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 ثم  سَعيَوُ سَوفَ يُرَى وأن َّ  وأن لَّيسَ للإِنَسان إِلاّ مَا سَعي 

 يُجزَاهُ الجزَاَءَ الأوفَي  

 صدق الله العلي العظيم

 (04-83سورة النجم ، الاية )  



 الخلاصة
 

تقُدم هذٍ الدراطة طزيقة حظابيةة هُسظا ة  لليلةامس هظابام هاب يناد ا ًسنابع  هاب يناد 

الخضاا ل لاااِباقس رَةقااةي هظاال ةلة  اا طُااوُ غبياال ق هُلتةااز الوق اا . تاان تيسظااةظ 

الوظاااابلة ي زيقااااةس الِز َاااابا الوياااادعا. لقااااد اُ اااالقل هنبعلااااة تِب اااالةة   نااااب  

 اا طُاااوُ هُلتةاااز. قرُاااذ يٌراااز ا  لسااابر  ( لااااِباقس membrane actionsا غشاااةة 

اللار ةة الهٌدطةة   ر ةة تازف الوبعا لدراطاة تيلةام هاب يناد ا ًسنابع  هاب يناد 

 الخض ل. 

لةام هاب يناد ا ًسنابع  ظولي إلى جشاةي, الجشء ا    يليضوي تيي هذٍ الدراطةي َُ

ااااتظ  اااا  الوظاااال  .  اااا  هااااذا رَةقااااة هظاااال ةلةلاااااِباقس   تياااال تاااابغةز قحوااااب   ي

الجشء,قهُولاال  ر ةااة تااازف الواابعا.    لقااد قرُااذ يٌراازس ا  لساابر تاابغةز اللق طاابا 

,ً ل الليوةم,ًظب اللتةاز  ا  الظاوُ, اتجبٍ تابغةز اليوام.   دااةة,ظز ف الإطٌبعس ا يلي

(هااي wo/t=0.0,0.00,0.0,0.0تااني تييلةاام الاااِةية لوخللاات ًظااب اللق طاابا ا يلدااةااة 

 0,0.0..0.0,0.00,0.0,0لتةااز  اا  الظااوُ  طااوُ الاااِةية   هخللاات ًظااب ال

ta/to=    .) 

قطُيلٌلج هي  لُ إى ا ًسنبع اللاحق حظبص جدا إلاى َةواة اللقا ص ا يلاداا  

  الى َةوة ًظسة اللتةز    الظوُ.

اللد ًاة لااِباقس رَةقاة هظال ةلة تيال -يليضوي الجشءُ الثبً  تييلةم الوز ًاة

الجشء اللار ةة الهٌدطةة   ر ةاة تاازف تبغةز حوم  تظ    الوظل  .     هذا 

الوااابعا قرُاااذا يٌراااز ا  لسااابر.  اااذلُ تااان ا راااذ يٌراااز ا  لسااابر  تااابغةز اللق طااابا 

ا يلدااةة,ظز ف الإطٌبع,ًيظاب الٌيب ة,ًيظاب ا ينبع, ًيظاب اللتةاز  ا  الظاوُ  لاى 

 الوقب هة القا ى.

ااالٌليج هاااي  لاااُ إى الوقب هاااةي القاااا ى تقااام هااا  سيااابعا ًظاااب  اللق طااابا قطُي

 ٌااد ًظااسة اللق طاابا ا يلدااةااة  (% 00)دااةااة  تااام هقاادار الٌقااابى حاا ال  ا يل

 wo/t=0.0 لٌِض ًظب اللق طبا ا يلدااةة  .)wo/t = 0.0 بى الوقب هاة القاا ى  )

 (% 00)وُ  تاام ًظاسة الٌقاابى الاى حا ال  تقم ها  سيابعا ًظاسة اللتةاز  ا  الظا

 (.ta/to=0.0 ٌدهب تك ى ًظسة اللتةز    الظوُ  
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ABSTRACT 
 

 

A simplified computational procedure for post-buckling and post-

yielding problems of rectangular thin plates with constant or variable 

thickness is presented.  The discretization of the problem is carried out 

by means of finite differences.  The basic (governing) differential 

equation for membrane actions of plate with variable thickness is 

derived.  Geometric and material non-linearity are considered to study 

the post-buckling and post-yielding behavior.  

 This study is divided into two parts, the first includes the post-

buckling analysis of rectangular thin plate under the action of in-plane 

compression loading.  In this part, the material non-linearity is 

neglected.  The effects of initial imperfections, boundary conditions, 

type of loading, tapering ratios, and the direction of load actions on the 

post-buckling behavior are considered.  The plate is analyzed with 

different initial imperfections (wo/t= 0.0, 0.00, 0.0, and 0.0) times the 

thickness of the plate and different tapering ratios (ta/to= 0.0, 0..0, 0.0, 

0..0, and ..0).   

It is concluded that the post-buckling behavior of thin plate is 

very sensitive to the magnitude of initial imperfection and magnitude of 

tapering ratio. 

 The second part includes the elasto-plastic analysis of 

rectangular plate under the action of in-plane compression loading.   In 

this part, geometric and material non-linearity are included.  The effect 

of initial imperfections, boundary conditions, slenderness ratios, aspect 

ratios, and tapering ratios on the ultimate strength are considered.   

It is concluded that the ultimate strength decreases with the 

increasing of the initial imperfection and tapering ratio (for the same 

volume of plate).    
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LIST OF NOTATIONS  
 

Symbol Description 

A 
2244 866 yxyx hhhh   

[A] In-plane stiffness matrix. 

a, b Plate dimensions in x and y-directions, respectively.  

Bx  2224 yxy hhh   

By  2224 yxx hhh   

C 
222 yxhh  

c Clamped edge. 

[C] Bending stiffness matrix. 

ct   ooa attt  : Slope coefficient for thickness of plate.  

D    23 112 vEto  Flexural rigidity. 

Dx 
4
yh  

Dy 
4
xh  

E Modulus of elasticity. 

[E]
* Tangential elasto-plastic modular matrix.  

f Yield function. 

G Shear modulus. 

hx , hy Mesh size in x and y-direction, respectively. 

m Number of half-waves developed in the buckled shape. 

Mx,My,Mxy Bending and twisting moments (per unit width). 

Nx, Ny, Nxy In-plane stress resultants (per unit width). 

Px Applied load in x-direction. 

q Uniformly distributed load (per unit area).  

Qx, Qy Shear forces (per unit width). 

s Simply supported edge. 

ijS  Deviatoric stress tensor.  

t Plate thickness. 
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ta Thickness at the side x=a. 

to Thickness at the side x=0. 

tav Average thickness ((ta+to)/2). 

ux Displacement in x-direction. 

v Poisson’s ratio. 

vy Displacement in y-direction. 

w Out-of-plane displacement. 

wo Amplitude of initial imperfection. 

{w} Generalized nodal  out-of-plane displacements. 

x,y,z Co-ordinates. 

o  Uniaxial yield stress.  

  Equivalent stress. 

  Average applied uniaxial stress. 

ij  Total stress.  

b  Bending stress. 

m  Membrane stress. 

ε Average uniaxial strain.  

εo ( Eo ) Uniaxial yield strain. 

εij Strain tensor. 

p
ij  Plastics strain tensor. 

τ Shear stress. 

τb Bending shear stress. 

τm Membrane shear stress. 

γxy Shear strain. 

∆λ Plastic strain rate multiplier. 

  Stress function. 

{ } Generalized nodal stress functions. 
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Chapter One  

INTRODUCTION 
 

1.1 General 
 

Thin-walled structures are widely used as load carrying members of 

structures such as bridges, ships, aircraft and buildings with steel framing.  

The cross section of a thin-walled structure is made up of thin plates with 

constant or variable thickness joined along their edges.  The plate 

thickness is small compared with other cross-sectional dimensions, which 

are in turn often small compared with the overall length of the member or 

substructure. 

      There are several reasons why thin-walled structures must be given 

special consideration in their analysis and design. That is because of their 

inherent properties of thickness, which is small when compared with 

other dimensions. This will make these structures susceptible to failure by 

instability.  Accurate determination of the buckling load incorporating all 

the possible failure modes including local, local-torsional, distortional, 

and flexural-torsional buckling, as shown in Figure (1.1), is therefore very 

important
(13)

.  

 

 

 

 

 

 

 

 

 

 
Figure (1.1): Possible buckling modes (

13). 

(b) Local-Tortional 

 

(a) Local 

 

(d) Flexural-Torsional 

 

(c) Distorsional 
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To maximize the saving in self-weight, the component plates of the 

structural member are designed to be of slender properties.  They will 

then have a low elastic critical load and will normally operate in the post-

buckling range so that advantage must be taken of their post-buckling 

reserve of strength.   

Traditionally, such structures have been designed according to the 

allowable stress principles so that a linear elastic analysis of the stress 

distribution was sufficient.  To produce design rules of reasonable 

simplicity, plastic collapse mechanism has been proposed for the 

prediction of the ultimate load capacity
(33)

.  These are normally derived 

from an assumed collapse mode based on the observation of experimental 

behavior.  

A collapse mechanism, by definition is based on an assumed state 

of stress in a girder at failure.  It makes no attempt to consider the 

behavior during the approach to failure in the non-linear post-buckling 

range.  A proper analysis of this phase of behavior can provide a better 

understanding of the development of non-linearity and the spread of 

yielding leading to collapse.  Any assumed collapse mechanism can be 

then placed on a firmer footing and its range of application extended 

without the need for extensive and expensive experimentation. 

This study describes the development of such analysis, employing 

the finite difference method for rectangular thin plates.  The analysis is 

applicable to different plates with various boundary conditions and 

various initial imperfections, which continue to operate in the post-

buckling range. It must be; therefore, taken into account the effects of 

geometric non-linearity arising from the plate buckling and also the 

effects of material non-linearity due to the spread of yielding during the 

approach to collapse. 
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1.1 Buckling Behavior of Thin Plates 
         

Plate elements are used in naval and aerospace applications, and in 

construction of civil structures and industrial buildings.  These elements 

are subjected to normal and shearing forces acting in the plane of the 

plate, as shown in Figure (1.2).  The most important phenomenon in such 

structures is the local buckling of the plate element.  The load producing 

this phenomenon is called the critical load.  This critical load state 

characterizes the natural equilibrium of an axially loaded plate. At this 

state, it is observed that the plate would keep the small out-of-plane 

perturbations and still remains stable. The importance of the critical load 

is the initiation of a deflection pattern, which, if the load is further 

increased rapidly leads to very large lateral deflections and eventually to a 

complete failure of the plate.  It is a dangerous condition, which must be 

avoided
(11)

. 

 

 

 

 

 

 

 

   

 

 

 

 

 

 

 

Figure (1.1): Plate under a general pattern of combined external loads. 
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1.1 Modeling of Fabrication-induced Imperfections  
       

When the plates are fabricated the factory will not be able to produce 

perfectly flat surface for plates but thus they will have very small initial 

imperfection. Also to fabricate stiffened plate structures, welding is 

normally used and thus the post-welding initial imperfections (initial 

deflections and residual stresses) are developed in the structure.  In an 

advanced structure design capacity calculations should accommodate 

post-weld initial imperfections as parameters of influence.   

Figure (1.3) shows schematic of the post-weld initial deflections in 

ship stiffened plate structures.  The measurements of welding-induced 

initial deflection for plating in merchant ship structures reveal a complex 

multi-wave shape in two directions
(51)

.      

                                                                                          

 

 

 

 

 

 

 

 

       

 

 

 

 

 
Figure (1.1): Fabricated related initial deflection in steel stiffened panels. 
 

(i)Initial deflection shape 1 

SAShape 1 

 

(ii) Initial deflection shape 2 

 

(iii) Initial deflection shape 3 

 

 x 

 

b 

a wo 

 

y 

 Stiffeners 

w
o
 

 

b 

b 

b 

a a a 

L
b
 

La 

(a) Steel stiffened panels (b) Some shapes of initial 
imperfection. 



Chapter One                                                                                           Introduction 

 5 

1.1 Scope of This Study 
 

 

This study is divided into two parts; in the first, there is an attempt for 

formulating a simplified finite difference method to analyze the elastic 

large deflection behavior of rectangular thin plates. The effect of initial 

imperfection, boundary conditions, type of loading, tapering ratios, and 

direction of loading are considered. 

 

The second part deals with a large deflection elasto-plastic analysis 

of rectangular thin plates.  The effect of initial imperfection, boundary 

conditions, aspect ratios, slenderness ratios, tapering ratios, and direction 

of loading are considered.  

 

 The present study is given through six chapters.  This 

introduction represents chapter one.  In chapter two, a brief of review of 

early studies and the more advanced studies on the subject are given with 

an interpretation of the results as possible.  A post-buckling behavior of 

rectangular thin plate with initial imperfection is presented in chapter 

three. An elasto-plastic behavior of rectangular thin plate with initial 

imperfection is presented in chapter four.  The application and the 

presentation of the results with discussion are given in chapter five.  

Finally chapter six introduces the conclusions and recommendations for 

further studies.        
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Chapter Two 

REVIEW OF LITERATURE 
 

 

3.2 General 
  

The review presented here aims at showing the most important 

developments and steps that have been taken on the path leading to the 

knowledge of today in this subject.  As mentioned in the introduction, the 

problems concerning compressive loads applied to a thin plate have 

interested a large amount of researchers all over the world. 

  

     In this chapter the literature survey is divided into four major scopes: - 

1. Buckling Analysis of Thin Plate. 

2. Large Deflection Analysis of an Isolated Thin Plate. 

3. Elasto-Plastic Analysis of an Isolated Thin Plate. 

4. Large Deflection Elasto-Plastic Analysis of Thin Plate. 

 

3.3 Buckling Analysis of Thin Plate 
     

As cited in Ref. (45), Bryan
(9)

 [2982] solved the problem of a simply 

supported rectangular thin plate with two opposite sides carrying uniform 

compressive loads. His study was the first attempt to derive the solution 

of plate buckling problem by the using energy principle method.  

 

       Salvadori
(54)

 [2858] introduced a numerical and graphical 

computation of buckling loads by successive approximation.  The finite 

difference method was used to solve the buckling problem.  This solution 

is obtained purely by numerical computations, which is greatly enhanced 

by a simple method of extrapolation.  This procedure was applied to 

various cases of buckling of beams, plates, and shells. 
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       Chehil and Dua
(11) 

[2894] employed a perturbation technique to 

determine the critical buckling stress of a simply supported rectangular 

plate with variable thickness cross section.  The differential equation was 

derived for a general thickness variation in one direction.  Their analysis 

included a stiffened plate, this stiffener is fabricated from the factory.  

The major advantage of this analysis lies in the fact that the fabrication of 

these stiffened plates is very simple as compared to the manufacturing of 

plate, which has a linear or exponential taper. 

 

       Kobayashi and Sonoda
(31)

 [2881] used a power series method with 

the use of a co-ordinate transformation to solve analytically the buckling 

problem of uniaxially compressed rectangular plates with linearly tapered 

thickness.  This solution was limited where the compressed edges were 

simply supported and the unloaded edges are (simply supported, clamped, 

or free).  Their conclusion was that the buckling load is highly dependent 

on the thickness variation. 

