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المىشؤ اللُحٓ 

الخلوووووووووُْ  َ 

الحووووووووووووووُاشس 

حىٕة ٔشٕد مه لُححٕه علُٔة َ سفلٕة مفصُلحٕه بحُاشس طُلٕة مىحىٕوة َ ىالم

عرضٕة مسحمٕمة. أن كفاءة ٌذا الىُع مه المىشآت جوؤجٓ موه مماَمحٍوا اليالٕوة 

َخفة َزوٍا.مرل ٌذي المىشآت جسحيمل بكررة فوٓ أضضوٕات الصسوُض  نأشىحوة 

لٕيان السفه َ الحالات الأخرِ الحٓ جكُن فٍٕا المماَمة اليالٕة َ  ن الطائرات

 .خفة الُزن مه اليُامل الحصمٕمٕة المٍمة

جم جطُٔر طرٔمة جشابً المشوككات المكسوطة لحكوُن لواعضة علوّ الحىكو            

بالسلُكٕة اللاخطٕة َحسب المماَمة المصُِ لٍذا الىُع مه المىشآت الخلُٔة 

لأحموواب بصووُضة محسأوودة للحياموول خطووُة بخطووُة موو  كوولا وووُعٓ حم جسوولٕظ ا.ٔوو

 (.الاسحصابة اللاخطٕة )اللاخطٕة الٍىدسٕة َ اللاخطٕة الماعٔة

اللاخطٕوووة الٍىدسوووٕة جحصووول وحٕصوووة السووولُكٕة موووا بيووود الاوكيووواز للشوووفة       

المىضووةطة أَ الحووُاشس أَ كلٍٕمووا .جووم اعحموواع مكوودأ )فووُن كوواضمه( لليوور  

بيوووة سووولُكٕة الشوووفة المىضوووةطة عىووود حووودَخ الاوكيووواز ن بٕىموووا ر لمحاالمووو ذ

اسحخدمث طرٔمة)ضَ كٓ( بيود دعخواب بيول الحيودٔلات علٍٕوا لحكوُن ملائموة 

لححك  الححمل الألصّ للحُاشس الطُلٕة َ اليرضٕة غٕر المحُازٔوة َالسولُكٕة 

  .ما بيد الاوكياز

لماعٔة الحٓ جحصل وحٕصة خطٕة اجم جكىٓ مكدأ المفصل اللدن لحمرٕل اللا           

اعحموواعا    دلووّ دشٍواع الخضووُع لموواعة المىشووؤ الألووُاض فووٓ  َصوُب الاشٍوواعات

موً علوّ ٕكطج  ( NLCRVGA) علّ الطرٔمة الممحرحة جوم كحابوة برووامس خوا 

َ  عوودة أمرلووة ن حٕوود اٍوور جُافووك شٕوود عىوود مماضوووة وحووائس الٍطووُب الشووالُلٓ

لة موه اسوحخدا   عىاصور لُحٕوً ر لشورٔة حصالمماَمة المصُِ م  جلك المسح

اككر فرق بالىحوائس فوٓ الحالوة  .(NASTRAN) َالمحُفرة فٓ مصمُعة واسحران

بالحموووووول ل مرلووووووة  (   60ن51بووووووالٍطُب َ)(  7ن51المصووووووُِ كووووووان ) 

 .  المسحخدمة

 

 ملخص البحث
 



 
A 

horizontally 

curved cellular plate structure with curved webs is constructed of top and 

bottom flange plates separated by longitudinal curved and transverse 

straight webs. The efficiency of such form of construction arises from its 

high strength to weight ratio. It is  widely used in bridge decks, aircraft 

wings, ship bottoms and other situations where strength and reduction of 

self-weight are important design objectives. 

        The simplified grillage approach is extended to investigate the 

nonlinear post-buckling behavior and ultimate strength of such structures. 

An incremental loading procedure is  adopted to follow step by step both 

types of nonlinear responses (geometric and material nonlinearities). 

    The geometric nonlinearity is due to the post-buckling behavior of the 

compression flange and/or panels. Von Karman’s effective width concept 

is utilized to follow the post-buckling behavior of the compression flange 

panel. Rockey’s approach for the ultimate load determination is used with 

some modifications to predict the post-buckling and ultimate strength of 

the curved web panel. 

     A plastic hinge approach is adopted to investigate the material 

nonlinearity which arises due to the occurrence of local yielding in the 

component plates. 

     Based on the suggested simplified method, A computer program 

(NLCRVGA) is written and applied to several examples. Results of vertical 

deflections and ultimate loads predicted by the proposed grillage method 

are found to be in good agreement when compared with those obtained by 

the plate/shell element in the package program (NASTRAN). The 

maximum differences at ultimate state are (%7.51) in deflection and 

(%6..81) in ultimate load in the examples considered herein.   

                     

ABSTRACT 
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APPEDEX B Sample of data file for Plated Structure Fixed at All Edges 
 

Fixed at 4 Edges  

 ---------------------  

 Angle per Mem./ Tf,Tw,D/ Inc,Fy/ NCR,NCT,NDR,NDT,Ls,R 

   55  

   51       51      5111 

   511     545 

   4         4        5       5     5111    51111 

No. of Riest. D.O.F / No. of Loaded Node 

   64                          9 

Node No./ D.O.F./D.O.Ries. 

  5               5            1 

  5              5            1 

  5               3            1 

  5             4            1 

  5              5            1 

  5              5            1 

  5              3            1 

  5              4            1 

   .               .              . 

   .               .              .  

   .              .              . 

   .              .              . 

 55             5            1 

 55             5            1 

 55             3            1 

 55             4            1 

Loaded Node/D.O.F/ Load Value 

 7                 3          -51111 

 8                  3          -51111 

 9                  3          -51111 

   .                  .                . 

   .                  .                .  

   .                  .                .  

   .                  .                .  

Modulus of Elasticity/ Poisson Ratio 

 511111                          1.3 

 

Where: 

Inc     = No. of Increment 

Fy = Yield Stress of Steel 

NCR = No. of Cell in Radial Direction  

NCT = No. of Cell in Thaita Direction  

NDR = No. of Division Per Cell in Radial Direction  

NDT = No. of Division Per Cell in Thaita Direction 

Ls = Length of Straight Member  

R = Inner Radius of The Structure 
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Sequence of failing member for example no. 1 

( Fixed at all edges) 

1st plastic hinge 

2nd plastic hinge 

3rd plastic hinge 

4th plastic hinge 

Sequence of plastic hinges  for example no. 5 

( Cantileaver structure) 



 

 

We certify that this thesis titled “Nonlinear Analysis And 

Ultimate Strength Investigation of Horizontally Curved Deck 

Structure”, was prepared by “Sadjad Amir Hemzah ” under our 

supervision at Babylon University in fulfillment of partial 

requirements for the degree of Master of Science in Civil Engineering. 

 

 

 

Signature: 

Name:  Prof. Dr. Husain M. Husain 

Date:           /           / 3002 

Signature: 

Name: Dr. Haithem H. Muteb 

Date:           /           /3002          

 

Certification 



CERTIFICATION 
 

We certify that we have read this thesis, titled (Nonlinear Analysis and 

ultimate strength investiogation of horizontally curved deck 

structures), and as examining committee examined the student         

Sadjad Amir Hemzah in its contents and in what is connected with it, and 

that in our opinion it meets the standard of thesis for the Degree of Master 

of Science in Civil Engineering (Structure). 
 

 

Signature: 

Name: Ass. Prof. Dr. Bayan S. Al-Nu'man 
(Member) 

Date:      /        / 3002 

 

Signature: 

Name: Ass. Prof. Dr. Ammar Y. Ali 
(Member) 

Date:      /        / 3002 

 Signature: 

Name: Ass. Prof. Dr.Ing.  Ali M. Al-Athary  
(Chairman) 

Date:      /        / 3002 

Signature: 

Name: Prof. Dr. Husain M. Husain 

(Supervisor) 

Date:     /        / 3002 

Signature: 

Name: Ass. Prof. Dr. Haitham H.Al-Daami 

(Supervisor) 

Date:     /        / 3002 
 

Approval of the Civil Engineering Department  
Head of the Civil Engineering Department  
 

Signature  
Name: Asst. Prof. Dr. Nameer A. Alwash 

Date:      /         / 3002 
 

Approval of the Deanery of the College of Engineering 
Dean of the College of Engineering  
 
 

Signature 

Name: Ass.Prof. Dr. Haroun A. K. Shahad 
Dean of the College of Engineering 
University of Babylon 

Date:       /          / 3002 



Chapter One                                                                                        Introduction                      

 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1-1 Thin Walled Structures  

     Thin-walled structures are made from thin plates joined along their edge
 (55)

. 

The thickness of plate is small compared with other dimensions and with 

the overall length of the member. Thin-walled structures can be designed to 

exhibit great flexural and torsional rigidity such as box girders or any other 

member having a closed section. But they may have a little torsional 

rigidity as in the case of plate girders or any member having an open 

section. However, the common property of these structures is that they are 

very light compared with alternative structures, therefore they are used in 

long span bridges and other structures where weight and cost are prime 

considerations. More advantageous are the thin-walled cellular plates 

where materials are concentrated at concentration of the stresses. The top 

and bottom flanges take predominantly the flexural stresses while webs 

take the transverse shearing stresses.       

        

1-2 Exposition  

 The multi-cellular steel plate structures represent an efficient form of 

construction. They are suitable in bridge decks, aircraft wings, ship bottoms 

and any situations needing high strength to weight ratio. 

INTRODUCTION 
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           A steel cellular plate structure curved in plans consists of double metal 

plates having circularly curved shape, and separated by webs and 

diaphragms in two directions.  The longitudinal webs are curved and the 

transverse webs are usually placed radially. This type of structure is more 

practical and economical than solid-section structures due to its lightweight 

and high strength. 

                                    
 

1-4 Characteristic Feature of Thin-Walled Section 

One of the most important features of thin-walled sections is their response 

to the torsional loading. In solid and thick-walled sections, out-of-plane 

warping is usually small for any secondary stresses arising from warping 

restraint, therefore these stresses can be neglected. Therefore the applied 

torsion is resisted entirely by a system of pure Saint-Venant shear stress. In 

thin-walled sections, out-of-plane warping displacement resulting from 

torsional loading are generally much larger. Open sections are more 

susceptible than closed sections in this regard. If these relatively much 

larger warping displacements are restrained, a system of longitudinal 

normal stresses (producing bimoment) are set up. These may not be 

necessarily local in effect and may extend for a considerable distance from 

the point of restraint. Complementary warping stresses are also created 

which have the effect of modifying the transverse distribution of shear 

stress due to pure shear Fig. (1-1).    

 

1-5 Construction 

Methods of construction of cellular plate structures depend on various 

factors such as the type and size of the structure and the plate thickness. 

Generally, flanges and webs are composed of several connected pieces of 
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Mt Mt 

I-beam with torque M t Cross-section 

Mts 

Pure torsion, section free to warp 
 

St-Venant shear stress at 

any section 

Restraining of warping 

lead to warping stress 
Warping stresses on 

 restrain end 

Mf 

Mf 

w 

Mtw 

Figure (1-1) Torsional Behavior of Thin-Walled Members 

plate. Webs may be made of flat plates with double angle section at top and 

bottom or may have bent edges to become like wide channels or Z-sections  

or framed sections such as I-sections to facilitate the construction with 

 

 

 

flanges. 

In a 

construction procedure, webs in the two directions are connected together 

and fixed to one of the flanges by means of welding, rivets or bolts. The 

other flange is connected to the web piece by peripheral 
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welding or by riveting to the protruding plates at top of webs. The flange 

plates are assumed rigidly fixed to the webs plate for full interaction. No 

slip or any other form of partial interaction is assumed to occur. 

 

1-6 The Need For Simplified Analysis For Cellular Plate 

Structure  

Because of the development of finite element method and the availability 

of large capacity digital computers, it is now possible to analyze plate 

structures of arbitrary geometry and boundary conditions and subjected to 

several loading conditions. Moreover, effects and modifying factors (such 

as shear lag, biaxial effect and composite actions) can be included in the 

analysis.                                                  

     The theory used in the derivation of the characteristic properties of the 

cellular plate structure based on the shell elements.The shell theory is more 

complicated than those used for beam element, moreover the number of 

elements is generally very largwhen using shell element. Therefore the 

three dimensional shell element program data preparatons may need large 

computer capacity and considerable computer time and effort preparation 

(specially for collapse problem). Certainly, at initial design stages when the 

designer is trying to optimize the proportion of the structure by repeated 

analysis, the cost involved in using the finite elements may become 

unfavorable.  

     There is a real need for a simplified computer method as an alternative 

to the finite element methods for use at the preliminary design stages and 

for quick and inexpensive analysis of plate structures. Ideally, once the 

designer has established a reasonably efficient structure by repeated 

analysis using a simplified method, a final check by a sophisticated finite 

element method may be carried out. 

1-7 Objectives of the Present Study 
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The present study deals with the static (linear and non- linear) analysis of 

steel cellular plates curved in plan. For linear static grillage analysis of 

cellular plate structures, the more accurate torsional properties of straight 

and curved thin-walled multi-cell members are obtained by including the 

effect of warping restraints. The effect of torsional warping can be 

significant in the behavior of structures made of thin-walled members.  

     Timoshenko’s concept of torsional warping is utilized for studying the 

torsional behavior of straight and curve thin-walled members with open 

and closed cross sections and with different boundary conditions. Various 

torsional stiffness expressions are derived. Results of solution to straight 

and curved members are presented and comparison is made available 

results from other studies. 

     The widely known grillage method has a simplified discretization 

approach for the linear analysis of plate structures. This method is extended 

to investigate the non-linear analysis and ultimate load of cellular plate 

structures. The grillage simulation is used to deal with the post-buckling 

and elastic-plastic analysis of cellular plate structures.  

     The cellular plate structures are assumed to fail under the action of high 

bending stresses, high shearing stresses or due to interaction between the 

two types of stress. The analysis of ultimate load behavior of cellular plate 

structures must deal with the effects of non-linearity arising from both 

material and geometric non-linearity. To control the effect of material non-

linearity in the proposed method of grillage analogy, the plastic hinge 

approach is adopted.  

     The geometric non-linearity effects (arising from the problem of 

buckling of compression flange) are taken into account by implementing 

Von-Karman’s approach (effective width concept). Different assumptions 

regarding the effective width of compression flange are reviewed.  

     An incremental loading procedure is adopted and the results are 

presented to indicate the rate of convergence of the solution. Two computer 
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programs have been written to perform static linear and non-linear analysis 

of the problem.  A numerical method is presented to evaluate the required 

sectional properties of closed sections, which are the main part of the 

problem. The results given by the proposed simplified grillage method are 

compared with those obtained from more accurate and sophisticated-3D 

shell elements using the computer program (MSC/NASTRAN)
 (66)

.  

  

1-8 Thesis Layout   

The thesis consists of seven chapters. 

Chapter one is the present introduction. 

Chapter two presents a review of literature on the use of different methods 

for analyzing the cellular plate structure. 

Chapter three covers the evaluation of the elastic section properties 

required to analyze cellular plate structure as a two dimensional grillage. 

Chapter four provides guidelines on the application of the grillage analogy 

in the nonlinear behavior of steel cellular plate structure.  

Chapter five presents the nonlinear behavior and collapse load 

investigation of a steel cellular plate structure curved in plan and /or with 

nonparallel diaphragms due to instability of the compression flange panels 

and/or the web panels and also due to the occurrence of local yielding in 

the highly stressed component plates.                                                                                     

Chapter six includes some examplessmodels, which are analyzed using the 

suggested grillage method. The results obtained by this method are 

checked with those obtained from the nonlinear finite element analysis 

using the package program (NASTRAN). 

Chapter seven gives conclusions and suggests recommendations for future 

research related to this subject. 

 



  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.2 Introduction 

       As mentioned in the previous chapter, the use of thin-walled sections 

has been increasing rapidly in many types of engineering structures. This is 

due to the continuous development of modern structures, requiring greater 

span with reduced self-weight. These factors have encouraged the wider 

application of thin- walled beam section in design. Accordingly, many 

simplified and sophisticated methods of analysis have been developed to be 

applied to cellular plate structures. In the search of previous work on 

grillage analogy for linear and non-linear analysis of curved cellular plate 

structures, no analytical or numerical work has been met on the behavior of 

a cellular plate structure curved in plane the non-linear range and at 

ultimate load. In this chapter, the application of the grillage analogy for 

linear and non-linear analysis to general plate structures is reviewed.   

