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Abstract

In the present work, developing turbulent flow and heat transfer
through rectangular and circular duct have been studied numerically. The
study includes the numerical solution of the continuity, momentum, and
energy equations (which govern the working fluid) together with the two
equations of the (k-¢) turbulence model. The clustering of the grid in the
radial direction near walls for each duct was used in the numerical solution.
A computer program in FORTRAN 4+ was built to perform the numerical
solution for each duct.

The air at (Y+ °c) was used as the working fluid to flow once through
rectangular duct of dimensions (L=YeDy and (+.Y1Ym *-. «em) cross
section and again through circular duct of diameter (D="+.Y+Ym) and length
(L=¥eD). The study was made for two values of Reynolds number
(Re=1++++ and Re=\Y.+++) for each duct. Two cases of thermal boundary
conditions were studied: Constant Wall Temperature and Constant Heat Flux
respectively, but there were no satisfactory results obtained for constant heat
flux case of circular duct. For all studies cases, the hydrodynamic and
thermal boundary layers are simultaneously growing in the process of
developing.

The computational algorithm is able to calculate all the hydrodynamic
properties such as velocities, friction factor, and turbulence structure (which
include the Reynolds stress, the turbulent kinetic energy and eddy viscosity).
Also the computational algorithm is able to predict all the thermal properties
such as the temperature, Nussult number and the turbulent heat fluxes.

The results showed that, Thermal Entry Length lies between, x/D
(V.€-).7) for the two ducts which means that the developing of thermal

boundary layer is so fast because the very high heat transfer coefficients



which result from very high velocities near walls and the very small selected
dimensions of each duct. The very high velocities near walls may result from
the using of wall function with very small size of spacing between the
clustered nodal points especially near walls. The present work shows that
there is a possibility to check the constant heat flux solution from that of
the constant wall temperature. The validity of thermal results for constant
wall temperature is verified and shows that there is a good agreement
between the results of present numerical solution and the correlation related
to it.
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APPENDIX A
Derivation of the Governing Equations for Turbulent flows in
terms of Cartesian Coordinates

The fundamental difference between laminar and turbulent flow lies in
the chaotic, random behavior of the various fluid parameters. Such flows can be
described in terms of their mean values (denoted with an over bar) on which are
superimposed the fluctuations (denoted with a prime) [Y]. Thus, in the turbulent
flow the main dependent variables are replaced by the sum of the time mean
and instantaneous fluctuation. Then the resulting equations are time averaged.
The velocities, pressures, and temperature in the governing equations should be
replaced by the following equations:-

u=u+u’
v=V-+V
W=W+W .. (AY)
p=p+p
T=T+T'

In the study of turbulence one often has to carry out an averaging
procedure not only on single quantities but also on products of quantities.
Here the overscores have the following properties.

Let A=A+a and B=B +b.In any further averaging procedure

Aand B may be treated as constants. Thus
A=A+a=A+a=A+3a whence 3=0
AB=AB =AB

Ab=ADb = Ab =0 since b =0

Similarly

A-)



AEEendix A AEEendixes

The governing equations for laminar, incompressible, steady flow in
rectangular or square duct without External forces are:-

V. Continuity equation:

a_u+@+a_vvzo ...(A.Y)
ox oy oz
Y. Momentum Equation:
X-direction
_ 2 2 2
ua—+va—u+wa—u:—1@+v 812J+8121+8L21 ... (A7)
OX oy oz p oX ox® oy® oz
Y-direction
_ 2 2 2
TPV RYCL 1 Y 8\2/ 6\2/+8\2/ . (A.f)
ox oy oz p oy ox- oy oz
Z-direction
oW ow  ow —16p o*w  d*w  d*w
U— +V— + W— = ——— . =+ — . (A°)
X oy oz p oz OX oy oz
v. Energy Equation:
oT  oT  oT v (o°T &°T o7
UVt W= — | ——+ — +— . (AT)
OX oy oz Pr{ox® oy° oz

To make all the above equations valid for turbulent flows, the
dependent variables (u, v, w, p, and T) should be expressed in terms of its
mean and fluctuated components. This will be done for continuity equation
by substituting the important relations for variables u, v and w from equation
(A.Y) into (A.Y) to get
o(U +u’) .\ oV +V) .\ (W +w’)

OX oy 0z

ou Ouyxr' OV oyx' OW
— At —t+ S+ —
ox /ox oy SOy

=0

N



AEEendix A AEEendixes

8u8v8w

wtyta =0 - (AY)

For momentum equation:-

If equation (A.Y) is multiplied byu, will become

u(a“ al a""j 0 (AN
OX ay 0z

To achieve the averaging processes for all variables the convective terms
(Iikeug—i) should be converted to a simple form by adding (A.¥) and (A.A)

to get:-

2 2 2 2
a(u )+8(uv)+8(uw):—_l@+v 0°u  o°u, &’u
OX oy oz p X ox?  oy?  oz®

L (A9)

Substitute from relations of equation (A.Y) into equation (A.?) to get
o(m+u')u+u’) . (@ +u)Yv+Vv')) .\ (T +u)Yw+w)) _-1 a(p+p)

OX oy 0z yo, OX
2~ ' 2 (~ ' 2(— '

0 ( +u)+8 ( +u)+8 (T+u)
ox? oy? oz°

Resolve the terms in brackets of the above equation and then time average

the result to get

(u +32 +u’2) uv+)?1+ﬁ7+uv
uw+ﬁ~‘ W’ﬂwu —1a(p+/6‘)
+v(5 5. 2. % 51

ou?  au”’ L ouv ou'v’ | duw ou'w  —16p o%u o0%u o4
+ + = +v +—
OX OX 6y oy oz oz L OX

1o
2




Appendix A Appendixes

Resolve the terms which contains a multiplied mean velocities in (A.) ), get
u  6u aut v ou AUV  ew  u ouw  —1dp
+ + + V—+ +U—+W—+ =——

Uu—+u— —+W— =
OX OX  OX oy oy oy 0z 0z oz L OX

(62u o%u 62uj
.y +

2 2+ 2
ox* oy" o + from (A.A)
ou ou”  au auv'  ou auw [ au ow) —10p
u—+ +V— +W—+ +U—4M—+U— |=——
oX  OX oy oy oz oz 6) oy oz L OX

0%u 0%u o4
V|
ox: oy oz

Rearrange the above equation to get
ou ou ou —1ap. (ou ou o) o) aluv) al-uw)
+ +W—=——+vV + + + + +
ox o8y 0z p oX ox*  oy?  oz® ox oy oz
. (AY)
Repeat for Y and Z-directions the same procedure which achieved to

X-direction for getting equation (A.Y), to get:-
For Y-directions

v v v —1op. (o o o) olcuv) ol-v?) a(-vw)
+v + + + +

ox?  oy?  oz°

.. (AOY)
For Z-directions -
ow. ow. _ow —1op . (0w 0w o*w) ol-uw) al-vw) ol-w?)
U—+V—+W—=——+Vv + + + + +
ox oy oz p oz ox*  oy? ozt OX oy oz
... (AY)
Multiply equations (A.)Y), (A.1Y), and (A.)Y) by the density, o to get:-

o uau _6p+ﬂ(82u e aqu+ o pu'2)+ ol puv) , o puw)

PU—+ N —+ pW— =

OX oy oz oXx xt oyt ozt OX oy oz
. (AD)
2 2 2 R 2 PRy
PU@+/3\/@+,L?\N@=—@+AJ 8v+a v+8v +a( puv)+a( pV )+6( pvw)
X y oz oy X% oy? ozt X oy oz
... (A.Ye)
2 2 2 e o 2
oo op [otw dtw otw +8(—puw)+8(—pvw)+8(—pw )
X oy oz oz x> oy? et X oy oz
.. (ADY)



AEEendix A AEEendixes

The terms — pu’ — pv'%,— pW'2,— puV',— puW and — pvw in
equations (A.)¢), (A.e), and (A1) are called Reynolds stresses for
turbulent flow.

For energy equation:-

Convert the convective terms in equation (A.1) to the following

forms:-
ol  ouT ou
Uu—=——--T—
OX OX OX
o _aT _Lov | (AN
oy oy oy
oT  owT oW
W—=——-T —
0z 0z 0z

Substitute equation (A.) ¢) into equation (A.7) to get

ouT _ou ovT _ov owT _ow v (8°T &°T o°T
-T—+ + T +

= = + . (ADe
OX oX oy oy oz oz Prlox?  oy? 822) (A.12)

Now, Substitute from equation (A.)) into equation (A.)°) to get

a(U+u')('r+T’)_(_r+_|_,)6(U+u')+a(\7Jrv’)('IT+T’)_(17+_|_,)6(\7+v')+
OX OX
a(v_v+W’)(T+T’)_(_IT+T,)8(W+W’):L(az(ij')+ aZ(T_erT')+ aZ(T_jT')j
oz oz Pr OX oy oz
(A

If equation (A.11) is time averaged, the result will be:-

a(uT+,?‘Fa4)—(ﬁw+u'T')_(Tjﬂz',)a(uaj(yay)Jra(vT+,ﬁ)'¢’a-|;/\7}'-fv’T')_(Tyf',)a(vyg")Jr

. : . S A
6(M+W+W+W)_(Tﬁ)'8(w+ﬁ')_ v aZ(T:ﬁLaZ(T:ﬁLaZ(T:JJ’)

oz oz Prl  ox? oy? oz?
au—T+aﬁ—T +—+ -T—+ =—

u T VT v oWl owT' oW _ v (T 9T oT
x ox  ox 9oy oy oy @ oz Prlox? oy? ozt
. (ANY)



AEEendix A AEEendixes

Substitute from equation (A.)¢) into equation (A.Y) to get -
ua—T+Ta—u+GUT —Ta—u+va—T+T@+aVT —T@+W8—T+T@+8WT —Taﬂ
OX oX  OX ox oy oy oy oy oz 07 0z 07

v (0°T 8°T o°T
=— + +
Priox? oy® oz°

Rearrange the above equation to get

GG 8T_v[62T o°T azTJ ouT) ol-vT) el-wT)
U—+V—tW— = — +—+ + + +
oz Priox? oy? oz OX oy oz

.. (AN
Multiply equations (A.Y by the density, o to get

2 2 2 ST T T
LI oL 71 i i i +a(—puT )+a(-va )+a(—pr )
X oy oz Priox? oy ozt ox oy oz
.. (A)9)
The terms — pu'T',— pv'T" and — pWT' in equation (A.)%) are called
turbulent heat fluxes for turbulent flow.
If an isotropic turbulence is assumed, the Reynolds stresses and

turbulent heat fluxes can be represented by the following expressions:

—2 ou 2 ov 2 oW
—pu =2y, —,—pV'*° =24, — ,— pW* =21, —
P Ay X P Hy oy P Hy o7
v = MV i = (5_“+5_Wj_ v = | W
P H oy ox) P Hy 7 o) P Hy oz oy
ot = O o MO A T
P, OX P, oy p, 0z
. (AYY)

Momentum Equation:-
For X-direction
After substituting the Reynolds stresses from equation (A.Y+) into the

X-direction of momentum equations for turbulent flows, the result will be:-

A-1



AEEendix A AEEendixes

W pl D B 0(,N), 0 ), 0f,a)
x Ty Ma T T o) oy My ) a\ M

ax\ Mo )Ty My ) T ay\ M ax)) T e M e )) T e M
Now, the turbulent stresses are added to laminar by using the concept
of mean effective viscosity, s (e = 14+ £4) as follows:

W B0, B, 0f, &), 0(, a0, o)
X et ox )" ay\ e oy | o\ e oz )T x| Mt ax

(s 2l(3) - )

By the same way, the Y and Z directions respectively will be:-
Y-direction

IR O T O TR T O
Pua pvé’y el &y ox 5 aylueffay oz :ueffaz ox ﬂtay

{22 e

Z-direction

,ou@+pva—W ,DW% _8p+8( 8Wj+8 ow |, 5( awj 8( GUJ
x Py P T T T ) Ty ey )T ) T e\ M

(@) al(3) (8

Energy Equation:
Substitute the relations of turbulent heat fluxes of (A.Y+) into (A.)4) to

get
or orT oT 6(;1 6Tj o uoT 8( aTj 0 p OT
d—+N——+N——=—| ——— |+ — o A
oX oy 0z ox\Prox) oy Pray oz\Pr oz ) ox Pr, ox
0 or) o oT
ra e R e . (AYE)
oy\Pr, oy ) oz\Pr, o



AEEendix A AEEendixes

Hest

Pr

By wusing the concept of effective diffusion coefficient

(Lt _ L oy (A ve) will become

H
Pr, Pr Pr

oT oT OT O Het OT | O Het OT | O Hert OT vo
pA—+N—+pW—=— — |+= — |+ = — ... (AY?)
OX oy 0z OX\Prg ox) oy|Prg oy | oz\Prg oz




APPENDIX B
Derivation of Finite Difference Equation for First Derivative of

Dependent Variable ¥ with Clustering

For finding the finite difference form of first derivative for all
dependent variables in r-direction in circular duct or y-direction in
rectangular duct which is affected by four clustered nodal points as shown in
figure (B-)), the following derivation will be done for rectangular duct to be
also applied for circular duct:-
Before beginning the derivation, there is an important factor which should
be explained with some details. This factor is the expansion factor, £ which

expresses the value of increment in the radial direction, 4y of the next node
with respect to the previous node when Ay starts from the lower wall (see

figure (B.))). When the fine grid is required near the walls the value of
E should be selected to be less than Y.In the present work the appropriate
value of Eis +.A,

Let ¥ varies as fourth degree polynomial function as follows:-
¥ =a+by+cy? +dy® +ey’ ...(B-Y)
Derive (B-)) with respect to y at (y="), to get:

%}'\y_o b . (B-Y)

Apply equation (B-V) at each node of the nodes shown in figure (B-)), as

follows:

¥ |y =2 ... (B-Y)

¥

| yeay =2+ DAy +cay® + day® + ey’ ... (B-%)

1
Let n=—
T E



Yli,j+2‘ y_oay =a+bL+7)4y +c(l+ nY Ay +d1+n) ay° +e+n)* ay*

.. (B-9)
¥ ol vy =@+ b4 m? ay 4 clle 2 f ay? + dli+ g+ 02 ay?
+e(1+77+772)4Ay4 .. (B-1)
P alyoany :a+b(1+77+772 +;73)Ay+c(1+77+772 +773)2Ay2
+d(1+77+772+773)3Ay3+e(1+77+772+773)4Ay4 ... (B-Y)

Subtract equation (B.Y) from equations (B.¢), (B.°), (B.1), and (B.Y)

respectively to get:

¥

L — ¥ =bdy +cay® +day’ +edyt =h ... (B-A)

¥

i,j+2 -

i,j+1 =

b+ 7))y +c+7n) ay? +d@+7)’ 2y +el+7) ay* =h,
(B9

¥ ivs = a2 :b<1+77+772)Ay+c(1+77+772)2Ay2 +d(1+77+772)3Ay3

+e(1+77+772)441y4:h3 .. (B-)Y)
2 3 2 3R 4.2

%,j+4—%lj+3:a+b(l+77+77 +7 )Ay+c(1+77+77 +7 )Ay

+d(1+77+772+773)3Ay3+e(1+77+772+773)4Ay4:h4 .. (B\Y)

