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Abstract  

 

             Complex dynamics is the study of iteration of maps which map the 

complex plane into itself . In general , their dynamics are quite complicated 

and hard to explain , but for some classes of maps , many interesting results 

can be proved . For example , one often studies the Julia sets of polynomial 

maps . 

             The Julia set of the quadratic map of the form ( cz 2 ) was studied 

extensively . In this thesis , we study the Julia set of the quadratic map of 

the form  zQ  = ( zz  
2 ) .We found :  

If 2 , then  QJ  is the unit circle . 

If 4 , then  QJ  is the line segment [ 0,1] . 

If 1<  < 21 , then  QJ  is simple closed curve such that Julia set which 

contains no smooth arcs . 

If 51 , then  QJ  has infinitely many  components . 

If   50.Qn

 , then  QJ  is totally disconnected .  

Otherwise  QJ  is connected .  
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  Introduction 

 

 

             In complex dynamics , the iteration theory originated in 9191  [ 19] . 

Among the most important concepts in complex dynamics are Julia sets . 

          Julia sets were studied by the French mathematician  Gaston Julia           

(9911 – 9199 ) , who developed much of theory when he was recovering 

from his wounds in an army hospital during world war I . He published a long 

paper in French language in [ 96 ] . Another pioneer figure in the study of 

complex dynamics was Pierr Fatou  ( 9999 – 9111 ) who published a paper 

in French language in [ 91 ] .    Julia and Fatou looked at the iteration of the 

simplest quadratic map of the form  ( cz 2 ) . The iteration theory of rational 

maps also appeared in the work of Julia and Fatou in 9111 . The study of 

dynamics of entire maps essentially started in 9116 in the work of Fatou 

[91].If we want to see the work on complex dynamics of rational maps , 

polynomials and entire maps   , we refer to [ 1 ] , [ 4 ] ,[ 6 ] ,[ 9 ],[ 9 ]  .          

In 9191 Adrien Douady and J.H.Hubbard studied dynamics of polynomials of 

degree two of the form ( cz 2 ) using computers [99] . 

            From a dynamical systems point of view , all of the interesting 

behavior of a complex analytic map occurs on its Julia set , it is this set that 

contains the interesting topology [ 19] . 

            The idea behind the Julia sets is to study whether the absolute value 

of a point in the complex plane converges towards infinity or not , when it is 

iterated under a map . All the points that do not go toward infinity , when  
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iterated , are in the Julia set .   Each such map f  partitions the extended 

complex plane  C  into two regions , one where iteration of the map chaotic 

and one where it is not . The non – chaotic region , called Fatou set , is the 

set of all points z  such that , under iteration of f  , the point z  and all its 

neighbors do approximately the same thing . The remainder of complex 

plane is called the Julia set and consists of these points which do not 

behave like all closely neighboring points . Roughly speaking , the Fatou set 

is the set where iterative behavior is relatively tame in the sense that points 

close to each other behave similarly while the Julia set is the set where 

chaotic phenomena take place . For example , consider the map   zzf 2  . 

Under iteration by f , point’s  z0  in the interior of the unit circle are attracted 

to the origin , while point’s z0   in the exterior are attracted to the point at 

infinity . Thus both the interior and exterior of the unit circle lie in the Fatou 

set of f  . However , given two points on the unit circle whose angular 

difference is   , their iterates both lie on the unit circle but the angular 

distance between them increases to 2  under f  . Thus any two such points 

are driven apart under f  . Moreover , any neighborhood of a point on the 

unit circle contains points that converge to 1 and points that escape to 

infinity , as well as points that remain on the unit circle . Thus the Julia set is 

the entire unit circle . 

            In fact , some of the results in this work for polynomials hold for more 

general classes of analytic maps such as rational maps or entire maps , [ 5 ] 

, [ 91 ] , [ 91 ] , [ 11 ] , but there are some propositions that are not satisfied 

in general , for example proposition ( 1.9.1 ) only holds for polynomials .  
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           In general , distinct maps have distinct Julia sets , however , there 

exist distinct polynomial maps , rational maps and entire maps that have the 

same Julia sets [99 ] , [11] , [19] .  

The Julia set of a polynomial typically has a complicated , self – similar 

structure . Therefore the Julia sets are fractals [91] , [19] , [15] . However , 

there exist rational maps whose Julia sets fail to be quasi-self-similar [95] . 

          In this work , we recall three definitions of Julia sets and we study the 

relation between them . There are other definitions of Julia sets , some of 

them are equivalent to definition ( 9.1.9 ) if f  is a polynomial [1] . 

          The goal of our work is to study Julia sets of quadratic maps of the 

form   zQ  = ( zz  
1 ) , where   is complex constant . Among our 

special results are the following :  

 If 2 , the Julia set is the unit circle .  

If 4 , the Julia set  is the line segment [ 1,9] . 

If 9 <  < 21 , the Julia set is simple closed curve such that Julia set 

which contains no smooth arcs .  

If 51 ,then the Julia set consists of infinitely many components. We 

also study the topological properties of Julia sets such as total 

disconnectivity and connectedness .   

            This work is divided into three chapters . Many of the results of 

chapter one and chapter two are known , hence we state some of them 

without proofs , however we proof most theorems and propositions that are 

stated in the literature without proofs . 

           In chapter one we recall the different definitions of Julia sets , and we 

study three of them .We give some fundamental definitions and theorems.  

In chapter two we recall the general properties of Julia sets of polynomials 

as given by one of the previous definitions . We also show that their 
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definitions are equivalent for polynomials of  degree     1 . In the second 

section of this chapter , we give the properties of the Julia set of maps of the 

form   czzq
c  2  . In the third section we study the chaoticity of a map for 

the Julia set.  

            

             Chapter three is divided into two sections , in the first we give the 

geometric properties of the Julia sets for maps of the form    ( zz  
1 ) , 

while in the second section we study the topological properties of the Julia 

set for maps of the form ( zz  
1 ) .  

            In the end of this thesis we set an appendix showing the practical 

part of the subject .  
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CHAPTER 9 

Different definitions of Julia sets 

 

      Our goal in this chapter is to study the basic definitions and properties of 

Julia sets . This chapter consists of three sections . In section one , we recall 

some fundamental definitions . In section two , we give the notions of 

normality and Fatou set with their relations to Julia sets . In section three , 

we give the concept of filled Julia set .  

 

Section One (9.9) 

Elementary definitions and theorems 

 

      Our goal in this section is the presentation of definitions and theorems 

that we will use later in this research . 

We use the symbol  X  in this section to denote a metric space with metric 

d  . Special cases are X  = R  or  C  and d  is the usual metric . 
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      We begin this section with the following definition . For general reference 

see [91] . 

 

      Let X  be a metric space . All points and sets mentioned below are 

understood to be elements and subsets of X . Let us recall the following :  

 

(a) The complement of A  ( denoted by X – A ) is the set of all points x X  

such that x    A  .   

(b) A point x  is an interior point of A  if there is a neighborhood  U  of x  such 

that U     A  .  

(c) A  is open if every point of A  is an interior point of A  . 

(d) A point x   is a limit point of the set  A  if every neighborhood  of x  

contains  a point  y  x   such that y A  . 

(e) If x A  and  x   is not a limit point , then  x  is called  an isolated point of 

A .                                  

(f) A  is closed if every  limit point  of A  is a point of A  .  

(g) A  is perfect if A  is closed and if every point of  A  is a limit point of A  . 

(h) A  is dense in X   if A   = X   , where A  = the closure of A  = the 

intersection of all closed sets  containing A  . 

 

          Let f : X    X  be a map . The map is a homeomorphism if f  is one 

– to - one  , onto and f , f
-9  are continuous .  

 

          If f : X   X  is smooth , then f  is called a Cr  - diffeomorphism if f
   

is a Cr - homeomorphism such that f
-9 is also Cr  . 
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                 Let  CU    be an open  set . f  : U  C   is  an  analytic in U   if 

it is  analytic at each Uz 0  . 

 

        Let  
f : X    X  be a map .If the map is iterated , then the n -th 

iteration step is denoted by f
n . We put   xxf

o
  ,  xf

n 1 = f o  xf
n   for 

n N  ,  x X  . 

 

Definition ( 9.9.9 ) [16]  

                   Let f : X    X  be a map , then the orbit of a point x X  is 

the sequence   {  xf
n }  , n Z  . 

 

Example(9.9.1)[14] 

           Let f  : R    R  be a map such that   xxf 2 , then the orbit of x =9 is 

9,9,9,9,… , and if x  = 1 , the orbit is  1,4,96,… . 

 

Definition (9.9. 1) [14] 

          Let  f : X    X  be a map . A point x   X   is called a fixed point if 

  xxf   . It is a periodic with period n  if   xxf
n

  , but   xxf
m

  for m < n . 

 

Example (9.9.4) [91] (pp. 99) 

          Let g  : R    R   be a map such that   12  xxg , this map has fixed 

points at (9+ 5  )/1 , while the points 1 and -9 lie on a periodic  orbit of period 

1 . 

                 A fixed point is periodic of period one . 
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Definition (9.9.5) [91] (pp.14) 

          Let  f : X    X  be a smooth map , where X R  or C  . Let x  be a 

periodic point of period n  for  f  . The point x  is hyperbolic if    xf n    9 ,            

x  is  attracting periodic point if     xf n  < 9 and x  is repelling periodic point 

if     xf n  > 9 . 

 

         Otherwise    xf n   =9, x  is non- hyperbolic  (neutral periodic point ) . 

 

Example (9.9.6) [91] (pp.19) 

       (i)  Let f  : R   R  be a map such that   xxf 2 , if x 1  then x  is an 

attracting fixed  point. (ii) Let g  : R   R  be a map such that   12  xxg ,  if 

x  
2

51
 then x  is a repelling  fixed point . (iii) Let h  : R   R  be a map 

such that   xxxh  2 , if x 1  then x   is neutral fixed point .  

  

           A  point x   is  a critical point of  f  if    0 xf . 

 

Definition (9.9.9) [94] (pp.96)         

          Let  f : X    X  be a map . Suppose x   is a fixed  point  of f  . Then 

the basin of attraction of x   consists of all y  such that   yf
n

 converges to  

x  as n     . 
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Example (9.9.9) [94] (pp.96) 

         Let f  : R   R  be a map such that   xxf 2 , x  1 is a fixed point . 

The basin of attraction of 1  consists of all x  such that  x   < 9   is    (-9,9). 

 

Definition (9.9.1) [91] (pp. 91) 

           Let  f : X    X  be a map . Let x    be a periodic point of period n . A 

point y  is forward asymptotic to x   if lim
i

 yf
in

x  . The stable set of x   , 

denoted by  xW s  , consists of all points forward  asymptotic to x .  

If x   is non – periodic, we may still define forward asymptotic points as those 

points which    xfyf
ii

  converges to 1 as i .If  f  is invertible , the 

backward asymptotic  points y  are those points for which     xfyf
ii

  

converges to 1 as i   . The set of points, which are backward 

asymptotic to x  is called the unstable set of x  and is denoted by   xWu  .  

 

Example (9.9.91) [91] (pp.91) 

           Let f  : R  R  be a map such that f ( x )  x
3  .Then   0W s  is the 

open interval ( -9,9 ) .  1W u  is the positive real axis , where as   1W u  is 

the negative real axis .  

 

          Recall that a subset G    X  is connected if it can not be represented 

as the union of two disjoint relatively open sets none of which is empty . 

Otherwise G  is disconnected . 
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Definition ( 9.9.99 ) [9] (pp.911) 

            A region is simply connected if its complement with respect to the 

extended plane is connected .  

 

Example (9.9.91) [1]  

                  D  = { z C  : z  < 9 } is simply connected .  

 

Definition (9.9.91 [1] (pp.915) 

                  An arc   is defined as   = { zC  : z    tiytx  ,  txx  , 

 tyy  , bta   } , where  tx ,  ty  are continuous maps of the real 

parameter t .  

Then   is simple arc if z  1t  2tz , when tt 21  . If   is simple except for 

the fact    azbz   then  is simple closed curve .  

           An arc   is smooth if z  t  exists and continuous in the interval 

bta   .  

