Ministry of Higher Education and Scientific Research
Babylon University

College of Engineering

Department of Mechanical Engineering

A Mathematical Model to predict Fluid
properties for a Centrifugal Pump
Impeller

A Thesis

Submitted to the College of Engineering
of the University of Babylon in Partial
Fulfillment of the Requirements
For the Degree of Master
of Science in Mechanical
Engineering

By
Sahir Rakim Al-Waeely
B. SC. 2000

Supervisors

Dr. Dr.
Abdul Kareem A. Wahab Emad S. ali

NOVEMBER 2003




Ay guadidl Y
Jyds ol L
Joddl Vg el
el Golw
Jdlo g Jsg
O 9
audizl d=dl &1 G

(€4) Omsbys)sm




I -DETCATION

gt

Cve
o{Xl k& ctiCu? Vtlx
T Ow AFNEL:



ACKNOWLEDGMENTS

;\¢ g{x atAxly Tht{? g{x Z0tveai? g{x = xlvjal<

Praise 1s to “ALLAH”, prophet “Mohammed” and his family. This
research has been completed under their benediction.

I would like to express my thanks my supervisor, Dr. Abdul Kareem A.
Wahab for his support, in the references of present work.

I am also indebted to the head and staff of Mechanical Engineering
Department.

I record my sincere gratitude to my family and especially to my father and
mother for their assistance, encouragement and support during the period of
preparing this work.

Finally, I would also like to thank all my friends in Babylon University
especially to (Mr. Hussain K. Holwass) and also to Miss. Anaam, Mona&
sahra’a in library of Babylon University for their helpful and encouragement

during the entire period of this research.

Sahir Rakim Raheam



2003



Abstract

A complete procedure was developed to compute centrifugal impeller
dimensions by the design factor method in which point by point method was used
for developed impeller shape.

Two centrifugal pump impeller were analyzed first (Q=0.132458 m’/sec,
N=3600 rpm, H=137.16 m) and the second (Q=0.00387 m’/sec, N=150 rpm,
H=0.8199 m). The dimensions of two devolved pump impellers were (r;=69.02
mm, r,=147.71 mm, b;=21°, b,=25°), (r;=107.9 mm, r2=241.3 mm, b;=16°,
b,=23° for the second Impeller).

The flow was analyzed by using a FORTRAN program language, which is
modified to make it run with rotating condition.

Study of velocity, pressure, kinetic energy of turbulence (K), dissipation

rate of kinetic energy of turbulence (£) \were done for distribution from blade to
blade, the SIMPLE algorithm is used for solving steady 2-D, viscous turbulent
fluid flow adopting finite volume applied on colocated body fitted grid.

A uniform distribution of pressure and velocity was shown in the first

impeller and a relative circulation was shown in the second impeller.



Nomenclature

A Matrix coefficient L

a Area m’

b Impeller breadth m

d Impeller diameter m

F Flux Kg*m/sec2
g Gravity acceleration m/sec’
H Head m

k Kinetic energy of turbulence m’/sec’
L Length m

m Mass flow rate Kg/sec
N Speed rpm
Ns Specific speed. rpm*m” S/sec'”?
n Normal vector -
PP Power Watt

p Static pressure N/m’
Q Volume flow rate m’/sec

r Radius of impeller m




T Torque N.m
U Peripheral velocity m/sec
u, Shear velocity m/sec
u, Dimensionless velocity L
\Y% Absolute velocity m/sec
\W4 Relative velocity m/sec
w Relative mean velocity m/sec
X Cartesian coordinate axis. m
Y Cartesian coordinate axis. m
Yp Dimensionless distance from wall -
Z Number of blade L
Greek symbols
Symbol Description Unit
o Flow angle rad
Blade angle rad
3 Discretized form L
A Change in value L
Dissipation rate of Kinetic s
€ m°/sec
energy of turbulence
() Conservative quantity




A Linear interpolation factor .
He Effective viscosity kg/m.sec
u Laminar viscosity kg/m.sec
0 Tangential position rad
p Density kg/m’
c Slip factor .
T Shear stress N/m’
Q Volume m’
o Rotational speed rad/sec
Superscripts
Symbol Description
c convective term
CDS Central difference scheme
d Diffusive term
deff Differed correction interpolation
E Explicit
H Higher order
impl Implicit
L Lower order
m Current iteration
UDS Up Wind Scheme
- Mean value

Fluctuated component




n

Corrected value

The value of Variable during iteration

Subscripts
Symbol Description
e East face
i Index of sides (e,n,w.s)
E East node
I Index of coordinate (X,Y)
n North face
N North node
ne North east corner of control volume
NE North east node
nw North east corner of control volume
NW North west corner of control volume
P Control volume center
r Radial direction
se south east corner of control volume
SE south east node
SW south west corner of control volume
SW south west node
t Tangential direction

west face




X Component of coordinate
Y Component of coordinate
Abbreviation
BB Blade to blade
CDS Central difference scheme.
CFD Computational fluid dynamics.
CV Control volume.
FE Finite element.
FV Finite volume.
LU Lower upper.
PS Pressure side.
QUICK Quadratic upwind Interpolation.
RNS Reynolds average Navier-Stockes.
SS Suction side.
SIMPLE | Simi implicit method for pressure linked equation.

UDS

Up wind scheme.
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1.1 General introduction.

A Centrifugal pump is defined as a machine that increases the pressure energy
of fluid with help of centrifugal action. Whirling motion is imparted to the fluid
by means of blades mounted on the disc known as impeller. Centrifugal pump
consists essentially of one or more impellers equipped with vanes, mounted on a
rotating shaft and enclosed by casing. Liquid enters near the axis of a high speed
impeller and thrown radially outward. As the fluid leaves the impeller at
relatively high velocity, it’s collected in a volute which transforms the kinetic
energy in to pressure. After the conversion is accomplished, the fluid is
discharged from machine [1].

The most common type of centrifugal pump is the volute pump. This type
has single stage (single-Impeller pump), radial flow, single entry and horizontal

position in volute pump Fig (1.1).

flow

A/oo\

N

Fig.(1.1) volute centrifugal pump casing design .

1
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During steady flow through the impeller, the stream surfaces cannot take
random shapes, it mostly forms a common system of stream surface with the
faces of the blades and it regarded the surfaces of blades as stream surfaces
bounding the flowing liquid.

Fig.(1.2) is diagrammatic representation of the stream surfaces in the impellers:-
e Centrifugal pump (radial flow) Fig. (1.2a).
e Diagonal pump (mixed flow) Fig. (1.2b).
e Propeller pumps (axial flow) Fig. (1.2c¢).

As shown in Fig.(1.2a) the stream surface perpendicular to the Impeller axis [2].

(a) (b) (c)

Fig.(1.2) diagrammatic representation of the shapes of stream surfaces[2].
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1.2 Flow Analysis Problem: -

The real flows in centrifugal pump are complex, and not yet completely
understood. It occurs in rotating curvature passages which has significant viscous
and secondary flow. Moreover it is unsteady and includes region of separation.
There are known mechanisms by which the structure of turbulence can be
affected by both rotating and curvature of the passage. Finally there is the jet-
wake flow, which exists down stream.

According to the complexity of the flow no single analysis can be found to
model the entire flow phenomenon. Therefore simplified flow models are used
which divide the over all problem in to two major groups; invicid and viscous
models, which can be divided in to further groups. The analysis of the flow
through the impeller of the rotodynmic pump is based on the experimentally
established fact, that the path of streamline in turbulent flow of real liquid
through the passage is similar to the path of a stream line determined for flow of
perfect liquid through passages of the same shape; deviation only occurs near the
walls.

Simplification is considered that the absolute velocity is resultant of relative and
peripheral velocity [2].

The flow is complex Hence the computation fluid dynamic (CFD) is used
for flow calculations [3].

In CFD more types of method are employed.

1) Finite-element method (FE) can be easily used to predict the flow
on irregular geometries, but the equations are more complex and it is
often more difficult to explain them physically. In this method a simple
piece wise function (linear, quadratic....etc) is used to describe local
variations of the unknowns flow.

2) Finite-difference method (FD) is the easiest method to use for

simple geometries, the FD method can be applied to any grid type that
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has structure grid, the grid lines serve as a local coordinate line, Taylor
series expansion or polynomial fitting is used to obtain approximation
to the first and second derivatives of the variables with respect to the
coordinates; On structured grids, the FD is very simple and effective, it
is especially easy to use higher—order schemes on regular grids; the
disadvantage of FD method is that the conservation is not enforced
unless special care is taken, also, the restriction to simple geometries is
a significant disadvantage in complex flows.

3) Finite-volume method (FV): - The finite volume method is similar
to FE method in many ways, the FV method uses the integral form of
the conservation equations as it’s starting point, the solution domain is
subdivided into a finite number of contiguous control volumes (CVS)
and conservation equations are applied to each control volume,
interpolation is used to express variable values at the CV surface in
terms of nodal CV-center values. Surface and volume integrals are
approximated by using suitable quadratic formula as a result one
obtains an algebraic equation for each CV, in which number of
neighbor nodal values appears [4].

The FV method can accommodate any type of grid, so it is suitable for
complex geometries; the grid defines only the control volume boundaries
and need not to be related to the coordinate system; the method is
conservative by construction, so long as surface integral are the same for the
CVs sharing the boundary; the finite volume approach is perhaps the simplest
to understand and to program; all that need be approximated have physical
meaning which is why it is popular with engineers; the disadvantage of FV
method comparing to FD schemes is that method of order is higher than
second are more difficult; this is due to fact that the FV approach requires

two levels of approximation: interpolation & integration .