By rearranging equations (B-A), (B-4), (B-)+), (B-}), and (B-)Y) in the
form of square matrix and solving them by the Gauss elimination method for

finding the constants a, b, ¢, and d in terms of h;, h,, h;, and h, as follows:

Ay Ay? Ay° Ay* b
(L+7)ay (L+7) 4y? (L+7) 4y° (L+7) 2yt c
(1+77+772)Ay (1+77+772)2Ay2 (1+77+772)3Ay3 (1+77+772)4Ay4 d
(1+77+772+773)Ay (1+77+772+773)2Ay2 (1+77+772+773)3Ay3 (1+77+772+773)4Ay4 €

B-Y



2 3

o

y 4y 4y 4y by

0 (@ n) - @)y (@ ny - @y (@ n) - sy’ h, @+ 1),

0 ((1+77+772)2—(1+77+772))Ay2 ((1+77+772)3—(1+77+772) y3 ((1+77+772)4—(1+77+772) y* h37(1+77+772

| 0 ((1+77+772+173)2—(1+17+772+773 y? ((1+77+772+773 3—(1+77+772+773))Ay3 ((l+77+772+773)4—(1+77+172+;73))Ay4h4—(1+r7+772+773

2y ay° ay° ay*

0 n(L+n)ay? n(L+n)2+n)ay* n@s )L ) +n+ 2y’

0 n+ L+ 02 Jay? n+ s n+n? N2+ 407 Jay? nl+ ) + 30 + 3y

0 77(1+77+772X1+77+772+773)Ay2 r](1+7]+77211+77+772+773X2+77+772+7]3)Ay3 77(1+77+772X1+7]+7]2+r]3X(1+77+772+773)2+773+7]2+77+2)Ay4

hy
h, —(L+n)h,

hs _(1+’7+’72)“1
h, —(l+77+772 +773>n1

Let

B, =n(l+n)

B, =(1+ )L+ +7°)

B, :77(1+77)(1+77+772X2+77+772)

B, =n(l+n)2+n)

B; =n(1+ 77)((1+77)2 +77+2)

=77(1+ 77)(772 +377+3)

:77(1+77+772X1+77+772 +773)

:77(1+77+772X1+77+772 +773X2+77+772 +773)
=77(1+77+772X1+77+772 +n° (1+77+772 +773)2 +1° +n? +77+2)

WV VA VA Ve hy

0 81Ay2 B4Ay3 B5Ay4 h, - (l+ 77)h1
Bszz B3Ay3 BeAy4 hy — (1+ n+n’ )hl
ALY Aay® Ay h-(Len+n®+nth,

Ay AP ay° ay° h,
0 B4y’ B, 4y’ Bs4y* hy, —(L+ ),
B, 3 B, 4 B 2 _i _
0 0 B; ——=B, |4y B ——=Bs |4y hy—{L+n+n°h (hz (1+77)h1)
Bl Bl Bl
0 0 [AZ —QBJAW (AS —2185JAy4 hy~(L+n+n? +n°hy —Ql(hz ~(@+n)h,)
L 1 1 1 ]
Let

B-Y



Cy=hy— i+ 402y~ 22, — L )

C,=h, ~{L+n+n*+nh, _/B_\l(hz —(@+n)h)
1

dy Ay Ayt

dy Ay Ay*

0 Bay® B,ay® B, Ay’

0 0 Dy’ D, Ay’

0 O 0 ( — % D,
L 1
By back substitution:-

o
1

D
(D4 - 52 ngAy"’

1

e =

C, —eD,ay*
D, 4y®
e (1+7n)nh, —eB,ay* —dB,ay®

hy

0 Buy? B,Ay® B.dy*h,—(L+n)h
0 0 D4y’ Dy’ C,
0 0 Dy Dy* C,

B, 4y’
_h —edy* —day® —cay®
Ay

b

Substitute 7 =1.25 in equation (B-Y) to get:

.. (BT



| 2.6917%, —1.42278961, +0.396439h, —0.0454402,
Ay

Substitute equations (B-A), (B-4), (B-)+), (B-))), and (B-Y) into (B-) £) to
get:-

b .. (B-)%)

5 y/‘ | —1.619999%,, + 2.69179%, ,, —1.4227896 %, ,,, + 0.3964301%, ,,, — 0.0454402% .,
oy "M Ay
... (B-Y9)

Equation (B-)°) is a general first derivative valid for all dependent variables
¥ in the radial direction which is affected by four clustered forward nodal

points as shown in figure (B.Y). Where Ay represents the smallest grid size

in the radial direction close to the wall.
By the same way, the first derivative for all dependent variables in the
radial direction which is affected by four clustered backward nodal points as

shown in figure (B.Y) will be:
 1.619999%;  —2.69179%; y , +1.4227896 %, \,_, —0.3964391¥, , +0.0454402%,  ,

ayf‘
oy "N Ay

.. (B)7)



Figure (B.Y) Finite Difference Clustered Grid Close to the Upper Wall



APPENDIX C
Flowcharts of Computer Programs for Rectangular and

Circular Duct
C.\ Rectanqular Duct Flowchart:

H! a! N! M’ pa M! 7\'9 TW 1 qW’ Tin, Uin, kin,
€in

>|Grid Generation

Y
Initial guessed values for all

dependent variables

Il
*‘
| (Pij- Pin,) from equation |

v
| u;; from equation | G

|vi,,- from equation (i_w“/\)|

lki; from equation (¢.°Y)|

>| Tridiagonal Solver |

v

&ij from equation (£.1Y)

| > Tridiagonal Solver |
v

Ti; from equation (£.9+)

| Tridiagonal Solver [¢ ) G

Error<) No Update all dependent variables

Yes

>IUy, from equation (£.)Y1)|




> Ty, from equation (£.) 1))

Y Nu for CHF, CWT, and average Nu from
equations (£.V¢V), (¢€.YeY) and (£.YeY)
respectively

Y

Crand average C; from equations (£.)¢+),
and (£.)£Y) respectively

Y

Reynolds stress from equation (£.)Y¢)

v

Turbulent heat fluxes from equations (£.)¥17) and

v
Output Data

v

End




C.Y Circular Duct Flowchart:

R, Na M, ,01 ,Ll1 pr’ﬂ” TW
’qw’ uin’ Tin’kin’ €in

>|Grid Generation

Y
Initial guessed values for all
dependent variables

i;
| (Pi;- P from equation |
* (&
Uy;; from equation (.Y))
v
Uy, , from equation (2.£Y)

|ki,,- from equation (i,\/\‘)|

Y

Tridiagonal Solver |

v

& from equation (£.A)

|
v

Ti;j from equation (£.9A)

| Tridiagonal Solver [¢ G

| ¥V

Tridiagonal Solver |

Error< . No Update all dependent variables

Yes

[
>

Uy, from equation (£.)YA)|




>I Ty from equation (£.)Y7)|

Y Nu for CHF, CWT, and average Nu from
equations (£.V¢A), (£.YeY) and (£.YeY)
respectively

Y

Crand average C; from equations (£.)¢+),
and (£.)£Y) respectively

Y

Reynolds stress from equation (£.)Y®)

v

Turbulent heat fluxes from equations (£.)YA) and

L2 s smAN

Output Data

v

End
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Chapter One

INTRODUCGTION

V.\ General:-

Any fluid flowing in a pipe had to enter the pipe at some location. The
region of flow near where the fluid enters the pipe is termed the entrance region
and illustrated in figure (1.)). The fluid typically enters the pipe with a nearly
uniform velocity profile at section (1). As the fluid moves through the pipe,
viscous effects cause it to stick to the pipe wall (the no slip boundary condition).
This is true whether the fluid is relatively inviscid air or a very viscous oil. Thus, a
boundary layer in which viscous effects are important is produced along the pipe
wall such that the initial velocity profile changes with distance along the pipe, X,
until the fluid reaches the end of the entrance length, section (Y), beyond which
the velocity profile does not vary with x. The boundary layer has grown in
thickness to completely fill the pipe. The shape of the velocity profile in the pipe
depends on whether the flow is laminar or turbulent, as does the entrance length,
le. Typical entrance lengths are given by

I% =0.06 Re for laminar flow

and

Ig =4.4 ReY® for turbulent flow

Once the fluid reaches the end of the entrance region, section (Y) of fig. (1.)), the
flow is simpler to describe because the velocity is a function of only the distance
from the pipe centerline, r, and independent of x [Y].

Fluid flow through tubes, pipes, or ducts is commonly used in practice in

heating and cooling applications. The fluid in such applications is forced to flow
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by a fan or pump through a tube which should be sufficiently long to accomplish
the desired heat transfer application.

Turbulence in these applications is generated by friction forces at fixed
walls, so it is called wall turbulence (while free turbulence is generated by the
flow of layers of fluids with different velocities past or over one another). In the
case of real viscous fluids, viscosity effects will result in the conversion of kinetic
energy of flow into heat; thus turbulent flow is dissipative in nature. Other effects
of viscosity are to make the turbulence more homogeneous and to make it less
dependent on direction. In the extreme case, turbulence has quantitatively the
same structure in all parts of the flow field; the turbulence is said to be
homogeneous. The turbulence is called isotropic if its statistical features have no
preference for any direction. If the turbulence is isotropic, no average shear stress
can occur and, consequently, no gradient of the mean velocity. This mean
velocity, if it occurs, is constant throughout the field. In all other cases, where the
mean velocity shows a gradient, the turbulence will be nonisotropic, or
anisotropic. Since this gradient in the mean velocity is associated with occurrence
of an average shear stress, the expression “shear-flow turbulence” is often used
to designate this class of flow. Wall turbulence and an isotropic free turbulence
fall into this class [¥].

For determination of the points with all desired important fluid flow
features through duct, for a solution of questions of the operating reliability of
heat transfer equipment with relatively short ducts, it is not sufficient and so
expensive to measure these data experimentally. Besides; the experiments of
turbulent flow are held on measuring either shear stress or velocity distribution
which will be used to calculate the other required fluid flow features from the
mathematical relations. These drawbacks of experiment made the researcher tend
to rely on Computational Fluid Dynamics (CFD) in calculating all fluid flow and
heat transfer features computationally with reliable results, for different boundary
conditions, in very short time without economical cost. Hence, the CFD can
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predict all fluid flow and heat transfer features numerically with noting that in all
problems the number of unknowns is exactly equal to the number of equations.
The lack in equations from the unknowns in many problems will be substituted by
using the concept of modeling. In other words, in many physical problems there is
no frank mathematical relation for calculating some physical properties like
turbulent viscosity. Thus, the modeling comes to present a semi-empirical
mathematical relation for calculating these properties.

In connection with increasing the rate of convective heat transfer in many
industrial installations, there is a substantially increased interest in the study of
convective heat transfer in the entrance region of a duct. The demand for more
detailed knowledge and for more systematic methods of development was also
apparent, particularly in such important applications as the cooling and heating
processes in nuclear reactors, gas turbines, all kinds of waste-heat recovery,
chemical and other process and power plant [¢]

In the present work, developing turbulent flow and heat transfer in the
entrance region of rectangular and circular duct as shown in figures ().Y) and
(.Y) respectively, will be studied. The governing continuity, momentum, and
energy equations will be numerically solved by using the Finite Difference
Method. Two heating boundary conditions will be applied for each duct, constant
wall temperature (CWT) and constant heat flux (CHF). The model which is used
in this study is the k —& model. FORTRAN 4%+ program is used for each duct to

compute all the required fluid flow and heat transfer features.
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Fully developed

Entrance region
flow

flow

Boundary layer

Inviscid core

FIGURE (1.1): Entrance region, developing flow, and fully
developed flow in a pipe as depicted in Ref. [)].

FIGURE ().v): Rectangular Duct

FIGURE ().r): Circular Duct
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V.Y Objectives:-

The main objectives of the present work are as follows:-

Y. Mathematical modeling of turbulent developing flow and heat transfer
through two dimensional rectangular and circular duct respectively.

Y. Numerical solution of the governing equations for rectangular and circular
duct by using Finite Difference Method.

Y. Solving the problem for two types of thermal boundary conditions,
constant wall temperature and constant heat flux.

¢. Discussion of the results for final conclusions.



Chapter Two

LITERATURE SURVEY

Y.\ Introduction:-

Developing turbulent flow and heat transfer in Circular and rectangular
duct are very important especially in cooling and heating processes in nuclear
reactors, gas turbines, all kinds of waste-heat recovery, chemical and other
process and power plant. In the present chapter, the relevant works will be
reviewed.

Y.Y Survey of Literature:-

Seban et. al (v321) [¢], investigated analytically the case of heat transfer to
an incompressible fluid of constant properties flowing turbulently within a pipe
having linear variation of wall temperature. The results compared heat-transfer
coefficients as obtained under conditions of constant wall temperature and linear
variation of wall temperature and they showed that for fluids of low Prandtl
number the effect of wall-temperature profile was significant.

Peter and Stuart (vsv.) [1], measured experimentally the temperature
profile and the local heat transfer from the wall of circular tube at X/D values of
~eov v, ey, and .av respectively. This was achieved at the thermal entrance
region for air in fully developed turbulent flow at Reynolds numbers of 1-,... and
1e,.++ in @ .e in tube. The velocity profile and pressure were also measured at the
previous x/d values. Radial and longitudinal temperature gradients, radial heat
fluxes, and eddy diffusivities for heat and momentum transfer were computed
from the measurements. The longitudinal temperature gradients at all radii were
found to differ significantly from the mixed mean temperature gradient. The eddy
diffusivity for heat transfer was found to be independent of length in the thermal

entrance region and hence a function only of the fluid motion.
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The local heat transfer characteristics for air flowing turbulently in the
entrance region of a circular duct had been determined experimentally over a
flow Reynolds number range of ... to v.... by Mills (vavy) [v]. A wall -
boundary heating condition of uniform heat flux was imposed. The entrance
configuration investigated included a long calming section, bellmouth, orifice
plate arrangements, and various entries of practical significance-elbow, T-piece,
etc. A correlation of heat transfer under fully developed conditions was included
together with the discussion of the effects of the fluid property variation in an
axial direction. Entrance region heat transfer data were presented in the form of

local heat transfer film coefficients and as the dimensionless ratioNy /Ny_, this

guantity was defined in such a manner as to eliminate the effects of the fluid
property variation in an axial direction. Data for average heat transfer over tubes
of lengths from v/« to rv. diameters were presented in the form of the ratio

Ny, /Ny, - Inthe case of the long calming section the results comparison with

both experimental and theoretical previous investigation was satisfactory.

Yang and Yu (vave) [+], investigated numerically the ¥D entrance problem
of convective magnetohydrodynamic channel flow between two parallel vertical
plates subjected simultaneously to an axial temperature gradient and a pressure
gradient. Both constant heat flux and constant wall temperature were considered.
The solution matched to the fully developed solutions after a certain entrance
length. It was found that an applied transverse magnetic filed may reduce the
entrance length of the velocity considerably, but has little effect on the
temperature development.