 

Example (9.9.94) [1] (pp.915)                     itt            10  t  

               The Polygonal line     tz             it              21  t   

 

consisting of a line segment from 1 to 9+ i   followed by one from 9+ i     to 

1+ i   is simple arc .The unit circle   tittz sincos   is simple closed curve , 

where 20  t  . 

 

          Now , we give the fundamental theorem of algebra . 
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Theorem (9.9.95) [91] (pp 165)  

          Let f : C  C  be a polynomial map of degree n . 

If n  >1 , then f  may be written in the form    .1 zazf  …  nz . , 

where i  are not necessarily distinct .  

For a proof see [91]. 

  

Definition (9.9.96) [94](pp 115)   

           Let f : X    X  be a map . f   is contraction that has a scaling factor   

s  <9 if       yxsdyfxfd ,,   for all yx,  X  such f   is continuous map on 

X . 

Theorem(9.9.99) [94] (pp.115) 

        Suppose f : X    X  is a contraction map where X  is complete metric 

space with scaling factor  s  <9 . Then f  has exactly one fixed point x , 

whose basin of attraction is  X  . 

For a proof see [94] . 

 

Definition (9.9.99) [14]  

         Suppose f  : C  C   is an analytic map . The Julia set is the closure 

of all repelling periodic points of  f  . That is  

 

 fJ  = closure { all repelling periodic points of  f  } . 
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Section Two (9.1) 

Normality and Fatou Set 

      

      Our goal in this section is to give another definition of Julia sets by using 

the concept of normality .We will talk about families of complex analytic 

maps . 

 

        The following proposition gives the Maximum principle theorem . 

 

Proposition (9.1.9) [91](pp. 161)  

         Let CU   be an open set . Suppose CUf :  is an analytic map in 

U  and continuous on U   . If U  is bounded then  zf  assumes its 

maximum value on the boundary of  U  , where U = UU   .  

          

         For a proof see [91] . 

       

         From the inverse map theorem , we have the usual result about the 

existence of a local analytic inverse . 

 

Proposition (9.1.1) [91] (pp. 161) 

        Suppose f : C  C  is analytic and  0zf  0  . Then there is 

 an  > 1 and a neighborhood U  of z0  such that f  maps U  onto                          

D  ={  0zfzCz  : <   } in a one-to-one formula . Moreover, the inverse 

map  f
-9 : D U   is analytic .  

       For a proof see [91] . 
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Theorem (9.1.1) [91] (Schwarz lemma)(pp. 164) 

        Suppose f   is analytic in the open disk z < 9 and satisfies  

9-  zf 9 .  

1-   00 f   . 

Then  zf    z  and   10 f  . Equality holds if and only if   zezf i  . 

 

        For a proof see [91] . 

 

Remark (9.1.4)[ 1 ](pp. 11) 

       The complex plane together with the point at infinity  , denoted by  , is 

called the extended complex plane , it is topologically equivalent to the 

Riemann sphere.  

 We put  C  = C    { } . 

 

Remark (9.1.5)[19] 

          The metric space of the complex plane is the usual metric , while the 

metric space of the Riemann sphere is the chordal metric .  

 

Definition (9.1.6)[11] 

           Let G    C  be an open and connected set . A map f   is conformal 

on G   if f   is one –to-one and analytic on G  . 
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Definition (9.1.9)[11]  

            A rational map r : C   C  on the Riemann sphere is the quotient 

of  two polynomials  zr  =
 

 zg

zf
 =

0

0

bzb

aza
m

m

n
n





...

...
 and we assume that  zf  

and  zg  are relatively prime , that is they have no common zeros . The 

degree of   r   is max { deg  f  ,deg  g  }.  

 

Definition (9.1.9) [11] 

           Let r  : C    C  be a rational map such that  zr =








z

z
  , 

0    where  ,,,  C  , this map is called  a mobius  map  if  it is 

onto and conformal map on  C  . 

 

            In studying the dynamics of maps , the standard equivalence relation 

is used to say that two maps have “ same dynamics ” is conjugacy . 

 

Definition ( 9.1.1 ) [11]  

             Let  X  , Y  are two metric spaces . If f : X   X  and g  :  Y    Y  

are two maps . Then  f   is conjugate to g   if there exists a homeomorphism   

h  : X    Y   such that g  o h     =h  o f . 

 

Example(9.1.91)[94](pp. 915) 

      If g   : R   R    such that  g ( x ) = x
1 – 

4

3
       ,        for -

2

3
 x   

2

3
 

      and f : R    R    such that f  ( x ) = 1 x  (9- x )    ,     for 1 x   9 
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to show h  g   = f oh   where  
2

1

3

1



 xxh     is a homemorphism from 








2

3

2

3
,  onto [ 1,9 ] , so  

( h  o g ) ( x ) = h
2

1

4

3

3

1

4

3 22 



















 xx  

                     = 
4

3

3

1 2 


x   ,   

and ( f o h ) ( x ) = 











2

1

3

1
xf  

                          = 




















2

1

3

1
1

2

1

3

1
3 xx  

                           = 
4

3

3

1 2  x  

Therefore h  o g  = f oh . 

 

 

Theorem (9.1.99) [94](pp. 919) 

          Let f  : R    R    and g : R    R    be two maps such that 

  cbxxaxf  2  and   tsxxrxg  2  , where 0a  and 0r  , and 

a

rtbssb
c

4

42222 
  . . . . (9.1.9) . 

Then f  and g  are linearly conjugate to one another , with associated 

homeorphism given by  

 
r

sb
x

r

a
xh

2


   . . . . (9.1.1)  
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Proof :  

             Let   .edxxh   We will prove that there are constants 0d  and e  

such that h o f  = g oh  . Now      xhgxfh  , that is 

or equivalently , if  

     tseerxsdrdexdredcdbxxda  2222 2  

Collecting coefficients of like powers of x , and using  the hypothesis that    

r  0 , we find that  

x
2 terms : drda 2 , so that if 0d , then 

r

a
d   

x  terms : sdrdedb  2 , so that if 0d , then 
r

sb
e

2


  

constant terms : tseeredc  2 ,  

substituting for d  and e  in the last equation , we obtain 

t
r

sb
s

r

sb
r

r

sb
c

r

a








 








 





222

2

 . Which yields  

rtsbssbsbsbac 4222224 222   

solving for c  and using the fact 0a , we conclude that 

a

rtbssb
c

4

42222 
  which is (9.1.9) . 

 

We conclude that for this value of c  , f  is linearly conjugate to g  , with h  as 

given in (9.1.1) .  

 

         We can generalize the previous theorem to maps from C  to C  . 
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Proposition (9.1.91)  

       Let   321
2 azaazq z   be any quadratic polynomial map and 

  czzqc  2   , where caaa ,,, 321 C  . Then  q  is linearly conjugate to  qc  . 

Proof: 

          If S   1gqg   , where    zzg a1  , thus   aazazzS 312
2   .Then  

1

 hShq
c   , where    z

a
zh 

2

2
 , so that  

2

21 a
zzh   . 

   






































 

31
2

2

2

221

222
aa

a
za

a
zh

a
zShzhShzq

c
   . 

 Thus  
222

2
31

2
2

2
2 a

aa
a

za
a

zzq
c 







 






   

                   
224

2
31

2
2

2

2
2

2
2

a
aa

a
za

a
zaz   

                   aa
aa

z 31

2
222

42
    . 

Therefore      czzqc  2   for some c  , where  

4

24 2
2231 aaaa

c


        . By the properties of linearly conjugate , q  is linearly 

conjugate to  qc  .  

Definition (9.1.91) [11] 

     Let f  : C    C   be analytic map . A point z0  in C  is called a  super 

attracting fixed point if    00  zf  .      

      Next , we looked at the behavior of the point at infinity for the map   

q
c , where c  C  . 
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Proposition (9.1.94)[14] 

       Let r  : C   C  be a mobius map such that  
z

zr
1

  , we shall 

exchange 1 with   in order to obtain the behavior of the point    for the 

map   czzqc  2  . 

 

Proof:                                          

        We will prove that    is super attracting  fixed  point for  qc  . 

Consider the map Fc   qr c  r  

Fc   z qr c  r  z  

        









z
qr c

1
  

        
zc

z

z

zc
c

z

c
z

r
2

2

2

2

2

2

11

1

1

11
































  . 

Hence  Fc   00  . Moreover,   00 cF <9 , which implies that 1 is an  

attracting fixed point for  cF     and   q
c  . 

Since  the derivative of  q
c  at     is given 

21

1 z

z
q

c












 .Evaluating at 0z  

gives    0q
c  . Therefore   is super attracting fixed point for qc  .   

 

Remark (9.1.95) [91](pp.165) 

                 Let f   : C   C  be a map and suppose   zf 0  , we assume 

that 00 z  .Then f    is analytic at   if f  h
1   is analytic at 1 , where 

 

z
zh

1
  . 
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            Note that  let  f
n

 be a family  of complex analytic maps defined  on 

an open set U  . 

Definition (9.1.96) [19] 

       A sequence  un   converges uniformly to a limit L  , if for any positive  ,  

no matter how small  , there exists an m N  such that   for all n >m  ,  

Lun    <   . 

 

Definition (9.1.99) [91](pp.191) 

            The family  f
n  is said to be normal on U  if every sequence of the 

f
n `s has a subsequence which  either  

9.converges  uniformly on compact subsets of U  ,or  

1. converges  uniformly to   on U . 

Example (9.1.99) [91] (pp.191)     

         Let f : U    C   be a map  such that f  z  az  with a  < 9 . 

f  z  az  

f
1   zaz 2

 

. 

. 

. 

  0 zazf nn  as n  with  
a  < 9 . Hence  f

n  converges uniformly to 

the constant map 1 on compact subsets of U  . 

Therefore  f
n   forms a normal family of maps on U  . 

Example ( 9.1.91 )[91]( pp. 191 )  

          Let f  : U    C   be a map  such that f  z  az  with a  > 9 , then 

the above family is normal on any domain  which does not include 1 , but 
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fails to be normal if the domain  includes 1 .Indeed , in any neighborhood of 

1 , there is a point z  for which  zf
n  is arbitrarily large for some n  .                  

In particular , we note that any such neighborhood U  satisfies  


1n

n
Uf  C .   

         In examples(9.1.99) and (9.1.91) , the Julia sets of maps of the form 

  azzf   , or more generally   bazzf   is either empty or consists of a 

single point ( repelling or neutral fixed point ). 

 

Definition (9.1.11) [91] (pp. 191 ) 

          The family  f
n  is not normal at z0  if the family fails to be a normal 

family in every neighborhood of z0  . 

 

          The following proposition gives one of the most  important properties 

of sequences of  analytic maps . 

 

Proposition (9.1.19) [91] (pp.191 ) 

           Suppose  f
n   is a sequence of analytic maps which converges 

uniformly on a domain U  to a map f .  

Then  f   is analytic in U  and , moreover , 
       .lim zfzf

k

n

k

n




 

For a proof see [91] . 

 

Proposition (9.1.11) [91] ( pp.161 ) . 

             Let U   C  be open and suppose f : U    C    is analytic map . 

Then  Uf  is open in C  , provided  f  is non – constant .  

For a proof see [91] . 
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          Now , we will give the definition of the Fatou set and Julia set.  

 

Definition (9.1.11) [11]  

            Let f  : C   C  be a map . The Fatou set ( stable set ) F  f  is 

the set of points z  C  such that the family of iterates   f
n  is normal 

family in some neighborhood of z .  

 

Definition (9.1.14) [91] ( pp. 911 ) . 

          The Julia set  fJ  is the complement of the Fatou set ,  that is  

  fJ { z  C  : the family  f
n

n 0
 is not normal at z  } . 

That is     fFCfJ \  .  

           Also the previous definition can satisfy on the space C  . 

 

Remark (9.1.15) [11]   

          If f   is a polynomial map , then  fF  and there is a neighborhood 

U of   with U  fF , so   fF  . Thus the Julia set of polynomial is 

never the entire plane . 

 

Lemma (9.1.16) [91] (pp.911) 

        Let f  : C   C   be a map . Then  fF is an open set .  

Proof :  

        To show that  for all  fFx  there exists an open set G  such that 

Gx  and  fFG   . 

Let  fFx  , thus by definition (9.1.99),  f
n

 is normal at x  . Hence there 

exists an open set G  such that  Gx  and  f
n

 is normal on G  . 
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Therefore  fFG   , hence  fF  is an open set .    

