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One Chapter 

Introduction 

1.1 General  
         

 The phase diagram is a convenient graphical method of displaying 

the state of a given system that is stable under a defined set of 

conditions[1]. The main idea of phase diagrams is based around the latent 

heat that is evolved when a mixture is cooled, and the phase is changed[2]. 

Phase diagrams are known as thermal equilibrium diagrams or 

constitutional diagrams [3]. 

It shows the mixture of phases present in thermodynamic equilibrium 

at a given temperature and composition[2] .The equilibrium state is the state 

of minimum free energy of the binary system at a given temperature and 

composition at constant pressure. Thus the analysis of a phase diagram is 

the subject of thermodynamics[4].The equilibrium conditions in phase 

diagrams can be greatly satisfied by using very slow heating and cooling 

rates which give sufficient time for phase changing[5].  

Phase diagrams  enable to predict what phases are in equilibrium for 

selected alloy compositions at desired temperatures; determine the chemical 

composition of each phase; and   calculate the quantity of each phase  

present[6]. The  important applications of phase diagrams in material 

science can be abstracted as following: 

1-Scientists and engineers have found phase diagrams helpful tools in 

describing the various forms a certain material can take and anticipate the 
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stability of specific materials when designing products for service 

environments [7 and 6].  ` 

2-Metallurgist have used phase diagrams for many years as an essential to 

understand the behavior of the systems as a function of temperature and 

composition[8]. 

3-Improvement of heat treatment processes and casting processes[9]. 

4-Phase diagrams help to understand and predict the microstructures[10]. 

1.2 Types of Binary Phase Diagrams: 

1.2.1 Two Metals Completely Soluble in Liquid State:-  

A-Two Metals Completely Soluble in Solid State (Isomorphous 

System): A system consists of two metals have the same crystal structure, 

and they are chemically and physically very much alike, is called 

isomorphous system[11]. In one component system melting occurs at a well 

defined melting temperature. In multi-component systems melting occurs 

over a range of temperatures between the solidus and liquidus linesas 

shown in Fig.(1.1). Solid and liquid phases are in equilibrium in this 

temperature range [10]. Copper- nickel and germanium-silicon are phase 

diagrams of this type[11].  
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For phase diagrams of real solution there is the difference between the 

actual free energy of  the solution and the value the free energy would have 

if the solution were ideal[11], thus at low temperatures, there is a region 

where the solid solution is most stable as a mixture of two phases because 

of slow diffusion and difficulty in attaining equilibrium ,this region is called 

a miscibility gap[10], as shown in Fig.(1.2).  

 

 

 

 

Fig.(1.1):Phase diagram of copper-nickel. Ref.[10] 
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B-Two Metals Insoluble in Solid State (Simple Eutectic): A 

characteristic of this diagram is that the liquidus line consists of two 

branches falling in temperature from the freezing points of the two metals to 

a minimum intersection point, known as the eutectic temperature 

TE[13].Each component  lowers the freezing point of the other based on 

Raoult’s law, which states that the freezing point of a pure substance will be 

lowered by the addition of a second substance provided the latter is soluble 

in the pure substance when liquid and insoluble when solidified. The 

amount of lowering of the freezing point is proportional to the molecular 

weight of the solute [5] . There must be one temperature at which both 

freezing points coincide. This point is called the eutectic temperature and it 

represents the lowest liquid-solid transformation temperature within the 

system [1]. Bismuth-cadmium is a phase diagram of this type[8].    

 

Fig.(1.2):Phase diagram of iridium-platinum. Ref.[12] 
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C-Two Metals Partially Soluble in The Solid State:-The equilibrium 

diagram is formed as intermediate between the two types just discussed, and 

consists of two parts, one resembling a simple eutectic and the other which 

may be regarded as a part of a complete solid solution curve, where the two 

kinds of atoms are very different in size and each metal may be capable of 

dissolving only a limited percentage of the other [13]. 

Alloys in this system never solidify crystals coexisting in equilibrium is 

sufficient to reduce to zero the number of degrees of freedom[11]. The 

properties of the eutectic can be summarized:- 

1. Solidification takes place at a single fixed temperature. 

2. The solidification takes place at the lowest temperature in that 

group of alloys. 

3. The eutectic composition is a constant for that range of alloys. 

Fig.(1.3):Hypothetical phase diagram of simple 

eutectic. Ref.[3] 
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4. The eutectic structure is a mixture of the two solid phases.  

5. The solidified eutectic structure is generally a laminar structure of 

the two solid phases [14] . 

Alloy systems coincide this type of phase diagram are: silver-

copper, and lead-tin [5]. 

 

 

D-The Congruent-melting Intermediate Phase:- When one phase 

changes into another phase isothermally and without any changing in 

chemical composition, it is said to be congruent phase change or congruent 

transformation. All pure metals solidify congruently. If the intermediate 

phase has a narrow range of composition, as do intermetallic compounds 

Fig.(1.4):Phase diagram of lead-tin. Ref.[12] 
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and interstitial compounds, it is then represented on the diagram as a 

vertical line divides the diagram into two sections  and labeled with the 

chemical formula of the compound and obey valency law [3 and 15].If the 

intermediate phase exist over a range of composition , it is usually an 

electron compound and is labeled with Greek letter and don’t obey the 

valency law [13] . The examples of this type are the phase diagrams of 

magnesium-tin and copper-phosphorus [13 and 12].  

Fig.(1.5):Phase diagram of copper-phosphorus. Ref.[12] 



Chapter one                                                                                                   Introduction  

 8 

E-The Peritectic Reaction:- In peritectic reaction a liquid and a solid 

react isothermally to form a new solid on cooling. The new solid formed is 

usually an intermediate phase, but in some cases it may be a terminal solid 

solution [3] .The alloy system contains the terminal solid solution as a 

peritectic reaction is platinum-silver[14]. Each solid particle of α will 

combine at its periphery with liquid to form a β sheath around the periphery 

of the α particle. In order for this reaction to continue, atoms of β must 

diffuse through the β sheath to combine with α particle. Diffusion through 

solids is relatively slow. Consequently, some α phase is found to exist when 

the temperature is lowered below the peritectic temperature [1] . The alloy 

system contain a peritectic reaction are  platinum-silver and potassium-

sodium [14 and 12] .   

  

Fig.(1.6):Phase diagram of potassium and sodium. Ref.[12] 
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1.2.2 Two Liquids Partly soluble in The Liquid State(The 

Monotectic Reaction):- When one liquid forms another liquid, plus a 

solid, on cooling, it is known as a monotectic reaction. The monotectic 

reaction resembles the eutectic reaction, the only difference being that on of 

the products is a liquid phase instead of a solid phase[3]. The monotectic 

reaction is found to occur most frequently in systems where the two 

components are significantly dissimilar electrochemically, as, for example, 

in metal-nonmetal systems, some nonmetal-nonmetal systems, and even in 

certain metal-metal systems where the two metals are far apart in the 

periodic table. Real examples are the copper-phosphorus, iron-oxygen, and 

silica-manganese oxide [11].  

 

    

 

 

 

 

 

 

 

 

 

 

 Fig.(1.7):Phase diagram of monotectic reaction. Ref.[3] 
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1.2.3 Two Metals insoluble in liquid and solid state: An alloy 

system which comes very close to this type is that between aluminum and 

lead  in Fig.(1.8).The two-phase liquid region extends almost entirely across 

the diagram. This condition corresponds to a limiting case of the monotectic 

reaction and the eutectic reaction. The upper of the two horizontal lines 

represents a monotectic reaction in which the monotectic point is very close 

to the composition and melting point of pure aluminum. The lower 

horizontal line represents a eutectic reaction in which the eutectic point is 

practically coincident with the composition and melting point of lead [3] .      

The importance of this type of alloy resides in their ability to produce a 

dispersion of droplets of one component in another. Such a process is used 

to make bearing bronze, which consists of lead droplets dispersed 

throughout copper or zinc. Alloy system coincide this type of phase 

diagram is lead-zinc[16].  

 

 

 

 

 

 

 

 

Fig.(1.8):The aluminum-lead alloy system. Ref.[3]  
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1.2.4 Other Types of Phase Diagrams:- One peritectic-like invariant 

reaction is known to occur in alloys; this is the syntectic reaction as in 

Fig.(1.9). This reaction is relatively rare. The best known example occurs in 

the sodium-zinc system. In general, for normal cooling rates, when the two 

liquids in the miscibility gap react to form the solid at the syntectic 

temperature, the layer of solid may be expected to isolate the liquids from 

each other in subsequent cooling. As a result the final microstructure will 

tend to be a coarse mixture of the structures characteristic of the lower 

temperature reactions in the system [11]. 

  

The eutectic-like invariant reaction is known as the metatectic reaction. If 

the liquid phase and one solid phase in the eutectic are simply interchanged 

Fig.(1.9): (a) and (b) diagrams containing the 

syntectic invariant reaction. Ref. [11]   
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in position, the invariant shown in Fig.(1.10)results. The metatectic is of 

relatively rare occurrence; it is , however, somewhat of curiosity in that 

certain alloys in the system can melt on cooling ! For example , any alloy of 

composition to the left of the metatectic composition as s in Fig.(1.10) will 

be completely solidified when cooled to the metatectic temperature but will 

partially melt again on further cooling into the α-plus-liquid region just 

below this. Real example of this reaction is the uranium-magazine system 

[11] .   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.(1.10):-(a) and (b) diagrams incorporating 

the metatectic reaction. Ref.[11] 
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1.3 Transformations in Solid State: 

1.3.1 Allotropy, or Polymorphism: - The fundamental difference 

between liquids and solids is that the former consist of essentially random 

arrays of particles (atoms or molecules) whereas the latter are made up of 

particles arranged in regular patterns, solids are crystalline. Since with 

indistinguishable particles only one type of spatially random array is 

possible but crystalline arrays may be of many types [11] . Polymorphism 

means a metal can exist in more than one type of crystal structure. 

Allotropy means a metal can exist in more than one type of crystal structure 

repeatedly such as iron [5] . 

         On an equilibrium diagram, a point or points on the vertical line that 

represents the pure metal indicate this allotropic change. Many of the 

equilibrium diagrams involving iron-silicon, iron-molybdenum, and iron-

chromium .The metals tin, manganese, and cobalt exhibit allotropy [3] . 

Allotropy can come about as a result of change in temperature. Some 

substances exhibit allotropy on heating at ordinary pressures; iron is a 

typical example. When heated at atmospheric pressure, iron transforms at 

912˚C from the α-iron form (BCC) to the γ-iron form (FCC), and at 1304˚C 

it transforms again to α-iron (BCC) as in Fig.(1.11)[11] .  
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1.3.2 Order- disorder Transformation:- Ordinarily in the formation 

of a substitutional type of solid solution the solute atoms do not occupy any 

specific position but are distributed at random in the lattice structure of the 

solvent. The alloy is said to be in a “disordered” condition. Some of these 

random solid solutions, if cooled slowly, undergo a rearrangement of the 

atoms where the solute atoms move into definite positions in the lattice. 

This structure is now known as an ordered solid solution or superlattice as 

shown in phase diagram of gold-copper[3].   

