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ABSTRACT

A simplified computational procedure for post-buckling and post-
yielding problems of rectangular thin plates with constant or variable
thickness is presented. The discretization of the problem is carried out
by means of finite differences. The basic (governing) differential
equation for membrane actions of plate with variable thickness is
derived. Geometric and material non-linearity are considered to study
the post-buckling and post-yielding behavior.

This study is divided into two parts, the first includes the post-
buckling analysis of rectangular thin plate under the action of in-plane
compression loading. In this part, the material non-linearity is
neglected. The effects of initial imperfections, boundary conditions,
type of loading, tapering ratios, and the direction of load actions on the
post-buckling behavior are considered. The plate is analyzed with
different initial imperfections (wy/t= .., «.-1, -1, and -.?) times the
thickness of the plate and different tapering ratios (t./t,= 1., 1.7, 1.2,
1.ve,and 1.-).

It is concluded that the post-buckling behavior of thin plate is
very sensitive to the magnitude of initial imperfection and magnitude of
tapering ratio.

The second part includes the elasto-plastic analysis of
rectangular plate under the action of in-plane compression loading. In
this part, geometric and material non-linearity are included. The effect
of initial imperfections, boundary conditions, slenderness ratios, aspect
ratios, and tapering ratios on the ultimate strength are considered.

It is concluded that the ultimate strength decreases with the
increasing of the initial imperfection and tapering ratio (for the same

volume of plate).
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LIST OF NOTATIONS

Symbol Description
A 6hy + 6hy +8hzh?
[A] In-plane stiffness matrix.
a,b Plate dimensions in x and y-directions, respectively.
B, —4h?(h2 + h2)
B, —4h?(h2 +h2)
C 2hZh?
C Clamped edge.
[C] Bending stiffness matrix.
Cy (t, —t,)/at, : Slope coefficient for thickness of plate.
D (Etﬁ)/lZ(l—vz)Flexural rigidity.
Dy hy
D, hy
E Modulus of elasticity.
[E] Tangential elasto-plastic modular matrix.
f Yield function.
G Shear modulus.
hy, hy Mesh size in x and y-direction, respectively.
m Number of half-waves developed in the buckled shape.
My, My,M,, | Bending and twisting moments (per unit width).
Ny, Ny, Ny, | In-plane stress resultants (per unit width).
Py Applied load in x-direction.
q Uniformly distributed load (per unit area).
Qx Qy Shear forces (per unit width).
S Simply supported edge.
S Deviatoric stress tensor.

(R—

—

Plate thickness.




Thickness at the side x=a.

Thickness at the side x=-.

Average thickness ((ta+t,)/Y).

Displacement in x-direction.

Poisson’s ratio.

Displacement in y-direction.

Out-of-plane displacement.

Amplitude of initial imperfection.

Generalized nodal out-of-plane displacements.

Co-ordinates.

Uniaxial yield stress.

Equivalent stress.

Average applied uniaxial stress.

Total stress.

Bending stress.

Membrane stress.

Average uniaxial strain.

(o, /E) Uniaxial yield strain.

Strain tensor.

Plastics strain tensor.

Shear stress.

Bending shear stress.

Membrane shear stress.

Shear strain.

Plastic strain rate multiplier.

Stress function.

Generalized nodal stress functions.
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Chapter One

INTRODUCTION

v.» General

Thin-walled structures are widely used as load carrying members of
structures such as bridges, ships, aircraft and buildings with steel framing.
The cross section of a thin-walled structure is made up of thin plates with
constant or variable thickness joined along their edges. The plate
thickness is small compared with other cross-sectional dimensions, which
are in turn often small compared with the overall length of the member or
substructure.

There are several reasons why thin-walled structures must be given
special consideration in their analysis and design. That is because of their
inherent properties of thickness, which is small when compared with
other dimensions. This will make these structures susceptible to failure by
instability. Accurate determination of the buckling load incorporating all
the possible failure modes including local, local-torsional, distortional,
and flexural-torsional buckling, as shown in Figure ().)), is therefore very
important"™.

(c) Distorsional (d) Flexural-Torsional

Figure (Y.Y): Possible buckling modes (.

<



Chapter One Introduction

To maximize the saving in self-weight, the component plates of the
structural member are designed to be of slender properties. They will
then have a low elastic critical load and will normally operate in the post-
buckling range so that advantage must be taken of their post-buckling
reserve of strength.

Traditionally, such structures have been designed according to the
allowable stress principles so that a linear elastic analysis of the stress
distribution was sufficient. To produce design rules of reasonable
simplicity, plastic collapse mechanism has been proposed for the
prediction of the ultimate load capacity™. These are normally derived
from an assumed collapse mode based on the observation of experimental
behavior.

A collapse mechanism, by definition is based on an assumed state
of stress in a girder at failure. It makes no attempt to consider the
behavior during the approach to failure in the non-linear post-buckling
range. A proper analysis of this phase of behavior can provide a better
understanding of the development of non-linearity and the spread of
yielding leading to collapse. Any assumed collapse mechanism can be
then placed on a firmer footing and its range of application extended
without the need for extensive and expensive experimentation.

This study describes the development of such analysis, employing
the finite difference method for rectangular thin plates. The analysis is
applicable to different plates with various boundary conditions and
various initial imperfections, which continue to operate in the post-
buckling range. It must be; therefore, taken into account the effects of
geometric non-linearity arising from the plate buckling and also the
effects of material non-linearity due to the spread of yielding during the

approach to collapse.
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Chapter One Introduction

1.v Buckling Behavior of Thin Plates

Plate elements are used in naval and aerospace applications, and in
construction of civil structures and industrial buildings. These elements
are subjected to normal and shearing forces acting in the plane of the
plate, as shown in Figure (1.Y). The most important phenomenon in such
structures is the local buckling of the plate element. The load producing
this phenomenon is called the critical load. This critical load state
characterizes the natural equilibrium of an axially loaded plate. At this
state, it is observed that the plate would keep the small out-of-plane
perturbations and still remains stable. The importance of the critical load
is the initiation of a deflection pattern, which, if the load is further
increased rapidly leads to very large lateral deflections and eventually to a
complete failure of the plate. It is a dangerous condition, which must be

avoided( ",

Figure (1.Y): Plate under a general pattern of combined external loads.
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Chapter One Introduction

1.+ Modeling of Fabrication-induced Imperfections

When the plates are fabricated the factory will not be able to produce
perfectly flat surface for plates but thus they will have very small initial
imperfection. Also to fabricate stiffened plate structures, welding is
normally used and thus the post-welding initial imperfections (initial
deflections and residual stresses) are developed in the structure. In an
advanced structure design capacity calculations should accommodate
post-weld initial imperfections as parameters of influence.

Figure (1.¥) shows schematic of the post-weld initial deflections in
ship stiffened plate structures. The measurements of welding-induced
initial deflection for plating in merchant ship structures reveal a complex

multi-wave shape in two directions®").

Stiffeners

|
(1)Initial deflection shape

N
N—

(ii) Initial deflection shape ¥

N
T A~ ‘
= _\_JQ/ :>/ (ii1) Initial deflection shape ¥

(a) Steel stiffened panels (b) Some shapes of initial
imperfection.

Figure (1.r): Fabricated related initial deflection in steel stiffened panels.

<



Chapter One Introduction

1.+ Scope of This Study

This study is divided into two parts; in the first, there is an attempt for
formulating a simplified finite difference method to analyze the elastic
large deflection behavior of rectangular thin plates. The effect of initial
imperfection, boundary conditions, type of loading, tapering ratios, and

direction of loading are considered.

The second part deals with a large deflection elasto-plastic analysis
of rectangular thin plates. The effect of initial imperfection, boundary
conditions, aspect ratios, slenderness ratios, tapering ratios, and direction

of loading are considered.

The present study is given through six chapters. This
introduction represents chapter one. In chapter two, a brief of review of
early studies and the more advanced studies on the subject are given with
an interpretation of the results as possible. A post-buckling behavior of
rectangular thin plate with initial imperfection is presented in chapter
three. An elasto-plastic behavior of rectangular thin plate with initial
imperfection is presented in chapter four. The application and the
presentation of the results with discussion are given in chapter five.
Finally chapter six introduces the conclusions and recommendations for

further studies.



Chapter Two

REVIEW OF LITERATURE

v.» General

The review presented here aims at showing the most important
developments and steps that have been taken on the path leading to the
knowledge of today in this subject. As mentioned in the introduction, the
problems concerning compressive loads applied to a thin plate have

interested a large amount of researchers all over the world.

In this chapter the literature survey is divided into four major scopes: -

—

. Buckling Analysis of Thin Plate.

—«

. Large Deflection Analysis of an Isolated Thin Plate.

—«

. Elasto-Plastic Analysis of an Isolated Thin Plate.

o~

. Large Deflection Elasto-Plastic Analysis of Thin Plate.

v.v Buckling Analysis of Thin Plate

As cited in Ref. (¢°), Bryan® [1A41] solved the problem of a simply
supported rectangular thin plate with two opposite sides carrying uniform
compressive loads. His study was the first attempt to derive the solution

of plate buckling problem by the using energy principle method.

Salvadori®? [v4¢4] introduced a numerical and graphical
computation of buckling loads by successive approximation. The finite
difference method was used to solve the buckling problem. This solution
is obtained purely by numerical computations, which is greatly enhanced
by a simple method of extrapolation. This procedure was applied to
various cases of buckling of beams, plates, and shells.

<



Chapter Two Review of Literature

Chehil and Dua"" [vsv¥] employed a perturbation technique to
determine the critical buckling stress of a simply supported rectangular
plate with variable thickness cross section. The differential equation was
derived for a general thickness variation in one direction. Their analysis
included a stiffened plate, this stiffener is fabricated from the factory.
The major advantage of this analysis lies in the fact that the fabrication of
these stiffened plates is very simple as compared to the manufacturing of

plate, which has a linear or exponential taper.

Kobayashi and Sonoda‘™ [44.] used a power series method with
the use of a co-ordinate transformation to solve analytically the buckling
problem of uniaxially compressed rectangular plates with linearly tapered
thickness. This solution was limited where the compressed edges were
simply supported and the unloaded edges are (simply supported, clamped,
or free). Their conclusion was that the buckling load is highly dependent

on the thickness variation.

Recently, Chin, et al .*” [vaa+] used the finite element method to
predict the buckling capacity of arbitrary shaped thin-walled members
under any general load and boundary conditions. The thin plate elements
used in this method contained v degree of freedom (d.o.f): ['¢ d.o.f for
the in-plane (membrane) action and ‘1 d.o.f for the out-of-plane
(bending) action]. The linear and geometry stiffness matrices for the thin
plate element was derived explicitly based on the principle of minimum
total potential energy. This method was used for thin-walled structures
involving distorsional and flexural-torsional buckling failure mode.

Ohga, et al. “V [v442] used an analytical procedure for the elastic
buckling problems of thin-walled members with variable thickness cross
section by using the transfer matrix method. The transfer matrix was
derived from the non-linear differential equations for the plate panels
with variable thickness by using the Fourier series expansion in the

<



Chapter Two Review of Literature

longitudinal direction and then applied a numerical integration in the
lateral direction.

Husain, et al. " [¥..¥] used the finite difference method to
estimate the buckling factor of a rectangular thin plate with variable
thickness cross section. Their results were presented graphically for the
buckling coefficients for uniaxially compressed plates and the loaded
edges were (simply and clamped supported) and for different plate aspect
ratios, different tapering ratios, and different boundary conditions. This
study has showed that the value of the buckling load is very sensitive for
tapering ratio.

v.» Large Deflection Analysis of an Isolated Thin Plate

The large deflection theory of isolated plates is more complicated than the
small deflection theory because of the geometric non-linearity. The non-
linearity arises because the deflection increases the membrane stresses
and these stresses are redistributed and begin to dominate over flexural
action. This problem was treated by Von-Karman’s equations and

Marguerre’s equations’™.

Coan"? [v401] solved Marguerre’s equations to study the post-
buckling behavior of plates by assuming the deflected shape of a
rectangular simply supported plate as a double Fourier series and
overcame the restriction on Levy’s solution. Edge pull-in of three kinds
was allowed for by adding further complementary functions to the
expressions for the stress function (®). The theory was applied to a
square plate with the central initial deflection (w,=-.'t) and the results
were compared with the experimental values.

Yamaki™ [V4¢4] gave an extension of Levy and Coan’s works by
solving the problem with different boundary conditions, combining two
kinds of loading conditions [case (1), the edges are kept straight by the
distribution of the normal stresses, while in case (Y), the edges are free

<



Chapter Two Review of Literature

from stresses]. The solution of Marguerre’s fundamental equations for
large deflections of thin plates with slight initial curvature was presented
in his study for the case of a rectangular plate subjected to edge
compression load by using a double trigonometric series with coefficients
to solve these equations. The conclusions from this study are: -

The deflection in case (V) is always smaller than the corresponding
value in case (Y).

