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ABSTRACT

The essence of asymptotic methods is approximation. The main object
of this thesis is to give a unified derivation of some results and theorems.

Also, this thesis deals with asymptotic distributions that is the
distributions we obtained by letting the time horizon (sample size) tends to
infinity. The research methodology is theoretical. The present study consists
of three chapters.

In chapter one we give general introduction, review of literature and
out line of this thesis.

Chapter two contains the key tools of asymptotic analysis and presents
limit theorems for a univariate case (for example about sequence of random
variables).

Chapter three contains the key tools of asymptotic analysis and
presents limit theorems for a multivariate case (for example about sequence
of random vectors).

Furthermore, we obtain some results about the asymptotic theory.
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ABSTRACT

The essence of asymptotic methods is approximation. The main object
of this thesis is to give a unified derivation of some results and theorems.

Also, this thesis deals with asymptotic distributions that is the
distributions we obtained by letting the time horizon (sample size) tends to
infinity. The research methodology is theoretical. The present study consists
of three chapters.

In chapter one we give general introduction, review of literature and
out line of this thesis.

Chapter two contains the key tools of asymptotic analysis and presents
limit theorems for a univariate case (for example about sequence of random
variables).

Chapter three contains the key tools of asymptotic analysis and
presents limit theorems for a multivariate case (for example about sequence
of random vectors).

Furthermore, we obtain some results about the asymptotic theory.



GCHAPTER ONE

INTRODUCTION

In this chapter, we give three sections. Section one includes a general
introduction, section two includes the review of literature and section three

includes the out line of this thesis.

V.- GENERAL INTRODUCTION

Exact distribution theory is limited to very special cases (normal
independent identically distributed (i.i.d.) errors linear estimators), or
involves very difficult calculations. This is too restrictive for applications.
By making approximations based on large sample sizes, we can obtain
distribution theory that is applicable in a much wider range of
circumstances. These approximations are sometimes quite accurate and can
often be constructed without a complete specification of the population

distribution for the data. Suppose F,(x)is the (unknown) cumulative

distribution function for some statistic based on a sample of size ». If it can

be shown that the sequence of functions Fj(x),F,(x), ... converges rapidly
to a known limit F(x)as n tends to infinity, then we might use F(x)as an
approximation to F,(x)even for moderate values of n. The quality of the

approximation depends on the speed of convergence, but can be checked by
computer simulation.

The simplest example of this approach ‘is the average of independent
draws from a distribution possessing a finite variance. Let Xy = n_IZ?:lXI. ,

where the X’s are i.i.d. with population mean =E(X;)= xand population



variance =Var(X,) = o2 . By an easy calculation, we find that X, has mean

u and variance o2 /n. Although the exact distribution of Xy depends on the
distribution of X’s, a simple asymptotic approximation is always available.
The cumulative distribution function F, for X, is quite sensitive to the
value of n so we would not expect the limit of the sequence F,, F,,... to

yield a good approximation to F, unless n is very large. But the
standardized random variable S, =n (in —u)/o has mean zero and
variance one for every n; its cumulative distribution function, say F,, is

much less sensitive to the value of n. Thus, if we could find the limit F*of

the sequence F,', F,, ..., we might be willing to use it as an approximation
to the distribution of S,. The sequence F, F;, ... necessarily converges to
the standard normal cumulative distribution function. This leads us to
approximateF, by the cumulative distribution function of a N(u,o?/n)

distribution.

People may ask; since asymptotic distribution is only an
approximation, why we are not using the exact distribution instead?
Unfortunately, the exact finite sample distribution in many cases are too
complicated to derive, even for Gaussian processes. Therefore, we use
asymptotic distribution as alternatives.

Many estimators and test statistics used in econometrics are
complicated nonlinear functions of the data and are not covered by the
standard theorems which deal with sums of random variables. However,
these statistics can often be approximated by sums and are still amenable to

asymptotic analysis.



Most econometric methods used in applied economics are asymptotic
in the sense that they are likely to hold only when the sample size is “large
enough”.

Asymptotic theory involves generalizing the usual notions of
convergence for real sequences to allow for random variables. It is important
to emphasis that limiting distributions obtained by central limit theorem
(CLT) all involve unknown parameters which we seek to estimate.

We offer some of theorems, propositions and corollaries without
proof.

This thesis develops the basic asymptotic results that will be used in
subsequent chapters. We summarizes the key tools of the general
introduction, review of literature and out line of this thesis in first chapter
and the key tools of asymptotic analysis and presents limit theorems for a
univariate case (for example about sequence of random variables) in second
chapter and for a multivariate case (for example about sequence of random
vectors) in third chapter and included some results in these chapters about

the asymptotic theory.



V,Y- REVIEW OF LITERATURE

The joint asymptotic distribution of the sample mean and the sample
median was found by Laplace almost ¥+ + years ago. See Stigler [ Y] for an
interesting historical discussion of this achievement. After this, Ferguson,
T.S. in [YY] derived the asymptotic joint distribution of the sample mean and
an arbitrary quantile and he hoped that the proof may be new and of interest.

In (V3AY) Irvine, J.M. [Y°] derived the asymptotic distribution of the
likelihood ratio test that is one technique for detecting a shift in the mean of
a sequence of independent normal random variables. In (Y19A) Rust ,J. [¥+]
studied the empirical process proof of the asymptotic distribution of sample
quantiles.

In (Y399) Alves, M.LLF. [¢] derived the asymptotic distribution of
gumbel statistic in a semi-parametric approach (*) where this note is an
answer to some open problems connected with recent developments for
appropriate methodologies for making inferences on the tail of a distribution
function (d.f.). Namely, in Fraga Alves and Gomes ()347), the Gumbel
statistic, based on the top part of a sample, is used in a semi-parametric
approach, in order to fit an appropriate tail to the underlying model to a data
set. The problem of statistical inference about external observations is
handled there according to a test for choosing the most appropriate domain
of attraction for the tail distribution, which gives preference to the Gumbel
domain for the null hypothesis. The asymptotic behaviour of the referred
statistic 1s derived therein under that null hypothesis and Alves, M.LF.
presented similar extended results under the alternative conditions, i.e., for

d.f. that belongs to the other Generalized Extreme value domains, as an



accomplishment to the promise made in last chapters of Fraga Alves and
Gomes (Y230; 1447),

In the same year Flinn, C. [Y¢] studied the asymptotic results for the
linear regression model and Kelejian, H.H and Prucha, I. R. [Y1] first gave a
general result concerning the large sample distribution of Moran I type test
statistic and applied this result to derive the large sample distribution of the
Moran [ test statistic for a variety of important models for which general
spatial correlation testing procedures are not available.

In the same year Potscher, B.M, and Prucha, I. R. [Y%] provided a
review of basic elements of asymptotic theory. Topics included modes of
convergence, laws of large numbers and central limit theorems.

In (Y++)) Sarno, E. [Y)] studied the asymptotic distribution of the
Euclidean distance between time series models proposed by Piccolo () 4A¢,
Y44+) in the case of Moving Averages models comparisons when least
squares estimates are used for the unknown parameters. Piccolo showed that,
when purely Autoregressive models are compared, the distribution of the
distance estimator is a linear combination of independent Chi-squared
random variables and invertible Moving Average models are considered to
show that under the same assumptions stated by Berks () 1Y¢) and Bhansali
(Y4YA) for autoregressive model fitting of stationary processes, a similar
result holds. Some descriptive statistics are then used to evaluate the
effectiveness of such asymptotic result on finite samples sizes under specific
model comparisons.

In (Y++¢) Dufour, JM. and Jouini, T.[Y)] studied the asymptotic
distribution of a simple two-stage (Hannan-Rissanen-type) linear estimator
for stationary invertible vector autoregressive moving average (VARMA)

models in the echelon form representation. General conditions for



consistency and asymptotic normality are given. A consistent estimator of
the asymptotic covariance matrix of the estimator is also provided, so that
tests and confidence-intervals can easily be constructed.

In the same year Bertola, M. [Y1] presented the formal properties of
corrrelators of eigenvalues in the so-called planar limit (semiclassical) of
various matrix models in terms of certain algebra-geometric data and
Anderson, T.W. [)°] studied the asymptotic distribution of a set of linear
restrictions on regression coefficients where reduced rank regression
analysis provided maximum likelihood estimators of a matrix of regression
coefficients of a specified rank and of corresponding linear restrictions on
such a matrix. These estimators depended on the eigenvectors of an “effect”
matrix in the metric of an error covariance matrix and shown that the
maximum likelihood estimator of the restrictions can be approximated by a
function of the effect matrix alone. The procedures are applied to a block of
simultaneous equations. The block may be over-identified in the entire

model and the individual equations just-identified within the block.

\,¥- OUT LINE OF THIS THESIS

This thesis is divided in three chapters

Chapter one contains the general introduction, review of literature and
out line of this thesis.

Chapter two contains the key tools of asymptotic analysis and presents
limit theorems for a univariate case.

Chapter three contains the key tools of asymptotic analysis and
presents limit theorems for a multivariate case.

Furthermore, we obtain some results about the asymptotic theory.



CHAPTER TWO

UNIVARIATE CONVERGENCE

The purpose of this chapter is to introduce many basic concepts,
definitions and results which find use in this chapter and in the later
chapter.

, - Basic Concepts and Definitions
Definition (Limit of Sequence) ( , , )| |

Let {A,}be a sequence of sets. The set of all points w in the set Q that
belong to A, for infinitely many values of # is called the limit superior of

the sequence {A,} and is written as limsup A,.
n—»0

The set of all points that belong to A, for all but a finite number of
values of n is called the limit inferior of the sequence {A,} and is written
as liminf A,.

n—»®0
If limsup A,=liminf A,,
N—>00 n—»o0

we say that limit exists of the sequence {A,} and we denote it by
lim A,

n—»0
For an increasing sequence A c A — ..., lim A,=U A,.

n—»0 n
For a decreasing sequence A D A o..., lim A,=(1A,
n—>0 n
In the case of an arbitrary sequence of sets A, A,..., we have

liminf A,= U N Ag, limsup A, =N U As.

n—>00 n=lk=n n—>0 n=lk=n

Definition (Probability Space) ( , , )[ |

A probability space consists of a triple (2, F, P) where

(1) Q is a space of points w, called the sample space and sample points. It is
a nonempty set that represents the collection of all possible outcomes of an
experiment.

(11) F'1s a o-field of subsets of Q. It includes the empty set as well as the set
Q and is closed under the set operations of complements and finite or
countable unions and intersections. The elements of F are called
measurable events, or simply events.

(i11) P(.) is a probability measure on F; henceforth refer to P as simply a
probability.



Definition (Convex function) ( , , )[ ]

A continuous function f with domain and counterdomain the real line
is called convex if for every x. on the real line, there exists a line which
goes through the point (x., f(x.))and lies on or under the graph of the

function f.
i.e., A real valued function f is convex if

@) flax+(-a)Y<a fx)+d-a)/ (Y.
for all x, Yand all0 < ¢ <1. This holds 1f and only 1if

(i) £+ W70+ O
for all x, Y. Note that (i1) holds if and only if

(111) f(S)S%[f(s—r)+f(s+r)] forall r, s

Also
(iv) f"(x) >0 for all x implies f is convex .

