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Abstract 
 

 In the present work, developing turbulent flow and heat transfer 

through rectangular and circular duct have been studied numerically. The 

study includes the numerical solution of the continuity, momentum, and 

energy equations (which govern the working fluid) together with the two 

equations of the (k-) turbulence model. The clustering of the grid in the 

radial direction near walls for each duct was used in the numerical solution. 

A computer program in FORTRAN 90 was built to perform the numerical 

solution for each duct. 

  The air at (00 °c) was used as the working fluid to flow once through 

rectangular duct of dimensions (L=53Dh and (067.0m *0. 03m) cross 

section and again through circular duct of diameter (D=06000m) and length 

(L=53D). The study was made for two values of Reynolds number 

(Re=.0000 and Re=000000) for each duct. Two cases of thermal boundary 

conditions were studied: Constant Wall Temperature and Constant Heat Flux 

respectively, but there were no satisfactory results obtained for constant heat 

flux case of circular duct. For all studies cases, the hydrodynamic and 

thermal boundary layers are simultaneously growing in the process of 

developing.  

 The computational algorithm is able to calculate all the hydrodynamic 

properties such as velocities, friction factor, and turbulence structure (which 

include the Reynolds stress, the turbulent kinetic energy and eddy viscosity). 

Also the computational algorithm is able to predict all the thermal properties 

such as the temperature, Nussult number and the turbulent heat fluxes.  

 The results showed that, Thermal Entry Length lies between, x/D 

(061-06.) for the two ducts which means that the developing of thermal 

boundary layer is so fast because the very high heat transfer coefficients 



which result from very high velocities near walls and the very small selected 

dimensions of each duct. The very high velocities near walls may result from 

the using of wall function with very small size of spacing between the 

clustered nodal points especially near walls. The present work shows that 

there is a possibility to check the   constant heat flux solution from that of 

the constant wall temperature. The validity of thermal results for constant 

wall temperature is verified and shows that there is a good agreement 

between the results of present numerical solution and the correlation related 

to it. 
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 الخلاصة

ذواـتؼذ ذاؾتطوّر ذؾؾجرقانذالمضطربذغيرذتام ذعددقة ذـظرقة ذخلالذمجرىذالذقتضؿنذاؾبحثذاصاؾيذدرادة اصرارة

لإجراءذاصلذاؾعدديذلمعادلاتذاؾؽتؾةذواؾزخمذواؾطاؼةذتذاؾدرادةذإعدادذنموذجذرقاضيذتضؿَّذحذحقثؿدتطقلذوآخرذدائري

تضؿَّنذاصلذاؾعدديذإدتخدامذاؾتـعقمذ(.FDM)ذالمحددةذتضطرابذإإدتخدامذررقؼةذاؾػروؼا(ذؾلإ-k)ذوؿعادؾتيذنموذج

لإرازذ(ذFORTRAN 90تمذإـاءذإرـاؿجذإإدتخدامذؾغةذ)ذؾؾشبؽةذاؾعؼدقةذإالإساهذاؾؼطريذؼربذاشدرانذؾؽلذمجرى.

ذاصلذاؾعدديذؾؽلذمجرى.

وذؿؼطعذذ(L=53Dh)مجرىذؿدتطقلذذيذرولذذؾقؿرذخلال مذؽؿائعذذغل°ذ00أدتُخدمذالهواءذإدرجةذحرارةذذ

ذ.ذاُجرقتذ(L=53D) (ذذوذرولD=0.000m) وؽذؾكذيمرذخلالذمجرىذدائريذإؼطرذ (0.7.0m *0.003m)عرضي

ذرقـوؾدز ذأرؼام ذؾؼقؿتينذؿن ذاصدودقةذRe=000000  ذو Re=.0000  اؾدرادة ذاؾشروط ذصاؾتينذؿن ذو ذمجرى ؾؽل

ذاشدار ذإثبوتذدرجةذحرارة ذثبوتذاؾػقضذذوؾؽنذلمذتؽنذـتائجذوالُأخرىذإثبوتذاؾػقضذاصراريذاصرارقة:ذحاؾة حاؾة

ذؿرضقةذاصراري ذاؾدائري ذؾؾؿجرى ذعؿؾق. ذاعتبار ذتم ذاؾدرادة ذحالات ذالمتاخمتينذذةشؿقع ذؾؾطبؼتين ذآـقاً ذزدث اؾتطوّر

ذذذ.الهقدرودقـاؿقؽقةذواصرارقة

ؽقةذؿثلذؿرؽباتذؿـحـقاتذاؾدرعةذحذؿعاؿلذإؿؽاـقةذاصلذاؾعدديذتتضؿنذحدابذجمقعذاؾصػاتذالهقدرودقـاؿقذ

ؽذؾكذذو.ذاؾؾزوجةذاؾدوّاؿقة(ذفقؽلذالإضطرابذ)اؾذيذقتضؿَّنذإجفاداتذرقـوؾدزذحذاؾطاؼةذاصرؽقةذؾلإضطرابذوذوذحتؽاكالإ

اؾػقضذذتتضؿنذإؿؽاـقةذاصلذاؾعدديذاؾؼدرةذعؾىذتـبُّؤذجمقعذاؾصػاتذاصرارقةذؿثلذتوزقعذدرجاتذاصرارةذحذرؼمذـدؾتذو

ذاصراريذالمضطربذلمـطؼةذاصداب.

(ذؾؽلاذالمجرقينذواؾذيذقعنيذإأنذ..0إلىذذ0.1قتراوحذؿاذإينذ)ذx/Dإأنذرولذاؾدخولذاصراريحذإقَّـتذاؾـتائجذذ

ذؼربذ ذاؾعاؾقة ذإلىذاؾدرع ذواؾذيذقرجع ذاؾعاؾيذجداً ذاصرارة ذإدببذإـتؼال ذدرقعذجداً ذفو ذاصرارقة ذالمتاخمة ذاؾطبؼة تطور

اؾصغيرةذاؾتيذاُختيرتذؾؽلذمجرى.ذاؾدرعذاؾعاؾقةذؼربذاشدرانذربماذـشأتذؿنذإدتخدامذداؾةذاشدارذؿعذذداشدرانذوالأإعا



ذ ذؼربذاشدران. ذخاصةً ذجداً اؾعؿلذاصاؾيذقتبقَّنذإأنذفـاؾكذإؿؽاـقةذذـتائجذوؿنذاؾتزحقفذؾؾـؼاطذاؾعؼدقةذإأإعادذصغيرة

ذاؾتدخينذإثبوتذاؾػقضذاصراريذؿ ذاؾعدديذصاؾة ذاؾتدخينذإثبوتؾػحصذاصل ذاؾعدديذصاؾة ذاصل ذحرارةذذن درجة

فـاؾكذتواػقذجقدذإينذذصاؾةذاؾتدخينذإثبوتذدرجةذحرارةذاشدارذحقثذؽاناؾتأؽدذؿنذصحَّةذاؾـتائجذاصرارقةذذ.ذتماشدار

ذاصلذاؾعدديذاصاؾيذواؾعلاؼاتذاؾتجرقبقةذالمتعؾؼةذإهذؾباحثينذداإؼين.

   



 



APPENDIX A 

Derivation of the Governing Equations for Turbulent flows in 

terms of Cartesian Coordinates 

The fundamental difference between laminar and turbulent flow lies in 

the chaotic, random behavior of the various fluid parameters. Such flows can be 

described in terms of their mean values (denoted with an over bar) on which are 

superimposed the fluctuations (denoted with a prime) [2]. Thus, in the turbulent 

flow the main dependent variables are replaced by the sum of the time mean 

and instantaneous fluctuation. Then the resulting equations are time averaged. 

The velocities, pressures, and temperature in the governing equations should be 

replaced by the following equations:- 
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                                                                                        … (A.1) 

In the study of turbulence one often has to carry out an averaging 

procedure not only on single quantities but also on products of quantities. 

Here the overscores have the following properties. 

   Let aAA   and bBB  .In any further averaging procedure 

A and B may be treated as constants. Thus 

aAaAaAA   whence 0a   

ABBABA   

0 bAbAbA  since 0b  

Similarly 

0 aBaBaB  since 0a  

   abABabaBbABAbBaAAB  [Hinze,1959] 

A-1 
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The governing equations for laminar, incompressible, steady flow in 

rectangular or square duct without External forces are:- 

1. Continuity equation: 
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2. Momentum Equation: 

X-direction 
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Y-direction 
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Z-direction 
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3. Energy Equation: 
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To make all the above equations valid for turbulent flows, the 

dependent variables (u, v, w, p, and T) should be expressed in terms of its 

mean and fluctuated components. This will be done for continuity equation 

by substituting the important relations for variables u, v and w from equation 

(A.1) into (A.2) to get  
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For momentum equation:- 

If equation (A.2) is multiplied byu , will become 

0






















z

w

y

v

x

u
u                                                                         … (A.8) 

To achieve the averaging processes for all variables the convective terms 

(like
x

u
u



) should be converted to a simple form by adding (A.3) and (A.8) 

to get:- 
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                                                                                                            … (A.9) 

Substitute from relations of equation (A.1) into equation (A.9) to get 
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Resolve the terms in brackets of the above equation and then time average 

the result to get  
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… (A.10) 
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Resolve the terms which contains a multiplied mean velocities in (A.10), get 
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Rearrange the above equation to get 
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Repeat for Y and Z-directions the same procedure which achieved to 

X-direction for getting equation (A.11), to get:- 

For Y-directions 
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For Z-directions 
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                                                                                                          … (A.13) 

Multiply equations (A.11), (A.12), and (A.13) by the density,   to get:- 
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                                                                                                                            … (A.14) 
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0 from (A.8) 
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The terms wu,vu,w,v,u   222
 and wv    in 

equations (A.14), (A.15), and (A.16) are called Reynolds stresses for 

turbulent flow.  

For energy equation:- 

Convert the convective terms in equation (A.6) to the following 

forms:- 
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                                                                                   … (A.14) 

Substitute equation (A.14) into equation (A.6) to get  
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Now, Substitute from equation (A.1) into equation (A.15) to get  
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                                                                                                           … (A.16) 

If equation (A.16) is time averaged, the result will be:- 
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… (A.17)  

… (A.15) 
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Substitute from equation (A.14) into equation (A.17) to get 
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Rearrange the above equation to get 
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                                                                                                           … (A.18) 

Multiply equations (A.17 by the density,   to get 

     
z

Tw

y

Tv

x

Tu

z

T

y

T

x

T

Prz

T
w

y

T
v

x

T
u
























































 


2

2

2

2

2

2

  

                                                                                                           … (A.19) 

The terms Tv,Tu    and Tw     in equation (A.19) are called 

turbulent heat fluxes for turbulent flow.  

 If an isotropic turbulence is assumed, the Reynolds stresses and 

turbulent heat fluxes can be represented by the following expressions: 
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                                                                                                                            … (A.20) 

Momentum Equation:- 

For X-direction 

After substituting the Reynolds stresses from equation (A.20) into the 

X-direction of momentum equations for turbulent flows, the result will be:- 
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Now, the turbulent stresses are added to laminar by using the concept 

of mean effective viscosity, efff ( tefff   ) as follows: 
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 By the same way, the Y and Z directions respectively will be:- 
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Z-direction 
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Energy Equation: 

Substitute the relations of turbulent heat fluxes of (A.20) into (A.19) to 

get 
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… (A.21) 

… (A.22) 

… (A.23) 

… (A.24) 
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Appendix A                                                                                 Appendixes 

 By using the concept of effective diffusion coefficient 
eff

eff

Pr


  

(
t

t

eff

eff

PrPrPr


 ), (A.24) will become 




















































































z

T

Przy

T

Pryx

T

Prxz

T
w

y

T
v

x

T
u

eff

eff

eff

eff

eff

eff 
        … (A.25) 
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APPENDIX B 

Derivation of Finite Difference Equation for First Derivative of 

Dependent Variable   with Clustering 

For finding the finite difference form of first derivative for all 

dependent variables in r-direction in circular duct or y-direction in 

rectangular duct which is affected by four clustered nodal points as shown in 

figure (B-1), the following derivation will be done for rectangular duct to be 

also applied for circular duct:- 

Before beginning the derivation, there is an important factor which should 

be explained with some details. This factor is the expansion factor,  which 

expresses the value of increment in the radial direction, y  of the next node 

with respect to the previous node when y starts from the lower wall (see 

figure (B.1)). When the fine grid is required near the walls the value of 

 should be selected to be less than 1.In the present work the appropriate 

value of  is 8.0.  

 Let   varies as fourth degree polynomial function as follows:- 

432 eydycybya                     … (B-1) 

Derive (B-1) with respect to y at (y=8), to get: 

b
y

y 



0


                                                     … (B-2) 

Apply equation (B-1) at each node of the nodes shown in figure (B-1), as 

follows: 

ayj,i 0                                                                    … (B-3) 

432
1 yeydycybayyj,i                                … (B-4) 

Let 



1

  
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        443322

22 1111 yeydycybayyj,i     

                                                                                                           … (B-5)                                                                                                                                            

     

  442

3322222
33

1

111

ye

ydycybayyj,i



 




                                                    

   

    44323332

223232
44

11

11

yeyd

ycybayyj,i



 




                                                    

Subtract equation (B.3) from equations (B.4), (B.5), (B.6), and (B.7) 

respectively to get: 

1
432

1 hyeydycybj,ij,i                               … (B-0) 

        2
443322

12 1111 hyeydycybj,ij,i     

                                                                                                           … (B-9)                                                                                                                                            

     

  3
442

3322222
23

1

111

hye

ydycybj,ij,i



 




                                                    

   

    4
44323332

223232
34

11

11

hyeyd

ycybaj,ij,i



 




                                                    

By rearranging equations (B-0), (B-9), (B-18), (B-11), and (B-12) in the 

form of square matrix and solving them by the Gauss elimination method for 

finding the constants a, b, c, and d in terms of  1h , 2h , 3h , and 4h  as follows: 

  

 

 

 

 

 

 

 

… (B-7) 

… (B-6) 

… (B-12) 

… (B-18) 

       

       
        
































































4

3

2

1

44323332223232

4423322222

443322

432

1111

1111

1111

h

h

h

h

e

d

c

b

yyyy

yyyy

yyyy

yyyy








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              
              

              

 

 
  
































1
32

4

1
2

3

12

1

432432332332232232

424232322222

443322

432

1

1

1

1111110

1111110

1111110

hh

hh

hh

h

yyy

yyy

yyy

yyyy















         
         

           

 

 
  































1
32

4

1
2

3

12

1

4232323223323222322

4232222

4232

432

1

1

1

2111211110

331211110

2112110

hh

hh

hh

h

yyy

yyy

yyy

yyyy















Let 

 

  
   
  

    
  
  
   

     2111

211

11

331
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21
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11

1

23232322
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32322
2

322
1

2
6
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5

4
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3
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1
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


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
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B
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Let 





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By back substitution:- 

 

















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





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
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




















y

ycydyeh
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yB

ydByeBhh
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yD
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D
C

e






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1

2
1
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4
512

3
1

4
31

4
3

1

2
4

1

1

2
2

1

                                   … (B-13) 

 

Substitute  251.  in equation (B-13) to get: 
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y

h.h.h.h.
b


4321 045440203964391042278961691792 

       … (B-14)     

Substitute equations (B-0), (B-9), (B-18), (B-11), and (B-12) into (B-14) to 

get:- 

 

y

.....

y

j,ij,ij,ij,ij,i

j,i


 4321 0454402039643910422789616917926199991  






                                                                                                                                                                                                                                                                       

 

Equation (B-15) is a general first derivative valid for all dependent variables 

  in the radial direction which is affected by four clustered forward nodal 

points as shown in figure (B.1). Where y  represents the smallest grid size 

in the radial direction close to the wall. 