 

       Recently, Chin, et al .
(13)

 [2884] used the finite element method to 

predict the buckling capacity of arbitrary shaped thin-walled members 

under any general load and boundary conditions.  The thin plate elements 

used in this method contained 33 degree of freedom (d.o.f): [14 d.o.f for 

the in-plane (membrane) action and 16 d.o.f for the out-of-plane 

(bending) action]. The linear and geometry stiffness matrices for the thin 

plate element was derived explicitly based on the principle of minimum 

total potential energy. This method was used for thin-walled structures 

involving distorsional and flexural-torsional buckling failure mode. 

 

       Ohga, et al. 
(46)

 [2886] used an analytical procedure for the elastic 

buckling problems of thin-walled members with variable thickness cross 

section by using the transfer matrix method.  The transfer matrix was 

derived from the non-linear differential equations for the plate panels 

with variable thickness by using the Fourier series expansion in the 
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longitudinal direction and then applied a numerical integration in the 

lateral direction.   

             

       Husain, et al. 
(25)

 [3113] used the finite difference method to 

estimate the buckling factor of a rectangular thin plate with variable 

thickness cross section.  Their results were presented graphically for the 

buckling coefficients for uniaxially compressed plates and the loaded 

edges were (simply and clamped supported) and for different plate aspect 

ratios, different tapering ratios, and different boundary conditions.  This 

study has showed that the value of the buckling load is very sensitive for 

tapering ratio.  

 

3.4 Large Deflection Analysis of an Isolated Thin Plate 
 

The large deflection theory of isolated plates is more complicated than the 

small deflection theory because of the geometric non-linearity.  The non-

linearity arises because the deflection increases the membrane stresses 

and these stresses are redistributed and begin to dominate over flexural 

action.  This problem was treated by Von-Karman’s equations and 

Marguerre’s equations
(39)

.  

 

 Coan
(14)

 [2862] solved Marguerre’s equations to study the post-

buckling behavior of plates by assuming the deflected shape of a 

rectangular simply supported plate as a double Fourier series  and 

overcame the restriction on Levy’s solution.  Edge pull-in of three kinds 

was allowed for by adding further complementary functions to the 

expressions for the stress function (Φ).  The theory was applied to a 

square plate with the central initial deflection (wo=3.1t) and the results 

were compared with the experimental values.   

 

       Yamaki
(77)

 [2868] gave an extension of Levy and Coan’s works by 

solving the problem with different boundary conditions, combining two 

kinds of loading conditions [case (2), the edges are kept straight by the 

distribution of the normal stresses, while in case (3), the edges are free 
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from stresses].  The solution of Marguerre’s fundamental equations for 

large deflections of thin plates with slight initial curvature was presented 

in his study for the case of a rectangular plate subjected to edge 

compression load by using a double trigonometric series with coefficients 

to solve these equations.   The conclusions from this study are: - 

1. The deflection in case (2) is always smaller than the corresponding 

value in case (3). 

2. Under loads much greater than the critical, the net deflection for 

the initially deflected plate is smaller than that for the initially flat 

plate. 
 

       Stein
(61)

 [2871] proposed a purely mathematical approach to 

explain the possibility of a change of buckling wave form.  He 

investigated the post-buckling behavior of simply supported rectangular 

plates in end compression load by solving the first few equations and 

presented non-dimensional load-shortening curves for plates with various 

length-width ratio (a/b) (1 to 5).  These curves were obtained by using the 

values of (m), which intersect with these basic curves for the range 

plotted.  The intersections of the load- shortening curves indicate possible 

changes in buckle pattern, as shown in Figure (2.1). 
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 Basu and Chapman
(4)

 [2877] used the finite difference method to 

investigate the large deflection behavior of transversely loaded 

rectangular orthrotropic plates, having elastic flexural, and extensional 

and shearing edge restraint and derived the differential equations and 

boundary conditions and showed the effect of membrane action at a large 

displacement stage.   

 

       Aalami and Chapman
(1)

 [2878] used the finite difference method 

for the large deflection behavior of rectangular orthrotropic (including 

isotropic) plates under symmetrical or anti-symmetrical transverse 

loading and in-plane loading. The essential difference between Basu and 

Chapman [2877] and Aalami and Chapman [2878] is that the last 

studied the behavior of plates under transverse and in-plane loading and 

with initial imperfection and rotational nodes and tangential boundary 

restraints.   

 

       Rushton
(52)

 [2878] demonstrated the dynamic relaxation method to 

analyze the post-buckling behavior of plates with variable thickness and 

with edge restrained against lateral expansion.  In this approach the nodes 

had been considered to have a constant thickness different from the 

thickness of the previous node.  A variable thickness plate was considered 

in which the thickness is defined by: 

 

tx = to e
λx

   (3-2) 
 

with  λ chosen so that at the thicker end t = 3to.      

He observed that the finite difference tends to underestimate the 

initial buckling load by about 3: when compared with the exact solution.   

 

 Sherbourne and Korol
(58)

 [2893] used experimental and theoretical 

investigations for the post-buckling behavior of axially compressed 

plates.  They observed that the load predictions were overestimation to 
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the real capacity of the plates and they also observed that when the 

imperfections were incorporated into the theoretical solution the scale-

down values of the theoretical prediction accord more nearly with the 

experimental results. 

 

      Colville, et al. 
(15)

 [2894] used a general method for the solution of 

the Von-Karman plate equations by using a direct iterative finite element 

procedure.  Their study included all applicable non-linearity in the strain 

displacement equations and the use of fully compatible finite element for 

both the in-plane and bending action and resulted in monotonic 

convergence to the theoretical solution as the structure idealization.  This 

procedure gave minimum computational time.   

 

 Williams and Walker
(75)

 [2896] derived an explicit expression for 

the load-deflection relationship for simply supported uniformly loaded 

square plate based on the perturbation approach.  The results were 

presented for the plates with variety of geometries, boundary constraints 

and in-plane loading conditions.  The accuracy of these results was 

sufficient for engineering design purposes.    

 

       Colville and Shye
(16)

 [2898] used the finite element method to 

investigate the post-buckling behavior of plates.  In this study, the finite 

element solution procedure was employed for the large deflection 

problems based on the theory developed by Collvile, who had shown that 

for post-buckling applications the uncoupled equilibrium equations may 

be written as: - 

 

     wKqwKK gNw   (3-3) 

   Nu GfuK   (3-4) 

 

in which Kw = bending stiffness of the undeformed plate; Kg = the 

geometric stiffness of the plate; KN = the non-linear stiffness matrix; w= 
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nodal bending displacements; q = applied bending loads; Ku= in-plane 

stiffness of the undeformed plate; GN = a non-linear membrane correction 

force vector; u= nodal in-plane displacements; f = applied in-plane loads.  

 

       As cited in Ref. (45), Fok
(18)

 [2891] used the finite difference 

method to study the influenc of imperfections in non-linear behavior of 

rectangular plates.  He analyzed the elastic post-buckling behavior of 

seventy-three isolated plates and confirmed his study by experimental 

work.  The conclusion was that the post-buckling is very sensitive to the 

imperfections and the finite difference method gives results close to the 

experimental results.   

 

       Sridhran and Graves-Smith
(63)

 [2892] used two versions of the 

finite strip method for the post-buckling behavior of prismatic plate 

structures under compression load.  Version I based on the classical 

approximation is found to be a powerful method for dealing with a 

variety of plate structures of practical interest. Version II which is 

complementary to version I, is shown to be necessary when investigating 

the effect of corner displacements on the stiffness of the structures. 

 

       Usami
(71)

 [2893] used the finite element method to investigate the 

elastic post-buckling behavior of rectangular plates in combined 

compression and bending.  The analysis started with Marguerre 

compatibility and used the energy method to obtain the solution. An 

effective width formula was proposed to analyze the post-buckling 

behavior of thin-walled steel members in bending or in combined 

compression and bending. 

 

       Fok
(19)

 [2895] presented two numerical methods for correlating the 

experimental critical load and the initial imperfection of rectangular 

plates loaded in edge compression from recordings of load and deflection.  

The three points technique makes use of three sets of such readings to 
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form a system of non-linear simultaneous equations, the solution of 

which yields the critical load, initial imperfection, and the constant 

governing the curvature of the load-deflection curve.  The least square 

technique employs an applicable solution to the neutral bifurcation.  Both 

of the two techniques were applied to various experimental results and it 

was found that the calculated values were very close to the experimental 

values. 

       

       Galerkin method has been widely applied to both static and 

dynamic problems in the area of solid mechanics.  The idea of the method 

is minimization of error by orthogonalizing the error with respect to a set 

of given (or basis) functions
(12)

.  

 

       Ueda, et al. 
(69)

 [2899] studied the large deflection behavior of a 

rectangular plate by an efficient semi-analytical method. An incremental 

form of the governing differential equations of plates and stiffened plate 

with initial deflection had been derived. For each load increment, these 

equations were solved by the Galerkin method with especial 

consideration of simply supported boundaries.  These equations take the 

following form: - 
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where wi-2= total deflection at the end of the load increment (i-1), Φi-1= 

stress function at the end load increment (i-1), Δwi= increment of 

deflection through current load increment, ΔΦi= increment of stress 

function through current load increment.  A procedure of equilibrium 

correction at intermediate load steps must maintain that good accuracy of 

the solution may be maintained with larger load steps because the small 

quantities of higher order of (Δw, and ΔΦ) are neglected. 

 

       Recently, Sun and Williams
(62)

 [2889] employed Koiter’s theory to 

analyze the initial post-buckling behavior of prismatic plate assemblies 

which are composed of isotropic materials and subjected only to 

longitudinal compressive load.  The post-buckling equations were solved 

exactly and the post-buckling coefficients were obtained by exact 

integration for all component plates.  Their conclusion was that the post-

buckling characteristics of the stiffened plate are influenced significantly 

by the height of the stiffener.  

  

       Lam
(32)

 [2889] used computational procedure for the post-buckling 

behavior of a strut with initial imperfection under progressive end 

shortening.  A polynomial expression was used to simulate the actual 

initial imperfection, while the deformations were expressed by a suitable 

trigonometric series. The non-linear equilibrium equations were solved 

by a Newton-Raphson procedure.  His results were compared with other 

solutions and with experimental results.   

 

 Bjelajac
(6)

 [3111] used the finite difference method for the post-

buckling behavior of thin elastic plates subjected to in-plane loading.  

This method was used to analyze plates with initial curvature and with 

variable boundary conditions. He derived equations from the minimum 

potential energy in a potential force field in a manner, which doesnot 
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involve additional nodal displacements. This study considered that the 

unloaded edges are kept straight and fixed (ux=3).  His results were 

compared with other methods.   

  

       Mirambell and Zarate
(41)

 [3111] used the finite element method to 

investigate the post-buckling behavior of plates with variable depth under 

in-plane shear loading.  Their conclusion was that the post-buckling and 

the strength reserves tend to diminish by increasing the slope of the 

bottom flange, this is due to the decrease in the vertical component of the 

tension field. 

 

       In 3111, Sun, et al. 
(63)

 proposed a procedure to analyze the post-

buckling behavior of isotropic prismatic plate assemblies.  The 

perturbation method combined with the variable separation method was 

used to obtain the perturbation equations of first and second order.  The 

first order problem is a transcendental eigen-values problem and it is 

solved analytically by using Wittrick-William’s algorithm.  The second 

order problem solved analytically to obtain displacement functions 

corresponding to axially constant and axially harmonic problems.  

 

       Jayachandran, et al. 
(27)

 [3112]
 
derived incremental matrices for 

thin initially imperfect plates with small out-of-flatness by using the 

minimum potential energy principles. Explicit coefficients of the 

displacement gradient tensor had been evaluated.  These matrices were 

used in combination with any thin plate element.  The formulations were 

incorporated in a software plot-cold. 

 

       Mohammed
(42)

 [3112] studied the buckling and post-buckling 

behavior by finite element method of rectangular isolated steel plates 

under in-plane shear load.  This study considered the effect of initial 

imperfection and boundary condition on the total behavior of the plate.  
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His study was divided into two parts, the first included analysis of 

isolated plates under in-plane shear load with different values of initial 

shapes.  The second part included analysis of isolated plates under in-

plane shear load with different cases of condition support.  His conclusion 

was that the behavior of a thin-walled structure is usually sensitive to the 

nature and magnitude of initial imperfection. 

 

       More recently, Zou and Qiao
(78)

 [3113] presented a higher order 

finite strip method for the post-buckling behavior of imperfect composite 

plates subjected to progressive end shortening.  The arbitrary nature of 

the initial geometric imperfection induced during manufacturing was 

accounted for in the analysis. The non-linear equilibrium equations were 

solved by a Newton-Raphson method.  This study showed that the post-

buckling behavior of an imperfect composite plate depends not only on 

the material lay up, snap-to-thickness and anisotropy of the laminate, but 

also on the direction of induced out-of-plane imperfection.    

           

3.4 Elasto-Plastic Analysis of Isolated Plates 
       

Most engineering structural materials such as steel and aluminum are 

ductile where their strains grow much more than at elastic limit, as the 

structure is loaded beyond the elastic limit.  Plastic strain occurs and 

causes a redistribution of stress.  The computation of this distribution of 

stress has been considered to be complicated; and a simplified method to 

compute the ultimate strength of the structure under a monotonic 

proportional load has been given by many investigators.  This method, 

known as limit analysis, is to calculate the upper bound and lower bound 

of the system of loads, which the structure can take without collapse.  In 

the limit analysis, the material is generally assumed to be ideally plastic 

and the strain hardening effect is neglected. 
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In the upper bound theorem: if a collapse configuration is assumed, 

the external loads computed by the principle of “virtual velocities wi ” 

will be equal to or greater than the true collapse load. 

In the lower bound theorem: if a stress configuration can be found 

which exceeds yields nowhere in the structure and which is in 

equilibrium with the external loads, these external loads will be equalto or 

less than the true collapse limit
(39)

. 

 

Hodge
(24)

 [2868] gave a summary of the limit analysis theory 

pertaining to rectangular slabs.  Using trial distribution of moments and 

deflections, he utilized the equilibrium and energy approach respectively, 

and arrived at lower and upper bounds on the collapse load with the Von-

Mises failure condition.  Combination of the best upper and lower bounds 

yields a difference of about 23:. 

 

       As cited in Ref. (5), Koopman and Lance
(33)

 [2876] introduced the 

idea of linear programming combined with finite difference 

approximations to arrive at lower bounds of the collapse load of 

continuous structural components made of perfectly plastic material.  The 

lower bounds obtained for a square plate with simply supported and 

clamped edges agree very favorably with the existing upper bounds.  The 

method is applicable to arbitrary structural components with arbitrary 

loading.  A relatively coarse grid size gives a satisfactory solution.  It is 

perhaps possible, using the linear programming approach and energy 

considerations to obtain upper bounds of the collapse load. 