 

Theorem (9.1.19) [11]  

           If f   is a polynomial map and h is a conformal equivalence such that  

  hhofog 1   then     fFhgF   and     fJhgJ   . 

Proof : 

         Let  fFz 0  and suppose that  f n

i

i


 be a sequence that contains a 

subsequence which converges uniformly to  f   on a neighborhood of  z0  . 

Since h  conformal equivalence , hence h  f n

i

i


 is a sequence that contains 

a subsequence which converges uniformly to  fh  on a neighborhood of 

 zh 0 . But  fh  in domain g ,thus    gFzh 0  and                       

    gFfFh   . . . (9.1.1) .Now h
1  is a conformal equivalence  and 

ogohhf 1  .Applying the relation (9.1.1) , thus     fFgFh 1  . Therefore 

    fFhgF   . . . (9.1.4) . From ( 9.1.1) and (9.1.4) we get  

    gFfFh   . By definition (9.1.14) ,     gJfJh   .     

 

        The next proposition gives a useful criterion for a family of analytic 

maps to fail to be normal at a given point .  

 

Proposition (9.1.19) [91](pp.191)  

        Let f  be an analytic and suppose that z0  is repelling periodic points 

for f .   Then the family of iterates of f   is not normal at z0  . 
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Proof :  

        First , let z0  be a repelling fixed point . Assume that   f
n  is normal on 

a neighborhood U  of  z0  , since     zzfzf
n

000   . It follows  zf
n

0  does 

not converge to   on U  . Thus some sequence of the sequence  f
n  has  

subsequence  f i
n  which converges uniformly to some map g   on U  . By 

definition (9.1.99) , hence      zgzf i
n

00 


 . Since z0  is repellor , thus 

    


zf i
n

0  . This contradiction with definition (9.1.99) . Therefore  f
n

 is 

not normal at z0  .  

 

Now , let z0  be a repelling periodic point of period k , that is 

      fofoofff
knkkkk n

 ...  . Assume that  f
kn  is normal on a neighborhood 

U  of  z0  , then     zzfzf
kkn

000   for all n , it follows that   zf
kn

0  does not 

converge to   on U  . Thus some sequence of the sequence  f
kn  has a 

subsequence  f i
kn  which converges uniformly to some map  h  on U  . By 

definition (9.1.99) , hence       zhzf i
kn

00 


 . Since z0  is repellor point , 

thus     


zf i
kn

0  , this is contradiction with definition (9.1.99). 

Therefore  f
kn  is not normal at z0 .    

 

Corollary (9.1.11) [91](pp.194) 

        Let f  be an analytic map . The family of iterates   f
n

 fails to be a 

normal family at any point in  fJ  .  
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Proof :  

        Let   fJz 0  , then z0  is either repellor point or z0  in limit of repelling 

periodic points .  

If z0  is a repellor point . By proposition (9.1.19)  f
n  is not normal at z0  .  

If z0  in limit of repelling periodic points , any neighborhood U  of any point 

contains a repellor point as z1  . By proposition (9.1.19)  f
n  is not normal at 

z1  .  Therefore  f
n

 is not normal at z0  .    

 

Definition (9.1.11) [5]  

       Let f  be an analytic map . A complex number z0  is called an omitted 

value of the analytic map  f   , if   zf  z0  for all z  C  . 

 

Example (9.1.19)  

             Let f : C   C  be an analytic map such that   ezf z  . 

1 is an omitted value of analytic map f   . 

 

Definition (9.1.11) [5] 

          Let  f   be an analytic map . z0  is called an exceptional point if 

 






1

0

n

n
zf  is finite , where     zzfCzzf

nn
00 

 :  .  

Example (9.1.11) [91] (pp.194 )  

             Let f  : C   C  be an analytic map such that   zzf 2  , if U  is an 

open set which meets S
1  but does not meet 1, then    0

1






CUf
n

n
  . 

1 is an exceptional point .  
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           One of the most important consequences of the failure to be a normal 

family at a given point is that the family of maps must assume in fact every 

value in any neighborhood of the point . This result is a variant of a theorem 

known as Montel’s theorem .  

 

Theorem (9.1.14) [11] ( Montel`s Criterion for Normality )  

           Let  f
n   be a family of analytic maps on a domain G  . If there are 

three values that are omitted be every f  f
n  , then  f

n  is normal family . 

For a proof see [11] . 

 

Definition (9.1.15) [11]  

        Let A   X   and let XXf :  be a map . A  is said to be completely 

invariant under  f    if     AfAAf
1

  . 

Example (9.1.16) [91] (pp. 194) 

        Let RRf :  be a map such that    xxxf  1   ,   10  x  . If 

A [1,9] , then     1010 ,, f  and     1010
1 ,, 


f  .  

Therefore  10,  is completely invariant under  f    . 

 

Lemma (9.1.19) [19] 

       If f : C     C   be a map .Let z  be any point in  fJ  , then in every 

neighborhood of  z    and for all Nn  , the maps  f
n

 omit at most two 

points of  C  . Moreover these exceptional points , if they exist , are 

independent of  z   and don’t belong to  fJ  .  

 

 



 26 

Proof :  

            If the lemma is not true then there exist arbitrarily small 

neighborhoods of  z   in which each f
n  in the sequence  f

n

n



1
 omits at least 

three values . 

If there are arbitrarily small neighborhoods of  z  which map to 

neighborhoods of   zf
n  with points omitted then , taking the inverse map , 

there are arbitrarily small neighborhoods of   zf
n  which have as preimages 

finite neighborhoods of  z   with no points omitted . By definition (9.1.99) , 

 f
n

 is normal family , which is a contradiction to definition (9.1.14) since z   

is in the Julia set . 

Consider the exceptional points . As a set , it must be invariant under  f  , 

since otherwise they would map to points in the plane which are in the 

image of the neighborhood of  z   in contradiction with the statement of the 

lemma .  

If there is only one exceptional point a    , then it can have no preimages 

other than itself . We can move  a   to   by a mobius map . If there are two 

exceptional points a   and  b   , then there are the following two possible 

cases . 

 

9.  a   has no preimages other than itself and  b   has no preimages other 

than itself , each is a fixed point .  

 

1.  a   and  b  from period of 1 , each maps onto the other and is the 

preimages of the other .  

 

We move  a  and  b   to 1 and    by a mobius map .  
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Case 9 means that a polynomial map is of the form zM n  , where M is 

constant , since it leaves 1 and   invariant .  

 

Case 1 means that  a  map is of the form zM n  , since this maps the origin 

to infinity and infinity back to the origin forming the necessary period of  z  . 

The exceptional points   a  , b    are fixed points of order 9 or 1 and , since 

any attracting fixed points are not in the Julia set , the exceptional points 

must depend only upon  zf  as required .    

 

Lemma (9.1.19) [91](pp. 119)  

           Let  f  be a polynomial map , let  fJz 0  and let U  be any 

neighborhood of z0  . Then  


1n

n
Uf  is the whole of C  , except possibly for a 

single point . Any such exceptional point is not in  fJ  , and is independent 

of  z0  and U . 

For a proof see [91] . 

 

Theorem (9.1.11) [91] (pp. 194) 

         Let  f  be a polynomial map . Suppose there is a point  fJz 0  and 

neighborhood U  of z0  such that    aCUf
n

n







1

 . Then 

   azazf
n

    for some C  and some integer n  . 

 

Proof :  

            Suppose   abf    . Then b   is an exceptional point for f ,  for there 

is no  z   in U  which maps to  b  and then to  a    .  But by lemma (9.1.19) ,        

b  = a   . 
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Hence  a  is fixed point for   f   and , moreover ,  a   is  only preimage  . 

Thus for some n   we may write  

 
 

 az

azf
zg

n



  ,  

where  zg is a polynomial map and    0zg  for any  z . 

 

Otherwise , we would have an additional preimage of  a   . 

By fundamental theorem of algebra , thus   zg  reduces to a constant .    

 

Proposition (9.1.41) [91] (pp. 195) 

 

          Suppose  f   is a polynomial map of degree 2n  which has an 

exceptional point at  a    . Then  f   is conjugate to zz n  .  

 

Proof :  

         Let   zzg n  , since a   is an exceptional point of  f   . By theorem 

(9.1.11) , thus     azazf
n

   for some 0  . If  1 n  when 

   azzh    , where   is a constant , thus 

      azazgzgoh
nn   and 

              zgohazazazahazahzhof
nnnnnnn
   11

. That is gohhof   .    
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Section Three (9.1) 

Filled Julia set 

 

       The goal of this section is to give  another  definition of  Julia sets . 

 

Definition (9.1.9) [11]  

         Let f   : C    C  be a map . The orbit of  z   under a map f   is 

bounded if there exists Rk   such that  zf
n <k  for all n  . Otherwise , the 

orbit is unbounded .  

Example (9.1.1) [11]  

        Let f   : C   C   be a map such that   zzf 2  . For any  z   such that 

z <9 , if   sincos izz  .  

Then   0  ninzz nn sincos  as n   . Thus , any z  where z <9 , the 

orbit of z   is bounded . And if  1z  , then   1zf
n  and the orbit is also 

bounded . However , if z >9 , the orbit is unbounded .  

 

Definition (9.1.1) [11]  

        Let f  : C    C  be a polynomial of degree 2n  . Let  fK  denote 

the set of points in C   whose orbits do not converge to the point at infinity . 

That is   fK {   zfCz
n

n






0
:  is bounded }  . This set is called filled Julia 

set .  

Definition (9.1.4) [19]  

         Let f  : C    C  be a map . The escape set  A of f  is all those 

points that escape to infinity , that is   A {   zfz
n:  as n } .  
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Remark (9.1.5) 

       We can say that   A  is the basin of attraction of   . 

Example (9.1.6) [11] 

       Let f  : C    C  be a map such that   zzf 2  . The set  1zz :  is 

the filled Julia set but the set { zz : >9} is  A  .  

 

       Now we can state another definition for Julia set .  

Definition (9.1.9) [19] 

         The Julia set is the boundary of the filled Julia set , that is 

   fKfJ   . 

 

Remark (9.1.9) [99] 

         The complement of the basin of attraction of    is the filled Julia set of  

f   . That is    fKAC  \  .  

 

Theorem (9.1.1) [19]  

            Let  f   be a polynomial of degree 2d  , then  fK  is non- empty 

set .  

Proof :  

          f  is a polynomial of degree at least 1 , thus one can see easily that it 

fixes at least one point , z0  say . This is because fixed points are simply 

solutions to   zzf   , which has  d   roots and at least one fixed point           

( taking into account the possibility of repeated roots ) .  

From definition (9.1.4) , one sees that a fixed point can not be in  A  and 

therefore  fKz 0  . Thus  fK  is non-empty .   
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Theorem (9.1.91) [19]  

         Let  f  be a polynomial of degree 2d  , then  fK  is compact            

( closed and bounded ) set .  

 

Proof : 

        Define V r  to be the set of all points further from the origin than the 

circle of radius r  . 

V r ={ zC : z > r  } . 

For sufficiently large r  we have     AVVf rr . 

This means that if r   is large enough then all points in V r  escape to infinity . 

Once this is the case , V r  must be contained in  A from definition (9.1.4) . 

If a point escapes to infinity then its image under the map must also escape 

to infinity from definition (9.1.4), thus the image of V r  must also be 

contained in  A  . 

Moreover , we know that all points in V r  are images large than themselves 

and so   VVf rr   .  A  is a region containing infinity , V r  is a smaller 

region containing infinity and each image of V r  is a smaller region again , 

each region must contain each of the smaller once .  

Call the first V r  which satisfy these conditions simply V . For all z0  in  A  

we know that   zf
n

0  .  

Hence there exists a Nk  such that   Vzf
k

0  so  

     







1

1

n

n VfA   . . . (9.1.9) . 

In other words , we can choose k  to be large enough that the k -th iterate of 

any escaping point in V  . 
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This proof has effectively split the sphere into areas around the origin . 

Nearest the centre with the smallest values , is  fK  . Outside of  fK  is 

 A  , but this splits into further envelopes . By selecting a suitably large r  

we can make V r  a region containing infinity wholly contained in  A . This 

envelope around infinity contains the image of the whole of  A under f
k  .  

Simply connected region around infinity on the sphere becomes 

correspondence around  the region in the plane . 