By the same way, the first derivative for all dependent variables in the 

radial direction which is affected by four clustered backward nodal points as 

shown in figure (B.2) will be: 

y

.....

y

N,iNN,iN,iN,i

N,i


 4321 0454402039643910422789616917926199991  






                                                                                                                                                                                                                                                                       

 

 

 

 

 

 

 

 

 

 

 

 

 

… (B-15) 

… (B-16) 
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j,i

N,i

y



y

Figure (B.1) Finite Difference Clustered Grid Close to the Lower Wall 

0y

Figure (B.2) Finite Difference Clustered Grid Close to the Upper Wall 

B-6 



 

Start 

Initial guessed values for all 

dependent variables 

APPENDIX C 

Flowcharts of Computer Programs for Rectangular and 

Circular Duct 
C.1 Rectangular Duct Flowchart: 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Update all dependent variables 

(Pi,j- Pi-1,j) from equation 

(4114) 

ui,j from equation 

(4114) 

vi,j from equation (41.4) 

ki,j from equation (414.) 

Tridiagonal Solver 

Tridiagonal Solver 

Ti,j from equation (41.4) 

ji,  from equation (41..) 

 

A 

 

B 

Error 14
4 

Tridiagonal Solver 
 

B 

No 

Yes 

Ub from equation (411..) 

Grid Generation 

C-1 

H, a, N, M, , ,  Tw , qw, Tin, Uin, kin, 

in 

 

Tridiagonal Solver 
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Sir Horace Lamb in 3912 [3]. 

 
 
“I am an old man now, and when I die 
and go to heaven there are two matters 
on which I hope for enlightenment. One is 
quantum electrodynamics and the other is 
the turbulent motion of the fluid. And 

about the former I am rather optimistic.” 
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Chapter One 

 

1.1 General:- 

Any fluid flowing in a pipe had to enter the pipe at some location. The 

region of flow near where the fluid enters the pipe is termed the entrance region 

and illustrated in figure (1.1). The fluid typically enters the pipe with a nearly 

uniform velocity profile at section (1). As the fluid moves through the pipe, 

viscous effects cause it to stick to the pipe wall (the no slip boundary condition). 

This is true whether the fluid is relatively inviscid air or a very viscous oil. Thus, a 

boundary layer in which viscous effects are important is produced along the pipe 

wall such that the initial velocity profile changes with distance along the pipe, x, 

until the fluid reaches the end of the entrance length, section (2), beyond which 

the velocity profile does not vary with x. The boundary layer has grown in 

thickness to completely fill the pipe. The shape of the velocity profile in the pipe 

depends on whether the flow is laminar or turbulent, as does the entrance length, 

le. Typical entrance lengths are given by   

Re.
D

le
060     for laminar flow 

and 

6144 /Re.
D

le
     for turbulent flow 

Once the fluid reaches the end of the entrance region, section (2) of fig. (1.1), the 

flow is simpler to describe because the velocity is a function of only the distance 

from the pipe centerline, r, and independent of x [2]. 

 Fluid flow through tubes, pipes, or ducts is commonly used in practice in 

heating and cooling applications. The fluid in such applications is forced to flow 
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by a fan or pump through a tube which should be sufficiently long to accomplish 

the desired heat transfer application. 

  Turbulence in these applications is generated by friction forces at fixed 

walls, so it is called wall turbulence (while free turbulence is generated by the 

flow of layers of fluids with different velocities past or over one another). In the 

case of real viscous fluids, viscosity effects will result in the conversion of kinetic 

energy of flow into heat; thus turbulent flow is dissipative in nature. Other effects 

of viscosity are to make the turbulence more homogeneous and to make it less 

dependent on direction. In the extreme case, turbulence has quantitatively the 

same structure in all parts of the flow field; the turbulence is said to be 

homogeneous. The turbulence is called isotropic if its statistical features have no 

preference for any direction. If the turbulence is isotropic, no average shear stress 

can occur and, consequently, no gradient of the mean velocity. This mean 

velocity, if it occurs, is constant throughout the field. In all other cases, where the 

mean velocity shows a gradient, the turbulence will be nonisotropic, or 

anisotropic. Since this gradient in the mean velocity is associated with occurrence 

of an average shear stress, the expression “shear-flow turbulence” is often   used 

to designate this class of flow. Wall turbulence and an isotropic free turbulence 

fall into this class [3].  

For determination of the points with all desired important fluid flow 

features through duct, for a solution of questions of the operating reliability of 

heat transfer equipment with relatively short ducts, it is not sufficient and so 

expensive to measure these data experimentally. Besides; the experiments of 

turbulent flow are held on measuring either shear stress or velocity distribution 

which will be used to calculate the other required fluid flow features from the 

mathematical relations.  These drawbacks of experiment made the researcher tend 

to rely on Computational Fluid Dynamics (CFD) in calculating all fluid flow and 

heat transfer features computationally with reliable results, for different boundary 

conditions, in very short time without economical cost. Hence, the CFD can 
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predict all fluid flow and heat transfer features numerically with noting that in all 

problems the number of unknowns is exactly equal to the number of equations. 

The lack in equations from the unknowns in many problems will be substituted by 

using the concept of modeling. In other words, in many physical problems there is 

no frank mathematical relation for calculating some physical properties like 

turbulent viscosity. Thus, the modeling comes to present a semi-empirical 

mathematical relation for calculating these properties.   

In connection with increasing the rate of convective heat transfer in many 

industrial installations, there is a substantially increased interest in the study of 

convective heat transfer in the entrance region of a duct. The demand for more 

detailed knowledge and for more systematic methods of development was also 

apparent, particularly in such important applications as the cooling and heating 

processes in nuclear reactors, gas turbines, all kinds of waste-heat recovery, 

chemical and other process and power plant [4]
. 

In the present work, developing turbulent flow and heat transfer in the 

entrance region of rectangular and circular duct as shown in figures (1.2) and 

(1.3) respectively, will be studied. The governing continuity, momentum, and 

energy equations will be numerically solved by using the Finite Difference 

Method. Two heating boundary conditions will be applied for each duct, constant 

wall temperature (CWT) and constant heat flux (CHF). The model which is used 

in this study is the k  model. FORTRAN 09 program is used for each duct to 

compute all the required fluid flow and heat transfer features.   
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FIGURE (1.1): Entrance region, developing flow, and fully 

developed flow in a pipe as depicted in Ref. [1]. 

FIGURE (1.2): Rectangular Duct 

FIGURE (1.3): Circular Duct 
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1.1 Objectives:- 

 The main objectives of the present work are as follows:- 

1. Mathematical modeling of turbulent developing flow and heat transfer 

through two dimensional rectangular and circular duct respectively. 

2 Numerical solution of the governing equations for rectangular and circular 

duct by using Finite Difference Method.

3  Solving the problem for two types of thermal boundary conditions, 

constant wall temperature and constant heat flux. 

4 Discussion of the results for final conclusions. 

















 



 

Chapter Two 

 
 

1.2 Introduction:- 

 Developing turbulent flow and heat transfer in Circular and rectangular 

duct are very important especially in cooling and heating processes in nuclear 

reactors, gas turbines, all kinds of waste-heat recovery, chemical and other 

process and power plant. In the present chapter, the relevant works will be 

reviewed.   

1.1 Survey of Literature:- 

Seban et. al (5915) [1], investigated analytically the case of heat transfer to 

an incompressible fluid of constant properties flowing turbulently within a pipe 

having linear variation of wall temperature. The results compared heat-transfer 

coefficients as obtained under conditions of constant wall temperature and linear 

variation of wall temperature and they showed that for fluids of low Prandtl 

number the effect of wall-temperature profile was significant. 

Peter and Stuart (5991) [9], measured experimentally the temperature 

profile and the local heat transfer from the wall of circular tube at X/D values of 

1.314, 5154, 3154, and 9199 respectively. This was achieved at the thermal entrance 

region for air in fully developed turbulent flow at Reynolds numbers of 510111 and 

910111 in a 511 in tube. The velocity profile and pressure were also measured at the 

previous x/d values. Radial and longitudinal temperature gradients, radial heat 

fluxes, and eddy diffusivities for heat and momentum transfer were computed 

from the measurements. The longitudinal temperature gradients at all radii were 

found to differ significantly from the mixed mean temperature gradient. The eddy 

diffusivity for heat transfer was found to be independent of length in the thermal 

entrance region and hence a function only of the fluid motion.  

LITERATURE SURVEY 
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The local heat transfer characteristics for air flowing turbulently in the 

entrance region of a circular duct had been determined experimentally over a 

flow Reynolds number range of 51111 to 551111 by Mills (5994) [9]. A wall -

boundary heating condition of uniform heat flux was imposed. The entrance 

configuration investigated included a long calming section, bellmouth, orifice 

plate arrangements, and various entries of practical significance-elbow, T-piece, 

etc. A correlation of heat transfer under fully developed conditions was included 

together with the discussion of the effects of the fluid property variation in an 

axial direction. Entrance region heat transfer data were presented in the form of 

local heat transfer film coefficients and as the dimensionless ratio
UU NN

x
, this 

quantity was defined in such a manner as to eliminate the effects of the fluid 

property variation in an axial direction. Data for average heat transfer over tubes 

of lengths from 5/3  to 441 diameters were presented in the form of the ratio 

UU NN
a

 . In the case of the long calming section the results comparison with 

both experimental and theoretical previous investigation was satisfactory. 

Yang and Yu (5993) [8], investigated numerically the 4D entrance problem 

of convective magnetohydrodynamic channel flow between two parallel vertical 

plates subjected simultaneously to an axial temperature gradient and a pressure 

gradient. Both constant heat flux and constant wall temperature were considered. 

The solution matched to the fully developed solutions after a certain entrance 

length. It was found that an applied transverse magnetic filed may reduce the 

entrance length of the velocity considerably, but has little effect on the 

temperature development. 

 Stephenson (5999) [9], predicted turbulent fluid flow and heat transfer in a 

circular tube and between parallel and diverging plates by the use of a finite-

difference procedure. A turbulence model involving the solution of partial 

differential equations for two turbulence quantities had been employed. At the 

pipe or duct inlet, a finite velocity boundary–layer thickness, , was assumed 

together with a power-law velocity profile. Except for close to the wall, the 
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turbulent kinetic energy, k, was assumed to very linearly across the boundary-

layer. The dissipation, , was calculated from k and from an assumed mixing- 

length distribution. The enthalpy was assumed uniform across the pipe or duct 

inlet.      

Emery and Gessner (5999)[51], computed the velocity and temperature 

profiles for turbulent flow, both in the entrance region and the fully developed 

state in a duct with heated parallel plates. They started the calculations at the duct 

inlet and used a finite difference technique and a three- dimensional mixing 

length originally defined for corner flows, so it was possible to predict axial flow 

behavior and the non-asymptotic approach to fully developed flow with and 

without associated heat transfer. The used boundary conditions were ( inu  y) (0,u  , 

0 0) (x,u  ,  0 0) v(x,  for x 1). 

Emery et. al (5981)[55], computed velocity and temperature profiles for 

developing steady turbulent flow in a square duct with constant wall temperature, 

constant heat flux or asymmetric heating. The computations utilized an explicit 

numerical differencing scheme and an algebraic closure model based upon a three 

dimensional mixing length. The computed local and fully-developed shear 

stresses and heat transfer were shown to be in good agreement with measured 

data and with predictions using the k  closure model. The equations of the 

system were effected by means of the inlet conditions,   inuzy,0,u   and 

    0 zy,0,wzy,0,v , with all Reynolds stress components equal to zero at the 

inlet and with the boundary conditions at the wall of   0wvu  and either 

0Tw   for constant wall temperature , or wq
n

T
k 



  for constant heat flux. The 

law of the wall, in conjunction with the seventh power law velocity profile was 

applied at all axial positions to determine the wall shear stress which was then 

used in evaluating the axial velocity at the first nodal point from the wall. 

Chen and Chiou (5985) [54], studied laminar and turbulent heat transfer in 

pipe flow for liquid metals. Three flow regions, namely fully-developed, 
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developing thermal, and developing thermal and velocity regions were 

considered. The Van Driest mixing length hypothesis was adapted to model the 

turbulent shear stress, and the Cebeci model was extended to model the turbulent 

thermal conductivity of liquid metal flows. The thermal damping constant was 

redetermined in the study for the fully-developed region as well as other 

developing regions. Correlation for heat transfer calculation was given for 

boundary conditions at constant heat flux and constant wall temperature. The 

effect of the variation of physical properties was also studied. Coefficient of heat 

transfer calculation when the property is variable was given in a simple form of a 

liquid sodium NaK eutectic.      

Emery and Gessner (5985)[54], made comparisons between experimental 

data and numerical predictions based on a three-dimensional length-scale model 

applicable to developing turbulent flow in rectangular duct of arbitrary aspect 

ratio. There was an underprediction in the friction factor behavior calculation at 

Reynolds numbers (Re<110111) and overprediction in the axial centerline velocity 

calculation when (x/Dh≥41) for the same previous range of Re. The cause of these 

discrepancies was probably attributable to the length-scale model employed 

according to the authors’ point of view.  

Jicha and Ramik (5984) [53], solved the heat transfer in the very short 

entrance region by L/d 3 in the circular tube of the inner diameter d=11mm in 

which the air was flowing with Reynolds numbers from 513 to 511. They suggested 

a simple mathematical model to calculate the universal temperature distribution 

or dimensionless temperature,  T  (      /c/q/TT wpww ) and the heat 

transfer coefficient in the developing thermal turbulent boundary layer. The 

problem was formulated mathematically by means of the time-averaged partial 

differential energy equation for turbulent boundary layer. The fully-developed 

velocity profile for the inner region of the boundary layer was desired by the 4-

layer scheme in the form of the universal velocity, u (  //u w ) as follows:- 
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  yu  for 5y   

05.3yln5u    for 30y5    

8.3yln78,2u    for 30y   

Where y    is the dimensionless distance from the wall and equal to  //y w . 

