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 الخــلاصــة
 

تتٌاّل ُزٍ الذساعة التحل٘ل اللاخطٖ للاصاحاا  البي٘اشل للرياشٗا  اوعاطْاً٘ة ّاولاْاط الوطْٗاة 

البًْبشٗت٘ة بطشٗرة العٌاصش الوحذدل. تن اعتخذام العٌاصاش الطابْي٘اة ثلاث٘اة اوبعااد را  اليواً٘اة 

توي٘لااَ  تاان ذ التغاال٘ف درااذّاوسبعااة ريااش ّالعيااشٗي ررااذل لتوي٘اال البًْبشٗااب. اهااا بالٌغااية لحذٗاا

هطوْسل داخل العٌصش الطاابْيٖ ثلاثاٖ اوبعااد هاض داشد ّراْد تاشابظ تاام با٘ي كعٌاصش هحْسَٗ 

 ب٘ي الخشعاًة ّحذٗذ التغل٘ف.

لذًا ٗتيعَ تصشف لذى -أرتيش تصشف الخشعاًة تحب تأث٘ش ارِادا  الإًضغاط تصشدا هشًا

بالٌغاية للوٌطراة الْايعاة تحاب تاأث٘ش ارِاادا  الياذ دراذ تان  تام ٌٗتِٖ رٌاذ تِيان الخشعااًة. اهاا

( لتوي٘ال تصاشف الخشعااًة  هاض  Smeared Crack  Modelم أًواْر  الياا الوٌتياش  اأعتخذ

( لتوي٘ال اورِاادا  الوتير٘اة بعاذ  Tension-Stiffening Modelارتوااد أًواْر  تصالل الياذ  

 هشحلة التيرا.

-Incrementalتبشاسٗااة  -ة باعااتخذام طشٗرااة تضاٗذٗااةتاان حاال هعااادو  التااْاصى اللاخط٘اا

Iterative Technique  سادغاْى. تواب الغا٘طشل رلأ -( ارتوادا رلٔ الطشٗراة الوعذلاة لٌ٘اْتي

ايتااشاا الحلااْل هااي خاالال اعااتخذام هع٘اااس اويتااشاا الويٌااٖ رلاأ أعاااط الرْٓ.ثلاثااة اًااْا  هااي 

لتحل٘اال التطي٘رااا  الوْرااْدل دااٖ ُاازٍ ا ( تاان اعااتخذاهِ 51a  ,8,  02التباااهلا  العذدٗااة   

 اوطشّحة .

 ( تان حلِاا باورتوااد رلأ أعالْا Geometrical Nonlinearity اللاخط٘اة الٌِذعا٘ة  

 ( . Von Karman ( البلٖ هض الخز بع٘ي اورتياس دشض٘ا  Lagrange  ورشاًج

 Cylindricalتان تطي٘ااا الذساعااة رلاأ الوٌياايا  الريااشٗة را  الترااْط بات اااٍ ّاحااذ  

Shell ) باوضااادة الاأ اولااْاط الوطْٗااة   Folded Plate التااٖ تحتاإْ رلاأ أرتاااا طشد٘ااة )

لوعشدة يابل٘ة اليشًاهج رلٔ تحل٘لِا. كاًب الٌتائج الوحصلة هتْادرة بيبل ر٘ذ هض الٌتائج العول٘ة 

 ّالٌظشٗة الوٌيْسل لِزٍ اوهيلة.

زٍ ُاييا  التاٖ اعاتخذهب داٖ كوا تضوٌب الذساعة تاث٘ش بعض العْاهل رلٔ تصشف الوٌ

الشعااالة. ُاازٍ العْاهاال ُااٖ ل تغ٘ااش الغااوعت استطااا  العتاال الطشدااٖت تغ٘٘ااش ًغااية حذٗااذ التغاال٘فت 

 باوضادة الٔ بعض العْاهل اوخشٓ.

 داٖ باورتواد رلٔ ًتائج ُزٍ الذساعةت داى حول الطيل الرصأ كااى حغاعاا راذا للتغ٘٘اش 

582الٔ  82oّٗة هي صاّٗة الوٌيا الريشٕ. درذ اد  صٗادل الضا
o

الٔ صٗادل داٖ حوال الطيال هاي    

3..4kN   ٔ4..51  الاkN ٔهاشل  .0.8. ّباورتوااد رلأ تلاع الٌتاائجت دراذ صاد الحوال اويصا

.كوااا كاًااب ٌُاااة صٗااادل هلحْدااة دااٖ هرااذاس  42mmالاأ  52mmرٌااذ صٗااادل عااوع الريااشل هااي 

    الحول اويصٔ رٌذ صٗادل ًغية حذٗذ التغل٘ف.           

بالٌغااية للالااْاط الوطْٗااةت كاًااب صاّٗااة الواا٘لاى راااهلا هاادثشا دااٖ تحذٗااذ هرااذاس الحواال 

رٌاذ صٗاادل صاّٗاة    4..2 لراذ كااى ٌُااة تٌااي  داٖ هراذاس حوال الطيال هراذاسٍ اويصأ للطيال.



42الواا٘لاى هااي 
o  ٔ02الاا

o .  ) ٖاد  الضٗااادل دااٖ ًغااية الحذٗااذ باوت اااٍ الرصاا٘ش  التغاال٘ف الشئ٘غاا

 . 5102الٔ صٗادل تحول الوٌيا الٔ  0222ّالتٖ هرذاسُا 

للرياااشٗا  اوعاااطْاً٘ة ّاولاااْاط تااان ايتاااشاط هعاااادلت٘ي لحغااااا هراااذاس التحوااال اويصااأ 

 الوطْٗة لحاو  هختلطة ّكوا هْضحة دٖ الطصل الخاهظ.
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ABSTRACT 

 

This study deals with nonlinear large displacement analysis of reinforced 

concrete shells and folded plates by the finite element method. The 8, 41 and 

02-node brick element have been used to model the concrete. The reinforcing 

bars are modeled as axial members embedded within the brick element. Perfect 

bond between the concrete and the reinforcing bars was assumed to occur.  

The elasto-plastic strain hardening model followed by perfectly plastic 

response is used to simulate the compressive behavior of concrete. This response 

is terminated at the beginning of crushing. In tension, linear elastic behavior prior 

to cracking is assumed.  A smeared crack model with fixed orthogonal cracks is 

adopted to represent the fracture of concrete.  

The nonlinear equations of equilibrium have been solved by using an 

incremental-iterative technique operating under load control. Modified version of 

the Newton-Raphson method has been employed. Various integration rules (02, 

41a and 8points) have been used in the analysis of the applications presented in 

this study. 

A nonlinear geometrical model based on the total Lagrangian approach 

and taking into account Von Karman assumptions is considered. 

The study was applied on reinforced concrete shell structures and folded 

plates including edge beams to test the validity of the program in the analysis. A 

good agreement has been achieved between the examples analyzed in this 

research work and their published experimental and theoretical results. 

Also the study included effect of some parameters on the behavior of shell 

and folded plate structures. The parameters include; change of the thickness, 

edge beams height, change of the reinforcement ratio and some other parameter. 

Based on the results of this work, the ultimate collapse load was very 

sensitive to the variation in the angle of shell. When the shell angle () increased 

from 82o
 to 482o

, the failure load increased from 1.94kN to 41.94kN. From 

the results obtained, it was found that the ultimate load of the cylindrical shell 

could be increased up to 098. times when the thickness of shell increased from 

42mm to 42mm. The increase in the height of edge beam gave significant 

increase in the ultimate load especially when the shell angle is increased. A 
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noticed enhancement is gained from increasing the steel reinforcement by 

increasing the ultimate load carrying capacity and the ultimate deflection.  

For The folded plate, the inclination angle has also significant effect on 

increasing or decreasing the ultimate load. The ultimate load is decreased 29.4 

times, when the inclination angle is increased from 42o
 to 02o

. The increasing in 

the percent of short direction steel reinforcement to 0222 an increase in the 

failure load equals to 4102.    

Two simplified equations to determine the ultimate collapse load for 

cylindrical shells and folded plates were suggested to calculate the collapse load 

of these structures for different cases which were explained in chapter five.  
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NOTATIONS 
 

 

[A]  Matrix which contains the differential operators 

{a}  Displacement vector 

{a}
e 

 Nodal displacements 

As  Cross-sectional area of steel 

B  Body forces 

[B]  Strain – displacement matrix 

[Bo]  Linear strain – displacement matrix 

[Bnl]  Nonlinear strain – displacement matrix 

[B]  Strain – displacement matrix of bar element 

[Bo]  Linear strain – displacement matrix of bar element 

[Bnl]  Nonlinear strain – displacement matrix of bar element 

Cp  Plasticity coefficient  

[D]  Constitutive matrix 

[D]
e 

 Elastic constitutive matrix 

[D′]  Constitutive matrix of the bar element 

Dcr  Cracked material stiffness in the local axis 

  Reduced modulus of elasticity  

{f}  Applied load vector 

f′c  Ultimate compressive strength of concrete  

ft  Maximum tensile strength of concrete 

G  Shear modulus of elasticity 

  Hardening parameter 

I1  First stress invariant  

1I   First strain invariant  

[J]  Jacobian matrix 

J2  Second deviatoric stress invariant 

1J   Second deviatoric strain invariant 

[k]  Stiffness matrix 

[ k ]  Stiffness matrix of the concrete element 

[k]  Geometric stiffness matrix 

[ k ′]  Stiffness matrix of the bar element 

[k′]  Geometric stiffness matrix of the bar element 

i, m, n  Directional cosines in the x, y, z directions respectively   

[N]  Matrix containing interpolation functions 

Ni  Shape function at the ith node 

{P}  Internal force vector 

{u}
e 

 Displacement vector at any point within the element 



 I 

   

u, v, w  Displacement components in x, y and z – direction 
respectively   

ui, vi, wI    Nodal displacement  

V  Volume 

Wext  External work 

Wi  Weight of the sampling point 

Wint  Internal work 

x, y, z  Global or Cartisian coordinates 

xi, yi, zI  Global coordinates of ith node 

  Material parameters 

  The rate of stress release as the crack widens 

  Sudden loss of stress at instant of cracking 

1  Reduction factor 

  Strain 

c  Total effective strain of concrete  

cr  Cracking strain 

cu  Ultimate concrete strain 

e  Elastic component of total effective strain of concrete  

p  Plastic component of total effective strain of concrete  

{}  Strain vector 

{′}  Strain vector of bar element 

{p}  Effective accumulated plastic strain vector 

nl}  Nonlinear component of strain vector 

nl}  Nonlinear component of strain vector of embedded steel 
bar 



  Linear component of strain vector of embedded steel bar  

  Compression reduction factor  

  Rate of decay of shear stiffness as the crack widens 

  Sudden loss in shear stiffness at the instant of cracking 

  Residual shear stiffness due to the dowel action   

  Stress  

  Equivalent uniaxial stress 

cr  Cracking stress of concrete 

  Equivalent effective stress at the onset of plastic 
deformation 

{}  Stress vector 

  Local coordinate system  

  



 

 

CHAPTER ONE 

 

INTRODUCTTION 

 

 

 

1.1 General 
 

Reinforced concrete is the one of the most commonly used construction 

material. It is a composite material consisting of concrete and steel 

reinforcement. The two materials have widely different properties. The 

properties of reinforcing steel are generally known and well understood. On the 

other hand, the properties of concrete under various stress combinations have 

not been fully interpreted.  

For concrete, it is well known that the mechanical properties depend 

upon particular condition of mixing, placing, curing, nature and rate of loading 

and environmental influences.  Extensive experimental studies have been 

undertaken to study the response of ultimate strength of plain concrete under 

multiaxial stress state [Bresler and Pister (9185), Tasuji, Slate and Nelson 

(9185)]. Considerable scattering of results have been observed and collaborative 

studies have been undertaken to identify the principal factors influencing this 

variation [Neville (9159), Mirza, Hazinikdas and McGregor (9181)].  

Research and experimental data have been achieved on the behavior and 

properties of reinforced concrete as a material, and also on reinforced concrete 

structures.  This helps engineers to understand better the nonlinear behavior 

and encourages them in construction field to increase the use of reinforced 

concrete as a construction material for different forms and shapes of structures.  

An analytical procedure for the prediction of the complete response of 

such structures through the pre and post – cracking range up to failure is 

necessary to assess the true factor of safety against collapse and serviceability 
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requirements. At present the finite element method offers a powerful and a 

general tool to investigate the behavior of such reinforced concrete structures 

and plays an important role in the analysis and design of these structures (Baka 

2002). 

In recent years, nonlinear finite element analysis has proven to be an 

extremely effective means for analyzing concrete structures. The complex 

behavior of reinforced concrete structures including cracking, crushing, 

yielding and tension stiffening, (previously treated in a very approximate way) 

can presently be incorporated into the analysis in a more rational manner. The 

correct prediction of reinforced concrete structures response can be achieved by 

using the finite element method. It provides a valuable tool for research as well 

as offering a basis for codes of practice and building specifications (Thannon 

9155).  

A considerable number of successful theoretical and practical studies 

have been published on the nonlinear analysis of reinforced concrete stiffened 

plates and stiffened shells by using degenerated shell element only or by using 

degenerated shell and curved beam elements. While investigations on stiffened 

plates and shells by using all types of brick element are still lacking. Attempts 

to analyze plate and shell with effect of edge beam and end diaphragm by using 

eight, fourteen and twenty node brick element have proved inadequate to 

predict the actual behavior of the structure up to its ultimate load.  

 

1.2 Objective and Scope 
 

The aim of the present study is to investigate the overall structural behavior of 

reinforced concrete plates and shells with effect of edge beam and end 

diaphragms. In this study, the behavior of plate and shell is simulated by 

nonlinear three-dimensional finite element. Both material and geometric 

nonlinearity are simulated by eight, fourteen, and twenty node brick elements.  

The computer program P3DNFEA  that was originally developed 

by Al–Shaarbaf (9110) uses finite element analysis of reinforced concrete 
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members by eight, and twenty node brick elements with material nonlinearity. 

The modification to this program that was carried out by Mohammed (2009), 

was the incorporation of the geometrical nonlinearity. The main modifications 

to the computer program which have been carried out in the present study, was 

the analysis of reinforced concrete structure by fourteen node brick element in 

addition to the previous elements. Also, the present study is an attempt to 

investigate the effect of edge beams on the shell and folded plate behavior.  

Many other parameters affect the behavior and load carrying capacity 

like the amount of reinforcement, the edge beam height, end diaphragm, 

thickness of plate and shell, and some other parameters. The effect of brick 

element type is also studied. 

 

1.3 Layout of The Thesis 
 

This thesis consists of six chapters. Chapter one introduces the problem within 

hand. Chapter two contains a brief review of the previous studies that are 

related to the nonlinear finite element analysis of reinforced concrete plates and 

shells. The formulation of eight, fourteen, and twenty-node brick elements, 

constitutive relations of concrete and steel also presented in Chapter three. 

Chapter four contains numerical applications to test the validity of the 

constitutive relationships and finite element formulation. The parametric study 

and the empirical equations obtained from this study are given in Chapter five. 

Chapter six gives a summary of the conclusions that can be drawn from this 

study and the suggestions for further work.  



 

 

 

 

 

 

 

 
 

3.2 Finite Element Method 

The finite element method has become a powerful tool for the numerical solution 

of a wide range of engineering problems. Applications range from deformation 

and stress analysis of automotive, aircraft, building, and bridge structures to field 

analysis of heat flux, fluid flow, magnetic flux, seepage and other flow problems. 

With the advances in computer technology and computer aided design system, 

complex problem can be modeled with relative ease (Tirupathi 6991). 

Basic ideas of the finite element method originated from advances in 

aircraft structure analysis. In 6996, Hrennikoff
 
presented a solution of elasticity 

problems using the “Framework method”. Courant’s
 
paper, using a piecewise 

polynomial interpolation over triangular subregions to model torsion problems, 

appeared in 6991. 

 Argyris and Kelsey in 6991
 
developed efficient solution techniques for 

analyzing complicated structure configuration. These techniques used in the 

aircraft industry, helped to establish the foundation for further development in 

the finite element studies. 

Turner et al. derived stiffness matrices for truss bar, beam, and other 

elements and presented their findings in 6991. In 6911 the term finite element 

was first coined and used by Clough in a paper on plane elasticity problems. 

In the early 6911s, engineers used the method for approximate solution of 

problems in stress analysis, fluid flow, heat transfer, and other areas. The first 

book on finite element by Zienkiewicz and Cheung was published in 6911. In the 

late 6911s, and early 6916s, there was a growing interest in the application of the 

finite element procedure to the analysis of reinforced concrete structure, 

particularly with respect to the influence of cracking on the response.  In 6911 

Scordelis wrote a comprehensive survey of finite element analysis of reinforced 

concrete structure.  

Success in developing finite element models for application to reinforced 

concrete is closely linked to the development of quantitative information 
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concerning the load-deformation behavior of concrete. Formulation of such 

information in a suitable form for use in the analytical technique is essential. 

At present, the development in mainframe computers and availability of 

powerful microcomputers has brought this method within reach of researchers 

and engineers working in engineering industrial fields. 

 

3.3 Finite Element Method for Analysis of Reinforced 

Concrete Members 

Ahmad et al. in 6911 originally produced the degenerated shell element for the 

linear finite element analysis of thick and thin shell structures. The three 

dimensional stress and strain conditions were degenerated to a shell behavior by 

employing isoparametric element with independent rotation and displacement 

degrees of freedom. The Mindlin’s assumption was used in place of Kirchhoff 

hypothesis. In the formulation of this element only the nodes on the mid-surface 

of the element were retained. Five degrees of freedom were used at each node 

(three displacements and two independent rotations). 

Zienkiewics et al. in 6916 achieved a great improvement of this element 

by using reduced integration techniques in general analysis of plate and shell 

problems. 

In 6911, Valliappan and Doolan used the finite element method for 

determining the stress distribution in reinforced conctere structures not only due 

to the limited tensile strength of concrete, but also due to the elasto-plastic 

behavior of concrete and steel. The Von-Mises yield criterion had been used for 

both steel and concrete. A two-dimensional displacement method of analysis had 

been used in this study. The triangular elements were used for the concrete, and 

the bar elements to model the reinforcement. The results of the numerical 

examples indicated that this type of analysis would be valuable to the design 
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engineer as it offers a complete picture of the stress distribution both in concrete 

and steel. 

