mm), a radius of (2.74 m), and a subtending angle of (90). Each
beam was designed to be fixed at both ends and subjected to a concentrated load
at midspan. The main aim of that study was to investigate the torsional and
flexural moment redistribution after cracking and to suggest an appropriate
design method based on this post-cracking behavior. From this they concluded:

1. The conventional design of reinforced concrete horizontally curved

beams is to calculate the flexural moments, torsion moments and the

shear forces by an elastic analysis using uncracked section.

10
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2. Since moment redistribution occurred after cracking, design of curved
beams using cracked section is recommended, particularly near the
supports where torsional moment changes rapidly during the length.

3. Torsional moments in a horizontal curved beam are primary moment
required by equilibrium. They can not be reduced or neglected.

Abul Mansur and Vijaya Rangan® (1981) examined three different
methods for the design of reinforced concrete curved beams. Three fixed-ended
beams designed by these three methods were tested under a point load to study
the behavior, strength, and mode of collapse. The suitability of the design
methods is discussed from these viewpoints as well as from economy of
reinforcing steel. The design methods investigated are: (1) a collapse load
method proposed by Badawy et al.*? (2) the classical elastic methods based on
uncracked section, and (3) a limit design method proposed by Abul Mansur and
Vijaya Rangan. From this test, the following conclusions were drawn:

1. Redistribution of internal forces in a reinforced concrete beam occurs at
two stages: one after cracking, and the other after formation of some of
the plastic hinges.

2. The collapse load method proposed by Badawy et al. is satisfactory
within the scope of the tests, but it requires significantly more steel
(especially hoops) than the conventional elastic design and the limit
design method.

3. Both conventional elastic method and limit design method give
satisfactory designs for reinforced concrete curved beams.

4. For the specimens designed by the conventional elastic method and the
limit design method, the elastic analysis based on uncracked sections
gives a close estimate of the values of internal forces up to the service
load level. But near the ultimate load, the elastic analysis based on

cracked sections is more appropriate.

11
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Concerning steel beams curved in plane, both theoretical and experimental
studies have been carried out in the past to investigate the behavior of curved I-
or box-girder bridges. The Structural Stability Research Conuncil-Task Group
14 ("Horizontally curved" 1991) identified that research on the behavior of
curved beams in the inelastic range, including material and geometric
nonlinearities, is needed for both I-girder and box-girder bridges since most of
the experimental research in the past was restricted to specimens in the elastic

range.

Heins and Spates® (1970) carried out laboratory tests on a curved I-girder
subjected to a combination of concentrated loads and torsional moments. The
model constructed by them was embedded in concrete blocks to provide a fixed
support. However, the models were loaded in the elastic range. The girder tested

was 8.3 m long with 15.4 m horizontal radius.

Evans and Al-Rifaie® (1975) successfully employed both sand and
araldite and steel box girder models to establish the accuracy of the finite
element method in analyzing box girders curved in plan. Eighteen models of
different curvatures were tested: each under different loading conditions. To
study the elastic behavior of box girders curved in plan, specimens were selected
to cover a wide range of horizontal curvature, including the curvature with R/L

of 0.75 which was much greater than that normally encountered in practice.

Another series of experimental investigations to study the effect of
curvature on the ultimate load behavior of laterally unsupported curved I-beams
was reported by Fukumoto et al. ®® (1981). They tested six simply supported
curved I-beams of practical size under a concentrated load at the midspan.

Longitudinal residual stresses and initial out-of-straightness were measured for

12
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all curved beam specimens with curvature R/L ranging from 12.5 to 125. During
experiments the beams were restrained at their supports against twist, but not
against warping. Intermediate lateral restraint was not considered in the tests

reported so far.

2-3 Theoretical Studies

In 1932, Osterbloom “® in a paper published by the American Concrete
Institute, stated; "One may assume the simple case of complete fixity at the
supports and, also, a uniform loading, and, thereby, covers the major part of the
problem actually occurring in practice.". He developed an equation for the
bending moment at the center of a uniformly loaded circular beam, and
expressions for the bending and torsion at the supports. He developed a table for
the moment factors for the bending and torsion for circular beams of several
lengths. The value of stiffness ratio (K) used for rectangular sections was as
follows:

K = 0.65(1+‘;_2) ........................ (2-3)

where K _El and ,
GJ

d is depth of the section.
b is width of the section.
El is flexural rigidity.
GJ is torsional rigidity.

The above formula is based on the assumption that the ratio of the
modulus of elasticity (E) to the modulus of rigidity (G) is equal to (2.35), and
Sant Venant's approximate formula:

2
J= A
401P

13
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where:
IP is polar moment of inertia.
A is the area of the section.

J is the stiffness rigidity factor.

In 1937, a paper was published by Moorman “V for solving curved
beams loaded with concentrated loads, using a semi-graphical method. The
method is applicable to beams of any curvature, circular, parabolic, elliptic, ect.;

it gives accurate results only when the beam is symmetrically loaded.

The method of analysis presented by Baker “” in 1942 is probably the
most general method for analyzing circular beams fixed at the ends, loaded with

uniformly distributed loads and concentrated loads.

Voluntinei's® paper in 1950 was a contribution to the general approach
to the analysis of curved beams on several supports. He derived expressions for
stiffness factors and carry-over factors for beams subjected to torsion.
Voluntinei's major contribution was to extend the principle of moment

distribution to members resisting combined bending and torsion.

In 1962, Al-Hassaini® studied a reinforced concrete beams curved in
horizontal plane. An elastic theory was used in that study. The main aim of that
study was to reduce the amount of labor involved in the computations
accompanying the frames containing curved horizontal beams. This is
accomplished by offering a comprehensive derivation of the equations for
cantilever and fixed end beams, with concentrated and uniformly distributed

loads, and for various subtending angle. He derived in that study a general

14
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expression for the bending moment, torsion and shear at the fixed end and

midspan of the beam.

In 1977, Wang and Stephen®” investigated the effects of Winkler-
Pasternak foundations of natural frequencies of a single straight finite

Timoshenko beam with different restraints.

Panayotouakos and Theocaris“? in 1979 presented the problem of the
linear static analysis of a circular beam on an elastic foundation in the most
general case of response and loading. They developed a system of six coupled
linear differential equations of first order in which the influences of torsional

reaction of the soil and of the shearing deformation are taken into consideration.

Kassam® in 1986 studied the effect of foundation parameters and a
follower force applied at the cantilever free end, on natural frequencies and

vibration stability of a cantilever beam resting on viscoelastic foundation.

Ahmad and Jaafar® in (1992) studied the effects of Winkler-Pasternak
foundations on natural frequencies of finite curved beams. The governing
system of partial differential equations for transverse vibrations was first
presented with inextensible properties of the curved beam being assumed. He
obtained the general solutions of these equations and he derived the dynamic

stiffness matrix.

Considerable attention has been given to the linear elastic analysis of a
circular beam on an elastic foundation under static loading by many
investigators. The method of harmonic analysis is applied by Bechert “® and

Voltera ®** to obtain an approximate solution to the aforementioned problem.

15
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Also of interest are the investigations of Oravas“®? and Petersen® | both of
whom achieved close to the solutions of the differential equations describing the
equilibrium of the foregoing beam, but in special cases of loading. Moreover, in
Refs.(1324>42%) the influence of torsional reaction of the soil is taken into
account.

Shanmugam et al. ®® in (1995), studied a steel I-beams curved in plan.
He tested two sets of I-beams (one comprising rolled sections and the other
built-up sections) experimentally and theoretically by using the elastoplastic
finite element analysis; he discretized the curved beam into a mesh consisting
of triangular and quadrilateral shell elements. Figure (2-3) shows a typical finite
element mesh. Also he studied the effects of residual stresses and radius of
curvature to span-length ratio (R/L) on ultimate strength. From that study he
concluded that, with various values of horizontal radius of curvature, it is shown

the ultimate capacity decreases significantly with a decrease in the R/L ratio.

Figure (2-3): Typical Finite Element Mesh(3)

16
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Al-khafaji, 2002® presented a theoretical study for the nonlinear analysis
of plane steel structures with prismatic or non prismatic members and resting on
linear or nonlinear elastic foundation under static loads including the post-
buckling behavior. He used polynomial model and hyperbolic stress-strain
model to represent the normal reaction for soil as nonlinear elastic behavior of

foundation. He used the beam-column approach in analyzing.
In the present study, the theoretical basis for the reinforced concrete

horizontally curved beams resting on linear or nonlinear elastic foundations

under static loads, will be presented by using finite element method.
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CHAPTER THREE
FINITE ELEMENT FORMULATION

3.1 General:

Finite element analyses are performed to gain a better understanding of the
behavior and characteristics of reinforced concrete structures under a variety of
loading and boundary conditions. While simplified analyses that use either beam
elements or two-dimensional finite elements are quite useful, only three-
dimensional analyses can fully represent all the aspects of the response of
concrete structures®”.

Three-dimensional analyses of reinforced concrete structures require the
availability of three-dimensional concrete laws that can describe the main
features of the nonlinear concrete response under triaxial states of stress, such as
compression crushing, tensile cracking, increased strength and ductility under
large confining stresses, etc. All these phenomena are of primary importance for
the accurate description of the physical behavior of reinforced concrete
structures, such as reinforced concrete columns with different shear
reinforcement subjected to large lateral deformations.

In some special situations, only a three-dimensional analysis can provide
certain response information of interest to the designer that the other methods
cannot provide. The implementation of concrete laws in a finite element
environment adds to the complexity of the task, because of discretization errors
and because concrete is a highly discontinuous, non-homogeneous material,
while the finite element discretization tends to treat it as a continuous medium.
In particular, cracking is a discontinuous phenomenon that is typically treated
with two major approaches; discrete and smeared crack. The concept of the
discrete crack approach is well matched with the nature of the physical cracks;

however, the crack regions have to be predefined or remeshing is required. The
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smeared crack approach better fits the finite element philosophy, but it may lead

to overestimation of the shear strength of structural members®”.

In turn,
smeared cracks can be fixed or rotating. As for the steel reinforcement in
reinforced concrete structural members, it is modeled by either discrete bar
elements, it is embedded in solid finite elements, or it is smeared over the
volume of the finite element. According to Darwin®?, the different modeling
schemes for the steel reinforcement do not have a significant impact on the

results.

3.2 Finite Element Formulation

In structural analysis, the finite element method represents a general method of
analysis. In this method, the continuum of infinite degrees of freedom is
replaced by a mathematical model that is an assembly of subdivision of finite
number of degree of freedom called finite element. The finite element is
consisting of a finite number of joints called nodes. Those elements are
interconnected at the nodes. The external loading is also transformed into
equivalent forces applied at the nodes. The behavior of the assembly of these

elements is obtaining by relating their response to that of the nodes.

Referring to Fig. (3.1), the deformation of a solid body corresponding to
six stress components are six independent stresses components; these are the
three
normal strain components:

EX, &Y, EL
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Figure (3.1): Designation of Stress Components.[19]

And the three shearing strain components strain components are:
7XY . YYZ, yXZ

or in vector form:

e = {exeyezyxy yyzyxz } ... (3.1)
The relationship between linear strains and displacements can be expressed

as follows:
20
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The general stress-strain relationship is usually written in the form:

{c}=[D1{e}r (3.3)

The vector of stresses, {o}1is given by:

(o) ={oxoyozexyryzexz} (3.4)

and [D], is the elasticity matrix.

In the deriving of the basic equations of the finite elements technique a
work done by the internal forces during any kinematically admissible virtual
displacement displacement approach is used. It states that a deformable body is
in equilibrium if the total work done by all the external forces plus the total

internal work is zero leading to®:

oW it OW oyt
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Where:
éwint =[{0¢ }T {o}dv (work of the internal forces) ............... (3.6)
\'%
MWyt = {a}T .{FG } (work of the external forces) ............... (3.7)
Where:

@7 is an arbitrary vector of virtual displacement, and

iFG f is the global force vector.

Substitution of equation (3.3) into (3.6) yields:
SW. =[{oe}l [D]fe}dv.
mtoot T, (3.8)

by making use of (3.7) and (3.8), equation (3.5) may be expressed as:

jtoeyT Plejav.—@TFg =0} (3.9)
Vv

which is the general equilibrium equation for linear or nonlinear systems.
In the finite elements analysis, the general three dimensional body is
approximated as an assemblage of an arbitrary number of finite elements (n).

Consider a finite element (e) of the discrete model and let the displacement

vector at any point within the element (u® ), be interpolated as:

€=Na (3.10)
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where, N is a matrix containing the interpolation which relates the displacement

(u°) to the nodal displacement (a%). The corresponding strains (Ee) are obtained

by the differentiation of the displacements such that:

g = Au° (3.11)

................

where, A 1s a matrix which contains the differential operators.

Substitution of equation (3.10) into (3.11) yields:
e=Ba* (3.12)

where, B is the strain displacement matrix given by:

3.3 Finite Element Idealization:

The idealization by three-dimensional finite elements has been used in this
study. Concrete is simulated by hexahedral brick elements and the reinforcement
bars have been modeled as one-dimensional embedded elements built into the

three-dimensional concrete elements.

3.3.1 Concrete Idealization

In the finite element method, the construction of the stiffness matrix of the brick
element has been facilitated by three advances in the finite element technology:

natural coordinates, isoparametric definition and numerical integration.
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These advances revolutionized the finite element field in mid-1960’s,
mainly, when the 8-node linear and the 20-node quadratic brick elements were

used in representing the three dimensional solid bodies

The quadratic 20-node brick element shown in Fig. (3.2) is adopted to
represent concrete in the present study. This type of element is popular due to its
superior performance ®. A major advantage of the quadratic 20-node brick
element over the 8-node brick element, when studying complex cases, is that a
less number of elements can be used, as well as it may have curved sides and

therefore provides a better fit to curved sides of an actual structure®".