The Boussinesq concept of the turbulent thermal diffusivity ( t ) was used to 

express the turbulent heat flux density ( VTcp  ) as y/TcVTc tpp  .The 

turbulent thermal diffusivity was defined in two ways both based on the analogy 

with the momentum transport by using the turbulent Prandtl number. In the first 

way, rtP  was taken equal 118and 5. For the second way, rtP  was calculated from 

the relation      B/yEXP1B/A/yEXP1AP 11rt  . Where 41.0A1  , 

44.01 B ,





/

26
A

w

 and 





/

35
B

w

 . From this relation it was evident that 

rtP for small distance from the wall (y) is dependent on this distance. For greater 

distance rtP  reaches a constant value of 1194. The energy equation was solved 

numerically with the explicit non-iterative Dufort-Frankel method in the form of 

dimensionless temperature   where     TT/TT ww  and T  is the free 

stream temperature. The comparison of the results with the data published in the 

literature was done in a limited way because of the lack of the experimental and 

specially calculated data at this time. 

Mousa (5989) [51], studied the fully developed flow, steady, and one 

dimensional momentum equation in a circular duct far from the entrance. He also 

studied the Constant heat flux state. A one equation turbulent kinetic energy 

model similar to that proposed by Prandtl was used. 

Numerical analysis had been performed for three-dimensional developing 

turbulent flow in the U-bend of strong curvature with rib-roughened walls by 

using an algebraic Reynolds stress model by Sugiyama and watanabe (4114)(59). 

In this calculation, the algebraic Reynolds stress model was adopted in order to 

predict preciously Reynolds stresses and boundary fitted-coordinate system was 
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introduced as the method for coordinate transformation to set exactly boundary 

conditions along complicated shape in rib-roughed walls. Calculated results of 

mean velocity and Reynolds stresses were compared with the experimental data 

in order to examine the validity of the presented numerical method and the 

algebraic Reynolds stress model. It had been pointed out as a characteristic 

feature from the experimental result that the maximum velocity appears near the 

inner wall of curved duct, which phenomenon was not recognized in mild curved 

duct. The present method could predict such velocity profiles correctly and 

reproduce the separated flow generated near the outlet cross section of curved 

duct. Adding to this, calculated results showed clearly that the generation of 

maximum velocity near the inner wall was caused by pressure driven secondary 

flow which moves to inner wall from outer wall along symmetrical axis. As for 

the comparison of Reynolds stresses, the used turbulent model relatively 

predicted the experimental data well except for the flow separated region which 

was located near the outlet cross section of curved duct. 

1.2 Scope of the Present Work:- 
 

In the present work, the hydrodynamic and thermal boundary layer are 

considered to develop simultaneously, where this consideration is achieved by 

assuming uniform velocity and temperature profile at entrance of two 

dimensional circular and rectangular duct respectively. The clustering of the grid 

in the radial direction was used in the numerical solution for each duct and the 

thermal boundary conditions applied to the numerical solution are CWT and CHF 

for the two ducts. Mathematical modeling of the flow is accomplished by using 

the two equations of the (k-) turbulence model. 



Chapter Three 

MATHEMATICAL MODEL 

 

1.3 Introduction 
 

              In this chapter, the mathematical analysis is presented for the Partial 

Differential Equations (PDES) which describe developing turbulent fluid flow 

and heat transfer in two geometrical shapes. These shapes are rectangular and 

circular respectively. Incompressible and constant property flow is assumed 

throughout each duct. k  model is employed for predicting developing 

velocity and temperature profiles in the entrance region of each duct.         

 

1.3 Geometrical Shapes and System Coordinates 
 

The following study deals with developing turbulent fluid flow and heat 

transfer through ducts of two cross sections, rectangular (as shown in figure 

(1.2)) and circular (as shown in figure (1.3)) respectively. The first will be 

expressed in Cartesian Coordinates System, but the second in Cylindrical. This 

study will be achieved for two cases, Constant Heat Flux and Constant Wall 

Temperature respectively.  

 

1.1 Assumptions and Governing Equations of Rectangular 
Duct 

[  
 

      For two dimensional developing, steady state, incompressible turbulent flow 

in large aspect ratio 












 00

z
,w  rectangular duct, with negligible body force, 

without free convection and heat generation and negligible viscous 

dissipation  0 , the continuity, momentum and energy equations which were 

reported in appendix A will be simplified as follows:-   

12 
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Continuity equation:  

0









y

v

x

u
                                                                                      … (3.1) 

X-momentum: 



































































x

u

xy

u

yx

u

xx

p

y

u
v

x

u
u teffeff            … (3.2) 

The mixed term 
















x

u

y
t   is so small; hence it was canceled in equation (3.2). 

teff                                                                                                 … (3.3) 

 , t  and eff  are laminar, turbulent and effective viscosity respectively for 

turbulent fluid. 

Energy equation: 






































































y

T

Pyx

T

Pxy

T
v

x

T
u

effeff r

eff

r

eff 
                                      … (3.4) 

Where:- 

teff r

t

rr

eff

PPP


                                                                                             … (3.5) 

rP ,
tr

P  and 
effrP  are laminar, turbulent and effective Prandtl number respectively 

for turbulent fluid. 
 

1.4 Assumptions and Governing Equations of Circular 
Duct 
 

      The governing equations for steady, axis-symmetric, incompressible 

turbulent fluid flow and heat transfer without heat generation and with neglected 

body forces, buoyancy effects, and dissipation function are as reported in Ref. 

[17], as follows: 

Continuity  

 
 

0
1











x

u

r

ru

r

xr                                                                                … (3.6) 
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Momentum 

X-direction: 



















































































x

u
r

rrx

u

xr

u
r

rrx

P

x

u
u

r

u
u r

t
x

eff
x

eff
x

x
x

r 
11

  

x

k

x

u

x

x
t





















 

3

2
                                                                               … (3.7) 

Energy Equation: 














































































x

T

Pxr

T

P
r

rrx

T
u

r

T
u

effeff r

eff

r

eff

xr




1
                                … (3.8) 

 

1.5 Turbulence Model 
 

 The k  model is the more common active model for turbulent fluid 

flow problems. It is also called the two equations model, where it characterizes 

the local state of turbulence by two parameters: the turbulent kinetic energy, k, 

and the rate of its dissipation . The absolute viscosity is related to these 

parameters by kolmogrov Prandtl expression:- 


 

2k
Ct                                                                                            … (3.9) 

Where c  is an empirical constant, which is equal (...9) as reported in Ref. [17].  

This model is chosen for modeling the two geometries according to the 

semi-empirical transport equations for k and  as described below. 
 

1.5.3 k  Model for Rectangular Duct 
 

The two equations turbulent models for Cartesian coordinates which were 

reported in Ref. [18] are:- 













 

































































G

z

k

zy

k

yx

k

xz

k
w

y

k
v

x

k
u

k

t

k

t

k

t    

                                                                                                                  … (3.1.) 

k
cG

k
c

zzyyxxz
w

y
v

x
u ttt

2

21


























 



































































                                                                                                                   … (3.11)   
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Where G is the generation term and is equal to  



























































































































222222

2
y

w

z

v

x

w

z

u

x

v

y

u

z

w

y

v

x

u
G t                          

                                                                                                                                                                … (3.12) 

In the two equations (3.11) and (3.12), there are four empirical constants and its 

values as indicated in Ref. [19] are:- 

( 4411 .C  ), ( 9212 .C  ), ( 1k ) and ( 31. ).  

 These two equations will be changed after applying the previous 

assumptions for rectangular geometry as follows: 









 











































G

y

k

yx

k

xy

k
v

x

k
u

k

t

k

t                            … (3.13) 

k
CG

k
C

yyxxy
v

x
u tt

2

21



















 














































        … (3.14) 























































222

22
y

u

y

v

x

u
G t                                                                              … (3.15) 

 

1.5.3 k Model for Cylindrical Coordinates 
 

The two equations models for cylindrical coordinates as reported in Ref. [17] 

are:- 









 




























































G

x

k

xr

k
r

rrx

k
u

r

k
u

k

t

k

t
xr

1
             … (3.16) 

k
CG

k
C

xxr
r

rrx
u

r
u tt

xr

2

21

1 














 































































 

                                                                                                                   … (3.17) 

Where:- 








































































222

2
r

u

x

u

x

u

r

u
G xrxr

t                                      … (3.18) 
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1.6 Boundary Conditions 
 

The requirement that the dependent variable or its derivative must be 

satisfied on the boundary of the partial differential equation (Ref. [2.]) is called 

the boundary condition. The boundary conditions represent the statements of 

physical facts at specified values of the independent variable. Any fluid moves 

over a surface whose temperature differs from it, will lead to transfer of heat by 

convection. Hence, the thermal and hydrodynamic boundary layer 

considerations will be encountered. These considerations should be precisely 

treated especially when turbulent boundary layer is faced. In order to achieve 

this purpose, suitable boundary conditions should be applied on the selected 

problem. Therefore; the boundary conditions according to the geometry will be 

written as follows:   

 1.6.3 Boundary Conditions for Rectangular Duct 
  

 Entrance region Boundary Conditions: 

Uniform temperature and velocity profile at the entrance region of 

rectangular duct is assumed. Likewise the k  model boundary condition and 

temperature are assumed uniform at entrance. All entrance boundary conditions 

can be written as follows: 

 



























 CD./kC

uCk

TT

v

p

uu

h

/

inin

inkin

in

in

50

0

101325

23

2

                                                                    … (3.19) 

 Where C  and kC  are constants ( C =...3 & kC =....3) as indicated in Ref. [17]. 

hD  represent hydraulic diameter where hD =4A/p;  

A is the area of rectangle. 

p  is wetted perimeter.  
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 Exit region Boundary Conditions: 

At exit the boundary conditions will be as taken in Ref. [17]  as follows:- 













































.cons
x

p

.cons
x

T

xx

k

x

v

x

u
0



                                                                                                         … (3.2.)                                                         

Wall Boundary Conditions: 

  All velocity components are zero at the walls, hence:- 

0 vu                                                                                              … (3.21) 

The boundary condition of the kinetic energy, k, and its dissipation is:- 
















0

0

y

k

                                                                                                … (3.22) 

For the constant wall temperature, the boundary condition will be:- 

wTT   

For the constant heat flux, the boundary condition will be:- 


wq

y

T





                                                                                             … (3.23)  

+ve sign is applied at the upper wall and –ve sign at the lower wall. 

   represents thermal conductivity of the fluid.  

1.6.3 Boundary Conditions for Circular Duct 
 

 Entrance region Boundary Conditions: 
 

Uniform temperature and velocity profile at the circular duct entrance is 

assumed as follows: 















in

inx

r

TT

uu

u 0

                                                                                             … (3.24) 

 The entrance profile for the kinetic energy of turbulence and its rate of 

dissipation are assumed to be calculated from the following relations: 
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 










 DC./kC

uCk

/

inin

inkin

50
23

2

                                                                    … (3.25) 

 Where  C  and kC  are constants ( C =...3 & kC =....3). 

 Exit region Boundary Conditions: 

For fully developed turbulent fluid flow at exit, the velocity components 

gradient in the axial direction is zero. The presence of heat transfer by 

convection between the surface and fluid will keep fluid temperature changes 

with distance. This means that the temperature gradient in the axial direction 

will not equal zero ( 0




x

T
). Therefore; the boundary conditions for velocity 

components, temperature, and pressure at exit can be written as follows (Ref. 

[17]): 



































.cons
x

p

.cons
x

T

x

u

x

u rx 0

                                                                                                                            … (3.26) 

k  model boundary condition at exit will be written as:- 

0









xx

k 
                                                                                          … (3.27) 

Wall Boundary Conditions: 

  All velocity components are zero at the walls, hence:- 

0 rx uu                                                                                          … (3.28) 

The boundary condition of the kinetic energy, k and its dissipation is:- 















0

0

r

k

                                                                                                … (3.29)                                                                                    

For the constant temperature wall, the boundary condition will be:- 
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wTT                                                                                                  … (3.3.) 

For the constant heat flux, the boundary condition will be:- 


wq

r

T





                                                                                                 … (3.31) 

1.7 Wall Effects  
  

 The turbulent  velocity boundary layer can be divided into three zones of 

flow. The zone immediately adjacent to the wall is the layer of fluid that, 

because of the damping effect of the wall, remains relatively laminar even 

though most of the flow in the boundary layer is turbulent. This very thin layer 

is called the viscous sublayer or laminar sublayer where the laminar transport 

properties have a predominant influence of the flow, and momentum and heat 

transfer can be largely accounted for by simple mechanisms of viscous shear 

(
y

u




   ) and molecular conduction (

y

T
kq



 ). The second zone is called the 

transitional zone which is the zone between the laminar sublayer and the third 

zone which is called the fully turbulent region. In this zone the viscous and the 

turbulence inertia effects are of the same order of magnitude. The turbulent 

region comprises most of the boundary layer, where the viscous shear is 

negligible. The near wall region comprises the laminar sublayer, the transitional 

region and the initial part of the fully turbulent region but the core region 

comprises the external part of fully turbulent region. 

 The form of the model which has been presented previously for the two 

geometries is valid for turbulent region where the gradients of the flow 

properties are usually not very steep. Hence a moderately fine finite difference 

grid yields acceptable solutions [21]. Close to the solid walls and some other 

interfaces there are inevitably regions where the local Reynolds number 

( ,/lk .  50  where /kl .51 ) is so small that the viscous effects predominate 

over turbulent ones and the variations of the flow properties are much steeper. 

There are two methods of accounting for these regions in numerical methods for 
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computing turbulent flow; the wall-function-method; and the –low-Reynolds-

number-modeling method [19]. For the two geometries, the wall-function-

method will be used.  

1.8 The Wall-Function-Method 
 

This method is the one which has been most widely used, and which is 

indeed still to be preferred for many practical purposes. Its merits are two: it 

economizes computer time and storage and it allows the introduction of 

additional empirical information in special cases, as when the wall is rough [19].   

 Wall function is a method which is used for calculating the effective 

exchange coefficient, wall . Effective exchange coefficient represents the 

diffusion coefficient in the energy and momentum equations. The table (3.1) 

summarizes the expressions for wall  for the different dependent variables [22].  

Table (3.1) Wall Function 

  w  Notes 

Velocity components 

normal to the wall 
.  