Each V r   is an open set because there is a strict inequality in the definition , 

the set does not contain its boundary . 

 A  is the union of the preimage of V  and so it is the union of the 

preimages of an open set . 

Each preimage of an open set must be an open set since  f  is a polynomial 

and therefore is an open map . 

The union of open sets is also an open set and we have that  A  is an 

open set . By remark (9.1.9) , the  fK  is closed ,by definition (9.1.1)  fK  

is bounded .  fK  is compact .    

 

Theorem (9.1.99) [19]  

         Let f  be a polynomial of degree 2d  then the sets  A and  fK  

are completely invariant under   f   .  

Proof : 

         From (9.1.9) , we have  .      VfA
n

n








1

1
 

So that       














VffAf n

n

1

1

11
  

                               







AVf
n

n
1

1
1

  ,                                         
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Similarly       













VffAf n

n

1

1

       







AVf
n

n
1

1
1

,  

Thus  A  is completely invariant . By remark (9.1.9) ,  

 fK  is completely invariant .    

 

Theorem (9.1.91) [19] 

          Let  f  be a polynomial of degree 2d , then  fK  is perfect . 

Moreover every connected component of the interior of  fK  is simply 

connected. 

Proof :  

         We will prove that  fK  is perfect by contradiction . Assume a point 

 fKz 0  is an isolated then we can draw a simple closed curve   in   

 A  , such that the region W   of the plane sphere bounded by   and 

containing the origin , has only the point z0  in common with  fK  . This 

follows by definition of z0  being isolated . Choose V    as theorem above 

(9.1.91) , then by (9.1.9) we can find a Nk  such that   Vf
k

  .  

This means that we can take a high enough iterate of  f    to map all points 

in   into  V   ,  since   is contained in  A . Since  zf
k

0  is not contained 

in  V   as  fJz 0  ,  Wf
k  should contain  C  \ V   .  

In other words , since our closed curve maps to a subset of  A , 

  AV , and  W    contains a point in  fK  , the complement of  A  , 

the whole of W  , the region inside of our closed curve , should contain the 

preimage of  fK  . The complete invariance of  fK  means that   zfK 0 .  

   zzf 00
1


 and so our polynomial should be of the form 

   zzazzf
d

00  .  
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This means that z0  would belong to the interior of  fK  and we have a 

contradiction , thus there are no isolated points and  fK  is perfect . 

If there is a connected component of the interior of  fK  which is not simply 

connected , then      fJAA   would not be connected . This 

contradicts of  A  being an open connected set .     
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CHAPTER 1 

Properties of Julia sets of Polynomials 

 

         The goal of this chapter is to drive the basic properties of Julia sets of 

polynomial maps . 

         In section one , we study the relation between the three definitions of 

Julia sets given in this chapter .In section two , we give the properties of 

Julia sets of maps of the form  cz 2  , where Cc  .In section three , we 

study chaoticity on Julia sets .  

 

 

Section one (1.9) 

General Properties of Julia sets  

 

          The goal of this section is to study some properties of polynomials as 

given by definition of Julia sets , and we also show the equivalence of the 

three definitions of Julia sets given before in case that the map is a 

polynomial . 
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Proposition (1.9.9) [91] (pp. 111) 

          Let  f  : C   C   be a polynomial of degree 2d  , and   fJ { z  C : 

the family  f
n

n 0
 is not normal at  z  } . Then  fJ  is non empty set .  

Proof : 

         Suppose   fJ  . Then , for all r  > 1 , the family  f
n

 is normal on 

the open disc  00Br  with centre at the origin and radius  r  ( since the closed 

disc   0Br   is compact , it may be covered by a finite number of open sets 

on which  f
n

 is normal ) . 

Since f  is a polynomial , we can extend the range of   f   , taking   r   large 

enough to ensure that  00Br  contains a point z  for which    zf
n  and 

also contains a fixed point p  of  f   with   ppf
n

  for all n  . 

Thus it is impossible for any subsequence of  f
n

 to converge uniformly 

either to a bounded map or to infinity on any compact subset of  00Br  which 

contains both z    and  p   , contradicting the normality of  f
n

 . Therefore 

  fJ  .    

 

Proposition (1.9.1) [91](pp. 111) 

           Let f   : C   C   be a polynomial of degree 2d , and   fJ { z C  : 

the family  f
n

n 0
 is not normal at z  }  .Then    fJ   is compact ( closed and 

bounded ).  

Proof :  

         By lemma (9.1.16) ,  fF  is open set , and by definition (9.1.14) ,  fJ  

is closed set . Since   f   is a polynomial of degree at least two , we may find  

r  such that if rz   , then   rzzf 22   , thus 
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    rzzzfzf 22222 222
 .  .Thus for n -th iterates we get   rzf nn

2  

if rz   , implying that  zf
n > rn2  if z  > r   . Thus   zf

n  uniformly on 

the open set V { zz : > r  }  .  By lemma (9.1.16) ,  f
n

 is normal family on 

V   ,so that   fJCV \ .   Therefore  fJ  is bounded , and so  fJ  is 

compact set .  

 

Proposition (1.9.1) [11]  

          Let f   : C   C   be a polynomial of degree 2d , and   fJ { z C  : 

the family  f
n

n 1
 is not normal at z  } .Then     fJfJ

m
  for every positive 

integer m   . 

 

Proof :  

          We show , equivalently , that    fFfF
m

  for all 1m  . If every 

subsequence of  f
n

 has a subsequence uniformly convergent on a given 

set , the same is true of  f
mn

n 1
. Thus    fFfF

m
   . . . (1.9.9). 

If   f
mn

n 1
is normal , then  f

kmn

n



1
is normal for k0 < m   on  fF

m
. But any 

subsequence of  f
n

n 1
contains a subsequence of  f

kmn

n



1
      for some 

k0  < m   . Hence  f
n

n 1
 is normal , where  f

n
=  

1

0






m

k

kmn
f  , thus 

   fFfF
m
  . . . (1.9.1) , from (1.9.9) and (1.9.1) we get    fFfF

m
  . 

   fJfJ
m
  .    

Remark (1.9.4)[11] 

              A set  A   is  completely invariant under f . If f  is onto , then 

   AAff 
1  thus     AfAffA 

1  . 
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Proposition (1.9.5) [11]  

       Let  f  : C   C   be a polynomial of degree 2d  , and    fJ { z  C  : 

the family  f
n

n 0
 is not normal at z  } .Then  fJ  is completely invariant . 

That is        fJffJffJ
1

  .  

 

Proof : 

        We work with the complement  fF  . Suppose f  is onto , using 

remark (1.9.4) , we can to show     fFffF
1

  as follows . Let 

  fFfz
1

0


  ,    fFzfw  00  . Suppose that { g
n  o f } is a sequence in 

 f
n

 . Since  g
n  contains a subsequence which converges uniformly on a 

neighborhood U  of w0  , { g
n  o f }  contains a subsequence which 

converges uniformly on  Uf
1 ,a neighborhood of z0 ,that is  fFz 0 . 

Hence     fFfFf 
1  . . .(1.9.1).  

Let  fFz 0  and  zfw 00   . Suppose  g
n  in  f

n
 with { g

n  o f }   contains 

a subsequence which converges uniformly on a neighborhood U  of  z0 . 

Since f  is an open map because  f    is a polynomial ,   g
n  contains a 

subsequence which converges uniformly on  Uf  . It follows that 

   fFzfw  00  , and     fFfFf   , since f   is onto , thus 

    fFffF
1

  . . . (1.9.4) , from (1.9.1) and (1.9.4) we get 

    fFffF
1

  , thus  fF  is completely invariant , since the complement 

of completely invariant is also completely invariant. Hence  fJ  is 

completely invariant  .  
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Proposition (1.9.6) [91](pp. 111) 

         Let  f  : C  C   be a polynomial of degree 2d  ,and    fJ { z C  : 

the family  f
n

n 0
 is not normal at z  } .Then  fJ  has an empty interior. 

Proof : 

         Suppose  fJ  contains  an open set  U  . Then    fJUf
n

  for all n .  

By proposition (1.9.5) ,  fJ  is completely  invariant ,    fJUf
n

n







1

 .By 

lemma (9.1.19)  ,  fJ  is all of  C  except possibly for one point , but by 

proposition (1.9.1) ,  fJ   is bounded set , and this a contradiction . 

Therefore  fJ   has  empty  interior.  

 

Proposition (1.9.9) [91](pp. 119) 

        Let f : C  C   be a polynomial of degree 2d  , if  fJz 0  , and   

 fJ  = closure { all repelling periodic points of  f  } .Then    zffJ
n

n
0

1







  .  

Proof : 

        If  fJz 0  then    fJzf
n

0  . By proposition (1.9.5) , so that 

 zf
n

n
0

1







 and , thus , its closure is contained in the closed set  fJ  . 

On the other hand , for any neighborhood U  of some  fJw  there is 

some n  such that  Ufz
n

0  . Thus  zf
n

n
0

1







 meets U  , so every  fJw  

can be approximated arbitrary close by points of  zf
n

n
0

1







 .Therefore 

   zffJ
n

n
0

1







  .  
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Proposition (1.9.9) [5]  

        Let f : C    C   be a polynomial of degree 2d , and    fJ { z  C  : 

the family  f
n

n 1
 is not normal at z  }  . Then  fJ  does not contain isolated 

points .  

 

Proof :  

        Suppose that  fJz 0   , and let U  be a neighborhood of  z0  . We can 

find  fJzzz 321 ,,  \  zf
n

n
0

1






 , because  Uf
n
\  is not  normal from  

proposition (9.1.19) , z j  Uf
n

n



1

 for  some  321 ,,j  . 

Hence     





zUzf j

n

n
0

1

\  . In particular,     zUfJ 0\  .  Hence z0  

is not an isolated point .  

 

Proposition (1.9.1) [5] 

         Let f : C    C   be a polynomial of degree 2d  , and   fJ { z  C  : 

the family  f
n

n 0
 is not normal at z  }  . Then  fJ  is  a perfect set . 

 

Proof : 

        By proposition (1.9.9) ,   fJ  is a non-empty set . By proposition (1.9.1) 

,  fJ  is compact , thus  fJ  is a closed set . By proposition (1.9.9) ,  fJ  

does not contain isolated points . Then  fJ  is perfect set .   
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Proposition (1.9.91) [11] 

           Let  f : C    C   be a polynomial of degree 2d  . Let U  be an open 

set such that   fJU   ,and  fJ  = closure { all repelling periodic points 

of  f  }  . Then there is a positive integer  k   such that     fJfJUf
k

  .  

 

Proof : 

           By proposition (1.9.9) , the repelling periodic points are dense in  

 fJ  , there is a repelling periodic point  fJUz 0  of period  n  , fixed by 

fg
n

  . Choose a small neighborhood UV   of z0  with the property 

 VgV   . Then     VgVgV 2  . . .    . But then the union of the open 

sets  Vgm  contains the entire Julia set . By proposition (1.9.1) ,    fJgJ  . 

By proposition (1.9.1) ,  fJ  is compact , thus    VffJ
k

  for some finite 

positive integer  k  , thus      fJfJVf
k

  for all UV   . Therefore 

    fJfJUf
k

   for some finite positive integer  k   .   

 

Definition (1.9.99) [19] 

          Let f  : C    C   be a diffeomorphism  map ,let p  and  q   be neutral 

periodic points  under f  . A point in the set       qpqWpW su ,\  is called 

a heteroclinic  point . If qp   then such a point  is called a homoclinic point . 

 

          Recall that a homoclinic point z  to a repelling fixed point z0  is one for 

which there exists n  > 1 for which   zzf
n

0  and for which there is a 

sequence of inverse image  zf
i

  converging to z0  . 
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Theorem (1.9.91) [11] 

         Let  f   : C   C  be a polynomial of degree 2d  ,the boundary of 

 A  coincides with the Julia set of f . 

Proof : 

         Suppose   Az0  and V   is a neighborhood  of z0  . Then for 

  VAz   ,   Az  and Vz  , thus   zf
n  . But   the iterates of 

z0  ,   zf
n

0  remain bounded , thus   f
n

 is not normal in  V  so z0  is in the 

Julia set . Therefore    fJA    . . .   (1.9.5) . 