This element has been successfully used in three-dimensional nonlinear

- : 2,828
analysis of reinforced concrete members by many researchers'>*>®.
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(a): Linear 8-noded Element

(b): Quadratic 20-noded Element

Figure (3.2): Linear and Quadratic Isoparamatric Solid Element.[9]

3.3.2 Shape Functions:

The main concept here is to define the displacement field within its boundary in
terms of displacement values at the nodes. It is convenient to express the shape
functions in terms of the non-dimensional co-ordinate element (&,7,¢) which

varies from -1 to +1 over the element for standard local co-ordinate, Figure (3.3)
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Figure (3.3): Local Coordinates System.[9]

Displacement components at a particular point p(&,n,¢ ) are defined using

the nodal values at each of the twenty nodes and the quadratic shape functions
such that:

=]

u ¢.17,6) = iglNi (&.n,¢ i

lNi (E,n,C i e (3.14)

WO Ean 6y = S NIC En L wi

M= |

v( é,n,§)=i

where N; (&, 1, {) is the shape function at the i-th node and u;, v; and w; are the

corresponding nodal displacements. The shape functions of the quadratic 20-

node brick element are shown in Table (3.1)*
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Table (3.1): Shape Functions of the Quadratic 20-Node Brick Element [21]

Location NiE, 1,0

Corner

(I+ 8 &I+ m)(I+CC) G &t mmi+8E-2)/8

nodes

Mid-side

(1- &)+ n)A+( ) /4
nodes

Mid-side

(A-n*)(A+EEA+ LG )4

nodes

Mid-side

(1- &)A+E g+ n; )/4
nodes

In the isoparametric group of elements, the shape functions are also used
to define the geometry of the element. Therefore, the Cartesian co-ordinate

values of any point p(&,7n,£) within the element may be defined as:

20 . . )
x(&,1m,6)= iglNl (Em,O)xi
20 .
y(f,n,§)=_21Nl(§,f7,§)yi S (3.15)
1=
20 _
Z(f,n,§)=_ZlNl(§,f7,§)ZI j
1=

where X; , y; and z; are the global coordinates of the node 1.

3.3.3 Stress and Strain Fields

Since the geometrical nonlinearities are not considered in the present work,
displacement gradients remain small throughout the loading process and hence
the engineering components of strain can be expressed in terms of the first
partial derivatives of the displacement components. Therefore, the linearized

strain-displacement relationships may be written as follows™:

27



&}

Vzx

EEEEEREEEEE
+

o))
>

Chapter Three
et -

@ 0 0
Ox .
0 @ 0
ay .
0 0 @ u.
0z 1
@ @ 0 Vi ...(3.16)
oy 0x w.
) ONi N
0z Oy
o) oz |
~ ~ ~
[B] {a}°

Since the shape functions N; are functions of the local coordinates rather

than Cartesian coordinates, a relationship needs to be established between the

derivatives in the two coordinates systems. By using the chain rule, the partial

differential relation can be expressed in matrix form as

ONi |

0§
ONi

on
ONi

oG

ox 0y 0z | [ oNi |
0¢ 0¢ 0¢ 0x
ox 0y 0z ONI1
on  dn dn oy
ox 0y 0z ONI1
' 0C o0C o0C | L oz |

[J]

@)

e (3.17)

where [J] is the Jacobian matrix and the elements of this matrix can be

obtained by differentiation of equation (3.15).

The Jacobian matrix can be expressed as™ :
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. ONi ONi
Z(%xi Zaa:yi

o Ni o Ni
J1 = . .
[J] Zanxl Zanyl

o Ni o Ni
R B Y

2
2
2

O Ni
0¢
O Ni
on
O Ni

¢

Z .
1

Z .

1

i

.. (3.18)

Then, the derivatives of the shape function with respect to Cartesian

coordinates can be obtain as

()

.

(N [ N
& o0&
ON1 N1
NI _pl | N
oy on
Ni Ni
| &z | o |

where [J]" is the inverse of Jacobian matrix given by:

(0 an 8¢ |
0 X 0 X 0 X
! - d¢ O0n 0¢
oy oy oy
og dn  0¢
| 0z oz 0z |

As [J1.[07"'= [I7". [J]1=[1] (unit matrix)

The vector of stresses is given by:

29
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....(321)
{o}=

and the stress-strain relationship is represented as:

{G}:[D].{g} ....(3.22)

where [D] is the elasticity matrix.

3.3.4 Evaluation of Element Stiffness Matrix:

In order to establish the governing equations of static equilibrium, which will
lead to the derivation of the stiffness matrix, the principle of virtual
displacements for a deformable body is used. It is simply to state that a
deformable body is in equilibrium if the total work done by all the external
forces plus the total work done by all the internal forces during any

(28)

kinematically admissible virtual displacement is zero = or in other words, strain

energy is equal to loss of potential work by external forces:

5Wint - 0W ¢ =0

... (3.23)

The external work can be expressed as the work done in moving the body

forces b and surface traction t; through the virtual displacement {oU }, as:
Woye = [{0u) o} dv + [{oU)T ftg lds (3.24)
ext = | é S ... (3.

where v is the volume of the body and s is that part of the surface of the body

where external tractions are prescribed.
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The change in the strain energy. or internal work, due to a set of virtual

strains, { O¢ } , corresponding to the virtual displacement{dU } is:

SW. :j{ég}T (oldy .. (3.25)
nt
v
by substituting equations (3.22) into equation (3.25) then
T
SWine = J10e}" [D Je jav oo (3.26)

by substituting equations (3.24) and (3.26) into equation (3.23), then:

V5{55}T [Dleldv- | ou)l b)dv- é{@u}T ftlds=0 o (3.27)

This expression represents the equation of static equilibrium for a general

body.

The basic concept of finite element analysis is to discretize the continuum
into arbitrary numbers of small elements connected together at their common
nodes. For a finite element, e, of the discrete model, the displacement vector at
any point is:

U}=[N] a}® ....(3.28)
where [N] is a matrix containing the interpolation functions which relate the

displacement {U}°, to the nodal displacements {a}°.

By differentiation of the displacements, the corresponding strains, {&}°,

are obtained such that:
{e}*=[A]{U}" ....(3.29)

where [A] is the matrix, which contains the differential operators. Substituting

of equation (3.28) into equation (3.29) yields:
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{e} *=[A]IN] {a}® ....(3.30)
or
{e}*=[B]{a}® ...(3.31)

where [B] is the strain displacement matrix, which represents the values of the
strain at any point within the element, due to unit values of nodal displacements.
In the discrete model, the equations of equilibrium of the continuum may be
written as the sum of integration over the volume and surface area for all the
finite elements. Therefore, by making use of equations (3.28) and (3.31),

equation (3.27) becomes:

o 1> B1T DBl dve {a}€ -3 [N R}€ dve -3 j[N]T{TS }e ds® L =10} .....(3.32)
nv nv ns

Since the relationship must be valid for any set of virtual displacements,
and since a{a,}" is arbitrary or 8{a,}' not equal 0, then equation (3.32) is written

in brief from one element € as:

{f}° = [k[° {a}® ..(3.33)

where [k] is the structural stiffness matrix of the assemblage of the elements and

given by:

[k]=3 II° (334)

and {a} is the corresponding element assemblage nodal displacement vector,

and {f} is the element assemblage of external nodal force vector given by:

{f)= 3 (INT fpje dvery [INTT{Tg e ds® ....(3.35)
Ve €
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For an element of volume v, the stiffness matrix is presented implicitly in

equation (3.34) as:

[K1® = [[B]! [D].[B]dv® ....(3.36)
vE

For three-dimension elements, the differential volume dv® may be written

as:

dv® = dxdydz ....(3.37)
Equation (3.37) can be transformed into the natural coordinates as:

dv® =|J|d&dndg ....(3.38)

where |J| is the determinant of the Jacobian matrix. The limits of integration in

the natural coordinates become —1 an +1 and the element stiffness matrix can
therefore be written as:

e +1+1+1 T
[K]* = jl jl jl[B] [D][B]|J|d§dnd§ ....(3.39)

In general it is not possible to evaluate the element stiffness matrix

explicitly. Thus, numerical integration has to be used.

3.3.5 Reinforcement Idealization

In developing a finite element model for reinforced concrete members, at least
three alternative representations of reinforcement have been used:

a) Smeared Representation

For a smeared representation, Fig. (3.4a), reinforcement bars are assumed to be
distributed through over the concrete element in any specified direction. A
composite concrete-reinforcement constitutive relation is used in this case""”. To
derive such relation, perfect bond between the concrete and the steel bars must

be assumed.
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b) Discrete Representation

A discrete representation by using one-dimensional elements to idealize the
reinforcement has been widely used, Fig. (3.4b). Axial force members, or bar
links, may be implemented and assumed to be pin connected with two — degrees
of freedom at each nodal points. Beam elements may also be used, and assumed
to resist axial force, shear, and bending, with three degrees of freedom assigned
at each node. In either cases, the one-dimensional reinforcement elements are
easily superimposed on the multi-dimensional finite element mesh representing
the concrete. A significant advantage of the discrete representation in addition to
its simplicity is that it can account for possible displacement of the

reinforcement with respect to the surrounding concrete*"'”).

c) Embedded Representation

The embedded representation, Fig. (3.3c), may be used in connection with
higher order isoparametric concrete elements. The reinforcing bar is considered
to be an axial member built into the isoparametric concrete element such that its
displacements are consistent with those of the element. Perfect bond between the
steel and the concrete has been assumed in this case. A major advantage of this
approach is that the steel bars can be placed in their correct positions without
imposing any restrictions on mesh choice and hence the finite element analysis
can be carried out with a smaller number of brick elements compared to the
discrete representation of reinforcement. Therefore, the embedded

representation is adopted in the present work®.
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Axial Flexural

b. Discrete representation

c. Embedded representation

Figure (3.4): Alternative Representations of Steel Reinforcement.[9]

For particular types of problems, a combination of representations may be
used. As an example, discrete beam elements may be used for the main
reinforcement in beams while axial bar elements are used for stirrups®™. Or a
smeared model can be used for the steel throughout the surface of the curved
shell and discrete bar or beam elements for special reinforcement along the
edge™. For a bar lying inside a hexahedral brick element and parallel to the local

coordinate axis &, with n = and ¢ = ¢, the displacement representations are®®:
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ungi(f)ui ™
v=iZ:1:Ni(§)vi . ...(3.40)
W=IZ:1:Ni(§)Wi

_/

The strain-displacement relationship can be expressed in the local
(®)

.

coordinate system as

[ON.
1
Coal 12 SN ||
= — N ....(3.41
€ iglhz 02 04 c5 3y Vi ( )
%3 %5 %6 ) N[ Vi)
0z

where:
C, =(x/08)?,C, = (Ox/0E)(@y/ 08),C3 = (% 0£)(P210¢)
C, =(0y/06).C, = (y/08)(02/08),C = (02/0&)?

and

2 2 2
h=yc? +c2 2 .(3.42)

Eq. (3.41) is expressed in a compact form as®

{e'}=[B']{a}* ....(3.43)
where [B'] is the strain-displacement matrix of the bar element. Then the
stiffness matrix of an axially loaded bar element may be expressed as®:

[K']*=[B']" [D'] [B']dV® ....(3.44)

36



Chapter Three
et -

The constitutive matrix [D’] represents the modulus of elasticity of the
steel bar for the case of one-dimensional bar element lying in the direction
parallel to the natural coordinate line&, and the volume differential dv® can be
written as'®:

dv'=As.dx'=As.h.d§ ....(3.45)
where As is the cross-sectional area of the bar. By substitution of Eq. (3.45) into

Eq.(3.44), the stiffness matrix of the embedded bar can be expressed as*":

[K']ezAs]'l [B]" [D’] [B'].h.d& ....(3.46)

3.3.6 SOIL-Structure Interaction Analysis

Evaluating the response of soil media to the applied external loads can be made
from knowledge of the complete stress strain characteristics of soil. The stress-
strain relations are the mathematical distribution of the mechanical properties of
the soil (the soil constitutive equation) “?. A complete stress-strain relationship
for the soil will furnish, at the least in the theory, the stresses and strains in a soil
media at any particular time under any given load conditions. It seems unlikely
that generalized stress-strain relations can be developed to fulfill the
requirements of every type of soil behavior, especially in relation to the analysis
of the interaction between the soil and the foundation. There are many empirical,
semi empirical, graphical, and theoretical approaches depending on many
unrealistic assumptions for the soil behavior, while other approaches depend
mainly on representation of practical problems by oversimplified model from

which the required solutions may be obtained.

There are several parameters that go in the definition of soil structure

interaction. Some of these parameters are the importance only in special
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problems, while other basic parameters are important in all soil structure

interaction problems. These basic parameters are 2

1- The stiffness of both soil and structure.
2-The nonlinear stress behavior and dependency of the modulus of elasticity
and Poisson’s ratio of both soil and structure.
3-The nonlinear behavior of soil-structure interface, and
4-Time.

In this section, a brief exposition of some idealized models is
presented and employed in the governing equations for reinforced concrete

curved beams on elastic foundations.

3.3.7 Elastic Foundation Properties

The constant of proportionality between the applied normal or shear stress at
a point on the surface of soil and the corresponding surface displacement is
the modulus of subgrade reaction for soil mass, or soil configuration at that
point. The modulus of subgrade reaction gives the relationship between the
soil pressure and the resulting deflection®.

The subgrade reaction model of soil behavior was originally proposed
by Winkler in (1867), characterizing the soil as a series of unconnected
linearly elastic springs. The deflection at any point (or any spring) occurs
only where loading exists at that point. The obvious disadvantage of this soil
model is the lack of continuity. Real soil is at least to some extent
continuous. A further disadvantage is that the spring modulus of the model
(modulus of subgrade reaction) is dependent on the size of foundation. In
spite of these drawbacks, the subgrade reaction approach has been widely
employed in foundation practice because it provides a relatively simple

means of analysis and enables factors, such as nonlinear, variation of soil

stiffness with depth and layering of the soil profile to be taken into account.
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In order to characterize the behavior of a soil mass as being equivalent to a

Winkler medium, the following conditions should be satisfied®:

1.The surface displacement at each point of the soil medium should be
proportional to the applied normal stress. Plate bearing tests give
approximate linearity especially when the loads are small.