Under loads much greater than the critical, the net deflection for
the initially deflected plate is smaller than that for the initially flat
plate.

Stein® [va%.] proposed a purely mathematical approach to
explain the possibility of a change of buckling wave form. He
investigated the post-buckling behavior of simply supported rectangular
plates in end compression load by solving the first few equations and
presented non-dimensional load-shortening curves for plates with various
length-width ratio (a/b) (" to ¢). These curves were obtained by using the
values of (m), which intersect with these basic curves for the range
plotted. The intersections of the load- shortening curves indicate possible
changes in buckle pattern, as shown in Figure (¥.)).

—&— 1t Approximation
—0— 2nd Approximation

Shortening

Figure (¥.1): Non-dimensional load-shortening curves of rectangular simply
supported plates in compression, a/b=).



Chapter Two Review of Literature

Basu and Chapman® [Y411] used the finite difference method to
investigate the large deflection behavior of transversely loaded
rectangular orthrotropic plates, having elastic flexural, and extensional
and shearing edge restraint and derived the differential equations and
boundary conditions and showed the effect of membrane action at a large

displacement stage.

Aalami and Chapman® [Y414] used the finite difference method
for the large deflection behavior of rectangular orthrotropic (including
isotropic) plates under symmetrical or anti-symmetrical transverse
loading and in-plane loading. The essential difference between Basu and
Chapman [Y431] and Aalami and Chapman [Y434] is that the last
studied the behavior of plates under transverse and in-plane loading and
with initial imperfection and rotational nodes and tangential boundary

restraints.

Rushton®” [1414] demonstrated the dynamic relaxation method to
analyze the post-buckling behavior of plates with variable thickness and
with edge restrained against lateral expansion. In this approach the nodes
had been considered to have a constant thickness different from the
thickness of the previous node. A variable thickness plate was considered

in which the thickness is defined by:
t = to e (1)

with A chosen so that at the thicker end t = vt,.
He observed that the finite difference tends to underestimate the

initial buckling load by about v7 when compared with the exact solution.

Sherbourne and Korol®” [Yavy] used experimental and theoretical
investigations for the post-buckling behavior of axially compressed
plates. They observed that the load predictions were overestimation to
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Chapter Two Review of Literature

the real capacity of the plates and they also observed that when the
imperfections were incorporated into the theoretical solution the scale-
down values of the theoretical prediction accord more nearly with the

experimental results.

Colville, et al. ) [vav+] used a general method for the solution of
the Von-Karman plate equations by using a direct iterative finite element
procedure. Their study included all applicable non-linearity in the strain
displacement equations and the use of fully compatible finite element for
both the in-plane and bending action and resulted in monotonic
convergence to the theoretical solution as the structure idealization. This
procedure gave minimum computational time.

Williams and Walker"*) [vave] derived an explicit expression for
the load-deflection relationship for simply supported uniformly loaded
square plate based on the perturbation approach. The results were
presented for the plates with variety of geometries, boundary constraints
and in-plane loading conditions. The accuracy of these results was
sufficient for engineering design purposes.

Colville and Shye®" [1ava] used the finite element method to
investigate the post-buckling behavior of plates. In this study, the finite
element solution procedure was employed for the large deflection
problems based on the theory developed by Collvile, who had shown that
for post-buckling applications the uncoupled equilibrium equations may

be written as: -

[Ky + Ky Jwl=q- K fw} (*"
[K,Juj=f -Gy (*9

in which K, = bending stiffness of the undeformed plate; K, = the
geometric stiffness of the plate; Ky = the non-linear stiffness matrix; w=

<



Chapter Two Review of Literature

nodal bending displacements; q = applied bending loads; K = in-plane
stiffness of the undeformed plate; Gy = a non-linear membrane correction
force vector; u= nodal in-plane displacements; f = applied in-plane loads.

As cited in Ref. (¢0), Fok [v4A.] used the finite difference
method to study the influenc of imperfections in non-linear behavior of
rectangular plates. He analyzed the elastic post-buckling behavior of
seventy-three isolated plates and confirmed his study by experimental
work. The conclusion was that the post-buckling is very sensitive to the
imperfections and the finite difference method gives results close to the

experimental results.

Sridhran and Graves-Smith®” [YaA'] used two versions of the
finite strip method for the post-buckling behavior of prismatic plate
structures under compression load. Version | based on the classical
approximation is found to be a powerful method for dealing with a
variety of plate structures of practical interest. Version Il which is
complementary to version I, is shown to be necessary when investigating

the effect of corner displacements on the stiffness of the structures.

Usami®™ [vaAY] used the finite element method to investigate the
elastic post-buckling behavior of rectangular plates in combined
compression and bending. The analysis started with Marguerre
compatibility and used the energy method to obtain the solution. An
effective width formula was proposed to analyze the post-buckling
behavior of thin-walled steel members in bending or in combined
compression and bending.

Fok"* [v4A<] presented two numerical methods for correlating the
experimental critical load and the initial imperfection of rectangular
plates loaded in edge compression from recordings of load and deflection.

The three points technique makes use of three sets of such readings to

<



Chapter Two Review of Literature

form a system of non-linear simultaneous equations, the solution of
which yields the critical load, initial imperfection, and the constant
governing the curvature of the load-deflection curve. The least square
technique employs an applicable solution to the neutral bifurcation. Both
of the two techniques were applied to various experimental results and it
was found that the calculated values were very close to the experimental

values.

Galerkin method has been widely applied to both static and
dynamic problems in the area of solid mechanics. The idea of the method
IS minimization of error by orthogonalizing the error with respect to a set

of given (or basis) functions®".

Ueda, et al. @ [vaAv] studied the large deflection behavior of a
rectangular plate by an efficient semi-analytical method. An incremental
form of the governing differential equations of plates and stiffened plate
with initial deflection had been derived. For each load increment, these
equations were solved by the Galerkin method with especial
consideration of simply supported boundaries. These equations take the
following form: -

%D, 0%(Aw) ) 0% (AD) 6w},
oy?  ox? oy’ ox°
L 070, % (aw)  %(ad)o%wi,
Dvi(aw)=| ¢ ¥ ¢ oy (-9
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|
t
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where w;_,= total deflection at the end of the load increment (i-)), ®;..=
stress function at the end load increment (i-)), Aw;= increment of
deflection through current load increment, A®;= increment of stress
function through current load increment. A procedure of equilibrium
correction at intermediate load steps must maintain that good accuracy of
the solution may be maintained with larger load steps because the small

quantities of higher order of (Aw, and A®) are neglected.

Recently, Sun and Williams®™™ [Y44v] employed Koiter’s theory to
analyze the initial post-buckling behavior of prismatic plate assemblies
which are composed of isotropic materials and subjected only to
longitudinal compressive load. The post-buckling equations were solved
exactly and the post-buckling coefficients were obtained by exact
integration for all component plates. Their conclusion was that the post-
buckling characteristics of the stiffened plate are influenced significantly
by the height of the stiffener.

Lam®™ [144A] used computational procedure for the post-buckling
behavior of a strut with initial imperfection under progressive end
shortening. A polynomial expression was used to simulate the actual
initial imperfection, while the deformations were expressed by a suitable
trigonometric series. The non-linear equilibrium equations were solved
by a Newton-Raphson procedure. His results were compared with other

solutions and with experimental results.

Bjelajac™ [+« ] used the finite difference method for the post-
buckling behavior of thin elastic plates subjected to in-plane loading.
This method was used to analyze plates with initial curvature and with
variable boundary conditions. He derived equations from the minimum

potential energy in a potential force field in a manner, which doesnot
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involve additional nodal displacements. This study considered that the
unloaded edges are kept straight and fixed (u,=+). His results were

compared with other methods.

Mirambell and Zarate" [¥ ] used the finite element method to
investigate the post-buckling behavior of plates with variable depth under
in-plane shear loading. Their conclusion was that the post-buckling and
the strength reserves tend to diminish by increasing the slope of the
bottom flange, this is due to the decrease in the vertical component of the
tension field.

In Y+, Sun, et al. ®™ proposed a procedure to analyze the post-
buckling behavior of isotropic prismatic plate assemblies.  The
perturbation method combined with the variable separation method was
used to obtain the perturbation equations of first and second order. The
first order problem is a transcendental eigen-values problem and it is
solved analytically by using Wittrick-William’s algorithm. The second
order problem solved analytically to obtain displacement functions

corresponding to axially constant and axially harmonic problems.

Jayachandran, et al. ™ [v..1] derived incremental matrices for
thin initially imperfect plates with small out-of-flatness by using the
minimum potential energy principles. Explicit coefficients of the
displacement gradient tensor had been evaluated. These matrices were
used in combination with any thin plate element. The formulations were

incorporated in a software plot-cold.

Mohammed“"” [v.:1] studied the buckling and post-buckling
behavior by finite element method of rectangular isolated steel plates
under in-plane shear load. This study considered the effect of initial

imperfection and boundary condition on the total behavior of the plate.

@
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His study was divided into two parts, the first included analysis of
isolated plates under in-plane shear load with different values of initial
shapes. The second part included analysis of isolated plates under in-
plane shear load with different cases of condition support. His conclusion
was that the behavior of a thin-walled structure is usually sensitive to the

nature and magnitude of initial imperfection.

More recently, Zou and Qiao™™ [¥:.¥] presented a higher order
finite strip method for the post-buckling behavior of imperfect composite
plates subjected to progressive end shortening. The arbitrary nature of
the initial geometric imperfection induced during manufacturing was
accounted for in the analysis. The non-linear equilibrium equations were
solved by a Newton-Raphson method. This study showed that the post-
buckling behavior of an imperfect composite plate depends not only on
the material lay up, snap-to-thickness and anisotropy of the laminate, but
also on the direction of induced out-of-plane imperfection.

v.» Elasto-Plastic Analysis of Isolated Plates

Most engineering structural materials such as steel and aluminum are
ductile where their strains grow much more than at elastic limit, as the
structure is loaded beyond the elastic limit. Plastic strain occurs and
causes a redistribution of stress. The computation of this distribution of
stress has been considered to be complicated; and a simplified method to
compute the ultimate strength of the structure under a monotonic
proportional load has been given by many investigators. This method,
known as limit analysis, is to calculate the upper bound and lower bound
of the system of loads, which the structure can take without collapse. In
the limit analysis, the material is generally assumed to be ideally plastic

and the strain hardening effect is neglected.
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In the upper bound theorem: if a collapse configuration is assumed,
the external loads computed by the principle of “virtual velocities w;
will be equal to or greater than the true collapse load.

In the lower bound theorem: if a stress configuration can be found
which exceeds yields nowhere in the structure and which is in
equilibrium with the external loads, these external loads will be equalto or

less than the true collapse limit"™.

Hodge™ [v424] gave a summary of the limit analysis theory
pertaining to rectangular slabs. Using trial distribution of moments and
deflections, he utilized the equilibrium and energy approach respectively,
and arrived at lower and upper bounds on the collapse load with the Von-
Mises failure condition. Combination of the best upper and lower bounds

yields a difference of about Y -7.

As cited in Ref. (¢), Koopman and Lance!™” [Y41¢] introduced the
idea of linear programming combined with finite difference
approximations to arrive at lower bounds of the collapse load of
continuous structural components made of perfectly plastic material. The
lower bounds obtained for a square plate with simply supported and
clamped edges agree very favorably with the existing upper bounds. The
method is applicable to arbitrary structural components with arbitrary
loading. A relatively coarse grid size gives a satisfactory solution. It is
perhaps possible, using the linear programming approach and energy

considerations to obtain upper bounds of the collapse load.

Bhaumik and Hanley® [v43v] introduced an analysis of square
plates in elastic and elasto-plastic states by finite difference method by
using three different criteria (Johanson, Von-Mises, and Tresca ). The
finite difference technique has the added advantage of assuring a

convergence criterion as the grid size is reduced. To illustrate the
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potential of the method, two plates with simply and clamped supported

had been analyzed. The results of the collapse load are shown in Table
(Y.).
Table (*.Y) Collapse load (ga'/M;) by finite difference analysis of square plates.

Boundary Conditions Von-Mises Johanson

Simply Supported plate Vi : Yo

Clamped Plate

The limit analysis works well for ideally plastic structures but it is
not applicable to structures with strain hardening. Many structures are of
materials with strain hardening; therefore, a method to calculate the
redistribution of the stress caused by plastic strain is needed. Rectangular
plates under bending have commonly occurred in structures. A detailed
procedure for calculating the stresses and deflections of rectangular plates
subjected to an arbitrary sequence of loads in the plastic range was
described by Lin and Ho™ [141A].

