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Abstract

Complex dynamics is the study of iteration of maps which map the
complex plane into itself . In general , their dynamics are quite complicated
and hard to explain , but for some classes of maps , many interesting results
can be proved . For example , one often studies the Julia sets of polynomial
maps .

The Julia set of the quadratic map of the form (z?+ c) was studied
extensively . In this thesis , we study the Julia set of the quadratic map of
the form Quz) = ( Aiz—4Az' ) .We found :

If 1=2,then J(Q:) is the unit circle .

If 1=4,then J(Q) is the line segment [ +,] .

If Y<|A|< 1++/2, then J(Q.) is simple closed curve such that Julia set which
contains no smooth arcs .

If A=1F+/5, then J(Q.) has infinitely many components .

If Q}(0.5)—> o , then J(Q:) is totally disconnected .

Otherwise J(Q.) is connected .
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Introduction

In complex dynamics , the iteration theory originated in Y4+ [ Y] .
Among the most important concepts in complex dynamics are Julia sets .

Julia sets were studied by the French mathematician Gaston Julia
(VAY — YAvYA ) | who developed much of theory when he was recovering
from his wounds in an army hospital during world war | . He published a long
paper in French language in [ Y1 ] . Another pioneer figure in the study of
complex dynamics was Pierr Fatou ( YAYA —Y4Y4 ) who published a paper
in French language in [ Y ]. Julia and Fatou looked at the iteration of the
simplest quadratic map of the form (z2+c) . The iteration theory of rational
maps also appeared in the work of Julia and Fatou in Y4Y. | The study of
dynamics of entire maps essentially started in Y4Y%1 in the work of Fatou
[Y¥].If we want to see the work on complex dynamics of rational maps ,
polynomials and entire maps ,wereferto[ Y], [¢].JY].YLIA] .
In YA+ Adrien Douady and J.H.Hubbard studied dynamics of polynomials of
degree two of the form (z2+c) using computers [V '] .

From a dynamical systems point of view , all of the interesting
behavior of a complex analytic map occurs on its Julia set , it is this set that
contains the interesting topology [ Y] .

The idea behind the Julia sets is to study whether the absolute value
of a point in the complex plane converges towards infinity or not , when it is
iterated under a map . All the points that do not go toward infinity , when



iterated , are in the Julia set. Each such map f partitions the extended
complex plane C, into two regions , one where iteration of the map chaotic

and one where it is not . The non — chaotic region , called Fatou set , is the

set of all points z such that , under iteration of f , the point z and all its

neighbors do approximately the same thing . The remainder of complex
plane is called the Julia set and consists of these points which do not
behave like all closely neighboring points . Roughly speaking , the Fatou set
is the set where iterative behavior is relatively tame in the sense that points
close to each other behave similarly while the Julia set is the set where

chaotic phenomena take place . For example , consider the map f(z)=1z2.
Under iteration by f, point’'s zo in the interior of the unit circle are attracted

to the origin , while point’'s z, in the exterior are attracted to the point at
infinity . Thus both the interior and exterior of the unit circle lie in the Fatou

set of f . However , given two points on the unit circle whose angular

difference is ¢ , their iterates both lie on the unit circle but the angular

distance between them increases to 2¢ under f . Thus any two such points
are driven apart under f . Moreover , any neighborhood of a point on the

unit circle contains points that converge to *+ and points that escape to
infinity , as well as points that remain on the unit circle . Thus the Julia set is
the entire unit circle .

In fact , some of the results in this work for polynomials hold for more
general classes of analytic maps such as rational maps or entire maps , [ ° |
Y ]1,['Y],[YY], but there are some propositions that are not satisfied

in general , for example proposition ( Y.).Y ) only holds for polynomials .



In general , distinct maps have distinct Julia sets , however , there
exist distinct polynomial maps , rational maps and entire maps that have the
same Juliasets YA ], [Y+],[Y].

The Julia set of a polynomial typically has a complicated , self — similar
structure . Therefore the Julia sets are fractals ['Y] , [Y'], [Y°] . However ,
there exist rational maps whose Julia sets fail to be quasi-self-similar [ ] .

In this work , we recall three definitions of Julia sets and we study the
relation between them . There are other definitions of Julia sets , some of
them are equivalent to definition ( Y.Y.V ) if f is a polynomial [¥] .

The goal of our work is to study Julia sets of quadratic maps of the

form Qi(z) = ( Az—Az' ), where 1 is complex constant . Among our

special results are the following :

If =2, the Julia set is the unit circle .

If A=4, the Julia set is the line segment|[ +,].

If Y < |A|]< 1++/2, the Julia set is simple closed curve such that Julia set
which contains no smooth arcs .

If 1=1F+/5 then the Julia set consists of infinitely many components. We
also study the topological properties of Julia sets such as total
disconnectivity and connectedness .

This work is divided into three chapters . Many of the results of
chapter one and chapter two are known , hence we state some of them
without proofs , however we proof most theorems and propositions that are
stated in the literature without proofs .

In chapter one we recall the different definitions of Julia sets , and we
study three of them .We give some fundamental definitions and theorems.

In chapter two we recall the general properties of Julia sets of polynomials

as given by one of the previous definitions . We also show that their



definitions are equivalent for polynomials of degree > Y . In the second
section of this chapter , we give the properties of the Julia set of maps of the

form Q.(z) =z2+c . In the third section we study the chaoticity of a map for

the Julia set.

Chapter three is divided into two sections , in the first we give the
geometric properties of the Julia sets for maps of the form  ( Az—Az' ),
while in the second section we study the topological properties of the Julia
set for maps of the form ( iz—Az" ).

In the end of this thesis we set an appendix showing the practical

part of the subject .



CHAPTER )

Different definitions of Julia sets

Our goal in this chapter is to study the basic definitions and properties of
Julia sets . This chapter consists of three sections . In section one , we recall
some fundamental definitions . In section two , we give the notions of
normality and Fatou set with their relations to Julia sets . In section three ,

we give the concept of filled Julia set .

Section One ().))

Elementary definitions and theorems

Our goal in this section is the presentation of definitions and theorems
that we will use later in this research .
We use the symbol X in this section to denote a metric space with metric

d . Special cases are X = R or C and d is the usual metric .



We begin this section with the following definition . For general reference

see ['1].

Let X be a metric space . All points and sets mentioned below are

understood to be elements and subsets of X . Let us recall the following :

(a) The complement of A ( denoted by X — A) is the set of all points x € X
suchthat x ¢ A .

(b) A point x is an interior point of A if there is a neighborhood U of x such
thatU < A .

(c) A is open if every point of A is an interior point of A .

(d) A point x is a limit point of the set A if every neighborhood of x
contains apoint y=# x suchthat ye A .

(e) If xe A and x is nota limit point, then x is called an isolated point of
A.

() A is closed if every limit point of A is a point of A .

(g) A is perfectif A is closed and if every point of A is a limit point of A .
(h) A is densein X if A = X , where A = the closure of A = the

intersection of all closed sets containing A .

Let f: X — X beamap. The map is a homeomorphism if f is one

—to-one ,ontoand f, f - are continuous .

If f: X > X issmooth, then f iscalled a C" - diffeomorphism if f

is a C'- homeomorphism such that f ' is also C' .



Let UcC beanopen set. f :U— C is an analyticin U if

it is analytic at each zoeU .

Let f: X — X be a map .If the map is iterated , then the n-th

iteration step is denoted by f". We put f°(x)=x, f™x)= fof"(x) for

ne N, Xxe X .

Definition (Y.).) ) [Y7]
Let f: X — X be amap, then the orbit of a point xe X is

the sequence { f"(x)}, neZ .

Example().).7)[Y¢]
Let f : R — R be amap such that f(x)=x?, then the orbit of x=) is

YAV ,...,andif x =Y theorbitis Y, ¢ 1, ....

Definition (V.). ¥) [Y¢]

Let f: X —» X beamap.Apoint x € X is called a fixed point if

f(x)=x . Itis a periodic with period n if f"(x)=x, but f"(x)= x for m< n.

Example (V.).¢) [V+] (pp.- 'A)
Let g : R — R be a map such that g(x)=x*-1, this map has fixed

points at (Y++/5 )/Y , while the points + and -\ lie on a periodic orbit of period
Y.

A fixed point is periodic of period one .



Definition (Y.).¢) [V +] (pp.Y£)

Let f: X — X be asmooth map, where X =R or C . Let x be a

=),

periodic point of period n for f . The point x is hyperbolic if ‘(f “)’(X)
X is attracting periodic point if ‘(fn)'(X)‘< Y and x is repelling periodic point

if ‘(f”)I(X)‘> V.
Otherwise ‘(f “)’(x)‘ =), x is non- hyperbolic (neutral periodic point) .

Example (Y.).7) [ ] (pp.¥A)
(i) Let f : R— R be a map such that f(x)=x?, if x=+ then x is an

attracting fixed point. (i) Let g : R > R be a map such that g(x):xz—l, if

1++/5
X =
2

then x is a repelling fixed point . (iii) Let h : R —> R be a map

such that h(x)=x*+x, if x=+ then x is neutral fixed point .

A point x is a critical pointof f if f'(x)=0.

Definition (Y.).Y) [Y¢] (pp.' 1)
Let f: X — X beamap . Suppose x is afixed point of f . Then
the basin of attraction of x consists of all y such that f"(y) converges to

Xasn—- «o.



Example (1.).4) [ ¢] (pp.)7)
Let f : R— R be amap such that f(x)=x?, x= - is a fixed point .

The basin of attraction of + consists of all x suchthat x <Y is (-),)).

Definition (*.).9) [Y+] (pp. '9)
Let f: X —» X beamap.Let x be a periodic point of period n. A

point y is forward asymptotic to x if |jm f"(y)=x . The stable set of x

denoted by W*(x) , consists of all points forward asymptotic to x.

If x is non — periodic, we may still define forward asymptotic points as those

points which ‘fi(y)— fi(x)1 converges to + as i > w.If f is invertible , the

backward asymptotic points y are those points for which \f‘(y)— fi(X)‘

converges to + as i—»>-x . The set of points, which are backward

asymptotic to x is called the unstable set of x and is denoted by W"(Xx) .

Example (")) [V +] (pp.)?)
Let f : R—>R be a map such that f(x) = x* .Then Ww=*(0) is the
open interval ( -),) ) . W¥(2) is the positive real axis , where as W"'(-1) is

the negative real axis .

Recall that a subset G — X is connected if it can not be represented
as the union of two disjoint relatively open sets none of which is empty .

Otherwise G is disconnected .



Definition (Y.).9) ] (pp.'79)
A region is simply connected if its complement with respect to the

extended plane is connected .

Example (Y.).VY) [9]

D ={zeC :z <) }issimply connected .

Definition (V.Y Y [4] (pp.) *©)
An arc T is defined as T = { zeC : z=x(t)+iy(t), x=x(t),
y=y(t), a<t<b } , where x(t), y(t) are continuous maps of the real

parameter t.
Then T is simple arc if z (t1) # z(t2), when t,#t,. If ' is simple except for
the fact z(b)=zca) then Tis simple closed curve .

An arc T" is smooth if z' (t) exists and continuous in the interval

a<t<b.

Example (1.).)¢) [] (pp.) +©) t+it 0<t<1
The Polygonal line z(t) = t+i 1<t<2

consisting of a line segment from + to '+i followed by one from '+i  to

"+i is simple arc .The unit circle z(t) =cod +isint is simple closed curve ,

where 0<t<2r .

Now , we give the fundamental theorem of algebra .



Theorem (Y.).00) ) +] (pp Y1°)
Let f: C — C be a polynomial map of degree n.
If n >+, then f may be written in the form f(z) =a(z—avn. ... (Z—a),

where o are not necessarily distinct .

For a proof see [ +].

