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A ABSTRACT

horizontally

curved cellular plate structure with curved webs is constructed of top and
bottom flange plates separated by longitudinal curved and transverse
straight webs. The efficiency of such form of construction arises from its
high strength to weight ratio. It is widely used in bridge decks, aircraft
wings, ship bottoms and other situations where strength and reduction of
self-weight are important design objectives.

The simplified grillage approach is extended to investigate the
nonlinear post-buckling behavior and ultimate strength of such structures.
An incremental loading procedure is adopted to follow step by step both
types of nonlinear responses (geometric and material nonlinearities).

The geometric nonlinearity is due to the post-buckling behavior of the
compression flange and/or panels. Von Karman’s effective width concept
is utilized to follow the post-buckling behavior of the compression flange
panel. Rockey’s approach for the ultimate load determination is used with
some modifications to predict the post-buckling and ultimate strength of
the curved web panel.

A plastic hinge approach is adopted to investigate the material
nonlinearity which arises due to the occurrence of local yielding in the
component plates.

Based on the suggested simplified method, A computer program
(NLCRVGA) is written and applied to several examples. Results of vertical
deflections and ultimate loads predicted by the proposed grillage method
are found to be in good agreement when compared with those obtained by
the plate/shell element in the package program (NASTRAN). The

maximum differences at ultimate state are ()©.Y7) in deflection and

(V€. "Z) in ultimate load in the examples considered herein.
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APPEDEX B Sample of data file for Plated Structure Fixed at All Edges
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Where:

Inc = No. of Increment

Fy =Yield Stress of Steel

NCR = No. of Cell in Radial Direction

NCT = No. of Cell in Thaita Direction

NDR = No. of Division Per Cell in Radial Direction
NDT = No. of Division Per Cell in Thaita Direction
Ls = Length of Straight Member

R = Inner Radius of The Structure



Appendixe C

E=

Sequence of failing member for example no. !

( Fixed at all edges)

\ ct nlactie hinne

Y'rd nlacstic hinne

¢ th nlactir hinne

Y nd nlactie hinne

Sequence of plastic hinges for example no. ¢

( Cantileaver structure)
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Chapter One Introduction

INTRODUCTION

1.1 Thin Walled Structures

Thin-walled structures are made from thin plates joined along their edge ©*.
The thickness of plate is small compared with other dimensions and with
the overall length of the member. Thin-walled structures can be designed to
exhibit great flexural and torsional rigidity such as box girders or any other
member having a closed section. But they may have a little torsional
rigidity as in the case of plate girders or any member having an open
section. However, the common property of these structures is that they are
very light compared with alternative structures, therefore they are used in
long span bridges and other structures where weight and cost are prime
considerations. More advantageous are the thin-walled cellular plates
where materials are concentrated at concentration of the stresses. The top
and bottom flanges take predominantly the flexural stresses while webs

take the transverse shearing stresses.

) rExposition

The multi-cellular steel plate structures represent an efficient form of
construction. They are suitable in bridge decks, aircraft wings, ship bottoms

and any situations needing high strength to weight ratio.

!



Chapter One Introduction
A steel cellular plate structure curved in plans consists of double metal

plates having circularly curved shape, and separated by webs and
diaphragms in two directions. The longitudinal webs are curved and the
transverse webs are usually placed radially. This type of structure is more
practical and economical than solid-section structures due to its lightweight

and high strength.

). & Characteristic Feature of Thin-Walled Section

One of the most important features of thin-walled sections is their response
to the torsional loading. In solid and thick-walled sections, out-of-plane
warping is usually small for any secondary stresses arising from warping
restraint, therefore these stresses can be neglected. Therefore the applied
torsion is resisted entirely by a system of pure Saint-Venant shear stress. In
thin-walled sections, out-of-plane warping displacement resulting from
torsional loading are generally much larger. Open sections are more
susceptible than closed sections in this regard. If these relatively much
larger warping displacements are restrained, a system of longitudinal
normal stresses (producing bimoment) are set up. These may not be
necessarily local in effect and may extend for a considerable distance from
the point of restraint. Complementary warping stresses are also created

which have the effect of modifying the transverse distribution of shear

stress due to pure shear Fig. (1-)).

). @ Construction

Methods of construction of cellular plate structures depend on various
factors such as the type and size of the structure and the plate thickness.

Generally, flanges and webs are composed of several connected pieces of



Chapter One Introduction
plate. Webs may be made of flat plates with double angle section at top and

bottom or may have bent edges to become like wide channels or Z-sections

or framed sections such as I-sections to facilitate the construction with

I-beam with torque M

Cross-section

=——

Pure torsion, section free to warp St-Venant shear stress at
any section

T
L

Restraining of warping
lead to warping stress

Warping stresses on
restrain end

construction procedure, webs in the two directions are connected together
and fixed to ond=ofthe {lahgts DorsianabBelebiingr ofefhim-hkdldhévembers
other flange is connected to the web piece by peripheral



Chapter One Introduction
welding or by riveting to the protruding plates at top of webs. The flange

plates are assumed rigidly fixed to the webs plate for full interaction. No

slip or any other form of partial interaction is assumed to occur.

1.7 The Need For Simplified Analysis For Cellular Plate

Structure

Because of the development of finite element method and the availability
of large capacity digital computers, it is now possible to analyze plate
structures of arbitrary geometry and boundary conditions and subjected to
several loading conditions. Moreover, effects and modifying factors (such
as shear lag, biaxial effect and composite actions) can be included in the
analysis.

The theory used in the derivation of the characteristic properties of the
cellular plate structure based on the shell elements.The shell theory is more
complicated than those used for beam element, moreover the number of
elements is generally very largwhen using shell element. Therefore the
three dimensional shell element program data preparatons may need large
computer capacity and considerable computer time and effort preparation
(specially for collapse problem). Certainly, at initial design stages when the
designer is trying to optimize the proportion of the structure by repeated
analysis, the cost involved in using the finite elements may become
unfavorable.

There is a real need for a simplified computer method as an alternative
to the finite element methods for use at the preliminary design stages and
for quick and inexpensive analysis of plate structures. Ideally, once the
designer has established a reasonably efficient structure by repeated
analysis using a simplified method, a final check by a sophisticated finite

element method may be carried out.
) VObjectives of the Present Study

é



Chapter One Introduction
The present study deals with the static (linear and non- linear) analysis of

steel cellular plates curved in plan. For linear static grillage analysis of
cellular plate structures, the more accurate torsional properties of straight
and curved thin-walled multi-cell members are obtained by including the
effect of warping restraints. The effect of torsional warping can be
significant in the behavior of structures made of thin-walled members.

Timoshenko’s concept of torsional warping is utilized for studying the
torsional behavior of straight and curve thin-walled members with open
and closed cross sections and with different boundary conditions. Various
torsional stiffness expressions are derived. Results of solution to straight
and curved members are presented and comparison is made available
results from other studies.

The widely known grillage method has a simplified discretization
approach for the linear analysis of plate structures. This method is extended
to investigate the non-linear analysis and ultimate load of cellular plate
structures. The grillage simulation is used to deal with the post-buckling
and elastic-plastic analysis of cellular plate structures.

The cellular plate structures are assumed to fail under the action of high
bending stresses, high shearing stresses or due to interaction between the
two types of stress. The analysis of ultimate load behavior of cellular plate
structures must deal with the effects of non-linearity arising from both
material and geometric non-linearity. To control the effect of material non-
linearity in the proposed method of grillage analogy, the plastic hinge
approach is adopted.

The geometric non-linearity effects (arising from the problem of
buckling of compression flange) are taken into account by implementing
Von-Karman’s approach (effective width concept). Different assumptions
regarding the effective width of compression flange are reviewed.

An incremental loading procedure is adopted and the results are

presented to indicate the rate of convergence of the solution. Two computer

Ie)



Chapter One Introduction
programs have been written to perform static linear and non-linear analysis

of the problem. A numerical method is presented to evaluate the required
sectional properties of closed sections, which are the main part of the

problem. The results given by the proposed simplified grillage method are

compared with those obtained from more accurate and sophisticated-Y'D

shell elements using the computer program (MSC/NASTRAN) ¢ ).

)- A Thesis Layout
The thesis consists of seven chapters.
Chapter one is the present introduction.
Chapter two presents a review of literature on the use of different methods
for analyzing the cellular plate structure.
Chapter three covers the evaluation of the elastic section properties
required to analyze cellular plate structure as a two dimensional grillage.
Chapter four provides guidelines on the application of the grillage analogy
in the nonlinear behavior of steel cellular plate structure.
Chapter five presents the nonlinear behavior and collapse load
investigation of a steel cellular plate structure curved in plan and /or with
nonparallel diaphragms due to instability of the compression flange panels
and/or the web panels and also due to the occurrence of local yielding in
the highly stressed component plates.
Chapter six includes some examplessmodels, which are analyzed using the
suggested grillage method. The results obtained by this method are
checked with those obtained from the nonlinear finite element analysis
using the package program (NASTRAN).
Chapter seven gives conclusions and suggests recommendations for future

research related to this subject.



REVIEW OF LITERATURE

r.+ Introduction

As mentioned in the previous chapter, the use of thin-walled sections
has been increasing rapidly in many types of engineering structures. This is
due to the continuous development of modern structures, requiring greater
span with reduced self-weight. These factors have encouraged the wider
application of thin- walled beam section in design. Accordingly, many
simplified and sophisticated methods of analysis have been developed to be
applied to cellular plate structures. In the search of previous work on
grillage analogy for linear and non-linear analysis of curved cellular plate
structures, no analytical or numerical work has been met on the behavior of
a cellular plate structure curved in plane the non-linear range and at
ultimate load. In this chapter, the application of the grillage analogy for
linear and non-linear analysis to general plate structures is reviewed.

r.v Application of Grillage Analogy to Linear Analysis of
Cellular Plate Structures

The application of grillage analogy to cellular plate structure is well
supported by published literatures. The work by Husain (197¢) 9 was the

first to idealize a cellular plate structure (aircraft cantilever cellular wing)

as a grillage of orthogonally connected beams. The grillage structure
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consisted of beams with both flexural and torsional rigidities. The flexural
rigidity of a grillage member was derived from the partitioning web
together with attached top and bottom cover plates (as an I- section), while
the torsional rigidity was derived from the torsional rigidities of the
adjacent cells (as closed rectangular section). The deflections by the
grillage analogy compared favorably with the experimental and with plane

stress finite element results.
Sawko and Willcock (117%) ") extended Husain’s method to the

analysis of cellular plate structure having variable section depth in the
longitudinal (or main span) direction. They also considered the transverse
shearing rigidities of the grillage members to account for cell distortion. By
comparing the grillage analogy with model test results, they concluded that
cellular plate structures with several transverse webs could be analyzed by
the grillage analogy with due account for transverse shear distortions of
cells.

Smyth and Srinavasan ('9v") *) applied the grillage analogy to the
analysis of a cellular bridge deck, which was trapezoidal in cross section
and made of prestressed concrete. By comparing the grillage analogy
results with model test and the equivalent space frame results, the grillage
gave quite good results for the longitudinal action but required
supplementary information for the transverse action (due to neglecting cell
distortion).

Hambly and Pennels (14vs) (™ used the grillage analogy in the
analysis of concrete cellular bridge decks having skew plan geometry and
rectangular or trapezoidal cross sections. They discussed in details the
effect of cell distortion in cellular bridge decks. A method for calculating
the torsional rigidity of the grillage members was proposed by considering
the effect of shear flows in the top and bottom slabs and side webs only as

in one cell by neglecting the rather small shear flows in intermediate webs.

A



Chapter Two Review of Literature

They had been the first to consider the effect of shear lag in calculating the
flexural (or bending) rigidity of the grillage beams by adopting the
principle of effective flange width. The result of the analysis compared
favorably with the result by the folded plate theory.

Evans and Shanmugam (14v4) ) applied the grillage analogy in the
analysis of steel cellular plate structures .In case where the spacing of webs
in one direction is more than twice the spacing of webs in the other
direction they proposed the use of intermediate (or fictitious) members
between the main members to increase the accuracy of the grillage
structure in idealizing the cellular plate structure to avoid the incorrect
assessment of effective widths of flanges. The intermediate fictitious
members consisted of top and bottom flanges only (without web). In

calculating the torsional constant of the grillage members, they proposed
the same method by Husain 9 Like other investigators, they also
neglected the effect of Poisson’s ratio in calculating the flexural (or

bending) rigidities of the grillage members, which may be considerable in
steel cellular structures when compared with concrete cellular structures.
Jaeger and Bakht (1441 ¢V provided guidance on idealization of
various types of bridge decks. In cellular structures, they suggested to
neglect the interior webs or diaphragms and treat the whole cross section as
a single cell for calculating the torsional constant. The value of the
torsional constant for this single cell section is then distributed to the main

grillage members in the section (almost the same suggestion by Hambly

YA
and Pennels (19v2) (")

Mohammed (199%) Y used various types of grillage methods for
analyzing steel cellular plate structures with parallel webs and diaphragms.
He suggested to use effective modulus of elasticity E<:/(1-v") in the flexural
rigidities of the beams of the substitute grillage. Thus, more rigidity (or

stiffness) was given to the grillage. The results obtained by the grillage
q
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meshes compared favorably with the orthotropic plate method, the three-
dimensional flat shell finite element method and with available

experimental results.
Al-Sherrawi (1119) ) extended Mohammed's € work to analyze steel

cellular plate structures with non-parallel webs and diaphragms, which are
usually used in aircraft wings and some bridge decks and approaches. He
also used three alternatives of grillage meshes to represent the cellular plate
structure. Grillage analysis results where compared with the orthotropic

plate method and with the finite element method.
Fairooz (1999) 9 used the grillage analogy for linear analysis of

cellular steel bridge decks curved in plan .The cellular decks contained
circumferential curved webs and radial straight webs (or diaphragms).The
substitute grillage consisted of orthogonally connected curved and straight
beams. Warping restraint effects were not included. The results show a
good agreement compared with the results by the three-dimensional shell
elements.

Hasan (1494) ) presented a simplified space grillage analogy for the

analysis of spherical cellular domes consisting of top and bottom plates
with a grid of orthogonally connected arch webs. A Method for calculating
the rigidities of the closed sections under restrained warping was suggested.
Also, a method of interpretation of the results form the grillage output is

presented.
Husain, Al-Ausi and Al-Azawi (1149) ¢ presented a simplified

grillage analogy for the linear analysis of cellular plate structures curved in
plan including implicitly the effect of warping restraints. A more accurate
torsional stiffness of the straight and curved thin walled members was
obtained by including the effect of warping restraints. Timoshenko’s

concept ™ of torsional warping is utilized for studying the torsional

behavior of straight and curved thin-walled members. Various torsional
1.
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stiffness expressions were derived. Results of solutions to straight and

curved members were presented and compared with results from other

. . \
studies and available results ¢,

r.» Application of Grillage Analogy To Nonlinear Analysis of

Cellular Plate Structures
As mentioned earlier, there is little available information regarding the
behavior of cellular plate structures in the non-linear range and at collapse.
Fujita and Yoshida (1 1vY) » investigated the collapse due to buckling
of arbitrarily shaped stiffened plate structures (such as cellular plate
structures) used in ship design. An analytical method was formulated using
an incremental finite element method with inclusion of elastic-plastic and
large deflection non-linearities. In addition to the use of the triangular plate
elements for plates and beam elements for stiffeners, beam elements were
also used for components where girder behavior predominated, thereby
reducing the number of degrees of freedom.