Lin and Ho™ [y4%A] used the analogy between the body force and
the plastic strain gradient as a method of analysis in their work. This
concept has been successfully applied to compute the creep and plastic
bending of circular plates and creep bending of rectangular plates. It was
shown that the elastic strain in plates has the same effect on causing stress
and strain field as the set of lateral loads, edge forces and moments.
Strain beyond the elastic limit in crystalline materials consists of two
parts: the elastic part caused by the elastic deformation of the lattice
structure, and the plastic part caused by slip of one layer of atoms over

another.
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v.« Large Deflection Elasto-Plastic Analysis of Plates

The recent years have seen an increasing tendency to design large
structural members as in welded steel stiffened plate systems. The
geometries used in many heavy structures fail in compressive load by a
combination of yielding and buckling. Analysis of strength of plates in
such structures is complicated by the non-linearities caused by the large
out-of-plane displacements and by yielding of parts of the plate. The
obvious significance of initial out-of-flatness was shown in many

simplified analyses.

Wah(" [14eA] introduced a closed form solution for the
deflections, residual deflection, residual membrane tensions, and other
quantities of engineering interest for infinitely long clamped rectangular
plates with large deflections under uniform pressure. The analysis
assumed infinite rigidity, in the plane of the plate, of the boundary
supports. His formula is based on several idealizations, which cannot be
exactly duplicated in practice.

Abdel-Sayed™ [Y414] introduced a formula for the effective width
of wide thin plates, under end compressive load in their planes by solving
the Von-Karman governing differential equations. This solution was
based on the assumption that the deflection form at the instant of buckling
Is preserved after loading exceeds the buckling limit. This formula was
used for plates with a small initial deflection or for plates with edges
parallel to loading was free to move in the plane of the plate. This
formula takes the following form: -
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to find the ratio (e/e + e, ), the unknown magnitude of the deflection e,

will be calculated by the following equation: -

2 2
en, =(e +eo){na +%7z2[(%j +(%) ]biz(e2 + 2e.eo)} (r-9)

here A= effective width; n,= critical compressive force per unit width; b=
width of plate; a= length of one buckled panel of plate; n,= axial loading
per unit length; n,= average loading per unit width of plate; e= magnitude

of deflection.

As cited in Ref. (), Moxham“? [vav1] used Ritz procedure to
solve the large deflection in elasto-plastic behavior of plates with a small
initial imperfection under in-plane compression load. This study included
plasticity through a volume integration in which the plate was divided
into five layers through its thickness. His results were given for plates
with different slender ratios (b/t= v+, ¢+, e, and A+) and with a very small
initial imperfection (w,/t=+.-c and +.-A) and with the edges of the panel

simply supported and free to pull-in.

Lin, et al. ™ [vav¥] introduced an analytical method for predicting
the elasto-plastic bending of rectangular plates with large deflection. The
effects of the plastic strain and the large deflection on plate deformation
were shown to be the same as a set of applied external forces on the plate
in the classical elastic small deflection theory. Their observation was that
the deflection increased only slightly by plastic strain and the maximum

extreme fiber stress relieved by plastic yielding.

Crisfield™ [vave] used a finite element formulation for the large
deflection elasto-plastic analysis of thin mild steel plates subjected to in-

plane compressive load. This method was used to trace the behavior of
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imperfect steel panels over the full load range, including the unloading
stage following collapse. A series of simply supported thin plates under
uniaxial compression were analyzed to study different in-plane boundary
conditions, levels of geometric imperfection and residual stress. The load-
shortening curves to predict the behavior of wide eccentricity stiffened
plates subjected to uniaxial compression had been derived. He obtained
good correlation with experimental and showed that the imposition of
straight edge constraint to the unloaded edges had no influence on the
behavior of moderately stocky plates whereas increases in the collapse

load of (e-) %) were achieved for thinner plates.

Harding, et al. " [yavv] introduced a finite difference formulation
for the large deflection elasto-plastic analysis of initially imperfect thin
rectangular plates subjected to in-plane loads. The elasto-plastic rigidities
were calculated by using a rigorous multi-layer approach, and the
governing equations were solved in an incremental form by using
dynamic relaxation. Their program was used to study the effects of both
uniaxial and biaxial residual stresses due to welding and out-of-plane
imperfection. The loading included tension and compression and their
interaction with co-existing shear. Their conclusion was that the effect of
initial imperfection on the ultimate collapse behavior of shear is small and
a partially restrained panel (without transverse restraint on top and bottom
edges) offers a considerable increase in design strength over the four

edges of unrestrained condition.

Little ™ [vavv] used a simple formulation of a minimum energy
principle for the analysis of plate collapse. This method is rigorous and
yet economical in its use of the computer. His collapse analysis included
a procedure which makes allowance for the effect of a large shortening

increment where his results showed, surprisingly, that the predicted load-
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shortening response of a typical plate was only marginally dependent on
the increment size. He presented results for biaxial in-plane compression
and compared his results with previous theoretical work, both elastic and

elasto-plastic analysis where gave agreement.

Frieze, et al. ") [vavA] presented a theoretical treatment for the
large deflection elasto-plastic analysis of plates by using a finite
difference formulation with dynamic relaxation iteration. Increment form
was used to the tangential elasto-plastic rigidities so that it can be used in
the constitutive equations. The in-plane loading was applied by means of
displacements. Their conclusion was that the dynamic relaxation is
suitable to study plastic large deflection behavior of plates and that it
probably offers both computer time and storage advantages for such

analysis.

Rerkshanandana, et al. ©" [v4A1] applied a finite element method
to study the elastic-plastic post-buckling behavior of initially deflected
and eccentrically loaded steel plates and box sections. A computer
program based on a finite element (rectangular element) incremental
displacement method had been developed. The mathematical formulation
was based on an incremental virtual Lagrangian formulation and used a
modified Ilyusion vyield criterion with the associated flow rule to
incorporate in the analysis the plasticity effect of the plate material. Their
proposition was that the empirical formula to predict the ultimate strength
of eccentrically loaded plates whose unloaded edges are either simply
supported-simply supported, clamped-clamped, or simply supported —

clamped is to be based on an extensive numerical study.

Ueda and Yao™ [YsAY] presented a new mechanism of plastic
hinge based on the incremental theory of the plasticity and derived the

elastic-plastic and plastic stiffness matrices for one-dimensional
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members. Using this plastic hinge, a method of elastic-plastic analysis of
space-framed structures was well developed including the effect of large
deflection. This basic idea of plastic hinge method for plates and solid
bodies was developed. The basic theory of the new method was based on
using the ordinary finite element method (the stiffness method).

In this theory, the yield condition at the i th node of an element is
described as follows: “the i th node becomes plastic when the resultant
stresses at this node satisfy the appropriate plasticity condition and the
plastic deformation is developed only at the nodes”.

For the element with k plastic nodes, the relation between the
increments of the nodal force, df, and the nodal displacement, du, is

derived in the following form:

df =k°du (-4

in this equation kP is either elastic-plastic or plastic stiffness matrix and
was expressed in explicit form. When an element is subjected to constant
strain, the element becomes plastic in the entire volume if the yield
condition is satisfied at any point. Simultaneously, the plastic node is
formed at every node of the element. Completely the same plastic
stiffness matrix is obtained by either the ordinary finite element method
or by the plastic node method. From these facts the accuracy of the
solution by this method is anticipated to be of the same order as that by

the ordinary finite element method when the element division increases.

Bradfield and Stonor® [yaA¥] presented a simplified elastic-
plastic analysis for plates uniaxially compressed in their plane. Their
assumption was that the plates are not initially flat and contain residual
stresses due to welds at the longitudinal edges and the formulation was

were based on physical models and tested with other previous numerical
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solutions. These solutions based on full section yield criterion. A simple
criterion was given for the plate shortening at which the maximum loads
were carried by welded and unwelded plates. These lead to single

calculations of plate strength.

Paik and Kim®" [14A4] presented a new and simplified rectangular
finite element having only four corner nodal points to analyze the elastic-
plastic large deformation behavior up to the ultimate limit state of plates
with initial imperfections. The finite element is contains the geometric
non-linearity caused by both in-plane and out-of-plane large deformation
because for very thin plates the influence of the former is not negligible.
A simple matrix operation was derived for the elastic-plastic large
deflection to treat the expanded plastic zone in the plate thickness

direction of the element based upon the concept of plastic node method.

Paik, et al. ¥ [vs4¥] introduced a new buckling formula for all
edge supported plate panels subjected to combined in-plane and lateral
loads. This formula included the effect of welding residual stress and
edge condition effects. Their conclusion was that by using this formula,
about ) eZof the critical plate buckling strength is additionally admitted at
the severe case and the plate buckling strength is very much dependent on

the edge conditions as well as the plate thickness.

Usami®™ [v44r] proposed a formula based on extensive numerical
results of elastic-plastic large deflection analysis of simply supported
imperfect plates in compression as well as in combined compression and
bending. This formula expressed as functions of the magnitudes of
compressive residual stress and initial out-of-flatness and used to

compute the ultimate strength of welded built up beam-column segments.
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Mirambell, et al. “? [v44¢] presented experimental investigations
and numerical solutions to the behavior of steel plates under pure
compression. The measurements are concentrated on the strains at
several characteristic points of the panel displacements. A numerical
model was developed for the analysis of the geometrical and material
non-linearities of steel plate structures, based on the finite element
method. Their study showed that the numerical and experimental stress

values were close.

Mathlum™ [v44v] presented a large deflection elasto-plastic
analysis by the finite element method to analyze rectangular thin plates
under compressive and shear load as well as the ultimate strength of plate
girders with longitudinal and diaphragm stiffeners. His study was
divided into three parts, the first, included the analysis of isolated plate
under compression load. The second part included analysis of isolated
plates under shear load. The last part contained analysis of ultimate load
of plate girders with transverse and longitudinal stiffeners. His
conclusion was that the plate girder without stiffener gives low strength
and the plate girder with transverse stiffener has a larger strength more

than the plate with longitudinal stiffener.

Lee and Yoo [Y44A] introduced a non-linear analysis based on
three dimensional finite element models to transversely stiffened plate
girder web panels(without longitudinal stiffeners) subjected to pure shear,
including the effects of initial out-of-flatness. This study showed that the
design for shear in plate girder web panels in (AASHTO) and (AISC)
specifications accounts for both elastic shear buckling strength and post-
buckling strength separately and combine these resisting capacities which
are based on the aspect ratio of the web panel. Although, equations in
these specifications predict the overall shear strength with reasonable
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accuracy, they often underestimate the elastic shear buckling strength,
due to an underestimation of the rigidity at the flange-web juncture and
often overestimate the post-buckling strength of certain web panels, as a
result of excluding the effect of out-of-plane bending stresses. The first
conclusion based on the assumption that the boundary condition at the
flange-web juncture is simply supported gives too much conservative
shear strength for many plate girder web panels and the second
conclusion based on the flange rigidity appears to have little effect on the

post-buckling strength of web panels.

Lee and Yoo [v444] introduced an experimental study on the
ultimate shear strength of web panels. In this study, )+ scaled plate girder
models were tested to investigate the shear behavior of web panels up to
failure. The following conclusions are obtained with regard to the
behavior of the plate girder web panels:

Y. The boundary condition at the flange-web juncture in practical
design is much closer to the fixity.

Y. In all existing failure mechanisms, the results that the through-—
thickness bending stress affects the ultimate shear strength are
neglected; however, it has been found that very high bending
stresses are developed at failure.

¥. An anchoring system, such as flanges, is not needed for the

development of the post-buckling strength.

Paik, et al. ©? [Y...] presented a study on five subjects
theoretically, numerically, and experimentally: modeling of post-weld
initial imperfections (i.e. initial deflections and residual stresses) and their
effects, influence of rotational rigidity of support members on the plate
buckling strength, ultimate strength design equations under combined
loads including biaxial compression/tension, edge shear and lateral

<



Chapter Two Review of Literature

pressure loads, and dynamic collapse strength characteristics under
dynamic axial compressive loads or slamming-induced impact lateral
pressure loading. Their proposition was a new design formula for more

advanced buckling and ultimate strength of ship plating.

More recently, Turvy and Salehi®™ [¥..1] introduced a finite
difference formulation with of the dynamic relaxation algorithm to solve
the governing equations of an elasto-plastic large deflection analysis of
pressure loaded sector plate, based on the llyusion full- section yield
criterion and the flow theory of plasticity. This study showed that the
effect of the in-plane edge restraint is more significant in changing the
post-yielding response of slender simply supported plates with substantial
stiffness increase accompanying the presence of full in-plane restraint. It
showed that for slender sector plates the development of plasticity within
the plate is quite complicated. At the maximum pressure applied a plastic
membrane state is approached in slender sector plates under simply
supported in-plane fixed edge conditions, whereas in the case of clamped

in-plane fixed edge plates a residual interior elastic zone remains.

Shnan® [¥+ 1] used a finite element method to analyze isolated
steel plates. This study was divided into two parts: plate under shear load
was analyzed in first part. In the second part, he analyzed isolated steel
plates under compression loads. He also studied the factors affecting the
behavior of the plate such as initial imperfection, slenderness ratio (b/t)
equal to Yyi,ye1 yAd and vV1,and aspect ratio (a/b) equal to «.ve,) .« ).,
and Y.-.

