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Symbol Meaning
S Semi
R Regular
P Pairwise
nbd Neighborhood
S.t. Neighborhood system
€ Belong to
¢ Not belong to
3 There exists
\ For all
cl(A) Closure of subset A
int(A) Interior of subset A
cli(A) Closure of subset A with respect to a topological t; i=1 or 2
int;(A) Interior of subset A with respect to a topological 1;,1=1 or 2
der;(A) Derive set of subset A with respect to T;
S* A definition using semi-open and open sets
S.0.(X) The set of all semi-open sets in X
S.04(X) The set of all semi-open sets in X with respect to T;
R.O.(X) The set all regular-open set in X
R.O4(X) The set of all regular-open sets in X with respect to T;
® Weakly
N Nearly
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Abstract

The aim of this work is to generalize of semi and regular pairwise
continuous mappings and similar generalizations of semi and regular
pairwise Ti-spaces and generalizations of semi and regular pairwise
T (1,k)-spaces introduce and their relation ship with the concepts of

Ti-continuity is studied for i = 1,2,3 , the main results are:

1- The composite of any two semi-continuous mappings is not semi
continuous but this can be hold if either of them is irresolute mapping
since the irresolute mapping take the inverse image of a semi-open sets in
Y to a semi-open set in X , and this will give a definition of a semi

continuous .
2- The composite of any two p-continuous mappings is p-continuous.

3- A mapping f:(X , 11 ;1o ) = (Y,p1,p2) 18 SNPTi(resp. RNPT))
continuous if it is SNPT;(resp. RNPT;) continuous at each point of X

where1=1,2,3 .

4- Let f:(X , 11 ,1u ) = (Y,p1,p2) be SNPTj-continuous mapping and
(Y,p1,p2) be SNPT;-space then f is s-p-continuous where I = 1,2,3.

5- Let f:(X , 11 ,t2 ) = (Y,p1,p2) be SNPT,(resp. RNPT);) continuous
mappings and (Y,p;,p2) be SPRy(resp. RPRy) space then f is semi(resp.

regular) P-continuous.



6- Let f:(X, 11 ;2 ) = (Y,p1,p2) be SNPT,- continuous mapping and
(Y,p1,p2) be SPTi-space then f is s-p-continuous where 1 = 1,2,3.

7- Let f:(X , 11 ,t2 ) = (Y,p1,p2) be SNPT;-continuous mappings and
(Y,p1,p2) be SPT(,k)-space then f 1is SPTy-continuous where
1,k € {1,2,3}.

8- Let f:(X , 11,12 ) = (Y,p1,p2) be SNPT;-continuous mapping and
(X,11,12 ) be s-p-connected space then (Y,p1,p) need not be s-p-

connected .



Introduction

This research established a relation among bitopological spaces.
Bitopological space, initiated by Kelly [8] defined as:
A set equipped with two topologies is called a bitopological space, and it

is denoted by (X, T, T ,) where (X,T,) and (X,T,) are two topological
spaces defined on X .

In 1963, N.Levine [ 11 ] has first introduced the concept of semi open
sets and semi continuous functions , Quite recently , by using semi-open
set S.N. Maheshwari and R.prasad [12 ] have defined and characterized a
new separation axioms, called semi-To, semi-T, semi-T, and semi-Ts.

Let (X, T) be a topological space and A be any subset of X, let A°, A
and A°® denoted the interior, closure and complement of A respectively. A
is called a semi-open (S. open) in X if, and only if, there exists an open
set O, suchthat O c A ccl (O)[11] . A subset N of X is called a semi
— neighborhood (S. nbd.) of a point x € X if, and only if there exists a S.
open set B in X such that x € B < N [2 ]. A is S. open if, and only if , A
is S. nbd of each x € A [2 ]. A point x € A is called a semi-interior (S.
interior) point of A if, and only if , there exists a S.nbd. Ny such that N, —
A [2] .the set of all S- interior points of A is called semi-interior of A
(S. int(A)) . The S. int.(A) is largest S. open set which is contained in A
[2 ] A is S. open if, and only if ,A=S. int.(A) [2] . A is called semi-closed
(S. closed) if, and only if, A®is S. open [2] . The smallest S-closed set
containing A 1is called the semi-closure of A (S. cl(A)) [2 ] . A is semi-
closed if, and only if, A =S. cl (A) [2]. A sub set A of X is called regular
open (R. open) if A = int (cl (A)) and A 1s called regular closed
(R. closed) if it is complement is (R. open).

The set of all S. open sets in X is denoted by S. O.(X) and the set of all
S. closed sets in X it is denoted by S. C.(X) , the set of all r. open sets is
denoted by R. O.(X) and the set of all r. closed set it is denoted by R. C.

(X).

A bitopological (x,T;,T,) is called PST,-space if V x # y € X, there is
a T;- semi open set or Tp-semi open set containing one of them but not
the other, and it is called PRT,-space if V x =y € X, there is a T;-

regular open set or Tp-regular open set containing one of them but not the
other.



A bitopological space (X, T, Tp) 1s called PSTy if, V x #y € X there
are T;- semi open set G; and T,- semi open set G, such that x € G|,y ¢
Giandx ¢ G,,y € G, ,and it is called PRT if, V x # y € X there are T;-

regular open set G; and T»- regular open set G, such that x € G,y ¢ G
andx ¢ G,y € G;.

A bitopological space (X, Ty, T,) is called PST,-space if Vx #y € X ,
there is T; - semi open set G; and T, - semi open set G, such that x € Gy,
y e GzandGlﬁGzz(P,

A bitopological space (X, Ty, T,) is called PRT,-space if Vx#y € X ,

there is T; - regular open set G, and T, - regular open set G, such that x €
Gl,y € GzandGlmGZZ(p.

A bitopological space (X, T;, T,) is called PS*T,-space if Vx 2y € X

, there is T; - open set G, and T, - semi open set G, such that x € G, ,y €
G; and Gy N G, = 0.

A bitopological space (X, T, T,) is called PS regular if V T;- closed set

F, and V x ¢ F, there are T;- semi open set G; and T,- semi open set G,
suchthat x € G|, Fic G, and G " G, =0.

A bitopological space (X, Ty, T») is called PR regular if V T;- closed set

F, and V x ¢ F, there are T;- regular open set G, and T,- regular open set
Gz such that x € Gl, F1 (- Gz and G1 M G2 =¢.

A bitopological space (X, T;, T,) is PS*- regular space if for each if T;-
closed set F; and x ¢ F, there are T,- regular open set G, and T, — semi
open set G, such that x €G; , F; < Gand Gy " G, = ¢ and V T; -

closed set F, and x € F, there are T,-regular open set U, and T, —semi
open set U,such that x € Uyand F,cUjand U nU,=0.

A bitopological space (X, T;,T,) is called PST; - space if it is PS-
regular and PST; — space .

A bitopological space (X, T;,Ty) is called PRT; - space if it is PR-
regular and PRT, — space .



A bitopological space (X, T,T,) is PS*T; - space if it is P S*- regular
space and it is PS*T; — space .

Let (X,T,,T2) and (Y,p1,p2) be a bitopological spaces , a function
f: X = Y is said to be S-continuous at x, € X iff, for every S-open set V
in Y containing f(X), there exists S-open set U in X containing x such
that f(U) — V, and it is called S-continuous on X iff , it is S-continuous
at each point x € X . or it is S-continuous iff, the inverse image of any
open set in Y is S-open set in X . And f is called R- continuous iff, the
inverse image of any open set in Y is R-open in X.

Let (X,T,T2) and (Y,p1,p2) be a bitopological spaces , a function
f: X > Y is said to be nearly continuous of a point x € X if for every
neighborhood U of f(X)in Y, f'(U) is a neighborhood of x in X, and it
is called semi-nearly continuous of x € X if for every neighborhood U of
f(X)in Y, f'(U) is S-neighborhood of x in X and it is called regular-
nearly continuous of x € X if for every neighborhood U of f(X) in Y,
f(U) is R-neighborhood of x in X .

A new definition that is called nearly PT;-continuous mappings which
1s state that f: (X,T,,T,) = (Y,p1,p2) 1s said to be nearly PTi-continuous
mappings of a point x € X if for every PT;-open cover v of Y there
exists a t-open neighborhood V < X of x such that f(V)c st(f(X) ,v) .
and we introduced a new definition that is semi nearly PT;-continuous
mappings and a new definition that is regular nearly PT;-continuous
mappings and a new theorem on the . Where 1 € {1,2,3} .

In chapter one , we will give elementary properties and characteristics
of semi open sets , semi neighborhood , regular open set semi and
regular- separation axioms with some new results and examples .

In chapter two , we will study a pairwise T(1,k)-space 1,k € {1,2,3}
and we introduced a new definition on these spaces by using semi and
regular concepts and study the relation between them.

In chapter three, we will use concepts of chapter one and chapter two
to introduce new concept that is nearly pairwise T;-continuous mappings
and we introduce new definitions of this subject by using semi and
regular concepts and also studied the relation between them.



There are many papers in a bitopological spaces and we display some of
these papers.

In 1975, S. N. Maheshwari and R. Prasad have been published there
paper under "Some new separation axioms" in this paper introduced some
new separation axioms and studied some of their basic properties. The
implications of these new separation axioms among them selves and with
the well known axioms T, T; and T,are obtained.

In 1986 , J. Ewert , Slupsk , Poland , with paper " Weak forms of
continuity , Quasi-continuity and cliquishness of maps with respect to
two topologies " and studied a maps of topological spaces in to a
bitopological spaces some weaker forms of continuity-quasi-continuity
and cliquishness are defined , various properties of these classes of maps
are given.

In 1987, M. N. Mukherjee and S. Ganguly introduce paper
"Generalization of almost continuous multi functions to bitopological
spaces". He studied in this paper almost continuous multi functions have
been introduce and characterized in a bitopological spaces, this also
generalized the idea of almost continuity as studied in ( Bose and Sinha
1982 ) finally such multi functions has been investigated in relation to the
extended concept of lower and upper semi-continuous multi functions
introduce for bitopological spaces.

Luay Abd Al-Hani Al-Swidi and Ali Younis Shaker have paper under
"Semi compactness in bitopological spaces" in this paper they are studied
a semi-compactness in a bitopological spaces.

In 2001, Yiezi Kadhan Mahdey have a paper under "Separation axioms
in bitopological spaces" the main purpose of this paper is to study the
separation axioms in bitopological spaces in more veracity specially the
translated these axioms by using continuous functions and some
conditions in such spaces.

In 2002, Abdul Kafi Abdul Fattah has thesis under "On bitopological
spaces" in this thesis studied a separation axioms in a bitopological
spaces and the relation ship between these axioms also he studied semi-
compactness and semi-connectedness in a bitopological spaces.



In 2003, Iktifa Diaa Jallel , have paper under " &- open set in
bitopological spaces " this paper established a relation between
bitopological spaces on the one hand and topological space of type a-
open set , on the other , a new definition & open set in bitopology is
formulated based up on 8-open set in bitopology . A new theorem for the
relation between topological space and & open set is also offered. The
research gives the specification for the new definition of d-open set in
bitopology.