Shanmugam and Evans ('94)) ' suggested an extension to the
grillage analogy approach, used in linear analysis of steel cellular plate
structures, for analysis in the non-linear range and at collapse. The
structures were assumed to have failed under the action of high bending
stress only. Regarding buckling of compression flange panels, these panels
were assumed to be simply supported under uniaxial or biaxial
compression and their post buckling behavior was controlled by
implementing the effective with approach. An incremental loading
procedure is adopted during which there would be continuous updating of

the stiffness matrix.
Evans, et al. (’Mo)(”) suggested a development to the application of

finite element method to the analysis of large deflection elastic —plastic

1
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behavior of plate structures (such as cellular plate structures). The analysis
was applicable to structures with thin plates, which would operate in the
post-buckling range. Therefore, the method took into account the effect of
geometrical non-linearity arising from the plate buckling and the effect of
material non-linearity due to the spread of yield during the approach to
collapse. A four-noded rectangular element with five degrees of freedom
per node was adopted for the solution. These degrees of freedom are three
translational displacements plus two rotations around the two perpendicular
axes in the plane of the plate. The drilling rotation (normal to the plane of
the plate) was ignored.

Harding (1919) ™ summarized the work undertaken by him and his
colleagues, on the behavior of steel plate structures (like cellular plate
structures) relating to bridges and offshore plateforms. His work
demonstrated the power of the non-linear finite element packages in
examining the non-linear behavior of the structural components and how
the results of organized parametric studies can be used to formulate design
guidance. The study showed the effects of using longitudinal and/or
transverse stiffeners in the flanges or in the webs. It has clearly shown that
these stiffeners affected considerably the local buckling of the component

plates as well as the failure load.
Mashal (194Y) % used the grillage analogy to analyze rectangular steel

cellular plate structures in their non-linear range and at collapse. The

effective width approach was used to represent the post-buckling behavior
of the compression flange panel. The method proposed by Rocky et al ")

(for the ultimate analysis of stiffened plate structures) was applied to
represent the non-linear behavior of the web panels of the cellular plate

structure.
Aldaami (7 --) ™ used the grillage analogy in the analysis of cellular
domes having a spherical shape. The dome was represented by an

)
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assemblage of meridian and hoop curved beams. These curved beams were
connected rigidly and orthogonally intersected to form a spherical grid
(mesh) of curved beams. The flexibility and stiffness matrices of the thin
walled curved beams were given, warping restrain effect was taken into
consideration. The results were compared with the results obtained from
the finite flat shell elements using the MSC/NASTRAN program. The
results were satisfactory.

Al-Azawi (- ) ®) used the grillage method for both linear and nonlinear
analysis of cellular plate structures curved in plan. Regarding the linear
analysis, restrained warping effects were included. While in the nonlinear
analysis, he extended Mashal’s work to analyze cellular platestructure
curved in plan. Also, the elastic buckling stresses in curved compression
flange panels were evaluated by the including the effect of the geometric
curvature and by using the finite difference method in polar coordinates.
Comparison of the results given by the proposed grillage method with the
finite element method using the (NASTRAN) package program verified the
accuracy of the proposed method.

Younis (-« 1) " applied the grillage analogy to steel cellular plate
structures with non-parallel webs and diaphragms in the nonlinear range.
Both types of nonlinear response (material and geometrical nonlinearities)
were considered. The post-buckling behavior of the compression flange
panels was traced by depending on the effective width concept presented
by Von Karman. ™Y the results of the vertical deflection and collapse load
by the proposed simplified method showed good agreement when
compared with those obtained from the finite element method using the flat
shell element in MSC/NASTRAN program

In the present study the stiffness matrix of straight and curved
members are derived by including the effect of restrain warping

deformations. Restrain warping effects were included inn both types of

1r
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analysis (linear and nonlinear). A plastic hinge is considered to occur when
both top and bottom flange reach yeild stress, then the stiffness matrix of

the member will be modified by using the plastic modulus of elsticity
suggested by Lagerqvist'"”.

¥4



EVALUATION OF SECTION PROPERTIES

". f Introduction

Grillage analogy is used in the present study for analyzing cellular plate
structures curved in plan. The method involves the conversion of a curved
cellular decks into a grid of longitudinal curved members (or beams)
intersecting at right angle with radial straight members. The accuracy of
this method can be achieved within acceptable limits and depends largely
on the proper evaluation of the section rigidities of the grillage members.
Furthermore, the grillage analogy gives the designer a good appreciation
and feeling of how the actual structure behaves.

This chapter presents the techniques of grillage idealization of curved
cellular plate structures. The most important features of the idealization
include the proper planning of the grillage members. Guide-lines on the
application of the grillage analogy to linear and non-linear analysis and
ultimate load investigation of steel cellular plate structures curved in plan

are discussed herein.

F¥, ¥ Evaluation of elastic Rigidities

It is necessary to evaluate the appropriate elastic section properties of the

grillage members from the actual multi-cell structure. These are needed in
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the grillage analogy for the linearand nonlinear analysis of the cellular plate

structure.
F. 1. ) Flexural Rigidities

In representing a cellular plate structure by an equivalent plane grillage,

FVTY g VA

many investigations ) considered the cross section of the

grillage member as an I-section in calculating the moment of inertia (or
second moment of area).

Generally two more factors must be considered in calculating the
flexural rigidities of the grillage members. These are the shear lag and
Poisson’s ratio. A brief review of literature pertaining to the evaluation of

flexural rigidities is presented herein.
Basu and Dawson (\ v ) ) proposed the following equations for

calculating the values of Dy and D, for rectangular cellular plate structures
having top and bottom flanges of equal thickness, longitudinal webs with

equal thickness and without transverse diaphragms

2
- Et, Yy d (Y'-\)
2(1-vyyvix)
2
y = Etyd (Y-Y)
2(1=v, Vi)
where: -
1t, d
=1--*_-
Vo 6te B, (¥-7
Vix =V

all relevant notations are shown in Fig.(¥-))

Crisfield and Twemlow (Y 4Y V) ™ proposed the following equations

for values of Dx and Dy for a rectangular cellular plate structure having

X
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flanges of equal thickness (t =t ), web thickness (Tt 5 ) and diaphragms

thickness (ty):

__E ted® Et.d’
“@a-v® 2 12B,

(¥-¢)

(¥-°)

Cusens and

Pama

(19ve

suggested the

Figure (- r)Details of cellular plate structure
(a) Longitudinal section(b) Transverse section

following

formula for calculating the flexural rigidity for a cellular plate structure

having two unequal flange thickness (t;, and ty) and web thicknesses

19
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()
E'= 1 _Evz (¥-)
E" == (-4

L2 bdy
B, B,

where €X5 is the distance from the neutral axis of the cellular deck to the
centerline of the upper flange in x-direction and other notations are shown
in Fig.(Y-)).

As discussed by Cusens and Pama ) formula (Y-1) is unwisely (or
clumsy) for practical use and only becomes of value if the vertical webs are

particularly thick and closely spaced. Jaeger and Bakth ( 194 r) ()

suggested to neglect the effect of Poisson’s ratio and the effect of the webs

in calculating Dy and Dy and proposed the following formula:

2 2
D, =Dy =E(th'exl'*'tft'exz) (V_
1)
where ey, and e, the distances from the neutral axis of the section to the
centerlines of the lower and upper flanges respectively.

Mohammed ( 144 5) Y derived the following formula for calculating D,

and Dy for a rectangular plate structure having two equal thicknesses (t;=
tr) web thickness (t,) and diaphragm thickness (t,): -

B’ Etdl
2 12B,

D, (Y'_

\~)

1y
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E't,.d? E.t.d?
2 12B,

H)

These formulas are simple and satisfactorily accurate. The grillage
idealization in the present study consists of a grid having circularly curved
members intersecting at right angles with radial straight members. Each

radial member is idealized as a number of stepped prismatic elements as

shown in fig (¥-Y).

For a

curved

grillage
member, ‘
the second Y

moment of

Actual member Idealized member

area in two

directions

(x and ) ) ) ) i i
: Fig. ('~ 1) actual and idealized radial straight member
may e

TYAY Y1 0A Y
calculated by using the following formulas ¢ D:

iy 2dA (F-'Y)
X AR+y
R 2
= dA YAY
Iy IR+y ( )
Iy = xydA YoV ¢
Xy IR+y y ( )

where R is the radius of curvature to the centroid. A detailed study by

Waldron (! 9% " on curved box girders has shown that the second

1A
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moment of area are not significantly influenced by the degree of curvature,

this concept is considered in the present study when R— oo the above

formulas will be for straight beams. Also, the effect of Poisson’s ratio is

considered by using the concept of separating (or dividing) the moment of

inertia (1 ) of a grillage member into two parts as follows:

=
1-v?

where Is is the moment of inertia of the flanges a bout the section neutral

+ 1,

axis and Iw is the moment of inertia of the web.

F, Y. Y Torsional Rigidities
When a cellular plate structure is twisted a network of shear stress develops

round the flanges and webs as shown in Fig. (¥-)

Timoshenko

and Goodier
(1920 ™Y

gave a
procedure for
the

Fig. ( F f') shear flow in cellular plate structure

calculation the torsional constant (J) of a cellular section under pure torsion
and free to warp. The basic assumption used for establishing the torsional

constant for a multi-cell is by considering the shear flow in the walls, as

shown in Fig.(Y-Y) and employing the elastic theory. The distribution of

14
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the shear flows in n-cell section is shown in Fig.(‘“—‘“). The n-independent

shear flows are taken as unknowns.
For three typical cells i,j and k, the angle of twist per unit length @ (rate

of twist) of the intermediate cell (j) is:

1 ds ds
Q. = == Y.
i ZGAJ- ql ] t j k_[ (
) \/)
where:

| %= the integral along the common webs of cells (i & j)and ( j & k)
W

f dt—s= the contour integral around the cell ()
C

Aj = the enclosed area of the cell ()

The authors assumed that each cell rotates at the same rate of twist as

for the whole section (8), therefore:

0,20,=0,=...... =0,=0,=0=...= 0,., = 0, AR

According to the elastic theory, the twisting moment (Mt) in a cell is equal
to twice the shear flow (q) in the wall of the cell times the area (A)

enclosed by the median line of the cell:

M, =2.0.A F-'9)
Also, noting that:
M, =G.J.6 (F-Y+)
Then
J= 2.0.A (Y-Y)
G.0

e
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¢t
Husain (!9 74 C7 proposed that the cellular plate structure is

assumed to act as a series of independent closed tubes running in both
longitudinal and transverse directions. The torsional constant for each cell
is calculated from Bredt’s formula:
4.A7
J, =—1 (Y-
s
t
YY)

Therefore, the torsional constant of the whole section (in any direction) is
the summation of the torsional constants of the independent cells in that

direction, as follows:
n

J=73 J; (Y‘- \‘Y‘)
=1

Crisfield and Twemlow (! 9Y)) M and Hambly and Pannells

(19Y8) Y calculated the torsional constant (per unit width) for a

structure having unequal flange thickness (t ¢ #t f) by using equation

(Y-YY) and neglecting the contribution of the interior webs and dividing

the result by two (as the torque acts in two dimensions in a cellular plate

while it acts in one dimension in a grillage):

2t te.d?
J= fc+* ft

(V-
1:fc +tft
\‘2)

, : VY Y YA .
A number of investigators ¢ >’ ) suggested that the torsional

rigidity of the full cellular section may be approximated by considering the
whole inclosed section as a single box and the torsional rigidity may be

obtained from Bredt’s formula for a single closed section using equation

r
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(.Y V). This approximation is justified by the fact that for a multi-cell

structure the net shear flow through the interior webs is negligible and only
the shear flow around the outer webs and top and bottom flanges is of

prime significance.
Y -

Mohammed ( 144 3 suggested the following formulas to express
the torsional constant for exterior and interior cells of a multi-cell section
having equal flange thickness (t;. =t):

For exterior cells:
2
= 4An (V-
2B d d
—+

tfc tx ﬂt’

‘]n

Y o)
For interior cells: -

2.A2
=B q (=¥

tfc ﬂt'

where

()¢ Y.
ﬂ_( d )(tfc}lo (

\‘\/)

B= width of cell (center to center)
t" = Thickness of the web in X or Y directions.
The factor (f) is suggested such that the calculated torsional constant

will be identical to the value by the exact torsion theory of cellular sections

shown by Timoshenko and Goodier. Al-Sherrawi ( ! 9 99) () benefited

from equation (Y-Y)) to transform equation (Y-VV) into the following

form:
re
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A, A;
4.AJ-2=—Ji—JJ‘d_S+J. ﬁ_Jk_J ds (Y-
Ayt t Ac it

\‘V)

Each of the n-cells can provide one equation in term of the torsional

constant of the cell and its adjacent cells and the solution of the resulting n

independent linear equations gives the values of the torsional constant (J s,
Jy, Jr ... Jn). Then the torsional constant for the whole section (J) is
calculated from equation (Y-Y V).

Mashal (! 99" modified the formulas presented by Mohammed

ov
(1994 C) to be suitable for a cellular section with unequal flange

thickness (t fc # t £t ) as follows:

For exterior cells:

4.A2
J, = N (V-
B(te +tg) d d
+ o+
AR ty B
Y "'\)

For interior cells:

2
5 2.A; vy,
n ( )
B(tfc +tft)+ d
2-tfc Ty ﬂt’

where

rr
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2b t’
=| = Y.
F (d )(1/tfc.tﬁ]'lo (

V\)

In the present study the torsional constant for a single cell cross-section
can be evaluated by Eqg. (‘“-Y \'). For a multi-cell cross-section (with n

cells) which is undergoing Saint-Venant torsion the rate of twist () for

each cell is the same, so a set of simultaneous equations in the shear flow

constants (Qsy 1, Qsv ¥, Jsv *, Jsv £5.-..) CAN De obtained. Therefor for the i th

cell (recalling Eq. (V-\ V) with new arrangement) the following expression

may be written:

2A =(— Wi-lj%ﬂ”if%"/’iﬂj%}
w i w

where

qsvi .
. =—2 for the cell i
Vi GO’
Wi = 9si for the left cell
Gé’

qsvi H
.. =—2 for the right cell
'//|+1 Ga' g

For a cellular section, the torsional constant (J; ) to each cell is:
J i = 2A| .l//i

and the torsional constant for the whole section is:

¥, ¥. ¥ Shearing Rigidity

ré
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In a cellular plate structure having few or no transverse diaphragms, the
vertical (or transverse) shearing forces developed across a cell causes the
flanges and the webs to flex independently out of plane. Thin pattern of
deformation is referred to as distortion and this may become pronounced in
cellular sections with relatively thin webs. The shearing rigidity is (GA,),
where A, is taken to be the full area of the web. The effect of shearing

rigidity on deformation is usually very small.

". f, " f Shear correction factor

r. : : :
The shear shape factor Y/C ' is defined as the ratio of the exact shear strain
energy to that calculated by average (or constant) shear stress.

. r. :
The always positive C is called shear correction factor. The study done
F9A 0 CH i i
by Day( ‘) on curved members with rectangular cross sections
r
indicated that C -value for a curved member is almost the same as that for
r
straight member (C = ®/Twhen R > o0). For a thin walled cross section

1)
the shear correction factor was found to be close to unity ¢ ..

F. 1. £ Warping Moment of Inertia

Warping moment of inertia is a geometric property of a thin-walled section

, _ £Y 10,17 1Y 4
and may be defined for straight memberas ¢ > *

lo=[ o®dA (Y-Y'Y)

re
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where dA is the infinitesimal area of the cross section of the wall and @
is the sectorial area or (warping function). For a curved member lw is

_ AQ
defined as ¢ -

PH R*Y »? A UBAD,

aRs

where R and R, are the radii of curvature of the centroidal and shear axis.