 

       Bhaumik and Hanley
(5)

 [2879] introduced an analysis of square 

plates in elastic and elasto-plastic states by finite difference method by 

using three different criteria (Johanson, Von-Mises, and Tresca ).  The 

finite difference technique has the added advantage of assuring a 

convergence criterion as the grid size is reduced.  To illustrate the 
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potential of the method, two plates with simply and clamped supported 

had been analyzed.  The results of the collapse load are shown in Table 

(2.1).    

 

        

Boundary Conditions Von-Mises Tresca Johanson 

Simply Supported plate 24.3 22.1 25.3 

Clamped Plate 41.77 37.43 41.84 

 

The limit analysis works well for ideally plastic structures but it is 

not applicable to structures with strain hardening.  Many structures are of 

materials with strain hardening; therefore, a method to calculate the 

redistribution of the stress caused by plastic strain is needed.  Rectangular 

plates under bending have commonly occurred in structures.  A detailed 

procedure for calculating the stresses and deflections of rectangular plates 

subjected to an arbitrary sequence of loads in the plastic range was 

described by Lin and Ho
(36)

 [2879].   

 

       Lin and Ho
(36)

 [2879] used the analogy between the body force and 

the plastic strain gradient as a method of analysis in their work.  This 

concept has been successfully applied to compute the creep and plastic 

bending of circular plates and creep bending of rectangular plates.  It was 

shown that the elastic strain in plates has the same effect on causing stress 

and strain field as the set of lateral loads, edge forces and moments.  

Strain beyond the elastic limit in crystalline materials consists of two 

parts: the elastic part caused by the elastic deformation of the lattice 

structure, and the plastic part caused by slip of one layer of atoms over 

another.  

  

Table (3.2) Collapse load (qa3/Mp) by finite difference analysis of square plates. 
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3.5 Large Deflection Elasto-Plastic Analysis of Plates    
 

The recent years have seen an increasing tendency to design large 

structural members as in welded steel stiffened plate systems. The 

geometries used in many heavy structures fail in compressive load by a 

combination of yielding and buckling.  Analysis of strength of plates in 

such structures is complicated by the non-linearities caused by the large 

out-of-plane displacements and by yielding of parts of the plate.  The 

obvious significance of initial out-of-flatness was shown in many 

simplified analyses.  

 

 Wah
(73)

 [2869] introduced a closed form solution for the 

deflections, residual deflection, residual membrane tensions, and other 

quantities of engineering interest for infinitely long clamped rectangular 

plates with large deflections under uniform pressure. The analysis 

assumed infinite rigidity, in the plane of the plate, of the boundary 

supports.  His formula is based on several idealizations, which cannot be 

exactly duplicated in practice. 

 

       Abdel-Sayed
(3)

 [2878] introduced a formula for the effective width 

of wide thin plates, under end compressive load in their planes by solving 

the Von-Karman governing differential equations.  This solution was 

based on the assumption that the deflection form at the instant of buckling 

is preserved after loading exceeds the buckling limit. This formula was 

used for plates with a small initial deflection or for plates with edges 

parallel to loading was free to move in the plane of the plate.  This 

formula takes the following form: -  
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to find the ratio ( oeee  ), the unknown magnitude of the deflection e , 

will be calculated by the following equation: - 
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here = effective width; ncr= critical compressive force per unit width; b= 

width of plate; a= length of one buckled panel of plate; nx= axial loading 

per unit length; na= average loading per unit width of plate; e= magnitude 

of deflection. 

 

 As cited in Ref. (7), Moxham
(44)

 [2892] used Ritz procedure  to 

solve the large deflection in elasto-plastic behavior of plates with a small 

initial imperfection under in-plane compression load.  This study included 

plasticity through a volume integration in which the plate was divided 

into five layers through its thickness.  His results were given for plates 

with different slender ratios (b/t= 33, 43, 55, and 83) and with a very small 

initial imperfection (wo/t=3.35 and 3.38) and with the edges of the panel 

simply supported and free to pull-in.      

 

       Lin, et al. 
(37)

 [2893] introduced an analytical method for predicting 

the elasto-plastic bending of rectangular plates with large deflection.  The 

effects of the plastic strain and the large deflection on plate deformation 

were shown to be the same as a set of applied external forces on the plate 

in the classical elastic small deflection theory.  Their observation was that 

the deflection increased only slightly by plastic strain and the maximum 

extreme fiber stress relieved by plastic yielding. 

 

       Crisfield
(17)

 [2896] used a finite element formulation for the large 

deflection elasto-plastic analysis of thin mild steel plates subjected to in-

plane compressive load.  This method was used to trace the behavior of 
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imperfect steel panels over the full load range, including the unloading 

stage following collapse. A series of simply supported thin plates under 

uniaxial compression were analyzed to study different in-plane boundary 

conditions, levels of geometric imperfection and residual stress. The load-

shortening curves to predict the behavior of wide eccentricity stiffened 

plates subjected to uniaxial compression had been derived. He obtained 

good correlation with experimental and showed that the imposition of 

straight edge constraint to the unloaded edges had no influence on the 

behavior of moderately stocky plates whereas increases in the collapse 

load of (5-13:) were achieved for thinner plates.  

    

       Harding, et al. 
(23)

 [2899] introduced a finite difference formulation 

for the large deflection elasto-plastic analysis of initially imperfect thin 

rectangular plates subjected to in-plane loads.  The elasto-plastic rigidities 

were calculated by using a rigorous multi-layer approach, and the 

governing equations were solved in an incremental form by using 

dynamic relaxation.  Their program was used to study the effects of both 

uniaxial and biaxial residual stresses due to welding and out-of-plane 

imperfection.  The loading included tension and compression and their 

interaction with co-existing shear.  Their conclusion was that the effect of 

initial imperfection on the ultimate collapse behavior of shear is small and 

a partially restrained panel (without transverse restraint on top and bottom 

edges) offers a considerable increase in design strength over the four 

edges of unrestrained condition.   

 

       Little 
(38)

 [2899] used a simple formulation of a minimum energy 

principle for the analysis of plate collapse.  This method is rigorous and 

yet economical in its use of the computer.  His collapse analysis included 

a procedure which makes allowance for the effect of a large shortening 

increment where his results showed, surprisingly, that the predicted load-
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shortening response of a typical plate was only marginally dependent on 

the increment size.  He presented results for biaxial in-plane compression 

and compared his results with previous theoretical work, both elastic and 

elasto-plastic analysis where gave agreement.   

    

       Frieze, et al. 
(23)

 [2899] presented a theoretical treatment for the 

large deflection elasto-plastic analysis of plates by using a finite 

difference formulation with dynamic relaxation iteration. Increment form 

was used to the tangential elasto-plastic rigidities so that it can be used in 

the constitutive equations.  The in-plane loading was applied by means of 

displacements.  Their conclusion was that the dynamic relaxation is 

suitable to study plastic large deflection behavior of plates and that it 

probably offers both computer time and storage advantages for such 

analysis.  

 

 Rerkshanandana, et al. 
(51)

 [2892] applied a finite element method 

to study the elastic-plastic post-buckling behavior of initially deflected 

and eccentrically loaded steel plates and box sections.  A computer 

program based on a finite element (rectangular element) incremental 

displacement method had been developed.  The mathematical formulation 

was based on an incremental virtual Lagrangian formulation and used a 

modified Ilyusion yield criterion with the associated flow rule to 

incorporate in the analysis the plasticity effect of the plate material.  Their 

proposition was that the empirical formula to predict the ultimate strength 

of eccentrically loaded plates whose unloaded edges are either simply 

supported-simply supported, clamped-clamped, or simply supported –

clamped is to be based on an extensive numerical study. 

 

       Ueda and Yao
(68)

 [2893] presented a new mechanism of plastic 

hinge based on the incremental theory of the plasticity and derived the 

elastic-plastic and plastic stiffness matrices for one-dimensional 
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members.  Using this plastic hinge, a method of elastic-plastic analysis of 

space-framed structures was well developed including the effect of large 

deflection. This basic idea of plastic hinge method for plates and solid 

bodies was developed.  The basic theory of the new method was based on 

using the ordinary finite element method (the stiffness method). 

       In this theory, the yield condition at the i th node of an element is 

described as follows: “the i th node becomes plastic when the resultant 

stresses at this node satisfy the appropriate plasticity condition and the 

plastic deformation is developed only at the nodes”. 

       For the element with k plastic nodes, the relation between the 

increments of the nodal force, df, and the nodal displacement, du, is 

derived in the following form:  

 

dukdf
p  (3-9) 

 

 in this  equation k
p
 is either elastic-plastic or plastic stiffness matrix and 

was expressed in explicit form.  When an element is subjected to constant 

strain, the element becomes plastic in the entire volume if the yield 

condition is satisfied at any point.  Simultaneously, the plastic node is 

formed at every node of the element.  Completely the same plastic 

stiffness matrix is obtained by either the ordinary finite element method 

or by the plastic node method.  From these facts the accuracy of the 

solution by this method is anticipated to be of the same order as that by 

the ordinary finite element method when the element division increases. 

  

       Bradfield and Stonor
(8)

 [2893] presented a simplified elastic-

plastic analysis for plates uniaxially compressed in their plane.  Their 

assumption was that the plates are not initially flat and contain residual 

stresses due to welds at the longitudinal edges and the formulation was 

were based on physical models and tested with other previous numerical 
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solutions.  These solutions based on full section yield criterion.  A simple 

criterion was given for the plate shortening at which the maximum loads 

were carried by welded and unwelded plates.  These lead to single 

calculations of plate strength.    

 

       Paik and Kim
(47)

 [2898] presented a new and simplified rectangular 

finite element having only four corner nodal points to analyze the elastic-

plastic large deformation behavior up to the ultimate limit state of plates 

with initial imperfections.  The finite element is contains the geometric 

non-linearity caused by both in-plane and out-of-plane large deformation 

because for very thin plates the influence of the former is not negligible.  

A simple matrix operation was derived for the elastic-plastic large 

deflection to treat the expanded plastic zone in the plate thickness 

direction of the element based upon the concept of plastic node method. 

 

       Paik, et al. 
(49)

 [2883] introduced a new buckling formula for all 

edge supported plate panels subjected to combined in-plane and lateral 

loads.  This formula included the effect of welding residual stress and 

edge condition effects.  Their conclusion was that by using this formula, 

about 15:of the critical plate buckling strength is additionally admitted at 

the severe case and the plate buckling strength is very much dependent on 

the edge conditions as well as the plate thickness. 

 

       Usami
(72)

 [2884] proposed a formula based on extensive numerical 

results of elastic-plastic large deflection analysis of simply supported 

imperfect plates in compression as well as in combined compression and 

bending.  This formula expressed as functions of the magnitudes of 

compressive residual stress and initial out-of-flatness and used to 

compute the ultimate strength of welded built up beam-column segments. 
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 Mirambell, et al. 
(43)

 [2885] presented experimental investigations 

and numerical solutions to the behavior of steel plates under pure 

compression.  The measurements are concentrated on the strains at 

several characteristic points of the panel displacements.  A numerical 

model was developed for the analysis of the geometrical and material 

non-linearities of steel plate structures, based on the finite element 

method.  Their study showed that the numerical and experimental stress 

values were close. 

 

       Mathlum
(39)

 [2889] presented a large deflection elasto-plastic 

analysis by the finite element method to analyze rectangular thin plates 

under compressive and shear load as well as the ultimate strength of plate 

girders with longitudinal and diaphragm stiffeners.  His study was 

divided into three parts, the first, included the analysis of isolated plate 

under compression load.  The second part included analysis of isolated 

plates under shear load.  The last part contained analysis of ultimate load 

of plate girders with transverse and longitudinal stiffeners.  His 

conclusion was that the plate girder without stiffener gives low strength 

and the plate girder with transverse stiffener has a larger strength more 

than the plate with longitudinal stiffener.  

 

       Lee and Yoo
(33)

 [2889] introduced a non-linear analysis based on 

three dimensional finite element models to transversely stiffened plate 

girder web panels(without longitudinal stiffeners) subjected to pure shear, 

including the effects of initial out-of-flatness.  This study showed that the 

design for shear in plate girder web panels in (AASHTO) and (AISC) 

specifications accounts for both elastic shear buckling strength and post-

buckling strength separately and combine these resisting capacities which 

are based on the aspect ratio of the web panel.  Although, equations in 

these specifications predict the overall shear strength with reasonable 
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accuracy, they often underestimate the elastic shear buckling strength, 

due to an underestimation of the rigidity at the flange-web juncture and 

often overestimate the post-buckling strength of certain web panels, as a 

result of excluding the effect of out-of-plane bending stresses.  The first 

conclusion based on the assumption that the boundary condition at the 

flange-web juncture is simply supported gives too much conservative 

shear strength for many plate girder web panels and the second 

conclusion based on the flange rigidity appears to have little effect on the 

post-buckling strength of web panels.    

 

       Lee and Yoo
(34)

 [2888] introduced an experimental study on the 

ultimate shear strength of web panels.  In this study, 13 scaled plate girder 

models were tested to investigate the shear behavior of web panels up to 

failure.  The following conclusions are obtained with regard to the 

behavior of the plate girder web panels:  

1. The boundary condition at the flange-web juncture in practical 

design is much closer to the fixity.  

2. In all existing failure mechanisms, the results that the through–

thickness bending stress affects the ultimate shear strength are 

neglected; however, it has been found that very high bending 

stresses are developed at failure.   

3. An anchoring system, such as flanges, is not needed for the 

development of the post-buckling strength. 

 

       Paik, et al. 
(53)

 [3111] presented a study on five subjects 

theoretically, numerically, and experimentally: modeling of post-weld 

initial imperfections (i.e. initial deflections and residual stresses) and their 

effects, influence of rotational rigidity of support members on the plate 

buckling strength, ultimate strength design equations under combined 

loads including biaxial compression/tension, edge shear and lateral 
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pressure loads, and dynamic collapse strength characteristics under 

dynamic axial compressive loads or slamming-induced impact lateral 

pressure loading.  Their proposition was a new design formula for more 

advanced buckling and ultimate strength of ship plating. 

 

       More recently, Turvy and Salehi
(67)

 [3112] introduced a finite 

difference formulation with of the dynamic relaxation algorithm to solve 

the governing equations of an elasto-plastic large deflection analysis of 

pressure loaded sector plate, based on the Ilyusion full- section yield 

criterion and the flow theory of plasticity.  This study showed that the 

effect of the in-plane edge restraint is more significant in changing the 

post-yielding response of slender simply supported plates with substantial 

stiffness increase accompanying the presence of full in-plane restraint.  It 

showed that for slender sector plates the development of plasticity within 

the plate is quite complicated.  At the maximum pressure applied a plastic 

membrane state is approached in slender sector plates under simply 

supported in-plane fixed edge conditions, whereas in the case of clamped 

in-plane fixed edge plates a residual interior elastic zone remains.  

  

       Shnan
(59)

 [3112] used a finite element method to analyze isolated 

steel plates.  This study was divided into two parts: plate under shear load 

was analyzed in first part.  In the second part, he analyzed isolated steel 

plates under compression loads. He also studied the factors affecting the 

behavior of the plate such as initial imperfection, slenderness ratio (b/t) 

equal to 226,256,289, and 316,and aspect ratio (a/b) equal to 3.75,1.3,1.5, 

and 2.3. 