2.The surface displacement of the soil medium outside the loaded region
should be zero irrespective of the location or magnitude of the applied load.
Real soil (and other solid granular materials) do not fulfill this condition. The
error is usually small in most computations.

Soil configuration can be presented by using two kinds of subgrade
reaction moduli along the foundation length, the normal and tangential. The
normal subgrade reaction modulus (K,) is defined as the load required to act
normally on a unit area of the elastic foundation to produce a unit of normal
displacement. The tangential subgrade reaction modulus (K) is defined as the
load required to act tangentially on a unit area of elastic foundation to

produce a unit of horizontal displacement®.

3.3.8 Elastic Models of Soil Behavior

The theory of elasticity was used by several investigators to solve soil-

GD The soil is treated as a semi-infinite

structure interaction problems
homogenous, isotropic and elastic material possessing full continuity and
characterized by a Young's modulus (E) and Poisson's ratio (V).

Results obtained by this approach are not completely correct except for
special cases, because of the fact that the soil is neither linear nor

homogenous in general. More acceptable results are obtained by considering

an inelastic behavior of soils (nonlinearity, nonhomogeneity and anisotropy).
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3.3.8.1 Compression Resistance Models

A compressional resistance is the transverse reaction of the medium to the
overlying foundation. The following models are presented®:

3.3.8.1.1 Winkler Model

This model assumes that the base is consisting of closely spaced, independent
linear spring. Consequently, the contact pressure at any point on the soil-
structure contact is proportional to the deflection at that point and is
independent of deflection at other points (Fig.(3.5)). This model is a one-
parameter model. The pressure beneath the foundation is given by:

px.y)=kwxy) (3.47)

where k, is termed the modulus of subgrade reaction with units of stress per

unit deflection.

y

r)/"“ K,
P(x,y)=K, w(xy) % %

A
S

Figure (3.5): Surface Displacements of Winkler Model to a Non-uniform Load.[6]
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3.38.2 Two-Parameter Elastic Model

Winkler one-parameter model neglects any transverse shearing stress between
adjacent points in soil, and accounts for nonlinearity or inelasticity of soil. In an
attempt to find a physical close and mathematically simple representation for
soil-structure interaction model, many models of two parameters are developed.
The term "two-parameter" signifies the fact that the model is defined by two
independent elastic constants. The development of these two-parameter soil
models has been approached along two distinct lines. The first proceeds from
the discontinuous Winkler model and eliminates its discontinuous behavior by
providing interaction between individual spring elements. Such physical model
of soil behavior have been proposed by Filonenko-Borodich (1940), Heteny
(1946), Pasternak (1954) and others where interaction between the spring
elements is provided by either elastic membranes, elastic beams or elastic layers
capable of purely shearing deformation. The second approach starts from the
elastic continuum model and introduces constraints or simplifying assumptions
with respect to the distribution of displacements and stresses. The soil models
proposed by Reissner (1958) and Vlasov and Leontiev (1966) take into

consideration such simplifications®®.

(a) Filonenko-Borodich Model
This model acquires continuity between the spring elements by connecting the
ends of the springs by a stretched elastic membrane subjected to constant tension
T as in Fig.(3.6). The contact normal pressure is given by'®:
P(xy) =k wxy)-TVw(x,y) (3.48)

where TV’w is part of pressure by the assumed membrane. The two

elastic constants necessary to characterize the soil model are k, and T .
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q(x,y) membrane in tension
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Figure (3.6): Surface Displacement of Filonenko-Borodich Model. [6]

b) Pasternak Model

The Pasternak two-parameter model assume that there is shear interaction
between the spring elements. This shear interaction may be accomplished by
connecting the ends of springs to an incompressible layer which deforms in
transverse shear only (Fig.(3.7)). The contact normal pressure is given by'®
P(X,Y)=K,w(x,y)-G.V*W(x,y) . (3.49)

where G, is the shear modulus for the shear layer and G,V’w is the pressure

taken by the shear in the layer.
It can be seen that equation (3.49) is identical to equation (3.48) if T is
replaced by G, . Thus, the surface deflection profiles by this model will be

similar to those by Filonenko-Borodich model.”’
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Figure (3.7): Pasternak Model. [6]

c)Heteny Model

The interaction between the independent spring elements is accomplished by
connecting the springs by an elastic thin plate. The response function of this
model is given by'®:

P(x,y)=K,w(x,y)-D,V*w(x,y) (3.50)

where D, represents the flexural rigidity of the foundation plate that connects

the springs and D, V*w is the pressure taken by the assumed plate®.
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d) The Elastic Continuum Model

Soil media have been idealized as three dimensional continuous elastic solids or
elastic continua. The initial impetus for the continuum representation of soil
media stems from the work of Boussinesq (1885), who analyzed the problem of
a semi-infinite homogenous isotropic linear elastic solid subjected to a
concentrated load. After this, many solutions are formed for various types of
loads. Some of these solutions take into consideration nonlinearity,
nonhomogeneity, inelasticity and anisotropy of soils. The considered soil
parameters are moduli of elasticity and Poisson's ratios. Reissner (1958) ,
Vlasov and Leonetiev (1966) models are examples for two-parameter elastic
continuum models. A detailed exposition for such models is presented in

[Ref. 36].

3.3.8.2 Frictional Resistance Models
The application of loads on plate resting on elastic foundations produces
deformations (movements) in the contact face of the plates; these movement
cause shearing or friction force dependent on the soil, the plate, and the applied
loads.

There are several assumptions for the interface condition between a
foundation and underlying soil medium. These range from completely smooth to
completely adhering interfaces with either Winkler, Coulomb friction or finite

(constant value) friction.
3.3.8.2.1 Winkler Model

According to the definition of compressional Winker model in

section(3.3.8.1.1), the frictional resistance could be modeled on the same
(6)

manner.
F.(x,y)=K,u(xy) ... (3.51)
FY(X’ y): Ky'V(X= y) (352)
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where F and F, are the friction force per unit area in x and y-direction,
K.and K are the modulus of subgrade reaction in x and y-direction

respectively, with a unit of stress per unit of displacement, and ug-1) OF Vi=n2)

is the horizontal displacement in x or y-direction (Fig.(3.8)).

Figure (3.8): Winkler Friction Model. [5]

3.3.8.2.2 Coulomb Model

Coulomb friction (or sliding friction between two surfaces in contact) is
independent on the value of horizontal displacement (or sliding) but it is directly
proportional to the normal reaction. Accordingly, the friction forces Fy or Fy
could be related to transverse displacement w as follows®:

F, =K, w.tan(5,) ...(3.53)
F, = K, w.tan(5, ) ...(3.54)
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where K,.w is the normal reaction of Winkler model, and o or 8, is the

angle of friction between the soil and the foundation in x or y-direction

respectively (Fig.(3.9)).

Figure (3.9): Coulomb Friction Model .[6]

3.3.8.2.3 Constant Frictional Model
When plates are resting on cohesive soils (¢=0), the soil will adhere to the

bottom faces and the friction will be constant and equal to the cohesion of the

soil. Thus,
F=Cteb (3.55)
F=Ce (3.56)

where C, or C, is the cohesion of soil in x and y-direction respectively

and {£} is local coordinate. This type of friction is not considered in the

application of this study.
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3.3.9 NonLinear Behavior of Soil

Before the development of electronic computers, it was not feasible to perform
analysis of loads in soil masses for other than the assumed linear elastic soil

behavior.

Now, due to the availability of high-speed computer and powerful
numerical analytical techniques, it is possible to approximate nonlinear, elastic
soil behavior in analysis. In order to perform non- linear analysis of soil,
however, it 1s necessary to be able to describe the load-deflection behavior of the
soil in quantitative terms and to develop techniques for incorporating this

behavior in the analysis.

3.3.9.1Soil Characterization

The stress-strain of any type of soil depends on a number of different factors
including density, water content, structure, drainage condition, strain conditions
(i.e. plane strain, triaxial), duration of loading, stress history and confining

pressure (39).

In many cases it may be possible to take account of these factors by
selecting soil specimens and testing condition which simulates the
corresponding field conditions. When this can be done accurately, it would be
expected that the strains resulting from given stress changes in laboratory would
be representative for the same stress changes. Among many theories established
for studying different materials properties, the following theories are widely
used in studying soil characteristics especially stress-strain relation under
different stress changes:

1.Classical linear elastic theory.

2.Plasticity theory.
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3.Elasto-plastic theory.

4.Visco-elastic theory.
5.Nonlinear elasticity theory.

It is commonly found that the soil behavior over a wide range of stress
1s non-linear, inelastic, and dependent upon the magnitude of the confining

pressures employed in the tests.

3.3.9.2 Modeling of Stress-Strain Curve of Soils

The stress-strain curve for all soils is non-linear except in a very narrow region
near the origin''®. In this section, two models can be used to model the stress-

strain response of soils: -
1-Hyperbolic stress-strain model.

2-Polynomial model.

3.3.9.2.1 Hyperbolic Stress-Strain Model

In this model, the stress -strain curve could be represented by a hyperbolic

curve. Kondener ©" proposed a hyperbolic equation of the form:

.. (3.57)

where:
; oand o, are the major principal stresses.

€ 1s the axial strain, and

() and (b) are constants whose values may be determined experimentally.
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The ultimate value of the principal stresses difference(c; — ;). can be

obtained by taking the limit of Eq. (3.57) as () becomes very large, or

) 1
((51 — Gy )ult. = hm(Gl - 63)= E .. (3.58)

€—>0

Differentiating Eq. (3.58) with respect to the strain and evaluating the

derivative at (€) equal to zero yields:

(Mj 1 ...(3.59)

de a

Thus, both of these constants a and b have a visualized physical meaning,
referring to Fig. (3.10), (a) is the reciprocal of the initial tangent modulus, Ei
,and (b) are the reciprocal of the asymptotic value of stress difference which the

stress-strain curve approaches at infinite strain (o, —o,),,

Asymptote = (0, =03 )y, = -

5]
(5]
=
W
S
=
a8
7]
W
[72]
wn
<]
S
N
n

Axial strain, €

Figure (3.10): Proposed Hyperbolic Stress-Strain Curve of Soil .[31]

49



Chapter Three
et -

In order to develop a realistic model in soil mechanics, such a model must

use a combination of:

1.Observations of the material behavior, and
2.Laboratory experiments that will measure the physical parameters needed

to transfer the model into usable mathematical equations.

Since the behavior of the soil under compressive loading is nonlinear as
verified by the results of plate-load test and considering the load-settlement
curve a plate-load test in the field, the plate element resting on soil response can
approximately be modeled using the two-constant hyperbolic stress-strain

equation which now takes the following form:

P= 0
a+bd

...(3.60)

Eq.(3.60) was used firstly by AL-Rubai'”, to represent the nonlinear

behavior of the soil.

Fig. (3.11a) shows the hyperbolic load-settlement curve of plate-load test.

Differentiating Eq. (3.60) with respect to the settlement ( ) yields:

a
K, ARy .. (3.61)

where:

P : is the lateral load on beam-column element which is concentrated at the

node.

¢ : is the lateral displacement of the node .

K : is the normal subgrade reaction of soil.

(a) and (b) are the physical parameters required for the hyperbolic equation

which can be obtained from the load-settlement curve of the plate-load test.
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The value of the coefficients (a) and (b) may be determined most readily

if the load-settlement data are plotted on transformed axes as shown in Fig.
(3.11b) when Eq. (3.60) is written in the following form:

0 a+bs ...(3.62)
p

where, (a) and (b) are the intercept and the slope of the resulting straight

line shown in Fig.(3.11 b), respectively.

1
Asymptote =—
b

(S)Settlement

(a)

Settlement / load, (&/p)

(S)Settlement

(b)

Figure (3.11): (a) Hyperbolic Load -Settlement Curve.
(b) Transformed Hyperbolic Load-Settlement Curve.[5]
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3.3.9.2.2 Polynomial Model
In this model, the non linear behavior of the soil can be represented by a

polynomial Equation which takes the following form:

P=a,+ad+a,0" +a,0 +a,0" +....... ... (3.63)

where

a,,a,,a,,a; and a, are the coefficients required for the polynomial Equation.
The values of the coefficients a,,a,,a;..... may be determined by

making curve fitting for the experimental load-settlement data.

Differentiating Eq. (3.63) with respect to settlement (5) yields:

K =a, +2a,0+3a,0°+4a,0" +....... ...(3.64)
n 1 2 3 4

where:
0 : is the lateral displacement of the node.

K, : is the normal subgrade reaction of soil.

3.3.10 Elastic Foundation Models Adopted in This Work:

In this study, the elastic foundation is represented by linear elastic models and
nonlinear elastic models. In linear elastic models the Winkler model is used for
representing the compressional and frictional resistances of elastic foundation.
In the nonlinear elastic model, the polynomail, Kondener models are used for
representing compressional resistance and the Winkler model was used for

representing the frictional resistance. Therefore, the stiffness matrix is:
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MRJ o0 0o o o o o o0 o0 0]
o R] 0 o o o o0 0 o0 0
o o [R] O 0 0 0 0 o0 0
o o o [R] O 0 0 0 o0 0
o 0 0 0 [R] O 0 0 o0 0 .....(3.65)
Klj=fo o o o o [R] O 0 o0 0
o 0o o o o o [R] O o0 0
0o 0 o o0 o0 o o0 [R] O 0
0O 0 0 0 0 0 0 0 0 0
0 0 0 0 0 6 o 0 0 o0 0]
where:
K, 0 0
[RW]: 0 K, 0 ....(3.66)
0 0 K

The stiffness of foundation distributed on the node of element is like the

distribution of pressure load on the bottom surface of the element ( {=-1), thus at

node k

+1+1

Koy =[] ke NE =D m.¢)ldédn ....(3.67)
Kiy =[] &, N&n-DJ3n.0)ldédn ....(3.68)
K,, = j j K, .N(&n,-D]I(&n,0)dédy ....(3.69)

-1-1
where ki, ky and k, are the subgrade coefficients in the local coordinate x,y, and

z, N¥(&,n) is the shape function at node k and ‘J (&n.¢ )‘ is the determinate of

Jacobian matrix.