Definition (Y.).) %) [Y¢](pp YY°)
Let f: X — X beamap. f is contraction that has a scaling factor
s <Vif d(f(x), f(y))<sd(x,y) forall x,ye X such f is continuous map on
X.
Theorem(Y. V. Y) [V€] (pp.Y¥e)
Suppose f: X — X is a contraction map where X is complete metric
space with scaling factor s <) . Then f has exactly one fixed point x,

whose basin of attractionis X .

For a proof see [ ] .
Definition (Y.).)A) [Y£]
Suppose f : C — C is an analytic map . The Julia set is the closure

of all repelling periodic points of f . Thatis

J(f) = closure { all repelling periodic points of f }.

AR



Section Two ().Y)

Normality and Fatou Set

Our goal in this section is to give another definition of Julia sets by using
the concept of normality .We will talk about families of complex analytic

maps .
The following proposition gives the Maximum principle theorem .

Proposition (1.Y.)) [) *](pp. YY)
Let U =C be an open set . Suppose f:U — C is an analytic map in

U and continuous on oU . If U is bounded then |f(z)| assumes its

maximum value on the boundary of U , where U =U UoU .
For a proof see [ ] .

From the inverse map theorem , we have the usual result about the

existence of a local analytic inverse .

Proposition (1.Y.Y) [' ] (pp. YY)

Suppose f: C — C is analyticand f'(zo) #0 . Then there is
an ¢> + and a neighborhood U of z, such that f maps U onto
D ={ zeC:|z—-f(zo| < &}in aone-to-one formula . Moreover, the inverse
map f': D —U is analytic .

For a proof see [ *].

VY



Theorem (V.Y.¥) [) +] (Schwarz lemma)(pp. Y1¢)

Suppose f is analytic in the open disk |zi< ) and satisfies
- fcn|<) .
Y- 1(0)=0 .
Then |f(2)| < 1z and |f'(0) <1 . Equality holds if and only if f(z)=¢"z .

For a proof see [) ] .

Remark (.Y.9)[ 4 J(pp. ¥*)
The complex plane together with the point at infinity , denoted by «, is
called the extended complex plane , it is topologically equivalent to the

Riemann sphere.

Weput C, = C U {x}.

Remark (V.¥.0)[YV]
The metric space of the complex plane is the usual metric , while the

metric space of the Riemann sphere is the chordal metric .

Definition ().Y.)[YY]
Let G < C. be an open and connected set. Amap f is conformal

on G if f isone —to-one and analyticon G .

VY



Definition ().Y.V)[YY]
A rational map r: C. — C. on the Riemann sphere is the quotient

fczy _az"+..+ao

=— and we assume that f(2)
gcz)y bmz™+...+bo

of two polynomials r(z) =

and gcz) are relatively prime , that is they have no common zeros . The

degree of r ismax{deg (f) ,deg (g) }.

Definition ().Y.A) [YY]
+ B

Let r : C. —> C., be a rational map such that r(2)=05Z 5
VL +

ad— Py =0 where «,f,7,06 € C , this map is called a mobius map if itis

onto and conformal mapon C.. .

In studying the dynamics of maps , the standard equivalence relation

Is used to say that two maps have “ same dynamics ” is conjugacy .

Definition ().Y.9) [Y¥]
Let X ,Y aretwo metricspaces.If f: X - X andg: Y —>Y
are two maps . Then f is conjugate to g if there exists a homeomorphism

h:X —> Y suchthatgoh =hof.

Example().Y.) ) £](pp. '+ ©)
If g : R—> R suchthat g(x)=x*—% , for—gsxgg

and f:R > R suchthat f (x)=¥Yx (*-x) , for <x<)

¢



to show hog = foh where h(x) = _?1x+% Is @ homemorphism from

[_—BE} onto[+,) ], so
2 2
3 -1 3 1
hog)(x)=h|x-2|="2-2]+2
(hog)(x) (x 4j 3[ 4j :
_-1,.,3
3 X7
-1 1
and (foh)(x)= f| —x+=
( ) (X) (3 2)
:3(_—1x+lj(l+lx—1)
3 2 3 2
1 3
= Xty

Therefore h o g = foh.

Theorem ().Y.0Y) [ ¢](pp. Y+ A)

Llet f : R —> R and g: R »> R be two maps such that

f(x)=ax*+bx+c and g(x)=rx’+sx+t , where a=0 and r=0 , and

b?—s®+2s—2b+4rt 0.7)
1a (YD)
Then f and g are linearly conjugate to one another , with associated

C=

homeorphism given by

a b-s
hix)=—x+—— ....(.Y.X
(})="x+= = (N)

Vo



Proof :
Let h(x) =dx+e. We will prove that there are constants d #0 and e
such that hof = goh . Now h(f(x))=g(h(x)), that is
or equivalently , if
dax?+dbx +(dc+e)=rd®x*+(2rde + sd )x + (r e*+ se +1)
Collecting coefficients of like powers of x, and using the hypothesis that

r =0, we find that

x’terms : da=rd?, sothatif d =0, then d =%

x terms : db=2rde+sd, so thatif d =0, then e:bzér

constantterms : dc+e=re?+se+t,

substituting for d and e in the last equation , we obtain
2

3,408 :r(b_s) +s(bj+t . Which yields

r 2r 2r 2r

4ac+2b—2s =p°—2bs + s+ 2bs — 25* + 4rt
solving for ¢ and wusing the fact a=0, we conclude that

2 _ @2 _
¢ D =S +2:a 2D+41 hichis (0.Y.) |

We conclude that for this value of ¢ , f is linearly conjugate to g , with h as

givenin ().Y.Y). =

We can generalize the previous theorem to maps from C to C .

V1



Proposition (1.Y.\Y)
Let q(z) =aiz?+a2z+as be any quadratic polynomial map and

d.(z) =z2+c , where a,a,as,c€C . Then q is linearly conjugate to q. .

Proof:

If S = gogog™ , where Q(Z)=az ,thus S(z) =z*+a.z+aas .Then

d,=hoSoh  , where h(Z):%-FZ ,sothat h™(2) = z—% .

q.(z)=hoSoh™(z)= hOS(Z —%) = h[(z —%)2 + az(z —%) + alas} .

2
Thus d.(2) :(z—azj +az(2—%j+alas+%
2 2 2

aj a3 az
:zz—azz+z+azz——+a1as+3

2

2 az az
=7+~ taas

2 4

Therefore d.(z) =z?+c for some c , where

C_4a1a3+2az—a§
4

conjugateto (.. =

. By the properties of linearly conjugate , q is linearly

Definition ().Y.1¥) [¥Y]
Let f : C. > C. be analytic map . A point zo in C is called a super
attracting fixed point if |f'(zo)|=0 .

Next , we looked at the behavior of the point at infinity for the map
d., wherec eC .

ARY



Proposition (1.Y.V£)[Y¢]
Let r : C.— C. be a mobius map such that r(Z):1 , we shall
y

exchange + with o in order to obtain the behavior of the point oo for the

map d.(z) =z°+cC .

Proof:
We will prove that oo is super attracting fixed point for g, .
Considerthe map F. = roJ. o r

FC(Z):qucor(Z)

b
z

A st
= - = = 5 = 5 -
Z 12+C l+cy l+cy

i 7°

Hence F.(0)=0. Moreover, |[Ft0]=0<) , which implies that : is an
attracting fixed point for Fc and q' (o) = .

!

qe

Since the derivative of (. at oo is given ﬁz% .Evaluating at z=0
3

gives Q'.() =0 . Therefore « is super attracting fixed point for ¢, . =

Remark (\.¥.Y2) [Y +](pp.Y1°)
Let f : C.— C. be amap and suppose f(wx) =2 , we assume

that zo#0 .Then f s analytic at « if f oh™ is analytic at + , where

1
h(z) =—.
z

YA



Note that let {fn} be a family of complex analytic maps defined on
anopensetU .
Definition (V.Y 1) [YV]
A sequence {u,} converges uniformly to a limit L , if for any positive ¢,

no matter how small , there exists an me N such that for all n>m

|Un—|_| <¢g .

Definition (VYY) [Y +](pp.YYY)
The family {f, } is said to be normal on U if every sequence of the
f s has a subsequence which either

Y.converges uniformly on compact subsets of U ,or

Y. converges uniformly to .o on U.
Example ().Y.)4) [)+] (pp.YV7)
Let f: U —» C beamap suchthat f (z) =az with ja] <.
f(z) =az
i(2)=a’z

f"czy=arz—>0as n—o with |al < . Hence {f, } converges uniformly to
the constant map *+ on compact subsets of U .
Therefore {f,} forms a normal family of maps on U .
Example ().Y.)4)[Y](pp. YY)
Let f : U —» C beamap suchthat f (z) =az with ja >, then

the above family is normal on any domain which does not include - , but

Y4



fails to be normal if the domain includes + .Indeed , in any neighborhood of

+, there is a point z for which |f"(2)| is arbitrarily large for some n .

In particular , we note that any such neighborhood U satisfies G f”(U) =C.

n=1
In examples().Y.YA) and (1.Y.)4) , the Julia sets of maps of the form

fczy=az , or more generally f(z)=az+b is either empty or consists of a

single point ( repelling or neutral fixed point ).

Definition (\.Y.Y+) ['+] (pp. YVY)
The family {f } is not normal at zo if the family fails to be a normal

family in every neighborhood of z .

The following proposition gives one of the most important properties

of sequences of analytic maps .

Proposition (V.Y.YY) [ +] (pp.YVY")
Suppose {f,} is a sequence of analytic maps which converges

uniformly on a domain U toa map f.

Then f isanalyticin U and , moreover , lim(f ) (z)= *“(z)

N—o0

For a proof see [ *].

Proposition (\.Y.YY) [ +] (pp.Y Y¥).
Let U< C be open and suppose f: U — C s analytic map .
Then f(U) isopenin C , provided f is non — constant.

For a proof see [ ‘] .



Now , we will give the definition of the Fatou set and Julia set.

Definition ().Y.YY) [YY]
Let f :C — C be amap . The Fatou set ( stable set ) F(f) is

the set of points ze C  such that the family of iterates {f"} is normal

family in some neighborhood of z.

Definition (V.Y.Y¢) [YY] (pp. Y29).

The Julia set J(f) is the complement of the Fatou set , that is
J(f)={ ze C : the family {f"}  is not normal at z }.
Thatis J(f)=C\ F(f).

Also the previous definition can satisfy on the space C.. .

Remark ().Y.Ye) [YY]
If f is a polynomial map , then « < F(f) and there is a neighborhood
Uof o with UcF(f), so F(f)#¢ . Thus the Julia set of polynomial is

never the entire plane .

Lemma ().Y.Y1) [VY] (pp.) 29%)

Let f :C — C beamap.Then F(f)is an open set .

Proof :
To show that for all xe F(f) there exists an open set G such that

xeG and Gc F(f).
Let xe F(f) , thus by definition ().Y.V), {f”} is normal at x . Hence there

exists an open set G such that xeG and {f”} Is normal on G .

Y)Y



Therefore G c F(f), hence F(f)is anopenset. m

Theorem ().Y.YY) [7Y]
If f isa polynomial map and h is a conformal equivalence such that
g =hofoh™ then F(g)=h(F(f)) and J(g)=h(J(f)) .

Proof :

Let zoeF(f) and suppose that {f niLA be a sequence that contains a
subsequence which converges uniformly to f on a neighborhood of zo .
Since h conformal equivalence , hence h {f niLA IS a sequence that contains
a subsequence which converges uniformly to h(f) on a neighborhood of
h(zo). But  h(f) in  domain g,thus h(zo)eF(g) and
h(F(f))cF(g) . .. (.V.Y) .Now h* is a conformal equivalence and
f =hogoh .Applying the relation (1.Y.Y) , thus h™*(F(g))c F(f) . Therefore
F(g)ch(F(f))...().Y.€). From ().Y.¥) and ().Y.£) we get
h(F(f))=F(g) . By definition (*.¥.Y¢) , h(J(f))=J(g). =

The next proposition gives a useful criterion for a family of analytic

maps to fail to be normal at a given point .