Velocity components 

parallel to the wall 

 


Eyln/

y





1
 for 511.y   

 

  
for 511.y   

p,pk   Not required  

pT  

  eer pEyln/

y

p 







1
 for 511.y   

 

rp


 

for 511.y   
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The following equation is used for calculating the kinetic energy of 

turbulence (k) and its rate of dissipation , to the nodal point neighboring to the 

wall [23]: 

2

1





C

k w
p                                                                                                … (3.32) 

p

p

p
y

kC




 4

3

4

1

                                                                                                                                  … (3.33) 

The important new variables and constants which appear in the above table and 

the two equations (3.32) and (3.33) are:- 

The dimensionless amount 
y which appears in the above table is defined as 

follows:  



  2

1

4

1

pp kCy
y 

                                                                                                             … (3.34)                             

py  is the normal distance from the wall surface to nodal point neighboring to the 

wall. 

  is the Von Karman constant and equal to (..4187) and E is integration 

constant and equal to (9.793).  

 eep  is the Pee function which is the function for laminar and turbulent Prandtl 

number and can be calculated from the following relation which was reported by 

Ref. [24] 
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                                 … (3.35) 
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1.9 THE DIMENSIONLESS QUANTITIES 
 

 The following dimensionless quantities will be used in the present work: 

1. Reynolds number 

(a) For rectangular duct 



 inhUD
Re                                                                                              … (3.36) 

(b) For circular duct  



 inDU
Re                                                                                        … (3.37) 

2. Nussult number 

(a) For rectangular duct 


hhD

Nu                                                                                              … (3.38) 

(b) For circular duct  



hD
Nu                                                                                        … (3.39) 

 

 

 

 

 



Chapter Four 

 
 

1.4 INTRODUCTION 
 

The numerical solution procedures for governing differential equation 

which are described in chapter three are given in this chapter. The transformation 

of governing non-linear partial differential equations to the algebraic equations is 

achieved by using finite difference method.   
 

1.4 GRID GENERATION  
 

The governing equations for the present study will be solved by using the 

Explicit Finite Differences Method. The calculation region shown in figure (1.4) 

for rectangular duct and in figure (1.2) for circular duct (where clustering for all 

nodal points of each geometry was done) is divided into finite regions, in which 

the nodal points are specified by using the two indexes, (i) in the axial direction 

(x) and (j) in the lateral direction. The lateral direction is represented by y in 

rectangular duct and r in circular duct. For each node in rectangular duct, the 

coordinates will be ( ji,yy   ,xix  ), where  M,i 0  , N,j 0   and for circular 

duct will be ( ji,rr   ,xix  ), where M,i 0 , N,Nj  . Therefore, the upper 

and lower walls for rectangular duct are represented by the two lines 0j  and 

Nj   while the upper and lower walls for circular duct are represented by the 

two lines Nj   and Nj   with center which is represented by the line 0j  

.The inlet and exit for rectangular and circular duct are represented by the two 

lines 0i  and  Mi   respectively. 

The dimensions which were taken for checking the result of studying the 

developing turbulent flow and heat transfer  through rectangular and circular duct 

are (H=0.0.4m, a=0.262m, L=5.Dh) for rectangular duct and (D=0.204m, 

NUMERICAL SOLUTION 
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L=2.D) for circular duct. With this dimensions the numerical solution was 

accomplished by taking (M=4.0, N=.0) for rectangular duct and (M=420, 

N=50) for circular duct. The grid generation for each duct is achieved by making 

the transverse nodal spacing varied across the duct height but constant down the 

duct. Hence, the nodal spacing was much denser near the duct wall than at the 

centerline.    

To transform the partial terms in the partial differential equations to 

algebraic terms the nodal points shown in figure (1.5) will be considered. After 

transforming the governing equations from partial to algebraic form, it will be 

simultaneously solved by using Tri-Diagonal Matrix Algorithm (TDMA) except 

the momentum equation which will be solved by using Gauss- Seidel method as 

indicated in this chapter. The resulting algebraic forms for all equations presented 

in this chapter are solved by using a FORTRAN 00 Program. 

 

1.4 MOMENTUM EQUATIONS  
 

The Explicit Finite Differences Method will be used to solve the 

momentum equations. The momentum equation is a non-linear partial differential 

equation consists of the terms on the left-hand side which are called the 

convection terms, and the pressure gradient term and diffusion terms on the right-

hand side. In turbulent flow the conversion of convective terms into algebraic 

form is accomplished by using Upwind Difference [2.], where the Backward 

Difference is used in this method. But the diffusion terms will be converted into 

algebraic form by using Central Differences.  
 
 

1.4.4 NUMERICAL FORMULATION FOR MOMENTUM EQUATION OF 
RECTANGULAR DUCT 
 

The Backward Difference is used to convert the convection terms and the 

pressure gradient term for rectangular duct into algebraic form as follows [2.]:- 

x

uu
u

x

u
u

j,ij,i

j,ij,i 






 1


                                                                         ... (1.4) 
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j,iy

uu
v

y

u
v

j,ij,i

j,ij,i 


1






                                                                        ... (1.2) 

x

pp
-

x

p
ii

i 







 1                                                                                        ... (1.5) 

 But the Central Differences are used to convert the diffusion terms as 

indicated in Ref. [26] as follows:   
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






































 





 x

uu

x

uu

xx

u

x

j,ij,i

j,.i

j,ij,i

j,.i effeffj,ieff

1

50

1

50

1
                           

  







































 







 j,i

j,i

eff

j,i

eff

j,ij,i

j,ieff
y

uu

y

uu

yyy

u

y

j,i

.j,i

j,ij,i

.j,i

1

50

1

50

11

2
  









































 





 x

uu

x

uu

xx

u

x

j,ij,i

j,.i

j,ij,i

j,.i ttj,it

1

50

1

50

1
                        ... (1.6) 

 By substituting the algebraic equations (1.4), (1.2), (1.5), (1.1), (1..) and 

(1.6) into equation (5.2), the following equation will result:- 

x

pp
uauauauaua ii

uuuuu j,ij,ij,ij,ij,ij,ij,ij,ij,ij,i 


 



1
54321 1111

             ... (1.2) 

Where:-  
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... (1.1) 

... (1..) 

... (1.8) 
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Where:- 



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                                                                         ... (1.0) 

 The equation (1.2) can be written as: 

 1 ii PPu
ji,ji,ji,

                                                                            … (1.40) 

Where:- 
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u
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j,i

1

1

5432

1

1111





                                    … (1.44) 

The mean pressure difference  1 ii PP  which appears in equation (1.40) 

is calculated by using the Mass Conservation Method [2.]. By integrating 

equation (1.40) over the cross section of the rectangular duct, the result will be:- 

  
H 

0
ji,

H 

0 
iiji,

H 

0 

dyaPPadyadyum
ji,

 1                                 … (1.42) 

Where 

Rearrange equation (1.42), to get:- 




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H 

0
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



1
                                                                                                                                            

… (1.45) 
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 The integration in equation (1.45) is accomplished by using the Numerical 

Integration by Trapezoidal Rule. In the present work the following form of the 

trapezoidal rule is derived to accomplish the integration of the non- uniform grid 

spacing:- 
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 

 







 









 









224

1

224

1

11

11

1
j,ij,i

ji,

j,i

ji,

j,ij,i

ji,

j,i

ji,

j,ij,i
yy

a
y

a

yy
a

y
a-m

PP













                                           

                     

 The velocity equation (1.40) is solved by using the point by point Gauss –

Seidel Method which is one of the iteration methods used for solving the linear 

equations. In this method the value of the dependent variable (u) at the present 

iteration is calculated for each node in the nodal grid in terms of the adjacent 

nodal points at the present and the previous iteration to achieve a suitable 

convergence. Hence, in any new iteration the calculation is done by depending on 

different iteration planes until reaching the required convergence. In iterative 

solution of the algebraic equations it is desired to accelerate or decelerate the 

convergence from one iteration to another; this process is called Under or Over 

… 

(1.41) 

… (1.41-

A) 

… (1.41-B) 



NUMERICAL SOLUTION                                                                                               CHAPTER FOUR 

 28 

Relaxation. In the present work the time and iterations required to reach the 

values of u and v for the entire domain with reasonable percent of error (like 

4.0E-05) are large, hence the under-relaxation method was used to accelerate the 

convergence in the solution. So equation (1.40) can be written as the following 

under-relaxation form:- 

    1
1 1 
  iij,ij,i

q
j,i

q
j,i ppuu                                       … (1.4.) 

Where j,i
qu  and 1q

j,iu  represent the values of calculated velocity at each nodal 

point at the previous and the present iteration planes respectively. The symbol    

in equation (1.4.) is called the Relaxation Coefficient and the selection of its 

typical value depends on different factors like the number of nodal points, the 

type of used error for solving problem ...etc. The range of under-relaxation factor 

lies between (0-4).  

 In the present work, the value of   used for solving u and v for rectangular 

duct was (0.52). Equation (1.45) was solved without relaxation [2.].  
 

1.4.4 NUMERICAL FORMULATION FOR MOMENTUM EQUATION OF 
CIRCULAR DUCT 
 

The same procedure for converting the momentum equation from 

differential to algebraic form for rectangular duct will be achieved  for circular 

duct as follows:- 
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Substitute equation (1.20) into (1.40) to get:- 
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                                                                            … (1.21) 

Substitute equation (1.21) into (1.25) to get:- 
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… (1. 24) 

… (1. 2.) 
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The term 












x

k
 in equation (5.2) will be converted to the numerical form 

by using the Central Differences as follows:- 
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2 11
                                                                   … 

(1.22) 

 By substituting the algebraic equations (1.46), (1.42), (1.48), (1.24), 

(1.22), (1.2.), (1.26), and (1.22) into equation (5.2), the following equation will 

result:- 
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                                                                                                                    … (1.28) 
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                                                                                                                   … (1.20) 



NUMERICAL SOLUTION                                                                                               CHAPTER FOUR 

 54 

Where:- 
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 The equation (1.28) can be written as: 

 1 iij,ij,ix PPu
ji,

                                                                           … (1.54) 

Where 
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
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
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1111





   … (1.52) 

By the same way of calculating the mean pressure difference for 

rectangular duct, the mean pressure difference  1 ii PP  which appears in 

equation (1.28) is calculated by using the Mass Conservation Method. By 

integration for the equation (1.54), the result will be:- 

   

R

0
j,ij,iji,ii

R

0
j,ij,iji,

R

0
x rrPPrrrdrum

ji,
 222 1            … (1. 55) 

Rearrange equation (1.55), to get: 

… (1.50) 
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


  R

0
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0
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ii
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rr2-m

PP





2

1


                                                  … (1.51) 

 The integration in equation (1.51) is accomplished by using the direct 

Integration to get:- 

 

 




 









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M
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ii

rrr2

rrr2-m

PP

1
1 1

1

1





                                                                

 The velocity equation (1.54) is solved by using the same sequence which 

was explained for equation (1.40) in article (1.5.4) for rectangular duct.   

 

1.1 NUMERICAL FORMULATION FOR CONTINUITY EQUATION OF 
RECTANGULAR AND CIRCULAR DUCT 
 

The Backward Finite Differences will be used for converting the two 

equations, (5.4) for rectangular duct and (5.6) for circular duct to algebraic form 

as follows:-    

For rectangular duct:- 

x

uu

x

u j,ij,i

j,i







 1
                                                                                   … (1.56) 

j,i

j,ij,i

j,i
y

vv

y

v








 1
                                                                                    … (1.52) 

Substitute equation (1.56) and (1.52) into equation (5.4), and get the following 

equation:- 

  11  



 j,iji,j,i

j,i

ji, vuu
x

y
v                                                                    … (1.58) 

The relaxation for (1.58) was done with 370. by using the following 

equation:- 

… (1.5.) 
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    







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 


11

1 1 j,iji,j,i

j,iq
j,i

q
j,i vuu

x

y
vv                              … (1.50) 

 

 

For circular duct:- 

 

j,i
r

u

r
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r

u

r

u

r
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r

j,ir

j,i

1-j,irj,ir

j,i

r

j,i

r
j,i

r 














1
                                  … (1.10) 

x
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x

u j,ixj,ix

j,i
x








 1
                                                                              … (1.14) 

Substitute equation (1.10) and (1. 14) into equation (5.6), to obtain:- 

 
 

  1-j,ir

j,ij,i

j,i

j,ixj,ix

j,ij,i

j,ij,i

j,ir u
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r
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xrr
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u











1
                            … (1.12) 

The relaxation process for equation (1.12) is similar to (1.50). 

 

1.5 -k  MODEL  
 

The conversion of the two equation turbulent model ( -k ) to the 

numerical form is accomplished by using the Backward Differences for the 

convective terms and Central Differences for the diffusion terms for the two 

ducts. 
 

1.5.4 NUMERICAL FORMULATION FOR -k  MODEL OF 
RECTANGULAR DUCT 
 

The turbulent kinetic energy equation (5.45) is a PDE and can be 

converted to algebraic form as follows:- 

x

kk
u

x

k
u

j,ij,i

j,ij,i 






 1
                                                                        … (1.15) 

j,i

j,ij,i

j,ij,i y
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v

y

k
v








 1
                                                                         … (1.11) 
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But the generation term conversion from Equation (5.4.) form to 

numerical form will be as follows:- 
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And the dissipation term in equation (5.41) will be converted as follows:- 

ji,j,i                                                                                                    … 

(1.18) 

After substitution of the algebraic equations (1.15), (1.11), (1.1.), (1.16), (1.12) 

and (1.18) in equation (5.45), the result will be:- 

j,ij,ij,ij,ij,ij,i kj,ikj,ikj,ikj,ikj,ik Skakakakaka   151413121                 … (1.10) 
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  … (1..0) 

… (1.16) 
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Where: -       
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                                                … (1..4) 

The kinetic energy equation (1.10) can be solved by using the point by 

point Gauss –Seidel Method. The principle of this method is based on 

formulating an ordered linear equation so that it is valid for calculating three 

unknowns of the dependent variables along a constant line (j=constant). 

According to this method, equation (1.10) can be written as [2.]:- 

j,ij,ij,ij,ij,ij,i kj,ikj,ikj,ikj,ikj,ik Skakakakaka-   151314112              … (1..2) 

The equation (1..2) is used for all varying (i) nodal points at (j=constant). 

This equation can be solved by successive manner by using Tri-Diagonal Matrix 

Algorithm (TDMA) [22]. The calculation of the turbulent kinetic energy values 

(k) at nodal points can be done at constant calculation line (j). This calculation 

depends on the (k) values at the two calculation line sides which were calculated 

either from the boundary conditions of the problem or from the previous iteration. 