Stephenson (y4v+) [4], predicted turbulent fluid flow and heat transfer in a
circular tube and between parallel and diverging plates by the use of a finite-
difference procedure. A turbulence model involving the solution of partial
differential equations for two turbulence quantities had been employed. At the
pipe or duct inlet, a finite velocity boundary—layer thickness, 5, was assumed

together with a power-law velocity profile. Except for close to the wall, the

s
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turbulent kinetic energy, k, was assumed to very linearly across the boundary-
layer. The dissipation, €, was calculated from k and from an assumed mixing-
length distribution. The enthalpy was assumed uniform across the pipe or duct
inlet.

Emery and Gessner (vavi)[)-], computed the velocity and temperature
profiles for turbulent flow, both in the entrance region and the fully developed
state in a duct with heated parallel plates. They started the calculations at the duct
inlet and used a finite difference technique and a three- dimensional mixing
length originally defined for corner flows, so it was possible to predict axial flow
behavior and the non-asymptotic approach to fully developed flow with and
without associated heat transfer. The used boundary conditions were (u(0,y)=u;,,
u(x,0)=0, v(x,0)=0 for x>+).

Emery et. al (va»:)[»], computed velocity and temperature profiles for
developing steady turbulent flow in a square duct with constant wall temperature,
constant heat flux or asymmetric heating. The computations utilized an explicit
numerical differencing scheme and an algebraic closure model based upon a three
dimensional mixing length. The computed local and fully-developed shear
stresses and heat transfer were shown to be in good agreement with measured
data and with predictions using the k —& closure model. The equations of the

system were effected by means of the inlet conditions, u(0,y,z)=u;, and
v(0,y,z)=w(0,y,z)=0, with all Reynolds stress components equal to zero at the

inlet and with the boundary conditions at the wall of u=v=w=0 and either
T,, =0 for constant wall temperature , or — kg—Tz q,, for constant heat flux. The
n

law of the wall, in conjunction with the seventh power law velocity profile was
applied at all axial positions to determine the wall shear stress which was then
used in evaluating the axial velocity at the first nodal point from the wall.

Chen and Chiou (»as) ['¥], studied laminar and turbulent heat transfer in

pipe flow for liquid metals. Three flow regions, namely fully-developed,
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developing thermal, and developing thermal and velocity regions were
considered. The Van Driest mixing length hypothesis was adapted to model the
turbulent shear stress, and the Cebeci model was extended to model the turbulent
thermal conductivity of liquid metal flows. The thermal damping constant was
redetermined in the study for the fully-developed region as well as other
developing regions. Correlation for heat transfer calculation was given for
boundary conditions at constant heat flux and constant wall temperature. The
effect of the variation of physical properties was also studied. Coefficient of heat
transfer calculation when the property is variable was given in a simple form of a
liquid sodium NaK eutectic.

Emery and Gessner (yanm)[1r], made comparisons between experimental
data and numerical predictions based on a three-dimensional length-scale model
applicable to developing turbulent flow in rectangular duct of arbitrary aspect
ratio. There was an underprediction in the friction factor behavior calculation at
Reynolds numbers (Re<e-,...) and overprediction in the axial centerline velocity
calculation when (x/Dh>r+) for the same previous range of Re. The cause of these
discrepancies was probably attributable to the length-scale model employed
according to the authors’ point of view.

Jicha and Ramik (12av) [1¢], solved the heat transfer in the very short
entrance region by L/d~¢ in the circular tube of the inner diameter d=--mm in
which the air was flowing with Reynolds numbers from ».* to 1.°. They suggested

a simple mathematical model to calculate the universal temperature distribution
or dimensionless temperature, T* ((T,, —~T)/ay /(pcy+/tw /p))) and the heat
transfer coefficient in the developing thermal turbulent boundary layer. The
problem was formulated mathematically by means of the time-averaged partial
differential energy equation for turbulent boundary layer. The fully-developed

velocity profile for the inner region of the boundary layer was desired by the r-

layer scheme in the form of the universal velocity, u*(u*/z, /p) as follows:-
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ut =y* for y" <5

ut =5Iny" -3.05 for 5<y* <30

ut =2,78Iny" +3.8 for y* >30

Where y* is the dimensionless distance from the wall and equal to py,/t,, /p/p.
The Boussinesq concept of the turbulent thermal diffusivity (o,) was used to
express the turbulent heat flux density (—pc, T'V') as—pc, T'V' = pc,a,0T/dy . The

turbulent thermal diffusivity was defined in two ways both based on the analogy
with the momentum transport by using the turbulent Prandtl number. In the first

way, P, was taken equal +.Aand Y. For the second way, P, was calculated from
the relationP, = A;(1-EXP(~y/A))/B,;(1- EXP(-y/B)). Where A; =0.41,

261 and o H
PyTw /P P\ Tw /P

B, =044 A= . From this relation it was evident that

P, for small distance from the wall (y) is dependent on this distance. For greater
distance P,; reaches a constant value of +.2Y. The energy equation was solved

numerically with the explicit non-iterative Dufort-Frankel method in the form of

dimensionless temperature 6 where 6=(T, -T)/(T, -T,) and T, is the free

stream temperature. The comparison of the results with the data published in the
literature was done in a limited way because of the lack of the experimental and
specially calculated data at this time.

Mousa (1a43) [re], studied the fully developed flow, steady, and one
dimensional momentum equation in a circular duct far from the entrance. He also
studied the Constant heat flux state. A one equation turbulent kinetic energy
model similar to that proposed by Prandtl was used.

Numerical analysis had been performed for three-dimensional developing
turbulent flow in the U-bend of strong curvature with rib-roughened walls by
using an algebraic Reynolds stress model by Sugiyama and watanabe (v--v)(1).
In this calculation, the algebraic Reynolds stress model was adopted in order to

predict preciously Reynolds stresses and boundary fitted-coordinate system was

Yo
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introduced as the method for coordinate transformation to set exactly boundary
conditions along complicated shape in rib-roughed walls. Calculated results of
mean velocity and Reynolds stresses were compared with the experimental data
in order to examine the validity of the presented numerical method and the
algebraic Reynolds stress model. It had been pointed out as a characteristic
feature from the experimental result that the maximum velocity appears near the
inner wall of curved duct, which phenomenon was not recognized in mild curved
duct. The present method could predict such velocity profiles correctly and
reproduce the separated flow generated near the outlet cross section of curved
duct. Adding to this, calculated results showed clearly that the generation of
maximum velocity near the inner wall was caused by pressure driven secondary
flow which moves to inner wall from outer wall along symmetrical axis. As for
the comparison of Reynolds stresses, the used turbulent model relatively
predicted the experimental data well except for the flow separated region which
was located near the outlet cross section of curved duct.

¥.Y Scope of the Present Work:-
In the present work, the hydrodynamic and thermal boundary layer are

considered to develop simultaneously, where this consideration is achieved by
assuming uniform velocity and temperature profile at entrance of two
dimensional circular and rectangular duct respectively. The clustering of the grid
in the radial direction was used in the numerical solution for each duct and the
thermal boundary conditions applied to the numerical solution are CWT and CHF
for the two ducts. Mathematical modeling of the flow is accomplished by using

the two equations of the (k-¢) turbulence model.



Chapter Three

MATHEMATICAL MODEL

Y.\ Introduction

In this chapter, the mathematical analysis is presented for the Partial
Differential Equations (PDES) which describe developing turbulent fluid flow
and heat transfer in two geometrical shapes. These shapes are rectangular and
circular respectively. Incompressible and constant property flow is assumed
throughout each duct. k —& model is employed for predicting developing

velocity and temperature profiles in the entrance region of each duct.

¥.Y Geometrical Shapes and System Coordinates

The following study deals with developing turbulent fluid flow and heat
transfer through ducts of two cross sections, rectangular (as shown in figure
(1.v)) and circular (as shown in figure (1.r)) respectively. The first will be
expressed in Cartesian Coordinates System, but the second in Cylindrical. This
study will be achieved for two cases, Constant Heat Flux and Constant Wall

Temperature respectively.

¥.¥ Assumptions and Governing Equations of Rectangular
Duct

For two dimensional developing, steady state, incompressible turbulent flow
in large aspect ratio(w = O,ag = Oj rectangular duct, with negligible body force,
z

without free convection and heat generation and negligible viscous

dissipation (® = 0), the continuity, momentum and energy equations which were

reported in appendix A will be simplified as follows:-

'Y
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Continuity equation:
ou ov

— +—=0 A A

ox oy ()

X-momentum:

pua_u+/)\/a_u:__ap+g( a_uj+g a_u +g£ a_U) (T\‘)
ox oy ax o ox XM ax ) eyl oy )T ax | M ax T

The mixed term %(M Z—uj Is so small; hence it was canceled in equation (r.v).
X

Het = L+ 1 e (1)
u, u and u are laminar, turbulent and effective viscosity respectively for

turbulent fluid.

Energy equation:

6T (9T 6 /ueff (3T 8 /ueff 8T
o —+ N —=— — |+ — — e (rie)
OX oy OoX Preff OX oy Preff oy
Where:-
Pt _H M (1)
P P P

Feft r i

P, P, and P, are laminar, turbulent and effective Prandtl number respectively

for turbulent fluid.

¥.¢ Assumptions and Governing Equations of Circular
Duct

The governing equations for steady, axis-symmetric, incompressible
turbulent fluid flow and heat transfer without heat generation and with neglected
body forces, buoyancy effects, and dissipation function are as reported in Ref.
[v], as follows:

Continuity

la(rur)JrauX _
r or  ox

0 (v
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Momentum
X-direction:
. 8uX+u ou, __er 10 i ou, +g ou, +}g raur
P " )T o rarl M o )T e\ ax )| rar (Mt
+g( auxj—g % (rv)
ax\"ox ) 3 x o
Energy Equation:
o, T o, )| L2t OT | 0]t 0T )
or OX ror P or) ox| P oOX

¥.® Turbulence Model

The k —& model is the more common active model for turbulent fluid
flow problems. It is also called the two equations model, where it characterizes
the local state of turbulence by two parameters: the turbulent Kinetic energy, k,
and the rate of its dissipatione. The absolute viscosity is related to these

parameters by kolmogrov Prandtl expression:-

k2
=pC, ()

Where ¢, is an empirical constant, which is equal (-.-<) as reported in Ref. [1v].

This model is chosen for modeling the two geometries according to the

semi-empirical transport equations for k and ¢ as described below.

.o\ K—& Model for Rectangular Duct

The two equations turbulent models for Cartesian coordinates which were
reported in Ref. [1A] are:-

,Ou%_kpva_k_kma_k:g ﬁa_k +£ ﬂa_k +ﬁ ﬂa_k +,0G—p6'
OX oy oz ox\o,ox) oy\o,oy) oz\o, oz
()

m@+p\/%+m%—é i@ +£ i% +g i@ +,00 fG-ﬂ: 8_2
ox oy T oxlo,ox) oy\lo,oy) az\o, oz Yk K

()
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Where G is the generation term and is equal to

() (2] (2o (22 (22 (2

In the two equations (r.v) and (v.)v), there are four empirical constants and its
values as indicated in Ref. [ 4] are:-

(C, =144),(C,, =1.92), (o, =1)and (o, =1.3).
These two equations will be changed after applying the previous

assumptions for rectangular geometry as follows:

,oua—k ak 8 ﬂ% +2 ﬂ% + oG — pe o (rar)
OX 8y T o, Ox) oyl o, oy

Oc ag_a u, 0\ 0 u, o¢ £ 2

£
— = |+ == |+ -G - — (AL
ax 8y 6X o 8X ay o pClgk pCZg k ( )

oA A3 )

r.e.¥ K — & Model for Cylindrical Coordinates

The two equations models for cylindrical coordinates as reported in Ref. ['v]
are:-

ok KY_[1o( m k), ofm ok
u —+u, — |=|—| F—— + & A AR
Pl ar T {r ol o arJ Gxtak o | (=)
o o) (10( u ds) o p o¢ £ g?
u +U, — |=|——|r—— |+ —| —— ||+ —G-C_,p—
Pl ar T ax {r or\ o, arJ 6X(JE ox )| TP 2Py
(r_w)
Where:-
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¥.n Boundary Conditions

The requirement that the dependent variable or its derivative must be
satisfied on the boundary of the partial differential equation (Ref. [v-]) is called
the boundary condition. The boundary conditions represent the statements of
physical facts at specified values of the independent variable. Any fluid moves
over a surface whose temperature differs from it, will lead to transfer of heat by
convection. Hence, the thermal and hydrodynamic boundary layer
considerations will be encountered. These considerations should be precisely
treated especially when turbulent boundary layer is faced. In order to achieve
this purpose, suitable boundary conditions should be applied on the selected
problem. Therefore; the boundary conditions according to the geometry will be

written as follows:

¥.7.Y Boundary Conditions for Rectangular Duct

Entrance region Boundary Conditions:

Uniform temperature and velocity profile at the entrance region of
rectangular duct is assumed. Likewise the k-¢ model boundary condition and
temperature are assumed uniform at entrance. All entrance boundary conditions
can be written as follows:
u=u,
p=101325
v=0
T =T,

Kin :Ckuin2

&mn =Cki,>'? 1(0.5D,C,)

o (ro9)

WhereC, andC, are constants (C,=-..r& C, =-...v) as indicated in Ref. ['v].
D,, represent hydraulic diameter where D, =:A/p;

A is the area of rectangle.

p is wetted perimeter.
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Exit region Boundary Conditions:

At exit the boundary conditions will be as taken in Ref. [vv] as follows:-

ou_ov_ok_os_
OX OX OX oX
= = cons. SAD!
Z—E = Ccons.
Wall Boundary Conditions:
All velocity components are zero at the walls, hence:-
u=v=0 ... (r.n)
The boundary condition of the kinetic energy, k, and its dissipation is:-
k=0
e 0 o (oY)
oy
For the constant wall temperature, the boundary condition will be:-
T=T,
For the constant heat flux, the boundary condition will be:-
or _ % CAD

oy A
+ve sign is applied at the upper wall and —ve sign at the lower wall.

A represents thermal conductivity of the fluid.

¥.2.Y Boundary Conditions for Circular Duct

Entrance region Boundary Conditions:
Uniform temperature and velocity profile at the circular duct entrance is

assumed as follows:

u, =0
u, =u;, o (rave)
T :Tm

The entrance profile for the kinetic energy of turbulence and its rate of

dissipation are assumed to be calculated from the following relations:
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Ki :Ckuin2
3/2 N GAD
&n=C,ky,~ ~ /(0.5DC,)

Where C,. and C, are constants (C,=:..v& C, =-.-¥).