The evaluation of 1 » requires the evaluation of warping function @ .

Fr e Straight Members

The warping displacement u of any portion of the wall relative to the origin

of the wall peripheral s-coordinate is given by *h
= _ 1 Osv Y
u_u—uo_aj' Tds—ej' rsds (-
Ye)

where rs normal radius from the shear center to the tangent at the point
considered and g, is the shear flow and @ is the twist per unit length by

assuming that the origin of the peripheral coordinates coincides with a

point of zero warping, then u,, vanishes and equation (V-V ¢) be comes :

_Lf G Y.Yo
U_EI Tds—aj re.ds ("-7°)

In agreement with Vlasov’s original analysis, it is here assumed that the
transverse distribution of warping displacement u is fully described by the
warping function or (sectional area). Since the degree of warping is directly
proportional to the rate of twist #, warping displacement at any point may
be conveniently defined in the following way: -

r
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u=-wd (V-
A

by introducing Eq. (V—V") into Eq. (V—V") the following expression is

obtained for the warping:-
L1 O rory
=| rds———| ——ds -
o=| rds— [ = (*-7Y)

This Eg. may be written as: -

o= (r, ~*")ds (F-¥A)

". f, 5. rCurved Members

The warping function @ for a curved cellular member with closed section
can be derived by following the same procedure as for the straight cellular
member.

The shear flow g, in a curved bar is related to the shear flow g, in a

straight member by SRR
Re
gsve = ———( (¥-
(R+y)*
¢ ~)

where R, the radius of curvature of the shear axis and R is the radius of

curvature of the centroidal axis. Then the warping function @ for a curved

. . . ‘\\‘,o .
member with closed section can be given as ¢ )

2 3
o= _Rs _rds—— [ Rs A gs (Y-£Y)
(R+Y) GO® (R+y)” t

Waldron (! %Y%) Y showed that the warping moment of inertia (or

warping constant) is not significantly influenced by the degree of curvature.

ry
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This concept will be used in the present study, and also the warping

function for sections of both straight and curved members is calculated by

F- ¥ Programming of Section Properties

A computer program (SECPRO) is coded in FORTRAN 7. language to
evaluate the section properties of any cellular section having n cells and
with different dimensions. The tables from (V—\) to (V—V *) are obtained
by using this program. These tables contain the constants of (J, and 1,)

for a cellular section up to ) cells and aspect ratio (B/d )a = ( *. 5, @

and ¢, 7) with equal flanges and web thicknesses. The values in each table

are in terms of the width of the cell and its thickness, that they should not

be used directly. The following equations must be applied first:

Ji=Jbd1 (¥-€Y)
w=wbt (Y-£Y)
1, =1,.b>1 (F-£ 8y
where:

b = width of cell

t = thickness of wall of section

J = the constant value from tables (V- ) ) to (V-\ ')
@ = the constant value from tables (¥-) V) to (Y-Y )

I_W= the constant value from tables (V—V ‘) to (\“-Y’ ')

rA
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Evaluation of Elastic Properties

Table (1) Torsional Constant (J) For Cell No.(")

No. of Cells o=-1 oa="-.° a=".¢
] CE0 i CYYYYYYY. CYYAOVY £
Y . 0OYAETY T YTy
r « OVEVYA4Q. CEVYVEY CYVYYEL g
£ « OVYAAdto. CEYTYVAY)Y . CYVYYV AL
P L ovaldsen CEVEVEY € CYVYYYdra.
1 « oVAAO LY . CEVEY Y CYVYYLaT.
y « OVAAAL £ CEVEYYY € CYVYFIYY.
A « OVAAATY. CEVEYIYY. CYVYY¥YYo.
q « OVAAAYO. CEYEYIYO. CYVYFIYTL
)e « OVAAAYY. CEYEYIYO. CYVEFIYT.

Table () Torsional Constant (J) For Cell No.(7)

No. of Cells a=-T a=:.2° a=-7?
Y « 0OYAETY T I I iy,
f ~"\‘l°°i'”~~ ~,i‘/~°/\/\\'~ ~.Y‘~TV/\V~~
¢ CTAVEYYY . « EAYVYOAT . + YYYYdoY.
o CAIVLTY ENEAEAD ARAEEARY
7 « 4YoYYe. EAOY WYY AR RRYAR
14 « 14Y140) .  EAOYTAY. ARARFY-EN
A < 4Yvyyie. « EAOYVYAY . CYIYYAA G
9 AYVYY . « EAOYAY . cYIYYAAS
). TAYVYYYA CEAOYAMYY cYIYYAAS

Table () Torsional Constant (J) For Cell No.(7)

No. of Cells oa=:-.1 o="-."° oa=".¢
r ¢ OVEVYAQQ. CEVYVTEY CYVYFEL g
£ VAV ETYY . « EAYYOAT CY¥IYYdeY.
) C VOAYAAT « £4¢9¢90. CYYAYYou
1 CVAYTUY T CEAV L EY £ CYYAATYY
y CVYE£AYY . C £AVE Y « YYodoo).
A «VYEto£a. ETIZA5EE «YYAAAOY .
q VY ETATe, . £4VEVvYo. CYYA AT
)e CVYEtden. « £AVEVEY, IR

Table (¢ Torsional Constant (J) For Cell No.(¢)

YA
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Evaluation of Elastic Properties

No. of Cells o=-.T oa="-.° a="-.¢
£ « OVAAd T, CEYTYVAY)Y . CYVFYVLY.
) VYY) « EAEAEAC, CYIY.iYo.
1 ZEEEERE C£AV e E) € CYYAAYY
y YRR « £49)FY¢. CYYAVY L
A VYAV « £49¢9Y¢. « YYAAYYA.
q « YYAQYAC. . £4900Y4. IRV IR
)e « YYAQ044. . £4907¢0. CYYAA0ET

Table (r¢) Torsional Constant (J) For Cell No.(°)

No. of Cells oa=":.1T a="-."9 a=".¢
o CovataEs. «YVYYaya.
7 «AYerYe. CYITY VY.
y Y)Y E£AYY . « YYAQACY .
A VYAV CYYAAYYA
9 AR AV +.YY4a4d0vy.
). VYAV « YYaaVoA.

Table () Torsional Constant (J) For Cell No.(»)

No. of Cells oa=-1 a="-72° oa=-.%
7 « oYaAo Y CEYEYOYY YVYYLaT
v SECEALTIR L EASYIAT. CYAYYASY.
A v ¥YEteo. . EEIZARER CXVATY.
9 « YYAAYAL « £9900Y4. + YY4AeY 4,
’ NZETZEER NFEEERRTI EEEETZYN

Table () Torsional Constant (J)For Cell No.(")

No. of Cells oa=-.1T oa=:.° o=".Z
y v OVAAAL £ CEVEYYY £ CYVEFIYY.
A < 1aYvyYioe. « £AOYYAY. CYITYAVAL
q Y)Y ETATo, ¢ £4vevYo. C¥YA oA
). « YYAd044. . £4907¢0. C¥YdA0ET,.

Table (r4) Torsional Constant (J) For Cell No.(4)

No. of Cells oa=-.1T oa=:.° oa="%
A « OVAAATY. CEVEYIYY. CYVEFYYT.
q CTAYYYY . « EAOYAY 4 CYITYAAY.
). L VY ETAY T, « £AVEVEY. IR

Table () Torsional Constant (J) For Cell No.(9)
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No. of Cells a=-."T a=:+."° a=:1.%
9 v OVAAAVE. L EVEYIYO. L YVFTIY T
). < TAYVYYA. EAOYAYY CYIVYAAL

Table () Torsional Constant (J) For Cell No.('-)

No. of Cells

a=-1

a:t-o

o=:1Z

).

. .OVQ/\/\VW .

L E1EY VYO,

L YVFTI Y

Table (1) Sectorial Area (@) For Cell No.( /)

No. of a=-."1 A o a=1.%
Cells
(OTH OR 0L OR (OT] 0OR
) A R - - OURCE 20 T e e W W W PP 2 e U S W REAVL-AAR -
AR ZEARRE! e EYAOYYT
Y cYTIOYAG | v vvvanne [ 2 Y0 e EEEEERE AFFYYYFYe | v vvvvenan
1 YT OYO [ YYVYYYY e | YVYY L 0AAL SARERALEAN YYYaY € | o «qYEAAYTY
£ ¢ 200YYTE |« YYYATEY. | + YooV c YYYVOAT. ARRATE AN EETE WA £ 2 W
o e TeoeVTE | v £YYAAVAL | v oYY ET e « YOVYYYY. EFARRA AT IR S TR AR
7 e Yoo ¥Vo | « OVIAYAY e |+ T84V  EAYYEAO OFYIVYT. | YA Yo.
14 Q00 [ e YYIVATY Y | L YYYEEVY T VYYOoA RARRA SN RN L S i P
A Y 200 YA | « AVIVAGAY |« AQTEETY c YYYYYYOo. AARRSAL TN ERN-LINE Ak
9 Y Yo uYAC | Y aYIVAQ e [ Y oYY EEY AOYYYYY. AFYIVIAL | 2 Tde Ty
) e Y YOO YA | YAIVIVAAGY [ Y Y ETEEV s GAAYYYYY . AYYIVYIAY | e VALY
Table (=1 1) Sectorial Area (@) For Cell No.(")
No. of a=-+" A o a=-.%
Cells
(O OR (O OR (OTR OR
Y Ve r e -+ YTYoVAS voree e B N- R ORI -
AARARER
r CYYVYEYY L S YYTY LA AR EA - )Y avay A EAAYY -
oY EAAYY
'3 ~_YVVA‘L£V ) ~.Y\~Y\/°/\1 R ﬁd‘é\”‘\.. Ve e e
o  EYYAAVA | v Y EooVAT « YOVYYYY CYYYEVEY YA eUYY e | v vdAVeVaR
7 + OYYAYA) < YaEvIvAa « EO0YYEAO e YEVLENE AREEAKAT «dAevat.
14 CYYIVATY | v fgg000 e « TAVYYOA MAARRAA £90 e YYA | v YdAo0W Y
A « AYIVAQA | . 0d¢01VAd « YYYYYYO «. £4190¢Y EAREARARI RN VY- i
9 Y oYIYYAQY | W« VEgoN YO « AOVYYYYY « YY4oeyvY AR EEAR R BRI L Y-V S X-2
) YAVIVAAC | v AdgoN Y CAAYYYY)Y AR ET-APN AAREAR R BE-LVY-F2-2
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Table (- 1#) Sectorial Area (@) For Cell No.(")

No. of A=-1 A=-.° a=1'.%
Cells
oL OR oL Qr oL OR
N R T2 - e NY e YAEY | oo YYYAOAA | -v +d)EAQYY -
R UN T SARRALRE
f .'.hh.lli - i.iiiiiih —'.*VYVOA-L i.illiiiii -
C YVYYATEY NEE TS PRI
o « Y £00VAT - CAYYEVEY | SV NYYEVEA |« aAVoVIR -
« YiooVAT « 2 AA0YYAaY
7 ..Y‘li\/\\/‘i U R ~.*i\/~2\i U R R ~.\':\/\0\/-‘-L~ L A N e
y L £680048 | ) £91TAE | . YVYATY) C A\YE0UTA « YAAcOo. Y. |+ A4AYAVT.
A «039£0YVA | « YAAQVYY | . 97908y . Ye9q¢qv¢ « FAACETY. | . 14avavY.
q CVE€0VYO |« ££AQTAE | . AYYd0YY C FVEEVAY « £90A£0T. | + YA4VAAS.
e CAAEOY Y |V odAAYYY | L VETAoYA .« £99¢VVe . 09A0£0T. | + YA4VAVA.
Table (1¢) Sectorial Area (@) For Cell No.(¢)
No. of A=-.1 a=:'.° a="'.¢
Cells
oL OR oL Qr oL OR
£ | SV YVYATEY | ov £00YVAY | Sv YFYVYOAT | -2 YAT00YY | o VA.YEfen | —a FYIVVES
0 | v YE0OVYAT | v £Y)YAAVA | v YYYEVEA | -+ YOVYYYY | -v «4AOYYVAY | -v Ya..1YY.
7 L R _..Y‘li\/\/\. LR AR _~.*2V~i\i L N _..\‘1/\0\/'\0.
y CYEANTAE | v VEAITAY | CVYEOTTA | - Y E0TTT |« QAAVAYT Y | -+ +QAAVAVE
/‘ .'Y"L/\‘\\/YY LR ..Yi‘\i‘ﬂ‘i LR R ..\‘\‘\\/QY\". L R
q CEEANATAE |« YEQAYYE | . YVEsvay L YYsaYoy « Y44YAAE. | .« .494VYo¢
B « 0AAAYYY | . Y44A. . . £996VVE REFEEERE) * Y9aYAY4. | . Y3444V,
Table (1) Sectorial Area (@) For Cell No.(?)
No. of A=-.1 a=:-.° a=-.%
Cells
oL OR (OTH OR Q OR
o S SYVYAAVYA | cv a0 VTE | o YOVTFYYTY | v OYYETEY | ov YA aTYY. [ oo £YVTVVY.
7 e YAEVVYAL | -v OVYAYAY | o YEVLEYE | v $AYYEAO | v VAAGYTO. | v FA..YoT.
y e NEAITAY [ cv ££8€000Y | v NYE0TTTN | v FYYATY. | v «A9AVYAYT [ -0 YAAcOL Y.
A v -.'Y‘\/\‘\\/Y\ L N -._Yi‘\i‘\YY‘ LR R _._\"L‘\i‘l\‘f‘.
q CYEAAYYE | cv YEAAYYY | L YYgaYoY | - YedYoY | . .944VYo¢ | -+ .444VYov
?: ~'Yii/\nn~ LR .\‘i‘\ﬁ\\“l U R ..\‘\‘\‘\1‘1\/. L R
Table (r17) Sectorial Area (@) For Cell No.(7)
No. of a="-." a=-.° a=1'.%
Cells
(O (Q) ]=} QL QR QL OR
7 ~_Y‘\5V\Vq vrr v r e -~_i/\YY2/\° -~_15122‘11 -~_\“\~~\~°T~ -~_°\~\1\/\“L
y C£880048 | « VEAITAE | -0 FYVATY. | v TAVYTOT | o0 YAAGO ). | -k £40.TVY
A «03£0YVA | « YAAAVYYY | v Y£Q£4YY | -v £3730¢Y | -+ 199£4YY. | -« YaAoEnY