3.3 Application of Grillage Analogy to Linear Analysis of 

Cellular Plate Structures 

     The application of grillage analogy to cellular plate structure is well 

supported by published literatures. The work by Husain (2675)
 (44)

 was the 

first to idealize a cellular plate structure (aircraft cantilever cellular wing) 

as a grillage of orthogonally connected beams. The grillage structure 

REVIEW OF LITERATURE 
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consisted of beams with both flexural and torsional rigidities. The flexural 

rigidity of a grillage member was derived from the partitioning web 

together with attached top and bottom cover plates (as an I- section), while 

the torsional rigidity was derived from the torsional rigidities of the 

adjacent cells (as closed rectangular section). The deflections by the 

grillage analogy compared favorably with the experimental and with  plane 

stress finite element results. 

      Sawko and Willcock (2671)
 (44) 

extended Husain’s method to the 

analysis of cellular plate structure having variable section depth in the 

longitudinal (or main span) direction. They also considered the transverse 

shearing rigidities of the grillage members to account for cell distortion. By 

comparing the grillage analogy with model test results, they concluded that 

cellular plate structures with several transverse webs could be analyzed by 

the grillage analogy with due account for transverse shear distortions of 

cells. 

       Smyth and Srinavasan (2612)
 (08) 

applied the grillage analogy to the 

analysis of a cellular bridge deck, which was trapezoidal in cross section 

and made of prestressed concrete. By comparing the grillage analogy 

results with model test and the equivalent space frame results, the grillage 

gave quite good results for the longitudinal action but required 

supplementary information for the transverse action (due to neglecting cell 

distortion).  

      Hambly and Pennels (2616)
 (80) 

used the grillage analogy in the 

analysis of concrete cellular bridge decks having skew plan geometry and 

rectangular or trapezoidal cross sections. They discussed in details the 

effect of cell distortion in cellular bridge decks. A method for calculating 

the torsional rigidity of the grillage members was proposed by considering 

the effect of shear flows in the top and bottom slabs and side webs only as 

in one cell by neglecting the rather small shear flows in intermediate webs. 
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They had been the first to consider the effect of shear lag in calculating the 

flexural (or bending) rigidity of the grillage beams by adopting the 

principle of effective flange width. The result of the analysis compared 

favorably with the result by the folded plate theory. 

     Evans and Shanmugam (2616)
 (88) 

applied the grillage analogy in the 

analysis of steel cellular plate structures .In case where the spacing of webs 

in one direction is more than twice the spacing of webs in the other 

direction they proposed the use of intermediate (or fictitious) members 

between the main members to increase the accuracy of the grillage 

structure in idealizing the cellular plate structure to avoid the incorrect 

assessment of effective widths of flanges. The intermediate fictitious 

members consisted of top and bottom flanges only (without web). In 

calculating the torsional constant of the grillage members, they proposed 

the same method by Husain 
(44)

. Like other investigators, they also 

neglected the effect of Poisson’s ratio in calculating the flexural (or 

bending) rigidities of the grillage members, which may be considerable in 

steel cellular structures when compared with concrete cellular structures. 

    Jaeger and Bakht (2683) 
(44)

 provided guidance on idealization of 

various types of bridge decks. In cellular structures, they suggested to 

neglect the interior webs or diaphragms and treat the whole cross section as 

a single cell for calculating the torsional constant. The value of the 

torsional constant for this single cell section is then distributed to the main 

grillage members in the section (almost the same suggestion by Hambly 

and Pennels (2616)
 (80)

 

   Mohammed (2665)
 (74)

 used various types of grillage methods for 

analyzing steel cellular plate structures with parallel webs and diaphragms. 

He suggested to use effective modulus of elasticity E  َ /(2-ν3) in the flexural 

rigidities of the beams of the substitute grillage. Thus, more rigidity (or 

stiffness) was given to the grillage. The results obtained by the grillage 
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meshes compared favorably with the orthotropic plate method, the three-

dimensional flat shell finite element method and with available 

experimental results. 

     Al-Sherrawi (2666)
(08)

 extended Mohammed's 
(74)

 work to analyze steel 

cellular plate structures with non-parallel webs and diaphragms, which are 

usually used in aircraft wings and some bridge decks and approaches. He 

also used three alternatives of grillage meshes to represent the cellular plate 

structure. Grillage analysis results where compared with the orthotropic 

plate method and with the finite element method. 

       Fairooz (2666)
 (84)

 used the grillage analogy for linear analysis of 

cellular steel bridge decks curved in plan .The cellular decks contained 

circumferential curved webs and radial straight webs (or diaphragms).The 

substitute grillage consisted of orthogonally connected curved and straight 

beams. Warping restraint effects were not included. The results show a 

good agreement compared with the results by the three-dimensional shell 

elements. 

       Hasan (2668)
 (40)

 presented a simplified space grillage analogy for the 

analysis of spherical cellular domes consisting of top and bottom plates 

with a grid of orthogonally connected arch webs. A Method for calculating 

the rigidities of the closed sections under restrained warping was suggested. 

Also, a method of interpretation of the results form the grillage output is 

presented. 

       Husain, Al-Ausi and Al-Azawi (2666)
 (47)

 presented a simplified 

grillage analogy for the linear analysis of cellular plate structures curved in 

plan including implicitly the effect of warping restraints. A more accurate 

torsional stiffness of the straight and curved thin walled members was 

obtained by including the effect of warping restraints. Timoshenko’s 

concept 
(04)

 of torsional warping is utilized for studying the torsional 

behavior of straight and curved thin-walled members. Various torsional 
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stiffness expressions were derived. Results of solutions to straight and 

curved members were presented and compared with results from other 

studies and available results 
(07)

.          

 

3.4 Application of Grillage Analogy To Nonlinear Analysis of  

Cellular Plate Structures 

As mentioned earlier, there is little available information regarding the 

behavior of cellular plate structures in the non-linear range and at collapse. 

       Fujita and Yoshida (2611)
 (84)

 investigated the collapse due to buckling 

of arbitrarily shaped stiffened plate structures (such as cellular plate 

structures) used in ship design. An analytical method was formulated using 

an incremental finite element method with inclusion of elastic-plastic and 

large deflection non-linearities. In addition to the use of the triangular plate 

elements for plates and beam elements for stiffeners, beam elements were 

also used for components where girder behavior predominated, thereby 

reducing the number of degrees of freedom. 

     Shanmugam and Evans (2682)
 (40)

 suggested an extension to the 

grillage analogy approach, used in linear analysis of steel cellular plate 

structures, for analysis in the non-linear range and at collapse. The 

structures were assumed to have failed under the action of high bending 

stress only. Regarding buckling of compression flange panels, these panels 

were assumed to be simply supported under uniaxial or biaxial 

compression and their post buckling behavior was controlled by 

implementing the effective with approach. An incremental loading 

procedure is adopted during which there would be continuous updating of 

the stiffness matrix.  

      Evans, et al. (2686)
(83)

 suggested a development to the application of 

finite element method to the analysis of large deflection elastic –plastic 
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behavior of plate structures (such as cellular plate structures). The analysis 

was applicable to structures with thin plates, which would operate in the 

post-buckling range. Therefore, the method took into account the effect of 

geometrical non-linearity arising from the plate buckling and the effect of 

material non-linearity due to the spread of yield during the approach to 

collapse. A four-noded rectangular element with five degrees of freedom 

per node was adopted for the solution.  These degrees of freedom are three 

translational displacements plus two rotations around the two perpendicular 

axes in the plane of the plate. The drilling rotation (normal to the plane of 

the plate) was ignored. 

      Harding (2666)
 (83)

 summarized the work undertaken by him and his 

colleagues, on the behavior of steel plate structures (like cellular plate 

structures) relating to bridges and offshore plateforms. His work 

demonstrated the power of the non-linear finite element packages in 

examining the non-linear behavior of the structural components and how 

the results of organized parametric studies can be used to formulate design 

guidance.  The study showed the effects of using longitudinal and/or 

transverse stiffeners in the flanges or in the webs. It has clearly shown that 

these stiffeners affected considerably the local buckling of the component 

plates as well as the failure load. 

    Mashal (2661)
 (77)

 used the grillage analogy to analyze rectangular steel 

cellular plate structures in their non-linear range and at collapse. The 

effective width approach was used to represent the post-buckling behavior 

of the compression flange panel. The method proposed by Rocky et al 
(48)

 

(for the ultimate analysis of stiffened plate structures) was applied to 

represent the non-linear behavior of the web panels of the cellular plate 

structure. 

    Aldaami (3111)
 (4)

 used the grillage analogy in the analysis of cellular 

domes having a spherical shape. The dome was represented by an 
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assemblage of meridian and hoop curved beams. These curved beams were 

connected rigidly and orthogonally intersected to form a spherical grid 

(mesh) of curved beams. The flexibility and stiffness matrices of the thin 

walled curved beams were given, warping restrain effect was taken into 

consideration. The results were compared with the results obtained from 

the finite flat shell elements using the MSC/NASTRAN program. The 

results were satisfactory.           

   Al-Azawi (3111)
 (7) 

used the grillage method for both linear and nonlinear 

analysis of cellular plate structures curved in plan. Regarding the linear 

analysis, restrained warping effects were included. While in the nonlinear 

analysis, he extended Mashal’s work to analyze cellular platestructure 

curved in plan. Also, the elastic buckling stresses in curved compression 

flange panels were evaluated by the including the effect of the geometric 

curvature and by using the finite difference method in polar coordinates.  

Comparison of the results given by the proposed grillage method with the 

finite element method using the (NASTRAN) package program verified the 

accuracy of the proposed method.                    

        Younis (3112)
 (38)

 applied the grillage analogy to steel cellular plate 

structures with non-parallel webs and diaphragms in the nonlinear range. 

Both types of nonlinear response (material and geometrical nonlinearities) 

were considered. The post-buckling behavior of the compression flange 

panels was traced by depending on the effective width concept presented 

by Von Karman. 
(00)

 the results of the vertical deflection and collapse load 

by the proposed simplified method showed  good agreement when 

compared with those obtained from the finite element method using the flat 

shell element in MSC/NASTRAN program 

        In the present study the stiffness matrix of straight and curved 

members are derived by including the effect of restrain warping 

deformations. Restrain warping effects were included inn both types of 
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analysis (linear and nonlinear). A plastic hinge is considered to occur when 

both top and bottom flange reach yeild stress, then the stiffness matrix of 

the member will be modified by using the plastic modulus of elsticity 

suggested by Lagerqvist
(73)

. 

     
      



           

   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.3 Introduction 

Grillage analogy is used in the present study for analyzing cellular plate 

structures curved in plan. The method involves the conversion of a curved 

cellular decks into a grid of longitudinal curved members (or beams) 

intersecting at right angle with radial straight members. The accuracy of 

this method can be achieved within acceptable limits and depends largely 

on the proper evaluation of the section rigidities of the grillage members. 

Furthermore, the grillage analogy gives the designer a good appreciation 

and  feeling of how the actual structure behaves. 

     This chapter presents the techniques of grillage idealization of curved 

cellular plate structures. The most important features of the idealization 

include the proper planning of the grillage members. Guide-lines on the 

application of the grillage analogy to linear and non–linear analysis and 

ultimate load investigation of steel cellular plate structures curved in plan 

are discussed herein.                          

5.4 Evaluation of elastic Rigidities                                                      

It is necessary to evaluate the appropriate elastic section properties of the 

grillage members from the actual multi-cell structure. These are needed in 

EVALUATION OF SECTION PROPERTIES 
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the grillage analogy for the linearand nonlinear analysis of the cellular plate 

structure. 

5.4.3 Flexural Rigidities 

In representing a cellular plate structure by an equivalent plane grillage, 

many investigations 
(13,13, and 37)

 considered the cross section of the 

grillage member as an I-section in calculating the moment of inertia (or 

second moment of area).  

     Generally two more factors must be considered in calculating the 

flexural rigidities of the grillage members. These are the shear lag and 

Poisson’s ratio. A brief review of literature pertaining to the evaluation of 

flexural rigidities is presented herein. 

     Basu and Dawson (3731)
 (31) 

proposed the following equations for 

calculating the values of Dx and Dy for rectangular cellular plate structures 

having top and bottom flanges of equal thickness, longitudinal webs with 

equal thickness and without transverse diaphragms  

).1(2
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all relevant notations are shown in Fig.(1-3) 

     Crisfield and Twemlow (3733)
 (21) 

proposed the following equations 

for values of Dx and Dy for a rectangular cellular plate structure having 
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flanges of equal thickness (
ftfc

tt  ), web thickness ( xt ) and diaphragms 

thickness ( yt ):  
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(1-5) 

     Cusens and 

Pama 

(3797)
 (25) 

suggested the 

following 

formula for calculating the flexural rigidity for a cellular plate structure 

having two unequal flange thickness ( ftfc tandt ) and web thicknesses 

( yx tt  ):  
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Figure (5-3)Details of cellular plate structure   

 (a) Longitudinal section(b) Transverse section 
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        (1-7) 

where 2ex is the distance from the neutral axis of the cellular deck to the 

centerline of the upper flange in x-direction and other notations are shown 

in Fig.(1-3). 

     As discussed by Cusens and Pama 
(25) 

formula (1-6) is unwisely (or 

clumsy) for practical use and only becomes of value if the vertical webs are 

particularly thick and closely spaced. Jaeger and Bakth (3794) 
(16) 

suggested to neglect the effect of Poisson’s ratio and the effect of the webs 

in calculating xD  and yD  and proposed the following formula: 

 2
2

2
1 .. xftxfcyx etetEDD                                                            (1–

7) 

where ex3 and ex3 the distances from the neutral axis of the section to the 

centerlines of the lower and upper flanges respectively. 

 Mohammed (3776) 
(53) 

derived the following formula for calculating Dx 

and Dy for a rectangular plate structure having two equal thicknesses (tfc= 

tft) web thickness (tx) and diaphragm thickness (ty): - 

x
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     These formulas are simple and satisfactorily accurate. The grillage 

idealization in the present study consists of a grid having circularly curved 

members intersecting at right angles with radial straight members. Each  

radial member is idealized as a number of stepped prismatic elements as 

shown in fig (1-2). 

 

     For a 

curved 

grillage 

member, 

the second 

moment of 

area in two 

directions 

(x and y) 

may be 

calculated by using the following formulas 
(63,72,26,57,21)

: -  


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R
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where R is the radius of curvature to the centroid. A detailed study by 

Waldron (3797) 
(77) 

on curved box girders has shown that the second 

     Fig. (5-4) actual and idealized radial straight member 

 

Y 

X 

          Actual member             Idealized member 
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moment of area are not significantly influenced by the degree of curvature, 

this concept is considered in the present study when R   the above 

formulas will be for straight beams. Also, the effect of Poisson’s ratio is 

considered by using the concept of separating (or dividing) the moment of 

inertia (I ) of a grillage member into two parts as follows:   

w

f
I

I
I 




2
1 

   

where If is the moment of inertia of the flanges a bout the section neutral 

axis and Iw is the moment of inertia of the web. 

 

5.4.4 Torsional Rigidities  

When a cellular plate structure is twisted a network of shear stress develops 

round the flanges and webs as shown in Fig. (1-1)  

 

  

     

Timoshenko 

and Goodier 

(3773)
 (76)

 

gave a 

procedure for 

the 

calculation the torsional constant (J) of a cellular section under pure torsion 

and free to warp. The basic assumption used for establishing the torsional 

constant for a multi-cell is by considering the shear flow in the walls, as 

shown in Fig.(1-1) and employing the elastic theory. The distribution of 

3             2               1               i                 j             

k 

 

 Fig. (5-5) shear flow in cellular plate structure  
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the shear flows in n-cell section is shown in Fig.(1-1). The n-independent 

shear flows are taken as unknowns. 

     For three typical cells i,j and k, the angle of twist per unit length θ (rate 

of twist) of the intermediate cell (j) is:         












 

w

k

c

j

w

i
j

j
t

ds
q

t

ds
q

t

ds
q

GA2

1
                         (1-

33) 

where:  


t

ds

w

 the integral along the common webs of cells (i & j)and ( j & k) 


t

ds

c

 the contour integral around the cell ( j ) 

  jA  =  the enclosed area of the cell ( j )  

     The authors assumed that each cell rotates at the same rate of twist as 

for the whole section (θ), therefore: 

 

 θ3 =θ4 =θ5 = …... =θI =θj =θk = …= θn-3 = θn
                                                       

(1-37) 

According to the elastic theory, the twisting moment (Mt) in a cell is equal 

to twice the shear flow (q) in the wall of the cell times the area (A) 

enclosed by the median line of the cell:  

   AqM t ..2               (1-37)  

Also, noting that:  

    ..JGM t                                        (1-21) 

Then: 

    
.