Proposition (.Y.YA) [V +](pp.Y YY)
Let f be an analytic and suppose that zo is repelling periodic points

for f . Then the family of iterates of f is not normal at zo .
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Proof :

First , let zo be a repelling fixed point . Assume that {f"} is normal on
a neighborhood U of 1z , since f"(zo)= f(z0)=120 . It follows f"(zo) does
not converge to o« on U . Thus some sequence of the sequence {f"} has

subsequence {f"} which converges uniformly to some map g on U . By

definition (1.Y.\Y) , hence ‘(f”i ) (20)

—|9'(z0)| . Since zo is repellor , thus

‘(f ") (20)| = . This contradiction with definition (1.Y.)V) . Therefore {f"} is

not normal at zo .

Now , let zo be a repelling periodic point of period k, that is

{(£¥y}={f of “0..of ¥ }={f "} . Assume that {f*"} is normal on a neighborhood
U of zo,then f(z0) = f“(z0) =20 for all n, it follows that f“'(z,) does not
converge to «o on U . Thus some sequence of the sequence {f"”} has a

subsequence {fk”i} which converges uniformly to some map h on U . By

definition ().Y.Y) , hence ‘(fkni)(Zo) —|h'(z0)| . Since zo is repellor point ,

thus ‘(f “4) (z0)| = o0 , this is contradiction with definition (1.Y.1Y).

Therefore {f"”} is not normal at z,. ®

Corollary (V.¥.Y9) [Y +](pp.YV¢)
Let f be an analytic map . The family of iterates {f"} fails to be a

normal family at any point in J(f) .
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Proof :
Let zoeJ(f) , then zo is either repellor point or zo in limit of repelling
periodic points .
If zo is a repellor point . By proposition (1.Y.YA) {f"} is not normal at zo .
If 2z, in limit of repelling periodic points , any neighborhood U of any point

contains a repellor point as z: . By proposition (1.Y.YA) {f"} is not normal at

z: . Therefore {f”} isnotnormal at zo . W

Definition ().Y.¥+) [¢]
Let f be an analytic map . A complex number z, is called an omitted

value of the analyticmap f ,if f(z)# zo forall ze C .

Example ().v.")
Let f: C— C be an analytic map such that f(z) =e? .

+ Is an omitted value of analytic map f

Definition (1.Y.¥Y) [¢]

Let f be an analytic map . zo is called an exceptional point if
Gf‘”(ZO) is finite , where f"(z0)={zeC: f"(2) =2} .
n=1

Example (1.7.77) ['+] (pp.YV¢ )

Let f : C— C be an analytic map such that f(z)y=z2 ,if U is an
open set which meets §' but does not meet -+, then f]f”(u):c — {0} .
n=1

+ is an exceptional point .

Y¢



One of the most important consequences of the failure to be a normal
family at a given point is that the family of maps must assume in fact every
value in any neighborhood of the point . This result is a variant of a theorem

known as Montel’s theorem .

Theorem ().Y.¥¢) [¥Y] ( Montel's Criterion for Normality )
Let {f } be a family of analytic maps on a domain G . If there are
three values that are omitted be every f € {f },then {f } is normal family .

For a proof see [YY] .

Definition ().Y.v¢) [¥Y]

Let AcX andlet f:X —>X beamap. A is said to be completely
invariant under f if f(A)=A=f"(A).
Example (1.7.7%) [ ] (pp. YV¢)

Let f:R—R be a map such that f(x)=x1-x) |, 0<x<1 . If
A=[+,], then f([01])=[01] and f*([01])=[0]] .

Therefore [0,1] is completely invariant under f

Lemma ().Y.YV) [YV]

If f: C., > C. beamap .Let z be any pointin J(f) , then in every
neighborhood of z and for all neN , the maps {f"} omit at most two
points of C, . Moreover these exceptional points , if they exist , are

independent of z and don’t belongto J(f).
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Proof :

If the lemma is not true then there exist arbitrarily small
neighborhoods of z in which each f" in the sequence {f"}", omits at least
three values .

If there are arbitrarily small neighborhoods of z which map to

neighborhoods of f”(z) with points omitted then , taking the inverse map ,
there are arbitrarily small neighborhoods of f"(z ) which have as preimages
finite neighborhoods of z with no points omitted . By definition (}.Y.)V) ,
{f”} is normal family , which is a contradiction to definition ().Y.Y¢) since z

is in the Julia set .

Consider the exceptional points . As a set , it must be invariant under f

since otherwise they would map to points in the plane which are in the
image of the neighborhood of z in contradiction with the statement of the
lemma .

If there is only one exceptional point a , then it can have no preimages
other than itself . We can move a to oo by a mobius map . If there are two
exceptional points a and b , then there are the following two possible

cases .

‘. a has no preimages other than itself and b has no preimages other

than itself , each is a fixed point .

Y. a and b from period of Y , each maps onto the other and is the

preimages of the other .

We move a and b to + and oo by a mobius map .
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Case ' means that a polynomial map is of the form M z" , where M is

constant , since it leaves * and oo invariant .

Case Y means that a map is of the form M z— , since this maps the origin
to infinity and infinity back to the origin forming the necessary period of z .

The exceptional points a , b are fixed points of order Y or Y and , since
any attracting fixed points are not in the Julia set , the exceptional points

must depend only upon f(z) asrequired. =

Lemma ().Y.¥A) [\ Y](pp. ¥ )

Let f be a polynomial map , let zoeJ(f) and let U be any

neighborhood of zo . Then Gf”(U) is the whole of C , except possibly for a
n=1

single point . Any such exceptional point is not in J(f) , and is independent

of zo and U.

For a proof see [' Y] .

Theorem ().Y.¥4) [V +] (pp. YV¢)

Let f be a polynomial map . Suppose there is a point zoe J(f) and

neighborhood U of 1z such that Gf”(U):C—{a} . Then
n=1

fczy=a+A(z—a)" forsome A<C and some integer n .

Proof :
Suppose f(b)=a . Then b is an exceptional point for f, for there

iIsno z in U which mapsto b andthento a . Butbylemma ().Y.¥A),

b=a .
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Hence a is fixed point for f and, moreover, a is only preimage
Thus for some n we may write

fcz)-a
g(Z)=Ln ,
(Z—-a)

where g(2)is a polynomial map and gcz) =0 forany z.

Otherwise , we would have an additional preimage of a .

By fundamental theorem of algebra , thus g(z) reduces to a constant. =
Proposition (1.Y.£+) [V +] (pp. YV°)

Suppose f is a polynomial map of degree n>2 which has an

exceptional pointat a .Then f isconjugateto z— z" .

Proof :

Let gcz)=2z" , since a is an exceptional point of f . By theorem
().v.¥9) , thus f(ry=a+Acz-a)" for some A=0 . If A=4u"" when
h(oy=uz—a , where 7 IS a constant , thus
goh(z) =g(ucz-ay)=x"(z—a)"and

hof (z) =h(a+ Acz—a)")=h(a+ u"(z—a)")= p(u"*(z—a)")= 1" z—a)" = goh( 2)
. Thatis hof =goh . =
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Section Three ().Y)

Filled Julia set

The goal of this section is to give another definition of Julia sets .

Definition (V.¥.)) [¥¥]

Let f : C —»> C be amap. The orbit of z wunder a map f s
bounded if there exists k e R* such that |f"(z)|<k for all n . Otherwise , the
orbit is unbounded .

Example ().¥.Y) [¥Y]

Let f : C—> C beamapsuchthat f(z)=z2.Forany z such that
121<Y , if z=|zl(coP +isind).

Then zn=z"(comn@ +isinnd)—0 as n—o . Thus, any z where 1z <), the
orbit of z is bounded . And if |z1=1, then |f"(z)|=1 and the orbit is also

bounded . However , if |z1>) , the orbit is unbounded .

Definition (V.¥.7) [¥+]
Let f : C., — C. be a polynomial of degree n>2 . Let K(f) denote
the set of points in C whose orbits do not converge to the point at infinity .

Thatis K(f)={ zeC:{f"2|{, is bounded} . This setis called filled Julia

set .
Definition (V.Y.£) [YV]
Let f : C. — C. be amap . The escape set Acxo)of f is all those

points that escape to infinity , thatis Aoy ={ z: f"(z) >0 as n—>x}.
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Remark ().v.9)
We can say that A(oo) is the basin of attraction of oo .
Example ().¥.7) [7Y]
Let f : C. — C. be amap suchthat f(z)=z2 . The set {z:1z1<1} is

the filled Julia set but the set { z:1zI>V}is A(x) .

Now we can state another definition for Julia set .
Definition (V.¥.V) [YVY]
The Julia set is the boundary of the filled Julia set , that is
J(f)=0K(f).

Remark (.Y.A) ['V]
The complement of the basin of attraction of oo is the filled Julia set of
f . Thatis C.\ Acoo) =K(f).

Theorem ().¥.9) [YV]

Let f be a polynomial of degree d>2 , then K(f) is non- empty
set.
Proof :

f is a polynomial of degree at least Y , thus one can see easily that it

fixes at least one point , zo say . This is because fixed points are simply

solutions to f(z)=z , which has d roots and at least one fixed point

( taking into account the possibility of repeated roots ) .
From definition (1.Y.¢) , one sees that a fixed point can not be in Acx) and

therefore zoe K(f) . Thus K(f) is non-empty . =



Theorem (V.Y.) ) [YV]
Let f be a polynomial of degree d>2 , then K(f) is compact

( closed and bounded ) set .

Proof :

Define V., to be the set of all points further from the origin than the

circle of radius r .
V.={zeC:zi>r}.

For sufficiently large r we have f(V,)cV,c Ac(x)

This means that if r is large enough then all points in VV, escape to infinity .
Once this is the case , V., must be contained in A(«) from definition ().¥.¢) .
If a point escapes to infinity then its image under the map must also escape
to infinity from definition ().Y.¢), thus the image of VvV, must also be
contained in A(x) .

Moreover , we know that all points in V/, are images large than themselves
and so f(V,)cV, . A(w) is a region containing infinity , V, is a smaller
region containing infinity and each image of Vv, is a smaller region again ,
each region must contain each of the smaller once .

Call the first VV, which satisfy these conditions simply V. For all zo in A(w)

we know that f"(zo) > .

Hence there exists a k e N such that f*(z0) eV so

Aoy =0 (F7V) ... (0.7,

n=1
In other words , we can choose k to be large enough that the k -th iterate of

any escaping pointin 'V .
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This proof has effectively split the sphere into areas around the origin .
Nearest the centre with the smallest values , is K(f) . Outside of K(f) is
Ac0) , but this splits into further envelopes . By selecting a suitably large r
we can make V, a region containing infinity wholly contained in A() . This
envelope around infinity contains the image of the whole of Acw)under f* .

Simply connected region around infinity on the sphere becomes
correspondence around the region in the plane .

Each Vv, is an open set because there is a strict inequality in the definition ,
the set does not contain its boundary .

A(o0) is the union of the preimage of V and so it is the union of the

preimages of an open set .

Each preimage of an open set must be an open set since f is a polynomial

and therefore is an open map .

The union of open sets is also an open set and we have that A(w«) is an
open set . By remark (1.¥.A) , the K(f) is closed ,by definition ().Y.v) K(f)

is bounded . K(f) is compact. =

Theorem ().¥.V)) [YY]
Let f be a polynomial of degree d >2 then the sets Acoo)and K(f)

are completely invariant under f

Proof :

From ().Y.)), we have . Acooy = J(F")(V)

n=1

So that f™*(Aco))= fl(nq (f“)‘l(V))

=0(rem)'v)= Aoy

n=1
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Similarly f (Acoo))= f ([‘j (f“)—l(V)):n@l(fm—n)l(V):A(OO),

n=1
Thus A(w) is completely invariant . By remark (1.Y.A) |

K(f) is completely invariant. =

Theorem (V.¥.\Y) [YV]

Let f be a polynomial of degree d>2, then K(f) is perfect .
Moreover every connected component of the interior of K(f) is simply
connected.