Hand et al.
 
in 6911 used doubly curved shallow shell layered nonlinear 

finite element to analyze reinforced concrete plates and shells and obtained the 

load-deflection history up to failure. The reinforcing steel is assumed to be 

elastic-plastic and bilinear elasto-plastic behavior is used for concrete. The 

concrete is assumed to be tension-limited and to yield in biaxial compression in 

accordance with a yield criterion proposed by Kupfer and Gerstle (2794). A 

comparison of the numerical results obtained from finite element analysis of 

plate and shell showed a good agreement with experimental results. 

In 6911, Suidan and Schnobrich presented a finite element analysis of 

reinforced concrete beams, which utilizes three-dimensional isoparametric 11-

node brick elements to simulate the concrete, while, the steel reinforcement was 

assumed to be smeared throughout the concrete element. An elastic-perfectly 

plastic behavior for both steel and concrete was assumed. The Von-Mises yield 

criterion was adopted to indicate yielding condition. Perfect bond between steel 

and concrete was assumed to occur. Cracking occurred when the principal tensile 

stress violates the specific tensile strength of concrete and consequently, the 

stiffness normal to the crack was reduced to zero. The analysis also includes a 

factor for shear-retention in the cracked planes of concrete. The predicted 

behavior of reinforced concrete beams analyzed by this manner was compared 

against the experimentally observed behavior of the same beams. Good 

agreement has been obtained between the predicted and the experimental 

behavior. 

Mawenya and Davies in 6919 used the finite element technique to 

account for the effect of membrane action in orthotropically reinforced concrete 

slabs. The analysis included the effects of inplane stresses. The results obtained 

in this study were compared with the classical thin plate theory solutions.  
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Scanlon in 6919 presented a finite element model which is capable of 

simulating the behavior of reinforced concrete slabs at working loads, including 

the effects of nonuniform reinforcing and tensile cracking. This study 

concentrates on technique for including the effect of creep and shrinkage. 

Also Lin and Scordelis in 6919 used triangular finite elements for the 

nonlinear analysis of reinforced concrete shells of general form. The analysis 

includes tracing the load-deflection response and the crack prorogation through 

the elastic, inelastic and ultimate ranges. A layered approach was used to 

represent both the concrete and the steel. A bilinear state of stress was assumed 

for both the concrete and the steel, and the tension stiffening effect of the 

concrete between cracks was included in such study and was found to have 

significant influence on the post-cracking load-deflection response of under 

reinforced concrete structures.  

In 6911, Phillips and Zienkiewicz presented a nonlinear analysis of 

reinforced concrete structures by using the finite element technique. Nonlinear 

effects such as cracking, multiaxial compressive behavior of concrete, yielding of 

reinforcement and to a lesser extent, aggregate interlocking were included. 

Isoparametric elements, under plane and axisymmetric conditions, were used to 

represent the concrete, while steel reinforcement was simulated by special line 

elements embedded within the isoparametric elements. Perfect bond between 

concrete and steel bars was assumed. A linear elastic-fracture model simulating 

the behavior of concrete in tension and cracking was handled by adjusting the 

stress level and material properties in the cracked zone. In compression, two 

models were adopted to predict the concrete behavior, the first model was based 

on experimental uniaxial and biaxial stress-strain relationships, and the second 

model was based on deviatoric and hydrostatic components of stress and strain. 

Several realistic concrete structures were analyzed and the finite element 

solutions were compared with experimental evidence. It has been shown that the 
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behavior of reinforced concrete structures was generally well predicted by the 

method presented. The load-displacement relationships, and the location and 

direction of tensile cracking were determined with sufficient accuracy.  

In his research, Kabir (6911) extended the work of Lin and Scordelis to 

include the time dependent effect of creep, shrinkage and load history for the 

nonlinear analysis of reinforced concrete shells. 

In 6911, Buyukozturk used doubly curved isoparametric thin shell finite 

elements to analyze reinforced concrete deep beams and cylindrical shells 

subjected to short time loading. A generalization of the Mohr-Coulomb criterion 

was made in terms of the principal stress invariants. The generalized yield and 

failure criteria were developed to account for the progressive cracking of 

concrete in tension, and the nonlinear response of concrete under multiaxial 

compressive stresses. Using these criteria, incremental stress-strain relationship 

was established in suitable form for the nonlinear finite element analysis. 

Equivalent isotropic steel layers represented the actual reinforcing bars. These 

layers carry uniaxial stresses only in the same direction as the actual bars. The 

effect of dowel action was neglected in this work. 

In 6919, Bergan and Holand used the finite element method for the 

nonlinear analysis of reinforced concrete beams, shear walls, and slabs under 

short time loading and/or cyclic loading. Simple beam elements with three and 

four degrees of freedom per node and rectangular elements with four corner 

nodes, each node has two degrees of freedom were used to simulate the concrete 

structure. The reinforcement was idealized either by discrete bar elements or 

smearing out into a steel layer. Full compatibility between concrete and 

reinforcement displacements was assumed to occur. A smeared crack model was 

used to simulate the behavior of concrete in tension, while the endochronic 

theory of plasticity was used to model the behavior of concrete in compression. 

Geometric nonliearity based on total and updated co-rotational description 
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involving nonlinear strain expressions were considered in this analysis. The 

results of ultimate loads and deflections show good agreement between the 

numerical models and the experimental results. It was concluded that the 

geometric nonlinearity plays an important role for predicting the ultimate 

strength of the plates. 

Bathe and Bolourchi in 6991 applied the finite element method for the 

analysis plates and shells including geometric and material nonlinearity. The 

element was formulated by interpolating the element geometry using the mid-

surface nodal point coordinates and mid-surface nodal point normals. Total and 

updated Lagrangian formulations are adopted that allow very large displacements 

and rotations. The element is implemented as a variable-number-nodes element 

and could be employed as a fully compatible transition element to model shell 

intersections and shell-solid regions. 

In their paper, Arnesen et al. (6991) developed a numerical procedure 

based on the finite element method for the analysis of plane stress problems and 

plates and shells under monotonically increasing load up to failure. Both the flow 

theory of plasticity and the endochronic theory of plasticity were used in the 

constitutive laws for concrete and reinforcement. General 9-node quadrilateral 

elements with selective sampling of strain and triangular shell elements were 

used in the discretization. Geometric nonlinearity was accounted for through 

updating of coordinates for the shell elements in the analysis of plates and shells. 

Reinforced concrete beams, corbels, square plates and shells were analyzed and 

compared with several experimental results. These studies show good agreement 

with experimental results. 

Bathe and Ho in 6996 adopted a simple flat three-node triangular shell 

element for linear and nonlinear analysis of general shells. The element stiffness 

matrix with six degrees of freedom per node is obtained by superimposing its 

bending and membrane stiffness matrices. An updated Lagrangian formulation 
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was used for large displacement analysis. The application of the element to the 

analysis of various linear and nonlinear problems was demonstrated also. 

Abdel-Rahman and Hinton in 6991 presented linear and nonlinear finite 

element analysis of reinforced and prestressed concrete cellular slabs based on 

slab-beam model. Mindlin/Timoshenko assumptions are adopted in the slab-

beam model which thus allows for transverse shear deformation. A layered 

approach was used to represent the concrete and steel. The slab-beam model 

consists of Mindlin plate elements to represent the slab and Timoshenko beam 

elements to represent the eccentric beam stiffeners. A reference plane at which 

all degrees of freedom are defined is usually chosen to coincide with plate mid-

surface. It is assumed that the stiffeners are monolithically connected to the plate. 

This assumption implies that identical displacement fields must be produced at 

the junction between the plate and the beams. 

Huang in 6991 used the degenerated shell element and improved it by 

assuming transverse shear and membrane strains. An explanation of the locking 

behavior and also the location of sampling points for the assumed strains field 

were given. In order to overcome the shear locking problem of the new element, 

transverse shear strains in the natural coordinate system were assumed and 

membrane strains in the orthogonal curvilinear coordinate system were applied to 

this element to avoid membrane locking behavior. Both linear and nonlinear 

problems were considered 

Thannon, Bicanic and Owen in 6991 used degenerated quadratic thick 

shell element for simulating the behavior of reinforced concrete plates and shells 

stiffened with eccentric beam systems. The shell elements were employed for the 

plate and shell body. For the beams, a curved element formulation is adopted 

based on beam theory with incorporation of transverse shear deformation. A 

layered approach is used for both shell and beam in order to model the 
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progressive characteristics. The analysis was based on short term loading 

conditions. 

Owen, Thannon and Bicanic in 6991 used degenerated quadratic shell 

element and curved beam element for the analysis of reinforced concrete 

stiffened shells, including both geometric and material nonlinearities. A layered 

representation through the depth is employed, in conjunction with a simple 

nonlinear model of reinforced concrete. The curved beam element exhibits the 

required displacement compatibility with the degenerated shell element, and the 

six degrees of freedom are capable of representing torsional and transverse 

bending behavior. Numerical examples for reinforced concrete funicular shells 

and folded slabs showed good agreement with the experimental work. 

Thannon in 6999 applied the finite element method for the nonlinear 

analysis of reinforced concrete stiffened shells and folded slabs. Degenerated 

quadratic thick shell elements were employed for the shell. For the beam, a 

curved element formulation was adopted which was based on the beam theory 

and incorporating transverse shear deformation. For the stiffened shell, the 

modification of the degenerated shell element that was needed for the connection 

with curved beam was made. A layered model was employed with special 

treatment of the combined torque and bending about the weak axis of the beam. 

Various reinforced concrete beams, stiffened shells, and folded slabs were 

analyzed. The numerical results of the structures analyzed showed a good 

agreement with the experimental results. 

Guice et al. in 6999 presented a truss-element model, which incorporates 

nonlinear geometric theory to reinforced concrete slabs response by relating the 

behavior of the slab to that of shallow shell. A simple truss element model, which 

is typically used in the stability analysis of thin shells, was used to predict the 

total load-deflection curve for restrained slabs. The comparison of the results 

with experimental data suggests that it is a reasonable approach to predict the 



Chapter Two                                                     

Review of Literature  

اسويع يابصير يا علين يا ودود يا هستعاى كهيعص حوعسقالله يارحوي يارحين ياحي ياقيىم ي  23 

total load-deflection behavior especially when a single degree of freedom model 

is considered. 

In his thesis, Al-Shaarbaf (6991) described a three-dimensional 

nonlinear finite element model suitable for the analysis of reinforced concrete or 

steel members under general states of loading. The 11-node isoparametric brick 

element was used to model the concrete, and reinforcing bars were idealized as 

axial members embedded within the concrete elements. The behavior of concrete 

in compression was simulated by an elasto-plastic work hardening model 

followed by a perfectly plastic response, which is terminated at the onset of 

crushing. In tension, a smeared crack model with fixed orthogonal cracks was 

used with the inclusion of models for the retained post-cracking stress and 

reduced shear modulus. Only material nonlinearity due to concrete behavior in 

compression, cracking of concrete, yielding of reinforcement was considered. 

The analysis of reinforced concrete members, which fails in shear or torsion 

modes, was investigated. The numerical solutions obtained for reinforced 

concrete panels under pure shear and beams in pure torsion and compound 

bending and torsion revealed that the inclusion of a model for reducing the 

compressive strength of cracked concrete can significantly improve the 

correlation of the predicted post-cracking stiffness and ultimate loads with the 

experimental results. 

In 6991, Abbasi et al. applied the finite element method for the nonlinear 

analysis of reinforced concrete slabs subjected to central patch loads. Using the 

layered approach, a degenerated quadratic plate element with five degrees of 

freedom has been employed to model the reinforced concrete slabs. Smeared 

crack model was used with fixed orthogonal cracking. Several comparisons have 

been considered in this work. These comparisons are; perfectly plastic models 

versus hardening models, variation of tension-stiffening parameters, degraded 

shear modulus and the role of yield criterion. 
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Usama in 6991 used layered degenerated shell element for the nonlinear 

finite element analysis of partially restrained reinforced concrete slabs. Perfect 

bond between the concrete and reinforcement is assumed. The compressive 

behavior of reinforced concrete is simulated by an elasto-plastic work hardening 

model. Heterosis isoparametric element has been used to model the concrete. In 

tension, a smeared crack model with fixed orthogonal cracks has been used with 

the inclusion of models to account for the retained post-cracking stress and shear 

modulus. The nonlinear equation of equilibrium has been solved by using an 

incremental-iterative technique operating under load or displacement control and 

standard and modified Newton-Raphson solver technique is adopted. 

Displacement control incrementation scheme is used to trace the falling branch of 

the load-deflection curve. Good agreement with experimental results for slabs 

analyzed was gained. 

In their paper, Edwards and Billington (6999) presented a nonlinear finite 

element analysis of reinforced concrete hipped hyperbolic paraboloid shell roof. 

The 9-node shell elements with six degrees of freedom at each node (three 

translations, and three rotations) were used to idealize the shell roof. While, the 

edge beams, columns, and tie beams were modeled by using 9-node solid 

elements with three degrees of freedom at each node (three translations). The 

effects of geometrical nonlinearity and long-term effects of creep and shrinkage 

were considered in this study. The finite element analysis was based on 

uncracked materials and assumed that the incremental creep strains were 

proportional to the stresses and exponentially decaying with time. The finite 

element results show good agreement with experimental results in terms of 

failure loads. 

In 6999, Mohammed investigated the behavior of various ferrocement 

structures subjected to short time loading, using two-dimensional nonlinear finite 

element model adopted by Thannon. Both 9-node Serendipity and 9-node 

Lagrangian degenerated quadrilateral shell elements have been used to model the 



Chapter Two                                                     

Review of Literature  

اسويع يابصير يا علين يا ودود يا هستعاى كهيعص حوعسقالله يارحوي يارحين ياحي ياقيىم ي  25 

concrete. The reinforcement was idealized as a smeared layer of equivalent 

thickness throughout the thickness of the shell element. Perfect bond between 

concrete and steel reinforcement had been assumed. Ferrocement shells, box 

beams, and slabs were analyzed using the proposed model and showed good 

agreement with experimental results. A parametric study to investigate the effect 

of tension-stiffening parameters, effect of number of concrete layers, and the 

effects of the quadratic Lagrangian elements was also carried out in this work. 

In his thesis, Al-Khuza’y (1116) used degenerated shell elements for 

modeling both shells, and edge beams to study different types of concrete shell 

structures. A layered model is considered in the modeling of the reinforced 

concrete behavior and a perfect bond between the concrete and reinforcement 

had been assumed. The compressive behavior of the concrete had been modeled 

by employing two approaches, both the elastic-strain hardening and elastic-

perfectly plastic approach. The nonlinear equations of equilibrium had been 

solved using the incremental-iterative technique operating under load control. 

Various integration rules (full, selective, reduced) had been used in the analysis 

of the applications. A nonlinear geometrical model based on the total Lagrangian 

approach and taking into account Von Karman assumption is considered. A good 

agreement with experimental results had been achieved for the used examples. 

Also the study included the effect of some parameters on the behavior of shell 

structures.  

Mohammed in 1116 studied both two and three-dimensional nonlinear 

finite element models suitable for the analysis of reinforced concrete folded 

plates. The 9-node Lagrangian degenerated shell elements and the 11-node 

isoparametric brick elements have been used to model the concrete. While, the 

reinforcing bars were modeled as smeared layers of equivalent thickness 

throughout the shell element or as axial members embedded within the brick 

elements for the two and three-dimensional models respectively. The finite 

element results showed good agreement with the experimental results. The 

influence of simulating the reinforced concrete folded plates by using two or 

three-dimensional finite elements were also studied. Several parametric studies 
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had been carried like; the influence of increasing concrete compressive strength, 

amount of reinforcement, plate thickness, span/width ratio, and inclination.  

Baka in 1111 applied the nonlinear finite element for the analysis of flat 

slab and reinforced concrete funicular shell. A layered degenerated quadratic 

shell elements with five degrees of freedom per node was employed. Both the 

elastic-perfectly plastic and strain hardening plasticity approach had been 

employed to model the compressive behavior of the concrete. A smeared fixed 

cracked approach was used, the reinforcement is represented by equivalent 

thickness with uniaxial properties. Perfect bond between the concrete and 

reinforcement has been assumed. The geometric and material nonlinearity were 

considered in the analysis. Instead of modeling the edge beam in these structures, 

it was considered as boundary conditions only. Numerical results obtained from 

the finite element analysis showed good agreement with experimental results. 

The present study deals with the case of reinforced concrete shells and 

folded plates by using three–dimensional nonlinear finite element analysis. 

Different types of isoparametric brick elements with three degrees of freedom for 

each node are employed to model the concrete structures. Some parameters 

affecting the behavior of shells and folded plates are studied herein. 

 

  



 

 

CHAPTER THREE 

FINITE ELEMENT MODEL 

 

5.3 Introduction 
 

The finite element method as a numerical technique for solving complicated 

boundaries and complex material characteristic problems of solid mechanics 

offers scope to develop a rigorous and rational analysis of reinforced concrete 

structures. The method can be thought of as a general method of structural 

analysis by means of which a solution of a problem in continuum mechanics 

can be approximated. This can be achieved by analyzing a structure consisting 

of an assemblage of properly selected finite elements interconnected at a finite 

number of nodal points. 

Nonlinear analysis of reinforced concrete structures has become popular 

over the last three decades. This approach can be achieved by carrying out a 

numerical simulation of the complete structural response up to collapse load. In 

particular, it has proved that it is difficult to describe the highly complex 

behavior of reinforced concrete within the framework of a unified material law 

because of its extremely nonlinear response. This nonlinear response involving 

phenomena like cracking of concrete, yielding of reinforcement, and the 

nonlinear stress-strain relationship of concrete in compression and interactive 

effects between the concrete and reinforcement (Bergan and Holand 9191). 

These special properties of reinforced concrete must be considered for material 

modeling at all stages of loading. Therefore, it is necessary to model the 

reinforced concrete by considering the constitutive relationships of the 

composite material. This can be usually achieved by the superposition of 

constitutive models of the individual material components, concrete and 

reinforcement (Chen 9191).  
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Structures may exhibit nonlinear behavior due to material or geometric 

nonlinearities. Geometric nonlinearity is associated only with certain special 

structural members and systems in which the effect of displacements on initial 

forces must be considered in the analysis. Long columns, flexible arches, and 

some thin plate and shell structures are examples of such special structural 

members. On the other hand, material nonlinearities occur in all reinforced 

concrete structures and should be considered by using an accurate rational 

analysis (Nilson 9191). 

 

5.4 Three – Dimensional Brick Elements 
 

In the 3D finite element method, the construction of the stiffness matrix of the 

brick element has been facilitated by three advances in the finite element 

technology: local coordinates, isoparametric definition and numerical 

integration (Al – Shaarbaf 9111). 