Fig(1.11):Phase diagram of iron-molybdenum. Ref.[12] 
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1.3.3 The Eutectoid Reaction:-This is a common reaction in the solid 

state. It is very similar to the eutectic reaction but does not involve the 

liquid. In this case, a solid phase transforms on cooling into two new solid 

phases. Under microscope eutectic and eutectoid mixtures generally appear 

the same, and it is not possible to determine microscopically whether the 

mixture resulted from a eutectic reaction or a eutectoid reaction[3].The two 

phases in a eutectoid structure tend to be more regularly arrayed than in a 

eutectic structure because in the latter the presence of the liquid allows the 

Fig.(1.12): The gold–copper equilibrium diagram. Ref. [3] 

 



Chapter one                                                                                                   Introduction  

 16 

 growing solids to undergo accidental alterations in growth direction more 

freely. Real examples of this phase diagrams are the iron-tantalum, iron-

carbon, and magnesium oxide-zirconium oxide [11]. 

 

 

1.3.4 The Peritectoid Reaction:- The peritectoid invariant is exactly 

analogous to the peritectic with the exception that all the phase involved are 

solid. Peritectoid reactions are more sluggish than peritectic reactions, for 

they not only involve no liquids, but also they tend to occur at relatively 

low temperatures, where diffusion rates in the solids involved are extremely 

slow. Real examples can be seen in the cobalt-tungsten, nickel-

molybdenum, and silver-aluminum[11 and 3].  

Fig.(1.13):Phase diagram represent the eutectoid reaction. 

Ref.[10] 
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Fig.(1.14):Phase diagram of molybdenum-nickel. 

Ref.[12] 
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Tab.(1.1):Symbolic representation of equilibirium diagrams 

reactions. Ref.[11 and 1] 
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1-4 The Scope of the present work:_ The objective of the present 

work is to draw two types of phase diagrams by using thermodynamic 

properties. Phase diagrams and thermodynamic properties are very 

important in alloy design and material processing simulation. Theoretical 

calculation of phase diagrams by using thermodynamic properties is more 

important than experimental method as:- 

-The time is reduced by using the theoretical  method. 

-Calculations involving solid phases are more manageable than, for 

instance, those involving liquid phases. 

-The determination of the solid state part of a phase diagram in 

experimental method is most likely to be hindered by sluggish kinetics or 

characterization problems. 

 -It enables to predict some features of the system which are not easily 

measured, as well as to predict phase diagrams of complex multi-

component systems. 

-It will be easy to draw the phase diagrams of refractory metals. 

          In this investigation the following types of phase diagrams are studied 

in detail:- 

1- Phase diagrams of two metals completely soluble in liquid and solid state 

with assuming that diagrams with miscibility gap are considered as 

diagrams of regular solutions while without miscibility gap are considered 

as diagrams of  ideal solutions. 

2-Phase diagrams of two metals completely soluble in liquid and partially 

soluble in solid state “eutectic systems”. 
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               In this study computer programs of two metals completely soluble 

in liquid and solid state (TMCSLS), two metals completely soluble in liquid 

and solid state with regular solution (TMCSLSR),and two metals 

completely soluble in liquid state and partial soluble in solid state 

(TMCSLPSS)are designed to achieve the previous objectives. The results 

are comparing with phase diagrams of experimental method which is 

represented by thermal analysis by using cooling curves from different 

references. . 
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Chapter Two  

Literature Review 

2.1 General  
Phase diagrams provide fundamental processing maps for metals and 

alloys thus their determination is very important. Theoretical calculation 

of the equilibrium thermodynamic properties of crystal, over a wide 

range of temperatures and pressures, has been approached in a number of 

ways[17].In a crystal, atoms are arranged in a periodic array so that each 

atom has identical surroundings which is called a lattice 

structure[18].The energy of a lattice vibration is quantized, where the 

elastic waves in crystals are made up of phonons[4]. 

2.2 Literature Review: 

In 1968 Gordon, P. [11] discussed the principles of equilibrium 

phase diagram relationships in one-and two-component materials 

systems. He developed the thermodynamic foundations of the diagrams 

on the basis of the free energy criterion, considering temperature, 

composition, and pressure as the relevant variables.  

In 1970 Kaufman and Bernstein[19]summarized the general 

features of the calculation of phase diagrams and also gave listings of 

computer programs for the calculation of binary and ternary phase 

diagrams, thus laying the foundation for the CALPHAD method 

(Calculation of Phase Diagrams). 

The CALPHAD method is based on the minimization of the free energy 

of the system and is, thus, not only completely general and extensible, 

but also theoretically meaningful. The experimental determination of 

phase diagrams is a time consuming and costly task. This becomes even 
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more pronounced as the number of components increase. The calculation 

of phase diagrams reduces the effort required to determine equilibrium 

conditions in a multi-component system.  

Phase equilibrium calculations can not only give the phases 

present and their compositions but also provide numerical values of 

enthalpy contents, temperature and concentration dependence of phase 

boundaries for coupling of microscopic and macroscopic modeling[19].  

For the calculation of phase equilibria in a multicomponent 

system, it is necessary to minimize the total Gibbs energy, G, of all the 

phases that take part in this equilibrium: 

A thermodynamic description of a system requires assignment of 

thermodynamic functions for each phase. The CALPHAD method 

employs a variety of models to describe the temperature, pressure and 

concentration dependencies of the free energy functions of the various  

phases. The contributions to the Gibbs energy of a phase can be written:  

The temperature dependence of the concentration terms of GT
 is usually 

expressed as a power series of T: 

 In eq.(2-3) a, b, c, and d are coefficients and n is an integer. 

Eq.(2-3)is valid for temperatures above the Debye temperature which 

represent : 
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For multicomponent systems it has proven useful to distinguish three 

contributions from the concentration dependence to the Gibbs energy of 

a phase, GФ: 

 

Since Hildebrand introduced the term "regular solution" to describe 

interactions of different elements in a solution, a series of models have 

been proposed for phases which deviate from this "regularity", i.e. show 

a strong compositional variation in their thermodynamic properties, to 

describe the excess Gibbs energy Gxs [ 19 and 20]. 

 For equilibrium alloys, the calculation of phase diagrams 

(CALPHAD) approach is a well-established and widely applied method 

for calculation of thermodynamic functions and phase diagrams. This   

method uses another analytical expressions to describe the free energy of 

different phases in an alloy system[21]. In the general formalism, the 

free energy G of a phase in a binary system is usually expressed as in 

Ref. [21]: 

In 1996 Saunders, N. [22]used CALPHAD method to calculate 

phase diagram and prediction thermodynamic properties for alloys from 

the following multi-component system: Ni-Al-Co-Cr-Hf-Mo-Nb-Ta-Ti-

W-Zr-B-C as super alloys of Ni-base alloy. CALPHAD method is used 

for calculation phase diagrams of binary and ternary alloys from the 

system. Results of CALPHAD method are compared with results of 

experimental method. They are very nearly and identical in some 

regions. 

G=GAXA+GBXB+kBT(XAlnXA+XBlnXB)+Gxs
                                                         (2-6) 

 

 (2-5) 
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In 2000 Norgren, S.[23] introduced CALPHAD method 

(calculation of phase diagrams) to describe the alloy system of Fe-Tb-

Dy. In the CALPHAD method the individual phases in a system are 

assigned Gibbs energy expressions. This work was aimed at the phase 

relationships and thermodynamic properties of rare earth –iron alloys 

being the basis of many novel functional materials. The binary data 

can be combined to calculate phase diagram or thermodynamic 

properties in binary and possibly in higher-order systems. She 

concluded the binary systems Fe-Tb, Fe-Dy, Ho-Er, Ho-Tb, Ho-Dy, 

Er-Tb, Er-Dy, Sc-Nd, Sc-Gd, and Sc-y. She calculated the ternary Fe-

Tb-Dy  liquidus surface diagram. 

 

In 2002 Zi-Kui Liu ;et al. [24] concerned on thermodynamics of the 

magnesium and boron system with the modeling technique CALPHAD 

using computerized optimization procedure. They obtained temperature-

composition, pressure-composition, and pressure-temperature phase 

diagrams under different conditions. The results provide helpful insights 

into appropriate processing conditions for thin films of the 

superconducting phase. They found that MgB2 is thermodynamically 

stable only under fairly high to very high Mg partial pressures at the 

temperature range. 

In 1993 ,Najafabadi, R.; et al. [21]calculated the experimental 

thermodynamic data for the metastable  Ag-Cu alloys and for 

equilibrium phases then compared them with both calculation of phase 

diagrams (CALPHAD) and atomistic simulation predictions. The 

atomistic simulations were performed using the free energy 

minimization method (FEMM). They developed the FEMM and used the 
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embedded atom method (EAM) interatomic potentials in the FEMM 

simulations have been well established for this system. The FEMM 

determination of the equilibrium Ag-Cu phase diagram and the enthalpy 

of formation and lattice parameters of the metastable solid solutions are 

in good agreement with the experimental measurements but CALPHAD 

calculations overestimate the enthalpy of formation. The experimental 

method is the high energy ball milling to form metastable Ag-Cu solid 

solutions. Thus, the FEMM is a viable alternative approach for the 

calculation of thermodynamic properties of equilibrium and metastable 

phases. 

The free energy minimization method (FEMM) ,which is based 

upon the minimization of an approximate free energy functional with 

respect to positions of all atoms and the spatial distribution of solutes. In 

addition to provide thermodynamic functions such as the free energy and 

entropy of equilibrium alloys, the FEMM also allows determination of 

thermodynamic functions of metastable alloys. 

       The Gibbs free energy of an alloy system may be written as:-  

The bonding energy within the embedded atom method (EAM) 

framework is given as :- 

The electron density at site of atom k is assumed to be a superposition of 

the electron densities due to the neighboring atoms:- 

 

 

G=Ebond+Evib+Econf                                                                                                                       (2-7) 
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The vibrational contribution to the free energy is determined that each 

atom is assumed to vibrate within a potential well which may be 

characterized by three independent frequencies.. The classical vibrational 

contribution to the free energy is: 

 

The configurational energy contribution Econf to the free energy of a 

binary alloy, is written using the ideal entropy of mixing as[21]: 

 

In 1997 Zhang, F.; et al. [25] developed thermodynamic 

description of the Ti-Al system, nine phases were considered in this 

system. The disordered solution phases are: liquid, α(Ti, Al), β(Ti, Al), 

(Al); ordered intermetallic phases: α2Ti3Al, γTiAl, TiAl3 and 

stoichiometric compounds: TiAl2, Ti2Al5. They developed quasi 

chemical model to describe the excess Gibbs free energy of the ordered 

intermetallic phases. The thermodynamic properties obtained from the 

model parameters as well as the calculated phase diagram are in good 

agreement with the experimental data.  

 

In 1998 Purton,  J. A.; et al. [26] showed explicitly how a number 

of modified Monte Carlo techniques may be used for taking explicit 

account of relaxation,  there by sampling efficiently a large number of 

different configurations and avoiding any averaging out of local effects. 

In this way they remove the major limitations of the existing methods 

 (2-10) 
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which restrict considerably the contact between experiment and theory 

and extend the range of applications that can be tacked to include real 

rather than model systems. Order-disorder in alloys, oxides, and silicates 

are studied by means of Monte Carlo methods. The authors have 

investigated both convergent and nonconvergent ordering. Applications 

was studied: Cu/Au ordering in Cu-Au alloy, Mg/ Mn ordering in olivine  

MgMnSiO4, and L+3/M +2  order- disorder in the quaternary cuprates 

La2MCu2O6 (M=Ca, Sr). 

Monte Carlo is presented for the calculation of the thermodynamic 

properties of solid solution and phase diagrams. Monte Carlo is modified 

as described below. All  calculations are based on an ionic model using 

two-body potentials to represent short-range forces.  