Proof :

We will prove that K(f) is perfect by contradiction . Assume a point
z0oe K(f) is an isolated then we can draw a simple closed curve T in
Ac(o) , such that the region W of the plane sphere bounded by I' and
containing the origin , has only the point zo in common with K(f) . This
follows by definition of zo being isolated . Choose V  as theorem above
(V.¥Y.V+), then by (1.¥.)) we can find a k e N such that f*(I')cV .

This means that we can take a high enough iterate of f to map all points
in T into V , since T is contained in Aco). Since f¥(z0) is not contained
in V as zeJ(f), f(W) should contain C \V

In other words , since our closed curve maps to a subset of Ac(wx),
V cAcoy,and W contains a point in K(f) , the complement of Aco) |,
the whole of W , the region inside of our closed curve , should contain the
preimage of K(f) . The complete invariance of K(f) means that K(f)=z.

f(z0)={zotand so our polynomial should be of the form

f(2)=20+a(z—120)°.
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This means that zo would belong to the interior of K(f) and we have a
contradiction , thus there are no isolated points and K(f) is perfect .

If there is a connected component of the interior of K(f) which is not simply
connected , then Aoy =Aco) JJ(f) would not be connected . This

contradicts of A(x) being an open connected set. =
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CHAPTER Y

Properties of Julia sets of Polynomials

The goal of this chapter is to drive the basic properties of Julia sets of
polynomial maps .

In section one , we study the relation between the three definitions of
Julia sets given in this chapter .In section two , we give the properties of

Julia sets of maps of the form (z2+c) , where ceC .In section three , we

study chaoticity on Julia sets .

Section one (¥.))

General Properties of Julia sets

The goal of this section is to study some properties of polynomials as
given by definition of Julia sets , and we also show the equivalence of the
three definitions of Julia sets given before in case that the map is a

polynomial .
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Proposition (Y.V.Y) ['¥] (pp. Y+ *)

Let f : C— C be a polynomial of degree d>2 , and J(f)={ze C:
the family {f"}  is not normal at z }. Then J(f) is non empty set .

Proof :

Suppose J(f)=¢ . Then, for all r > + , the family {f”} is normal on
the open disc B?(0) with centre at the origin and radius r ( since the closed
disc B;(0) is compact , it may be covered by a finite number of open sets
on which {f”} is normal ) .

Since f is a polynomial , we can extend the range of f ,taking r large
enough to ensure that B?(0) contains a point z for which |f"(z)|—o0 and
also contains a fixed point p of f with f"(p)=p forall n .

Thus it is impossible for any subsequence of {f”} to converge uniformly
either to a bounded map or to infinity on any compact subset of B?(0) which

contains both z and p , contradicting the normality of {f”} . Therefore

J(f)z¢. m

Proposition (Y.).Y) [ ¥](pp. Y+ *)

Let f : C— C be a polynomial of degree d >2, and J(f)={zeC :
the family {f"}  is not normalat z } .Then J(f) is compact ( closed and
bounded ).

Proof :
By lemma (1.Y.Y1) , F(f) is open set, and by definition (1.Y.Y¢) ,J(f)
is closed set . Since f is a polynomial of degree at least two , we may find

r such that if jzi>r . then f(p|=2z=2r . thus

A



‘fz( 2)‘ >2|f(2)|>2.2121=2%121> 2*r .Thus for n-th iterates we get

f”(z)(zz”r
if 1Z1>r , implying that |f"(z)|> 2"r if 1z7 > r . Thus f"(z) -0 uniformly on
the open set V={ z:1zi>r } . By lemma ().Y.Y1), {f”} Is normal family on
V ,sothat VcC\J(f). Therefore J(f) is bounded , and so J(f) is

compact set. =

Proposition (¥.1.¥) [YY]
Let f : C— C be a polynomial of degree d >2, and J(f)={ zeC :

the family {f”}nZl is not normal at z } .Then J(f™)=J(f) for every positive

integer m .

Proof :

We show , equivalently , that F(f)=F(f™) for all m>1 . If every

subsequence of {f”} has a subsequence uniformly convergent on a given

Thus F(f)c F(f") ... (T.).)).

n>1"*

set, the same is true of {f™}

If {f™}.is normal , then {f™*} isnormalfor 0<k<m on F(f"). Butany

subsequence of {f"}  contains a subsequence of {f’“’”k}nﬂ for some
0<k < m . Hence {f"}_, is normal , where {f”}znfjl{fm”“‘} , thus
k=0

F(f")c F(f) ... (Y.).Y), from (Y.).)) and (Y.).Y) we get F(f™)=F(f) .
J(f")=J(f). m
Remark (¥.).¢)[YY]

A set A is completely invariant under f. If f is onto , then

f(f1(A)=A thus A= f(f(A))=f(A).
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Proposition (¥.1.0) [YY]
Let f : C— C be a polynomial of degree d>2 ,and J(f)={ze C:

the family {f"} , is not normal at z } .Then J(f) is completely invariant .

Thatis J(f)= f(3(f))=f(I(f)).

Proof :

We work with the complement F(f) . Suppose f is onto , using
remark (¥.).f) , we can to show F(f)=f"(F(f)) as follows . Let
zoe fH(F(f)), wo= f(z0) e F(f) . Suppose that {g, o f} is a sequence in
{f”} . Since {0,} contains a subsequence which converges uniformly on a
neighborhood U of w, , {9, o f} contains a subsequence which
converges uniformly on f*(U),a neighborhood of z,that is zoe F(f).
Hence f*(F(f))cF(f)...(Y.).7).

Let zoe F(f) and wo = f(2z0) . Suppose {g,} in {f”} with {g, o f} contains
a subsequence which converges uniformly on a neighborhood U of zo.

Since f is an open map because f s a polynomial , {d,} contains a
subsequence which converges uniformly on f (U) . It follows that
wo= f(zo)e F(f) , and f(F(f))cF(f) , since f is onto , thus
F(f)c fY(F(f)) . . . (v.).¢) , from (Y.).¥) and (¥.).f) we get
F(f)=f*(F(f)), thus F(f) is completely invariant , since the complement
of completely invariant is also completely invariant. Hence J(f) is

completely invariant . =

YA



Proposition (Y.).1) ['Y](pp. YY)
Let f : C — C be a polynomial of degree d >2 ,and J(f)={zeC :

the family {f"}  is not normal at z } .Then J(f) has an empty interior.

Proof :
Suppose J(f) contains an openset U . Then f"(U)c J(f) forall n.

By proposition (Y.).2) , J(f) is completely invariant , Uf"U)c J(f) .By
n=1

lemma ().Y.YA) , J(f) is all of C except possibly for one point , but by
proposition (Y.).Y) , J(f) is bounded set , and this a contradiction .

Therefore J(f) has empty interior. m

Proposition (Y.).V) [\Y](pp. ¥*")
Let f: C - C be a polynomial of degree d>2 , if zoe J(f), and

J(f) = closure { all repelling periodic points of f }.Then J(f)= Uf(zo) .
n=1

Proof :
If zoeJ(f) then f"(zo) = J(f) . By proposition (¥.).°) , so that

fj f"(z0) and , thus , its closure is contained in the closed set J(f) .
n=1

On the other hand , for any neighborhood U of some we J(f) there is

some n such that zee f"(U) . Thus U f "(z0) meets U , so every we J(f)
n=1

can be approximated arbitrary close by points of Gf‘”(z()) .Therefore
n=1

I(H)=Uf"(z) . =
n=1
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Proposition (Y.).A) [¢]
Let f: C — C be a polynomial of degree d >2, and J(f)={ ze C:
the family {f"} , is not normal at z } . Then J(f) does not contain isolated

points .

Proof :
Suppose that zoe J(f) , and let U be a neighborhood of zo . We can

find 7,22,z J(f) \ Uf"z0) , because {f"\U} is not normal from
n=1
proposition (V.Y.YA) | z; ¢ Gf”(U) for some je{1,23} .
n=1

Hence Gf‘“(zj)ﬂU\{ZO} # ¢ . In particular, J(f)NU\ {ze} #¢4 . Hence zo
n=1

is not an isolated point . =

Proposition (¥.1.4) [°]
Let f: C — C be a polynomial of degree d>2 , and J(f)={ze C:

the family {f"} . is notnormalat z } . Then J(f)is a perfect set .

Proof :
By proposition (¥.).)), J(f) is a non-empty set . By proposition (¥.).Y)
, J(f) is compact , thus J(f) is a closed set . By proposition (Y.).A), J(f)

does not contain isolated points . Then J(f) is perfect set. m



Proposition (Y.1.)+) [YY]
Let f: C — C be a polynomial of degree d >2 . Let U be an open

set such that U NJ(f)=¢ ,and J(f) = closure { all repelling periodic points

of f } . Then there is a positive integer k such that f*(UNJ(f))=J(f) .

Proof :
By proposition (Y.).Y) , the repelling periodic points are dense in

J(f) , there is a repelling periodic point zoeU N J(f) of period n , fixed by
g=f" . Choose a small neighborhood V U of zo with the property
Vcg(V). ThenV cg(V)c9%V)c ... . Butthen the union of the open
sets g™ (V) contains the entire Julia set . By proposition (Y.).¥), J(g)=J(f).
By proposition (¥.).Y), J(f) is compact , thus J(f)c f*(V) for some finite
positive integer k , thus f*(V)NJ(f)=J(f) for all VcU . Therefore
f“UNJI(f))=J(f) for some finite positive integer k . m

Definition (YY) [YA]
Let f : C —»> C be a diffeomorphism map ,let p and g be neutral
periodic points under f . A point in the set (W*(p)NW*(q))\ {p,q} is called

a heteroclinic point . If p=q then such a point is called a homoclinic point .
Recall that a homoclinic point z to a repelling fixed point zo is one for

which there exists n > + for which f"(z) =z, and for which there is a

sequence of inverse image f~'(z) converging to zo .
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Theorem (Y.).\Y) [¥Y]

Let f : C— C be a polynomial of degree d >2 ,the boundary of
A(o0) coincides with the Julia set of f.

Proof :

Suppose zoe€0A() and V is a neighborhood of zo . Then for
ze Aco)V , ze Aoy and zeV , thus f"(z) > . But the iterates of
Zo , {f"(z0)} remain bounded , thus {f”} is not normal in V so zo is in the
Julia set . Therefore oAy = J(f) ... (¥.).°).

To show that J(f)c oAy .If zeJ(f) ,then f¥(z)eJ(f) for all k so it
cannot converge to an attracting fixed point, and z ¢ Aco) . However , if U
is any neighborhood of z , the set f*(U) contains points of Acw) for some
k by lemma ().Y.¥A) , so there are points arbitrarily close to z that iterate
to oo . Thus z e A(oo) and so zedA(0) .Hence J(f)c oAy ... (Y.).7).

From (Y.).°) and (¥.).") we get J(f)=0A(x) . B

The following theorem shows that the three definitions of Julia sets are

equivalent for polynomials of degree d >2 .

Theorem (¥.).)¢)
Let f: C— C be a polynomial of degree d >2 . Then the following

statements are equivalent .

V. J(f) is the closure of repelling periodic points .
Y. J(f) is the complement of the Fatou set

¥. J(f) is the boundary of the filled Julia set .
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Proof :
V=2 [V+](pp. YA®)
Let 20eJ(f) = {f”} is not normal at zo.
Hence , it suffices to show that there is a repelling periodic point in any

neighborhood of a point where {f”} fails to be normal .Toward that end ,

suppose {f”} Is not normal at z and let U be a neighborhood of z .