These advances revolutionized the finite element field in mid – 9191’s, 

mainly, when the 9– node linear and the 11 – node quadratic brick elements 

were presented as shown in Fig. (3.9c) and  (3.9a) respectively. This two 

elements were used in representing the three dimensional solid bodies. 

Alternatively, Smith and Kidger (9111) used a 91-node element as 

shown in Fig. (3.9b). This element has eight corner and six mid-face nodes.  

These elements have been adopted in the present study to show their 

ability for concrete representation for shell structures and for folded plates.   
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a. Quadratic 42-node brick element 
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b. 36-node brick element 

 

Fig. (5.3) Isoparametric Brick Elements 
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3.1.9 Shape Functions 

The natural (local) coordinates system is used to describe the displacement 

components of a point p (ξ, η, ζ) within the element. These local coordinates (ξ, 

η, ζ) are scattered in the center of the brick element where the origin point is 

located as shown in the Fig. (3.1) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Every brick element has 3 d.o.f  per node and bounded by planes with ξ, 

η, and ζ = ± 9 in ξ, η, ζ space. The starting point for the stiffness matrix 
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Fig. (5.4) Local coordinate system (Smith and Griffiths 3998) 
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derivation is the element displacement field. The isoparametric definition of 

displacement components is: 
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                         …(5.3) 

where Ni (ξ, η, ζ) is the shape function at the i-th node, n represent the number 

of nodes per element and  ui, vi and wi are the corresponding nodal 

displacements. 

The shape functions of the quadratic 11-node brick element are shown 

in Table (3.9) 

 

Table (5.3) Shape Functions of the Quadratic 42-Node Brick 

Element (Cook 3916) 

Location ξi ηi i Ni (ξ, η, ζ) 

Corner nodes ±9 ±9 ±9 (9+ ξ ξi)(9+ η ηi)(9+i) (ξ ξi+ η ηi + ζ ζi-1 )/9 

mid–side nodes 1 ±9 ±9 (9- ξ
1
)(9+ η ηi )(9+ ζ ζi ) /1 

mid–side nodes ±9 1 ±9 (9- η
1
 )(9+ ξ ξi)(9+ ζ ζi )/1 

mid–side nodes ±9 ±9 1 (9- ζ
1
 )(9+ ξ ξi)(9+ η ηi )/1 

 

 

where ξi , ηi  and I are local coordinate for i-th node and they are equal ±9.  

The shape function, which represents the linear 9-node brick element, is 

shown in Table (3.1)    

  

Table (5.4) Shape Function of the Linear 8-Node Brick Element 

Node no.( i ) ξi ηi i Ni (ξ, η, ζ) 
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i=3 - 8 ±9 ±9 ±9 (9+ ξ ξi)(9+ η ηi)(9+i) /9 

 

 

Table (3.3) shows the shape functions of the 91-node brick element. 

Table (5.5) Shape Functions of 36-Node Brick Element (Smith and 

Griffiths 3998) 

Node no. Ni (ξ, η, ζ) 

9 ((ξ*η+ξ*ζ+1*ξ+η*ζ+1*η+1*ζ+1)*(ξ-9)*(η-9)*(ζ-9))/9 

1 ((ξ*η-ξ*ζ-1*ξ+η*ζ+1*η-1*ζ-1)*(ξ-9)*(η+9)*(ζ-9))/9 

3 ((ξ*η+ξ*ζ+1*ξ-η*ζ-1*η-1*ζ-1)*(ξ+9)*(η-9)*(ζ-9))/9 

1 ((ξ*η-ξ*ζ-1*ξ-η*ζ-1*η+1*ζ+1)*(ξ+9)*(η+9)*(ζ-9))/9 

1 -((ξ*η-ξ*ζ+1*ξ-η*ζ+1*η-1*ζ+1)*(ξ-9)*(η-9)*(ζ+9))/9 

9 -((ξ*η+ξ*ζ-1*ξ-η*ζ+1*η+1*ζ-1)*(ξ-

9)*(η+9)*(ζ+9))/9 

9 -((ξ*η-ξ*ζ+1*ξ+η*ζ-1*η+1*ζ-1)*(ξ+9)*(η-

9)*(ζ+9))/9 

9 -((ξ*η+ξ*ζ-1*ξ+η*ζ-1*η-

1*ζ+1)*(ξ+9)*(η+9)*(ζ+9))/9 

1 -((ξ+9)*(ξ-9)*(η-9)*(ζ-9))/1 

91 ((ξ+9)*(ξ-9)*(η+9)*(η-9)*(ζ+9))/1 

99 -((ξ+9)*(ξ-9) *(η-9)*(ζ+9) *(ζ-9))/1 

91 ((ξ+9)*(ξ-9) *(η+9)*(ζ+9) *(ζ-9))/1 

93 -((ξ-9)*(η+9) *(η-9)*(ζ+9) *(ζ-9))/1 

91 ((ξ+9)*(η+9) *(η-9)*(ζ+9) *(ζ-9))/1 

 

 

In the isoparametric group of elements, the interpolation shape functions 

are also used to define the geometry of the element and the global coordinates 
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of any point p(ξ, η, ζ) in the terms of the natural local coordinates by using the 

relations: 
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                                    …(5.4) 

   where xi , yi  and zi  are the global coordinates of the node i .  

3.1.1 Definition of Strain and Stress Fields 

In order to take into account the geometrical nonlinearity of the structure, the 

general strain-displacement equations that are used for small and large 

deformation problems can be written as (Zienkiewicz 9199): 
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where u, v, and w are the displacement components in the x, y, and z directions 

respectively. Equation (3.3) reveals the nonlinearity of the strain-displacement 

relationships. If the displacements are small, the general first order linear strain 

approximation is obtained by neglecting the quadratic terms. The engineering strains 

are considered valid for the new strains measured in the original configuration 
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(Timoshenko and Goodier 9119). Equation (3.3) can be written by using shape 

functions as: 
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    …(5.6)  

Since the shape functions, NI, are functions of local coordinates rather 

than Cartesian coordinates, the Jacobian matrix [J], is needed to relate the 

derivatives in the two coordinate systems, 
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where n is the number of node per element. Then, the shape function 

derivatives with respect to x, y, and z can be obtained as: 
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                     …(5.8)  

The vector of stresses is given by: 
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

}{                                                                                                      …(5.1) 

 

and the stress – strain relationship is represented as: 

 

}].{[}{  D                                                                                     …(5.8) 

 

where [D] is the constitutive matrix.  
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6.5.6 Stiffness Matrix Calculation 

In order to establish the governing equations of static equilibrium, which will 

lead to the derivation of the stiffness matrix, the principle of virtual 

displacements for a deformable body is used. It simply states that a deformable 

body is in equilibrium if the total work done by all the external forces plus the 

total work done by all the internal forces during any kinematically admissible 

virtual displacement is zero (Dawe 4897) or in other words, strain energy is 

equal to loss of potential work by external forces:    

 

                                                                                                           

…(2.3)                                                                                                                                                  

 

The external work can be expressed as the work done in moving the body 

forces b and surface traction ts through the virtual displacement { u }, as: 

 

         
v

dsst
T

u  dv  b
T

u
sextW                                                              

…(2..3)  

 

where v is the volume of the body and s is that part of the surface of the body 

where external tractions are prescribed. 

The change in the strain energy. or internal work, due to a set of virtual 

strains, {   } , corresponding to the virtual displacement{ u } is: 

 

                                                                                                        … 

(2...)  

 

By substituting equations (6.9) into equation (6.44) then 

 

0
ext

W
int

W 



 

v

W dv}{ T}   { 
int



    dvD
T

vint
W  

v
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                                                                                                        … 

(2..3)     

 

 

By substituting equations (6.43) and (6.45) into equation (6.8), then: 

 

             0
v

dsst
T

u - dv b
 T

u - dvD    
s

T

v
                           … (2..2) 

  

This expression represents the equation of static equilibrium for a general body.  

The basic concept of finite element analysis is to discretize the 

continuum into arbitrary numbers of small elements connected together at their 

common nodes. For a finite element, e, of the discrete model, the displacement 

vector at any point is: 

 

   ee a  [N] u                                                                             

…(2..2)      

 

where [N] is a matrix containing the interpolation functions which relate the 

displacements {u}
e
  to the nodal displacements {a}

e. 

By differentiation of the displacements, the corresponding strains, {}
e
, 

are obtained such that: 

 

{}
e
 = [A] {u}

e
                                                                           …(2..3) 

 

where [A] is the matrix, which contains the differential operators. Substituting 

equation (6.47) into equation (6.48) yields: 
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{}
e
 = [A] [N] {a}

e      
                                                                 

…(2..4) 

or 

{}
e
 = [B] {a}

e
                                                                            … 

(2..3) 

 

where [B] is the strain-displacement matrix, which represents the values of the 

strains at any point within the element, due to unit values of nodal 

displacements. In the discrete model, the equations of equilibrium of the 

continuum may be written as the sum of integration over the volume and 

surface area for all the finite elements. Therefore, by making use of equation 

(6.47) and (6.43), equation (6.46) becomes: 

 

       0eds e
s

TTN][

v

edv eRTN][e}{aedv BD

v

TB][T}a{    














n n n s

          … 

(2..3) 

 

Since the relationship must be valid for any set of virtual displacements, 

and since  Ta is arbitrary or  Ta  is not equal to 3, then equation (6.49) is 

written in a brief form for one element e as: 

 

     akf .                                      

…(2..3) 

 

where [k] is the structural stiffness matrix of the assemblage of the elements 

and given by: 
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 
n

e

v
[k]][K                                                                            

…(2.33) 

 

and {a} is the corresponding assemblage of nodal displacement vector, and {f} 

is the assemblage of external nodal force vector of the structure given by:  

 

       
n n

bf
es

eds e
sTT[N]edv e

ev

T[N]                                              

…(2.3.) 

 
For an element of volume v, the stiffness matrix is presented implicitly 

in equation (6.53) as: 

  

edv D].[B][
ev

.T[B]e]K[                                                                

…(2.33)  

For three – dimensional elements, the differential volume dv
e
, may be 

written as: 

    

dxdydzedv                                                                                    

…(2.32)                                                                               

 

Equation (6.56) can be transformed into the natural coordinates as: 

 

 dddJedv                                                                               

…(2.32) 
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where  J  is the determinant of the Jacobian matrix. The limits of integration in 

the natural coordinates become –4 an +4 and the element stiffness matrix can 

therefore be written as:     

 















1

1

1

1

1

1
dddJ]B][D[T]B[e]K[                                                

…(2.33)                      

 

In general it is not possible to evaluate the element stiffness matrix 

explicitly. Thus, numerical integration has to be used.  

 

 

2.2 Reinforcement Idealization  
 

In developing a finite element model for reinforced concrete members, at least 

three alternative representations of reinforcement have been used:   

 

.. Distributed Representation 

In this representation, Fig. (6.6a), the steel is assumed to be distributed withen 

the concrete element with a particular orientation angle . The composite 

concrete-reinforcement constitutive relation is used in this case [ASCE 

(4894), Chen (4895)]. To derive such a relation, perfect bond is usually 

assumed between concrete and steel.    

 

3. Discrete Representation 

A discrete representation of the reinforcement by using independent one - 

dimensional elements has been widely used, Fig. (6.6b). Axial force members, 

or bar links, may be used and they are assumed to be pin -connected with two 
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degrees of freedom at the nodal points. Beam elements may also be used, and 

they are assumed to be capable of resisting axial force, shear, and bending, with 

three degrees of freedom assigned at each node. In either case, the one – 

dimensional reinforcement elements are easily superimposed on the multi – 

dimensional finite element mesh representing the concrete. A significant 

advantage of the discrete representation in addition to its simplicity is that it 

can account for possible displacement of the reinforcement with respect to the 

surrounding concrete. [Cook (4894), Chen (4895)]. 

 

2. Embedded Representation 

An embedded representation, Fig. (6.6c), may be used in connection with 

higher order isoparametric concrete elements [ASCE (4894), Al-Mahaidi 

(4838)]. The reinforcement bar is considered to be an axial member built into 

the isoparametric concrete element such that its displacements are consistent 

with those of the element. Perfect bond between the steel and the concrete has 

been assumed in this case. A major advantage of this approach is that the steel 

bars can be placed in their correct positions without imposing any restrictions 

on mesh choice and hence the finite element analysis can be carried out with a 

smaller number of brick elements compared to the discrete representation of 

reinforcement. Therefore, the embedded representation is adopted in present 

work. 
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For particular types of problems, a combination of representations may 

be used. As an example, discrete beam elements may be used for main 

reinforcement in beams while axial bar elements for stirrups. Or a distributed 

model can be used for the steel throughout the surface of the curved shell and 

discrete bar or beam elements for special reinforcement along the edge. 

A derivation is presented in this section for a bar parallel to the local 

coordinate axis . A similar derivation can be used for bars paralleled to  and 

 axes [Phillips and Zienkiewicz (4839), Mohamed (4899)]. 

a. Distributed representation 

 

X 
 Z 

 Y 

 

 

Axial element Axial element 

b. Discrete representation 

Fig. (2.2) Alternative Representations of Steel Reinforcement 

c. Embedded representation 

 

X 
 Z 

 Y 

 

 

v’,y’ 

u’,x’ 

w’,z’ 
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For a bar lying inside a hexahedral brick element and parallel to the local 

coordinate axis , with  = c and  = c, the displacement representations are: 


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i
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1

)(                                                                                 
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)(                                                                               …(2.34)                                                                                                                                             





n

i
i

w
i

Nw
1

)(  

The strain-displacement relationship can be expressed in the local 

coordinate system as: 
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                                      …(2.33)      
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Eq. (6.58) is expressed in a compact form as: 

 

{}=[B]{a}
e
                                                                                  

…(2.33) 

 

       

where [B] is the strain-displacement matrix of the bar element. Then the 

stiffness matrix of an axially loaded bar element may be expressed as: 

 

[K]
e
=  [B]

T
 [D] [B]dv

e
                                                             … 

(2.23) 

 

The constitutive matrix [D] represents the modulus of elasticity of the 

steel bar for the case of one-dimensional bar element lying in the direction 

parallel to the natural coordinate line, and thus the volume differential dv
e
 can 

be written as: 

 

dv
e
=As.dx=As.h.d                                                                        

…(2.2.) 

 

where As is the cross-sectional area of the bar. By substitution of Eq. (6.64) 

into Eq.(6.63), the stiffness matrix of the embedded bar can be expressed as: 
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[K']
e
 = As 





1

1

[B]
T
 [D] [B}hd                                                        

...(2.23) 
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1.3 Numerical Integration 
 

To perform the integration required to set up the element stiffness matrix, 

suitable scheme of numerical integration has to be made. In finite element 

work, the Gauss-Legendre quadrature scheme has been found to be accurate 

and efficient. The integral of the finite element stiffness matrix given in Eq. 

(52.3), can be expressed in the form [Robinson (3795), Dawe (3791)]: 
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
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1

1

1

1
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d d )d  ,  ,  ( F  I                                              

…(1.11) 

 

which may be rewritten numerically as: 
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…(1.13)  

 
where ni, nj, nk are the number of Gaussian points in the 

k
and

j
 ,

i
direction respectively. The function ),,

kji
( F   represents 

the matrix multiplication ) [J] D].[B].det[B] 
T .[( at sampling points 

k
,

j
,

i
 .  

In a similar manner, the integral of the stiffness matrix of the embedded 

reinforcement can be written as: 
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…(1.13) 
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The application of the three-dimensional finite element analysis in 

connection with the nonlinear behavior of reinforced concrete structures needs 

a large amount of computation time due to the frequent evaluation of the 

stiffness matrix. Therefore, it is necessary to choose a suitable integration rule 

that minimizes the computation time with sufficient accuracy. Several types of 

integration rules can be used such as the eight (.x .x.), and the twenty-seven 

(5x5x5) Gaussian point rules are used to integrate the stiffness matrix of brick 

elements (Bathe 3771). Also, there is the fifteen - point Gauss type integration 

rule (Irons 3793). 

The integration rules, which exist in this program, are the 

eight=(.x.x.), .9=(5x5x5) Gauss quadrature and the 33 points type 

integration rule. The weights and abscissa of the sampling points are listed in 

Tab. (521) .The relative distribution of the Gaussian points over the element is 

given in Fig. (521). 

In the present study, all the above numerical integration rules are used.  
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Table (1.3) Weights and Abscissa of Sampling Points in 8, 33 a  and 

32 Points Integration Rules. 

 

Integration rule Sampling point 

Number 
   Weight 

8-Point Rule 
3 - 9 +72399

51 

+723995

1 

+723995

1 

327 

33a-point Rule 

3 727 727 727 323111 

. , 5 327 727 727 725333

1 

1 , 3 727 727 327 725333

1 

1 , 9 727 327 727 725333

1 

9 - 33 72191

37 

721913

7 

721913

7 

723599

9 

32-Point Rule 

3, 5, 3 ,9, 37, .3, 

.5, .3 

72991

1 

729911 729911 723931

19 

., 1, 1, 9, 37, 3., 

31, 31, .7, .., .1, 

.1 

72991

1 

729911 729911 72.915

19 

7, 33, 35, 33, 39, 

.9 

72991

1 

729911 729911 721597

39 

39 727 727 727 7297.5

5. 
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1.3 Nonlinear Solution Techniques 

 

The solution of finite element equations for linear problems can be 

accomplished in a direct manner without major difficulties. However, this is no 

longer the case for nonlinear problems where certain sophisticated solution 

strategies must be employed. In the analysis of reinforced concrete structures, 

the material nonlinear behavior, including sudden changes in the element 

stiffness due to cracking and crushing of concrete and yielding of 

reinforcement, represents the main source of nonlinearity. The influence of 

geometry changes on the behavior is also significant in many cases. An 

analysis based on large deformations must be considered for those cases. An 

incremental finite element formulation with corrective iteration cycles is 

usually used for nonlinear finite element analysis to trace out the entire 

structural response of reinforced concrete structures and to guarantee the 

convergence towards the correct solution path. 

 

52323 Solution Techniques for Nonlinear Equations 

Applying the finite element method for any problem leads in general to a set of 

algebraic equations in the following form: 

[K]{a}={f}                                                                                              …(1.13)  

where, 

{a} is the unknown nodal displacement vector. 

{f} is the nodal applied force vector. 