To show that     AfJ .If   fJz   ,then    fJzf
k

  for all k  so it 

cannot converge to an attracting  fixed point , and   Az  . However , if U  

is any neighborhood of z  , the set  Uf
k  contains points of  A  for some 

k   by lemma (9.1.19) , so there are points arbitrarily close to z   that iterate 

to   . Thus  Az  and so   Az  .Hence     AfJ  . . .    (1.9.6) . 

From (1.9.5) and (1.9.6)  we get      AfJ  .  

 

         The following theorem shows that the three definitions of Julia sets are 

equivalent for polynomials of degree d  2  . 

 

Theorem (1.9.94)  

        Let f : C   C  be a polynomial of degree 2d  . Then the following 

statements are equivalent . 

9.  fJ  is the closure of repelling periodic points . 

1.  fJ  is the complement of the Fatou set  

1.  fJ  is the boundary of the filled Julia set . 
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Proof :  

       9 2   [91] (pp. 195 ) 

       Let  fJz 0    f
n

 is not normal at z0 . 

Hence , it suffices to show that there is a repelling periodic point in any 

neighborhood of a point where  f
n

  fails to be normal .Toward that end , 

suppose  f
n

 is not normal at z  and let U  be a neighborhood of  z   .  

We will produce a repelling periodic point in U  . By proposition (1.9.9) , 

  fJ  , hence z0  is a repelling periodic point of period n ,   zzf
n

00   . By 

proposition (1.9.1) , z0  is a fixed point for  f   . By proposition (9.1.1) , there 

is a neighborhood U 0  of z0  such that CUf :  is a diffeomorphism . 

Hence f
1  is well – defined on U 0  and maps U 0  inside itself . Let 

 UfU
i

i 0


  and  note that UU ii 1  and  zU i 0  .  

        Since   f
n

 is not normal at  z   , there is a point Uz 1  and an integer n  

such that   zzf
n

01   . Similarly , since  f
n

 is not normal at z0  , there is a 

point Uz 02  and an integer m   such that   zzf
m

12   , this uses the obvious 

fact that z1  is not an exceptional point . Hence   zzf
nm

02 
  . For later use , 

and by definition (1.9.99) , z2  is homoclinic point . 

        Now , if z2  is  a critical point  for f
nm  ,     02 


zf

nm
 ,let   zzf

nm
02 

  , 

and z0  is a fixed point , thus      zzfzf
nm

002
1


 . 

Hence z2  Basin of  z0 , therefore z0  is an attractor point , this is 

contradiction with  fJz 0  . 

If      02 


zf
nm

 , there is a neighborhood V  of z2  which is contained in U 0  

and f
nm
 is a diffeomorphism map from V  onto a neighborhood of z0 . 
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By adjusting  V  , may be assume that   UVf
m

  and that f
nm  is a 

diffeomorphism  from V  onto U j  for some integer j   .But  UfU
j

j 0


 ,          

hence f
jnm   is a diffeomorphism from V  onto U 0  . By proposition (9.1.1), 

this map has an inverse which contracts U 0  onto V  , by theorem (9.9.99) , 

there is a fixed point for  f
jnm   in  V  , and by theorem (9.1.1) this point must 

be repelling . Since    UVf
m

  , the orbit of this repelling periodic point 

enters U  .  

 

32  

      From theorem (1.9.91) ,     AfJ  . By  remark (9.1.9) ,    fKfJ   

.   

 

 

Section Two (1.1) 

Properties of the Julia set                   

Of maps of the form ( cz 2 ) 

 

        The goal  of this section is to derive the properties of the Julia set of the 

polynomial map of the form   czzq
c  2  , Cc  . 

Example (1.1.9) [19] 

         Consider the map   zzq 2
0   .When z  < 9 , 0zn  whereas if z > 9 

we have zn  . The Julia set of q
0
 by definition (9.1.9), is those points 

which are neither attracted to infinity nor to zero , thus it is the unit circle , 

1z . It is both forward and backward invariant under q
0
 . This means that it  
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is both its own image and preimage under  q
0
, and thus is its own image 

and preimage under any number of iterations of q
0
  . Every point on the unit 

circle has its entire backward and forward lying on the unit circle .  

The two fixed points of q
0
 are 0z  and 1z  , the only solution of 

  zzzq  2

0
 . 

If we consider the points of the unit circle of the form exp( 2

2

m

ir

) for some 

positive integers   r  and m  , then 1
0
q

m
 and all higher iterates after this are 

fixed on 9 since it is a fixed point . If we consider points on the unit circle 

which are not of this form , then the sequence of iterates does not converge 

to any point . Both points of the form exp( 2

2

m

ir

)  and not of this form are 

dense on the unit circle   

Any arc of the unit circle contains infinitely many points which eventually 

map to 9 and then stay there and also infinitely many points which map 

around and around the unit circle and never reach a fixed point , for there is 

no fixed point other than 9 to be reached . Points can never map off of the 

unit circle since if 1z  then   1
22

0
 zzzq  .  

       Next consider the periodic points of q
0
 . That is those points that are 

fixed points of a finite iteration of q
0
 say q

n

0
 then   zzq nn 2

0
  , from which we 

have that fixed points of q
n

0
of the unit circle . We can also see that for any 

number of iterations , there are fixed points for any lower number of 

iteration.  
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Consider       











12

2
exp

n

i
s


, then s   is fixed by q

n

0
 but not by any lower 

iterate and so for any positive integer n  there are periodic points on the unit 

circle with period exactly  n . 

 

Example (1.1.1)[11] 

            Let   22
2  zzq  to show the Julia set for q

2  is the line segment      

[-1,1]. 

Claim 9 : The set [-1,1] is completely invariant under q2  . 

          Consider   22
2  xxq  .   xxq 2

2
  and   2

2
 xq  so    xq

2  has a 

minimum value of -1 at 0x   . 

q
2  is also an even map which increases on the interval [1,1] , so q

2  has a 

maximum value of 1 at 2x  . 

Thus    ],[, 22222 q  and ],[ 22  is not a subset of  A2 . 

Claim 1 : ],[\ 22 C  is  A2 . 

          Let  



1

h which maps { >9}   onto ],[\ 22C  . 

If    








 2

2

2

2

22

1
2

11
hqohq 

















  , 

Thus  2
2 hohq   or 2

2
1  ohqoh  . 

Therefore q2  is conjugate to  2 . 

Since the iterates of any   under  2  tend to   for { >9} , the iterates of 

],[\ 22 Cz  under q
2
 also tend to   .  

Claim 1 : [-1,1] is the Julia set for q2  . 

         By theorem (1.9.91), and since     A22,2 , thus [-1,1] is the Julia 

set for q2  . 
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Theorem (1.1.1) [16] 

       Let zCz , > zc, >1 . Then   Az c for   czzq
c  2 . 

 

Proof : 

        There exists a small number  > 1 with  2z  .The triangle inequality 

for complex numbers implies cczcczz  222  . 

Solving this inequality for cz   , we derive  

czczcz  222 zz  2   1 zz  

                                                    12  z  

                                                   1 z  

                                                     z1   . 

If we iterate once , the absolute will increase by at least a factor 1 . 

The k –th iterate of z   will therefore be at least  1 k  times as large as z  in 

magnitude .Therefore the orbit must escape to infinity if one point in the orbit 

q
c  is greater than max  2,c  .    

 

Remark (1.1.4) 

       The previous theorem can be stated as follows :  

If z > max  2,c  , then     Az c . 

 

Proposition (1.1.5) [94](pp. 191) 

        If  qJz c  , then z  max  2,c  , so that  qJ c  is a  bounded subset of 

the complex plane .  
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Proof :  

        If z  is a periodic point , then iterates of z  are bounded , so by theorem 

(1.1.1) , z  max  2,c . By proposition (1.9.1) ,  qJ c  is the closed set 

containing all repelling periodic points, any  qJz c  also has property     

z  max  2,c  .Consequently  qJ c  is bounded in the complex plane .   

Proposition (1.1.6) [11] 

            qKCA cc \  . 

Proof : 

        If Cz  . Suppose   Az c  , by definition (9.1.4) ,thus   zqn
c  as 

n  . Hence   zqn
c  is unbounded . Therefore  qKz c  ,  qKCz c\  . 

Thus    qKCA cc \  .  

Conversely, suppose that  qKCz c\  . Then    zqn
c  is unbounded. 

Therefore , for some m> 1  we have  zqm
c > max  2,c  . By theorem (1.1.1) 

,    zq nm
c  as n  , hence   Az c  and     AqKC cc\ . Thus 

   qKCA cc \  .   

 

Proposition (1.1.9) [11]  

         Ac  is an open set .  

Proof :  

        Fix any   Az c0  . Then   zqn
c 0  as n  , hence there exists 

m> 1 such that  zqm
c > max  2,c  + 9 , since q

c  is continuous , the map qm
c   

is continuous , therefore , we find  >0  and U  neighborhood of z0  such that 

zz 0 <  , thus    zqzq m
c

m
c 0 <9 . Then by the Triangle Inequality 

       zqzqzqzq m
c

m
c

m
c

m
c  00 > max  2,c  . For all Uz  and by 
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proposition (1.1.1) ,    zq nm
c  , so   Az c , thus   AU c , since z0  

was arbitrary . Therefore   Ac  is an open set .     

       As an immediate corollary :  

 

Corollary (1.1.9) [11]  

        qK c  is a closed set .  

 

Proposition (1.1.1) [11]  

           qKqJ cc   .  

Proof :  

        Let  qJz c  . By definition (9.1.9) ,  qJ c  is boundary of  qK c  . By 

proposition (9.1.91) ,  qK c  is closed , thus  qKz c  . Therefore 

   qKqJ cc   .    

 

Proposition (1.1.91) [11]  

          qJ c  is the boundary of  Ac  .  

Proof :  

        By theorem (1.9.91), so   qJ c  is the boundary of  Ac  .    

 

         Now , we introduce the next theorem for calculating the Julia sets .  

 

Theorem (1.1.99) [16]  

        Let  qJ c  be the Julia set for the map   czzq
c  2  , where Cc  . 

Then  qJ c  is connected if and only if the orbit of 1 is bounded .  

 

The proof can be found in [16] . 
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Example (1.1.91) [14] 

            Let   izzq
c  2  to show that  qJ c  is connected .To compute the 

orbit of the critical point at 0z  , thus   

              iq
c 0  

              iiq
c  1  

              iiq
c 1  

              iiq
c  1  

              iiq
c 1  

              iiq
c  1  

              iiq
c 1  .  

 

Thus , the orbit of 1 is the sequence  

 ,...,,,,,,, iiiiiii  1110 , which is a bounded sequence . Therefore , 

by theorem (1.1.99) ,  qJ c  is connected .  

 

 

Section Three (1.1) 

Chaoticity on Julia sets  

 

        The goal of this section is to study the chaotic dynamics of the Julia 

sets .Roughly speaking , a map f   is considered to be chaotic if its orbits 

behave in a very complicated and unpredictable way .  
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Definition (1.1.9) [11]  

            Suppose that XXf :  is a map . Then f  has sensitive 

dependence on initial conditions if there exists  >0  such that for any Xx  

and for any neighborhood U  of x   , there exists Uy and 1n  such that 

    yfxfd
nn , >  .  

 

Example (1.1.1) [91](pp. 51)  

          Let SSf 11 :  be a map given by    2f  . If    2f  , then 

     222 22
f  , thus the n -th iterate is    2nn

f   . Therefore the 

angular distance between two points is doubled upon iteration of f  . Hence 

f  is sensitive to initial conditions .  

 

Definition (1.1.1) [11]  

        Let  XXf :  be a map , f  is transitive if for any two non-empty 

open sets U , V   in X , there exists an integer 1n  such that   VUf
n  .  

 

Example (1.1.4) [91](pp. 51) 

         Let SSf 11 :  be a map given by    2f  .  Let U  be any small 

open arc in S1  , there is Nk  such that  Uf
k  covers all of S1 , in particular, 

 Uf
k  intersects any other open arc V  in S1  . This implies   VUf

k   , 

thus f  is transitive .  

 

Example (1.1.5) [91](pp. 99) 

           Let SSf 11 :  be a map defined by    2f  . If    2f  , then 

     222 22
f  , thus the n -th iterate is    2nn

f  . So that   is a 
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periodic point of period n  if and only if kn  22   , for some integer k , 

that is , if and only if 
12

2




n

k
 , where 120  nk  is an integer . Hence the 

periodic points of period n  for f  are the   thn 12  roots of unity . It follows 

that the set of periodic points is dense in S1 . 