)
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q VYE£01)0 | 4 ££AAYAE | -+ AYEAYOY | . TVEEVAT | - .444YFoV | - YA4YAAO
Fo | v AREOYAY | +09ARFYY | v i iiiiis | S Y£R99YQ | v veeeaaaas | -0 )44474YV
Table (r1v) Sectorial Area (@) For Cell No.(v)
No. of a=-."1 a=:.° a=".%
Cells
(08 OR oL MR Q MR
y SCYYOVATT [ L0 8a0a Y [ TYYYOT | S YYVEEVL | v £30.T)Y -
VYTV A
A S 09£0VVA | _o AVIVAR] | -4 £9790£Y | . YFYYYYo | . ¥aAciny -
NEC IR SR
9 SV EEAATAN [ Lo VEE0)VY | S FVEEVAT | . AY)140Y) | v Y33VAAS -
v £9A0£01
’ SUYA4YA44 | . 09AAYYY | S Y£49VY4 | -4 £99£VVE | . 134VAVA )
L F9aVAVS
Table (14) Sectorial Area (@) For Cell No.(4)
No. of a=-.1 a=:1.° a=1.%
Cells
oL OR oL OR (O] OR
A U AVIVARA [ D) 000uYAL | co VFYYYYO | o YVVEEY | Zv084aY)) -
VYTV A
9 SVNEEONY [ ) AYIVARL | - AYVA0YY | . AGYYYYY | . £3A001 ;
NECIRE AR
’ SV 0AAAYYY [ SvARE0Y ) | v £99EVVE | . YET30)Y | - YRAVAVA _
noﬂAozoi
Table (r19) Sectorial Area (@) For Cell No.(9)
No. of a=-."1 a=:.° a="'.1%
Cells
oL OR (O] OR (O] OR
9 N YIYASY | SV YA0 YA | v ASYYYYY | Vi YVE£V ; S ATYIVYA
el Y
’ SV ARE0Y ) | YV AYIVAA | -2 VETROVY | v GAYYYYA ; VAT
noﬂAozoi
Table (rr.) Sectorial Area (@) For Cell No.(’-)
No. of Cells a=- .1 a=:r.° a=+.%
(OB OR (O] OR oL OR
’e YAVIYAAY | S) FOOYAL | -+ AAYYTYA | ) Veteet. |- ]
CYRTYY LAY

Table (- rr) Warping Constant (@) For Cell No.(/)

No. of Cells

o="."

a:~.0

o=-.%

)

n.n~\\*°~~

.o

Y Y LAY

C e YAOVYE

Y'Y
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1 Introduction

The use of structural members of thin —walled section has been increasing
rapidly in many types of engineering structures. This is due to the
continuous development of modern structure requiring greater spans with
reduced self-weight. These factors (large spans and reduced weight) have

encouraged the wider application of thin-walled beam section in design
('L‘k A

3

ﬁ
). In thin-walled beams, in which warping deformations are usually

relatively large, the effects of warping restraint may become significant and
should be fully considered in the analysis. Free warping due to pure St.-
Venent’s torsion is identical at every cross-section along the beam, Fig
(1.)), and proportional to the rate of twist of the beam. It is caused by the
development of circulatory shear flows around the perimeter. However, if
this warping is in any way restrained, Fig. (1."), or if the distribution of
warping deformation along the beam is varied, then additional axial direct
(or normal) stresses and complementary shearing stresses will be created.
These axial stresses differ from the more familiar stress resultants, such as
axial forces and bending moments, in that they cannot be determined from
equilibrium conditions alone.

The main aim of this chapter is to provide guidelines on the applicability

of the grillage analogy to elastic analysis of thin-walled plate structures
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curved in plan including both implicitly and explicitly the effects of

warping restraints.

«,r Inclusion of Warping Implicitly with Torsional Stiffness

In the mathematical derivation that follows, various expressions are derived
for the angle of twist and its rate of change, by applying Timoshenko’s
concept of torsional warping for straight members with open and closed
section and various boundary conditions “V. Using the following

expression for the total torque:

T=Tg, +T, (¢-1)
where
T = the total torque
T, = the Saint-Venant torque (GJ@)
T, = the warping torsional moment (EI,,0)
Substituting these expressions into Eq.(¢-)) the following differential

equation of torsion with warping restraint will be obtained:

2
ng_aZ a‘e (¢-v)
GJ dx

where

0= is the rate of twist, and x is the longitudinal axis and a"= El,,/ GJ.
This is a non-homogeneous second-order ordinary differential equation
(Timoshenko’s differential equation for non-uniform torsion). The general
: M)
solution of Eq. (¢-Y) is ¢ :

X —-X
O=Aec2 +Be 2 +l (¢-7)
GJ

A%
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The constants A and B are to be found from the boundary conditions.

The general boundary conditions for torque and bimoment are shown in

table (¢-))
Table (¢ ) Boundary conditions for thin-walled beam

Boundary Deformation Force
Fixed end p=¢'=0 To="
Freeend | = - Tom="+

Hinge ¢=0 Tom=

¢,r.» Member with One End Restrained
By applying the following boundary conditions; when X=- (the fixed end),
the axial displacement u=-, consequently, the rate of twist = .. Also at

X=L (the free end) the axial (or normal) stress o,=- or, according to

A
expression that 6=Ee.(d#/dX) (" ,then the constants are:

(L)
T| —-e?
AzGJ : - (£-%)
\e? +e? )
( -L )
T| —-e?
e ()
\ea +e a )
Thus,
- cosh L—x
0=GJ 1- i (¢-1)
cosh —
a

The maximum angular displacement at x=L, thus:

L T.L a L
¢X=L =-[O edx=a(l—ttanhg) (i—\/)

YA
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whereas in pure torsion (with no warping restraint):
T.L
= ¢-A
#=" (:-4)
Comparing Eqg. (¢-A) with Eq. (¢-v), hence with warping restraint being

included implicitly, the modified torsional constant is:

J= J (£-9)

(1 - E.tanh L)
L a

It will be noticed J > J (indicating an increase in torsional stiffness due

to warping restraint). Moreover, as the length (L) increase, J — J .

¢, r.r Member with Two Ends Restrained
By applying the following boundary conditions; when X=- and X =L, the
axial displacement u=-. Consequently, the rate of twist #=-, this follows

from formula (v-v1). Then, the constants are:

(5
T —e<d
A=GJ - = (¢-)+)

2a 4 p2a
e +e“?

( o+ )
— a
B:GTJ L (1))

2a 4 p2a
\e“d +e“d )

L T.L 2a L
o, =] 8.dx=——1—-—.tanh— §-yY
b =, GJ( L ) S

va
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Comparing Eq. (¢-A) with Eq (¢-1¥), hence with warping restraint being
included implicitly, the modified torsional constant is
J

(1 — @ .tanh L)
L 2a

J=

(i—\i)

Also, here J >Jand J — J as L increases.

¢« Grillage Analysis of Cellular Plate Structure
A curved cellular plate structure can be represented by a grillage composite
of curved members representing the longitudinal curved ribs intersecting at
aright angles with straight radial members representing the transverse
diaphragms. The curve may be represented by a series (or finite number) of
straight segments. Nevertheless, such an approach will be an
approximation, it will increase the size of the problem, the number of
unknowns and the computing time by many times since the accuracy of this
approach depends on the number of segments. Sawko ()41Y) showed that
the approximation of the curved member by a series of straight members
could lead to a serious misinterpretation of computer output. Therefore, the
development of the stiffness matrix for a grillage curved member is needed
for more useful analysis.

The sign convention used here and the sign of moments and shearing
forces are as shown in Fig. (¢-Y).

There is no need in this analysis to transform the stiffness matrix from
the local to the global coordinate systems since the straight members

intersect the curved members at right angles.

¢- - Stiffness Matrix For Straight Member

The total strain energy of a deformed beam can be written in the form:
U=Up:+ Ui+ Uy (¢-10)
where Uy is the contribution by the bending to the element strain energy,

S
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and U; and U,, are the contributions to the element strain energy by torsion

_ _ (3,£Y)
and bimoment, respectively :

Figure () Sign convention of grillage members
(@) Curved member
(b) Straight member

&)
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The total strain energy can be expressed by:
Elf . AR El, 5, .,
=7‘£(V )2.dx+7£(¢)2.dx+7"”£(¢ )? .dx (¢-17)

The assumed displacement fields v(x) and ¢(x) corresponding to the
translation and torsional degrees of freedom are :
V=a; +a,X+agx’ +a,x° (£-1V)
¢=b, +b,x +byx? +b, x> (£-1A)

The degree of freedoms considered at both ends of the element are:

(G (o (G e (2]

Then, by solving Eqgs.(¢-'V) and (¢-A) for the ends degrees of freedom the

following results can be obtained:

=(1—3x2 + 2X3)V1 +(X_ 2x* + XB)L'(%)

(i-\ﬁ)
+(3x2 — ZXS)Vz +(‘ x*+ Xg)L{%f)
and
#=(L-3x7 + 2 gy + (-2 4L (ddé) (¢-Y+)

+(3x% —2x%) g, + [ x2 4 x3)L (dd¢2]

X

By making use of the Egs.(¢-)4)and (¢-Y+) and carrying out the integration

of Eq.(¢-11) , then the total strain energy may be written in matrix form as:

U=} IKe 1A} +2 )T Ik LA} Y [Kw 18} ()

where:

&y
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A={g ,Vi.V1,8' . 6,,V5.V; . ¢'} (£-YY)
[Kg] = the contribution of bending to the stiffness matrix.
[Kr] = the contribution of St. Venant torsion to the stiffness matrix.
[Kw] = the contribution of bimoment to the stiffness matrix.

Eq.(¢-YY) may be written as:

U =%{A}T IK ].{A} (£-YY)
where
[K]= [Ke]+ [Kr]+ [Kw] (¢-Y¢)

which represent the required stiffness matrices for straight member. The
elements of these matrices are as follows:

I-Bending Stiffness:

0 Symm. |
4

"z

6 12

T

0 0 0 O

Kg =EI.L

0 0 0 00

2 -0 4
"’ -

-6 -12 0—612
TN T
00 0 000 0 0 |

1i-Twisting Stiffness

¢y
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5% Symm.
0
0 0
Ky =GJ.L iy 1 s
-— 0 0 — —
K 10L 512
0O 00 O 0 O
0 00 O 0 0
1 oo g0 2
[ 10L 30 10L 15 |
Ii- Warping Stiffness:
% Symm.
0 0
0O 00
6
I TR
[ -6 12
= 0 0 = =
L IR
0 00 0 O
0 00 0 O 0
% 00 % _—S 0 0 iz
L L L° L L

¢- - v Stiffness Matrix For Curved Member
To derive the stiffness matrix of a curved beam the same displacement
fields for the total translation and total angle of twist in Egs. (¢-1°) and (-

V1) are used . The used displacement vector is:

2

r
{¢1,v1,v1,v1— 3,02, —¢—2}

R

The strain energy expression for a curved member is:

¢¢
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El 't 2 o GIE( ., v . El L( v")z
U=s—|W"-5)"dx+—||g¢'+=| dx+—"||¢"+—]| dx (¢-¥°
> ! (v-2) > £(¢ R] ; { P+ (£-7°)

By the same way used in the derivation of stiffness matrix of straight
member, the stiffness of the curved member will be obtained. Therefore, by

solving the displacement fields (vand ¢) for the end degrees of freedom of

the curved member the following equation will be obtained:

=(1—3x2 + 2x3)v1 +(x— 2x% + xs)L.(%]

X (¢-¥7)
+(3x2 - ZXS)-Vz +(‘ X"+ ﬁ)L.(%ﬁ)
and
¢=(1—3x2+2><3)-¢1 (X 2x* +X) (d¢xl)
(¢-YVY)

X

+(3x2—2x3).¢2+( X +x) (d¢2}

Then, by using the Egs.(¢-Y1)and (¢-YVY) and carrying out the integration
of Eq.(¢-Ye) to get the strain energy, then the total strain energy may be

written as:

=%{A}T.[KB].{A} +§{A}T.[KT].{A}%{A}T-[KWJ-{A} (£-74)

where:

oo (3o (G e (2]

[Kg] = the contribution of bending to the stiffness matrix.
[K1] = the contribution of St. Venant torsion to the stiffness matrix.

[Kw] = the contribution of bimoment to the stiffness matrix.

Also, Eq.(¢-YA) may be written as:

¢o
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U=%MF{K}@} (£-79)

where

[K]= [Kg]+ [Kr]+ [Kw] (&)

which represent the required stiffness matrices for curved member. The

elements of lower triangle of these matrices are shown in Table (¢-Y).

Table () Elements of Stiffness Matrix of Curved Beam

Index Elements of Bending Stiffness Matrix
Row (1) | Column (j) El,.Kc(1,J)
’ ’ 13L
35R?
" ’ 11 1112
10R 10R3
" r 4 4L L3
—— +
L 15R® 105R*
r / -6
5RL
r 14 6 1
L> 10R?
r r 12
[E]
¢ / 11 L2
210R3
£ 4 L L3
15R 105R®
£ r -1
10R

e
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H

L3
105R?

oL
70R?

-1 1317
10R  420R®

b
5RL

1312
420R?

1312
35R?

1 1312
+
10R  420R?

2
—+
L

L L
15R? 140R*

6 1

+
30R 140R3

~11 1112

+
10R  210R®

4
L

- +
15R®  105R*

AL | 3

6

SRL

1A%
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y y 12
L3
420R?
A 4 —L L3
+
30R  140R3
A r -1
10R
A £ _ 3
140R?2
A e —1112
210R?
! ' 2L L
15R  105R?
A y 1
10R
A A L3
105R3
Index Elements of Twisting Stiffness Matrix
Row (1) | Column (j) GJ.Kt(1,J)
f f 6
5L
14 /
r r
" ’ -6
5RL
r r
r r 6
5RL?
£ f 1
10
F3 4

EA
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10R

2L
15

oL

SRL

10R

SL
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A ' 1
10
A y
A r —1
10R
A £ —L
30
) o -1
10
A 7
A y 1
10R
A A 2L
15
Index Elements of Warping Stiffness Matrix
Row (1) | Column (j) El,.Kw(l,J)
/ / 12
E
y '
r r
1 ! -12
RL®
r r
r r —12
R%L®
¢ /
i
¢ Y
£ r -6
RL?
£ £ 4
L
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—12
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A r -6
RL?

A £ 2
L

A o _ 6
L2

A 7

A y 6
RL?

A A 4
L

¢-o Application Examples

In order to verify the validity and accuracy of the stiffness matrix of the
straight and curved member, including implicitly and explicitly the effect
of warping restraint as presented herein, two computer programs are
constructed to perform the grillage analysis. Three examples are analyzed
using these programs and also using MSC/NASTRAN and STAAD IIl1.
The results agreed closely with these two programs.

¢-o-1 Example

A thin walled box beam subjected to a twisting moment is considered.
Fig.(¢-Y) shows the thin wall box beam (L=¢-+ mm ,b=rsmm ,h=¢-mm
t='mm ,E=r.. GPa ,G=v%9 GPa) with one end fixed and other end free.
The box beam is loaded by a twisting moment of magnitude (T="1-+ N.m)
at one end. The analysis is performed by the present computer programs
and MSC/NASTRAN (flat shell element) and STAAD 111 packages. The
magnitude of the tip rotation gives good agreement with those obtained by

the two packages, Tab.(¢-Y).

oy
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Figure.( ¢ r) Details of straight box beam member under torque

oy
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Table( ¢ r) Box beam subjected to a twisting moment

PROGRAM No. of Element Tip Rotation %Error
(NASTRAN) Yh.e \ 0ot E-Y

STAAD |1l Beam Y Yy ovE-Y
Column Element
Grillage ( ¢ DOF) V. ¢00E-Y

Grillage ( *DOF) V.E0VE-Y

with imp. warping

Grillage ( *DOF) V.0 E-¥
Without warping

¢-o- ¥ Example Two

An example of a curved girder, Fig.(¢-v),previously analyzed using a
closed form solution by Brookhant, is analyzed by using the present
mathematical expression and also by MSC/NASTRAN Package. The
results of deflections and twisting angles obtained by the present computer
programs give good agreement with those obtained by NASTRAN
package and also by Brookhant, Fig.[(¢-¢)and(¢-¢)]. The percentages

deferences are about ¢.r2.7and 1./ for deflections and twisting angles

0.00

-0.50

-1.00

R=Tr¢.in

-1.50

Deflection (in ! +e- 1y

]

Figure( ¢ r)Details of curve Member

-2.00

-2.50

0 10 20 30°Y 40 50 60 70 80
Angle in degrees a

Figure( #¢) Deflection curve of example r
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¢-o-rExample Three

A cellular plate cantilever curved in plan Fig.(¢-1) is analyzed by the
present derivations and also by MSC/NASTRAN package program using
flat shell elements. This is specially chosen to assess the efficiency of the
present formulation for cellular plate structures having high twisting and
bending moments. Two loading conditions are applied in this example. The
first and the second loading conditions are a point load of Y+ kn. over the
outer corner and at the middle of the free edge respectively. The results of
deflections and twisting angles obtained by the present study agreed with
those obtained by MSC/NASTRAN. The percentage differences are about

1.1/and 7.4/ for deflections and twisting angles respectively.

oy
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s
| NONLINEAR BEHAVIOR OF CELLULAR PLATE STRUCTURES l

¢, 1 Introduction

The objective of this chapter is to provide a theoretical basis for the
nonlinear analysis and ultimate load investigation of cellular plate
structures curved in plan and with or without diaphragms. A simple
analysis method is presented, which is capable to predict the collapse load
of cellular plate structures with a good degree of accuracy. This method
consists of the extension of the grillage approach into the nonlinear range
and at the collapse of the multi-cell structure.