           The first approach is a Monte Carlo simulation (MC) in which 

there are no interchanges. Vibrational effects are taken into account by 

allowing random moves of randomly selected atoms. Both the atomic 

coordinates and cell dimensions are allowed to vary during the 

simulation. During one step of the MC simulation, an atomic coordinate 

or a lattice parameter is chosen at random and altered by a random 

amount. The maximum changes in the atomic displacements and the 

volume are governed by the variables rmax and vmax respectively.The 

magnitudes of these parameters adjusted automatically during the 

equilibration part of the simulation to maintain an acceptance / rejection 

ratio of approximately 0.3. 

          In the second approach, Monte Carlo Exchange (MCX), both the 

atomic configuration and the atomic coordinates of all the atoms are 

changed. In any step, a random choice is made whether to attempt a 

random exchange between two atoms, a random displacement of an ion, 

or a random change in the volume of the simulation box. 
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          The final technique is hybrid Monte Carlo (HMC), local structural 

relaxation is achieved by means of a short molecular dynamics (MD) run 

thus combining MonteCarlo and molecular dynamics steps in the same 

simulation. Related techniques have been widely used in the modeling of 

polymers and biomolecular. Like MCX, the HMC technique allows the 

efficient sampling of a large number of different configurations. During 

one HMC cycle, one of three options is chosen at random, with equal 

probabilities [27].         

           The first and second methods are the most popular methods in 

recent times. These approaches rely on generating a set of system states 

representative of the equilibrium configuration and forming an average 

over this set. The computationally expensive part is then generating new 

configurations, both to approach an equilibrium state from an initial 

configuration, and in sampling the configuration space near the 

equilibrium, more samples leading to greater accuracy [17].  

In 1997 Taylor, M. B; et al. [17] concluded method of the fully 

quasiharmonic dynamical free-energy first derivatives, and static energy 

second derivatives, for a periodic crystal with respect to various 

parameters of its geometry. They showed how these derivatives can be 

used for efficient structural optimization of such a crystal. They 

calculated the optimized geometry, equilibrium thermodynamic 

quantities such as free energy, heat capacity, and thermal expansion. 

This procedure can be used over a wide range of temperatures and 

pressures. 

                Quasiharmonic lattice dynamics(QLD) is a simulation 

technique complementary to Monte Carlo and molecular dynamics. 

Quantum effects are readily taken into account, and high precision does 

not normally require long runs. Vibrational stability is a sensitive test of 
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interatomic potentials, and details of the vibrational motion reveal 

mechanisms for phase transitions or for thermal expansion. The major 

computational task is usually to find the equilibrium geometry at a given 

temperature and pressure; this calculating free energy, heat capacity, and 

thermal expansion, is rapid and accurate. Quasiharmonic lattice 

dynamics (QLD) is a relatively inexpensive technique, which avoids the 

kinetic barriers and critical slowing-down effects suffered by Monte 

Carlo (MC) and has the advantage that free energies and derived 

properties such as entropy and heat capacity can be calculated directly 

with high precision. The main disadvantage is that QLD is valid only 

when vibrational amplitudes are fairly small, and so other techniques 

must be at high temperatures as melting is approached[28].  

In 2001 Allan, N. L.; et al. [28]concluded the quasiharmonic lattice 

dynamic (QLD) is an economical and precise tool for not only the bulk 

,but also surfaces, defects, and solid solutions. For ionic solids they 

found that QLD is usually valid up to about one-half to two-thirds of the 

melting point. They used QLD in several applications such as: MgF2 

including the rutile/fluorite transition; negative thermal expansion in 

ZrW2O8  , anisotropic expansion of polyethylene at very low 

temperatures; surface free energies for MgO; defect energies and 

volumes in MgO. They applied a new method for obtaining free energies 

and phase diagrams of disordered solids and solid solutions such as 

MnO/MgO and CaO/MgO. 

In 2001 Barrera, G. D.; et al. [29] developed a highly efficient 

method for the fully dynamic structure optimization of large unit cells 

that uses lattice statics and quasiharmonic lattice dynamics (QLD). The 

authors showed how a configurational lattice dynamics technique in 
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which the free energy of a number of configurations is determined 

directly by means of fully dynamic structural minimization that can be 

used to calculate thermodynamic properties of solid solutions and phase 

diagrams. The authors illustrated this method by using Mn/MgO. They 

concluded how the rapid calculation of the free energy via 

quasiharmonic lattice dynamics can be used to calculate thermodynamic 

properties of solutions over wide ranges of temperatures including Hmix 

and Smix , and phase diagrams. 

 

 In 2000 Walle, A.[30]seek to improve one specific type of phase 

diagram computations ”First-principles  “ calculations to calculate 

vibrational entropy differences between phases in an alloy system and 

vibrational properties. Vibrational entropy change can be attributed to 

changes in bond stiffness associated with the changes in bond length that 

take place during a phase transformation. First principles calculations 

can be enabled to develop controlled approximations that allow the 

inclusion of vibrational effect in phase diagram calculations at a 

reasonable computational cost. 

A first principles calculation seeks to determine the properties of a 

material without relying on any experimental input, starting solely from 

the knowledge of the atomic number of constituents.The calculation of 

phase diagrams from first principles is a challenging task, because phase 

transitions are determined by the collective behavior of a large number 

of atoms. However, the computational requirements of the quantum 

mechanical calculations needed to describe the energetics of the system 

are such that they can only be performed on systems with a small 

number of atoms.  
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In 2001 Ceder, G. [31]worked on development of first principles 

methods and on the integration of this new expertise with materials 

research and engineering. First principles computations make it possible 

to predict properties of materials before they are synthesized. These  

methods can be used to investigate materials and pre-screen candidate 

compositions when designing new materials. Examples of properties that 

can be predicted includes :phase diagrams, thermodynamic properties ,

thermal expansion, elastic constants, heat conductivity ,diffusivity, 

infrared and microwave absorption ,electrochemical potentials, reaction 

activation energies. 

In 2001 Gronsky, R.; et al. [32] presented the construction of 

phase diagrams from cooling curves .They used a thermocouple  that 

exploits the Seebeck Effect, the voltage difference induced in a 

conductor by  a temperature gradient. The thermocouple is made from 

chromel and alumel. They find the phase diagram of lead-antimony by 

plotting cooling curves at various temperatures.  

Thermal analysis method is the most widely used for developing 

equilibrium diagrams[15]. In this method, alloys mixed at different 

compositions are melted and then the temperature of the mixture is 

measured at a certain time interval while cooling back to room 

temperature. It relies on the information obtained from the cooling 

diagrams[33]. Cooling diagram will show a change in slop between 

initial and final phase change temperatures because of the evolution of 

heat by the phase change. Then these temperatures are used for the 

construction of the phase diagrams[33 and 3]. 

In 2002 Chen, S. L. ; et al. [34]discovered a new computer 

software package for multi component phase diagram calculation is 
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PANDAT. PANDAT is designed to calculate the most stable phase 

equilibrium automatically[35]. It uses a global minimization algorithm 

based on the mathematical and thermodynamic properties between Gibbs  

energy function and the stable phase equilibrium[35].  

Calculation of the heat capacity of a solid element, as a function of 

temperature, was one of the early triumphs of the quantum theory [20] . 

Thermodynamic properties such as enthalpy, entropy, and Gibbs free 

energy can be concluded from this method. The first such calculation is 

due to Einstein, who considered the properties of a crystal comprising na 

atoms, each of which , in classical terms, is considered to behave as a 

harmonic oscillator vibrating independently about its lattice point. As 

each oscillator is considered to be independent such  as its behavior is 

unaffected by the behavior of its neighbors, then each oscillator vibrates 

with a single fixed frequency , and a system of such oscillators is known 

as an Einstein crystal.  

Quantum theory gives the energy of the Ith level of a harmonic oscillator 

as:  

 

As each oscillator has three degree of freedom can vibrate in the x, y, 

and z regarded as being a system of 3n linear harmonic oscillator)is 

given as : 

(2-14) 
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By substituting Eqs.(2-14)and(2-15) in (2-13):- 
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Equation(2-17) expresses the relationship between the energy of the 

system and the temperature. Differentiation of Eq. (2-17)with respect to 

temperature at constant volume gives the constant –volume heat capacity 

Cv (as the volume remains constant, the quantization of the energy levels 

remains constant)[20 and 4],thus: 

 

By using Einstein characteristic temperature, and taking m equal to 

Avogadro’s number gives the constant-volume molar heat capacity of 

the substance as[20]:  

in which case:  
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          The next step in the development of the theory was made by 

Debye, who assumed that the range, or spectrum, of frequencies 

available to the oscillators was the same as that available to the elastic 

vibrations of a continuous solid. With respect to the wavelengths of these 

vibrations, the lower limit is fixed by the interatomic distances in the 

solid .If the wavelength was equal to the interatomic distance, then 

successive atoms would be in the same phase of vibration; hence 

vibration of one atom with respect to another, as such , would not occur. 

Theoretically the shortest allowable wavelength is twice the interatomic 

distance, in which case neighboring atoms vibrate in opposition to each 

other. Taking this minimum wavelength λmin to be in the order of 5*10-8 

cm and the wave velocity υ in the solid to be 5*105 cm/sec gives the 

maximum frequency of vibration of an oscillator to be in the order of: 

ωmax=υ/λmin=5*105/5*10-8=1013sec-1                                                                       (2-20)                                                                                                                  

Debye assumed the frequency distribution to be one in which the number 

of vibrations per unit volume per unit frequency range increases 

parabolically with increasing frequency in the allowed frequency range 

0<=ω<=ωmax; and by integrating the Einstein expression over this 

frequency distribution, he obtained the heat capacity of the solid as:-  

where 
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Eq.(2-22)is 

termed the 

Debye T3 law for very low temperature heat 

capacities. This equation is of particular use at 

temperatureS below those at which the heat capacity has been measured 

experimentally for a given material [ 20] . 

         

 

 

 

There is few researches about calculating phase diagrams theoretically. 

Kuufman and Saunders used CALPHAD method to determine binary 

and ternary phase diagrams. Norgren used CALPHAD method to 

determine thermodynamic properties and phase diagrams of rare earth-

iron alloys and Zi-Kui determine phase diagram of boron-magnesium. 

Monte carlo is used to study the ordering in gold-copper, magnesium-

manganes in olivine, and in cuprates by Purton. Allan, et al.  study 

transition MgF2 ,thermal expansion, surface free energy ,and phase 

diagram of MnO-MgO by using quasiharmonic lattice dynamics QLD.  

      

In present work minimization free energy of the system such as 

CALPHAD method was used. By using Gibbs free energy at melting 

temperature for each metal is zero and using the enthalpy and the 

entropy at melting temperature and calculating the interaction parameters 

3
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For very low temperature Eq.(2-21) gives 
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for eutectic system. Theoretical method is more important than 

experimental method because the latter is a painstaking task, 

complicated both by the need for high resolution in(composition, 

temperature)-space, and phases with a small stability region be missed. 
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Chapter Three  

Theoretical Analysis of Phase Diagrams 
 
3.1General 
  In this work solid solutions α,β, and ε represent FCC, BCC, and 

CPH respectively. The phase diagrams of two metals completely soluble 

in liquid and solid state without miscibility gap will be dealt as ideal 

solutions and with miscibility gap will be dealt as regular solutions. The 

eutectic system is calculated by another method.  