= Chapter one Introduction

Other methods, like spectral schemes, boundary element methods, and
cellular anotomata are used in CFD but their use is limited to special

problems [5].

1.3 Objective of the Present Work: -

The flow through centrifugal pump impeller is analyzed by using a

numerical solution to the equation of motion. The stream surface in the radial
impeller is normal to the axis of rotation, hence stream line is drawn between
blades by dividing the angle between any two blades in to a number of division,
and then curves are extended between these points parallel to the boundary Fig.
(1.3).

In this work the analysis is of 2D taken from blade to blade with slip losses by
using finite volume method using SIMPLE algorithm on colocated body fitted
grids.

The solution is of 2D viscous and turbulent flow, and the geometry is
devloped from experimental and theoretical chart that is used by Lobanof &
Stepanoft.

And the impeller shape is to be developed by Point by point method and

variable thickness from inlet to outlet.
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Fig. (1.3) Figure shows Blade to
Blade stream line.



Chapter Two

2.1 Introduction.

There were a set of experimental and theoretical methods in approaches

can be summarized as follows.

2.2 Design factor method.

It was an experimental method based on the different factors
(experimental factors), from one model to another, the factors are plotted against
specific speed, and all of them depend on Euler's equation .Most of these
methods were old, and there is only one acceptable design for a certain specific
speed.

The first authorities’ reference on the complete hydraulic design of pump
was produced by stepanoff [6] and then followed by many workers as follows.

Stepanoff (1967), [6], Stepanoff’s design method based on the velocity
and geometry analysis chart plotted against specific speed, the principles variable
were head and flow coefficients.

The chart assumes consistency of design so that only data in pumps of
similar type, a number of vanes, etc., should be plotted in one chart.

If stepanoff’s own data was used, there is a little design flexibility in that,
superficially at least; only one acceptable design can be produced for each

specific speed.
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Stephen&Ademt's (1967), [2] produced a method for the design the

[tk exdd —

impeller with blade angle of single , double arc curvature and point by point
method.

The method was based on the Euler’s equation that helps in solving the
necessary values of variable (peripheral velocity, meridonal velocity at the out
let, the outlet blade angle, the number of blades, and the ratio of inlet radius).

Optimum results were mostly likely to be obtained for a given operating
condition when the variables chosen on the basis of experimental test carried out
on existing pumps that have efficiencies.

The results give the main dimensions of inlet and outlet diameters of the
impeller. The impeller shape has been suggested by the research engineers of the
hydro mechanical institute of polytechnic.

The comparison of six impellers with same the number of blade and inlet
and outlet of the angle with varying lengths forming passages at various
divergences.

Lobanoff &Ross (1985),[7], presents a method of designing 2D ,invicid
and steady, the method is based on the Euler's head equation ,the experimental
performance test in various specific speeds.

Design factors that where taken from the experimental tests have been
used, these factors are: - head, speed, capacity constant and diameter ratio.

Reddy &Car ,(1971),[8] ,Developed the theoretical and experimental
method to calculate the number of blades and out let of blade angle , the method
investigation, Stodola's effect for logarithmic shapes vanes and theoretical
equations have been obtained to estimate the vane number for optimum
efficiency of the unit, the experiments were conducted on the six impeller whose
blade number from 2-10. Results show a maximum efficiency of 62.4 percent of

impeller having seven blades at angle of 30 deg.
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The theoretical analysis derived from Euler’s equation of head developed

[tk exdd —

and takes the loss, due to the channel circulation secondary flow loss, slip flow

loss and loss due to friction.

2.3 Through Flow Analysis.

More and more sophisticated numerical codes were finding application of
fluid dynamic analysis of turbomachinery. This was because growing a number
of applications involves extremely high & low specific speed, tighter cavitations
restriction using fluid, and similar requirements, there by necessitating for more
accuracy in fluid dynamic design such as: -

Pollad (1982), [9], developed the method of 2D, steady flow and assumed
that the fluid to be non-viscous but losses arising from viscosity in particular
boundary layers can be accounted for by inclusion of viscous of a large force and
appropriate other terms in the equation of motion .The equation can be solved on
the meridonal flow through pump.

The method was described as follows: -
e Determine the basic size and shape by hydraulic criterion.
e Flow analysis & modify passage and blade to remove separated and high
velocity regions.
e Determine the losses that carry out off design check cavitations
performance.

Salsibury, (1982), [10], reviewed method of designing the impeller in
many approaches, the first approach was based on Euler equation and free vortex
and takes in to account the hydraulic losses and slip factor and found that the
good result at out flow angle and the second deal with design coefficient and
design parameter.

Nubert, Stokman & Kramer, (1963), [11], derived a method of

analysis pump impelle from the equations of motion, continuity & momentum for
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incompressible non-viscous fluid, relative flow is assumed to follow along stream

surface.
Martelli & Michelssi, (1991), [12], presented a viscous computer code
for designing the meridonal channels of high performance pump.

An average technique is used to reduce the three dimensional flow to 2D
incompressible flow, was validated in complex flow geometries prior to
application in the design analysis of an actual pump, viscous effect are taken into
account by two different turbulence model, the Navier—Stocks equations solver
was used in conjunction with a standard BB calculation by means of automatic
graphic procedure that exchanges geometries and flow field data, various
meridonal shape solution are presented and discussed in relation to physical
evidence .

J,Tuzson, (1991), [13], a new way of plotting the computer output was
proposed which illustrates the energy distribution through the flow.

The consequence deviating from optimal flow pattern was discussed and
specific causes were reviewed. A criterion was derived for the existence of a jet-
wake flow pattern and for the minimum wake loss.

S. M. Miner & R. D. Flack, (1992), [14], two dimensional potential flow
was used to determine the flow velocity field within a laboratory centrifugal
pump.

The finite element technique was used to model the impeller and volute
was simulated by using steady-state solution with the impeller in ten different
angular orientations.

This allowed the interaction between the impeller and the volute to develop
naturally as a result of solution the result of a complete pump model showed that
there were circumferential a symmetric in the velocity field even at design flow
rates

Blanco & Fernandez, (2000), [15], showed a numerical simulation of

three dimensional fluid flows inside a centrifugal pump. The pump was a
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commercial centrifugal water pump with (190 mm) outlet impeller pump,

backward curved blades, nominal flow of (0.013 m3/sec) and (11 m) of head .

[tk exdd —

This simulation has been made with an unsteady calculation and using the
sliding mesh technique to make into account the impeller volute interaction .with
them, it was possible to simulate correctly the blade passage in the front of the
tongue and the flow and the pressure fluctuation measured in the volute.

The data obtained allowed the analysis of the main phenomenon existent in
these pumps, such as: pressure changes in the volute for different flow rates, the
incidence at the leading edge of the blade with different flow condition, and the
secondary flow generated in the volute due to the width change between the
impeller and the volute.

Bart van Esch, (1997), [16], showed the numerical method developed for
solving unsteady potential flow was based on a fully three-dimensional, FE
method. The computational mesh was divided into two parts, one for the rotor
and other is for the pump casing, and connected by a sliding interface. In this way
the impeller rotating motion with respect to the pump casing can be simulated
efficiently. Some special numerical techniques were employed in order to reduce
computing time. These were based on the substructuring method combined with
the implicit imposition of the Kutta conditions at the trailing edges of the impeller
and diffuser blades.

The losses which occur in pumps were quantified using additional models
for energy dissipation in boundary layers, in mixing areas and at sudden
expansions and contractions in through flow area, as well as models for disc
friction and leakage flow. Based on the velocity distribution along the rotating
and stationary surfaces, as obtained from a three-dimensional potential flow
computation, the state of boundary layers was determined by using a one-
dimensional boundary layer method.

T. Alberto & L. Gerhard, (2001), [17], quantified and compare the

different individual efficiencies which comprise the total efficiency of a

AR
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centrifugal pump. A combination of experimental data, theoretical analysis and

numerical simulation is used for this study. A special test rig and a single stage
volute casing pump of specific speed (Ns = 12) was used for the experimental
investigations, the test rig is shown in Fig.(2.1).

This test rig permitted the hydraulic and mechanical data to be acquired
with high precision. The theoretical approach was based on different loss-models
and assumptions. A software code developed at our institute was used to
determine the different losses and efficiencies. The test pump was simulated 3-
dimensionally first without the side spaces (i.e. only impeller and spiral casing) to
obtain H and Q characteristic curves for different relative impeller-spiral casing
positions and rotational speeds. Finally, the entire pump was modeled to study
the disc friction and leakage losses at the best efficiency point of operation for
different radial gap widths of clearance seals. The CFD results show the
applicability of a quasi-steady formulation where higher discrepancies with the
measurements occur. These discrepancies were related to strongly unequal mass

flow rates through each impeller channel.

3.4 Control volume approach.

Finite volume approach has become popular in CFD as a result, primarily,
of two advantages .First, they ensure that the discretizatioin was conserved, i.e.
mass, momentum and energy were conserved in discrete sense. Second, finite
volume method does not require a coordinate transformation in order to be
applied on irregular meshes [18]. As a result they can be applied on unstructured
meshes consisting of arbitrary polygon in two dimension or arbitrary polyhedral
in three dimensions. This increased flexibility can be used to great advantage in
generating grid about arbitrary geometries.