Definition (Convergence of a Sequence) (Y,Y,¢) [¥Y], [¥]

Let {a,},_, be denote a sequence of constants. The sequence a,

converges to a limiting value a if every neighborhood of a contains all but a
finite number of the full sequence; that is, for each& > 0, there exists some
ng such that ‘an — a‘ <g forall n>n,.

Usual notation is lim,_,» a, =a or a, — a,as n—> .

Example (Y,V,°) [V¢]
(1) A very important example of a convergent sequence is as follows.

n
For any real number c, (1 + Ej —e°,as n— oo (Eulers limif).
n

1
(MLleta,=1-—; a, >, as n—>o
n

Definition (Y,Y,%) [YV]

The sequence of real numbers {a,} is asymptotically equivalent to
the sequence {b, }, written a,, ~ b,, if (a,/ b,)—).
Equivalently, a,~ b, if and only if.

@ = bn -0

ap
The left-hand expression above is called the relative error in approximating
a, by b,.

We introduce some concepts about order



Order
Conventions (Y,Y,V) [VV]
We examine the relative behavior of two sequences a, and b, as

n — . The following list illustrates how to verbalize the notation
") a,=o0(b,)=a, islittle o of b,.
(Y) a, =0(b,)= a, isbig O of b,.
(M) a,=0,(b,)= a, islittle 0 pof b,.
(¢) a,=0,(b,)= a, isbig O pof b,.
The equal sign is read “is” rather than “equals”. It signifies a relation
between the left —and right— hand sides.

The O, 0 Notation (Y, ),A) [¥1]

Before the discussion of the concept of convergence for random
variable, we will give a quick review of ways of comparing the magnitude
of two sequences. A notation that is especially useful for keeping track of
the order of an approximation is the “big O, little 0 .

Let {a,} and {b,} be two sequences of real numbers. We have the

following three concept of comparison:
() a,= O(b,) if the ratio a,,/ b, is bounded for large n, if there exists a

number K and an integer n(K) such that if n > n(K), then ‘an‘ <K ‘b,,‘ :

(Y) a, =o(b,) if the ratio a,/ b, converges to *, as n — .
() a,~ b, iff a,/ b, =c+o()).

Example (Y,Y,%) [¥1]
Taylor expansion of a function f(.) about the value ¢ can be stated as

f(x):f(C)+(x—c)f'(c)+0(‘x—c‘) as x—c.
Theorem (Y., +) (Taylor) [*1]

Let the function f have a finite nth derivatives f & everywhere in

the open interval (a, b) and (n —))th derivative f =D continuous in the
closed interval [a, b]. Let x € [a, b]. For each point Ye[a, b], Y=x, there
exists a point z interior to the interval joining x and Y such that:
1 (k) (n)
z
f(M:f(x)'i_zf ( ) fn'()

k=1

(Y-x (Y-x)".

Or

1 o)
Y= s+ 2t

k=1

(Y- x) +o(\y—x\ jasy—nc.



Y,Y- Concepts of Convergence of a Sequence of Random Variables.
[¥1]

Consider a sequence of random variables X\(w), Xv(w), ...defined on
the probability space (€, F, P). The random variable X(w) is a
transformation of € on to the real line. The sequence of random variables
Xy(w), Xv(w), ... is usually denoted by X, Xy, ...or simple by {X },n="),

Y,
A sequence of random variables, assuming that it converges, can
either converge to a constant or to a random variable. In the case where

{ X, } converges to a random variable, say X, the distribution function of X
is said to asymptotically approximate that of X,,.

There are several different modes of convergence of a sequence of
random variables. These are “convergence in probability”, “convergence

with probability one”, “convergence in rth mean” and ‘“convergence in
distribution”.

Definition (Convergence in Probability) (Y,Y, V) [YY], [¥€], [Y 9]
A sequence of random variables X, Xy, ..., is said to converge in
probability to a random variable X if, for every ¢ >0,
lim P(X, - X|>¢)=0

n—»o0
or, equivalently
lim P(X, - X|<e)=1, .o, (Y:))
n—>0
P
It is common to write X,, > X or plim X, = X.

n—»0
Remark (Y,Y,Y) [YY]
For all ¢ >0, the quantities PQXn —X‘ 23) and P(]X,, —X‘ <8) are
just constants Thus, when we discuss convergence in probability, we are

basically dealing with sequences of numbers. Informally, one might say that
P
X, =X if the probability that X, “stays away from” X gets sufficiently

small as n gets large.
Example (Y,Y,Y)

Suppose X, is normally distributed with mean u, = u + K and the
n

: 2 © : .
variance G, =—. To show that {X,} converges in probability to u,, a
n

fixed constant. Here we show the convergence of X, to u, by obtaining
PQXn - ,un‘ <5) directly. But as it becomes clear later, the result can be



established much more easily using general results on convergence in

2
probability. Since X, —u, ~ N (E,O——j it is easily seen that
non
k k
£—— —&——
_ n n
P(Xy = | <e)= | — | =g —|,

Jn Jn
where ¢(.) represents the cumulative distribution function of a standard
normal variate. But

k
e e\Nn
lim ¢ L :limgz{ jzl, forany &>0
n—»o0 i n—»o o
Jn
and
k
e —evn
lim ¢ L zlim¢( JzO, forany ¢>0
n—>0 O n—>0 o
n
Therefore

lim P(X, — u,| <¢)=1,

n—©
as required
For a given value of g the rate of convergence of X, to u, clear

depends on k, ¢ and the shape of the distribution functiong(.). The larger
the value of 6, the slower will be the rate of convergence of X, to u,.

Theorem (¥,Y,¢) (Continuity) [¥Y]

p
Suppose that X, > X and let g: R — R be a real continuous

p
function. Then, g(X,,)— g(X)
Proof

Suppose that X, ﬁ)X. Since g is continuous, we know that for all
¢ >0, there exists some 0, >0 such that ‘xn — x‘ <0, = ‘g(xn) - g(x)‘ <eg
(definition of Continuity of a function). Define the
events A={x:|x, —x|<d,} and B= {x:‘g(xn) — g(x)‘ <¢}. Clearly, AcB
Furthermore, we have



P(X, —X|<&,)=P(X, € 4) < P(X, € B) = P{g(X,) - 9(X)| < &}.But,

p

since X, = X, it must be that
P(X, - X|<d,)—>1.

Hence, the result follows. m

Definition (Convergence With Probability One) (Y,Y,¢) [¥1]

Consider random variables X,, Xy, ... and X, we say that X,
Converges with Probability One ( or strongly, almost surely, almost every
where, ... etc. ) to X if

P(w: lim X, (w)= X(w)) =1.
n—»0
o.p.l
This is written X, — X, n—>o. To be better understanding this
convergence, we give the following equivalent condition:
lim PQXm —X‘<e, for all mZn):l, forevery e>0............ (Y,Y)

n—>0

The concept of convergence in probability defined by (¥,)) is a
special case of (Y,Y) (setting m = n in (¥,Y) delivers (¥,)). But as we shall
see below the reverse is not necessarily true. The concept of convergence
with probability ) is stronger than convergence in probability and is often
referred to as the “strong convergence” as compared to convergence in
probability which is referred to as “weak convergence”.

Definition (Indicator Function) (Y,Y,%V) [¥¥]
I(A)=" if A is true.
I(4) =+ if A isnot true.

Proposition (¥,Y,V) [¥Y]
E[I(X € A)]= P(X € A).

Proposition (Y,Y,A) [Y°]
o.pl p
If X, > X,then X, —>X.

However, the converse 1s not true.

Theorem (Y,Y,%) [YY]
w.p.1

Suppose that X, — X andlet g:R—> R be a real continuous

w.p.1
function. Then, g(X,) — g(X).

Definition (Convergence in rth Mean) (Y,Y,Y ) [¥1], [°], [ ' 9]
We say that X, converges in rth mean to X if



lim E£/X,— X|" =0.
n—o0
rth

This is written X,, > X, n— .

Remark (Y,Y,Y V) [¥7]
The method we just use can be viewed as an application of the fact of
Convergence in rth Mean Implies Convergence in Probability.

Theorem (Y,Y,\Y)

rth p
(1) X, »>X=X,->X,vVr>0.
sth rth

(1) X, > X=X, > X,Vs>r.["V]

Proof
(1) For any & >0, we write

EX, = X[ ={EX, - X[ I([Xn - X|< &)} + E{X, - X| 1(X, — X|> &)}

EX, X" 2 E{X, - X[ 1(X,—X|> &)} 2" P(X, - X|>¢)
and thus
P(X,-X|>e)<e "EX,-X" >0, noow []m

Remark (Y,Y,V¥) [YV]
The case r =V is referred to as “convergence in mean square” or
m.s. q.m
“convergence in quadratic mean” and denoted as X,, > X or X, > X.

Notice, however, that as the following example demonstrates
convergence in probability does not necessarily imply convergence in
quadratic mean.

Example (Y,Y,V¢) [YVY]
Consider the following sequence of random variables:
n with probability Y/n

Xp=
+ with probability Y—V/n.

p
Then X, ->0.But E(X,)=1 and Var (X, )=n—1.

Definition (Characteristic Function) (Y,Y,Y®) [V], [ V]
The characteristic function of a random variable X is defined by

b (O)=EE™), -w<f<w



where i =+/—1. The essential property of a characteristic function is that it
uniquely determined by the distribution function. In particular, if X has a
probability density function f(x) so that

o j@X N 17):¢
dx(O) =] f(x)dx=[" " dF(x).
Properties of Characteristic Functions (1. ¥, 1 7) [V]
For all real &, we have
(1) ¢4 (0) is continuous everywhere, 1.e., ¢y (8)is a continuous function of

0 in [—oo,00]. Rather ¢y (&) is uniformly continuous in 4.
(1) ¢y (0)1s defined in every finite € interval.

(iii) ¢y (0)= [ dF(x)=1
(iv) ¢« (0) and ¢y (—0) are conjugate quantities.
) ox@)|=|]" ™ f(x)ax < [* eigx‘ f)dx=[" f(x)dx=1= gy (0).

Since ‘¢X (9)‘ <1, characteristic function ¢y (€)always exists.

Definition (Convergence in Distribution) (¥,Y,\V)

Consider distribution functions F,(.), Fx(.), ... and F(.). Let X,, Xy, ...
and X denote random variables (not necessarily on a common probability
space) having these distributions, respectively. We say that X,, converges
in distribution (or in law) to X if

lim F,(v) =F(v), for all v which are continuity points of F.
n—>0

d L w
This is written X, >X or X, —>X or F, —>F. [V1], [YV], [°]

The limiting distribution function, F, is referred to as the asymptotic
distribution of X,, and provides the basis for approximating the
distribution of X,,, as n increases without bounds.

In practice when the mean or variance of X, increase with n, in
deriving the asymptotic distribution of X, it is necessary to consider the

limiting distribution of normalized or rescaled random variable,
Xp = .
=27 here u, and o, are appropriate constants.
Gn
In general, we would like to say that the distribution of the random
variables X, converges to the distribution of X if

F,(x)=P(X, <x)—> F(x)=F(X<x) foreveryxe R.[V]

Example (Y,Y,'A) [¥7]
Consider random variables X, which take values Y —n" or \ +n"'



with probabilities /Y. We would want the values of X, to be more and
more concentrated about ). Note that the distribution function of X,, is

0, x<l-n"'
F(x)=11/2, l-n <x<l+n
1, x>1+n .