3.2 Theoretical Calculation of Binary Phase Diagram for 

Ideal Solution -:Real systems which behave almost ideally in both the 

solid and liquid states present the possibility of the relatively simple 

quantitative calculation of phase diagrams [11].By using Gibbs free 

energy of the liquid and the solid states to find the equilibrium between 

two phases. For equilibrium in a system the chemical potential of any 

component in all phases is the same[18]. The equations for the liquidus 

and solidus curves in the systems of two metals soluble completely in 

liquid and solid states will be developed from the relations in Ref.[11]:-        

GM,L in turn may be written as: 

The free energy of the liquid solution as a function of partial molal free 

energy is:- 
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The chemical potential of B in the solution at equilibrium is concluded 

from the next equationsل  by substituting XA=1-XB and dXA=-dXB, 

combining equations (3-3)and (3-4), and suitably rearranging as in 

Ref.[11]: 

      

                                         

 

Thus the chemical potential of metal B in the liquid phase is: 

        At a given temperature the difference in Gibbs free energy for metal 

B is: 

 When B melts under equilibrium conditions at constant temperature and 

pressure. At melting temperature  the change in Gibbs free energy is 

(3-9) 
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Differentiating Eq.(3-1) as in Ref.[11] get that: 

 

In an analogous manner in the solid solution: 

  

 
If the liquid and solid solutions are to be in equilibrium, the chemical  

potentials of B in each must be identical; equating (3-8) and (3-9):- 

           (3-7) 
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zero: 

Assuming that neither ΔSB nor ΔHB varies with temperature, this is 

equivalent to assuming that the difference between the heat capacity of 

the liquid and that of the solid,ΔCp, does not change with temperature, 

as in Ref. [11]: 

then substitution of Eq.(3-12)into (3-11) gives:- 

By combining Eqs.(3-10) and (3-14) it can be found: 

The same analysis obviously holds for the component A in the two 

solutions, so that: 

 

In this work , by assuming that metals melt and solidify at their melting 

temperature under equilibrium conditions, that is ΔG=0, and using Eqs. 

(3-15) and (3-16) to calculate the solidus and liquidus curves for ideal 

solutions (isomorphous systems). The equilibrium melting temperature 

and the enthalpy of fusion at constant pressure of the pure components  

at their melting points are needed to determine this type of phase 

diagrams. In this work these equations can be used for some phase 

m

BB
SS  m

BB
HH  (3-13) 
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diagrams which dealt as ideal solution, such as copper-nickel, 

germanium-silicon, silver-palladium, and ruthenium-osmium 

3.3 Determining the Solidus and Liquidus Curves and 

Miscibility Gap for Regular Solutions Theoretically:-  

Depending on chemical potentials of components at equilibrium of phase 

diagram, two equations to determine the solidus and liquidus curves of 

regular solutions concerning on XB
S and XB

L.It is assumed that the 

enthalpy of each component at any temperature is equal to its  enthalpy 

of fusion at its melting temperature; and that is true for the entropy. The 

regular solution has the excess Gibbs free energy which represent excess 

enthalpy and excess entropy. The excess entropy is negligibly small. 

Thus it equals zero. At equilibrium: 

  

Thus for determining the mole fractions of metal B in the liquid and in 

the solid solution by the next method. Gibbs free energy of liquid 

solution in regular system is: 

The differentiation of Eq.(3-18) is:- 

 

For regular solution: ΔSxs=0  ; ΔGxs=ΔHxs 

The excess enthalpy as a function to critical temperature .The critical temperature 

is the beginning of miscibility gap, as reported in Ref.[11]:- 

 

 

 

and     

 

S

B

L

B
 S

A

L

A


 (3-18)  
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 17)-(3          B                                                                                                                            XAXc=2RTxsHΔ 
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For metal A: 

 

For solid solution: 

L

A

L

BL

Bcc

L

A

L

BL

B

L

X

X
lnRTXRT4RT2GG

dX

dG
 (3-19)  
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ΔGA is 

Gibbs 

free 

energy in terms of the quantity ΔHA
m ,assuming that pure metal melts 

under equilibrium conditions at constant temperature and pressure, thus: 

For metal B,by the same way, in liquid solution: 

 

Chemical potential of metal B in solid solution is  :  

 

 

The miscibility gap can be calculated by knowing its critical temperature 

and using Eq.(3-28) as in Ref.[11] :- 

At equilibrium  μB
L=μB

S ,then μB
L-μB

S=0 ,from Eq.(4-25)and(4-26) 
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T

H
THG



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A 

From Eqs.(3-21)and(3-22)the chemical potential of metal A is in solid 

solution is: 

 

At equilibrium  

 

 

S

A

L

A
 0

S

A

L

A
,then 

,from Eqs.(3-20)and(3-23) 

S
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GGG Where: 
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Thus the enthalpy of fusion of each component and its melting 

temperature, and the critical temperature which represent the beginning 

of the  miscibility gap of the system are required. Primary values of XB
S 

and XB
L must be known and these variables are independent. In this 

work these equations can be used for some phase diagrams which dealt 

as regular solution, such as gold-platinum, iridium-palladium, niobium-

tungsten and rhodium-palladium 

3.4 Phase Diagrams for Eutectic Systems:-To determine phase 

diagrams of eutectic system by calculating mole fractions of liquid and 

solid phases. Gibbs free energy of liquid phase in the A-B system is 

given as in Ref.[36]:-  

In the regular solution approximation , Gxs,L is given by:- 

Differentiating  Eq.(3-29)is: 

By using Eqs.(3-5) and (3-6) to calculate chemical potentials of two 

metals in the liquid phase, the resulting Eqs. are:- 

 

The Gibbs free energy for the solid solution which represent β phase is:- 

      (3-28) 

 ]X/)X1ln[(
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T
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

  (3-32) 
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The excess Gibbs free energy for β phase is given by as reported in 

Ref.[36]:- 

Differentiating  Eq.(3-33)is: 

 

The chemical potentials of two metals in the solid solution β are 

calculated as in the liquid phase by using Eqs.(3-5) and(3-6):- 

Two-phase equilibria between the β and liquid phases at a fixed 

temperature require that: 

 

 

it could be concluded that: 

Solving Eqs.(3-39) and (3-40) to determine phase diagram of this type. 

Data of Gibbs free energy of two metals can be found by using free 

(3-39) 
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energy at melting temperature as in Eq. (3-14), and by knowing the 

enthalpy of melting of each metal and its melting temperature then the 

entropy can be calculated as Eq.(3-12). 

There are two methods to calculate the interaction parameters of 

liquid and solid phases. In the first method, calculating  interaction 

parameters of liquid and solid phases as reported in Ref.[36]:-  

The first term print is described in terms of the “solubility parameter” for 

the binary partners. These solubility parameters δA and δB are :  

The internal pressure term print
* is evaluated by squaring the difference 

between solubility parameters and multiplying by the average volume 

and it is always positive. The present definition of the internal pressure 

term is :  

  

To describe the electronic component of interaction parameter for liquid 

phase as a function of group number of metals in periodic table.  

*Pint the internal pressure contribution by Brewer. Brewer’s procedure of 

evaluating δA or δB at 298˚K and this reduced the internal pressure by 

40% thus the factor 0.3 reflects the above mentioned  40% reduction 

[36]. 

In order to estimate the interaction parameter for β phase which 

represents BCC quantitatively, by considering that the difference 
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between the interaction parameter for  β phase and that for liquid phase 

is composed of two terms: 

  

 

The first of term is depending on the size or volume difference between 

A and B. 

In order to compute second term which represent the “electronic 

component” for the β phase by this way :- 

 

 

  

so that where the electronic  component of β phase is  given by:   

  

The computation of the interaction parameter for the ε phase which 

represents CPH as reported in Ref.[36]: 

 (3-46) 
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The final step is to compute the interaction parameter for the FCC 

(α)phase. The parameter is defined by this equation as: 

 

In the second method using eutectic temperature and mole 

fractions at eutectic temperature from experimental diagrams to calculate 

the interaction parameters. By substituting XA
L=1-XB

L and XA
S=1-XB

S in 

Eqs.(3-39)and(3-40)and calculate the interaction parameter for β phase 

from Eq.(3-39): 

From Eq.(3-40)can be calculated inpL:- 

From two Eqs. before, inpβ and inpL can be concluded as following:- 

inpε=inpβ+eε    
                                                                                        (3-51) 

 Hence 
 

inpα=inpε+eα                                                                                         (3-53) 

 Where: 
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To determine the intersection point between liquidus and solidus lines 

which represent eutectic temperature,  two functions required are : 

 

 

The interaction parameters are used to calculate mole fractions as in 

Eqs.(3-39) and (3-40)at range of temperatures. 

When the interaction parameter for the phase β and its equation of the 

transformation are not defined thus by knowing the interaction parameter 

for the liquid phase , the method is used as: 

(3-57) 

])X()X1()X1()X([

G)]X1/()X1ln[(RT[)X1(]G)X/Xln(RT[)X(
inp

2S

B

2L

B

2S

B

2L

B

L

A

S

B

L

B

2L

B

L

B

S

B

L

B

2L

B










 (3-58) 
2L

B

L

B

2S

B

S

B

L

BL

)X1(

G)X1(inp)X/Xln(RT
inp








(3-59) 
RT

]G)X1(inp)X1(inp[
)

X

X
ln(F

L

B

2L

B

L2

B

B

L

B
1








(3-60) 
RT

]G)X(inp)X(inp[
)

X1

X1
ln(F

L

A

2L

B

L2

B

B

L

B
2













(3-61) 

2

B

2L

B

L

B

L

B

L

A

)X(

)X(inp)]X1/()X1ln[(RTG
inp




 




Chapter Three                                           Theoretical Analysis of Phase Diagrams 

 

 
03 

 

 

Phase diagram of copper –silver can be determined by using the first 

method of calculating interaction parameters , but phase diagrams of 

aluminum-silicon, lead-tin, and lead-antimony by using second method.                                             

 

3.5 Free Energy Differences Between The Solid Forms of 

The Elemental Components-:In order to illustrate how to estimate 

the equations of transformation between liquid and solid phases by using 

Figs.(3.1)and(3.2) as reported in Ref.[36].  

               From knowing the enthalpy difference and entropy difference 

between ε and β phase from Fig.(3.1)can be concluded equation of free 

energy of transformation between these phases by this equation: 

From Fig.(3.2) can be concluded the free energy of transformation  

between ε and α by this way:  

By knowing Gibbs the free energy equation of transformation from solid 

to liquid phase at the melting point of that metal can be known the free 

energy of transformation between other solid phase and liquid phase by 

this manner. By assuming Gibbs free energy of transformation between 

liquid and α-solid solution is knowing thus: 

 

 (3-63) 
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Fig.(3.1):Enthalpy and entropy differences  

between the CPH(ε) and BCC (β)forms of  

the transition metals. Ref.[36] 
 

Fig.(3.2)Enthalpy and entropy differences 

 between the CPH (ε) and the FCC (α) 

forms of the transition metals. Ref.[36]  
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3.6Computer Programming :Theoretical calculations of phase 

diagrams involves linear and nonlinear equations. These equations are 

solved using designed programs in Quick Basic language. 

3.6.1 Two Metals Completely Soluble in Liquid and Solid 

State(TMCSLS):-The designed program is used to solve Eqs.(3-15) 

and (3-16) by calculating mole fraction in the solid state from the first 

equation after that calculate mole fraction in the liquid state from the 

second. To “Run” the “TMCSLS” program; the data of enthalpy of 

melting and temperature of melting of each metal must be specified. The 

resulting data can be drawn by subroutine which is called (draw 

temperature and mole fraction)“DTM1”. This subroutine begins from the 

lower melting temperature to the high melting temperature by drawing 

mole fractions in the liquid and solid state at each temperature which 

represent the liquidus and solidus lines. 