His conclusion was that the stresses produced increase with an
increase of both slenderness and aspect ratios especially on the long
edges. Plastic mode mechanism was used in the prediction of the

ultimate load capacity of plate structures.
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In the present study, the effect of initial imperfection, boundary
condition, aspect ratios, and the effect of tapering cross section on post-
buckling and elasto-plastic behavior will be investigated based on the
finite difference idealization. The effect of geometric and material non-

linearities are considered in this study.



Chapter Three
POST-BUCKLING ANALYSIS OF

RECTANGULAR THIN PLATE WITH
INITIAL IMPERFECTION

v.» General

The use of thin-walled structures, which are popular in aerospace
applications, is an increasing construction in civil and industrial
buildings. The technology of cold-formed steel structures is finding wide
applications. The major advantage of cold-formed steel sections over hot
rolled sections is found in the relative thickness of the sections, which can
lead to highly efficient and weight effective members and structures(™.
The most important phenomenon in such structures is the local buckling
of the constituent plate elements. The evaluation of linear critical stress
or the stress at which the local buckling of thin plates is initiated, has
been well documented in the contemporary literature. This critical stress
state characterizes the neutral equilibrium of an axially loaded plate. At
this state, it is observed that the plate would keep the small out-of-plane
perturbations and still remain stable. In the case of slender columns,
increase in the axial load beyond such a critical state would produce a
disproportionate lateral deflection resulting in an unstable state.
Nevertheless, edge supported plates do not undergo such unstable
deformations immediately after attaining the critical buckling stress, i.e.,
in the vicinity of the neutral equilibrium, the fibers parallel to edge
compression shorten because of elastic strain and bowing effect. The
latter causes fiber lengthening in the direction perpendicular to axial
compression. This membrane effect tends to stabilize equilibrium of the
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plate and results in a possible increase in strength, which is termed as the
post-buckling strength. In other words, the plate continues to carry an
axial load up to a certain level, even beyond the critical stress and
presents a stable equilibrium. The unavoidable imperfections present in
the plates cause a qualitative change in the load-deformation
characteristics and it is also one of the important factors which
contributes to the strength of the plate. It is seen from the above that the
problem of assessing the strength of thin plates is basically non-linear and
that the linear critical stresses alone are not adequate for the design of

plates.

r.x Geometric Non-linearity

If the deflection of a plate is of the order of magnitude of its thickness but
it is still small relative to the other dimensions, the analysis of the
problem should include the strain of the middle plane of the plate.

Classical formulation of this problem leads to a set of non-linear
partial differential equations, which are characterized by the behavior of
the plate. These equations are difficult to solve.

In many technical fields of aircraft construction, shipbuilding, and
instrument manufacturing, plates are finding use with large deflections.
During the fabricating process, the plates usually have inherent initial
curvatures. The analyses are more complicated than those for ideally flat
plates.

An alternative approach to such problem is now available in the form
of a finite difference method. This method achieves the numerical
solutions with directly solving the differential equations. Formulations

are developed on the basis of Marguerre’s equations of large deflection of

<
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r.r Basic Assumptions

Because of the non-linearity, the large deflection analysis of imperfect

metal plates is complex. Certain simplified assumptions must be made to

provide a solution that is reasonably good and consuming less efforts and
computational time.
The main assumptions made in the present study are as follows: -

Y. The material of the plate is homogeneous and isotropic.

Y. Thin plate theory applies so that plane section remains plane and
transverse shear deformations are neglected; again this is acceptable
for plate structures.

¥. A Lagrangian (fixed) co-ordinate system is used. This formulation

is valid provided that the slope ;ﬂ : ow <<1.0.
X

¢. The residual stresses resulting from the restraining effect of the

welded edges after buckling are neglected.

r.« Theory of Plate Analysis

The finite difference formulation is used to solve Marguerre’s theory for
thin plates with constant or variable thickness cross section and with
initial imperfection for various boundary conditions and various types of

loading.

r.¢.» Marguerre’s Theory

The following theory is used to analyze the behavior of an isolated
rectangular thin plate which is initially deformed out of its plane and
which carries in-plane and normal load. The plate is treated like a shell.

The accuracy of this theory is studied by a lot of researchers ™.
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A finite out-of-plane deformation analysis is carried out on isolated
plate using the finite difference method based on strain-displacement
relationships given by Marguerre’s theory. The applied load is an in-plane

compressive loading.

r.¢.y Background to Marguerre’s Theory

The membrane theory of plates was first studied by Euler [Yv31], and the
flexural theory by Bernoulli ['vA4] and Navier [YArY]. Kirchhoff
['Avv] and Saint-Venant [YAAY] developed the theory for combined
membrane and flexural effects*.

At the turn of last century, the equation governing the buckling of
flat plates was available and it was known that it formed the basis of an
Eigen-value problem. At that time it was not recognized that, as the plate
buckled, the values of in-plane stresses at a given point would vary
because of the stretching of the plate.

The next development that overcame this deficiency was due to
Fopple, who introduced the concept of the stress function [Y4.Vv] and
paved the way for Von-Karman [Y4):] to derive the two governing
equations for perfectly flat plates. These equations enabled the post-
buckling behavior of perfectly flat plates to be studied and the large
deflection analysis of a plate, subjected to transverse loads only.

The Von-Karman large deflection equations for perfectly flat
isotropic plates with in-plane loading were modified to account for the
effects of initial imperfections in the late Ya¢+’s.

Marguerre’s equations of imperfect plates were derived in Y4vA and
can be used to study a number of cases of practical interest. Isolated
plates with initial imperfections have been solved by approximate

analytical methods (e.g. by Coan®* | Yamaki™).
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Also, Bilstein (according to Ref. (¢¢)) obtained a number of
solutions for an imperfect stiffened plate by using an iterative Runge-
Kutta method. His study showed that a stiffened plate with a small initial
imperfection would reach the point of first yielding at a much lower load
than one, which is perfect. This has important implications for designers
who may be required to carry out checks to ensure that no part of the
panel yield at working loads (serviceability checks) and for fabricators
who could be asked to build such a panel to be within specified
tolerances. A considerable number of particular solutions of Marguerre’s
equations for imperfect plates have been given by Rushton®” [Yax4],

Aalami and Chapman® [Y414].

r.o Derivation of Marguerre’s Equations for an Initially
Imperfect Elastic Plate.

r.o.\ Plate with Constant Thickness

The following theory is used to analyze the behavior of an isolated
rectangular thin plate, which is initially deformed out of its plane, and
which carries normal load Y per unit area. The plate is treated like a

shallow shell with initial shape given by

Wo= Wo(X,Y) (™

It is assumed that (w) is small enough to make the usual
approximations for small slopes. The deflection (w) of a point in the
middle surface of the plate is measured from its position to its final
position in a direction parallel to that of the (z-axis). Thus, the distance
between a general points (X,y) in the deformed plate and the (x-y) plane
after deformation is (w+w,). In a plate of thickness (t), the stress
resultants (per unit width of plate) are listed below. For consistency with
most other authors in this field tensile stresses and tensile loads are taken
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as positive throughout this section. Thus the critical stresses and end load
will be compressive and therefore have negative values.

N, =[o,dh

N, =j0ydh

N,, =J7,dh

Qx :,[szdh

B (™"

Qy =[zy,dh

M, = [, hdh

M, = [, hdh

M,y =74 hdh

where the integration are taken from (—t/2) to (t/2) and t is in z-

direction. The equilibrium equations on element in its deformed position,

as shown in Figure (v.V), are: -

Y per unit area

Figure (*.V): Forces acting on an element of a plate in its deformed position(*°).
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ON +6ny 0

oX oy

ON oN

Y — -0
oy OX

0

Qx +&+Y=0 (r9
OX oy

aMX+5Mxy+NX8(W+Wo)+NXy ow+w,)
OX oy OX oy
oM, aMxy+N 8(W+Wo)+N o(w+w,)

oy OX Y Yo

The following algebraic manipulations are now carried out. Q, and
Qy are eliminated from the last three equations (¥-¥), the first two of
equation (v-v) are introduced and finally, the following substitutions,

which satisfy the first two of equation (v-¥), are made: -

2
-2
%D
v =
oD
Ny ==~
0yOX

where @ is a stress function. After ignoring certain terms, which are

considered to be small, which this leads to the following equation: -

2 2
82MX+20 My My 82(W+WO)+2N % (w+w,)
ox2 oxdy  oy? 2 Y oxoy (~9)
- o
% (w+w, )
-Ny————2"=0
oy

These resultant forces can be expressed in terms of usual form
(Timoshenko and Woinowdsky-Krieger (Y4¢4)),

<>
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. —Et 82W+V82W
12(1—v2) ox?  oy?

N, = 1_E\t/2 (3X+V£y) ; My

Et —Et® (d°w  o*w
Ny = 1-v? (gy+VgX) ; My:12(1—vz) oy* Y (=)
Et Et® [ o°w
Ny = My, =
Y o0 v) Y X 12(1+v)(axayJ

where & and y are strains. The compatibility conditions are obtained by

considering the geometrical shape as the element is stretched and

deformed, as shown in Figure (¥.Y).

Original position
w+dw

Difference in length of elements Deformed position

:\/(dw0 +dw)? +dx? —y/dw? + dx?

Figure (*.): Displacement w causes stretching of the element(*°).

By using Pythagoras’ theorem and a truncated binomial expansion

it can be shown that the strains and curvatures are®”: -

ou,  ow ow, 1(an2

Ey = + =
oX OX ox 2\ 0oXx
oV 2
‘- y+awm°+3[8W] (9
oy oy oy 20y
5Vy ou, OWOW, OWOW, OW oW
Yxy = + + + +

OX 0y OXx oy 0oy OX OX oy
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Chapter Three Post-buckling Analysis

By eliminating uy and v, from these equations (*-V), the compatibility

equation is obtained: -

0%, 0°e, d%, L 0Pwo w07, 7w
oy>  ox?  Ox0y  ox* oy®  OXoy Oxoy
2
0°w, 82w _(82WJ o°w 8%w 0 (r-4)

+——
oy? ox* | oxoy

+
ox2 oy?

After rearranging equation (¥-A) so as to express these strains and

curvatures as function of the stress resultants and by using equation (v-¢),

then: -
| Pw, Pw  2%w, Pw  oPw, o%w |
ox? oy?  Oxdy oxoy  oy? ox?
V4 — Et ~0 (9
2. N\2 A2 A2
oW 0°W 0°W
+ —_
oxoy ) ox® oy?

By similar algebraic steps it is possible to write the equilibrium equation

in terms of w and @ thus

0°® o*(w+w,) 5 %D 0% (w +w,)
oy ox? oXoy  OXoy
. 0°® 0% (w+w,)

g+

DV*w — =0 (r-1+)

Equations (¥-9) and (*-) +) are Marguerre’s simultaneous non-linear

partial differential equations.
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Chapter Three Post-buckling Analysis

v.o.Y Plate with Variable Thickness

The large deflection of an isotropic rectangular plate with linearly tapered
thickness in the x-direction is considered, as shown in Figure (*.v). The
plate has out-of-plane deformation up to several times of the plate
thickness. The basic differential equation for the membrane actions is
derived as follows: -

Starting from the equilibrium and compatibility of a thin plate
element and expressing the strains and curvatures as functions of the

stress resultants, the following equations are presented: -

828)( N azgy B 82}’)( N aZWO 62W ~ 82W0 aZW
oy?  ox?  oxdy  ox? oyl OXOy OXOy
2
+82w0 o°w [ 9°w +62W d°w (1)
oy? ox* | oxoy

IRRREREEN!
TTTTTTTTY

Z
=

(a) Plate under axial load. (b) Plate cross section.

Figure (*.*) Rectangular thin plate with variable thickness under axial load(").