[K] is the stiffness matrix  ( 
V

T dV]B[]D[]B[  ) 

The solution for these equations for linear elastic structural problems  
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can be obtained directly. In nonlinear problems, a direct solution is no longer 

possible since the stiffness matrix [K] depends on the displacement level 

([K]=[K]({a})), and therefore, it cannot be exactly calculated before the 

determination of the unknown nodal displacements {a}. For the solution of a 

nonlinear structural problem, the state of equilibrium of the structural system 

corresponding to the applied load must be found. These equilibrium equations 

can be derived by applying the equilibrium to the structural system. In finite 

element terms, the equilibrium equations can be expressed as:  

{r}={p}-{f}                                                                                             …(1.12) 

 

where {r} is the out-of-balance force vector and {p} represents the vector of 

the nodal forces equivalent to the internal stress level, which is given by: 

{p} dV}{]B[
V

T

                                                                                     …(1.18) 

The equivalent internal forces also depend on the displacement level 

({p}={p}({a})) and have to be approximated in successive steps until equation 

(5259) approaches zero. 

The techniques used in solving the nonlinear equations are (Cook 

3793): 

3.  Linear-incremental technique. 

..  Iterative technique. 

5.  Incremental – iterative technique. 

 

1.1.3.3 Linear – Incremental Technique 

In this method, Fig. (523), the nonlinear behavior is determined by solving a 

sequence of linear problems. The load is applied as a sequence of sufficiently 

small increments, so that during each load increment, the structure is assumed 

to respond linearly. The basic disadvantage of this method is that a real 

estimate of the solution accuracy is not possible, since equilibrium is not 
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satisfied at any given load level. So, for stability requirements, it is necessary to 

use small load increments, which in turn will increase the computation cost if 

compared with the other techniques. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.1.3.3 Iterative Technique 

The iterative procedure is a sequence of calculations in which the structure is 

fully loaded in one step to get an initial approximate solution. Then, this 

solution is improved step – by – step by using an iteration process until 

equilibrium is satisfied within a prescribed tolerance. 

After each iteration, the portion of the total loading that is not balanced 

is calculated and used in the iterative process as an additional load to compute 

an approximate additional increment of the total displacements. This process is 

repeated until equilibrium is approximated to some acceptable degree. These 

techniques fail to reach the required convergence for structures with high 

nonlinearity. There are several types of iteration procedure, some of them are: 

 Conventional Newton – Raphson method. 
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 Modified Newton – Raphson method. 

 Combined (conventional and modified) Newton – Raphson method. 

 

1.1.3.1 Incremental – Iterative Technique 

In this type of technique, Fig. (5. 1), the load is applied as a series of 

increments, and at each increment, iterative solution is carried out to find the 

truest response of the structure. The conventional, modified and combined 

Newton – Raphson methods may also be used in the iteration process within 

each step. These methods are briefly discussed in the following sections. 

 

 

 

 

 

 

 

 

 

1.1.3.1.3 Conventional Newton – Raphson Method 

The conventional Newton – Raphson method, Fig. (5. 9), is one of the earliest 

known methods used in solving nonlinear problems. For simplicity, a single 

degree of freedom system is considered with a load level {P}0, with the 

assumption that the corresponding deformed configuration of the system which 

may be denoted symbolically by {a}0 is known. Then, to determine a new 

configuration, {a}3, corresponding to a load level {p}3 where: 
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…(1.13) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

and {P}3 is the additional applied load is obtained by using a linearized 

analysis, where the change in configuration {a}3 is first computed from: 

 

     101  kP a                                                                             

…(1.30) 

 

in which the tangent stiffness matrix [k]0 is evaluated at the beginning of the 

load interval, i.e. the load level {P}0. The term {a}3 = {a}0 + {a}3 represents 

an approximate configuration which is then corrected by updating new tangent 

stiffness matrix from the approximate configuration {a}3. The internal forces 

 
1f  corresponding to this configuration can be determined as: 
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Fig. (1. 2) Conventional Newton – Raphson Method 
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…(1.33) 

 

Generally for any level of iteration ( j ): 

 

     



n

1m
1-jj

aa
m

a                                                                 

…(1.33)  

where: 

  
j

a  is the vector of displacement after the iteration. Then, the out-of-balance 

force vector  
j

r can be obtained from: 

 

     
jfj

fPr                                                                                 

…(1.31) 

 

The unbalanced joint forces are then treated as load increments and the 

correction vector  
1j

a


  is then obtained from the incremental relationship: 

 

     
j1jj rk 


a                                                                            

…(1.33) 

 

A new approximate configuration is then computed by making use of 

Eq. (5211). The process continues until the latest correction vector is 

sufficiently small. 

The conventional Newton – Raphson method requires that the tangent 

stiffness matrix is to be updated and a new system of equations is solved for 

each iteration. This is expensive if the problem to be solved is too large. 

Accordingly various modifications have been proposed. 

1.1.3.1.3 Modified Newton – Raphson Method 
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In this method, Fig. (5. 9), the stiffness matrix is updated only once for each 

increment of loading. As compared with the conventional Newton – Raphson 

method, the modified Newton – Raphson method is more economical.  

However, this method requires more steps for convergence, but each step is 

done quickly by avoiding time-consuming repetitions of forming the tangent 

stiffness matrix. 

 

 

 

 

 

 

 

 

 

 

 

 

1.1.3.1.1 Combined Newton - Raphson Method 

This method, Fig. (5.7), is a modification of the conventional Newton – 

Raphson method. It involves updating the stiffness matrix after remaining 

constant for a certain number of iterations. The stiffness matrix can be 

recalculated at: 

 The beginning of first iteration of each increment. 

 Beginning of second iteration.  

 First, eleventh, twenty first, … stiffness matrices over each load 

increment. 

 Second, twelfth, twenty second, … stiffness matrices over each load 

increment. 

Fig. (1. 8) Modified Newton – Raphson Method 
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The disadvantage of this method is represented in the fact that the 

convergence is slower than the conventional Newton – Raphson method   and 

requires a great number of iterations to achieve the solution within each load 

increment.  

 

 

 

 

 

 

 

 

 

 

 

2.5.3 Convergence Criterion  

A termination criterion for the iterative process should be used to stop iteration 

when a sufficient accuracy is achieved, i.e, when no further iterations are 

necessary. The different useful criteria are the displacement, the force and the 

work done criteria. Only the force criterion is adopted in the present study. This 

criterion depends on comparing the internal force vector  P  and the applied 

load vector  f . In other words, seeking a vector called “unbalanced force 

vector” to be small within a prescribed tolerance. The convergence is assumed 

to occur when the inequality: 
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…(1.33) 

is satisfied. 
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6.9 Nonlinear Geometric Analysis 

Consideration of geometric nonlinearity plays an important role in the analysis 

of thin reinforced concrete slabs, plates, and shells (Bergan and Holand 9191). 

In general, it is not known in advance in what category the real structure can be 

classified and where the geometrical nonlinear analysis is needed to avoid 

underestimating or overestimating the failure load. 

 

1.6.9 Geometric Nonlinear Formulations for 
Hexahedral Brick Element  

The strain components in equation (1.1) can be separated into a linear  o  and 

a nonlinear  nl  part, which can be written as: 

      nlo                                                                                          …(6.79) 

where, 
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and, 

     nlo ddd                                                                                     …(6.73) 
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6.9.4.4 Strain-Displacement Matrix [B] 

The strain-displacement matrix [B] may be separated into two parts, 

[B] = [Bo] + [Bnl]                                                                                      …(6.73) 

where, [Bo] is the linear part, and [Bnl] is the nonlinear part 

 

The strain-displacement matrix [Bo] is related to the linear components 

of the strain vector  o , while, the large strain-displacement matrix [Bnl] is 

related to the nonlinear components of the strain vector, nl , and can be 

defined for use in the nonlinear process. In modeling the reinforced concrete, 

the total strain has been used and the total strain-displacement relationship 

should be defined. For the hexahedral brick elements, the nonlinear 

components of the strain vector can be expressed by: 
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The nonlinear contribution to the strain vector can be written in a compact form 

as: 

    RA
2

1
nl                                                                                            

…(6.84) 
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The derivatives of u, v and w can be calculated by summation of the 

contribution of each nodal variable, and vector {R} can be written as: 
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Equation (1..3) can be written in the following form as: 

 

     aGR                                                                                          …(6.86) 

 

By taking the variation of equation (1..9) the following expression is obtained: 

                 aGARdARdA
2

1
RAd

2

1
d nl                             …(6.87) 

Then from the definition of the strain matrix, the following expression can be 

obtained: 

     GABnl                                                                                            

…(6.88) 

 

In the present study, the incremental strain-displacement matrix [B] is 

evaluated by summing the matrix [Bo] to the current value of matrix  [Bnl]. In 

the modified finite element program developed in the present study, the 

matrices [Bo] and [G] are initially calculated and stored for linear elastic 

conditions. 
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6.9.4.5 Tangential Stiffness Matrix [K] 

The tangential stiffness matrix [K] for the current configuration can be derived 

from the variation of equation (1.13) with respect to a displacement variation 

{a}. 

             adKdVBddVdBpd
T

V V

T                                             …(6.89) 

where,  

           adBDdDd                                                               …(6.83) 

and,  

   Tnl

T
BdBd                                                                                             

…(6.83) 

The initial stress or geometric stiffness matrix, [K], for the definition of the 

second term of equation (1..6) is given by: 

            

V

T

nl

V

T
dVBddVBdadK                                               …(6.83) 

then the tangential stiffness matrix can be written as: 

 ]K[]K[]K[                                                                                      …(6.93) 

where, ]K[  is the stiffness matrix of concrete element, which was calculated in 

section (1.3.1). The geometric stiffness matrix  K  must be defined explicitly 

in order to determine the tangential stiffness matrix [K]. Substitution of 

equation (1...) into equation (1..1) yields: 

 

         dVAdGadK
TT

V

                                                                        

…(6.94) 

where    T
Ad can be written in the form as: 
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which can be written as: 
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         …(6.96)  

 

The term    T
Ad  can be written, with the definition of [G] from equation 

(1..1) as: 
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By substituting equation (1.63) into equation (1.69), the geometric stiffness 

matrix can be written as: 

       dVGGK

V

T
                                                                              

…(6.98) 

 

 

 

1.6.3 Geometric Nonlinear Formulations for Embedded       
Reinforcement Element  

 

Since the bar is capable of transmitting axial force only, one component of 

strain contributes to the strain energy, which is defined locally as(Mohammed 

3009): 

x

u




                                                                                            …(6.99)  

If general strain-displacement equations are considered to cover the 

geometrical nonlinear behavior of the structure, then the strain component of 

the bar will be: 
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                                               …(6.93) 

The strain component in equation (1.69) can be separated into a linear 

o
  and a nonlinear nl

  part, which can be written as, 
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nlo
                                                                           …(6.93) 

where, 
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                          …(6.93) 

and,  

nlo
ddd                                                                                     …(6.33) 

 

6.9.5.4 Strain–Displacement Matrix  B  

The strain–displacement vector  B  may be separated into two parts, 

 

     
nlo

BBB                                                                                     …(6.34) 

where, 

 

 
o

B  is the linear part. 

 
nl

B  is the nonlinear part. 

The nonlinear part of the strain component of the bar element can be 

expressed by: 
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                                                      …(6.35) 

 

The nonlinear contribution to the strain component can be written in a 

compact form as: 

 

  RA
2

1
nl
                                                                                   …(6.36) 
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The derivatives of v,u   and w  can be calculated by summation of the 

contribution of each nodal variable, and the vector  R  can be written as: 
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where  621 c,......c,c   are defined in  section (1.1) 
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and, 
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Equation (1.93) can be written as: 

   a]G[R                                                                                              …(6.33) 

By taking the variation of equation (1.91), the following expression is obtained: 

 

              a]G[ARdARdA
2

1
RAd

2

1
d nl                              …(6.33) 

 

Then, from the definition of the strain vector, 

 

    ]G[ABnl                                                                                          …(6.33) 

 

6.9.5.5 Tangential Stiffness Matrix ]K[   
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The tangential stiffness matrix for the bar element can be written as, 

  


 ]K[]K[]K[                                                                                   …(6.33) 

where, 

 

]K[   is the main stiffness matrix for  the  bar element calculated  in section 

(1.1), and 
]K[   is the geometric stiffness matrix for the bar element. 

Following the same formulations for the brick element in section (1.6.9), 

the geometric stiffness matrix for bar element 
]K[  can be written as:  
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where     T
Ad   can take the following form,  
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which can be written as: 
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The term    T
Ad  can be written, with the definition of  [G] from 

equation (1.99), 
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By substituting equation (1.33) into equation (1.39), the geometric stiffness 

matrix for the bar element can be written as: 

 

  dV]G[]G[]K[
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7.3 Uniaxial and Multi-Axial Behavior of Concrete 

 

A typical stress-strain relationship for concrete in compression is shown in Fig. 

(01.3). It can be seen that the stress-strain curve has a nearly elastic behavior 

up to about 03 percent of its maximum compressive strength (fc). For stress 

above this point, the curve shows a gradual increase in curvature up to about 

(57.0 fc - 57.5 fc), beyond which it bends more sharply and approaches the 

peak point at (fc). Beyond this point, the stress-strain curve has a descending 

part until crushing failure occurs at some ultimate strain u (Chen .891). 

 

 

 

 

 

 

  

 

 

 

 

Poisson ratio (), which is defined as the ratio of lateral tensile strain to 

the principal longitudinal compressive strain has been observed in experiments 

to be constant up to a stress level of (%58) of fc and ranges between 57.0 and 

5700 (Chen .891).  

Under tensile stresses, the shape of the stress-strain curve of concrete 

shows many similarities to the uniaxial compression curves. There are, 

however, some differences exist, that the uniaxial tension state of stress tends 

to hold the crack much less frequently than the compressive state of stress. 

Therefore, and it can be expected that the interval of stable crack propagation is 

relatively short. It has been found that the ratio between the uniaxial tensile and 

Fig.(07.5) Typical Uniaxial Stress –Strain Curve for Concrete in 

Compression 
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compressive strength may vary considerably but usually ranges from 5750 to 

57.. The modulus of elasticity under uniaxial tension is somewhat higher and 

Poisson ratio somewhat lower than in compression (Mehta .891). 

The behavior of concrete under multi-axial stress condition is very 

complex if compared with that under uniaxial stress condition and has not yet 

been assessed experimentally in a complete manner. Various material models 

with considerable simplifying assumptions have been proposed in literature. A 

typical biaxial strength envelope is shown in Fig. (01..) (Chen and Saleeb 

.891). It was seen that the maximum compressive strength increases for biaxial 

compression state. A maximum strength increase of approximately 00 percent 

is achieved at a stress ratio of ( 5.0/
12
 ), and this is reduced to about .1 

percent at an equal biaxial compressive state )1/(
12
 . Under biaxial 

compression – tension state of stress, the compressive strength decreases 

almost linearly as the applied tensile stress is increased (Chen .891). 

Under biaxial or triaxial tension, the strength is almost the same as that 

of uni-axial tensile strength. When subjected to triaxial compressive stresses, 

concrete exhibits strength which increases with increasing the confining 

pressure (Mehta .891).  
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Fig. (07..) Failure Envelope of Concrete in Biaxial Stress Space 

(Chen and Saleeb ..%0). 
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Experiments indicate that concrete in triaxial stresses has a fairly 

consistent failure surface which is a function of the three principal 

stresses, Fig. (01.1). This failure surface can be represented by three-

stress invariants. These invariants are the first invariant of the stress 

tensor (I), and the second and the third invariant of the stress deviatoric 

tensor (J0) and (J0) (Chen .891). 

 

 

 

 

 

 

 

 

 

 

 

019 Numerical Modeling of Concrete Properties 

Concrete is a heterogeneous material. So, it has a nonlinear behavior under 

loading. This nonlinearity in reinforced concrete structures may be caused due 

to inelastic response of concrete in compression, cracking of concrete in 

tension and interactive effects between concrete and reinforcement.  

Despite the complex behavior, it is required to model these properties to 

include the different sources of nonlinearity in the finite element analysis. 

Therefore, the following aspects of behavior must be included in the numerical 

modeling of concrete: [AL-Shaarbaf (.883), Bathe and Ramaswamy (.898)] 

Fig.(07.0) Triaxial Strength Envelope of Concrete (Chen ..%0) 
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 Stress-strain model to represent the behavior of concrete prior to 

failure. 

 A failure criterion to simulate the cracking and crushing of concrete. 

 A model for crack representation. 

 Modeling of the post-cracking stress-strain relationship. 

 Modeling of the reduction in compressive strength due to orthogonal 

cracking. 

 

0191. Stress-Strain Models 

Several approaches for describing the complicated stress-strain relationship of 

concrete under various stress-strain state have been usually used. These 

approaches can be divided generally into: 

 Elasticity based models. 

 Plasticity based models. 

Elasticity based models may be linear or nonlinear elastic models. In the 

former, the stress-strain relation for uncracked and cracked concrete is 

developed depending on the theory of linear elasticity. These models are 

adequate when the failure condition is the tensile cracking of concrete. 

However, these models fail to identify the inelastic deformation. This 

disadvantage becomes obvious when the material experiences unloading. This 

can be improved by introducing nonlinear elastic models. 

Nonlinear elastic models are based on two approaches, the total and the 

incremental stress-strain formulation. With the total stress-strain model, the 

current state of stress is assumed to be uniquely expressed as a function of the 

current state of strain. This type of model is reversible and path independent, 

which is generally not true for concrete. Also, it suffers from inability to 

predict the inelastic deformation. For the incremental formulation, the state of 

stress is dependent on the current state of strain and on the stress path followed 

to reach such a state (this type of formulation is incrementally reversible and 
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path dependent). This formulation gives a good representation for concrete 

behavior as compared with the total stress formulation. 

Plasticity based models have been used extensively in recent years for 

concrete modeling in compression. It is known that under triaxial compression, 

concrete can flow as a ductile material on the yield surface before reaching the 

crushing strain. 

To account for property, various plasticity models have been introduced. 

In these models, concrete may be defined as an elastic – perfect plastic material 

or as a strain hardening material. The prediction of the overall behavior by 

using the plasticity based models gives a good agreement with experimental 

results. So, this type of modeling is adopted in the present work. 

 

7.3 Modeling of Concrete Fracture 

 

Generally, concrete fracture may be either a compression fracture (i.e. crushing 

of concrete) or a tension fracture (i.e. cracking of concrete). 

The crushing failure occurs when the material can resist no further 

compressive loading while the tension failure of concrete is characterized by a 

gradual growth of cracks which join together and eventually disconnect larger 

parts of the structure. It is a usual assumption that formation of cracks is a 

brittle process and that the strength in the tension-loading direction abruptly 

goes to zero after such cracks have formed, Fig. (01.0a). But when 

reinforcement bars bridge the concrete cracks, the strength mechanism 

becomes more complex and the carrying strength of concrete between cracks 

can be safely exploited [Chen (.891)]. 