Exit region Boundary Conditions:

For fully developed turbulent fluid flow at exit, the velocity components
gradient in the axial direction is zero. The presence of heat transfer by
convection between the surface and fluid will keep fluid temperature changes

with distance. This means that the temperature gradient in the axial direction
will not equal zero (Z—T # 0). Therefore; the boundary conditions for velocity
X

components, temperature, and pressure at exit can be written as follows (Ref.
[vD):

ou, _ u,
oX  OX

—— =Cons. . (ravd)
X

ap

OX

=Cons.

k —& model boundary condition at exit will be written as:-

%25_5:0 . (raY)
OX OX

Wall Boundary Conditions:

All velocity components are zero at the walls, hence:-
u,=u, =0 B GAN
The boundary condition of the kinetic energy, k and its dissipation is:-
k=0
(s
2y (1)

For the constant temperature wall, the boundary condition will be:-
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T=T, o (rry)
For the constant heat flux, the boundary condition will be:-

or  q,
_— R B
or A (rn)

Y.V Wall Effects

The turbulent velocity boundary layer can be divided into three zones of
flow. The zone immediately adjacent to the wall is the layer of fluid that,
because of the damping effect of the wall, remains relatively laminar even
though most of the flow in the boundary layer is turbulent. This very thin layer
is called the viscous sublayer or laminar sublayer where the laminar transport
properties have a predominant influence of the flow, and momentum and heat

transfer can be largely accounted for by simple mechanisms of viscous shear

(r= ﬂ%u ) and molecular conduction (q= k%). The second zone is called the

transitional zone which is the zone between the laminar sublayer and the third
zone which is called the fully turbulent region. In this zone the viscous and the
turbulence inertia effects are of the same order of magnitude. The turbulent
region comprises most of the boundary layer, where the viscous shear is
negligible. The near wall region comprises the laminar sublayer, the transitional
region and the initial part of the fully turbulent region but the core region
comprises the external part of fully turbulent region.

The form of the model which has been presented previously for the two
geometries is valid for turbulent region where the gradients of the flow
properties are usually not very steep. Hence a moderately fine finite difference
grid yields acceptable solutions [v']. Close to the solid walls and some other

interfaces there are inevitably regions where the local Reynolds number

(= pk®1/ 1, wherel =k** / &) is so small that the viscous effects predominate
over turbulent ones and the variations of the flow properties are much steeper.

There are two methods of accounting for these regions in numerical methods for
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computing turbulent flow; the wall-function-method; and the —low-Reynolds-
number-modeling method [)¢]. For the two geometries, the wall-function-

method will be used.

Y¥.A The Wall-Function-Method

This method is the one which has been most widely used, and which is
indeed still to be preferred for many practical purposes. Its merits are two: it
economizes computer time and storage and it allows the introduction of
additional empirical information in special cases, as when the wall is rough ['4].

Wall function is a method which is used for calculating the effective

exchange coefficient, T, . Effective exchange coefficient represents the

diffusion coefficient in the energy and momentum equations. The table (v.)

summarizes the expressions for T, for the different dependent variables [¥¥].

Table (v) Wall Function

9 I, Notes
Velocity components
normal to the wall
W+
for y" >115
Velocity components 1/ K'”(EW )
parallel to the wall
for y" <115
y7i
Kp. &, Not required
H y'
— n for y" >115
P, (1/KIn(Ey )+ pee) Y
TP
u for y* <115
Py
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The following equation is used for calculating the kinetic energy of
turbulence (k) and its rate of dissipation ¢, to the nodal point neighboring to the
wall [YY]:

Kp=—"7 o (rrY)
£C,2
13
€p AL (ALY
%Yp

The important new variables and constants which appear in the above table and

the two equations (r.rv) and (r.rv) are:-
The dimensionless amount y*which appears in the above table is defined as
follows:
101
s _ AY,C 4k ,2
y7]
y, is the normal distance from the wall surface to nodal point neighboring to the

y ()

wall.

x is the Von Karman constant and equal to (+.£YAY) and E is integration
constant and equal to (3.VAY).

P IS the Pee function which is the function for laminar and turbulent Prandtl
number and can be calculated from the following relation which was reported by
Ref. [Y¢]

0.75
Pee = 9.24[(%} —1}* {1+ 0.28exp{— o.oo7(%ﬂ} o (re)

AR
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¥.4 THE DIMENSIONLESS QUANTITIES

The following dimensionless quantities will be used in the present work:

v, Reynolds number

(a) For rectangular duct
Re — PD Ui,
U
(b) For circular duct
— pDUin
y7]
¥. Nussult number

Re

(a) For rectangular duct

Nu = "On

A
(b) For circular duct
Nu =2

A

Yy

e (rr)

()

()

.. (r.re)




Chapter Four

NUMERICAL SOLUTION

£.) INTRODUCTION

The numerical solution procedures for governing differential equation
which are described in chapter three are given in this chapter. The transformation
of governing non-linear partial differential equations to the algebraic equations is

achieved by using finite difference method.

£.Y GRID GENERATION

The governing equations for the present study will be solved by using the
Explicit Finite Differences Method. The calculation region shown in figure (£.))
for rectangular duct and in figure (£.Y) for circular duct (where clustering for all
nodal points of each geometry was done) is divided into finite regions, in which
the nodal points are specified by using the two indexes, (i) in the axial direction
(x) and (j) in the lateral direction. The lateral direction is represented by y in
rectangular duct and r in circular duct. For each node in rectangular duct, the

coordinates will be (x =i1Ax ,y:yi,j), where i1=0,M , j=0,N and for circular
duct will be (x=iAx ,r=r,;), wherei=0,M, j=—N,N. Therefore, the upper
and lower walls for rectangular duct are represented by the two lines j=0 and
J=N while the upper and lower walls for circular duct are represented by the
two lines j=—N and j=N with center which is represented by the line j=0

.The inlet and exit for rectangular and circular duct are represented by the two
lines i=0 and i=M respectively.

The dimensions which were taken for checking the result of studying the
developing turbulent flow and heat transfer through rectangular and circular duct

are (H=+.-¢Ym, a=+.YiYm, L=Y°Dh) for rectangular duct and (D=:.Y+«Ym,

Yy
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L=YeD) for circular duct. With this dimensions the numerical solution was
accomplished by taking (M=Ye., N=°+) for rectangular duct and (M=)Y:,
N=Y"+) for circular duct. The grid generation for each duct is achieved by making
the transverse nodal spacing varied across the duct height but constant down the
duct. Hence, the nodal spacing was much denser near the duct wall than at the
centerline.

To transform the partial terms in the partial differential equations to
algebraic terms the nodal points shown in figure (£.Y) will be considered. After
transforming the governing equations from partial to algebraic form, it will be
simultaneously solved by using Tri-Diagonal Matrix Algorithm (TDMA) except
the momentum equation which will be solved by using Gauss- Seidel method as
indicated in this chapter. The resulting algebraic forms for all equations presented

in this chapter are solved by using a FORTRAN 4+ Program.

£.Y MOMENTUM EQUATIONS

The Explicit Finite Differences Method will be used to solve the
momentum equations. The momentum equation is a non-linear partial differential
equation consists of the terms on the left-hand side which are called the
convection terms, and the pressure gradient term and diffusion terms on the right-
hand side. In turbulent flow the conversion of convective terms into algebraic
form is accomplished by using Upwind Difference [Y°], where the Backward
Difference is used in this method. But the diffusion terms will be converted into

algebraic form by using Central Differences.

£.Y.) NUMERICAL FORMULATION FOR MOMENTUM EQUATION OF
RECTANGULAR DUCT

The Backward Difference is used to convert the convection terms and the

pressure gradient term for rectangular duct into algebraic form as follows [Y°]:-

pua—u . Uij Ui
ox 11 " AX v (8)

Y¢
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ou U, ~Yia

Wl L(E)
oy R\

_opp __PiThy (£
ox'"' AX

But the Central Differences are used to convert the diffusion terms as

indicated in Ref. [Y1] as follows:

0 ou 1 Uini ~ Y Uiy Y, ¢ ¢

& Hest & ‘i,j Ax (,Ueff,+05J —AX T Heff_g5; Ax - (8.5)

0 p ou _ 2 . ui,j+1 _ui,j L Ui j _ui,j—l (i o)

Y LU (L ffijos Ay Ceffijos Ay R

oyl" " oy )" (Ayi,j +Ayi,j+l) TS AY; TS Ay

o a_ ui+1,j _ui,j _ ui,j _uifl,j (2 't)
a 'ut|+051 AX M s AX B

By substituting the algebraic equations (£.Y), (£.Y), (£.Y), (¢.9), (¢.¢) and

(£.1) into equation (Y.Y), the following equation will result:-

_ Pi — Pia
By U,y = Bz, U+ B U, By U 8 U = . (5Y)
Where:-
A4 N AV, N Hoft, g, T Heff, o n Fios; * H s, + Mefti .05
ol AX Ay AX? AX® (AYiZ,j+1 + Ayi,jAyi,j+1)
:ueffi j-05
N j-0.
(Aylzj + Ayi,jAyl,j+l)
_ pulj +'ueﬁi051 'ut|05]
241 AX AX?
X ol .\ ,UeffIJ 05
0 =
i AY; ; (Ayi,j "‘Ayi,jAyi,jﬂ)
| Heftigs; T s
a4ui1j - AX2
a . 'ueffi,j+o5
5u. . —
Y (Ayiz,j+1+AYi,jAyi,j+1) o (84)
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Where:-

/’leffi'jJrl +1Lleffiyj
Hef, 505 = 2

ﬂeffi’j + ILleffi‘j,]_
ILlEffi’j,O.5 - 2

_ /’leff”lyj + ll'leffiyj
Heflwos =5 (29

_ ﬂefflj + ILleﬁi,]_’j
ﬂeﬁifols‘j - 2

My, Ty
'utno.s,j - 2
lthI] + ﬂtifl,j

2

The equation (£.Y) can be written as:
o, =et, <5, (B )

L

'utifos,j -

Where:-

_ aZUi,j ui—l‘j * a3Ui,j u ij-1

L (ENY)

The mean pressure difference (I5I — I5i_1) which appears in equation (£.)+)

Is calculated by using the Mass Conservation Method [Y¢]. By integrating

equation (£.)+) over the cross section of the rectangular duct, the result will be:-
H H o H

n= [ ou, ady=[ par ady+ (P ~R)| pas oy L (E0Y)
0 0 0

Where

Rearrange equation (£.Y), to get:-

H
m'pJ.alyjady ”‘(i-\\‘)
P=P,+ :

H
pJ-oﬂi’ jady

A\l
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The integration in equation (£.1Y) is accomplished by using the Numerical
Integration by Trapezoidal Rule. In the present work the following form of the

trapezoidal rule is derived to accomplish the integration of the non- uniform grid

spacing:-
N-1
M Ay| + + Ayl
M - Zi,ﬂ PR, ( j 12 J)
ISI,J' - lsi—l,j + N—lel
M (Ayi,j+1 + 4y; j)
' " 2
For j=):-
1 Ayu (Ayi,j+l + Ayl | )
m = *paaij + paa”
_ _ 4 b2 ‘ 2
Pi=P.;+ (£.)%-
’ ’ l,Oa,BAyIJ +pa,6’--(Ayi‘j+1+Ay”) o
4 M2 " 2
For j=N-):-
m - Epaa Ayl,j+l + paq; . (Ayi,j+l + Ay| J)
_ ) " 2
P.-P. 4+ ... (£.)£-B)
1,] i-1,]j
1 Yi i (Ayi,j+1 + 4y, J)
Zpaﬂi,j 9 + pap;; 2

The velocity equation (£.) +) is solved by using the point by point Gauss —
Seidel Method which is one of the iteration methods used for solving the linear
equations. In this method the value of the dependent variable (u) at the present
iteration is calculated for each node in the nodal grid in terms of the adjacent
nodal points at the present and the previous iteration to achieve a suitable
convergence. Hence, in any new iteration the calculation is done by depending on
different iteration planes until reaching the required convergence. In iterative
solution of the algebraic equations it is desired to accelerate or decelerate the

convergence from one iteration to another; this process is called Under or Over

Yv
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Relaxation. In the present work the time and iterations required to reach the
values of u and v for the entire domain with reasonable percent of error (like
V.+E-+Y) are large, hence the under-relaxation method was used to accelerate the
convergence in the solution. So equation (¢.)+) can be written as the following

under-relaxation form:-

uiO!}Ll :(1_a))uiq,j +a)(ai,j +ﬂi,j(pi - pi—l)) .. (209)

g+1

Where uj and u;;" represent the values of calculated velocity at each nodal

point at the previous and the present iteration planes respectively. The symbol @
in equation (£.Y°) is called the Relaxation Coefficient and the selection of its
typical value depends on different factors like the number of nodal points, the
type of used error for solving problem ...etc. The range of under-relaxation factor
lies between (+-Y).

In the present work, the value of @ used for solving u and v for rectangular

duct was (+.YV). Equation (£.)Y) was solved without relaxation [Y°].

£.Y.Y NUMERICAL FORMULATION FOR MOMENTUM EQUATION OF
CIRCULAR DUCT

The same procedure for converting the momentum equation from
differential to algebraic form for rectangular duct will be achieved for circular

duct as follows:-

ou, Uxij ~ i
purﬁi,,-:/?uri,jTu (50
ou, Uiy ~ i
) Uy, =y, Y
Py i = P AX o
B - (1)
ox ' AX
1of, au) _1op _ 1 uae=0i) - (209)
rorl " ar )M rar M An A )
2

op O ou
where —/—=—|r X
or ar( Heft or )

YA
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N
B (uxi,j+l _uxi,j)
(Di,j+1/2 - ri,j+0_5‘u8ﬁi,j+0.5
Al ¢ Y
(u _u ) ( . ')
B Xii X j1
gpi,j—l/Z - ri'j_o,s'ueﬁi,j—O.S Ari,j

Substitute equation (£.Y+) into (£.)9) to get:-
2 (uxi,j+1 _uxi,j)

10 ( . j B _
ff i,j+0. f-fi j+0. -
r ar (5} ar r’J (ArI,J+1 +Ar|,1) ,j+0.5 € ,j+0.5 ArI’J+1

(uxi,,. —Uxi,,.l)] L (81Y)

ri,j—O.S’ueffi,j—O.S Al -
1)

0 ou, Uk ~Ux; Ui ~ Yniy
ox (;ueff ox j‘ i,j = HMeffigs,; Ax2 Heff, o5 ; Ax2 .. (YY)
Lofp, ) _tov 1 Wiavig) ()
rorl" ax )Y rar M (A A )
where %:g(ryt aurj
or or OX
Wi =T i (urm,ju _uri—l,j+1)
ij+l it 2AX (2_\‘2)
. (uri+l,j—l _uri—l,j—l)
Vija =0 M 2 Ax
Substitute equation (£.Y¢) into (£.YY) to get:-
12 ru % o 18'/" o 1 r (uri+l,j+l _urifl,jﬂ)
ror\ "tox )" roar M rij(Ari,j+1+Arilj) SRR 2AX
—r M (uriml _ur-m)} .. (8.Y9)
ij-17 h,j1 ZAX
8x 8X iLj i+0.5,j AXZ i-0.5, AX2

yAa
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The term (Z—l(j in equation (Y.V) will be converted to the numerical form
X

by using the Central Differences as follows:-

_ZP%‘_ _:_Zp Kisj —Kiaj
3" ox!" 3 2AX
(£.YV)