The total stiffness of curved beam on elastic foundation will be:
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(Kl = [K] +[K], ....(3.70)

3.4 Numerical Integration
The element stiffness matrix in equation (3.39)can not be solved analytically.
An alternative technique of numerical integration is required.

There are a number of techniques available for numerically evaluation of
integrals. Usually the Gauss-Legendre quadrature numerical integration
technique is ysed to perform the integration required to set up the stiffness
matrix.

For three-dimensional situation, the enquired integral of equation (3.39)

can be expressed as":

+1+1+1
I= Il Il IlF(fan,é)didndé -(3.71)

which may be rewritten numerically as:

ni j nk
I=> > > W1.W].WkF(§i,77j,§k) ....(3.72)

i=1 j=1k=1
where ni, nj, nk are the number of Gaussian points in the é:i 7j N K direction
respectively. The function F (&;,7,,4,) represents the matrix multiplication

([B]".[D].[B].det [J] )at sampling points S 7 S

In a similar manner, the integral of the stiffness matrix of the embedded

reinforcement can be written as:

I= _liil WiF(&,) ....(3.73)
1=
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It is necessary to choose a suitable integration rule that is both accurate
the computationally efficient since a large amount of computational time is
required for three-dimensional finite element problems when compared with
two-dimensional problems. Several types of integration rules can be used such
as the eight (2 X 2 X 2), and the twenty-seven (3 X 3 X 3), Gaussian rules are
used to integrate the stiffness matrix of eight-node linear and twenty-node
quadratic brick element respectively. Also, there is the fifteen-node Gauss type
integration rule that evaluates the integration for the twenty-node quadratic brick

element [Irons (1971)].

The integration rules, which exist in this program, are the 27 (3 X 3 X 3)
Gauss quadrature, 15A, 15B and 14 points type integration rule. The weights
and abscissa of the sampling points are listed in Appendix (A) .The relative
distribution of the Gaussion points over the element is given in Fig. (3.12).
In the present study, 15 Gauss points are used for the numerical integration,
because the reduced integration rules were found to be accurate and

computationally efficient than other types of integration rules."'®”
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(a) 15 Point Rule (b) 8 Point Rule

(c) 27 Point Rule

Figure (3.12): Distribution of Sampling Points over the Elementin 8,15
and 27- Gaussian Point Integration Rules.[9]
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3.5 Nonlinear Solution Technique

The load-deformation response of concrete exhibits a nonlinear behavior.
This behavior may be attributed to material nonlinearity, geometric nonlinearity,
or combination of the two categories. While no structure is free from material
nonlinearity, the geometrical nonlinearity is related to the large deformations. In
many finite element applications to reinforced concrete members, the
geometrical nonlinearity is neglected as a result of the early onset of the material
nonlinearities.

The material nonlinear behavior, including sudden changes in the element
due to cracking and crushing of concrete and yielding of reinforcement,
represents the main source of nonlinearity.

For the solution of a nonlinear structural problem, the state of equilibrium of
the structural system corresponding to the applied load must be satisfied. In

finite element terms these equilibrium equations can be written as:

P@y-{ft=0 L (3.74)

where:

{a} is the vector of nodal displacement.
f} is the vector of externally applied nodal loads.

{
{P(a)} is the internal nodal loads vector given by:
{P(

P@}=[Bl lo}av (3.75)

The equilibrium equation will not be exactly satisfied and a system of

residual forces {r(a)} will exist such that:

r(@)y={P(@)-{Fj = {0} e (3.76)
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The solution of nonlinear problems by a finite element method usually

attempted by one of the three basic solution techniques:

a. Incremental or stepwise procedures.

b. Iterative or Newton methods.

c. Step-iterative or mixed procedure.
3.5.1Incremental Procedure
The basic of the incremental or stepwise procedure is the subdivision of the load
into many small partial load or increments. Usually these load increments are of
equal magnitude, but in general they need not to be equal. The load is applied
one increment at a time, and during the application of each increment the
equations are assumed to be linear, as shown in Figure (3.13).

Essentially, the incremental procedure approximates the nonlinear problem
as a series of linear problems, that is the nonlinearity is treated as piecewise
linear. Because the purely incremental techniques do not account for the
redistribution of forces during the application of loading increments, they suffer
from a progressive and uncorrected tendency to drift from the true equilibrium

path.

Computed response

A 4 »
»

Deformation

Figure (3.13): Linear Incremental Method.[9]
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3.5.2 Iterative Procedure

The iterative procedure is a sequence of calculations in which the body or
structure is fully loaded in a single increment. Essentially, the iterative
procedure consists of successive correction to the solution until equilibrium
under the total is satisfied, as shown in Figure (3.14).

This type of technique is not suitable for tracing the entire nonlinear
equilibrium path because it fails to produce information about the intermediate
stage of loading.

There are several types of iteration procedures, some of them are:

e (Conventional Newton-Raphson method.
e Modified Newton-Raphson method.

e Combined (conventional and modified) Newton-Raphson method.

»
»

Deformation

Figure (3.14): Conventional Newton-Raphson Method.[9]
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3.5.3 Mixed Procedure

In this type of technique, Fig. (3.15), the load is applied as a series of
increments, and at each increment, iterative solution is carried out to find the
truest response of the structure. The conventional, modified and combined
Newton-Raphson methods may also be used in the iteration process within each

step. These methods are briefly discussed in the following sections.

1
fivs” T ri+11T

»
»

Deformation

Figure (3.15): Incremental-lterative Technique.[9]

3.5.3.1 Conventional Newton - Raphson Method

The conventional Newton-Raphson method, Fig. (3.16), is one of the earliest
known methods used in solving nonlinear problems. For simplicity, a single
degree of freedom system is considered with a load level {P},, with the
assumption that the corresponding deformed configuration of the system which
may be denoted symbolically by {a}o is known. Then, to determine a new

configuration, {a},, corresponding to a load level {p}; where:

{P}l = {P}o + {AP}1 ...(5.1)
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Deformation

Figure (3.16): Conventional Newton-Raphson Method .[9]

Where {5P}, is the additional applied load is obtained by using a linearized

analysis, where the change in configuration {6a}, is first computed from:

{5 P}l = [k]o {5 a}l ...(5.2)

In which the tangent stiffness matrix [K]o is evaluated at the beginning of
the load interval, i.e. the load level {P}o. The term {a}; = {a}o + {sa}
represents an approximate configuration which is then corrected by updating
new tangent stiffness matrix from the approximate configuration {a};. The

internal forces {f }1 corresponding to this configuration can be determined as:

{f}l = [k]l {a}l ...(5.3)

Generally for any level of iteration (j):

{a}j = {a}j-l + ;{&}m ...(5.4)
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where:

{a} ; 1s the vector of displacement after the iteration. Then, the out of balance

force vector {r} ; can be obtained from:

{r}j = {P}f - {f}j ...(5.5)

The unbalanced joint forces are then treated as load increments and the

correction vector {da},,, is then obtained from the incremental relationship:

j+1

[k]j {5a}j+1 = {r}j ...(5.6)

A new approximate configuration is then computed by making use of Eq.
(5.6). The process continues until the latest correction vector is sufficiently
small.

The conventional Newton-Raphson method requires that the tangent
stiffness matrix is to be updated and a new system of equations is solved for
each iteration. This is expensive if the problem to be solved is too large.

Accordingly various modifications have been proposed.

3.5.3.2 Modified Newton -Raphson Method

In this method, Figure (3.17), the stiffness matrix is updated only once for each
increment of loading. As compared with the conventional Newton-Raphson
method, the modified Newton-Raphson method is more economical. However,
this method requires more steps for convergence, but each step is done quickly
by avoiding time consuming repetitions of forming the tangent stiffness matrix.

This method is used in the present study.
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Figure (3.17): Modified Newton-Raphson Method.[9]

3.5.3.3 Combined Newton - Raphson Method

This method, Fig. (3.18), is a modification of the conventional Newton-
Raphson method. It involves updating the stiffness matrix after remaining
constant for a certain number of iterations. The stiffness matrix can be
recalculated at:

The beginning of first iteration of each increment.

+ Beginning of second iteration.

& First, eleventh, twenty first, ... stiffness matrices over each load
increment.

+ Second, twelfth, twenty second, ... stiffness matrices over each load
increment.

The disadvantage of this method is represented in the fact that the

convergence is slower than that of the conventional Newton-Raphson method
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and requires a great number of iterations to achieve the solution within each load

increment.

Deformation

Figure (3.18): Combined Newton-Raphson Method.[9]

3.6 Convergence Criterion

A termination criterion for the iterative process should be used to stop iteration
when a sufficient accuracy is achieved, i.e, when no further iterations are
necessary. The different useful criteria are the displacement, the force and the
work done criteria. Only the force criterion is adopted in the present study. This

criterion depends on comparing the internal force vector {f} and the applied
load vector {P}. In other words, seeking a vector called “unbalanced force

vector” to be small within a prescribed tolerance. The convergence is assumed

to occur when the inequality:

64



Chapter Three

1s satisfied.

3.7 Analysis Termination Criterion

The nonlinear finite element analysis must be provided with a criterion to detect
failure of the solution. In the physical test under load control, the collapse of a
structure takes place when no further loading can be sustained. This is usually
indicated in the numerical tests by successively increasing iterative
displacements and continuous growth in the dissipated energy. Hence,
convergence of the iterative procedure can not be achieved and therefore, it is
necessary to specify a suitable criterion to terminate the analysis and save

wasting computation efforts.
In the present study, the nonlinear analysis is terminated when the stiffness

matrix is no longer positive definite, a steel bar has fractured, or excessive

concrete crushing at sampling points has taken place.
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3.8 Outline of Computer Program
The computer program 3DCBEFA (three-dimensional curved beam on elastic
foundation analysis) has been used in the present study. This program is a
modified version to the program P3DNFEA (three-dimensional nonlinear finite
element analysis). This latter program was developed by Al-Shaarbaf (Al-
Shaarbaf 1990). The program is coded in FORTRAN 77 language. The main
objective of the present program 3DCBEFA is to analyze reinforced concrete
members resting on soil and subjected to three-dimensional static loading up to
failure.

In the present study, the Fortran PowerStation 4.0 compiler produced by
Microsoft incorporation was used to operate the program under PC Pentium III

with Intel MMX 900 MHZ processor and 128 MB RAM.
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CHAPTER FOUR
MODELING Of MATERIAL PROPERTIES

4.1 General

One of the pieces of basic information required in any three-dimensional
nonlinear finite element analysis of reinforced concrete structures is the material
constitutive model, which describes the current multi-dimensional stress-strain
relations governing the behavior of the structure. Since the concrete and the
reinforcing steel have very different material properties, the behavior of the
composite, reinforced concrete, is usually simulated by considering the
constitutive relations of the constituents independently. Full interaction between
the two materials has been assumed to exist throughout the present work. This
chapter outlines the constitutive models for the concrete and steel used in the
present study.

Due to its complex behavior the concrete constitutive model is given
special emphasis. The observed behavior of concrete under different loading
conditions is outlined in section (4-2). Section(4-3) describes the different
components required to model the concrete. A plasticity model for concrete in
compression and a smeared crack model for concrete in tension have been
adopted in the current study. These models are illustrated in section(4-4) .The

model used for the reinforcing steel is presented in section(4-5) .

4.2 The Observed Behavior of Concrete
Concrete is a material with a grossly heterogeneous internal structure . It

consists of inert aggregate particles embedded within a binding paste made from
particles of cement and water each concrete hardens as a result of chemical

reactions between the cement and water to form a solid and durable structural
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material. Due to the incomplete hydration, hardening concrete usually contains
capillary pores filled with air or water. The presence of capillary pores, internal
flaws in the aggregate and bond micro-cracks at interfaces between the cement
paste and the aggregate prior to any load application can be viewed as a source
of weakness in the structure of concrete””. Many of these micro-cracks are
caused by segregation, shrinkage and thermal movements in the mortar'”. The
gradual growth of these micro-cracks with further loading contributes to the
nonlinear behavior of concrete.

Concrete can behave as either a linear or a nonlinear material depending on
the nature and the level of the applied stresses. Stiffness and strength properties
of concrete subjected to multiaxial lading conditions differ from those displayed
under uniaxial compression. Under a low level of stresses, linear elastic
behavior is observed, while concrete exhibits a highly nonlinear response at
higher stress level. Many experimental studies of the behavior of concrete under
uniaxial and multiaxial loading conditions have been performed.””’

In the following sections, the responses of concrete under uniaxial and

multiaxial loading states are briefly described.

4.2.1 Uniaxial Behavior of Concrete
A typical uniaxial compression stress-strain curve is shown in Fig.(4.1). Up to a

stress level of about 30 percent of its uniaxial compressive strength, f/, concrete

behaves as a linear elastic material . This stress level is termed the point of onset
of the localized cracking and has been proposed as a limit of elasticity at

stresses between 0.3 f/ - 0.5 f/; the bond cracks start to extend due to stress
concentration at the crack tips and the stress-strain curve starts to show a slight

non-linearity in this range of loading. When the stress exceeds 0.5 f; some

cracks at nearby aggregate surfaces start to bridge in the form of mortar cracks

with other cracks continuing to grow slowly. A gradual increase in the curvature
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of the stress-strain curve occurs up to about 0.75 f/. For compression stresses

above this value, the rate of crack propagation increases rapidly and the stress-
strain curve bends sharply until the peak stress level is reached. Beyond the peak
stress, concrete exhibits a strain-softening response characterized by the
descending portion of the curve. This falling part of the stress-strain curve is
mainly dependent on testing machine properties .

The initial modulus of elasticity of concrete highly depends on the
compressive strength in lieu of actual test data. The initial modulus of elasticity,
E, can be calculated approximately from the following empirical formula (ACI

Code 318-77):

E=33w.,” /% 4.1)

where w, 1s the concrete unit weight in pound per cubic foot and E and

f. are expressed in pound per square inch.

The poisson’s ratio, v, of concrete has been observed to remain
approximately constant and ranges from about 0.15 to 0.22 up to a stress level of

80 percent of f, beyond this level; poisson s ratio increases rapidly and values

in excess of 1.0 have been measured by Darwin, Pecknold, Maekawa and
Okamura.