..2

G

Aq
J                                          (1-23) 
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     Husain (3786)
 (11)

 proposed that the cellular plate structure is 

assumed to act as a series of independent closed tubes running in both 

longitudinal and transverse directions. The torsional constant for each cell 

is calculated from Bredt’s formula: 

     





t

ds

A.4
J

2
i

i                                     (1- 

22)  

Therefore, the torsional constant of the whole section (in any direction) is 

the summation of the torsional constants of the independent cells in that 

direction, as follows: 

i

n

i

JJ 
1

                               (1- 21)  

     Crisfield and Twemlow (3793)
 (21)

 and Hambly and Pannells 

(3797)
 (17)

 calculated the torsional constant (per unit width) for a 

structure having unequal flange thickness ( ftfc tt  ) by using equation 

(1-22) and neglecting the contribution of the interior webs and dividing 

the result by two (as the torque acts in two dimensions in a cellular plate 

while it acts in one dimension in a grillage): 

    
ftfc

ftfc

tt

dtt
J




2
...2

             (1- 

21) 

     A number of investigators 
(33,21,17…)

  suggested that the torsional 

rigidity of the full cellular section may be approximated by considering the 

whole inclosed section as a single box and the torsional rigidity may be 

obtained from Bredt’s formula for a single closed section using equation 
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(1133). This approximation is justified by the fact that for a multi-cell 

structure the net shear flow through the interior webs is negligible and only 

the shear flow around the outer webs and top and bottom flanges is of 

prime significance.            

     Mohammed (3776)
 (53)

 suggested the following formulas to express 

the torsional constant for exterior and interior cells of a multi-cell section 

having equal flange thickness ( ftfc tt  ): 

   For exterior cells: 
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   For interior cells: - 
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where 
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23) 

B= width of cell (center to center)    

t  Thickness of the web in X or Y directions. 

     The factor (β) is suggested such that the calculated torsional constant 

will be identical to the value by the exact torsion theory of cellular sections 

shown by Timoshenko and Goodier. Al-Sherrawi (3777)
 (7)

 benefited 

from equation (1-23) to transform equation (1-33) into the following 

form:   
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     Each of the n-cells can provide one equation in term of the torsional 

constant of the cell and its adjacent cells and the solution of the resulting n 

independent linear equations gives the values of the torsional constant (J3, 

J4, J5, … Jn). Then the torsional constant for the whole section (J) is 

calculated from equation (1-21). 

     Mashal (3779)
(55)

 modified the formulas presented by Mohammed 

(3776) 
(53)

 to be suitable for a cellular section with unequal flange 

thickness  ( ftfc tt  ) as follows: 

     For exterior cells: 
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   For interior cells:  
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 where 
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     In the present study the torsional constant for a single cell cross-section 

can be evaluated by Eq. (1-22). For a multi-cell cross-section (with n 

cells) which is undergoing Saint-Venant torsion the rate of twist (θ) for 

each cell is the same, so a set of simultaneous equations in the shear flow 

constants (qsv3 , qsv4 , qsv5 , qsv6 ,….) can be obtained. Therefor for the i th 

cell (recalling Eq. (1-33) with new arrangement) the following expression 

may be written: 
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i  for the cell  i 





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i 1  for the left cell   
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G

qsvi
i 1  for the right cell   

For a cellular section, the torsional constant (Ji ) to each cell is: 

iii AJ ..2  

and the torsional constant for the whole section is: 





n

i

it JJ
1

 

 

5.4.5 Shearing Rigidity 
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In a cellular plate structure having few or no transverse diaphragms, the 

vertical (or transverse) shearing forces developed across a cell causes the 

flanges and the webs to flex independently out of plane. Thin pattern of 

deformation is referred to as distortion and this may become pronounced in 

cellular sections with relatively thin webs. The shearing rigidity is (GAv), 

where Av is taken to be the full area of the web. The effect of shearing 

rigidity on deformation is usually very small. 

 

5.4.5.3 Shear correction factor   

The shear shape factor 3/C
4
 is defined as the ratio of the exact shear strain 

energy to that calculated by average (or constant) shear stress. 

     The always positive C
4
 is called shear correction factor. The study done 

by Day(3792) 
(21)

 on curved members with rectangular cross sections 

indicated that C
4
-value for a curved member is almost the same as that for 

straight member  (C
4
= 7/8 when R ). For a thin walled cross section 

the shear correction factor was found to be close to unity 
(63)

 . 

 

5.4.6 Warping Moment of Inertia 

Warping moment of inertia is a geometric property of a thin-walled section 

and may be defined for straight member as 
(11,65,66,63,7)

:
 

dAI

w

.
2                                                                         (1-12)  
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     where dA is the infinitesimal area of the cross section of the wall and   

is the sectorial area or (warping function). For a curved member Iω is 

defined as 
(77)

: 

dA
Rs

yR
I

a

..
2


                                                       (1-11)       

 where R and Rs are the radii of curvature of the centroidal and shear axis. 

The evaluation of I  requires the evaluation of warping function  . 

 

5.4.6.3 Straight Members 

The warping displacement u of any portion of the wall relative to the origin 

of the wall peripheral s-coordinate is given by 
(77)

:   

dsrds
t

q

G
uuu s

sv
  

1
                                        (1-

11) 

where rs normal radius from the shear center to the tangent at the point 

considered and qsv is the shear flow and θ is the twist per unit length by 

assuming that the origin of the peripheral coordinates coincides with a 

point of zero warping, then u vanishes and equation (1-11) be comes :   

 

dsrds
t

q

G
u s

sv .
1

                                                      (1-15) 

     In agreement with Vlasov’s original analysis, it is here assumed that the 

transverse distribution of warping displacement u is fully described by the 

warping function or (sectional area). Since the degree of warping is directly 

proportional to the rate of twist θ, warping displacement at any point may 

be conveniently defined in the following way: - 
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u                                                                                (1-

16)  

by introducing Eq. (1-16) into Eq. (1-15) the following expression is 

obtained for the warping:-  
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                       (1-13)  

This Eq. may be written as: - 

ds
t

rs )(


                          (1-17) 

5.4.6.4 Curved Members  

The warping function   for a curved cellular member with closed section 

can be derived by following the same procedure as for the straight cellular 

member. 

     The shear flow qsvc in a curved bar is related to the shear flow qsv in a 

straight member by 
(72,51,13)

 . 
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s q
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)( 
                                                                   (1-

11)  

where Rs the radius of curvature of the shear axis and R is the radius of 

curvature of the centroidal axis. Then the warping function   for a curved 

member with closed section can be given as 
(72,51)
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     Waldron (3797) 
(77) 

showed that the warping moment of inertia (or 

warping constant) is not significantly influenced by the degree of curvature. 
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This concept will be used in the present study, and also the warping 

function for sections of both straight and curved members is calculated by 

Eq. (1-17) 

   

5-5 Programming of Section Properties 

A computer program (SECPRO) is coded in FORTRAN 72 language to 

evaluate the section properties of any cellular section having n cells and 

with different dimensions. The tables from (1-3) to (1-11) are obtained 

by using this program. These tables contain the constants of (J,ω and Iω)  

for a cellular section up to 32 cells and aspect ratio (B/d )α = (2.6,2.7 

and 2.8) with equal flanges and web thicknesses. The values in each table 

are in terms of the width of the cell and its thickness, that they should not 

be used directly. The following equations must be applied first: 

tbJJ i ..
3                (1-12)                     

tb..                    (1-11) 

tbII ww ..
5                     (1-11) 

where: 

b = width of cell 

t = thickness of wall of section 

J = the constant value from tables (1-3) to (1-31) 

 = the constant value from tables (1-33) to (1-21) 

wI = the constant value from tables (1-23) to (1-11) 
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Table (3-1) Torsional Constant  ( J ) For Cell No.(1) 
 

α =4.0 α =4.0 α =4.0 No. of Cells 

4.88202204 4........4 4.00444444 2 
4.80000024 4.04444444 4.00.20084 8 

4.828.0404 4.02220024 4.02022..4 . 
4.82.22424 4.02.2..24 4.0222.004 0 
4.82.8.2.4 4.02020204 4.02.0.004 0 
4.82..4.04 4.02084284 4.02.20424 0 
4.82..2884 4.02082204 4.02.22404 2 
4.82..2804 4.02082.84 4.02.220.4 2 
4.82..2804 4.02082.04 4.02.22204 . 

4.82..2804 4.02082.04 4.02.22224 24 

 

 

 

Table (3-2) Torsional Constant  ( J ) For Cell No.(2) 
 

α =4.0 α =4.0 α =4.0 No. of Cells 

4.80000024 4.04444444 4.00.20084 8 

4..40.2.44 4.02402284 4.000000.4 . 
4..282.084 4.02820204 4.0220.284 0 
4..2.40.04 4.02020204 4.0.224.24 0 
4..2.202.4 4.02084224 4.0.80..04 0 
4..2.22004 4.02080224 4.0.80.024 2 
4..2.22244 4.02082.84 4.0.828004 2 
4..2.22204 4.02082244 4.0.82.804 . 

4..2.22204 4.020822.4 4.0.82..24 24 

 

 

 

Table (3-3) Torsional Constant  ( J ) For Cell No.(3) 
 

α =4.0 α =4.0 α =4.0 No. of Cells 
4.828.0404 4.02220024 4.02022..4 . 
4..282.084 4.02820204 4.0220.284 0 
4..2242804 4.0.0.0.04 4.24..2204 0 
4..2220284 4.0.240204 4.22.00204 0 
4..20.0024 4.0.2044.4 4.2200..84 2 
4..22.2024 4.0.2002.4 4.220000.4 2 
4..2.44.24 4.0.202804 4.22002004 . 

4..2.44024 4.0.2020.4 4.2200.004 24 

 

 

Table (3-4) Torsional Constant  ( J ) For Cell No.(4) 
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α =4.0 α =4.0 α =4.0 No. of Cells 
4.82.22424 4.02.2..24 4.0222.004 0 
4..2.40.04 4.02020204 4.0.224.24 0 
4..2220284 4.0.240204 4.22.00204 0 
4..2.22444 4.0..2..04 4.222..044 2 
4..2.2...4 4.0..0.804 4.22220004 2 
4..2.202.4 4.0..00..4 4.222.8204 . 

4..2.20004 4.0..00004 4.222.0..4 24 

 

Table (3-5) Torsional Constant  ( J ) For Cell No.(5) 
α =4.0 α =4.0 α =4.0 No. of Cells 

4.82.8.2.4  4.02.0.004 0 

4..2.202.4  4.0.80..04 0 
4..22.2024  4.2200..84 2 
4..2.2..24  4.22220004 2 
4..2..0224  4.22.0.284 . 

4..2..2024  4.22.20444 24 

 

Table (3-6) Torsional Constant  ( J ) For Cell No.(6) 
α =4.0 α =4.0 α =4.0 No. of Cells 

4.82..4.04 4.02084224 4.02.20424 0 
4..2.220.4 4.02080204 4.0.80.024 2 
4..2.44.24 4.0.2002.4 4.22000044 2 

4..2.202.4 4.0..00..4 4.222.8204 . 

4..2..2024 4.0...28.4 4.22.20..4 24 

 

Table (3-7) Torsional Constant  ( J )For Cell No.(7) 

 
α =4.0 α =4.0 α =4.0 No. of Cells 

4.82..2884 4.02082204 4.02.22404 2 
4..2.222.4 4.02082.84 4.0.828004 2 

4..2.44024 4.0.202804 4.22002004 . 

4..2.20004 4.0..00004 4.222.0..4 24 

 

Table (3-8) Torsional Constant  ( J ) For Cell No.(8) 
 

α =4.0 α =4.0 α =4.0 No. of Cells 
4.82..2804 4.02082.84 4.02.220.4 2 
4..2.222.4 4.02082244 4.0.82.804 . 

4..2.44024 4.0.2020.4 4.2200.804 24 

 

 

Table (3-9) Torsional Constant  ( J ) For Cell No.(9) 
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α =4.0 α =4.0 α =4.0 No. of Cells 
4.82..2804 4.02082.04 4.02.22204 . 

4..2.22204 4.020822.4 4.0.82...4 24 

 

 

Table (3-11) Torsional Constant  ( J ) For Cell No.(11) 
 

α =4.0 α =4.0 α =4.0 No. of Cells 

 
4.82..2804 4.02082.04 4.02.22204 24 

 

Table (3-11) Sectorial Area ( ) For Cell No.(1) 
 

α =1.4 Α =1.5 α =1.6 No. of 

Cells 
ωR ωL ωR ωL ωR ωL 

-

4.40820220 

4.40820220 -4.40200002 4.40200000 -

4.4.20.... 

4.4.20444 2 

4.44444444 4.2......4 4.44444444 4.20444444 4.44444444 4.2020.20 8 
4.4.202..2 4.8.2.20.4 4.2248.024 4.82840224 4.282.2244 4..40.480 . 
4..480..44 4...2242.4 4.8.820204 4...000224 4.828200.4 4.0008200 0 
4.8.440824 4.0.202244 4..02.8.84 4.08200004 4.082..224 4.0404200 0 
4...44.004 4.0.202804 4.02880204 4.00000.24 4.02228.24 4.2004.20 0 

4.0.44.224 4.0.202844 4.0428.024 4.22200284 4.2822.0.4 4..404.44 2 
4.0.44.284 4.2.2022.4 4.2.88..04 4.2.000024 4.22222..4 2.4004824 2 
4.0.44.224 4.2.2022.4 4.2028..84 2.48200244 2.48222.44 2.8404824 . 

4.2.44.224 4...2022.4 41.288..24 2.20000244 2.22222244 2..004824 24 

 

 

Table (3-12) Sectorial Area ( )  For Cell  No.(2) 
 

α =1.4 Α =1.5 α =1.6 No. of 

Cells 
ωR ωL ωR ωL ωR ωL 

-

4.2.....04 

4.44444444 -4.2044444 4.4444444 -4.2020.20 4.4444444 8 

-

4.4.202..2 

4.4.202..2 -4.2248.02   4.2248.02 -4.282.24. 4.282.224 . 

4.44444444 4..480..44 4.4444444 4.8.82020 4.4444444 4.828200. 0 
4.4.220200 4.8.440824 4.2880202 4..02.8.8 4.2000220 4.082..22 0 
4.2.202004 4...44.004 4.8024020 4.0088020 4.8.0222. 4.02228.2 0 
4.8.200424 4.0.44.224 4..22.022 4.0428.02 4.0000040 4.2822.0. 2 
4...200084 4.0.44.284 4.0.0.00. 4.2.88..0 4.0.0022. 4.22222.. 2 
4.0.020004 4.0.44.224 4.082.088 4.2028..8 4.2000220 2.48222.4 . 

4.0.200004 4.2.44.224 4.200.022 4..288..2 4.2.0024. 2.2222224 24 
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 Table (3-13) Sectorial Area ( ) For Cell No.(3) 
 

α =1.4 Α =1.5 Α =1.6 No. of 

Cells 
ωR ωL ΩR ωL ωR ωL 

-

4.8.2.20.4 

-4.4.202..2 -4.8284022 -4.2248.02 -

4..40.480 

-4.282.24. . 

-

4.2.480044 

4.44444444 -4.8.82020 4.4444444 -

4.8282008 

4.4444444 0 

-

4.4.2022.. 

4.4.220200 -4.2880202 4.2880202 -

4.2000220 

4.2000220 0 

4.44444444 4.2.202004 4.4444444 4.8024020 4.4444444 4.8.0222. 0 
4...222204 4.8.200424 4.2800002 4..22.022 4.20.2..0 4.0000040 2 
4.2..2.8.4 4...200084 4.80.0.80 4.0.0.00. 4.8.2.288 4.0.0022. 2 
4.8..22204 4.0.020004 4..2002.2 4.082.088 4.002...0 4.2000220 . 

4....222.4 4.0.200004 4.0..0220 4.200.022 4.0.2...8 4.2.0024. 24 

 

Table (3-14) Sectorial Area ( ) For Cell No.(4) 
α =1.4 α =1.5 Α =1.6 No. of 

Cells 
ωR ωL ΩR ωL ωR ωL 

-4...224204 -4.2.480044 -4...00022 -4.8.82020 -4.000820. -4.8282008 0 
-4.8.4408.4 -4.4.2022.. -4..02.8.. -4.2880202 -4.082..22 -4.2000220 0 
-4.2.202004 4.44444444 -4.8024020 4.4444444 -4.8.02224 4.4444444 0 
-4.4..22220 4...222204 -4.2800000 4.2800002 -4.20.2..2 4.20.2..0 2 
4.44444444 4.2..2.8.4 4.4444444 4.80.0.80 4.4444444 4.8.2.288 2 

4.4...2.00 4.8..22204 4.280.802 4..2002.2 4.20.2.80 4.002...0 . 