We will produce a repelling periodic point in U . By proposition (¥.).)) ,
J(f)# ¢ , hence z. is a repelling periodic point of period n, f"(zo) =20 . By
proposition (Y.).Y) , zo is a fixed point for f . By proposition (1.Y.Y) , there
is a neighborhood U, of zo such that f:U —C is a diffeomorphism .
Hence f* is well — defined on U, and maps U, inside itself . Let
U;= f(U,) and note that U;,;, cU; and NU; ={Zzo} .

Since {f”} iIs not normal at z , there is a point zzeU and an integer n

such that f"(z) =zo . Similarly , since {f”} IS not normal at zo , there is a
point z>eU, and an integer m such that f"(z2) = z: , this uses the obvious
fact that z: is not an exceptional point . Hence f™"(z2) = zo . For later use ,
and by definition (Y.).))) , z. is homoclinic point .

Now , if z, is a critical point for f™" ,(f”””)'(zz):o let ™" (z) =120 ,

f m+n+1

XZz)Z f(Zo)=Zo.

Hence z.e Basin of (z0), therefore zo is an attractor point , this is

and zo is a fixed point , thus (

contradiction with zoe J(f) .

If (f”””)’(zZ) =0 , there is a neighborhood V of z. which is contained in U,

and f™" is a diffeomorphism map from V onto a neighborhood of zo.
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By adjusting V , may be assume that f"(V)cU and that f™" is a
diffeomorphism from V onto U; for some integerj .But U;=f"(U,),
hence f™"! is a diffeomorphism from V onto U, . By proposition ().Y.Y),
this map has an inverse which contracts U, onto V , by theorem (Y.).)V) ,
there is a fixed point for ™" in V , and by theorem ().Y.Y) this point must
be repelling . Since f"(V)cU , the orbit of this repelling periodic point

enters U .

2<3
From theorem (¥.).)Y), J(f)=0A() . By remark (1.¥.A), J(f)=0K(f)

Section Two (Y.Y)
Properties of the Julia set

Of maps of the form (zz+c)

The goal of this section is to derive the properties of the Julia set of the

polynomial map of the form d.(z) =z2+c ,ceC .
Example (Y.Y.)) [YV]

Consider the map Qy,(z) =22 .When |z <Y, z0—~>0 whereas if (z/> )
we have z"—oo . The Julia set of g, by definition ().7.V), is those points

which are neither attracted to infinity nor to zero , thus it is the unit circle ,

|z =1. It is both forward and backward invariant under g, . This means that it
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is both its own image and preimage under q,, and thus is its own image
and preimage under any number of iterations of g, . Every point on the unit
circle has its entire backward and forward lying on the unit circle .

The two fixed points of q, are z=0 and z=1 , the only solution of

q9,(z)=22=z2.

27r

If we consider the points of the unit circle of the form exp( ,m) for some

positive integers r and m , then q; =1 and all higher iterates after this are

fixed on ) since it is a fixed point . If we consider points on the unit circle

which are not of this form , then the sequence of iterates does not converge
27r

to any point . Both points of the form exp( ,m) and not of this form are

dense on the unit circle

Any arc of the unit circle contains infinitely many points which eventually
map to ) and then stay there and also infinitely many points which map
around and around the unit circle and never reach a fixed point , for there is

no fixed point other than ) to be reached . Points can never map off of the
unit circle since if /=1 then |q,(z) =|z]=|7 =1 .

Next consider the periodic points of g, . That is those points that are
fixed points of a finite iteration of g, say q; then q;(z)=z*" , from which we

have that fixed points of q;of the unit circle . We can also see that for any

number of iterations , there are fixed points for any lower number of

iteration.
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Consider S :exp(f—mlj, then s is fixed by g, but not by any lower

iterate and so for any positive integer n there are periodic points on the unit

circle with period exactly n.

Example (Y.Y.Y)["Y]
Let d,(z) =z2-2 to show the Julia set for q, is the line segment

[-¥,Y].
Claim ) : The set [-Y,Y] is completely invariant under d, .

Consider 0,(x) =x2—-2 . q,(x)=2x and q",(x) =2 so 0,(x) hasa
minimum value of -Y at x=0 .
q, is also an even map which increases on the interval [+,Y] , so 0, has a
maximum value of Y at x=F2 .
Thus 0,([-22]) =[-2,2] and [-2,2] is not a subset of A,().
Claim Y : Q=C,\[-2,2] is A,(0).

Let h(n):n+1which maps {|7|>'} onto C..\[-22] .
n

2
1 1 1
If qzoh(n):q2£77+—]:(n+j —2=772+—2=h(772) ,
n n 7

Thus d,0h =h(77?) or h*og,oh =72 .
Therefore Q, is conjugate to 7?2,
Since the iterates of any n under 7% tend to oo for {|7|>'} , the iterates of
ZzeC.\[-22] under g, also tend to oo .
Claim Y : [-Y,Y] is the Julia set for Q, .
By theorem (¥.).)¥), and since [-2,2]=0 A,(c0), thus [-Y,Y] is the Julia

set for q, .
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Theorem (Y.Y.¥) [Y7]

Let zeC,lz/>|c,1z1>Y . Then z e A.(o) for .(z) =z2+cC.

Proof :
There exists a small number &> + with z=2+¢ .The triangle inequality
for complex numbers implies |23 =|z2+c—c| < |z2+c|+IC] .
Solving this inequality for |z +c¢| , we derive
22+ ¢ =29 —Icl =1zP —Icl =127~z =IzI(1zI-1)
=122+ & -1))
=zle +1]
=(e+1)zl .
If we iterate once , the absolute will increase by at least a factor 1+¢.
The k-th iterate of z will therefore be at least (1+&) times as large as z in
magnitude .Therefore the orbit must escape to infinity if one point in the orbit

d. is greater than max ﬂc\,z} . o

Remark (¥.Y.¢)
The previous theorem can be stated as follows :

If 1zI> max ﬂc\,z} ,thenz e A.()
Proposition (¥.Y.2) [ ¢](pp. YY)

If zeJ(q,) , then izi< max {c|,2} , so that J(0,) is a bounded subset of

the complex plane .
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Proof :

If z is a periodic point , then iterates of z are bounded , so by theorem
(Y.Y.Y) , 1z1< max ﬂc\,z}. By proposition (Y.).Y) , J(Q,) is the closed set
containing all repelling periodic points, any zeJ(d.) also has property
1z] < max {]c\,Z} .Consequently J(d,) is bounded in the complex plane . =
Proposition (¥.Y.1) [Y9]

Ac(0) =C\ K(4,) .
Proof :

If zeC . Suppose z e A.() , by definition (1.¥.£) ,thus |92(z)| > » as
n—oo . Hence {dl(z)} is unbounded . Therefore z ¢ K(d,) , zeC\ K(4,) .
Thus Ao =C\ K(Q,) .

Conversely, suppose that zeC\ K(d,) . Then {dicz)} is unbounded.
Therefore , for some m> + we have [d7(z)|> max ﬂc\,z} . By theorem (¥.Y.Y)
, 97" (z)| >0 as n—o , hence ze A.(0) and C\ K(d,) = Ac(0). Thus

Ac(0) =C\K((,) . =

Proposition (Y.Y.V) [Y4]
Ac(o0) IS an open set .

Proof :

Fix any zoe A.(o0) . Then |0i(zo)| > as n—>o , hence there exists
m> + such that |97 ( 2)|> max {]c\,z} + ), since (. is continuous , the map g7

is continuous , therefore , we find 6>0 and U neighborhood of zo such that

1z—2d<6 , thus [A7¢2z)—A7(z0)|<) . Then by the Triangle Inequality

92 2| 2|98 (20)| - |AT (Z0) — AT H|> max {]c\,z} . For all zeU and by
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proposition (¥.5.Y), [™*"(2)| > , SO Z€ A.() , thus U < A.(o) , since zo
was arbitrary . Therefore A.(o) isanopenset. =

As an immediate corollary :

Corollary (Y.Y.A) [Y9]

K(Q.) is a closed set .

Proposition (¥.Y.4) [Y9]

J(9.) < K(Q,) .
Proof :

Let ze J(Q,) . By definition (1.Y.Y) , J(Q.) is boundary of K(d.) . By
proposition ().v.)+) , K(Q,) is closed , thus zeK(q.) . Therefore
J(d,)cK(Q,). =

Proposition (Y.Y.)+) [Y9]
J(d.) is the boundary of A.(x) .
Proof :
By theorem (Y.).YY), so J(d,) is the boundary of A.(0) . ®

Now , we introduce the next theorem for calculating the Julia sets .

Theorem (¥Y.Y.))) [Y1]
Let J(9.) be the Julia set for the map d.(z) =z2+c , where ceC .

Then J(Q.) is connected if and only if the orbit of + is bounded .

The proof can be found in [Y1] .
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Example (Y.Y.)Y) [V¢]

Let d.cz) =z2+i to show that J(d.) is connected .To compute the
orbit of the critical point at z=0 , thus

q.(0)=i

g.(i)=-1+1

Ae(-1+i)=—i

q.(—i)=-1+i

Ae(=1+i)=—i

q.(—i)=-1+i

Ae(=1+i)=~i .

Thus , the orbit of + is the sequence
{0,i,~1+i,~i,~1+i,—i,—1+i,—i,...}, which is a bounded sequence . Therefore ,

by theorem (Y.Y.V)), J(Q,) is connected .

Section Three (Y.Y)

Chaoticity on Julia sets

The goal of this section is to study the chaotic dynamics of the Julia

sets .Roughly speaking , a map f is considered to be chaotic if its orbits

behave in a very complicated and unpredictable way .



Definition (Y.¥.)) [Y¥]
Suppose that f:X —>X is a map . Then f has sensitive

dependence on initial conditions if there exists 6 >0 such that for any x e X

and for any neighborhood U of x , there exists y €U and n>1 such that

d(f 0, f"(y))>5 .

Example (Y.v.Y) [) :1(pp. ©*)

Let f:S*—>S' be a map given by f(0)=20 . If f(8)=20 , then
f2(0)=2(20)=220 , thus the n-th iterate is f"(8)=2"@ . Therefore the
angular distance between two points is doubled upon iteration of f . Hence

f Is sensitive to initial conditions .

Definition (Y.¥.7) [Y¥]
Let f:X —>X be amap, f is transitive if for any two non-empty

opensets U, V in X, there exists an integer n>1 such that f"(U)NV = ¢.

Example (¥.¥.¢) [ ‘](pp. °©*)

Let f:S*— S' be a map given by f(8)=20 . Let U be any small
open arc in S*, there is k e N such that f*(U) covers all of S*, in particular,
f“(U) intersects any other open arc V in S* . This implies f*(U)NV #¢ ,

thus f is transitive .

Example (¥.v.2) [) *](pp. ')
Let f:S'— S' be a map defined by f(0)=26 . If f(8)=26 , then
f2(6)=2(20)=2260 , thus the n-th iterate is f"(6)=2"@. So that @ is a
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periodic point of period n if and only if 2"8 =6+ 27k , for some integer k,

that is , if and only if 8 = Zn—ﬂkl where 0<k <2"—1is an integer . Hence the

periodic points of period n for f are the (2"—1)—th roots of unity . It follows

that the set of periodic points is dense in S'.
Now , we give the Devaney's definition of chaos .

Definition (Y.v.Y) [ *]1(pp. ©*)

Let f:X —> X beamap. f chaoticon X if
(a) the periodic points for f densein X .
(b) f is transitive .

(c) f has sensitive dependence on initial conditions .

Example (*.v.Y) [ ] (pp. ©*)
Let f:S'— S* be the map given by f(8)=20 .
By example (Y.Y.Y), f has sensitive dependence on initial conditions.
By example (Y.v.¢) , f s transitive . The density of periodic points was

established in example (Y.Y.°) . Thus f is chaotic .

Now , we introduce remark conditions the relation between chaotic

dynamics and Julia sets .