       His conclusion was that the stresses produced increase with an 

increase of both slenderness and aspect ratios especially on the long 

edges.  Plastic mode mechanism was used in the prediction of the 

ultimate load capacity of plate structures.    
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 In the present study, the effect of initial imperfection, boundary 

condition, aspect ratios, and the effect of tapering cross section on post-

buckling and elasto-plastic behavior will be investigated based on the 

finite difference idealization.  The effect of geometric and material non-

linearities are considered in this study.    
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Chapter Three 

POST-BUCKLING ANALYSIS OF 
RECTANGULAR THIN PLATE WITH    

INITIAL IMPERFECTION 
 
 

1.3 General 
 

The use of thin-walled structures, which are popular in aerospace 

applications, is an increasing construction in civil and industrial 

buildings. The technology of cold-formed steel structures is finding wide 

applications.  The major advantage of cold-formed steel sections over hot 

rolled sections is found in the relative thickness of the sections, which can 

lead to highly efficient and weight effective members and structures
(92)

.  

The most important phenomenon in such structures is the local buckling 

of the constituent plate elements.  The evaluation of linear critical stress 

or the stress at which the local buckling of thin plates is initiated, has 

been well documented in the contemporary literature.  This critical stress 

state characterizes the neutral equilibrium of an axially loaded plate.  At 

this state, it is observed that the plate would keep the small out-of-plane 

perturbations and still remain stable.  In the case of slender columns, 

increase in the axial load beyond such a critical state would produce a 

disproportionate lateral deflection resulting in an unstable state.  

Nevertheless, edge supported plates do not undergo such unstable 

deformations immediately after attaining the critical buckling stress, i.e., 

in the vicinity of the neutral equilibrium, the fibers parallel to edge 

compression shorten because of elastic strain and bowing effect.  The 

latter causes fiber lengthening in the direction perpendicular to axial 

compression.  This membrane effect tends to stabilize equilibrium of the 
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plate and results in a possible increase in strength, which is termed as the 

post-buckling strength.  In other words, the plate continues to carry an 

axial load up to a certain level, even beyond the critical stress and 

presents a stable equilibrium.  The unavoidable imperfections present in 

the plates cause a qualitative change in the load-deformation 

characteristics and it is also one of the important factors which 

contributes to the strength of the plate.  It is seen from the above that the 

problem of assessing the strength of thin plates is basically non-linear and 

that the linear critical stresses alone are not adequate for the design of 

plates. 

 

1.3 Geometric Non-linearity 
 

If the deflection of a plate is of the order of magnitude of its thickness but 

it is still small relative to the other dimensions, the analysis of the 

problem should include the strain of the middle plane of the plate. 

      Classical formulation of this problem leads to a set of non-linear 

partial differential equations, which are characterized by the behavior of 

the plate.  These equations are difficult to solve. 

      In many technical fields of aircraft construction, shipbuilding, and 

instrument manufacturing, plates are finding use with large deflections.  

During the fabricating process, the plates usually have inherent initial 

curvatures.  The analyses are more complicated than those for ideally flat 

plates. 

      An alternative approach to such problem is now available in the form 

of a finite difference method.  This method achieves the numerical 

solutions with directly solving the differential equations.  Formulations 

are developed on the basis of Marguerre’s equations of large deflection of 

plates.  
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1.1 Basic Assumptions 
 

Because of the non-linearity, the large deflection analysis of imperfect 

metal plates is complex. Certain simplified assumptions must be made to 

provide a solution that is reasonably good and consuming less efforts and 

computational time.  

      The main assumptions made in the present study are as follows: - 

3. The material of the plate is homogeneous and isotropic. 

9. Thin plate theory applies so that plane section remains plane and 

transverse shear deformations are neglected; again this is acceptable 

for plate structures. 

0. A Lagrangian (fixed) co-ordinate system is used.  This formulation 

is valid provided that the slope 0.1, 








y

w

x

w
. 

4. The residual stresses resulting from the restraining effect of the 

welded edges after buckling are neglected. 

   

1.3 Theory of Plate Analysis 
 

The finite difference formulation is used to solve  Marguerre’s theory for 

thin plates with constant or variable thickness cross section and with 

initial imperfection for various boundary conditions and various types of 

loading. 

 

1.3.3 Marguerre’s Theory 
 

The following theory is used to analyze the behavior of an isolated 

rectangular thin plate which is initially deformed out of its plane and 

which carries in-plane and normal load.  The plate is treated like a shell.  

The accuracy of this theory is studied by a lot of researchers
(02)

. 
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A finite out-of-plane deformation analysis is carried out on isolated 

plate using the finite difference method based on strain-displacement 

relationships given by Marguerre’s theory. The applied load is an in-plane 

compressive loading. 

 

1.3.3 Background to Marguerre’s Theory 
 

The membrane theory of plates was first studied by Euler [3611], and the 

flexural theory by Bernoulli [3678] and Navier [3713].  Kirchhoff 

[3766] and Saint-Venant [3771] developed the theory for combined 

membrane and flexural effects
(44)

. 

At the turn of last century, the equation governing the buckling of 

flat plates was available and it was known that it formed the basis of an 

Eigen-value problem.  At that time it was not recognized that, as the plate 

buckled, the values of in-plane stresses at a given point would vary 

because of the stretching of the plate. 

The next development that overcame this deficiency was due to 

Fopple, who introduced the concept of the stress function [3896] and 

paved the way for Von-Karman [3839] to derive the two governing 

equations for perfectly flat plates.  These equations enabled the post-

buckling behavior of perfectly flat plates to be studied and the large 

deflection analysis of a plate, subjected to transverse loads only.   

The Von-Karman large deflection equations for perfectly flat 

isotropic plates with in-plane loading were modified to account for the 

effects of initial imperfections in the late 3243’s. 

Marguerre’s equations of imperfect plates were derived in 3201 and 

can be used to study a number of cases of practical interest.  Isolated 

plates with initial imperfections have been solved by approximate 

analytical methods (e.g. by Coan
(34)

 , Yamaki
(22)

). 
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Also, Bilstein (according to Ref. (44)) obtained a number of 

solutions for an imperfect stiffened plate by using an iterative Runge-

Kutta method.  His study showed that a stiffened plate with a small initial 

imperfection would reach the point of first yielding at a much lower load 

than one, which is perfect.  This has important implications for designers 

who may be required to carry out checks to ensure that no part of the 

panel yield at working loads (serviceability checks) and for fabricators 

who could be asked to build such a panel to be within specified 

tolerances.  A considerable number of particular solutions of Marguerre’s 

equations for imperfect plates have been given by Rushton
(49)

 [3818], 

Aalami and Chapman
(3)

 [3818].      

 

1.3 Derivation of Marguerre’s Equations for an Initially 
Imperfect Elastic Plate. 
 

1.3.3 Plate with Constant Thickness 
 

The following theory is used to analyze the behavior of an isolated 

rectangular thin plate, which is initially deformed out of its plane, and 

which carries normal load Y per unit area.  The plate is treated like a 

shallow shell with initial shape given by
(44)

: 

 

wo= wo(x,y) (1-3) 
 

It is assumed that (w) is small enough to make the usual 

approximations for small slopes.  The deflection (w) of a point in the 

middle surface of the plate is measured from its position to its final 

position in a direction parallel to that of the (z-axis).  Thus, the distance 

between a general points (x,y) in the deformed plate and the (x-y) plane 

after deformation is (w+wo).  In a plate of thickness (t), the stress 

resultants (per unit width of plate) are listed below.  For consistency with 

most other authors in this field tensile stresses and tensile loads are taken 
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as positive throughout this section.  Thus the critical stresses and end load 

will be compressive and therefore have negative values. 
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where the integration are taken from ( 2t ) to ( 2t ) and t is in z-

direction.  The equilibrium equations on element in its deformed position, 

as shown in Figure (0.3), are: - 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure (1.3): Forces acting on an element of a plate in its deformed position(44). 
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The following algebraic manipulations are now carried out. Qx and 

Qy are eliminated from the last three equations (0-0), the first two of 

equation (0-0) are introduced and finally, the following substitutions, 

which satisfy the first two of equation (0-0), are made: - 
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where Φ is a stress function.  After ignoring certain terms, which are 

considered to be small, which this leads to the following equation: - 
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These resultant forces can be expressed in terms of usual form 

(Timoshenko and Woinowdsky-Krieger (3242)),  
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where ε and γ are strains.  The compatibility conditions are obtained by 

considering the geometrical shape as the element is stretched and 

deformed, as shown in Figure (0.9). 

 

 

 

 

 

 

 

 

 

 

By using Pythagoras’ theorem and a truncated binomial expansion 

it can be shown that the strains and curvatures are
(44)

: - 
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Figure (1.3): Displacement w causes stretching of the element(44). 
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      By eliminating ux and vy from these equations (0-2), the compatibility 

equation is obtained: - 
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(1-7) 

 

After rearranging equation (0-1) so as to express these strains and 

curvatures as function of the stress resultants and by using equation (0-4), 

then: - 
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By similar algebraic steps it is possible to write the equilibrium equation 

in terms of w and Φ thus 
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Equations (0-2) and (0-33) are Marguerre’s simultaneous non-linear 

partial differential equations.  
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1.3.3 Plate with Variable Thickness 
    

The large deflection of an isotropic rectangular plate with linearly tapered 

thickness in the x-direction is considered, as shown in Figure (0.0).  The 

plate has out-of-plane deformation up to several times of the plate 

thickness. The basic differential equation for the membrane actions is 

derived as follows: - 

Starting from the equilibrium and compatibility of a thin plate 

element and expressing the strains and curvatures as functions of the 

stress resultants, the following equations are presented: - 
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(1-33) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The stress-strain relationships become as follows: - 

Figure (1.1) Rectangular thin plate with variable thickness under axial load(94). 

(a) Plate under axial load. (b) Plate cross section. 
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where  xctt tox  1 ; in which   ooat atttc  ; to and ta denote the 

thickness at the sides x = 3 and x = a. 

Obtaining the required derivatives for equations (0-39) 
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  The substitution of these derivatives in equation (0-33) yields: - 
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By expressing equation (0-34) as a function of stress resultants by 

using equation (0-4), the compatibility equation (0-34) becomes: - 
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By similar algebraic steps it is possible to write the equilibrium 

equation in terms of w and Φ, thus: - 
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(1-36) 

These equations (0-34) and (0-32) may be considered as the basic 

(or governing) differential equations for a plate with constant or variable 

thickness and subjected to transverse and axial compressive load, as 

shown in Figure (0.0). 
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The finite difference method offers an alternative and very 

powerful way of solving equation (0-33) used by Fok
(31)

 [3879].  Also the 

same method was used to solve the equation (0-32) by Husain, et al.
(94)

 

[3993], to obtain the critical stresses and the buckling mode for a 

rectangular thin plate and with variable thickness with various boundary 

conditions. 

To study the behavior of a plate with initial imperfection ( 0ow ), 

it is necessary to solve the simultaneous non-linear Marguerre’s 

equations.  There appears to be no exact solution but the equations have 

been solved for isolated plates by approximate analytical methods (e.g. 

Coan
(34)

 [3833], Yamaki
(22)

 [3838]) and by numerical methods (e.g. an 

iterative Runge-Kutta method and the finite difference method). 

 

1.1 Boundary Conditions 
 

Yamaki
(22)

 [3838] and Abdel-Sayed
(0)

 [3818] solved Marguerre’s 

equations for various boundary conditions.  Their analyses cover three 

different cases with pinned end conditions. 

 

I-Case (a): The edges parallel to the x-axis (y=9,b) are kept straight and 

fixed (vy=9).  In practice, this represents a plate, which is restrained 

against lateral movement by massive framing with other members.  

 

II-Case (b): The edges parallel to the x-axis (y=9,b) are kept straight (vy= 

constant).  This case represents a plate panel in a wide stiffened plate with 

axial loading.  The edges of the plate panel are constrained to remain 

straight by the surrounding plate panels but they can move inwards. 

 

III-Case (c): The edges parallel to the x-axis (y=9,b) are free so they can 

develop in-plane displacement as the plate buckles ( yv constant).  An 

example of this kind is the buckling of a plate panel in a narrow stiffened 
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plate.  In this case the surrounding plate cannot prevent in-plane 

distortions. 

For the present problem, the covering plates are spread widely and 

hence the boundary condition of the plate elements is of the second kind. 

Figure (0.4) illustrates the buckling of a stiffened panel.  In order to 

isolate the plate panel for the purpose of analysis, basic assumptions must 

be made in regard to the flexural and membrane boundary conditions. 

If the laterally loaded plate is simply supported and subjected to 

uniform in-plane compressive load (Nx) in the x-direction, and if the 

loaded edges are free from shear stress and the unloaded edges are stress-

free, the boundary conditions can be written as: - 

 

A-Unloaded Edges 
 

A-3- Flexural Boundary Conditions: - 

At y = 9 and y = b 

The deflection at edges is equal to zero (w=9) and bending moment in y-

direction is equal to zero (My =3)  

0
2

2

2

2


























x

w
v

y

w
DM y  (1-37) 

 

A-3- Membrane Boundary Conditions: - 

At y= 9 and y= b 

Shear stress is equals to zero ( 0xy ) 
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Stress in y-direction is equals to zero ( 0y ) 
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B-Loaded Edges 
 

B-3- Flexural Boundary Conditions: - 

At x = 9 and x = a 

The deflection at edges is equal to zero (w =3) and bending moment in x-

direction is equal to zero (Mx = 3)  
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B-3- Membrane Boundary Conditions: - 

At x= 9 and x= a 

Shear stress is equal to zero ( 0xy ) 
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Figure (0.4) Buckled plate(61) 
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1.6 Membrane Stresses Distribution Inside The Plate 

 

Figure (0.4) shows a typical example of the axial membrane stress 

distribution inside a plate element under predominantly longitudinal 

compressive loading, before and after buckling 
(33)

.  It is noted that the 

membrane stress distribution in the loading x- direction can become non-

uniform as the plate element deflects (or buckles).  The membrane stress 

distribution in the y-direction also becomes non-uniform if the unloaded 

plate edges remain straight, while no membrane stresses will develop in 

the y-direction if the unloaded plate edges move freely in-plane.  The 

maximum compressive membrane stresses are developed at the plate 

edges that remain straight, while the minimum tensile membrane stresses 

occur in the middle of the plate element where a membrane tension field 

is formed by the plate displacement since the plate edges remain straight.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (0.4) Membrane stress distribution inside plate element under longitudinal 
compressive loads(39). 

(b) After buckling, unloaded 
edges move freely in-plane. 
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(C) After buckling, unloaded edges kept straight. 
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(a) Before buckling. 
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Chapter Four 

ELASTO-PLASTIC ANALYSIS OF 
RECTANGULAR THIN PLATE WITH 

INITIAL IMPERFECTION 
 

 

1.4 General 
 

Because of the wide use of thin-walled structures such as bridges, 

cranes and hoists, steel-building structures, ship structures, and airplane 

structures, it is very important in the designing process of these 

structures not only to determine the load-carrying capacity (the ultimate 

load), but also to analyze the structure’s behavior up to collapse.  It is 

very important to know in what way the structure fails, that means 

either failure happens rapidly without earlier signs of catastrophe 

(brittle structure) or it proceeds slowly with warning against catastrophe 

(ductile structure).  It is obvious that the second character of failure is 

more desirable.   