The important research covering this field will be reviewed bellow:

Atta, (2000), [19], developed a computational and experimental

investigation for flow through cascade of twisted compressor blade, the analysis

VY



[tk exdd —

- V{til gat

was carried out using SIMPLE algorithm for Quasi—Three dimensional flow

between axial compressor blade. The flow field was discritized using Navier-
stoke equations, continuity & momentum equations and k — € turbulent model
in orthogonal curve linear coordinate system and then they were solved by using
control volume based on finite difference method with staggered grid
arrangement. The numerical results obtained were fairly accurate for a high angle
of attack and with a large deviation near the leading and trailing edges of the
blade. It should be mentioned that the physical region was poorly described in the
blade surface
And near the leading and trailing edge where the grid lines lack the
clustering in this regions which was unacceptable case for viscous flow (i.e., high
gradients near the wall boundary), however this reason may lead to the poor
prediction at the leading and trailing edges where it could be reduced by adding
controlling function to the Laplace equation and solving Poisson’s equation
instead of Laplace equation to generate computational grid.
Ghozeh, (2000), [20], developed a general procedure (algorithm) for
numerical solution of the steady incompressible Navier-Stokes equation in a
body fitted non-orthogonal coordinate system. A theoretical and experimental
investigation for the three dimensional flow between twist axial compressor
blades was conducted. The solution algorithm was based on a technique of
automatic numerical generation of curvilinear coordinate system having
coordinate lines coincident with the body contour regardless of it's shape. The
general numerical solution scheme was based on the control volume formulation.
A staggered grid technique was employed, which uses Cartesian velocity
components and pressure as the main variable. Continuity was coupled with
momentum through the SIMPLE algorithm. Turbulence modeled by three
different models, k — € &RANS and K — ® models. The numerical results
obtained agree with the experimental work except for the region of a high twist.

However the disagreement in his work especially at the region of high twist was

VY
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attributed to the use of Cartesian velocity components as the main variables for
the momentum equations with staggered grid technique which does no longer
valid to avoid oscillation of pressure instead, should use velocity components
direction along the grid lines curves in tangential manner (i.e. covariant velocity
components) so that the staggering was done along the truth direction of velocity
components another reason for the disagreement was attributed to the severe
skewness of the grid lines at a certain points along the boundary however the
computational grit was not very clear and have some discrepancies at the

boundaries.

3.5 Scope of the present work.

As compared with previous published; the present work was carried out to
add to the existing knowledge merge between the recent method by design factor
and flow calculation by numerical solution to the equation of motion with finite

volume method.

V¢
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1. test pump 10, tank
2. hydrostatic-journal-bearing 11, resistance thermometer
3. torgue meter 12, suction pipe
4. AC motor 13, bypass pipe
5. inlet pressure sensor 14, MID (DN 40)
b, exit pressure sensor 15, heat exchanger
7. discharge line 16, heat exchanger pump
g, MID (DN 80) 17, water filter
9. electro-hydraulic-valve

Fig2.nScheme of the tesi-rig
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Chapter Three

3.1 Introduction.

In order to analyze the flow through impeller it must be found a model to
investigation the flow. In this search the geometry was developed by the recent
method (Stepanoff, Stephen, Lobanof), then generating 2D profile and study it
from blade- blade with calculation of viscous and turbulent parameters along

stream line, this chart represents the main steps in the flow analysis Fig.(3.1).

Input variables
Q,N,H

A 4

Calculation of impeller
Dimensions

A 4

Grid Generation

A 4

Flow analysis data

A 4

Results

Fig. (3.1) main steps in the flow analysis.

15
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3.2 Input variables.

Input variables were enforced by the type of pump; hence the pump must
be classified before selection and given input variables.

The prime parameter for evaluating, pump selection and prediction
possible field problem was specific speed [7], its also a reference number that
describes the hydraulic features of a pump whether radial ,axial ,mixed or semi
axial as shown in Fig.(3.2), this figure shows the value of specific speed of
different pump types, the input variables are head (m), volume flow rate (m’/sec)
and speed (rpm), the three main input variables are gathered in the relation of

specific speed this relation is.

N = e
H3/4 ...(3.1)

[ pump

1 1 1
[CENTRIFUGAL] [MIXED FLOW] [ AXIAL ]

Ns 7 47 113 268

Fig.(3.2) specific speed of difference types of pumps [21].

1
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3.3 Calculation of Impeller Dimension.

In order to calculate impeller dimensions. The theoretical back ground had

been studied as follows: -

3.3.1_ Geometry of Flow through Impeller.

The liquid particles flow into the impeller through a cylindrical surface of

radius r; with an absolute velocity V; inclined at angle oyto the peripheral
velocity U; at the impeller inlet and it flows out of the impeller through a
cylindrical surface of radiusr, with an absolute velocity of V, and inclined at
angle o, to the peripheral velocity U, Fig. (3.3).

The flow patterns at the inlet and outlet of an impeller, rotating with a
constant angular velocity w, were defined by the velocity triangle Fig. (3.4), the

absolute velocity V; at the inlet edge of the blade was resolved in to the

peripheral velocity Uy =r;.® and the relative velocity Wy . The symbol V,; and

circumferential components denote the meridonal component of the absolute

velocity by V,;. Similarly the velocity V,at the outlet edge is resolved the
velocities: Uy =r, . @ and relative velocity W, .

If the direction of the relative velocity coincide with the tangent to the first
element of the blade entry to the impeller is shock less, and the angle of relative

inlet velocity B;same as the angle of the inclination of the first element of the

blade to the tangent to the circumstances of circle of radius ry. If the flow through

impeller passage takes place without losses the relative outlet velocity vector W,

1s tangential to the last element of blade.

AR
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Fig. (3.3) Geometry of flow through centrifugal pump.

W, V,
B, A2 7
U,
W1> W2
V1i<V2
Ul< U2
Inlet velocity triangle Out let velocity triangle

Fig.(3.4) velocity triangles.
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3.3.2 The Euler Head Theory.

The basic relationship for centrifugal pump is simple and is derived from
Newtonian's law of motion applied to a fluid transferring a rotor assuming a

steady flow , the change of torque exerted by an impeller on the flowing fluid is.

dT = pQd(rVvy) ...(3.2)
Integrating the above equation between r; and r, for constant density and

volume flow rate gives:-

T= pQ(Vtzl'z - thl'l) ...(3.3)

The rate of energy transfer is the product of torque and angular velocity, so:-

To=pQa(Vyr; - Var) ...(3.4)

Hence @ .r=U, Where U is peripheral speed of the impeller at radius.
PP=T.o=y.Q.H

by dividing Eq (3.4) by y.Q yield

(U;.Vo -Uy.Vy)

g
Where H: total head (m).

H= ...(3.5)

Eq(3.5) is known as Euler’s head equation. This equation based on the follgwing
assumptions[6]:
1. The fluid leaves the impeller passages tangential to the vane surfaces or
there is completely guidance of the fluid at the outlet.
2. The impeller passages are completely filled with actively flowing fluid at
all times.
3. The velocities of the fluid at similar points on all the flow lines are the
same.
The flow of liquid through an impeller passage may be regarded as a flow of
liquid particles only the center line of the passage the theory flow based on this

assumption is called the one dimensional theory of (rotodynmic) machine.

14
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3.3.3 Calculation of the Impeller dimension By
Design Factor.

The first authorities on the complete hydraulic design of a pump were
produced by a Stepanoff. The design procedures suggested were still valid so
long as up to date [22]. Stepanoff’s design method was based on velocity and
geometry analysis chart plotted against specific speed. The principles variables

are head and flow coefficients

Speed constant

U2

+J2¢gH

Capacity constant
V

K,, =12 (outlet) ..3.7)
r2 /—ng
\Y% .
K.,=—x (inlet) ...(3.8)
rl /—ng
Where

U, ... Impeller peripheral velocity (m/sec)
g ... Gravitational constant (9.81 m/sec’)

H ... Impeller head (m)
V,1 ... Radial velocity at impeller inlet (m/sec)

V., ... Radial velocity at impeller discharge (m/sec)
The design factor gives direct relationship between the impeller total head

and a capacity at the design point and several elements of Euler’s velocity
triangle [7]. These factor are entirely experimental and don’t lend them to
theoretical treatment [21]. Design parameters (geometric and velocity ratio) of
existing designs are plotted in chart against specific speed Ns. Each pump is
identified by, type, size, number impeller vanes, etc. to enable consistent data to

be used in subsequent new design parameter selection.
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To produce a preliminary design layout the following data were needed:-
A. Vane inlet and outlet angles and vane number.
B. Meridonal velocities at inlet and out let.
C. Impeller out let diameter.
By adopting the following procedure.
1. Given Q,H
select N

select 2,7 fromFig.(3.6)
read Ky, fromFig.(3.7)and calculate U,

A

calculate D,

6. read D1 from Fig.(3.8)& calculate D,
D2

7. Read K,; & K, fromFig.(3.9) & Fig.(3.10) then calculate V,; & V,.,.

Inlet angles are calculated by using the inlet velocity triangle, in practice

B1 limit 50 —15 degrees. Outlet angle B2 practically vary between 35

and 15 and the normal range between (20-25), number of vanes[6].

7= % Approximately.

Z =6 Minimum for 10w[32.
Z =8 Normal[6].
We can say that the number of blade is a function of blade angle this

relation can be shown in Fig. (3.6). When select B2 the number of blade is

known and vise versa .From Fig.(3.7) diameter ratio from this figure we compute

inlet diameter Dy eye diameter (D; some times it’s equal to the diameter at inlet
edge and some times it’s larger than it, finally reading K, Fig (3-8) and

compute Vg .