Under tensile stress, the strength of concrete, f;, is approximately a tenth
of the compressive strength. A typical tensile stress-strain curve is shown in
Fig.(4.2). Up to a stress level of 60 percent of f; the curve is linearly elastic.
Beyond this level, the bond micro-cracks starts to grow and the non-linearity of
the curve starts to increase as the stress level increases until the peak stress is
reached . Following this level, a post softening regime is observed . The elastic

modulus in uniaxial tension is slightly greater than in uniaxial compression,
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while the poisson’s ratio in tension is somewhat smaller than that in

compression.

Strain

Figure (4.2): Typical Uniaxial Stress-Strain Curve for Concrete in tension. .[9]
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4.2.2 Multiaxial Behavior of Concrete
The behavior of concrete under multi-axial stress condition is very complex if it

is compared with that under uniaxial stress condition and has not yet been
assessed experimentally in a complete manner. Various material models with
considerable simplifying assumption have been proposed in literature. A typical
biaxial strength envelope is shown in Fig.(4.3) .

It was seen that the maximum compressive strength increases for biaxial
compression state. A maximum strength increase of approximately 25 percent is
achieved at a stress ratio of (o, / o, =0.5) , and this is reduced to about 16
percent at an equal biaxial compressive state (o; / o, =1). Under biaxial
compression-tension state of stress, the compressive strength decreases almost
linearly as the applied tensile stress in increased"'”. Under biaxial tension, the
strength is almost the same as that of uniaxial tensile strength when subjected to
triaxial compressive stresses, concrete exhibits strength, which increases with

. . 9
the increase of confining pressure®’.

Figure (4.3): Biaxial Strgpgth of Concrete.[9]
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Experiments indicate that concrete in triaxial stresses has a fairly consistent
failure surface which is a function of the three principal stresses, Fig. (4.4). This
failure surface can be represented by three-stress invariants. These invariants are
the first invariant of the stress tensor (I), the second and the third invariant of the

stress deviatoric tensor (J2) and (J3)".

Failure Surface

Elastic Limit
Surface

7
7

01= 02= 03
Hydrostatic

Figure(4.4): Triaxial Strength Envelope of Concrete .[19]

4.3 Numerical Modeling of Concrete Properties

Reinforced concrete is one of the composite material having complex behavior,
especially after cracking. The modeling of all the aspects of its behavior is
extremely difficult yet it is one of the most important aspects of any realistic
analysis.

Some numerical models of concrete are summarized here with some of the
failure theories and criteria that have been employed.
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4.3.1 Constitutive Relationships

Mathematical description of the mechanical properties of concrete is established
by the constitutive equations. Several approaches have been proposed to model
the observed stress-strain relationships under multiaxial stress state. These
approaches can be classified into: Elasticity-based models, Plasticity-based
models, and Endochronic models. Detailed discussion of these approaches is
given in references [8,18]. In the following sections, the basic concepts and the

limitations of these approaches will be briefly discussed.

4.3.1.1Linear and Nonlinear Elasticity Models

These models are based on elasticity theory to represent the behavior of concrete
under general types of loading. Linear elastic models have been used® in case
where the cracking behavior is the most important factor of nonlinearity.

In general, two different approaches are employed in the formulation of
nonlinear elastic models. These are the total (secant) and the incremental
(tangent) formulations. In the total (secant) stress-strain models, the current state
of stress is assumed to be uniquely determined as a function of the current state
of strain. This type of formulation is path-independent which is not true for
concrete in general. Therefore, the range of application of such models is only
suitable for monotonic or proportional loading regimes. The total stress-strain
models have been utilized in describing the nonlinear deformation behavior of
concrete under biaxial and triaxial compressive stresses, mainly because of its
simplicity.

The incremental stress-strain models are used to describe the behavior of
materials in which the state of stress depends on the current state of strain and

the stress path followed to reach that state. Due to path-dependent behavior,
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incremental models provide more realistic description of concrete behavior
under general loading conditions (non-monotonic and non-proportional loading

regimes) than the total stress-strain formulation.

4.3.1.2 Perfect and Strain Hardening Plasticity Models

Nonlinear deformations of concrete under compressive stress are basically
inelastic since upon unloading only a portion of the total strain can be
recovered. Therefore, the stress-strain behavior of concrete materials may be
separated into recoverable and irrecoverable components. The recoverable
behavior is treated within the framework of elasticity theory, while the
irrecoverable part is based on the theory of plasticity.

In triaxial compression regimes, concrete behaves as a ductile material on
the yield of failure surface before reaching its crushing strain. To account for
this plastic flow, various plasticity formulations are adopted as an elastic-
perfectly material (perfect plasticity), or as an elastic-plastic-hardening (strain-
hardening plasticity) behavior of concrete up to the ultimate strength.

In the perfect plastic model, the complete stress-strain relationship
consists of three parts: before yielding, during plastic flow, and after fracture
(failure). Concrete behavior before yielding is assumed to be elastic until the
combined state of the stress reaches the yield surface. During plastic flow, the
plastic stress-strain relations describe the behavior of concrete. Post fracture
behavior is governed by the constitutive relations of fractured concrete (crushing
under compressive stress state). After crushing, the concrete is assumed to lose
its resistance completely against further deformations and the current stresses
state drops suddenly to zero.

The formulation of the constitutive relations for a strain hardening plastic
material is based on three fundamental assumptions. These assumptions are:

shape of an initial yield surface, formulation of a suitable hardening rule that
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describes the evolution of subsequent loading surfaces, and formulation of an
appropriate flow rule that specifies the stress-strain relation in the plastic range.
The initial yield surface is required to mark the stress level at the onset of
plastic deformations. The evaluation of subsequent loading surface during
plastic deformation is described by specifying an appropriate hardening rule.
Three types of hardening rules are frequently used in strain-hardening plasticity
models. These are : isotropic, kinematic, and mixed hardening rule. In an
isotropic hardening model, the initial yield surface is assumed to expand
uniformly without distortion as plastic flow occurs. The kinematic hardening
rule assumes that during plastic flow the loading surface translates as a rigid
body in the stress space, maintaining the size and shape of the initial yield
surface. In the mixed hardening rule, the loading surface experiences both

translation and uniform expansion in all directions.

4.3.1.3 Endochronic Theory Models

The endochronic theory of viscoplasticilty was originally proposed by Valanis
and has been applied to predict the mechanical response of metals under
complex strain histories. Unlike the elasticity and plasticity models, the
endochronic formulation is incremental nonlinear. The basic concept underlying
the theory is that of intrinsic time. Intrinsic time is a non-decreasing scalar
variable that depends on the increments of strains as well as time. The major
difference of the endochronic theory from the plasticity, incremental and total

elastic strain theory, is that it is incrementally nonlinear.

4.3.2 Modeling of Concrete Fracture

Generally, concrete fracture may be either a compression fracture (i.e. crushing

of concrete) or a tension fracture (i.e. cracking of concrete).
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The crushing failure occurs when the material can resist no further
compressive loading while the tension failure of concrete is characterized by a
gradual growth of cracks that join together and eventually disconnect larger
parts of the structure. It is a usual assumption that formation of cracks is a brittle
process and that the strength in the tension-loading direction abruptly goes to
zero after such cracks have formed, Fig. (4.5a). But when reinforcement bars
bridge the concrete cracks, the strength mechanism becomes more complex and

the carrying strength of concrete between cracks can be safely exploited”.

4.3.3 Methods of Crack Representation
In general, the models, which have been developed to represent cracking in
connection with the finite element analysis of reinforced concrete members, are
composed of three basic components, a criterion for crack initiation, a method of
crack representation and a method for cracking propagation.

Two fracture criteria are commonly used, the maximum principal stress
criterion and the maximum principal strain criteria. When a principal stress or
strain exceeds its limiting value a crack is assumed to occur in a plane normal to

the direction of the offending principal stress or strain, Figure (4.5b).

) Maximum
Tensile Stress criterion
Stress Typical concrete

Maximum
Strain criterion ,

,

(a): Tensile stress- strain fracture relations (b):Biaxial-fracture criteria in tensile zone

Figure (4.5): Cracking of Concrete .[19]
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In finite element analysis of concrete structures, two approaches have been
employed for crack modeling, these are the smeared cracking and the discrete
cracking models. The particular cracking model to be selected depends upon the
purpose of the analysis. If overall load-deflection behavior is desired, without
regard to completely realistic crack patterns and local stresses, the smeared
crack model is probably the best choice, while if detailed local behavior is of
interest, adoption of the discrete cracking model is useful. The two approaches

will be discussed in the following sections.

4.3.3.1 Smeared Cracking Model

In this approach, the cracked concrete is assumed to remain a continuum, i.e.,
the cracks are smeared out in a continuous fashion. It is assumed that the
concrete becomes orthotropic or transversely isotropic after the first cracking
has occurred, one of the material axis being oriented along the direction of
cracking. In the smeared cracking model, a crack is not discrete but implies an
infinite number of parallel fissures across that part of the finite element as

shown in Figure (4_6).(12»19)

Figure (4.6): Smeared Cracked Model.[19]
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Two different models are used for defining the crack direction. The first is
the fixed orthogonal crack. In this approach, the direction of the crack is fixed
normal to the direction of the first principal tensile stress that exceeds the
cracking stress. By fixing the direction of the cracks, the subsequent rotation of
the principal stress is ignored. The second model is the rotating or swinging
crack model. In this approach, the crack direction is assumed to be normal to the
principal tensile strain direction when the tensile strains reaches a specified
limiting value. With further loading and changing of the principal strain
direction, the crack is assumed to rotate and the orthotropic material axes are set

in the new crack direction.

4.3.3.2 Discrete Cracking Model

An alternative to the continuous smeared cracking model is the introduction of
discrete crack model. This is normally done by disconnecting the displacement
at nodal points for adjoining elements as shown in Fig. (4.7). One obvious
difficulty in such an approach is that the location and orientation of the cracks
are not known in advance. Thus, geometrical restriction imposed by the
reselected finite element mesh can hardly be avoided. This can be rectified to
some extent by redefinition of element nodes. Such techniques are unfortunately
extremely complex and time consuming®. In the present study, the smeared

fixed-crack model has been adopted.
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@

Tt

(a)-One-Direction Cracking (b)- Two-Direction Cracking

Figure (4.7): Discrete Crack Model.[19]

4.3.4 Post Cracking Behavior
In the plain and reinforced concrete structures, cracking is not a perfectly brittle
phenomenon and experimental evidence shows that the tensile stresses normal to
a cracking plane are gradually released as the crack width increases. This type of
response is usually modeled in the finite element analysis by using either the
tension stiffening or the strain softening concepts. For reinforced concrete
structures where the behavior is characterized by the formation of closely spaced
cracks, the first concept seems to be more suitable than the latter. The latter is
found to be useful for analyzing plain concrete structures where the behavior is
governed by the formation of a single micro crack or a few dominant cracks"'”.
In the case where reinforcement exists, the nature of the stress release is
further complicated by the restraining effect of the reinforcing steel. After
cracking, the concrete stresses drop to zero and the steel carries the full load.
The concrete between cracks, however, still carries some tensile stresses. This

tensile stress drops as the load increases and the drop is associated primarily

with bond deterioration between steel and concrete. This ability of concrete to
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share the tensile load with the reinforcement is termed as tension stiffening

phenomenon'?.

The tension stiffening effect of concrete has been studied in finite element
analysis by using two procedures. First, the tension portion of the concrete
stress-strain curve has been given a descending branch. Descending branches of
many different shapes have been employed, linear, bilinear and curved shapes.
The second is to increase the steel stiffness. The additional stress in the steel
represents the total tensile force carried by both the steel and the concrete

between the cracks!'.

4.3.5 Shear Transfer Across the Cracks

Several mechanisms exist by which shear is transferred across reinforced
concrete sections. Among these mechanisms are the shear stiffness of uncracked
portion of concrete, aggregate interlock in the crack surface (or interface shear
transfer), dowel in the reinforcement bars action and the combined effect of

tension in reinforcement and arching action.

For the shear transfer across the cracked concrete planes crossed by
reinforcement, the two major mechanisms are the dowel action and the
aggregate interlock. Shear transfer by these two mechanisms is accompanied by
slippage or relative movement of crack faces. In the dowel action, shear forces
are partially resisted by the stiffness of reinforcing bars because slippage
imposes bearing forces of opposite direction on the bars. The aggregate inter-
lock mechanism is of frictional nature. Slippage causes the irregular faces of the
crack to separate slightly. Tensile stresses created in the steel bars by the

separation of crack faces in turn develop same shear resistance® .

80



Chapter Four
Modeling of Material Properties

4.4 Concrete Models Adopted in The Analysis :

In this study, a plasticity-based present model is adopted for the nonlinear
analysis of three-dimensional reinforced concrete structures under static loads.
In compression, the behavior of concrete is simulated by an elastic-plastic work
hardening model followed by a perfectly plastic response, which is terminated at
the onset of crushing. The plasticity model in compression state of stress has the

following characteristics:

1. yield criterion
2. hardening rule
3. flow rule
4. crushing condition
In tension, linear elastic behavior prior to cracking is assumed. A smeared
crack model with fixed orthogonal cracks is adopted to represent the fractured

concrete. The model will be described in terms of the following:

1. cracking criterion
2. post-cracking formulation

3. shear retention model
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Work _ple_ Perfect
Hardening Plasticity
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Softening

Crushing

Tension
p C

Brittle Compression
Cracking

Figure (4.8): Uniaxial Stress-Strain Curve, Pre-and Post -Failure Regime.[19]

4.4.1 Modeling of Concrete in Compression:
4.4.1.1The Yield Criterion:

Under a triaxial state of stress, the yield criterion for concrete is generally
assumed to be dependent on three stress invariants. However, a yield criterion
dependent on two stress invariants only has been proved to be adequate for most
practical situations. The yield criterion incorporated in the present model is of

such type and it has been successfully used in research. It can be expressed as™:

f(o)=f(], ,Jz):\/(a11+3,8J2)=0'0 ...(4.2)

where (@) and (f) are material parameters, (l;) is the first stress invariant given

by:

I, =ox toy+oy ...(4.3)
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J, 1s the second deviatoric stress invariant given by:

_1

J2—3{(O')%+(72+(7§)—((7 o_+0o GZ+O'Z(7X)}+Z'2 +72 472 ...(4.4)

y X'y y Xy Yz XZ

and o, >01s the equivalent effective stress at the onset of plastic deformation,

this o, can be determined from the uniaxial compression test as:

o,=C .f' ...(4.5)
p C
where Cp is the plasticity coefficient,which has a variable between 0 and 1, this

coefficient is used to mark the initiation of the plastic deformation.