By substituting the algebraic equations (£.17), (£.)V), (£.YA), (£.Y)),
(£.YY), (£.Y9), (£.Y7), and (£.YV) into equation (¥.V), the following equation will

result:-

P, =P,
X j-1 + a5U>ﬁ,qui—1,j o AX + Sui,j

AL

u

Xij aZU)ﬁ,qui,jﬂ + a3U>ﬁ,j Xitd,j + a4U>€,j

alum u u

Where:-

Ay =
1% Ar | AX AX? AX? ri,j(Ari,j +AI’i,j+1)Ar'

ij+l

2ri,j—0.5:ueffi,j,0.5
+
ri’j(Ari,j + Ar. )Ari'j

ij+l
. 2ri,j+o.5/1effi,,-+0,5
2ux; ~
: ri,j(Ari,j +Ari,j+1)Ari,j+1

a _'UEffno.s,j +’uti+0.5,j

Jux: —

" AX?
puri’j n ri,j—0.5ﬂeffiyj_0.5

AT (AR AR A

]+

puXiyj ﬂeffi_oAs‘j + ﬂti—O.S,j
a5, = + :
) AX AX
Mk 5 I i1t

s _ . bk
B4 (Ar AR A A (A A
i, 1] Ij+1 1] ]

u. -
)Ax e 4ri‘j(Ari,j+Ar

i,j+1

)AX uri+1,j—1
ij+l ij+l

fijathy ' —1,0 Kig,j = Kios,
4r|’] (Aru + Ar"j+1 )AX ri_l'j_l 3 AX

+

L (E.Y9)
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Where:-

/'leffi’jJrl +1Lleffi’j
/’leffiyj+0.5 - 2

. zueff” +Il'leffi'j_l
#effi’j_ols - 2

 Heft ;T Hetr (8
Heff o5, = 5

Mo, -+ Hegr. . -
_ i.j i-1,j
yEffi—O.S,j - 2

My, Ty

'utno.s,j B 2

My |+ My
2

The equation (£.YA) can be written as:

’uti—O.S,j -
Us., :O‘i,j+ﬁi,j(|5i—|3i—1) . (ETY)
Where

_ a2u>ﬁ,juxi,j+1 + a3u>ﬁ,juxi+1,j + a4U>ﬁ,qui,j-1 + a5U>ﬁ,qui-1,j + SUi,j

al‘”ij BNCAR)
-1

:Bi,j =

a1u>q'j

By the same way of calculating the mean pressure difference for
rectangular duct, the mean pressure difference (F_Di—F_}_l) which appears in

equation (£.YA) is calculated by using the Mass Conservation Method. By

integration for the equation (£.Y), the result will be:-

R R R

Rearrange equation (£.YY), to get:

)
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R
P=P,+ °

AD)

R

27p| B % AN
0

The integration in equation (£.Y¢) is accomplished by using the direct
Integration to get:-

m - ZZE/?O!i,jri,j(ri,j - ri,j—l)

P=P,+ = .. (£.Y9)

M
i 2708 ;1 (ri,j - ri,j—l)
j=1

The velocity equation (£.Y)) is solved by using the same sequence which
was explained for equation (£.V+) in article (£.Y.)) for rectangular duct.

¢.¢ NUMERICAL FORMULATION FOR CONTINUITY EQUATION OF
RECTANGULAR AND CIRCULAR DUCT

The Backward Finite Differences will be used for converting the two

equations, (¥.)) for rectangular duct and (¥.%) for circular duct to algebraic form
as follows:-

For rectangular duct:-

@‘“:ui,j_uil,j AR
ox ! AX
@\i =i (5T
oy’ AY;

Substitute equation (£.¥1) and (£.YV) into equation (¥.)), and get the following
equation:-

_ g

V" Ul_llj _ullj)+V|’J_l e (E.V/\)

" AX

The relaxation for (£.YA) was done with ©=0.37by using the following
equation:-

vy
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Ay. .
For circular duct:-
la(rur)‘i = ou, +U_r _ uri,j _uri,j-l n uri,j D
r or " arij i Arij r
\ , , i
8UX __:uxi,j_uxi_l,j (i “)
8x i) AX .

Substitute equation (£.€+) and (£. €V) into equation (¥.1), to obtain:-

r . Ar . r .
Urij = o (uXi—l' — Uy ')+ - Uri j1 SACRY)
! (ri,j +Ari,j)Ax . ) ‘ri,j + A ; )i

The relaxation process for equation (£.£Y) is similar to (£.Y1).

£.9 k-¢ MODEL

The conversion of the two equation turbulent model (k-¢) to the
numerical form is accomplished by using the Backward Differences for the
convective terms and Central Differences for the diffusion terms for the two

ducts.

¢ NUMERICAL FORMULATION FOR k-& MODEL OF
RECTANGULAR DUCT

The turbulent Kinetic energy equation (Y. Y) is a PDE and can be

converted to algebraic form as follows:-

8k ki,' _kifl,'

pu&i,j:pui.jT (iiv)
ok ki' _ki'—l

pVa—y g =Wi,j# o (R89)

i

\RJ
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o, OX

0 L,Ut 5kJ‘ 1 |:‘uti+0.5j (ki+l,j _ki,j) Hii_os (ki,J' _ki—lyi ):l (£.€9)
’ (e

ox T AX Oy AX Oy AX
2 l:yh,Ho.s (ki,j+l _kj,i) ’uti,jfo.s (ki,j _kl,Jl):| (887

OX
2[&%} _ \
6y Gk ay " (Aylj +Ayi'j+1) Gk Ay Gk Ay

But the generation term conversion from Equation (¥.)¢) form to

ij+l i,j

numerical form will be as follows:-

ui+lj_u’1j 2 V'jl_vii-l 2 u‘jl_u'jl 2 (2 2\/)
o= |2 e T B I e (5
ij = My 2AX (Ayi'j +Ayi,j+1) (Ayi‘j +Ayml)

And the dissipation term in equation (¥.) £) will be converted as follows:-

G

pg‘i,j:pgi,j

(£.£A)

After substitution of the algebraic equations (£.£Y), (£.£¢), (£.£9), (£.€7), (£.£V)
and (£.€A) in equation (¥.)Y), the result will be:-

ay, Kij =y Kigj+ag Kijg+ay Ky +ag, K, +S o (229)
Where:-

. pui,j pVi,j Z(ﬂti,j—o.S +'uti,j+o.5) 'uti—o.s,j +'uti+o.5,j
ay, = + + + )
! AX Ay oy (Ayi,j + Ayi,j+l)Ayi,j+l o AX

a | PYi + Hii_ o5,
' X o AX

3 pVi,j 4 ﬂti,j—OAS
WAy oy (Ayi‘j +AYi,j+1)Ayi,j

ti 0.5,)
a +0.9,]
4ki"

GkAX2
a _ ’thi,j+0.5
Sk =
| oy (Ayi,j +Ayi,j+1)Ayi,j+1
S, =Gij — Péij L(504)

ye
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My T Hy
’uti,j+0.5 o 2
My T Hy
My =—
Where: - fi. 2 L (£.0Y)
’uti+l,j +'uti,j
'uti+0.5,j = 2
'uti,j-o.s o 2

The Kkinetic energy equation (£.£%) can be solved by using the point by
point Gauss —Seidel Method. The principle of this method is based on
formulating an ordered linear equation so that it is valid for calculating three
unknowns of the dependent variables along a constant line (j=constant).
According to this method, equation (£.£%) can be written as [Y°]:-

"8 Kica,j +ay Ki — Ay Kisa,j = 8gy | ki,j—1+a5kiyj ki,j+1+ski'j .. (2.0Y)

The equation (£.eY) is used for all varying (i) nodal points at (j=constant).
This equation can be solved by successive manner by using Tri-Diagonal Matrix
Algorithm (TDMA) [YV]. The calculation of the turbulent kinetic energy values
(k) at nodal points can be done at constant calculation line (j). This calculation
depends on the (k) values at the two calculation line sides which were calculated
either from the boundary conditions of the problem or from the previous iteration.
When the (k) calculation is done for all grid lines, a new iteration process will be
started until reaching the required convergence. The equation (£.°Y) was solved

without relaxation (with relaxation factor of value @, =)) according to the
following criteria:-

ki(?}rl :(1_a)k)ki(?j +C‘)kkﬁj+1 ... (£.97)
Where k{; and k" are the values of calculated k at each nodal point at

the previous and the present iteration planes respectively.

oe €ij ~€iaj
Ad—| =Pl T Ax

.. (%08
ox ! ( )
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= = L BT oy ... (&0
pvay LT Ay, (%.29)
M 08 ‘ ’utHOSJ ( i+ _8i,j) Hi0s (g"i _g“l'j) (£.07)
o, X o, AX O, AX i
(,ut 88} _ \l:ﬂt|,1+o_5 (gi,j+l _gi,j) 5 os (giyj _glel):| ... (£.09Y)
Ay +Ay| J+1) O, Ayi,j+1 O Ayi,i
& &
CglGE‘i,j =CuGi; K - (524)

Where G;; is calculated from equation (£.£V).

2

e
-Cp =—Cp— .. (8.09)

Wl
After substitution of the algebraic equations (£.0¢), (£.29), (£.07), (£.0V), (£.°A)

and (£.29) in equation (¥.) £), the result will be:-

A, Eij =8, &) T8, &1ty &) tTas, EijatS, L (B)
Where:-
a . 'Oui,j + pvij 'ut. ~05,j 'utHo.s,j " ?('uti,jO.S +'uti,j\+0.5) +poc Ij
lep i &2
i AX Ay” o, AX? ag(Ay”_ +Ayi,,-+1 )Ayi,,-ﬂ k,‘j
a — puij 'utl 05]
26 AX o- AX?
a . 'Ovi,j " 'utuj 0.5
3gi i
Ty, Telay, ey
_ 'uti+o.5,j
s = o AXZ}
a _ 'utl J+05 J
5‘9i,' -
J (Ay + Ayl J+1 )Ayl L+l
& .
S, =C.G, k—'
. (i_'l\)

1
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The values of the turbulent viscosity at halve points like z4 o5 are

calculated from equation (£.0)),

The generation and dissipation terms are treated as indicated in the two
equations (£.2A) and (£.©%) respectively to attain the stability of the numerical
solution [Y £].

The linear dissipation rate equation (£.%+) is solved by using the Gauss —
Seidel Method which was explained in detail in the kinetic energy equation.
Hence equation (£.7%+) will become:-
=8y, i)t i~ Eiaj T8y, & j1tas, &jatS, .. (27Y)
The equation (£.7Y) was solved without relaxation according to the following
criteria

1 1
& =1-o,)s; + o8 L (5.17)

¢.2.Y NUMERICAL FORMULATION FOR k-& MODEL of CIRCULAR
DUCT

The same treatment for k - &¢ model of the rectangular duct will be done
for the circular duct as follows:-

For k equation:

ok kij B ki j-1

- = M n= o (ene
lDur ar i puriyj Arlj ( )

ok kij B ki—lj

bl B LD B ¢
oI i puxi’j A ( . o)
lg(rﬂa—kj‘ = / 2 N T ’uti'1+0-5 (kiyhl _ki,J)_ 'uti,j—o.s (ki,j _ki,Jl)
ror\ o, or )i ri,j (Ari,j 4 Ari,j+l) B Ari,m s g Ari,j

(8

g ia_k ‘i _ :i Hti 10,5 ki+1,j _ki,j _‘uti—O.S,j ki,j _ki—l,j L (£Y)
ox\lo, ox )" Ax| o, AX o AX

v
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2 2 2
G‘ — 2 /uri,j+1 _uri,j—l\ n uXi+l,j _uxi—l,j uri+l,j _uri—l,j /uxi,j+l _uxi,j—l\
by (Ar__ +Ar ) 2AX 2AX (Ar.. FAr )
i,j i,j+1 i,j i,j+1
(i_'k/\)
pg‘i,j:pgi,j .. (8.9)

After rearranging the above equations for k, the following form can be written:

= £ Ve
alkj,ikj,i a2kj,ikj+1,i + a3kj,ikj,i+1 + a4kj,ikj—1,i + a5kj,ikj,i71 + Kji e (BY)
Where:-
a _ pljly] 4 p\llvl 4 ri,j+0,5ﬂti,j+0.5\ + gri,j—O.Syti,j—o.S
T
i AX Ar”_ okl (Ari,,- JrAri'J_H)Ar”_+l ol (Arm_ +Ar”+l )Ari,,-
(’utio.s,j +'uti+0.5,j)
+ 2
o AX
a _ ri,j+0.5'uti,j+0.5
2% =
oo, (Ari,j +Ari,j+l)Ari,j+1
’uti+0.5,'
A3, = 5
‘ o AX
a _ 'Ovi.j 4 2ri,j—0.5‘uti,j—0.5
Ak =
J Ari'j O-k riyj (Aru + Ariijrl )AI’I’J
_ pui,j ’uti—O.S,j
a5kij - + 2
' AX o AX
Ski,j :Gi,j — P& j
L (R
_ _ — 1A
a5ki,jki*11j + alki,jki,j agki,jkiJrl,j o aZki,j ki,j+l + a4ki,jki,j71 + Ski’j s ( ' )
For & equation:-
66‘ 8iy' _gi",
pur_ :puri,j J L (i_\’\‘)

or ! Ar

YA
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pu, % pu, S (£.V%)
X ox | X AX .
12 I’i% _ 2 r ’uti,j+0.5 (gi,jﬂ _gi,j)_ 'u'[i,j—o.s (gi,j _8i,j—1)
ror\ o, or )" r (Ar +Ar J+1) LS o Al i WS o, Ar; ;
[(£.V9)
O [ uy O ‘ _1 Mhos; Ciag "8 HMuosy S T8 (£. V)
xlo, ox )" Ax| o, AX o, AX
& £ VY
CSle‘ CglGljk "’( * )
Where G;; is calculated from equation (£.7A).
2 2
& Eij
_C.pt | —_c . plti . (EYA)
é‘Zp k ‘I,j 82p kiyj
After rearranging the above equations for ¢, the following form can be written:-
al‘("i,jgi,j :azgi,j gi,jJrl +a36i,j gi+l,j +a4'9i,jgi,j71 +a56i,jgi—l,j + Sgiyj . (2_\/%)
Where:-
puri,j puxi,j 2[" J+os'ut| j+05 2rij 05’utij 05
Y Tl ar A ro (Ar +Ar )Ar (Ar +Ar )Ar
ij i,j+1 i,j+1 ij
/'Itosj /ut05j €.
1+ 1-0.0, +C A
O' AX £2p kij
ro M Hy o
a2 = ,  1,j+05 i,j+0.5 , a3 = i+0.5,]
Wr oA +Ar Ar i o, AXE - (BAY)
1) ij+l ij+l &
puri,j 2r.] os'utuj 05 'Ouxi,j ‘uti-o.s,j
8y, = oo Aoy T + 2
voOAr o (Ar +Ar )Ar AX o AX
L]
gi,j
Sé'iyj :Cé‘lGj,l T
ij

ts L (EAY)

- a5‘9i,j gi—l,j + algi,j gi,j - a38i,j gi+1,j - a48i,j gi,j—l + azgi,j gi,j+1 & j
The relaxation treatment for k —& model of circular duct is similar to that

of rectangular duct.

¢.7 ENERGY EQUATIONS

Y4
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By using the Backward Differences for convection terms and the Central

Differences for diffusion terms, the energy equation for each of rectangular and

circular duct can be converted to the algebraic form in the following two articles.