4.2...0.24 4....222.4 4.80..28. 4.0..0220 4.8..2444 4.0.2...8 24 

 

Table (3-15) Sectorial Area ( ) For Cell No.(5) 
α =1.4 α =1.5 Α =1.6 No. of 

Cells 
ωR ΩL ωR ωL ωR ωL 

-4.0.202284 -4.8.4408.4 -4.0820002 -4..02.8.. -4.0404200 -4.082..22 0 
-4...44.004 -4.2.202004 -4.0288020 -4.8024020 -4.02228.2 -4.8.02224 0 
-4.8.200424 -4.4..22220 -4..22.024 -4.2800000 -4.0000042 -4.20.2..2 2 
-4.2..0.8.4 4.44444444 -4.80.0.8. 4.4444444 -4.8.2.282 4.4444444 2 

-4.4...2.02 4.4...2.00 -4.280.802 4.280.802 -4.20.2.82 4.20.2.80 . 

4.44444444 4.2...0.24 4.4444444 4.80..28. 4.4444444 4.8..2444 24 

 

Table (3-16) Sectorial Area ( ) For Cell No.(6) 
α =1.4 α =1.5 α =1.6 No. of 

Cells 
ωR ΩL ΩR ΩL ωR ωL 

-4.0.20280 -4...44.004 -4.00000.0 -4.0288020 4.4444444 4.8.0222. 0 
-4.0.44.22 -4.8.200424 -4.0428.00 -4..22.024 4.20.2..0 4.0000040 2 
-4...20008 -4.2..0.8.4 -4.0.0.00. -4.80.0.8. 4.8.2.288 4.0.0022. 2 
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-4.8..2220 -4.4...2.02 -4..2002.0 -4.280.802 4.002...0 4.2000220 . 

-4.2...0.2 4.444444444 -4.80..28. 4.4444444 4.0.2...8 4.2.0024. 24 

Table (3-17) Sectorial Area ( ) For Cell No.(7) 
α =1.4 α =1.5 α =1.6 No. of 

Cells 
ωR ΩL ωR ωL ωR ωL 

-

4.2.20222 

-4.0.44.22 -4.2220024 -4.0428.00 -4..404.48 -4.2822.00 2 

-

4.0.44.22 

-4...20008 -4.2.88..0 -4.0.0.00. -4.22222.. -4.0.0022. 2 

-

4.0.20000 

-4.8..2220 -4.082.082 -4..2002.0 -4.2000222 -4.002...0 . 

-

4....222. 

-4.2..222. -4.0..0220 -4.80..28. -4.0.2...2 -4.8..2... 24 

 

Table (3-18) Sectorial Area ( ) For Cell No.(8) 
α =1.4 α =1.5 α =1.6 No. of 

Cells 
ωR ωL ωR ωL ωR ωL 

-

4.2.20222 

-4.0.44.22 -4.222002 -4.2.88..0 -2.4004824 -4.22222.. 2 

-

4.0.44.22 

-4.0.20000 -4.2028..2 -4.082.082 -2.48222.4 -4.2000222 . 

-

4.0.20000 

-4....222. -4.200.022 -4.0..0220 -4.2.00242 -4.0.2...2 24 

 

Table (3-19) Sectorial Area ( ) For Cell No.(9) 
α =1.4 α =1.5 α =1.6 No. of 

Cells 
ωR ωL ωR ωL ωR ωL 

-4.2.20222 -

4.0.44.22 

-2.4820024 -4.2028..2 -2.840482 -2.48222.4 . 

-4.2.44.22 -

4.0.20000 

-4..288.8. -4.200.022 -2.222222 -4.2.00242 24 

 

 Table (3-21) Sectorial Area ( ) For Cell No.(11) 
α =1.4 α =1.5 α =1.6 No. of Cells 

ωR ωL ωR ωL ωR ωL 

-

4...2022. 

-

4.2.44.22 

-2.2000004 -4..288.8. -2..004824 -2.2222224 24 

 

Table (3-21) Warping Constant  ( I ) For Cell No.(1) 
α =4.0 α =4.0 α =4.0 No. of Cells 

4.442820220 4.442.4842. 4.44228044 2 
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4.42.022024 4.422228044 4.48208222 8 
4.400820004 4.422202204 4.24..2.04 . 
4.2.2020044 4.2.2004244 4.8280.884 0 

4.80200.244 4..284.2244 4.00402224 0 
4.042220244 4.0.224..44 4..22.2804 0 
4.028020.44 4..0..22.44 2.02800044 2 
4.200022044 2..20202444 8.4.000044 2 
2.224400444 2.22220.444 8.2.2.4444 . 

2.082222444 8.020208444 ..2244..44 24 

 

 

Table (3-22) Warping Constant  ( I ) For Cell No.(2) 

α =4.0 α =4.0 α =4.0 No. of Cells 

4.42.022024 4.42222804 4.48208222 8 
4.44..0.288 4.42.0042. 4.42280882 . 
4.4.22.0204 4.40..0822 4.42022.08 0 
4.4..2202.4 4.2022.224 4.8.4.42.4 0 

4.2.0222.44 4..2..0224 4.02040024 0 
4...020.244 4.00022044 4.20822224 2 
4.080.22.44 4.22.2.024 2..0200.44 2 
4.20202.244 2..484.844 8.42008044 . 

2.422.22444 2.2.022044 8.20.0.244 24 

 

Table (3-23) Warping Constant  ( I ) For Cell No.(3) 
α =4.0 α =4.0 α =4.0 No. of Cells 

4.40082000 4.42220220 4.24..2.04 . 

4.4222..82 4.422.2248 4.48082408 0 
4.40.20..2 4.40.040.. 4.244..424 0 
4.240.4404 4.22.0.004 4.80280804 0 
4.84222824 4..0822204 4.02200224 2 
4..0400204 4.02244004 4.2.2..084 2 
4.00.40024 4..2.22004 2.088.2044 . 

4.2.40..24 2..0842044 8.24.08044 24 

 

Table (3-24) Warping Constant  ( I ) For Cell No.(4) 
α =4.0 α =4.0 α =4.0 No. of Cells 

4.2.202004 4.2.200424 4.8280.884 0 
4.42808200 4.42.02200 4.48248202 0 
4.400..222 4.428.0024 4.24220004 0 
4.24.0.2.4 4.22.08024 4.80..0824 2 
4.8242..24 4..04.0204 4.0.0440.4 2 
4..0000024 4.0.2.80.4 4..8.200.4 . 

4.00.002.4 4...020004 2.00002.4 24 

 

 

Table (3-25) Warping Constant  ( I ) For Cell No.(5) 
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α =4.0 α =4.0 α =4.0 No. of Cells 

4.80200.24 4..284.224 4.00402224 0 

4.428224.0 4.484.8222 4.48.0.202 0 
4.4004.002 4.420222.4 4.2228.024 2 
4.22402..4 4.228.2444 4.82020024 2 
4.82800.04 4..0040084 4.00.022.4 . 

4..0220424 4.04008044 4...028..4 24 

 

 

Table (3-26) Warping Constant  ( I ) For Cell No.(6) 
 

α =4.0 α =4.0 α =4.0 No. of Cells 
4.04222024 4.0.224..4 4..22.2804 0 
4.428.2002 4.4840.220 4.4.484.00 2 

4.400.8..2 4.420.0024 4.22802004 2 
4.22240.04 4.22.08.04 4.82228004 . 

4.82.22..4 4..0002024 4.00242404 24 

Table (3-27) Warping Constant  ( I ) For Cell No.(7) 
 

α =4.0 α =4.0 α =4.0 No. of Cells 
4.028020.4 4..0..22.4 2.02800044 2 
4.428.28.. 4.4842002. 4.4.40.842 2 
4.40000422 4.42000820 4.22..4204 . 

4.2228.2.4 4.22..8044 4.82.82..4 24 

 

 

Table (3-28) Warping Constant  ( I ) For Cell No.(8) 
 

α =4.0 α =4.0 α =4.0 No. of Cells 
4.20002204 2..2020244 8.4.000044 2 

4.428.2200 4.4842.822 4.4.4000.0 . 

4.4000204. 4.420204.8 4.22.02.84 24 

 

 

Table (3-29) Warping Constant  ( I ) For Cell No.(9) 
 

α =4.0 α =4.0 α =4.0 No. of Cells 

2.22440044 2.22220.44 8.2.2.4444 . 

4.428..0.0 4.484222.2 4.4.424202 24 

 

 

Table (3-31) Warping Constant  ( I )For Cell No.(11) 
 

α =4.0 α =4.0 α =4.0 No. of Cells 
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2.08222244 8.02020844 ..2244..44 24 

 

 



 

 

 

 

 

 

 

 

 

4-1 Introduction 

The use of structural members of thin –walled section has been increasing 

rapidly in many types of engineering structures. This is due to the 

continuous development of modern structure requiring greater spans with 

reduced self-weight. These factors (large spans and reduced weight) have 

encouraged the wider application of thin-walled beam section in design 

(66,66)
. In thin-walled beams, in which warping deformations are usually 

relatively large, the effects of warping restraint may become significant and 

should be fully considered in the analysis. Free warping due to pure St.-

Venent’s torsion is identical at every cross-section along the beam, Fig 

(1.1), and proportional to the rate of twist of the beam. It is caused by the 

development of circulatory shear flows around the perimeter. However, if 

this warping is in any way restrained, Fig. (1.1), or if the distribution of 

warping deformation along the beam is varied, then additional axial direct 

(or normal) stresses and complementary shearing stresses will be created. 

These axial stresses differ from the more familiar stress resultants, such as 

axial forces and bending moments, in that they cannot be determined from 

equilibrium conditions alone. 

     The main aim of this chapter is to provide guidelines on the applicability 

of the grillage analogy to elastic analysis of thin-walled plate structures 

GRILLAGE ANALOGIES 
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curved in plan including both implicitly and explicitly the effects of 

warping restraints. 

 

4.2 Inclusion of Warping Implicitly with Torsional Stiffness 

In the mathematical derivation that follows, various expressions are derived 

for the angle of twist and its rate of change, by applying Timoshenko’s 

concept of torsional warping for straight members with open and closed 

section and various boundary conditions
 (66)

. Using the following 

expression for the total torque: 

 

wsv TTT                (4-1) 

where 

T = the total torque 

Tsv = the Saint-Venant torque (GJθ ) 

Tw = the warping torsional moment (EIwθ˝ ) 

     Substituting these expressions into Eq.(4-1) the following differential 

equation  of torsion with warping restraint will be obtained: 

2

2
2

dx

d
a

GJ

T 
                          (4-2) 

where   

 

θ= is the rate of twist, and x is the longitudinal axis and a2 = EIw / GJ. 

     This is a non-homogeneous second-order ordinary differential equation 

(Timoshenko’s differential equation for non-uniform torsion). The general 

solution of Eq. (4-2) is 
(31)

: 

GJ

T
e.Be.A a

x

a

x





              (4-3) 
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     The constants A and B are to be found from the boundary conditions. 

The general boundary conditions for torque and bimoment are shown in 

table (4-1)  

Table (4-1) Boundary conditions for thin-walled beam 

Boundary Deformation Force 

Fixed end 0   Tsv=0 

Free end ------------ Tbm=0 

Hinge 0  Tbm=0 

 

4.2.1 Member with One End Restrained 

By applying the following boundary conditions; when X=0 (the fixed end), 

the axial displacement u=0, consequently, the rate of twist θ= 0.  Also at 

X=L (the free end) the axial (or normal) stress σx=0 or, according to 

expression that σ=Eω.(dθ/dX)
 (6) 

,then the constants are: 

 


















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





a

L

a

L

a

L

ee

e

GJ

T
A               (4-4) 
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
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








a

L

a

L

a

L

ee

e
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B                          (4-5) 

Thus, 

















 



a

L

a

xL

GJ

T

cosh

cosh

1              (4-6) 

The maximum angular displacement at x=L, thus: 

 









L

Lx
a

L

L

a

GJ

LT
dx

0
tanh.1

.
.            (4-3) 
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whereas in pure torsion (with no warping restraint): 

GJ

LT .
                 (4-6) 

     Comparing Eq. (4-6) with Eq. (4-3), hence with warping restraint being 

included implicitly, the modified torsional constant is: 

 













a

L

L

a

J
J

tanh.1

              (4-6) 

     It will be noticed JJ  (indicating an increase in torsional stiffness due 

to warping restraint). Moreover, as the length (L) increase, JJ  . 

 

4.2.2 Member with Two Ends Restrained 

By applying the following boundary conditions; when X=0 and X =L, the 

axial displacement u=0. Consequently, the rate of twist θ=0, this follows 

from formula (3-36). Then, the  constants are: 


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             (4-10) 
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             (4-11) 

Then, 
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
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

 
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a

L
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xL
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T
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2
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1              

(4-12) 
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L

Lx
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L

L
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GJ
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0 2
tanh.

2
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.
.           (4-13) 
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     Comparing Eq. (4-6) with Eq (4-13), hence with warping restraint being 

included implicitly, the modified torsional constant is 













a

L

L

a

J
J

2
tanh.

2
1

             (4-14) 

Also, here JJ  and JJ  as L increases. 

 

4-3 Grillage Analysis of Cellular Plate Structure 

A curved cellular plate structure can be represented by a grillage composite 

of curved members representing the longitudinal curved ribs intersecting at 

aright angles with straight radial members representing the transverse 

diaphragms. The curve may be represented by a series (or finite number) of 

straight segments. Nevertheless, such an approach will be an 

approximation, it will increase the size of the problem, the number of 

unknowns and the computing time by many times since the accuracy of this 

approach depends on the number of segments. Sawko  (1663) showed that 

the approximation of the curved member by a series of straight members 

could lead to a serious misinterpretation of computer output. Therefore, the 

development of the stiffness matrix for a grillage curved member is needed 

for more useful analysis. 

     The sign convention used here and the sign of moments and shearing 

forces are as shown in Fig. (4-1). 

     There is no need in this analysis to transform the stiffness matrix from 

the local to the global coordinate systems since the straight members 

intersect the curved members at right angles. 

 

4-3-1 Stiffness Matrix For Straight Member 

The total strain energy of a deformed beam can be written in the form: 

U = Ub + Ut + Uw                           (4-15)                                                                                                                                                                                                                                                                                                                                                        

where Ub is the contribution by the bending to the element strain energy,                                                             
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Figure (4-1) Sign convention of grillage members  

(a) Curved member 

(b) Straight member 
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and Ut  and Uw are the contributions to the element strain energy by torsion 

and bimoment, respectively 
(6,43)

. 
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The total strain energy can be expressed by: 

    

L
w

LL

dx
EI

dx
GJ

dxv
EI

U
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2

0

2

0

2
.

2
.

2
.)"(

2
           (4-16) 

   The assumed displacement fields v(x) and  x  corresponding to the 

translation and torsional degrees of freedom are : 

3
4

2
321 xaxaxaav             (4-13) 

3
4

2
321 xbxbxbb                (4-16)  

The degree of freedoms considered at both ends of the element are: 
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Then, by solving Eqs.(4-13) and (4-16) for the ends degrees of freedom the 

following results can be obtained: 

   

    
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

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                           (4-16) 

and 
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                          (4-20) 

By making use of the Eqs.(4-16)and (4-20) and carrying out the integration 

of Eq.(4-16) , then the total strain energy may be written in matrix form as: 

            ]..[
2

1
]..[

2

1
]..[

2

1
W

T
T

T
B

T
KKKU     (4-21) 

where: 
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                                 ,,,,,,, 222111 vvvv                           (4-22) 

[KB]  = the contribution of bending to the stiffness matrix. 

[KT]  = the contribution of St. Venant torsion to the stiffness matrix. 

[KW] = the contribution of bimoment to the stiffness matrix. 

Eq.(4-21) may be written as: 

    ]..[
2

1
KU

T
                (4-23) 

where  

[K]= [KB]+ [KT]+ [KW]                          (4-24) 

which represent the required stiffness matrices for straight member. The 

elements of these matrices are as follows: 

 i-Bending Stiffness: 
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ii-Twisting Stiffness  : 
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iii- Warping Stiffness: 
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4-3-2 Stiffness Matrix For Curved Member 

To derive the stiffness matrix of a curved beam the same displacement 

fields for the total translation and total angle of twist in Eqs. (4-15) and (4-

16) are used .The used displacement vector is: 

                   






 
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



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     The strain energy expression for a curved member is: 
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     By the same way used in the derivation of stiffness matrix of straight 

member, the stiffness of the curved member will be obtained. Therefore, by 

solving the displacement fields (v and  ) for the end degrees of freedom of 

the curved member the following equation will be obtained: 

   

    



















dx

dv
Lxxvxx

dx

dv
Lxxxvxxv

232
2

32

132
1

32

...23

..2.231

                           (4-26) 
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     Then, by using the Eqs.(4-26)and (4-23) and carrying out the integration 

of Eq.(4-25) to get the strain energy, then the total strain energy may be 

written as: 
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where: 
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 [KB]  = the contribution of bending to the stiffness matrix. 