As mentioned previously, steel or aluminium cellular plate structures
are fabricated as an assemblage of individual plates forming the top and
bottom cover plates and the longitudinal and transverse partitioning webs.
This construction allows the structures to have high strength to weight
ratio. So, this type of structure will be well suited to bridge decks, aircraft
wings, ship bottoms and other situations where strength and reduction of
self-weight are important design objectives. To maximize the saving in self
- weight, the component plates are designed to be of thin proportions.
Accordingly, they will have a low elastic critical (or buckling) stress and
will normally operate in the post-buckling range. Thus, advantage must be

taken of their post-buckling reserve of strength. Concerning the nonlinear
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analysis, the present study takes into account the effects of two basic type
of nonlinearity (material and geometric nonlinearities) to represent the
nonlinear behavior of the component plates used in the construction of

cellular plate structures.

2,1, Material Nonlinearity
The effect of material nonlinearity is incorporated in the nonlinear analysis
when the material properties vary with the growth of stress in the material;
I.e. the constitutive laws are functions of the current stresses in the material.
This variation is a consequence of the occurrence and spread of local
yielding in component plates of the cellular plate structure.

In the present study, as the material yields (reaching the yield stress), a
hypothetical hinge (plastic hinge) concept is adopted in which the structural

model softens under increasing loads due to increasing spread of plasticity
_ Y
for the whole structure. The experimental study made by Lagerqvist ¢ ’on

steel girders with modulus of elasticity E=r-¢ GPa showed that the
modulus in the plastic stage becomes E=-.¢ GPa as shown in Fig.(e-1).This

value is used in the present study.

o.1.rGeometric Nonlinearity

This type of nonlinearity is introduced when deflections in the
individual thin plates become large enough to activate membrane forces in
the plane of the plate panels. When the membrane compressive stresses
(acting upon the compression flange) reach the critical limit, the flange will
buckle. Also, the webs (which are assumed to sustain constant shearing
stresses in any cross section the analysis of cellular plate structures) will
buckle when the shearing stress reaches the critical limit. So, while dealing

with the nonlinear behavior and ultimate load investigation of the thin —
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walled structures (like the cellular plate structure), it becomes important to

consider the post-buckling behavior of the compression flange as well as

E=:.¢GPa, A*+-A7. MPa
E=t+£GPa, + - 4*+ MPa

(48]
o
=
) —
[72)]
wn
[¢B)
S
)
9p)

T
20 30 40 50 60 70 80
Strain (1/1000

the wetgpaad|s: ') Bi-linear stress-strain relation used for transforming
measured strains to stresses ("

o.1.» Necessary Assumptions

Regarding the present work, the following assumptions will be made to
deal with the grillage simulation of the post-buckling and elastic-plastic
behavior of steel cellular plate structures curved in plan:
V-The material of the plate is homogeneous and isotropic (the effect of
strain hardening is neglected).
¥-Concerning the critical stress evaluation of the nonprismatic compression
flange (linearly varying in width), the following assumptions will be

considered:

1)
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The curved trapezoidal plan of the compression flange plate between
redial webs is approximated to a rectangle with a width(b,,)equal to the
average widths of the trapezoid(b» and bY), as follows:

_bi+by

b,y = o)
av =" (=)

Since each grillage member represents the state of stress in one
direction only, thus for simplicity, the critical stress (in each direction of
the grillage structure) will be calculated as if the compression flange is
under uniform uniaxial stress acting at that direction.

The boundary edges for the compression flange panels are assumed
to be simply supported (as the flexural rigidity of the thin flange plate is
very small).

- Regarding the evaluation of the shear buckling coefficients of the web
panels, for straight members, the boundary edges of these panels are
assumed to be partially restrained according to the parametric study
presented by Lee and Yoo (' 944) ©7, and for curved members the proposed
formula of Batdorf, Stein and Shilderout®”, is used. Also, the web panels
are assumed to be under constant shearing stresses.

¢- The effects of residual stresses due to welding and fabrication are
neglected

o- All plate panels are assumed to be flat (without geometrical

imperfections).

o, Post-Buckling Behavior of Compression Flange Panel

e, 1.1 Introduction

Membrane (or in-plane) forces may be acting on a thin plate in this case.
The middle surface of the plate is subjected to in plane stresses. When the

plate deflects (by any means), these forces will have components in the

Ty
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transverse (or lateral) direction and will cause moments on the section of
the plate. The deflection will decrease or increase according to the tensile
or compressive type of the membrane forces.

The theoretical treatment of local buckling of thin flat plates under the
action of membrane forces (in the plane of the middle surface of the plate)
Is based on the governing differential equation of the buckled plate, which

Is given as follows:

2 2 2
viw=1 Nxa—\;V+2NXya—W+Nya—\;V (.Y)
Dl " ox Oxoy dy
where:
4 4 4
V4W=|:Z \iv+2662gv2 +é;y\iv:| (°-7)
X X %8y

w = the deflection of a point in the middle surface in the direction z,
perpendicular to the xy-plane.
Nx, Ny = the membrane (or in plane) normal forces (per unit width) in

the x and y directions, respectively.

NXxy = the membrane shearing force (per unit width).
3
D= Lz
12(1-v*)

t = thickness of the plate.

The plate remains flat until the compressive stress, which is assumed to
be uniformly distributed over the width of the plate, exceeds the elastic

critical stress, then the plate may buckle causing geometric nonlinearity.

o.r.r Evaluation of Elastic Critical Stress
Based on the assumption (Y-b) in section (¢.).v), the differential equation

defining equilibrium of a buckled flat plate under uniform uniaxial

ay
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compressive stress is expressed by substituting (N, =—oy.t) into Eq. (°.)

as follows '

84w 8w 8'w ot 8w
4 2a2 T A )

OX OX“oy- oy D ox

(-2)

where:
oy = the uniform compressive stress in the x-direction (Fig(e-Y)).

In order to evaluate the elastic critical stress utilizing the second
assumption cited in Section (.1.7v), a simply supported flat rectangular plate
subjected to uniform uniaxial compressive stress is considered, as shown in

Fig(e-¥). Accordingly, the deflected surface w(x, y) of the buckled plate is

expressed in double Fourier half-range sine series **):

w(x,y) = i ozo: Amn.si{%)lco{mnq (5-2)

m=1n=1 bav

where:
Amn = the amplitude of the deflection.
m,n = the number of half-waves in the x and y direction , respectively.
By substituting into Eq.(c.¢) and equating the coefficients of identical

terms, then the critical values of (o) are:

D2 2 )2

V4 n<.a

Oy = 2 m + 2 (o"L)
t.a m.b;,

From which:
Dz%(mb, n?a ‘

Ox=— + (o-\/)
t'bc’:lV a m'bav

According to Eq.(¢.v), it is obvious that the smallest value of (o) will be

obtained by taking (n) equal to (V). The physical meaning of this, is that the
plate buckles in such a way that there can be several half-waves in the x-

direction (the direction of compression) and only one half-wave along the

¢
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perpendicular
y-direction.
Thus, the

expression for

the critical

value of the

compressive

stress

becomes ),

Figure (=) A plate panel under uniform uniaxial stress

2

2

O x(er) = Dz (m.ba\, 42 J (o.A)
th2,l a mb

av av
then:

D.z?
Ox(cr) = K. b2 (2.9)

av

where the buckling coefficient(K) is expressed as follows:

2
K = m.b,, N a (1)
a m'bav

Along the x-direction, the number of half-waves (m) that yields the

minimum value of (ox(cr)) is found by taking the first derivative of
(Gx(cr)) in Eq.(e.A) with respect to (m) and putting this derivative equal to
zero, as follows:

d"x(cr)=2D7t2(m.baV+ a )(bav_ a Jzo

10
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Form which a real value of (m) is:
m=

bz,

So, the minimum value of the buckling coefficient (Kmin) is calculated
by substituting (m=a/ by, ) into Eq.(c.A);then:

2
Ox(cr) = % (e.1)

Equation (o.)V) is valid if (a/ by, ) is an integer, while for non-integer
values, Eq.(e.A) is used(for m =1, Y,x,....).

In order to evaluate the stability of single plates with simply supported
boundary conditions and subjected to uniform uniaxial compressive stress,
Timoshenko and Gere (1471) ©¥ presented the following buckling curves
that show the relationship between the buckling coefficient (K) and aspect
ratio (a/b) with various values of (m). Regarding the present study, the
buckling coefficient (K ) for various aspect ratios is calculated form Fig.(e-
¥) depending on EqQ. (°.)+). This equation gives a good approximation for
the buckling stress of curved plates having normal curvature. Fig.(e-¢)
shows a curved plate having radius R=4-+- mm and width B=1¢-+- mm
and thickness t='+ mm . The buckling stress of this plate is evaluated by
using Eqg.(¢.)+), the same plate is reanalyzed by adopting a more accurate
method (three — dimensional flat shell finite elements) using the package
program NASTRAN. From the comparisons of the results obtained by these
two methods it is found that the buckling stress from Eq.(e.)+) is (er. vy
MPa) while the buckling stress from NASTRAN. Package program is

(ev.47v MPa), so a good approximation could be obtained from Eq.(¢.)+)

"
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o. 1, ¥ PostBIGeRROY B&HARIbEY of single plate with simply supported edges
Beyond the critical stress, the compression flange enters into the nonlinear

range due to post-buckling during which the distribution of the normal

stress across the width of the flange will be nonuniform.

Von Karman et al. (+4¥¥) “ argued that; when buckling occurs in a
rectangular plate, the central portion of the plate deflects, and tends to shed
away some of the compressive stress while, in contrast, the portion of the
plate nearer the edges accepts higher stress and remain almost straight.

Accordingly, the distribution of the longitudinal compressive stress
across the flange plate becomes nonuniform. Based on this, Von Karman et
al. ®Y made their bold assumption that the central strip of the plate can be
thought to be completely ineffective, and the nonlinear post-buckling

longitudinal stress in the plate is approximated by a uniform stress (equal to

v
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the edge stress

Co) over two

strips at the

edges, each

strip has width
(be/ 1), as

E=r..GPa
shown in Fig. V= r

t=1.mm

All dim. in (mm)

(e-¢);  where
(be) is the

effective width

of the plate.
Thus. the in- Figure (¢-¢) Mesh of a flange plate girder used to

’ evaluate the buckling stress in NASTRAN program
plane load

could increase beyond the critical (or buckling) stress, provided the

effective width of the plate is steadily decreased.

o.v.r.\ Effective Width Expression

The evaluation of the effective width of a buckled plate is the primary
focus of the ultimate strength discussion . So, a reliable effective width is
needed for stiffened plate elements in pure compression (like compression
flange in grillage analogy). Different empirical formulas are available for
the determination of the effective width. An important early method for
calculating the effective width is attributed to Von Karman et al. (yarv) “,
According to this method, the following expression was suggested:

0.5
be = b("i) (e.7)

(o)
where:
be = the effective width of the plate.
b =theactual width of the plate.

TA
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o.r = the critical buckling stress.
o = the applied compressive stress across the width of the plate (

G >0Ccr)

‘}q >

Comp. Flabges

Many

A A A A A

L

Actual distributio
Actual cross-section
Effective section

inveRtigetess( bave ploathtrth FRTIRW i sTisuReHr e brxekéssl piatdarplaced by
Vou Kare [riFuRistMas YR fou Bt attterTg nvine LmEssin dPbss section.

the effective width of a plate with simple boundary condition:

b, = o.5b(ﬂ) (- 1Y)

Onm

O1+0, . .
where o, =— > 2 js the mean stress in the edge of the plate.

!



Chapter Five Nonlinear Analysis

Winter (v4¢v) &Y proposed an empirical correction to Von Karman
formula, and suggested the following expression to predict the effective

width of a buckled plate:

05 0.5
oo t{ %) (1_0.25(&) } o
() (0}

Koiter ) gave, for all edge conditions, the following approximation to

evaluate the effective width:

2 4 2
5 5 5
b, =b| 1.2 - o.es("cr J + 0_45(% J (ch ) (2.0¢)

Cox " suggested that for plates with clamped edges, the effective width

can be represented by the approximate formula:

1

2
be =b| 0.14 + 0.86("” J (217)

Onm

Faulkner (1 1v#) " proposed the following empirical formula:

0.5 0.5
be =1,05b(°-£] (1_0.27(&} ) (c.0Y)
c c

Shanmugam and Evans ('441) ", Evans and Shanmugam (1 44¢) ™)
recommended using Winter’s formula for the effective width of the
compression flange panel. Shanmugam and Evans (144 1) ) clarified that
the loss in effective width for the equivalent grillage member begins to
become significant when a compression flange panel is subjected to a stress
equal to -.¢ times its buckling stress. Also, they suggested that the
reference stress for each grillage member be taken as the average of the
calculated nodal stresses of the member. This suggestion is considered in

the present study.
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Several recent studies (Kalyanaraman and Rao (!444) “Y Schafer and
Pekoz (1944) O Marsh (1444) 9 and Ranby (7944) ) Yhave shown that
the expression suggested by Von Karman overrates the ultimate load
resistance, while Winter’s formula (which is used in Eurocode * Part 1.*
(194.) ™ and AISI (1991) 9 in a slightly modified from) is sufficiently

accurate and confidently recommended for use as follows:

o \0%
For (i] (0.673

(o)

0.5 0.5
b = b("i) (1 - 0.22("&) ] (>.1)
o) o)

otherwise, b.=b

Regarding the present work, Eq.(°.)A) is used for evaluating the
effective widths of compression flange panel at the start and the end of the
grillage member.
e, ¥ Post-Buckling Behavior of Web Panel
e,r, 1 Introduction
The primary functions of the web plate in a plate girder are to maintain the
relative distance between the top and bottom flanges and to resist the
introduced shearing force. In practical thin plate girders, the web plates
carries ( 927) or more of the applied transverse shear and that, although the
flange resists most of the bending moment, the web may carry a
considerable part. When the applied loads are increased the combination of
stresses (shear and bending) acting on the web may initiate buckling,
yielding, or both buckling and yielding. Then, as the applied loads are
further increased the web must carry an even greater shearing force
(because the flanges cannot carry considerable shearing force). In order to
do this, the web must reduce its share of the bending moment. Thus, the
flanges have to carry not only the increase in bending moment from the

applied loads but also that which the web sheds off in order to carry the

Y
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increase in shearing force. This phenomenon is known as Load Shedding
(>N

Web behavior in the post buckling range and at collapse has been studied
by many investigators ©"*"***+) The most well known approach is the so-
called “Rockey’s approach ” which is the resultant of many studies carried

(rv,vy)

out by professor Rockey and his colleagues in Cardiff . Many
researchers *>*) recommended to use this approach to predict the post
buckling behavior of the web panels till collapse. In the present study,
Rockey’s method, with some modifications, is utilized in the grillage
simulation of the nonlinear analysis of cellular plate structures curved in

plan for predicting the post-buckling behavior for the web panels.

e,r, v Evaluation of Elastic Critical Shearing Stress

Tests indicate that a stiffened web panel may still have a tendency to
buckle even when vertical stiffeners are incorporated into the design. This
Is because the combination of diagonal tension and diagonal compression
can cause closely spaced buckles to form across a diagonal ©*.