AR
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Vr2

K., = ...(3.9
rl \/ﬁ ( )
Vi1 =K1 v2gH ...(3.10)

For calculating of Stepanoff make the following recommendation

Pis _ 1.15 to 1.25 for single entry, end suction see Fig. (3.5):-

U1

where P1s prerotaion factor.

U1

1 Py
— tan™! =18
By =tan U, ...3.11)

Q

b, =
'" v, (n-D; - Z.Su)

...(3.12)
Su is blade thickness

Fig. (3.5) Inlet velocity triangle.
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3.3.4 Developing Of Impeller Shape.

From the calculations obtained in the previous section the impeller blade

shape can be developed.
There are three principles methods for determine the shape of blade [2]:-
a- Single arc method.
b- Point by point method.
¢- The conformal representations method.

In order to chose the best method a comparison should be taken between these
methods.

The single arc method is very simple ,it does not allow any alteration in the
blade length for given values of ry, ryand B1, 2 and it is difficult to shape the

impeller passage correctly , the angle of inclination of the blade changes greatly
along the blade and intermediate values of B may be longer than f#2 , For this

reason this method is seldom used .
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The point by point method and conformal representation method give the
designer the greatest freedom in shaping the blades, the angle of inclination of
the blade changes gradually along the blade, and give highest total head than the
single arc method [23].

In the present work, follow the point by point method, in this method points in
the surface of vane are found numerically by solving the integral of the

following equation:-

_1807. dr __180% Ar

0
IT rl“‘r tanf3 IT ., rtanf

~(3.13)

The method and its derivation are explained in appendix [A] and the developed

impeller shape is shown in Fig. (3.11).

‘ R147.7100 mm

N R69.0737 mm

Fig.(3.11) Figure shows the developed impeller .

¥
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3-4 Grid Generations.

One of the central problems in computing numerical solutions to partial
differentials equations is that grid generation technique improper choice of grid
point locations lead to an apparent instability or lack of convergence [24].

The problem of grid generation is that determine the mapping which takes
the grid points from the physical domain to computational domain several
requirements must be placed on such mapping.

Grid generation techniques can be roughly classified in to three categories :-
a- Complex variable methods.
b- Algebraic method (boundary —fitted grid).
c- Differential equation method.

Complex variable method has an advantage that the transformation used
are analytically or partially analytic as apposed to those methods which entirely
numerical, algebraic method is used to cluster grid points near solid boundaries to
provide adequate resolution of the viscous boundary layer.

Transformation from physical coordinate to computational coordinate in
finite difference (FD) by finding metrics of transformation and evaluating the
Jacobin, but in finite volume (FV) methods there is no need for coordinate
transformation [25].

When the gradient normal to the control volume CV surface is
approximated, one can use local coordinate transformation, as will be shown in
the appendix [B].

The advantage of the algebraic method that can be adapted to any
geometry, and that optimum properties are easier to achieve than with orthogonal
curve linear grids, since the grid lines follow the boundaries ,the boundary
conditions are more easily implemented than with step wise approximation of
curved boundaries then this method is easy to program. The grid can also adapted
to the flow ,i.e. one set of grid lines can be chosen to follow the streamlines

(which enhanced accuracy ) and the spacing can be made smaller in regions of

Yv
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strong variables change especially if block-structured or unstructured are used
.Non orthogonal grids have also several advantages .The transformed equation
contained more variable by increasing both the difficulty to programming and the
cost of solving the equation ,the non orthogonal grid may causes unphysical
solution and the arrangement of variables on the affects the accuracy and
efficiency of algorithm.
In the present work the procedure of generation the grid was summarized
as follows: -
1) From Eq.(3.13) the numerical integration gives the relation between

rand® of the surface points of blade (PS).

2) Rotating the curve of PS by the angle between two blades in order to
estimate the points of SS.

3) Generate number of curves between PS and SS with same procedure by
number of division.

4) Generate number of arcs between 1y andr, by the points of the curves.

The variables arrangement on the grid may be staggered or colocated.
Colocated arrangement is the simplest one, since all variable shares to the same
CV but it requires more interpolation. The generation of grid and the arrangement

of variables are shown in Fig. (3.12) and Fig.(3.13).

YA
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Fig.(3.12) 2D grid generation between two blades (body fitted grid).

Fig (3-13) 2D control volume for non-orthogonal grid.
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3.5 flow analysis.

3.5.1 Equation of motion.

The equation of relative system is derived by Vavra [26] and produce the
relative system in vector form, the derivation of equation for viscous
incompressible &turbulent fluid flow with details in the appendix [B] :-

Continuity equation:-

pV-w=0 ...(3.14)
Momentum equation:-

PW-VW=2pW x®+p0 X (r X®) = Vp+ Vi VW ...(3.15)

The two terms in the right hand side represents carioles and centrifugal
acceleration.
To solve the above equations the mathematical expression of effective

viscosity pwill be required.

3.5.2 kK—¢& Model .

In a recirculation flow a two—equation (Eq(3.18)&Eq(3.19)) turbulence
model which describes the turbulence velocity by transport equation will be more
appropriate .This model uses the turbulence kinetic energyk and kinetic energy
dissipation& . This is usually know as K — €& turbulence model and currently it is
the most widely used because of it's applicability to wide ranging flow problem
and it's lower computational demand than more complex model which are
available [28].

The values of k,e and its differential equations are written in the

following.
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c kl.S
€= a Where Lm ismixing length. ...(3.16)
m
2
cy Pk
pe=-1 ...(3.17)
5
k—eq
2 (6w 2 ow 2
V-(pwk)=V(uer)+pt2(awxj J{y) +%+ y
Ok ox oy oy  Ox
—pe ...(3.18)
g—equation
Crem | |(ow)2 (W) | [owe owy]*
V-(pwe)=V( e ve) 1t z( Xj +(yj o Mx Y
C. k ox oy oy ox
c2
—C2p¥ ...(3.19)

The model contains empirical constants, which are assigned the value in
table (3.1)

C Ok C, Cu Cg
1.44 1.0 1.92 0.09 1.3

Table (3.1) empirical constants in high Reynolds’s number(Re>2300).

)
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3.6 Approximation of Integral.

3.6.1 Convective and diffusive term.

According to Fig. (3.13) a typical two dimension CV are shown together.
The CV surface can be subdivided into four plane faces denoted by lower case
later corresponding to their direction (e, w, n, and s) with respect to the central
node (P).

The net flux (Convective and diffusive) through the CV boundary is the

surface integrals over the four faces:-

[[F%ds = 3 [[ F%ds (3.20)
s k g
where i=e,w,n&s direction.
To calculate the surface integral in equation above one would need to
know the integrand F every where on surface S .

The cell face values are approximated in terms of nodal (CV center) values, the

simplest approximation to the integral is the mid point rule.

Y [[FUs = Fose+ FyySw+ Fosy+ Fysg w(3:21)
k Si

3.6.2 Approximation of Volume Integral.

The simplest second order accurate approximation is to replace the volume
integral by the product of the mean value and the CV volume the former is

approximated as follows[3]: -

Q,= Ig qdQ = gAQ = ¢ AQ (3.22)

Y
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q, is the value of variable at CV center. This quantity is easy to calculated since

all variables are available at node P, no interpolation in necessary.

The above approximation becomes exact if q is either constant or varies
linearly within CV; other wise, it contains a second order error.

3.6.3 Interpolation Practice.

The approximation to integrals required the values of variables at
locations other than computational nodes (CV center).The integrand denoted in
the previous sections, involves the product of several variables and or variable
gradients at those locations F = WxW.ii for connective flux and Fd = nVWx.n
for diffusive flux . We assume that velocity field and fluid properties p & p are
known at all locations, to calculate the connective and diffusive fluxes. The value
of W, and its gradients normal to the cell face at one or more locations on the
CV surface are needed. They have to be expressed in terms of the nodal values

by interpolation the following interpolation are used in the present work are[3].

a- Up Wind (UDS).

Approximation of conserved quantity or property by its value at the node
upstream of the variable locations. It’s equivalents to using backward or forward
difference approximation for the first derivatives depending on the flow
directions.

Hence, the upwind difference scheme (UDS), @, is approximation as:-

op(W.H)>0
o= (3.23)
o p(W.i)<0

=l

This is the only approximation that satisfies the boundness criteria

unconditionally 1.e. it will never yield oscillatory solutions.

Yy
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b- Linear Interpolation (CDS).

Another straight forward approximation for the value of CV face center is
linear interpolation between the two nearest nodes. At locations e, w, n, s on

Cartesian grid have (see Fig.(3.13))

G.=0p-Aet ¢p(1—7»e) (3.24)

Where the linear interpolation factor ), , is defined as[3]

rery .(3.25)

Ae=
‘rE - rp‘

c- Deferred correction.

Other schemes can be used in order to obtain higher order interpolation
such as (QUICK) or use polynomial of three degree. Use of higher-order
interpolation leads to large compositional molecules. (such as in fourth order
polynomials each flux depend on the 15 nodal values.Its simple to calculate
higher order flux approximation explicitly using values from previous iteration.

This approximation can be combined with an Implicit lower-order
approximation, which uses only values at nearest neighbors, in the following way

(first suggested by Khosla and Rubin 1974)

old
Fe=F. + (F? — FeL) ..(3.26)

Ff; Stands for approximations by some lower-order scheme (UDS) and Fg is

the higher order approximation (CDS). The term in brackets evaluated using

values from the previous iteration. It’s indicated by superscript ‘old’.

Ye
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3.7 Pressure Correction Equation.

The linearized momentum Equations are solved with sequential solution
method using the old mass fluxes and the pressure from previous iteration. This
produces new velocity Wx* and Wy* which don’t necessarily satisfy the
continuity equations.