[KT]  = the contribution of St. Venant torsion to the stiffness matrix. 

[KW] = the contribution of bimoment to the stiffness matrix. 

 

Also, Eq.(4-26) may be written as: 
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    ]..[
2

1
KU

T
                (4-26) 

where  

 

[K]= [KB]+ [KT]+ [KW]                                           (4-30)                

 

     which represent the required stiffness matrices for curved member. The 

elements of lower triangle of these matrices are shown in Table (4-2). 

 

 

Table (4-2) Elements of Stiffness Matrix of Curved Beam  

 
Elements of Bending Stiffness Matrix Index 
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Elements of Twisting Stiffness Matrix Index 
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Elements of Warping Stiffness Matrix Index 
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4-5 Application Examples 

In order to verify the validity and accuracy of the stiffness matrix of the 

straight and curved member, including implicitly and explicitly the effect 

of warping restraint as presented herein, two computer programs are 

constructed to perform the grillage analysis. Three examples are analyzed 

using these programs and also using MSC/NASTRAN and STAAD III. 

The results agreed closely with these two programs. 

4-5-1 Example 1 

A thin walled box beam subjected to a twisting moment is considered. 

Fig.(4-2) shows the thin wall box beam (L=500 mm ,b=25mm ,h=50mm 

t=1mm ,E=200 GPa ,G=76.9 GPa) with one end fixed and other end free. 

The box beam is loaded by a twisting moment of magnitude (T=100 N.m) 

at one end. The analysis is performed by the present computer programs 

and MSC/NASTRAN (flat shell element) and STAAD III packages. The 

magnitude of the tip rotation gives  good agreement with those obtained by 

the two packages, Tab.(4-2). 
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b=25 

L=500 

h=50 

T=100 

 Figure.( 4-2)  Details of straight box beam member under torque 
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%Error Tip Rotation No. of Element PROGRAM 

0000 40554E-2 2600 (NASTRAN) 

003.6 4056E-2 2 STAAD III Beam 

Column Element 

603.0 40455E-2 2 Grillage ( 4 DOF) 

6062. 40454E-2 2 Grillage ( 3 DOF) 

with imp. warping 

003.6 4056E-2 2 Grillage ( 3 DOF) 

Without  warping 

 

4-5-2 Example Two 

An example of a curved girder, Fig.(4-3),previously analyzed using a 

closed form solution by Brookhant, is analyzed by using the present 

mathematical expression and also by MSC/NASTRAN  Package. The 

results of deflections and twisting angles obtained by the present computer 

programs give good agreement with those obtained by NASTRAN  

package and also by Brookhant, Fig.[(4-4)and(4-5)]. The percentages 

deferences are about 50255 and 445 for deflections and twisting angles  

 

 

 

 

 

 

 

 

 

 

 

Table( 4-2 ) Box beam subjected to a twisting moment  

Figure( 4-3 )Details of curve Member   
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4-5-3 Example Three 

A cellular plate cantilever curved in plan Fig.(4-6) is analyzed by the 

present derivations and also by MSC/NASTRAN   package program using 

flat shell elements. This is specially chosen to assess the efficiency of the 

present formulation for cellular plate structures having high twisting and 

bending moments. Two loading conditions are applied in this example. The 

first and the second loading conditions are a point load of 01 kn. over the 

outer corner and at the middle of the free edge respectively. The results of 

deflections and twisting angles obtained by the present study agreed with 

those obtained by MSC/NASTRAN. The percentage differences are about 

6045 and 60.5 for deflections and twisting angles respectively. 
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Figure (4-6) Details of cantilever cellular structure of example 3   
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1.5 Introduction 

The objective of this chapter is to provide a theoretical basis for the 

nonlinear analysis and ultimate load investigation of cellular plate 

structures curved in plan and with or without diaphragms. A simple 

analysis method is presented, which is capable to predict the collapse load 

of cellular plate structures with a good degree of accuracy. This method 

consists of the extension of the grillage approach into the nonlinear range 

and at the collapse of the multi-cell structure. 

      As mentioned previously, steel or aluminium cellular plate structures 

are fabricated as an assemblage of individual plates forming the top and 

bottom cover plates and the longitudinal and transverse partitioning webs. 

This construction allows the structures to have high strength to weight 

ratio. So, this type of structure will be well suited to bridge decks, aircraft 

wings, ship bottoms and other situations where strength and reduction of 

self-weight are important design objectives. To maximize the saving in self 

- weight, the component plates are designed to be of thin proportions. 

Accordingly, they will have a low elastic critical (or buckling) stress and 

will normally operate in the post-buckling range. Thus, advantage must be 

taken of their post-buckling reserve of strength. Concerning the nonlinear 

NONLINEAR BEHAVIOR OF CELLULAR PLATE STRUCTURES 
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analysis, the present study takes into account the effects of  two basic type 

of nonlinearity (material and geometric nonlinearities) to represent the 

nonlinear behavior of the component plates used in the construction of 

cellular plate structures. 

 

1.5.5 Material Nonlinearity     

 The effect of material nonlinearity is incorporated in the nonlinear analysis 

when the material properties vary with the growth of stress in the material; 

i.e. the constitutive laws are functions of the current stresses in the material. 

This variation is a consequence of the occurrence and spread of local 

yielding in component plates of the cellular plate structure. 

      In the present study, as the material yields (reaching the yield stress), a 

hypothetical hinge (plastic hinge) concept is adopted in which the structural 

model softens under increasing loads due to increasing spread of plasticity 

for the whole structure. The experimental study made by  Lagerqvist 
(86) 

on 

steel girders with modulus of elasticity E=402 GPa showed that the  

modulus in the plastic stage becomes E=0.1 GPa as shown in Fig.(7-1).This 

value is used in the present study. 

 

 

1.5.4 Geometric Nonlinearity  

       This type of nonlinearity is introduced when deflections in the 

individual thin plates become large enough to activate membrane forces in 

the plane of the plate panels. When the membrane compressive stresses 

(acting upon the compression flange) reach the critical limit, the flange will 

buckle. Also, the webs (which are assumed to sustain constant shearing 

stresses in any cross section the analysis of cellular plate structures) will 

buckle when the shearing stress reaches the critical limit. So, while dealing 

with the nonlinear behavior and ultimate load investigation of the thin –
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Figure (1-5) Bi-linear stress-strain relation used for transforming 

measured strains to stresses
 (24) 

 E=0.1 GPa, 030-020 MPa 

 E=402 GPa, 0  - 030 MPa 
 

walled structures (like the cellular plate structure), it becomes important to 

consider the post-buckling behavior of the compression flange as well as 

the web panels.    

  

1.5.3 Necessary Assumptions 

   Regarding the present work, the following assumptions will be made to 

deal with the grillage simulation of the post-buckling and elastic-plastic 

behavior of steel cellular plate structures curved in plan: 

5-The material of the plate is homogeneous and isotropic (the effect of 

strain hardening is neglected).  

4-Concerning the critical stress evaluation of the nonprismatic compression 

flange (linearly varying in width), the following assumptions will be 

considered:  

 



 

Chapter Five                                                                             Nonlinear Analysis                      
 

 86 

a- The curved trapezoidal plan of the compression flange plate between 

redial webs is approximated to a rectangle with a width(bav)equal to the 

average widths of the trapezoid(b5 and b4), as follows: 

2

bb
b 21

av


                                                                             (7-1) 

 

b- Since each grillage member represents the state of stress in one 

direction only, thus for simplicity, the critical stress (in each direction of 

the grillage structure) will be calculated as if the compression flange is 

under uniform uniaxial stress acting at that direction. 

c- The boundary edges for the compression flange panels are assumed 

to be simply supported (as the flexural rigidity of the thin flange plate is 

very small). 

3- Regarding the evaluation of the shear buckling coefficients of the web 

panels, for straight members, the boundary edges of these panels are 

assumed to be partially restrained according to the parametric study 

presented by Lee and Yoo (5990) 
(75)

, and for curved members the proposed 

formula of Batdorf, Stein and Shilderout
(75)

, is used.  Also, the web panels 

are assumed to be under constant shearing stresses. 

2- The effects of residual stresses due to welding and fabrication are 

neglected 

1- All plate panels are assumed to be flat (without geometrical 

imperfections). 

  

 1.4 Post-Buckling Behavior of Compression Flange Panel 

 1.4.5 Introduction 

Membrane (or in-plane) forces may be acting on a thin plate in this case. 

The middle surface of the plate is subjected to in plane stresses. When the 

plate deflects (by any means), these forces will have components in the 
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transverse (or lateral) direction and will cause moments on the section of 

the plate. The deflection will decrease or increase according to the tensile 

or compressive type of the membrane forces. 

     The theoretical treatment of local buckling of thin flat plates under the 

action of membrane forces (in the plane of the middle surface of the plate) 

is based on the governing differential equation of the buckled plate, which 

is given as follows: 
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where: 
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 w  = the deflection of a point in the middle surface in the direction z, 

perpendicular to the xy-plane. 

Nx, Ny    = the membrane (or in plane) normal forces (per unit width) in 

the x and y directions, respectively. 

Nxy        = the membrane shearing force (per unit width). 

)1(12

Et
D

2

3


  

 t = thickness of the plate. 

     The plate remains flat until the compressive stress, which is assumed to 

be uniformly distributed over the width of the plate, exceeds the elastic 

critical stress, then the plate may buckle causing geometric nonlinearity. 

 

1.4.4 Evaluation of Elastic Critical Stress 

Based on the assumption (6-b) in section (7.1.5), the differential equation 

defining equilibrium of a buckled flat plate under uniform uniaxial 
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compressive stress is expressed by substituting ( t.N xx  ) into Eq. (7.6) 

as follows 
(15)

: 
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 
                                           (7.6) 

where: 

x   = the uniform compressive stress in the x-direction (Fig(7-6)). 

     In order to evaluate the elastic critical stress utilizing the second 

assumption cited in Section (7.1.5), a simply supported flat rectangular plate 

subjected to uniform uniaxial compressive stress is considered, as shown in 

Fig(7-6). Accordingly, the deflected surface w(x, y) of the buckled plate is 

expressed in double Fourier half-range sine series (57)
,: 
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where: 

Amn  = the amplitude of the deflection. 

m,n   = the number of half-waves in the x and y direction , respectively. 

     By substituting into Eq.(7.6) and equating the coefficients of identical 

terms, then the critical values of (σX) are: 
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From which: 
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According to Eq.(7.7), it is obvious that the smallest value of ( x ) will be 

obtained by taking (n) equal to (1). The physical meaning of this, is that the 

plate buckles in such a way that there can be several half-waves in the x- 

direction (the direction of compression) and only one half-wave along the 
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Figure (1-4) A plate panel under uniform uniaxial stress 

 

 

perpendicular 

y-direction. 

Thus, the 

expression for 

the critical 

value of the 

compressive 
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becomes 
(57)
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then: 
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where the buckling coefficient(K) is expressed as follows: 
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     Along the x-direction, the number of half-waves (m) that yields the 

minimum value of (  crx ) is found by taking the first derivative of 

(  crx ) in Eq.(7.5) with respect to (m) and putting this derivative equal to 

zero, as follows: 
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    Form which a real value of (m) is: 

2
avb

a
m   

     So, the minimum value of the buckling coefficient (Kmin) is calculated 

by substituting ( avbam  ) into Eq.(7.5);then: 

  
av

2

crx
b.t

D4 
                                                                        (7.11) 

     Equation (7.11) is valid if ( avba ) is an integer, while for non-integer 

values, Eq.(7.5) is used(for m = 1,6,5,….). 

     In order to evaluate the stability of single plates with simply supported 

boundary conditions and subjected to uniform uniaxial compressive stress, 

Timoshenko and Gere (5925)
 (78)

 presented the following buckling curves 

that show the relationship between the buckling coefficient (K) and aspect 

ratio (a/b) with various values of (m).  Regarding the present study, the 

buckling coefficient (K ) for various aspect ratios is calculated form Fig.(7-

5) depending on Eq. (7.16). This equation gives a good approximation for 

the buckling stress of curved plates having normal curvature. Fig.(7-6) 

shows a curved plate having radius R=0000 mm and width B=5100 mm 

and thickness t=50 mm . The buckling stress of this plate is evaluated by 

using Eq.(7.16), the same plate is reanalyzed by adopting a more accurate 

method (three – dimensional flat shell finite elements) using the package 

program NASTRAN. From the comparisons of the results obtained by these 

two methods it is found that the buckling stress from Eq.(7.16) is (13.955 

MPa) while the buckling stress from NASTRAN. Package program is 

(15.025 MPa), so a good approximation could be obtained from Eq.(7.16)  
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Figure(1-3) Stability of single plate with simply supported edges (10)
 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1.4.3 Post-Buckling Behavior 

Beyond the critical stress, the compression flange enters into the nonlinear 

range due to post-buckling during which the distribution of the normal 

stress across the width of the flange will be nonuniform. 

     Von Karman et al. (5934)
 (55)

 argued that; when buckling occurs in a 

rectangular plate, the central portion of the plate deflects, and tends to shed 

away some of the compressive stress while, in contrast, the portion of the 

plate nearer the edges accepts higher stress and remain almost straight. 

     Accordingly, the distribution of the longitudinal compressive stress 

across the flange plate becomes nonuniform. Based on this, Von Karman et 

al.
 (55) 

made their bold assumption that the central strip of the plate can be 

thought to be completely ineffective, and the nonlinear post-buckling 

longitudinal stress in the plate is approximated by a uniform stress (equal to  
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the edge stress 

e ) over two 

strips at the 

edges, each 

strip has width 

(be/4), as 

shown in Fig. 

(7-7); where 

(be) is the 

effective width 

of the plate. 

Thus, the in-

plane load 

could increase beyond the critical (or buckling) stress, provided the 

effective width of the plate is steadily decreased. 

 

1.4.3.5 Effective Width Expression  

The evaluation of the effective width of a buckled plate is the primary 

focus of the ultimate strength discussion 
(78)

. So, a reliable effective width is 

needed for stiffened plate elements in pure compression  (like compression 

flange in grillage analogy). Different empirical formulas are available for 

the determination of the effective width. An important early method for 

calculating the effective width is attributed to Von Karman et al. (1556)
 (55)

. 

According to this method, the following expression was suggested: 

5.0
cr

e bb 











                                                                       (7.16) 

where:  

be     = the effective width of the plate. 

 b      = the actual width of the plate. 

        

    θ = 51  ْ     R=0000 

E=400 GPa 

v= 0.3 

t=50 mm 

All dim. in  (mm) 

            

B=5100 

Figure (1-2) Mesh of a flange plate girder used to  

evaluate the buckling stress in NASTRAN program 
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Figure (1-1): Nonlinear stress distribution in buckled plate replaced by 

assumed uniform stress distribution acting on the effective cross section. 

 

 

cr   = the critical buckling stress. 

    = the applied compressive stress across the width of the plate ( 

cr ). 

 

 

 

 

     

Many 

investigators have suggested somewhat more accurate expressions than 

Von Karman’s equation. Marguerre 
(77)

 gave the following expression for 

the effective width of a plate with simple boundary condition: 
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







 
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m

cr
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where   
2

21 



m  is the mean stress in the edge of the plate. 
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     Winter (1567)
 (51)

 proposed an empirical correction to Von Karman 

formula, and suggested the following expression to predict the effective 

width of a buckled plate: 
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     Koiter 
(51)

 gave, for all edge conditions, the following approximation to 

evaluate the effective width: 
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     Cox 
(51)

 suggested that for plates with clamped edges, the effective width 

can be represented by the approximate formula: 
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     Faulkner (5953)
 (57) 

proposed the following empirical formula: 
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     Shanmugam and Evans (5905)
 (75)

, Evans and Shanmugam (5902)
 (51)

 

recommended using Winter’s formula for the effective width of the 

compression flange panel. Shanmugam and Evans (5905)
 (75) 

clarified that 

the loss in effective width for the equivalent grillage member begins to 

become significant when a compression flange panel is subjected to a stress 

equal to 6.6 times its buckling stress. Also, they suggested that the 

reference stress for each grillage member be taken as the average of the 

calculated nodal stresses of the member. This suggestion is considered in 

the present study. 
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     Several recent studies (Kalyanaraman and Rao (5990)
 (65)

, Schafer and 

Peköz (5990)
 (78)

, Marsh (5990)
 (76) 

and Ranby (5990)
 (76)

 )have shown that 

the expression suggested by Von Karman overrates the ultimate load 

resistance, while Winter’s formula (which is used in Eurocode 3 Part 5.3 

(5990)
 (65)

 and AISI (5995)
 (6)

 in a slightly modified from) is sufficiently 

accurate and confidently recommended for use as follows: 

   For 673.0
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otherwise,  be =b 

     Regarding the present work, Eq.(7.15) is used for evaluating the 

effective widths of compression flange panel at the start and the end of the 

grillage member. 