¢ 7.) ENERGY EQUATION FOR RECTANGULAR DUCT

,Oua—T — U Ti,j _Ti—l,j
ox I Mo AX
oT Tii—Tija
p\/ﬁy TPV AY;
g Het g N :i 'ueffi+0.5,j Ti+1,j _Ti,j _ 'ueffi—o.s,j Ti—l,j _Ti,j
OX| Peg OX )" AX( Py AX Pt AX
2 Hes a_T o 1 ’ueffi,j+0.5 Ti,j+1 _Ti,j _’ueﬁi,j—o.s Ti,j _Ti,j—l
8y Preff ay " (Ayiyj +Ayi,j+1) I:)reff Ayi,j+1 Preff Ayi'j

alT”_TLj = aZTi’jTH’_ + agT”_T

J + a4Ti‘jT

ij1 i1, + a5Ti,jTi,j+l

Where:-

L (£AY)

. (£.AY)
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2’ueffi,j+0.5 2'ueﬁi,j—0.5 Meffi,os n Heffi o5
a _ pu Moy N i , Preff \ 1y Preﬁ X n Preff I:)refr
1T, = 2
Ve ey Ay oy By, by, A
'ueffi-o.s,j Z’Ueﬁi,j—O-S
a _ 'Oui,j I:)reff - a _ pvi,j 1y Preﬁ \
2T AX AX2 B Ayij (Ayij + Ayi j+1 )Ayij
'uEffno.s,j Zﬂeﬁi,HO-S
P P
A, = Lf; A5y, = =
Y AX Y (Ayi,j +Ayi,j+l)Ayi,j+l
'ueffi,j+o.5 _ 1 'ueffi,j " 'ueffi,j+1
F>reff 2 F’reff Pref‘f
ﬂEﬁi,j—O.S _ 1 ﬂeﬁi‘j n :Uef‘fiyj,l
Where: - Prest 2 Prest Prett . (i_/\/\)

/’leffno's'j _1 ll'leffiyj + /’leffnl’j

I:)reff 2 Preff Preﬁ

ﬂerfi—O.S,j _1 /Lleffi'j + /Lleffi_l’j

Preff 2 Preff F’reff
The solution of the temperature equation (£.A%) is accomplished by using

the point by point Gauss —Seidel Method which was explained previously in the
Kinetic energy equation. So equation (¢. A1) will become:-

_ A
T _(aZT”THVj tag, T +ae T +ag T )/ a7, . (E.A9)

i,j o= i+,

Equation (£.A4) was solved by using the following relaxation equation:-
Ti,j+1)/ alTi,j) (i ﬁ ~)

Where, the suitable relaxation factor for solving this equation was w; = +.9¢%,

=@ o
T4 =(1- o oo T, tag T, +au T, +ass

ij

¢.1.Y ENERGY EQUATION FOR CIRCULAR DUCT

£)

L (2AY)
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aT T i _T j-1

—| = _h it ._.(i_“\\)
Pl =P,

oT Ti,j _Ti—l,j ¢ 9y
P, = Al . (£AY)
12 r Het ﬁ ‘ _ , 2 Jr ’ueﬁi,j+0.5 (Ti,j+1 _Ti,j)
ror\ Pey or )" ri,j (Ari,j + Ari,m) 0 Peg ii+
_ 'ueffi,j—o.s (Ti,j _Ti,j—l)

i.j-05 Preff Ari,j (2.‘”“)

g Mot g ‘ . :i /’leffno.s,j TM_'J- _Ti’j _ /’leffi70.5,j Ti,j _Ti—l.j (2‘\2)
OX| Pog OX ' AX| Py AX P AX

After rearranging the above equations for T, the following form can be written: -

- ¢ 40
alTL]TI,] aZTi,jTiyj-p]_ + aSTi,jTi+1,j + a4Ti,jTi,j—1 + a5Ti,jTi_1’j oo ( . )
or N ﬂeffi,j+o.5 o B /’leffi,j,ol5 ﬂeffno.&j 4 zueffi,olsyj
i,j+0. i j-o0.
a _ puri,j + puxi,j n , ] Preff + , ] Preff . N Preff Preff
1, =
i.j Ar AX r . (Ar +Ar )AI’_ ) r (Ar 4+ Ar )Ar_ _ AXZ
1) 1) ] i,j+1 i,j+1 ij ij ij+l i

i,j+0.5

" P"Eff . _ Preff
ot

. = / ; a =
G (ar o+ar A MENG
i,j i,j i,j+1 i,j+l

r ﬂeffi’j_oﬁ ‘LIEffi—O.5,j
i,j—0.5
_ puri,j Preff . _ puXi,j Preff
A = + 2 0 AT T LW
AT h jAr b AX AX

(A0

£y
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ﬂeﬁiyj_‘_ols 1 lueff”- + ll'leﬁ:iyj_*_l

I:)reff 2 Preff i F)reff i
ueﬁi ,j-05 _ 1 ILleffi J + lLleffi -1

I:)reff 2 I::‘reff - I:)reff -

i,j i,j-1 e (2%\/)

ﬂeﬁi+0.5’j _ 1 /’leffi’j n ll'leﬁi+1'j

I:)reff 2 Preff i Preff L]
yEﬁi70.5,j _ 1 lLleﬁi'j n Il'leffiflyj

I:)reff 2 IDreff i Preff 1]

_ _ — ¢ 9A
a4Ti,,-Ti,,-_1+a1Ti,,-Ti,,- aZT”_Ti’J_+l a3Ti,jTi+l,j +a5Ti,jTi—1,j .. (8.9A)

The relaxation for energy equation of circular duct was similar to that of

rectangular.

tY THE TREATMENT OF SINGULARITY IN THE CENTER OF
CIRCULAR DUCT:-

In any application includes the solution of conservative equations in polar
coordinates for duct laminar or turbulent flow, there is a problem will be faced in
the center of this duct. This problem comes from getting the radius of the duct (r)
the value zero at the center of the duct, which causes the division by zero or the
“Singularity” at any term in the governing equation contains (r) in the
denominator.

To overcome this problem, the L’Hopitals Rule should be used with any
term in the governing equations contains (r) in the denominator (YV). Most of the
terms will be converted to the numerical form by using the Central Differences as
follows:-

Momentum Equation:

u
X: X
, ijH

Y . (£.49)

Pu Ny =pu
" or ! i (Ar__ +Ar__)
i,j+1 i,j

¢y




NUMERICAL SOLUTION

o 8UX = pu Xi+1,j_ Xi1,j
*ox I i 24X
_@‘ T Y
oX ! AX

By using the L’Hopitals Rule with the term lg(ryt
r or

O [y

Iimla[rﬂ )it
morarl "M oar ) N @
8r(r)

=i 2y 82u"+6u" ra'uEfer
Mo 7 e "o | ar e

o%u, o o OHert U,
or? or or

= 2:ueff

Tror or

n 2'u/eﬁi’i+1 _’ueﬁi,j—\l /uXi,m -
ar +ar Jlar  +ar )

u
Xi,j—l\

0 ou, ‘ _ uxi+1,j _uXi,j
OX Hegf OX ij _’ueﬁi+0.5,j AXZ 'ueffi—o-ii

The same thing will be done for the term o

CHAPTER FOUR

ou
to get:-
8rj J

CARD
BCARE)

10 ou, 0°U, . Otteyr OU
— | THet — ‘i,j: 2 1t " +2

—Uu
Xi,j Xi-1,]

OX

2
Iimlg(rﬂt aur)zzﬂ 0y, Oy O,

o ror Yorox  or

10 ou, o%u, . 0Ou, du
—r .. = 2 r-|-2 t r :2
rar(ﬂt axj'*J [”‘ oox | er axj"‘ a

aUr ‘ . _6Ur. . B
2w ox 1My '\’J_l N 'flti,jﬂ 'uti,j—l\ Un s 7 Un.y
N (Ari,j + Ari,j+l) (Ari,j + Ari,Hl)
0 ou, Uxas ~ Ux,;
&(lat Ej ij= 'uti+0.5,j T N ‘uti—O-SJ

to get:-
7 6xj g

L (2)0)

O My

or ox ‘i'j

(¢

Yo

L(ENY)
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2 ok 2 ki+1,j_kifl,j
__p_ —_— e — —

37T T3 o
By substituting the algebraic equations (£.13), (¢.)++), (£.)+)), (£.)+Y),

(€)+€), (.Y, (£.)+Y), and (£.) +A) into equation (Y.V), the algebraic equation

(BN

for the momentum equation at the center of the circular duct will be:-

Quuy Uy =y U, Fag, U +a, U +ag, U  — PPy +S £€.).4
1U)ﬁ1j Xi,j - 2u>ﬁ,j Xi'jJrl 3U)ﬁ1j Xi+l,j 4U)ﬁ,j Xi,jfl SU)ﬁ,j Xifl,j ui,j cee ( . )
AX

Where:-

4'ueffi,j + 'uﬁffno.s,j +’UEffi—0.5,j + 'utno.s,j +'uti—0.5,j
(Ar__ + A ) 2 AX? AX?
i, i,j+1
2

alu>q,j =

—,OUri’j " 2:ueffi,j +2:ueffi'j+l _/ueffi,i_l
(Ari,j +Ari,j+l) ((Ar”"'Ar,H)jz (Ari,j +Ari,j+1)2

2

a2u>q,j

_puxi,j " ’ueﬂno.s,j +'uti+o.5,j
2AX Ax?

purI,J X Zﬂeffi'j _le'leffiyjﬂ_ _ltleffi'l,]_

(Ari,j + Ari,j+l)2

a3u>gyj

—__f

a4u>€,j B (Ari’j + Ari,j+l)+ ((AI’H + Al’iyj+1 )]2

2

puxi,j #Effi—o.s,j +‘uti—05,j
85,y = + >
124X AX
24t
Su~-: [ - \(ul’-l'1_uF1'1_u"1'1+ur'1'1) (i\\.)
(] AX(ArI J + Arl J+l) I+1, )+ 1-1, ]+ I+1, ) 1-1,]— P .

’ueffi,j+1 _'ueffi,m uri+1,j _uri—l,j 1pki+1,j _ki—l,j

k-¢ and energy Equations at the center of the circular duct:

The same procedure will be done to get the following algebraic equations
for the k- ¢ and energy equations respectively as follows:-
For k Equation:-

= ¢ YY)
alki,,-ki,,- _a2k”ki'j+1 +a3ki,jki+1,j +a4ki,,-ki,,-_1 +a5ki,jki—1,j +S; (8
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Where:-
_ 4’uti,j +‘uti+0.5,j +’uti—0.5,j
1k —
: ((Ar + A )jz o AX?
i,j i,j+1
O-k —2
8y, =1 ~ Ay 2'uti,j 42 My a ™ Py
i, 2
J (Ari,j +Ari,j+1) Ok (Ari,j +Ari,j+1)2

(Ari,j +Ari,m)—l— (
Oy
2

_'Ouxi,j +'uti+0.5,j

|

g 24X o, AX?
a. = 'Duri,j 2'uti,j _9 M0 = Hy
4kij - 2
Ar i (Ari,j +Ari,j+1) o (Ar” +Ar”_+1)2
‘ 2
Py My
Qg =t ARR
%0 T oA o X - (B0T)
Ski; =G;j — pei
For ¢ equation:-
= ENVY
algi,jgi,j azgi,jgi,jﬂ a3€i,jgi+1,j +a45i,jgi,j—1 a55i,j8i—1,j +S€i,j e (B )
Where:-
alg” _ 4/uti,j _ N zuti+o,5,j +’uzti—0.5,j +C52pgi_,j
4 {(Ar +Ar )J o, AX k.
i,j i,j+1 i,j
O, —2
Al 2, My = Ly
a28j,i i (AI’ +Br )+ 5 i " m ™
. ) ((ArlJ +Ar )J ag(Ari’j +Ar”_+1)2
¢ 2
TPy , Posy TPy 2 o Mg T
r'J—I—Ar'“) O (Ari'j +Ar‘vj*1)2

. puXi’j + lthifO.S,j

- - S
24X

o, AX?

_— CelG

a5£j'i

GE

2

i

i,jk_

ihj

(B E)

€1
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For Energy Equation:-

= ¢VVe
a1T|,JT|,J aZTi,jTi,j-HI_ + aSTi,jTi-HI_,j + a4Ti,jTi,j—1 + a5Ti,jTi—l,j LIRS ( . )

Where:-

4 Hef, ; 1| Heffigs;  Heffi_gs
a5, = > o +
((Ari‘j + Ari’m )J Preff AX Preﬁ I:)reff
2

’ Hett, | Mot joa Moty 1
- pu, P P P
aZTij _ fij n reff . 49 reff reff
Ari,j +Ari,j+1) ((Aru +Ari,j+1 )J (Arlj +Ari,j+1)2
2

a . _puXi'j n 1 /’leffi+0_5'j
i 24x AXZ Preff

Z#Eﬁi'j /’leffi'jﬂ_ _ll'leﬁiyjfl

, pU fij \ F>reff I:>reff Preff

ayT,

iji Ariyj +Ari,j+l) {WT (Al’i'j +A|’i'j+1)2

2

puxi,' 1 ll'leffi,"'

A7, = st =
24X AX Prost

(BN

¢.A CALCULATION OF BOUNDARY VALUES

Temperature at the walls of the rectangular duct for constant heat flux
boundary condition can be calculated from the following equation:-
:,1% yoH L (EYY)

By using the clustered backward difference for four nodal points from equation

Qw

(B-)1) of appendix B, the temperature derivative at the upper wall of rectangular
duct will become:-

o 1.619999T, , — 2.69179T; ,, , +1.4227896T, ,, , —0.3964391T,, , +0.0454402T, , ,
oy Ay

(014

1A%
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By substitution of equation (¢.))A) into (£.YYY) and doing some
arrangement, the following equation will result:-

quyi,N

+2.69179N; \, —1.4227894; \_, +0.396439T, ,_; —0.0454407; \ _,

Ti,N =
1.619999

e (E9)
By doing the same procedure at the lower wall of rectangular duct, the result will
be:-

_quyi,l
* 4269179, ~14227896 , +0.396439T, ; ~0.0454407, ,

1.619999
(BT
If the same procedure (which was done to get equations (£.Y)9) and
(¢€.YY+) for rectangular duct) is done for circular duct, the result will be the

following two equations:-

Ar,
Gwdlin 2.69179;  , —1.422789€, _, +0.396439T, ,, , —0.0454407,  ,
A / | | '
T . =
iN 1.619999
L (ETY)
~ A Aian ) go17gr 1.4227894 0.396439T, 0.045440
——+2 il-N L i2-n TV i3-N Y i,4-N
Tin=

1.619999
L (ENYY)

¢.4 CALCULATION OF MEAN VELOCITY

Since the velocity along the cross section is changed and there is no clear
definition for the free stream velocity in internal flows, it is important to use the
mean velocity concept to express the velocity in such flows. The mean velocity

u, is defined as the velocity which when multiplied by the fluid density (o) and

the cross sectional area (A.) the result will be the mass flow rate (m ) over the

cross section, where:-
m = pu, A, L (ENYY)

A
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In which m may be calculated from equation (£.)Y) for rectangular duct and
from equation (£.YY) for circular duct.