The descretization equation in the X-component has the following form.

AP WX,P + z AL WX,L e QX,P L e E, W, N,S ...(3.27)
L

P: is the index of an arbitrary velocity node.
L: index denote of the neighbor points that appear in the discretized momentum
equation.

The source term Qx p contains the discretized pressure gradient term .

Irrespective of how this term is approximated, one can write:-

« - o
Qxp=Q xp+Q°x,p=Q x,p— S—E ...(3.28)

Due to the non-linearity and coupling of the underlying differential
equation Eq(3.27) cannot be solved directly as the coefficients A and, possibly,

the source term , depend on the unknown solution Wy ;1 . Iterative is the only

choice.

The iteration with one step , in which the coefficient and source matrices is
updated is called outer iteration to distinguished them from the inner iteration
performed on linear system with fixed coefficient on each outer iteration the

equation solved is :-

. . _ S m-1
ApWI +T AL W = QRp - (—p) AQ ...(3.29)
L

X, X,L OxX
P

Where W represents the current estimate of the solution and the term on

the right side of Eq (3.29) are evaluated using the variable at the proceeding outer

iteration .



= Chapter three Theoretical Analysis and Mathematical Model =~ e

The momentum equation is usually solved sequentially. i.e., the set of
algebraic equation for each component of the momentum is solved in turn,
treating the grid point’s values of its dominant velocity component as the sole set
of unknowns.

Since the pressure used in this iteration was obtained from the previous
outer iteration, the velocities computed from Eq (3.27) don’t normally satisfy the
discretized continuity Equation. To enforce the continuity condition the velocities
need to be corrected; this requires modification of the pressure field, the manner
of doing this is described next.

The velocity at nod P, obtained by solving the linerized momentum
Eq(3.27) can be formally expressed: -

QI)I(l,_Pl_ZAL W;nz 1 5 m-1
wm _ L o ( P) ...(3.30)
p

X,P B AP AP ox
As already stated, these velocities do not satisfy the continuity equation,
S0, W)'?:i) is not the final value of velocity for the iteration m; it is predicted

value, which is why it carries on asterisk (*). The corrected final values should

satisfy the continuity equation. For connivance the first term on the right hand

side of Eq (3.30) W)I?,; -

m* m* 1 Sp m-1
W == WX,P — | —— ...(3.31)
AP 8X p

The velocity field VNV)'?; can be thought of as one from which the

contribution of the pressure gradient has been removed. Because the method is
implicitly. This is not the velocity that would be obtained by dropping the
pressure gradient entirely from Eq (3.27).

The next task is to correct the velocities so that they satisfy the continuity

equation.

1
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m
é}!pwi ’=0,Where ity ...(3.32)

oX;
This can be achieved by correcting the pressure field. The corrected velocity and

pressure are linked by the equation.
m-—1
¥~ 1 )
LA A —(—pj ...(3.33)

Continuity is now enforced by inserting this expression for W, j,in to the

continuity Eq (3.32) to yield a discrete Poisson equation for the pressure.

m ~ *
d | p (SPJ Z{M} where i=x,y
P

SXi Al‘))Vl 8xi SXI

...(3.34)

After solving the Poisson equation for pressure Eq (3.34) the final velocity
field at a new iteration W;" is calculated from Eq (3.33). At this point we have a

velocity field which satisfies the continuity condition, but the velocity and
pressure field do not satisfy the momentum Eq (3.29), we begin another outer
iteration and the process is continued until a velocity field which satisfies both
the momentum and continuity equation is obtained.

One of the most common methods of this type is a pressure — correcting
method which is used instead of the actual pressure. The velocities computed
from the linearized momentum equations and the pressure P™' is taken as

provisional values to which a small correction must be added[3].

W =W+ W ...(3.35)

...(3.36)

v
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3.8 Implementation of Boundary Condition.

Each CV provides one algebraic equation .Volume integrals are calculated
in the same way for every CV, but fluxes through CV faces coinciding with the
domain boundary require special treatment, these boundary fluxes must either be
known or be expressed as a combination of interior values and boundary data, the
following boundary condition is used in the present work.

a. Inlet Boundary: -

The values of pressure and velocity aren’t constant in the inlet boundary
because of complexity in the flow hence it’s required an experimental data for
velocity and pressure, but this data isn’t gain therefore prescribed velocity &
pressure in the inlet.

b. Wall Boundary: -

Because of the damping effect of the wall the transport equation for the
turbulence quantities (K — € ) does not apply closed to the wall one way of
dealing with this with this problem is to add extra source term to the transport

equations for (K — €), constant shear wall be assumed through that wall region,

i.e. T, =~ T, within the laminar sub layer region i.e. y"p < 11.63

P
u
yE = Yo ...(3.37)
v
’CW
u, = |—-
=\ ...(3.38)

at a grid point when y+p > 11.63 turbulent shear become significant and where

the generation and dissipation of kinetic energy of turbulence are in balance then

t, =C, k" ...(3.39)

and the following boundary condition layer expansion for momentum fluxes may

be used

YA



= Chapter thref e Theoretical Analysis and Mathematical Model ~— m=mm

1
uy = < LN(Eyp) ...(3.40)

K = Karman’s constant equal 0.418
¢. Out Let Boundary: -

Actually the value of pressure is not constant in the exit, but there is no

experimental data therefore a prescribed pressure in the exit is assumed.

3.9 The Algebraic Equation System.

The summing of all the flux approximation’s and source term produce an
algebraic equation which relates the variable value at the center of that CV to the
values of at several neighbor (CVs).

The number of equations and unknowns must be equal i.e. there has to be
one equation for each CV thus, have a large set of linear equation which must be
solved numerically. This system is sparse (meaning that each equation only
contains a few unknowns) the system can be written in a matrix notation as

follows: -

APDP= Q ..(3.41)
Where A is square sparse coefficient matrix, D is a vector (or column matrix)
containing the variables at the CV nodes and Q is the vector containing the

source term in the linearized equation.

The linearized algebraic equation in two dimensions is written in the form.

ALL-N, PL-N, T ALL1PL 1+ ALLPL+ AL L+1PL11

+ AL L+N; PN, = QL ...(3.42)

For two dimensions the equation has five-point computation molecules, the
variables are normally stored in computers in one dimensional array .The
conversion between nodal locations compass notation, and storage location, the

following table shows how convert the nodal storage Fig.(3.14).
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N"‘?e Comp.ass Storage location
location notation
ij P L=(i-1) Ny +J
i-1,j \%% L-N;
ij-1 S L-1
Lj+1 N L+1
i+1,j E L+ Nj

L+1
N
9
we— D¢ oF
L-Ny L+ Ny
o
S
L-1

Fig.(3.14) figure shows conversion between nodal locations compass notation

,and storage location .

With this ordering points each node is identified with an index L ,which is

also the relative storage location ,in this notation the equation above can be

written in matrix form (if (5% 5) nodal point) .

Fig.(3.15) Figure shows the arrangement of coefficient in the matrix
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AwOw+AgDg+ ApPp+ ANDPN+AEDPE=Qp ...(3.43)

Where the index L., which indicated rows in Eq. (3.42) is understood, and
the index indicating column or location in the vector has been replaced by the

corresponding letter [5].

3.10 Solution of Algebraic Equation.

The method used for solving algebraic equation is called LU
decomposition techniques [28]. The primary appeal of LU decomposition is that
the time consuming elimination step can be formulated so that it involves only
operation on the matrix of coefficient, [A]. In this situation where right hand side
vector {B} is evaluated for single value of [A]. In this way focus on the Gauss
elimination method to implement as LU decomposition.

The Gauss elimination involves two steps: forward elimination and back—
substitution. LU decomposition method separates the time consuming
elimination of the matrix [A]from the manipulation of right hand {B}. Thus, once
[A] has been “decomposed “multiple right hand side vectors can be evaluated in
an efficient manner.

Interestingly, Gauss elimination itself can be expressed as LU
decomposition before showing how this can be done, let’s first provides another
overview of the decomposed strategy.

Algebraic equation (3.29) can be rearranged to give:

[al{@}-{o,}=0 ..(34)
Suppose that Eq. (3.44) could be expressed as an upper triangular system.
ujp up upy | | @ d,
0 uy uy | Pyp=4d; ..34)

0 0 Uj33 CI)3 d3

¢)
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Recognize that this is similar, the manipulation that occurs in the first step of
Gauss elimination, that is, elimination is used to reduce the system to upper
triangular form Eq(3.45) can be also expressed in matrix notation and rearranged

to give: -

[ul{@}-{D}=0 ...(3.46)

Now assume that there is a lower diagonal matrix with 1’s on the diagonal.

1
[L]=|Ly 1 ...(3.47)
L3y L3 1

That has a property when Eq (3.46) is pre multiplied by Eq (3.47) is the

result.

[L1{ulie}- p}}=[alie}- o, }

If this equation holed, it follows from the rules for matrix multiplication

[L][u]=[A] ...(3.48)
And
[L]p]={o, } ...(3.49)

At two steps strategy (see Fig. (3.16)) for obtaining solution can be used an Eq.
(3.51)

e LU decomposition step: [A] is factored or decomposed into lower [L]and
upper [U] triangular matrix.

e Substitution step: [L] and [U] are used to determine a solution of a vector
{®} for right hand side {Qp}. This step itself consists of two steps: first
Eq. (3.49) is used to generate an intermediate vector {D} forward
substitution. Then the results are substitute in Eq. (3.46) which can be
solved by back substitution for {®}.