By calculation, we have F,(x) = F'(x) as n—> o where

0, x<l1
F)=11/2  x=1
1, I<x.

On the other hand, for the random variable X taking value ) with
probability ). The distribution of X is
0, x<l1

F(x) =
1 x>1.

Apparently, not much should be assumed about what happens for x at a
discontinuity point of F(x). Therefore, we can only consider convergence in
distribution at continuity points of F. Read Example Y¢,Y,Y (pp £€1V) of [Y].
Another important tool for establishing convergence in distribution is to use
moment-generating function or characteristic function. The characteristic
function is used most often. Read example Y £,Y,Y (pp £1V) of [Y].

b

Theorem (Y,Y,V4) [V Y]

Let the distribution functions F, F,, Fy, ... possess respective
characteristic functions ¢, ¢, ¢ ... . The following statements are
equivalent:

w d
(1) F,—>F (or X,, >X);
(ii) lim ¢ (0 )=¢(0), for eachreal 0 ;

(iii) im J. g dF = .f g dF, for each bounded continuous function g .

Theorem (Y,Y,Y+) [Y1], [YA]
P d
If X,—>X, then X,—>X.

Proof:
For ¢ >0 and x is a point of continuity of F, we have
PX,<x)2P(X,<x,X<x—-¢) ... (Y.%)
because the first even is larger. Then we use the basic relation

P(A)=P(ANB)+P(4N BY),



which holds for any events 4, B. Take 4 ={X<x—-¢}and B={X, <x}. It

follows that AN B° < {‘Xn - X‘ > 8} and so
PX<x-e)SPX,<x,X<x-¢)+P(|X, - X]ze) ....... (Y,9)
Combining (Y,¥) and (Y, ¢) establishes
PX<x-e)XPX,<x)+P(X, -X|>¢),
F(x-¢)<F,(x)+P( X, —X|]>¢).

Since X, j)X, wehave P(|X, -X[>2¢g)—>0.
Thus F(x —¢)<liminf,_,  F,(x). By a similar argument, we have

limsup, -« F,(x) <F(x +¢). Since x is a point of continuity of
F, we have

liminf F,(x) =limsup F, (x) =F(x) .m

n—®© n—>o0

Remark (Y,Y,YV) [V¢]
P d
Generally, X, >X =X, —>X; however, if X is not a degenerate

random variable (i.e., not constant), then
d p
X —X doesnotimplies X —X.

Example (Y,Y,YY) [V¢]
X, = Z with probability (n—))/n
X, =n with probability )/n.
p d
Therefore plim X, =7; X,—>Z; X,—>Z,
n—»o0
convergence in probability implies that convergence in distribution.

Proposition (Y,Y,YY) [Ye]

p d
X, —>c¢c < X,, >c¢ where c is a constant

Example (Y,Y,Y¢) [V¢]

X, = + with probability ¥ —() / n)

X, = n with probability ) / n

p d

X,—0;X,—0

X, has non stochastic plim (0)
n—»0

We introduce some definitions about order in probability.



Definition "Big"' 0, (¥,Y,Y¢)[Y"]

Let {X, } denote a sequence of random variables. X,, is at most of

order in probability n* if, for all ¢>0, there exist constants n.,M. >0
such that

P(n*X,|<M,)>1-¢
for all n > n,. The notationis X, =0, (nk).
Example (Y,Y,YV)[Y]

If £ =-Y/Y, then nl/zXn stays bounded as n gets large with high
probability. In particular, with high probability, X, is bounded by

M ,n""? . This must mean that X,, itself is getting “small” as n gets large.

If k= +, then X, =0,(1). From the above definition, this says that

X, remains bounded by the constant M. for n large with high probability.
In this case, X, is said to be bounded in probability.

Definition (Y,Y,YV) ['V], [¥¥]

Let {a,} be a sequence of real numbers and let { X,, } be a sequence
of random variables. X, =0, (a,) if X,/ a,= 0,()).

The above definition can be generalized for two sequences of random
variables {X,} and {Y,}. The notation X, =0,(Y,) denotes that the

sequence {);" }is 0,(1).

n

Definition “Little” 0, (YN [Y]

Let { X, } denote a sequence of random variables. X,, is said to be of
smaller order in probability than n* if

p
n_an—>O, as n— o0,

The notation is X, =0, (nk).



Example (Y,Y,Y4) [Y+]
(1) The practical case of most interest to us is k = +. It is immediate that this

p
is the same as X, —0. Thus, writing X,= 0,() is a shorthand way of

saying that X, converges in probability to zero. More generally, the case
k < + is the most interesting.

B p
(V) if k=-1/2,X, =0,(n""'?), then n'"'*X,, 0.

Definition (Y,Y,¥+) ['V]

p
Let { X, } be a sequence of random variables. X, =0, (1) if X, —0.
That is,

for every ¢ >0, Iim P(| X, |<¢e)=1

n—»o0

or, equivalently, for every ¢ > 0 and for every 7 > 0,3 an integer n(e,n)
Such that if n > n(e,n) then
P(X,|<e)>21-n.

One can say, informally, that X, =0,(1) if X,,= o()) with arbitrarily high
probability.

Definition (Y,Y,¥Y) [VV], [¥¥]

Let {a,} be a sequence of real numbers and let { X, } be a sequence
of random variables. X, =o0,(a,) if X,/ a,= o0, (V).

The above definition can be generalized for two sequences of random

p
variables { X, } and {Y, }. The notation X, =0,(Y,) means that 1((" —0.

n

Remark(\’,\',f\’) [\V]
() a, Op(\): Op(an)-
() an 0,(Y)= 0, (an).

(V) Op(op(\)): Op(\)'



Theorem (Y,Y,¥Y) [YY]

For a finite constant c,

p
X,—>c=X,=0,(1).

Forc="+,

p
X0 X, =0,(1).

Proposition (Y,Y,Y¢) [Ye]

If X, and Y, are random variables defined in the same probability
space and a, >+, b, > +, then

() If X, =0,(a,) and Y, =0,(b,), we have

X, Y, =0,(a,by).

X, *+Y,=0,(max (a,, by)).

| Xu["=0,(a,)forr>0.
(i) If X;,= op(a,) and Y,= O, (b,), we have X, Y, =0,(a, b,).
Example (Y,Y,Y¥9) [¥°]
M) If X,= 0, (n") and Y, = op(nj), then X,Y,= op(nk+j).
(M If X,= 0,(n")and Y,= 0,(n"), then X, +Y,=0,(n").

Remark (Y,Y,¥1) [¥e]

The notations above can be naturally extended from sequence of scaler
to sequence of vector or matrix. In particular, X =0, (n") if and only if all

. k . . .
elements in X converges to zero at order n". Using Euclidean distance

1/2
HX,Z - XH = &l"il X, - Xl.)z) , Where m is the dimension of X, .



Convergence in L, Norm (¥,Y,YV) [¥¢]

When E(| X, |”)<cowith p> +, X, is said to be L,-bounded. Define
that the L, norm of X is HXH =(E|X )P,
p

Before we define L, convergence, we first review some useful inequalities.

Proposition (Cauchy- Schwarz Inequality) (Y,Y,¥A) [YA], [YVY]

\/X

E(XXY) [<E XY < (EX])" (EQYH.
Proposition (Jensen's Inequality) (Y,Y,¥%) [°]

Let X be random variable with finite mean E(X), and let f be a convex
function. Then

E[X)] = fIE (X)]
Proposition (Markov's Inequality) (Y,Y,¢+) [¥e], [T*V]

IfEX) <e,p> +and £>0, then
P(X[ze)<e PEX|.

Remark (Y,Y,¢V) [V°]

In the Markov's inequality, we can also replace |X| with |X — ¢|, where
c can be any real number.

Proposition (Chebyshev's Inequality) (Y,¥,¢Y) [V], [ ]

If X is a random variable with mean u and variance o', then for any
positive number A, we have

1
P(X-ul2i0)= 5

Proposition (Holder's Inequality) (Y,Y,€Y) [¥°], [YA]
EIXY[ <X, 1Yllgs

whereg=p/Ap—V)ifp>)andg=~ifp=").



Proposition (Liapunov's Inequality) (¥,Y,¢¢) [¥°]
If p>q>0, then [X| >[X] .
Proof

LetZ = ‘X 9 Y =), s=p/q, then by Holder's inequality,

EIZY [[Z Y], o

sis=1)° ©

/s /
e(ixe)<(erxe ) = (g1 x 2 f 7 m
Definition (L, Convergence) (¥,¥,¢9) [¥°]

If HXan < oo for all n with p > + and limn_mHXn — XHp =0, then X,
LP
is said to converge in L, norm to X, written X, —X. When p =7, we say

m.s
it converges in mean square, written as X, - X.

For any p>g¢>0, L, convergences implies L, convergence by

Liaponov's inequality. We can take convergence in probability as an L.

convergence, therefore, L, convergence implies convergence in

probability:

Proposition (Lp convergence implies convergence in
probability)(Y,Y,¢V)[Ye]

Lp p
If X,—>X then X, >X.

Proof
P(| X, —X[|>¢)
<& PE|X, —X|? by Markov's inequality
— .m

we introduce the relationships between the convergence in probability,
convergence with probability one, convergence in distribution and L,
convergence.



convergence with L, convergence

probability

convergence
in probability

convergence
in distribution

The Law of Large Numbers ( , , )[ |

Consider a sequence { X, } of random variables. The strong law of
large numbers (SLLN) states conditions under which the average
%L

n
corresponding convergence in probability result is called the weak law of
large numbers (WLLN).

Z?ZIXI. converges with probability  to some constant u. The

We shall first review the versions of the law for sequences of independently
identically distributed (i.i.d.) random variables. Subsequently we consider
the case where the random variables are independently distributed.

Theorem (Weak Law of Large Numbers) ( , , )[ L[ ]

Suppose that X , X, ..., are 1.1.d. random variables with E(X;) = u and
Var (X;) =02 <. Define X, :%ZLXI- . Then, X, j)y. That is, the
sample mean X, converges in probability to u.

Theorem ( .. , ) [ ]

Let {X,} be a sequence of independent random variables, with

E(X;)=py; and Var(X;) = Gl~2. Then a sufficient condition for

1 & p
;Z(Xi —u;)—0
i=1

1s that



lim 3" 6% =0.

"R =1
Proof

Define C, =2/ |(X; —p,) and 2 =Var(C,) = Z?zlciz , where the
final equality follows from E(C,)=0 and independence of the X's.
Chebyshev's inequality implies that for all € >0,

2
Zsjs L

1

n ne

and because the right-hand side converges to zero by assumption, it follows
p
that n_lCn —>0.m

Theorem ( , , ) and Theorem ( , , ) give different conditions for
the weak convergence of the sums of random variables.

Example( , , )[ |

Suppose that X , X, ..., X,~iid. fo(xp)=pd-p) ™, I (x= , ),
where < p < . Define the statistic
N
Pn :_ZXZ ’
ni-

p
for each n. From the WLLN, we know that p_— p. It follows that

5 p
log( p"A J—)log[LJ.
1= pan l-p

The quantity log {p / ( — p)} is called the log-odds of p and is often
abbreviated as logit (p).