The stress-strain relationships become as follows: -

2O
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(N, —vN,)
&y =—_———"—
Et,
(N, —vN, )
y X
&y =—"7—— (=17
d Et,
21+ V)N,
Yy ==,
Y Et,

where t, =t,(1+c,x); in which ¢, =(t, -

thickness at the sides x = + and x = a.

t,)/at, ; t, and t, denote the

Obtaining the required derivatives for equations (v-1Y)

0%, 1 asz_VazNy
oy? Bt oy* oy
2 ON
2¢, (NN, )- 2¢, ( y aij
%, 1 (L+c,x) (L+c,x)| ox OX
8X2 Etx N azNy_VaZNX (f'—?f')
2 2
OX OX
a27’><y:2(1+V) Ny ¢ 0Ny
oxey  Et, | oxdy (+c,x) oy
The substitution of these derivatives in equation (v-1) yields: -
2 2
aZNX+a Ny 9N, 2 aNX+aNy .
oy ox? oxey  (@+cx)\ ox o
o°w, o*w  8°w, °w
ox? oy®>  OXoy OXdy
2¢,” o?w, otw (2w ) (="
(N, —WN, )—Et, |+ Z 20 W W g
(L+cx) oy° ox° | oxoy
o%w 92w
Tt 2
OX“ oy

_—

@

o
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By expressing equation (v-)¢) as a function of stress resultants by
using equation (*-¢), the compatibility equation (*-)¢) becomes: -

3 3 2 2
4 o°d 070D o°d o°d
\Y% CD—F(aX3 +ax 2j+2£8 > -V >
oy X oy

0w, o*w 0°w, 0°w  9°w, o°w (r-19)
ox? oy?  Oxoy oxdy  oy? ox®
Et, , =0
2 2. A2
oW 0°W 0°W
+ - -
OXoy ox? oy?
where
E_ 2C;
(1+c,x)
r-1 9
7 _ thz ( )
(1+c,x)

By similar algebraic steps it is possible to write the equilibrium
equation in terms of w and @, thus: -

oD 3 3 0°D 2 2
DV4w + 2 (X)(8W+ aW]+2 (X)[8W+vaw)—

ox | ox®  oxoy? ox? \ox?  oy?
+82®82(w+w0) 282®82(w+w0)
Tyt el oy awy | (1)
+62®82(W+W0)
PV

These equations (¥-)¢) and (¥-)v) may be considered as the basic

(or governing) differential equations for a plate with constant or variable

thickness and subjected to transverse and axial compressive load, as
shown in Figure (*.7).
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Chapter Three Post-buckling Analysis

The finite difference method offers an alternative and very
powerful way of solving equation (v-1+) used by Fok® [v4A.]. Also the
same method was used to solve the equation (*-1v) by Husain, et al.(
[Y+«Y¥], to obtain the critical stresses and the buckling mode for a
rectangular thin plate and with variable thickness with various boundary
conditions.

To study the behavior of a plate with initial imperfection (w, #0),

it is necessary to solve the simultaneous non-linear Marguerre’s
equations. There appears to be no exact solution but the equations have
been solved for isolated plates by approximate analytical methods (e.g.
Coan? [Y421], Yamaki"” ['424]) and by numerical methods (e.g. an

iterative Runge-Kutta method and the finite difference method).

r.» Boundary Conditions

Yamaki® [14¢4] and Abdel-Sayed™ [Ys14] solved Marguerre’s
equations for various boundary conditions. Their analyses cover three

different cases with pinned end conditions.

I-Case (a): The edges parallel to the x-axis (y=+,b) are kept straight and
fixed (vy=+). In practice, this represents a plate, which is restrained

against lateral movement by massive framing with other members.

I1-Case (b): The edges parallel to the x-axis (y=+,b) are kept straight (vy=
constant). This case represents a plate panel in a wide stiffened plate with
axial loading. The edges of the plate panel are constrained to remain

straight by the surrounding plate panels but they can move inwards.

I11-Case (c): The edges parallel to the x-axis (y=+,b) are free so they can

develop in-plane displacement as the plate buckles (v, =constant). An

example of this kind is the buckling of a plate panel in a narrow stiffened

2O



Chapter Three Post-buckling Analysis

plate. In this case the surrounding plate cannot prevent in-plane
distortions.

For the present problem, the covering plates are spread widely and
hence the boundary condition of the plate elements is of the second kind.

Figure (v.¢) illustrates the buckling of a stiffened panel. In order to
isolate the plate panel for the purpose of analysis, basic assumptions must
be made in regard to the flexural and membrane boundary conditions.

If the laterally loaded plate is simply supported and subjected to
uniform in-plane compressive load (N,) in the x-direction, and if the
loaded edges are free from shear stress and the unloaded edges are stress-

free, the boundary conditions can be written as: -

A-Unloaded Edges

A-\- Flexural Boundary Conditions: -

Aty=+.andy=Db

The deflection at edges is equal to zero (w=-) and bending moment in y-
direction is equal to zero (M, =+)

2 2
My:—D 8\/2v+vav2v =0 (r-14)
oy OX

A-Y- Membrane Boundary Conditions: -
Aty=-andy=Db

Shear stress is equals to zero (7, =0)

2
Txy=8®:0 (r-19)
OXoy
Stress in y-direction is equals to zero (o, =0)
%D
O, =—= O r-r.
Y ox? (=7)
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Chapter Three Post-buckling Analysis

B-Loaded Edges

B-1- Flexural Boundary Conditions: -

Atx=+-andx=a

The deflection at edges is equal to zero (w =+) and bending moment in x-
direction is equal to zero (My = +)

2 2
Mx=—D(gV2V+V2yV2Vj (1)
X

B-¥- Membrane Boundary Conditions: -
Atx= «and x=a

Shear stress is equal to zero (z,, =0)
2
fy = =0 (-1
OXoy
Stress in x-direction is equal to (N, = jaxdy)

2
jaxdy:jaay—cfdy (-9

Figure (v.¢) Buckled plate(")
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r.v Membrane Stresses Distribution Inside The Plate

Figure (¥.) shows a typical example of the axial membrane stress
distribution inside a plate element under predominantly longitudinal
compressive loading, before and after buckling ). It is noted that the
membrane stress distribution in the loading x- direction can become non-
uniform as the plate element deflects (or buckles). The membrane stress
distribution in the y-direction also becomes non-uniform if the unloaded
plate edges remain straight, while no membrane stresses will develop in
the y-direction if the unloaded plate edges move freely in-plane. The
maximum compressive membrane stresses are developed at the plate
edges that remain straight, while the minimum tensile membrane stresses
occur in the middle of the plate element where a membrane tension field
is formed by the plate displacement since the plate edges remain straight.

TRREEEY!

TTTteeeee

<

(a) Before buckling. (b) After buckling, unloaded
edges move freely in-plane.

(C) After buckling, unloaded edges kept straight.

Figure (v.c) Membrane stress distribution inside plate element under longitudinal

compressive loads(' ).



Chapter Four
ELASTO-PLASTIC ANALYSIS OF

RECTANGULAR THIN PLATE WITH
INITIAL IMPERFECTION

¢.» General

Because of the wide use of thin-walled structures such as bridges,
cranes and hoists, steel-building structures, ship structures, and airplane
structures, it is very important in the designing process of these
structures not only to determine the load-carrying capacity (the ultimate
load), but also to analyze the structure’s behavior up to collapse. It is
very important to know in what way the structure fails, that means
either failure happens rapidly without earlier signs of catastrophe
(brittle structure) or it proceeds slowly with warning against catastrophe
(ductile structure). It is obvious that the second character of failure is
more desirable.

The determination of the failure stress of thin-walled structures
under compressive loads is a topic, which has attracted considerable
attention over the past hundred years. Box [YAAY] appears to have been

the first to propose a formula for the failure stress (o ;) of a simply

supported mild steel panel with uniform in-plane stress in one direction

only. Thatis: -

o =1236(b/t)*° MPa (#)

Over the last ¢+ years there has been a proliferation of formula
which enables designers to estimate stresses but nearly all of these

formulas to a lesser or greater extent include empirical rules. While it is

(>
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Chapter Four Elasto-Plastic Analysis

obviously desirable for designers is to have at their disposal simple
rules such as equation (¢-)), the rules should be based upon sound
theoretical concepts with a back up of careful experiments. Failure of a
mild steel panel is a complicated elasto-plastic process, which depends
upon the geometry of the panel, its initial imperfections, the yield stress,
and the boundary conditions (both in-plane and out-of-plane). It is self-
evident that a simple formula such as equation (¢-1) can not account for
all these factors. An “exact” elasto-plastic analysis of a thin-walled

structure up to and beyond (o ¢) is complicated even with the aid of

present day computing techniques. There have so far been few attempts
to follow the history of even a simple imperfect plate into the elasto-
plastic range. Such analysis is expansive in computer time and it is
unlikely that designers can use these techniques directly as design tools.
Nor it is likely that design tables could be produced to cover the whole
range of problems likely to confront designers®*).

However “exact” theories, although limited in scope, are
important because they provide a yardstick for judging other theories.
There are many methods of analysis, which are usually easier to use
than “exact” methods and they cover a wider range of problems.

This chapter will deal with an easier elasto-plastic analysis of thin
steel plates with initial imperfection for constant and variable thickness

by means of the finite difference method.
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¢.v Material Non-linearity

This is introduced when material properties vary with the loading
condition, i.e. the constitutive laws are a function of the current load so
that the stress-strain relationship is non-linear. Plate structures are
fabricated from ductile material whose behavior may be divided into
elastic and plastic phases. It may also be assumed that the plastic strain
does not grossly exceed the yield strain of the material ™.

Material non-linearity does not require a formulation of the basic
(governing) differential equation. The required elasto-plastic
relationships between stresses and total strains may be derived from the
simple two-dimensional relationship with the flow theory of plasticity
being used to evaluate the plastic components of strains. To determine
whether any given combination of stresses is sufficient to cause yield, it
IS necessary to define a yield criterion and elasto-plastic stress-strain

relationships.

¢.v.' Yield Criterion

A vyield criterion must be able to define the onset of the plasticity under
combination of stress. The criterion established by Tresca [YA1¢] and
Von-Mises [Y41¥] are well known. For plate structures, an account
would be obtained by the VVon-Mises criterion™.

This criterion is shown inY-dimensional stresses as following: -

1 2 2 2
f =—2(0'X to,” —o,0, +31y )S 1.0 (1)

O-O
where

o,: is the uniaxial tensile yield stress, o, and o, are the direct (or

normal) stress components in the x and y directions, and
Ty, - IS the shear (xy)stress. The stresses which include the bending and

membrane components are defined as: -

2O



Chapter Four Elasto-Plastic Analysis

Oy =10y + O x
Oy =E0py + Oy (£7)
T=X7, + 7y

In the present study, the cross section is divided into a number of
layers, when the equivalent stress at a certain layer reaches the yield
stress of the material in uniaxial tension, this layer is considered to

yield.

¢.Y.Y Elasto-Plastic Stress-Strain Relationships

An ultimate strength analysis usually requires the non-linear behavior of
the material to be taken into consideration. The macroscopic behavior
of the material can be described by a mathematical model (plasticity
theory). The two major plasticity theories are the deformation theory
and the flow theory. The deformation theory assumes a unique relation
between total stresses and the total strains"™. Hencky proposed the

following formula: -

(9)

where
Sjj : deviatoric stress tensor.
o : IS the effective stress.

G : is the shear modulus.

However, experiments do not agree very well with Hencky’s
theory, especially for cyclic loading. The stress-strain relation for the
real elastic-plastic material is not only a function of the present loading
as equation (¢-¢) but the previous plastic deformations should also be

incorporated.

2O
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In the flow theory the plastic deformations are “memorized” by
integrating an equivalent plastic strain increment over the load history.
It gives out an incremental relationship between stresses and strains.
The mathematical model includes two major parts. The first
assumption is that there exists a so-called loading function (f) in stress
space. This function is such that the state of the material is given by the
volume of (f) for structures composed of thin plates as in this study, the
Von-Mises function may be used as the loading function. The other
part of the flow theory is the flow rule, which gives the incremental
stress-strain relation.

The flow theory is based on two major assumptions. The first is
that elastic and plastic strains can be added. It is relevant here since the
strains are small.

&ij = &) +ai? (£-9)

The elastic and plastic strains can therefore be treated separately.

The plastic deformation is assumed to be incompressible: -

g =0 (£ 1)
where the repeated index indicates summation (i=), Y, ¥).

The second assumption to be made is that the material is stable as
defined by Drucker who considered an element initially in some state of
stress to which by an external agency an additional set of stresses are
slowly applied and slowly removed. In the cycle of application and
removal of the added stresses, the work done by an external agency is
non-negative. From the work of Prandtl-Reuss, the flow rule may be

written as:

A(;'i? :AZO'U' (f-V)
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where Aai';’ is the plastic strain increment tensor, A4 is a factor of

proportionality, o;is the total stress.

The flow rule may be re-written as the associated flow rule:
of
p_
Agij —Aﬂg” (i-A)

For plastic flow to occur, a neutral loading condition must be
maintained i.e.:
of

—do:.. =0 -
60'” o (i 7)

ij —

¢.v Yield Criterion Formulation

The present theory involves a volume integral and based on VVon-Mises
yield criterion, which has been used in the computer program.

After yielding occurs, any change in the stress state which does
not involve unloading must be such that the new stresses remain on the
yield surface, i.e. the direction of the change in the stress must be
tangential to the yield surface"™, or

{i)Ao-j =0 (£¢1°)

where j=),Y,¥ and summation on a repeated subscript is implied, in this
equation and in those that follow.
The incremental stress-strain equations can be expressed as: -

Ao = [EinAei —Aaip) (£11)

where [Ej] is the elastic modulus of rigidity and Ag” is the plastic part
of the total strain Ag; ; the subscripts i =Yand Y are used denote the x and

y directions and ¥ denotes the shear (xy)direction.
Using the Prandtl-Reuss flow rule, the plastic strain components
are normal to the yield surface, as equation (¢-A).