       The determination of the failure stress of thin-walled structures 

under compressive loads is a topic, which has attracted considerable 

attention over the past hundred years.  Box [4881] appears to have been 

the first to propose a formula for the failure stress ( f ) of a simply 

supported mild steel panel with uniform in-plane stress in one direction 

only.  That is: - 

 

  50
1236

.
f tb


   MPa (1-4) 

     

       Over the last 45 years there has been a proliferation of formula 

which enables designers to estimate stresses but nearly all of these 

formulas to a lesser or greater extent include empirical rules.  While it is 
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obviously desirable for designers is to have at their disposal simple 

rules such as equation (5-1), the rules should be based upon sound 

theoretical concepts with a back up of careful experiments.  Failure of a 

mild steel panel is a complicated elasto-plastic process, which depends 

upon the geometry of the panel, its initial imperfections, the yield stress, 

and the boundary conditions (both in-plane and out-of-plane).  It is self-

evident that a simple formula such as equation (5-1) can not account for 

all these factors. An “exact” elasto-plastic analysis of a thin-walled 

structure up to and beyond ( f ) is complicated even with the aid of 

present day computing techniques.  There have so far been few attempts 

to follow the history of even a simple imperfect plate into the elasto-

plastic range. Such analysis is expansive in computer time and it is 

unlikely that designers can use these techniques directly as design tools.  

Nor it is likely that design tables could be produced to cover the whole 

range of problems likely to confront designers
(54)

.   

       However “exact” theories, although limited in scope, are 

important because they provide a yardstick for judging other theories.  

There are many methods of analysis, which are usually easier to use 

than “exact” methods and they cover a wider range of problems.   

This chapter will deal with an easier elasto-plastic analysis of thin 

steel plates with initial imperfection for constant and variable thickness 

by means of the finite difference method. 
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1.4 Material Non-linearity 
 

This is introduced when material properties vary with the loading 

condition, i.e. the constitutive laws are a function of the current load so 

that the stress-strain relationship is non-linear.  Plate structures are 

fabricated from ductile material whose behavior may be divided into 

elastic and plastic phases.  It may also be assumed that the plastic strain 

does not grossly exceed the yield strain of the material
(93)

.  

       Material non-linearity does not require a formulation of the basic 

(governing) differential equation. The required elasto-plastic 

relationships between stresses and total strains may be derived from the 

simple two-dimensional relationship with the flow theory of plasticity 

being used to evaluate the plastic components of strains.  To determine 

whether any given combination of stresses is sufficient to cause yield, it 

is necessary to define a yield criterion and elasto-plastic stress-strain 

relationships. 

 

1.4.4 Yield Criterion 

 

A yield criterion must be able to define the onset of the plasticity under 

combination of stress.  The criterion established by Tresca [4881] and 

Von-Mises [4941] are well known.  For plate structures, an account 

would be obtained by the Von-Mises criterion
(39)

. 

       This criterion is shown in3-dimensional stresses as following: - 

  013
1 222

2
.f xyyxyx

o

 


 (1-4) 

 

where  

o : is the uniaxial tensile yield stress, x  and y  are the direct (or 

normal) stress components in the x and y directions, and  

xy  : is the shear (xy)stress.  The stresses which include the bending and 

membrane components are defined as: - 
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mb

mybyy

mxbxx













 (1-1) 

 

       In the present study, the cross section is divided into a number of 

layers, when the equivalent stress at a certain layer reaches the yield 

stress of the material in uniaxial tension, this layer is considered to 

yield.  

 

1.4.4 Elasto-Plastic Stress-Strain Relationships 
 

An ultimate strength analysis usually requires the non-linear behavior of 

the material to be taken into consideration.  The macroscopic behavior 

of the material can be described by a mathematical model (plasticity 

theory).  The two major plasticity theories are the deformation theory 

and the flow theory.  The deformation theory assumes a unique relation 

between total stresses and the total strains
(93)

.  Hencky proposed the 

following formula: - 

 
ij

p
ij S

G






2

3
  (1-1) 

  

where  

Sij : deviatoric stress tensor.  

 : is the effective stress.    

G : is the shear modulus. 
 

However, experiments do not agree very well with Hencky’s 

theory, especially for cyclic loading.  The stress-strain relation for the 

real elastic-plastic material is not only a function of the present loading 

as equation (5-5) but the previous plastic deformations should also be 

incorporated. 
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       In the flow theory the plastic deformations are “memorized” by 

integrating an equivalent plastic strain increment over the load history.  

It gives out an incremental relationship between stresses and strains.  

The mathematical model includes two major parts.  The first 

assumption is that there exists a so-called loading function (f) in stress 

space. This function is such that the state of the material is given by the 

volume of (f) for structures composed of thin plates as in this study, the 

Von-Mises function may be used as the loading function.  The other 

part of the flow theory is the flow rule, which gives the incremental 

stress-strain relation.    

       The flow theory is based on two major assumptions.  The first is 

that elastic and plastic strains can be added.  It is relevant here since the 

strains are small. 

 

p
ij

e
ijij    (1-5) 

 

The elastic and plastic strains can therefore be treated separately.  

The plastic deformation is assumed to be incompressible: - 

 

 0
p
ii  (1-8) 

 

where the repeated index indicates summation (i=1, 3, 9).  

The second assumption to be made is that the material is stable as 

defined by Drucker who considered an element initially in some state of 

stress to which by an external agency an additional set of stresses are 

slowly applied and slowly removed.  In the cycle of application and 

removal of the added stresses, the work done by an external agency is 

non-negative.  From the work of Prandtl-Reuss, the flow rule may be 

written as: 

 

ij
p
ij    (1-7) 
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where 
p
ij  is the plastic strain increment tensor,   is a factor of 

proportionality, ij is the total stress.   

The flow rule may be re-written as the associated flow rule: 

ij

p
ij

f






  (1-8) 

 

For plastic flow to occur, a neutral loading condition must be 

maintained i.e.: 

 0



ij

ij

d
f




 (1-9) 

   

 

1.1 Yield Criterion Formulation 
 

The present theory involves a volume integral and based on Von-Mises 

yield criterion, which has been used in the computer program. 

After yielding occurs, any change in the stress state which does 

not involve unloading must be such that the new stresses remain on the 

yield surface, i.e. the direction of the change in the stress must be 

tangential to the yield surface
(39)

, or 

0

















j

j

f



 (1-41) 

 

where j=1,3,9 and summation on a repeated subscript is implied, in this 

equation and in those that follow. 

 

       The incremental stress-strain equations can be expressed as: - 

   p
iiijj E    (1-44) 

 

where [Eij] is the elastic modulus of rigidity and 
p
i  is the plastic part 

of the total strain i ; the subscripts i =1and 3 are used denote the x and 

y directions and 9 denotes the shear (xy)direction.   

Using the Prandtl-Reuss flow rule, the plastic strain components 

are normal to the yield surface, as equation (5-4). 
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       Eliminating 
p
i from equations (5-4) and (5-11) gives: 

   













i
iijj

f
E


  (1-44) 

 

Substituting this expression for j into equation (5-15) yields: 
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 (1-41) 

 

This can be rearranged, using permissible changes of dummy 

subscripts, to give: - 
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where 
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       By substituting equation (5-15) back into equation (5-13) then: - 

       
*

E  (1-48) 
 

where the elements of the symmetric matrix [E]
*
 are given by

(94)
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(1-47) 
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where 
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(1-48) 

        

       Now 1 when plastic flow occurs in the layer, i.e. when 

22
oe    and S1>5.  However, 0 when the strain increments are 

completely elastic, i.e. when 22
oe   (no yielding) or when 22

oe    

and 03 S (elastic unloading from the yield surface). 

Where 

e is the effective stress. 

       Equations (5-14), (5-14) and (5-14) summarize the incremental 

stress-strain relationship, and are applicable whatever the elasto-plastic 

state of the material. 

       By using incremental strains, and the [E]
*
 values used in the last 

incremental and the previous total stresses, the current total stresses in 

each layer are calculated 

        
*

oldnew E  (1-49) 
 

       These stresses are substituted into (5-3), if yield is occurring, and 

/or if it was occurring in the previous increment, the value of S1 is 

checked.  If S1 is less than or equal to zero the rigidities for that layer at 

that node retain or are reset to their elastic values (the latter case arises, 

for instance, if unloading of the layer occurs).  If S1 is greater than zero 

the stress components are used in the elasto-plastic rigidity formula to 

derive new values of [E]
*
 for that layer.    
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1.1 Incremental Forms of the Governing Differential 
Equations 
 

To study the elasto-plastic analysis of rectangular thin plates, the 

incremental method of solution is applied to this end, a set of 

incremental governing equations should be derived.  First, the load is 

assumed to be applied incrementally, at the end of load step (i-1), the 

deflection and the stresses expressed by a stress function, which may be 

obtained and denoted by wi-4 and Φi-4 respectively.  

       The governing differential equations (9-14) and (9-14) for this 

state may be written as follows: - 
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(1-44) 

 

Applying the i th load increment, the deflection and the stress 

function increase by Δw and ΔΦ and their total values may be written as 

follows: - 









1

1

ii

ii www
 (1-44) 

 

      Substituting equations (5-33) into equations (5-35) and (5-31), the 

governing equations at the end of the i th load increment may be 

expressed as: - 
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   Subtracting equation (5-35) from equation (5-39) and equation (5-31) 

from equation (5-35), the following two equations may be obtained: - 

     

 































yyxx

xx
t

yy,iyy
t

xx,i

xy
t

xy,ixy

x

yyxxxyyxxx

ww

wwww

www

Et

vZF

11

1
2

4

2
 (1-45) 

     

         

 
  








































q

www

www

www

wvwDwwDwD

xyxy
t

xy,ixy,ixyxy,i

yyxx
t

yy,ixx,iyyxx,i

xxyy
t

xx,iyy,ixxyy,i

yyxxxx,xxyyxxxx,x

111

111

111

4

2

22

 

(1-48) 

 When these equations (5-34) and (5-34) are used for material non-

linearity they become as: - 
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where 

  totnneq IIEIEIEE  .............2211  (1-49) 
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Equations (5-34) and (5-34) are the incremental governing 

differential equations for the large deflection behavior of plates with 

initial imperfection. 

      Ueda, et al. derived these incremental equations but they neglected 

small quantities of higher order of (Δw and ΔΦ).  Galerkin method used 

to solve these equations where at the end of load incremental i, the 

deflection contains an error ( rw ) due to neglecting high order terms.  In 

the present study, the small quantities of high order of (Δw and ΔΦ) are 

considered.    

Figure (1.4): Section discretization into a number of layers. 
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1.5 Ultimate Strength of Plate Panel under the Action of 
Complex Stress Distribution  
 

The method of analysis of a plate panel subjected to both in-plane 

normal and shearing stresses is identical to that used in the analysis of 

the general case of a plate girder subjected to a system of complex 

stress distribution.  The collapse mechanism of such condition is shown 

in Figure (5.3).  Any other condition is a special case of the mechanism 

illustrated herein.  It is known that the line mn and rh are parallel when 

the plate panel is subjected to shearing stresses only.  This is because of 

the antisymmetry in the panel. But when also normal stresses exist then 

these lines will not be parallel
(54)

. 

      In the analysis of the mechanism as shown in Figure (5.3), it is 

considered that there are three stages as the loading stages up to 

collapse. 

 

1.5.4 Unbuckled Behavior (Stage 4)   
 

The plate remains flat until it reaches its critical stress.  If the plate 

panel is subjected to pure shearing stresses then the critical shearing 

stress ( cr ) is
(54)
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      If the plate is subjected to bending normal stresses only, the critical 

bending stress ( cr ) is: 
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      When shearing stresses and bending normal stresses act 

simultaneously, it is possible to determine their critical values by using 

either the finite element method or the finite difference method.  

However, accurate values are obtained by using the following equation: 
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 (1-15) 

 

where 

cr : is the critical value of the bending normal stress at the edge 

midway between the panel ends. 

cr : is the critical value of the of shearing stress when both shearing 

stresses and normal stresses act. 

mb is the membrane bending stress. 

m is the membrane shear stress. 

 

 

 

 

 

 

 

 

 

1.5.4 Post-buckling Behavior (Stage 4) 
 

Once the critical stress is reached, the flat plate starts to buckle (for a 

plate with initial imperfection, the plate enters immediately the post-
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(A) Post-buckling stage 
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(B) Collapse stage 

Figure (1.4): Analysis of plate panel subjected to in-plane normal and shearing 
stresses.  
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buckling range) and the plate can not carry any increase in compressive 

stress.  Any additional load has to be supported by the tension field 

action (Figure (5.3)).  It is assumed that the shearing and bending 

stresses remain at their critical values ( m and mb ) and that there are 

additional membrane stress t , this stress is inclined at an angle s  to 

the horizontal and it will carry any increase in the applied load.  

 

1.5.1 Ultimate Load Behavior (Stage 1) 
 

When the material in the region (mnrh) reaches yield, the panel 

becomes a plastic mechanism and it can not sustain any further increase 

in load.  In this ultimate state the additional membrane stress t reaches 

its maximum value (
y
t ).  In order to evaluate the maximum load 

carrying capacity of the panels, the analysis for the mechanism is 

needed. 

      By transforming stresses using Mohr’s circle, the state of stress at a 

point in the tensile region at a plane, which is inclined by an angle s , 

could be found.  
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(1-18) 

 

      The failure condition is reached by adding (
y
t ) to ( y ) and by 

introducing a yield criterion.  Hence, by using Von Mises-Hencky 

criterion, the yield stress at the plate panel is ( y ) where: 

 

    222
3 yx

y
tyxx

y
tyy     (1-17) 
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1.8 Solution of Non-Linear Equations by Numerical Methods 
 

The numerical analysis of initially deformed plates of rectangular shape 

had been carried out by several authors (e.g. Basu and Chapman
(5)

 

[4988], Aalami and Chapman
(1)

 [4989], and Fok
(14)

 [4981]) using the 

finite difference method.  Because of the non-linear nature of the 

Marguerre’s equation, their equivalent finite difference equations are 

also non-linear and their solution is found by using iterative methods. 

      In the present study, the finite difference method employed to solve 

the basic (or governing) differential equations for buckling and post-

buckling analysis. By applying the finite difference molecules, Figure 

(5.9), at the interior nodes of the subdivided plate, the equations are 

converted into matrix a expression.  The set of equations can be written 

as: - 

 

      0 wBA  (1-18) 
     

       qwDwC   (1-19) 
 

where 

 [A] : is a square matrix of stress stiffness. 

 [C] : is a square matrix of displacements stiffness. 

 w,Φ : are displacement and stress function, respectively. 

 q : is the given loading. 

      At each of these node equations ((9-14) and (9-14) or (5-34) and   (5-

34)) give the finite difference equations with w and Φ as unknowns.  

The terms due to initial deflection (wo), however, appear as numbers. 