In order to accurately calculate the elastic buckling strength of the web
panel, the boundary conditions need to be properly determined. The elastic
shear buckling stress of a rectangular web plate was given by Timoshenko

and Gere (1471) “)as follows:

7, =K LEZ[MT (.)9)
12(1-v4)\ h
where:
K =the shear buckling coefficient.
E  =The modules of elasticity.

v = Poisson’s ratio.

Yy
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h = the depth of web panel (clear distance between upper and lower
flanges).

ty = the thickness of the web panel.

The shear buckling coefficient (K) depends upon the boundary
conditions and aspect ratio of the web panel (B/h), where (B) is the
unstiffened length of the web panel (clear spacing between transverse
stiffeners). Although the real boundary condition at the flange-web juncture
IS somewhere between simple and fixed, the boundary condition for a
mathematical solution has been arbitrarily assumed, mainly due to the lack
of means to evaluate it in a rational manner ©.

Basler and Thirlimann (1929 %, Porter et al. (19v2) *” and Rockey et
al. (774" assumed that the web panel is simply supported at the flange-
web juncture, while Chern and Ostapenko (479) O obtained the elastic
buckling strength by assuming that the" juncture behaves like a fixed
supported.

Sharp and Clark (1 4v1) “" assumed intuitively that the boundary condition
lies halfway between the simply supported and fixed condition. AISC
(1949) O and AASHTO (1447 O specification followed Basler’s
procedure, in which the boundary condition of web panels at the juncture is
conservatively assumed to be simple.

A study by Let et al.(199%) 9" suggested simple design equations to
determine shear buckling coefficients that represent various boundary
condition. According to this study, the boundary condition at the flange-
web juncture is closer to a fixed condition. They reported that the relative
flange rigidity expressed in terms of the ratio of the flange thickness to the
web thickness (t/t,,) affects the overall ultimate strength by influencing the
elastic buckling strength. Bradford ('44%) OV also pointed out that
AASHTO assumption underestimated the shear buckling strength. He
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developed a local buckling design chart for shear buckling coefficients for
plate girders that represented more accurate the field condition. The local
buckling chart by Bradford gives values of shear buckling coefficients very
close to that suggested by Lee etal. (1947 .

Lee and Yoo (1 444) ©” confirmed the validity of the design equations by
Lee et al (147%) ©” and recommended them for use in the investigation of
the ultimate shearing strengths of web panels. They also concluded that the
assumption of the boundary condition at the flange-web juncture being
simply supported gives much too conservative shearing strength for many
web panels. Using NASTRAN computer program, they conducted
nonlinear analyses by three-dimensional finite element models on a
transversely stiffened plate girder web panel subjected to pure shear. The
results obtained from these analyses showed that the boundary condition at
juncture is much closer to a fixed supported. Accordingly, they suggested
that the shear buckling coefficient (K) could be calculated as follows:

Form Timoshenko and Gere (197 “) and SSRC Guide ( 1 144) “7:

For plates simply supported at all edges;

2
h B
K« =4+5.34 — for —<1 °Y.a
ccavsaf D)o ora

V¢



Chapter Five Nonlinear Analysis

h)? B
K« =534+ 4] — for —2>1 °Y:b
csoud) o 8 o1

Y- For plates where two opposite edges are simply supported and the others

fixed;

2
K¢ =5.3 h +23 h —3.44+83 h forE<1 (e.va)
B B B h

2 3
Ky =8.98+5.6 Y _1od M for 231 (2.¥1b)
B B h

The shear buckling coefficient (K) of a web panel according to the

previously mentioned study by Lee et al. (1447 ©7 js;

t t
K=Ky +2(Kg —Kg ) 1= 2 2= " ||fort <L <2 (>.Yva)
5 37t )| 2 ot
t
K=Kg+2(Kg —Kg) for ' >2 (>.vYb)
5 t,
L
K=K for —<2 (e.Y¥C)
tW

Regarding the present study, Egs.(e.Y¥a, ©.YYb and e.Y¥c) are used to
evaluate the shear buckling coefficients for straight web panels.

The critical shearing stress for a curved web plate panel is affected by
the web curvature. Batdorf, Stein and Shilderout ©* analyzed this special
case. They suggested that the critical shearing stress is affected by both the
curvature parameter (I) and the shear buckling coefficient (Kc). The
curvature parameter is:

(0o

RAt,

Fig.(e-1) shows the variation of the shear buckling coefficient (Kc) with

the curvature parameter (I"). Thus, the critical shearing stress is given by:

2 2

z7°.E t

T :K - —W (oYi)
o 012(1—v2)[h)

V¢
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o,r.r Review of Failure Theories for Web Panels

The various possible failure modes of a web are illustrated by Murray
(1942) ®Y as shown in Fig.(s-v). The following brief review of failure
theories for web panels is presented depending on various modes of failure.

Basler and Skalout (!471) O assumed that since flange in practical
plate girders under pure shear, do not possess sufficient flexural rigidity to
resist the diagonal tension, the diagonal tension field does not develop near
the web-flange juncture and the web collapses after development of the

yield zone, as shown in Fig..(s-va). Rockey and Skalout (' 4v1) " found

—
c
2
2
Y
Y
(«b]
o
(@]
(@)
£
~
(@]
-]
m

10 100 1000
Curvature prameter (I')

Figure(--7) Variation of buckling coefficient with
curvature parameter

that collapse mechanism involved plastic hinges in the flanges and that

these flanges often had a strong influence upon the behavior of the web

Yo
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panel. They assumed that for the case when the transverse shearing force
acts alone (i.e., M=") the plastic mechanism had the form shown in Fig.(e-
vb), where it is seen that the tension field is assumed to be parallel to the
diagonal of the web panel.

Porter et al. (1v2) ©*) developed a failure theory for a web panel loaded
in shear, based on the assumption that the flanges are able to anchor the
diagonal tension field, as shown in Fig (e-vc). According to their theory,
plastic hinges form after the development of the yield zone, and finally, the
web panel fails in a sway mechanism.

Rockey et al. (19v4) ) proposed a design method that allowed for
combined loading of shearing force and bending moment. Their method
can cater for all of the collapse modes illustrated in Fig..(s-¥)*" with some
modifications, and when it was compared with the test-measured collapse
loads of eighty-eight girders reported by various investigators, it was found
that the average value (predicted collapse load/measured collapse load) was
(+.94Y). This method will be studied in details in the next section, and will
be used in present study.

Lee and Yoo (%44) ©7 presented a parametric study to predict the
ultimate shearing strengths of web panels subjected to pure shear by
conducting nonlinear finite elements analysis using NASTRAN computer
program. From this study, they concluded that when the plastic shearing
force (Vyw) is greater than the elastic shear buckling (Vcgr), the post —
buckling strength (Vpg) is approximately equal to (¢+7) of the difference
between (Vyw ) and (Vcr). Accordingly, new design equations were
proposed for the determination of the ultimate strengths of the web panels,

as follows:
Vg =04V, -V ) (c.ve)

where

\a
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o
Vi, =—=ht,

NE
in which
Vy, = the shearing force required to make the web fully plastic.

o = the

yield stress of

the web
material.
(a)Flanges very light (Basler’s model) (f) Flanges intermediate and web
. heavy (ter >oyw),(B.M. &V =+ )
2
. R
V, =K A
12(1- /
(e.¥7) —
. (b) Flanges intermediate (9) Flanges heavy & web light
The ultimate || "'co'e Skaloud model) (ter <oya)(V =+ )
shearing

strength (Vu)

IS obtained by
(c) Flanges intermediate and web light (h) Flanges heavy & web light
addlng (V pB) (Ter <oyw),(B.M.=* but vV =+ ) (ter <oypw),(V =)
to (Ver) %
‘s R
VU:VCf+VPB 7. 7 ~—
(2.7v) '
(d) Flanges intermediate and web heavy (1) Web light,(B.M.) large and V="
(Tcr >Gyw),(B.M.: «butV =- )
By

substituting

Buckling

EqQ. (>.¥°) (e) Flanges intermediate and web light Plastic hinge
(Ter <oyw),(B.M.& V #+ )

Figure(=-v) Modes of failure of plate girder ©
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into Eq (e.YY):
V= Vet . 8V, (c.YA)

o.r.¢ Proposed interaction diagram

The parametric studies carried out by Evans, Porter and Rockey (1 4v%) (™
have established that the interaction between the transverse shear and the
bending acting on a web panel can be quite accurately represented by the
interaction diagram shown in Fig (e-A). In this diagram, the transverse
shearing capacity of the web is plotted on the vertical axis and the bending
moment capacity is plotted horizontally. Thus, any point on the interaction
diagram shows the coexistent values of shearing force and bending moment
that can be sustained by the section.

The interaction diagram has three main stages, for each there is a
specified limit for the web ultimate shearing capacity (Vs, Vc, and Vb)
acting with their associated limits of bending moments (Ms; Mf, and Mult),
respectively. These notations will be explained in the next section. The
three stages may be summarized as follows:

1-A straight line joins (S) and (S”’) which represents a constant value for
the ultimate shearing capacity (Vs), which exists when the associated
bending moment varies from zero (pure shear) to (Ms’).

r-A parabola with its crown at (S”) is fitted between (S”) and (C), and this
corresponds to a bending moment value between (Ms’) and (Mg) with its
associated ordinates (Vs) and (Vc), respectively.

A further reduction in the shearing capacity will exist when the bending
moment exceeds (Mg). Then, the interaction diagram terminates at a
shearing capacity of (Vg) associated with the ultimate bending capacity
(Muy). The curve (CBE) is also a parabola with its crown at point (E) ©.
According to the simplified design method presented by Rockey et al.
(19v4) O the points (S, S’, C, B and D) which construct the interaction

diagram are located according to simple formulas and the curves

YA



Chapter Five Nonlinear Analysis

connecting these points are either straight lines or parabolas. This method

will be discussed in detail in the following section.

o.r"o

Rockey’

S

Method
As

mentioned

in Section - Failure

(o.7.0),
Rockey,

Evans,

and

Porter
( 19 VA)
presented Figure(s-4)Interaction diagram between shear and
a simple bending effect
design method for predicting the collapse behavior of web panels subjected
to combined action of transverse shearing force and bending moment. This
method is considered to be the most general of the collapse mechanisms
illustrated in Fig.(e-Y), that is, as that shown in Fig.(e-ve), other cases can
be treated as special cases of this mechanism ©*.

According to Rockey’s method, three stage of web behavior leading up

to collapse are considerable, as follow:

1-Stage ! (Unbuckled behavior)
When a web panel is subjected to a uniform shearing stress of magnitude

(7), equal tensile and compressive principal stresses of (o, =o.) of

v4
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magnitude equal to 7) will be developed prior to incipient buckling at (#2°)
and (1r¢°), as shown in Fig.(c-1a). The web plate remains perfectly flat
until the applied shearing stress (z) reaches the critical value (z) at which
the panel will buckle (along the diagonal of the compressive stress). This

critical value (z) is determined as mentioned in Section (°.v.Y).

I1- Stage r (Post-buckled behavior)
When the critical stress (z.,) is reached, the web panel starts to buckle and

it cannot resist any increase in compressive stress. Any additional load,
beyond the buckling load, has to be supported by tension field action (or
tensile membrane field), which is anchored against the top and bottom
flanges and against the adjacent transverse webs on either side of the
longitudinal web panel, as shown in Fig (e-3b). In this field, the tensile
membrane stresses (o) are inclined at an angle (8) to the horizontal. At the
start of this stage, the stresses acting on the faces of a small rectangular
element obtained by a rotation through angle (@), as shown in Fig.(e-)+),

may be found using Mohr’s circle ©V, as follows:
g = T SIN(20) (e.¥da)
0'0+”/2 =7, Sin(20) (e.Ydb)

Ty =T¢ COS(20) (e.¥ac)
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(a) Unbuckle behavior

Accordingly, the tdRilgsiate (OP-sfipStagestin wabseblaldos iprey dellapse

obtained by superimposing the tensile membrane stresses (o) to the tensile
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stresses (o,) set up when the applied shearing stress reaches its critical
value (zy).S0, Eq.(c.Y2a)becomes:

Co)pg =T -SIN(2O) + o (e.v4)

Since the flanges are of finite bending (or flexural) rigidity, they begin to
bend inwards under the pull exerted by the diagonal tension field.
I11-Stage *(Ultimate load behavior);

Upon further increase of the applied shear loading, the membrane tensile
stress (oy) (developed in the web panel) increases and a greater pull is
exerted upon the flange. Eventually, the membrane tensile stress reaches
such a value that when combined with that from the critical shearing stress
(7er) as in Eq.(.7+),the resulting stress (ey)ps ) reaches the yield stress(eyw)
for the web material .This value of the tensile membrane stress will be
denoted as (a;’) and it may be determined by applying Von Mises-Hencky

yield criterion, which is common to use in plasticity problems, as follows:

2
y

o =0'12 +0'22 -0, .0, + 372 (e.¥Y)
where

o, = the yield stress

o, o= the direct stresses acting on two orthogonal planes

T = the shearing stress

Thus, for the web panel:

Gzyw =(09 + Gyt)2 + 0'2(9+7z/2) —(09 + ayt)a(9+,,,2) + 375 (c.¥Y)
By substituting Eqgs.(¢.Y4a, ©.Yab, and °.v4c) in Eq. (°.vY), the value of

the tensile membrane stress to produce yield (o,”) is obtained in terms of

the critical shearing stress (z.) and the inclination (@) of the tension field,

as follow:
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12

2
y
i - 1+(T”J st 20-1) -3 Fogingg (o)
O yw Tyw 2 Tyw
where:
O
T =_§N (o.¥¢)

When the material in the region (WXYZ) of the web panel in Fig.(e-
ic)reaches the yield stress (oy, ), the panel cannot sustain any further
increase in load and the final sway failure of the web will occur due to the
formation of the plastic hinges in the flange panels, as shown in the same
Fig (°-4c). The failure load may be determined by applying a virtual sway
displacement to the web panel in its collapse stage, Fig(e-2c). It is
convenient to consider the yield region (WXYZ) of the web panel to be

removed and to replace its action upon the adjacent flange and regions by

the membrane tensile stresses (o).

Murray (144¢)“? proposed the following equations to determine the
reduced plastic moments of the flanges (due to the influence of the normal
stresses acting on the compression and tension flanges):

For the compression flange:

2
, Oct
pic = Mpgc 1_( - J (o.7°)
Oyt
For the tension flange:
o )2
' tf
prt = Mpr 1_{—J (c.¥%)
Oy
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where:

Mo, Mo =are the plastic moment capacities of the compression and tension
flanges, respectively which be determined later.
o, oy = are the average normal stresses in the compression and tension

flanges respectively.

o, = Is the yield stress of the flange material.