Lemma(,, ) [ ]
Suppose that the non-random sequence a, —> aand that the

P p
stochastic sequence X, —X. Then, a, X, >aX.

Example( , , )[ |



Let X, X, ... be n independent random variables with mean u,

common variance 6 , and common third and fourth moments about their
mean, u and u , respectively (thatis z, = E(X; — u;)").
To show s% = (n— 1)_12?:1 (X; —X)? converges to ¢ in probability.

Solution
Straightforward algebra shows that

1 & =2 1 &2 =2
2 (Xi =X) =—— (2. Xi —nX")
11—1 n—1 i=1

n—1;-

2
S =

P
by the WLLN, we know that lZ?ZIXiZ SEX) =02+ u?.
n

_p
We have that X2 — 12, Now just note that

n . n .
1 [ZX?—an)z nlexio %

n—15 n—1n;; n—1
%r—/

p P2

—>c32+,u2 —H

Using the above Lemma with a,= n/(n— ), for n > , the result follows,

p p P p
1.e., we have s? —c? since X,+Y,—>c+dwhenX, >cand¥Y, —>d.

Theorem (Strong Law of Large Numbers) ( , , )[ 1,1[ 1]

Suppose that X , X, ..., are i.1.d. random variables with E(X;) = u

o _ wpl
and Var (X;) = o < «. Define X, :lz:’:le- . Then, X, — wu. That is,
n

the sample mean X,, converges with probability to u.

The Central Limit Theorem ( , , )[ |

Let {X, } be denote a sequence of random variables, with E(X;)
=4;. and let {Cn = Zl'.’zl(Xi — ,ui)} denote the sequence of partial sums. A
fundamental weak convergence result is the central limit theorem (CLT),

which states that under suitable conditions, the standardized sum c, lCn ,

: 2 e
with, ¢, = Var(C, ), converges in distribution to a standard normal random

d d
variables Z, denoted by c,IlCn —7Z or c,}lCn —>N(0,1) .



Before we proceed, we illustrate the theorem with two examples in
Figures ( , ) and ( , ). In the first of these, the density of ¢, c, is depicted
for the case where { X, } is a sequence of independent random variables,
uniformly distributed on the [ , ] interval (i.e, their probability density
function is f(x) = I}0,17(x) ). In Figure ( , ), the random variables X; are

independent exponentially distributed with mean (with probability density

function g(x)=¢ "Ij,x1(x)).

The figures illustrate that however for the density of X; may be from
the normal density, the process of summation yields a distribution which
tends to the normal.

} ——n=1

e B .1 e
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FIG. ( , ): Probability density functions of ¢, 'C,, uniform random

variables




FIG. ( , ): Probability density function of c, 1C,,, exponential random

variables
Definition (Asymptotic Normality) ( , , )[ ]

A sequence of random variables {X,} is said to be asymptotic
normal with mean gy, and standard deviation o,if o, >0 for =
sufficiently large and

d
(X, = pta)/ 6, > N(0,1).
Remark (, , )[ ]
In particular, u, is called the “asymptotic mean” and o2is called the

“asymptotic variance” such that X, ~ N(u,, 63).
The basic CLT for 1.1.d. random variables is as follows:

Theorem (Lindeberg- Levy Theorem) ( , , )[ |
Let {X, } be a sequence of i.i.d. random variables, with E(X;) =

and Var(X,)= G~ < oo, if C, =>" X, then

d
Cn —>N(0,1)
on

Proof:
Let (0) be the characteristic function of X;, and let ¢,(8) be the

characteristic function of C, /(G\/; ). Then using the independence of X;'s,

$.(6) = M%ﬂ .

Since the mean and variance of X, exist, then we can write

0 6° 6°
¢(G\/ZJ—I—E+O(E].

we have

Therefore,



2 2
log g (0)= nlog{l _0 + O[QTJ}
" 2n cn

and
2
lim log{¢,(0)} =
n—w
_192
and hence ¢,(0) >e %2 ,as n—> oo, which is the characteristic function of
d
a standard normal variate, namely Cr —>N(0,1). m
c\/n
A comparison of Theorem ( , , ) and Theorem ( , , ) clearly

shows the additional assumption needed when moving from the WLLN to
the CLT, namely that the CLT requires the existence of the second
moments, while the WLLN for i.id. random variables only needs the
existence of first moments.

Remark ( , , )[ |
It is common to write things like Zi"lei~N(n/1,n02)and

X, ~ N(u,0% / n) . Personally, we enjoy writing
_ d
Jn(X, — 11)—>N(0,02?).

Example( , , )[ |
Suppose that X,~ binomial (n, p). Because X, = Zl'.lzlY,- , where
Y;~i.i.d. Bernoulli, E(Y;)=pand Var (Y;)=p( —p) <=, we have

Pu—p ¢ ‘
ﬁ—)N(O, 1), or, equivalently \/Z(f?n - p)—>N{0,p(1- p)}, where
pU—-p

Proposition ( , , ) [ ]

Let {X,} and {Y,} be two sequences of random variables such that

p d
X,—-Y,—>0 and Y,—>Y, and let g : R — R be a continuous function.

Then
d
(a) Xn—=Y;

(b) 9(X,)— g(Y,)—0:



d
(c) 9(Xn)—g(Y).

Mann-Wald Approximation Theorem ( , , )[ |
Let {X,, Y,} be a sequence of pairs of random variables such that

P
X, =-Y,—0.

d d
Thenif X, >X=Y,—>X.

Theorem (Slutsky) ( , , ) 1, [ 1

d p
Let X,, >Xand Y, —c, where c is a constant not infinity. Then
d
(@) X, +Y,>X+c;
d
(b) X, Y, >cX;

d
(¢) X —)Eifc;to.
Y

Example ( , , )[ |
Suppose that X , X, ..., X, are 1.1.d. random variables with mean u
and variance 6 . From CLT, we know that
noxo X _, d
LiaXi i Xo—p % oy,
no’ o/n

p p
Furthermore, we know that 5?2 —>c? , and hence, we have o/s—1. Thus
Xn—H_0 Xy—H

siNn s aln

p d
-1 5 N©,1)

d
—>N(0,1)

by Theorem ( , , )

Example( , , )[ |

p p
We know that p,, - p (WLLN) and that p,(1- p,)—> p(1-p).

| p-p) 7,
lan(l_ﬁn)

Therefore,



A _ A _ _ d
Pn=p b, | PAEP) 5 )
Jpﬂl—pw Jpﬂ—p) Pu(1= pn)
-
n n P
T/—/ —1
—>N(0,1)

by Theorem ( , , ).

We obtain some results about the asymptotic theory that is:

Lemma( , , )

Let {X, } be a sequence of independent random variables such that

d m d
Xni—>X,i= ,...,m,where X is a random variable. Then ) X,; >mX.
i=1

Proof:

m
Let ¢,(0)be the characteristic function of » X,;, for any real 6.
i=1
Then
03 X,
bu(®)=E| e

and
lim ¢, (0) = E[¢'*X )
n—»oo

which is the characteristic function of mX and this is implies that
m d
> X > mX. (by Theorem ( , , )(1),(i1)).
i=1

Theorem ( , , )

Let { X, } be a sequence of independent random variables and {Y, }

d

be a sequences of random variables such that X,; >X,i= , ..., m and

p
Y, —>c¢, where X is a random variable and c is a constant not infinity. Then

m d
(@) XX, £Y, >mX=*c;
i=1

m d
(b) XX, Y, >meX;
i=1



() Bl — 5" ifc#0.
n C

Proof
(a) Choose and fix v such that v—c is a continuity point of F, (v).

Let £>0be such that v—c+¢ and v—c—¢ are also continuity points of
F x(v). Then

F (v):P[iXm. +Y, Svj

m
'ZIX ni +Yn i=1
i=

3

SP[ZXW+YnSv,|Yn—c|<8]+P(|Yn—c|28)
i=1

SP[ZXMSV—C-FSJ-{-POY”—C|28).
i=1

Hence by the hypotheses of the theorem, and by the choice of v—c+¢,

m
limsup F, (v) <lim supP( >X, i Sv—-c+ 8) +limsupP(] Y, —c|=>¢)
n—oo = nitXn n—>0 i=1 n—>o0
=F,x (v—c+e).
_ p
Since Y, —c¢, we have limsup P(| Y, —c|>¢)=0.
n—>0
Similarly,
P(fxm. SV—C—EJSP(%XW LY, Sv]+P(| Y, —c|>e)
i=1 i=1
and thus

F,x(v—c—¢)<liminfF, (v).
n— 2 Xnit Yy
i=1

Since v — ¢ is a continuity point of F,x(v), and since & may be taken
arbitrarily small, we have

limF,, (vV)=F,x(v-c)=F,x;(v)-
n—o0 ¥ X;i+Y,
i=1

This is follows that
m d
> X, +Y, >mX+c (by Definition ( , , )).
i=1

And to proof the other direction, we have



Let ¢,(6) be the characteristic function of ) X,, — Y, , for any real
i=1

0. Then
ie(gxni_Ynj —iOY iegxn[
4, (O)=Ele —e "Ele "
and
lim ¢,(0) = e *E(e'")
n—»0
which is the characteristic function of mX—c and this is implies that

m d
> X, = Y,—>mX-c (by theorem (¥,Y,) 4)(i),(ii)).
i=1

(b) Let Z,=>X,;(Y,—c¢), and for arbitrary positive constants
i=1
¢and o, consider

L €
P(|Zn |>8)=P 2 XY, —C‘>8,Yn —c‘<g +
i=1
< €
P[ Xni‘Yn—c‘>g,Yn—c‘2—j
i=1 o

SP[ > X | 26]+P(\Yn—c\zfj.
: 5

g
For any fixed o, taking 1im_its of both sides of the above inequality, and
noting that by assumption Y, ﬁ)c and ﬁX ni imX , we have

>0 J .
m
> X,il> 5] can be made as small as desired

ZXni

i=1

i=1
> 5] = P(
i=1

lim P(|Z, [> &)< lim P( > X,
n—>0 n—> i-1
by choosing a large enough value for o. Therefore

But ¢ is arbitrary and hence P[

P
lim, o P(|Z, |>¢)=0and Z, —0. Hence by proposition (Y,Y,7 +)(a),

m m

> XniY,andc) X,; will have the same asymptotic distribution given by
i=1 i=1

the distribution of mcX.



m
(c) Let Z, :ZXW-(YL—l}, and for arbitrary positive constants
i=l1 n €

¢and o, consider

n 1 €
P(|Zn |>8):P[2Xm ———>&Y, ‘C‘<g]+
i=1 p
m
AlS Xl =1 s ey, —d>=
i=1 Yn C o

For any fixed o, taking limits of both sides of the above inequality, and
p m d
noting that by assumption Y, >cand ) X,, >mX, we have
i=1

m m

ZXni ZXm
lim P(|Z, |[>e)< lim P|'EIs 5 |=p[ L1551
n—o0 n—»o ‘CYn‘ ‘CYn‘

m

ZXni

i=1

But ¢ is arbitrary and hence P > ¢ |can be made as small as desired

Y,

by choosing a large enough value for ¢. Therefore lim P(|Z, [>¢)=0 and
n—»o©

P sz sz
Z,—0. Hence by proposition (Y,¥,%+)(a), ’ZlY and =! will have
C

n

the same asymptotic distribution given by the distribution of —. m
C

Example (Y,Y,1VY)
Suppose that { X, } be a sequence of independent random variables

d
and {Y,} be a sequences of random variables such that X, ->X,i=), ...,



J2
m and Y, —>c, where X~ N (,u,cs‘) and c is a constant not infinity and

suppose that there are two constants such as a and b. Then
m d

M) a(ZX j +bY, > N(mau £ bc,mazaz).
i=1

d
(M) ab(z J—)N(mabcy,mazbzczaz).