1.3 Post-Buckling Behavior of Web Panel 

1.3.5 Introduction 

The primary functions of the web plate in a plate girder are to maintain the 

relative distance between the top and bottom flanges and to resist the 

introduced shearing force. In practical thin plate girders, the web plates 

carries (919) or more of the applied transverse shear and that, although the 

flange resists most of the bending moment, the web may carry a 

considerable part.  When the applied loads are increased the combination of 

stresses (shear and bending) acting on the web may initiate buckling, 

yielding, or both buckling and yielding. Then, as the applied loads are 

further increased the web must carry an even greater shearing force 

(because the flanges cannot carry considerable shearing force). In order to 

do this, the web must reduce its share of the bending moment. Thus, the 

flanges have to carry not only the increase in bending moment from the 

applied loads but also that which the web sheds off in order to carry the 
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increase in shearing force. This phenomenon is known as Load Shedding 

(75)
. 

     
Web behavior in the post buckling range and at collapse has been studied 

by many investigators 
(75,75,85,85…) 

.The most well known approach is the so-

called “Rockey’s approach ” which is the resultant of many studies carried 

out by professor Rockey and his colleagues in Cardiff
 (55,76)

. Many 

researchers
 (77,57)

 recommended to use this approach to predict the post 

buckling behavior of the web panels till collapse. In the present study, 

Rockey’s method, with some modifications, is utilized in the grillage 

simulation of the nonlinear analysis of cellular plate structures curved in 

plan for predicting the post-buckling behavior for the web panels. 

 

1.3.4 Evaluation of Elastic Critical Shearing Stress 

     Tests indicate that a stiffened web panel may still have a tendency to 

buckle even when vertical stiffeners are incorporated into the design. This 

is because the combination of diagonal tension and diagonal compression 

can cause closely spaced buckles to form across a diagonal 
(75)

. 

     In order to accurately calculate the elastic buckling strength of the web 

panel, the boundary conditions need to be properly determined. The elastic 

shear buckling stress of a rectangular web plate was given by Timoshenko 

and Gere (5925)
 (57) 

as follows: 
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where: 

K      = the shear buckling coefficient. 

E       = The modules of elasticity. 

    = Poisson’s ratio. 
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h = the depth of web panel (clear distance between upper and lower         

flanges). 

 tw =  the thickness of the web panel. 

 

     The shear buckling coefficient (K) depends upon the boundary 

conditions and aspect ratio of the web panel (B/h), where (B) is the 

unstiffened length of the web panel (clear spacing between transverse 

stiffeners). Although the real boundary condition at the flange-web juncture 

is somewhere between simple and fixed, the boundary condition for a 

mathematical solution has been arbitrarily assumed, mainly due to the lack 

of means to evaluate it in a rational manner 
(75)

.  

     Basler and Thürlimann (5919)
 (16)

, Porter et al. (5951)
 (85)

 and Rockey et 

al. (5950)
(76) 

assumed that the web panel is simply supported at the flange-

web juncture, while Chern and Ostapenko (5929)
 (15) 

obtained the elastic 

buckling strength by assuming that the` juncture behaves like a fixed 

supported.  

Sharp and Clark (5955)
 (75)

 assumed intuitively that the boundary condition 

lies halfway between the simply supported and fixed condition. AISC 

(5909)
 (5)

 and AASHTO (5992)
 (1)

 specification followed Basler’s 

procedure, in which the boundary condition of web panels at the juncture is 

conservatively assumed to be simple. 

A study by Let et al.(5992)
 ()18 suggested simple design equations to 

determine shear buckling coefficients that represent various boundary 

condition. According to this study, the boundary condition at the flange-

web juncture is closer to a fixed condition. They reported that the relative 

flange rigidity expressed in terms of the ratio of the flange thickness to the 

web thickness (tf /tw) affects the overall ultimate strength by influencing the 

elastic buckling strength. Bradford (5992)
 (18)

 also pointed out that 

AASHTO assumption underestimated the shear buckling strength. He 
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developed a local buckling design chart for shear buckling coefficients for 

plate girders that represented more accurate the field condition. The local 

buckling chart by Bradford gives values of shear buckling coefficients very 

close to that suggested by Lee et al. (5992)
 (76)

. 

     Lee and Yoo (5990)
 (75)

 confirmed the validity of the design equations by 

Lee et al (5992)
 (76)

 and recommended them for use in the investigation of 

the ultimate shearing strengths of web panels. They also concluded that the 

assumption of the boundary condition at the flange-web juncture being 

simply supported gives much too conservative shearing strength for many 

web panels. Using NASTRAN computer program, they conducted 

nonlinear analyses by three-dimensional finite element models on a 

transversely stiffened plate girder web panel subjected to pure shear. The 

results obtained from these analyses showed that the boundary condition at 

juncture is much closer to a fixed supported. Accordingly, they suggested 

that the shear buckling coefficient (K) could be calculated as follows: 

 Form Timoshenko and Gere (5925)
 (57)

 and SSRC Guide (5900)
 (55)

: 

1- For plates simply supported at all edges; 
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.- For plates where two opposite edges are simply supported and the others 

fixed; 
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     The shear buckling coefficient (K) of a web panel according to the 

previously mentioned study by Lee et al. (6991)
 (0.)

 is; 
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     Regarding the present study, Eqs.(02..a, 02..b and 02..c) are used to 

evaluate the shear buckling coefficients for straight web panels. 

     The critical shearing stress for a curved web plate panel is affected by 

the web curvature. Batdorf, Stein and Shilderout 
(06)

 analyzed this special 

case. They suggested that the critical shearing stress is affected by both the 

curvature parameter (Γ) and the shear buckling coefficient (Kc). The 

curvature parameter is: 

2
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     Fig.(0-6) shows the variation of the shear buckling coefficient (Kc) with 

the curvature parameter (Γ ).  Thus, the critical shearing stress is given by: 
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Figure(5-1) Variation of buckling coefficient with 

curvature parameter  

5.5.5 Review of Failure Theories for Web Panels 

The various possible failure modes of a web are illustrated by Murray 

(6991)
 (05)

, as shown in Fig.(0-4). The following brief review of failure 

theories for web panels is presented depending on various modes of failure. 

     Basler and Skalout (6916)
 (55)

 assumed that since flange in practical 

plate girders under pure shear, do not possess sufficient flexural rigidity to 

resist the diagonal tension, the diagonal tension field does not develop near 

the web-flange juncture and the web collapses after development of the 

yield zone, as shown in Fig..(0-4a). Rockey and Skalout (6991)
 (45)

 found  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

that collapse mechanism involved plastic hinges in the flanges and that 

these flanges often had a strong influence upon the behavior of the web 
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panel. They assumed that for the case when the transverse shearing force 

acts alone (i.e., M=0) the plastic mechanism had the form shown in Fig.(0-

4b), where it is seen that the tension field is assumed to be parallel to the 

diagonal of the web panel.                     

     Porter et al. (6995)
 (67)

 developed a failure theory for a web panel loaded 

in shear, based on the assumption that the flanges are able to anchor the 

diagonal tension field, as shown in Fig (0-4c). According to their theory, 

plastic hinges form after the development of the yield zone, and finally, the 

web panel fails in a sway mechanism.   

     Rockey et al. (6999)
 (4.)

 proposed a design method that allowed for 

combined loading of shearing force and bending moment. Their method 

can cater for all of the collapse modes illustrated in Fig..(0-4)
(05)

  with some 

modifications, and when it was compared with the test-measured collapse 

loads of eighty-eight girders reported by various investigators, it was found 

that the average value (predicted collapse load/measured collapse load) was 

(0.999). This method will be studied in details in the next section, and will 

be used in present study.       

     Lee and Yoo (6999)
 (05)

 presented a parametric study to predict the 

ultimate shearing strengths of web panels subjected to pure shear by 

conducting nonlinear finite elements analysis using NASTRAN computer 

program. From this study, they concluded that when the plastic shearing 

force (VYW) is greater than the elastic shear buckling (VCR), the post –

buckling strength (VPB) is approximately equal to (104) of the difference 

between (VYW ) and (VCR). Accordingly, new design equations were 

proposed for the determination of the ultimate strengths of the web panels, 

as follows:   

 crywpB VVV  4.0                                                                           (02.0) 

where  
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  Vyw = the shearing force required to make the web fully plastic.              

  σyw = the 

yield stress of 

the web 

material.  
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(02.6) 

The ultimate 

shearing 

strength (Vu) 

is obtained by 

adding (V pB) 

to (Vcr)   

  Vu=Vcr+VpB                                                                                       

(02.4) 

 

By 

substituting 

Eq. (02.0) 

(a)Flanges very light (Basler’s model)         (f) Flanges intermediate and web             

.                                                                      heavy (cr yw),(B.M. &V =5 ) 

 (b) Flanges intermediate                                     (g) Flanges heavy & web light 

  ( Rocky &  Skaloud model)                                    (cr <yw),( V =5  ) 

 

(c) Flanges intermediate and web light               (h) Flanges heavy & web light 

       (cr <yw),(B.M.=5 but V =5  )                          (cr <yw),( V =5  ) 

 

(d) Flanges intermediate and web heavy       (I) Web light,(B.M.) large and V=5         

    (cr yw),(B.M.=5 but V =5  ) 

Yield 

 

Buckling 

Plastic hinge 

 

 

 

 

 

 

 

 

 

 

 

 

(e) Flanges intermediate and web light 

          (cr <yw),(B.M.& V ≠5  ) 

 

 

 

 

Figure(5-9) Modes of failure of plate girder (05)
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into Eq (02.4):  

  Vu=0.1Vcr+0.1Vyw                                                                             (02.5) 

5.5.1 Proposed interaction diagram 

The parametric studies carried out by Evans, Porter and Rockey (6991)
 (55)

 

have established that the interaction between the transverse shear and the 

bending acting on a web panel can be quite accurately represented by the 

interaction diagram shown in Fig (0-5). In this diagram, the transverse 

shearing capacity of the web is plotted on the vertical axis and the bending 

moment capacity is plotted horizontally. Thus, any point on the interaction 

diagram shows the coexistent values of shearing force and bending moment 

that can be sustained by the section.    

     The interaction diagram has three main stages, for each there is a 

specified limit for the web ultimate shearing capacity (Vs, Vc, and Vb) 

acting with their associated limits of bending moments (Ms; Mf, and Mult), 

respectively. These notations will be explained in the next section. The 

three stages may be summarized as follows:         

 6-A straight line joins (S) and (S’) which represents a constant value for 

the ultimate shearing capacity (Vs), which exists when the associated 

bending moment varies from zero (pure shear) to (Ms’).  

1-A parabola with its crown at (S’) is fitted between (S’) and (C), and this 

corresponds to a bending moment value between (Ms’) and (MF) with its 

associated ordinates (Vs) and (Vc), respectively. 

5-A further reduction in the shearing capacity will exist when the bending 

moment exceeds (MF). Then, the interaction diagram terminates at a 

shearing capacity of (VB) associated with the ultimate bending capacity 

(MUlt). The curve (CBE) is also a parabola with its crown at point (E)
 (05)

.   

According to the simplified design method presented by Rockey et al. 

(6999)
 (4.)

, the points (S, S’, C, B and D) which construct the interaction 

diagram are located according to simple formulas and the curves 
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connecting these points are either straight lines or parabolas. This method 

will be discussed in detail in the following section. 

 

5.5.5 

Rockey’

s 

Method 

     As 

mentioned 

in Section 

(5.5.5), 

Rockey, 

Evans, 

and 

Porter 

(6999) 

presented 

a simple 

design method for predicting the collapse behavior of web panels subjected 

to combined action of transverse shearing force and bending moment. This 

method is considered to be the most general of the collapse mechanisms 

illustrated in Fig.(0-4), that is, as that shown in Fig.(0-4e), other cases can 

be treated as special cases of this mechanism 
(05)

.     

     According to Rockey’s method, three stage of web behavior leading up 

to collapse are considerable, as follow:   

  

6-Stage 6 (Unbuckled behavior) 

When a web panel is subjected to a uniform shearing stress of magnitude 

(τ), equal tensile and compressive principal stresses of ( ct   ) of 

Figure(5-9)Interaction diagram between shear and  

bending effect 

M/Mp 

Shear failure 

Bending Failure 

S 

C 

B 

S  َ  

Mult /Mp MF /MP MS /MP 
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magnitude equal to τ) will be developed prior to incipient buckling at (15 ) 

and (655 ), as shown in Fig.(0-6a). The web plate remains perfectly flat 

until the applied shearing stress (τ) reaches the critical value (τcr) at which 

the panel will buckle (along the diagonal of the compressive stress). This 

critical value (τcr) is determined as mentioned in Section (0252.). 

 

II- Stage 1 (Post-buckled behavior) 

When the critical stress (τcr) is reached, the web panel starts to buckle and 

it cannot resist any increase in compressive stress. Any additional load, 

beyond the buckling load, has to be supported by tension field action (or 

tensile membrane field), which is anchored against the top and bottom 

flanges and against the adjacent transverse webs on either side of the 

longitudinal web panel, as shown in Fig (0-6b). In this field, the tensile 

membrane stresses (σt) are inclined at an angle (θ) to the horizontal. At the 

start of this stage, the stresses acting on the faces of a small rectangular 

element obtained by a rotation through angle (θ), as shown in Fig.(0-55), 

may be found using Mohr’s circle 
(05)

, as follows: 

 

)2sin(  cr                                       (02.6a) 

 

)2sin(
2

  cr


          (02.6b) 

 

)2cos(  cr            (02.6c) 
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Figure (5-9) Stages in web behavior up to collapse 
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Figure(5-60)State of stress in web at post-buckling stage 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Accordingly, the total state of stresses in the web panel (σθ)PB ) may be 

obtained by superimposing the tensile membrane stresses (σt) to the tensile 
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stresses (σθ) set up when the applied shearing stress reaches its critical 

value (τθ).So, Eq.(02.6a)becomes: 

tcrPB   )2sin(.)            (0255) 

Since the flanges are of finite bending (or flexural) rigidity, they begin to 

bend inwards under the pull exerted by the diagonal tension field. 

III-Stage 5 (Ultimate load behavior); 

Upon further increase of the applied shear loading, the membrane tensile 

stress (σt) (developed in the web panel) increases and a greater pull is 

exerted upon the flange. Eventually, the membrane tensile stress reaches 

such a value that when combined with that from the critical shearing stress 

(τcr) as in Eq.(0255),the resulting stress (σθ)PB ) reaches the yield stress(σYW) 

for the web material .This value of the tensile membrane stress will be 

denoted as (σt 
y
) and it may be determined by  applying  Von Mises-Hencky 

yield criterion, which is common to use in plasticity problems, as follows: 

 

2
21

2
2

2
1

2
3.  y              (0255) 

where   

σy = the yield stress  

σ6 , σ1 = the direct stresses acting on two orthogonal planes 

τ = the shearing stress 

Thus, for the web panel: 

 

    2
)2/()2/(

222
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y
t

y
yw        (025.) 

     By substituting Eqs.(02.6a, 02.6b, and 02.6c) in Eq. (025.), the value of 

the tensile membrane stress to produce yield (σt 
y
) is obtained in terms of 

the critical shearing stress  (τcr) and the inclination (θ) of the tension field, 

as follow: 
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where: 

 

3

yw

yw


                 (0257) 

 

     When the material in the region (WXYZ) of the web panel in Fig.(0-

6c)reaches the yield stress (σyw ), the panel cannot sustain any further 

increase in load and the final sway failure of the web will occur due to the 

formation of the plastic hinges in the flange panels, as shown in the same 

Fig (0-6c). The failure load may be determined by applying a virtual sway 

displacement to the web panel in its collapse stage, Fig(0-6c). It is 

convenient to consider the yield region (WXYZ) of the web panel to be 

removed and to replace its action upon the adjacent flange and regions by 

the membrane tensile stresses (
y
t ). 