¢y
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[L] {D} — {Qp} }Forward substitution

[U] {(I)} :{D} }Backward substitution

Fig. (3.14) Figure shows the steps of solution of algebraic equation.

3.11 SIMPLE algorithm for a colocated variable

arrangement.

The solution algorithm for this class of method can be summarized as

follows|[7]:-

1.

Start calculation field with guess values of pressure and velocity at all
nodes .

Assemble and solve the linearized algebraic equation system for velocity
components (momentum equations) to obtain W; .

Assemble and solve the pressure-correction equation to obtainp’ .

Correct the velocities and pressure to obtain the velocity field W;™ which is

satisfies continuity equation and the new pressure.

. Return step 2 and repeat, using W;" and p™ as improved estimates for

W™ and p™", until all correction is negligible small.

1Al
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3.12 Computer program:-

a._First program (Calculation of Impeller dimension and
grid generation).

The input parameter of the first program (Q, N, H) from these values we
compute the value of blade angle in the outlet and the number of impeller and the
value of the design factor (speed constant, capacity constant, and diameter ratio)
(Fig.(3.6),Fig.(3.7), Fig.(3.8), Fig.(3.9), Fig.(3.10)). From these figures the
dimensions of impeller were computed and then apply point by point method for
developing of impeller shape and the mesh is generated between two blades
(boundary fitted mesh), boundary condition and slip losses and pressure in the
inlet and the outlet are specified. These results are printed in the output file in
order to read these results from the second program. The flow chart explained the

previous procedure Fig. (3.15).

b. Second program(solve the equation of motion).

This program incorporates the FV method using SIMPLE algorithm on
colocated body fitted grids [7], the procedure of solution is shown in Fig.(3.16).

Firstly read data from first program and compute coordinate of CV center,
components of normal vector, indices of boundary condition and all sides of CV.

After reading the data from previous program guess the initial values of
velocity component and pressure for all CV center and specify boundary
condition, then starting with iteration cycle.

Firstly, assemble and solve (Wx,Wy,p) equations with LU decomposition
,then assemble and solve (k,g) equations with LU decomposition ,if the errors
don’t reach to acceptable value the velocity and pressure are corrected and restart

the iteration until reach to acceptable value(1.0e-3).
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INPUT
PARAMETER
Q,N, H, HR

\ 4
Compute Ns

v
Read from figures
Z,B9, Ku,Km1,Km2

A 4
Compute velocity triangle
Wi, W2, V1, V2, Ul, U2

A
Compute Impeller
dimension (R;, R2)

A 4

Developing Impeller blades by
integrate Eq. (3.13)

A 4

Rotating Impeller blades
by the value (360-Z*Sy)/Z

A 4

Grid generation
(Body fitted grid)

\ 4
Print the result in
out put file

'
=

Fig.(3.15) flow chart of first program
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INPUT DATA

\ 4
Read result from first program

A

Guess values
WXa WYa p

A

Start the iteration
Niter=Niter+1

A 4
Calculate Wx, WY
Eq (3.40)

A 4

Calculate p
Eq (3.34)

A 4

Calculate k, &
Eq (3.18), Eq (3.19)

v

Calculate Error

If Error < 1.0e-3

Print result

Fig.(3.1%) Flow chart of second program.
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Chapter Four

4.1 Introduction: -

The results in the figures were analyzed for two centrifugal pump
impellers, the first one is developed by design factor and the second is taken
from the reference [29].

The input variables are for first pump (Q=0.132458 m*/sec, N=3600 rpm,
H=137.16 m), second pump (Q=0.00387 m%sec, N=150 rpm, H=0.8199 m).
These values were taken in order to show the reliability of program to solve the

equations for different size and shape of the impeller.

4.2 Result and discussion: -
Tables (4.1) and (4.2) show the values of relative, radial (meridonal)

velocity and points on the blade surface. These results represent the analysis of
one dimensional theory of centrifugal pump with aid of experimental and
theoretical chart (Fig.(3.6),(3.7),(3.8),(3.9) and (3.10)). The values of inlet and
outlet diameter and blade angle (r;=69.02 mm, r,=147.71 mm, b;=21°, b,=25°),
(r;=107.9 mm, r2=241.3 mm, b;=16°, b,=23° for the second Impeller). The
points on the blade surface were obtained by numerical solution to the integral
equation (eq (3.13)).
There was an assumption that the change of relative radial velocity
linearly.
The Figs.(4.1) and (4.2) were the plot of the change of radial velocity, blade
angle and relative velocity, the curve of radial velocity is linear for the first
impeller, this assumption is important to make the length of impeller as small as

possible (decrease the area of friction), the relative velocity decreases parabolic
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and it’s values depend on the blade angle and radial velocity. in Fig.(4.2) the
behavior of the radial velocity approximately linear (parabolic) that is mean the
length of blade higher than the first impeller.

Fig (4.3) and (4.4) generated a 2D grid, this type of grid is body fitted grid
(21 x 51) lines, the lines spacing are decreased near the wall boundary in order
to treatment of sudden change in properties.

In the Fig (4.5) , Fig (4.6) , Fig (4.7) and Fig (4.8) results of flow analysis,
shows the percentage of error and the number of Iteration. the percentage of
error is decrease until reach 10° and the number of outer iteration in to
impeller(1) is 75, and for the second impeller is 83, we show that the behavior of
the curves (W , Wy , k , &) is smooth but the curve of pressure is not smooth
and irregular until reach the acceptable value, this irregular shape occur because
of higher value of pressure reaches.

Fig (4.9) and (4.10) show the values of relative radial velocity near the PS
and SS, these values decrease near the wall boundary because of laminar
boundary layer effect, the relative radial velocity in SS is higher than the relative
radial velocity in PS and for the values of radial velocity decrease with radial
direction. In SS the relative radial velocity increases firstly then decreases, this
is due to uniform velocity assumption in the inlet and due to curvature of the
blades that reduce the centrifugal action on the absolute radial velocity (as the
absolute velocity increases the relative velocity decrease).

In the Impeller(2) the relative radial velocity increases with radial
direction, The value of relative radial velocity in PS decreases then increases
that means flow reverse in this direction that means a relative circulation may be
occur in this region, the effect of this reverse flow is considered as a stagnation
point (contraction in flow) hence, this lead to make the relative velocity
increases in SS.

Fig.(4.11) and (4.12) a relative tangential velocity with respect to radial

direction in which the absolute value of relative tangential velocity in SS higher
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than the absolute values of relate tangential velocity at PS because the minus
sign refers to the direction of the flow. Hence, the absolute values of relative
tangential velocity decreases with radial direction and for second impeller we
see that the values of relative tangential velocity decreases until approaches to
zero then a positive value, this occur because of reverse flow.

Figs.(4.13) and (4.14) presents the values of static pressure in PS less
than the pressure in SS near the inlet and some values close to zero in PS ,these
values are not expected ,This occurs because of uniform velocity assumption in
the inlet boundary and due to incompressibility (single phase), and it is seen that
the pressure difference between two sides in Impeller (1) is higher than the
second impeller because of high head delivered , and the value of pressure at the
exit close to same value because of the pressure is constant in the exit (outlet
boundary condition).

Fig.(4.15) and (4.16) show that the relative radial velocity between two
blades at different diameter ratio(68%, 83%,98%)it is seen that the values of
radial velocity are increased in the SS and decreases in the PS and the value of
radial velocity decreases in radial direction because of the increases of the
absolute velocity ,but in Impeller (2) (Fig.(4.16)) the behavior of the second and
third diameter ratio (83%, 98%) differ from the behavior of the first impeller this
occurs because of the reveres flow.

Figs.(4.17) and (4.18) obtained the absolute values of relative tangential
velocity values at SS higher than the absolute values of relative tangential
velocity at PS , the negative values refer to the direction of flow. But Fig.(4.18)

at (r/r,=0.68) show that the absolute values of relative tangential velocity

decreases until reach to zero then this phenomenon (relative circulation) cause

the small change in relative tangential velocity in third position (r/r, = 0.98).

Figs.(4.19) and (4.20) show the values of pressure at constant radius for
different positions in which the values of pressure in PS higher than the pressure

in SS and the relation is approximately linear and it’s confirm the invicid
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solution of radial bladed in which the relation between pressure gradient and

. 10 : : :
coriolis force —— P - 2w W[21]. The value of pressure increases in radial

pr 06
direction, the different of pressure between two sides in the first impeller higher
than the second impeller, because of higher Angular velocity of a first impeller.

Figs.(4.21) and (4.22) show a couture plot of relative velocity in the
impellers in which a dark position is seen , the values of relative velocity
decreases until reach to zero(impeller (2)), zero velocity position represents
stagnation point that is make a contract into flow and causes increasing of
relative velocity in the other side, and there is white region near the inlet in SS
the values of relative flow velocity are high this occur because of there is a two
force exerted in side the impeller the first is centrifugal force and the second is
the coriolis force the direction of two forces are approximately normal to the
wall (at SS) this mean that the value of absolute velocity is very low (the
relative velocity is high).

Figs.(4.23) and (4.24) shown pressure surface between two blades, there
is dark lines represent lines of equal pressure, and a smooth increment with
radial direction.

Figs.(4.25) and (4.26) presented vector plot of the impellers all the previous
results can be concluded from them, and it is seen a relative circulation near the
exit in PS and stagnation region before it in impeller (2).

Figs.(4.27) and (4.28) it is shown slip along radial direction, slip factor is
tangential components of absolute velocity corresponding to the out let angle
without slip to the same velocity with slip, slip factor is computed at the mid
tangential position in the impeller ,it is a measure of deviation from blade angle,
the value of slip firstly more than 1 then decreases until reach 0.85 in the exit .
But in the second impeller the shape of curve is deformed this occur because of
existence of stagnation region and relative circulation.