l:

(z j d  mau ma'c”
¥ = —>N , .
() N T

Theorem (Y,Y,1A)
Let {X,} and {Y,} be two sequences of independent random

d d
variables such that X,, ->X,i=),...,mand Y,—>Y, where X and Y are

two random variables. Suppose X, and Y, are independent for n>1. Then
X and Y are independent, and

m d
(@) XX, tY, ->mX=Y;
i=1

m d
®) Y XY, >mXY;
i=1

() =L 5mX
Y, Y
Proof:

(a) Let ¢,(0) be the characteristic function of » X,; +Y,, for every
i=1
real 6. Then

m m
0 ZXm.+Ynj 0> X,
E

¢ (0)=E|e (,-:1 =Ele ™ e "

and taking limits we have:
lim ¢, (0) = Ele"™ ")
n—>0

which is the characteristic function of mX+Y, and consequently



m d
D> Xpi + Y, —>mX +Y (by Theorem (Y., 2)(1),(ii)).
i=1

And to proof the other direction, we have

Let ¢,(0) be the characteristic function of ) X,; —Y,, for every
i=1
real 6. Then

ie(fxni—Ynj
¢ (0)=E|e = =F|e

and
lim ¢, (0) = E(elamxe_lﬁY)
n—>0
which is the characteristic function of mX-Y, and this is implies that

m d
D> Xpi — Y, >mX —Y (by Theorem (VY. 9)(i),(ii)).
i=1

(b) Let ¢,(6) be denote the characteristic function of > X, Y, , for
i=1
every real 6. Then

$,(0)=E eie(i%Xm‘Yn]

Taking limits we have:
lim ¢, (0) = E(e"’ (’”X‘”)
n—»oo
which is the characteristic function of mXY, and consequently

m d
> XYy >mXY (by Theorem (Y,Y,) 9)(i),(ii)).
i=1

(c) The proof is similar to that given above for (a), (b). =

Example (Y,Y,1%)
Suppose that { X, } and {Y, } two sequences of independent random

d d
variables such that X, —»X,i=),...,mand Y,—>Y, where X and Y are

independent such that X~N(u», o7 ) and Y~N (ux, 03 ) and suppose that there

are two constants such as ¢ and b. Then

m d
") a[ZXm] +bY, > N(may, ib/,cz,nfzazo'l2 +b20'22).
i=I



2

m d
M) ab(ZXmYnJ — N(mabu, iy, ma’b’c.63).

i=1
The Delta Method

Remark (Y,Y,V+) [¥Y]
Suppose the real function g: R — R has derivatives of all orders at c.
Then, the Taylor series for g at ¢ is given by

o= 3 97

n=0 n!
If g is differentiable n times at x = ¢, then the polynomial

L)
gre(x)=> 7 ©)

ko K

is called the nth Taylor polynomial of g at c. The quantity g(x)— g,..(x)1s

(x—¢)"

k
(x—c¢)
sometimes called the “remainder term”.

Application (Y,Y,VY) [¥Y]
Suppose that X is a random variable with mean u and variance o'
Let g:R — R be differentiable at u, and consider the first order stochastic

Taylor series expansion

g(X)=g )+ 9g'(w) (X-p).

Taking expectations and variances, we have that
E{g(X); =g )
Var { gX)} = { g'()} &

Example (Y,Y,VY) [YY]
In Example (Y,Y,¢+), we looked at the log-odds of p,. Here, we

and

examine just the odds of p,;i.e., g(p,)= p,/(1- p,). We are going to use
the above result to find the asymptotic mean and variance of g ( p,, ). First,
not that E( p,) =p and Var ( p,) =p( —p)/ n. Let g(p) =p/( —p). This is
a differentiable function for <p < , and it is easy to compute g'(p)= /
( —p) . Thus,

E{g(pa)}~ 9(p) = ﬁ
and



2
1 }p(l—p): P

Var {g(p,)} = {g'(p)}” Var (p,) :{ 2 3
(1-p) n n(l-p)

Remark ( , , )[ ]

Taylor series expansion for the basis for the following useful
generalization of the CLT-know as the Delta Method.

The Delta Method ( , , )[ [ 1

d
Suppose that Vn(Y, —8)—N(0,0%) and that g:R — R
is differentiable at @ (and is not zero). Then,

d
Jn{g(Y,) - g(0)}— N[0,{g'(0)}* o*1;
ie., g(Y,)~ N[g(0).{g'(0)} o /n].

Proof
Consider the stochastic expansion
9(Yn)=9(0)+g'(0)Y, —0)+ R, (0)
Now, for alle >0,
lim P(| Y, — 0|2 ¢)= lim P(\n|Y, —0|=ne)= lim P(Z|2ne)=0,
n—ow _ n—»w

n—o
d

—|Z]
y . p p
where Z ~ N(+, 6 ). Thus, it follows that Y,, > &, and hence, Y, —6—0.
Also, all the terms in the remainder involving (Y, — 0)*, k> ), converges in

P
probability to zero; hence R, (9)—)0. Dropping the remainder above
becomes

Jnlg(Y,) - 9(0)}= g'(OWn(Y, —8)—> N[0,{g'(6)}5°]

%,—/
d 2
—N(0,67)
Applying Theorem ( , , ) again to the right-hand side, the result follows.m

Example( , , )[ |
Applying the Delta Method to g (p,)=p,/(1- p,)in Example
(Y,Y,VYY), we have that

~ d
\/;{ bo P }_)N{O’ p 3}’
I=pn 1-p (1-p)

or, in other words,




P ~N{ P p }
1-p, 1-p n(l-p)’

Example( , , )[ |
Suppose that X , X , ..., X,, 1.1.d. Poisson (). To find the asymptotic

distribution of a properly centered and scaled version of exp (— X,,).

Solution
o d
We know from the CLT that v/n(X,, — 8)— N(0,8) . Furthermore,

g (x) = e™ is differentiable at # (and is not zero). Thus, we can apply the
Delta Method. Noting that g'(8) =—e 7, we have

Jn {exp(—in ) — exp(—é?)}i) N {0, 2 exp(—26’)} ;

ie., e ~N(e_0,¢9€_29/n)-

Example( , , )[ ]
Suppose that X , X, ..., X,, are i.i.d. with mean u # 0and variance

o . To find the asymptotic distribution of 1/ Xy,

Solution

_ d )
We know the CLT that \/;(Xn —1)—>N(0,07).
Also, g (x) = /x is continuous at x =u . Thus, we can apply the Delta

Method. Noting that g'(u) =—-1/ ,u2 , we have
_ d
In{1/X, =1/ b > N{0,6° / i}
ie, UXn~NQ1/ 0" Inu'y.



CHAPTER THREE

MULTIVARIATE CONVERGENCE

In this chapter, we cover thoroughly many concepts, definitions and
results which find use in this chapter.

¥, Y- Multivariate Notions of Convergence [YV]

. k k.
We now consider vectors x=(xj,x2,...,x;) € R whereR" is the -

dimensional Euclidean space. We must define a norm on R, We are
interested primarily in the norm of a vector tent to zero, a concept for which
any norm will suffice, so we may as well as take the Euclidean norm:

Y
(£
Definition (¥,Y,Y) [YA], [YV]

A function g:Rk > R' is said to be continuous at ce R if for all
¢>0, there is a 6 >0 such that |x—d| <4 implies |g(x) - g(c)|<e. If x,

. . k . o
i1s a sequence of vectors in R converging to x, then continuity at x
immediately implies g(x,) — g(x).

Definition (¥,Y,Y) [¥Y]
A k-vector (non-random) sequence x, =(X{,,X3,,...,X;,) converges
to g:(cl,cz,...,ck)' if the Euclidean distance between x, and c; (ie.,

1
, where the notation HQH = (zk uzj ? ), tends to zero, as n —> . Of

Hin —C i=1"i

course, this is equivalent to the convergence of the coordinate sequences
Xi, to ¢; fori=)V, Y, ..., k.

¥, Y- Concepts of Convergence of a Sequence of Random Vectors.
The concepts in previous chapter are readily extended to multivariate
cases where {X,} denote a sequence of k-dimensional random vectors, i.e.,

the concepts extend immediately to vectors and matrices of finite
dimension. [YA]

For a random vector X =(Xi,X>,..,Xx) €R¥, the distribution
function of X, defined for x = (x;,x5,...,x;)" € R* , is denoted by:

Fy (x) = P(X; < Xp0 X <x5) € R [£], []

YA



We want to talk about convergence of random vectors X, to a
limiting random vector X (a gain, usually a constant vector ¢). [VY]

There are several different modes of convergence of a sequence of
random vectors. These are “convergence in probability”, “convergence
almost surely”, “convergence in rth mean” and “convergence in
distribution”.

Definition (Convergence in Probability) (¥,Y,V) [¥ Y]
A sequence of random vectors X,, Xy, ..., is said to converge in
probability to a random vector X if, for every £ >0,
lim (”Xn — XH > 5): 0,
n—>0
or, equivalently,
lim P(|X, - X|<&)=1.

n—>0

P
We write X, —» X or, equivalently, plimX, =X.

n—>0

Remark (¥,Y,Y) [¥A]
Convergence in probability is said to hold for a random vector if it
holds for each its components
Xn = (Xln’ oo an),a X = (Xla ey Xk)'

P P
X, >X if X, >X,@(=1..,k).

Proposition (¥,Y,¥) [Y¢]
If {X,} is a sequence of k—dimensional random vectors such that

P
X,—>Xandif g: R* > R' is a continuous mapping, then

9(X,) > g(X).

Example (¥,Y,¢)

p P
Suppose that X, — X, and X, —X, . Then,
P
M) X, +X,,>X, +X,.
P
(¥) X, X,, > XX,
P
vy 2w L%
X2n X2

These are straightforward applications of continuity.

¥a



Proposition (¥,Y,°)
Let {X,}denote a sequence of (k x )) random vectors with plim c,

and let g (c) be a vector—valued function, g:Rk —)Rg, where g(.) is

p
continuous at ¢ and does not depend on n. Then g(X,)—g(c). [A]

Proof
Since g 1is continuous at ¢, then for every & >0, there exists a

constant 0 > 0 such that
|x—d <d=|g(x)-g(c)|<e
so that
P(X, - <0) < P(|lg(X,) - g(c)|<e).

p
But X, —>¢, so P(HXn — QH <d)— 1. This is implies that

P(lg(X,) - g(c)|<&) > 1.
Or, 9(X,)>g(c). [F]m

Example (¥,Y,7)
p p
If Xy, >cand X5, > ¢y, then
p
") X, +X,, ¢ +c,.

p
(¥) X, X, =>¢iey.
X, Pc
(*) 2L ifc, #0.
am €2
These are also straightforward applications of continuity.