3.6.2 Two Metals Completely Soluble in Liquid and Solid 

State with Regular Solution (TMCSLSR) :- This program require 

the enthalpy of melting and melting temperature for each metal as input , 

as well as the critical temperature of the system which represent the 

beginning of miscibility gap .Suppose metal B has the lower melting 

temperature. The initial values of mole fractions for metal B in the liquid 

and solid state are 0.01, using in Eqs.(3-24) and (3-27) to obtain the final 

values of mole fractions. Determining the miscibility gap depending on 

the critical temperature of the system as in Eq.(3-28). The final values 

can be drawn by using the subroutine which is called(draw temperature 

and mole fractions) “DTM2”. This subroutine is used  to draw liquidus 

and solidus lines by the values of temperatures and mole fractions at 

each temperature after that drawing the miscibility gap by uing the 
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resultiong temperature from Eq.(3-28) with mole fraction of the solid 

state  

3.6.3 Two Metals Completely Soluble in Liquid and Partial 

Soluble in The Solid State [Eutectic System](TMCSLPSS) :-

This program is represent the main program for this type because there 

are some of diagrams need another programs ,after that using the main 

program.This program require equations of transformation for each 

metal and the melting temperatures and initial values of mole fractions in 

the liquid and the solid states which represent 0.01. For this program  

data of interaction parameters determine from Eqs.(3-41),(3-45),(3-

51)and(3-53).The subroutine which is called( draw temperature and mole 

fractions)”DTM3” to draw the liquidus ,solidus and solvus lines for this 

type by using temperatures and mole fractions at them.  

 For other phase diagrams which require other programs before 

using the main program such that:-  

“TMCSLPSS1”to calculate interaction parameters for liquid and one of 

the solid solution depending on data from experimental method as in 

Eqs.(3-57) and(3-58).To find intersection point between solidus and 

liquidus lines which represent eutectic temperature by drawing two 

functions as in eqs.(3-49)and (3-50), and subroutine ”DTM4” to draw F1 

and F2 with mole fraction. 

“TMCSLPSS2” to calculate interaction parameter for other solid 

solution and equation of transformation for one of the metals as in 

Eqs.(3-61) and (3-62).  
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Start 

Input enthalpy of melting of metal A (HA
m

), 

enthalpy of melting of metal B (HB
m), 

 melting temperature of metal A (TA
m), 

melting temperature of metal B (TB
m) 

For T=TmB to TmA 

i=i+1 

Calculate XB
S and XB

L from 

eq.(4-15) &(4-16) 

Y(i)=T 

X1(i)=XB
S 

X2(i)=XB
L 

Output Y(i),X1(i),X2(i) 

Next T 

N=i 

Call Sub DTM1 

End 
Fig.(3.3):Schematic flowchart for 

”TMCSLS”. 
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Start 

Input enthalpy of melting of metal A (HA
m

), 

enthalpy of melting of metal B( HB
m), 

 melting temperature of metal A (TA
m), 

 melting temperature of metal B (TB
m) 

and critical temperature Tc 

Er=2*10-11 

For T=TmB to TmA 

Input initial values for XB
S and  XB

L 

a 

IF ABS(1-XB
L/Xo)>Er 

ORABS(1-XB
S/Yo)>Er  

Yes 

 

Calculate XB
S and XB

L from 

eq.(4-23)&(4-26) 

Xo=XB
L 

Yo=XB
S 

 

No 

Output T,XB
S,XB

L 

Calculate TS for each value of XB
S 

from eq.(4-27) 

i=i+1 

Output TS 

Next T 

a 

Call Sub DTM1 

End 

Fig(3.4):- Schematic flowchart for 

”TMCSLSR”. 
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Y(i)=T 

X1(i)=XB
α:X2(i)=XB

Lα 

X3(i)=XB
β:X4(i)=XB

Lβ 

 

Call Sub DTM2 

b 

Start 

Input equations of free energy of 

transformation from phase β to liquid and 

from phase α to liquid, and interaction 

parameters from calculations (inpL&inpB),and 

initial values for XB
α,XB

Lα,XB
β and XB

Lβ 

For T=100 to TA
m 

i=i+1 

XB
α

o= XB
α:XB

Lα
o=XB

Lα 

XB
β

o=XB
β : XB

Lβ
 o=XB

Lβ 

Calculate XB
α, XB

Lα, XB
Lβ,XB

β 

from Eq.(4-34)&(4-35) 

  If ABS(1-XB
α/XB

α
o)>1  

OR ABS(1-XB
Lα/XB

Lα
o)>1  

Yes No 

 

If ABS(1-XB
β/XB

β
o)>1 OR 

ABS(1-XB
Lβ/XB

Lβ
o)>1  

Yes 
No 

 

Output T,XB
α, ,XB

Lα,XB
β,XB

L β 

b 

Next 

n=i 

End 

Fig(3.5):- Schematic flowchart 

for ”TMCSLPSS”. 
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Start 

Input equations of free energy of 

transformation from â phase to liquid and 

mole fractions of metal B at the eutectic point 

(XB
βE,XB

LE) and eutectic temperature TE 

 

37)-from eqs.(4 L&inpβCalculate inp 

and (4-38) 

c 

For T= TE to TA
m 

For XB
Lβ=0.0001 to 1 

 

K=0 

For XB
β=0.0001 to 1 

K=K+1 

(K) 2(K) and F1Calculate F

from eqs.(4-39) and (4-40) 

Fig(3.6):- Schematic flowchart 

for ”TMCSLPSS1”. 
 

If ABS (F1(K))< 0.1 

AND ABS(F2(K))<0.1 

Yes 

Output T, XB
β,XB

Lβ 

 

No 

Next XB
β 

c 

Call Sub DTM3 

Next XB
Lβ 

 

Next T 

End 
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Input equation of transformation from α phase 

to liquid phase for metal A ,temperature of 

eutectic TE, mole fractions at the eutectic 

temperature and interaction parameter (inpL) 

Start

a

r

t Calculate interaction parameter of phase 

β(inpβ) and equation of transformation of 

metal B from Eq.( 4-41) and(4-42) 

For T=TE to TA
m 

For XB
Lβ=0.0001 to 1 

e 

K=0 
 

For XB
β=0.0001 to 1  

Fig(3.7):- Schematic flowchart 

for ”TMCSLPSS2”. 
 

 

 

K=K+1 

Calculate F1 and F2 from 

eqs.(4-39) &(4-40) 
 

e 

If ABS(F1(K))<0.1 AND  

ABS(F2(K))<0.1 

Output T,XB
β,XB

Lβ 

Yes 

Next XB
β 

 

No 

Call Sub DTM3 
 

Next XB
Lβ 

 

Next T 

 

End 
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Chapter Four  

Results and Discussion 

 4.1 General 
  Basing on the theoretical method for calculating phase diagrams 

and the designed computer programs presented in chapter three, the 

results of phase diagrams are presented and discussed in this chapter .All 

the results are compared with that of experimental method from Ref.[11, 

12, 36, and 39]; which represent a thermal analysis using cooling curves.  

4.2 Phase Diagrams of Two Metals Completely Soluble in 

Liquid and Solid State with Ideal Solution:- The results 

obtained from the  computer program (TMCSLS) with eqs.(3-15) and(3-

16) are compared well with results of experimental method. The 

comparison was well done basing on   four diagrams of this type : 

copper-nickel, germanium-silicon, silver-palladium, and ruthenium-

osmium. Polynomial fit is used from second degree to make theoretical 

results more reasonable. The enthalpy of fusion and melting temperature 

needed are given in Tab.(4.1):-  

Metal ΔHA
m 

cal/mol 

TA
m 

ºK 

Metal ΔHA
m 

cal/mol 

TA
m 

ºK 

Cu 3110 1356*  Ag 2855 1235.9** 

Ni 4200 1728*  Pd 4120 1827*  

Ge 8300 1232* Ru 5100 2550**  

Si 9470 1700* Os 6600 3300*  

Tab.(4.1):Values of enthalpy of melting and melting temperature. 

*Ref.[37]and **Ref.[36] 
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4.2.1 Copper-Nickel[Cu-Ni]:- In Fig.(4.1)the  solidus and liquidus 

lines for experimental and theoretical manners started from the same 

point representing melting temperature of Cu and ended at the melting 

temperature of Ni. Theoretical solidus line is less than that of 

experimental solidus line in the region between (0-0.16)mole fraction of 

Ni with maximum difference of 10ºK at XNi= 0.08, when Texp.=1385ºK 

and Tth. =1375ºK ,while it will be  higher in the region between (0.22–

0.61) with maximum difference of 10ºK at XNi=0.5, when Texp.=1530ºK 

and Tth.=1540ºK. Except these regions, two lines are identical. 

Experimentally liquidus line for all alloys is higher than theoretical 

liquidus line  with maximum difference of 50ºK at XNi=0.4, when 

Texp.=1545ºK and Tth.=1495ºK. 

4.2.2 Germanium-Silicon[Ge-Si]:- For this diagram in 

Fig.(4.2),ending melting temperatures in theoretical method lower than 

that in experimental method with maximum difference in temperature is 

50ºK at wt.Si=0.27, when Texp.=1540ºK and Tth.=1490ºK. Theoretical and 

experimental  solidus lines are identical in the region between (0.1-0.67) 

but in other regions theoretical solidus line higher than that that in 

experimental with max difference in temperature is 15ºK  at wt.Si=0.93 , 

when Texp.=1675ºK and Tth.=1680ºK  

4.2.3 Ruthenium -Osmium [Ru-Os]:- Fig.(4.3) shows that  

theoretical solidus and liquidus lines are identical to that of experimental 

in the region between (0-0.12) for the first and (0-0.09)for the second.. In 

the region between(0.12-0.38) all alloys melt at temperatures lower than 

that of alloys in experimental manner with maximum difference of 

100ºK at XOs=0.23, when Texp.=2780ºK and Tth.=2680ºK. The two lines 

are identical in the regions between (0.38-0.42).For  theoretical method, 
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all alloys with mole fraction greater than 0.42 start melting at 

temperatures higher than that for  experimental method with maximum 

difference of 20ºK at XOs=0.46, when Texp.=2870ºK and Tth.=2890ºK. 

The two lines are identical starting from XOs=0.72 to XOs=1. 

          The ending melting temperatures for alloys by theoretical method 

are lower than that of alloys by experimental method with difference of 

20ºK at XOs=0.17, when Texp.=2710ºK and Tth.=2680ºK. Theoretical and 

experimental liquidus lines are identical in the region between (0.28-

0.32),but alloys in theoretical method complete their melting at 

temperatures higher than that of alloys in experimental method with 

maximum difference of 20ºK at XOs=0.4, when Texp.=2860ºK and 

Tth.=2880ºK, then the two lines are identical from(0.9-1). 

4.2.4 Silver-Palladium[Ag-Pd]:- As shown in Fig.(4.4) the 

experimental solidus line and theoretical liquidus line are identical in 

two regions (0-0.06) and(0.47-1), but they are not identical in the region 

between (0.06-0.47)with maximum difference of 35ºK at XPd=0.14, 

when Texp.=1370ºK and Tth.=1335ºK. The maximum difference between 

theoretical liquidus line  and experimental liquidus line is 75ºK at 

XPd=0.8, when Texp.=1780ºK, and Tth.=1705ºK but for solidus line is 

80ºK at XPd=0.2, when Texp.=1400ºK, and Tth.=1320ºK .  