<>
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Eliminating Ag,”from equations (¢-A) and (¢-)1) gives:

of
Ao :[Eij(Agi _Mﬁ—oij (2-171)

Substituting this expression for Ao ;into equation (¢-) ) yields:
of of
— E..lAg: = AA—— |=0 -
80‘1[ IJ( ! 80‘,) (i ”')

This can be rearranged, using permissible changes of dummy
subscripts, to give: -

-
of of
G [Eij H&‘.JH(%_J} [Eij] (£14)

r

where

|
of of
fefelz)

By substituting equation (¢-)¢) back into equation (¢-1Y) then: -

[Ac]=[ET [Aé] (+19)

where the elements of the symmetric matrix [E] are given by™

e =(1_EV2 j(l—an/S4)

E
€2 = 5 (1_“522/34)
1-v
E 1
ess=| 1=y 50 V)-ala-ving /5.
(19
E
€12 = > (v-a$;S,/S4)
1-v
E
€13 = |2 (‘a(l—V)Slfxy/S4)

€, =[1 E . J(—a(l—v)szrxy/&)

-V
@
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where
S, =S, +VS,
S =S,Ag, + S)Ag, +(1—V)TxyA7xy 04
c ) 2 (1)
4 =Sy +2V5,S, + Sy +2(1-V)ry,
5, - 2% "% g 20y 0x
3 3

Now e =1when plastic flow occurs in the layer, i.e. when

ol =of and S>.. However, @ =0when the strain increments are

completely elastic, i.e. when o2 <o (no yielding) or when o = o2

and S; <0 (elastic unloading from the yield surface).
Where
o, =Is the effective stress.

Equations (¢-Y1), (¢-'v) and (¢-YA) summarize the incremental
stress-strain relationship, and are applicable whatever the elasto-plastic
state of the material.

By using incremental strains, and the [E]" values used in the last
incremental and the previous total stresses, the current total stresses in

each layer are calculated

[ohhew =[oloia +[ET [A€] (+19)
These stresses are substituted into (¢-Y), if yield is occurring, and
Jor if it was occurring in the previous increment, the value of S is
checked. If Sris less than or equal to zero the rigidities for that layer at
that node retain or are reset to their elastic values (the latter case arises,
for instance, if unloading of the layer occurs). If Sris greater than zero
the stress components are used in the elasto-plastic rigidity formula to

derive new values of [E]” for that layer.

<" >
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t.¢ Incremental Forms of the Governing Differential
Equations

To study the elasto-plastic analysis of rectangular thin plates, the
incremental method of solution is applied to this end, a set of
incremental governing equations should be derived. First, the load is
assumed to be applied incrementally, at the end of load step (i-"), the
deflection and the stresses expressed by a stress function, which may be
obtained and denoted by w;_, and ®;._, respectively.

The governing differential equations (v-)¢) and (¥-'v) for this

state may be written as follows: -

V4(I)i_1 - |:(CDi—l,xxx +(Di—1,xyy)+ Z(q)i—l,XX _Vq)i—lyyy)

2
— Et I:Wil,xy + 2Wo,xyWi—l,xy - Wi—l,xxWi—l,yy _jl (5' r')
= Eix

Wo,xxWi—l,yy _Wo,yyWi—l,xx

DV4Wi—1 + 2D(x),x(Wi—l,xxx + Wi—l,xyy)
+ 2D(x),xx (Wi—l,xx + VWi—l,yy):

(5- f’)
[(Dil,yy(wil + W )xx + cI)i—l,xx (Wi—l + Wy )yy _]

Z(I)i—l,xy(wi—l + WO)xy t0ig

Applying the i th load increment, the deflection and the stress
function increase by Aw and A® and their total values may be written as
follows: -

W; =W;_; +Aw

(5-?’1’)
cDi :(I)i—l +A(D

Substituting equations (¢-YY) into equations (¢-Y:) and (¢-Y)), the
governing equations at the end of the i th load increment may be
expressed as: -

(v >
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V4((Di—l + ACD)_ F((CD Tt Aq))xxx

(©4 +AD),, )+
Z((CDi_l +AD)  —v(D;_y + Acp)yy =

(w; 4 + Aw)iy + 2Wg o (Wi_y +AW), — (19
- (Wi_g +Aw), (w4 + AW)yy =
Wo, xx (Wi—l + AW)W -

[ Wo,yy

(Wi +AwW),

DV*(W;_; + AW)+ 2Dy 4 (( Wiy +AW)  + (W + AW)XW)
+2D(y) x (( i+ AW) V(Wi +Aw) )=

(@4 +AD),, (Wi + W, + AW)XX

+ (@i +AD),, (Wi_y + W, +AW),
— 2Dy +AD), (Wig + W +AW),
+(0i1 + Aq)

Subtracting equation (¢-Y+) from equation (¢-Yv) and equation (¢-Y))

(f- r:)

from equation (¢-Y¢), the following two equations may be obtained: -

V4 (AD) - FAD o + AD )+ Z(AD  —vAD )=

_(AW) +2w]_y XyAW

(19

t
Etx _Wi—l,xxAWyy Wi 1yyAWxx

— AW, AW,

DV4(AW)+2D(X)1X(AWXXX+AW )+2D() (AW +VAWW)

(D AW + AD g W o+ AD AW, +

_ (Di—l,xxAW +A(Di—1,xxwi—1,yy + ACI)xxAWyy - (5- r7)
Z(CDi_LXyAW + AQ; _1,xyWi 1,Xy+ACDXyAWXy)
+(Aq) i

When these equations (¢-Ye) and (¢-¥1) are used for material non-

linearity they become as: -

<+ >
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VA (AD) - FAD o + AD )+ Z(AD, —vAD )=
_(Aw)iy +2wW[ XyAW |

t i
Eeth _Wi—l,xxAWyy Wi 1yyAWxx ( V)
— AW, AWy

DV4(AW)+2D(X)’X(AWXXX+AW )+2D() (Aw +VAWW)

OF

i1,y AWy + AD; 1 Wi 1XX+ACI> AW, +
@i AW+ AD W+ AD AW, (£ 14)
2(®i_1,XyAW + AD; 1 W, 1,Xy+Aq>Xyway)
+(ag) |
where
Eeqg =(Eqly + Eply + oo +Eply)/ Lot (£ 19)
o =t3/12 (#r)
Wiy =W +W, (#r7)

1 Z__I__ I = (tf" /12)+ ty(2)?

Figure (¢.1): Section discretization into a number of layers.

Equations (¢-Yv) and (¢-YA) are the incremental governing
differential equations for the large deflection behavior of plates with
initial imperfection.

Ueda, et al. derived these incremental equations but they neglected
small quantities of higher order of (Aw and A®). Galerkin method used
to solve these equations where at the end of load incremental i, the
deflection contains an error (w, ) due to neglecting high order terms. In

the present study, the small quantities of high order of (Aw and A®) are
considered.

O
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¢.» Ultimate Strength of Plate Panel under the Action of
Complex Stress Distribution

The method of analysis of a plate panel subjected to both in-plane
normal and shearing stresses is identical to that used in the analysis of
the general case of a plate girder subjected to a system of complex
stress distribution. The collapse mechanism of such condition is shown
in Figure (¢.Y). Any other condition is a special case of the mechanism
illustrated herein. It is known that the line mn and rh are parallel when
the plate panel is subjected to shearing stresses only. This is because of
the antisymmetry in the panel. But when also normal stresses exist then
these lines will not be parallel“.

In the analysis of the mechanism as shown in Figure (¢.Y), it is
considered that there are three stages as the loading stages up to

collapse.

¢.¢.y Unbuckled Behavior (Stage 1)

The plate remains flat until it reaches its critical stress. If the plate
panel is subjected to pure shearing stresses then the critical shearing

stress (7, ) is"?: -

T =K m°E (ljz £y
o — shm b (£-r7)

where
b 2 a
Kg, =5.35+ 4(—} for —>1.0 (¢-rra)
a b
b 2 a
kSh = 53 g + 4 for B <1O (5' f'f'b)

If the plate is subjected to bending normal stresses only, the critical
bending stress (o, ) is:

< >
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Chapter Four Elasto-Plastic Analysis

2 2
oo = 23.9{&%}&) (79

When shearing stresses and bending normal stresses act
simultaneously, it is possible to determine their critical values by using
either the finite element method or the finite difference method.

However, accurate values are obtained by using the following equation:
2 2
(mj . (f_m] _1 (19
O-CI‘ z-CI’
where

o, - IS the critical value of the bending normal stress at the edge

midway between the panel ends.
7.+ 1S the critical value of the of shearing stress when both shearing

stresses and normal stresses act.
o, =1 the membrane bending stress.

T, =Isthe membrane shear stress.

n 1l
X

(A) Post-buckling stage (B) Collapse stage

Figure (¢.Y): Analysis of plate panel subjected to in-plane normal and shearing
stresses.

¢.o.v Post-buckling Behavior (Stage v)

Once the critical stress is reached, the flat plate starts to buckle (for a

plate with initial imperfection, the plate enters immediately the post-

O
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Chapter Four Elasto-Plastic Analysis

buckling range) and the plate can not carry any increase in compressive
stress. Any additional load has to be supported by the tension field
action (Figure (¢.Y)). It is assumed that the shearing and bending
stresses remain at their critical values (z,,ando,,) and that there are

additional membrane stress o, this stress is inclined at an angle 8, to

the horizontal and it will carry any increase in the applied load.

¢.e.v Ultimate Load Behavior (Stage v)

When the material in the region (mnrh) reaches yield, the panel
becomes a plastic mechanism and it can not sustain any further increase

in load. In this ultimate state the additional membrane stress o reaches

its maximum value (o). In order to evaluate the maximum load

carrying capacity of the panels, the analysis for the mechanism is
needed.
By transforming stresses using Mohr’s circle, the state of stress at a

point in the tensile region at a plane, which is inclined by an angle 6.,

could be found.

Oy =—0pyp SIN% O — 7, SIN20

oy =—0 Sin° O, + 7, 5in 20, ()

y

— O .
Ty :Tmbsm 20, — 7, C0S20,

The failure condition is reached by adding (o) to (o) and by

introducing a yield criterion. Hence, by using Von Mises-Hencky

criterion, the yield stress at the plate panel is (&, ) where:

5, =\loy +0¢f +02 —oylo, +o¥ )+3c, ()

O
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Chapter Four Elasto-Plastic Analysis

¢.1 Solution of Non-Linear Equations by Numerical Methods

The numerical analysis of initially deformed plates of rectangular shape
had been carried out by several authors (e.g. Basu and Chapman®’
[Y41%], Aalami and Chapman® [1414], and Fok"" [v4A.]) using the
finite difference method. Because of the non-linear nature of the
Marguerre’s equation, their equivalent finite difference equations are
also non-linear and their solution is found by using iterative methods.

In the present study, the finite difference method employed to solve
the basic (or governing) differential equations for buckling and post-
buckling analysis. By applying the finite difference molecules, Figure
(¢.), at the interior nodes of the subdivided plate, the equations are

converted into matrix a expression. The set of equations can be written

[Ali@}+[BJw}=0 (&)
[Clw}+[Dw)[i®}=q (&r9)
where

[A] : is a square matrix of stress stiffness.
[C] : is a square matrix of displacements stiffness.
w,d : are displacement and stress function, respectively.
g : is the given loading.

At each of these node equations ((v-Ye) and (v-Vv) or (¢-Yv) and (¢-
YA)) give the finite difference equations with w and ® as unknowns.
The terms due to initial deflection (w,), however, appear as numbers.

The solution is obtained by a method of successive approximation
which is fairly convergent and which can be carried to any desired
degree of accuracy. It may be noted that when numerical values are

<+ >



Chapter Four Elasto-Plastic Analysis

assigned to (®), equation (¢-v4) becomes linear and similarly equation

(¢-vA) becomes linear when (w) is assigned by numerical values.

To facilitate the discussion of the sequence of the numerical

computations, the following notation has been employed as: -

Define the desired load level.

As the out-of-plane displacement vector {w} is not known; an
initial displacement vector {w}' will be assumed likely (+.++").

Put the assumed vector {w}' in equation (¢-Y¥A) to evaluate new
stress vector {®}' .

Put stress vector {®}' from step (*) and displacement vector {w}'
in the second term of equation (¢-¥%) to evaluate the new
displacement vector {w}".

Compare displacement vector {w}" with the corresponding
deflection {w}'. If the difference is greater than a specified

percentage of errors (Er=".17), calculate
wh .. =0.5{w}" +0.5{w}* and repeat the steps (v-¢) until the

desired convergence criterion is achieved. The whole procedure is
repeated for the new increment load value.

4
D, h!
|
32 4142 32
C—Fhih? LB, +wzhihz|] C+Fhih?
| | |
B, +2F(hhj +hih))| | A—2Zh2h,?| |B,-2F(h,h; +hih)
+Zheh {(hz w2y || +znin
L, (hy +1hy ) My
| | |
3112 4142 32
C-Fhin? LB, +wzhinZl{ C+Fhih:

|
4
D,h;

Figure (¢.¥): Plate equation in finite difference molecule form(*).
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where
A :6hy +6h; +8nhih?
B, :—4h?(h2 + h?)
By:—4h2(hZ + h?)
C:2hgh?
.4
Dy :hy
D,:h;
hx, hy :Mesh size in x and y-direction, respectively.