Definition (Convergence Almost Surely) (¥,Y,V)[£], [}]

a.s

The sequence {Xn} converges almost surely to X,X, >X, if
P{limX, =X} =1.
Almost sure converges is sometimes called convergence with
probability ) (w.p.)) or strong convergence.

a.s
Equivalently, X, — X iff for every ¢ >0,
P{| X, —X|l<e, forallm=n} >1lasn —o0.



Theorem (¥,Y,A) [YY]

a.s
Suppose that X, - X and let g:Rk SR (often ¢=)) be a real

a.s

vectors-valued continuous function. Then, g(X,)— g(X).

Definition (Convergence in rth Mean) (¥, Y,%) [£], [V]
For a real number » > +, the sequence {X,} converges in the rth

rth
mean to X, X, »>X, if

E|X,-X|"—0,as n—oo.

Remark (¥,Y,)+) [YY]
q.m

X, > X means that £{(X, - X)'(X,, - X)} >0 .

Definition (Convergence in Distribution) (¥, Y, YY) [£], [1]
L
The sequence {Xn} converges in law to X,X,—>X, if

an (x)—> FX (x) asn — oo, for all points x at which FX (x) is continuous.

It is sometimes called convergence in distribution or weak convergence.

Remark (¥,Y,\Y)
d
Convergence 1n distribution is usually denoted by X, - X.

Theorem (¥,Y,\Y) [¥Y¥]
d
X, >X & gy () > gy ),V vector u

< E{g(X,) — E{g(X)},V bounded continuous g .
Remark (¥,Y,V¢) [¥¢]

A simple way to verify convergence in distribution of a k£ X ) vector
is the following. If the scalar (AX;, +A,X,, +...+A;X},) converges in

distribution to (A X;+A,X, +...+A;X;) for any real values of
(M 5Ag,A ), then the vector X, =(Xi,,X24,...,Xk) converges in
distribution to the vector (X,,X,,...,X,)".
Theorem (Cramer-Wold) (¥,Y,Y¢) [¥Y]

d d

X, > X<oAMNX, >AX V vectorA. . ¥sY)

A



Proof

iOLX, 02X

d
MX, >MX= E(e )—>E(e )
= ¢y (u) > Py (u), V vectoru

d
=X, —>X.

The converse is proved similarly. m

Remark (¥,Y,V7) [¥Y]
This result allow us to show first the usually much simpler rhs of

(Y»)) in order to get a proof that the lhs holds. This is known as the Cramer-
Wold device.

Theorem (¥,Y,\V) [¥Y]
For vectors X, ,X,c,

P d
1) X, »>X=X,—->X.
.o p d
(i) X, »c < X, —>c.

Proposition (¥,Y,VA) [¥9]
d
If {)_(n} 1s a sequence of random k-vectors with X, - X and if

d
g: R* 5 R is a continuous function. Then 9(X,)—>9(X).

Theorem (¥,Y,V%) [YV]

d k P ¢
If X, >XeR and Y, —>ceR ,then

X4 (X
g(X@j_ég(gJ ........... (Y.7)

for any continuous function g:RkHZ — R”. Expression (¥,Y) will

d
sometimes be written g(X,,Y,)—g(X,c).

Corollary (¥,Y,Y+) [YV]
d d
If X, —>X,then X. —X_ foralli, \<i<k.

Remark (¥,Y,YV) [YV]
Theorem (¥,Y,)'?) may be strengthened if X, is known to be
independent of Y, as follows

&y



Theorem (¥,Y,YY) [YV]

d d
If X,—>X and Y, —>Y, where X, 1s independent of Y, then for a
continuous function g,

d
9(X,,.Y,)—>9(X,Y),
where X and Y are taken to be independent.

The proof is easy, since the independence of random vectors implies that
(a,b) is a continuity point of the joint distribution if and only if a is a

continuity point of X and b is a continuity point of Y . Thus, for continuity
points @ of X and b of Y,
F(gn Y,) (a,b) = an (@) FX,, (b) > Fx(a) Fy (b) = Fxv) (a,b).

d d
Therefore, (X,.Y,)—>(X.Y), and so g(X,.Y,)—9(X,Y) follows by

Theorem (¥,Y,)9). m

The Multivariate Normal Distribution (¥,Y,Y¥) [YV]
Given a mean vector u € R ¥and a positive definite (k % k) covariance

matrix ¥, X has a multivariate normal distribution with mean ux and

covariance V, written X ~ N (wV), if its density on R*is

f(x)= CeXp{— %()_c - g)'V_l (x— g)} C e (*+%)

In expression (¥,V), the constant C= (2k ﬂk‘V‘)_l/z, where |V] denotes the

determinant of V. Because of the assumption that V' is positive definite.
As a special case, consider the bivariate normal distribution, where for

2 2
some o >0,05, >0 and -1< p;, <1 wehave

2
V:[ O] ,0120'10'2]
2
P120107 %))

thus

2 2 2

2
2 2 2 -1 1 c — 0G0
VIsoioy(l-pip) and V™ = ; { ; el 2}
61651 - p12)\— P12010> G

In this case, of course, X, and Xy have correlation p,+ and marginal
- 2 2
variances i and G3.

Theorem (¥,Y,Y£) [¥Y], [3]
X~NuV)ye MX~NQ w, VL),V vector A .

&y



Proof
Note that

uVu
,V vector u

iu'p-

X~NuV)=oy(w)=e

N | —

Now

Loz

i@&ﬁ-
,V real 0, vector A

MX~NOAV) =4 (0)=e

N |

=¢x (OM) = X~ N(wV)
because A is arbitrary.
Converse follows from the fact that linear combinations of X are normal.m

Remark (¥,Y,Y9) [¥Y]
Theorem (V,Y,Y ¢) implies that to show a vector variable X, is multi-

normal, it is necessary and sufficient to show that all linear combinations
are univariate normal. Incorporating Theorem (¥,Y,)?), we see that to show
that X, 1s asymptotically multi-normal we show that all the linear

combinations are asymptotically univariate normal,

d d
AMX, >MX~NANp VD) < X, >X~N(uwV).

The Law of Large Numbers
Multivariate WLLN (¥,Y,Y%) [¥Y]
Suppose that X,,X,,..., are i.1.d. random vectors with E(X;) = U and

_ _ _p
Var(X) =V Define X, = (Xir,X2n,...,Xw)". Then X, —u.

Example (¥,Y,YV)[¥Y]
Suppose that X,,X,,..., are 1.i.d. bivariate normal random vectors

with mean u = (y;,4,)" and variance-covariance matrix

2
O'l O12
V= 5 |-
071 02

By the WLLN, the sequence Xn = (iln,izn)'converges in probability to
= ()"

Multivariate SLLN (¥, Y,YA) [YY]
Suppose that X,,X,,..., are i.i.d. random vectors with E(X;)= u

P P N — . a.s
and Var(X) =V Define X, = (Xin,X2n,...., Xin)'. Then X, — .

¢¢



Multivariate CLT (¥,Y,Y3) [YY], [} ]
Let X,,X,,..., denote a sequence of i.i.d. random k-vectors with

mean = (u,iy,..., ;) and variance-covariance matrix J (with finite

determinant) .Define
Xn = l ZXJ y
I’lj:1
_ d
Then, Vn(X, - 0)>N(O.V).

Example (¥,Y,Y ) [YY]
Suppose that X,,X,,..., are i.1.d. bivariate random vectors with mean

w=(u,1,)" and variance-covariance matrix

2
V= o8] O1n
= S |
021 0'2
where V 1s symetric matrix.

_ d
The multivariate CLT says that Jn (X, —1)—>NQO,V);

ie., X, ~N(wVin).
Writing X ; = (X;;,X5;)", we have that Xn = (iln,izn)', where

J— 1 n
n ;-1
fgr i=\V,. MarginaH& it follows that
Xin ~ N(w,0/n)and X2, ~ N(pp,03/n).

Proposition (¥,Y,Y V) [A]
d
Let {Y,} be a sequence of (k x ) random vectors with Y, ->Y.

Suppose that {X,} is a sequence of (kK x V) random vectors such that

p d
(X, -Y,)—>0. Then X, —>Y; thatis, X, and Y, have the same limiting
distribution.

Slutsky's Theorem (¥,Y,YY) [YA], [A]
Let {X,} and {Y,} be sequences of random vectors such that
X, iX and Y, ﬁ) ¢ (constant). Then
(a) X, +Y, i)X—kg.
0 Y',X, >eX

¢0



Lemma (¥,Y,¥Y) [V4]
Let {X, }and {Y,} be sequences of random (k x ) vectors. Then:
p d d
alf(X,-Y,)>»0and X, >X=>Y,>X.

d P p
bIfX,»>XandY,—>0=Y' X, —0.

Corollary (¥,Y,¥¢) [¥Y]
d p d
(1) X,—>X,Y »>C=Y X, —>CX,Y, matrix, X, vector.

. d p a9 4
(i) X, —»>X, Y, —->C=Y X,—»>C X,

C|=0.

We obtain some results about the asymptotic theory that is:
Lemma (¥,Y,¥9)
Let {X,} and {Z,} be two sequences of (k x )) independent random

vectors such thatZ, =X,  +X, ,+...+X .,
n 1nl 1n2 1nm

Z , :inl +X2n2 +...+X2nm and an :ka +an2 +....+anm.Then

2

m
ZXW :Zn
t=1

Proof
m
ZXnt :an + XnZ t..t Xnm

t=1

Xlnl Xan Xlnm
X2nl X2n2 Xan

= + +...+
anl anZ anm
X+ X2+ o o+ X Zy,
Xom+Xom+ o+ Xoum Zy,

= = = Zn . .
Xim X+« o+ X Zin

e



Lemma (¥,Y,¥1)
Let {X, } be a sequence of (k x }) independent random vectors. If

d m d
Xy—oX;t=),...,m,then Y X, —>mX.
t=1
Proof

m
Denote the characteristic functions of A > X, andmA'X by
t=1
(0) and ¢ ((9), respectively,

when & =(Ay,...,A;)" is an arbitrary vector of fixed constants and 6 is any

real.
By using Theorem (Y,Y,)9)(i),(ii) and Theorem (¥,Y,)?), we have

¢

ey @=d,, (6)  (by Lemma (72Y.T2))
t=1
o 192 KlZm
_ (ezekznj:Ee i=1 ’
and
lim¢ , (O)=Ele "~ =Ele "~
n—oo A ZX

t=1
iOmAh'X
~ £l ¥4, 0)
limg , (0)=¢ . (0).VAeR L=0,V0cR

LS X S mUX VA€ RE %0 (by Theorem (1Y) 3)().(ii))
(=1
m d
= > X,, »mX (by Theorem (¥,Y,)°)). m
t=1