The parameters (a¢ ) and (B) are determined by using the uniaxial and
biaxial compression tests. Then for a uniaxial compression state, the yield stress
is given by:

Ox =—0o% ...(4.6)

and for the equal biaxial compression state, the yield stress is given by:

Ox =0y =~)0o ...(4.7)

If the results obtained by Kupfer for the failure envelope is employed for
initial yield, the value of the constant () is equal to (1.16). From Eq. (4.2)
through Eq. (4.7), the material constants can be found to be:

o =0354680, and f=1.35468 ...(4.8)
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(04
(20,)

writing C= =0.17734

Therefore Eq. (4.2) can be written as:

f(o)=(2Coo 1, +341,)% = o0 ...(4.9)

this can be solved for o, as:

f(o)=C.1, +{(C.1,)* +34,}% = oo ..(4.10)

4.4.1.2 The Hardening Rule

The concept of plastic flow in work-hardening materials extends to the notion of
perfectly plastic solids for which the yield or failure surface remains fixed in
stress space. The hardening rule defines the motion of the subsequent loading
surfaces during plastic loading. A number of hardening rules has been proposed
to describe the growth of subsequent loading surface for work-hardening
materials. Some of these rules are isotropic hardening, kinematic hardening and
mixed hardening. The isotropic model applies mainly to proportional loading.
For cyclic and reversed types of loading, the kinematic hardening rule is more
appropriate. Combinations of isotropic and kinematic hardening are called
mixed hardening rules""?.

An isotropic hardening rule is used in the present study. Therefore, from

Eq. (4.10), the subsequent loading surface may be expressed as®:

f(a):\/C.Il+{(C—Il)2+3,BJ2}:E (411
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where & represents the stress level at which further plastic deformation will
occur and this is termed as the effective stress or equivalent uniaxial stress.

The incremental theory of plasticity implies a relationship between the
effective stress and the effective plastic strain. The effective plastic strain
increment Jg, that results from an incremental plastic work dw,, may be

determined by using the work-hardening hypothesis as:

_ dwp _ {O'}d_{g

! ..(4.12)

0€p

o c
where dg, represents the effective accumulated plastic strain increment, along
the strain path.

The effective plastic strain can be written as:

€p :j'dgp ...(4.13)

In the present model, a parabolic stress-strain curve is used for the
equivalent uniaxial stress-strain relationship beyond the limit of elasticity,

(C, f.). This relationship represents the work-hardening stage of behavior,

When the peak compressive stress is reached, a perfectly plastic response is
assumed to occur. Figure (4.1) shows the equivalent uniaxial stress-strain curve
in the various stages of behavior. These are given by:

(a) During the elastic stage, when 5<C,.f]

6=E.e, ..(4.14)

(b) After the initial yielding and up to the ultimate concrete compressive
strength, when:- Cp fC <o Sfc
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C_f’ C..f’
_ , C E
G=Cp i +E[& - F}’E =[5 e - 1}’30]2 ...(4.15)
c)for & 2(2—Cp)f’c /E
&=ft ...(4.16)

Where &, represents the total strain corresponding to the parabolic part of

the curve that can be calculated from:
2(1-C
§0=(—p)f'c ..(4.17)
E
A value of 0.3 is assumed for the plasticity coefficient (Cp) in the present

study and hence plastic yielding begins at a stress level equals to (0.3 T7).
The total effective strain & is composed of two parts, elastic and plastic

components:

Ec =E&e +6‘p ...(4.18)

The elastic strain &, is given by:

to =2 ...(4.19)
E

By substituting Eq. (4.18) and Eq. (4.19) into Eq. (4.15), the effective
stress- plastic strain relation can be expressed as:

&=Cp f’c—E8p+(2E2.gogp)1/2 ...(4.20)

Differentiation of Eq. (4.20) with respect to the plastic strain leads to the
slope of the tangent of the effective stress-plastic strain curve, which represents
the hardening coefficient, H, that is needed in the formulation of the incremental

stress-strain relation:
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— &
H':d_GZEL _0_1J ..(421)

Figure (4.9): Uniaxial Stress-Strain Curve for Concrete.[9]

4.41.3The FlowRule

To construction the stress-strain relation in the plasticity range, the normality of
the plastic strain increment vector to the yield surface is commonly employed as
a flow rule (associated flow rule). The normality condition of the plastic strain

Vector,d{gp}, to the yield surface. F({o }), can be expressed mathematically in

the following form:

0f(o)
d =dA = ...(4.22
(ep)=d2 21 “22)
The normal to the current loading surface 66f(0') is termed as the flow
o

vector. The yield function derivatives with respect to the stress component

define the flow vector {a} as:
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T
| 0f  af of af of of L(423)

| oo X ’Gay’ﬁaz’arxy ’82'},2 "0 T

These derivatives are given in Appendix (B):

4.4.1.4 Incremental Stress-Strain Relationship:

During the plastic loading, both of the initial yield and the subsequent stress
states must satisfy the yield condition. F (0', K)= 0. The yield function defined

in Eq. (4.15), can be rewritten as,

F(o,K)=f(c)+f(k)=0 ...(4.24)
where k, is the hardening parameter, which governs the expansion of the yield-

surface. By differentiating Eq. (4.24), then

_O0F OF v _ ...(4.25
dF aada+aKdK 0 (4.25)
or
al do-Adi=0 (426
where

1 OF
A=- 9T 4 (427
dl@kd (*427)

The total incremental strain vector can be rewritten as:
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dien=d(e®y+d 128 (428)
oo

The elastic strain increment is related to the stress increment by the elastic

constitutive relation which is given in:

d {o}=[DK k| ..(4.29)

where [D] is the elastic constitutive matrix given by

l-v v 1% 0 0 0
v 1-v 0 0 0
ol . v v 1w 0 0 0 ...(4.30)
T@+vii-2zv) o 0 0 (1-2v)2 0 0
0 0 0 0 (1-2v)/2 0
0 0 0 0 0 (1-2v)/2]
substitution of Eq. (4.29) into Eq. (4.28) yields
de=[D' do+dafa) (431

Pre-multiplying both sides of Eq. (4.31) by {a}" [D] and eliminating of

a' .doby making use of Eq. (4.26), the following expression for the plastic

multiplier dAis obtained,

dfe) ...(4.32)

By substituting Eq. (4.32), into Eq. (4.28), and pre-multiplying both sides
by [D], the complete elastic incremental stress-strain relationship can be

expressed as:
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dfe) ...(4.33)

where the second term in the brackets represents the stiffness degradation due to

the plastic deformation.

4.4.1.5 The Crushing Condition:

The crushing type of concrete fracture is a strain controlled phenomenon. The
lack of available experimental data on concrete ultimate deformation capacity
under multiaxial stress states has resulted in the appropriate strain criterion
being developed by simply covering the yield criterion described in terms of

stresses directly into strain.

Thus,
1

cl,+{(cl)+3.83,) =¢,, (4.34)

where, |1 , 1s the first strain invariant, Jz, 1s the second deviatoric strain and,

&y, is the ultimate strain value that can be extrapolated from the uniaxial

compression test. When, o , reaches the value specified as the ultimate strain,

the material is assumed to lose all its characteristics of strength and rigidity.

4.4.2 Modeling of Concrete in Tension

The maximum tensile stress criterion is used in this research work to monitor
cracking. For a previously uncracked sampling point, if the principal stress oy
exceeds the limiting value of tensile stress, a crack is assumed to form. The

limiting tensile stress required to define the onset of cracking can be calculated
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for states of triaxial tensile stress and for combination of tension and

. . . 12
compression principal stresses as follows"'?:

a) For triaxial tension zone (o, >0, >0, >0)

6. =0

=0y, =1, =123 ...(4.35)

b) For the tension-tension-compression zone (o, >, >0,0, <0)

0.75 63 .

c) For the tension-compression-compression zone(o,) 0, o, <o, <0)

0.75 T, 0.75 o3
Ty =Ocr =f |1+ P 1+ P ...(4.37)

where o is the cracking stress and both ft and f'; are given positive values,

equation (4.36) incorporates the fact that compression in one direction favors the
cracking in the others and thus reduces the tensile capacity of the material.

When the major principal stress o3 violates the cracking criterion, planes
of failure develop perpendicular to its direction. Concrete behavior is no longer
isotropic; it becomes orthotropic with the direction of orthotropy coinciding with
the direction of o1. Therefore, the normal and shear stresses across the plane of
failure and the corresponding normal and shear stiffness are reduced, and the
concrete is assumed to be transversely isotropic with axes of isotropy being
perpendicular to the direction of o7 . Thus, the incremental stress-strain

relationship in the local axes can be expressed as:
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o, E, 0 0 0 0 0 5
Aoy | |0 E/(l-vz) vE/(l-vz) 0 0 0| s,

A3l Lo vE/(l—vz) E@-VZJ 0 0 o |2, ...(4.38)
iﬁz 0 0 0 " BG 0 iyn

230 o o0 0 0 G o023

Ay 1o 0 0 0 0BG A3

or in a condensed from:

{acj=[D  |{Ae] ..(4.39)

Where E; is the reduced modulus of elasticity in the direction of o3, and
LG is the reduced shear modulus across the failure plane.
[Dr] is the material stiffness in the local axes. The stress increments in the
global axes (X, Y, Z) may be obtained by using the coordinate transformation

matrix such that:

o= o JTliAe) ... (4.40)

where [T] is the transformation matrix expressed in terms of the direction

cosines as:
[ 12 2 2 i
112 m12 n12 11m1 m;n, nll1
1% m% n% 12m2 mn, nll1 (4 41)
[T]: 13 m3 n3 13m3 m;n nll1
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where 1;, m; and n; represent the direction cosines of the local coordinate axes
(x,y,z) direction respectively.

For the tension-tension-compression and the triaxial tension states of
stress, the cracking criterion may be violated by the major principal stress oy,
and the second principal stress o, simultaneously. Thus, two sets of orthogonal
cracked planes may develop and the constitutive matrix in the local material

axes become diagonal:

...(4.42)

S O O O
S O O O O

B.G

©c o o o o T
esl
o oo o) ©
™
o oo o o

0
0
0

o

B.G

—_—

In the current model, a maximum of three sets of cracking is allowed to

form at each sampling point.

4.4.2.2 Post-Cracking Models
4.4.2.2.1 Tension-Stiffening Model

The tensile stresses normal to the cracked planes are gradually released, and
represented by an average stress-strain curve. In the present study such a
relationship may be obtained by using the tension-stiffening model. This is

specified by a linear descending stress-strain curve similar to that shown in

Fig. (4.10) and this is given by"'?:

a)For ¢, <&, <a, ¢,

al—ggn
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b) For &, ) ) Ecr

oy =0.0 ...(4.44)

where o, and ¢,are the stress and strain normal to the cracked plane, &,1s the
cracking strain associated with the cracking stress oy and g, and o, are the
tension-stiffening parameters. ¢; represents the rate of stress release as the crack

widens, while &, represents the sudden loss of stress at the instant of cracking.

Figure (4.10): Post Cracking Model for Concrete.[9]

4.4.2.2.2 Shear Retention Model
At a cracked sampling point, the shear stiffness across the cracked plane
becomes progressively smaller as the crack widens. A reduced shear modulus
G, has been used across the cracked plane. The value of  depends on the stage
of loading and it is given by:

a) For ¢, <¢,

B=1 ...(4.45)
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b) For ¢, <¢ <y,¢&,

Yy =7 &
B= 3 {71 __n:|+7/3 ...(4.46)
71_1 Eer

C) For gn >7lgcr

B=v, ...(4.47)

Figure (4.11) shows schematically the value of (/) for different stages. 7,
7, 73 are shear retention parameters. 3 represents the rate of decay of shear
stiffness as the crack widens, 7 is the sudden loss in shear stiffness at the instant

of cracking and 3 is the residual shear stiffness due to the dowel action.

Figure (4.11): Shear Retention for Concrete.[9]

4.5 Modeling of Reinforcement

Compared to concrete, steel is a much simpler material to represent. Its stress-
strain behavior can be assumed to be identical in tension and compression. In

reinforced concrete members, reinforcing bars are normally long and relatively
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slender and therefore they can be assumed to be capable of transmitting axial
forces only. In the current study, the uniaxial stress-strain behavior of
reinforcement is simulated by an elastic-linear work hardening model, as shown

in Fig. (4.12).

Figure (4.12): Stress-Strain Relationship of Steel Bars Used in the
Analysis.[2]
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CHAPTER FIVE
NUMERICAL APPLICATIONS AND PARAMETRIC STUDY

5.1 Introduction

This chapter deals with chosen examples reanalyzed numerically by the present
computer program 3DCBEFA (Analysis of three-dimensional curved beam on
elastic foundation). These examples can be classified into two main groups. The
first group contains verification examples used to prove the numerical models
that simulate the behavior of concrete, steel, and the eclastic foundation. The
verification is achieved by comparing the finite element results obtained from
3DCBEFA with the available experimental results. The second group contain
application of the program on reinforced concrete curved beam in horizontal

plane resting on elastic foundations.