4.3 Phase Diagrams of Two Metals Completely Soluble in 

Liquid State and Solid State with Regular Solution and 

Miscibility Gap:- The results obtained from computer program 

(TMCSLSR) by using eqs.(3-24) ,(3-27) and (3-28) are compared with 

results from thermal analysis method. Polynomial fit is used to 

approximate results of theoretical analysis. In comparison four phase 
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diagrams of this type are considered: gold-platinum, iridium-palladium, 

niobium-tungsten and rhodium-palladium. Values of enthalpy of melting 

, melting temperature and critical temperature needed are given in 

Tab.(4.2) :  

Metal ΔHA
m 

cal/mol 

TA
m 

°K 

Tc 

°K 

Au 2955 1336 1530* 

 Pt 4700 2042 

Nb 5480 2740 400** 

 W 7300 3650 

Pd 3640 1820 1190** 

 Rh 4480 2240 

Pd 3640 1820 1800** 

 Ir 5500 2750 

 

 

4.3.1Gold-Platinum[Au-Pt]:-It can be concluded from Fig.(4.5) 

that solidus lines by theoretical and experimental manners are identical 

in the region (0-0.74), while there is 110ºK difference at XPt=0.9, when 

Texp.=1880ºK and Tth.=1990ºK. Liquidus lines are identical in the region 

(0-0.1),while the maximum difference reaches 90ºK at XPt=0.28, when 

Texp.=1700ºK and  Tth.=1790ºK. 

               Theoretical miscibility gap starts at XPt=0.02, when 

Tth.=727.4ºK,while experimental miscibility gap starts at XPt=0.2, when 

Texp.=973ºK. Maximum temperature for the theoretical  miscibility gap is 

Tth.=1529.8ºK at XPt=0.51 but that for experimental is Texp.=1523ºK at 

XPt=0.6. The end point of miscibility gap for theoretical manner is 

Table(4.2):Values of enthalpy of melting ,melting temperature 

and critical temperature. *Ref.[11]and **Ref.[36].  
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Tth.=765.8ºK at XPt=0.99 but for experimental is Texp..=973ºK at 

XPt=0.95 . 

4.3.2 Iridium-Palladium[Ir-Pd]:- According to experimental 

method alloys start to fuse at  temperatures less than that analyzed   by 

theoretical method as shown in Fig.(4.6). Maximum difference between 

them in starting melting temperature is 750˚K at XIr= 0.6, when 

Texp.=2000˚K and Tth.=2750˚K Ending melting temperatures for alloys by 

theoretical method are higher than that alloys by experimental method. 

There is a maximum difference of 400˚K at XIr=0.34,  when 

Texp.=1960˚K and Tth.=2360˚K and at XIr= 0.47, when Texp.=2080˚K and 

Tth.=2480˚K. 

         Temperatures for experimental miscibility gap are higher than that 

temperatures for theoretical in the region (0.05-0.83).Starting 

temperature and mole fraction of  theoretical miscibility gap are: 

Tth.=683.3˚K, XIr=0.014 but for experimental miscibility gap are: 

Texp.=1000˚K.,XIr=0.05. Ending temperature and mole fraction of 

theoretical miscibility gap are: Tth.=683.3˚K, XIr=0.98 but for 

experimental miscibility gap are Texp.=1000˚K, XIr=0.9. Top of 

theoretical and experimental miscibility gap being at XIr=0.5 but there is 

300˚K difference when Tth.=1500˚K and Texp.=1800˚K. 

4.3.3 Niobium-Tungsten[Nb-W]:-As shown in Fig.(4.7), in 

experimental method solidus and liquidus lines are identical in the region 

between 0 to 0.1, which means that the melting point of alloys in this 

region alike that of pure metal without difference in temperature to end 

their melting. By comparing results of theoretical and experimental, it is 

noted that theoretical and experimental solidus lines are identical in the 

region (0-0.41) but wherever XW is more than 0.41 starting of melting of 
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alloys by theoretical method is  lower than that of alloys by experimental 

method with maximum difference of 60˚K at XW=0.81, when 

Texp.=3300˚K and Tth.=3240˚K.Maximum difference for ending 

temperature in the two methods is 430˚K at XW=0.4, when Texp.=3000˚K 

and Tth.=3430˚K. 

             Theoretical miscibility gap starts at XW=0.02 when 

Tth.=116.52˚K and ends at XW=0.97 Tth.=218.51˚K but for experimental 

miscibility the gap starts at XW=0.1, when Texp.=120˚K and ends at 

XW=0.9 Texp.=120˚K. There are two points of intersection: XW=0.22, 

T=353.5˚K and XW=0.77,T=356˚K. The highest temperature for 

experimental method is 550˚K at XW=0.5, while for theoretical  is 398˚K 

at XW=0.57.  

4.3.4 Palladium-Rhodium[Pd-Rh]:-As shown in Fig.(4.8) starting 

temperature and ending temperature of fusion for alloys by  experimental 

method is lower than that for alloys by theoretical method with 

maximum difference of 70˚K at XRh=0.28,  when Texp.=1850˚K and 

Tth.=1920˚K for starting and 40˚K at XRh=0.3, when Texp.=1990˚K and 

Tth.=1950˚K for ending. 

         Theoretical miscibility gap starts at XRh=0.063 when Tth.=582˚K 

and ends at XRh=0.95 when Tth.=548.8˚K but for experimental method it 

starts at XRh=0.05 when Texp.=550˚K and ends at XRh=0.93 when 

Texp.=560˚K. Experimental miscibility gap is higher than theoretical 

miscibility gap with maximum difference of 290˚K at XRh=0.5 when 

Texp.=1190˚K and Tth.=900˚K. 
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4.4 Phase Diagrams of Two Metals Completely Soluble in 

Liquid State and Partial Soluble in Solid State ”Eutectic 

System”:- The computer program (TMCSLPSS)is used directly for the 

first example of the eutectic type  which represents phase diagram of Ag-

Cu. For other diagrams the computer programs TMCSLPSS1 and 

TMCSLPSS2 are used to calculate the needed values then TMCSLPSS 

is used. Polynomial fit of two degrees is used for theoretical results to 

make them more acceptable. Phase diagrams of some metals are studied 

in this work. These phase diagrams are  silver-copper, aluminum-silicon, 

lead-tin and lead-antimony. 

4.4.1 Silver-Copper[Ag-Cu]:- Computer program (TMCSLPSS) is 

used to draw this phase diagram. Equations of transformation for two 

phases α and β are stated in Tab.(4.3):-  

Metal ΔGα          L   

cal/mol 

Tmα 

°K 

ΔGβ           L 

cal/mol 

Tmβ 

°K 

Ag 2855-2.3*T  1235.9 1955-1.36*T  1437.5 

Cu 3120-2.3*T  1356 2270-2.1*T  1080.95 

 

 

 

To calculate interaction parameters for this diagram as in sec.(3-4) by 

using eqs.(3-39) and (3-40), where A represents Cu and B represents Ag 

the values are in Ref.[37]: 

HCu
vap=-72810cal/mol:  HAg

vap=-60720 cal/mol                                   to 

calculate vCu
a and vAg

a by using the required vales from Ref.[38]: 

ρCu=8.954g/cm3              :MwCu =127.08g/mol  

ρAg=10.524 g/cm3          : MwAg=215.74g/mol                                      

Table(4.3):Values of equations of transformation and 

melting temperatures for Ag-Cu. Ref.[36] 
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vCu
a= MwCu /ρCu=14.2 cm3/mol           :         vAg=: MwAg/ρAg=20.5cm3/mol 

print=3073.4cal/mol : i=j=11 thus  eL=0 

inpL=3073.4cal/mol 

Es =2200.75cal/mol :  eβ=0cal/mol   : inpβ=5274.2cal/mol 

eε=eα=0 

thus inpα=inpβ  

    There are differences between experimental and theoretical results. 

For solvus line in experimental method maximum amount of Cu dissolve 

in β-phase is XCu=0.09, when Texp.=1053˚K  but for theoretical it reaches 

XCu=0.275, Tth.=1125˚K. Maximum amount of Ag dissolve in α-phase in 

experimental method is XAg=0.08 at Texp.=1053˚K  but in theoretical 

method: XAg=0.225 at Tth.=1125˚K. So it can be concluded that in 

theoretical method a great amount of Cu  dissolve in alloys containing a 

great amount of Ag and vice versa. Theoretical solvus line for β-phase 

ends at XCu=0.01 when Tth.=273˚K but for experimental method it ends 

at XCu=0.001 at the same temperature but for α-phase in theoretical 

method solvus line ends at XCu=0.994 while for experimental at XCu= 

0.98 when T=273˚K. 

           There is a difference in temperature for liquidus line between 

liquid and β-phase between theoretical and experimental methods. 

Maximum difference is 120˚K at XCu=0.21, when Texp.=1060˚K and 

Tth.=1180˚K. The difference for liquidus line between liquid and α-phase 

is 60˚K at XCu=0.6, when Texp.=1130˚K and Tth.=1190˚K. 

          The difference between solidus lines is measured by difference in 

mole fraction at constant temperature. Maximum difference for solidus 

line between theoretical and experimental method for β-phase is 0.255 at 

T=1125˚K, XCu(exp.)=0.02, XCu(th.)=0.275 but for α-phase is 0.195 at 
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T=1125˚K, XCu(exp.)=0.94, XCu(th.)=0.745. Theoretical eutectic temperature 

higher than that for experimental method where TE(th.)=1125˚K at 

XCu=0.42 and TE(exp.)=1053˚K at XCu=0.28 . 

4.4.2 Aluminum-Silicon[Al-Si]:- The computer program 

(TMCSLPSS1) is used to calculate interaction parameters inpL and inpβ 

by using data in Tab.(4.4) and by knowing eutectic temperature and mole 

fractions which are substituted in eqs.(3.55)and(3.56)and draw F1 and F2 

from eqs.(3-59) and (3-60).Computer program (TMCSLPSS2) is applied 

to calculate equation of transformation of α-phase for silicon and 

interaction parameter inpα for α-phase using eqs.(3.61) and(3.62).  

Metal ΔGα         L 

cal/mol 

Tmα 

˚K 

ΔGβ           L  

cal/mol 

 

Tmβ  

˚K 

Al 2560-2.75*T  931** 150-1.6*T  94** 

Si -14020.39-2.2*T  -6372.39[cal.] 9470-5.57*T  1080.95* 

 

 

 

The required values from Ref.[39]:- 

TE=850˚K   :XSi
L=0.126            :XSi

β=1             :XSi
α=0.0165      

The results are:- 

inpL=-1701.494cal/mol 

inpβ=9067.947cal/mol    :                    inpα=-14222.07cal/mol  

           Fig.(4-10) shows that there is a difference between the results of 

theoretical method and experimental as the theoretical eutectic point is 

TE=895˚K at XSi=0.14 while that of experimental method TE=850˚K at 

XSi=0.126. Theoretical solvus and solidus lines corresponding 

experimental solvus and solidus lines for β-phase but experimental 

Tab.(4.4):Values of equations of transformation and  

melting temperatures for Al-Si. *Ref[37] and **Ref.[36] 
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liquidus line is higher than theoretical liquidus line with maximum 

difference of 100 at XSi=0.73˚K, when Texp.=1600˚K and  Tth.=1480˚K.  