Theorem (¥,Y,¥V)
Let {X, }be a sequence of (k x )) independent random vectors with

d
X, =X, t=),...,m,and let {Y, }be a sequence of (k x }) random vectors

p
with Y, —c¢, where c be a vector of constants not infinity. Then

m d
(@) XX, tY,»>mX*c;
t=1

1Y



m d
t=1
Proof

k
(a) Choose and fix v such that v — Zkici is a continuity point of
i= 1

Z/l (v) Let £>0 be such that v— ch +¢ and v— ch —¢& are

i=1

also continuity points of F & v).
m
i=l1

(EAN )

m
Denote the distribution functions of A/ (me +Xn] and A'(mX +c)by
t=1

F /. v)and F,, v), respectively,
W(anﬁYnj( ) Mm)grg)( ) p y

t=1

when A =(A,...,A,) is an arbitrary vector of fixed constants. By using
Definition (Y,Y,)V) and Theorem (¥,Y,)?), we have

j(") =Ez,+v,) )

=F, Y]
ZI}\’zZzn +Z}“iYin
1 i=1

=P(§x Z,, + zxY <v)

1“in 1 1n

k k
5;13(25 +'§:xﬁSCn _.V 25 i zn 2:47\‘1(31 j
i=1 i=1
k
izl i=1
k
<P(Z7\,Z _v—ch +8j+P(Z Zklcl > )
i=1 i=1 i=1 i=1

Hence, by the hypotheses of the theorem, and by the choice of
k
t’-:i:%d(ﬁ + &,

i=1

EA



)

limsupF k
n—»o0 _leizin +Zi7w'Yin
1= 1=

k k
<lim supP(Zk.Z. <v—2Ac, +8j+1imsupP[

1
n—®0 n—»®

k k
20 Y, = Zhe
i=1 i=1

2]

i=1 i=1

k k
i i=1 i

Similarly,

k k
YAY, = Yhic

k k k k
P(Z?\,lzm <v-— Z}\,ici _EJSP(Z}\@ZZH + inYl’n SV)'FP(
i=1 i=1

i=1 i=1 i=1 i=1
and thus

2]

k k
F: (V—Zkici—ej:F r (v—ZKici—gjﬁlimiank r v).
2NZ; i=1 m Y hiX; i=1 n—>0 YN Zipn+ 3N,
Pt bt i-1 i-1

k
Since v — Y A;c; is a continuity point of F §ax (v), and since ¢ may be
i=1 LA
i=1
taken arbitrarily small, we have
k k
llka k (V):Fk (V—Z)\.iCiJ:F k (V—ZMC,)
n—0 YN Zip+ XN Yin XAz i=1 m ¥ X, i=1
i=1 i=1 i=l i1
=F k ()
mynX;+ 2\

i=l1 i=l1

—n

1e., lim F (( j (V) =Fr(mx+¢)(v)

m d
:L’(zxm +an%£(mx+g),vzezz",u9
(by Definition (Y,Y,1V))

d
= %XW +Y, >mX+c (by Theorem (¥,Y,)?)).
t=1
The proof of the other direction is similar to that given above.

(b) Denote the characteristic functions of Y’, %Xm and mc'X by
t=1

¢Y, 2y (0) and ¢,,.x(0), respectively, when 6 is any real.
—n [=1fnt

By using Theorem (Y,Y,)9)(i),(ii), we have

€9



by, g (O)=fv,z,(0) (by Lemma (T/Y,79))
—n =nt
t=1
'efY Z
l in“in
=E(ei9Y'”Z” )=E e
and hence
k k
0> ¢ciZ; iOm . c;X;
lim m f)=Ele ™ =FEle ™
l’l—)oo¢Y—v(n Xm ( )

= £ )= ,.0x(0)

lim¢ , (0)=¢,.x(0),V0eR, it then follows that
n—o L’n ZX t o
t=1

n

d

Y', $X,, —»me’X (by Theorem (YY) 9)(i),(ii)). m

11z

Example (¥,Y,YA)
Let {X, } be a sequence of (k x ) independent random vectors with

d
X, X, t=),..., m, where X~N(wV) and let {Y ,}be a sequence of

p
(k<)) random vectors with Y, —c, where ¢ be a vector of constants not
infinity. Then

(1) The limiting distribution of % X,; £Y, is the same as that of mX *c;
t=1

that 1s,

using Theorem (¥, Y,Y¢), we obtain that
Va=(Ashi) €REA%0
L’(mX) ~ N(m&'ﬁ, mL’V?_»).

Using the other direction of the Theorem (¥, Y,Y ¢), we now find
mX~N (m u,m V)

where mV is positive definite because 0 < mAV A <o forall L # 0. Finally, it
follows that



3

X+c~ N(mﬁig,mV) such that

m
(Y) The limiting distribution of Y’', > X, . is the same as that of mc'X.
i=1

Note that
mc'X ~ N(mc_'ﬁ, mc_'Vg), and this is follows that

d
X > N(mc'u,mcVe).
| =

Mz

Y,

t

Theorem (¥,Y,¥4)
Let {X, }be a sequence of (k x )) independent random vectors with

d
X=X, t=1),...,m and let {Y,k}be a sequence of (k x )) independent
d
random vectors with Y, =»Y, where X and Y are two random vectors.

Suppose X,and Y, are independent for n>1. Then_X and Y are
independent, and

m d
(@ 2XutY,>mX+Y;

t=1

m d
t=1
Proof:

(a) Let ¢

. ()be the characteristic function of
}‘(( ZXﬂt +Xn j
t=1

L’(ZXW "‘an and let ¢ (nx+v)(0)be the characteristic function of

i=1
M (mX+Y), for any vector A =(A,,...,A, ) € R*and any real 6.
Using for proof Theorem (Y,Y,)%)(i),(i1) and Theorem (¥, Y,)?), we have

¢W[§Xm +Yn](0) =dz,+y,(@)  (by Lemma (T.7,7¢))

B E(eiewznwn))

o)



J k
ia[z MLy +2 )“iYinj
:E e i=1 i=1

k k
0% \,Z, 0% \,Y,,
:E e i=1 e i=1

Now taking limits of the above, we have

k k k k
i0Y MZ, 0 LY, iomy A X, 03 .Y,
limg , (O)=E|le = e ™ =Ele = e "~
n—® )\‘I(zxn[+Yn)

t=1

k k
iﬁ[mz XY xl.Yl.J
El e

i=1 i=l

0L (mX+Y
Therefore, we have

&(fzm - aniy(mz +Y),VAeR¥ 10 (by Theorem
(Y>Y,)9)(0),(11)). tI:tlthen follows that
izm +Y, imz +Y (by Theorem (¥,Y,)?)).
The proof of f[;116 other direction is similar to that given above. =
(b) the proof is similar to that given above for (a).

Example (¥,Y,¢ )
Let {X,, } be denote a sequence of (k x V) independent random vectors

d
with X, =X, = ),..., m, and let {Y,}be denote a sequence of (k x V)
d
independent random vectors with Y, -Y . Suppose that X, and Y, are
independent for n>1. Then X and Y are independent such that
X~N @1,1/1) and Y~N (ﬁz’Vz)’ and the limiting distribution of

m

ZXM +Y, is the same as that of mX Y ; that is, note that by taking
t=1

Theorem (¥,Y,Y ¢), we obtain that

oy



Vh=(peh,) €RSA20
N(mX £ Y)~ N(mk' g, %X g, mdV; L+ 1V, 0).
Using the other direction of the Theorem (¥, Y,Y ¢), we now find
mXtY~ N(mﬁ1 J_rﬁz,mV1 +7))
where mV, +V,is positive definite since VA e R* A#0:
mAV L+ AV, L >0, it then follows that

d
z_m Y, > N(mp, tp,,mV+V,).

Theorem (¥,Y,¢)Y)
Let {X, } be a sequence of (k x ) independent random vectors with

d
Xy—X,t=)V,..., m and let {Y,}be a sequence of (o x k) random

p m d
matrices with Y, >C. Then Y, > X,, »>mCX.
t=1
Proof:

Let ¢ (0)and ¢,, (0)be the characteristic functions of
W(Yn Xm] X (mCX)

T s

L’(Ynzxmj and A'(mCX), respectively, when A=(Ai,....,Ayx) IS an

arbitrary vector of fixed constants and @ is any real.
¢7»’[Y $X j(@) = (Y, Z,) (@) (by Lemma (¥,Y,Y9))

o k
Z Z ym ln
:E(eiHN(Y,,Zn)):E o j=1 i=1 JJJ ’
and hence
o k [0
z Z j jl l l@mz f}“jcjlxl
limg , , \(@)=Ee " =Ee "
n— w(Yn ant]
t=1
_ iex'<mCX))_
—E(e _¢L’(mcz)(9)‘

m d
= L’[Yn ZXMJ%L’(mCX),vL € R”,L#0(by
t=1

Theorem(Y,Y,)%)(1),(ii)).

oy



m d
=Y, > X,, >mCX (by Theorem (¥,¥,1°)). m
t=1
Example (¥,Y,¢Y)
Let {X, } be denote a sequence of (k x V) independent random vectors
d
with X, —>X, t =),..., m, where X ~ N@,V) and let {Y,}be denote a

p
sequence of (o X k) random matrices with Y, —>C. Then the limiting

m
distribution of Y, zzm 1s the same as that of mCX, in other words,
t=1

m d
Y, > X, > N(mCu,mCVC').
=1

Theorem (¥,Y,¢Y)
Let {X, }be a sequence of (k x )) independent random vectors with

d
X=X, t=),...,mand let {Y,}be a sequence of (k x k) random matrices

. p . . Q& d 4
with Y, > C, a nonsingular matrix. Then Y, ZXM —->mC X.
=1

Proof

Suppose that

Ay A d dy,
Yl;l =| . and C!' =

A1n Atn _dkl Co L dy

Now &sing for proof Theorem (Y,Y,Y)(1),(11) and Theorem— (Y5Y,)°) by

denoting the characteristic functions of L’(Y,;l Zijand L’(MC'lz) by
t=1
) ok
¢X’(Y,;l %xmj(e) and ¢ )(‘9)’ respectively, VA =(A;,...A;) €R",

A (mCTX

t=l1

A#0,VOeR:
! ,[Yn_ 1 fxnrj(g) =bvjiz,)®  (byLemma (¥.Y,7e))

k
i0Y > h.a. Z.
IOV (Y,'Z,) =p=i
=E(e n = j:E e /7 ,

o¢



by taking limits, we obtain that

k k k k
limg ., \(O)=Ee " =Ee 77
t=1
_ i0) (mC'X) ) _
E(e ) P im0

Hence, by above, we have
m d
L’(Y,;l zgmj»MmC'lzwz eR*A#0 (by Theorem
t=1
(Y,Y,Y%)(1),(i1)), and this is follows that

m d
Y'Y X,,—>mC" X (by Theorem (¥,Y,)°)). m

t=1

Example (¥,Y,¢¢)
Let {X, } be denote a sequence of (k % V) independent random vectors

d
with X, > X, t = ),..., m where X~N(E,V) and let {Y,}be denote a

p
sequence of (k % k) random matrices with Y, —>C. Then the limiting

m
distribution of Y,, : > X, is the same as that of mC ™' X, in other words
t=1

m d ’
Y'Y X, —)N(mC_l 1,mCVC] ] .
t=1

Lemma (¥,Y,£9)
p
let {X,} be a sequence of (k x)) random vectors. If X,k —c,

m P
t=",...,m.Then ) X, —>mc .
t=1
Theorem (¥,Y,¢1)
p

Let {X,} be a sequence of (k x)) random vectors with X,, —c,,

t =),..., mand let {Y,}be a sequence of (k X k) random matrices with
p : : 1 & P
Y, —C,, anonsingular matrix. Then Y, ZXW —»mC, ¢;.
t=1