Remark (¥.Y.A) [Y¢]
We give an initial point zo , and consider its orbit under the action of

f , thatis , the set {20, f ( 20), f2(20),...} . For some 2z, , the orbit of points
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near zo is very different from that of zo . The behavior of iterations in this
region is to escape into far situation , while its complementary region is
where the iterations are rather tame . The former region ( a subset of the
complex plane ) is called the Julia set , where as the latter is the Fatou set .

The situation is something like this : Figure (V).

orbit of
: / 0+
i (@ ot of
———my.. 20 AN
=" orbitof
v e
\1\ i Juiia sel
N
orbitof 20

Fig.)

A definition of Julia sets motivated by chaotic dynamics would then be :

Julia set of the map f is the chaotic set of f , that is the set of points
{z: f exhibits sensitivity to initial conditions at z } . Hence if ze J(f) , then
the iterations of f take points in the neighborhood of z arbitrarily far from
the orbit of z . On the other hand , if f is sensitive to initial conditions at a

point z , then the family can not be normal in a neighborhood of that point .
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Remark (Y.¥.4) [) ] (pp. YAY)
Let zz and z: be a repelling periodic points for f . By definition (Y.).))),

there are heteroclinic orbits connecting them , that is , there is a point z
which eventually maps onto z> and for which a sequence of backwards

iterations of f" converge to z .

Theorem (Y.¥.)+) [V ] (pp. YAA)

f:J(f)— J(f)is chaotic .In sence of Devaney.
Proof :

By definition (}.).YA) and by proposition (Y.).V) , the periodic points are
dense in J(f) , it suffices to show that f is transitive and also depends

sensitively on initial conditions .

Suppose that z1, z. € J(f) then either z: and z. are repelling or z1, z; in

limit of repelling periodic points . Suppose z: and z. are repelling and U is a
neighborhood of z,z. .By remark (Y.Y.%) , there is a heteroclinic orbit

connecting zand z: . It follows immediately that f is transitive .

Suppose zi, z2 in limit of repelling periodic points , any neighborhood U of
any point contains zz and zs are repelling point . By remark (Y.Y.9) , there is
a heteroclinic orbit connecting 1z, z: ,thus there is a heteroclinic orbit

connecting z, z» . It follows immediately that f is transitive .

To show that f Is a sensitive depends on initial conditions , suppose

z, z2 €J(f) by above either z, z. are repelling or not , since this
heteroclinic orbit lies in J(f) , it follows that f has sensitive depends on

initial conditions . Therefore f is chaoticon J(f). =
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Chapter ¥
Properties of Julia sets of maps
Of the form (iz-412)

Our goal of this chapter is to study the properties of Julia set for the

quadratic polynomial maps of the form Q,(z) =4Az—-1z% , where 1 is a non

zero complex constant . In section one of this chapter we study the

geometric properties of the Julia set of the map Q, . In section two , we will

give the topological properties of Julia set of the map Q, .

Section One (¥.))
Geometric properties of the Julia set

Forthe map Q,«»=4z- 172

The goal of this section is to study the geometric properties of the Julia

set for the quadratic polynomial of the form Q,(z) =4z -1 z2.
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Remark (¥.).).)

We find the fixed points for Q, .
Quzy=Az2-1722=1z , thatis Q,(z)—-z=0, hence Az—Az2—z=0 , thus
Az—(Az2+2)=0 , therefore z((1-1)—Az)=0 , so that the fixed points for Q,

A-1
are z=0orz=—.
A

Q. (»|=|A-227 , if z=0 then |Q,(0)=|4 . If [4] <) , then z=0 s

attracting fixed point . If |[1| > ) , then z=0 s repelling fixed point .

A

_ _ A-1
If 2271 then Q’i(%lj‘:p—ﬂ Nf Y < |4] or || <), then z:L is

4
A-1
repelling fixed point . If ¥ < |1| <Y, then z :‘— is attracting fixed point . If

2

Q.(z2)=4-24z , thus Q',(z) =4A-24z=0 , thus z=0.5 . Hence the critical

point for Q, is +.°.

Example (¥.).Y)

Let 9.:C—>C and Q,:C—>C such that 0d.cz)=z2+c and
Q,(zy=Az—-A17> to show . conjugate to Q, . We use theorem ().V.)))
with the following substitutions: a=Lb=0,c=c,r=-4,s=4t=0 . Using

- 1° 1

+% , and using (.Y.Y) we get h(z) :_712+— :

(".Y) ) wefind c= 5

1 z 1 z 1 zY¥
Qonn =0 ;1 )=A, 5], )

2
i,z
4" 4

o1



1 z2+c
hod.(z)=h(z2+¢c)==-
(2) =h( ) 5"
A% A
22_74_7
_1 4 2
2 A
A A
1z 4 2
2 A A A
1 22
==—1-—=Q,0hco) .
2777 Q, 0 h

Therefore Q, is conjugate to d. and note that A =1F+1-4c .

Example (¥.).7)
J(Q,) is the unit circle of Q,(z) =2z-222 .

The discussion of this example splits into three claims .
Let D(a,b)={zeC:lz—al<b}, where acC and 0<beR.

Claim Y :
Let zoe D(0]1) , then zoe F(Q,) .
1—12o|

Let zoe D(0]1) , that is |zo<) . Suppose that U = D(zo, j . One can

see that U= D(01) for all zeU and by using |z—zd>IzI—|zd , thus

1-1z0 1-1z0

, hence 21—z <|z — 20/< )

|Z — Z0l<

1z |Zo|

1
therefore |z| —|zo < . thus |Z|<E—?+|ZO| ,

|Zo| 1+1z0l

hence |2|<%+7 ~thatisforall zeU , |z1<

<) .Hence U c D(0}) .

ov



Forall zeU , Q,(z)=2z-222 , if
Q,(2)| =2z -277 <|22| +|22%<¥|z4 + 2|72 =4|z7, thus
Q32| =]42-12722+16 22871

<|4z|+[12 22|+ 16 23 + |8 24|

< 16|24 +16|z4 +16|z4 +16|z4|

=4%z4,

hence for n -th iterate |Q}(z)|—0 as n-—>o.Therefore {Q}} is normal in

D(0,1) , hence D(0,1)c F(Q,) .

Claim Y :
If |zo/> ), then zoe Ay(©) .

Let |zd> ) . \Qz(zo)\:|220—225|s2|zo|+2|20|2<2|zg|+2|zg|:4|zg| ,

Then |Q3(zo:)

=|420-1225+16 2387}
<|4 20|+ 1223 +16 2§ +[8 2

< 16|z4| +16|z4 + 16|z + 16|24
=4[z,

Hence , for n-th as n > o . Therefore zoe A,(©) .

Claim Y:

If |zo/=1, then zoe F(Q,) and zo & Ay( ) .

Let |z =1 . Assume zoe F(Q,) so there exists neighborhood U, ,
which has a subsequence of {Q}} , and a map f with Q) — f uniformly on

Uz, . Now for all & > + there is D(zo,e)cU, , by claim Y | there is

z1€ D(20,&) with |z4 < . It follows that Q) -0 as n—> , thatis f(z) =0.
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Since |zd =1, |f(z»)|=1, which is contradicts that f is analytic map ( and
therefore is continuous ). Therefore zo ¢ F(Q,) . Similarly , we can proof that
Zo¢ Ao(o0) . Therefore zoe J(Q,) for [zd=1.

Hence J(Q,) is unit circle . m

Example (¥.).¢)
J(Q,) is the line segment [+,V] for Q,(z) =4z—-472 .

the discussion of this example splits into three claims .

Claim :
The set [+,)] is completely invariant .
Consider Q,(x)=4x-4x? , thus Q',(x)=4-8x, hence Q",(x)=-8 |,
therefore Q,(x) has maximum value ) at x =+.° since Q,(0.5)=1.
Q,(X) isincreasing on the interval [+.°,)] .
Q,(x) has minimum value of + at x =+ or \, since Q,(0)=0 and Q,(1)=0 .
Thus Q,([01]) = [01] .Therefore [0]] is not a subset of A,() .
Claim Y:
W =c,\[01] is As(o0) .
Let zoeW with |zd>) .If |Q,(20)| =|4 20— 42 < 4zd + 423 <4|z8| + 423 =8z]| ,
thus |Q2(z0)| =[16 20— 8023 +128 23— 64 7|
<[16 zo| +[80 3 + [128 z§| + |64 z§|
< 128|z¥ +128|z§ +128|z4 +128|z4|
=8%|zf|.

Hence , for n-th as n >« . Therefore zoe A4(©) .
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Claim Y :
[+,)] is the Julia set for Q,(z) =4z —-4722.
By theorem (¥.).)Y) , and since [01]=0 As() . Hence [+,] is the Julia set

forQ,. m

Proposition (¥.).°)
Suppose that Y<|1|<1++/2 . Then J(Q,) is a simple closed curve .
Proof :
Q,(2) =|Alz—|A|z2 , then

Q' (D|=|A-24z|< ), thus |AJ1-2z|< ) , that

is 1-22|< ﬁ , since |a—b|> lal—b| thus 1—2|2|<% , hence 1z > %—

— ,or
24

1z < %+i , thus |z-0.5 < 1 , Where 1 is the radius and -.° is the

212 2/ 212

center .

We note if Y<|4|<1++/2 =Y.£)£Y1¥2 | then %< LYYV

0_5+i <« Ye¥VeVY  and O_S_L <+, YAYAQYY

2|4 2|4
4-1
4

The attractor point is < «.2AoVATE while the critical point of Q, and

the centre of circle is +.° .

‘Ql(os)(< « TeYoory
‘Qz(0.5857864x< « OAOYATY
Q,(0.7071067 ) < .o

Q,(0.2928933) < .o



Q,(0.5+0.2071067i) < +.V+ V)¢
Q,(0.5-0.2071067i) < ».V+V1 1%
Q,(0) =

Q,(2)< £.AYAEYY
Q,(0.1)< ».¥yvyvay
Q,(0.8)< ~.yATYYVEY

Let T, be the circle of radius :.Y«V)+«1Y about +.¢ . T, contains both the

attracting fixed point (+.2AeYA1£) and the critical point +.¢ of Q, in its interior
. Moreover , |Q’,(2)| > for z in the exterior of Ty, where - is repelling fixed
point of Q,. For each 6eS' , we wil define a continuous curve

70:[L©)— C having the property that z(8)=Ilim7,(t) is a continuous
t—ow

parameterization of J(Q,) .

To define z(#) , we first note that the preimage 1. of I, under Q, is
Q,(zy=Az—-Az22=w , thus 2?—1z+w=0 , hence z:%i .
The preimage with respectto «.V+Y)+1V and +.YAYAAYY are
z=0.5%0.207106¢, that is with respectto «.V+VY+1Vis z=+V:¥).12 and
Z=+.YAYAAYY “also with respectto +.Y4YAYY s z=-V.V).1% and
z=+.YAYAIYY “while the preimage with respect to the attracting fixed point
(+.2A°YATE) is z=0.5F0.085786¢, thatis z=+.2AeVAldgand z=-.£)¢Y)Y)
, While the preimage with respect to the critical point (+.¢)is z=-+.2+ Y)Y
and z=+.£337AYA "while the preimage for the points with respect to

(vt YY) and (r.e--.Y VY V)are z=0.5%0.2071062 , that is
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Z=+0+ YV Wjand z=-.0-+. Y ¥V lWjand z=:.0+.. YY)V 1Y and
Z=1.0-0 Y VYY)
each value of the preimages under Q, have two values, as follows
Q,(0.7071069 ) < +.£34444y
Q,(0.2928931) < +.£49344y
Q,(0.5-0.2071062i ) < +.V+ V104
Q,(0.5+0.2071062i) < +.V+ VY +od
and the value of the preimages under Q, for the critical point , as follows
Q,(0.5003162) < «.1:Yeor
Q,(0.4996838) < «.1:voory

While the value of the preimages under Q, for the attracting fixed point , as

follows

Q,(0.5857869) < +.oAovATY

Q,(0.4142131) < +.oAeVATY

Then preimage T, of I, under Q, is a simple closed curve which contains
o in its interior and which is mapped in a two — to — one formula onto T .
The fact that T, is a simple closed curve follows from the fact that both the
critical point (+.°) and its image lie inside T, . Hence the curves I, and T
bound an annular region A, (A, may be regarded as a fundamental domain
for the attracting fixed point for Q, )

Let W be the standard annulus defined by
W={re?:1<r <20 arbitrary } .