When the (k) calculation is done for all grid lines, a new iteration process will be 

started until reaching the required convergence. The equation (1..2) was solved 

without relaxation (with relaxation factor of value k 4) according to the 

following criteria:- 

  11 1   q
j,ik

q
j,ik

q
j,i kkk                                       … (1. .5) 

 Where q
j,ik  and 

1q
j,ik  are the values of calculated k at each nodal point at 

the previous and the present iteration planes respectively.  
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
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 1
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                                                                       … (1. .1) 
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

               … (1..6) 

 
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
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
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


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
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
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
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





 





 j,i

j,ij,i.j,i

j,i

j,ij,i.j,i

j,ij,i

j,i yyyyyy

ttt 150

1

150

1

2 















                                                                                                                     

ji,

j,i

ji,1j,i1
k

GC
k

GC


                                                                                  … (1..8) 

Where  ji,G  is calculated from equation (1.12).  

ji,

j,i

j,i2
k

C
k

C-
2

2

2 



                                                                             … (1..0) 

After substitution of the algebraic equations (1..1), (1...), (1..6), (1..2), (1..8) 

and (1..0) in equation (5.41), the result will be:- 

j,ij,ij,ij,ij,ij,i
Saaaaa j,ij,ij,ij,ij,i     151413121               … (1.60) 

Where:- 
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 
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 
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

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

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
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
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
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










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
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
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
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j,i

j,iji,

j,ij,ij,i
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j,i

j,.i

j,i

j,ij,ij,i

.j,i

j,i

j,i

j,i

j,.ij,i

j,i

j,ij,ij,i

.j,i.j,ij,.ij,.ij,i

j,i

k
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yyy
a

x
a

yyyy

v
a

xx

u
a

k
c

yyyxy

v

x

u
a

t

t

t

t

j,i

j,itttt

j,i

j,i






















































1

5

24

3

22

221

11

50

50

1

50

50

11

50505050
2

                                               

… (1..2) 

… (1.64) 
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 The values of the turbulent viscosity at halve points like 
50.j,it 

  are 

calculated from equation (1..4).    

The generation and dissipation terms are treated as indicated in the two 

equations (1..8) and (1..0) respectively to attain the stability of the numerical 

solution [21]. 

 The linear dissipation rate equation (1.60) is solved by using the Gauss –

Seidel Method which was explained in detail in the kinetic energy equation. 

Hence equation (1.60) will become:- 

j,ij,ij,ij,ij,ij,i
Saaaaa j,ij,ij,ij,ij,i     151314112              … (1.62) 

The equation (1.62) was solved without relaxation according to the following 

criteria 

  11 1   q
j,i

q
j,i

q
j,i                                        … (1. 65) 

1.5.4 NUMERICAL FORMULATION FOR -k  MODEL of CIRCULAR 

DUCT 
 

The same treatment for -k  model of the rectangular duct will be done 

for the circular duct as follows:- 

For k equation: 

j,i

j,ij,i

j,ij,i r

kk
u

r

k
u rr








 1
                                                                        … (1.61) 

x

kk
u

x

k
u

j,ij,i

j,ij,i xx







 1
                                                                        … (1. 6.) 
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
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t

k

t

k

t 150

50

1
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1
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











        

                                                                                                                              






























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


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x

j,ij,ij,.ij,ij,ij,.i

k

t

k

t

j,i

k

t 1501501












                    … (1.62) 

… (1.66) 
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ji,j,i                                                                                                     … (1.60) 

After rearranging the above equations for k, the following form can be written: 

i,ji,jij,i,jij,i,jij,i,jij,i,jij, k5k4k3k2k1k Skakakakaka 
 1111

                      … (1.20) 

 Where:- 
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                                                                                                                    … (1.24) 

j,ij,iji,j,iji,j,iji,j,iji,j,iji, k4k2k3k1k5k Skakakakaka 
 1111

                 … (1.22) 

For   equation:- 

j,i

j,ij,i

j,i r
u

r
u

j,irr







 1





                                                                  … (1.25) 

… (1.68) 
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x
u

x
u

j,ij,i

j,ij,i xx







 1





                                                                  … (1.21) 
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j,i
t 1501501 















                 … (1. 26) 

j,i

j,i

j,ij,i
k

GC
k

GC


 11                                                                              … (1. 22) 

Where  ji,G  is calculated from equation (1.68). 

j,i

j,i

j,i
k

C
k

C

2

2

2

2





                                                                           … (1.28) 

After rearranging the above equations for , the following form can be written:- 

j,ij,iji,j,iji,j,iji,j,iji,j,iji,
Saaaaa 54321   

 1111
                   … (1.20) 

 Where:- 
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
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u
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x
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r
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u
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.j,i.j,i

j,ij,ij,ij,i
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













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j,ij,iji,j,iji,j,iji,j,iji,j,iji,
saaaaa 24315   

 1111
                 … (1.84) 

The relaxation treatment for k  model of circular duct is similar to that 

of rectangular duct. 
 

1.6 ENERGY EQUATIONS  
 

… (1.80) 

… (1. 2.) 
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By using the Backward Differences for convection terms and the Central 

Differences for diffusion terms, the energy equation for each of rectangular and 

circular duct can be converted to the algebraic form in the following two articles.  

 

 1.6.4 ENERGY EQUATION FOR RECTANGULAR DUCT  
 

x

TT
u

x

T
u

j,ij,i

j,ij,i 






 1
                                                                       … (1.82) 

j,i

j,ij,i

j,i
y
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v

y

T
v

j,i 






 1
                                                                       … (1.85) 















































 

x

TT

Px

TT

Pxx

T

Px
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eff 1501501 
            … (1.81) 
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
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T
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j,i
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eff 150

1
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1

1 
             

1111 


j,iji,j,iji,j,iji,j,iji,j,iji,
TaTaTaTaTa 5T4T3T2T1T

                              … (1.86) 

Where:- 

… (1.8.) 
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









11

5050

1

5050

5050

1

50

11

50

2

2

22

2

2

2

j,ij,ij,i

.j,i

ji,

j,.i

ji,

j,ij,ij,i

.j,i

j,i

j,i

ji,

j,.i

j,i

ji,

j,.ij,.i

j,ij,ij,i

.j,i

j,ij,ij,i

.j,i

j,i

j,ij,i

ji,

yyy

P
a;

x

P
a

yyy

P

y

v
a;

x

P

x

u
a

x

PP

yyy

P

yyy

P

y

v

x

u
a

reff

eff

5T

reff

eff

4T

reff

eff

3T

reff

eff

2T

reff

eff

reff

eff

reff

eff

reff

eff

1T















Where: -    

























































































reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

PPP

PPP

PPP

PPP

j,ij,ij,.i

j,ij,ij,.i

j,ij,i.j,i

j,ij,i.j,i

150

150

150

150

2

1

2

1

2

1

2

1









                                      … (1.88) 

The solution of the temperature equation (1.86) is accomplished by using 

the point by point Gauss –Seidel Method which was explained previously in the 

kinetic energy equation. So equation (1. 86) will become:- 

 
ji,j,iji,j,iji,j,iji,j,iji,j,i 1T5T4T3T2T a/TaTaTaTaT

1111 
                                 … (1.80) 

Equation (1.80) was solved by using the following relaxation equation:-  

    
ji,j,iji,j,iji,j,iji,j,iji, 1T5T4T3T2TT

q
j,iT

q
j,i a/TaTaTaTaTT

1111
11


                                        

Where, the suitable relaxation factor for solving this equation was T  0.016. 

 

1.6.4 ENERGY EQUATION FOR CIRCULAR DUCT  
 

… (1.82) 
 

… (1. 00) 
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j,i

j,ij,i

j,ij,i r

TT
u

r

T
u rr








 1
                                                                     … (1.04) 

x

TT
u

x

T
u

j,ij,i

j,ij,i xx







 1
                                                                     … (1.02) 

 
 

 




























































j,i

j,ij,i.j,i

.j,i

j,i

j,ij,i.j,i

.j,i

j,ij,ij,i

j,i

r

TT

P
r

r

TT

P
r

rrrr

T

P
r

rr

reff

eff

reff

eff

reff

eff

150

50

1

150

50

1

21





 

                                                                                                                    















































 

x

TT

Px

TT

Pxx

T

Px

j.ij,ij,.ij,ij,ij,.i

reff

eff

reff

eff

j,i

reff

eff 1501501 
             … (1.01) 

After rearranging the above equations for T, the following form can be written: -

j,iji,j,iji,j,iji,j,iji,j,iji,
TaTaTaTaTa 5T4T3T2T1T 1111 

                         … (1.0.) 

   

 





















































































22

50

2

2

5050

50

11

50

50

5050

1

50

50

11

50

50

2

22

x

P

x

u
a;

rr

P
r

r

u
a

x

P
a;

rrrr

P
r

a

x

PP

rrrr

P
r

rrrr

P
r

x

u

r

u
a

reff

eff

x

5T

j,i

reff

eff

.j,i
r

4T

reff

eff

3T

reff

eff

2T

reff

eff

reff

eff

reff

eff

reff

eff

xr

1T

j,.i

j,i

ji,

.j,i

j,i

ji,

j,.i

ji,

j,ij,ij,ij,i

.j,i

.j,i

ji,

j,.ij,.i

j,ij,ij,ij,i

.j,i

.j,i

j,ij,ij,ij,i

.j,i

.j,i

j,i

j,i

j,i

ji,















                                                                                                                                                                                                                                 

… (1.05) 

… (1.06) 
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





































































































j,i

j,i

j,i

j,ij,.i

j,i

j,i

j,i

j,ij,.i

j,i

j,i

j,i

j,i.j,i

j,i

j,i

j,i

j,i.j,i

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

reff

eff

PPP

PPP

PPP

PPP

1

150

1

150

1

150

1

150

2

1

2

1

2

1

2

1









                                                    … (1.02) 

j,iji,j,iji,j,iji,j,iji,j,iji,
TaTaTaTaTa 5T3T2T1T4T 1111 

                             … (1. 08) 

The relaxation for energy equation of circular duct was similar to that of 

rectangular. 
 

7.4 THE TREATMENT OF SINGULARITY IN THE CENTER OF 

CIRCULAR DUCT:- 
 

In any application includes the solution of conservative equations in polar 

coordinates for duct laminar or turbulent flow, there is a problem will be faced in 

the center of this duct. This problem comes from getting the radius of the duct (r) 

the value zero at the center of the duct, which causes the division by zero or the 

“Singularity” at any term in the governing equation contains (r) in the 

denominator.  

To overcome this problem, the L’Hopitals Rule should be used with any 

term in the governing equations contains (r) in the denominator (22). Most of the 

terms will be converted to the numerical form by using the Central Differences as 

follows:- 

Momentum Equation: 

 
j,ij,i

j,ij,i

rr

uu
u

r

u
u

xx

j,irj,i
x

r
















1

11
                                               … (1.00) 
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x

uu
u

x

u
u

j,ij,i

j,ij,i

xx

x
x

x



2

11 






                                                     … (1.400) 

x

pp

x

p
ii

i 
1







                                                                             … (1.404) 

By using the L’Hopitals Rule with the term 
















r

u
r

rr

r
t

1
 to get:-  

 

r

u

rr

u

r
r

r

u

r

u
r

r

r
r

r

u
r

r

r

u
r

rr

xeffx
eff

eff

effxx
eff

0r

x
eff

0r

x
eff

0r

lim

limlim



















































































































22

1

2

2

2

2

2

2

 

                                                                      

 

   
j,ij,i

j,ij,i

j,ij,i

j,ij,i

j,ij,i

j,ij,ij,i

j,i

rr

uu

rr

rr

uuu

r

u

rr

u

r

u
r

rr

xxeffeff

xxx

effj,i
xeffx

effj,i
x

eff
































 





























































1

11

1

11

1

11

2

2

2
222

1
22

2

                                          

                                                                                                            

22

1

50

1

50 x

uu

x

uu

x

u

x

j,ij,i

j,.i

j,ij,i

j,.i

xx

eff

xx

effj,i
x

eff



































                 … (1.401) 

The same thing will be done for the term 
















x

u
r

rr

r
t

1
 to get:- 

x

u

rxr

u

x

u
r

rr

rtr
t

r
t

0r
lim


































 22

1
2

                                          … (1.40.) 

    x

uu

rrrr

x

u

x

u

x

u

rx

u

rx

u

rxr

u

x

u
r

rr

j,ij,i

j,ij,i

j,ij,i

j,ij,i

j,i

rrttj,i
r

j,i
r

t

j,i
rt

j,i
r

tj,i
rtr

tj,i
r

t














2
22

2222
1

11

1

11

1

11

2




































































































                 

22

1

50

1

50 x

uu

x

uu

x

u

x

j,ij,i

j,.i

j,ij,i

j,.i

xx

t

xx

tj,i
x

t
























 






                       … (1.402) 

… (1.402) 
 

… (1.405) 

… (1. 

406) 
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x

kk

x

k j,ij,i

j,i



23

2

3

2 11  





                                                              … (1.408) 

 By substituting the algebraic equations (1.00), (1.400), (1.404), (1.405), 

(1.401), (1.406), (1.402), and (1.408) into equation (5.2), the algebraic equation 

for the momentum equation at the center of the circular duct will be:-                                                                                                             

j,i

ii

j,iji,j,iji,j,iji,j,iji,j,iji, ux5uxx4uxx3uxx2uxx1ux S
x

pp
uauauauaua 


 

 
1

1111
 

 Where:- 

 

     

     

  

 








































































 




























 

























 
































x

kk

x

uu

rr

uuuu
rrx

S

xx

u
a

rrrrrr

u
a

xx

u
a

rrrrrr

u
a

xxrr
a

j,ij,irreffeff

rrrr

t

u

teffx

5ux

effeffeffr

4ux

teffx

3ux

effeffeffr

2ux

tteffeffeff

1ux

j,ij,i

j,ij,i

j,ij,i

j,ij,ij,ij,i

j,ij,i

i,j

ji,

j,.ij0.5,ij,i

ji,

j,ij,i

j,ij,i

j,ij,i

j,i

j,ij,i

j,i

ji,

j,.ij0.5,ij,i

ji,

j,ij,i

j,ij,i

j,ij,i

j,i

j,ij,i

j,i

ji,

j,.ij,.ij,.ij,.i

j,ij,i

j,i

ji,
































































11

2

2

22

2

22

222

3

1

2
2

2

2

2

2

2

2

2

2

2

2

4

11

1

11

11111111

1

50

1

11

11

50

1

11

11

50505050

1

     … (1.440)                                                                                                                                                                                                    

k-  and energy Equations at the center of the circular duct: 

 The same procedure will be done to get the following algebraic equations 

for the k-  and energy equations respectively as follows:-  

For k Equation:- 

j,ij,iji,j,iji,j,iji,j,iji,j,iji, k5k4k3k2k1k Skakakakaka 
 1111

                   … (1.444) 

… (1.400) 
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 Where:- 

 

     

   




















































 
























 






















 






















j,iji,k

k

tx

5k

k

tt

k

tr

4k

k

tx

3k

k

tt

k

tr

2k

k

tt

k

t

1k

Gs

xx

u
a

rrrrr

u
a

xx

u
a

rrrrrr

u
a

xrr

4
a

ji,

j,.ij,i

ji,

j,ij,i

j,ij,i

j,ij,i

j,ij,i

ji,

j,.ij,i

ji,

j,ij,i

j,ij,i

j,ij,i

j,i

j,ij,i

j,i

ji,

j,.ij,.i

j,ij,i

j,i

ji,






















































2

22

2

22

22

50

1

11

1

50

1

11

11

5050

1

2

2

2

2

2

2

2

2

2

   … (1.442) 

For   equation:- 

j,ij,iji,j,iji,j,iji,j,iji,j,iji,
Saaaaa 54321   

 1111
                 … (1.445) 

 Where:- 

 

     

     














































 



























 






















 






















j,i

j,i

ji,ji,

j,.ij,i

ij,

j,ij,i

j,ij,i

j,ij,i

j,i

j,ij,i

j,i

ij,

j,.ij,i

ij,

j,ij,i

j,ij,i

j,ij,i

j,i

j,ij,i

j,i

ij,

j,i

j,ij,.ij,.i

j,ij,i

j,i

ij,

k
GCS;

xx

u
a

rrrrrr

u
a;

xx

u
a

rrrrrr

u
a

k
C

xrr

4
a

tx

5

tttr

4

tx

3

tttr

2

ttt

1























































































12

222

22

222

50

1

11

11

50

1

11

11

5050

1

2

2

2

2

2

2

2

2

2

                                                                                                                 … (1.441)                          
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For Energy Equation:- 

j,iji,j,iji,j,iji,j,iji,j,iji,
TaTaTaTaTa 5T4T3T2T1T 1111 

                              … (1.44.)  