           For α-phase theoretical solidus line corresponds to experimental 

solidus line but theoretical liquidus line is higher than experimental 

liquidus line with a difference of 50˚K at XSi=0.126, when Texp.=850˚K 

and Tth.=900˚K. Maximum amount of Si that dissolve in α-phase is 

XSi=0.022 at Tth.=895˚K by theoretical method while by experimental 

method it is XSi=0.0167 at Texp.=850˚K. In theoretical method there is a 

change in solvus line of α-phase represented by XSi=0.05 at Tth.=600˚K. 

4.4.3 Lead-Tin[Pb-Sn]:-By the same manner used in previous 

section, the equation of transformation of β-phase for Pb and the 

equation of transformation of α-phase for Sn are calculated. Equations of 

transformation and melting temperatures are given in tab.(4.5):-  

Metal ΔGα         L 

cal/mol 

Tmα 

˚K 

ΔGβ           L  

cal/mol 

 

Tmβ  

˚K 

Pb 1224-2.039*T  600.3* -532.77-3.637*T  -146.5[cal.] 

Sn 86.6337-2.2*T  39.38[cal.] 1720-3.407T  504.8* 

    

 

 

The required values from Ref.(14)are:- 

TE=456˚K    :XSn
L=0.619        :XSn

β=0.975             :XSn
α=0.19           [44] 

The results obtained are:- 

inpL=1694.638cal/mol  

inpβ=974.293cal/mol                             :inpα=720.1848cal/mol 

            By comparing results of experimental and theoretical methods 

shown in Fig.(4-11),there is a difference in temperature 4˚K and of 0.282 

Tab. (4.5):Values of equations of transformation 

and melting temperatures for Pb-Sn. *Ref[37] 
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in mole fraction at the eutectic temperature where TE(exp.)=456˚K at 

XSn(exp.)=0.619 while TE(th.)=460˚K at XSn(th.)=0.901. Theoretical solvus 

line for α-phase starts at Tth.=460˚K when XSn=0.198 and ends at 

Tth.=273˚K  XSn=0.126 but for experimental method it starts at  

Texp.=456˚K when XSn=0.192 and ends at Texp.=273˚K when XSn=0.02. 

Maximum difference between theoretical and experimental solvus lines 

for α-phase is 0.14 at T=300˚K, when XSn(exp.)=0.02 and XSn(th.)=0.16. For 

β-phase theoretical solvus line starts at T=460˚K when XSn=0.81 and 

ends at T=273˚K when XSn=0.94 but for experimental it starts at 

T=456˚K when XSn=0.975 and ends at T=273˚K when XSn=1 . 

Maximum difference between theoretical and experimental solvus lines 

for β-phase is 0.08 at  T=300˚K, when XSn(exp.)=1 and XSn(th.)=0.92. 

             Theoretical liquidus line for α-phase is higher than experimental 

liquidus line with maximum difference of 124˚K at XSn=0.619, when 

Texp.=456˚K and Tth.=580˚K, but for β-phase the maximum difference  is 

30˚K at XSn=0.901 when Texp.=490˚K and Tth.=460˚K. In theoretical 

method alloys of α-phase  start melting at mole fractions greater than that 

of alloys in experimental method with maximum difference at T=470˚K 

when XSn(exp.)=0.18 and XSn(th.)=0.29. Solidus lines of experimental and 

theoretical manner for β-phase are identical. 

4.4.4 Lead-Antimony[Pb-Sb]:-Same manner of the previous 

section is used for this diagram. Melting temperatures and equations of 

transformation are given in Tab.(4.6)as shown:-  
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Metal ΔGα         L 

cal/mol 

Tmα 

˚K 

ΔGβ           L  

cal/mol 

 

Tmβ  

˚K 

Pb 1224-2.039*T  600.3* -532.77-3.637*T  -146.5[cal] 

Sb 2120-2.2*T  964.06[cal.] 4770-5.28*T  903.4* 

Tab.(4.6):Values for equations of transformation and melting 

temperatures for Pb-Sb. *Ref[37] 

 The required values in Ref. [14]are:- 

TE=524.7˚K    :XSb
L=0.116          :XSb

β=0.96             :XSb
α=0.02      

inpL=219.72cal/mol 

inpβ=851.5cal/mol                             :           inpα=4946.6cal/mol 

          The phase diagram shown in Fig.(4.12) is drawn without 

polynomial fitting. Theoretical eutectic temperature and its mole fraction 

are higher than experimental eutectic temperature and its mole fraction, 

where TE(th.)=530˚K at XSb(th.)=0.12 while TE(exp.)=524.7˚K at  

XSb(exp.)=0.116. Theoretical solvus line of α-phase corresponds on the 

axis of temperature because small amount of Sb dissolve in α-phase 

represented by Tth.=530˚K at XSb=0.00203 but for experimental method 

maximum amount of Sb dissolves in α-phase is XSb=0.02 at 

Texp.=524.7˚K. 

          Theoretical solidus line for α-phase approximately corresponds on 

axis of temperature with small amount of Sb. Maximum difference 

between theoretical and experimental solidus line is 0.0169 in mole 

fraction at T=530˚K XSb(exp.)=0.019 XSb(th.)=0.00203. Approximately 

theoretical liquidus line for α-phase corresponds to experimental liquidus 

line of α-phase. 
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            Theoretical and experimental liquidus lines for β-phase are 

identical up to XSb=0.23 at T=610˚K then experimental liquidus line is 

higher than theoretical liquidus line with maximum difference of 30˚K at 

XSb=0.4, when Texp.=710˚K and Tth.=680˚K. Solidus line in theoretical 

and experimental methods are very nearly with maximum difference in 

mole fraction of 0.03 at T=840˚K when  XSb(exp.)=0.999 and 

XSb(th.)=0.969. Experimental and theoretical solvus lines for β-phase end 

at the same temperature T=273˚K when XSb=0.999 for experimental and 

XSb=0.987 for theoretical. 

4.5 Discussion of The Results:-For some  phase diagrams studied 

in this thesis there are some differences as comparing with experimental 

method. The thermodynamic properties and computer programs used 

with some approximations and assumptions.  

4.5.1 Phase diagram of two metals completely soluble in 

liquid and solid state with ideal solution:-In all phase diagrams 

of this type starting and ending temperatures of liquidus and solidus lines 

are identical in theoretical and experimental methods. Approximately 

theoretical and experimental solidus lines in some regions are identical  

for Cu-Ni, Ge-Si, and Ru-Os but differ in other regions with percentage 

2%,0.086%, and 1% respectively. For Ag-Pd starting melting 

temperatures in theoretical method less than that in experimental method 

with maximum percentage is 9%. Ending melting temperatures in 

experimental method higher than that in theoretical method for Cu-Ni 

,Ge-Si, and Ag-Pd with percentage 4%, 6% , and 7% respectively, but 

for Ru-Os in some regions these temperatures identical but for other 

theoretical ending temperatures higher than that in experimental with 

percentage 2%.  
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         The increasing or decreasing values because the assumptions that 

solution is ideal when the molecules of two metals have similar size and 

attract one another with the same force, all metals melt and solidify at 

their melting temperatures under equilibrium conditions that is the 

difference in Gibbs free energy is zero at the melting temperature, and 

the difference between the heat capacity of the liquid and that of the 

solid,ΔCpr does not vary with temperature thus   

 

 

Tab.(4.7) will indicate to the difference percentage for solidus and 

liquidus line of this type 

System %Liq. %Sol. 

Cu-Ni 4% 2% 

Ge-Si 6% 0.086% 

Ag-Pd 7% 9% 

Ru-Os 2% 1% 

 

4.5.2 Phase diagram of two metals completely soluble in 

liquid and solid state with regular solution and miscibility 

gap:-For all diagrams of this type theoretical liquidus line higher than 

that in experimental method with maximum percentage is 26% for Nb-

W. Theoretical and experimental solidus lines for Au-Pt and Nb-W are 

identical until XAu=0.77 and XW=0.4 after that differ with percentage of 

6% and 2%  respectively, but for Pd-Ir and Pd-Rh experimental solidus 

line lower than that in theoretical method with percentage of 2% and 

9.4% respectively. For all diagrams experimental miscibility gap is 

higher than theoretical miscibility gap but for Au-Pt experimental and 

theoretical miscibility gaps intersect at XAu=0.6. These differences 

Tab.(4.7):percentages of 

liquidus and solidus lines. 

m

AA
SS  and m

AA
HH 
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between theoretical and experimental methods because: using excess 

enthalpy which represent deviation from ideality as a function of critical 

temperature, assuming interaction energy between atoms of metal A is 

equal to the interaction energy between atoms of metal B, interaction 

energy between pair of atoms as a function to the critical temperature of 

miscibility gap, using critical temperature for miscibility gap from 

experimental diagram, and  initial values of mole fractions as input in 

computer program . Tab.(4.8) will indicate to percentages of liquidus , 

solidus lines and miscibility gap. 

System %Liq. %Sol. %miscibility gap 

Au-Pt 8% 6%        16% 

Pd-Ir 3% 2%         4% 

Nb-W 26% 2%       14% 

Pd-Rh 8% 9.4%        33% 

 

 

 

4.5.3 Phase diagram of two metals completely soluble in 

liquid and partial solubility in  solid state [Eutectic 

systems]:-Two different methods are used for phase diagrams of this 

type. The first method is used for Ag-Cu, by calculating interaction 

parameters for liquid and solid phases.The results of mole fractions for 

theoretical solvus line for β-phase higher than that of experimental with 

14% percent but for α-phase less than that in experimental method with 

11% percent. Theoretical eutectic temperature higher than that for 

experimental with 72˚K. Theoretical solidus and liquidus lines higher 

than that in experimental method with maximum percentage is 23%. 

Tab.(4.8):percentages of liquidus 

and solidus lines and miscibility 

gap. 
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      In the second method, calculating interaction parameters by knowing 

the eutectic temperature and mole fractions for liquid and solid phases at 

eutectic temperature from experimental diagrams after that solving them 

and drawing two functions and their intersection point in(TMCSLPSS1) 

also  calculating other variables by using (TMCSLPSS2). Theoretical 

liquidus lines for Pb-Sb and Al-Si lower than that in experimental 

method with maximum percentage 7.6%, but for α phase of Pb-Sn is 

higher than that in experimental method maximum percentage of 40%. 

In these diagrams theoretical eutectic temperature is higher than that in 

experimental method with difference 4˚K for Pb-Sn and 6˚K for Pb-Sb 

but 45˚K for Al-Si. Correspondence occurs between solvus and solidus 

lines for β-phase for Al-Si, and solidus lines for β-phase in Pb-Sn in 

experimental and theoretical methods. Experimental solvus line for β-

phase in Pb-Sb is hidden because the difficulty to conclude it, but in 

theoretical method it is clear , for solvus line for α-phase there is very 

small amount of Sb dissolve in Pb-base alloys.  

         Causes of these differences are:- initial values for mole fractions as 

input in computer programs, data using from experimental diagrams 

which concluded from thermal analysis, determining equation of 

transformations of some metals depending on the group number of 

metals in periodic table by using Fig.(3-1) and (3-2), using intersection 

point between two functions as the eutectic temperature, there are some 

parameters such as free mean path which represent the distance between 

the electron and the lattice do not calculate in theoretical method, and 

polynomial fitting used for theoretical values to make them more 

reasonable. 
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Tab.(4.9) indicates to percentages for liquidus and solidus and solvus 

lines for α and β phases.  

System %Liqα. %Solα. %Solvα. %Liqβ. %Solβ. %Solvβ. 