Chapter One

Some Properties of Semi
Open and Regular Open
Sets in Topological Spaces



§ (1-1) Semi-open sets

In this section we introduce the notion semi-open sets, let (X, T) be a
topological space and A be any subset of X, " let int(A), cl (A) and A°
denoted the interior ,closure and complement of A respectively .
A is called a semi-open (S. open) in X if, and only if, there exists an open
set O, such that O c A — ¢l (O) "[11]. "A subset N, of X is called a semi
— neighborhood (S. nbd.) of a point x € X if, and only if there exists a S.
open set B in X such that x € B < N,. A is S. open if, and only if, A is S.
nbd of each x € A. A point X € A 1is called a semi-interior(S. interior)
point of A if, and only if , there exists a S.nbd. N, such that N, c A .the
set of all S- interior points of A is called semi-interior of A (S. int(A)) .
The S. int. (A) is largest S. open set, which is contained in A. A is S. open
if, and only if, A=S. int.(A) . A is called semi-closed (S. closed) if, and
only if, A®is S. open. The smallest S-closed set containing A is called the
semi-closure of A (S. cl (A)). A is semi-closed if, and only if, A = S. cl

(A) "[2].

The following proposition will give an equivalent definition of a semi-
open sets

Proposition 1.1.1 [2]

A subset A of a topological space (X, T) is S. open if, and only if,
A ccl (int (A)).
Proof: see [11]

Remark 1.1.2[11]
Let A be a subset of a topological space (X, T ) then

(i) T < S.0(X) [11]
()T < S.C(X)

(ifi) int (A) c S. int(A) 2]
(iv) S.cl (A)  cl (A) 2]

The converse of each inclusion of the preceding remark need not be true,
as we will see in the following examples.

Example1.1.3
Let X={a,b,c,d} and let T = {9,X,{c},{a},{a,c},{a,c,d}} then
T = {0.X,{ab,d},{b,c.d} ,{b.d},{b}} and hence




S.0(X) = {¢,X,{a},{c},{ac}
,{a,c,d},{a,b},{a,d},{b,c},{c,d},{a,b,c},{a,b,d},{b,c,d}}.

So

S.C(X) ={9,X,{b,c,d},{a,b,d},{b,d},{b},{c,d}, {a,d}, {b,c}, {a,b}, {d},
{c}, {a}}

Now {a,d} e S.O(X) but {a,d} ¢ T

{d} e S.C(X) but {d} ¢ T°

S.int ({b,c}) = {b,c} & {c} =int ({b,c})

cl ({a})={a,b,d} & {a} =S.cl({a})

Definition 1.1.4 [17]

A sub set A of a topological space (X, T) is said to be regular open if,
and only if, A = int (¢l (A)), and it is denoted by R-open. In addition, R.O
(X) denotes the set of all regular-open sets.

Definition 1.1.5[17]

A sub set A of a topological space (X, T) is said to be regular-closed if,
and only if, A® is regular-open set, and the set of all regular-closed sets is
denoted by R.C (X).

Remark 1.1.6

Let A be a sub set of a topological space (X, T) then
(1) R.O (X) cT.
(i)R.C (X) = T".

Remark 1.1.7[11]
In any topological space we have
(1) Any union of S. open sets is S. open
(i1) Any intersection of S. closed sets is S. closed
Also, the intersection of two S. open sets need not be S. open

Remark 1.1.8
Let A be any open sets in a topological space X then for any subset B
of X
1) Ancl(B)ccl(AnB) [2]
(i) AN S.cl (B) = S.cl (AN B) [11]
(ii1)) AN D € S.O0(X) foreach D e S.0(X) [17]
The following result above in [11] without proof.




§ (1-2) Semi-Neighborhood system

In this section, we define the S. nbd. System and fundamental system
of S. nbds.

Definition 1.2.1 [2]

Let (X, T) be a topological space and {U,} be the set of all S.nbds. of
an arbitrary point x € X, then {U,} is called a S.nbd. system of x in X

Proposition 1.2.2[2]

In a topological space (X, T) the S.nbd. system {U,} of a point x € X
has the following properties
(1) Every subset of X, which contains a set, belongs to {U,} itself belongs
to {U}.
(i) For each V € {U,} there exists W € {U} such that if y € W then
Ve {Uy}.
Proof (i) follow directly from the definition
Proof (ii) is true if we take W to be S.open set which contains x in V

Definition 1.2.3 [2]

In a topological space (X, T) a fundamental system of S.nbds. of a
point x € X is any set {Uy} of S.nbds. of x such that for each S. nbd. V of
X there exists a S.nbd U € {U,} suchthatU c V.




§ (1-3) separation axioms

In this section, we recall the definitions of separation axioms with
respect to semi open and regular open sets.

Definition 1.3.1 [1]

A topological space (X,T) is called semi T,- space if Vx #y € X,
there is semi-open set G in X such that x € Gandy ¢ G, and its denoted
by ST,-space .

Definition 1.3.2 [1]

A topological space (X,T) is called regular T,-space if Vx #y € X,
there is regular-open set G in X such that x € Gandy ¢ G, and its
denoted by RT,-space .

Definition 1.3.3 [1]

A topological space (X,T) is called semi T;-space if V x #y € X, there
are two semi-open sets G, H such that x e Gandy e Hand x ¢ Hand y
¢ G, and its denoted by ST-space .

Definition 1.3.4 [21]

A topological space (X,T) is called regular Tj-space if V x #y € X,
there are two regular-open sets G, H such that x €e Gandy € H and x ¢
Handy ¢ G, and its denoted by RT,-space .

Theorem 1.3.5[1]
(1) A topological space (X,T) is ST;-space if, and only if , V x € X ,{x} is

T-semi closed .
(i1) A topological space (X,T) is RT;-space if, and only if , V x € X ,{x}
is T-regular closed .

Corollary 1.3.6 [1]

(1) A topological space X is ST;-space if, and only if, every finite subset
is semi-closed.

(i1) A topological space X is RT;-space if, and only if, every finite subset
is regular-closed.




Definition 1.3.7 [18]

A topological space (X,T) is called semi T,- space if V x #y € X there

are two semi-open sets G,H such thatx e Gandy e HandGNH=O ,
and it is denoted by ST,-space .

Definition 1.3.8 [18]

A topological space (X,T) is called regular T,- space if V x #y € X
there are two regular-open sets G,H such that x € Gandy € H and G n
H=0, and it is denoted by RT,-space .

Definition 1.3.9 [1]

A topological space (X,T) is called semi-regular space if V semi-closed
set Fin X and x ¢ F , there are two semi-open sets G,H in X such that
x € Gand Fc Hand G " H={, and it is denoted by S-regular space .

Definition 1.3.10[1]

A topological space (X,T) is called regular-regular space if V regular-
closed set F in X and x ¢ F , there are two regular-open sets G,H in X
suchthat x e Gand Fc Hand G H =, and it is denoted by R-
regular space .

Theorem 1.3.11 [1]

(1) a topological space (X,T) is S-regular if, and only if , ¥V x € X and for
each open set N containing x in X, 3 semi-open set M containing x € X
such that c(M) c N..

(i1) a topological space (X,T) is R-regular if, and only if, V x € X and for
each open set N containing x in X, 3 regular-open set M containing x € X
such that cl(M) c N..

Definition 1.3.12 [1]

A topological space (X,T) is called semi T;-space if it is S-regular and
ST,-space, and it's denoted by ST;-space.

Definition 1.3.13[1] _

A topological space (X,T) is called regular Ts-space if it is R-regular
and RT;-space, and its denoted by RT;-space.




Definition 1.3.14 [21]

A topological space (X,T) is called semi-normal space if V two disjoint
closed sets L,M in X there are two S-open sets G,H in X such that L ¢ G
and M c H, and it is denoted by S-normal space .

Definition 1.3.15[1]

A topological space (X,T) is called regular-normal space if V two
disjoint closed sets L,M in X there are two R-open sets G,H in X such
that L — Gand M c H, and it is denoted by R-normal space .

Definition 1.3.16 [1]

A topological space (X,T) is called semi T4-space if it is S-normal and
ST;-space, and it is denoted by ST,4-space.

Definition 1.3.17 [1]

A topological space (X,T) is called regular T4-space if it is R-normal
and RT;-space, and it is denoted by RT,-space.

Theorem 1.3.18[1]

(1)Every subspace of ST;-space is ST;-space, 1=0,1,2,3.,4.
(i1) Every subspace of RT;-space is RT;-space, i=0,1,2,3,4.
(i11) Every subspace of S-regular space is S-regular space.
(iv) Every subspace of R-regular space is R-regular space.
A proof is easy.

Theorem 1.3.19

Let (X,T) be a topological space , a subset A of X is semi-open , if and
only if A 1s semi-neighborhood of each of it is points .




§ (1-4) Separation Axioms in Bitopological
Space:

In this section we will list new separation axioms in bitopological space
and we will study the relation ship between them.

Definition 1.4.1 [23]

A bitopological space ( X, T;, T,) is called pair wise T,-space if V x
#y € X there is 1;-open set or 1,-open set G containing one of them but
not the other , and it is denoted by PTo-space .

Example 1.4.2
Let R be the set of all real numbers and t; be the usual topology on R
and 1, be any topology on R then (R,t;,t,) is PTo-space.

Theorem 1.4.3
A bitopological space (X,T,,T,) is PTo — space if, and only if, A
xzyeX

cli{x} = cli{y}
cl,{x} # cl,{y} where cl; and cl, be the closure of x and y with respect to

T, and T, respectively.

Proof :
Suppose that (x,T;,T,) is PTo- space then V x #y € X 3 T;-open set or
T,-openset Gsuchhatx e G and y ¢ G.

1) If G is T;- open set let x ¢ G = {x} < G and y ¢ G.
Theny € G° = {y} < G° ,But {x} ccl;{x},Also {y} < cl;{y}

To proof {x} & cl;{y}

Suppose {x} ccl;{y}, Then {x} c {y} U dery{y}

Since x ¢ {y}, so {x} & {y}

Hence {x} < der{y}.

Therefore V T;-open G, containing x such that Gy N {y} # &

So y € G4 hence X is not PT,-space, which is contradiction with the
hypothesis, then {x} & cl;{y}

2) Similarly if G is T, -open set, we must have cl,{x} # cl,{y}



Conversely
Let x #y € X such that
cli{x} #cl;{y} to show that x ¢ cl;{y}
Letx € cli{y}= cli{x} c cli{y}
This contradiction (!)
Then x¢ cl; {y}

Let G=X-cl;{y} then Gis T;-open set andy ¢ Gandx € G
Hence (x,T;,T,) is PTo —space
Similarly if cl, {x}# clr{y}.

Theorem 1.4.4
A Bitopological space (X,T;,T,) is PTo—space if (X,T;) or (x,T) is To-
space

Pr oof:
Let (X,T;) be a To — space then

V x#y e X thereis T;- openset G,
suchthatx €e Gandy ¢ G

Hence (X,T,T,) is PTo - space
Similarly if (x,T,) is To-space.

Remark 1.4.5

The converse of theorem (1.4.4) need not be true .
Letx={a, b, c}

TIZ {(pa Xa {a},{b,C}}
T, = {(Pa Xa {C}a {aab}}
Then (X, T;) and (x,T,) are not To- space but (X,T;,T,) is PT,- space.