 

1.9.3 Cracking Models 

In general, the models, which have been developed to represent cracking in 

connection with the finite element analysis of reinforced concrete members, are 
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composed of three basic components, (.)a criterion for crack initiation, (1)a 

method of crack representation and (0)a method for cracking propagation. 

Two fracture criteria are commonly used, the maximum principal stress 

criterion and the maximum principal strain criterion. When a principal stress or 

strain exceeds its limiting value a crack is assumed to occur in a plane normal 

to the direction of the offending principal stress or strain, Fig. (01.0b). 

In finite element analysis of concrete structures, two approaches have 

been employed for crack modeling, these are the smeared cracking and the 

discrete cracking models. The particular cracking model to be selected depends 

upon the purpose of the analysis. If overall load-deflection behavior is desired, 

without regard to completely realistic crack patterns and local stresses, the 

smeared crack model is probably the best choice, while if detailed local 

behavior is of interest, adoption of the discrete cracking model is useful. The 

two approaches will be discussed in the following sections. 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.9.3.3 Smeared Cracking Model 

 

Fig. (07.0) Cracking of Concrete (Chen ..%0) 

 

 

a-  

b- Tensile stress- strain- fracture relations 

 

a- Biaxial-fracture criteria in tensile zones 
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Reshid in.819 firstly introduced this model (Schnobrich .899). In this approach, 

the cracked concrete is assumed to remain a continuum, i.e., the cracks are 

smeared out in a continuos fashion. It is assumed that the concrete becomes 

orthotropic or transversely isotropic after the first cracking has occurred, one of 

the material axis being oriented along the direction of cracking. In the smeared 

cracking model, a crack is not discrete but implies an infinite number of 

parallel fissures across that part of the finite element, Fig.(01.3) [Bathe and 

Ramaswamy (.898), Chen (.891)]. 

 

 

 

 

 

 

 

 

 
Two different models are used for defining the crack direction. The first 

is the fixed orthogonal crack. In this approach, the direction of the crack is 

fixed normally to the direction of the first principal tensile stress that exceeds 

the cracking stress. By fixing the direction of the cracks, the subsequent 

rotation of the principal stress is ignored. The second model is the rotating or 

swinging crack model. In this approach, the crack direction is assumed to be 

normal to the principal tensile strain direction when the tensile strain reaches a 

specified limiting value. With further loading and changing of the principal 

strain direction, the crack is assumed to rotate and the orthotropic material axes 

are set in the new crack direction. 

 
 

1.9.3.3 Discrete Cracking Model 

 

Fig.(07.5) Smeared Crack Model (Hu and Schnobrich 

...5) 
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As shown in Fig. (01.3), this model represents the individual cracks as actual 

discontinuities in the finite element mesh. This model was firstly used by Ngo 

and Scordelis in .819 to analyze simply supported reinforced concrete beams. 

Cracking is initiated when failure criterion at a certain node is achieved and 

crack discontinuity is represented by physically splitting that node. An obvious 

restriction of such model is that the cracks must be formed along the element 

boundaries. This makes crack patterns mostly dependent on the local mesh 

refinement. These difficulties have resulted in a very limited acceptance of this 

model in general structural applications. In the present study, the smeared 

fixed-crack model has been adopted. 

 

 

 

 

 

 

 

 

 

 

1.9.3 Post-Cracking Model   
 

In plain and reinforced concrete structures, cracking is not a perfectly brittle 

phenomenon and experimental evidence shows that the tensile stresses normal 

to a cracking plane are gradually released as the crack width increases. This 

type of response is usually modeled in the finite element analysis by using 

either the tension stiffening or the strain softening concepts. For reinforced 

concrete structures where the behavior is characterized by the formation of 

closely spaced cracks, the first concept seems to be more suitable than the 

latter. The latter is found to be useful for analyzing plain concrete structures 

Fig.(07.0) Discrete Crack Model 
 

(b)Two- Direction Cracking (a)One -Direction Cracking 
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where the behavior is governed by the formation of a single microcrack or a 

few dominants cracks (Chen .891). 

In the case where reinforcement exists, the nature of the stress release is 

further complicated by the restraining effect of the reinforcing steel. After 

cracking, the concrete stresses at the crack drop to zero and the steel carries the 

full load. The concrete between cracks, however, still carries some tensile 

stresses. This tensile stress drops as the load increases and the drop is 

associated primarily with bond deterioration between steel and concrete. This 

ability of concrete to share the tensile load with the reinforcement is termed as 

tension stiffening phenomenon. 

The tension stiffening effect of concrete has been studied in finite 

element analysis by using two procedures. First, the tension portion of the 

concrete stress-strain curve has been given a descending branch. The form of 

tension–stiffening effect was first introduced by Scanlon. Descending branches 

of many different shapes have been employed, Linear, bilinear and curved 

shapes. The second is to increase the steel stiffness. The additional stress in the 

steel represents the total tensile force carried by both the steel and the concrete 

between the cracks (Chen .891). 

 

1.9.1 Shear Transfer across The Cracks  

Several mechanisms exist by which shear is transferred across reinforced 

concrete sections. Among these mechanisms are the shear stiffness of 

uncracked portion of concrete, aggregate interlock in the crack surface (or 

interface shear transfer), dowel in the reinforcement bars action and the 

combined effect of tension in reinforcement and arching action. 

For the shear transfer across the cracked concrete planes crossed by 

reinforcement, the two major mechanisms are the dowel action and the 

aggregate interlock. Shear transfer by these two mechanisms is accompanied 

by slippage or relative movement of crack faces. In the dowel action, shear 
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forces are partially resisted by the stiffness of reinforcing bars because  

slippage imposes bearing forces of opposite direction on the bars. The 

aggregate interlock mechanism is of frictional nature. Slippage causes the 

irregular faces of the crack to separate slightly. Tensile stresses created in the 

steel bars by the separation of crack faces in turn develop same shear resistance 

(AL-Shaarbaf .883). 

 

7..3 Concrete Model Adopted in The Analysis 

 

In this study, a plasticity-based  model is adopted for the nonlinear analysis of 

three-dimensional reinforced concrete structures under static loads. In 

compression, the behavior of concrete is simulated by an elastic-plastic work 

hardening model followed by a perfectly plastic response, which is terminated 

at the onset of crushing. The plasticity model in compression state of stress has 

the following characteristics: (AL-Shaarbaf .883). 

 yield criterion 

 hardening rule 

 flow rule 

 crushing condition 

In tension, linear elastic behavior prior to cracking is assumed. A 

smeared crack model with fixed orthogonal cracks is adopted to represent the 

fractured concrete. The model will be described in terms of the following: 

 cracking criterion  

 post-cracking formulation  

 shear retention model 
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1.31.3 Modeling of Concrete in Compression  

1.31.3.3 The Yield Criterion 

 Under a triaxial state of stress, the yield criterion for concrete is generally 

assumed to be dependent on three stress invariants. However, a yield criterion 

dependent on two stress invariants only has been proved to be adequate for 

most practical situations. The yield criterion incorporated in the present model 

is of such type and it has been successfully used in research. It can be 

expressed as (Hinton and Owen .893) 

 

o
2/1)

2
J 3

1
I ()

2
J,

 1
I ( f )  ( f                     …(07%1) 

where () and () are material parameters, (I.) is the first stress invariant given 

by: 

 

zyx 1
I                                          …(07%.) 

J0 is the second deviatoric stress invariant given by: 

 

2
xz

2
yz

2
xy)}xzzy  yx()2

z
2
y

2
x{(

3

1

2
J   (07%%)  

and 0o  is the equivalent effective stress at the onset of plastic deformation, 

this 
o

 can be determined from the uniaxial compression test as: 

 



Chapter Three                                               Finite 

Element Model  

 الله يارحوي يارحين ياحي ياقيىم ياسويع يابصير يا علين يا ودود يا هستعاى كهيعص حوعسق
1. 

  cf . Cp o                                           …(07%.)  

where 1.0  Cp 0  is the plasticity coefficient, which is used to mark the 

initiation of the plastic deformation. 

The parameters () and () are determined by using the uniaxial and 

biaxial compression tests. Then for a uniaxial compression state, the yield 

stress is given by: 

 

o
 x                                                                                        …(07.5) 

and for the equal biaxial compression state, the yield stress is given by: 

 

o
  yx                                                                             …(07..) 

If the results obtained by Kupfer and Gerstle (.890) for the failure 

envelope is employed for initial yield, the value of the constant () is equal to 

(.1.1). From Eq.(0191) through Eq.(018.), the material constants can be found to 

be: 

 

1.35468    and     
o

35468.0                                               …(07.0)     

writing  17734.0
)o 2 (

  C 



  

Therefore, Eq. (0191) can be written as: 

 

o  2
1

21 o )J 3I C 2 ( )  ( f                                             …(07.0)      

This can be solved for 
0

  as: 

 

o
  2

1

2

2

1 1
}J3)I . C{(I C.  )  ( f                                 …(07.5)     

 

1.31.3.3 Hardening Rule 
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The concept of plastic flow in work hardening materials extends to the notion 

of perfectly plastic solids for which the yield or failure surface remains fixed in 

stress space. The hardening rule defines the motion of the subsequent loading 

surfaces during plastic loading. A number of hardening rules has been proposed 

to describe the growth of subsequent loading surface for work-hardening 

materials. Some of these rules are; isotropic hardening, kinematic hardening 

and mixed hardening. The isotropic model applies mainly to proportional 

loading. For cyclic and reversed types of loading, kinematic hardening rule is 

more appropriate. Combinations of isotropic and kinematic hardening are 

called mixed hardening rules (Chen .891). 

An isotropic hardening rule is used in the present study. Therefore, from 

Eq. (0183), the subsequent loading surface may be expressed as: (AL-Shaarbaf 

.883). 

  2
1

}
2

J32)
1
I - C{(

1
I C. )  ( f                             …(07.0)      

 

where  represents the stress level at which further plastic deformation will 

occur and this is termed as the effective stress or equivalent uniaxial stress. 

The incremental theory of plasticity implies a relationship between the 

effective stress and the effective plastic strain. The effective plastic strain 

increment pthat results from an incremental plastic work dwp, may be 

determined by using the work-hardening hypothesis as: 

 







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}
p

{ d}{
p

 wd

 p
 d                   …(07.1) 

where dp represents the effective accumulated plastic strain increment, along 

the strain path. 

The effective plastic strain can be written as: 

 

 
p

d
p

                                                          …(07..) 
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In the present model, a parabolic stress-strain curve is used for the 

equivalent uniaxial stress-strain relationship beyond the limit of elasticity, 

) cf C ( p
 .  This relationship represents the work-hardening stage of behavior. 

When the peak compressive stress is reached, a perfectly plastic response is 

assumed to occur. Fig. (0..9) shows the equivalent uniaxial stress-strain curve 

in the various stages of behavior. These are given by: 

(a) During the elastic stage, when cf C  p
 .  

 

c
 . E                            …(07.%) 

(b) After the initial yielding and up to the ultimate concrete compressive 

strength, when:- cf     cf  pC   

2]
E

cfpC

c][

o
2

E
[]

E

cf.
p

C
 c [ E cf pC  





 


              …(07..) 

c) for     E /cf )pC2( c    

cf                                                …(07.55) 

where o
-
 represents the total strain corresponding to the parabolic part of the 

curve that can be calculated from: 

 

cf 
E

)pC - 1 ( 2
o                                    …(07.5.) 

A value of 570 is assumed for the plasticity coefficient (Cp) in the 

present study and hence plastic yielding begins at a stress level equal to 

(570fc)(Chen .891). 

The total effective strain   c  is composed of two parts, elastic and 

plastic components: 

 

pec                                            …(0..50) 
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The elastic strain p is given by: 

 

E


  e                                     …(07.50) 

By substituting Eq. (01.31) and Eq. (01.30) into Eq. (0188), the effective 

stress- plastic strain relation can be expressed as: 

 

2/1).2E (C E cf C p
2

pp  o                                 …(07.55) 

 

 

 

 

Differentiation of Eq. (01.33) with respect to the plastic strain leads to 

the slope of the tangent of the effective stress-plastic strain curve, which 

represents the hardening coefficient, H, that is needed in the formulation of the 

incremental stress-strain relation: 
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               …(07.50) 

 

 

 

 

 

 

 
Fig.(07..) Uniaxial Stress-Strain Curve for Concrete 

(AL-Shaarbaf ...5) 
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1.31.3.1 Flow Rule 

In plasticity theory, a flow rule must be defined so that the plastic strain 

increment can be determined for a given stress increment. The associated flow 

rule has been widely used for concrete models mainly because of its simplicity. 

This approach is adopted in the current model. The plastic strain increment is 

expressed as: 

 

 

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  d )
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d(                          …(07.51) 

 

The normal to the current loading surface  






 f  is termed as the flow 

vector The yield function derivatives with respect to the stress components 

define the flow vector {a} as: 
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where,  
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where c and  , are the material constants, and Q is given by: 
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1.31.3.3 The Incremental Stress-Strain Relationship 

During the plastic loading, both of the initial yield and the subsequent stress 

states must satisfy the yield condition.   0K, F  . The yield function 

defined in Eq. (0183), can be rewritten as, 

 

      0k KfK , F                  …(07..5) 

where k, is the hardening parameter, which governs the expansion of the yield 

surface. By differentiating Eq. (01..3), then 

  

0dK
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 d 
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
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or 

 

0dA  -d aT                   …(07..0) 
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where 
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d
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
                                   …(07..0) 

The total incremental strain vector can be rewritten as: 

 





F 

 d}ed{ )}{d                          …(07..5) 

 

The elastic strain increment is related to the stress increment by the 

elastic constitutive relation which is given in: 
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where [D] is the elastic constitutive matrix given by 
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Substitution of Eq. (01..3) into Eq. (01..3) yields 

 

   ad d 
1-

D  d                                      …(07...) 

 

Pre-multiplying both sides of Eq. (0...9) by    D a
T

 and eliminating d .aT by 

making use of Eq. (0...1), the following expression for the plastic multiplier 

 d is obtained, 

…(07..1) 
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By substituting Eq. (01..9), into Eq. (01..3), and pre multiplying both 

sides by [D], the complete elastic incremental stress-strain relationship can be 

expressed as: 
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where the second term in the brackets represents the stiffness degradation due 

to the plastic deformation. 

 

 

 

 

1.31.3.3 Crushing Condition  

Crushing indicates the complete rupture and disintegration of the material 

under compressive stress state. After crushing, the current stresses drop rapidly 

to zero and the concrete is assumed to lose its resistance completely against 

further deformation. In the adopted model, concrete is considered to crush 

when the strain reaches a specified ultimate value. Hence, rewriting the yield 

condition from Eq. (0183) in terms of the peak strain, the following crushing 

criterion is obtained (Chen .891): 

 

  uc J
2

ICI  C
211                                    …(07.05) 

 

where 
1

I  : is the first strain invariant 

          
2

J : is the second deviatoric strain  
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          cu :is the ultimate concrete strain that can be extrapolated from the 

uniaxial compression test. 

 

1.31.3 Modeling of Concrete in Tension  

1.31.3.3 Cracking Criterion 

The maximum tensile stress criterion is used in this research work to monitor 

cracking. For a previously uncracked sampling point, if the principal stress . 

exceeds the limiting value of tensile stress, a crack is assumed to form. The 

limiting tensile stress required to define the onset of cracking can be calculated 

for states of triaxial tensile stress and for combination of tension and 

compression principal stresses as follows (Bathe and Ramaswamy .898): 
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…(07.00) 

 

where cr is the cracking stress and both ft and fc are given positive values Eq. 

(01.11) incorporates the fact that compression in one direction favors cracking 

in the others and thus reduces the tensile capacity of the material.  

When the major principal stress . violates the cracking criterion, planes 

of failure develop perpendicular to its direction. Concrete behavior is no longer 

isotropic, it becomes orthotropic with the direction of orthotropy coinciding 

with the direction of .. Therefore, the normal and shear stresses across the 

plane of failure and the corresponding normal and shear stiffness are reduced, 

and the concrete is assumed to be transversely isotropic with axes of isotropy 

being perpendicular to the direction of . . Thus, the incremental stress-strain 

relationship in the local axes can be expressed as: 
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or in a condensed from: 

 

      
cr

D                  

…(07.00) 

 

where E.  is the reduced modulus of elasticity in the direction of . , .G is the 

reduced shear modulus across the failure plane. 
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[Dcr] is the material stiffness in the local axes. The stress increments in the 

global axes (x, y, z) may be obtained by using the coordinate transformation 

matrix such that: 

 

        T
cr

D
T

T                         … 

(07.01) 

 

where [T] is the transformation matrix expressed in terms of the direction 

cosines as: 
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where ii, mi and ni represent the direction cosines of the local coordinate axes 

with (x, y and z)  direction respectively. 

For the tension – tension – compression and the triaxial tension states of 

stress, the cracking criterion may be violated by the major principal stress , 

and the second principal stress simultaneously. Thus, two sets of orthogonal 

cracked planes may develop and the constitutive matrix in the local material 

axes become diagonal: 
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In the current model, a maximum of three sets of cracking is 

allowed to form at each sampling point.  

 

1.31.3.3 Post-Cracking Models 

1.31.3.3.3 Tension- Stiffening Model 

The tensile stresses normal to the cracked planes are gradually released, 

and represented by an average stress-strain curve. In the present study 

such a relationship may be obtained by using the tension-stiffening 

model. This is specified by a linear descending stress-strain curve similar 

to that shown in Fig. (01.9) and this is given by: [Scanlon  (.89.), 

Bathe and Ramsawamy (.898)] 

a) for 
cr1n cr

     
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
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…(07.0.) 