Now there is a need to determine the position of the plastic hinges
(C.,Cpin the compression and tension flange, respectively. For this
purpose, Murray*’suggested that during the virtual displacement (¢,) of
the mechanism the compression flange, as shown in Fig (°-ic), the work
done by the shearing force at (X) is equal to the energy absorbed by the

plastic hinges at (X and W) and to the work done against the tension field

stress (o). It is convenient to take an average value for the membrane

tensile stress, that is, (o) at the midpoint of (WX) ©*, as shown in Fig (-

M),

Thus:

Cé . :
Vy Cc #y =0 t, -7(:-5'”2 20 + 2Mpec -9, (e.7v)

then:
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C _ 2M,
Vy =—< g} t,.sin° 20 + ——FFC (2.vA)
2 Cc

The minimum value of (V) is obtained by taking the derivative of (V) in

Eq.(e.¥A) with respect to (C.)and putting this derivative equal to zero. Thus:

Ao
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"
AV =3.aty.tw.sin2 20 - ——PFC -0
dC, 2 cé
Then;

cé.(o) 1,.5in% 20 —4AM e =0

from which :

CC — 2 MPFC (o_Y“-‘{)
sing@ ol t,

Similarly for the tension flange:

2 M,
CC = PFT (°‘i~)
sind \ g/ t,

AY
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These equations define the locations of the plastic hinges in the flanges,

but there is a restriction that (Cc) and (Ct) must be less than (B)
(unstiffened length of web) ©*, from Egs. (¢.*%) and (¢.¢+):

t. .B%.sin @
M pr < w 4 -O-ty (O.i\)

t,.B%.sin°@
M ¢ < 2 Oy

Flanges which satisfy the criteria of Eq. (°-¢)) are said to be light, while
those which do not are said to be heavy V. If these criteria are not satisfied
then the plastic hinges would form at the four corners of the web panel, i.e.,
the points (A, X, B, Z) shown in Fig (¢-2c), and the panel will fail like a
Vierendeel girder. In this case, the tension field occupies the whole of the
web panel and (Cc=Ct=B), as shown in Fig.(s-vg)and (c-vh) ©".

In order to locate the ordinate (OS) in the interaction diagram Fig. (¢-A),
Rockey et al. (19v4) 1 presented the following equation to determine the
pure shearing load ratio (V/Vy,) for members with identical top and bottom
flanges, i., e., the neutral axis is at the mid-depth of the section. Thus,
(Ce=C= C) and (My=M,«=M,;) Accordingly, the failure mechanism for

this case will be as shown in Figs.(e-vc) and (e-vd):

Y : ' i v
Vs _fa 4 [3sin? e[cota—E)a—t+4\/§sm0\/a—t7-Mp (2.£7)
Viw  Tyw h)oyw T yw

where:

V. = the shearing force required to make the web panel fully plastic.

V £ h=o®™ t h
=7 . Jl=—=. .
yw yw tw \/§ w
N M
M =—pf and M =10' b .t2
"t hlo SRS
w yw

AN
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It is be noted that (bs=b.=by) for identical top and bottom flanges.

Mashal (144Y) suggested that when a compression flange panel of a
cellular plate structure buckles and after adopting the effective width
concept for post-buckling, the idealized grillage member is no more
symmetrical (the neutral axis moves towards the tension flange). According
to this concept, he suggested new derivations by modifying Eq.(°.¢Y), for
symmetrical plate girders, to be applicable to unsymmetrical plate girders.

So, the following equations were presented:

2M N 2M e

Vg =74 .ht, +0) 1,.sin0(h.cotd —-B-C. )+ 3 3 (o.¢7)
in which:

M e =%.bey t3 Oy (0.5¢)
\Y/J =%.bey 12 Oyt

and:

bey, = the effective width of the compression flange at yield.

by = the width of the tension flange.

By substituting Eq.(¢.v4) and Eq.(c.¢+) into Eqg.(¢.¢¥) and after dividing

by (Vyw) the final expression is:

\Vj y y
s _Fa y J3sin? H(cota—%)a—th@sina a—t.(S\/l\/lIDC +\/I\/Ipt)

Viw  Tyw O yw O yw
(c.£0)
N M
M = pfc
2
ty-h".ow
N M
Mp =5 — (%)
ty-h".ow

M. and M = are the non-dimensional flange strength parameters for
the compression and tension flange, respectively.
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Regarding the present study, Eq.(°,¢Y)is used, with some modifications,

to calculate (Vs) for cellular plate structures, as follows:

2M” pic +2M*pfc

Vg =74 ht, +o/ t,.sinf(h.cotd —B-C )+
C:C Ct

(=€)

*

where, (M. and M:,t )are determined from the previously mentioned

equations (.ve) and (°.¥%). In these question (M ., M ) are:

1 2
M pfc = Z -bey)av. A ‘O vt (c.£A)

1 2
M pft = Z 'bt)av. 1 f O'yf

in which

b _ beyl + bey2
2

ey)av.
by + by
2

(5.5)
b =

t)av.

and:
bey 1 ,bey = the effective width, at yield, of the compression flange at the start
and end of grillage member, respectively.
bs, byr = the width of the tension flange at the start and end of the grillage
member, respectively.
Concerning the evaluation of (@ ), the parametric studies carried out by
Evans, Porter, and Rockey ('4v%) ™ showed that (Vs / V,, )has a

stationary value when (@ ) is approximately equal to two third of the
inclination of the diagonal of the web panel, i.e.:

2. _4(h
f=—tan""| — 0.0,
() =)
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The use of Eq.(c.e:) will lead either to correct value or to
underestimation of the collapse load . So this approximation is safe and
it will be used in the present study.

The interaction diagram, Fig.(°-A) shows a constant ultimate shearing
capacity (V) for an associated bending moment that varies from zero to
(M), where :

My =V,B<0.5M; (°-2Y)

The bending moment may be of such a high value that it alters the mode
of failure from a shear mode to a bending mode. Point (C) on the
interaction diagram is the point at which this change occurs and the line
(OC) is the dividing line between the two mode of failure. The parametric
studies carried out by Evans et al. (! 4¥7){"” showed that the change in the
failure modes occurs when the applied bending moment is equal to Mg,
which represents the plastic moment of resistance of flanges alone
(neglecting the contribution of the web ) about neutral axis. Thus, the
horizontal coordinate of point (C) for a symmetrical section is calculated as
follows:

M=oy bs.ted (e-°Y)
where
d the distance between the centerline of the flange plates.

In the present study, the calculation of (M;) for unsymmetrical grillage
members (after applying the effective width concept for the compression
flanges) is suggested, by taking the moments about the new position of the
neutral axis, as follows:

M =0y ty(De Ay +beld-2,]) (°-°Y)
where

A, = the distance from the neutral axis to the centerline of the compression

flange at yield, as shown in Fig.(°-Y):

0N
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To

evaluate the

ultimate

Comp. flange

shearing

capacity at
point (C),
the

following

empirical

equation

derived by
the
previously Figure (-1 f) Unsymmetrical section for the grillage member

mentioned

parametric studies are given:

Vv y M Ve

C = L + Tt sin26| 0.554+ 36.8 Pt Z—I:E:l (°-
VyW Tyw  Oyw M ¢ h
oi)

If V. >V, then:
Vc _ Vs

Vyw  Vyw

Regarding the present study it is suggested to take the parameter My in
Eq. (°.2¢) as Mygay., Where

Mpr+Mpft

M pflav. — 2 (°-2°)

If a plate girder is subjected to a bending moment in excess of (Ms) then

it will fail in a bending mode “". According to the load shedding

ay
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phenomenon that was described in Section (°.¥.}), the web will shed off
the bending stresses that it should carry to the flanges. Thus, the cross
section will be unable to develop the full plastic moment of resistance of
the full section (M,), where (M,) is used as the denominator to the
nondimensionalized horizontal coordinate of the interaction diagram. Thus:
Mp=M¢+Mp, (°-°7)
where:

M,y = the plastic moment of resistance of the web plate acting alone

1

M pw =ZO-YW'tW'h2

The section will fail by inward collapse of the compression flanges. This
type of flange failure will occur at an applied moment value (M), which
Is approximately equal to the moment required to produce first yield in the
extreme fiber of the compression flanges.

Schafer and Pekoz (! 994) ) suggested that since the web undergoes
compressive stress, it is prone to buckling, and thus, its ultimate strength is
governed by applying the effective width expressions, such as Eq.(®.)V).
They concluded that for most of the sections, the web is fully effective and
the incorporation of its effective width due to buckling would have a little
influence on the results.

In  order to determine the ultimate moment capacity
(Muy), Rockey et al. (!9v4) ™ suggested to use the following empirical

formula due to Cooper (197%¢,19VY) (M.).

M A
Mur 1000052 | N _57 | E | for My <M, (o-2V)
M y Af tW O'yf
where
My =the bending moment required to produce the first yield in the

extreme fiber of the compression flange, assuming a fully

effective web (neglecting the effect of web buckling).
ay
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At Aw = the cross sectional area of the web and each of the flanges,

respectively.

In the present study the parameter will be approximately taken as Agay):
Afc + AAft

: (-)

Af(av. =

where
Ar.. Ar = the cross sectional area of the compression and tension flanges,
respectively.

When the applied bending moment reaches the value (M) the
corresponding bending stress in the web plate is below the vyield.
Consequently, the web plate can support a certain amount of coexistent
shear loading. This load is defined by the ordinate (Vg) in the interaction
diagram Fig.(°-A). In order to calculate the shearing force (Vg), which acts
with the bending moment (My;), Rockey et al. (! 9v4) *" recommended

using the following equation:

MP _MUHJ (o_oq)

pw

As mentioned before and according to the simple design method
presented by Rockey et al. (! 9v4), the curve (CEB) in the interaction
diagram may be represented by a simple parabola. This curve will be
terminated at point (B), as the applied bending moment reaches (M),
because the cross section cannot provide the full plastic moment of
resistance (M,) (as mentioned previously). Therefore, point (B) represents
the terminating point of the interaction diagram. In this way the complete

diagram is defined and drawn and can be programmed.

q¢
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¢, ¢ Computational Technique

In the present study, the nonlinear response of a thin walled cellular
plate structure is investigated by the linear incremental approach. In this
approach the load is applied as a series of small proportional increments
(not necessarily equal in magnitude) and for each of these increments, the
change in deformation is determined using a linear analysis, as shown in
Fig.(°-)Y)

The magnitude of the load increment influences the accuracy of the
solution. Accordingly, the load increment is chosen to be so small that a
negligible difference in the estimated collapse load will occur (existence of
convergence).

A so-called tangent stiffness matrix based on geometry and internal
forces existing at the end of any step (beginning of load increment) is
constructed. The total displacement and internal forces at the end of any
step are obtained by summing the incremental changes in displacement and
internal forces up to that load point.

At the end of the n-th increment, the total applied load is given by:

n

{P}, =2 {aP}; (2.3)
i=1

where:

{P}, = The n-th applied accumulated incremental load vector.

{4P}; = The i-th applied incremental load vector.

Similarly, the displacements at the end of the n-th incremental are:

vh=gﬂﬂi (°.1)

where:

q0
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True Response

The Computed response

-

Deformation

accumulated irfct@ient&t diSplarementinestoresponse of structure by incremental load
{4X}; = The. i-th incremental displacement vegiproach.

The tangent stiffness matrix for the i-th increment is formed for the
conditions existing at the end of the previous [(i-])-th] increment. Thus, the

linearized simultaneous equations to be solved in each increment are given

by:

[K]-. {aX}; ={aP}; (°.17)
in which:

[l =[KEPY_1 {X}in)] (°.7%)
where:
{P}i 4 = the vector of nodal forces at the end of the previous load
increment.
{X}i. = the vector of nodal displacement at the end of the previous

load increment.
Accordingly, the stiffness matrix is nonlinear in terms of internal end
forces and nodal displacements of members. The updated configuration of
the structure are obtained depending on the internal forces reached by the
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previous load increment from the updated internal forces, the effective
widths in the pre-and post-buckling ranges and the development of plastic

hinges will be determined

¢, ¢ Interpretation of Output

According to the suggestion for considering the shear lag only in the
tension flange and the effect of post-buckling in compression flanges only,
the cross section of the grillage member will be unsymmetrical.
Consequently, the neutral axis will not remain in the mid-depth of the
section but moves towards the tension flanges as the applied loading
increase. Thus, the second moment of area (l,) for a certain section of a

grillage member is calculated as follows:

1

| =
(1-v?)

y

3 2
[tf by A% + 14 by(d —/1)2]+ twl'zh + tW.h.(l —%) (°-1%)

where A is the distance from the neutral axis to the centroid of the

compression flange:

L _ 05t h+dbit, (oon

(be + bt).tf +t,.h

As mentioned in the previous section, the load will be applied as a series
of small load increments. For each load increment (4P;) the incremental
(normal) stress (oy) can be calculated from the grillage incremental

bending and warping moments (M,; and Bi) using the following formula :

_Myi'Z+Bi-a)

Oxi = | (o_'\'\)

yi-1 Ly
where:
Z = the distance from the neutral axis to the level at which the stress is
desired.
l,i. = the second moment of area of a section at the end of the previous load

increment.

v
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w = the sectorial area at the point where the normal stress is to be
calculated
I, = the warping moment of inertia for the whole section.

The total (accumulative) stress at the end of the load increment (i ) is the

sum of the previous incremental flexural stresses , as follows:

Oy = Zo'xi (°-1v)

i=1,2,3,....

Regarding the compression flange, as the accumulative stress (oy)
reaches the critical stress (o), the flange will buckle and the post-buckling
behavior will be represented by applying the effective width concept, as
mentioned previously. When (o) in the compression or tension flange
reaches the yield stress (oys), the flange will fail and, accordingly, the cross
section will be treated as (T-section) for further loading. At any end of the
grillage member, if (ay) in both compression and tension flange reaches
(oys) then a plastic hinge will be inserted at this end.

o- 7 Summary of The Present Study

In the present study, an attempt is made to predict the non-linear behavior
of curved steel cellular plate structures and to investigate the collapse
loading by applying the grillage analogy. So, the following guide lines are
adopted:

An incremental loading procedure is used as discussed in sec (°-£).

The critical stress in the compression flange panel of a straight
member is evaluated by Eq.(°-A).

Von-Karman approach (effective width concept) is adopted to
represent the post-buckling behavior of the compression flange panel.
The modified Winter’s formula Eq.(°.)A) is used to calculate the
effective width of the compression flange panel in the nonlinear range.

During the incremental loading procedure, when the flexural stresses
in the compression and tension flange reach the yield stress of the flange
material (oyr) at an end of a grillage member, a hypothetical hinge

aA
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(plastic hinge) will form at that end. Finally when two plastic hinges
exist (one at each end of the member), the member is assumed to have
failed.

- Rockey’s approach is adopted to represent the post-buckling tension
field action of the web panel and its behavior at yield.

1- The interaction diagram Fig.(°-A) is programmed to investigate the
ultimate shearing capacity (V) of the web panel, with the amount of
bending moment acting on the section, as follows:

a) When member end moment (M < Ms'), then:

Vut = Vs (constant shear capacity)

b) When (Ms'< M < M), then
(VS _Vc) 2
Vi =Vs = (M-Ms) (>-W)
“ (Mg Mg )’
C) When (Mg <M <M ;). then:
1
2 _y 2) 2
vV =V2_6/C B L (M=M (°-19)
ult |:c (Mult_MF)( F)}

Y- As the shearing force reaches the ultimate capacity (V.y), then the
grillage member is assumed to have failed.