 Where:- 

 

     

     




































































 









































 
















































 






















reff

effx

5T

reff

eff

reff

eff

reff

eff

r

4T

reff

effx

3T

reff

eff

reff

eff

reff

eff

r

2T

reff

eff

reff

eff

reff

eff

1T

Pxx

u
a

rr

PP

rr

P

rr

u
a

Pxx

u
a

rr

PP

rr

P

rr

u
a

PPxPrr
a

j,.ij,i

ji,

j,ij,i

j,ij,i

j,ij,i

j,i

j,ij,i

j,i

jii,

j,.ij,i

ji,

j,ij,i

j,ij,i

j,ij,i

j,i

j,ij,i

j,i

ji,

j,.ij,.ij,i

j,ij,i

ji,

50

1

11

11

50

1

11

11

5050

1

2

22

2

22

22

1

2

2

2

2

1

2

2

2

2

1

2

4













































       … (1.446) 

1.4 CALCULATION OF BOUNDARY VALUES  
 

Temperature at the walls of the rectangular duct for constant heat flux 

boundary condition can be calculated from the following equation:- 

Hyw
y

T
q 




                                                                                    … (1.442) 

By using the clustered backward difference for four nodal points from equation 

(B-46) of appendix B, the temperature derivative at the upper wall of rectangular 

duct will become:- 

y

T.T.T.T.T.

y

T N,iNN,iN,iN,i

N,i


4321 0454402039643910422789616917926199991  




                                                                                              

… (1.448) 
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By substitution of equation (1.448) into (1.442) and doing some 

arrangement, the following equation will result:- 

6199991

045440203964391042278961691792 4321

.

T.T.T.T.
yq

T
N,iN,iN,iN,i

N,iw

N,i

 

 



                                                                                                 

                                                                                                                 … (1.440) 

By doing the same procedure at the lower wall of rectangular duct, the result will 

be:- 

6199991

045440203964391042278961691792 4321

1

0
.

T.T.T.T.
yq

T
,,i,i,i,i

,iw

,i




 



                                                                                                 

                                                                                                                 … (1.420) 

If the same procedure (which was done to get equations (1.440) and 

(1.420) for rectangular duct) is done for circular duct, the result will be the 

following two equations:- 

6199991

045440203964391042278961691792 4321

.

T.T.T.T.
rq

T
N,iN,iN,iN,i

N,iw

N,i

 

 



                                                                                                 

                                                                                                                 … (1.424) 

6199991

045440203964391042278961691792 4321

1

.

T.T.T.T.
rq

T
N,,iN,iN,iN,i

N,iw

N,i










 



                                                                                                 

                                                                                                                 … (1.422) 

 

1.9 CALCULATION OF MEAN VELOCITY 
 

Since the velocity along the cross section is changed and there is no clear 

definition for the free stream velocity in internal flows, it is important to use the 

mean velocity concept to express the velocity in such flows. The mean velocity 

bu   is defined as the velocity which when multiplied by the fluid density (  ) and 

the cross sectional area (Ac) the result will be the mass flow rate (m  ) over the 

cross section, where:- 

cb Aum                                                                                                 … (1.425) 
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In which m  may be calculated from equation (1.42) for rectangular duct and 

from equation (1.55) for circular duct. 

The benefit of calculating mean velocity resides in its constancy and the 

mass flow rate constancy with respect to axial direction when an incompressible 

fluid flows steadily in uniform cross sectional area , where m  and bu  are 

independent of x-direction. Thus bu  is used to describe the internal flow and can 

be calculated from the following equation:- 






c

c

A
c

A
c

b

dA

udA

u





                                                                                       … (1.421) 

 For rectangular duct:- 

                                                                                            … (1.42.) 






H

H

b

dy

udy

u

0

0
 

                                                                                    

Mean velocity for rectangular duct can be calculated from equation 

(1.42.), by taking the integration at each location of the axial direction from 

knowing the velocity profile at this location as follows:- 

 


















M
N

j
i

M
N

j
i

ib

j,i

j,ij,i

j,i

y

yy
u

u
1

1
0

1

1
0

2

1





                                  … (1.426)  

For j=4:  

 











M
N

j
i

bi

j,i

,i,i

,i

,i

,i

y

yy
u

y
u

u
1

1
0

224

1 21

1

1

1





                          … (1.426-A) 
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For j=N-4:  

 
















M
N

j
i

ib

j,i

N,iN,i

N,i

N,i

N,i

y

yy
u

y
u

u
1

1
0

224

1 1

11





                                  … (1.426-B) 

For circular duct:- 






R

R

x

b

rdr

rdru

u

0

0                                                                                        

In the numerical form equation (1.422) will become:- 















M
N

j
i

M
N

j
i x

b

j,ij,i

j,ij,ij,i

i

drr

rru

u
1

1
0

1

1
0



                                … (1.428)  

1.41 CALCULATION OF BULK TEMPERATURE 

 The absence of the constant free stream temperature implies the use of the 

bulk temperature concept. The bulk temperature in any cross section can be 

defined in terms of the thermal energy transport and the bulk motion of the fluid 

when it passes in this section. It can be calculated as follows:- 










c

c

c

c

A
c

A
c

A
cp

A
cp

b

udA

uTdA

udAC

uTdAC

T





                                     … (1.420) 

 For rectangular duct:- 






H

H

b

udy

uTdy

T

0

0                                                                  … (1.450) 

… (1.422) 
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In the numerical form equation (1.450) will become:- 















M
N

j
i

M
N

j
i

b

j,ij,i

j,ij,ij,i

i

yu

yTu

T
1

1
0

1

1
0





                                                                     … (1.454) 

For j= 4: 

 

 
224

1

224

1

21

1

1

1

21

11

1

11

,i,i

,i

,i

,i

,i,i

,i,i

,i

,i,i

yy
u

y
u

yy
Tu

y
Tu

T
ib 









                                       … (1.454-A) 

For j=N-4:  

 

 

 
224

1

224

1

1

11

1

1111

N,iN,i

N,i

N,i

N,i

N,iN,i

N,iN,i

N,i

N,iN,i

yy
u

y
u

yy
Tu

y
Tu

T
ib 


















                      … (1.454-B) 

For circular duct:- 






R

x

R

x

b

rdru

Trdru

T

0

0                                                                                    … (1.452) 

In the numerical form:- 

 

 






















M
N

Nj
i

M
N

Nj
i j,i

b

j,ij,i

j,ij,i

j,ij,i

j,ij,i

i rr
ru

rr
Tru

T
1

1
0

1

1
0

2

2

1

1





                                               … (1.455) 

For j= 4-N: 

 

 
224

1

224

1

21

11

1

11

21

11

1

11

N,iN,i

N,iN,i

N,i

N,iN,i

N,iN,i

N,iN,i

N,i

N,iN,i

rr
ru

r
ru

rr
Tu

r
Tu

T
ib




























                      … (1.455-A) 
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For j=N-4:  

 

 

 
224

1

224

1

1

1111

1

1111

N,iN,i

N,iN,i

N,i

N,iN,i

N,iN,i

N,iN,i

N,i

N,iN,i

rr
ru

r
ru

rr
Tu

r
Tu

T
ib 


















                             … (1.455-B) 

 

Unlike the bulk velocity, the bulk temperature changes with the axial direction 

because of the presence of convection from and to the fluid along the flow. 

Hence, for calculating bulk temperature for rectangular and circular duct, 

equations (1.454) and (1.455) respectively can be used. 

 
 

1.44 CALCULATION OF REYNOLDS STRESSES 

 Reynolds stress for rectangular duct from equation (A.20) in the appendix 

A can be calculated by using the central Difference as follows:- 

 
 

 






























x

vv

yy

uu
vu

j,ij,i

j,ij,i

j,ij,i

t j,i 2

2 11

1

11
                                 … (1.451) 

For circular duct:- 

 
 

 












 













x

uu

yy

uu
uu

j,irj,ir

j,ij,i

j,ixj,ix

trx j,i 


2

2
11

1

11
                         … (1.45.) 

 

1.44 CALCULATION OF TURBULENT HEAT FLUX 

 By using the central Difference for turbulent heat flux for rectangular duct 

in the axial and radial direction of (A.20) in the appendix A the result will be:- 

 
















x

TT

p
Tu

j,ij,i

r

t

t

j,i

2

11


                                                   … (1.456) 

 
 























1

11
2

j,ij,i

j,ij,i

r

t

yy

TT

p
Tv

t

j,i


                                                 … (1.452) 
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For circular duct: 

 









 




x

TT

p
Tu

j,ij,i

r

t

x

t

j,i






2

11
                                                  … (1.458) 

 
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





















1

11
2

j,ij,i

j,ij,i

r

t

r
rr

TT

p
Tu

t

j,i




                                                   … (1.450) 

 

1.44 CALCULATION OF COEFFICIENT OF FRICTION 
 

The local coefficient of friction can be calculated from the following 

equation:- 

2

2

1
b

w
f

u

C




                                                                                           … (1.410) 

Where the shear stress, w  can be calculated from the wall function in terms of 

kinetic energy of turbulence (25) as follows:- 

 plus

/

pp

/

w
Eyln

kukC
2141


                                                                                                                … (1.414) 

The average coefficient of friction can be calculated by taking the integration for 

the  local coefficient of friction of (1.414) along the length of the duct as 

follows:- 


L

ff dxC
L

C
0

1
                                                                                          … (1.412) 

 

1.41 CALCULATION OF NUSSULT NUMBER 
 

 The local Nussult number can be defined as:- 


hhD

Nu                                                                                                  … (1.415) 

For rectangular duct: 

 
Hy

bw
y

T
TTh





         

 Or  
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 bw

Hy

TT

y

T

h











                                                                                           … (1.411) 

Substitute (1.411) in (1.415) to get: 

 bw

h

Hy

TT

D
y

T

Nu







                                                                                     … (1.41.) 

If the same procedure is done for circular duct the result will be:- 

 bw

Rr

TT

D
r

T

Nu






                                                                                         … (1.416) 

If constant heat flux boundary condition is substituted in (1.41.) and (1.416) 

respectively, they will become:- 

 bw

h

TT

Dq
Nu





                                                                                       … (1.412) 

 bw TT

Dq
Nu





                                                                                       … (1.418) 

Where, wT  in equations (1.412) and (1.418) should be expressed in the numerical 

form (like N,iT ) of the calculated wall temperature which is not constant. 

But for constant wall temperature condition, equations (1.412) and (1.418) 

will be:- 

 
Hybw

h

y

T

TT

D
Nu







                                                                               … (1.410) 

  Rrbw r

T

TT

D
Nu






                                                                                … (1.4.0) 

By using the backward difference for four nodal points from equation (B-46) in 

appendix B to (1.410) and to (1.4.0) respectively to get:- 
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  N,i

N,iNN,iN,iN,i

bw

h

y

T.T.T.T.T.

TT

D
Nu



4321 0454402039643910422789616917926199991  




                                                                                                                 … (1.4.4) 

  N,i

N,iNN,iN,iN,i

bw r

T.T.T.T.T.

TT

D
Nu



4321 0454402039643910422789616917926199991  




                                                                                                                   … 

(1.4.2) 

The average Nussult number can be calculated by doing the integration for local 

Nussult number along the duct length as follows:- 


L

Nudx
L

Nu
0

1
                                                                                      … (1.4.5) 

Where, the integration of (1.4.5) will be done by using the numerical integration 

by using Simpson’s Rule.  

1.45 STEPS OF NUMERICAL SOLUTION 

 The numerical solution steps for all equations of this chapter can be 

summarized as follows:- 

4. Starting from initial guessed values for all dependent variables.  

2. Calculation of momentum equation coefficients by using equation (1.8) for 

rectangular duct and (1.20) for circular duct.  

5. Calculation of pressure difference in the axial direction by using equation 

(1.41) for rectangular duct and (1.5.) for circular duct. This equation of 

pressure difference was solved by using the point by point Gauss –Seidel 

Method. 

1. Calculation of the axial velocity component for all interior nodes by using 

equation (1.4.) for rectangular duct and (1.54) for circular duct. The 

updating of the coefficients of (1.8) for rectangular duct and (1.20) for 

circular duct for the raw of the nodal points which are parallel to wall 

should be accomplished by using the law of the wall. The Under-

Relaxation Method was used for solving (1.40) and (1.54). 
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.. Calculation of the radial velocity component for all interior nodes by using 

equation (1.50) for rectangular duct and (1.12) for circular duct. The Nodal 

Gauss –Seidel Method was used for doing this calculation.  

6. Computation of the coefficients of the kinetic energy of turbulence 

equation by using equation (1..0) for rectangular duct and (1.24) for 

circular duct for all interior nodal points except for the points neighboring 

to the wall where its values should be calculated by using the wall 

function. Solving of k-equation (equation (1..5) for rectangular duct and 

(1.22) for circular duct) was done by using TDMA to calculate the values 

of k for all interior nodes. 