   

     

0.0
n

  

cr 
 

1
  

n





                

where 
n

 and n are the stress and strain normal to the cracked plane, cr is the 

cracking strain associated with the cracking stress cr and ., and 0 are the 

tension-stiffening parameters. . represents the rate of stress release as the 

crack widens, while 0  represents the sudden loss of stress at instant of 

b) for 

…(07.0
5) 
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cracking. 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.31.3.3.3 Shear Retention Model 

At a cracked sampling point, the shear stiffness across the cracked plane 

becomes progressively smaller as the crack widens. A reduced shear modulus 

G, has been used across the cracked plane. The value of  depends on the 

stage of loading and it is given by: 

a) For crn        

             

1                          

…(07.0.) 

b) For 
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Fig.(07..) Post Cracking Model for Concrete 
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c) For 
cr1n

     

3
                   

…(07.00) 

 

Fig. (01.9) shows schematically the value of () for different 

stages. ., 0, 0 are shear retention parameters. .  represents the rate of 

decay of shear stiffness as the crack widens, 0 is the sudden loss in shear 

stiffness at the instant of cracking 0  is the residual shear stiffness due to 

the dowel action. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.31.3.1 Modeling The Compressive Strength Reduction 

Due to Orthogonal Cracks 
 

In a reinforced concrete member, a significant degradation in compressive 

strength can result due to presence of transverse tensile strain after cracking 

(Cervenka .893). In plasticity based model, the effect of these tensile strains 

on the yield criterion and the evolution of the subsequent loading surface can 
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Fig (07.%) Shear Retention for Concrete 
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be simulated by scaling the equivalent uniaxial stress-strain relationships given 

by Eqs. (0189) and (01.33), according to the current value of the compressive 

strength reduction factor. 

The model used here is due to Cervenka and this depends on the 

reduction factor   to reduce both the peak stress and the corresponding strain, 

Fig. (0113). From Eqs. (0189-01.33), the modified stress-strain relationship 

may be written: (Cervenka .893). 

a) for cf . Cp    

 

c
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…(07.05) 
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c) for    Ecf  Cp -2  c /  

 

cf                        

…(07.01) 

 

where  

  Ecf .  Cp12 /o                                    

…(07.0.) 

The effective stress-plastic strain relation can be modified as: 

  2
1

2
p  o. E 2pcE.f pc                                    

…(07.0%) 
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and the hardening parameter can be expressed as: 
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For a singly cracked sampling point, the compression reduction factor is 

given by: 

 

1
1

1 K - 1.0  
005.0
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…(07.55) 
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Fig.(0705):Uniaxial Compressive Stress-Strain Relationship  

for Cracked Concrete 
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where 
1

  is the transverse tensile strain in principal direction (.), the strain 

normal to the cracked plane. Also for doubly cracked sampling point, the 

reduction factor may be taken as: 

 

 
1K- 1.0  

005.0
 K - 1.0  

2
2

2
1
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…(07.5.) 

 

where 
2

 is the tensile strain normal to the second crack. 

 

 

 

7... Modeling of Reinforcement 

 

Compared to concrete, steel is a much simpler material to represent. Its stress-

strain behavior can be assumed to be identical in tension and compression. In 

reinforced concrete members, reinforcing bars are normally long and relatively 

slender and therefore they can be assumed to be capable of transmitting axial 

forces only. In the current study, the uniaxial stress-strain behavior of 

reinforcement is simulated by an elastic-linear work hardening model, as 

shown in Fig. (0. 1.). 
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21.3 The Employed Computer Programs 

 

In the present research work, program P0DNFEA (program of Three-

Dimensional Nonlinear Finite Element Analysis), which has been originally 

developed by AL-Shaarbaf and introduced in his Ph.D. thesis (.883) is used. 

The main objective of the program is to analyze reinforced concrete members 

under general three-dimensional states of loading up to failure. The type of 

nonlinearity, which has been considered in this program, is the material 

nonlinearity. The major modification to the original program, which has been 

implemented by Mohammed (133.), was the development of subroutines, 

which take into account the geometrical nonlinearity into consideration in 

three-dimensional problems by definition of large strain-displacement 

equations.  

In the present work, the main modification to this program was the 

Es 

y 

 

u 

s 

y5 

Fig.(070.) Stress-Strain Relationship of Steel Bars Used in the  

Analysis (Mohammed 055.) 
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adding of .3-node brick element to analyze reinforced concrete members. The 

subroutine BRK.5 which is used to calculate the shape functions to .3-node 

brick element, was listed in Appendix [A].  

In the present study, the Fortran PowerStation 575 compiler produced 

by Microsoft Incorporation was used to operate the program under PC Pentium 

III with Intel 133 MHz processor and .19 MB RAM.  

     

 

 

 



 

 

 

 

 

 

 

 
 

1.4 INTRODUCTION 

 

This chapter deals with the prediction of the behavior of reinforced concrete plate 

and shell structures using the finite element method and models presented in the 

previous chapter. 

The main aim of this chapter is to study the validity, efficiency and the 

accuracy of the computational model and to demonstrate the versatility of the 

computer program used for the analysis of different types of structures. Some 

factors that affect the behavior of such structures are also studied. Comparison 

between the present analytical results and other theoretical and available 

experimental results are made to check the accuracy of the present method of 

analysis. 

In the following sections, the analytical results obtained for the considered 

examples are discussed. 

 

1.4 Reinforced Concrete Cylindrical Shell 

A reinforced concrete cylindrical shell (shell no.2) with edge beams was tested 

experimentally by Bouma et al. (1661). The dimensions and reinforcement 

details of the shell and the edge beams are illustrated in Fig. (4.1). The applied 

load was uniformly distributed. This load and the dead weights of the shells with 

the edge beams are included in total applied load.   

CHAPTER FOUR 

APPLICATIONS, RESULTS 

 AND DISCUSSION  
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Several investigators such as [Arnesen et. al. (4797), Ramm et. al. 

(4791), and Thannon et. al. (4799)] have analyzed the shell and thus 

comparison can be made with their models. Concrete and steel material 

properties and the additional material parameters are given in Table (1.4).  

By utilizing symmetry properties, only one quarter of the shell is analyzed. 

The finite element meshes and boundary conditions are shown in Fig. (4.2).  

 

Value symbol Material properties and material 

parameters 
 

26422 Ec (N/mm
2
) Young’s modulus 

 

concrete 

32 
f ´c 

(N/mm
2
)

 Compression strength  

1..2 ft (N/mm
2
) Tensile strength 

 

2.15 ν Poisson’s ratio 

2.223 εcu Uniaxial crushing strain  

212222 Es (N/mm
2
) Young’s modulus 

Steel 
265 fy (N/mm

2
) Yield stress of shell reinforcement 

2.2 fy (N/mm
2
) Yield stress of beam reinforcement 

2.2 H
´ 

Hardening parameter  

12.2 α1 Rate of stress release   Tension 

stiffening 

parameters 
2.1 α 2 

Sudden loss of stress at the instant 

cracking   

12.2 γ1 Rate of decay of shear stiffness 

Shear 

retention 

parameters   

2.5 γ 2 
Sudden loss of shear stiffness at 

instant of cracking  

2.1 γ 3 
Residual shear stiffness due to 

dowel  action 

Table (1.4) Material Properties of Bouma’s Cylindrical Shell  
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4.2.1 Finite Element Results  

The experimental, other theoretical pervious studies and the present finite 

element solutions as obtained from this study are compared in Fig. (1.1). In 

general, this figure shows good agreement for the finite element solution 

obtained from the present study compared with the experimental results 

throughout the entire range of behavior. It may be observed that the predicted 
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End diaphragm 

Fig. (1.6) Modeling of End Diaphragm for Bouma’s Cylindrical 

Shell No.4(Mesh 1) 
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ultimate load 17.6 kN was the nearest to the experimental ultimate load 18.9 

kN. Also, the load-deflection behavior by using the degenarate two-dimensional 

finite element model supported by Thannon (4799) is relatively closer to the 

experimental response but the predicated failure load is 19.8 kN.   

Fig. (1.1) shows the deformation at midspan cross-section at failure 

load, this figure shows very good agreement with experimental and Thannon 

(4799) results. 
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Fig. (1.1) Comparison of Load Deflection Curve 

for Bouma’s Shell No.4 
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1.4.4.4 Effect of Mesh Refinement and Modeling of End Diaphragm 

Three different meshes have been used as shown in Fig. (1.4). As shown in Fig. 

(1.4), mesh no.4 represented one layer with twelve elements, mesh no.4 

considered one layer with twenty elements, and mesh no.6 considered two layers 

each one has twenty elements.  

Instead of modeling the end diaphragm, the end of the cylindrical shell is 

assumed simply supported in mesh no.4, 4, and 6. The real representation for 

end diaphragm is considered in mesh no.1.  

The comparison between the finite element solutions for different types of 

mesh and the experimental behavior is made in Fig. (1.3). Fig. (1.9) shows a 

good agreement with experimental results throughout the whole behavior by 

modeling end diaphragm. The end diaphragm modeling gives good results for 

two reasons:  

4. The real representation for the geometry and the boundary 

conditions 

4. The increasing in the degrees of freedom due to increasing in the 

number of elements which modeled the cylindrical shell     
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Fig. (1.3) Bouma’s Shell No.4, Effect of Mesh Type   
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1.4.4.4 Effect of Element Type 

Fig. (4..) shows the load-deflection curves obtained by using different types of 

element. These elements are 22, 14 and .-node brick elements. This figure 

illustrates that the finite element results obtained by using 14 and .-node brick 

elements show stiffer response than the experimental results, while the 22-node 

brick element offers good consistency with experimental results. The 22-node 

brick element is popular due to its superior performance. The major advantage of 

this element over the other two elements, is that less number of elements can be 

used to reach to the real behavior of the structure, as well it has curve sides and 

therefore provides a better fit to the cylindrical shell [Cook (1694), Moaveni 

(1666)]. Therefore, the 22-node brick element has been used in the present work.     
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Fig. (1.9) Bouma’s shell no.4, Effect of Element 

Type on Load-Deflection Behavior    
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1.4.4.6 Effect of Integration Rule 

Fig. (1.7) shows the load-central deflection curve obtained by using different 

types of integration rule. Three rules are used :49, 41a, and the 9-point 

integration rules. It can be seen from Fig. (1.7) that the results obtained by 41a-

point integration rule agrees well with the experimental results. The 49-point 

integration rule gives a stiffer response than 41a-point integration rule, while 

very softer response is obtained for the 9-point integration rule. Rule 41a has 

advantage of having sampling points at the centers of the element faces. These 

locations are convenient sampling positions for the stress peak values (Cervera 

et. al. 4793). Furthermore, the mismatch between two adjoining elements gives 

an estimate of the accuracy of the adopted mesh. The stiffer response produced 

by full integration (49-point integration rule) is due to the shear locking 

phenomenon. Because the spread of points throughout the element is thought to 

be insufficient for nonlinear material analysis, the 9-point integration rule gives 

far away results. For these reasons, the 41a-point integration rule element has 

been adopted in the present study. 
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Fig. (1.7) Bouma’s Shell No.4, Effect of 

Integration Rule on Load-Deflection Behavior   
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1.4.4.1 Effect of Geometric Nonlinearity  

The effect of geometric nonlinearity is illustrated in Fig. (1.48) and it is clear 

that the curve shows a closer agreement with experimental results when the 

geometric nonlinearity is considered and the failure load is significantly smaller 

than that found when geometrical nonlinearity is neglected. The results of the 

analysis based on geometrical nonlinearity revealed that the inclusion of 

geometric nonlinearity in the finite element analysis of cylindrical shell which 

exhibit large deformation before collapse plays an important role to improve the 

predicted load-deflection response. Therefore, the geometric nonlinearity is used 

in the present investigation.  
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1.6 Reinforced Concrete Folded Plate 

 

A concrete Folded Plate, 314..69.3 cm in plan with 16 mm thickness and 22.6 

cm rise, that was tested by Goble and Jendikis (1666), has been analyzed. This 

structure had two edge beams (12.9 cm deep by 3.. cm width). No sufficient 

information about end diaphragms is given, therefore the diaphragms are not 

modeled in this study. Fig. (4.11) shows the geometry, reinforcement details, and 

the applied load.  

During experiment the model has been tested in three loading-unloading 

(loading from zero to 13.35 kN, followed by unloading then loading again from 

zero to 26.9 kN, followed by unloading and finally loading from zero up to 

failure). Due to symmetry, only one quarter of the folded plate is analyzed. The 

finite element meshes and boundary conditions used are shown in Fig. (4.12). 

The details of the material properties of the folded plate are given in Table (4.2). 

 

Table (1.4) Material Properties of Goble’s Folded Plate 

Value symbol 
Material properties and material 

parameters  

24262 Ec (N/mm
2
) Young’s modulus 

concrete 24.2 
F´c 

(N/mm
2
)

 Compressive strength  

2.29 ft (N/mm
2
) Tensile strength 
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2.15 ν Poisson’s ratio 

2.223 εcu Uniaxial crushing strain  

1.222

2 
Es (N/mm

2
) Young’s modulus 

Steel 331 fy (N/mm
2
) Yield stress of shell reinforcement 

331 fy (N/mm
2
) Yield stress of beam reinforcement 

2.2 H´ Hardening parameter  

12.2 α1 Rate of stress release   Tension 

stiffening 

parameters 2.1 α 2 
Sudden loss of stress at the instant of 

cracking   

12.2 γ1 Rate of decay of shear stiffness 

Shear 

retention 

parameters   

2.5 γ 2 
Sudden loss of shear stiffness at 

instant of cracking  

2.1 γ 3 
Residual shear stiffness due to the 

dual  action 
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4.3.1 Finite Element Results 

Fig. (4.13) shows the comparison between the experimental, other theoretical 

studies and present finite element solutions obtained from this study. Only the 

ultimate load has been recorded in this test. In general, this figure shows good 

agreement for the finite element solution obtained from the present study 

compared with the experimental results. It may be detected that the predicted 

load 31.6 kN was the nearest to the experimental ultimate load 33.. kN. Also, 

the load-deflection behavior by using the degenerate two-dimensional finite 

element model supported by Thannon (16..) was too far from the experimental 

response and the failure load produced was 49.6 kN.  The large difference 

between the experimental and Thannon results is due to the non-real 

representation of steel reinforcement by using smeared layer of equivalent 

thickness through the shell element. This representation makes the steel layer 

work in two directions while this structure has only one direction reinforcement 

in the short direction of the slab.  
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Central point deflection in mm 

Fig. (1.46) Comparison of Goble’s Folded Plate 

Exp. (Goble 4733) 

ultimate load 66.9 kN 
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1.6.4.4 Effect of Mesh Refinement  

Fig. (1.44) shows three different meshes used to detect the best mesh. As shown 

in this figure, mesh no.4 represented one layer with fifteen elements, mesh no.4 

considered one layer with thirty elements, and mesh no.6 had two layers each 

one has fifteen elements.  

The comparison between finite element solutions for different types of 

mesh and the experimental behavior is shown in Fig. (4.14). This figure shows 

good agreement with the experimental results of mesh no.3. It can be seen from 

Fig. (4.12) that mesh No.2 and mesh No. 3 has twenty elements but the best 

results obtained from mesh no. 3. Therefore, increasing in the number of 

concrete elements through the thickness improves the predicted response of the 

reinforced concrete folded plate. This is due to the fact that the sensitivity of the 

finite elements to trace cracking during all loading stages is increasing. As a 

result, mesh no.3 is adopted for analysis of Goble’s Folded Plate in this study. 
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Fig. (1.41) Goble’s Folded Plate-Effect of Mesh 
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1.6.4.4 Effect of Element Type 

To study the effect of element type on the behavior of load-central deflection 

curves of the folded slab, three types of elements have been used to analyze this 

structure. These elements are22, 14 and .-node brick elements. 

As shown in Fig, (4.15), the 14-node and .-node brick elements offer a 

stiffer load-deflection response compared with the results obtained by using the 

22-node brick element whose results are closer to the experimental results. It can 

be seen that good results can be obtained when the number of the nodes per 

element increases. The increasing in the number of nodes provides the element 

more degrees of freedom, which gives a softer load-deflection behavior to the 

structure. The good results that are submitted by 22-node brick element are due 

to its high number of nodes. Therefore, this element is adopted in the analysis of 

the folded plate. 
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 Chapter Four                                    Applications, 

Results and Discussion  

 71 

 

 

 

 

1.6.4.6 Effect of Integration Rule 

In Figure (4.16), the effect of integration rule on the obtained behavior of load –

central deflection curve of the folded plate is examined by using three types of 

integration rule. It is found that the 15a-point integration rule is more appropriate 

to estimate the ultimate load at failure than the other integration rules (29-point 

and .-point). Because of the good distribution of the sampling points, the15a-

point integration rule provided good results. Therefore, the 15a-point integration 

rule is used for the present research.  
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1.6.4.1 Effect of Geometric Nonlinearity  

The comparison between geometrical linear and geometrical nonlinear analysis is 

clearly shown in Fig. (1.49). From these results it can be noticed that the 

response obtained by inclusion of geometrical nonlinearity is closer to the 

experimental ultimate load and it is vital for the reliable prediction of failure 

loads of this structure. From Fig. (1.49) it can be noticed when the folded plate 

is submitted to large deformation especially before collapse, the analysis based 

on geometrical nonlinearity plays a major role to improve the analysis. For this 

reason the geometrical nonlinearity is used in the analysis of this study. 
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1.5 INTRODUCTION 

 

In this chapter, the influences of some parameters that affect the behavior of the 

cylindrical shell and the folded plate are studied. To achieve this aim, the 

reinforced concrete cylindrical shell and folded plate which were analyzed in 

chapter four have been chosen for the parametric studies to show the effects of 

various parameters such as the amount of steel reinforcement, the strength of 

concrete and some other parameters.        

The geometric nonlinearity and material nonlinearity using the twenty-

node brick element and 51a-point integration rule have been included in this 

study. For both cylindrical shell and folded plate, the span width and length are 

kept constant.  

To complete the advantage of the present chapter, the predicted ultimate 

load for each parameter is listed in a single table.  

 

1.5 Parametric Studies on Concrete Cylindrical Shell 

 

To investigate the behavior of Bouma’s cylindrical shell under static load, some 

parameters that affect the behavior of this structure were studied. These 

parameters include the shell angle, shell thickness, reinforcement ratio, the 

strength of concrete, steel reinforcement, and edge beam height.  

The effect of each parameter is briefly discussed in the following sections. 

CHAPTER FIVE  

PARAMETRIC STUDY  
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1.2.5 Effect of Shell Angle  

Fig. (1.5) offers the effect of inplane membrane forces on the load carrying 

capacity and the enhancement in the behavior of the structure. The increase of 

curvature increases the membrane forces and acts to maximize the ultimate load 

and to decrease the deflection. Various shell angles are used which are, 08º, 

588º, 528º, 548º, 568º, and 508º. Fig. (1.5) shows that the results obtained by 

using different angles give a good enhancement in the load carrying capacity and 

decrease in the deflection. The predicted collapse load increases from 4..4 kN 

for angle equals 08º to 51..4 kN for angle equals 508º. The deflection decreases 

from 4..0 mm to 6.0 mm for angle 508º, the ultimate load increases to 4.24 

times ultimate load for angle equals 08º and the deflection decreases to 8.54 

times ultimate deflection. 