Definition 1.4.6 [23]
A bitopological space (X,T;,T,) is called RPT,-space if V x #y € X,

there is T;-regular open set or T,-regular open set containing one of them
but not the other.



Definition 1.4.7
A bitopological space (X,T;,T,) is called pair wise S*PT,-space if

V x #y € X, there is T, open set or Tp-semi open set G containing one
of them but not the other.

Definition 1.4.8 [22]
A bitopological space (x,T;,T,) is called pair wise ST,-space if V x #y

€ X, there is a T;- semi open set or Tp-semi open set containing one of
them but not the other, and its denoted by SPT,-space .

Example 1.4.9
Let X={a,b,c}

Ti={90 . X}, To={¢, X, {a}, {c} ,{a,c} } then
(X,T1,T,) is SPT,-pace .

Example 1.4.10 [1]

Let X={a,b,c}
T={¢,X,{b}, {bec} },={9,X, {b}, {c}, {bc}} then
(X,T,T,) 1s RPT,-space .

Example1.4.11
1-Every RPTo-space is PTo-space
2-Every PTo —space is SPTo-space

The proof of these two facts comes from the following these two facts.
1- Every regular open set is open set [11]
2- Every open set is semi open set  [11]

The converse of Remark above need not be true for the following
example

Example1.4.12
Let X={a,b,c}

le{(Pax} D Tzz{(P,X,{C}}
Then (X,T,,T,) 1s PTo-space but not RPTo-space.




Proposition: 1.4.13
A bitopological space (X,T;,T2) is SPTo- space iff xzy € X
S.C11 {X} E= S.Cll {Y}
S.clL{x} # S.clL{y}
Proof:
The proof is the same the proof of proposition (1.4.13) if we replaced
R.cl; and R.cl, by Scl; and Scl, respectively .

Pr oof:
Let (X,T;,T2)be RPT,-space and let x #y € X

Suppose U is T;-regular open set containing x but not y , then
y € Relj{y}c X-U andsox ¢ R.cl;{y}
Hence R.cl; {x} # R.cl;{y}.

Conver sely:
Let x #y € X, then either R.cl; {x}# R.cl;{y} or
R.cl,{x} #R.cl,{y} in these two cases let.
Let p be a point in X such that
p € Rcli{y} and p ¢ R.cli{x} , we assert that y ¢ R.cl;{x} if y €
R.cli{x} then R.cl;{y}c R.cl;{x} but p € R.cl;{y} and p ¢ R.cl;{x}

which is contradiction hencey ¢ R.cl;{x} , thus U = X- R.cl;{x} isa T;-

regular open set containing y but not x , therefore (X,T) is RPT,-space.
The case R.cl,{x}# R.cl,{y} can be dealt with similarly .

Proposition 1.4.14 [1]
A Dbitopological space (X,T{,T2) is RPTo-space if, and only if
VxzyeX
R.cli{x} # R.cl;{y}
R.cl,{x} # R.cl,{y}

Theorem 1.4.15

1) A bitopological space (X,Ty,T,) is SPT,-space if (X,T;) or(X,T,) is
STo-space

2) A bitopological space (X,T;,T,) is RPT,-space if (X,T;) or(X,T,) is
RTo-space




Pr oof:

(1) If (X,Ty) is RT,-space , then V x #y € X, there is a T;-regular open
set containing x butnoty .

Similarity if (X,T,) is RT,-space
And from these we get that (X,T,,T,)is RPTo-space ( by def. of RPTo-
space ).

(2) The same proof of (1) if we replaced regular open set by semi open
set.

Remark 1.4.16

The converse of part (1) of theorem (1.4.15), need to be true for
example

Let X={a,b,c}, T;={p, X, {a},{b,c}} and T,={o, X,{c}, {a,b} }
Then clearly the space (X,T;,T,)is RPTo-space but neither (X,T;) nor
(X,T,) is RT,-space.

Definition 1.4.17 [9]
A bitopological space (X,T;,T,) is called pair wise Tl-space if V x #y

e X there exist T;-open set H1 and T,-open set H2 such thatx e H; ,y ¢
H,and x¢ H,, y e H,.

Theorem 1.4.18
A bitopological space (X,T;,T,) 1s pair wise Ti-space then each single

point x € X, {x} is T;-closed set or T,-closed set

Proof: Suppose that (X,T,,T,) is pair wise T)- space .
To prove that {x} is T;- closed set
1.e To prove that X- {x} is T;-open set
Let ye X-{x} then x #y
Since (X,T;,T,) is pair wise T;-spase .
There are T;-open set G, and T, — open set G, such that y €G,, x ¢G,and
y Gy, xe(,
Since x¢ Gy, then G; < X — {x}
Hence, every y € G;c X — {x} and G, is T| — open set.
Then X- {x} 1s T;- open set Therefore{x} is T - closed set.



Similarly {x} is T,- closed set

Theorem 1.4.19

If each single point in a bitopological space (X,T;,T,) is t;-closed or 1,-

closed then a bitopological space (X,T;,T,) is T -with respect to T, or T, or
pair wise T;-space.

Pr oof:

Let x #y € X by hypothesis {x} is 1;-closed or 1,-closed set and {y} is
T,-closed
Let Gy =X — {x} and G, = X —{y} theny € G, and x € G| x € G; and
y ¢ G, with probable case:

1- G; and G; is T;-0open set.

2- Gy is t1-open and G, is T,-open set.

3- Gyis 1,-open set and G, is T1-open set.

4- G; and G, is 1,-open set .

Therefore a bitopological space is pair wise Ti-space or T;-space with

respect to T or 1.

Theorem 1.4.20
Every PT;-space 1s PT,-space

Pr oof:

Let ( X, 11, T2) be PT1- space then Vx # y € X, There are t,-open set
H; and t,-open set H2 such thatx € H;,y ¢ H; andx ¢ Hyandy € H, .
Now from x € H;, y ¢ Hi= (X, 11, 12) 1s PT,-space.

Remark 1.4.21
The converse the theorem (1.4.20) need not true for example
Let X= {a,b,c}

TIZ {(P, X}, TZZ {(Ps Xa {a}a {b}s{aab}}
Then (X, 1y, 12)1s PT,-space but is not PT,-space

Theorem 1.4.22

A bitopological space (X, T;, T,) is PT1-space, if (X,11) and (X,t,) are
T;-space .

Pr oof:
Let x # y € X Since (X,T;) is T;-space there is two T;-openset G, H;
such that x € G; ,y ¢ Gy and x ¢H; , y € Hy , and since (X,T,) 1s T}-



space , there is two T, -open set G, , H, such that x € G,,y ¢ G, and x ¢
Hy,y e H,

Hence, H; is T;-open set

G, is T,-open set, such that

x¢gH,yeHandx € G,y ¢ G,

Therefore, (X, 11, T2) is PT,-space

The converse of the theorem (1.4.22) need not true for the following
example:

Example 1.4.23
Let X={a, b, c}
le {(pa Xa {a}z {C}> {aa C}}
T2: {(pa Xa {a}a {b}’ {aa b}}
Then (X, 74, 12) is PT;-space, but (X,T;) and (X, T,) are not T,- space .

Proof:
Suppose that (X, Ty, T,) is pair wise T;- space
1) let x € X .to prove {x} is Ti-closed set
1.e to prove X-{x} is T;- open set
Lety € X- {x} theny #x
Since (X, Ty, T,) 1s PT;-space
There are T, -open set G, and T,-open set G, such that
y € Gy, x ¢ Gy then G < X — {x}
Hence every y € G, X- {x} and G is T;- open set
Then X-{x} is T;-open set = {x} is T; - closed set.
2) Similarly we can prove that {x} is T; - closed set.

Definition 1.4.24[1]
A bitopological space (X, T;, T,) is called pair wise regular T;-space if

V x #y € X there T;- regular open set G, and T, -regular open set G, such
thatx € G;,y ¢ G;and x ¢ G, ,y € Gy, and denoted by PRT,-space.



Definition 1.4.25[23]
A bitopological space (X, T1, Tp) is called pair wise semi Ty if, Vx#y

€ X there are T;- semi open set G; and T,- semi open set G, such that x €
G,y 2 Giand x ¢ G, ,y € G; and denoted by PST,-space .

Definition 1.4.26[ 23]
A bitopological space (X, T1, Tp) is called pair wise semi Ty if, Vx#y

€ X there are T;- open set G; and T»- semi open set G, such that x € Gy,
y ¢ Giandx ¢ Gy, y € G, and denoted by PS*T;-space .

Theorem 1.4.27

Let (X, Ty, T») be a bitopological space then
1) Every PRT;- space PT,-space.
2) Every PT; — space is PS*T;-space.
3) Every PS*T;-space is PST;-space.
The proof follows from the fact that:
Regular open set = open set = semi open set.

Example 1.4.28
The converse of above Theorem need not be true for example
1) Let X={a,b,c}and

le{q): X ’ {a} s {b} ’ {aab}}
T={9, X, {a},{b}, {c} , {b, c}, {a,b}, {ac}}
(X, Ty, T) 1s PT; — space but is not P RT;-space.

2) Let X={ a,b,c}
T={9.X, {a} §

T={9, X, {b} , {c} , {b, c}}
(X, Ty, T,) 1s PST,-space but not PT;- space

Remark 1.4.29

Let (X, Ty, T,) be a bitopological space then
1) Every PRT;-space is RT,- space
2) Every PST,-space is PST,- space.
3) Every PS*T;-space is PS*T,- space.




Proof :

(1) Let (X, Ty, To) be a PRT;-space then V x #y € X there are T,- regular
open set G1 and T,- regular open set G, such that x € G, ,y ¢ G; and
vy G,y € G, fromx € G,y ¢ G Clearly (X, Ty, T,) is PRT,-space.

(2) Let (X, Ty, T,) is PST;-space then V x #y € X there are T, - semi

open set G; and T,- semi open set G, such that x € G;,y ¢ Giand x ¢ G,
,ye Gy fromx € G,y ¢ Gy.

Clearly (X, Ty, T») 1s PST,- space.

(3) Let (X, Ty, Tp) 1s PS*T;- space , then V x #y € X , there are T, - open
set G| and T, - semi open set G, suchthatx € G;,y ¢ Gyand x ¢ G, ,y
€ Gy fromx € G,y ¢ G

Clearly (X, Ty, Ty) is PS*T,- space.

Theorem 1.4.30

1) A bitopological space (X, Ty, T») is PRT;- space (PST;-space) if (X, T;)
and (X, T,) are RT;-space ( ST;-space)

2) A bitopological space (X, T, T,) is PRT;-space (PST,-spce ) then each
single point x € X ,{x} 1s T;- regular closed set or T,- regular closed set

(T,- semi closed set or T,- semi closed set).

Pr oof:
The proof is Similar proof of theorem (1.4.19) and (1.4.22) except
change t;-open by 1,- semi open and 1,-open by T,- semi open.

Definition 1.4.31 [9]
A bitopological space (X, T;, T,) is called PT,-space if V x #y € X ,

there is T;- open set G, and T,- open set G, such that x € G;, y € G, and
G; N G, = 9, and it is denoted by PT, — space .