 

         Now , we give the Devaney`s definition of chaos . 

 

Definition (1.1.6) [91](pp. 51) 

          Let  XXf :  be a map . f  chaotic on  X   if  

(a) the periodic points for f  dense in  X  .  

(b) f  is transitive . 

(c) f   has sensitive dependence on initial conditions . 

 

Example (1.1.9) [91] (pp. 51) 

         Let   SSf 11 :  be the map given by    2f  . 

By example (1.1.1) , f   has sensitive dependence on initial conditions. 

By example (1.1.4) , f   is transitive . The density of periodic points was 

established in example (1.1.5) . Thus f   is chaotic .  

   

         Now , we introduce remark conditions the relation between chaotic 

dynamics and Julia sets .  

 

Remark (1.1.9) [14]  

         We give an initial point z0  ,  and consider its orbit under the action of 

f   , that is , the set     ,...,, zfzfz 0
2

00  . For some z0  , the orbit of points 
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near z0  is very different from that of z0  . The behavior of iterations in this 

region is to escape into far situation , while its complementary region is 

where the iterations are rather tame . The former region ( a subset of the 

complex plane ) is called the Julia set , where as the latter is the Fatou set . 

The situation is something like this : Figure (9) .  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.9  

 

        A definition of Julia sets motivated by chaotic dynamics would then be :  

Julia set of the map f  is the chaotic set of f   , that is the set of points               

{ z : f   exhibits sensitivity to initial conditions at z  } . Hence if   fJz  , then 

the iterations of f   take points in the neighborhood of z  arbitrarily far from 

the orbit of z  . On the other hand , if f  is sensitive to initial conditions at a 

point z  , then the family can not be normal in a neighborhood of that point . 
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Remark (1.1.1) [91] (pp. 196) 

      Let z1  and z2  be a repelling periodic points for f . By definition (1.9.99) , 

there are heteroclinic orbits connecting them , that is , there is a point z  

which eventually maps onto z2  and for which a sequence of backwards 

iterations of f
n  converge to z1  . 

 

Theorem (1.1.91) [91] (pp. 199) 

           fJfJf :  is  chaotic .In sence of Devaney.  

Proof :  

        By definition (9.9.99) and by proposition (1.9.9) , the periodic points are 

dense in  fJ  , it suffices to show that f  is transitive and also depends 

sensitively on initial conditions . 

Suppose that  z1 , z2   fJ  then either z1  and z2  are repelling or z1 , z2  in 

limit of repelling periodic points . Suppose z1  and z2  are repelling and U  is a 

neighborhood of zz 21,  .By remark (1.1.1) , there is a heteroclinic orbit 

connecting z1and z2  . It follows immediately that f   is transitive . 

Suppose z1 , z2  in  limit of repelling periodic points , any neighborhood U  of 

any point contains z3  and z4  are repelling point . By remark (1.1.1) , there is 

a heteroclinic orbit  connecting  z3 , z4  ,thus  there is a heteroclinic orbit 

connecting  z1 , z2  .  It follows immediately that f  is transitive . 

To show that f   is a sensitive depends on initial conditions , suppose  

 z1 , z2   fJ  by above either z1 , z2  are repelling or not , since this 

heteroclinic orbit lies in  fJ  , it follows that f   has sensitive depends on 

initial conditions . Therefore f   is chaotic on  fJ  .    
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Chapter 1 

Properties of Julia sets of maps   

Of the form ( zz 2  ) 

 

       Our goal of this chapter is to study the properties of Julia set for the 

quadratic polynomial maps of the form   zzzQ 2   , where   is a non 

zero complex constant . In section one of this chapter we study the 

geometric properties of the Julia set of the map Q  . In section two , we will 

give the topological properties of Julia set of the map Q  . 

 

 

Section One (1.9) 

Geometric properties of the Julia set  

For the map   zzzQ 2   

 

       The goal of this section is to study the geometric properties of the Julia 

set for the quadratic polynomial of the form   zzzQ 2  . 
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Remark (1.9.9.)  

          We find the fixed points for Q  .  

  zzzzQ  2  , that is   0 zzQ  , hence 02  zzz   , thus 

  02  zzz   , therefore    01  zz   , so that the fixed points for Q  

are 0z  or 


 1
z  .  

  zzQ  2  , if 0z  then     0Q  . If   < 9 , then 0z   is 

attracting fixed point . If   > 9 , then 0z   is repelling fixed point . 

If  


 1
z   then 




 







 
 2

1
Q  . If 1 <   or   < 9, then 



 1
z  is 

repelling fixed point . If 9 <   < 1 , then 


 1
z  is attracting fixed point . If    

  zzQ 


2  , thus   02  zzQ   , thus 50.z  . Hence the critical 

point for Q  is  1.5 . 

 

Example (1.9.1)  

       Let CCq
c :  and CCQ :  such that   czzq

c  2  and 

  zzzQ 2    to show q
c  conjugate to Q  . We use theorem (9.1.99) 

with the following substitutions: 001  tsrccba ,,,,,   . Using 

(9.1.9) we find 
24

2 



c  , and using (9.1.1) we get  

2

11



 zzh


 .  

Q o   




































zzz
Qzh

2

1

2

1

2

1
2

 

                                    



z2

4

1
  . 
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h  o    


cz
czhzq

c




2
2

2

1
 

                            




24

2

1

2

2 



z

 

                            









24

2

1

2

2


z

 

                            Q
z




 
2

4

1
 o  zh  . 

Therefore Q  is conjugate to qc  and note that  c411    .  

 

Example (1.9.1)  

             QJ 2  is the unit circle of   zzzQ 2
2 22   .  

The discussion of this example splits into three claims .  

Let   baD , { azCz  : <b } , where Ca  and 0< Rb  .  

 

Claim 9 :  

         Let  100 ,Dz   , then  QFz 20  . 

         Let  100 ,Dz   , that is z0 <9 . Suppose that 






 


2

1 0
0

z
zDU ,  . One can 

see that  10,DU   for all Uz  and by using zzzz 00   , thus 

zz 0 <
2

1 0z
 , hence zzzz 00  <

2

1 0z
 , 

 therefore zz 0 <
2

1 0z
 , thus z < z

z
0

0

22

1
  ,  

hence z <
22

1 0z
  , that is for all Uz  , z <

2

1 0z
<9 . Hence  10,DU   .   
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For all Uz  ,   zzzQ 2
2 22   , if 

  zzzzzQ 22
2 2222  <1 zz 22 2  = z24 , thus  

  zzzzzQ 4322

2 816124   

          zzzz 432 816124   

          < zzzz 4444 16161616   

          = z434 , 

hence for n  -th iterate  zQn

2 0  as n .Therefore  Qn

2  is normal in 

 10,D  , hence    QFD 210 ,   . 

 

Claim 1 : 

            If z0 > 9 , then  Az 20  .  

            Let z0 > 9 .   zzzzzQ 0
2

002 2222 2
00  < zz 2

0
2
0 22  = z2

04  ,  

Then   zzzzzQ z
4
0

3
0

2
000

2

2 816124   

                    zzzz 4
0

3
0

2
00 816124   

                     < zzzz 4
0

4
0

4
0

4
0 16161616   

                     = z4
0

34 . 

Hence , for n -th as n  . Therefore  Az 20  .  

 

Claim 1:  

           If 10 z  , then  QFz 20  and   Az 20  . 

           Let 10 z  . Assume  QFz 20  so there exists neighborhood U z0
 , 

which has a subsequence of  Qn

2  , and a map f  with fQnk 2  uniformly on 

U z0
 . Now for all   > 1 there is  ,zD 0 U z0

 , by claim 9 , there is 

z1  ,zD 0  with z1  < 9 . It follows that 0
2
Qnk  as n  , that is   01 zf  .  
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Since 10 z  ,   11 zf  , which is contradicts that f   is analytic map ( and 

therefore is continuous ). Therefore  QFz 20  . Similarly , we can proof that 

  Az 20  . Therefore  QJz 20   for 10 z  .  

Hence  QJ 2  is unit circle .    

 

Example (1.9.4)  

        QJ 4  is the line segment [1,9] for   zzzQ 2
4 44   .  

the discussion of this example splits into three claims . 

 

Claim 9:  

         The set [1,9] is completely invariant . 

 Consider   xxxQ 2
4 44   , thus   xxQ 84

4
 , hence   8

4
 xQ  , 

therefore  xQ
4 has maximum value 9 at x  =1.5 since   1504 .Q  .  

 xQ
4  is increasing on the interval [1.5,9] . 

 xQ
4  has minimum value of 1 at x  = 1 or 9 , since   004 Q  and   014 Q  . 

Thus     10104 ,, Q  .Therefore  10,  is not a  subset of  A4  . 

Claim 1:  

          1,0\CW   is  A4  . 

Let Wz 0  with z0 >9 .If   zzzzzQ 2
0

2
0 4444 0004  < zz 2

044 2
0  = z2

08  ,  

thus   zzzzzQ 4
0

3
0

2
000

2

4 641288016   

                    zzzz 4
0

3
0

2
00 641288016   

                     < zzzz 4
0

4
0

4
0

4
0 128128128128   

                     = z4
0

38 . 

Hence , for n -th as n  . Therefore  Az 40  . 
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Claim 1 :  

             [1,9] is the Julia set for   zzzQ 2
4 44  . 

 By theorem (1.9.91) , and since     A410, . Hence [1,9] is the Julia set 

for Q4  .   

 

Proposition (1.9.5) 

            Suppose that 9<  < 21  . Then  QJ   is  a simple closed curve .  

Proof :  

             zzzQ 2   , then   zzQ  2 < 9 , thus z21 < 9 , that 

is z21 < 


1
 , since ba  > ba   thus z21 <



1
 , hence z  > 

2

1

2

1
  , or 

z  < 
2

1

2

1
  , thus  50.z  < 

2

1
 , where 

2

1
  is  the  radius  and 1.5 is the 

center . 

We note if 9<  < 21  =1.4941915 , then 
2

1
< 1.1199169 ,   

2

1
50 .   < 1.9199169   and   

2

1
50 .   <  1.1119111 .  

The attractor point is 


 1
 < 1.5959964 , while the critical point of  Q  and 

the centre of circle is 1.5 . 

 

 5.0Q
< 1.6115511  

 5857864.0Q
< 1.5959961 

 7071067.0Q
< 1.5 

 2928933.0Q
< 1.5 
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 iQ 2071067.05.0 


< 1.9199164 

 iQ 2071067.05.0 


< 1.9199164 

  00 Q
 

 2Q
< 4.919419 

 1.0Q
< 1.1991911 

 8.0Q
< 1.1961949 . 

Let 0  be the circle of radius 1.1199169 about 1.5 . 0  contains both the 

attracting fixed point (1.5959964) and the critical point 1.5 of Q  in its interior 

. Moreover ,  zQ  > 9 for z  in the exterior of 0 , where 1 is repelling fixed 

point of Q . For each S1  , we will define a continuous curve 

C),[: 1   having the property that    tz
t

 lim


  is a continuous 

parameterization of  QJ   . 

To define  z  , we first note that the preimage  1  of 0  under Q  is 

  wzzzQ  2  , thus 02  wz  , hence 


w
z 

4

1

2

1
  . 

The preimage with respect to 1.9199169 and 1.1119111 are  

2071069050 .. z  , that is with respect to 1.9199169 is z 1.9199161 and 

z 1.1119119 , also with respect to 1.1119111 is z 1.9199161 and 

z 1.1119119 , while the preimage with respect to the attracting fixed point 

(1.5959964) is 0857869050 .. z  , that is z 1.5959961 and z 1.4941919 

, while the preimage with respect to the critical point (1.5) is z 1.5111961 

and z 1.4116919 , while the preimage for the points with respect to 

(1.511.1199169i) and (1.5-1.1199169i) are z i2071062050 ..   , that is 
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z 1.511.1199161i and z 1.5-1.1199161i and z 1.511.1199161i and  

z 1.5-1.1199161i , 

each value of the preimages under Q  have two values, as follows  

 7071069.0Q
< 1.4111119            

 2928931.0Q
< 1.4111119    

 iQ 2071062.05.0 


< 1.9199151     

 iQ 2071062.05.0 


< 1.9199151  , 

and the value of the preimages under Q  for the critical point , as follows           

 5003162.0Q
 < 1.611551     

 4996838.0Q
 < 1.6115519 .  