Because the variation in angle represents the main effect on membrane 

forces, this variation is considered as main parameter. Therefore, in the following 

sections the effect of angle change on the other parameters is studied briefly for 

shell angles 08º, 588º, 528º, 548º, 568º, and 508º.  
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1.2.2 Effect of Shell Thickness 

The effect of shell thickness on overall behavior is shown in Fig. (1.2). To 

investigate the effect of this parameter, five shells are analyzed with different 

thicknesses of (58, 51, 28, 21 and 48 mm) respectively. The enhancement gained 

from increasing slab thickness is to increase the ultimate load carrying capacity 

and to decrease the deflection. The finite element results as shown in Fig. (1.2) 

shows the improvement in the behavior of these shells due to the increase in shell 

thickness. From these results it can be seen that as the shell thickness increases 

the load carrying capacity increases progressively. 

 It can be seen from Fig. (1.2) that as the shell thickness increases from 58 

mm to 48 mm, the ultimate load carrying capacity increases from 4..4 kN to 

542.6 kN and ultimate deflection decreases from 4..0 mm to 45.4 mm. It can be 

noticed that the ultimate load for thicker shell increases to 2.0. times ultimate 

load and the deflection decreases to 8.64 times the ultimate deflection for shell 

thickness equal 58 mm. 

To establish the effect of increasing shell thickness by using different shell 

angles, the five upper shells are repeated for different shell angles. Fig. (1.4) 

illustrates the improvement in ultimate load due to increase in the thickness, and 

the shell angle. A progressive increase happened in ultimate load capacity for 

higher shell angle. The ultimate load and the properties for each shell are listed in 

Table (1.5). 
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Central deflection of the edge beam in mm 

Fig. (1. 5) Effect of Shell Thickness on Load-

Deflection Behavior      
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1.2.4 Effect of Edge Beam Height 

To show the effect of edge beam height, seven shells are analyzed with different 

beam height of (8.8, 18, 08, 588, 548, 518 and 288mm) respectively. The 

enhancement gained from increasing the height of edge beam is the increase in 

the ultimate load carrying capacity and the decrease in the deflection. Fig. (1.4) 

illustrates the enhancement in the behavior of these shells due to the increase in 

edge beam height, from this figure it can be found when the height of edge beam 

increases the load carrying capacity increases. 

 From Fig. (1.4) it can be noted that as the edge beam height increases 

from 588 mm to 288 mm, the ultimate load carrying capacity increases from 

4..4 kN to 11.2 kN and the ultimate deflection decreases from 4..0 mm to 41.6 

mm. It can be noticed that the ultimate load for shell of larger edge beam 

increases to 5.52 times the ultimate load and the deflection decreases to 8.05 

times the ultimate deflection for edge beam height equal to 588 mm. When a 

shell without edge beam is used the ultimate load decreases to 40.0 and the 

deflection increases to 66.8 mm. Therefore, the load decreasing is equals to 8.00 

times the ultimate load and the deflection increase equal to 5.44 times the 

ultimate deflection for the edge beam height equal to 588 mm. 

The effects of increasing edge beam height and using different shell angles 

are established by using the previous edge beams for different shell angles. Fig. 

(1.1) shows the behavior of the ultimate load due to increase or decrease in 

height of edge beam for different shell angles. It can be seen that the edge beam 

height becomes a very important parameter and the load carrying capacity 
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increases progressively by enlarging the angle of shell. Table (1.2) shows the 

ultimate load for shells used to study this parameter. 
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Central deflection of the edge beam in mm 

Fig. (1.5) Effect of Edge Beam Height on  

Load-Deflection Behavior     
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1.2.4 Effect of Reinforcement Ratio 

Three different types of steel reinforcement in Bouma’s cylindrical shell are 

considered. They are longitudinal, short direction, and edge beam steel 

reinforcement. In the following three sections, the effect of these reinforcements 

are studied.   

 

1.5.5 .5 Effect Longitudinal Steel Reinforcement 

To study the effect of this factor, seven reinforced concrete cylindrical shells are 

analyzed having longitudinal reinforcement ratios of (212, 182, 012, 5882, 

5212, 5182, and 2882) times the original reinforcement respectively. As shown 

in Fig. (1.6), the finite element results obtained from analyzing these shells show 

a noticed rising in the load carrying capacity. It can be seen that increasing the 

reinforcement ratio to (2882) times the original reinforcement, the ultimate 

collapse load increase to 5.51 the times ultimate load and the ultimate deflection 

increases to 5.55. 

Different shell angles are used to find the effect of increasing 

reinforcement. Fig. (1.0) illustrates the improvement in ultimate load due to 

increase in the longitudinal reinforcement, and the shell angle. An increase is 

noticed in the ultimate load capacity by using different steel reinforcement in the 
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way of increasing the shell angle. The ultimate load and the properties for each 

shell are listed in Table (1.4).  
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Central deflection of the edge beam in mm 

Fig. (1.5) Effect of Longitudinal Steel 

Reinforcement on Load-Deflection Behavior     
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1.5.5 .5 Effect of Transverse Steel Reinforcement 

To establish the effect of increasing and decreasing the transverse reinforcement 

on the structure behavior, seven concrete cylindrical shells with transverse steel 

area equal to (212, 182, 012, 5882, 5212, 5182, and 2882) times the original 

steel area respectively are considered. Fig. (1.0) shows the finite element results 

obtained from analyzing these shells, a small improvement in the load carrying 

capacity is found. It can be noticed that increasing the reinforcement ratio to 

(2882), the ultimate collapse load increases to 5.80 times the ultimate load for 

Bouma’s cylindrical shell while the ultimate deflection increases to 5.81. 

The increasse in reinforcement becomes negligible when the shell angle 

increases. From Fig. (1.7) and Table (1.5) the relation between the variation of 

the amount of reinforcement and the increase in shell angle can be seen.  
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1.5.5.3 Effect of Edge Beam Reinforcement 

 Like longitudinal and transverse reinforcement seven concrete cylindrical shells 

with steel area for edge beam equals (212, 182, 012, 5882, 5212, 5182, and 

2882) times the original steel area respectively, to study the effect of this 

parameter on structure behavior.  

Fig. (1.51) shows the ultimate loads obtained from analyzing these shells 

with different shell angles, a small improvement in the load carrying capacity is 

founded for angles equal to (91º) and (511º). It can be noticed a very good 

enhancement in the behavior for large angles by increasing the edge beam 

reinforcement. Table (1.1) gives the ultimate loads the properties for each tested 

shell.  

Shell Angle (θ) in Degrees 

Fig. (1.7) Effect of Transverse Steel Reinforcement 

on Load Carrying Capacity for Various Angles 
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1.2.1 Effect of Concrete Compressive Strength 

To determine the relation between concrete compressive strength and the 

improvement in load carrying capacity, different shells with compressive 

strength equal to (28, 21, 48, 41, 48, 41, and 18 MPa) are used. Fig. (1.55) 

illustrates the enhancement in the behavior of these shells due to the increasing 

and decreasing in concrete compressive strength. From this figure it can be found 

as the concrete strength increases the load carrying capacity increases 

progressively.  

Fig. (1.52) shows the behavior of ultimate load due to increase or decrease 

in concrete compressive strength for different shell angles. It can be seen that the 
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Fig. (1.51) Effect of Edge Beam Steel Reinforcement 

on Load Carrying Capacity for Various Angles 
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concrete compressive strength becomes very important parameter and the load 

carrying capacity increases progressively by enlarging the angle of shell. Table 

(1.6) shows the ultimate load and the properties for each shell used to study this 

parameter. 
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Central deflection of the edge beam in mm 

Fig. (1.55) Effect of Compressive Strength of 

Concrete on Load-Deflection Behavior 
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1.5.5 Effect of Steel Grade 

Different grade of steel used to establish the effect of this parameter on shell 

strength. Six shell angles are used to find the effect of increasing the steel 

strength.  

Fig. (1.54) illustrates the improvement in ultimate load due to increase in 

the yield stress of shell reinforcement, and the shell angle. An increasing noticed 

in ultimate load capacity for higher steel grades but this increasing may be 

constant for different shell angles. Table (1.0) illustrates the ultimate load and the 

properties for each shell used. 
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        Table (1.5) The Predicted Ultimate Loads in kN for Different 

Shell Thickness 

fc' in 

kpa 

fy in 

kPa     

shell 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

shell angle(θ) 

08 588 528 548 568 508 

03 952 03 033 313000 3133.0 313000 3210 .010 2.1. 09019 03010 05210 

03 952 05 033 313000 3133.0 313000 .012 03019 03019 930 93013 90010 

03 952 93 033 313000 3133.0 313000 03310 03310 93313 9.210 05015 30019 

03 952 95 033 313000 3133.0 313000 09310 0.310 00910 03219 3001. 50010 

03 952 03 033 313000 3133.0 313000 03910 9031. 099 33012 52010 .0910 

Shell Angle (θ) in Degrees 

Fig. (1.53) Effect of Yielding Strength of steel on 

Load Carrying Capacity for Various Angles 
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Table (1.5) The Predicted Ultimate Loads in kN for Different Edge 

Beam heights 

fc' in 

kpa 

fy in 

kPa     

shell 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

shell angle (θ) 

08 588 528 548 568 508 

03 952 03 3 313000 3133.0 313000 001. 5010 .010 2.10 03310 00910 

03 952 03 53 313000 3133.0 313000 3919 0310 0010 03515 00210 09510 

03 952 03 .3 313000 3133.0 313000 3010 0210 0012 000 00015 03319 

03 952 03 033 313000 3133.0 313000 3210 .010 2.1. 09019 03010 05210 

03 952 03 003 313000 3133.0 313000 5010 .315 03213 000 0.315 02310 

03 952 03 053 313000 3133.0 313000 501. .01. 09015 00310 02.19 93010 

03 952 03 933 313000 3133.0 313000 5519 0013 03010 93013 90510 09510 

 

Table (1.3) The Predicted Ultimate Loads in kN for Different 

Longitudinal Steel Reinforcement 

fc' in 

kpa 

fy in 

kPa 

shell 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

shell angle(θ) 

08 588 528 548 568 508 

03 952 03 033 3133925 3133.0 313000 0.10 0012 2019 09319 03013 05.10 

03 952 03 033 313352 3133.0 313000 33 0010 2519 09010 03.10 05010 

03 952 03 033 3133005 3133.0 313000 3010 0010 2010 09910 03.12 052 

03 952 03 033 313000 3133.0 313000 3210 .010 2.1. 09019 03010 052 

03 952 03 033 31303.5 3133.0 313000 5012 .010 2210 09515 03210 00012 

03 952 03 033 3130.. 3133.0 313000 5319 .510 03010 09.10 05310 00013 

03 952 03 033 313900 3133.0 313000 5010 .019 03010 00319 00319 0.313 

 

Table (1.5) The Predicted Ultimate Loads in kN for Different 

Transverse Steel Reinforcement 

fc' in 

kpa 

fy in 

kPa     

shell 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

shell angle(θ) 

08 588 528 548 568 508 

03 952 03 033 313000 3133025 313000 33 0.10 2510 09015 03.10 05010 

03 952 03 033 313000 313302 313000 3510 0210 2010 09919 03.12 05012 

03 952 03 033 313000 3133505 313000 3013 .310 2010 09910 03010 05210 
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03 952 03 033 313000 3133.0 313000 3210 .010 2.1. 09019 03010 05210 

03 952 03 033 313000 31332.5 313000 5319 .9 2010 0901. 00313 05210 

03 952 03 033 313000 31300. 313000 50 .912 2010 09319 0301. 05215 

03 952 03 033 313000 313050 313000 5010 .015 221. 09312 03012 052.. 

 

Table (1.1) The Predicted Ultimate Loads in kN for Different Edge 

Beam Steel Reinforcement 

fc' in 

kpa 

fy in 

kPa     

shell 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

shell angle(θ) 

08 588 528 548 568 508 

03 952 03 033 313000 3133.0 313052 3319 0013 2310 00510 09210 00019 

03 952 03 033 313000 3133.0 313000 3010 0010 2912 00019 0051. 03012 

03 952 03 033 313000 3133.0 3133.. 3.10 0210 2310 09010 03010 05010 

03 952 03 033 313000 3133.0 313000 3210 .010 2.1. 09019 03010 05210 

03 952 03 033 313000 3133.0 313.25 3210 .010 2215 09312 03210 00910 

03 952 03 033 313000 3133.0 313253 3210 .913 03010 09.1. 05013 00010 

03 952 03 033 313000 3133.0 3109.9 5015 .019 03310 00010 05010 0.019 

 
Table (1.5) The Predected Ultimate Loads in kN for Different 

Concrete Compressive Strength 

fc' in 

kpa 

fy in 

kPa     

shell 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

shell angle(θ) 

08 588 528 548 568 508 

93 952 03 033 313000 3133.0 313000 0519 3212 0013 03010 2013 2010 

95 952 03 033 313000 3133.0 313000 3013 0015 0310 03.10 09.12 00513 

03 952 03 033 313000 3133.0 313000 3210 .010 2.1. 09019 03010 05210 

05 952 03 033 313000 3133.0 313000 5513 0310 00913 03513 0..12 02910 

33 952 03 033 313000 3133.0 313000 031. 0012 0931. 05012 02019 9301. 

35 952 03 033 313000 3133.0 313000 0012 2012 00310 0.019 90910 90013 

 

Table (1.9) The Predicted Ultimate Loads in kN for Different  

Steel Grades 

fc' in 

kpa 

fy in 

kPa     

shell 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

shell angle(θ) 

08 588 528 548 568 508 
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03 952 03 033 313000 3133.0 313000 3210 .010 2.1. 09019 03010 05210 

03 035 03 033 313000 3133.0 313000 5919 .310 03919 09010 03210 00013 

03 303 03 033 313000 3133.0 313000 5213 .010 03010 09012 05010 000 

 

1.3 Mathematical Formula for Prediction of Ultimate 
Load Capacity for Cylindrical Shell 

 
The following expression to find the ultimate load for cylindrical shell structures 

of the considered span width ratio, is suggested in the present study because of 

the preceding parametric study using STATISTIC program version 1.8: 

 

   -557 +(-39519.9119 * f 
 (-1.113)

 - 759.9559 * fy 
(-3.5553)

 + 57.5357 * 

t + 1.1357 * hb  
(5.555)

 + 5719.7597 * pl  (
1.119)

 + 31333.3195 * pb 
(1.115)

 

+ 91.9775 * ps) * sin(1.519 * th-37.557) + 599.195 * log51(t * 5.1355) 

* pl (
1.1515)

                …(1.5)          

 

where , 

P is the ultimate load in kN 

f  is the  concrete compresive strength in kPa 

fy is the yielding stress of steel reinforcement in kPa 

t is the thickness of the cylindrical shell in mm 

hb is the edge beam height in mm 

pl, is the steel reinforcement ratio in long direction  

ps is the steel reinforcement ratio in short direction 

pb is the steel reinforcement ratio in edge beam 

th is the shell angle in degree 

Coefficient of correlation (R=8.00) 

As shown in Fig. (1.54), good results obtained from the comparison 

between the finite element results and the result optioned from proposed 

mathematical formula.   
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1.5 Parametric Studies on concrete Folded Plate 

 

To establish the behavior of reinforced concrete folded plate; some parameters 

that affect the behavior of this structure have been studied. These parameters are 

the inclination angle, plate thickness, the plate reinforcement ratio, the concrete 

compressive strength, and steel grade. The discussion of the effect of these 

parameters, are made in the later sections. 

 

1.4.5 Effect of longitudinal steel reinforcement 

In the practice in one-way slaps, minimum steel reinforcement provided in 

addition to the main reinforcement to distribute the loads and the cracks provided 

by temperature and shrinkage stresses (Nilson and Winter 5.00). Therefore, 

minimum reinforcement added to long direction of folded plate. This 
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reinforcement can be obtained from the following equation (ACI Committee 450 

5..1) 

yf

*. 40000180
min =                                                                                  …(1.5)  

 This ratio is (8.8850) and it’s provided by (Ø 2 @ 01 mm)        

Figure (1.51) shows the influence of reinforcement ratio on the behavior 

of folded plate. The finite element results obtained from analyzing this folded 

plate show a significant enhancement in the load carrying capacity. It can be 

noticed that the ultimate collapse load increase to 5.42 times the ultimate load for 

folded plate without minimum longitudinal reinforcement. Then this 

reinforcement is used in the following sections.   
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Central deflection in mm 

Fig. (1.51) Goble’s Folded  late-Effect of Longitudinal 

Reinforcement on Load-Deflection Behavior    
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1.4.2 Effect of Inclination Angle 

In order to study the effect of inclination angle (θ) on load-deflection behavior, 

four different values of θ are used. These values of inclination angle are 28º, 

48º, 41º, and 68º. The results obtained from the finite element analysis are 

shown in Fig. (1.56). From This figure it’s clear that when inclination angle 

increases from 48º to 41º or 68º, the ultimate collapse load is significantly 

decreased. When inclination angle equals 28º, Gobl’s folded plate will be 

change to V-shaped folded plate. By using this folded plate the membrane force 

is significantly increased, and from fig. (1.56) the collapse ultimate load for θ 

equals 28º is rapidly increased. 

As result, the inclination angle plays major role to represent the load-

deflection behavior and ultimate load. Therefore, the effect of angle change on 

the other parameters is studied briefly in the following sections by using for 

angles 28º, 48º, 41º, and 68º. Constant rise, width, and length of the folded 

plate used in all parametric study.   
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Central point deflection in mm 

Fig. (1.55) Goble’s Folded  late-Effect of 
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1.4.4 Effect of Reinforcement Ratio 

In addition to minimum reinforcement that added to the folded slab in section 

(1.4.5), Goble’s folded had two type of reinforcement; the main reinforcement 

in the plate (short direction reinforcement) and the second one is the edge beam 

reinforcement. The main and edge beam reinforcement are discussed in the 

following two sections.               

1.5.3.5 Effect Maim Reinforcement 

To establish the effect on increasing short direction reinforcement on the 

structure behavior, Four folded plates with main reinforcement steel area equals 

(5882, 5182, 5012, and 2882) times the original steel area respectively.  

Fig. (1.50) shows the variation of ultimate load with different steel ratio 

for various inclination angles. This figure shows significant increasing in 

ultimate load capacity for higher steel ratio when inclination angle is increased. 

From table (1.0) the amount of reinforcement, the increasing in inclination angle 

and ultimate loads can be noted.  