Example 1.4.32

Let X= {a,b,c}
le{(P, X: {a}a{aab}} ) T2:{(p7 Xa {b}a {C}’ {b,C}}
Then (X, Ty, T,) is PT,-space




Theorem 1.4.33

Let (X, T;, T,) be a bitopological space then Every PT,-space is PT;-
space.

Pr oof:

Let (X, Ty, To) is PT,- space if V x #y € X there are T;-open set G and
Tr-openset Gy, 2x € G;,ye Gyand G NG, =¢
Hencex ¢ G,,y € G; = (X, Ty, T,) 1s PT;- space .

Example 1.4.34

The converse of above theorem need not true for example
Let X= {a,b,c}, T, = {0, X, {a}, {a,b},{a,c}}.
T2:{(P: X: {b},{b,C}} :
(X, Ty, Tp) 1s PT;-space but it is not PT,-space.

Theorem 1.4.35
If (X, Ty, T») 1s PT,-space then (X, T)), (X, T,) are T,-space.

Pr oof:
Let x #y € X, since (X, Ty, T,) is PT,-space, there are T;- open set G,
and T, - open set such that
xeG,yeG, andG N Gy=¢
Hencey ¢ G;and Gy " G, = ¢
Hence (X, T;) is T,-space.
And x ¢ G, then (X, T,) 1s T,-space.

Remark 1.4.36
The converse of Theorem (1.4.35) need not true for example
Let X={a, b, c}

T ={¢, X, {a}, {a,b}}.

T={ ¢ X, {b},{ab}}.

Then (X, T;) is To-space and (X, T,) is T,-space but
(X, Ty, Tp) is not PT, —space.




Definition 1.4.37 [1]
A bitopological space (X, T;, T,) is called PRT,-space if Vx #y € X ,

there is T, - regular open set G, and T, - regular open set G, such that x e
G,y € Gy and G; N G, = o, and it is denoted by PRT, — space .

Definition 1.4.38 [23]
A bitopological space (X, T, T,) is called PST,-space if Vx#y e X ,

there is T; - semi open set G; and T, - semi open set G, such that x € G,
,y € Gy and G; N G, = o, and it is denoted by PST, — space .

Definition 1.4.39
A bitopological space (X, Ty, T) 1s called PS*T,-space if Vx #y € X

, there is T; - open set G, and T, - semi open set G, such that x € G, ,y €
G; and G; N G, = @, and it is denoted by PS*T, — space .

Example 1.4.40

Let X= { a,b,c}
T, = { 0, X: {a}a {b}’{aab}}
T,={ ¢, X, {b}} .

(X, Ty, Tp) is PRT;-space.

Theorem 1.4.41

1) Every PRT,-space is PT,-space.

2) Every PT,-space is PS*T,-space.

3) Every PS*T,-space is PST,-space.

The proof of above Theorem follows from the fact that Every Regular —
open is open set and every open is semi —open set.

Example 1.4.42
Let X={a,b,c}
Tl = {(Pz X: {aab}a {a}}
T2 = {(P’ Xa {aab}a {b}} .
(X, Ty, T,) 1s PST,-space but is not PT,- space.

Remark 1.4.43

1) Every PRT,-space is PRT;-space.
2) Every PST,-space is PRST;-space.
3) Every PS*T,-space is PS*T,-space.




Proof (1):

Let (X, Ty, Ty) is PRT,-space, then let x #y € X , there is T; - regular
open set G| and T, - regular open set G; such that x € G, ,y € G, and

GiNnGy=0¢,50xe G,y G andy € G, , x ¢ G, then (X, Ty, Tp) is
PRT;-space.

Proof of (2) and (3) in remark (1.4.43) is the same proof (1) in the
Remark.

Definition: 1.4.44 [1]
A bitopological space (X, T, T,) is called P regular if V T;- closed set

F, and V x ¢ F, there are T;- open set G, and T, open set G, such that x
€ G, FicGyand Gy "G, =¢ and V T, - open set U, such that x € F,
there are T, -openset Uy " U, =¢ .

Definition 1.4.45[23]
A bitopological space is built (X, T;, T,) is called PTs-space if (X, T,

T,) P-regular space and PT;-space.

Example 1.4.46
Let X be any space and let T; be the discrete Topology on X the (X, T,

T,) is PT; — space.

Theorem 1.4.47

Let (X, Ty, T,) be a bitopological space then every PT;-space is PT,-
space

Pr oof:

Let (X, Ty, T,) be PT,-space.
Then (X, Ty, T,) is PT;-space

Hence by theorem (1.4.19)
{x} 1s Ty -closed set or T,- closed set.
Byx#y,y ¢ {x}
1) If {x} 1s T; closed set and y ¢ {x} , since (X, Tj, T,) is P regular space
there are
T -open set G; and T,- open set G, such that
{x}cGy,ye GiandGiN G, =0
{x} Gy, x e G, = (X, Ty, Ty) is PT,- space



2) Similarly if {x} is T,- closed set.

Example 1.4.48

The converses of above theorem need not to true for example
Let X= {a,b,c}

le {(P7 Xa {b}a {aa b}}

T2= {(P; X: {a}a {C}J {aa C}}
(X, Ty, T,) 1s PT,- space but is not PTs- space.

Theorem 1.4.49
A bitopological space ( X, Ty, T,) is called P-regular space if , and only

if, for each T;- open set G, and x € G there is T;- open set U, such that
x € U; c clb,{U,}< G, and for each T,- open set G, and x € G, there is
T,- open set U, such that x € U,  cl; {U,} < G;.

Proof :

Suppose that (X, T;, T,) P- regular space
1) Let G, is T; - open set and x € G,
Then X- Gy 1s T;-closed set and x ¢ X — G,
Since (X, T, T,) is P regular space

There are T;- open set U; and T,- open set U,
Such that X-G; c Uyandx € U, UnNn U, =0
Since Uy " U, =¢ then U, c X - U,

Thus cl,(U)) < clr(X-Uy)=X-U,

But since X - G, c U,

Hence X-U, < Gy, there for U,c cl,(U)) < G,

2) Similarly for G, is T,- open set and x € G,

Conversely:
To prove that (X, Ty, T,) 1s P regular space

1) let Fy is T;- closed set and x ¢ F; = x € X —F; and X-F, is T;-open set
there is a t; open set U, such that

X € U] c Clz{U]} CX—F1

012 {Ul} c X-F1

= F] (@ X-Clz{Ul}: Uz

Since cl,{U,} is T,-closed set



Then U, is T,- open set and F; < U,

Since U, =X —cl, {U;}then U " U, =0
Hencex e U, FicU,and U NnU,=¢

2) Similarly if F, is T,- closed set and x ¢ F,
From (1) and (2)

We get that (X, T, T,) is P- regular space.

Definition 1.4.50 [23]
A bitopological space (X, T, Tp) is PR- regular space if for each T;-

closed set F; and x ¢ F, , there are T;- regular open set G, and T, -
regular open set G, such that x € G|, Fi c G,and G, "G, =¢ and V T,

- closed set F, and x € F, there are T,-regular open set U; and T, -

regular open set U,such that x € Uy and F, c U, and U, nU, =¢ and
denoted by PRR.

Definition 1.4.51

A bitopological space (X, T, Tp) is pair wise S*- regular space if for

each if T;- closed set F, and x ¢ F, there are T;- regular open set G, and
T, — semi open set G; such that x €G,, F; < Gand Gy "G, =¢ and V

T, - closed set F, and x € F, there are T;-regular open set U; and T, —

semi open set Usuch that x e Uyand F,cUjand U nU,=¢ ,and
denoted by PS*R.

Definition 1.4.52 [1]
A bitopological space ( X, T;,T,) 1s PS- regular space if for each T;-

closed set F| and x ¢ F;there are T;- regular open set G; and T,- regular
open set G; such that x € G, , F; < Gyand G; " G, = ¢ and V T,- closed

set F, and x € F, there are T;- S- open set U; and T,-S- open set U, such
that x € U, and F, c U;and U; n U, = ¢ , and denoted by PSR-space.

Definition 1.4.53 [1]
A bitopological space (X, T,T,) is called PRT; - space if it is PR-
regular and PRT; — space .




Definition 1.4.54
A bitopological space (X, T;,T,) is PS*T; - space if it is PS*- regular
space and it is PS*T; — space .

Remark 1.4.55

1) Every P RT3-spacec is P RT,-space.
2) Every P STs-space is PST,-space.

3) Every PS*T; — space is PS*T,-spacec.

Pr oof:
(1) Let (X, T,T,) 1s PRTs-space = (X, T,,T,) is R-regular space and PT; —
space .
Since every R- regular space is regular space ............ (1.4.1)
And since, every PRT;-space is PT-space ™ ................ (1.4.2)

From (1.4.1) and (1.4.2) we get (X, T;,T,) 1s PR — space .
And P T;- space so (X, T;,T,) is PT; — space .

(2) Let (X, Ty,T2) 1s PRT3-space = (X, T,,T,) is R-regular space and PT;

—space .
Since every P regular space is PS*-regular space ......... (1.4.3)
And every P Ti-space is PS*T-space  ............... (1.4.4)

From (1.4.3) and (1.4.4) we get (X, T;,T,) 1s PS*T; — space .

(3) Let (X, T1,T,) 1s PS*T;-space = (X, T;,T,) is PS*-regular space and
itis PS*T, —space .

Since every PS*- regular space is PS-regular space ... (1.4.5)

And every PT,-space is PS*T;-space ...(1.4.6)

From (1.4.5) and (1.4.6) (X, Ty,T,) is PST; — space .

Remark 1.4.56
Every PRTjs-space is PTs-space.
Every PT;-space i1s PS*T; —space.

Every PS*Ts-space is PSTs-space.
The proof of this remark is easy by using the fact that every regular open
set is open and every open set is semi open.



The following diagram show the relation between the spaces which studies
before:

RT,-space C> T,-space C> S*T,-space C> ST,-space

fl f fl fl

RT;-space @ Ti-space C> S*T)-space :> ST;-space

fl i f fl

RT,-space C> T,-space :> S*T,-space C> ST,-space

fl f fl fl

RT;-space @ Ts-space C> S*T;-space :> ST;-space

U U U U

R—regular- @ reglﬂar' $ S*_R- space @ S-R- Space
space space




Chapter Tow

Some New Bitopological
Separation AXioms



8 (2-1) Basic definitions

In this section we will give a new definitions of a cover in
bitopological space and we will show the relation between this
covers.

Definition 2.1.1 [4]

A cover u of a bitopological space (X,T;,T,) is called pairwise open if

u C 11 U 15 and if furthermore u contains a non — empty member of T,
and a non — empty member of 1,.
Then a pair wise open cover u is called pT;- open.

Definition 2.1.2 [4]

A pairwise open cover u of a bitopological space (X,T;,T,) is called

pTr-open if foreach U € u, inty; (X /U) =, fori=1 ori=2.

Definition 2.1.3[6]

A pairwise cover W of a bitopological space (X,T;,T,) is called pTs-
open if for each W € @ when ever W € 1; , there exist 1j- open sets V,
and V, such that V, , V, 24, cly(V))c V, c X/W, fori#jandi,j=1,2

Definition 2.1.4

A cover u of a bitopological space (X,T;,T,) is called semi pairwise

open if u < S.04(X) U S.0,(X) and if further more u contains a non —

empty member of S.O;(X) and a non- empty member of S.O(X) . A
semi pair wise open cover is called semi pair wise T; — open, an it is
denoted by SPT;-open.