Fig. (4.29) and (4.30) it is shown the values of turbulent kinetic energy

(k),the values of k proportional with the fluctuated component of velocity in the
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inlet the values of relative velocity is very high (high Reynolds number) and the
boundary condition is constant in the inlet that is make the value of k is high
then decreases through radial direction and increase in the exit because of
uniform pressure, in the second impeller it is seen that the value of k decreases
in the PS and decreases in the SS because of velocity difference .

Fig. (4.31) and (4.32) it is shown a couture plot of the Kinetic energy
dissipation (&) the value of € depend on the value of k and mixing length L,
Eq(3.16) ,the mixing length proportional with distance from wall hence it was

seen that the value of & is very high in the inlet at PS (higher value of k') and

Result and discussion ==

near the exit and near the wall boundary (small distance ).

Table (4-1) The values of relative, meridonal velocity
and coordinate of blade IMPELLER (1)).

POINT R (mm) Vr(m/sec) | W(m/sec) 0 (deg) X(mm) Y(mm)
1 69.198 8.632 24.18 120 -34.599 59.928
2 73.331 8.526 23.306 111.417 -26.777 68.267
3 77.463 8.42 22.479 103.527 -18.118 75.314
4 81.595 8.313 21.699 96.246 -8.877 81.111
5 85.727 8.207 20.967 89.501 0.746 85.724
6 89.86 8.101 20.282 83.232 10.591 89.233
7 93.992 7.995 19.644 77.381 20.534 91.721
8 98.124 7.889 19.054 71.902 30.482 93.269
9 102.256 7.783 18.51 66.751 40.363 93.953
10 106.388 7.676 18.014 61.891 50.125 93.84
11 110.521 7.57 17.565 57.286 59.731 92.99
12 114.653 7.464 17.164 52.905 69.151 91.452
13 118.785 7.358 16.81 48.72 78.367 89.267
14 122.917 7.252 16.503 44,704 87.363 86.466
15 127.05 7.146 16.243 40.834 96.127 83.074
16 131.182 7.04 16.03 37.086 104.648 79.104
17 135.314 6.933 15.865 33.439 112.916 74.564
18 139.446 6.827 15.747 29.874 120.917 69.457
19 143.578 6.721 15.676 26.372 128.636 63.778
20 147.711 6.615 15.652 22.916 136.053 57.517
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Table (4-2) The values of relative , meridonal
velocity and coordinate of blade (IMPELLER (2))
No R(mm) Vr(m/sec) | W(m/sec) 0 (deg) X(mm) Y (mm)

1 107.9 : , 139.6236 -8.21988 | 6.98983
2 112.5 , , 131.534 -7.45948 8.42133
3 1171 : , 123.7033 -6.49779 | 9.74181
4 1217 , , 116.1459 -5.36281 | 10.92471
5 126.3 : , 108.8739 -4.08563 | 11.95092
6 130.9 , , 101.8975 -2.69864 | 12.8088
7 1355 : , 95.22442 -1.23382 | 13.49371
8 140.1 , , 88.86056 0.2786 | 14.00723
9 144.7 : , 82.80943 1.81121 | 14.3562
10 149.3 , , 77.07246 3.34012 | 14.55158
11 153.9 : , 71.64889 4.84538 | 14.60734
12 1585 : , 66.53582 6.31108 | 14.53935
13 163.1 : , 61.72821 7.72531 | 14.36439
14 167.7 : , 57.2188 9.07982 | 14.09928
15 172.3 , , 52.99827 10.36969 | 13.76018
16 176.9 : : 49.05502 11.59286 | 13.36195
17 1815 : , 45.37539 12.74963 | 12.9178
18 186.1 : : 41,9435 13.8422 | 12.43888
19 190.7 : , 38.74132 14.8742 | 11.93411
20 1953 : , 35.74871 15.8503 | 11.41004
21 199.9 : , 32.94329 16.77579 | 10.87073
22 2045 : , 30.30059 17.65633 | 10.31777
23 209.1 , , 27.79394 18.49762 | 9.75019
24 213.7 : , 25.39453 19.30515 | 9.1645
25 218.3 , , 23.07137 20.08398 | 8.55469
26 2929 : , 20.79135 20.83846 | 7.91219
27 2275 , , 18.51915 2157195 | 7.22589
28 2321 , , 16.21733 2228646 | 6.48212
29 236.7 , , 13.84626 22.98218 | 5.66464
30 241.3 , , 11.36418 23.65692 | 4.75468
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Fig. (4.1)The variation of relative, meridonal velocity and blade angle with
radial distance.
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Fig. (4. ) The variation of relative, meridonal velocity and blade angle with
radial distance.
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Fig. (4.3) 2D body fitted grid generation (IMPELLER]1]).
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Fig. (4.4) 2D body fitted grid generation (IMPELLER [2]).

0.35

0.30 IMPELLER [1]

0.25
0.20

0.15

Percentage of error.

0.10

0.05

OOO IIIIIIIIIIIIIIIIIIIIIIIIIIIII

0 10 20 30 40 50 60 70 80
Number of iteration.

Fig.(4.5) The variation of percentage of error with number of iteration.
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Fig.(4.6) The variation of percentage of error with number of iteration.
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Fig.(4.7) The variation of percentage of error with number of iteration.
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Fig.(4.8) The variation of percentage of error with number of iteration.
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Fig.(4.9) The variation of radial relative velocity with radial distance.
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Fig.(4.10) The variation of radial relative velocity with radial distance.
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Fig. (4.11) The variation of tangential relative velocity with radial distance.
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Fig. (4.12) The variation of tangential relative velocity with radial distance.
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Fig. (4.13)The variation of static pressure with radial distance.
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Fig.(4.14) The variation of static pressure with radial distance.



== Chapter four Result and discussion ==

30
.20 —
o .
k% i
E _
; i
10 — Impeller [1]
T —@— r/r2=068
] —@— 1/r2=083
i —— r/r2=098
0 I I I I I I LI} I I I LI} I I I LI} I I I I LI}
0.0 0.2 0.4 0.6 0.8 1.0
PS Dimensionless tangential position. SS
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Fig.(4.16) The variation of relative radial velocity between two blade.
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Fig.(4.17) The variation of relative tangential velocity between two blade.
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Fig. (4.18) The variation of relative tangential velocity between two blade.
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Fig. (4.19) The variation of pressure between two blade.
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Fig.(4.22) 2D contour plot of relative velocity (IMPELLER (2)).
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Fig. (4.25) 2D vector plot of relative velocity (IMPELLER (1)).
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Fig. (4.26)2D vector plot of relative velocity IMPELLER (2)).
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Fig. (4.27) Slip factor with dimensionless radial distance(IMPELLER(1)).
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Fig.(4.29) 2D contour plot of kinetic energy of turbulence (IMPELLER(1)).
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Chapter Five

5.1 Conclusions: -

The main concluding remarks that have been achieved in this
study may be summarized as follows:-

1) The relative rotating coordinate system introduced two
additional terms, the first one is coriolies acceleration and second
centripetal acceleration the direction of coriolies acceleration is
approximately in tangential direction for centrifugal pump and the
direction of centripetal acceleration in the radial direction.

2) The absolute velocity is increased through radial direction and
relative velocity is decreased (velocity triangle).

3) The value of static pressure is increased through the radial
direction in the impeller.

4) The values of pressure in PS are higher than the pressure at SS
and the pressure difference between them depend on the angular
velocity and delivered head.

5) The values of relative velocity in PS are lower than the relative
velocity in SS.

6) The shape of impeller affects on the losses in the impeller, and
the point by point method is relevant for blade formation.

7) The blade angle affects on the head that means as the blade

angle increases the value of pressure delivered is high (high head).
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8) The blade length affect on the losses that means as the blade
angle increases the losses also increases (area of friction,
circulation) and the

9) value of the head is small hence, it is relevant for pump of a
high flow rate and low head, and vise versa.

10) Inthe (CFD) it is wrong to assume the flow to be laminar (if it
is actually turbulent) because this leads to divergent in the solution
or close the error to one.

11)  For complex geometry always the flow is to be turbulent.

5.2 Recommendation for further works: -

1) Study the solution of 2D by taking in to account the interface
between intake, impeller& volute.

2) Study and Simulation of 3D invicid analysis between all blades
with interaction between impellers &volute.

3) Study and Simulation of 3D turbulent fluid flow with different

types of centrifugal pumps.
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= Appendix
Appendix [A]
Point By Point Method.

This method of determining blade shape is based on the assumption that
the transition <X Bjin to %< B, depends on the radius r and on determining the
control angle 0 for given rand X f§ .

The values of rand 0 constitute polar coordinate for a given point on the
blade.

Let us consider the elementary triangle PP T as shown in Fig.(A.1), whose
side PT lies between the two radii of an infinitely small central angled@, so that

PT=rdo (A1)

And at the same time

PT PT
tanf3

..(A2)

Since PT denotes and infinitely small increment in radiusdr , These

equations yields

dr
de = LN ] L]
i tanf3 (A-3)
T ..(A4)
rtanf

Integrating this equation is taken numerically by tabular method; this equation is

multiplied by llilﬂ to express the angle in degree.

180" d6

do )
IT ' rtanf

...(A.5)
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For blade of variable thickness it is more rational to assume some relation for the

change 1in the relative velocity W and the meridonal component W, after finding

X B

SINB= e ...(A.6)
_gIN-1 M (AT
B=SIN W (A.7)

The value of W, & W are assumed along the stream line as shown in

Fig.(A.1) below.