      The solution is obtained by a method of successive approximation 

which is fairly convergent and which can be carried to any desired 

degree of accuracy.  It may be noted that when numerical values are 
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assigned to (Φ), equation (5-93) becomes linear and similarly equation 

(5-94) becomes linear when (w) is assigned by numerical values. 

      To facilitate the discussion of the sequence of the numerical 

computations, the following notation has been employed as: - 

1- Define the desired load level. 

3- As the out-of-plane displacement vector {w} is not known; an 

initial displacement vector {w}1 will be assumed likely (5.551). 

9- Put the assumed vector {w}1 in equation (5-94) to evaluate new 

stress vector {Φ}1 . 

5- Put stress vector {Φ}1 from step (9) and displacement vector {w}1 

in the second term of equation (5-93) to evaluate the new 

displacement vector {w}3. 

4- Compare displacement vector {w}3 with the corresponding 

deflection {w}1. If the difference is greater than a specified 

percentage of errors (r=5.10), calculate 

     212
5.05.0 www mean   and repeat the steps (9-4) until the 

desired convergence criterion is achieved.  The whole procedure is 

repeated for the new increment load value.  
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Figure (1.1): Plate equation in finite difference molecule form(34). 
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where 

A  : 2244 866 yxyx hhhh   

Bx :  2224 yxy hhh   

By :  2224 yxx hhh   

C : 222 yxhh  

Dx :
4
yh  

Dy :
4
xh  

hx , hy :Mesh size in x and y-direction, respectively. 
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Chapter Five 

APPLICATIONS AND DISCUSSIONS 
 OF RESULTS 

 

 

1.5 General 
 

To study the effect of different parameters such as: slenderness ratio, 

aspect ratio, initial imperfection, boundary condition, and tapering ratio 

on the post-buckling and elasto-plastic behavior of rectangular thin plates, 

several plates are analyzed by using the finite difference method.  

  

 The analysis is made into two stages: - 

 Studying the post-buckling behavior of the plates under in-plane 

compressive load and with various boundary conditions, various 

aspect ratios, and different values of tapering ratios.   

Non-dimensional relationships of load-deflection and contour line 

diagram of the out-of-plane displacements are given to show the post-

buckling behavior of these plates. 

 Studying the elasto-plastic behavior of the plates under in-plane 

compressive load for simply supported plates with different values of 

slenderness ratio (b/t), and for constant and variable thickness, the 

relationships of non-dimensional average stress-average strain are 

introduced. 

 

 The results obtained are compared with the available experimental 

works and theoretical techniques.  
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1.5 Computer Program 
 

 

A computer program is prepared, as a part of this study, for non-linear 

analysis of rectangular thin plates with various boundary conditions, 

various aspect ratios, different values of initial imperfection, and different 

values of tapering ratio. 

 

         The computer program not only solves the two sets of linear 

equations but also forms the necessary matrices and carries out 

automatically all the intermediate calculations and checks.  Also the 

program can solve the characteristics equations. 

 

         The input data consists of the overall geometry of the plate, the 

material properties, type of boundary condition, type of loading, , value 

of initial imperfection, loading edges, and size of mesh. 

 

         The output of the computer program includes non-dimensional 

maximum deflection (w/t), non-dimensional load ( 322
EtbPx  ), 

average strain, and average stress. 

 

 The computer program is written in FORTRAN 09 language 

executed by PC PENTIUM II at 366 MHz Intel processor compatible 

computer with 861 MB RAM.  The structure chart of this program is 

given in Figure (3.8) to outline the main steps in the program.  
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 Figure (1.5): Structure chart of computer program. 
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Input data file 

Calculate stiffness matrix [C] 
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Calculate in-plane stiffness matrix [A] 

Apply increment of load (Pi= Pi-8+ΔP) 

Calculate out-of-plane 

displacement and stress 

function 

Subroutine to calculate 

stresses (membrane 

and bending) 

Check stresses at 

nodes, if (σ>σo) 

Update stiffness 

matrix [C] 
o 

 

Calculate the average strain 

across the width of the plate. 
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with yield strain ε:6εo 

Output data file 

End 

o 2  

 σ<σo  

o 2  
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1.5 Post-buckling Analysis 
 

 

In order to study the effect of initial imperfections, boundary condition, 

and the variation of thickness on the geometric non-linearity of a plate 

under compressive load, several plates are analyzed. 

 

1.5.5 Mesh Effect 
 

The finite difference equations are solved, for a given value of load and 

amplitude of initial imperfection, using the successive iteration method.  

The rate of convergence of which depends on the mesh size and on the 

order of the finite difference approximation. The mesh effect has been 

investigated for a square plate.  Table (3.8) gives a measure of 

convergence as a function of mesh size.  It can be seen that (86  86) 

mesh for this problem which is shown in Figure (3.6) gives results to 

within 81 of the eventual asymptotes.    

     

 

 

 

Mesh Intervals Maximum Deflection (w/t) 

1  1 9.118 

89  89 9.1.8 

86  86 9.122 

86  86 9.126 

82  82 9.129 

81  81 9.130 

 

Table (1.5): Finite difference solution for a simply supported square plate 
subjected to uniaxial compressive load, ( 0/,25.1  twPP crx ). 
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1.5.5 Comparison with Experimental Investigation   
 

The accuracy of the results of the present study in the analysis of real 

panels is compared with the experimental and numerical results obtained 

by Mirambell, et al 
(69)

 [8006] on simply supported panels.  The properties 

of a specimen are shown in Figure (3.6).  The numerical analysis of 

Mirambell, et al is based on the displacement formulation of the finite 

element method for the non-linear analysis of general steel shell 

structures. 

 In the present study, this plate is analyzed based on the prescribed 

procedure and it is divided into (6686) divisions. 

 Figure (3.6) shows a comparison with the experimental and the 

numerical results for the out-of-plane displacements. The results obtained 

from the present study are closed to the test and theoretical results 

obtained by Mirambell, et al [8006]. The present study solves the 

differential equations directly but the finite element does not solve these 

equations.  The load-deflection results are listed in Table (3.6). 

Figure (1.5): Plate geometry showing finite difference mesh(.2). 
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a=5511 (mm) 

b=011 (mm) 

t=5 (mm) 

E= 551111 MPa 

v= 1.5 

wo=5..5 sin (5π x/a) sin (π y/b) 

 

Figure (1.5): Details of a rectangular simply supported thin plate and 
material properties. 

Px 

Figure (1.5): Post-buckling and contour line behavior of a rectangular simply 
supported thin plate under uniaxial compressive load. 
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(b) Contour line diagram for 
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Max. Deflection ((w+wo)/t) Load 

(Pxb
5/π5Et5) Present study 

Theoretical 

results
(04) 

Experimental 

results
(04) 

44604 44604 44604 4 

44700 44700 44766 441.0 

44000 44700 44066 44.10 

14016 14.00 14000 44066 

14644 14544 14754 440.0 

.4404 .4444 .4.00 44506 

.4044 .4066 .4644 44600 

 

 

1.5.5 Comparison with Available Theoretical Investigation   
 

The following comparisons concern a plate model of thickness t=9.98(m), 

E=689
2 kN/m6, and v=9.6.  The plates have initial imperfection (wo/t) of 

(9, 9.98, 9.8, and 9.3).  The shape of initial imperfection is considered to be 

sinusoidal where wo is the amplitude of the initial imperfection at the 

center of the plate.  The influence of the type of loading on post-buckling 

behavior is studied. 

 

A- Simply Supported Square Plate under Uniaxial Compressive Load 
 

Figure (3.3) shows the load-deflection curve and the contour line diagram 

for the out-of-plane displacements of a simply supported thin square plate 

under uniform compressive load.  The results of the present study are 

compared with the results of Williams and Walker study
(.3)

. Good 

agreement with these theoretical results is achieved.  This comparison is 

listed in Table (3.6). 

Table (1.5): Comparison of results with experimental and theoretical studies. 
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Max. deflection ((w+wo)/t) 
Load 

Pxb
5/π5Et5 Present study 

Williams and 

Walker
(75) study 

44544 44544 4 

44604 44675 441.6 

44000 44064 44.50 

14.14 14.10 44060 

14.54 14.07 44004 

14014 14044 44045 

14004 14000 44056 

14564 14004 44547 

14674 14575 44557 

14704 14604 44640 

Table (1.5): Comparison of results of a simply supported thin square plate 
under uniaxial compressive load with initial imperfection (wo/t=1.1).   
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Figure (1.1): Post-buckling and contour line behavior of a square simply 
supported thin plate under uniaxial compressive load. 

 

 

(a) Load-deflection curve 

(b) Contour line diagram for 
out-of-plane displacements. 
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B-  Simply Supported Square Plate under Biaxial Compressive Load 
 

Figure (3.2) shows the load-deflection curve and the contour line diagram 

for the out-of-plane displacements of a simply supported thin square plate 

under uniform compressive load in two directions. The results of the 

present study are compared with the results of Williams and Walker
(.3)

 

study. Good agreement with these theoretical results is achieved.    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

C- Simply Supported Square Plate under Triangular Compressive Load 
 

Figure (3..) shows the load-deflection curve and the contour line diagram 

for the out-of-plane displacements of a simply supported thin square plate 

under varying in-plane compressive load.  This type is similar to a plate 

girder.  This figure shows a comparison of the present study with 

Figure (1.0): Post-buckling and contour line behavior of a simply supported thin 
square plate under biaxial compressive load. 
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 (a) Load-deflection curve 

(b) Contour line diagram for 
out-of-plane displacements. 
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available results of Williams and Aalami
(.2)

.  This comparison shows 

good agreement with their numerical results. 

   

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

D- Simply Supported Rectangular Plate under Compressive Load 
 

Figure (3.1) shows the load-deflection curve and the contour line diagram 

for the out-of-plane displacements of a simply supported thin rectangular 

plate with aspect ratio (a/b=9.22) and under compressive load in 

longitudinal direction. This figure shows a comparison of the present 

study with those of Williams and Walker
(.3)

 study. Good agreement with 

their theoretical results is noticed.    
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Figure (1.5): Post-buckling and contour line behavior for a simply supported thin 
square plate under uniaxial varying compressive load. 
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 (a) Load-deflection curve 

(b) Contour line diagram for 
out-of-plane displacements. 
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    From these figures, it can be noticed that: - 

8. The behavior of thin plates is very sensitive to initial 

imperfections.  The out-of-plane displacements are increased with 

increasing the magnitude of the initial imperfection.   

6. The plate under biaxial compressive load will buckle under the 

load less than the buckling load for a plate under uniaxial 

compressive load. 

6. The plate under varying compressive load will buckle under the 

total load more than the buckling load for a plate under uniform 

compressive load. 

6. Rectangular thin plates under compressive load in longitudinal 

direction will buckle under the load more than the buckling load for 

the square plate under compressive load but the post-buckling 
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Figure (1.5): Post-buckling and contour line behavior for a simply supported thin 
rectangular plate under uniaxial compressive load in longitudinal direction. 
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stiffness of this type of plate is less than the post-buckling stiffness of 

a square simply supported plate. 

1.5.5 Parametric Study 
 

The effects of two parameters (boundary conditions and tapering ratio) 

are studied and discussed in the following sections. 

 

1.5.5.5 Effect of Boundary Conditions  
 

The effect of boundary conditions on the post-buckling behavior is 

studied for a plate with constant thickness.  The initial imperfection (wo/t) 

is taken to be in the range (9, 9.98, 9.8, and 9.3). 

 

A- All Edges Clamped   
 

Figure (3.0) presents the load-deflection curve and the contour line 

diagram for the out-of-plane displacements of a square thin plate with all 

edges clamped.  The initial imperfection was considered to be a 

sinusoidal curve.  
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 (a) Load-deflection curve 

(b) Contour line diagram for 
out-of-plane displacements. 
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B- Loaded Edges Simply Supported and the Other Edges Clamped   
 

Figure (3.89) presents the load-deflection curve and the contour line 

diagram for the out-of-plane displacement of a square thin plate with 

loaded edges being simply supported and the other edges clamped. The 

initial imperfection was considered to be a sinusoidal curve. This figure 

shows that the plate buckles in two waves in the x-direction. 

 

C- Loaded Edges Clamped and the Other Edges Simply Supported   
 

Figure (3.88) presents the load-deflection curve and the contour line 

diagram for the out-of-plane displacements of a square thin plate with 

loaded edges clamped and the other edges simply supported.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure (1..): Post-buckling and contour line behavior for a rectangular thin plate 
under uniaxial compressive load. 
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Figure (1.51): Post-buckling and contour line behavior for a square thin plate 
under uniaxial compressive load. 
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Form these figures, it can be noticed that: - 

8. The buckling load for a plate with all edges clamped is greater 

than the buckling load for the plates having simply supported edges. 

6. The buckling load for a plate with loaded edges simply supported 

and the unloaded edges clamped is more than the buckling load for 

the plate with loaded edges being clamped and the unloaded edges 

simply supported, because of the restraint in the unloaded edges. 
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Figure (1.55): Post-buckling and contour line behavior for a rectangular thin 
plate under uniaxial compressive load. 
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1.5.5.5 Effect of Tapering Ratio 
 

The effect of tapering ratio on the post-buckling behavior is considered in 

the present study. The values of tapering ratio (ta/to) is taken to be (8.9, 

8.63, 8.3, 8..3, and 6.9).  The initial imperfection (wo/t) is taken to be in the 

range (9 and 9.8) and the effect of load direction is also taken into 

account. 

 

 Figure (3.86) presents the load-deflection curve for a simply 

supported thin square plate under uniaxial load in x- direction (the 

direction parallel to thickness variation).  This figure shows a comparison 

between a plate with constant thickness and variable thickness and for 

perfect and imperfect condition. The load-deflection results of the 

imperfect plate are listed in Table (3.6). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

P
x
b
5
/π

5
E

t5
 

     

Max.Deflection   avo tww   

 

 

Max.Deflection   avo tww   

 (a) Perfect plate (b) Imperfect plate (wo/tav=1.5) 

Figure (1.55): Post-buckling behavior of a simply supported thin square plate 
with variable thickness under unaxial compressive load in x-direction.  
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Load 

Pxb
5/π5Et5 

Max. deflection ((w+wo)/tav) 

ta/to 

8.9 8.63 8.3 8..3 6.9 

9 9.899 9.899 9.899 9.899 9.899 
9.862 9.839 9.839 9.833 9.831 9.826 
9.636 9.699 9.689 9.661 9.609 9.322 
9.626 9.2.9 9..89 9.183 9.030 8.866 
9.693 9.163 9.116 8.999 8.8.9 8.669 

9.632 8.969 8.916 8.669 8.693 8.296 

9.39. 8.699 8.629 8.669 8.28. 8.169 
9.33. 8.629 8.669 8.309 8..09 6.999 

 

Figure (3.86) presents the load-deflection curve for a simply 

supported thin square plate under uniaxial compressive load in y-direction 

(the direction normal to thickness variation).  This figure shows a 

comparison between a plate with constant thickness and variable 

thickness for perfect and imperfect condition. 