Definition 2.1.5

A semi pairwise open cover u of a bitopological space (X,T;,T,) is said

to be semi PT,- open if for each U € u, S-int(X/U) = G, for i=1 or 2,
and it is denoted by SPT,-open.




Definition 2.1.6

A semi pair wise open cover W of a bitopological space (X,T;,T,) is
called semi PT;- open if for each W € w when ever W € 1;, there exist
T- semi open sets V;, V, such that V,, V, #

b

Vi c Scli(Vy) c V, c (X/W) fori#j and 1= 1,2, and it is denoted by
SPTs-open .

Definition 2.1.7 [13]

A bitopological space (X,T1,T,) is called mPT; if for every pair of
distinct points x and y in X following holds

claix} Nclply) =D or
clp{x} Nclyly} =9

Definition 2.1.8

A bitopological space (X,T,T,) is SmPT; if for every pair of distinct
point x and y € X the following holds
Scly {x} N Sclp{y} =YD or
Sclp{x} N Scly{y} =&

Definition 2.1.9

A bitopological space (X,T;,T,) is called RmPT; if Vx#y e X the
following holds R.cl;; {x} N R.clp{y} =G or R.clp{x} nR.cly{y} =9

Definition 2.1.10 [15]

A bitopological space (X,T;,T,) is MNPT, if for every pair distinct
points x and y in X there exist a t;- open set or a 1,-open set containing
x but not y.

Definition 2.1.11

A bitopological space (X,T;,T2) is SMNPT, if for every pair distinct
points x and y in X there exist a t;- semi open set or a T,- semi open set
containing x but not y .

Definition 2.1.12[20]

A bitopological space (X,T,T,) is called weakly pair wise T; if for
each pair of distinct points there is a t;- open set containing one of the




points but not the other and a 1, - open set containing the second but not
the first , and it is denoted by wPT}.

Definition 2.1.13

A bitopological space X is SWPT) if for each pair of distinct points x
and y there is a 1;- semi open set containing x but not y and a 1, - semi
open containing y but not x.

Definition 2.1.14

A bitopological space (X,T;,T,) is RwPT; if for each pair wise of
distinct points x and y there is a 1;- regular open set containing x but not y
and a 1,- regular open set containing y but not x .

Definition 2.1.15[7]

A bitopological space (X,T;,T,) is said to be nearly PT;j- space (
briefly nT; — space ) i= €{1,23} if for each point x € X and a t-open
neighborhood V of x , k € {1,2} , there exist a PT; — open cover u of X
such that  st(x,uy)c V .

Definition 2.1.16

A bitopological space (X,T;,T,) is said to be a semi nearly PT; — space(
briefly SnT; — space ) i€ {1,2,3} if for each point xe X and a 14~ semi open
neighborhood V of x , k €{1,2} there exist a PT;-semi open cover u of X
such that Sst( x,u) c V.

Every RwWPT, — space is RPT,, but the converse need not be true, we
can see that from this example

Example 2.1.17
Let X={a,b,c}
u={x.9,{aj}, {bec}}.
={x,9,{a}, {b}.{ab}}.
And let R.O.(X){; = {{a},{b,c}}, R.O.(X)pn={{a},{b},{a,b}}
Then clearly the space (X,ty,1,) is RPTy-which it is not RWPT;.

For consider the pair of point's b, ¢ of X, we see that any 1,- regular
open set containing b also contains ¢ and 1,- regular open set containing ¢
also contains b.



Theorem 2.1.18 [7]

Let (X,T,,T,) be a bitopological space then every SmPT;-space is
SwPT;-space.

Pr oof:
Let X be SmPT,, then by definition (2.1.8) we get that , V x,y € X
such that x #y , we have
scly{x} Nsclp{y} =9 orscly{x} Nscly{y} =Y
if scl;1 {x} N sclp{y} =9 = 3 apoint x € scl;; {x} and x ¢ scl,{y} and

Japointy € sclp{y} and y ¢ scl;;{x} but scl;; {x} 1s semi-closed with

respect to t; and scl{y} is semi-closed with respect to 1, .

Now X/scl; {x} is semi-open and X/scl,,{y} is semi-open which is mean
that 9 a t;-semi open set containing y but not x and a t,-semi open set
containing x but not y which is mean that X is SWPT;-space

Theorem 2.1.19 [7]

Let (X,T,,T,) be a bitopological space then every SwPT;-space is
SMNPT;-space.

Pr oof:

Let X is SWPT, then by definition (2.1.13) we get that, V x, y € X
such that x =y
4 a 1, —semi open containing X but not y or

Ja1,- semi open set containing y but not x
And directly from a definition (2.1.11) we get that X is SMNPT;.

Theorem 2.1.20 [7]

Let (X,T,,T,) be a bitopological space then every SPT-space is SmPT;-
space.

Pr oof:

Let X be SPT;-space then by definition (1.4.25 ) we get that, V x,y €
X such that x #y € X, there are 1;-semi open set containing x but not y
and a t;- semi open set containing y but not x .

Now

scly {x} 1s semi open in t; and
scl{y} 1s semi open in T,

If scly {x} N sclp{y} # D = 3 apoint say x € scly; {x}



And x € sclp{y} which is mean that X is not a SPT;-space

Hence scl;; {x} N sclp{y} =<
Similarly sclp{x} M scl;{y} =& which is mean that X is SmPT;-space.

Theorem 2.1.21[7]

Let (X,T,,T,) be a bitopological space then every SPT;-space is SnPT;-
space.

Proof :

Let X 1s SPT; — space then by definition (1.4.25) we get that V x,y € X
such that x # y there are a 1;-semi open set containing x but not y and a
T,Semi open set containing y but not x .

So by theorem (1.3.19) each semi-open is semi-neighborhood of each of
its points

Then there exists a SpT; — open cover u of x such that Sst( x, u) c 'V
where V is a 1,- semi open neighborhood or 1,- semi open neighborhood
which is mean that X is SnpT- space .

Remark 2.1.22 [7]

By using above method of the remark above we can prove that every
SpT;-space is SnpTj-space, i € {1, 2, 3} but the converse is not true which
can be show in follow examples.

Example 2.1.22:
Let X= {a,b,c}
11 =1{0.X, { a}}.
={p, X, , {b, ¢}} , and S.O.X)u = {¢.X, {a},{ab},{ac}},

S-O-(X)TZZ{(P7X9{C}7{b}9{aab}9{aac}a{bac}}
Then X is SnpT; but not MNPT, , so it is not satisfy any of axioms

SWPT, , SmpT; or SpT, , Also X is SnpT, but not SWPT, .

Example 2.1.23 .
Let X= {a,b,c}
u={¢.X, {ba}, {a},{ac}}.
={p, X, {bc }} , and S.O.X)uu = {9, X, {a},{a,b},{a,c},{b,c}},
S.0.(X)={9,X,{a},{c},{b},{a,b},{a,c},{b,c}}
Then X is SMNPT, but not SnpT;.

The following diagram of implications holds and none of those
implications revisable.




RPT;-space . PT,-space RmPT;-space

¥ ¥
PT,-space mPT,-space
\ 4 \ 4

SnPT,-spacc | 4@ | SPT)-spacc | Wp SmPT,-space

¥

SMNPT-space - SwPT-space

1 ) 1 )
@« wPT;-space
MNPT;-space
1 )
1

RMNPT;-space « RwPT-space

Moreover, the axiom SnPT, is independent from any of SMNPT,,
SWPT,; and SmPT,.



8 (2-2) pair wise T(i, k) — space

In this section we will give a definition of PT(i,k)- spaces and a
relation between them from a hand and between them and a
nearly PT; - spaces from another hand.

Definition 2.2.1 [7]
A bitopological space (X, T;,T) is said to be a pair wise 7(i, k) space ; i,

k e {1, 2,3}, if for every x € X and every pT;-open cover U of X there

exists a pT;- open cover V of X and U € U such st (x,V) c U, and it is
denoted by PT(i,k)-space .

Lemma2.2.2

Let (X, 7,,7;) be a bitopological space then every pT5 -open cover is a
pT, —open cover.

Proof

Let U4 be a pT; - open cover, then for each U € #4 whenever U e
Ti, there exist Tj- sets V;,V; such that V,,V,# d, Vi ccly(V) c V,
(X/U) for i #f and Lj=1,2
Since V, ccly(V)cV,cX/U
inti(V; ) < ((int (cl (V)i € inti(V2) < inti(X/U)
Which is mean int(X/ U) # &

Therefore U is pT, — open cover.

Remark 2.2.3

The converse of lemma (2.2.2) need not be true and the following
example show that

Example 2.2.4:
Let X= {a,b,c}
Tl:{ (p 2 X 2 {aﬂb}}

={p, X,{c}}

let u={{a,b},{c}} is pair wise open cover since U C T, U T,
Now let U={a,b} e U4 = X/U = {c}

intp({c}) = {c} #J

Let U= {c} = X/U = {a,b}




int;;({a,b}) = {a,b} I

Therefore for each U € u , int(X/U) #J ,1=1,2.

Which is mean U is pT,-open cover but it is not pTs-open cover since if
we let W={ab} ,WeT

LetV,;={c}, V=X, V;, VoD

Viccdh(V) cV,z XIW

Since {c}c {c} = X & {c}

Lemma2.2.5

Let (X, 7,7,) be a bitopological space then every pT, — open cover is a
pT) — open cover

Proof
Let U be a pT, — open cover. Then for each U € U
ity (X/U)= fori=1ori=2
letW e T, int;(X/ U)fori=1ori=2
= We Tiand W ¢ int(X/ U)
= W e T;and W € int;(U)
Since U is open = int (U) =U
SinceWeUbutUeuUu= Wel
Therefore U contains a nonempty member of T;,i=1 or 2

Therefore, U is a pT;- open cover

Theorem 2.2.6

Let (X, 7,,7,) be a bitopological space then every PT (3,3) — space
is PT' (2, 3) — space

Pr oof
Let X be a PT (3, 3) — space then V x € X and for every pT; — open

cover U of X there exits a pT; - open cover V of X and U € U such that
st(x, V) U.
Now

Since V is a pT5 — open cover then by lemma (2.2.2) V is a pT> — open
cover

Therefore ¥V pT5 — open cover U of X there exists as pT, — open cover V
of Xanda U e U suchthatst(x,V)c U.



Therefore X is a PT (2, 3) — space.

Theorem 2.2.7

Let (X, 7,T,) be a bitopological space then every PT (2, 3) — space is a
PT (1, 3) — space.
Pr oof

Let X be a PT (2, 3)- space = V x € X and for every pT5 — open cover

U of X there exists a pT, open cover V of X and a U € U such that st (x,
vicUu.

By lemma (2.2.4) v is a pT; — open cover.Therefore V pT; — open cover
U e U such that st (x, V) < U .Therefore X is a pT (1, 3) — space.

Theorem 2.2.8

Let (X, 7,T,) be a bitopological space then every PT (3, 2) — space is a
PT (2, 2) - space.
Pr oof

Let X be a PT (3, 2) - space = x € X and for every pT5- open cover U

of X there exists a pT5_open cover V and a U — U such that st (x, V) C U.