1y



Choose diffeomorphism ¢:W — A, which maps the inner and outer
boundaries of W to the corresponding boundaries of A, . See figure (Y) .
This allows us to define the initial segment of 7,:[12]—>C by

Yo() =@(rei). Thatis, 7, is the image of aray in W under ¢ .

Fig.Y

For r>2 , may extend y, as follows , since preimage T, of T, under Q,
and the critical point in interior T, , thus Q, has no critical points in the
exterior of T; . The preimages I, of I; under Q, are

z=0.5%0.207107Z, that is z=0.707107z and z =0.292892¢ with respect to
+.V+¥Y.13 “also have the same preimages with respect to +.Y3YAYY while
the preimages of critical points (+.©+:¥Y1Y) and (+.£397AYA) are
z=0.570.000447Z that is z=0.500447z and z =0.499552¢ with respect to
+, 0+ 2¥VIY and also for +.£3937AYA while the preimages for the attracting
fixed points are z=0.5%0.085787t that is z=0.585787% and z=0.414212¢
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for (+.2AeYA1d) and also for (+.£Y¢YYY)Y) | while the preimages of points
(v.o++.YVYAY) and (+.0 -+ Y VYY) are

z=0.5+0.207105% thatis z=0.5+0.207105% and z=0.5-0.2071057%
for (+.o++.Y+VY.AY]) and also for (+.0-+.Y V) 1Y),

each value of the preimages under Q, have four values, as follows
Q,(0.7071072) < +.£344440

Q,(0.2928928) < +.£94444¢

Q,(0.5-0.2071057i) < +.V+Y) 00

Q,(0.5+0.2071057i) < +.V:Vi.e0

and the value of the preimages under Q, for the critical point , as follows
Q,(0.5004472) < +.1+YooYA

Q,(0.4995528) < «.1:YooYA

While the value of the preimages under Q, for the attracting fixed point , as

follows

Q,(0.5857875) < .oAoVA2A
‘Qi(0'4142125X < « 0AoYA0SQ

Hence there is a simple closed curve 1, which is mapped in a two — to — one
formula onto 3.

Moreover , Q, maps the annular region A, betweenT; and I, onto A ,
again in a two —to-one formula . Thus , the preimage of any 7, in A is a
pair of non —intersection curves in A,, thus every point ze A, , imply
f(z)y e A . There is a unique such curve which meets the inner boundary

I, . Hence , for each @ , there is a unique curve in A, which contains the

¢



point 7,(2) , thatis 7,(1) is boundary of 1, and 7,(2) is boundary of 1, and
7(3) is boundary of 1,. We may thus sew together these two curves in the
obvious way at this point , producing a single curve defined on the interval
[V,¥].

Continuing in this formula , we may extend each y, over the entire interval
[+,o0) .

Now recall that

Q'A(Z)‘>k>\ for positive integer k provided z lies in the
exterior of T . Hence the length of each extension of y,decreases

geometrically .

It follows that 7,(t) converges uniformly in @ and that [im 7,(t) = z(8) , since

t—>w

lim 74 (t) is continuous , thus z(#) is continuous and is a unique point in C

t—o0

for each @ .

We claim that z(@) parameterizes a simple closed curve in C . To show that
the image curve is simple , we must prove that if z(@)=1z(9,) , then
20 )=2(6)) for all @ with ¢,.<0<g, , see fig. (V). z(9) is a point by
substituting 6 =g, . However , if this was not the case , the portions of the

curves Iy , 7, (D) and 7, ® would bound a simply connected region

containing each z(0) in its interior . This implies that there is a neighborhood
of z(8) whose images under Q') remains bounded , thus z(#) is attracting

but not repelling .

Hence z(0)¢ J(Q,) .But this is impossible . Therefore J(Q,) is simple

closed curve . ®

10



Fig.Y (a) & (b) the proof of the proposition (for Y<|A| < Y++/2)

Proposition (¥.1.1)
Suppose A is a complex number and ‘<|1|<1++/2 .Then J(Q,) is

a simple closed curve such that Julia set which contains no smooth arcs .

Proof :

Suppose that A is complex , that is 2= 1,+1,i and satisfies
V<|A|<1+4/2 .

If Q, has repelling fixed point at zo=0. Then

Q,(0)=121-24(0)=|4] , if
J1#0 then A is not pure imaginary , by properties of complex analysis ,

thus zo does not lie in a smooth arc in z(@) . For if this were the case , then

R



the image of z(8) would also be a smooth arc in J(Q,) passing through zo .
Since Q’,(z0) is complex , the tangents to these two curves z(g,) and z(8,)

would not be parallel .

Therefore z(6) would not be simple at zo, that is z(0,) = z(9,) . Since by
proposition (¥.).Y) , the preimage of zo are dense in J(Q,) .It follows that

J(Q,) contains no smooth arcs . =

Example (¥.).)Y)

J(Q,) is infinitely many different simple closed curves for A =1F./5 .

First , let A=1++5 . We now turn to the case of an attracting
periodic rather than fixed point .

Q%(z)=1z ,thus Q5(z)—z=0, hence 2222—z(4?+1)+(1+1)=0 , therefore
2:22—2“11%1/,12—22—3 , thus z=05 and z=0.809017 , which

Q,(0.5)=0.809017 and Q,(0.809017)=0.5 . Also Q',(z)=A-24z , thus

Q',(0.5)=0<" is an attracting fixed point .

Therefore +.¢ and +.A+2+V lie on an attracting periodic of period Y .

The dynamics of Q, on the real line relatively straight forward , there are two
repelling fixed points at + and +.19:3AY3 | since Q, as two repelling fixed

point z=0 or z= /17_1 =0.6909829 , that is

Q',(0)>' and

Q’,(0.699829)>" .

The fixed point at +.79:3AY4 s the dividing point between the basin of
attraction of +.© and +.A+4.\Y | By proposition (¥.).®) , one may show that

there are two simple closed curves 7, and 7, in J(Q,) which surround -.°

and +.A+3+1Y respectively .
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The curves 7, and y, meet at fixed point +.13+3AY4 |
There is much more J(Q,) however . The basin of attraction of +.¢ is not
completely invariant because one preimage of the interior of y, is y; but

there is another surrounding the other preimage of +.¢ is «.Y3+3AY | since
Q,(z)=0.5 , thus 3.236067%2—-3.2360672+0.5=0 , hence z=0.809017

and z=0.19098: . Therefore Q,(0.190983)=0.5 . Hence there is a third
simple closed curve in J(Q,) surrounding +.2:9AY as well . Now both
v N4 3AY and A3 must have a pair of distinct preimages , each is
surrounded by a simple closed curve in J(Q,) . Continuting in this formula ,
we get that the Julia set of Q, must contain infinitely many different simple
closed curves .

In the same way if A =1—+/5 then z =0.499999¢ and z =-0.309017 .
Q,(0.4999998) = —0.309017 and Q,(~.0309017 ) = 0.4999998 : also

Q',(0.4999999 <) , thus --.¥+2:)Y and +.£19%99A lie on an attracting

periodic of period Y , also has two repelling at z=0 and z=1.809017 .
Hence - is the dividing point between the basin of attraction of -+.Y+3.)V

and +.£99%99A | There are two simple closed curves T, and T in J(Q,)

which surrounds +.£¢14434A and -+.Y+4+VY respectively .
So that if —1.236067%2+1.236067% +0.999998=0 , then z=-0.309017 and
z=1.3091017, also Q,(1.309017) = 0.4999998 . Hence there is third simple a

closed curve in J(Q,) surrounding Y.¥+2:\V | See fig. (¢) .

TA



Fig. ¢ Julia set for A =1F/5 .

Section Two (¥.Y)
Topological properties of Julia sets of maps

Of the form (1z-17%)

The goal of this section is to derive the topological properties of

Julia sets of the map of the form (1z -1 7?) .

Theorem (¥.Y.)) [YY] (Bottcher theorem )

Let f:C.—C. be a rational map . If z, is super attracting fixed
point , f(z)y=z0+a(z-z0)"+. .., n>2and a=#0 , then f is conjugate to
@ 0 f o@':w—w in some neighborhood of z, .

The proof can be found in [YY] .
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Definition (¥.¥.Y) ['V]
Let f:C. — C. be arational map has a super attracting fixed point

at + . Let Q Dbe the basin of attraction of this fixed point . Define

G:Q-{0} >R by G(z) =loglpc 2| . If G(z) <+ .Then the map is called the

Green’s maps of f .

Remark (¥.¥.¥) [V'Y]
Let f:C.,— C. be a rational map . Define a critical value to be the
image of a critical point . And , let a branch of the inverse map f*(w) be

the bijection between a neighborhood of w and a neighborhood of z where

fczy=w , w notacritical value of f .

Theorem (¥.Y.¢)
The Julia set J(Q,) , where Q,(z) =1z-A12? , is connected if and

only if there is no finite critical point of Q, in the basin of attraction A,(x) .

Proof :

By proposition ().Y.)¢) ,

2
F.(z)y=r oQ, or(zy=ro Qﬂejzr(é_gj:gzz_g . Thus F,(0)=0 .

Therefore oo is super attracting fixed point of Q, and Q,(«) =« , also
Q',(0) =0 . Now in a neighborhood of « and by theorem (¥.Y.)) there
exists a conformal map ¢ such that o(Q,(2))=p2)?. . . (*.Y.)), where
»z2)y=z+0 (1)

that is the following diagram commutes :



v, —— U.
’ l
22
Uoo —_—) Uoo

Such that ¢ Q, »*=g and g(z) = z2 . Next since logje( 2)| has a logarithmic

pole atoo, loglec 2)| = log|z + O(L) = log|z| = log /x* + y*

0% loglex 2))| L7 logle )|
O X2 0Y?

J(Q,)=0A,() andif 1z1=1, then loglpcz)| — 0 as z — 0 A, () .

=0.Thus logjpc 2)| is positive and harmonic .Since

By definition (¥.Y.Y) , thus logjpcz)|=Gcz) for A;() .
Thus taking the logarithm of the modulus of (¥.¥.") for

G(2), logp(Q, (2)) = 2log|e(z), we have
G(Q,(2))=2G(2) (YY)

Now a component of the Fatou set map onto another component of the
Fatou set since otherwise a boundary point ( in element of the julia set ) map
to a point in the interior of a component of the Fatou set . This is a

contradiction because by proposition (¥..°) ,J(Q,) is completely invariant .
Next if a bounded component of A;(x)exists , some iterates of Q, maps
onto the component of A, (o) which contains o« . This means that for some

z in the bounded component and integer n , Q% (z) = .

Y



This is contradiction because the iterates of a polynomial are polynomials do
not have poles . Thus A, (%) is connected .

Define a level curve of G(z) as A.={z:G(z) =a}, where aeR ,since for
Ze A, G(Q,(2))=2G(z) =2a , then Q,(2) takes the level curve A, to the

level curve A,, . SO Q,(2) € Aya - Define the exterior of level curve A, to be
the set E.={z:G(y>a}={z:|p(z) > e}.

Then Q,(z) maps E, two —to-one to E,, which is a subset of E, . To
extend ¢(z), first consider a neighborhood U =E, of « on which the
theorem (¥.V.)) holds .

Then on E% we can define ¢ z) =1/(piQi(Z)i (since z e E% , Q,(2) e E;) SO
the right hand side of the equation is defined . Continue in this way defining

@(Z) on E% ={ z :|lpc2)|> exp( ")} as long as there are no critical point in

the extended region . At a critical point a single —valued analytic map can

not be defined .