 

 

 

 

 

 

 

 

 

 

 

 

Table (1.5): Load-deflection results of imperfect plate(wo/tav=1.5). 
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(b) Imperfect plate(wo/tav=1.5) 
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Figure (3.86) presents the load-deflection curve of a simply 

supported thin square plate under biaxial (Px=Py) compressive load. This 

figure shows a comparison between plate with constant thickness and 

variable thickness and for perfect and imperfect condition. 

 

 

 

 

 

  

 

 

 

 

  

 

 

 

 

 

 From these figures, it can be noticed that: - 

8. Buckling loads decreases with the increase of thickness variation. 

6. Post-buckling stiffness decreases with increase of thickness 

variation. 

6. The direction of the load (parallel or normal to the variation of 

thickness) affects the buckling and post-buckling behavior.  

6. The rate of reduction in post-buckling stiffness when the load is in 

x-direction (the direction parallel to thickness variation) is more than 

(a) Perfect plate 

Figure (1.55): Post-buckling behavior of a simply supported thin square plate 
with variable thickness under unaxial compressive load in y-direction.  
 

(a) Perfect plate (b) Imperfect plate(wo/tav=1.5) 
 

Figure (1.55): Post-buckling behavior of a simply supported thin square plate 
with variable thickness under biaxial compressive load.  
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the reduction when the load is in y-direction (the direction normal to 

thickness variation). 

 

1.5 Elasto-plastic Analysis 
 

1.5.5 Plate Dimensions and Properties 
 

To study the effect of material non-linearity in addition to geometric non-

linearity for a plate in compression, several plates with various 

width/thickness (b/t) were analyzed. 

 In the analysis, the plate dimensions (a) and (b) were taken as         

[a=9.1.3(m), and b=8(m)] to give an aspect ratio (a/b) equal to 9.1.3.  The 

effect of aspect ratio will be discussed in the next section.  Different plate 

thicknesses were selected to give width/thickness (b/t) ratios of 

(69,69,33,19) so that a range from the stocky plate to slender plate was 

considered.  The initial imperfection was assumed to be a sinusoidal 

curve.  The plate was loaded by the imposition of an in-plane 

compressive load.  The material properties of a steel plate were assumed 

to be as follows: - 

 

Modulus of elasticity (E)=69.999 MPa. 

Material yield stress ( o )=639       MPa. 

Poisson ratio (v)             =9.6. 

 

 
 

1.5.5 Effect of Plate Aspect Ratio (a/b) 
 

 

In the analysis, a single imperfect plate element with a prescribed aspect 

ratio (a/b) is considered.  The plate is assumed simply supported along all 

four edges.  This implies, in the structures, a distribution of out-of-

flatness uniformly and symmetrically rippled to the desired amplitude in 
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both x and y directions forming a grid of rectangles a  b.  The fact that 

such a distribution will never occur in practice should not be allowed to 

be obscure.  The important influence of (a/b) was studied by Little
(61)

 

[80..].  There are several cases where the plate behavior is influenced 

more strongly by (a/b) than by (wo/t).  For each case, if a random 

distribution of out-of-flatness exists in the structure, there will be a strong 

tendency for failure to occur where conditions are most favorable for 

buckles of the preferred half-wave length.  There will be some 

modification of behavior because the edges of each plate element are not 

perfectly simply supported, owing not only to the random (wo) 

distribution but also to the rotational restraint provided by stiffeners.  

However, the assumption of simply supported condition is necessary for 

the results to be on the safe side, especially at relatively low values of wo/t 

(61)
.    

 

 Moxham
(66)

 suggested that (a/b=9.1.3) is a suitable figure for 

general application, basing this conclusion on a limited number of 

calculations for very small (wo) values.  Little
(61)

 and Crisfield
(8.)

 

supported this conclusion.  Consequently, the theoretical results produced 

by Moxham, Little, and Crisfield for the elasto-plastic analysis of plates 

in compression were represented for plates with an aspect ratio 

(a/b=9.1.3). 

 However, the results produced by Harding
(66)

 and Frieze
(69)

 were for 

plates with an aspect ratio (a/b=8.9). 

 In the present study, the aspect ratio was considered to be (9.1.3) in 

the specific examples.  Of course, the computer program is completely 

general and can be applied to any required aspect ratio. 
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1.5.5 Comparison with Other Investigations 
 
 

The results obtained from the present study are compared with other 

studies by Moxham
(66)

, Little
(61)

, Harding
(66)

, Crisfield
(8.)

, and Mathlum
(60)

. 

 Moxham and Little used the energy methods in their analysis.  

Harding used the finite difference method.  Crisfield and Mathlum used 

the finite element method.  Here it is sufficient to note that the results 

obtained from the various solutions differ in detail from one to other, but 

that, in general, the agreement between the solutions is good when 

account is taken from the different approaches of approximations required 

in the analyses.  In the figures the average applied compressive stress ( ) 

is plotted on the vertical axis as a ratio of the uniaxial yield stress ( o ).  

Similarly, the axial strain (ε) is plotted on the horizontal axis as a ratio of 

the uniaxial yield strain (εo); the value of εo is calculated as ( Eo ).  

 

 Figures (3.83) and (3.82) present the load-deflection curves of two 

slender plates under compressive load and with the edges of the plate 

simply supported.  These cases were first analyzed by Moxham
(66)

; the 

other results shown are those due to Crisfield
(8.)

, and Mathlum
(60)

.  

  

 Figures (3.8.) to (3.69) present the average stress-strain curve of a 

simply supported plate under compressive load and with slenderness 

ratios (b/t) (69, 69, 33, and 19).  These results are presented for two values 

of initial imperfection [wo= 9.998b and 9.993b].   
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Figure (1.51): Load – deflection curve of a simply supported thin rectangular 
plate under compressive load, (b/t=33,a/b=9.1.3,wo/t=9.933). 

Max.Deflection   tww o  

 

 

Figure (1.50): Load-deflection curve of a simply supported thin rectangular plate 
under compressive load, (b/t=19,a/b=9.1.3,wo/t=9.91). 
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(a) A plate with initial imperfection (wo=9.998b)    
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(b) A plate with initial imperfection (wo =9.993b)  
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Figure (1.55): Average stress-strain curve of a simply supported thin rectangular 
plate under compressive load, ( b/t=69,a/b=9.1.3). 
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(a) A plate with initial imperfection (wo =9.998b)    
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(b) A plate with initial imperfection (wo =9.993b)  
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Figure (1.55): Average stress-strain curve of a simply supported thin 
rectangular plate under compressive load, (b/t=69, a/b=9.1.3). 
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(a) A plate with initial imperfection (wo=9.998b)    
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(b) A plate with initial imperfection (wo=9.993b)  
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Figure (1.5.): Average stress-strain curve of a simply supported thin 
rectangular plate under compressive load, (b/t=33,a/b=9.1.3). 
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(a) A plate with initial imperfection (wo=9.998b)    
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(b) A plate with initial imperfection (wo=9.993b)  

σ
/σ

o
 

     

o  

 

 

Figure (1.51): Average stress-strain curve of a simply supported thin 
rectangular plate under compressive load, (b/t=19, a/b=9.1.3). 
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 From these figures, it can be noticed that: - 

8.  For b/t=69 all the solutions give comparable results for the peak 

load levels.  The level of imperfection has a marked effect on the 

peak loads. 

6.  For b/t=69 all the solutions give comparable results for the peak 

load levels with some differences in the unloading paths. 

6.  For b/t=33 all the solutions give comparable results for the peak 

load levels with some differences in the unloading paths because the 

present study used load control while other solutions used the 

displacement control. 

6.  For b/t=19 all the solutions give comparable results for the peak 

load level. 

3.  These figures indicate that with the increasing of the initial 

imperfection, the in-plane stiffness of the plate decreases and a 

large amount of the ultimate strength is reduced. 
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1.5.5 Parametric Study 
 

The effect of tapering ratio on the elasto-plastic behavior is considered.  

Two plates are selected to study the effect of tapering ratio having 

slenderness ratio (b/t=69,19).  The first plate is represented a stocky plate 

and the second plate is represented as a slender plate.  The magnitude of 

initial imperfections are set as (wo=9.998m and 9.993m).  The effect of 

load direction is considered in the present study. 

 

   Figures (3.68) and (3.66) present the average stress-strain curve of 

a simply supported plate with slenderness ratios (b/t) (69, and 19) 

respectively, and in-plane displacements of the unloaded edges are 

unrestrained so that little membrane stresses in the transverse direction 

may occur.  These figures are presented for two values of initial 

imperfection, wo=9.998b and wo=9.993b.  The compressive load is in x-

direction (the direction parallel to thickness variation).  These figures 

show the influence of the thickness variation on the ultimate strength of 

the plate in comparison with the ultimate strength for a plate with 

constant thickness.             

 

Figure (3.66) and (3.66) present the average stress-strain curve of a 

simply supported plate (b/t=69, and 19), respectively.  These figures are 

presented for two values of initial imperfection, wo=9.998a and wo=9.993a.  

The compressive load is in y-direction (the direction normal to thickness 

variation).  
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(a) A plate with initial imperfection (wo=9.998b)    
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Figure (1.55): Average stress-strain curve of a simply supported thin rectangular 
plate under compressive load, (b/tav=69,a/b=9.1.3). 
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(a) A plate with initial imperfection (wo=9.998b)    
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(b) A plate with initial imperfection (wo=9.993b)  
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Figure (1.55): Average stress-strain curve of a simply supported thin rectangular 
plate under compressive load, (b/tav=19,a/b=9.1.3). 
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(b) A plate with initial imperfection (wo=9.993a)  
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Figure (1.55): Average stress-strain curve of a simply supported thin rectangular 
plate under compressive load, (b/tav=69,b/a=9.1.3). 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

ta/to

1.0

1.25

1.5

1.75

2.0

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

ta/to

1.0

1.25

1.5

1.75

2.0



Chapter Five                                                                     Applications and Discussions 

 06 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) A plate with initial imperfection (wo=9.998a)    

σ
/σ

o
 

     

o  
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Figure (1.55): Average stress-strain curve of a simply supported thin rectangular 
plate under compressive load, (b/tav=19,b/a=9.1.3). 
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 From these figures, it can be noticed that: - 

8. The increase of the tapering ratio, in-plane stiffness of the plate 

decreases and a large amount of the ultimate strength is reduced. 

6. When the load is in x-direction (the direction parallel to thickness 

variation), the decrease in ultimate strength is more than the 

decreasing in ultimate strength when the load is in y-direction (the 

direction normal to thickness variation).  

6. The decrease in the in-plane stiffness of the plate starts from the 

low level of loading, when the load is in x-direction (the direction 

parallel to thickness variation). 
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Chapter Six 

CONCLUSIONS AND RECOMMENDATIONS 
 

1.6 General 
 

From the theoretical analysis and the comparison with available studies 

which is described in the previous chapters.  The following conclusions 

can be drawn with regard to the results obtained for plates under 

compressive load.  

The recommendations for the future work are also presented herein. 

 

1.6 Conclusions 
 

1. The finite difference method is very suitable for programming 

and sufficiently accurate for post-buckling and ultimate strength 

analysis of thin rectangular plate with constant or tapering thickness, 

as it tends to a convergent solution when the nodes’ density is 

increased. 

2. The load limit in the post-buckling range for which the plate is 

still in a stable equilibrium depends on the type of boundary 

conditions. 

3. The behavior of a thin plate is very sensitive to the amount of 

initial imperfections. 

4. The behavior of a thin plate with variable thickness is very 

sensitive to the tapering ratio (for plate with the same volume) such 

that the increase of the tapering ratio will induce higher increase in 

the out-of-plane displacements.  

5. When the load is in x-direction (the direction parallel to 

thickness variation), the out-of-plane displacements will be more 



Chapter Six                                                           Conclusions and Recommendations 

 95 

than the out-of-plane displacement when the load in y-direction 

(the direction normal to thickness variation).        

6. The imposition of an is in-plane load makes the solution unstable 

at the higher loads, so that an increase in the load would then 

produce an infinite deflection. 

7. For the plates uniaxial compressive load, the stocky plate simply 

yields without buckling while the very slender plate buckles 

elastically.  Approximately the plate with about (b/t=55) 

represents a “critical buckling plate”, where buckling and yielding 

occurs almost simultaneously. 

8. The increase of the initial imperfection causes a decrease in the 

ultimate strength. 

9. The increase of the tapering ratio causes a decrease in the 

ultimate strength. 

11. For plates with variable thickness, when the load is in x-direction 

(the direction parallel to thickness variation), the in-plane stiffness 

of the plate decreases at the low level of loading.       

11. The decreasing in the ultimate strength when the load is in x-

direction (the direction parallel to thickness variation) is more 

than the decrease in the ultimate strength when the load is in y-

direction (the direction normal to thickness variation). 

 

1.6 Recommendations 
 

From the present study the following recommendations are suggested 

for further studies. 

1. An extensive study of the influence of initial imperfection shape 

on the behavior of thin plate. 
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2. The buckling, post-buckling, and elasto-plastic behavior of thin 

plates with variable thickness and under pure shear load. 

3. The buckling, post-buckling, and elasto-plastic behavior of thin 

plates under uniaxial patch loading. 

4. Using the displacement control technique to march for the 

ultimate stage in the post-yielding range.   

5. Making a parametric study for an imperfect plate subjected to 

complex membrane forces (combined compressive and shear 

loading).   

6. Making an ultimate investigation for an imperfect stiffened plate. 

7. Making an investigation for post-buckling and ultimate strength 

behavior for an imperfect plate with internal holes. 

 

 



References 

 79 

REFERENCES 
 

1. Aalami,B., ,and Chapman, J.C., “Large Deflection Behavior of 

Orthotropic Plates under Transverse and In-plane Loads”, Proc. ICE, 

London, England, Vol.24, Mar., 1797, pp.729-784. 
 

4. Abbas, F. K., and Mathlum, M. K., “Large Deflection Elasto-

Plastic Analysis of Plates by Finite Element Methods”, Eng. And 

Technology,Baghdad, Vol.17, No.2, 4222, pp.88-128. 

 

7. Abdel-Sayed, G., “Effective Width of Thin Plates in 

Compression”, ASCE, J. Struct. Eng., Vol.79, No.ST12, Oct., 1797, 

pp.4187-4427. 

 

2. Basu, A.C., and Chapman J.C., “Large Deflection Behavior of 

Transversely Loaded Rectangular Orthotropic Plates”, Proc., ICE, 

London, England, Vol.79, Sept., 1799,pp.97-112. 

 

9. Bhaumik, A. K., and Hanley , J. T. , “Elasto-Plastic Plate 

Analysis by Finite Differences”, ASCE, J. Struc.Div.,Vol.77, No. 

ST9, Oct., 1799, pp.497-472. 

 

9. Bjelajac, N., “Evaluation of Post-buckling Equilibrium Branches 

for Perfect and Imperfect Plates by Finite Difference Method”, 

Numerical Methods in Continuum Mechanics, Liptovskk  َ y Ja  َ n, 

Slovac Republic, 4222, pp.1-18. 

 

9. Bradfield, C.D., “An Evaluation of The Elastic-Plastic Analysis 

of Plates Loaded by Uniaxial In-Plane Compression”, Int. J. Mech. 