By lemma (2.2.2) v is a pT, — open cover
Therefore X is a PT (2, 2)- space.

Theorem 2.2.9

Let (X, 7,,7,) be a bitopological space then every PT (2, 2) - space is a
PT (1,2)- space.
Pr oof

Let X be a PT (2, 2) - space then V x € X and for every pT, — open

cover U of X there exists a pT, — open cover V of X and a U € U such
that st (x, V) c U.

By lemma (2.2.4) v is a pT| — open cover
Therefore X is a PT (1, 2) — space.

Remark 2.2.10

Let (X, 7,,7,) be a bitopological space then
1- Every PT (3, 1) —space is a PT (2, 1) - space.
2- Every PT (2, 1) —space isa PT (1, 1) - space.




Theorem 2.2.11

Let (X, 7,,7,) be a bitopological space then every PT (3, 1) - space is
PT (3, 2) - space.

Pr oof
Let X be a PT (3, 1) - space

And let U be a pT, — open cover of X

By lemma, (2.2.4) U is a pT| — open cover of X

Since X is a pT (3, 1) — space then V x € X and V pT| — open cover U of
X there exists a pT; — open cover V of X and a U € U such that st (x, V) <
u.

But ¢ is a pT, — open cover of X
Therefore X is a PT (3, 2) - space
Similarly we can prove that every PT (3, 2) - space is a PT (3, 3)-space.

Theorem 2.2.12

Let (X, 7,,7,) be a bitopological space then every PT (2, 1) - space is
PT (2, 2) - space.

Pr oof
Let X be a PT (2, 1) - space

And let U be a pT, — open cover of X

By lemma, (2.2.4) U is a pT; — open cover of X

Since X is a PT (2, 1) — space then V x € X and V pT| — open cover U of
X there exists a p7, — open cover V of X and a U € U such that st (x, V)
u.

But U is a pT, — open cover of X
Therefore X is a pT (2, 2)- space
Similarly we can prove that every PT (2, 2) - space is a PT (2, 3)-space.

Theorem 2.2.13

Let (X, 7,7;) be a bitopological space then every PT (1, 1)- space is PT
(1, 2)- space.

Pr oof
Let X bea PT (1, 1) - space



And let U be a pT, — open cover of X

By lemma, (2.2.4) U is a pT; — open cover of X

Since X is a PT (1, 1) — space = V x € X and V pT; — open cover U of
X there exists a pT1— open cover V of X and a U € U such that st (x, v) <
u.

But U is a pT, — open cover of X
Therefore X is a PT (1, 2) - space
Similarly we can prove that every PT (1, 2) - space is a PT (1, 3)-space.

Remark 2.2.14
From the definitions and remarks above we can concluding that :
1- Every PT(i, k) — space is a PT (j, k)- space, provided i >j and k
constant, i,j, ke {l,2,3}
2- Every PT(i, k) — space i1s a PT (i, j)- space, provided j > k and i
constant, i,j, ke {l,2,3}
Theorem 2.2.15
1-Every nPT; — space is PT (3, 1)- space
2- Every nPT, — space is a PT (2, 1) - space.
3- Every nPT, — space is a PT (1, 1)- space

Proof

(1) Let X be a nPT; — space = V x € X and Tk- open neighborhood U of
X, k € {1, 2}, there exists a pT5 — open cover V of X such that st (x, V) C
u.

Since U is an open neighborhood of x = U is open cover of X.

= V x € X and a pT| — open cover U of X, there exist a p73- open cover
V of X such that st (x, V) < U which is mean that X is P7(3,1)-space.

(2) Same proof of (1).

(3) Same proof of (1) & (2).

Remark 2.2.16

1- Every nPT; — space is a PT (i, k)- space.

i, ke {l,2, 3}
2- Every nPT; — space is n PT; —space, j<i, i,] € {1,2,3}




Remark 2.2.17

The following example shows that any of PT (i, k) axioms do not
imply nP7;,j € {1, 2, 3}

Example 2.2.18

Let X ={a, b, c}, T1 = {X, 9, {a}, {a, c}} and To = {X, o, {b, c}}
Then X is PT (3, 1) but not nPT; .And the following diagram hold

PT (3,3)-space |—> | PT(2,3)-space |—> | PT(1,3)- space
T T )

PT (3,2)-space |T—> | PT(2,2)-space |—> | PT(1,?2)-space
T T T

PT(3,1)-space |—> | PT(2,1)-space |=—> | PT(1,1)- space
T T T

nPT; - space —> | nPT, - space —> | nPT, - space




8§(2- 3) semi PT (i, K) — space, i, k €
{1.2. 3}

In this section we will give a definition of SPT(i,k)- spaces and
a relation between them from a hand and between them and a
nearly SPT; - spaces from another hand.

Definition 2.3.1
A bitopological space (X, T1,T2) is said to be semi pair wise T(i, k)-

space i, k € {1, 2, 3} if for every x € X and every SpTy — open cover U of
X there exista  SpT; — open cover v of X and a U such that Sst (x, v)
U , and it is denoted by SPT(i,k).

Lemma2.3.2

Let (X, 7,7, be a bitopological space then let (X, 7,7, be a
bitopological space then every SpT5 — open cover is a SpT, — open cover.

Pr oof
Let U be spT; — open cover, then for each U € U

Whenever U is semi open with respect to Tj, there exist a Tj -semi open
sets V;, V> such that V;, V, 20 .
Since V1 < Scl; (V;) < V, < X /U for
Sinty; (V;) < ((Sint (Scl))«(V))) < Sintg (V3) < Sint; (X/ U)
This is mean Sintti (X/ U) # &

Therefore, U is a SpT, — open cover.

Lemma 2.3.3

Let (X, 7,,7;,) be a bitopological space then every SpT, — open cover is a
SpT, — open cover

Pr oof

Let U be a SpT, — open cover, then for each U € U, S int; (X/U) #J
fori=1or i=2
Let W e T; / Sinty; (X/ U) fori=1ori=2
= W e Tjand W ¢ Sint; (X/ U)



=W e Tjand W € Sint; ( U)

Therefore U is semi open = Sint; (U) =U

Therefore W € T; and W e U

Therefore U contains a non empty member T; and i =1 or 2

Therefore, U is a SpT; — open cover.

Lemma2.3.4

Let (X, 7,,7,) be a bitopological space then every pT; — open cover is a
SpT; — open cover i € {1, 2, 3}

Pr oof
It is easy by using lemma (2.3.2) and lemma (2.3.3) and the fact that
every open set is semi open set.

Theorem 2.3.5

Let (X, T,,7,) be a bitopological space then every SPT (3, 3) — space is
SPT (2, 3) — space.

Pr oof
Let X be a SPT (3, 3)- space = V x € X and for every Sp73 — open

cover U of X there exists a Sp73 — open cover V of X and U € U such

that Sst(x, V) c U
Now:

Vis as SpT; — open cover then by lemma (2.3.2)
Vis a SpT, — open cover U of X there exist a Sp7, — open cover v of X
and U € U that Sst(x, V) c U .

Theorem 2.3.6

Let (X, 7,,T,) be a bitopological space then every SPT (2, 3) — space is
SPT (1-3) — space

Pr oof
Let x be SPT (2, 3) — space = V x € X and for every SpT; — open

cover U of X there exists a SpT>-open cover V of X and a U € u such
that Sst (x, V) C U.
By lemma (2.3.3) v is a SpT;-open cover



Therefore V SpT5 — open cover U of X there exist a SpT; — open cover V

of X and a U € U such that Sst (x, V) c U.
Therefore X is a SPT (1, 3) — space.

Theorem 2.3.7

Let (X, 7,,7,) be a bitopological space then every SPT (3, 2) — space is
a SPT (2, 2) — space

Pr oof
Let X be a SPT (3, 2) — space =V x € X and for every SpT, — open

cover U of X there exits a Sp7;5 — open cover V of X and a U € U such

that Sst(x, V) cu
By lemma (2.3.2) V'is a SpT, — open cover
Therefore X is a SPT (2, 2) — space.

Theorem 2.3.8

Let (X, T,,7,) be a bitopological space then every SPT (2, 2) — space is
a SPT (1, 2) — space

Pr oof
Let X be a SPT(2, 2) — space =V xe X and for every SpT , — open

cover U of X there exists a SpT, - open cover V of X and a U € U such

that Sst (x,V) c U.
By lemma (2.3.3) Vis a SpT; — open cover
Therefore X is a SPT (1, 2) — space.

Remark 2.3.9

Let (X 7,7;) be a bitopological space then
1- Every SPT (3, 1) — space is a SPT (2, 1) — space
2- Every SPT (2, 1) — space is a SPT (1, 1) — space.

Theorem 2.3.10

Let (X, 7,7,) be a bitopological space then every SPT (3, 1)- space is a
SPT (3, 2) — space.




Proof

Let X be a SPT(3, 1) — space and let U be a SpT, — open cover of X by
lemma, (2.3.3) U is a SpT; - open cover of X
Since X is a SPT (3, 1)- space = V x € X and V SPT| — open cover U of
X there exits a SPT; — open cover V of X and a U € U such that Sst (x,V)

C U but U is SpT, — open cover.
Therefore X is a SPT (3, 2)- space.
Similarly we can prove that every SPT (3, 2)- space is a SPT (3, 3)- space.

Remark 2.3.11

Let (X, 7,,7;) be a bitopological space then every SPT (2, 1)- space is a
SPT (2, 2)- space

Proof

Let X be a SPT (2, 1)- space , and let U is a SpT, — open cover of X and
by lemma (2.3.3) U is a SpT;-open cover of X.
Since X is a SPT (2, 1) - space =V x € X and V SpT; — open cover U of
X there exists a SpT, — open cover V of X and a U € U such that Sst (x,

N cu.

but U is a SpT, — open cover of X.
Therefore X is a SPT (2, 2) - space
Similarly we can prove that every SPT (2, 2) is SPT(2, 3)- space.

Theorem 2.3.12

Let (X, T,,7,) be a bitopological space then every SPT (1, 1) — space is
SPT (1, 2) — space

Proof

Let X be a SPT (1, 1) — space and let U be a SpT, — open cover U of X
by lemma (2.3.3), U is a SPT; — open cover of X
Since X is SPT(1, 1) — space =V x € X and for every S pT; — open cover
JVof X and a U € U such that Sst (x,V) c U.

But U is a SpT, — open cover of X
Therefore X is a SPT (1, 2) — space



Similarity we can prove that every SPT (1, 2) — space is SPT (1, 3) —
space.

Remark 2.3.13

Let (X, 7,,7,) be a bitopological space and from above definitions and
remarks above we can concluding that
1- Every SPT (i, k)- space is a SPT (j, k)- space, provide i > j and k
constant, i, j, k € {1, 2, 3}.
2- Every SPT (i, k) — space is SPT (i, j) — space, provide k <jand i
constant , J, k € {1, 2, 3}.

Remark 2.3.14

Let (X, 7,,7,) be a bitopological space then
1- Every SnPT5 - space is SPT (3, 1)- space.