While the value of the preimages under Q  for the attracting fixed point , as 

follows           

 5857869.0Q
< 1.5959961    

 4142131.0Q
< 1.5959961   .    

Then preimage 1  of 0  under Q  is a simple closed curve which contains 

0  in its interior and which is mapped in a two – to – one formula onto 0  .  

The fact that 1 is a simple closed curve follows from the fact that both the 

critical point (1.5) and its image lie inside 0  . Hence the curves 0  and 1  

bound an annular region A1  ( A1  may be regarded as a fundamental domain 

for the attracting fixed point for Q  )  

Let W   be the standard annulus defined by  

 W = {  ,: 21  rer i  arbitrary } . 
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Choose diffeomorphism AW 1:  which maps the inner and outer 

boundaries of W   to the corresponding boundaries of A1  . See figure (1) . 

This allows us to define the initial segment of C],[: 21   by 

   err i
   . That is ,    is the image of a ray in  W  under   . 

 

 

 

 

 

                                                      

 

 

 

                       W                                                                 A 

 

Fig.1 

 

 

For 2r  , may extend    as follows , since preimage 1  of  0  under Q  

and the critical point in interior 0  , thus Q  has no critical points in the 

exterior of 1 . The preimages 2  of 1  under Q  are  

2071072050 .. z  , that is 70710720.z   and 29289280.z  with respect to 

1.9199161 , also have the same preimages with respect to 1.1119119, while 

the preimages of critical points (1.5111961) and (1.4116919) are 

0004472050 .. z  that is 50044720.z  and 49955280.z  with respect to 

1.5111961 and also for 1.4116919, while the preimages for the attracting 

fixed points are 0857875050 .. z  that is 58578750.z  and 41421250.z  
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for (1.5959961) and also for (1.4941919) , while the preimages of points 

(1.511.1199161i) and (1.5 -1.1199161i) are  

iz 2071057050 ..    that is iz 2071057050 ..   and iz 2071057050 ..   

for (1.511.1199161i) and also for (1.5-1.1199161i), 

each value of the preimages under Q  have four values, as follows 

 7071072.0Q
 < 1.4111115   

 2928928.0Q
 < 1.4111115    

 iQ 2071057.05.0 


< 1.9199155       

 iQ 2071057.05.0 


 < 1.9199155   ,        

and the value of the preimages under Q  for the critical point , as follows           

 5004472.0Q
 < 1.6115519                  

 4995528.0Q
 < 1.6115519 . 

While the value of the preimages under Q  for the attracting fixed point , as 

follows          

 5857875.0Q
 < 1.5959951                

 4142125.0Q
< 1.5959951   .              

Hence there is a simple closed curve 2 which is mapped in a two – to – one 

formula onto 1. 

Moreover ,  Q  maps the annular region A2  between1  and 2  onto  A1  , 

again in a two –to-one formula . Thus , the preimage of any    in  A1  is a 

pair of non –intersection curves in A2 , thus every point Az 2  , imply 

  Azf 1  . There is a unique such curve which meets the inner boundary  

1 . Hence , for each   , there is a unique curve in A2  which contains the 
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point  2   , that is  1   is boundary of 0  and  2   is boundary of 1  and 

 3   is boundary of 2 . We may thus sew  together these two curves in the  

obvious way at this point , producing a single curve defined on the interval 

[9,1] . 

Continuing in this formula , we may extend each    over the entire interval 

[1, ) .  

Now recall that  zQ >k >9 for positive integer k  provided z  lies in the 

exterior of 1 . Hence the length of each extension of   decreases 

geometrically .  

It follows that  t   converges uniformly in   and that      zt
t




lim  , since 

 t
t

 lim


 is continuous , thus  z  is continuous and is a unique point in C  

for each   . 

We claim that  z  parameterizes a simple closed curve in C  . To show that 

the image curve is simple , we must prove that if     21 zz   , then 

    1zz   for all   with  21   , see fig. (1).  z  is a point by 

substituting  1  . However , if this was not the case , the portions of the 

curves 1 ,  t
1

  and  t
 2

 would bound a simply connected region 

containing each  z  in its interior . This implies that there is a neighborhood 

of  z  whose images under Qn

  remains bounded , thus  z  is attracting  

but not  repelling . 

Hence    QJz    .But this is impossible . Therefore   QJ   is  simple 

closed curve .  
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Fig.1 (a) & (b) the proof of the proposition (for 9<   < 9+ 2  ) 

 

 

Proposition (1.9.6) 

              Suppose   is a complex number  and  9<  < 21  .Then  QJ   is 

a simple closed curve such that Julia set which contains no smooth arcs . 

 

Proof : 

             Suppose that   is complex , that is i 21   and satisfies 

9<  < 21  .  

If Q  has repelling fixed point at 00 z . Then       020Q  , if 

01   then   is not pure imaginary , by properties of complex analysis , 

thus z0  does not lie in a smooth arc in  z  . For if this were the case , then 
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the image of  z  would also be a smooth arc in  QJ   passing through z0  . 

Since  zQ 0
  is complex , the tangents to these two curves  1z  and   2z  

would not be parallel . 

Therefore  z  would not be simple at z0 , that is     21 zz   . Since by 

proposition (1.9.9) , the preimage of z0  are dense in  QJ   .It follows that 

 QJ   contains no smooth arcs .    

 

Example (1.9.99)  

             QJ   is infinitely many different simple closed curves for 51  .  

 

            First , let 51  . We now turn to the case of an attracting 

periodic rather than fixed point . 

  zzQ 
2

  , thus   0
2

 zzQ  , hence     01222   zz  , therefore 

32
2

1

2

1 2 


 



z  , thus 50.z  and 8090170.z  , which 

  809017050 .. Q  and   508090170 .. Q  . Also   zzQ  2  , thus 

  050  .Q 
<9 is  an attracting fixed point . 

Therefore 1.5 and 1.911199 lie on an attracting periodic of period 1 . 

The dynamics of Q  on the real line relatively straight forward , there are two 

repelling fixed points at 1 and 1.6111911 , since Q  as two repelling fixed 

point 0z  or 69098290
1

.






z  , that is  0Q >9 and  6998290.Q >9 . 

The fixed point at 1.6111911 is the dividing point between the basin of 

attraction of 1.5 and 1.911199 . By proposition (1.9.5) , one may show that 

there are two simple closed curves  0  and  1  in  QJ   which surround 1.5 

and 1.911199 respectively . 
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The curves  0  and  1  meet at fixed point 1.6111911 .  

There is much more  QJ   however . The basin of attraction of 1.5 is not 

completely invariant because one preimage of the interior of  0  is  1  but 

there is another surrounding the other preimage of 1.5 is 1.911191 , since 

  50.zQ  , thus 0502360679323606793 2  ... zz  , hence 8090170.z  

and 1909830.z  . Therefore   501909830 .. Q  . Hence there is a third 

simple closed curve in  QJ   surrounding 1.911191 as well . Now both 

1.911191 and 1.911199 must have a pair of distinct preimages , each is 

surrounded by a simple closed curve in  QJ   . Continuting in this formula , 

we get that the Julia set of Q  must contain infinitely many different simple 

closed curves . 

In the same way if 51  then 49999980.z  and 3090170.z  .  

  309017049999980 .. Q and   499999800309017 .. Q  , also 

 49999980.Q <9 , thus -1.111199 and 1.4111119 lie on an attracting 

periodic of period 1 , also has two repelling at 0z  and 8090171.z  . 

Hence 1 is the dividing point between the basin of attraction of -1.111199 

and 1.4111119 . There are two simple closed curves 0  and 1  in  QJ   

which surrounds 1.4111119 and -1.111199 respectively . 

So that if 099999802360679123606791 2  ... zz  , then 3090170.z  and 

30910171.z  , also   499999803090171 .. Q  . Hence there is third simple a 

closed curve in  QJ   surrounding 9.111199 . See fig. (4) .  
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Fig. 4 Julia set for 51  . 

 

 

Section Two (1.1) 

Topological  properties of Julia sets of maps  

 Of the form  zz 2    

       

             The goal of this section is to derive the topological properties of 

Julia sets  of the map of the form  zz 2   . 

 

Theorem (1.1.9) [11] (Bottcher theorem ) 

             Let CCf  :  be a rational map . If z0  is super attracting fixed  

point ,      zzazzf n
00 . . . , 2n and 0a  , then f  is  conjugate to    

  o f  o ww n : 1  in some neighborhood of z0  . 

The proof can be found in [11] . 
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Definition (1.1.1) [99]                

               Let CCf  :  be a rational map has a super attracting fixed point 

at 1 . Let   be the basin of attraction of this fixed point . Define 

  RG  0:   by    zzG log  . If  zG  < 1 . Then the map is called the 

Green’s maps of f  . 

 

Remark (1.1.1) [11] 

             Let CCf  :  be a rational map . Define a critical value to be the 

image of a critical point . And , let a branch of the inverse map  wf
1   be 

the bijection between a neighborhood of w  and a neighborhood of z  where 

  wzf   , w     not a critical value of f  . 

 

Theorem (1.1.4) 

              The Julia set  QJ   , where    zzzQ 2   , is connected if and 

only if there is no finite critical point of  Q  in the basin of attraction  A  . 

 

Proof :  

           By proposition (9.1.94) ,  

  rzF   o Q  o   rzr   o 

























z

z

zz
r

z
Q

2

2

1
 . Thus   00 F  . 

Therefore   is super attracting fixed point of Q  and   Q  , also 

  0Q   . Now in a neighborhood of   and by theorem (1.1.9) there 

exists a conformal map   such that     zzQ 2   . . . (1.1.9), where 

   zz O   1  

that is the following diagram commutes  :  
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                                                zQ  

                             U                                   U  

                                       

                                                   z2                     

                            U                                    U  

 

Such that  Q g 1  and   zzg 2  . Next since  zlog  has a logarithmic 

pole at ,  zlog   yxzOz
22loglog1log  , 

 






x

z

2

2 log  
0

2

2






y

zlog
.Thus  zlog  is positive and harmonic .Since 

    AQJ   and if 1z  , then   0zlog  as   Az  . 

By definition (1.1.1) , thus    zGz log  for  A  . 

Thus taking the logarithm of the modulus of (1.1.9) for 

  zG ,     zzQ 


log2log  , we have  

           

                   zGzQG 2       . . . (1.1.1) . 

 

        Now a component of the Fatou set map onto another component of the 

Fatou set since otherwise a boundary point ( in element of the julia set ) map 

to a point in the interior of a component of the Fatou set . This is a 

contradiction because by proposition (1.9.5) ,  QJ   is completely invariant .  

Next if a bounded component of  A exists , some iterates of Q maps 

onto the component of  A  which contains   . This means that for some 

z  in the bounded component and integer n  ,   zQn

  . 
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This is contradiction because the iterates of a polynomial are polynomials do 

not have poles  . Thus  A  is connected  .  

Define a level curve of  zG  as   azGza  : , where a R  ,since for 

z a  ,      azGzQG 22   , then  zQ  takes the level curve a  to the 

level curve  a2  . So   zQ  a2  . Define the exterior of level curve a  to be 

the set  Ea { z :G z > a } = { z  :  z > ea } .  

Then  zQ  maps Ea  two –to-one to E a2  which is a subset of Ea  . To 

extend  z , first consider a neighborhood U Er  of   on which the 

theorem (1.1.9) holds .   

Then on E r

2
 we can define     zQz     (since z E r

2
 ,  zQ  Er ) so 

the right hand side of the equation is  defined . Continue in this way defining 

 z  on E
n

r

2
{ z  :  z > exp( 2

n

r

)} as long as there are no critical point in 

the extended region . At a critical point a single –valued analytic map can 

not be defined .  

So as  n  ,   is defined on 


1n

E
n

r

2
{ z  :  z >  exp( 2

n

r

)} , that is  




1n

E
n

r

2
{ z  :  z >1} ={ z :  zG >1}=  A  .  