 

1.5.3.5 Effect Edge Beam Reinforcement 

Different amounts of steel reinforcement have been used in the finite element 

analysis to establish this aim. The amount of edge beam reinforcement are 5.18, 

5.01, and 2.88 times the actual reinforcement. Fig. (1.50) shows the effect of 

amount of edge beam reinforcement on the collapse load for different angles.  
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The ultimate load capacity of the folded plate shows an increase in its value with 

the increase in amount of steel reinforcement for various angles. 

The ultimate loads obtained from studying this parameter and the 

properties of different folded plates are listed in table (1..).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Inclination Angle (θ) in Degrees 

Fig. (1.59) Effect of Short Direction Steel Reinforcement on 

Load Carrying Capacity for Various Angles 
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1.4.4 Effect of Folded Plate Thickness 

The folded plate thickness is another important factor that affects the behavior of 

this structure. In order to investigate the effect of plate thickness on the load 

carrying capacity and load-deflection relationship of folded plates. Four folded 

plates with different thickness for various inclination angles are analyzed with 

the other parameters kept constant.  

In Figure (1.5.), the effect of plate thickness on the overall behavior of 

the folded plate is demonstrated .The finite element results obtained from 

analyzing these shells as shown in Figure (1.5.), which reveals that the stiffness 

of the folded plate increases as the thickness increased. Also, the predicted 

collapse load is clearly increased as the thickness increases. The predicted 

collapse loads for these folded plates and its properties as given in Table (1.58). 
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1.4.1 Effect of Edge Beam Height 

Different beam heights are used to show this aim. These different heights are  

(8.8, 520, 518 and 288mm) respectively. The enhancement gained from 

increasing the height of edge beam is to increase the ultimate load carrying 

capacity.  

Fig. (1.28) shows the different behavior of the ultimate load due to 

increase or decrease in the height of edge beam and for different inclination 

angles. It can be seen that the edge beam height becomes a very important 

parameter and the load carrying capacity increases progressively for small 

inclination angle. Table (1.55) shows the ultimate load for the folded plate 

used to study this parameter in addition to its properties. 

Inclination Angle (θ) in Degrees 

Fig. (1.57) Effect of Folded Plate Thickness on Load 

Carrying Capacity for Various Angles 
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1.4.6 Effect of Concrete Compressive Strength 

To investigate the effect of concrete compressive strength on the improvement in 

load carrying capacity, the folded plate with compressive strength equal to 

(24.2, 48, 48, and 18 MPa) is used.  

Fig. (1.25) shows the behavior of ultimate load due to increase in 

concrete compressive strength for different inclination angles. It can be seen that 

the load carrying capacity increases with increasing of concrete compressive 

strength for different inclination angles. Table (1.52) shows the ultimate load 

and the properties for each folded plate used to study this parameter.  

 

 

Inclination Angle (θ) in Degrees 

Fig. (1.51) Effect of Edge Beam Height on Load Carrying 

Capacity for Various Angles 
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1.4.0 Effect of Steel Grade 

In order to present an idea about the effect of increasing the yield stress of steel 

reinforcement on ultimate collapse load, Goble’s folded plate is analyzed for 

different steel grades. The values of steel grade used to study this parameter are 

441 and 454 MPa in addition to the original steel grade (445 MPa).  

 The effects of using different inclination angles for different steel grades 

are shown in Fig. (1.22). This figure shows a significant increase in predicted 

ultimate load when the steel grade increases. The predicted collapse loads and the 

properties for different folded plates used to study this aim are given in Table 

(1.54). 

    

 

 

Inclination Angle (θ) in Degrees 

Fig. (1.55) Effect of Concrete Compressive Strength on 

Load Carrying Capacity for Various Angles 

20 25 30 35 40 45 50 55 60

30

40

50

60

70

80

U
lt

im
a
te

 l
o
a
d

 i
n

 k
N

fc'=50.0MPa

fc'=40 .0MPa

fc'=30.0 MPa

fc'=24.2 MPa



 Chapter Five                                                      

Parametric Study  

 555 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table (1.9) The Predicted Ultimate Load in kN for Different Short 

Direction Steel Reinforcement 

fc' in 

kpa 
fy in kPa     

plate 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

inclination angle(θ) 

28 48 41 68 

24.2 445 5. 520 8.8850 8.8222 8.8420 14.0 45.6 4..5 48.2 

24.2 445 5. 520 8.8850 8.8444 8.8420 68.2 40.. 41.1 44 

24.2 445 5. 520 8.8850 8.8401 8.8420 61.0 14.4 15.6 42 

24.2 445 5. 520 8.8850 8.8444 8.8420 05.5 64.2 10.4 18.4 

 

Table (1.7) The Predicted Ultimate Load in kN for Different Edge 

Beam Steel Reinforcement 

fc' in fy in kPa     plate beam pl ps pb inclination angle(θ) 

Inclination Angle (θ) in Degrees 

Fig. (1.55) Effect of Yield Stress of Steel Reinforcement on 

Load Carrying Capacity for Various Angles 
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kpa thic in 

mm 

high. in 

mm 
28 48 41 68 

24.2 445 5. 520 8.8850 8.8222 8.8420 14.0 45.6 4..5 48.2 

24.2 445 5. 520 8.8850 8.8222 8.84.2 64.0 40.6 45.0 42.1 

24.2 445 5. 520 8.8850 8.8222 8.8104 60.1 12.5 41 41.0 

24.2 445 5. 520 8.8850 8.8222 8.8616 04.4 16.6 18.2 4..5 

 

Table (1.51) The Predicted Ultimate Load in kN for Different 

 Plate Thickness 

fc' in 

kpa 
fy in kPa     

plate 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

inclination angle(θ) 

28 48 41 68 

24.2 445 5. 520 

8.88

50 

8.82

22 

8.84

20 

14.0 45.6 4..5 48.2 

24.2 445 21 520 

8.88

50 

8.82

22 

8.84

20 

08.4 40.. 41 44.4 

24.2 445 45 520 

8.88

50 

8.82

22 

8.84

20 

05 10.4 18.4 40.6 

24.2 445 40 520 

8.88

50 

8.82

22 

8.84

20 

.6.5 60.4 16.6 4... 

 

 

 

 

Table (1.55) The Predicted Ultimate Load in kN for Different Edge 

Beam Heights 

fc' in 

kpa 
fy in kPa     

plate 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

inclination angle(θ) 

28 48 41 68 

24.2 445 5. 8 313300 8.82 8.84 4... 24.2 28.4 6.6 
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22 20 

24.2 445 5. 520 313300 

8.82

22 

8.84

20 

14.0 45.6 4..5 48.2 

24.2 445 5. 518 313300 

8.82

22 

8.84

20 

10.1 46.0 45.1 44.4 

24.2 445 5. 288 313300 

8.82

22 

8.84

20 

08.5 10.2 40.0 44.4 

 

Table (1.55) The Predicted Ultimate Load in kN for Different 

Concrete Compressive Strength 

fc' in 

kpa 
fy in kPa     

plate 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

inclination angle(θ) 

28 48 41 68 

24.2 445 5. 520 
313300 8.82

22 

8.84

20 

14.0 45.6 4..5 48.2 

48 445 5. 520 
313300 8.82

22 

8.84

20 

62.2 44.0 45 45.. 

48 445 5. 520 
313300 8.82

22 

8.84

20 

6..1 4..0 44.6 44.0 

18 445 5. 520 
313300 8.82

22 

8.84

20 

00.2 14.5 40.2 46.4 

 

Table (1.53) The Predicted Ultimate Load in kN for Different  

Steel Grades 

fc' in 

kpa 
fy in kPa     

plate 

thic in 

mm 

beam 

high. in 

mm 

pl ps pb 

inclination angle(θ) 

28 48 41 68 

24.2 445 5. 520 8.8850 8.8222 8.8420 14.0 45.6 4..5 48.2 

24.2 441 5. 520 8.8850 8.8222 8.8420 11.0 44.0 42.4 44.4 

24.2 454 5. 520 8.8850 8.8222 8.8420 64.4 15.4 40.1 45.0 

 
 

1.1 Mathematical Formula for Prediction of Ultimate 
Load Capacity for Folded Plate 
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Based on finite element results, an equation to estimate the ultimate load for 

folded plate structures of the considered shape is suggested in the present study 

by using STATISTIC program as follows: 

 

    -551 + (-519.53*f  
(-1.1595)  

+ 591.393*fy 
(-55.515)  

+ 959.159*t 
(-1.555)    

+ 1.191*hb 
(1.755)

 -395.159 * pb 
(-1.155)

 - 1.5155* ps 
(-

5.11935)
)*log51(59.5539*th)  +7.139*log51(t 

(15.755)
)                                                                               

…(1.3) 

where , P is the ultimate load in kN 

f  is the  concrete compresive strength in kPa 

fy is the yielding stress of steel reinforcement in kPa 

t is the thickness of the folded plate  in mm, hb is the edge beam height in mm 

ps,  is the steel reinforcement ratio in short direction  

pb is the steel reinforcement ratio in edge beam 

th is the shell angle in degree 

Coefficient of correlation (R=8..6) 

Fig. (1.24) shows good results obtained from the comparison 

between the finite element results and the result optioned Eq. (1.3) for 

different folded plate thickness. 
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1.6 Conclusions   

Based on the results obtained from the finite element procedure, which have been 

carried out throughout the present work, the following conclusions can be drawn: 

1. The finite element results obtained for the reinforced concrete shell and 

the reinforced concrete folded plate show that the computational model 

adopted in this study is suitable for prediction of the load-deflection behavior 

and collapse load. The numerical results obtained from the different case 

studies reveal that the predicted load-deflection curves and collapse loads are 

in good agreement with the available experimental results. 

2. It was found that using isoparametric 22-node brick element is proved to 

be efficient for folded plate and cylindrical shell structural discretiztion. The 

numerical tests carried out for the two structures show that the inclusion of 

the geometric nonlinearity together with material nonlinearity in the finite 

element model significantly improve the predicted load-deflection behavior 

and collapse load at all stages of loading. 

3. The effect of the type of the integration rule was found to have a 

significant effect on the predicted behavior and the computed collapse load. 

The 15a-point integration rule showed better agreement with experimental 

results  

4. A significant enhancement is found in the finite element results for the 

mesh contains end diaphragm.  
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5. It was noticed that modeling the steel bars as axial members embedded in 

the brick element gives better results than the smeared layers of equivalent 

thickness throughout the shell element approach. 

6. For the cases analyzed, the results showed that the shell angle was the 

most pronounced factor that affected the load-deflection behavior and load 

carrying capacity of the shell due to the presence of membrane action. Also, 

the inclination angle in folded plate played a major parameter that affects load 

carrying capacity.  

7. From the parametric studies carried out on the cylindrical shell and the 

folded plate, it was found that the increase of thickness was a pronounced 

effect on load-deflection behavior.  

8. According to the results obtained, it can be concluded that the increase of 

edge beam height gives a noticed increase in the collapse load especially for 

higher shell angles. Also, the absence or the decrease in the edge beam height 

decreases the failure load.    

9. It was found that in cylindrical shells, the effect of steel reinforcement is 

not a significant parameter on the load carrying capacity. This can be 

attributed to the presence of membrane action in this structure, while for the 

folded plate the collapse load showed a significant increase when then main 

reinforcement increases.  

12. The finite element results show that as the compressive strength of 

concrete increases the ultimate collapse load increases progressively for the 

cylindrical shell and the folded plate shows less increase.      

1.2 Recommendations for Further Work  

Some suggestions are given below for possible improvement of the formulation 

and extension of this investigation: 



 Chapter Six                       Conclusion and 

Recommendations for Further Work   

 621 

1. The inclusions of strain softening behavior of concrete and using a 

numerical procedure such as the arc-length method or displacement control. 

This can improve the structural response beyond the ultimate load level and 

increase its accuracy. 

2. Extension of the material model adopted in the present study to include 

the long-term effect on the concrete behavior (creep and shrinkage) as well as 

cyclic loading. 

3. Wider studies on folded plates and cylindrical shells with variable span 

length and width and different boundary conditions in addition to the 

parameters that were studied in this work.  

4. Finding an empirical equation, which takes into account the above 

suggestions to evaluate the ultimate load capacity for these types of 

structures. 

5. Making more experimental studies on cylindrical shells and folded plates 

with different boundary conditions and comparing the results with the present 

numerical results.  

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

Subroutine BRK41 used to calculate shape function and it’s derivative for 

41-node brick element.       
 

      SUBROUTINE BRK41(FUN,IFUN,DER,IDER,JDER,X,Y,Z,ITEST) 

      IMPLICIT REAL*8 (A-H,O-Z) 
      DIMENSION FUN(IFUN),DER(IDER,JDER) 

      ITEST=0 

      A=X-4.0 

      AA=4.0+X 

      B=Y-4.0 

      BB=4.0+Y 

      C=Z-4.0 

      CC=4.0+Z 
 XY=X*Y 

 XZ=X*Z 

 YZ=Y*Z 

C 

      FUN(4)=0.4.0*((XY+XZ+YZ+..0*(X+Y+Z+4.0))*A*B*C 

      DER(4,4)=0.4.0*(..0*XY+..0*XZ+1.0*X+YZ+Y+Z)*B*C 

      DER(.,4)=0.4.0*(..0*XY+XZ+X+..0*YZ+1.0*Y+Z)*A*C 

      DER(1,4)=0.4.0*(XY+..0*XZ+X+..0*YZ+Y+1.0*Z)*A*B 
C 

      FUN(.)=0.4.0*((XY-XZ+YZ+..0*(-X+Y-Z-4.0))*A*BB*C 

      DER(4,.)=0.4.0*(..0*XY-..0*XZ-1.0*X+YZ+Y-Z)*BB*C 

      DER(.,.)=0.4.0*(..0*XY-XZ-X+..0*YZ+1.0*Y-Z)*A*C 

      DER(1,.)=0.4.0*(XY-..0*XZ-X+..0*YZ+Y-1.0*Z)*A*BB 
C 

      FUN(1)=0.4.0*((XY+XZ-YZ+..0*(X-Y-Z-4.0))*AA*B*C 

      DER(4,1)=0.4.0*(..0*XY+..0*XZ+1.0*X-YZ-Y-Z)*B*C 

      DER(.,1)=0.4.0*(..0*XY+XZ+X-..0*YZ-1.0*Y-Z)*AA*C 

      DER(1,1)=0.4.0*(XY+..0*XZ+X-..0*YZ-Y-1.0*Z)*AA*B 
C 

      FUN(1)=0.4.0*((XY-XZ-YZ+. .0(*- X-Y+Z+4.0))*AA*BB*C 

      DER(4,1)=0.4.0*(..0*XY-..0*XZ-1.0*X-YZ-Y+Z)*BB*C 

      DER(.,1)=0.4.0*(..0*XY-XZ-X-..0*YZ-1.0*Y+Z)*AA*C 

      DER(1,1)=0.4.0*(XY-..0*XZ-X-..0*YZ-Y+1.0*Z)*AA*BB 
C 

      FUN(0)=-0.4.0*((XY-XZ-YZ+..0*(X+Y-Z+4.0))*A*B*CC 

      DER(4,0)=-0.4.0*(..0*XY-..0*XZ+1.0*X-YZ+Y-Z)*B*CC 

      DER(.,0)=-0.4.0*(..0*XY-XZ+X-..0*YZ+1.0*Y-Z)*A*CC 

      DER(1,0)=-0.4.0*(XY-..0*XZ+X-..0*YZ+Y-1.0*Z)*A*B 
C 

      FUN(6)=-0.4.0*((XY+XZ-YZ+..0*(-X+Y+Z-4.0))*A*BB*CC 

      DER(4,6)=-0.4.0*(. .0* XY+..0*XZ-1.0*X-YZ+Y+Z)*BB*CC 

      DER(.,6)=-0.4.0*(..0*XY+XZ-X-..0*YZ+1.0*Y+Z)*A*CC 

      DER(1,6)=-0.4.0*(XY+..0*XZ-X-..0*YZ+Y+1.0*Z)*A*BB 
C 

      FUN(7)=-0.4.0*((XY-XZ+YZ+..0*(X-Y+Z-4.0))*AA*B*CC 

      DER(4,7)=-0.4.0*(..0*XY-..0*XZ+1.0*X+YZ-Y+Z)*B*CC 

      DER(.,7)=-0.4.0*(..0*XY-XZ+X+..0*YZ-1.0*Y+Z)*AA*CC 



 

      DER(1,7)=-0.4.0*(XY-..0*XZ+X+..0*YZ-Y+1.0*Z)*AA*B 
C 

      FUN(8)=-0.4.0*((XY+XZ+YZ+..0*(-X-Y-Z+4.0))*AA*BB*CC 

      DER(4,8)=-0.4.0*(..0*XY+..0*XZ-1.0*X+YZ-Y-Z)*BB*CC 

      DER(.,8)=-0.4.0*(..0*XY+XZ-X+..0*YZ-1.0*Y-Z)*AA*CC 

      DER(1,8)=-0.4.0*(XY+..0*XZ-X+..0*YZ-Y-1.0*Z)*AA*BB 
C 

      FUN(9)=-0.0*AA*A*B*C 

      DER(4,9)=-BB*B*C*X 

      DER(.,9)=-AA*A*C*Y 

      DER(1,9)=-0.0*AA*A*BB*B 
C 

      FUN(40)=0.0*AA*A*BB*B*CC 

      DER(4,40)=BB*B*CC*X 

      DER(.,40)=AA*A*CC*Y 

      DER(1,40)=0.0*AA*A*BB*B 
C 

      FUN(44)=-0.0*AA*A*B*CC*C 

      DER(4,44)=-B*CC*C*X 

      DER(.,44)=-0.0*AA*A*CC*C 

      DER(1,44)=-AA*A*B*Z 
C 

      FUN(4.)=0.0*AA*A*BB*CC*C 

      DER(4,4.)=BB*CC*C*X 

      DER(.,4.)=0.0*AA*A*CC*C 

      DER(1,4.)=AA*A*BB*Z 
C 

      FUN(41)=-0.0*A*BB*B*CC*C 

      DER(4,41)=-0.0*BB*B*CC*C 

      DER(.,41)=-A*CC*C*Y 

      DER(1,41)=-A*BB*B*Z 
C 

      FUN(41)=0.0*AA*BB*B*CC*C 

      DER(4,41)=0.0*BB*B*CC*C 

      DER(.,41)=AA*CC*C*Y 

      DER(1,41)=AA*BB*B*Z 
C 

      RETURN 
      END 
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