2. Calculation of the coefficients of the dissipation rate of kinetic energy of 

turbulence equation by using equation (1.64) for rectangular duct and 

(1.80) for circular duct for all interior nodal points except for the points 

neighboring to the wall where its values should be calculated by using the 

wall function. Solving of  -equation (equation (1. 65) for rectangular duct 

and (1.84) for circular duct) was done by using TDMA to calculate the 

values of   for all interior nodes. 

8. Calculation of turbulent viscosity, t  and mean effective viscosity, eff  

0. Calculation of the coefficients of the energy equation by using equation 

(1.82) for rectangular duct and (1.06) for circular duct for all interior nodal 

points except for the points neighboring to the wall where its values should 

be calculated by using the wall function of T. Solving of T-equation 

(equation (1.00) for rectangular duct and (1.08) for circular duct) was done 

by using TDMA to calculate the values of T for all interior nodes. 

40.  Calculation of temperatures at walls for rectangular and circular 

duct with CHF boundary condition from equations (1.440), (1.420), 

(1.424), and (1.422) respectively. 

44. Update the coefficients of equations (1.8), (1.20), (1..0), (1.24), 

(1.64), (1.80), (1.82), and (1.06). 
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42. The steps from 2 to 44 should be repeated until reaching the 

required convergence. To ensure the reaching of the required values for all 

dependent variables, the numerical iterative method was used with the 

following criteria:- 

Error = (Error+ summation of errors for all dependent variables)   40
-1 

Where error for each dependent variable,   is calculated from the following 

relation which is similar to that in [28]:- 
















M
N

j
i

k
j,i

M
N

j
i

k
j,i

k
j,i

Error

0
0

1

0
0

1





     where k is the present iteration. 

45. Calculation of the axial mean velocity from (1.426) for rectangular 

duct, and for circular duct from (1.428). 

41. Calculation of the bulk temperature for rectangular duct and circular 

duct from (1.454), and (1.455) respectively. 

4.. Calculation of the local Nussult number for CHF boundary condition 

by using (1.412) for rectangular duct and (1.418) for circular duct, and the 

local Nussult number for CWT boundary condition by using (1.4.4) for 

rectangular duct and (1.4.2) for circular duct. 

46. Calculation of the average Nussult number by using (1.4.5) for 

rectangular and circular duct. 

42. Calculation of the local coefficient of friction by using (1.410) for 

rectangular and circular duct and the average coefficient of friction for 

each one of the two ducts is calculated from (1.412). 

48. Calculation of the Reynolds stress from (1.451) for rectangular duct 

and (1.45.) for circular duct. 



NUMERICAL SOLUTION                                                                                               CHAPTER FOUR 

 .8 

40. The turbulent heat fluxes are calculated from (1.456) and (1.452) for 

rectangular duct, and from (1.458) and (1.450) for circular duct. 

 
 

1.46 COMPUTER PROGRAM 
 

Two FORTRAN 0. language programs were built to execute all the 

numerical steps which are described in the previous article, one for the 

rectangular duct, and the other for circular. Each one is a general program 

consists of 0 subroutines for solving the flow in the duct and heat transfer with 

CWT and CHF boundary condition. The main program for each duct includes the 

input data, the subroutines calling instructions, and the output data. The 

subroutines for each duct are:- 

4. Subroutine for grid generation which includes clustering to the radial direction 

in each duct. 

2. Subroutine for calculating the axial pressure difference, [equation (1.41) for 

rectangular duct and (1.5.) for circular duct] and the axial and radial velocity 

components [two equations (1.4.) and (1.50) respectively for rectangular duct 

and two equations (1.54) and (1.12) respectively for circular duct]. 

5. Subroutine for calculating the kinetic energy, k [equation (1..5) for rectangular 

duct and (1.22) for circular duct]. 

1. Subroutine for calculating the dissipation rate of kinetic energy,   [equation 

(1.65) for rectangular duct and (1.84) for circular duct]. 

.. Subroutine for calculating temperature, T [equation (1.00) for rectangular duct 

and (1.08) for circular duct]. 

6. Subroutine for calculating the axial mean, [equation (1.426) for rectangular 

duct and (1.428) for circular duct]. 

2. Subroutine for calculating bulk temperature, [equation (1.454) for rectangular 

duct and (1.455) for circular duct]. 
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8. Subroutine for calculating the local Nussult number and average Nussult 

number [equation (1.412) for rectangular duct and (1.418) for circular duct for 

CHF or equation (1.4.4) for rectangular duct and (1.4.2) for circular duct for 

CWT and average Nussult number from (1.4.5) for the two ducts]. 

0. Subroutine for calculating TDMA. 

The Reynolds stress, the turbulent heat fluxes, and local and average 

coefficient of friction are also calculated. At the end of the main program the 

printing of results is accomplished. 

The two programs can be used for the calculations of the two dimensional 

laminar and turbulent flow with heat transfer for arbitrary cross sections by doing 

the adequate modifications. Where, the rectangular duct program is valid for 

Cartesian coordinates and the circular duct program is valid for Polar coordinates. 

The important steps of execution for each program were described in 

appendix C which represents the flow chart for each program.   

1.41.4 INPUT DATA 
 

The input constants which are required for rectangular and circular duct 

programs execution include:- 

4. Geometrical shape dimensions which comprise the length and the radius (or 

height and width) of the duct. 

2. Grid dimensions which involve the number of nodal grid points in the axial 

and radial direction.   

5. The fluid properties and the k  model constants. 

1. The maximum value of error which is 40
-1

. 

.. The boundary conditions. 
 

1.41.4 OUTPUT DATA 
 

The program of each duct prints the result of calculations for the last step 

of the numerical iteration which embraces:- 
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4. The values of the components of velocities, kinetic energy of turbulence, 

dissipation rate of kinetic energy of turbulence, temperatures, turbulent viscosity, 

and mean eddy viscosity for each nodal point with the position of the nodal point 

((x,y) or (x,r)) in the dimensionless or dimensional form according to the need. 

2. The values of the mean velocity and bulk temperature at each location in the 

axial direction. 

5. The values of the local Nussult number and local coefficient of friction at each 

location in the axial direction. 

1. The values of the average Nussult number and average coefficient of friction. 

.. The values of the dimensionless distance yplus at each location in the axial 

direction. 

6. The components of the Reynolds stress and turbulent heat flux for all nodal 

points with position of each nodal point. 
 

1.41.4 SPECIFICATIONS OF THE COMPUTER PROGRAM 
 

FORTRAN 0. language was used for formation of the present study 

programs. The execution was done on (Pentium 1) computer by using the 

compiler (Microsoft Developer Studio) or (FORTRAN Power Station 1.0) which 

is an operation program doing under windows with high precise performance.  

The time required for execution was about (2 minutes) for each duct. 
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FIGURE (1.5): Nodal Points                                                                                                                                                                                                                                                                                                                                                                                                    
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Chapter Five 

 
 

5.1 INTRODUCTION 
 

The numerical results will be reviewed in this chapter for the two 

geometries which were studied in the preceding chapters.  The rectangular 

duct dimensions are (H=.0.0m), (a=..267m) with length (L=50Dh). The 

circular duct dimensions are (D=.07.0m) and (L=50D). The Prandtl number 

is (.02.2) for all results but two values were selected for Reynolds number 

(Re=6....) and (Re=07....) for two cases of heating, CHF and CWT for 

rectangular duct and  CWT for circular duct. The results reliability will be 

verified for thermal behavior of fluid flowing through each duct for CWT 

case by comparing results of the present work with previous works. No 

results are available for flow behavior of the two ducts for comparison. 
 

5.2 NUMERICAL SOLUTION LIMITATIONS 
 

The results in this chapter were obtained from the numerical solution 

(which was explained in chapter four) by using the computer program which 

was prepared for this purpose. The transverse nodal spacing varied across 

the radial direction of each duct but was constant across the axial direction. 

The nodal spacing was much denser near the walls than at midpoints to 

permit acceptable definition of the boundary layer thickness. (N*M) 

represents the number of nodal points for rectangular duct but ((7*N+0)*M) 

represents the number of nodal points for circular duct. At first, the 

rectangular duct problem was solved with (M=00., N=0.) but the circular 

was solved with (M=07., N=5.). When the number of nodes in the radial 
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direction increases, the required total percent of error will be obtained with 

less number of iterations, but if the number of nodes decreases, more 

number of iterations will be required to reach the same percent of error. The 

compromise is to choose the number of iterations which ensure a reasonable 

definition of boundary layer especially near the walls and ensure good 

results for thermal behavior of fluid flowing through each duct. Finally, the 

rectangular duct problem was solved with (M=0., N=0.) but the circular 

was solved with (M=0., N=70). 
 

5.3 DEVELOPMENT OF VELOCITY PROFILES 
  

 Figures (0.0), (0.7), (0.5), (0.0), (0.0), (0.6), (0.2) and (0.8) show the 

velocity vectors which manifest stages of developing of the hydrodynamic 

boundary layer for Reynolds numbers (Re=6....) and (Re=07....) at 

different sections of rectangular and circular duct respectively. After 

improving the solution for each duct by reducing the number of nodal grid 

points, the stages of developing of the hydrodynamic boundary layer for the 

two ducts were described in figures (0.9-a) , (009-b)  , (009-c)  and (009-d) . 

 All figures from (000) to (009) show that the values of velocity near 

walls are high and this may belongs to the used wall function and to the 

small size of spacing between the clustered nodal points. 

 The effects of the viscosity forces are very important when the fluid is 

in contact with the surface where the boundary layer grows with increasing 

the distance in the axial direction. The velocity vectors (which were shown 

for each duct) elucidate that the shape of the boundary layer will be fixed 

after a certain distance from the entrance, which is the so-called “The 

Hydrodynamic Entry length”. There is a noticeable deformation in some 

vectors of velocity near the entrance. This deformation may be attributed to 
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the small value of the selected velocity at entrance of each duct, which may 

be not adequate to make the flow turbulent with prescribed conditions. For 

example (Uin=00062 m/sec) for circular duct with (Re=6....) where this 

value of velocity is very small to cause flow turbulence, so there should be a 

disturbances in the entrance to cause turbulence. Hence the mathematical 

model was compelled to assume that there are disturbances in the form of 

deformation in the near centerline velocity vectors at entrance during the 

treatment of the solution.  

  Figures (0.0.-a), (0.0.-b), (0.00-a) and (0.00-b) represent the 

behavior of the velocity profiles for Reynolds numbers (Re=6....) and 

(Re=07....) at different selected sections of rectangular and circular duct 

respectively. It is noted that the hydrodynamic entrance length increases 

with increasing of Reynolds number and the flatness of velocity profiles for 

circular duct is clearer than that of rectangular. 
 

5.4 DEVELOPMENT OF KINETIC ENERGY OF TURBULENCE 
 

 Figures (0.07-a), (0007-b), (0005-a) and (0005-b) show the 

development of dimensionless kinetic energy of turbulence (7k/ub
7
) of 

rectangular and circular duct for Reynolds numbers (Re=6....) and 

(Re=07....) respectively. It is clear from the two figures that the maximum 

values of kinetic energy of turbulence are near the walls and decrease toward 

the central region for each duct. This behavior of turbulent kinetic energy is 

attributed to the decrease of axial velocity near the walls.  There is another 

observation from the two figures that the decrease of turbulent kinetic 

energy occurs with increasing the value of Reynolds number because of the 

depression of axial velocity profile with increasing Reynolds number value. 
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5.5 AXIAL REYNOLDS STRESS 
 

 The axial Reynolds stress developing stages for Reynolds numbers 

(Re=6....) and (Re=07....) of rectangular and circular duct at five 

selected sections respectively are shown in figures (0000-a), (0000-b), (0000-

a) and (0000-b). The two figures show that the axial Reynolds stress is equal 

zero at the maximum value of velocity and reaches the maximum and 

minimum values near the upper and lower walls respectively. The axial 

Reynolds stress values range lies between -.02 and .02. 
 

5.6 COEFFICIENT OF FRICTION   
   

 Figures (0006-a), (0006-b), (0002-a) and (0002-b) show the axial 

development of local coefficient of friction for Reynolds numbers 

(Re=6....) and (Re=07....) of rectangular and circular duct respectively. 

From the two figures it is observed that the coefficient of friction follows the 

same behavior for the two ducts. Where its levels decrease with increasing 

the Reynolds number due to two causes: the first is decreasing the kinetic 

energy of turbulence which enters in calculation of shear stress (which is 

calculated from wall function) and the second is decreasing the boundary 

layer thickness with increasing Reynolds number. The length at which the 

flow becomes fully developed increases with increasing Reynolds number. 
 

5.7 AVERAGE COEFFICIENT OF FRICTION   
 

 The effect of Reynolds number upon the average coefficient of 

friction for circular and rectangular duct is shown in the two figures (0008-a) 

and (0008-b).With increasing Reynolds number; the average coefficient of 

friction will be decreased for the same reasons mentioned in the previous 

article for coefficient of friction. 
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5.8 TEMPERATURE DISTRIBUTION   
 

 Figures (0009-a), (0009-b), (007.-a) and (007.-b) show the isothermal 

contour maps of temperature in rectangular and circular duct exposed to 

constant wall temperature (Tw=0..°c) for Reynolds numbers (Re=6....) 

and (Re=07....) respectively. Figure (0009-a) shows that the temperature 

increases in the axial and lateral direction until reaching a constant value at a 

certain length from entrance “Thermal Entry Length”. It is observed from 

this figure that the thermal entry length is very small, i.e. the developing of 

thermal boundary layer is so fast because the very high heat transfer 

coefficients which belongs to the very small height (H) and the other reason 

is the using of wall function with small size of spacing between the clustered 

nodal points which leads to very high velocities near walls. Because of the 

symmetric boundary conditions and geometry for each duct, the temperature 

contour behaves as parabola at entrance. The rest of figures behave the same 

as figure (0009-a). 

 Figures (0070-a), (0070-b) show the isothermal contour maps of 

temperature in rectangular Duct with walls exposed to constant heat flux 

(qw=080050026 W/m
7
) for Reynolds numbers (Re=6....) and 

(Re=07....) respectively. The behavior of temperature in the two figures is 

the same as that of constant wall temperature case. The results of the CHF 

case for circular duct were not satisfactory, because the temperature 

distribution is not symmetric; hence it was not presented in this chapter.  
 