X -axis

Fig.(A.1) shows the stream line between two blades.

V¢
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Appendix [B]

Equation of Motion.

The fundamentals equation for incompressible flow is

Continuity equation

op =
—+V-(pV)=0 ...(B.
2t (PV) (B.1)

Momentum equation

—_—

p%=—VP+uV2\7 ...(B.2)

Energy equation is conceding with momentum equation for incompressible
isothermal flow [31].

Its advantage to treat a flow with reference called relative system of
coordinate which under goes a certain motion with respect to a fixed or absolute
system.

The motion of relative system can in general, consists of a translation and a
rotation about a momentary axis.

In turbomachin the relative systems rotate about fixed point, the derivation of
relation between relative velocity and absolute velocity is derive by (vavra)[26]

And produce the relation in vector form.

V=W+oxr ...(B.3)

relative velocity  peripheral velocity

- = e ..(B4
a=ar+20xW +ox(0oxr) (B.4)
N J \ J
Y Y
coriolis accelerati on centripeta 1 accelerati on
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If we substitute equations (B.3) & (B.4) in equation (B.1) & (B.2) yields

%=¥+zaxw+aax((,3x;):=%+W.vw+z&xw+ax(ax;)

Continuity equation become

o +W- Vp+pV- W=0 for steady flow the term /Z%’ is neglecting then

ot
V- (pW)=0 .(A.5)

Momentum equation become
PpW-VW=p(- 20xW —ox(oxr))—VP+uV2(W+woxr) ...(B.6)

The properties of cross product is

OxXW =—W xo

OXr=—-—rxm

PpW-VW=-VP+p2W x@+podx(rxm)+pV(W+aoxr)

If a turbulent flow is considered .The velocities in equation above are replaced by
the sum of time mean average component and fluctuating component as follows:

W=w+w ...(B.7)

If we substitute this equation and simplified the momentum equation we

obtain the two dimensions.

y1
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pv?-wa =2pwym, + pxwzz—a—p+ quwx +i(—pw’X wh)
ox ox
0,
_|_5(_pvvX Wy) ...(B.S)

pv? ‘Vwy =-2pw, o, + pyoaz2 —Z—§+ uVZW

0  ——
y T &(—pwX Wy

0, ——
+ g(—pwy wy) ...(B.9)

these values (-pwy wy,—pwj wy )are turbulent Reynolds stresses these

terms (i.e.) closure equation (awbi) before momentum equation solved these
terms can be represented by expression of the time mean variable already in the
equations or by means of other variable are not given in the above equation in the
later case additional PDE'S of the new variable must be also solved as well as the
other transport equation given earlier.

The task of turbulence model is to express Reynolds stress in equation

(pwiwy) by set of auxiliary equation (differentiation and or algebraic)

quantities time mean quantities of flow the majority of turbulence model used in

solving practical fluid flow problems are based on the eddy or turbulent viscosity
The turbulence viscosity was suggested by Posen’s Equation in 1877 if an

isotropic turbulence is used (i.e. at any point in the flow the mean — square values

2 2

of three fluctuating velocity component are equal wyx” = W’y the Reynolds

stress can be represented by the following equation :-

A%



—PpWYWy =2uta(;v—xx—§pk ...(B.10)
— owy 2
—pWy Wy =2utg—§pk ..(B.11)
—pWLW, = 1 AL aw—y) (B.12)
oy Ox
n¢ = turbulent or eddy viscosity
k =%(w;‘2 +w,?) ..(B.13)

k Is the turbulent kinetic energy
In the transport equations for turbulent flows the turbulent stress term are added

to the laminar stress by using the concept of effective viscosity p.

He =M +H¢

2 :
For turbulent flow the term 3 pk 1sneglected p; << p

Then equation of motion can be written for incompressible turbulent fluid flow

in two dimensions in vector form

PW-VW=2pW x®+po X (r x®)—Vp+Vp Vw ..(B.14)
pV-w=0 ...(B.15)

To solve the above equation the mathematical expression of effective viscosity

He will be required.

In a recalculating flow a two — equation turbulence model which describes
the turbulence velocity by transport equation will be more appropriate .This
model uses the turbulence kinetic energy k and kinetic dissipation € . this is
usually know as K — €turbulence model and currently it is the most widely used

because of it's applicability to wide ranging flow problem and it's lower

YA
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computational demand than more complex model that are available ,the two

equation are.

k - Eq
2 (ow 2 ow 2
V-(pwk)=V("—er)+ nel 2 (6wx) +(_yJ + OWx Y
Ok 19). oy oy [9).
k1.5
-Cp pT ...(B.16)

o =1,Cy is constant equal 0.09, B volumetric expansion

2 2 2

Ce ow ow

V-(pws)=V(u—eV8)+1—ut 2 ((%V_X) +(—yj + aWX+ y
G, k ox oy oy 3).¢

2

—Chp— ..(B.17
2P (B.17)
Now we return to the continuity & momentum equation to find the descretized
equation.
In FV it is more convenient to working in X & Y coordinate in integral

form.

We have five equations to solve (Wx,Wy,P,K,€) equation the general

conservative form in FV is written as follows: -

[ p®Vv-nds=[TV®.nds+ | q¢ dQ
s s Q

We shall use the mid point rule approximation of the surface and volume integral
.we look first at mass fluxes. only the east side of 2D CV shown Fig. (A) Will be
considered; the same approach applies to other faces. only the indices need be

changed ,the mid point rule approximation of convective term leads to : -

v4
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j pCDV-nds=_[ (pCIDV-nds)e+j (pCI)V-nds)n+ j (pd)v-nds)w+
S

Se Sn Sw

I (pCI)v-nds)S

Ss

For east side only.

[ p@v-nds,=p®,(vy-ny+ Vy Ny )edse =pD¢(Vye  (Yne — Yse)

Se

~ Vye- (Xpe = Xge)) =M, @,
The approximation of convective flux is for CV face but we want the nodal value

of the quantity @ we use the deferred correction.

The up wind scheme (UDS)
@®p m(0
o, =
®p m,)0
F, = max(m,0)®, + min(r,,0)®

F'=Fe+ Fp+ Y + FS

The central difference scheme (CDS).

L L
oty | (1-—T)Dp + 1@
e e[( LPE) " Lpg

then the differed correction interpolation for east side become

C,DEFF _ ~C,UDS C,CDS - C,UDs|ld
e = Fe + (Fe —Fe )

the convective coefficient for east side is
C _ . .
AF = min(m,,0)
and the other coefficient for old iteration are represent the source term.

The approximation of diffusive term for east side is

g’eXpl = Il" VO®.nds = Ir (ag'nxds + a;q)'nyds)
. ). 0X

we can find the value of derivative by using gauss divergence theorem.
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J'aq)dg
0D _ 50X

oX AQ AQ AA

1 1
AA= E(rne — Igy ) X (Fpy _rse)zi[(xne ~ Xsw) X (Ynw — ¥se) = (Yne = Ysw)

X (an — Xse )]

the value of derivative is in the center of CV center hence the interpolation is

used.

o L od L 0D
)e=0-P)p + 2 g
oX Lpg 0X Lpg 0X

oD Lp,  0® Lp, 0D
i =(1- P + R
(6Y)e ( LPE)(aY)P Lpg (6Y)E

This interpolation represents the explicit part in the differed interpolation, a
good approximation for the implicit part of the method is easily used if if we use

local (n, t ) orthogonal coordinate system.

Se

: L) Qg - @
(ei,lmpl — Fe(a_n)e Se = Fe(M)e Se = Fe ((DE - (DP)

Lpg PE

the deferred correction interpolation for east side is

d,DEFF d,impl d,expl d,impl |°1d
e, — e’ p +(Fe’ p _Fe’ p)

S ; old
Fg,DEFF — Fe s € ((I)E -® p )+ (Fg,expl _ Fg,lmpl)
PE

s . . .
A% =-T, L © _then the coefficient of east side only is
PE

. . s
Ag= A%+ AdE=m1n(me,0)—Fe ¢

PE

with same procedure for all sides.

AN
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S
AN = AN+ A% =min(m,,0)-T, —
PN
S
Aw= A% + A% = min(in,,0) - T, —%
Lpg
se

As= A§+ AS=min(m,0) - T
Lpg

Ap= A%+ A% = max(t, ,0) + max(m , ,0) + max(m, ,0) + max(r ,0)

— AL+ AL+ AL+ AD

dexpl  ¢-d,impl dexpl  ¢d,impl .
Qp = Z(Fl P F; mp )+ (Fl Pl F; mp )+ qop dQ,i=e,w,n,s

1
hence the equation for one CV is written as follows :-
AW(DW+AS(DS+AP(DP+AN(DN+AE(DE=QP

all the procedure is done to the conservative quantities.
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ds; = \/(Xa —xp)* + (Ya — ¥)*

Counter Clock Wise

Integration.

NV

yJ
Ya_Ybi_xa_xbj

dSl dSl
nyds= dy= (x;—Xp)
nyds = —dx = —(y, - yp)
nds = —dyi+ dxj

n=n,i+n

n=

%"

Fig. (A) Figure shows 2D Finite volume (area) and normal vector.
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APPENDIX [C]

The Divergence Theorem

The divergence theorem says that under suitable condition the out ward
flux of a vector field across a closed surface equals the triple of divergence of the

field over the region enclosed by region enclosed by surface [31].

_” F.n ds=ﬂj V.FdQ

S

A¢