     Recall that  A  is connected . Now   is homeomorphism which 

maps  A  conformally to the exterior of the unit disk . Since simple 

connectivity is preserved by homeomorphism and exterior of the unit disk on 

the Riemann sphere is  simply connected ,  A  must be simply 

connected  . Thus it follows that    A  QJ   is connected  .  

     Assume that there exist z0   A  , z0  is a finite critical of   zQ  . 

Let   rzG 00   and consider r0
 . Differentiating (1.1.1) at z0  yields  



 73 

      zG
z

zQzQG
z

000 2
















 .  , since z0  is a critical point of Q , 

  00  zQ  , thus  

        zG
z

zG
z

zQzQG
z

0000 202





















 .  , thus    00 




zG

z
 . 

So z0  is a critical point of  zG  . Thus  the level curve r0
 consists of at 

least two simple closed curves that meet at the critical point z0  . Within each 

of these simple curves there exist points in the Julia set. If not ,  zG is 

harmonic and positive on a non-empty region V  within one of the simple 

curves and the maximum principle applied to  zG  and -  zG 0  gives 

 zG r0  and -  zG 0 r0  for all Vz  . So  zG r0  on  V  . Let f   be the 

analytic map with real part equal to  zG  . Then by  the uniqueness 

theorem ,  zG r0  on  A  . This contradicts that   A  . Thus 

 QJ   is disconnected . Therefore there is no finite critical point of Q  in 

 A  .    

 

Proposition (1.1.5)  

              If Q  has a critical point in  A , then  QJ   has uncountably 

many components. 

Proof : 

             Let z0  be a critical point for Q . 

Let w  be an element of the backward orbit of z0  , that is   wQn

 z0  for 

some n  . Then by theorem (1.1.4),that G defined on this theorem , 

    wGwQG nn
2 , or     wQGwG

nn
2  . Thus    zGwG n

02 . 

Differentiate both sides to get     02 0 








zG

z
wG

z
n  , so that w  is a 
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critical point of   zG  .Thus any level curve consists of at least two simple 

closed curves that meet at the critical point w  . Since the choice of w  was 

arbitrary , the level curves split in each of the w  ,so follow the splitting by 

assigning 1 to the left branch and 9 to the right branch . 

Since there are uncountably many sequences of 1`s and 9`s there are 

uncountably many components of  QJ   .    

 

Definition (1.1.6) [91] (pp.19) 

            A set is totally disconnected If it contains no  intervals .  

 

Theorem (1.1.9)  

            Let   zzzQ 2   . If   50.Qn

  , then  QJ   is totally 

disconnected . 

 

Proof :  

           Since  QF   and  QF   is open , there exists a neighborhood D  

of   such that  QFD   . And since   is an attracting fixed point of Q  , 

  DDQ    . 

Let DCD  \  . Then D is an open set and   DQJ   . 

Now, since   50.Qn

  by assumption , choose k  large enough so that Qk

  

maps 1.5 to D  . Thus for kn   , there is no critical value of Qn

  in D , and 

all the branches of the inverse map Q n

  are defined and map D  in D  .  

( Else there exists Dz  such that     DDCzQw
n




 \  . Now 

  DzwQn
  , but DDQn

 :  implies that Dz   . This contradicts the 

choice of Dz  ) . 



 75 

Let z0  QJ   , then  zQn
0  QJ   since the Julia set is completely invariant 

under Q  from proposition (1.9.5) . Define f
n  to be the branch of the inverse 

map Q n

  which maps  zQn
0 to z0  . That is , f

n
   zzQn

00   . Since f
n  maps 

D  into D ,  f
n  are uniformly bounded on D  . 

Note that by modifying the integer k  above ,  f
n  is uniformly bounded on a 

neighborhood of D  . Thus  f
n  is normal on D . 

Now for all   ADz  ,  zf
n accumulates on  QJ   since 

  zf
n

 A (except for z ) . Then let f   be the limit of some 

subsequence  f
nm  of  f

n  . 

Now f  maps  AD  into  QJ   since    wzf
n  QJ   and              

 zff
nm  implies    wzf  QJ   by the uniqueness of limits .  

Then by open map theorem (9.1.11)  f  is constant since   QJ    A  

from theorem (1.9.91) and the boundary of an open set has empty interior . 

(If z  in the interior of the boundary of an open set U  then there exist a 

neighborhood of z  contained entirely in U  . 

But for any  >1 , there exists   UzDz ,1  , by the definition of the 

boundary set . This contradicts that U  is open ) .  

           Now , diam    0Df
n  . (Suppose not . Then there exists   >1 and 

 f nm
 such that diam   Df nm

  .  

 f nm
 is normal so there exists  f nm j

 , a subsequence , and  f   a limit map , 

such that ff nm j
  uniformly . By the argument in the previous paragraph , 

wf 0  , a constant . Thus for a fixed branch , f nm j
 , with jj 0  ,  

  wzf nm j
0 <

3


 for all Dz  , Then  
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diam   Df nm j
<

3

2
 , contradiction ) . Then since f

n  is continuous , 

   DfDf
nn   , and  Df

n
 has diameter tending to zero . 

             Next , by invariance of Fatou set ,  QFD   implies that 

   QFDf
n   and it is disjoint from  QJ   . Now recall that for z  QJ   , 

f
n  was chosen so that    zzQf n

n 00   and   zQf n

n 0  Df
n   since 

 zQn
0   QJ  D  . Also ,  Df

n  Df
n

 , so z0  Df
n

 for all n  . Now 

diam    0Df
n

 implies that  z0 must be a connected component of  .  

To see this recall that D  consists of elements of  QJ   and the boundary 

which is in  QF   .  

For any  >1 ,choose k  such that  diam   Df
k

<  . Within this disc  Df
k

 , 

the boundary is mapped to a curve that winds around elements of the Julia 

set in the interior . Thus only points in the Julia set are within 2  of each 

other will be elements of a connected component of  QJ   . But  since   can 

be chosen arbitrarily small , eventually all points of the Julia set will be 

separated by the Fatou set ,  Df
k  for large enough k .  

By definition (1.1.6) ,  QJ   is totally disconnected .    

 

Corollary (1.1.9)  

            Let z  be the critical point of   zzzQ 2   . If   zQn

  , then 

 QJ   is totally disconnected . Otherwise,   zQn

  is bounded , and  QJ   is 

connected .  
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Proof :  

               Since 50.z  is the critical point of  zQ . 

If  50.Qn

  is bounded then 50.  A and  QJ   is connected from 

theorem (1.1.4) . 

Next , if   50.Qn

  then by theorem (1.1.9)  QJ   is totally disconnected .   

  
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Appendix : Computer algorithm 

 

The following is a computer algorithm . 

The algorithm first introduce , the real and imaginary parts of the parameter 

c.The lower left coordinates gives the algorithm the lower coordinate of the 

box in which to calculate the Julia set ( thus also giving it the box in which 

draw the set ) . 

The side length tells the algorithm how tall and wide to make the box. Thus , 

if lower left coordinates are given as -9.5 , -9.5 and side length is given as   1 

, the Julia set will be calculated for points with real parts from -9.5 to 9.5 and 

imaginary parts from -9.5 to 9.5 .  

 

The algorithm does its real work inside the for – loop . The algorithm iterates 

each x  , y  combination to see weather it escapes infinity or not . 

If it does escape , it moves onto the next point . If it does not , its draws a 

dot at that point’s coordinates on the screen . 

 

The algorithm can not actually check weather a point really goes to infinity or 

not . 

What it actually does is to see weather a point moves outside of a disc of 

radius 4 within some number of iterations ( specified by the user in the 

beginning ) . If the user wants to change the size of this disc , say to 6 , he 

simply has to change the line . 
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If r > 4 then exit do  

To  

If r > 6 then exit do  

The disk of size 4 does , however , give accurate results . 

        Similarly , we can introduce the algorithm with respect to parameter   .  

        Now , we give the algorithm for c and  we give the algorithm for   .  

 

Algorithm :Plot  Julia set 1; 

Input :Real part ,Imaginary part ,Low X-coor,Low Y-coor ,Side length,      

Maxlter,Disk Radius ; 

 Output :Graphical Repesentation of Julia set; 

Begin 

          High X –coor := Low X-coor + Side length; 

          High Y –coor := Low Y-coor + Side length; 

          Step size := Side length /411 

          Set Window (Low X-coor, Low Y-coor)-(High X –coor, High Y –coor); 

          For x0  := Low X-coor To High X –coor  Step Step size Do 

          For y
0  := Low Y-coor To High Y –coor  Step Step size Do 

          Begin  

                     ;:;:;: 000  indexyyxx  

                      While  (Index < Maxlter) Do 

                      Begin 

                                  Temp:=  yyxx ** Real part; 

                                    yxy **: 2 Imaginary part; 

                                    :x temp; 

                                     Radius yyxx **:  ; 

                                      If Radius > Disk Radius Then 
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                                          Exit while Loop; 

                                      Index := index +9; 

                        End; 

                        If  index =  Maxlter Then 

                               Plot  ( yx 00,  ); 

           End; 

End; 

 

 

Algorithm :Plot  Julia set 2; 

Input :Low X-coor,Low Y-coor ,Side length, Maxlter, Disk Radius ; 

Output :Graphical Repesentation of Julia set; 

Begin 

           L9=9-SQR(5); 

           L1=1;   

          High X –coor := Low X-coor + Side length; 

          High Y –coor := Low Y-coor + Side length; 

          Step size := Side length /411 

          Set Window (Low X-coor, Low Y-coor)-(High X –coor, High Y –coor); 

          For x0  := Low X-coor To High X –coor  Step Step size Do 

          For y
0  := Low Y-coor To High Y –coor  Step Step size Do 

          Begin  

                     ;:;:;: 000  indexyyxx  

                      While  (Index < Maxlter) Do 

                      Begin 

                                  Temp:=     yyxLyyxxL  ****** 2211  ; 

                                      yyxxxLyxyLy ******:  221 ; 
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                                    :x temp; 

                                     Radius : SQR     yyxx **   ; 

                                      If Radius > Disk Radius Then 

                                          Exit while Loop; 

                                      Index := index +9; 

                        End; 

                        If  index =  Maxlter Then 

                               Plot  ( yx 00,  ); 

           End; 

End; 
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Some of Julia sets  
 
 
 
 
 
 
 
 
 
Fig.1 : The Julia set for the map                   Fig.2 : The Julia set for the map                  

  czzq
c

 2 , over the interval                      czzq
c

 2  , over the interval 

[ -1.5 , 1.5 ]on the real axis and                    [ -1.5 , 1.5 ]on the real axis and 
 [ -1.5 , 1.5 ] on the imaginary axis               [ -1.5 , 1.5 ] on the imaginary axis 
 for c = 0 , computed by 100 iterations .       for c = -1 , computed by 100 iterations .  

 
 
 
 
 
 
 
 
Fig.3 : The Julia set for the map                  Fig.4 : The Julia set for the map                  
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 2 , over the interval                     czzq
c

 2  , over the interval 

[ -1.5 , 1.5 ]on the real axis and                   [ -1.5 , 1.5 ]on the real axis and 

 [ -1.5 , 1.5 ] on the imaginary axis              [ -1.5 , 1.5 ] on the imaginary axis 
 for c = 0.3200.043i , computed                   for c = -0.100.0i , computed   
by 100 iterations .                                       by 100 iterations . 
 
 
 
 
 



 
 
 

            ic 660.                                 
  
 
 
 
Fig.5 : The Julia set for the map                          Fig.6 : The Julia set for the map                  
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 2 , over the interval                              czzq
c

 2  , over the interval 

[ -1.5 , 1.5 ]on the real axis and                            [ -1.5 , 1.5 ]on the real axis and 

 [ -1.5 , 1.5 ] on the imaginary axis                       [ -1.5 , 1.5 ] on the imaginary axis 
 for c = 0.66i , computed                                      for c = -I      , computed   

by 100 iterations .                                               by 100 iterations . 
 
 
 
 
 
 
 
 
 
 
 
 
                                      Fig.7 : The Julia set for the map                                   

                                       czzq
c

 2 , over the interval               

                                      [ -1.5 , 1.5 ]on the real axis and                    

                                      [ -1.5 , 1.5 ] on the imaginary axis               
                                      for c = 0.25-0.52i , computed                               
                                      by 100 iterations .                                    