2- Every SnPT, - space is a SPT (2, 1) — space.
3- Every SnPT, - space is a SPT (1, 1) — space

Pr oof
I- Let X be a SnPT; - space then Vx € X and Tt — semi open

neighborhood U of x, k € {1, 2}, there exists a SpT; — open cover V of X
such that Sst(x,}))c U

Since U is a semi-open neighborhood of x then U is semi open cover of x
then V x € X and a SpT; — open cover U of X there exists SpT; — open

cover V of X such that Sst (x,V) c U
Which is mean that X is a SPT (3, 1) — space.

2- Same proof of (1)
3- Same proof of (1) and (2).

Remark

Let (X 7,7;) be a bitopological space then
1- Every SnPT; - space is a SPT (i, k)- space ,i, k € {1, 2,3}
2- Every SnPT; - space is a SPT; -space j<i ,i,je€ {1,2,3}



Remark 2.3.15

The following example show that any of SPT (i, j) axioms do not imply
to SnPT;, 1,) € {1, 2, 3}
Let X={a,b,c} 1= {X, o,{a}, {a,c}}
,={X, ¢, {b,c}} then X is s pT (3, 1) but not SnPT)

And the following diagram hold.

SPT (3, 3) - space

ir

SPT (3, 2) - space

1

SPT (3, 1) - space

1

SPT; - space

—

—
—
—

SPT (2, 3) - space

ir

SPT (2, 2) - space

7

SPT (2, 1) - space

7

SPT, - space

J 4 10 1

SPT (1, 3) - space

ir

SPT (1, 2) - space

1

SPT (1, 1) - space

1

SPT | - space




Chapter Three
Nearly pTi- Continuous
Mappings



§3.1. Basic definitions

The aim of this section is to study a nearly PT; — continuous
mapping and give a relation between it and a connected space in
bitopological spaces.

Definition 3.1.1 [18]

A functionf: X —> Y is called nearly continuous of a point x € X if for
every neighborhood U of a f(x)in Y, f'(U) is a neighborhood of x in X.

Definition 3.1.2 [16]

Let (X, 7,,7;) and (Y,p1,p2) be bitopological spaces then a mapping
f: X > Y is said to be p-continuous if the induced maps
f:(X,1) = (Y,p1) and f:(X,12) = (Y,p2) are continuous.

Theorem 3.1.3[3]

The composite of any two p-continuous mapping is p-continuous.

Pr oof:

Let f:(X, 11,712 ) = (Y,p1,p2) 1s p-continuous and

g : (Y,p1,p2) = (Z,n1, 12) 1s p-continuous

To prove that gof:(X, 11,12 ) — (Z, U1, U2) 1S p-continuous
Since f is p — continuous then f induced continuous maps
f:X,11) = (Y,p1)and f (X, 1) > (X, p2)and since
g i1s p-continuous so g induced  continuous  maps
g (Y,p1) >(Z, wi) and g: (Y,p2) >(Z, W)
Now since the composite of continuous functions is continuous function
then
go f (X,11) > (Z, uy) is continuous and,
g o f(X,11) = (Z, ) is continuous.
Therefore g o f (X,11,12) = (Z, 1y, Wp) is p-continuous .

Definition 3.1.4 [6]

A function f from a bitopological space X into a bitopological space Y
is called T;-pair wise continuous if for every pT;-open cover v of Y there
exists a t-open cover W of X such that for every W € w thereisaV € v
such that f(W) c V , where k € {1,2} and i € {1,2,3} , and its denoted
by pT;-continuous mappings .




Definition 3.1.5[7]

A mapping f:( X, 1, ©2) = (Y,p,p2) 1s said to be nearly pT;-
continuous at a point x € X if for every pTi-open cover U of Y there
exists a t-open neighborhood V < X of x such that f(V) < st(f(x), V).

Note:

A mapping f is nearly pT;-continuous at each point of X, it is evident
that every T;-pair wise continuous mapping is nearly pT;-continuous, but
the converse, is not necessarily true, as the following example.

Example 3.1.6 [7]
Let X={1,2,3.4} , 11={0,X,{1,4},{1},{2,3},{4},{1,2,3},{2,3,4} },
o={0 . X,{1},{4},{1,4},{1,3},{1,3,4},{1,2,4}} and Y={a,b,c}
U ={0,Y,{a,c}}, Ur={0,Y,{b,c}}. define
f:X—>Yasfollows f(1)=b, f(2)=c, f(3)=a
Then f is nearly pT;-continuous but not T;-pair wise continuous.

Proposition 3.1.7 [7]
Let f:( X,11,12) = (Y,p1,p2) be nearly pTi-continuous mapping and
(Y,p1,p2) be npT;-space then f is p-continuous.

Pr oof:

Let v € Uibe a neighborhood of f(x)e Y , since Y is npT; , there exists
a pTi-open cover U of Y such that st(f(x)1) < V, since f is nearly pT;-
continuous there exists a t,-open neighborhood of x such that f(U)
st(f(x),V) < V, thus f is p-continuous.

Remark 3.1.8

A p-continuous mapping f:X — Y where Y is an npT;-space need not
be nearly pT;-continuous , which follows from a bellow example .

Example 3.1.9

Let X={1,23} , 1= { o , X , {1L{1,2}L{1.3}}, 1= {o , X
,{31,{2,3}tand Y= {a,b,c} , U= {0,Y,{a}} , U= {0,Y, {b,c}} define the
mapping
f: X —>Ybyf(l)=a, f(2=c, f(3)= b then Y is npT;-space , f is p-
continuous but not nearly pT-continuous .




Corallary 3.1.10

(a) Let f: X > Y be a nearly pT,-continuous mappings and Y be a PR,*
space. Then f is p-continuous.

(b) Let f: X— Y be a nearly pT;-continuous mapping and Y be a pT;-
space then f is p-continuous.

Pr oof

(a)- Since every PR, space is npTj-space, then by proposition (3.1.6)
we get that f is p-continuous.

(b)- Since Y is pTi-space so Y is npTj-space and by proposition (3.1.6)
we get that f is p-continuous.

Corollary 3.1.11

(a) Let f: X —> Y be a pT;- continuous mapping and Y be an pT;-space,
then f is p-continuous and f is nearly pT;-continuous mapping and f is p-
continuous.

(b) Let f: X —> Y be a pT;- continuous mapping and Y be a pT;-space the
f 1s p-continuous and f is nearly pT;-continuous.

Pr oof

(a)- Since f is pT;- continuous so f is nearly pT;-continuous .

Since Y is pTi-space so Y is npT; — space and, by proposition (3.1.7)
hence f is p-continuous.

Proposition 3.1.12 [7]
Let (X, 7,,7,) be a bitopological space and (Y,p;,p2) be a pT(i,k), for1

e {1,2,3} and let f: X— Y be a nearly pT;-continuous mapping .
Then, f is a pTy- continuous.

Pr oof:

Let (X, 7,,7,) be a bitopological space and let f: X — Y be a nearly
pTi-continuous.

Let U, be a nearly pTyx — open cover of Y and let x € X
Now, since Y is PT (i,k)-space, then there exists pTi-open cover v of Y

and U € U such that st(f(x),v)eU

Since f 1s nearly pTj-continuous, there is a tj-open neighborhood W € X
of x such that
f(W)c st(f(x),v) cU forj € {1,2} , thus f is pTy -continuous .



Definition 3.1.13[17]

A bitopological space (X,t1,1,) is called pair wise connected, if , and
only if , X can not be expressed as the union of two non-empty disjoint
sets A and B such that
(Ancly (B)u(BnNcl, (A) =, and it is denoted by p- connected
space.

Theorem 3.1.14

Let (X, 7,,7,) and (Y,p1,p2) be a bitopological spaces and (X, 7)) (X, T,)
are connected spaces .If (X, 7,7,) is p-connected space and f: X — Y be
a nearly pTs-continuous mappings then (Y,p1,p2) is p-connected space.

Remark 3.1.15

Let f: X > Y be a nearly pTs-continuous mapping and let X be p-
connected space then Y need not be p-connected.

Example 3.1.16
Let X={a,b,c} , 11={09,X,{a},{a,b}} , 1.={0p, X, {b}} and
Y={19273} > Pl={(PaY:{2}} 5 p2:{(P9Y9{3}={193}}
Define f:X —> Y by
f(b)=1 and f(a)=f(c)=3 then f is nearly pT;-continuous , X is p-
connected
(X,11) , (X,1) are connected , but Y is not p-connected




§ 3.2. Semi-nearly pTi-continuous mappings

The aim of this section is to study a semi nearly PT; —
continuous mapping and give a relation between it and a semi
connected space in bitopological spaces.

Definition 3.2.1 [16]

A mapping f : X = Y is semi-continuous if, and only if, f the inverse
image of every open set is semi-open , and it is denoted by S-continuous .

Theorem 3.2.2 [16]

A mapping f: X = Y is semi-continuous if, and only if, f the inverse
image of every closed set is semi-closed .

Pr oof:

= Suppose f: X > Y is S-continuous and G is closed setin Y .

To prove that f'(G) is semi-closed in X

Since G is closed setin Y

So Y-G is open set in Y. Now since

f 1s semi-continuous, so we get that

FAY-G) = 1Y) - '(G) =X - f(G) is semi-open , therefore f(G) is
semi-closed .

< Suppose the inverse image of every closed set in Y is semi closed set
in X, G is closed set in Y and f(G) is semi-closed in X.

Now let H be a semi open set in Y so Y-H is semi closed in Y hence
f(Y-H) is semi closed in X, but f'(Y-H)= f(Y) - f'(H) =X- f'(H) is
semi closed therefore f'(H) is semi open hence f is S-continuous map .

Definition 3.2.3[16]

A mapping f: X — Y is called irresolute if f the increase image of
every semi-open set is semi-open, equivalently, if f the increase image of
every semi-closed set is semi-closed.

Remark 3.2.4 [16]

Every continuous mapping is S-continuous but the converse need not
be true.

Remark:

The concept of continuous mappings and irresolute mappings are
independent, and every irresolute is S-continuous mappings but not
conversely.



Remark 3.2.5[3]

The composite of any two S-continuous mappings is not S-continuous
but this can be hold if either of them is irresolute mapping.

Pr oof

Let f : X > Y is S-continuous and g: Y— Z is S-continuous
Let G be open set is Z = g (G) is S-open in Y
fi(g"(G) is semi-open (where f is irresolute ), but
(' (G)=(g o f )'(G) which mean g o f is S-continuous .

Definition 3.2.6 [7]

A function f: X — Y is called semi-nearly continuous and a point x €
X if for every neighborhood U of f(x) in Y, f'(U) is a semi-
neighborhood of x in X.

Definition 3.2.7 [16]

A mapping f : (X,11,12) = (Y,p1,02) 1s said to be semi-p-continuous if
f , the induced maps.
f: X)) = (Y,p1) and f: (X,12) = (Y,p2) are S-continuous , and it is
denoted by S-p-continuous.

Remark 3.2.8[5]

The composite of any two S-p-continuous mapping is not composite of
any two S-continuous
Since the composite of any two S-continuous mapping is not
S-continuous as remark (3.2.5) .

Definition 3.2.9

A function f from a bitopological space X into a bitopological space Y
is called semi Tj-pair wise continuous if for every SpT;-open cover v of Y

there exists a semi Ty — open cover W of X such that for every W € W
there is a v € V such that f(W) c V , where k € {1,2} and 1 € {1,2,3} ,
and it is denoted by SPT;- continuous mapping.