Sci., Vol.42, No.7, 1784, pp.149-129.      

 

8. Bradfield, C.D., and Stonor, R.W.P., “Simple Collapse Analysis 

of Plates in Compression”, ASCE, J. Struc. Eng. , Vol.112, 

No.14,Dec., 1782, pp.4797-4777. 

 

7. Bryan, G. H., “ On The Stability of a Plate under Thrusts in its 

Own Plane with Application to The Buckling of The Sides of Ships” 

Proc. London Math. Soc., Vol. 44, 1871, pp92-99, cited in [29]. 

 



References 

 78 

12. Chajes, A., “Principles of Structural Stability Theory”, Prentice- 

Hall, Inc., Englewood Cliffs, New Jersey, 1792. 

 

11. Chehil, D.S., and Dua, S.S., “Buckling of Rectangular Plates 

With General Variation in Thickness “, ASME, J. Appl. Mech., 

Vol.22, 1797, pp.929-991. 

 

14. Chia, C.Y., “Nonlinear Analysis of Plates”, McGraw- Hill 

International Book Company, 1782. 

 

17. Chin, C. K., AL-Bermani, F. G. A., and Kitipornchai, S., “Finite 

Element Method for Buckling Analysis of Plates Structure”, ASCE, J. 

Struct. Eng, Vol.117, No.2, Apr., 1777, pp.1292-1298. 

 

12. Coan, J.M., “Large Deflection Theory for Plates with Small 

Initial Curvature Loaded in Edge Compression”, ASME,  J. Appl. 

Mech., Vol.18, June, 1791, pp.127-191. 

 

19. Colville, J., Becker, E.B., and Furlong, R.W., “Large Deflection 

Analysis of Thin Plates”, ASCE, J. Struc. Div., Vol.77, No.ST7, 

Mar., 1797, pp.727-792. 

 

19. Colville, J., and Kuen-Yaw Shye, “Post-buckling Finite Element 

Analysis ot Flat Plates”, ASCE, J. Struc. Div., Vol.129, No.ST4, 

Feb., 1797, pp.479-711. 

 

19. Crisfield, M.A., “Full-range Analysis of Steel Plates Stiffened 

Plating under Uniaxial Compression”, Proc., ICE, Vol.97, Part 4, 

Dec., 1799, pp.977-942. 

 
18. Fok, C. D. “Effects of Initial Imperfections on the Elastic Post-

buckling Behavior of Flat Plates.” Ph. D. Thesis, Monash University, 

cited in [29]. 

 

17. Fok, W.C., “Evaluation of Experimental Data of Plate Buckling”, 

ASCE, J. Eng. Mech., Vol.112, No.2, 1782, pp.999-988. 

 



References 

 77 

42. Frieze, P.A., Hobbs, R.E., and Dowling, P.J., “Application of 

Dynamic Relaxation to The Large Deflection Elasto-Plastic Analysis 

of Plates”, Comp. & Struc., Vol.8, 1798, pp.721-712. 

 

41. Gallagher, R.H., “Finite Element Analysis Fundamentals”, 

Prentice-Hall, Inc., Englewood Cliffs, New Jersey, 1797. 

 

44. Gaylord, E.H., and Gaylord, C.N., “Design of Steel Structures”, 

McGraw- Hill Kogakuasha, LTD., 1794. 

 

47. Harding, J.E., Hobbs, R.E., and Neal, B.G., “The Elasto-Plastic 

Analysis of Imperfect Square Plates under In-plane Loading”, Proc. 

ICE, Part 4, Vol.97, Mar., 1799, pp.179-198. 

 

42. Hodge, P. G., “Plastic Analysis of Structures” McGraw-Hill, 

New York, 1797. 

 

49. Husain, H.M., Al-Daami, H., and Amash, H.K., “Buckling 

Behavior of Rectangular Plate with Variable Thickness.” Eng. And 

Technology, Baghdad, Vol.41, No.12, 4224, pp.979-929. 

 

49. Jaeger, L.G., “Elementary Theory of Elastic Plates”, Pergamon 

Press LTD. Headington Hill Hall, Oxford, 1792. 

 

49. Jayachandran, S.A., Gopalakrishnan, S., and Narayana, R., 

“Explicit Incremental Matrices for the Post-buckling Analysis of Thin 

Plates with Small Initial Curvature”, Struct. Eng. and Mech., Vol.14, 

No.72, 4221, pp.487-479. 

 

48. Jia-Rang, F., “Plates of Varying Thickness with Four Simply 

Supported Edges”, ASCE, J. Eng. Mech. Div., Vol.128, No. EM1, 

Feb., 1784, pp.199-197. 

 

47. Johnson, W., and Mellor, P.B., “Engineering Plasticity” Van 

Nastrand Reinvold Company, LTD., 1797. 

 

72. Koopman, D.C., and Lance, R.H., “ On Linear Programming and 

Plastic Limit Analysis” J.Mech. and Phy. Solids, London, 

Vol.1791799,pp.99-89, cited in [9] 

 



References 

 122 

71. Kopayashi, H., and Sonoda, K., “Buckling of Rectangular Plates 

with Tapered Thickness”, ASCE, J. Struct. Eng., Vol.119, No.9, 

May, 1772, pp.1498-1487. 

 

74. Lam, S.S., “Post-buckling Analysis of Strut with General Initial 

Imperfection”, Int. J. Num. Meth. Eng., Vol.27, 1778, pp.1219-

1248. 

 

77. Lee, S.C., and Yoo, C.H., “Strength of Plate Girder Web Panels 

under Pure Shear”, ASCE, J. Struct. Eng., Vol.142, No.4, Feb., 

1778, pp.182-172. 

 

72. Lee, S.C., and Yoo, C.H., “Experimental Study on Ultimate 

Shear Strength of Web Panels”, ASCE, J. Struct. Eng., Vol.148, 

No.8, Aug., 1777, pp.878-829. 

 

79. Lee, S.C., and Yoo, C.H., and Yoon, D.Y., “Behavior of 

Intermediate Transverse Stiffness Attached on Web Panels”, ASCE, J. 

Struct. Eng., Vol.148, No.7, March, 4224, pp.779-729. 

 

79. Lin, T.H., and Ho, E.Y., “Elasto-Plastic Bending of Rectangular 

Plates”, ASCE, J. Eng. Mech. Div., Vol.72, No. EM1, Feb., 1798, 

pp.177-412. 

 

79. Lin, T.H., Lin, S.R., and Mazelsky, B., “Elasto-Plastic Bending 

of Rectangular Plates with Large Deflection”, Trans. ASME, Vol.77, 

Dec., 1794, pp.798-784. 

 

78. Little, G.H., “Rapid Analysis of Plate Collapse by Live-Energy 

Minimization”, Int. J. Mech. Sci., Vol.17, 1799, pp.948-922. 

 

77. Mathlum, M.K., “Large Deflection Elasto-Plastic Analysis of 

Plates by Finite Element Method”, M.Sc. Thesis, Department of 

Building and Costruction, Universty of Technology, Iraq, 1779. 

 

22. Mirambell, E., Costa, J., and Arnedo, A., “Analytical and 

Experimental Study on the Behavior of Steel Panels under Plane 

Compression”, Proc. Int. Conf. On Steel Struc., CI-Premier Pte. Ltd, 

Jakarta, Indonesia, 1772, pp.429-414 



References 

 121 

 

21. Mirambell, E., Zarate, A.V., “Web Buckling of Tapered Plate 

Girders”, Proc. Inst. Civ. Eng. Structs & Bldgs, Vol.122, Feb., 4222, 

pp.91-92. 

 

24. Mohammed, A.M., “Effect of Initially Imperfect and Boundary 

Condition on The Buckling and Post-buckling Behavior of Steel 

Plates”, M.Sc. Thesis, Department of Building and Construction, 

University of Technology, Iraq, 4221. 

 

27. Moy, S. S., “Plastic Methods for Steel and Concrete Structures”, 

Macmillan Publishers, LTD, 1789. 

 

22. Moxham, K.E. “Theoretical Prediction of The Strength of 

Welded Steel Plates in Compression” Cambridge University Report 

No. CUED/C-Struct. TR4, 1791, cited in [9].   

29. Murray, N.W., “Introduction to Theory of Thin Walled 

Structures”, Oxford Univ. Press, New York, 1789. 

 

29. Ohga, M., Shigematsu, T., and Kawagouchi, K., “Buckling 

Analysis of Thin-Walled Members with Variable Thickness”, ASCE, 

J. Struct. Eng., Vol.141, No.9, June, 1779, pp.717-742. 

 

29. Paik, J.K., and Kim, Y., “A Simplified Finite Element Method 

for The Ultimate Strength Analysis of Plates with Initial 

Imperfection”, Journal of The Society of Navel Architects of Korea, 

Vol.49, No.1, Mar., 1787, pp.42-78. 

 

28. Paik, J.K., “A New Concept of the Effective Shear Modulus for a 

Plate Buckled in Shear”, J. Ship Research, Vol.77, No.1, Mar., 1779, 

pp.92-99. 

 

27. Paik, J.K., Ham, J.H., and Ko, J.H., “A New Plate Buckling 

Design Formula”, Journal of The Society of Navel Architects of 

Japan, Vol.194, 4nd
 report, Dec., 1774, pp.219-248. 

 

92. Paik, J.K., Thayamballi, A.K., Wang, G., and Kim, B.J., “On 

Advanced Buckling and Ultimate Strength Design of Ship Plating”, 

The Society of Navel Architects and Marine Engineers, 4222. 

 



References 

 124 

91. Rerkshanandana, N., Usami, T., and Karasudhi, P., “Ultimate 

Strength of Eccentrically Loaded Steel Plates and Box Sections”, 

Comp. & Struct., Vol.17, 1781, pp.299-281. 

 

94. Rushton, K.R., “Post-buckling of Tapered Plates”, Int. J. Mech. 

Sci., Vol.11, 1797, pp.291-282. 

 

97. Rushton, K.R., “Large Deflection of Plates with Initial 

Curvature”, Int. J. Mech. Sci., Vol.14, 1792, pp.1279-1291. 

 

92. Salvadori, M.G., “Numerical Computation of Buckling Loads by 

Finite Differences”, ASCE, Trans., Dec., 1727, pp.972-979. 

 

99. Save, M.A., and Massonnet, C. E., “Plastic Analysis and Design 

of Plates, Shells and Disks”, North-Holland Publishing Company-

Amsterdam, 1794. 

 

99. Saxena, H.C., “The Calculus of Finite Differences”, S. Chand & 

Company, LTD, 1782. 

 

99. Shanley, F.R., “Mechanics of Materials”, McGraw-Hill 

Kogakuasha, 1799. 

 

98. Sherbourne, A.N., and Korol, R.M., “Post-buckling of Axially 

Compressed Plates”, ASCE, J. Struc. Div., Vol.78, No.ST12, Oct., 

1794, pp.4447-4472. 

 

97. Shnan, W.F., “A Proposed Plastic Collapse Mechanism for The 

Prediction of Ultimate Load Capacity of Plated Structures”, M. Sc. 

Thesis, Dep. of Building and Construction Eng., Univ. of Tech., 

Baghdad, 4221. 

 

92. Sridharan, S., and Graves-Smith, T.R., “Post-buckling Analysis 

with Finite Strips”, ASCE, J. Eng. Mech. Div., Vol.129, No.EM9, 

Oct., 1781, pp.897-888. 

 

91. Stein, M., “Behavior of Buckling Rectangular Plates”, ASCE, J. 

Eng. Mech. Div., Vol.89, No.EM4, Apr., 1792, pp.97-99. 

 



References 

 127 

94. Sun, G., and Williams, F.W., “An Initial Post-buckling Analysis 

for Prismatic Plate Assemblies under Axial Compression”, Int. J. 

Solids Structures, Vol.72, No.48, 1779, pp.7929-7949. 

 

97. Sun, G., Kennedy, D., Williams, F.W., “A Post-buckling 

Analysis for Isotropic Prismatic Plate Assemblies under Axial 

Compression”, Int. J. Mech. Sci. , Vol.24, 4222, pp.1987-1827. 

 

92. Szilard, R., “Theory and Analysis of Plates: Classical and 

Numerical Methods”, Prentice- Hall, Inc., Englewood Cliffs, New 

York, 1792. 

 

99. Timoshenko, S.P., and Woinowshy, S., “Theory of Plates and 

Shells”, 4nd
 Ed, McGraw-Hill Book Co., Inc., New York, 1797. 

 

99. Timoshenko, S.P., and Gere, J.M., “Theory of Elastic Stability”, 

4nd
 Ed, Mc Graw-Hill Book Co., Inc., New York, 1791. 

 

99. Turvey, G.J., and Salehi, M., “Elasto-Plastic Response of 

Uniformly Loaded Sector Plates : Full-section Yield Model 

Predictions and Spread of Plasticity”, Comp. & Struc., Vol.97, 4221, 

pp.4779-4728. 

 

98. Ueda, Y., and Yao, T., “The Plastic Node Method: A New 

Method of Plastic Analysis”, Computer Methods in Applied 

Mechanics and Engineering, Vol.72, 1784, pp.1287-1122. 

 

97. Ueda, Y., Rashed, S.M.H., and Paik, J.K., “An Incremental 

Galerkin Method for Plates and Stiffened Plates”, Comp. & Struct., 

Vol.49, No.1, 1789, pp.129-199. 

 

92. Ugral, A.C., “Stresses in Plates and Shells”, McGraw-Hill, Inc, 

1781. 

 

91. Usami, T., “Post-buckling of Plates in Compression and 

Bending”, ASCE, J. Struc. Eng., Vol. 128, No. ST7, Mar., 1784, 

pp.971-927. 

 



References 

 122 

94. Usami, T., “Effectve Width of Locally Buckled of Plates in 

Compression and Bending”, ASCE, J. Struct. Eng., Vol.117, No.9, 

May, 1777, pp.1798-1797. 

 

97. Wah, T., “Large Deflection Theory of Elasto-Plastic Plates”, 

ASCE, J. Eng. Mech. Div., Vol.82, No. EM2, Oct., 1798, pp.1-42. 

 

92. Wang, P.C., “Numerical Matrix Method in Structural 

Mechanics”, John Wiley & Sons, Inc., New York, London, Sydney, 

1799. 

 

99. Williams, D.G. and Walker, A. C. “Explicit Solution for The 

Design of Initially Deformed Plates Subject to Compression” Proc., 

ICE, London, England, Vol.97, Part 4, 1799, pp.997-989. 

 

99. Williams, D.G., and Aalami, B., “Thin Plate Design for In-Plane 

Loading”, Halsted Press, A Division of John Wiley & Son, Inc., New 

York, 1797. 

 

99. Yamaki, N., “Post-buckling Behavior of Rectangular Plates with 

Small Initial Curvature Loaded in Edge Compression”, ASME Trans., 

J. Appl. Mech., Vol.49, 1797, pp.229-212. 

 

98. Zou, G., and Giao, P., “Higher Order Finite Strip Method for 

Post-buckling Analysis of Imperfect Composite Plates" J. Eng. Mech., 

Vol.148, No.7, Sep., 4224, pp.1228-1219. 

 

 

  

     