      Murray (6991)
(59)

 proposed the following equations to determine the 

reduced plastic moments of the flanges (due to the influence of the normal 

stresses acting on the compression and tension flanges):  

For the compression flange: 
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For the tension flange: 
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where: 

 

Mpfc,Mpft =are the plastic moment capacities of the compression and tension 

flanges, respectively which be determined later. 

σcf, σtf  = are the average normal stresses in the compression and tension 

flanges respectively. 

 

 

σyf   = is the yield stress of the flange material. 

     Now there is a need to determine the position of the plastic hinges 

(Cc,Ct)in the compression and tension flange, respectively. For this 

purpose, Murray
(59)

suggested that during the virtual displacement ( 1 ) of 

the mechanism the compression flange, as shown in Fig (0-6c), the work 

done by the shearing force at (X) is equal to the energy absorbed by the 

plastic hinges at (X and W) and to the work done against the tension field 

stress (
y
t ). It is convenient to take an average value for the membrane 

tensile stress, that is, (
y
t ) at the midpoint of (WX) 

(05)
, as shown in Fig (0-

55) . 

Thus: 
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then: 
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The minimum value of (Vx) is obtained by taking the derivative of (Vx) in 

Eq.(0255) with respect to (Cc)and putting this derivative equal to zero. Thus:  
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Figure (5-11): Free body diagram of compression flange. 

 

 

 

 

0
2

2sin...
2

1

2

'
2 

C

PFC
w

y
t

c

X

C

M
t

dC

dV
  

Then;   

042sin...(
'22  PFCw

y
tC MtC   

from which : 

w
y
t

PFC
C

t

M
C

.sin

2
'


              (93.5) 

Similarly for the tension flange: 

w
y
t

PFT
C

t

M
C

.sin

2
'


                        (93.5) 



Chapter Five                                                                             Nonlinear Analysis                      
 

 77 

     These equations define the locations of the plastic hinges in the flanges, 

but there is a restriction that (Cc) and (Ct) must be less than (B) 

(unstiffened length of web) 
(97)

, from Eqs. (93.5) and (93.5):  
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     Flanges which satisfy the criteria of Eq. (9-.5) are said to be light, while 

those which do not are said to be heavy 
(97)

. If these criteria are not satisfied 

then the plastic hinges would form at the four corners of the web panel, i.e., 

the points (A, X, B, Z) shown in Fig (9-5c), and the panel will fail like a 

Vierendeel girder. In this case, the tension field occupies the whole of the 

web panel and (Cc=Ct=B), as shown in Fig.(9-8g)and (9-8h)
 (97)

. 

     In order to locate the ordinate (OS) in the interaction diagram Fig. (9-7), 

Rockey et al. (1791) 
[9.]

 presented the following equation to determine the 

pure shearing load ratio (Vs/Vyw) for members with identical top and bottom 

flanges, i., e., the neutral axis is at the mid-depth of the section. Thus, 

(Cc=Ct= C) and (Mpfc=Mpft=Mpf) Accordingly, the failure mechanism for 

this case will be as shown in Figs.(9-8c) and (9-8d):     
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where:  

Vyw = the shearing force required to make the web panel fully plastic. 
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It is be noted that (bf=bc=bt) for identical top and bottom flanges.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                

     Mashal (1779) suggested that when a compression flange panel of a 

cellular plate structure buckles and after adopting the effective width 

concept for post-buckling, the idealized grillage member is no more 

symmetrical (the neutral axis moves towards the tension flange). According 

to this concept, he suggested new derivations by modifying Eq.(93.5), for 

symmetrical plate girders, to be applicable to unsymmetrical plate girders. 

So, the following equations were presented:       

 
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y
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C

M
CBhtthV

22
cot.sin....   (93..) 

in which: 

yffeypfc tbM ...
4

1 2           (93..) 

yffeypft tbM ...
4

1 2  

and: 

bey           = the effective width of the compression flange  at yield.           

bt             = the width of the tension flange. 

     By substituting Eq.(9..5) and Eq.(93.5) into Eq.(93..) and after dividing 

by (Vyw) the final expression is: 
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*
pcM  and 

*
ptM   = are the non-dimensional flange strength parameters for 

the compression and tension flange, respectively. 
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     Regarding the present study, Eq.(94..)is used, with some modifications, 

to calculate (VS) for cellular plate structures, as follows: 

 
t

pfc
*

c

pfc
*

Cw
y
twcrS

C

M2

C

M2
CBcot.hsin.t.t.h.V   (9-.8) 

where, ( *
pcM  and *

ptM )are determined from  the previously mentioned 

equations (93.9) and (93.4). In these question ( pftpfc MM , ) are: 
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            (93.5) 

  and: 

bey1 ,bey2= the effective width, at yield, of the compression flange at the start 

and end of grillage member, respectively. 

bt1, bt1 = the width of the tension flange at the start and end of the grillage 

member, respectively. 

     Concerning the evaluation of (θ ), the parametric studies carried out by  

Evans, Porter, and Rockey (1796)
 (..)

 showed that (VS / Vyw )has a 

stationary value when (θ ) is approximately equal to two third of the 

inclination of the diagonal of the web panel, i.e.: 
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     The use of Eq.(9395) will lead either to correct value or to 

underestimation of the collapse load 
(85)

. So this approximation is safe and 

it will be used in the present study. 

     The interaction diagram, Fig.(9-7) shows a constant ultimate shearing 

capacity (Vs) for an associated bending moment that varies from zero to 

 sM  , where : 

fss MBVM 5.0                                (9-95) 

     The bending moment may be of such a high value that it alters the mode 

of failure from a shear mode to a bending mode. Point (C) on the 

interaction diagram is the point at which this change occurs and the line 

(OC) is the dividing line between the two mode of failure. The parametric 

studies carried out by Evans et al. (1796)
(33)

 showed that the change in the 

failure modes occurs when the applied bending moment is equal to Mf , 

which represents the plastic moment of resistance of flanges alone 

(neglecting the contribution of the web ) about neutral axis. Thus, the 

horizontal coordinate of point (C) for a symmetrical section is calculated as 

follows: 

dtbM ffyff ...                          (9-95) 

where  

d the distance between the centerline of the flange plates. 

     In the present study, the calculation of (Mf ) for unsymmetrical grillage 

members (after applying the effective width concept  for the compression 

flanges) is suggested, by taking the moments about the new position of the 

neutral axis, as follows: 

  ytyeyfyff dbbtM   ..                       (9-9.) 

where 

y = the distance from the neutral axis to the centerline of the compression 

flange at yield, as shown in Fig.(9-55): 
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     To 

evaluate the 

ultimate 

shearing 

capacity at 

point (C), 

the 

following 

empirical 

equation 

derived by 

the 

previously 

mentioned 

parametric studies are given: 


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 If  Vc > Vs then: 
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s
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c

V

V
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  

   Regarding the present study it is suggested to take the parameter Mpf in 

Eq. (939.) as  Mpf)av. , where 

2
.)

pftpfc

avpf

MM
M


                        (9-99) 

     If a plate girder is subjected to a bending moment in excess of (Mf) then 

it will fail in a bending mode 
(85)

. According to the load shedding 

tf 

y 

d-y 

d 

N.A Tension flange 

Comp. flange 

bey 

bt 

Figure (5-12) Unsymmetrical section for the grillage member 
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phenomenon that was described in Section (93.35), the web will shed off 

the bending stresses that it should carry to the flanges. Thus, the cross 

section will be unable to develop the full plastic moment of resistance of 

the full section (Mp), where (Mp) is used as the denominator to the 

nondimensionalized horizontal coordinate of the interaction diagram. Thus: 

Mp=Mf+Mpw                                                                                                                                          (9-94)                      

  where: 

Mpw = the plastic moment of resistance of the web plate acting alone  

2
..

4

1
htM wywpw   

     The section will fail by inward collapse of the compression flanges. This 

type of flange failure will occur at an applied moment value (Mult), which 

is approximately equal to the moment required to produce first yield in the 

extreme fiber of the compression flanges. 

     Schafer and Peköz (1771)
 (84)

 suggested that since the web undergoes 

compressive stress, it is prone to buckling, and thus, its ultimate strength is 

governed by applying the effective width expressions, such as Eq.(9358). 

They concluded that for most of the sections, the web is fully effective and 

the incorporation of its effective width due to buckling would have a little 

influence on the results. 

     In order to determine the ultimate moment capacity  

(Mult), Rockey et al. (1791)
 (85)

 suggested to use the following empirical 

formula due to Cooper (1765,1791)
 (55455)

: 
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where 

My  

                                      

=the bending moment required to produce the first yield in the 

extreme fiber of the compression flange, assuming a fully 

effective web (neglecting the effect of web buckling). 
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Af , Aw  

 

 

     In the present study the parameter will be approximately taken as Af(av.): 

2
.(

Aftfc

avf

AA
A


                                                                            (9-97) 

where 

Afc, Aft = the cross sectional area of the compression and tension flanges, 

respectively. 

     When the applied bending moment reaches the value (Mult) the 

corresponding bending stress in the web plate is below the yield. 

Consequently, the web plate can support a certain amount of coexistent 

shear loading. This load is defined by the ordinate (VB) in the interaction 

diagram Fig.(9-7). In order to calculate the shearing force (VB), which acts 

with the bending moment (Mult), Rockey et al. (1791)
 (85)

 recommended 

using the following equation: 
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     As mentioned before and according to the simple design method 

presented by Rockey et al. (1791), the curve (CEB) in the interaction 

diagram may be represented by a simple parabola. This curve will be 

terminated at point (B), as the applied bending moment reaches (Mult), 

because the cross section cannot provide the full plastic moment of 

resistance (Mp) (as mentioned previously). Therefore, point (B) represents 

the terminating point of the interaction diagram. In this way the complete 

diagram is defined and drawn and can be programmed. 

= the cross sectional area  of the web and each of the flanges, 

respectively. 
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5.4 Computational Technique 

     In the present study, the nonlinear response of a thin walled cellular 

plate structure is investigated by the linear incremental approach. In this 

approach the load is applied as a series of small proportional increments 

(not necessarily equal in magnitude) and for each of these increments, the 

change in deformation is determined using a linear analysis, as shown in 

Fig.(9-5.)    

     The magnitude of the load increment influences the accuracy of the 

solution. Accordingly, the load increment is chosen to be so small that a 

negligible difference in the estimated collapse load will occur  (existence of 

convergence).       

     A so-called tangent stiffness matrix based on geometry and internal 

forces existing at the end of any step (beginning of load increment) is 

constructed. The total displacement and internal forces at the end of any 

step are obtained by summing the incremental changes in displacement and 

internal forces up to that load point. 

At the end of the n-th increment, the total applied load is given by:      

    



n

i
in PP

1

                                                                                 (9345) 

where:   

{P}n      = The n-th applied accumulated incremental load vector. 

{ΔP}i = The i-th applied incremental load vector.  

Similarly, the displacements at the end of the n-th incremental are:  

  

    



n

i
in XX

1

                       (9345) 

where:  
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ΔP1 

ΔP2 

ΔP3 

Load 

Deformation 

Computed response 

True Response 

X1    X2   X3 

Figure (5-13) The nonlinear response of structure by incremental load 

approach. 

 

 

 

 

{X}n    = 

The n-th 

accumulated incremental displacement vector.             

{ΔX}i =  The. i-th incremental displacement vector.                 

       

     The tangent stiffness matrix for the i-th increment is formed for the 

conditions existing at the end of the previous [(i-l)-th] increment. Thus, the 

linearized simultaneous equations to be solved in each increment are given 

by:   

      iii PXK  .1                       (9345) 

in which: 

         111 ,   iii XPKK                       (934.)                             

where:   

{P}i -l = the vector of nodal forces at the end of the previous load                 

increment. 

{X}i-l   =  the vector of nodal displacement at the end of the previous         

load   increment. 

     Accordingly, the stiffness matrix is nonlinear in terms of internal end 

forces and nodal displacements of members. The updated configuration of 

the structure are obtained depending on the internal forces reached by the 
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previous load increment from the updated internal forces, the effective 

widths in the pre-and post-buckling ranges and the development of plastic 

hinges will be determined    

 

5.5 Interpretation of Output 

According to the suggestion for considering the shear lag only in the 

tension flange and the effect of post-buckling in compression flanges only, 

the cross section of the grillage member will be unsymmetrical. 

Consequently, the neutral axis will not remain in the mid-depth of the 

section but moves towards the tension flanges as the applied loading 

increase. Thus, the second moment of area (Iy) for a certain section of a 

grillage member is calculated as follows: 
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where λ is the distance from the neutral axis to the centroid of the 

compression flange: 
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     As mentioned in the previous section, the load will be applied as a series 

of small load increments. For each load increment (ΔPi ) the incremental  

(normal) stress (σxi) can be calculated from the grillage incremental 

bending and warping moments  (Myi and Bi) using the following formula : 

w

i

yi
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xi
I

B

I

ZM 


..

1




                          (9-44) 

  where: 

Z = the distance from the neutral axis to the level at which the stress is 

desired.  

Iyi-1= the second moment of area of a section at the end of the previous load 

increment. 
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ω = the sectorial area at the point where the normal stress is to be              

calculated    

Iw = the warping moment of inertia for the whole section. 

     The total (accumulative) stress at the end of the load increment (i ) is the 

sum of the previous incremental flexural stresses , as follows: 





,....3,2,1i

xix                         (9-48)  

     Regarding the compression flange, as the accumulative stress (σx) 

reaches the critical stress (σcr), the flange will buckle and the post-buckling 

behavior will be represented by applying the effective width concept, as 

mentioned previously. When (σx) in the compression or tension flange 

reaches the yield stress (σyf), the flange will fail and, accordingly, the cross 

section will be treated as (T-section) for further loading. At any end of the 

grillage member, if (σx) in  both compression and tension flange reaches 

(σyf) then a plastic hinge will be inserted at this end. 

5-6 Summary of The Present Study 

In the present study, an attempt is made to predict the non-linear behavior 

of curved steel cellular plate structures and to investigate the collapse 

loading by applying the grillage analogy. So, the following guide lines are 

adopted: 

5- An incremental loading procedure is used as discussed in sec (9-.).  

5- The critical stress in the compression flange panel of a straight 

member is evaluated by Eq.(9-7). 

.- Von-Karman approach (effective width concept) is adopted to 

represent the post-buckling behavior of the compression flange panel. 

The modified Winter’s formula Eq.(9357) is used to calculate the 

effective width of the compression flange panel in the nonlinear range. 

.- During the incremental loading procedure, when the flexural stresses 

in the compression and tension flange reach the yield stress of the flange 

material (σyf) at an end of a grillage member, a hypothetical hinge 
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(plastic hinge) will form at that end. Finally when two plastic hinges 

exist (one at each end of the member), the member is assumed to have 

failed. 

5- Rockey’s approach is adopted to represent the post-buckling tension 

field action of the web panel and its behavior at yield. 

4- The interaction diagram Fig.(9-7) is programmed to investigate the 

ultimate shearing capacity (Vult) of the web panel, with the amount of 

bending moment acting on the section, as follows:   

a) When member end moment ( )sMM  , then:       

       Vult = Vs   (constant shear capacity) 

b) When )( FMMsM  , then 
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c) When  )( ultF MMM  , then: 
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8- As the shearing force reaches the ultimate capacity (Vult), then the 

grillage member is assumed to have failed. 

7- When the determinant of the global stiffness matrix becomes equal 

to zero or the deflection due to load increments increase rapidly (sudden 

high deformation), the structure assumed to have collapsed and the 

corresponding load is the collapse load. 

   

 



 

 

 

 

 

 

 

 

1.6 Introduction 

The grillage analogy developed and described in chapter four is used to 

investigate the behavior of thin-walled cellular plate structures curved in 

plan in their nonlinear post-buckling range and at ultimate strength 

according to the nonlinear aspects discussed in the previous Chapter. In 

order to assess the efficiency and accuracy of the proposed grillage 

analogy, a number of steel cellular plate structures are analyzed in this 

chapter with different loading, support conditions and structural 

proportions. These structures are analyzed by the grillage analogy (using 

the computer program, NLCRVGA (Non-Linear Curved Grillage 

Analysis)). Then they are reanalyzed using the three-dimensional flat shell 

elements. In this method, the flanges and webs of the cellular plate 

structure are divided into a number of quadrilateral elements. Each element 

consists of four nodes and each nodes has six degrees of freedom (2-

translations and 2-rotations) .The program used in performing the finite 

element analysis is the package program, NASTRAN
 (56)

. Consequently, the 

results of the vertical deflection and ultimate loads predicted by these two 

methods of analysis are compared. The computational analyses of the 

selected cellular plate structures by the two methods (the proposed 

simplified grillage method and the three – dimensional flat shell finite 

element method) have been performed with a Pentium-III (156MHz) 

personal computer. 