The benefit of calculating mean velocity resides in its constancy and the
mass flow rate constancy with respect to axial direction when an incompressible
fluid flows steadily in uniform cross sectional area , where m and u, are

independent of x-direction. Thus u, is used to describe the internal flow and can

be calculated from the following equation:-
J.pudAc

A
[ e

A

Ub=

L (ENYE)

For rectangular duct:-
H
judy
_20

L (BNYO) Uy =
Jo
0

Mean velocity for rectangular duct can be calculated from equation

(¢£.VYe), by taking the integration at each location of the axial direction from

knowing the velocity profile at this location as follows:-

Z'l\\l/l_lu (Ayi,j +Ayi,j+l)

i=0 7
Uy = —— 2 (BT

Uy =222 o (EYTA)

£q
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For j=N-):
1, M, Wit
u, =22 2 . (£.Y1-B)
M
Zi=° Y,
j=1

For circular duct:-
R

qurdr

Uy =2 L (ENYY)

jrdr

0

In the numerical form equation (£.) YY) will become:-
N-1

M
Zi.:% Usi ri,jAri,j

_ =
ubi - N-1

M
Z‘.:O r. dri'j

it

L (ENYA)

€Y+ CALCULATION OF BULK TEMPERATURE

The absence of the constant free stream temperature implies the use of the
bulk temperature concept. The bulk temperature in any cross section can be
defined in terms of the thermal energy transport and the bulk motion of the fluid
when it passes in this section. It can be calculated as follows:-

J.pCpquAC j uTdA,
_YA

A L (ENY)

E jAf)CpUdAC i J;tJdAC

For rectangular duct:-
H
jquy

T =20

b™ H
judy
0

BCALD
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In the numerical form equation (£.YY+) will become:-

N-1
Ty = J_Nfl
M
Zi.‘o ui,jAyi,j
j=1
For j=):
1 Ay.’

10N, W)
4 il 2 il 2

For j=N-V:

1. Y W+, )

Z iN-1 iN-1 2 i,N—lTi,N—l
Tb =

1, Y, W td,

—Uu u
4 i,N-1 2 i,N-1 2

For circular duct:-

R
IuXTrdr

Tb :—O

R
J‘uxrdr
0

In the numerical form:-

ZE: ur.T (Ari,j+Ari,j+1)

e S 2,
% N1 lar +ar
i ij+1
ja-n 2
Forj=)-N
Eu T ri 1-N + u T (Arl 1-N T Ari,Z—N )
_I_ _ 4 il-N  i1-N 2 il-N  i1-N , 2 .
] Ar lar +ar )
- i1-N + r. i1-N i,2-N
4 il-N il1-N 2 il-N il1-N 2

o)

CHAPTER FOUR

L (ENTY)

o (ETV-A)

.. (£)7)-B)

NCAL)

L (ENYY)

L (EOTYA)
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For j=N-):
1 A lar,,, +ar,)
4 i,N-1 i,N-1 2 i,N-1 i,N-1 2
T,. = ( \ e (ENYY-
bi T4 Ar lar +ar ) ( B)
“u r N u r iN-1 i.N
4 i,N-1 i,N-1 2 i,N-1 i,N-1 2

Unlike the bulk velocity, the bulk temperature changes with the axial direction
because of the presence of convection from and to the fluid along the flow.
Hence, for calculating bulk temperature for rectangular and circular duct,

equations (£.VYY) and (£.)YY) respectively can be used.

¢ Y)Y CALCULATION OF REYNOLDS STRESSES

Reynolds stress for rectangular duct from equation (A.Y+) in the appendix

A can be calculated by using the central Difference as follows:-

_pu!V!:_lLl 2(ui,j+1 _ui,j—l)+ (Vi+l,j _Vi—l,j) (i \Yli)
i (Ayi,j +Ayi,j+1) 2AX o
For circular duct:-
_PEW:_M-- 2(uxi,j+l_uXi,j—1)+(uri+1,j _uri—l,j) (i_H‘O)
" (Ayi,j +Ayi,j+1) 24X

£.VY CALCULATION OF TURBULENT HEAT FLUX

By using the central Difference for turbulent heat flux for rectangular duct

in the axial and radial direction of (A.Y +) in the appendix A the result will be:-

_pUT = M ((

Tios _Til'j)j L (BT
Pr,

2AX
T = - zluti,j [((Ti,jﬂ _Ti,jl))] L (BNYY)

oY
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For circular duct:

T~ _ My (Ti+1,j _Ti—l,j) ¢ VYA
_puXT - ...( . )
P 24X
_pu!Tr:_z'uti,j (Ti,j+1_Ti,j—1) (i \V‘\)
; ... (e
p, L lar;+4n,)

€YY CALCULATION OF COEFFICIENT OF FRICTION

The local coefficient of friction can be calculated from the following

equation:-
clefw : D
Epub

Where the shear stress, 7, can be calculated from the wall function in terms of
Kinetic energy of turbulence (YY) as follows:-
kaﬂ1/4upkpl/2
Ty =
In(Eyplus)

The average coefficient of friction can be calculated by taking the integration for

(20 8))

the local coefficient of friction of (¢.V¢)) along the length of the duct as

follows:-

. 1'—
C.=—[C.dx (8N EY
; Lgf (£.1¢Y)

£Vt CALCULATION OF NUSSULT NUMBER

The local Nussult number can be defined as:-

hD
Nu=—=" (g ey
) ( )
For rectangular duct:
h(T, —Tb):ia—T
y=H

Or
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h:(T—yT:H) (208
w b

Substitute (£.Y€£) in (£.)£Y) to get:

a p,

Nu:ayy;'* .. (£80)
(TW _Tb)

If the same procedure is done for circular duct the result will be:-
or

Nu=ar;R CAER)
(Tw _Tb)

If constant heat flux boundary condition is substituted in (£.)¢°) and (£.)¢1)

respectively, they will become:-

q.Dy
Nu=——""_ (8 EY)
ATy =Ty)
q.D
Nu=——""—"—~ L (EVEA)
ATy =Ty)

Where, T, in equations (£.)£V) and (£.) £A) should be expressed in the numerical
form (likeT; \ ) of the calculated wall temperature which is not constant.

But for constant wall temperature condition, equations (£.)£V) and (£.)¢A)

will be:-

NU:LQ CAER))
(TW _Tb) 8y y=H

Nu=Lﬁ ECALD
(TW _Tb) or r=R

By using the backward difference for four nodal points from equation (B-1) in
appendix B to (£.Y¢%) and to (£.)°+) respectively to get:-

o¢
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Ny Dy L619999T,, —2.69179T, , , +1.4227896T; , , -~ 0.3964391Ty 4 +0.0454402T,, ,

(Tw _Tb) Ayi,N
L (8e))
\y__ D 1610099T,\ —2.60179T, , +14227896T, , , ~0.3964301T, ; +0.0454402T, , ,
(Tw _Tb) an
(£.)0)

The average Nussult number can be calculated by doing the integration for local

Nussult number along the duct length as follows:-

— 1t

Nu == [ Nudx .. (E)eT)
L 0

Where, the integration of (£.YeY) will be done by using the numerical integration

by using Simpson’s Rule.

¢16 STEPS OF NUMERICAL SOLUTION

The numerical solution steps for all equations of this chapter can be
summarized as follows:-

V. Starting from initial guessed values for all dependent variables.

Y. Calculation of momentum equation coefficients by using equation (¢.A) for
rectangular duct and (£.Y4) for circular duct.

Y. Calculation of pressure difference in the axial direction by using equation
(£.) ¢) for rectangular duct and (£.Y°) for circular duct. This equation of
pressure difference was solved by using the point by point Gauss —Seidel
Method.

¢. Calculation of the axial velocity component for all interior nodes by using
equation (£.Ye) for rectangular duct and (£.Y)) for circular duct. The
updating of the coefficients of (¢.A) for rectangular duct and (¢.Y4) for
circular duct for the raw of the nodal points which are parallel to wall
should be accomplished by using the law of the wall. The Under-

Relaxation Method was used for solving (¢.)+) and (£.7)).
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A

a.

y

VY

. Calculation of the radial velocity component for all interior nodes by using

equation (£.Y4) for rectangular duct and (£.£Y) for circular duct. The Nodal

Gauss —Seidel Method was used for doing this calculation.

. Computation of the coefficients of the kinetic energy of turbulence

equation by using equation (£.e+) for rectangular duct and (¢.V)) for
circular duct for all interior nodal points except for the points neighboring
to the wall where its values should be calculated by using the wall
function. Solving of k-equation (equation (£.°Y) for rectangular duct and
(£.VY) for circular duct) was done by using TDMA to calculate the values

of k for all interior nodes.

. Calculation of the coefficients of the dissipation rate of kinetic energy of

turbulence equation by using equation (¢.1Y) for rectangular duct and
(¢.A+) for circular duct for all interior nodal points except for the points
neighboring to the wall where its values should be calculated by using the
wall function. Solving of & -equation (equation (¢. 1Y) for rectangular duct
and (£.AY) for circular duct) was done by using TDMA to calculate the
values of ¢ for all interior nodes.

Calculation of turbulent viscosity, x, and mean effective viscosity, .«

Calculation of the coefficients of the energy equation by using equation
(£.AY) for rectangular duct and (£.97) for circular duct for all interior nodal
points except for the points neighboring to the wall where its values should
be calculated by using the wall function of T. Solving of T-equation
(equation (£.49+) for rectangular duct and (£.%A) for circular duct) was done
by using TDMA to calculate the values of T for all interior nodes.

Calculation of temperatures at walls for rectangular and circular
duct with CHF boundary condition from equations (£.YV3), (¢.)Y+),
(£€.Y)Y), and (£.)YY) respectively.

Update the coefficients of equations (¢.A), (£.Y3), (£.2+), (£.V)),
(£.1Y), (£.A+), (£.AY), and (£.97).
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VY, The steps from Y to ‘) should be repeated until reaching the
required convergence. To ensure the reaching of the required values for all
dependent variables, the numerical iterative method was used with the
following criteria:-

Error = (Error+ summation of errors for all dependent variables) < )+

Where error for each dependent variable, ¢ is calculated from the following

relation which is similar to that in [YA]:-

N
M
k k-1
¢i,j i
i=0

Error¢ = =0 N where K is the present iteration.
M
> Y
i=0
j=0
VY Calculation of the axial mean velocity from (£.)Y1) for rectangular

duct, and for circular duct from (£.)YA),

V€, Calculation of the bulk temperature for rectangular duct and circular
duct from (£.)¥)), and (£.) YY) respectively.

Vo, Calculation of the local Nussult number for CHF boundary condition
by using (£.)£V) for rectangular duct and (£.) ¢A) for circular duct, and the
local Nussult number for CWT boundary condition by using (£.Y¢V) for
rectangular duct and (£.YeY) for circular duct.

‘1 Calculation of the average Nussult number by using (¢.)eY) for
rectangular and circular duct.

VY, Calculation of the local coefficient of friction by using (¢.)¢+) for
rectangular and circular duct and the average coefficient of friction for
each one of the two ducts is calculated from (£.V¢Y).

YA, Calculation of the Reynolds stress from (£.)Y¢) for rectangular duct

and (£.)Y°) for circular duct.
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‘4, The turbulent heat fluxes are calculated from (£.)Y7) and (£.)YV) for

rectangular duct, and from (£.)Y¥A) and (£.YY?) for circular duct.

¢V COMPUTER PROGRAM

Two FORTRAN 1%¢ Janguage programs were built to execute all the
numerical steps which are described in the previous article, one for the
rectangular duct, and the other for circular. Each one is a general program
consists of 4 subroutines for solving the flow in the duct and heat transfer with
CWT and CHF boundary condition. The main program for each duct includes the
input data, the subroutines calling instructions, and the output data. The
subroutines for each duct are:-

V. Subroutine for grid generation which includes clustering to the radial direction
in each duct.

Y. Subroutine for calculating the axial pressure difference, [equation (£.)¢) for
rectangular duct and (£.Y°) for circular duct] and the axial and radial velocity
components [two equations (£.Y°) and (£.Y?) respectively for rectangular duct
and two equations (£.¥)) and (£.£Y) respectively for circular duct].

Y. Subroutine for calculating the kinetic energy, k [equation (£.eY) for rectangular
duct and (£.VY) for circular duct].

¢. Subroutine for calculating the dissipation rate of kinetic energy, ¢ [equation
(£.1Y) for rectangular duct and (£.AY) for circular duct].

. Subroutine for calculating temperature, T [equation (£.%+) for rectangular duct
and (£.%A) for circular duct].

1. Subroutine for calculating the axial mean, [equation (£.)Y1) for rectangular
duct and (£.) YA) for circular duct].

Y. Subroutine for calculating bulk temperature, [equation (£.YY)) for rectangular
duct and (£.) YY) for circular duct].
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A. Subroutine for calculating the local Nussult number and average Nussult
number [equation (£.)¢VY) for rectangular duct and (£.)£A) for circular duct for
CHF or equation (¢.Ye)Y) for rectangular duct and (£.1eY) for circular duct for
CWT and average Nussult number from (£.eY) for the two ducts].

4. Subroutine for calculating TDMA.

The Reynolds stress, the turbulent heat fluxes, and local and average
coefficient of friction are also calculated. At the end of the main program the
printing of results is accomplished.

The two programs can be used for the calculations of the two dimensional
laminar and turbulent flow with heat transfer for arbitrary cross sections by doing
the adequate modifications. Where, the rectangular duct program is valid for
Cartesian coordinates and the circular duct program is valid for Polar coordinates.

The important steps of execution for each program were described in

appendix C which represents the flow chart for each program.

£€V.Y INPUT DATA

The input constants which are required for rectangular and circular duct
programs execution include:-
V. Geometrical shape dimensions which comprise the length and the radius (or
height and width) of the duct.
Y. Grid dimensions which involve the number of nodal grid points in the axial
and radial direction.
Y. The fluid properties and the k —& model constants.
¢. The maximum value of error which is )+ ™.

. The boundary conditions.

£.V.Y OUTPUT DATA

The program of each duct prints the result of calculations for the last step

of the numerical iteration which embraces:-
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Y. The values of the components of velocities, kinetic energy of turbulence,
dissipation rate of kinetic energy of turbulence, temperatures, turbulent viscosity,
and mean eddy viscosity for each nodal point with the position of the nodal point
((x,y) or (x,r)) in the dimensionless or dimensional form according to the need.

Y. The values of the mean velocity and bulk temperature at each location in the
axial direction,

¥. The values of the local Nussult number and local coefficient of friction at each
location in the axial direction.

¢. The values of the average Nussult number and average coefficient of friction.
. The values of the dimensionless distance yps at each location in the axial
direction.

1. The components of the Reynolds stress and turbulent heat flux for all nodal

points with position of each nodal point.

¢V.Y SPECIFICATIONS OF THE COMPUTER PROGRAM

FORTRAN 4¢ language was used for formation of the present study
programs. The execution was done on (Pentium ¢) computer by using the
compiler (Microsoft Developer Studio) or (FORTRAN Power Station ¢.+) which
Is an operation program doing under windows with high precise performance.