Definition 3.2.10

A mapping f:( X,11,12) = (Y,p1,p2) is said to be semi — nearly pT;-
continuous at point x € X , if for every SPT;-open cover U of Y there
exists t-s-open neighborhood V € X of x such that
f(v) c st(f(x), V), and it is denoted by SNPT;-continuous mapping .

Note:



A mapping f is SNPT;-continuous if it is SNPT;-continuous each point
of X.

Proposition 3.2.11
Let f :(X,1,12) = (Y,p1,p2) by SNPT;i-continuous mapping and
(Y,p1,p2) be SNPT;- space . then f is S-p-continuous.

Pr oof:

Let v € Uk be a semi-neighborhood of f(x) € Y since Y is SNPT;-
space
= There exists a SPT;-open cover U of Y such that st(f(x),V) < V, since
f 1s SNPT;-continuous , there exists a semi t,-open neighborhood of x
such that f(v) c st(f(x),V) c V, then f is S-p-continuous.

Corollary 3.2.12

(a)- Let f: X > Y be SNPT;-continuous mappings and Y be a SPR,-
space then f is S-P-continuous.

(b)- Let f: X = Y be SNPT,-continuous mappings and Y be a SPT;-space
then f is S-P-continuous.

Pr oof
(a) -Since every SPR,-space is SNPT;-space then by proposition (3.2.11)
= f is S-P-continuous.

(b)- Since Y is SPT;-space = Y is SNPT;-space and by proposition
(3.211) = f 1s SP-continuous.

Corallary 3.2.13

(a)- Let f: X > Y be a SPTj-continuous mapping and Y be a SNPT;-
space, the f is S-P-continuous.

(b)- Let f : X —> Y be a SPT;-continuous and Y be a SPT;-space then f is
S-P-continuous.

Proposition 3.2.14
Let Y be a SPT(i,k)- space , fori € {1,23} andlet f : X —> Y be a
SNPT;-continuous mapping then f is SPTy-continuous.

Pr oof :



Let X be a bitopological space and let f: X — Y be SNPT;-continuous
let U be SPTy-open cover of Y and let x € X, since Y 1s SPT(i,k)-space .
Then exists SPT;-open cover U of Y and U € U such that st(f(x),V) c U
since f 1s SNPT;-continuous , there is t;-semi-open neighborhood W € X
of x such that f(W) c st(f(x),V) < U for1 € {1,2} , thus f is SPTy-
continuous.

Definition 3.2.15

A space X is said to be semi-connected between A and B iff, there
exists no semi-open set subset F of X such that Ac Fand F "B = or
there is no-semi-closed subset F of X suchthat Ac FandF"B=O, it
is also a symmetric relation and it is denoted by S-connected.

Theorem 3.2.16
If space X is S-continuous between A and B then A=J, B#J.

Pr oof

If A=0 , then O being a semi-closed and semi-open subset of X, X
cannot be S-connected between A and B , this prove the theorem.

Theorem 3.2.17

If X is S-connected between A and B and if A — A and B < B, then X
1s S-connected between A and B;.

Pr oof

Suppose X is not S-connected between A and B, then there is a semi-
open subsets for X such that A; < Fand F n B, =, consequently , X is
not S-connected between A and B.

Definition 3.218

A bitopological space (X,t1,1;) is called semi-pair wise connected
space iff X can not be expressed as the union of two non-empty disjoint
set A and B such that A is 1,-semi open and B is 1,-semi open and it is
denoted by S-P-connected space.

Theorem 3.2.19

Let f :X — Y be a SNPT3-continuous mapping and let X be S-P-
connected space, then Y need not be S-P-connected.




Example 3.2.20
Let X ={a,b,c} , 11={¢,X,{c},,{c,b}} ,1.={0,X,{b}} and
Y:{192a3} 5 Ulz{(paYa{z}}a {UZZ{(PaY:{z}a{lvz}}
Defined f : X —> Y by f(b)=1 and f(a)=f(c)=2
Then f is SNPTs-continuous, X is s-p-connected (X, ;) , (X,1,) are
connected , but Y is not S-P-connected




8 3.3. Regular-nearly pTi-continuous mappings

The aim of this section is to study a regular nearly PT; —
continuous mapping and give a relation between it and a regular
connected space in bitopological spaces.

Definition 3.3.1 [16]

A mapping f : X — Y is regular-continuous if, and only if, f the
inverse image of every open set is regular-open , and it is denoted by
R-continuous .

Theorem 3.3.2[16]

A mapping f: X — Y is regular-continuous if, and only if, the inverse
image of every closed set is regular-closed .

Pr oof:

= Suppose f : X = Y is R-continuous and G is closed setin Y .

To prove that f(G) is regular-closed in X

Since GisclosedsetinY, so Y-G is open setin Y. Now since

f is regular-continuous, so we get that

FIY-G) = 1Y) - £(G) = X - (G) is regular-open therefore f'(G) is
regular-closed .

& Suppose the inverse image of every closed set in Y is regular closed
set in X, G is closed set in Y and f7'(G) is regular-closed in X.

Now let H be a regular open set in Y so Y-H is regular closed in Y hence
f(Y-H) is regular closed in X , but f'(Y-H)= f(Y) - f'(H) = X- f
'(H) is regular closed therefore f'(H) is regular open, hence f is R-
continuous map .

Definition 3.3.3[16]

A mapping f: X — Y is called irresolute if the inverse image of every
regular-open set is regular-open, equivalently, if f the increase image of
every regular-closed set is regular-closed.

Remark 3.3.4[16]

Every continuous mapping is R-continuous but the converse need not
be true.




Note:

The concept of continuous mappings and irresolute mappings are
independent and every irresolute is R-continuous mappings but not
conversely.

Remark 3.3.5

The composite of any two R-continuous mappings is not R-continuous
but this can be hold if either of them is irresolute mapping.

Pr oof
Let f: X > Y is R-continuous and g: Y— Z is R-continuous
Let G is open set is Z = g”'(G) is R-open in Y
(g (G)) is regular-open (where f is irresolute ), but
(€' (G)=(g o f )'(G) which mean g o f is R-continuous .

Definition 3.3.6 [7]

A mapping f: X — Y is called regular-nearly continuous and a point x
e X if for every neighborhood U of f(x) in Y, f'(U) is a regular-
neighborhood of x in X.

Definition 3.3.7 [16]

A mapping f : (X,1,,72) = (Y,p1,p2) will said to be regular-p-
continuous if f , the induced maps.
f: X1) = (Y.p1) and f: (X,12) = (Y,p2) are R-continuous , and it is
denoted by R-p-continuous.

Remark 3.3.8

The composite of any two R-p-continuous mapping is not composite of
any two R-continuous
Since the composite of any two R-continuous mapping is not
R-continuous as remark (3.2.5) .

Definition 3.3.9

A mapping f from a bitopological space X into a bitopological space Y
is called regular Ti-pair wise continuous if for every regular pT;-open

cover v of Y there exists a regular Ty — open cover @ of X such that for
every W € @ thereisav € V such that f(W)c V, where k € {1,2} and
1€ {1,2,3}, and it is denoted by SPT;- continuous mapping.



Definition 3.3.10

A mapping f:( X,11,72) = (Y,p1,p2) is said to be regular — nearly pTi-
continuous at point x € X , if for every SPT;-open cover U of Y there
exists T,-R-open neighborhood V € X of x such that
f(v) cst(f(x), V), and it is denoted by SNPT;-continuous mapping .

Note:
A mapping f is SNPT;-continuous if it is SNPT;-continuous each point
of X.

Proposition 3.3.11
Let f :(X,1,12) = (Y,p1,p2) by SNPT;i-continuous mapping and
(Y,p1,p2) be SNPT;- space . then f is R-p-continuous.

Pr oof:

Let v € U be a regular-neighborhood of f(x) € Y since Y is SNPT;-
space
= There exists a SPT;-open cover U of Y such that st(f(x),V) < V, since
f 1s SNPT;-continuous , there exists a regular t,-open neighborhood of x
such that f(v) < st(f(x),V) c V, then f is R-p-continuous.

Corallary 3.3.12
(a)- Let f: X > Y be SNPT,-continuous mappings and Y be a SPR,-
space then f is R-P-continuous.

(b)- Let f: X = Y be SNPT,-continuous mappings and Y be a SPT;-space
then f is R-P-continuous.

Pr oof
(a) -Since every SPR,-space is SNPT;-space then by proposition (3.2.11)
= f is R-P-continuous.

(b)- Since Y is SPT;-space = Y is SNPT;-space and by proposition
(3.2.11) = f is SP-continuous.

Corallary 3.3.13

(a)- Let f: X > Y be a SPTj-continuous mapping and Y be a SNPT;-
space, the f is R-P-continuous.

(b)- Let f : X —> Y be a SPTj-continuous and Y be a SPT;-space then f is
R-P-continuous.




Proposition 3.3.14
Let Y be a SPT(ik)-bitopological space , for i € {1,2,3} and let
f : X > Y be a SNPT;-continuous mapping then f is SPTy-continuous.

Proof :

Let X be a bitopological space and let f: X — Y be SNPT;-continuous
let U be SPTy-open cover of Y and let x € X, since Y is SPT(i,k)-space .
Then exists SPT;-open cover U of Y and U € U such that st(f(x),V) c U
since f is SNPT;-continuous , there is t-regular-open neighborhood W e
X of x such that f(W) c st(f(x),V) c U fori € {1,2} , thus f is SPTy-
continuous.

Definition 3.3.15

A space X is said to be regular-connected between A and B iff, there
exists no regular-open set subset F of X suchthat Ac Fand FNB =9
or there is no-regular-closed subset F of X suchthat Ac Fand F B =
& , it is also a symmetric relation and it is denoted by R-connected.

Theorem 3.3.16
If space X is R-continuous between A and B then A=, B#O.

Pr oof

If any A= , then & being a regular-closed or regular-open subset of
X, X cannot be R-connected between A and B, this complete prove.

Theorem 3.3.17
If X is R-connected between A and B and if A — A; and B < B, then X
1s R-connected between A, and B;.

Pr oof

Suppose X i1s not R-connected between A; and B; then there is a
regular-open subset for X such that Ay c F and F n B, = & ,
consequently , X is not R-connected between A and B.



Definition 3.3.18

A bitopological space (X,t,,1;) is called regular-pair wise connected
space iff X can not be expressed as the union of two non-empty disjoint
set A and B such that A is 1,-regular open and B is 1,-regular open and it
is denoted by R-P-connected space.

Remark 3.3.19
Let f :X — Y be a SNPT;-continuous mapping and let X be R-P-
continuous space, then Y need not be R-P-connected.

Example 3.3.20

Let X ={a,b,c} , 11={0,X,{c},,{c,b}} ,1o={0,X,{b}} and
Y={1,2,3} , Ui={0,Y,{2}}, U»={0,Y,{2},{1,2}} Defined f : X > Y by
f(b)=1 and f(a)=f(c)=2
Then f is SNPT;-continuous, X is R-p-connected (X, 1) , (X,15) are
connected , but Y 1s not R-P-connected
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