Most of the numerical examples considered in this chapter were
previously tested experimentally. The main results obtained through this study is
the load-defflection response and crack progration through the elastic, inelastic

and ultimate ranges up to failure.
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5.2 Numerical Applications

5.2.1 Simply Supported Reinforced Concrete straight Beam(ExampleNo. 1)
A simply support reinforced concrete beam is analyzed using computer program
( 3DCBEFA ). A beam was tested by Scordlis and Bresler'”. The beam has a
total length (3.64 m) with cross-sectional dimensions (552.45 mm x 228.6 mm).
It has no web reinforcement and the longitudinal reinforcement consists of four
bars with a total area of 4 in>. The beam subjected to concentrated load at
midspan, as shown in Fig.(5-1a).

Taking the advantage of symmetry of the geometry and loading, only half of
the beam is modeled by (18) brick elements of 20-noded.

Fig.(5-1b) shows the details of the finite element mesh for the half of the
beam. The Material properties of concrete and steel are given in Table (5-1).

The load-deflection response at midspan of the beam is shown in Fig.(5-2).
The computed deflection and load failure show good agreement with the
experimental results for most loading levels.

(% solved this example using finite element

Scordelis and Bresler
method. They used 20-node brick element to represented the concrete and the
steel bars are represented by axial element.

Fig.(5-2) shows also a comparison of the calculate deflection with the
previous study of [Scordelis and Bresler]""”. The crack patterns of front face of

the beam at failure stage is shown in Fig.(5-3).
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Note: all dimensions are in mm

(b): finite element idealization of one half of the beam.

Figure (5.1): simply supported reinforced concrete straight beam
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Table (5-1): Material Properties and Additional Paramerters of Simply Supported

Reiforced Concrete Beam

Material properties and material
parameters Symbol

2
Young’s modulus E(N/mm’)

Compressive strength Fc(N/mm®)
Tensile strength " F,(N/mm®)
Poisson’s ratio v
Uniaxial crashing strain " €cu
Young’s modulus E(N/mm?)
Steel Yield stress F,(N/mm?)

Concrete

Hardening parameter u 0.0

Tension Rate of stress release o4 25
stiffening Sudden loss of tension stiffness at the
. . *% (05) 0.5
parameter instant of cracking
Rate of decay of shear stiffness Y1 10.0
Sudden loss of shear stiffness at the 0.5
instant of cracking 12 ]

t EX3
paraneters Residual shear stiffness due to the 0.1
dowel action s .

Shear retention

" Assumed by Scordlis and Bresler

" Assumed in the present study.
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300.00

250.00
a 200.00
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Figure(5-2): Load-deflection curves at midspan of simply supported straight
beam(Example No. 1)
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p/2

Central point

Center of the
beam

Failure Load =243 KN

singly cracked Gaussian points

doubly cracked Gaussian points

Figure (5-3): crack pattern for front view of simply support straight
beam(Example No.1)

522 Fixed Supported Reinforced Concrete Curved Beams With
Subtended Angle 86" (Example No. 2)

A fixed reinforced concrete curved beam has a cross section of (150 mm % 310
mm) was tested under a concentrated load by Jordaan et. al.®” (1974). The
reinforcement details are provided in Fig.(5-4). That figure shows also the

details of the beam geometry. Concrete and steel properties and additional
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material parameters are given in Table (5-2). Fig.(5-4) also shows the details of
the finite element mesh for all the fixed supported reinforced concrete curved
beam. The load-deflection curves of the beam under concentrated load are
shown in Fig.(5-5). Results of the finite element analysis give good agreement
with the experimental results of Jordaan et. al.®? Fig.(5-6) is shown the
deflection along the beam for three stages of loading (50% , 75% , and 100% of

the ailure load). The crack patterns of the beam is shown in Fig.(5-7).

Reinforcement Details:
e Main Reinforcement 4 -220 mm 150
e Web Reinforcement 6 @ mm @100 mm [e—22 |

Note: all dimensions are in

Figure (5-4): geometry and finite element idealization for fixed supported curved
beam with subtended angle 86°.
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Table(5-2): Material Properties and Additional Paramerters of Fixed Supported Reiforced

Concrete Curved Beam with Subtended Angle 86°

Material properties and material
parameters

value

Concrete

Young’s modulus

30000

Compressive strength

42.000

Tensile strength ~

2.8

Poisson’s ratio

0.15

E3

R N N N *
Uniaxial crashing strain

0.003

Young’s modulus

200000

Yield stress for main reinforcement
Yield stress for web reinforcement

384
240

Hardening parameter

0.0

Tension
stiffening
parameter

EX3
Rate of stress release

25

Sudden loss of tension stiffness at the
instant of cracking

0.5

Shear retention
parameters

Rate of decay of shear stiffness

Sudden loss of shear stiffness at the
instant of cracking

Residual shear stiffness due to the
dowel action

" Assumed by Jordaan et al.

" Assumed in the present study.

104




Chapter Five
Numerical Application and Parametric Study

200.00
150.00
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<
< 100.00
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50.00
—4@— Exprimental Results by Jordaan et. al.(1974)
—@— Present Study

0.00 L L
0.00 5.00 10.00 15.00 20.00 25.00 30.00

Deflectio (mm)

Figure(5-5): Load-deflection curves under point load of fixed supported curved
beam with subtended angle 86° (Example No.2)

P Subtended Angle (Deg.)
0.00 20.001 40.00 60.00 80.00  100.00

-10.00

-15.00

-20.00

Deflection (mm)

100%P

2500 — P is failure load

-30.00

Figure(5-6): Load-deflection curves along the fixed supported curved beam with
subtended angle 86° (Example No.2)
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Front View
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wn

Failure load =162 KN

singly cracked Gaussian points

doubly cracked Gaussian points

Figure (5-7): crack pattern at front face of reinforced concrete curved
beam(example 2)

5.2.3 Fixed Supported Reinforced Concrete Curved Beams With Subtended
Angle 75°(Example No. 3)
A fixed reinforced concrete curved beam has a cross section of (152 mm x 305
mm) was tested under a concentrated load by Badawy et. al."” (1977). The
reinforcement details are provided in Fig.(5-8). That figure shows also the
details of the beam geometry. Concrete and steel properties and additional
material parameters are given in Table (5-3).

Fig.(5-8) shows also the details of the finite element mesh for all the fixed

supported reinforced concrete curved beam.
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The load-deflection curves of the beam under concentrated load are
shown in Fig.(5-9). Results of the finite element analysis give good agreement
with the experimental results of Badawy et al."'”

Fig.(5-10), shows the crack patterns of the front face of the beam at
failure stage. At a load stage of about 97.8 % of the available experimental
ultimate load, the numerical model used in the present study indicates crushing
in a Gaussian point located in the top of front surface beneath the concentrated

load. The crushing occurred when the compressive strain of the Gaussian point

exceeds the ultimate strain value, then its stiffness deteriorated to zero and the

finite element analysis was terminated.
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Table (5-3): Material Properties and Additional Paramerters of Fixed Supported

Reiforced Concrete Curved Beam with Subtended Angle 75°

Material properties and material

value
parameters

Young’s modulus 23000

Compressive strength 30.000

Concrete Tensile strength ~ 2.7

Poisson’s ratio 0.15

*

Uniaxial crashing strain - 0.003

Young’s modulus 200000

Yield stress for main reinforcement 475
Yield stress for web reinforcement 3003

Hardening parameter 0.0

Tension Rate of stress release 25

stiffening Sudden loss of tension stiffness at the
parameter instant of cracking

Rate of decay of shear stiffness

Sudden loss of shear stiffness at the

Shear retention | . -
instant of cracking

arameters - - =
P Residual shear stiffness due to the

dowel action

" Assumed by Badawy et. al."'”

" Assumed in the present study.

109



Chapter Five

Numerical Application and Parametric Study

200.00
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—= 100.00 —
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e
- 4
50.00
—4&@— Experimental Results by Badawy et. al.(1977)
i —@— Present Study
0.00 L A B e —
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Deflection (mm)

Figure(5-9): Load-deflection curves under point load of fixed supported curved
beam with subtended angle 75°(Example No. 2)

Front View
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Failure load =190 KN

N |

singly cracked Gaussian points

doubly cracked Gaussian points

Figure (5-10): crack pattern at front face of curved beam(Example No. 3)
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524 Simply-Fixed Supported Reinforced Concrete Curved Beams With
Subtended Angle 75'(Example No. 4)

A simply-fixed reinforced concrete curved beam has a cross section of (152 mm
x 305 mm) was tested under a concentrated load by Badawy et. al."” (1977).
The reinforcement details are provided in Fig.(5-11). That Figure shows also the
details of the beam geometry. Concrete and steel properties and additional
material parameters are given in Table (5-4).

Fig.(5-11) shown also the details of the finite element mesh for all the
fixed supported reinforced concrete curved beam.

The load-deflection curves of the beam under concentrated load are
shown in Fig.(5-12). Results of the finite element analysis give good agreement
with the experimental results of Badawy et. al."'”

The crack patterns of front face of the beam at failure stage is shown in

Fig.(5-13).
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2 WANAN
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AN, WAN
PANINNDA
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S,

)

Reinforcement Details:
e Main Reinforcement 4-19 mm O
e Web Reinforcement 7.1 mm @ @103 mm

Note: all dimensions are in mm

Figure (5-11): geometry and finite element idealization for simply-fixed
supported reinforced concrete curved beam with subtended angle 75°
(Example No. 2)
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Table (5-4): Material Properties and Additional Paramerters of Simply-Fixed Supported

Reiforced Concrete Curved Beam with Subtended Angle 75°

Material properties and material

parameters Symbol value

2
Young’s modulus E.(N/mm~) | 23000

Compressive strength Fc(N/mm?) | 30.000
Tensile strength " F(N/mm?) | 2.7
Poisson’s ratio \ 0.15

Uniaxial crashing strain " €cu 0.003
Young’s modulus E((N/mm?) | 200000

Concrete

Yield stress for main reinforcement Fy(N/mmz) 475

Yield stress for web reinforcement Fy(N/mmz) 3003

Hardening parameter 0.0

*

Tension Rate of stress release 25
stiffening Sudden loss of tension stiffness at the
parameter instant of cracking
Rate of decay of shear stiffness
: Sudden loss of shear stiffness at the
Shear retention | . e

parameters instant of cracking
Residual shear stiffness due to the

dowel action

" Assumed by Badawy et. al."'”

" Assumed in the present study.
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100.00

Load (KN)

20.00 - —4&@— Experimental Results by Badawy et. al.(1977)
—@— Present Study
0.00 L N E A S —

0.00 20.00 40.00 60.00 80.00 100.00
Deflection (mm)

Figure(5-12): Load-deflection curves under point load of simply-fixed
supported curved beam with subtended angle 75° (Example No.4)

Failure load =85 KN

singly cracked Gaussian points

doubly cracked Gaussian points

Figure (5-13): crack pattern at front face of reinforced concrete curved
beam(Example No.4)
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525 Fixed Supported Reinforced Concrete Curved Beams on Elastic

Foundation (Example No.5)
A fixed reinforced concrete curved beam has a cross section of (152 mm X 305
mm) as shown in Fig.(5-14) is considered to study the influence of some
parameters on the behavior of reinforced concrete curved beam resting on elastic
foundation. The beam is subjected to concentrated load as shown in Fig.(5-14).
The geometry of this problem and reinforcement details are provided in Fig.(5-
14). Concrete and steel properties and additional material parameters are given
in Table (5-5).
A twenty-node isoparametric brick element used to model the concrete.
The reinforcement bars are modeled as axial member imbedded within the brick
element. Soil is represented by normal subgrade reaction and horizontal
subgrade reaction, the normal component is represented by Winkler, Kondner,
and Polynomial models, while the horizontal component is represented by
Winkler model.
Fig.(5-14) shown also the details of the finite element mesh for one half of
the fixed supported reinforced concrete curved beam.
For Winkler model the value of normal subgrade reaction is (30x10° N /mm°)
, for Kondner model the value of a is (384.34 mm’/ KN) and b is (0.176 mm?*/
KN), for Polynomial model the value of normal subgrade reaction is depended
on the load test for the soil as shown in Fig.(5-21) to Fig.(5-224) for different
type of soil. Fig.(5-14) shows also the details of the finite element mesh for all
the fixed supported reinforced concrete curved beam.
The load-deflection curves of the beam under concentrated load are
shown in Fig.(5-15). The crack patterns of front face of the beam at failure stage

1s shown in Fig.(5-16).
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A’

81171971 8171971 1R

[NV INALRL L DNV [ Nf/

VAV

R=2125 mm

Reinforcement Details:
e Main Reinforcement 4-22 mm O
e Web Reinforcement 6 O mm @100 mm

150

Notes: 1. all dimensions in mm.
2.(Kx,Ky,K7) for all the nodes in the bottom face for the beam.

Figure (5-14): geometry and finite element idealization for fixed supported reinforced
concrete curved beam on elstic foundation with subtended angle 86°(Example No.5)
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Table (5-5): Material Properties and Additional Paramerters of Fixed-Fixed Supported

Reiforced Concrete Curved Beam with Subtended Angle 86°

Material properties and material

value
parameters

Young’s modulus 23000

Compressive strength 30.000
Tensile strength ~ 2.7
Poisson’s ratio 0.15
Uniaxial crashing strain - 0.003
Young’s modulus 200000

Concrete

Yield stress for main reinforcement 475
Yield stress for web reinforcement 3003

Hardening parameter 0.0

Tension Rate of stress release 25
stiffening Sudden loss of tension stiffness at the
parameter instant of cracking
Rate of decay of shear stiffness -
Sudden loss of shear stiffness at the
instant of cracking
Residual shear stiffness due to the ~
dowel action

Shear retention
parameters

" Assumed in the present study.
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Figure(5-15): Load-deflection curves under point load of fixed supported curved
beam with subtended angle 86° for different soil models
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Failure load =202 KN
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Figure (5-16): crack pattern at front face of reinforced concrete curved
beam on elastic foundation(example 5)
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5.3 Parametric Study

Example No.5 is chosen to study the influence of some parameters that affect the
behavior of reinforced concrete curved beam on elastic foundation under static
load. These parameters include the effect of radius to span-length ratio, effect of
boundary conditions, effect (a;) [the sudden loss of stress at the instant of
cracking], effect of type of soil, and effect of reinforcement bars)

20-node brick element are employed to model the concrete, and steel bars
are modeled as axial element embedded within brick concrete element. Kondner
model used to modeled the normal subgrade reaction of soil. Tangential

subgrade reaction for soil modeled by winkler model.