Soas n—w , ¢ is defined on fj E%={ z :lpcH|> exp( ")}, thatis
n=1

U E%={Z o H|>1} ={z2:G(2) > }= Ao .
1

(<) Recall that A,() is connected . Now ¢ is homeomorphism which
maps A,(o) conformally to the exterior of the unit disk . Since simple

connectivity is preserved by homeomorphism and exterior of the unit disk on

the Riemann sphere is simply connected , A;(c) must be simply
connected . Thus it follows that 6 A, () = J(Q,) is connected .
(=) Assume that there exist zoe 6 A;() , zo is a finite critical of Q,(z) .

Let G(zo) =ro and consider Ay, . Differentiating (¥.Y.Y) at zo yields
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(agG(Qi(ZO))j.Q’A(Zo)=2§G(20) , since zo is a critical point of Q,,
/A z

Q’,(20) =0, thus

d d 3 0
—G Z Q' (20)=2—G(20) =0=2—G(20) ,thus —G(z0) =0 .
(82 Q¢ o)))QA ) =2—G(20) =, G =, G0

So 20 is a critical point of G(z) . Thus the level curve A,, consists of at

least two simple closed curves that meet at the critical point zo . Within each
of these simple curves there exist points in the Julia set. If not , G(z)is
harmonic and positive on a non-empty region V within one of the simple

curves and the maximum principle applied to Gcz) and -G(zo) gives
G(zy<ro and -G(zo)<-ro forall zeV .So G(zy=roon V . Let f be the
analytic map with real part equal to G¢z) . Then by the uniqueness
theorem , G(z)=ro on A,(x) . This contradicts that A,(o) —-> o . Thus

J(Q,) is disconnected . Therefore there is no finite critical point of Q, in

A(0) . B

Proposition (¥.Y.9)
If Q, has a critical point in A,(«), then J(Q,) has uncountably
many components.
Proof :
Let zo be a critical point for Q, .
Let w be an element of the backward orbit of z, , that is Qj(w) = zo for

some n . Then by theorem (¥.V.¢)that G defined on this theorem |,
G(Q)(w))=2"G(w), or Gw)=2"G(Q}wy) . Thus Gw) =2"G(z0).

Differentiate both sides to get agG(W) =2"§G(20):0 , So that w is a
z z
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critical point of G(z) .Thus any level curve consists of at least two simple

closed curves that meet at the critical point w . Since the choice of w was
arbitrary , the level curves split in each of the w ,so follow the splitting by
assigning * to the left branch and Y to the right branch .

Since there are uncountably many sequences of :'s and ‘'s there are

uncountably many components of J(Q,) . =

Definition (¥.Y.V) [Y+] (pp.TV)

A set is totally disconnected If it contains no intervals .

Theorem (¥.Y.V)
Let Q,zy=4z—-4z2 . If Q}(0.5)—>w , then J(Q,) is totally

disconnected .

Proof :

Since « e F(Q,) and F(Q,) is open , there exists a neighborhood D.,
of oo such that D, c F(Q,) . And since « is an attracting fixed point of Q, ,
Q,(D.)c D. .
Let D=C,\D. . ThenDis an open setand J(Q,)c D .
Now, since Q}(0.5) — o by assumption , choose k large enough so that Qf
maps *.° to D, . Thus for n>k , there is no critical value of Q) in D, and
all the branches of the inverse map Q" are defined and map D in D .
( Else there exists zeD such that w=Q;"(2)e(C,\D)=D. . Now
Ql(wy=zeD , but Q}: D, — D.. implies that ze D., . This contradicts the

choice of zeD ).
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Let zoe J(Q,) , then Q' (zo) € J(Q,) since the Julia set is completely invariant
under Q, from proposition (¥.).°) . Define f_ to be the branch of the inverse
map Q" which maps Q' (zo)to zo . Thatis, f_(Q}(z0))=20 . Since f_ maps
D into D, {f_} are uniformly bounded on D .

Note that by modifying the integer k above , {f } is uniformly bounded on a
neighborhood of D . Thus {f} is normalon D.

Now for all zeDNA, (), f (z)accumulates on J(Q,) since
f (2) >0 A,(o)(except for z=w) . Then let f be the limit of some
subsequence {f"} of {f }.

Now f maps DNA.(ointo J(Q,) since f"(z) »>welJ(Q,) and
f™— fczyimplies f(z) =we J(Q,) by the uniqueness of limits .

Then by open map theorem ().Y.YY) f is constant since J(Q,)=0 A, ()

from theorem (Y.).)Y) and the boundary of an open set has empty interior .
(If z in the interior of the boundary of an open set U then there exist a
neighborhood of z contained entirely in oU .

But for any ¢>+ , there exists zeD(z,6)(NU , by the definition of the
boundary set . This contradicts that U is open) .

Now , diam {f (D)}— 0 . (Suppose not . Then there exists &>+ and
if. | such that diam {f (D)j>¢ .
1f. | is normal so there exists {fnmj} , a subsequence , and f a limit map,

such that fnmj — f uniformly . By the argument in the previous paragraph ,

f =wo , a constant . Thus for a fixed branch, f_, with j> j, ,

nmj

Fon, (2> —Wo <§ forall ze D , Then

Yo



diam {fnmj(D)}<2§ , contradiction ) . Then since f_ is continuous |,

f, (D) f,(D),and f, (D) has diameter tending to zero .
Next , by invariance of Fatou set, oD — F(Q,) implies that
f (6D)c F(Q,) and it is disjoint from J(Q,) . Now recall that for z € J(Q,) ,
f was chosen sothat f_(Q}(zo))=20 and f (Q}(zo))c f (D) since
Q% (z0)e J(Q,)cD .Also, f (D) f (D),so ze f, (D)forall n.Now
diam {fn(ﬁ)}—>0 implies that { zo} must be a connected component of .
To see this recall that D consists of elements of J(Q,) and the boundary
which isin F(Q,) .
For any &>+ ,choose k such that diam {f, (D)}<s . Within this disc f (D),

the boundary is mapped to a curve that winds around elements of the Julia
set in the interior . Thus only points in the Julia set are within 2¢ of each

other will be elements of a connected component of J(Q,) . But since ¢ can

be chosen arbitrarily small , eventually all points of the Julia set will be

separated by the Fatou set, o f, (D) for large enough k.
By definition (¥.Y.1), J(Q,) is totally disconnected . =

Corollary (¥.Y.A)
Let z be the critical point of Q,(z) =Az—- 422 . If Qj(z) >« , then
J(Q,) is totally disconnected . Otherwise, {Q’(2)} is bounded , and J(Q,) is

connected .
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Proof :
Since z=0.5 is the critical point of Q,(z) .
If Q}(0.5) is bounded then 0.5e A;(o)and J(Q,) is connected from
theorem (V.V.¢) .
Next , if Q}(0.5) — o« then by theorem (¥.Y.V) J(Q,) is totally disconnected .
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Appendix : Computer algorithm

The following is a computer algorithm .

The algorithm first introduce , the real and imaginary parts of the parameter
c.The lower left coordinates gives the algorithm the lower coordinate of the
box in which to calculate the Julia set ( thus also giving it the box in which
draw the set).

The side length tells the algorithm how tall and wide to make the box. Thus
if lower left coordinates are given as -).¢ , -).¢ and side length is givenas ¥
, the Julia set will be calculated for points with real parts from -).© to ). and

imaginary parts from -).eto ).e .

The algorithm does its real work inside the for — loop . The algorithm iterates

each x , y combination to see weather it escapes infinity or not .

If it does escape , it moves onto the next point . If it does not , its draws a

dot at that point’s coordinates on the screen .

The algorithm can not actually check weather a point really goes to infinity or
not .

What it actually does is to see weather a point moves outside of a disc of
radius ¢ within some number of iterations ( specified by the user in the
beginning ) . If the user wants to change the size of this disc , say to 1, he

simply has to change the line .
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If r > ¢ then exit do
To
If r > 1 then exit do
The disk of size ¢ does , however , give accurate results .
Similarly , we can introduce the algorithm with respect to parameter A .

Now , we give the algorithm for c and we give the algorithm for A .

Algorithm :Plot Julia set V;
Input :Real part ,Imaginary part ,Low X-coor,Low Y-coor ,Side length,
Maxlter,Disk Radius ;
Output :Graphical Repesentation of Julia set;
Begin
High X —coor := Low X-coor + Side length;
High Y —coor := Low Y-coor + Side length;
Step size := Side length /¢«
Set Window (Low X-coor, Low Y-coor)-(High X —coor, High Y —coor);
For xo := Low X-coor To High X —coor Step Step size Do
For Y, := Low Y-coor To High Y —coor Step Step size Do
Begin
X = Xo; Y = Yo;index :=0;
While (Index < Maxlter) Do
Begin
Temp:=x*x—y*y+Real part;
y :=2*x*y+Imaginary part;
X =temp;
Radius:=x*x+y*y;

If Radius > Disk Radius Then

v4



Exit while Loop;
Index :=index +);
End;
If index = Maxlter Then
Plot ( Xo, Y );
End;
End;

Algorithm :Plot Julia set ¥;
Input :Low X-coor,Low Y-coor ,Side length, Maxlter, Disk Radius ;
Output :Graphical Repesentation of Julia set;
Begin
L)=)-SQR(°);
LY=";
High X —coor := Low X-coor + Side length;
High Y —coor := Low Y-coor + Side length;
Step size := Side length /¢«
Set Window (Low X-coor, Low Y-coor)-(High X —coor, High Y —coor);
For xo := Low X-coor To High X —coor Step Step size Do
For Y, := Low Y-coor To High Y —coor Step Step size Do
Begin
X = Xo; Y = Yo;index :=0;
While (Index < Maxlter) Do
Begin
Temp:=L1*(X*(1—-X)+y*y)+L2*(2*x*y-y) ;
yi=L1*(y—(2*x*y))+ L2* (X = X*X+ y*y);



X :=temp;
Radius:=SQR ((x*x)+(y*y)) ;
If Radius > Disk Radius Then
Exit while Loop;
Index := index +);
End;
If index = Maxlter Then
Plot ( Xo,Yo );
End,;
End;
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Some of Julia sets

Tt
A=

Fig.) : The Julia set for the map

d. (Z) = 72+, over the interval

[ -).2, V.2 Jon the real axis and

[-).2, .2 ] on the imaginary axis

for ¢ = ¢+, computed by '+ iterations .

Fig.¥ : The Julia set for the map
d. (Z) = 72+ C, over the interval
[-).2, ).° ]Jon the real axis and

[ -).2, V.2 ] on the imaginary axis
for c = «.YY++.+£Yi | computed

by )+ iterations .

Fig.Y : The Julia set for the map
d. (Z) =72+ C , over the interval

[ -).2, ).° Jon the real axis and
[-).2,).2] on the imaginary axis
for ¢ =-) , computed by ) iterations .

Fig.¢ : The Julia set for the map
d. (Z) =724+ , over the interval

[ -).°, ).° Jon the real axis and

[ -).°, ). ] on the imaginary axis
for ¢ =-+.Y++. A, computed

by )+ iterations .



Fig.e : The Julia set for the map
d. (Z) = 72+ C, over the interval

[ -).2, V.2 Jon the real axis and

[ -).2, V.2 ] on the imaginary axis
for ¢ = +.111, computed

by )+ iterations .

Fig.n : The Julia set for the map
. (Z) =724 , over the interval

[ -).2, V.2 Jon the real axis and
[-)., ).2] on the imaginary axis
for c =-1 , computed

by )+ iterations .

Fig.V : The Julia set for the map
d. (Z) = 72+, over the interval

[ -).°, ).° |Jon the real axis and
[-).2, ). ] on the imaginary axis
for ¢ = +.Yo-+ 2Yi | computed

by Y-+ iterations .