Chapter Five
APPLICATIONS AND DISCUSSIONS

OF RESULTS

».» General

To study the effect of different parameters such as: slenderness ratio,
aspect ratio, initial imperfection, boundary condition, and tapering ratio
on the post-buckling and elasto-plastic behavior of rectangular thin plates,

several plates are analyzed by using the finite difference method.

The analysis is made into two stages: -

e Studying the post-buckling behavior of the plates under in-plane
compressive load and with various boundary conditions, various
aspect ratios, and different values of tapering ratios.

Non-dimensional relationships of load-deflection and contour line
diagram of the out-of-plane displacements are given to show the post-
buckling behavior of these plates.

e Studying the elasto-plastic behavior of the plates under in-plane
compressive load for simply supported plates with different values of
slenderness ratio (b/t), and for constant and variable thickness, the
relationships of non-dimensional average stress-average strain are

introduced.

The results obtained are compared with the available experimental

works and theoretical techniques.

<



Chapter Five Applications and Discussions

».x Computer Program

A computer program is prepared, as a part of this study, for non-linear
analysis of rectangular thin plates with various boundary conditions,
various aspect ratios, different values of initial imperfection, and different

values of tapering ratio.

The computer program not only solves the two sets of linear
equations but also forms the necessary matrices and carries out
automatically all the intermediate calculations and checks. Also the

program can solve the characteristics equations.

The input data consists of the overall geometry of the plate, the
material properties, type of boundary condition, type of loading, , value

of initial imperfection, loading edges, and size of mesh.

The output of the computer program includes non-dimensional
maximum deflection (w/t), non-dimensional load (P,b?/z%Et®),

average strain, and average stress.

The computer program is written in FORTRAN 4. language
executed by PC PENTIUM Il at ¥y MHz Intel processor compatible
computer with YYA MB RAM. The structure chart of this program is

given in Figure (¢.Y) to outline the main steps in the program.
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/ Input data file /

[Calculate stiffness matrix [C] |

Subroutines to calculate
eigen-value and eigen-—
vector

Check  for
non-linearity

linear

>
o
>
>
@D
QD
=

A 4

Apply increment of load (Pi= P;.\+AP)

!

Calculate in-plane stiffness matrix [A]
|

Calculate out-of-plang

displacement and stress

function

Subroutine to calculate
stresses (membrane
and bending)

Check stresses at G20, |Update stiffness
nodes, if (6>0,) matrix [C]

6<0,

Calculate the average strain|
across the width of the plate.

&< 2¢, Check average strain

with yield strain &: Ve,

Figure (°.1): Structure chart of computer program.
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».r Post-buckling Analysis

In order to study the effect of initial imperfections, boundary condition,
and the variation of thickness on the geometric non-linearity of a plate

under compressive load, several plates are analyzed.

o.*.\ Mesh Effect

The finite difference equations are solved, for a given value of load and
amplitude of initial imperfection, using the successive iteration method.
The rate of convergence of which depends on the mesh size and on the
order of the finite difference approximation. The mesh effect has been
investigated for a square plate. Table (¢.') gives a measure of
convergence as a function of mesh size. It can be seen that (VY x ‘Y)
mesh for this problem which is shown in Figure (.Y) gives results to

within 7 of the eventual asymptotes.

Table (¢.1): Finite difference solution for a simply supported square plate
subjected to uniaxial compressive load, (P, /P, =1.25, w/t =0).

Mesh Intervals | Maximum Deflection (w/t)

A X A C AAY

\hx\h '_/\\/\

VAT

VALY

~_/\-‘n
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Node adjacent to corner

j mesh divisions

i mesh divisions
a

Figure (°.¥): Plate geometry showing finite difference mesh(").

o.*.¥ Comparison with Experimental Investigation

The accuracy of the results of the present study in the analysis of real
panels is compared with the experimental and numerical results obtained
by Mirambell, et al “? [v44¢] on simply supported panels. The properties
of a specimen are shown in Figure (¢.¥). The numerical analysis of
Mirambell, et al is based on the displacement formulation of the finite
element method for the non-linear analysis of general steel shell
structures.

In the present study, this plate is analyzed based on the prescribed
procedure and it is divided into (Y¢x)Y) divisions.

Figure (c.¢) shows a comparison with the experimental and the
numerical results for the out-of-plane displacements. The results obtained
from the present study are closed to the test and theoretical results
obtained by Mirambell, et al ['42¢]. The present study solves the
differential equations directly but the finite element does not solve these
equations. The load-deflection results are listed in Table (°.Y).

<
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a=\Y.. (mm)

b=1++ (mm)

=¥ (mm)

E=Y\..+.+ MPa

V=¥

Wo=Y.4Y sin (Yxr x/a) sin (& y/b)

Figure (°.Y): Details of a rectangular simply supported thin plate and
material properties.

0.7

0.6 -

0.5 - — ==~
s 047 @ '”////(//o\\\\\h\l
203 - 21
o 0.3 \\\\\\\—25 //

T2
0.2 -
01 _ —O— Mariambell, et al [Experimental]
J —l— Mariambell, et al [Theoretical] (b) Contour |ine diagram for
0.0 : T'_ frese“‘s“;“y , out-of-plane displacements.

0 1 2 3
Max.Deflection (w + w, )/t

(a) Load-deflection curve

Figure (¢.¢): Post-buckling and contour line behavior of a rectangular simply
supported thin plate under uniaxial compressive load.
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Table (¢.¥): Comparison of results with experimental and theoretical studies.

L oad Max. Deflection ((w+w,)/t)

(Pb'/z'Et") | Experimental | Theoretical
results®’ results’
CTE T TR

Present study

CVEY

o.».» Comparison with Available Theoretical Investigation

The following comparisons concern a plate model of thickness t=-.+Y(m),
E=Yx)." kN/m’, and v=-.v. The plates have initial imperfection (w,/t) of
(+, +.+Y, ».), and +.¢). The shape of initial imperfection is considered to be
sinusoidal where w, is the amplitude of the initial imperfection at the
center of the plate. The influence of the type of loading on post-buckling

behavior is studied.

A- Simply Supported Square Plate under Uniaxial Compressive Load

Figure (.¢) shows the load-deflection curve and the contour line diagram
for the out-of-plane displacements of a simply supported thin square plate
under uniform compressive load. The results of the present study are
compared with the results of Williams and Walker study™. Good
agreement with these theoretical results is achieved. This comparison is

listed in Table (o.7).
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0.7

4 —&— Williams and Walker

06 1 —o— Present Study //

0.5
0.4

@

0.3

P.b Iz Et”

0.2

(b) Contour line diagram for
out-of-plane displacements.

0 1 2
Max.Deflection (w +w, )/t

(a) Load-deflection curve

Figure (°.¢): Post-buckling and contour line behavior of a square simply
supported thin plate under uniaxial compressive load.

Table (¢.*): Comparison of results of a simply supported thin square plate
under uniaxial compressive load with initial imperfection (w,/t=":.¢).

Max. deflection ((w+w,)/t)

Williams and
Walker™ study

=

Present study
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B- Simply Supported Square Plate under Biaxial Compressive Load

Figure (¢.1) shows the load-deflection curve and the contour line diagram
for the out-of-plane displacements of a simply supported thin square plate
under uniform compressive load in two directions. The results of the
present study are compared with the results of Williams and Walker®

study. Good agreement with these theoretical results is achieved.

04

—o— Williams and Walker

—e—— Present Study j

(b) Contour line diagram for
out-of-plane displacements.

0 1 2
Max.Deflection (w +w, )/t

(a) Load-deflection curve

Figure (¢.%): Post-buckling and contour line behavior of a simply supported thin
square plate under biaxial compressive load.

C- Simply Supported Square Plate under Triangular Compressive Load

Figure (¢.v) shows the load-deflection curve and the contour line diagram
for the out-of-plane displacements of a simply supported thin square plate
under varying in-plane compressive load. This type is similar to a plate
girder. This figure shows a comparison of the present study with

<
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available results of Williams and Aalami®™. This comparison shows

good agreement with their numerical results.

1.4

1 ——— Willimas and Aalami

12 1 _o Present Study

©

P.bIxEt”

=
S

(b) Contour line diagram for
0.0 -1 v | - out-of-plane displacements.

2

1
Max.Deflection (w + w, )/t

(a) Load-deflection curve

Figure (e.v): Post-buckling and contour line behavior for a simply supported thin
square plate under uniaxial varying compressive load.

D- Simply Supported Rectangular Plate under Compressive Load

Figure (c.A) shows the load-deflection curve and the contour line diagram
for the out-of-plane displacements of a simply supported thin rectangular
plate with aspect ratio (a/b=:.11) and under compressive load in
longitudinal direction. This figure shows a comparison of the present
study with those of Williams and Walker"* study. Good agreement with
their theoretical results is noticed.
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0.8

—o— Williams and Walker

——

Present Study
) V4

°

0.4

P Ix'Et”

0.2 —T

(b) Contour line diagram for
0.0 - T out-of-plane displacements.

Max.Deflection (w +w, )/t

(a) Load-deflection curve

Figure (°.A): Post-buckling and contour line behavior for a simply supported thin
rectangular plate under uniaxial compressive load in longitudinal direction.

From these figures, it can be noticed that: -

). The behavior of thin plates is very sensitive to initial
imperfections. The out-of-plane displacements are increased with
increasing the magnitude of the initial imperfection.

Y. The plate under biaxial compressive load will buckle under the
load less than the buckling load for a plate under uniaxial
compressive load.

¥. The plate under varying compressive load will buckle under the
total load more than the buckling load for a plate under uniform
compressive load.

¢, Rectangular thin plates under compressive load in longitudinal
direction will buckle under the load more than the buckling load for
the square plate under compressive load but the post-buckling

<
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stiffness of this type of plate is less than the post-buckling stiffness of
a square simply supported plate.

o.».¢ Parametric Study

The effects of two parameters (boundary conditions and tapering ratio)

are studied and discussed in the following sections.

o.v.¢.\ Effect of Boundary Conditions

The effect of boundary conditions on the post-buckling behavior is
studied for a plate with constant thickness. The initial imperfection (w,/t)

is taken to be in the range (-, «.+Y, «.), and - .°).

A- All Edges Clamped

Figure (c.2) presents the load-deflection curve and the contour line
diagram for the out-of-plane displacements of a square thin plate with all
edges clamped. The initial imperfection was considered to be a

sinusoidal curve.

1.6

1.4

1.2
1.0

0.8

P.bIxEt”

0.6

04

0.2

(b) Contour line diagram for
0.0 \ I - out-of-plane displacements.

1
Max.Deflection (w + w, )/t

(a) Load-deflection curve
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Figure (¢.4): Post-buckling and contour line behavior for a rectangular thin plate
#_nlc_igra g'&ﬁgcé)s ||%Sbs1')\// lt?ggbrted and the Other Edges Clamped

Figure (c.)+) presents the load-deflection curve and the contour line
diagram for the out-of-plane displacement of a square thin plate with
loaded edges being simply supported and the other edges clamped. The
initial imperfection was considered to be a sinusoidal curve. This figure
shows that the plate buckles in two waves in the x-direction.

C- Loaded Edges Clamped and the Other Edges Simply Supported

Figure (c.))) presents the load-deflection curve and the contour line
diagram for the out-of-plane displacements of a square thin plate with
loaded edges clamped and the other edges simply supported.

1.1

1.0

0.9 = -

- . -

0.8 L7 =N\
. ' i =l
07 l’r’/’ AaRYIN!
0 g
o ] NN

04 - WS =

0.3 ~

0.2

0.1 - (b) Contour line diagram for

0.0 . out-of-plane displacements.

0 1 2
Max.Deflection (w +w, )/t

(a) Load-deflection curve

Figure (¢.1+): Post-buckling and contour line behavior for a square thin plate
under uniaxial compressive load.
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1.0

0.8 -

0.6

0

P Ix'Et”

0.4

0.2

(b) Contour line diagram for
out-of-plane displacements.

0.0 .

1
Max.Deflection (w +w, )/t

(a) Load-deflection curve

Figure (¢.11): Post-buckling and contour line behavior for a rectangular thin
plate under uniaxial compressive load.

Form these figures, it can be noticed that: -

y. The buckling load for a plate with all edges clamped is greater
than the buckling load for the plates having simply supported edges.
Y. The buckling load for a plate with loaded edges simply supported
and the unloaded edges clamped is more than the buckling load for
the plate with loaded edges being clamped and the unloaded edges

simply supported, because of the restraint in the unloaded edges.
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Effect of Tapering Ratio

The effect of tapering ratio on the post-buckling behavior is considered in
the present study. The values of tapering ratio (t,/t,) is taken to be (.-,
V.Ye, V.o v ve and Y.+). The initial imperfection (w,/t) is taken to be in the
range (- and -.)) and the effect of load direction is also taken into
account.