Proof

00



To proof this, note that the elements of the matrix Y, U are
continuous functions of the elements of Y, at Y, =C;, since Cil exists.
Thus, Y,' — C3'.

m
Similarly, the elements of Y,, 12Xm are sums of products of elements of
t=1

m
Y, ! with those of > X, - Since each sum is again a continuous function of
t=1

m
1
Y, and > X,,,

t=1

m -1 m
plim [Yn_l zgnlj - (plim Ynj plim ¥ X, =mC}'c,. m
t=1

n—>oo n—oo n—o =]

Example (¥,Y,¢V)
Let {X,}be denote a sequence of (kK % V) random vectors with

p
X —¢, t=),...,mand let {Y,}be denote a sequence of (k x )) random

p
vectors with Y, — ¢, where ¢, and cv are two vectors of constants. Then

m m
(‘)plim{ZXw iznj =plim ) X, £plimY, =mc, t¢,.

n—o \ t=1 n—ow =] n—>o

(Y) phm (X; ZXntj = (phm Yn j phm ant = mC_’291 .

n—>0 t=1 n—»oo n—o =]

Multivariate Delta Method (¥, Y,¢A) [¥Y], [VVY]
Suppose that {X,} is a sequence of random k-vectors such that

d k
Jn (Xn - E)_) N (Q,V) and let g:R" — R is differentiable at u. Then,

i (8 5
\/;{Q(Xn)—g(ﬁ)}—)N{O, ‘fo)V ‘C;(f)},

where

ag(g):(ag(z) 09 () 59(2))

ox' ox;  oxy, | Ox

x=p

Definition (¥,Y,¢%) [YV]

o1



Write g:Rk—>R€as g()_c):[gl()_c),...,gg()_c)],and suppose that for

j=V...0, %()_c) has partial derivatives with respect to x,, ..., x;. Then the
derivative of g (x) at u, denote G, is the / Xk matrix.
0g1(x) 0g1(x)
6x1 ' ' . ﬁxk
G =
0g/(x) 0g/(x)
6x1 ‘ ' . ﬁxk 1 lx=p

Theorem (Multivariate Delta Method) (¥, Y, +) [YV], [YV]

If g.'Rk 5 R' has a derivative at HER kand
b d
from some k-vector Y and some sequence X,, Xy, ... of k vectors, where

b > +, then
d

n"{g(X,) - g(w)}>GY.

Example (¥,Y,¢))

Continuing with Example (¥,Y,¥+). To find the asymptotic
distribution of -
(") 9(X,, )= g(Xin, X )= X1n = X .

(M) Q(Xn)= g(iln,i2n): %(1" .

n
Solution

_ d
(1) Form Example (,Y,7+), we know that +/n(X,, -z} N(0,7").
Since g(x)= g(xl,xz) =x =X is differentiable over all RV, we can apply

the Delta Method. Note that
09(1) :(ag@ ag(a_c)]

2

ax_' 0 x1 0 x2 x=p
and that
5 0 ; 1
g(#)V g(ﬁ) :(1’_1 O 6122 ( ]:(512 +(5§ - 2061,
ox' 0x Gy O \™



Applying the Delta Method, we have that
d
e 2 2
Jalof%, )= o> Moo + 3 -2, )
R 2 2 l
1.e., Xin — Xon ~ N{ul —,uz,(al +o, — 20'12)4}
. d
(Y) From Example (¥,Y,Y+), we know that \/;(Xn - ﬁ)—)N(Q,V).
X
Since g(x) =g(x,,x,) =L is differentiable over all R', we can apply the
X

2
Delta Method. Note that
_ [L — WU j
- ’ 2 ’
x=u H2 y2%)

8g(g)::[69(1) 89(1)]

b

ox' Ox; 0x,
and

1

ag(ﬁ)yag(ﬁ):L—ﬂl o on| M
ox’ 0x w2y Jou o _—l;l

Ha

1| 2 z#z u

=—| 0 +c52—12—2c312—1

) ) )

Applying the Delta Method, we obtain that

2
\/;{Q(Xn)—g(ﬁ)}i]\f (),L2 012+02'u—1— c A ;

2 2 12
My My Hy
iln lul 2 2#12 lul
e, =—~N| —, —2(01 +0,——20,— .
2n Uy \ My Hy Ky

Example (¥,Y,°Y)
Suppose that X,, Xy, ..., are i.i.d. random vectors with mean
u = (1, 1y, 113)" and variance-covariance matrix

2
O Oy Oy3

_ 2
V=0, 05 0,1,

02

o 3

31 93

where V' 1s symetric matrix.
_ d
The multivariate CLT says that Jn (X 0= g)—> N (Q, V);

1e., Xn ~N (ﬁ, V/n). To find the asymptotic distribution of

oA



g(Xn): g(iln ,XZn ,i3n ): iln + i2n + i3n-

Solution

Since g(z): g(xl,xz,x3): X, +Xx, + X, 1s differentiable over all Rv,

we have
S9() :[ag@) 09(x) ag(z)J (L)
0x' O Ox)  0Ox x=pt
and that
— 2 I
o o} 1
8g(ﬁ)Vﬁg(ﬁ) (11 1 N 1
ox'  Ox =(LLisy) o, 0223 1
%31 % % |

2 2 2
=0, +0, + 03 +20, + 203 +20,3.
Therefore, the Delta Method gives

\/;{ g(in)— g@)}iN(O,clz + (5; + (Si + 2(512 + 2(513 + 2023 );

i.e., Xin + Xan + X3n ~N(/ll + U, +ﬂ3a(512 +03 +03 +20, +20, +2023)4)'

Example (¥,Y,°Y)
Continuing with Example (¥,Y,Y+). Find the asymptotic distribution

of 9(X,)=[91(X,),92(X,),93(X,)] such that
g2 (Xn) = 92 (iln ,i2n) = iln — i2n

A% V., v iln
g3(Xn) = 93(X1n,X2n) = i

2n

Solution
d

From Example (¥,Y,Y+), we know that \/Z(Xn —ﬁ)—)N(Q,V). Since
9(x)=[g1(x),9,(x),95(x)] has a derivative over all R', such that
91(X) = 91(x1,x2) = X1 + X,
9:(X) = g2 (x1, %) =x1 —x;
X1

93(x) = g3(x1,x5) =—
X2

o9



We have

[ 09, (x) 09;(x) |
8x1 8x2
G | 992(x) 09> (X)
le a.X'Z
093 (x) 093 (x)
8x1 8X2
such that
- .
1 -1
GVG'=
1 -
_/12 /122 i
_all apn 6113_
=|dy dp a3
| d31 d3p a4z
where
a = 0'12 + 0'22 + 2071,
a22 = 0'12 + 0'22 —2(712
1 ,uz )7
(133 2012—24‘0-22—14—20-12—;
My Mo M5
a;, = 012 — 022
1 M t 1
a13 —012——0'22—2—0'12—2+G21—
H2 M M %)
1 2 U U 1
a3 =01 — +03 —;—012 —;—021 —
125 125 Mo Ha

Therefore, the Delta Method gives

Jnia(X,)- g(ﬁ)}iN (0,GVG');

1=
Il
=

G

G2




ie., g(Xn )~ N{g(ﬁ), (GVG')/n}.
Theorem (¥,Y,%¢)

Suppose that X, =(X,,,....X;,) is asymptotically distributed as
N(ﬁle/n) and Y, =(Y

1n,o.

. Y,,) is asymptotically distributed as
N(EzaVz/”)’ where V, and Vv are two fixed matrices, X, andY, are

independent. Consider the two random vectors X=(X,,...,X,) and

!

Y =(Y,...Yg)', let g(X)=[g,(X).....g,(X)] be a vector-valued function

with non-zero differentials
G 0g,(X)
| ex,

which is an /xkmatrix, let f(Y)=[f(Y),...f,(Y)] be a vector-valued
function with non-zero differentials

[
| ooy,

X=u,

Y=u,

which is an /xkmatrix. Suppose g(X,) and f(Y,) are independent.
Then the asymptotic distribution of g(X, )+ f(Y,) also normal with mean
9(u,) + f(u,) and covariance matrix (GV,G' +FV,F)/n.

Proof

p
Since Var(X,)=V,/n—0 as n—oo, it then follows that X, g P

and
1X, — =0, (D),

p
and since Var(Y,)="V,/n— 0, as n—oo, it then follows that Y, — Ky and

1Y, — i, =0, (1).
Now using the Taylor series, approximation result for stochastic processes
we have:

9(X,)= (1) +G(X, ~ )+ Z,
where Z, =0, (|| X, — 1 |, and

SV = f(u,)+F(Y, —u )+ H,
where H, =0, (]|Y,, — K, ||, and this is follows that

g(Xn)+f(Xn):g(ﬁl)+f(ﬁ2)+G(Xn _E1)+F(Xn _ﬁ2)+zn +Hn'

W



Now using Lemma (¥,Y,YY) (a), \/;{Q(Xn)Jr f(Xn)—g@l)—f(gz)} and
Jn {G(Xn - ﬁ1)+ F(Xn —u 2)}, will have the same limiting distribution if
we show that

plim, ... n(Z, +H,)}=0.
But since Z, =0, (|| X, — 1 [=0,(1) and H, =0,(||Y, — K, [=0,(1), then
by Definition (Y,Y¥,Y+)

plim L =0 or plim =
noo 1 X = 1l noso (N[ X, = e ]

and

plim _H =0 or plim \/;H” =0.
n

oo |1, — 1, | 1Y, —u, |

However, by assumption \/;(Xn _ﬂ) has a finite limiting normal

1S

distribution and 1s bounded stochastically,
that is

Vn||X, -, = 0,(),
and also~/n (Xn —u 2) has a finite limiting normal distribution and bounded

stochastically,

that is
Y, —u,|=0,M)
and therefore we have
plim,_, \/Z(Zn ) =0 and plim,_,, \/Z(Hn ) =0, and this is follows that

plim,_,,, {\/;(Zn +H, )}: 0.

\/Z{Q(Xn)Jrf(Xn)—g(gl)—f(gz)}
=n{g(X,)- gl i+ Vnlr(v,)- fla,)
(v, -

Hence

d

>G{Vn(x, —u )+ Fivn

Theorem (¥,Y,99)
Suppose that X, =(X,,,....X;,) 1s asymptotically distributed as

-1, |5 NO.GHG + EVF) .

N(u,V/n), where V' is a fixed matrix. Consider the random vector

X=X, X)), let g(X) = [gl (X),...,9, (X)] be a vector-valued function
with non-zero differentials

Ty



o {agjo_c)} ‘
X; Iy,

which is an ¢xkmatrix, let f(X)=[f(X),..., fg(X)],be a vector-valued
function with non-zero differentials

N {afj@)}
o0X.

1

X=p

which is an /xkmatrix. Suppose g(X,) and f(X,) are independent.
Then the asymptotic distribution of g(X, )+ f(X,,) also normal with mean
g(w) + f(u) and covariance matrix (GVG'+FVF')/n.

Proof
The proof is the same way for proof theorem (¥,Y,°¢),

1y
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