A- When the determinant of the global stiffness matrix becomes equal
to zero or the deflection due to load increments increase rapidly (sudden
high deformation), the structure assumed to have collapsed and the

corresponding load is the collapse load.

19



APPLICATION AND DISCUSSION OF RESULTS

7.1 Introduction

The grillage analogy developed and described in chapter four is used to
investigate the behavior of thin-walled cellular plate structures curved in
plan in their nonlinear post-buckling range and at ultimate strength
according to the nonlinear aspects discussed in the previous Chapter. In
order to assess the efficiency and accuracy of the proposed grillage
analogy, a number of steel cellular plate structures are analyzed in this
chapter with different loading, support conditions and structural
proportions. These structures are analyzed by the grillage analogy (using
the computer program, NLCRVGA (Non-Linear Curved Grillage
Analysis)). Then they are reanalyzed using the three-dimensional flat shell
elements. In this method, the flanges and webs of the cellular plate
structure are divided into a number of quadrilateral elements. Each element
consists of four nodes and each nodes has six degrees of freedom (Y-
translations and Y-rotations) .The program used in performing the finite
element analysis is the package program, NASTRAN ). Consequently, the
results of the vertical deflection and ultimate loads predicted by these two
methods of analysis are compared. The computational analyses of the
selected cellular plate structures by the two methods (the proposed
simplified grillage method and the three — dimensional flat shell finite
element method) have been performed with a Pentium-I11 (7¢+-MHz)

personal computer.

1.r Cellular Plate Structure Fixed at All Edges
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When cellular structures used in the construction of ship’s double bottoms,
storage tanks or workshop floors, they are usually supported on all four
sides. They then effectively span in two directions. The structures
considered here are cellular plates fixed on all four edges.

The cellular structure curved in plan and shown in Fig.(3-Y) is analyzed
in the non-linear range and at collapse by using the grillage method. The
dimensions, material properties and support conditions are illustrated in
Fig.(1-1). As the accuracy of the proposed solution is dependent on the
chosen magnitude of the loading increment, a load increment of )« kN. was
used in the present study. The interior web intersection nodes
(VA Y Y e v A and Ve) were loaded with equal increments of loads.
Each load increment is Y+ kN. Fig.(*-Y) shows the mesh used in the finite
element analysis of the curved cellular plate structure.

For the cellular plate structure, the variation of central node deflection
(node 1v) with the applied nodal loads is shown in Fig (3-¥). From
comparison of the results predicted by the two methods of analysis, the
following points concerning the accuracy of the proposed method, are
noticed:

Y-At near collapse load (equal to Y14+ kN at interior nodes) the maximum
vertical deflection (at center) obtained by the proposed grillage analogy is
Yo £ mm. The corresponding deflection obtained for the same nodal (Y79
KN) loads by the three-dimensional flat shell finite element method are
YY.¥4 mm. The percentage difference with respect to the grillage value is
about Y°.Y %. This difference is not large as the structure is at the verge of
collapse. Moreover, the central deflection (at node ‘Y) obtained by the
three dimensional finite element method at the ultimate load is Y4.+% mm.

¥-The substitute grillage structure has failed by a collapse mechanism at a
nodal load of Y14+ kN. This is compared well with the collapse load of YAY.

KN from the finite element analysis. The percent difference is about 1.1v7,
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From the results of deflections and collapse loads, the grillage modeling
gives less stiff structure than the finite element modeling. This is expected
as the substitute (or equivalent) grillage is made up of beams in bending
and torsion while the shell elements are usually stiffened by the assumed

displacement fields.
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All dim. in (mm)

Figure (- r)Detail of cellular structure fixed at all edges
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Chapter Six

Fig( * r)Finite element mesh used in the analysis of

cellular plate structure fixed at all edges
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7.7 Cellular Plate Structure Simply Supported at All Edges

The structure considered here is a thin-walled cellular plate simply
supported on all four edges. The cellular plate is curved in plan and shown
in Fig. (3-¢). It is analyzed in the nonlinear range and at collapse using
grillage method. The dimensions, materials properties and support
conditions are illustrated in Fig. (*-°). A load increment of '+ KN. was used
in this example. The interior web intersection nodes (V,A, 3, Y)Y Y€V VA
and Y1) were loaded with equal increments of load. Each load increment is
Y+« KN. per node. Fig.(3-1) shows the mesh used in the finite element
analysis of the curved cellular plate structure.

For the cellular plate structure, the variation of the central deflection
with the applied nodal load is shown in Fig (1-Y). From comparison of the
results predicted by the two methods of analysis, the following points
concerning the accuracy of the proposed method, are noticed:

The maximum vertical deflection (at center) obtained by the
proposed grillage analogy is AY.+»© mm at a failure load of Y17+ kN per
node. The corresponding deflection obtained for the same loads by the
three-dimensional flat shell finite element method is 4.9 mm. The
percentage difference with respect to the grillage value is about ' Y.VZ,
This difference is not large as the structure is at the verge of failure.
Moreover, higher collapse loads are given by the finite elements and
higher ultimate deflections are obtained.

Y- The substitute grillage structure has failed by a collapse mechanism
at a nodal load of Y11+ kN. This is compared well to the collapse
load of Yve. kN from the finite element analysis. The percent
difference in collapse loads is about °.v%. Also, from the results of
deflections and collapse loads, the grillage modeling gives less stiff
structure than the finite element modeling
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1.¢ Cellular Plate Structure Fixed at Radial Edges
The structure considered here is fixed at the two radial side edges and free
at the circumferential edges. This type of construction is used widely in
highway interchanges. The dimensions and material properties for the
cellular plate structure curved in plan are shown in Fig.(3-4). The load is
applied only at node (Y¥) with an increment of )+ kN. Fig.(3-)+) shows the
mesh used in the finite element analysis of the curved cellular plate
structure. For the cellular plate structure, the variation of central deflection
with the applied nodal load is shown in Fig. (3-))). From studying the
results obtained by using the proposed grillage and the finite element
method, the following points are noticed:

The maximum vertical deflection (at node ‘v) obtained by the
proposed grillage analogy is Yo1.4 mm near the collapse load of Y.« KN
while the maximum deflections obtained by the flat shell finite element
analysis is Y1e.,Y mm. The percentage difference with respect to the
grillage value is about °% .

Y- The substitute grillage structure has failed by a collapse mechanism
when the applied load reaches Y:-o+ KN. The finite element method
gives failure load of YY)+ kN. The percent deference in collapse load is
about °.¢%. Also here, the grillage modeling gives less stiffness than

the finite element modeling.
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1.» Cantilever Cellular Plate Structure
The structure considered here is fixed at one radial edge (side) and the
other edges are free. The support conditions are representative of those
encountered in aircraft wings. These applications are considered to assess
the efficiency of the proposed grillage method for cellular plate structures
having high twisting and bending moments. The dimensions and materials
properties of this application are shown in Fig.(3-'¥). Fig.(?-)¢) shows the
finite element mesh used for the cantilever cellular structure.

The loading condition considered in this application is a single load -
KN increment at the corner of the outer free edge (node ¢, Fig(®-'v)). For
the cellular plate structure, the variation of maximum deflection (corner of
outer free edge) with the applied load are shown in Fig.(1-1°).

From comparisons of results predicted from applying two methods of
analysis, the following points are noticed:

The maximum vertical deflections (at the outer free edge at node Y¢)
resulting from the proposed grillage method is ¥+ mm at a collapse
load of VY.« kN, while the flat shell finite element analysis gives a
maximum deflections of vee mm. The percentage difference with
respect to the grillage value is about YY.1v7.

Y- The collapse load of the substitute grillage structure is )+ kn.,
while the flat shell finite element analysis gives a collapse load of
VYA« kN. So, the percent deference in collapse load is Y ¢.+ 17,

The deferences are not large and indicate the acceptable efficiency of the

simplified grillage method.
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Fig( ¢ )Finite element mesh used in the analysis of
the cantilever cellular plate structure

sis of

Figure( *- 1 7)Vertical deflection 51'I5W¢]C§°ection (B-B)of the

cantilever cellular plate structure
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radial (side) edges. The dimensions and material properties for this cellular
plate structures curved in plan are shown in Fig.(3-1v). The load is applied
only at node (Y¥) with an increment of )+ kN. Fig.(1-YA) shows the mesh
used in the finite element analysis. For the cellular plate structure, the
variation of the central deflection with the applied nodal load is shown in
Fig. (*-)4%). From studying the results obtained by using the proposed
grillage and the finite element method, the following points are noticed:

The maximum vertical deflection (at node ‘¥) obtained by the
proposed grillage analogy is ¢2.v¥ mm for a collapse load of e« kN
while the maximum deflections obtained by the finite element analysis
is e.) mm for a collapse load of 1A+ kN. The percentage difference with
respect to the grillage value is about Y+ .¢v7 .
¥v- The substitute grillage structure has failed by a collapse mechanism

when the applied load reaches e+ kn. The finite element method gives

a failure load of 1A+« kN. The percent difference in collapse load is

about ¢.¢%. Also here, the grillage modeling gives less stiffness than

the finite element modeling.
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(] )

CONGLUSION AND RECOMMANDATION

v,1 Conclusions

The applicability and accuracy of the proposed simplified grillage method
have been examined by analyzing a number of cellular plate structures
curved in plan in their nonlinear range and at ultimate load and under
varieties of support and loading conditions. As no experimental work is
available, the same structures are reanalyzed by adopting a more accurate
method (three — dimensional flat shell finite elements) using the package
program NASTRAN. From the comparisons of the results obtained by these
two methods, the following main conclusions are summarized:

V- Extension of the grillage approach into the nonlinear post-
buckling range and at ultimate load of cellular plate structures
curved in plan is successfully attained by including the effects of
warping deformations and both types of nonlinearities (geometric
and material nonlinearly).

Y- The approach grillage analogy is suitable at the design stage
(especially in the nonlinear analysis ) as it has the following
advantages in comparison with the finite element analysis :

I- The analysis to be performed by this method is simple and takes a

very short computer time .
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Chapter Seven Conclusions and Recommendations

1i- The preparation of the input data requires considerably small time (as
shown in Appendix B).

Iii- The output file obtained by the proposed method requires a small
memory space .

Y- The vertical deflection (at the ultimate load) calculated by the
proposed method is compared with the more accurate finite
element method and good agreement is observed. From these
comparisons, the percentage differences are ranging between (17
to V°.Y7) for thew example considered. These differences are not
large as the cellular plate structure is in a state of imminent
failure.

¢- The predicted values of the ultimate loads from the proposed
grillage method are found to agree with those from the flat shell
finite element method. The percentage differences of these
values are ranging from (°.+ to )°.Y%). These differences are not
large for the ultimate load prediction.

- At the collapse load, the location and the sequence of formation of
all plastic hinges can be easily indicated by the proposed grillage
method. Moreover, this method can predict the failing members
(due to flexure or shear) during the incremental loading

procedure.

v, ¥ Recommendations

For further work on the nonlinear post-buckling behavior of cellular plate
structures, the proposed grillage method can be extended according to the
following suggested recommendations:

V- Studying the behavior of cellular plate structure with variable depth

in the nonlinear range and at collapse.
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Chapter Seven Conclusions and Recommendations

Y- There is a need for further studies on the real representation of the
boundary conditions of the compression flange plates in the
evaluation of buckling coefficients of these plates.

Y- Additional work is required to study the effect of initial
imperfections and residual stresses (due to welding) in the component
plates.

¢- The present study can be developed by including the effects of
openings in webs and or flanges on the behavior of cellular plate
structures in their nonlinear range and at collapse.

°- The suggested method can be extended to allow for the dynamic
analysis of cellular plate structures curved in plan.

1- The local bending and deflection behavior of the flanges directly
under loads may be taken into consideration (by superimposing local

effect to the general effect from the grillage analysis).
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NOTATION

Total length of a cellular plate structure.

Total width of cellular plate structure.

Length of plate element.

Cross sectional area of flange.

Cross sectional areas of compression and tension
flanges, respectively.

Area enclosed by the median line of the entire cross

section of cell j.

Amplitude of deflection of a plate.

Effective shear area of grillage beam element.

Cross sectional area of the web.

unstiffened length of the web.
Width at the start and end of the grillage member

respectively.
Width at the start and end of plate element,

respectively.
Effective width of a cell due to shear lag effect.

Effective width of compression flange due post-
buckling behavior.
Effective width of compression flange(at yield).

Position of plastic hinge at the compression flange.

Position of plastic hinge at the tension flange.

Depth of a cellular plate structure (distance between

Centerline of the flange).
Flexural rigidities in x and y directions, respectively.




ny, I:)yx

Torsional rigidities in x and y directions, respectively.

E

Modulus of elasticity.

F’}

Force vector in local coordinate.

Total depth of cellular structure.

Clear distance between upper and lower flanges.

Second monument of area of a grillage beam element

Torsional constant of a grillage beam element

Coefficient of buckling.

K], [K’]

Stiffness matrix in global and local coordinates.

L

Length of a grillage beam element.

My

Plastic moment of resistance provided by flange alone.

M pfc

Plastic moment capacity of the compression flange.

| I\/Ipft

Plastic moment capacity of the tension flange.

w’ pfc

Reduced plastic moment capacity of the compression

flange.

Reduced plastic moment capacity of the tension flange.

[ Mo

Non-dimensional strength parameter compression

flange.

Non-dimensional strength parameter of the tension

flange.

Plastic moment of resistance of the web plate acting

alone.

Ultimate moment capacity

Membrane normal forces (per unit width )in the x and y

Direction, respectively.

Membrane shearing forces (per unit width) in the x and y

Direction, respectively.




{P} Applied accumulated incremental load vector.

{AP} Applied incremental load vector.

[T] Transformation matrix.

Thickness of compression flange.

Thickness of tension flange.

Thickness of the exterior webs in x and y directions.

Thickness of the interior webs in x directions.

Thickness of the interior webs in y directions.

Total strain energy.

Strain energy due to bending.

Strain energy due to transverse shear.

Strain energy due to transverse shear.

Strain energy due to warping.

Shearing force.
Shearing capacity of the web corresponding to the plastic

Moment of resistance provided by flange (Mg).

Shearing capacity of the web associated with applied
Moment up to (M’s).

Ultimate shearing capacity of the web.

Shearing force required to make the web fully plastic.

Transverse deflection of plate.

Accumulated incremental displacement vector.

Distance from the neutral axis to the centerline of the

compression flange.

Incremental displacement vector.

Displacement vector in local coordinate.

Rate of twist.




Poisson’s ratio.

c.0 Direct (normal) stresses acting on two orthogonal planes

6.0  Average normal stresses in the compression and tension

flanges, respectively.

Normal stress in the x direction.

Critical buckling stress of the compression flange.

Membrane tensile stress.

Membrane tensile stress that cause yielding in the web.

Yield stress of the flange material.

Yield stress of the web material.

Shearing stress.

Critical shearing stress.

Angle of inclination between the local and global axes of a

grillage beam.

Inclination of the compression and tension flanges,

respectively, when applying a virtual displacement.

Note: Other notations (not listed here) are defined as they appear in

the text.

ABBREVIATIONS




AASHTO American Association of Steel Highway and transportation
Official.

AISC American Institute Of Steel Construction.

AISI American Iron and Steel Institute.

ASCE American Society Of Civil Engineers

ASME American Society Of Mechanical Engineers.

LRFD Load and Resistance Factor Design.

| SSRC  Structure Stability Research Council |
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