Figure (°.'Y) presents the load-deflection curve for a simply
supported thin square plate under uniaxial load in x- direction (the
direction parallel to thickness variation). This figure shows a comparison
between a plate with constant thickness and variable thickness and for
perfect and imperfect condition. The load-deflection results of the
imperfect plate are listed in Table (¢.¢).

0.6

tal/to

0.2 - ! : 0.0 : :

1 2 0 1 2
Max.Deflection (w +w, )/t,, Max.Deflection (w +w, )/t,,
(a) Perfect plate (b) Imperfect plate (wy/te,=".")

Figure (.1 ¥): Post-buckling behavior of a simply supported thin square plate
with variable thickness under unaxial compressive load in x-direction.
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Table (¢.¢): Load-deflection results of imperfect plate(wy/ta,=+.1).

Max. deflection ((w+w,)/ta)

Load

be Y/n_ YEt?' ta/to
R Y Yo \o Y Vo

) e AR ) e
o + Yoo « YoA
Y < YYA AR Y
AN Ao «. 404
. YAV
Y. Y.£v0
AN Y.UVY
EXE y.va.

Figure (°.'¥) presents the load-deflection curve for a simply
supported thin square plate under uniaxial compressive load in y-direction
(the direction normal to thickness variation). This figure shows a
comparison between a plate with constant thickness and variable

thickness for perfect and imperfect condition.
0.6 0.6

ta/to

0.5 -

0.4 -

0.3 -

P,b 'z Et"

0.2 -

0.1

0.3 T T T 0.0 - . |

0 1 2 0 1
Max.Deflection (w +w, )/t,, Max.Deflection (w +w, )/t

(b) Imperfect plate(wy/ty=+.")
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(a) Perfect plate

Figure (°.*): Post-buckling behavior of a simply supported thin square plate
with variable thickness under unaxial compressive load in y-direction.

Figure (e.v¢) presents the load-deflection curve of a simply
supported thin square plate under biaxial (Px=P,) compressive load. This
figure shows a comparison between plate with constant thickness and
variable thickness and for perfect and imperfect condition.

—

—~

Tt

o~

0.3 0.3
i:_' 0.2 =
u
R
— 02 -

O
[
0.1
[
> Je
0.1 T T 0.0 - I
2

1
Max.Deflection (w +w, )/t,,

(a) Perfect plate

1
Max.Deflection (w + w, )/t,,
(b) Imperfect plate(wy/ta=+.")

Figure (°." ¢): Post-buckling behavior of a simply supported thin square plate
with variable thickness under biaxial compressive load.

From these figures, it can be noticed that: -

variation.

Buckling loads decreases with the increase of thickness variation.
Post-buckling stiffness decreases with increase of thickness

The direction of the load (parallel or normal to the variation of
thickness) affects the buckling and post-buckling behavior.

The rate of reduction in post-buckling stiffness when the load is in
x-direction (the direction parallel to thickness variation) is more than
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the reduction when the load is in y-direction (the direction normal to
thickness variation).

».« Elasto-plastic Analysis

o.¢.) Plate Dimensions and Properties

To study the effect of material non-linearity in addition to geometric non-
linearity for a plate in compression, several plates with various
width/thickness (b/t) were analyzed.

In the analysis, the plate dimensions (a) and (b) were taken as
[a=:.Ave(m), and b="(m)] to give an aspect ratio (a/b) equal to :.Ave, The
effect of aspect ratio will be discussed in the next section. Different plate
thicknesses were selected to give width/thickness (b/t) ratios of
(v+,£+,20,A) so that a range from the stocky plate to slender plate was
considered. The initial imperfection was assumed to be a sinusoidal
curve. The plate was loaded by the imposition of an in-plane
compressive load. The material properties of a steel plate were assumed

to be as follows: -

Modulus of elasticity (E)=Y:v:++ MPa.
Material yield stress (o,)=Y°" MPa.

Poisson ratio (V) =¥,

o.¢.Y Effect of Plate Aspect Ratio (a/b)

In the analysis, a single imperfect plate element with a prescribed aspect
ratio (a/b) is considered. The plate is assumed simply supported along all
four edges. This implies, in the structures, a distribution of out-of-

flatness uniformly and symmetrically rippled to the desired amplitude in

@
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both x and y directions forming a grid of rectangles a x b. The fact that
such a distribution will never occur in practice should not be allowed to
be obscure. The important influence of (a/b) was studied by Little™
[Yavv]. There are several cases where the plate behavior is influenced
more strongly by (a/b) than by (w./t). For each case, if a random
distribution of out-of-flatness exists in the structure, there will be a strong
tendency for failure to occur where conditions are most favorable for
buckles of the preferred half-wave length. There will be some
modification of behavior because the edges of each plate element are not
perfectly simply supported, owing not only to the random (w,)
distribution but also to the rotational restraint provided by stiffeners.
However, the assumption of simply supported condition is necessary for

the results to be on the safe side, especially at relatively low values of w,/t
(rA)

Moxham®? suggested that (a/b=:.Ave) is a suitable figure for
general application, basing this conclusion on a limited number of
calculations for very small (w,) values. Little®™ and Crisfield""
supported this conclusion. Consequently, the theoretical results produced
by Moxham, Little, and Crisfield for the elasto-plastic analysis of plates
in compression were represented for plates with an aspect ratio
(a/b=- .Ave).

However, the results produced by Harding"™ and Frieze® were for
plates with an aspect ratio (a/b=".+).

In the present study, the aspect ratio was considered to be (+.Ave) in
the specific examples. Of course, the computer program is completely
general and can be applied to any required aspect ratio.
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o.¢,» Comparison with Other Investigations

The results obtained from the present study are compared with other
studies by Moxham®?, Little®™, Harding™™, Crisfield*, and Mathlum™.

Moxham and Little used the energy methods in their analysis.
Harding used the finite difference method. Crisfield and Mathlum used
the finite element method. Here it is sufficient to note that the results
obtained from the various solutions differ in detail from one to other, but
that, in general, the agreement between the solutions is good when
account is taken from the different approaches of approximations required
in the analyses. In the figures the average applied compressive stress (o)

is plotted on the vertical axis as a ratio of the uniaxial yield stress (o).

Similarly, the axial strain (&) is plotted on the horizontal axis as a ratio of

the uniaxial yield strain (&,); the value of &, is calculated as (o, /E ).

Figures (e.V°) and (°.)1) present the load-deflection curves of two
slender plates under compressive load and with the edges of the plate
simply supported. These cases were first analyzed by Moxham“?; the

other results shown are those due to Crisfield"", and Mathlum®™.

Figures (°.\Y) to (.Y+) present the average stress-strain curve of a
simply supported plate under compressive load and with slenderness
ratios (b/t) (v+, ¢+, e, and A+). These results are presented for two values

of initial imperfection [wy,=+.--Yband . +°b].
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Figure (¢.V¢): Load - deflection curve of a simply supported thin rectangular
plate under compressive load, (b/t=22,a/b=+.AYe W /t="..29),
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Figure (°.1%): Load-deflection curve of a simply supported thin rectangular plate
under compressive load, (b/t=A-,a/ o t=2 0 A).
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Figure (°.V): Average stress-strain curve of a simply supported thin rectangular
plate under compressive load, ( b/t=v",a/b=:.Ave).
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Figure (e.'A): Average stress-strain curve of a simply supported thin
rectangular plate under compressive load, (b/t=¢ -, a/lb=-.Av?e),
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From these figures, it can be noticed that: -

V. For b/t=v. all the solutions give comparable results for the peak
load levels. The level of imperfection has a marked effect on the
peak loads.

Y. For b/t=¢- all the solutions give comparable results for the peak
load levels with some differences in the unloading paths.

¥. For b/t=ece all the solutions give comparable results for the peak
load levels with some differences in the unloading paths because the
present study used load control while other solutions used the
displacement control.

¢, For b/t=A. all the solutions give comparable results for the peak
load level.

o, These figures indicate that with the increasing of the initial
imperfection, the in-plane stiffness of the plate decreases and a

large amount of the ultimate strength is reduced.



Chapter Five Applications and Discussions

o.¢.¢ Parametric Study

The effect of tapering ratio on the elasto-plastic behavior is considered.
Two plates are selected to study the effect of tapering ratio having
slenderness ratio (b/t=v+,A+). The first plate is represented a stocky plate
and the second plate is represented as a slender plate. The magnitude of
initial imperfections are set as (Wo=+.-*Ym and -.--em). The effect of

load direction is considered in the present study.

Figures (c.YY) and (°.¥Y) present the average stress-strain curve of
a simply supported plate with slenderness ratios (b/t) (¥+, and A.)
respectively, and in-plane displacements of the unloaded edges are
unrestrained so that little membrane stresses in the transverse direction
may occur. These figures are presented for two values of initial
imperfection, wy=+.-+Yb and w,=+.-+eb. The compressive load is in x-
direction (the direction parallel to thickness variation). These figures
show the influence of the thickness variation on the ultimate strength of
the plate in comparison with the ultimate strength for a plate with

constant thickness.

Figure (e.Y¥) and (°.v¢) present the average stress-strain curve of a
simply supported plate (b/t=y-, and A.), respectively. These figures are
presented for two values of initial imperfection, w,=+.+ - a and wy=-.+ :°ca.
The compressive load is in y-direction (the direction normal to thickness

variation).

<
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Figure (°.Y1): Average stress-strain curve of a simply supported thin rectangular
plate under compressive load, (b/t,,=Y+,a/b="+.Ave).
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Figure (.Y Y): Average stress-strain curve of a simply supported thin rectangular
plate under compressive load, (b/t;,=A+,a/b=+.Ave).
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Figure (¢.Y¢): Average stress-strain curve of a simply supported thin rectangular
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From these figures, it can be noticed that: -

V. The increase of the tapering ratio, in-plane stiffness of the plate
decreases and a large amount of the ultimate strength is reduced.

Y. When the load is in x-direction (the direction parallel to thickness
variation), the decrease in ultimate strength is more than the
decreasing in ultimate strength when the load is in y-direction (the
direction normal to thickness variation).

¥. The decrease in the in-plane stiffness of the plate starts from the
low level of loading, when the load is in x-direction (the direction

parallel to thickness variation).
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Chapter Six
CONCLUSIONS AND RECOMMENDATIONS

+.» General

From the theoretical analysis and the comparison with available studies
which is described in the previous chapters. The following conclusions
can be drawn with regard to the results obtained for plates under
compressive load.

The recommendations for the future work are also presented herein.

“.Y Conclusions

The finite difference method is very suitable for programming
and sufficiently accurate for post-buckling and ultimate strength
analysis of thin rectangular plate with constant or tapering thickness,
as it tends to a convergent solution when the nodes’ density is
increased.

The load limit in the post-buckling range for which the plate is
still in a stable equilibrium depends on the type of boundary
conditions.

The behavior of a thin plate is very sensitive to the amount of
initial imperfections.

The behavior of a thin plate with variable thickness is very
sensitive to the tapering ratio (for plate with the same volume) such
that the increase of the tapering ratio will induce higher increase in
the out-of-plane displacements.
°. When the load is in x-direction (the direction parallel to

thickness variation), the out-of-plane displacements will be more

(>
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than the out-of-plane displacement when the load in y-direction
(the direction normal to thickness variation).

1. The imposition of an is in-plane load makes the solution unstable
at the higher loads, so that an increase in the load would then
produce an infinite deflection.

v. For the plates uniaxial compressive load, the stocky plate simply
yields without buckling while the very slender plate buckles
elastically.  Approximately the plate with about (b/t=2°)
represents a “critical buckling plate”, where buckling and yielding
occurs almost simultaneously.

A. The increase of the initial imperfection causes a decrease in the
ultimate strength.

1. The increase of the tapering ratio causes a decrease in the
ultimate strength.

V. For plates with variable thickness, when the load is in x-direction
(the direction parallel to thickness variation), the in-plane stiffness
of the plate decreases at the low level of loading.

V). The decreasing in the ultimate strength when the load is in x-
direction (the direction parallel to thickness variation) is more
than the decrease in the ultimate strength when the load is in y-

direction (the direction normal to thickness variation).

.* Recommendations

From the present study the following recommendations are suggested
for further studies.
). An extensive study of the influence of initial imperfection shape

on the behavior of thin plate.

(> >
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Y. The buckling, post-buckling, and elasto-plastic behavior of thin
plates with variable thickness and under pure shear load.

¥. The buckling, post-buckling, and elasto-plastic behavior of thin
plates under uniaxial patch loading.

¢, Using the displacement control technique to march for the
ultimate stage in the post-yielding range.

o, Making a parametric study for an imperfect plate subjected to
complex membrane forces (combined compressive and shear
loading).

1. Making an ultimate investigation for an imperfect stiffened plate.

v. Making an investigation for post-buckling and ultimate strength

behavior for an imperfect plate with internal holes.
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