Ag-Cu 15% 15% 11% 23% 22% 14% 

Al-Si 6% 0% 0.145% 7.6% 0 0% 

Pb-Sn 40% 13% 13% 12% 0% 10% 

Pb-Sb 1% 1.7% 14% 4.3% 2% 2.8% 

  

 
Tab.(4.9):percentages of liquidus , solidus 

and solvus lines for α and β phases. 
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Fig.(4.1):Phase diagram of copper –nickel. 
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Fig.(4.3):Phase diagram of ruthenium-osmium 
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Fig.(4.4):Phase diagram of silver-palladium. 
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Fig.(4.5):Phase diagram of gold-platinum. 
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Fig.(4.6):Phase diagram of iridium-palladium. 
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Fig.(4.7):Phase diagram of niobium-tungsten. 
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Fig.(4.8):Phase diagram of palladium- rhodium. 
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Fig.(4.9):Phase diagram of silver-copper. 
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Fig.(4.10):Phase diagram of aluminum-silicon. 
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Fig.(4.11):Phase diagram of lead-tin. 
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Fig.(4.12):Phase diagram of lead-antimony. 
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Chapter Five  

Conclusions and Suggestions   
5.1 Conclusions    

    Basing on the results of the present investigation, the following 

conclusions can be stated:- 

1-Theoretical method by using mathematically modeling to determine 

phase diagrams applied in this work, in stead of experimental method 

which represent the essential method to determine them for many years .  

2- The enthalpy and entropy at any temperature equal to the enthalpy and 

entropy at melting temperature but Gibbs free energy as a function to the 

temperature. 

3-Theoretical method do not take into account a lot of parameters such 

as the free mean path and compared with experimental method from 

Refs. [11, 12,36, and 39] . 

4-Using enthalpy of melting and melting temperature of two metals to 

calculate mole fractions in the solid and liquid states for phase diagrams 

of two metals completely soluble in liquid and solid states with ideal 

solution.   

5-Phase diagrams of two metals completely soluble in liquid and solid 

states with miscibility gap and regular solution can be determined by 

using enthalpy of melting and melting temperature for two metals and 

the excess enthalpy as a function to the critical temperature for the 

system. 

6-Using equations of transformation between different phases and 

interaction parameters to calculate phase diagrams of eutectic systems. 
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7-Theoretical phase diagrams of the two metals completely soluble in 

liquid and solid state (isomorphous systems) differ from that in 

experimental method with percentage less than 10%. 

8-The maximum difference between theoretical phase diagrams of two 

metals completely soluble in liquid and solid state with regular solution 

and that in experimental method is 33% for miscibility gap. 

9-Theoretical phase diagrams of eutectic systems differ from that in 

experimental method with maximum percentage is 40%. 

 

5.2 Suggestions for further work: 
1- Using Gibbs free energy as a function of temperature.  

2- Calculating interaction energy between pair of atoms instead of 

using it as function to the temperature. 

3-Determining other types of phase diagrams. 



 

 

NOMENCLATURE 

       The following symbols are used generally throughout the text ,others 

are defined when there are used. 

Unit Description Symbol 

- Atomic site as 

cal/K Heat capacity at constant volume Cv 

cal/mol Electronic component for the liquid phase  eL 

cal/mol Electronic component for the bcc (β) phase eβ 

cal/mol Electronic component for the cph (ε) phase eε 

cal/mol Electronic component for the fcc (α) phase eα 

cal The bonding energy Ebond 

cal Energy of the Ith level of harmonic oscillator  EI 

cal/mol Strain energy  Es 

cal 
Energy of the system contains Ith level of 

harmonic oscillator  
Esys 

cal The atomic vibrational energy Evib 

cal The energy required to insert atom k into a 

medium with a uniform electron charge 

density 

Ek(ρ) 

cal Total Gibbs free energy  Gt 

cal Gibbs free energy of a phase  GФ 

cal Gibbs free energy of a phase at specific 

temperature and composition(mole fraction) 

GT
Ф(T,X) 

cal Gibbs free energy of a phase at specific 

pressure, temperature and composition(mole 

fraction) 

Gpr
Ф(pr,T,X) 

cal Magnetic Gibbs free energy of a phase at 

Curie temperature and specific temperature 

and composition  

Gm
Ф(Tcr,βo,T,X) 

cal Gibbs free energy of a liquid phase GL 

cal Gibbs free energy of a mechanical mixture GM 

cal Gibbs free energy of a pure liquid A GA
L 

cal/mol Enthalpy of vaporization for A HA
vap 

 



 

 

- An integer which can have values in the 

range zero to infinity   

I 

- Constant m 

- Number of atoms in the Ith energy level naI 

- Number of moles  N 

- The probability that atomic site (as) is 

occupied by A atom  

pobA(as) 

- The probability that atomic site (as) is 

occupied by B atom  

pobB(as) 

- Weight percent wt. 

- Mole fraction X 

˚A The position of k atom rk 

˚A The separation between two atoms k and l rkl 

cal Excess enthalpy  Hxs 

cal/K The entropy of mixing  Sm 

cal/K.mol  The entropy of metal A at melting 

temperature 

SA
m 

cal/mol Enthalpy of metal A in β phase  HA
β 

cal/mol Enthalpy of melting of metal A HA
m 

cal/mol Interaction parameter for the liquid phase  inpL 

cal/mol Interaction parameter for the bcc (β) phase inpβ 

cal/mol Interaction parameter for the cph (ε) phase inpε 

cal/mol Interaction parameter for the fcc (α ) phase  inpα 

cal/mol Term of internal pressure Pint 

cm3/ mol Volume per gram atom of metal A vA
a 

K The critical temperature for miscibility gap Tc 

K Curie temperature  Tcr 

K Melting temperature of metal A TA
m 

K Melting temperature of metal B TB
m 

K Experimental temperature  Texp. 

K Theoretical temperature Tth. 

 

Greek symbols 
 



 

 

Symbol                             Description Unit 

βo Average magnetic moment per atom  A.mm2/atom 

ψ The repulsive pair potential representing the 

interaction between ion cores of two atoms 

cal 

ρA Density of metal A         Kg/m3 

ρ Electron charge density         C/mm3 

ω Vibrational frequency of the atom Hz 

ωD Debye frequency  Hz 

υ Wave velocity  cm/sec 

λ Wave length  ˚A 

θEi Einstein characteristic temperature K 

θD Debye characteristic temperature K 

μA Chemical potential of metal A  cal/mol 

δA Solubility parameter for A  (cal/cm3)1/2 

Superscript   

Symbol Description 
L Liquid phase 

M Mechanical mixture  

S Solid solution 

β,α,ε Solid solution phases  

ψ Phase 

Subscript 

Symbol Description 
A,B Metals  

i,,j  Group number of metals in periodic  table  

k,l Atoms 

Abbreviations 

Abbr. Description 

BCC Body center cubic 

cal. Calculate 

CPH Closed packed hexagonal 

Eq. Equation 

Eqs. Equations 

Fig. Figure 

FCC Face center cubic 



 

 

%Liq. Percentage of liquidus line 

%Sol. Percentage of solidus line 

Tab. Table 

TMCSLS Two metals completely soluble in liquid state and solid state 

TMCSLSR Two metals completely soluble in liquid state and solid state 

with regular solution 

TMCSLPSS Two metals completely soluble in liquid state and partial 

solubility in solid state 

Constants 

        Symbol Description Value 
Av Avogadro’s number 0.6022* 1024/mol 

h  Planck’s constant of action 6.6252* 10-27erg-sec 

kB Boltzman’s constant 1.38054* 10-16erg/degree 

R Gas constant 1.987 cal/ mol-K 

 



 

 

 جامعة بابل       

 كلية الهندسة     

 قسم هندسة المواد   

 الثرموديناميكيةستقرارية الأ

 للتركيب الجزيئي
 

 هي جزءكلية الهندسة في جامعة بابل و إلىرسالة مقدمة 

 فيماجستير علوم من متطلبات نيل درجة 

 ادهندسة المو

 

 من قبل

 العبيديكاظم زينب فاضل 
 

 5002 – حزيران
 



 الخلاصة
 

إن لمعرفة الاستقرارية الثرموديناميكية للتركيب الجزيئي تأثير مهم  فمي فهم  

التحمممولال اليوريمممة للمعمممادن والسمممضائف التمممي تتطممم. فمممي م ييمممال ا يممموار إن 

الضحوث العلمية للممواد فمي ةمدج مجمالال  إنجازلم ييال ا يوار دور أساسي في 

حيث ور  و تفمماة ل الحالممة ال،مملضة لانجممماد والنمممو الضلممامنهممالالتحوا اليممور  و 

للح،ممموا ةلممم  افطممما اليمممرق لت،مممني   قتلمممف الم ييمممال ك مممرائي يمممر تعتضمممر

الثرموديناميف يمكمن اسمت دامل للتعمرل ةلم  حالمة اتمزان الناما  و القموج  أماالمواد 

  المستقرجحالة ال إل قرج شضل المست الحالةالدافعة للتحوا من 

ضاسممت دا   ا يمموارلقممد تضنمم  اممما العممما اليريقممة الناريممة لحسمماب م ييممال        

 ريضيمة المسمتهلكة للو مل و المكلفمةال واص الثرموديناميكية ضمدي   ةمن اليريقمة التج

 -ل  ا اما العما ا يوارييال ن من م نوةي  حساب ت حيث

فممي   ة ةلمم  الممموضان ضشممكا تمما يمملهممما القاضل معممدنينالايمموار ل م ييممال -الاوا ل 

ةلممم  فجممموج ة الم ييمممال الحاويمممان  الحمممالتين السمممائلة و ال،ممملضة مممم  افتمممرا 

الامتزاجية تعامما كم ييمال للمحاليما المنتاممة والتمي لا تمتلمف فجموج الامتزاجيمة 

  المثالية حاليا  ييال للمتعتضر كم

جزئيمة  ضانيمةموفي الحالة السائلة و ضينهما  وضانيةلمام ييال لمعدنين تاما  -الثاني ل

 ا  اليوتكتف (   افي الحالة ال،لضة ) ن

ممم  افتممرا   كأمثلممة لكمما منهمما أرضمم  م ييممال ا ترنمماثمم ث حممالال   تمم  دراسممة

ان،ممهار المعممادن فممي جميمم  الم ييممال تحممل شممروي الاتممزان ضثضممول الطمم ي و 

 ةمد  ت يممر السممعة الحراريممة مم  درجممة الحممرارج و كممملف افتممرا    درجمة الحممرارج

 كدالمممة لدرجمممة الحمممرارج كمممض اليا مممة الحمممرج لتكمممون  لكمممنو الانثمممالضي و الانتروضمممي

أ مسماوية  افتمرا  يا مة التفاةما ضمين مرال المعمدن  لمحاليا المثالية و المنتاممة ل

التفاةمما ضممين زو  مممن المممرال كدالممة  و يا ممة ليا ممة التفاةمما ضممين مرال المعممدن ب



 محددال التفاةما لدرجة الحرارج الحرجة التي تمثا الضداية لفجوج الامتزاجية حساب

  لاستنتا  م ييال اليوتكتف  السائلة و ضة،لال للأيوار

ممم  الم ييممال  قممة الناريممة يمممن الير ضمقارنممة النتممائت التممي تمم  الح،مموا ةليهمما

اكضممر نسممضة  ن وجممد ا ضاسممت دا  التحليمما الحممرار  مممن م،ممادر م تلفممة التجريضيممة

ة ا ممت ل فهممي ا مما نسممض و%04ا ممت ل ضممين الم ييممال الناريممة و العمليممة اممي 

4,480%   
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