The time required for execution was about (Y minutes) for each duct.
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FIGURE (£.Y): Nodal Points
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Chapter Five

RESULTS AND DISCUSSION

¢.Y INTRODUCTION

The numerical results will be reviewed in this chapter for the two
geometries which were studied in the preceding chapters. The rectangular
duct dimensions are (H=+.:°m), (a=+.Y1Ym) with length (L=Y°Dh). The
circular duct dimensions are (D=+.Y+Ym) and (L=Y°D). The Prandtl number
is (+.V+V) for all results but two values were selected for Reynolds number
(Re=1++++)and (Re=Y...+) for two cases of heating, CHF and CWT for
rectangular duct and CWT for circular duct. The results reliability will be
verified for thermal behavior of fluid flowing through each duct for CWT
case by comparing results of the present work with previous works. No

results are available for flow behavior of the two ducts for comparison.

¢.Y NUMERICAL SOLUTION LIMITATIONS

The results in this chapter were obtained from the numerical solution
(which was explained in chapter four) by using the computer program which
was prepared for this purpose. The transverse nodal spacing varied across
the radial direction of each duct but was constant across the axial direction.
The nodal spacing was much denser near the walls than at midpoints to
permit acceptable definition of the boundary layer thickness. (N*M)
represents the number of nodal points for rectangular duct but ((Y*N+))*M)
represents the number of nodal points for circular duct. At first, the
rectangular duct problem was solved with (M=Ye+, N=¢°+) but the circular

was solved with (M=)Y+, N=Y+.). When the number of nodes in the radial
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direction increases, the required total percent of error will be obtained with
less number of iterations, but if the number of nodes decreases, more
number of iterations will be required to reach the same percent of error. The
compromise is to choose the number of iterations which ensure a reasonable
definition of boundary layer especially near the walls and ensure good
results for thermal behavior of fluid flowing through each duct. Finally, the
rectangular duct problem was solved with (M=¢+, N=¢+) but the circular

was solved with (M=£+, N=Y¢),

¢.¥ DEVELOPMENT OF VELOCITY PROFILES

Figures (°.Y), (2.Y), (°.Y), (°.%), (°.20), (°.1), (°.Y) and (°.A) show the
velocity vectors which manifest stages of developing of the hydrodynamic
boundary layer for Reynolds numbers (Re=1++++) and (Re=YY++++) at
different sections of rectangular and circular duct respectively. After
improving the solution for each duct by reducing the number of nodal grid
points, the stages of developing of the hydrodynamic boundary layer for the
two ducts were described in figures (°.%-a) , (°.9-b) , (°.4-c) and (°.%-d) .

All figures from (°.Y) to (©.%) show that the values of velocity near
walls are high and this may belongs to the used wall function and to the
small size of spacing between the clustered nodal points.

The effects of the viscosity forces are very important when the fluid is
in contact with the surface where the boundary layer grows with increasing
the distance in the axial direction. The velocity vectors (which were shown
for each duct) elucidate that the shape of the boundary layer will be fixed
after a certain distance from the entrance, which is the so-called “The
Hydrodynamic Entry length”. There is a noticeable deformation in some

vectors of velocity near the entrance. This deformation may be attributed to
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the small value of the selected velocity at entrance of each duct, which may
be not adequate to make the flow turbulent with prescribed conditions. For
example (Uin=£.£1Y m/sec) for circular duct with (Re=1.+++) where this
value of velocity is very small to cause flow turbulence, so there should be a
disturbances in the entrance to cause turbulence. Hence the mathematical
model was compelled to assume that there are disturbances in the form of
deformation in the near centerline velocity vectors at entrance during the
treatment of the solution.

Figures (°.V+-a), (°.)+-b), (¢.)Y-a) and (°.))-b) represent the
behavior of the velocity profiles for Reynolds numbers (Re=%.-++) and
(Re=)Y...+) at different selected sections of rectangular and circular duct
respectively. It is noted that the hydrodynamic entrance length increases
with increasing of Reynolds number and the flatness of velocity profiles for

circular duct is clearer than that of rectangular.

°.¢ DEVELOPMENT OF KINETIC ENERGY OF TURBULENCE

Figures (°.'Y-a), (°.YY-b), (°.'Y-a) and (°.'Y-b) show the
development of dimensionless kinetic energy of turbulence (Yk/u,') of
rectangular and circular duct for Reynolds numbers (Re=%1-+:+) and
(Re=) Y.+« +) respectively. It is clear from the two figures that the maximum
values of kinetic energy of turbulence are near the walls and decrease toward
the central region for each duct. This behavior of turbulent kinetic energy is
attributed to the decrease of axial velocity near the walls. There is another
observation from the two figures that the decrease of turbulent Kinetic
energy occurs with increasing the value of Reynolds number because of the
depression of axial velocity profile with increasing Reynolds number value.
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°.2 AXIAL REYNOLDS STRESS

The axial Reynolds stress developing stages for Reynolds numbers
(Re=1++++) and (Re=)Y..++) of rectangular and circular duct at five
selected sections respectively are shown in figures (°.) ¢-a), (°.) £-b), (¢.)e-
a) and (¢.)°-b). The two figures show that the axial Reynolds stress is equal
zero at the maximum value of velocity and reaches the maximum and
minimum values near the upper and lower walls respectively. The axial

Reynolds stress values range lies between -+.Y and +.V.

¢.1 COEFFICIENT OF FRICTION

Figures (¢.V1-a), (°.Y3-b), (¢.VV-a) and (°.'V-b) show the axial
development of local coefficient of friction for Reynolds numbers
(Re=1++++)and (Re="Y- .+ +) of rectangular and circular duct respectively.
From the two figures it is observed that the coefficient of friction follows the
same behavior for the two ducts. Where its levels decrease with increasing
the Reynolds number due to two causes: the first is decreasing the kinetic
energy of turbulence which enters in calculation of shear stress (which is
calculated from wall function) and the second is decreasing the boundary
layer thickness with increasing Reynolds number. The length at which the

flow becomes fully developed increases with increasing Reynolds number.

¢.Y AVERAGE COEFFICIENT OF FRICTION

The effect of Reynolds number upon the average coefficient of
friction for circular and rectangular duct is shown in the two figures (°.)A-a)
and (°.YA-b).With increasing Reynolds number; the average coefficient of
friction will be decreased for the same reasons mentioned in the previous

article for coefficient of friction.
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¢ A TEMPERATURE DISTRIBUTION

Figures (°.V%-a), (¢.Y4-b), (¢.Y+-a) and (°.Y +-b) show the isothermal
contour maps of temperature in rectangular and circular duct exposed to
constant wall temperature (T,,=)++°c) for Reynolds numbers (Re=1++++)
and (Re=)Y.+++) respectively. Figure (¢.Y%-a) shows that the temperature
increases in the axial and lateral direction until reaching a constant value at a
certain length from entrance “Thermal Entry Length”. It is observed from
this figure that the thermal entry length is very small, i.e. the developing of
thermal boundary layer is so fast because the very high heat transfer
coefficients which belongs to the very small height (H) and the other reason
is the using of wall function with small size of spacing between the clustered
nodal points which leads to very high velocities near walls. Because of the
symmetric boundary conditions and geometry for each duct, the temperature
contour behaves as parabola at entrance. The rest of figures behave the same
as figure (°.)4-a).

Figures (¢.Y)-a), (°.Y)-b) show the isothermal contour maps of
temperature in rectangular Duct with walls exposed to constant heat flux
(qu=£A2.¥V ¢V W/m') for Reynolds numbers (Re=1::++) and
(Re=)Y ..« +) respectively. The behavior of temperature in the two figures is
the same as that of constant wall temperature case. The results of the CHF
case for circular duct were not satisfactory, because the temperature

distribution is not symmetric; hence it was not presented in this chapter.

¢4 OVERALL HEATING

Figures (°.YY¥-a) and (°.YY-b) show the axial distribution of overall
heating (axial distribution of bulk temperature of fluid flowing through duct)

for rectangular and circular duct respectively with Reynolds numbers
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(Re=1++++)and (Re=YY++++), Figure (°.Y¥-a) for Re=)Y++++ shows that
the bulk temperature increases linearly in the developing region until
reaching the fully developed region at x/Dhx).%. In the fully developed
region, the bulk temperature increases slightly until reaching x/Dh~\Y to
reach finally a constant value (zero slope of bulk temperature). The zero
slope of bulk temperature means that there is no heat transfer (AT~-)
because of reaching the fluid temperature to a value close to wall
temperature. The same behavior of figure (°.YY-a) is noted for figure (°.YY-
b).

¢V« TURBULENT HEAT FLUX

The lateral distribution of turbulent heat flux for rectangular and
circular duct for CWT case with Reynolds numbers (Re=%::++) and
(Re=YY...+) at different sections respectively is shown in figures (°.YY-a),
(°.YY-b), (¢.Y¢-a), and (°.Y¢-b). The lateral turbulent heat flux for each of
these figures starts at maximum value near the upper wall (The top of
circular duct) and then falls to minimum value in a sinusoidal behavior at
half section of each duct, and then it increases to maximum value near the
lower wall (The bottom of circular duct). Note that the maximum value
occurs near the heated walls, and decreases toward the central region of the
duct.

Figures (°.Ye-a), (°.Y°-b) show the radial distribution of turbulent
heat flux for rectangular duct for CHF case with Reynolds numbers
(Re=1++++) and (Re=)Y-..++) at different sections. The same behavior of
CWT case is noted for CHF case.

"




RESULTS AND DISCUSSION CHAPTER FIVE

.Yy NUSSULT NUMBER

Figures (¢.Y1-a) and (°.Y1-b) show the axial development of local
Nussult number of circular and rectangular duct with Reynolds numbers
(Re=1++++) and (Re=)Y++++) for CWT case respectively. Figure (°.YV)
shows the axial development of local Nussult number of rectangular duct
with Reynolds numbers (Re=1:+++) and (Re=)Y:.++) for CHF case. In
these figures, Nussult number has the maximum value at the start of entrance
region of each duct and then decreases gradually until close to thermal fully
developed region. The boundary layer thickness is zero at the start of
entrance region; hence there is no resistance against heat transfer which
leads to raise the heat transfer coefficient value to maximum. So the heat
transfer coefficient decreases when the boundary layer begins the process of
developing until reaching a constant value. The length at which the thermal
boundary layer is fully developed increases with increasing Reynolds
Number. Figure (°.Y1-a) for Re=YY+ ..+ show that the thermal boundary
layer becomes fully developed at x/Dh~).¢ and this value represents very
small value with respect to x/Dh=Y°. This very small value of thermal
entrance length is attributed to the very high heat transfer coefficients which
belong to very high velocities near walls. These high velocities may result
from the using of wall function with small size of spacing between the
clustered nodal points. Another reason of getting very small value of thermal
entrance length is the very small geometry of the duct which also permits
very high heat transfer coefficients or very high Nussult numbers. The same
behavior is observed for the other figures with note that; some of the values
of the local Nussult Numbers close to zero after the thermal entrance length
and this because of reaching the fluid to temperature(s) closed to that (or

those) of wall , i.e. there is no heat transfer.
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¢ VY VERIFICATION OF RESULTS

The thermal results were verified according to the following:-

Y. Constant Wall Temperature Case:

The solution of CWT problem for each duct is checked by using the
following criteria:-
There is a suitable correlation for Nussult number of turbulent thermal entry
region as indicated in reference [Y:], expressed by the following

mathematical expression:-
0.055
Nu = 0.036 Re®® Prl’s(%j for V. < % <t

This correlation is valid for circular and noncircular ducts. For present work,
when L=YeD, Pr=+.Y+V and Re=1..++ are substituted in the above
correlation, the value of Nussult number will be Nu=YYe Yd¢e and for
Reynolds number Re=)Y-.+++ Nussult number will become Nu=Y:2o)Y,
The results obtained from numerical solution for Nussult number at L=YeD
are Nu=YVe.A¥YA with Re=1++++ and Nu=¥+2. M A with Re= Y+« +,

By comparing the Nussult number values obtained from the numerical
solution of the present work with that calculated from the above given
correlation, it is found that there is very good agreement between the two
results.

Y. Constant heat flux Case:

There is no criterion to check the CHF problem for rectangular duct.
Hence it was solved by:
V. Taking the temperature distribution obtained from CWT solution as

guessed values.
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Y. Using the average q,, which is calculated from CWT solution in CHF
solution. The average q is calculated from CWT results according to

the following relations:-

:qu+qW2+qW3+ ...... +qu
[

Qw

Where: i is the number of selected sections to calculate q,.

q,; Is calculated as follows:

For Rectangular duct: q,,; = (TN i =T

AN AYi
The results of CHF were acceptable because the temperature gradient is
reasonable and the temperature distribution close to CWT temperature
distribution as addition to good Nussult number results, where the trend of
local Nussult number is similar and higher than that of CWT and this agrees

with the physical picture of the problem.
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Chapter Six;

CONCLUSIONS AND RECOMMENDATIONS

1.y CONCLUSIONS

From the results of the numerical solution of the present work for
rectangular with CWT and CHF boundary conditions and with CWT
boundary conditions of circular duct, the following conclusions are
deduced:-

V. The effect of the fluid flow features on the heat transfer behavior
appears clearly in calculating bulk temperature, where the bulk
temperature increases linearly in the developing and the fully
developed region of thermal boundary layer because of the very high
velocities near walls. In the fully developed region, the bulk
temperature increases slightly until its slope become zero. The zero
slope of bulk temperature means that there is no heat transfer (AT~+)
because of reaching the fluid temperature to a value close to wall
temperature.

Y. Decreasing of local coefficient of friction with increasing Reynolds
stress because of decreasing the kinetic energy of turbulence which
enters in calculation of shear stress and decreasing the boundary layer
thickness with increasing Reynolds number. The steep variations of
local coefficient of friction may belong to the clustering of the nodal

points with very small size of spacing especially near walls.
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Y. The level of kinetic energy of turbulence (Yk/u,') decreases away
from the walls but the axial Reynolds stress (2(u'v')/ pu?Z ) decreases

away from the near walls.

¢, Turbulent heat flux has the maximum values near walls and decreases
toward the core of the duct until reaching minimum values near half
section of the duct in the developing region.

©, Thermal Entry Length lies between, x/D ().£-).1) for the two ducts
which means that the developing of thermal boundary layer is so fast
because the very high heat transfer coefficients which result from very
high velocities near walls and the very small selected dimensions of
each duct. The very high velocities near walls may result from the
using of wall function with very small size of spacing between the

clustered nodal points especially near walls.

1.Y SUGGESTION FOR FUTURE WORK

V. Performing a three-dimensional study for turbulent flow and heat
transfer at the entrance region of triangular duct by using Finite
Element Method or Boundary Element with k —& model.

Y. Performing an experimental study by using the hot wire measure for
studying developing turbulent flow for triangular duct.

Y. Performing a three-dimensional study for turbulent flow and heat
transfer at the entrance region of square duct by using Finite Element
Method with k — & model.

¢, Performing an experimental study by using the hot wire measure for

studying developing turbulent flow for square duct.

aA




CONCLUSIONS AND RECOMMENDATIONS CHAPTER SIX

©. Performing a three-dimensional study for studying developing
turbulent flow over an object through square duct by using Finite
Element Method with k — & model.
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