5.9 OVERALL HEATING   
 

 Figures (0077-a) and (0077-b) show the axial distribution of overall 

heating (axial distribution of bulk temperature of fluid flowing through duct) 

for rectangular and circular duct respectively with Reynolds numbers 
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(Re=6....) and (Re=07....). Figure (0.77-a) for Re=07.... shows that 

the bulk temperature increases linearly in the developing region until 

reaching the fully developed region at x/Dh0.0. In the fully developed 

region, the bulk temperature increases slightly until reaching x/Dh05 to 

reach finally a constant value (zero slope of bulk temperature). The zero 

slope of bulk temperature means that there is no heat transfer (T.) 

because of reaching the fluid temperature to a value close to wall 

temperature. The same behavior of figure (0077-a) is noted for figure (0077-

b). 
 

5.11 TURBULENT HEAT FLUX   
 

 

 

 The lateral distribution of turbulent heat flux for rectangular and 

circular duct for CWT case with Reynolds numbers (Re=6....) and 

(Re=07....) at different sections respectively is shown in figures (0075-a), 

(0075-b), (0070-a), and (0070-b). The lateral turbulent heat flux for each of 

these figures starts at maximum value near the upper wall (The top of 

circular duct) and then falls to minimum value in a sinusoidal behavior at 

half section of each duct, and then it increases to maximum value near the 

lower wall (The bottom of circular duct). Note that the maximum value 

occurs near the heated walls, and decreases toward the central region of the 

duct.  

 Figures (0070-a), (0070-b) show the radial distribution of turbulent 

heat flux for rectangular duct for CHF case with Reynolds numbers 

(Re=6....) and (Re=07....) at different sections. The same behavior of 

CWT case is noted for CHF case.  
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5.11 NUSSULT NUMBER 
 

 Figures (0076-a) and (0076-b) show the axial development of local 

Nussult number of circular and rectangular duct with Reynolds numbers 

(Re=6....) and (Re=07....) for CWT case respectively. Figure (0072) 

shows the axial development of local Nussult number of rectangular duct 

with Reynolds numbers (Re=6....) and (Re=07....) for CHF case. In 

these figures, Nussult number has the maximum value at the start of entrance 

region of each duct and then decreases gradually until close to thermal fully 

developed region. The boundary layer thickness is zero at the start of 

entrance region; hence there is no resistance against heat transfer which 

leads to raise the heat transfer coefficient value to maximum. So the heat 

transfer coefficient decreases when the boundary layer begins the process of 

developing until reaching a constant value. The length at which the thermal 

boundary layer is fully developed increases with increasing Reynolds 

Number. Figure (0076-a) for Re=07...., show that the thermal boundary 

layer becomes fully developed at x/Dh000 and this value represents very 

small value with respect to x/Dh=50. This very small value of thermal 

entrance length is attributed to the very high heat transfer coefficients which 

belong to very high velocities near walls. These high velocities may result 

from the using of wall function with small size of spacing between the 

clustered nodal points. Another reason of getting very small value of thermal 

entrance length is the very small geometry of the duct which also permits 

very high heat transfer coefficients or very high Nussult numbers. The same 

behavior is observed for the other figures with note that; some of the values 

of the local Nussult Numbers close to zero after the thermal entrance length 

and this because of reaching the fluid to temperature(s) closed to that (or 

those) of wall , i.e. there is no heat transfer.   
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5.12 VERIFICATION OF RESULTS   
 

 The thermal results were verified according to the following:- 

0. Constant Wall Temperature Case: 

  The solution of CWT problem for each duct is checked by using the 

following criteria:- 

There is a suitable correlation for Nussult number of turbulent thermal entry 

region as indicated in reference [5.], expressed by the following 

mathematical expression:- 

0550

31800360

.

/.

L

D
PrRe.Nu 








  for 0. < 

D

L
 < 0.. 

This correlation is valid for circular and noncircular ducts. For present work, 

when L=50D, Pr=.02.2 and Re=6.... are substituted in the above 

correlation, the value of Nussult number will be Nu=02007900, and for 

Reynolds number Re=07...., Nussult number will become Nu=5.0007. 

The results obtained from numerical solution for Nussult number at L=50D 

are Nu=020.6578 with Re=6.... and Nu=5.0.0089 with Re=07..... 

 By comparing the Nussult number values obtained from the numerical 

solution of the present work with that calculated from the above given 

correlation, it is found that there is very good agreement between the two 

results.  

7. Constant heat flux Case: 

 There is no criterion to check the CHF problem for rectangular duct. 

Hence it was solved by: 

0. Taking the temperature distribution obtained from CWT solution as 

guessed values.  
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7.  Using the average qw which is calculated from CWT solution in CHF 

solution. The average qw is calculated from CWT results according to 

the following relations:- 

i

q......qqq
q wiwww

w


 321  

Where: i is the number of selected sections to calculate qw. 

 wiq  is calculated as follows: 

 For Rectangular duct: 
N,i

N,iN,i

N

wi
y

TT
k

y

T
kq



1





  

The results of CHF were acceptable because the temperature gradient is 

reasonable and the temperature distribution close to CWT temperature 

distribution as addition to good Nussult number results, where the trend of 

local Nussult number is similar and higher than that of CWT and this agrees 

with the physical picture of the problem.  

 



Chapter Six 

 
 

6.1 CONCLUSIONS 
 

 From the results of the numerical solution of the present work for 

rectangular with CWT and CHF boundary conditions and with CWT 

boundary conditions of circular duct,  the following conclusions are 

deduced:- 

1. The effect of the fluid flow features on the heat transfer behavior 

appears clearly in calculating bulk temperature, where the bulk 

temperature increases linearly in the developing and the fully 

developed region of thermal boundary layer because of the very high 

velocities near walls. In the fully developed region, the bulk 

temperature increases slightly until its slope become zero. The zero 

slope of bulk temperature means that there is no heat transfer (T0) 

because of reaching the fluid temperature to a value close to wall 

temperature. 

2. Decreasing of local coefficient of friction with increasing Reynolds 

stress because of decreasing the kinetic energy of turbulence which 

enters in calculation of shear stress and decreasing the boundary layer 

thickness with increasing Reynolds number. The steep variations of 

local coefficient of friction may belong to the clustering of the nodal 

points with very small size of spacing especially near walls. 

CONCLUSIONS AND RECOMMENDATIONS 
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3. The level of kinetic energy of turbulence (2k/ub
2
) decreases away 

from the walls but the axial Reynolds stress (   22 bu/vu   ) decreases 

away from the near walls. 

4. Turbulent heat flux has the maximum values near walls and decreases 

toward the core of the duct until reaching minimum values near half 

section of the duct in the developing region. 

5. Thermal Entry Length lies between, x/D (1.4-1.6) for the two ducts 

which means that the developing of thermal boundary layer is so fast 

because the very high heat transfer coefficients which result from very 

high velocities near walls and the very small selected dimensions of 

each duct. The very high velocities near walls may result from the 

using of wall function with very small size of spacing between the 

clustered nodal points especially near walls. 

6.2 SUGGESTION FOR FUTURE WORK 
 

1. Performing a three-dimensional study for turbulent flow and heat 

transfer at the entrance region of triangular duct by using Finite 

Element Method or Boundary Element with k  model. 

2. Performing an experimental study by using the hot wire measure for 

studying developing turbulent flow for triangular duct. 

3. Performing a three-dimensional study for turbulent flow and heat 

transfer at the entrance region of square duct by using Finite Element 

Method with k  model. 

4. Performing an experimental study by using the hot wire measure for 

studying developing turbulent flow for square duct. 
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5. Performing a three-dimensional study for studying developing 

turbulent flow over an object through square duct by using Finite 

Element Method with k  model. 
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FIGURE (5.1): Development of Turbulent Hydrodynamic Boundary layer of Rectangular Duct for Re=60000
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FIGURE (5.2): Development of Turbulent Hydrodynamic Boundary layer of Rectangular Duct for Re=60000
 

 

x/Dh 

x/Dh 

y/H 

y/H 



0 0.3 0.6 0.9 1.2 1.5 1.8 2.1 2.4 2.7 3 3.3 3.6 3.9 4.2 4.5 4.8 5.1 5.4 5.7 6 6.3 6.6 6.9 7.2 7.5 7.8 8.1 8.4 8.7

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

9 9.3 9.6 9.9 10.2 10.5 10.8 11.1 11.4 11.7 12 12.3 12.6 12.9 13.2 13.5 13.8 14.1 14.4 14.7 15 15.3 15.6 15.9 16.2 16.5 16.8 17.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 
x/Dh 

FIGURE (5.3): Development of Turbulent Hydrodynamic Boundary layer of Rectangular Duct for Re=120000
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FIGURE (5.4): Development of Turbulent Hydrodynamic Boundary layer of Rectangular Duct for Re=120000
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FIGURE (5.5): Development of Turbulent Hydrodynamic Boundary layer of Circular Duct for Re=60000
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FIGURE (5.6): Development of Turbulent Hydrodynamic Boundary layer of Circular Duct for Re=60000
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FIGURE (5.7): Developing of Turbulent Hydrodynamic Boundary layer of Circular Duct for Re=120000
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FIGURE (5.8): Developing of Turbulent Hydrodynamic Boundary layer of Circular Duct for Re=120000
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FIGURE (4.9): Developing of Turbulent Hydrodynamic Boundary layer of Rectangular 

and Circular Duct for Re=5 * 01
3
 and Re=0.1* 01

4 respectively with reducing Number of 

 Nodal Points
 

(b) Rectangular Duct for Re=0.1 * 01
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(c) Circular Duct for Re=5 * 01
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(d) Circular Duct for Re=0.1 * 01
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FIGURE (4.01): Axial Velocity Profiles of Rectangular Duct for Selected Values of x/Dh 
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FIGURE (4.00): Axial Velocity Profiles of Circular Duct for Selected Values of x/D 
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FIGURE (4. 01): Development of Turbulent Kinetic Energy for Rectangular Duct 
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 FIGURE (4. 02): Development of Turbulent Kinetic Energy for Circular Duct 
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FIGURE (4. 03): Development of axial Reynolds Stress for Rectangular Duct 
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FIGURE (4. 04): Development of axial Reynolds Stress for Circular Duct 

83 



RESULTS AND DISCUSSION                                                                                        CHAPTER FIVE                          
 

0 5 10 15 20 25 30 35

1.20E-2

1.60E-2

2.00E-2

2.40E-2

 
 

 

 

0 5 10 15 20 25 30 35

1.00E-2

2.00E-2

 

x/Dh 

Cf 

(a) Re=51111 

x/Dh 

Cf 

(b) Re=011111 

FIGURE (4.05): The Axial Distribution of Coefficient of Friction   for Rectangular Duct 

 

84 



RESULTS AND DISCUSSION                                                                                        CHAPTER FIVE                          
 

0.00 5.00 10.00 15.00 20.00 25.00 30.00 35.00

1.30E-2

1.40E-2

1.50E-2

1.60E-2

1.70E-2

1.80E-2

1.90E-2

2.00E-2

2.10E-2

 

0.00 5.00 10.00 15.00 20.00 25.00 30.00 35.00

6.800E-3

6.820E-3

6.840E-3

6.860E-3

6.880E-3

6.900E-3

6.920E-3

6.940E-3

 
 

 

 

 

 

x/D 

Cf 

(a) Re=51111 

x/D 

Cf 

(b) Re=011111 

FIGURE (4.07): The Axial Distribution of Coefficient of Friction   for Circular Duct 
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 Exposed to Constant Wall Temperature for Re=51111 and Re=011111 

 

x/Dh 

y/H 

(b) Re=011111 CWT 

88 



RESULTS AND DISCUSSION                                                                                        CHAPTER FIVE                          
 

(2D)  30 Oct 2004 

0 5 10 15 20 25 30 35

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

3
0

3
0

4
5

4
5

5
5

5
5

7
0

8
0

8
0

9
0

55

9
5

9
5

9
8
.7
1
3
5

55

99.8408

55

9
9
.8
4
0
8

99.840
8 99.8408

99.9734

99.9734

9
9
.9
7
3
4

99.9734 99.9734

99.9888 99.9888

9
9
.9
8
8
8

9
9
.9
8
8
8

99.9888

99.9955 99.9955

9
9
.9
9
5
5

9
9
.9
9
5
5

99.9955

99.9977 99.9977

9
9
.9
9
7
7

9
9
.9
9
7
7

99.9977

99.9988

9
9
.9
9
8
8

99.9988

99.998899.9988 99.9988

99.9995

99.9995 99.9995

99.9995

9
9
.9
9
9
5

99.9995 99.9995

100 100

99.9888 100

100

1
0
0

100

100 100

100 100

100

100
100

(2D)  30 Oct 2004 

 
 

(2D)  30 Oct 2004 

0 5 10 15 20 25 30 35

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

3
0

3
0

4
5

4
5

5
5

5
5

7
0

7
0

8
0

8
0

9
0

90

9
5

9
5

99.3314 98.7135

98.7135

9
8
.7
1
3
5

98.7135
99.3314 99.3314

99.3314

9
9
.3
3
1
4

99.3314

9
9
.3
3
1
4

99.5488

99.5488

9
9
.5
4
8
8

99.5488

9
9
.3
3
1
4

9
9
. 5
4
8
8

99.6488

99.6488

99.6488

9
9
.6
4
8
8

9
9
.6
4
8
8

99.8408 99.8408

99.8408

99.8408 9
9
.8
4
0
8

99.9472

99.9472

99.9472

9
9
.9
4
7
2

99.9734 99.9734

99.9734 99.9734

99.9734

9
9
.9
7
3
4

99.9734

99.9888 99.9888

99.9888

99.9955 99.9955

99.9955

99.9977

99.9977

99.9988

99.9988

99.9995

99.9995 99.9995

100 100

100 100

99.9995

100 100

(2D)  30 Oct 2004 

 

x/D 

r/R 

(a) Re=51111 CWT 

x/D 

r/R 

(b) Re=011111 CWT 

FIGURE (4.11): The Isothermal Contour Map of Temperature in the Circular Duct 

 Exposed to Constant Wall Temperature for Re=51111 and Re=011111 
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FIGURE (4.10): The Isothermal Contour Map of Temperature in the Rectangular Duct 

 Exposed to Constant Heat Flux for Re=51111 and Re=011111  
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FIGURE (4.14): The Radial Distribution of Turbulent Heat Flux for Rectangular Duct 

with Reynolds Numbers (Re=51111) and (Re=011111) for CHF 

93 



RESULTS AND DISCUSSION                                                                                        CHAPTER FIVE                          
 

0.00 0.75 1.50 2.25

0.00

500.00

1000.00

1500.00

Re=120000

Re=60000

 
 

 

0.0 0.5 1.0 1.5 2.0 2.5

0

500

1000

1500

2000

2500

Re=60000

Re=120000

 
 

 

 

 

 

x/D 

Nu 

(a) For Circular Duct with CWT 

FIGURE (4.15): The Nussult Number for Circular and Rectangular Duct with Re=51111  

and Re=011111 for CWT 
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