5.3.1 Effect of radius To Span-length Ratio (R/L)

To investigate the effect of radius to span-length ratio, four reinforced concrete
curved beams were analyzed numerically. Figure (5-17) shows the load
deflection curve for those reinforced concrete curved beams which have
different (R/L) ratio (R/L approach to «, R/L=5,3, and 1). From this figure, it
can noticed that the ultimate load decreases when the decreases of (R/L) ratio,
while the central deflection is inversely proportional to the (R/L) ratio, little
increases accur with decreases (R/L). When the (R/L) is decreases, the
subteneded angle for curved beams is increases due to increasing in subtended
angle the ultimate load is decreases. This is accur with constant span length of
the curved beam. Predicated ultimate loads for these four curved beams are also

given in Table (5-6).
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Figure(5-17): Load-deflection under point load for curved beam with various radius to
span-length ratio(R/L).

Table (5-6): Value of Predicted Ultimate Load for the Reinforced concrete Curved Beam

on Elastic Foundation

Predicted ultimate load( KN ) Load factor

1.00 (Reference)
0.802
0.700
0.586

5.3.2 Effect of Boundary Condition
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To investigate the effect of boundary conditions on behavior of the reinforced
concrete curved beams, two reinforced concrete curved beams with different
boundary conditions were analyzed numerically.

Figure (5-18) shows the load-deflection curves at the point under the load
for four reinforced concrete curved beams (simply-fixed, , and fixed supported
beam). From this figure, it can see that the collapse load for fixed support beam
greater than other beam (simply-fixed supported) and the deflection for simply-

fixed supported beam is grater than fixed supported beam.

200.00
150.00 —
z
= i
~ 100.00
=
<
=}
-
50.00
—=f=— Curved Beam Fixed Ends
—.— Curved Beam Simply-Fixed Ends
0.00 " T I T I T I T I T I T I

0.00 10.00 20.00 30.00 40.00 50.00 60.00 70.00

Deflection (mm)

Figure(5-18): Load-deflection under point load for curved beam with various
boundary conditions.

5.3.3 Effect of (a:) [ The rate of stress release as the crack widens ]
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Figure (5-19) shows the influence of (o:) on the behavior of reinforced concrete
curved beam on elasrtic foundation. Four curved beams on elastic foundation
with different values for (ou) (15.0, 20.0, 25.0, and 30.0)were analyzed
numerically. Figure (5-19) indicates that the increase value of (ou ) has
significant effect on the behavior of the curved beam on elastic foundation. It
can be noticed that increase value of (o) increases the ultimate load and
decreases the ultimate deflection of the curved beams by a little amout.
Table

Predicated ultimate loads for these four curved beams are also given in

(5-7).

250.00
200.00
5150.00 -
et i
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\—0— o =15.0)
0.0o | T | T | T | T | T
2.50 5.00 7.50 10.00 12.50

Figure(5-19): Load-deflection under point load for curved beam with various (o).
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Table (5-7): Value of Predicted Ultimate Load for the Reinforced concrete Curved Beam

on Elastic Foundation

Predicted ultimate load( KN ) Load factor

1.00 (Reference)
1.065
1.140
1.286

5.3.4 Effect of (a2) [ The sudden loss of stress at instant of cracking |
To study the effect of (02) on the behavior of reinforced concrete curved beams
resting on elastic foundation. Four curved beams on elastic foundation with
different value of (02) (0.45, 0.60, 0.75, and 0.90) were analyzed numerically.
Figure (5-20) indicates that the increase of value (02) has significant effect on
the behavior of curved beam.

Figure (5-20) shows that when value of (a2) increases from 0.45 to 0.90,
the ultimate load will increases about 83.33% , because th sudden loss ratio in
normal stress at instant cracking will decreases, this decreasing causes increases

in ultimate load . Predicated ultimate loads for these four curved beams are also

given in Table (5-8).
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Figure(5-20): Load-deflection under point load for curved beam with various (o).

Table (5-8): Value of Predicted Ultimate Load for the Reinforced concrete Curved Beam

on Elastic Foundation

Predicted ultimate load( KN ) Load factor

1.00 (Reference)
1.043
1.076
1.120
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5.3.5 Effect of Type of Soil

To investigate the effect of type of soil on behavior of the reinforced concrete
curved beams, four reinforced concrete curved beams resting on different types
of soil (dense sand, medium sand, losse sand, and soft clay) were analyzed
numerically.

Figure (5-25) shows the load-deflection curves at the point under the load
for four reinforced concrete curved . From that figure, it can be seen that the
deflection of the beam increases when the density of soil decreases. The ultimate
load for beam on dense sand is greater than ultimate load for beam on medium,

loose and soft clay.

1200

1000 —

800 —

600 —

Load (kN/m?)

400 -

p=0.44315+7.9816.7*8—2203610*62 +19412700%5"

200 +5.1245900%5 —970914000*85

O 1 I 1 I 1 I 1 I 1

0.00 0.02 0.04 0.06 0.08 0.10
) Settlement (m)
Figure (5-21): Load-settlement curve of soil (dense sand).[5]
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Figure (5-22): Load-settlement curve of soil
(medium dense sand) .[5]
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Figure (5-23):Load-settlement curve of soil (loose sand) .[5]
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Figure (5-24): Load-settlement curve of soil
(soft clay ).[5]
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Figure(5-25): Load-deflection under point load for curved beam with various types of Soll.
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5.3.6 Effect of Reinforcement Bars

To study the effect of reinforcement bars on behavior of reinforced concrete
curved beam on elastic foundation, three fixed supported curved beams on
elastic foundation were analyzed. The first beam has both main and web
reinforcement bars. But the second beam has main reinforcement bars only.
Finaly, the third beam was plane concrete . Figure(5-26) shows that, the ultimate
load decreses about (50 %) if the web reinforcement bars are removed. This is
lead to importance of the web reinforcement bars (its including shear and torsion

reinforcement bars).

200.00
150.00 -
élO0.00 —
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<
=] 4
-
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—+— Plane Concrete
00 4+——F——FT—"—F——7——7—

0.00 2.00 4.00 6.00 8.00 10.00 12.00

Deflection (mm)

Figure(5-26): effect of reinforcement stee bars on load-deflection of curved beams on
elastic foundation.
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CHAPTER SIX
CONCLUSIONS AND RECOMMENDATIONS

6.1 Conclusions

Based on the results obtained from the present finite element procedure, and

comparison with other avalible results, the following conclusions can be drawn:

1. The results obtained from the present finite element method show that the
computational model adopted in this study is suitable for the prediction of
load-deflection behavior of reinforced concrete curved beam on elastic
foundations under static loading. The comparison between the numerical and
the available experimental results gave good agreement with a difference of
not more than about 5 % in the predicted ultimate load and about 8 % in the
deflection .

2. In the problem of reinforced concrete curved beam on elastic foundation,
various models can be suggested to represent both compressive and frictional
resistance. The normal component can be represented by Winkler, Kondner,
Ploynomial models, while the horizontal component can be represented by
Winkler model.

3. The ultimate load for fixed supported curved beam is gearter than the
ultimate load for simply-fixed supported curved beam by about 1.78% .

4. The effect of the radius to span-length ratio (R/L) was noticed to have most
pronounced effect on the load-deflection behavior of curved beam on elastic
foundation. It is found that the increases of the radius to span-length ratio
increase the ultimate load and decrease in the ultimate deflection [when (R/L)
increases from 1.0 to 5.0 the ultimate load increase of about 41%].

5. The shear reinforcement has pronounced effect on the behavior of reinforced
concrete curved beam. It was found that the removing of the shear

reinforcement bars leads to decreasing the ultimate load of about 51 % .
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6. From the parametric studies carried out on curved beam resting on elastic
foundation, it can be conclused that the increase of (o) [the rate of the stress

release as the crack widens] leads to the increase of the ultimate load.

6.2 Recommendations For Future Works

The following topics are suggested for future research:

1. Investigating the behavior of reinforced concrete curved beam on elastic
foundation experimentally, and analysing the soil by using twenty-node
brick elements and for interface between the reinforced concrete curved
beam and the elastic foundation.

2. Investigating the behavior of curved beam on elastic foundation under
cyclic and daynamic loads experimentally and theoretically by the finite
elements method.

3. Investigating the behavior of curved beam on elastic foundation with
taking into account the bond slip between the concrete and
reinforcement steel bars.

4. Extending of the present work to include the geometrically nonlinearity.

5. Investigate the behavior of curved beam on elastic foundation with
taking into account time dependent effects of the creep and shrinkage of

concrete.
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APPENDIX B

= tvaluatLron of the rfow vector

The flow vector {a}, is defined as the derivative of the yield function with respect to

the stress components, and given by:

fal = of of of of of of
0G ’acy '0c, ’5Txy ’81:yz 0T

where,

a = O —c+[2(02+[3)5x+(202—BXGy—Gz)]/Q )

0Cy -

a, = o _ C+ [2(02 +B)Gy +(202 —BXGX —GZ)]/Q

86y

as= O ey [2(02 +B)oz +(2c2 —BXGX —cz)]/Q

oo, >
of

as = oo, = 6-B-Txy/Q
of
ds = a = 6'B'TyZ/Q
_of _
s = o0, =681, /Q j

where c and 3, are the material constants, and Q is given by:

=2
2 2 2
BB(th + Ty, +Tox

(02 +BXG)2( +G§ +G§)+ (2C2 —Bloxoy +0y0; +06,0y

(B-1)

(B-2)

)%

(B-3)

B-1



APPENDIX A

Table (A-1) Weights and Locations of Sampling Points in The 27 and 15
Integration Rules

I Points 27 Integration Rule 15a,15b, 14 Integration Rule

Weight Weight

([N |O|BD[([W|IN|F-

Integration Rule
15a 15b

0.77459 - - -
1.0 0.84842 0.79582
0.6741 0.72766 0.75878
0.171468 1.5644 0.712137 0
0.27435 0.3556 0.686227 0.886427
0.4389575 0.53778 0.396312 0.33518
0.702332 - - -

A-1



NOTATIONS

SYMBOL DESCRIPTION
[A] Matrix which contains the differential operators.
As Cross-sectional area of the bar.
{a}° Nodal displacements.
B Body forces.
[B] Strain-displacement matrix.
[B'] Strain-displacement matrix of the bar element.
Cp Plasticity coefficient.
D¢ Cracked material stiffness in the local axis.
[D] Constitutive matrix.
[D] Constitutive matrix of the bar element.
E, Reduced modulus of elasticity.
f'c Ultimate compressive strength of concrete.
f; Maximum tensile strength of concrete.
{f} Element assemblage external nodal force vector.
G Shear modulus of elasticity.
H Hardening parameter.
Iy First stress invariant.
Iy First strain invariant.
[J] Jacobian matrix.
3 Second deviatoric strain.
J5 Second deviatoric stress invariant.
K Hardening parameter which governs the expansion of the yield
surface.
[K] Stiffness matrix.
[k'] Stiffness matrix of the bar element.
I Directional cosines in the x direction.
m Directional cosines in the y direction.
n Directional cosines in the z direction.
N; Shape function at the ith node.
[N] Matrix containing interpolation functions.
S Part of the surface of the body where external traction are
prescribed.
T Surface traction.
u Displacement components in x direction.
{u}® Displacement vector at any point within the element.
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V Volume.
Y Displacement components in y direction.
W Displacement components in x direction.
Wi Weight of the sampling point.
Wint Internal work.
Wexi External work.
X, Y,z | Global or cartisian coordinates.
Xi, Yi, Zi | Global coordinates of ith node.
{e} Strain vector.
€ Strain.
Ecr Cracking strain.
€n Strain normal to the cracked plane.
Ecu Ultimate concrete strain.
€ Total effective strain of concrete.
€e Elastic component of total effective strain of concrete.
€p Plastic component of total effective strain of concrete.
{cp} Effective accumulated plastic strain vector.
{e'} Strain vector of bar element.
€6 Total strain corresponding to the parabolic part of the curve.
G Stress.
o Stress normal to the cracked plane.
Or Cracking stress of concrete.
G, Equivalent effective stress at the onset of plastic deformation.
o Equivalent uniaxial stress.
{c} Stress vector.
o The rate of stress release as the crack widens.
o, Sudden loss of stress at instant of cracking.
a, Material parameters.
B, Reduction factor.
Vi Rate of decay of shear stiffness as the crack widens.
v, Sudden loss in shear stiffness at the instant of cracking.
V3 Residual shear stiffness due to the dowel action.
£,m, C | Natural coordinate system.
A Compression reduction factor.
A1, Ao, A5 | Participation factors.

Note: Any other symbol will be explained where it appears in the text.
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ABSTRACT

This research deals with the analysis of reinforced concrete horizontally curved
beams on elastic foundations by the finite elements method. The material
nonlinearity was taken into account for concrete and steel. A twenty-nod
isoparametric brick element with sixty degrees of freedom is employed to model
the concrete. The reinforcing bars are modeled as axial members embedded
within the brick element.

Soil is represented by normal and horizontal subgrade reactions. The
normal component is represented by Winkler, Kondner, Polynomial models,
while the horizontal component is represented by Winkler model.

The present finite element and the available experimental and numerical
results have shown good agreement.

Parametric studies have been carried out to examine the influence of some
selected parameters (like radius to span-length ratio (R/L), boundary conditions,
o (the rate of stress release as the crack widens), a,, (the sudden loss of stress at
instant of cracking), and the type of soil on the overall hehavior of reinforced
concrete curved beam on elastic foundations. From the results obtained
according the consider examples, it was found that the ultimate load of curved
beam on elastic foundation could be increased with increasing the radius to
span-length ratio (R/L)[ when (R/L) increases from 1 to 5, the ultimate load
increases about 40% ]. The shear reinforcement bars have a significant effect on
decreasing the ultimate load, it was found that the ultimate load decreasing

about 51 % when the shear reinforcement was removed.
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