1.6 Cellular Plate Structure Fixed at All Edges 

APPLICATION AND DISCUSSION OF RESULTS 
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When cellular structures used in the construction of ship’s double bottoms, 

storage tanks or workshop floors, they are usually supported on all four 

sides. They then effectively span in two directions. The structures 

considered here are cellular plates fixed on all four edges.  

    The cellular structure curved in plan and shown in Fig.(5-0) is analyzed 

in the non-linear range and at collapse by using the grillage method. The 

dimensions, material properties and support conditions are illustrated in 

Fig.(5-0). As the accuracy of the proposed solution is dependent on the 

chosen magnitude of the loading increment, a load increment of 06 kN. was 

used in the present study. The interior web intersection nodes 

(,878180180280380,807 and 01) were loaded with equal increments of loads. 

Each load increment is 06 kN. Fig.(5-1) shows the mesh used in the finite 

element analysis of the curved cellular plate structure.  

     For the cellular plate structure, the variation of central node deflection 

(node 02) with the applied nodal loads is shown in Fig (5-2). From 

comparison of the results predicted by the two methods of analysis, the 

following points concerning the accuracy of the proposed method, are 

noticed:  

0-At near collapse load (equal to 0516 kN at interior nodes) the maximum 

vertical deflection (at center) obtained by the proposed grillage analogy is 

1453 mm. The corresponding deflection obtained for the same nodal (0516 

kN) loads by the three-dimensional flat shell finite element method are 

10521 mm. The percentage difference with respect to the grillage value is 

about 045, %. This difference is not large as the structure is at the verge of 

collapse. Moreover, the central deflection (at node 02) obtained by the 

three dimensional finite element method at the ultimate load is 11565 mm.  

1-The substitute grillage structure has failed by a collapse mechanism at a 

nodal load of 0516 kN. This is compared well with the collapse load of 0706 

kN from the finite element analysis. The percent difference is about 55516. 
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From the results of deflections and collapse loads, the grillage modeling 

gives less stiff structure than the finite element modeling. This is expected 

as the substitute (or equivalent) grillage is made up of beams in bending 

and torsion while the shell elements are usually stiffened by the assumed 

displacement fields.   
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Figure (1-6)Detail of cellular structure fixed at all edges  
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Figure( 1-1)Vertical deflection along section (B-B)of the 

cellular plate structure fixed all around at collapse 
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Figure(1-1) Variation of vertical deflection of node 61  with load  

for the cellular plate structure fixed at all edges 
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Fig( 1-6 )Finite element mesh used in the analysis of 

cellular plate structure fixed at all edges 
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1.1 Cellular Plate Structure Simply Supported at All Edges  

The structure considered here is a thin-walled cellular plate simply 

supported on all four edges. The cellular plate is curved in plan and shown 

in Fig. (5-4). It is analyzed in the nonlinear range and at collapse using 

grillage method. The dimensions, materials properties and support 

conditions are illustrated in Fig. (5-4). A load increment of 06 kN. was used 

in this example. The interior web intersection nodes (,878180180280380,807 

and 01) were loaded with equal increments of load. Each load increment is 

06 kN. per node. Fig.(5-5) shows the mesh used in the finite element 

analysis of the curved cellular plate structure.  

     For the cellular plate structure, the variation of the central deflection 

with the applied nodal load is shown in Fig (5-,). From comparison of the 

results predicted by the two methods of analysis, the following points 

concerning the accuracy of the proposed method, are noticed:  

0- The maximum vertical deflection (at center) obtained by the 

proposed grillage analogy is 70564 mm at a failure load of 0556 kN per 

node. The corresponding deflection obtained for the same loads by the 

three-dimensional flat shell finite element method is 5151 mm. The 

percentage difference with respect to the grillage value is about 025,6. 

This difference is not large as the structure is at the verge of failure. 

Moreover, higher collapse loads are given by the finite elements and 

higher ultimate deflections are obtained. 

1- The substitute grillage structure has failed by a collapse mechanism 

at a nodal load of 0556 kN. This is compared well to the collapse 

load of 0,46 kN from the finite element analysis. The percent 

difference in collapse loads is about 4516. Also, from the results of 

deflections and collapse loads, the grillage modeling gives less stiff 

structure than the finite element modeling  
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Figure(1-8)Vertical deflection along section (B-B)of the cellular 

plate structure simply supported all around at collapse 
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Figure(1-7) Variation of vertical deflection of node 61  with 

load  for a cellular plate structure simply supported at all edges 
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Fig(1-1)Finite element mesh used in the analysis of 

cellular plate structure simply supported  at all edges 
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6.4 Cellular Plate Structure Fixed at Radial Edges 

The structure considered here is fixed at the two radial side edges and free 

at the circumferential edges. This type of construction is used widely in 

highway interchanges. The dimensions and material properties for the 

cellular plate structure curved in plan are shown in Fig.(6-1). The load is 

applied only at node (91) with an increment of 90 kN. Fig.(6-90) shows the 

mesh used in the finite element analysis of the curved cellular plate 

structure. For the cellular plate structure, the variation of central deflection 

with the applied nodal load is shown in Fig. (6-99). From studying the 

results obtained by using the proposed grillage and the finite element 

method, the following points are noticed:  

9- The maximum vertical deflection (at node 91) obtained by the 

proposed grillage analogy is 99661 mm near the collapse load of 9090 kN 

while the maximum deflections obtained by the flat shell finite element 

analysis is 96961 mm. The percentage difference with respect to the 

grillage value is about 9% . 

 1- The substitute grillage structure has failed by a collapse mechanism 

when the applied load reaches 9090 kN. The finite element method 

gives failure load of 9990 kN. The percent deference in collapse load is 

about 9.4%.  Also here, the grillage modeling gives less stiffness than 

the finite element modeling. 
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Fig(6-10)Finite element mesh used in the analysis of cellular 

plate structure fixed at radial edges 

 

Figure(6-11) Variation of vertical deflection of node 13  

with load  for the cellular structure fixed at radial edges  
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Figure (6-12)Vertical deflection along sectio (B-B) of the 

cellular structure fixed at radial edges 

Fig( 6-10)Finite element mesh used in the analysis of 

cellular plate structure fixed at radial edges 
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6.5 Cantilever Cellular Plate Structure   

The structure considered here is fixed at one radial edge (side) and the 

other edges are free. The support conditions are representative of those 

encountered in aircraft wings. These applications are considered to assess 

the efficiency of the proposed grillage method for cellular plate structures 

having high twisting and bending moments. The dimensions and materials 

properties of this application are shown in Fig.(6-91). Fig.(6-94) shows the 

finite element mesh used for the cantilever cellular structure. 

      The loading condition considered in this application is a single load 90 

kN increment at the corner of the outer free edge (node 9, Fig(6-91)). For 

the cellular plate structure, the variation of maximum deflection (corner of 

outer free edge) with the applied load are shown in Fig.(6-99).  

       From comparisons of results predicted from applying two methods of 

analysis, the following points are noticed:  

9- The maximum vertical deflections (at the outer free edge at node 19) 

resulting from the proposed grillage method is 190 mm at a collapse 

load of 9900 kN, while the flat shell finite element analysis gives a 

maximum deflections of 199 mm. The percentage difference with 

respect to the grillage value is about 916622. 

1- The collapse load of the substitute grillage structure is 9900 kn., 

while the flat shell finite element analysis gives a collapse load of 

9100 kN. So, the percent deference in collapse load is 946062.  

The deferences are not large and indicate the acceptable efficiency of the 

simplified grillage method.   
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radial (side) edges. The dimensions and material properties for this cellular 

plate structures curved in plan are shown in Fig.(6-92). The load is applied 

only at node (91) with an increment of 90 kN. Fig.(6-90) shows the mesh 

used in the finite element analysis. For the cellular plate structure, the 

variation of the central deflection with the applied nodal load is shown in 

Fig. (6-91). From studying the results obtained by using the proposed 

grillage and the finite element method, the following points are noticed:  

1- The maximum vertical deflection (at node 91) obtained by the 

proposed grillage analogy is 41611 mm for a collapse load of 690 kN 

while the maximum deflections obtained by the finite element analysis 

is 9969 mm for a collapse load of 600 kN. The percentage difference with 

respect to the grillage value is about 906422 . 

 1- The substitute grillage structure has failed by a collapse mechanism 

when the applied load reaches 690 kn. The finite element method gives 

a failure load of 600 kN. The percent difference in collapse load is 

about 4649%.  Also here, the grillage modeling gives less stiffness than 

the finite element modeling. 
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Figure(6-19) Variation of vertical deflection of node 18  with load  

for the  cellular plate structure simply supported at radial edges 
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Fig(6-18)Finite element mesh used in the analysis of cellular 

plate structure simply supported radial edges 
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1.7 Conclusions  

The applicability and accuracy of the proposed simplified grillage method 

have been examined by analyzing a number of cellular plate structures 

curved in plan in their nonlinear range and at ultimate load and under 

varieties of support and loading conditions. As no experimental work is 

available, the same structures are reanalyzed by adopting a more accurate 

method (three – dimensional flat shell finite elements) using the package 

program NASTRAN. From the comparisons of the results obtained by these 

two methods, the following main conclusions are summarized:  

1- Extension of the grillage approach into the nonlinear post-

buckling range and at ultimate load of cellular plate structures 

curved in plan is successfully attained by including the effects of 

warping deformations and both types of nonlinearities (geometric 

and material nonlinearly).  

2- The approach grillage analogy is suitable at the design stage 

(especially in the nonlinear analysis ) as it has the following 

advantages in comparison with the finite element analysis :  

i- The analysis to be performed by this method is simple and takes a 

very short computer time . 

CONCLUSION AND RECOMMANDATION 



 

Chapter Seven                                               Conclusions and Recommendations 

 

 122 

ii- The preparation of the input data requires considerably small time (as 

shown in Appendix B).  

iii- The output file obtained by the proposed method requires a small 

memory space . 

3- The vertical deflection (at the ultimate load) calculated by the 

proposed method is compared with the more accurate finite 

element method and good agreement is observed. From these 

comparisons, the percentage differences are ranging between (66 

to 15.56) for thew example considered. These differences are not 

large as the cellular plate structure is in a state of imminent 

failure.  

4- The predicted values of the ultimate loads from the proposed 

grillage method are found to agree with those from the flat shell 

finite element method. The percentage differences of these 

values are ranging from (5.0 to 15.5%). These differences are not 

large for the ultimate load prediction. 

5- At the collapse load, the location and the sequence of formation of 

all plastic hinges can be easily indicated by the proposed grillage 

method. Moreover, this method can predict the failing members 

(due to flexure or shear) during the incremental loading 

procedure.  

1.7 Recommendations  

For further work on the nonlinear post-buckling behavior of cellular plate 

structures, the proposed grillage method can be extended according to the 

following suggested recommendations: 

1- Studying the behavior of cellular plate structure with variable depth 

in the nonlinear range and at collapse.  



 

Chapter Seven                                               Conclusions and Recommendations 

 

 123 

2- There is a need for further studies on the real representation of the 

boundary conditions of the compression flange plates in the 

evaluation of buckling coefficients of these plates.  

3- Additional work is required to study the effect of initial 

imperfections and residual stresses (due to welding) in the component 

plates.  

4- The present study can be developed by including the effects of 

openings in webs and or flanges on the behavior of cellular plate 

structures in their nonlinear range and at collapse.  

5- The suggested method can be extended to allow for the dynamic 

analysis of cellular plate structures curved in plan.  

6- The local bending and deflection behavior of the flanges directly 

under loads may be taken into consideration (by superimposing local 

effect to the general effect from the grillage analysis).  
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2a                     Total length of a cellular plate structure.   

2b                     Total width of cellular plate structure.     

a                       Length of plate element.  

Af                     Cross sectional area of flange. 

AFC,AFT                 Cross sectional areas of compression and tension         

flanges, respectively. 

Aj                                Area enclosed by the median line of the entire cross        

section of cell j. 

Amn                            Amplitude of deflection of a plate. 

Av                    Effective shear area of grillage beam element. 

Aw                   Cross sectional area of the web. 

B                     unstiffened length of the web. 

B1,B2                  Width at the start and end of the grillage member           

                        respectively. 

b1,b2                Width at the start and end of plate element,  

respectively. 

Be                    Effective width of a  cell due to shear lag effect. 

be                         Effective width of compression flange due post- 

buckling behavior. 

bey                   Effective width of compression flange(at yield). 

Cc                   Position of plastic hinge at the compression flange. 

Ct                       Position of plastic hinge at the tension flange.  

d                     Depth of a cellular plate structure (distance between       

                       Centerline of the flange).     

Dx,Dy                    Flexural rigidities in x and y directions, respectively. 

NOTATION 

 

 

 

 

 



Dxy,Dyx          Torsional rigidities in x and y directions, respectively. 

E                   Modulus of elasticity. 

{F’}               Force vector in local coordinate. 

G                  Total depth of cellular structure. 

h                   Clear distance between upper and lower flanges.  

I                    Second monument of area of a grillage beam element  

J                   Torsional constant of a grillage beam element  

K                  Coefficient of buckling. 

[K], [K’]      Stiffness matrix in global and local coordinates.  

L                   Length of a grillage beam element. 

Mf                          Plastic moment of resistance provided by flange alone. 

Mpfc              Plastic moment capacity of the compression flange. 

Mpft                    Plastic moment capacity of the tension flange. 

 M’pfc            Reduced plastic moment capacity of the compression         

flange.  

M’pft                   Reduced plastic moment capacity of the tension flange. 

M
*

pc                    Non-dimensional strength parameter compression 

flange. 

M
*

pt             Non-dimensional strength parameter of the tension 

flange.                

Mpw             Plastic moment of resistance of the web plate acting 

alone.  

MuIt             Ultimate moment capacity 

Nx, Ny                Membrane normal forces (per  unit width )in the x and y            

                    Direction, respectively. 

Nxy, Nyx       Membrane shearing forces (per unit width) in the x and y 

                    Direction, respectively. 



{P}               Applied accumulated incremental load vector. 

{ΔP}            Applied incremental load vector. 

[T]               Transformation matrix. 

tfc                          Thickness of compression flange. 

tft                 Thickness of tension flange. 

tw                Thickness of the exterior webs in x and y directions. 

twx               Thickness of the interior webs in x directions. 

twy               Thickness of the interior webs in y directions. 

U                Total strain energy. 

Ub
                        

Strain energy due to bending. 

Us
 
               Strain energy due to transverse shear. 

Us
 
               Strain energy due to transverse shear. 

Uw
 
               Strain energy due to warping. 

V                 Shearing force.                                          

VC                        Shearing capacity of the web corresponding to the plastic  

                    Moment of resistance provided by flange (MF). 

VS                        Shearing capacity of the web associated with applied 

                   Moment up to (M’S). 

Vult                     Ultimate shearing capacity of the web. 

Vyw                     Shearing force required to make the web fully plastic. 

W               Transverse deflection of plate. 

{X}             Accumulated incremental displacement vector. 

λ                Distance from the neutral axis to the centerline of the   

                   compression flange.  

 {ΔX}         Incremental displacement vector. 

 {Δ’}           Displacement vector in local coordinate. 

 θ                     Rate of twist. 



υ            Poisson’s ratio. 

σ1,σ2            Direct (normal) stresses acting on two orthogonal planes 

σcf,σtf      Average normal stresses in the compression and tension  

                 flanges, respectively.             

σx              Normal stress in the x direction. 

σx(cr)                Critical buckling stress of the compression flange. 

σt              Membrane tensile stress. 

σ
y
t             Membrane tensile stress that cause yielding in the web. 

σyf             Yield stress of the flange material. 

σyw            Yield stress of the web material. 

τ                Shearing stress. 

τcr             Critical shearing stress. 

               Angle of inclination between the local and global axes of a      

                 grillage beam. 

Φ1,Φ2           Inclination of the compression and tension flanges,  

                 respectively, when applying a virtual displacement.  

  

 Note:   Other notations (not listed here) are defined as they appear in 

the text.   

 

  

 

 

 

  

ABBREVIATIONS 

 



 AASHTO  American Association of Steel Highway and transportation   

Official.  

   AISC        American Institute Of Steel Construction. 

   AISI         American Iron and Steel Institute. 

    ASCE     American Society Of Civil Engineers 

   ASME     American Society Of Mechanical Engineers. 

   LRFD      Load and Resistance Factor Design. 

   SSRC      Structure Stability Research Council                
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