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ABSTRACT

A central role is played in large sample parametric inference
by the maximum likelihood estimation of the parameter of
interest. This project deals with aspects of large sample behavior
of the maximum likelihood estimators such as consistency and
asymptotic normality.

For rigorous and complete proofs, analytic details and
regularity conditions are introduced.

Illustrative examples and some concluding remarks are also

given.
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INTRODUCTION

The chief justification for the method of maximum
likelihood estimation lies in its near-optimal properties for large
samples.

This project deals with the asymptotic properties of the
maximum likelihood estimators such as consistency and
asymptotic normality. To do this rigorously requires analytic
details and suitable regularity conditions. Some examples are
presented to illustrate the results. Concluding remarks are also
given.

A summary of the chapters is as follows:

Chapter two provides some concepts and results that are
needed in later chapters.

The large —sample properties of the maximum likelihood
estimators are studied in chapter three.

Chapter four contains examples illustrating the results in
chapter three.

Finally, in chapter five some comments on the large—sample

properties of the maximum likelihood estimator are presented.



CIAPTER One
PRELIMINARIES

In this chapter, we cover thoroughly many concepts and
results which find use in later chapters. We refer back to this

chapter if and as the need arise.

1.1- Definitions and results from Analysis and Topology
1.1.1- Limit of sequences [1]

Let {An} be a sequence of sets. The set of all points @ in
the set Q that belong to A, for infinitely many values of n is
called the limit superior of the sequence {An} and is written as
limsup A, .

n—oo

The set of all points that belong to A, for all but a finite
number of values of n is called the limit inferior of the sequence

{An} and is written as lim inf A _.

N—o0

If limsup A, =Ilminf A,

N—o0 N—a

we say that limit exists of the sequence {An} and we denote it
by Iim A,.

n—oo

For an increasing sequence A c A, c..., |lim A = =y A..

For a decreasing sequence A D A, o..., lim A, = =N A,.

In the case of an arbltrary sequence of sets A1, Aa,... , we
have liminf A, —Un A, limsup A, =nu A,

n—o n=lk=n n=lk=n

N—0

1.1.2- Upper Semi Continuous Function  [4]



A real-valued function f(0) defined on the set @ is said to
be upper semi continuous on @, if for all ¢ in ® and for any

sequence ¢, in ®, such that 9, —» @ , we have
_ limsup f(0,)< f(6)

or, equivalently, if for all ¢ in @,
sup f(@)— f(t?) as p—0.

o-o<p -
1.1.3- Taylor Expansion [4]
If f:R“—>R and if f"”(x) is continuous in the sphere

{x:|x=x, [<r}, thenfor [tI<T,
- 11
FOc+t) =F00)+ P )+t [JA £7( x+uit)dudit
. . . )J .

where R¥ is the k-dimensional Euclidean space.

1.1.4- Convex Function [3]

Let UcRY and x,andx, eR® then the point
X=[1-)X+Ax,, 0<A<1, _is cal_led the convex linear
combination of 7x1 and x, . It is any point lying on the line
segment joining _xl and _Xz- A set U < R? s said to be

convex, if the convex linear combination of any two points in
U belongsto U .

In other words, U is convex if X;,X, €U | implies that
x €U, where x = (1-2)X,+ Ax,, 0<A<1.
_ If xeU < RY, where U is a convex set, then the function
f (X) is said to be convex if for any two points x,and x,in U ,
FO)<A-2) F(x)+ 4 F(x,) 0<i<l

for every x=(1-2)x+1X,.



The function is said to be concave if the inequality sign is

reversed or if - f (x) is convex. If the inequality is strict, then

f is called strictly convex function.

1.1.5- o-algebra (o-field) [1]
A non-empty class F of subsets of a set Q which is closed
under the formulation of countable unions and complements and

contains @ is known as a o-field.

1.1.6- Measure  [1]

A non- negative extended real-valued set function pu defined
on a class F of subsets of a set Q is called a measure on F, if
MA) > 0, for all AeF,andFiso—algebra, and

0 A Yo 0 AN,
MO A= SHA)

1.1.7- Measurable Space  [1]
A measurable space is a pair (2, F) when Q is a set and F is
a o-field of subsets of Q. Any member of F is called a

measurable set.

1.1.8- Measurable Function [1]
Let (Q, F) and (Q', F ) be two measurable spaces.

A function f :QQ —> Q' is said to be measurable (relative
toFand F')if f'(A)eF  foreveryAcF"

1.1.9- o-Finite Measure [1]



An extended real valued set function v defined on a class F
of subset of a set Q is said to be o-finite measure if for each

AeF |, there is a sequence of sets A e F , such that

AcuUA ,and v (A,)is finite for all n.

i.e v (A,)<o.

1.1.10- Topological Space  [7]
Let Q be a non-empty set. A class F of subsets of Q is a
topology on Q iff F satisfies the following axioms:
1- Q and @ belong to F.
2- The union of any number of sets in F belongs to F.
3- The intersection of any two sets in F belongs to F. The
members of F are then called F-open sets, or simply open

sets. The pair (Q2, F) is called a topological space.

1.1.11- Open Cover  [7]
Let C={G,_:aeA} be open collection of subsets of a
topological space X and a subset A of X, we say that C is an

open cover of the space X if X={G,:a e A}.

1.1.12- Finite Sub-Cover [7]

A subcollection C'of C | such that C' covers A. An open
cover C of A is said to be finite sub-cover if it consists of finite
number of open setsC " .v
1.1.13- Compact Set  [7]



A subset A of a topological space X is said to be compact
iff every open cover of A has a finite sub-cover. More explicitly,
that is iff for every collection {G_:a e A} of open sets for
which AcuU{G_:a e}, there exists finitely many sets
G,.G,....G, among the G,’s such that:

AcuG, v..UG, |

1.2- Definitions and results from Probability and Statistics
1.2.1-Modes of Convergence [3], [4]

For a random vector x=(x,,X,,...,X,)eR", the
distribution function of X, defined for x=(x,X,,....x,) €R?, is
denoted by:

F. () = p(X<X)=p(X; <X;,....Xq < Xg) € RY,

The Euclidean norm of x = (X, X,,...,X,) € R? is denoted by
1
| X |= (X2 + X2 +...+ x>)2.
Let x ,x,,%, , ...be random vectors with values in R

we have the following modes of convergence.

(a) Convergence in Distribution

L
The sequence {x, } converges in law to X, x,—>x, if

F. () >F(x) as n—oo, forall points X at which F (x)

IS continuous. It is sometimes called convergence in distribution
or weak convergence.

(b) Convergence in Probability




The sequence {x,} converges in probability to x , x —p>x

if for every ¢ >0,
p{|X,—X |>&}—>0, a n-owx

(c) Convergence in r'" mean

For a real number r>0, the sequence {x,} converges in the

r .
rMmeanto x , x —»>x ,if
E|X,—X |["—>0, as n-—oo,

where E is the expectation value.

(d) Convergence almost surely

The sequence {Xx,} converges almost surely to x,

xna—$>>_<,if p{lim x, =x }=1.

n—owo _

Almost sure converges is sometimes called convergence

with probability 1 (w.p.1) or strong convergence.

Equivalently, x_ a_';x iff for every € >0,

p{|X,—X |<eg,foral m>=n}—>1 as n-—>oo.

1.2.2-Fatou-Lebesgue Theorem  [1], [4]

a.s
If x,—>x and if for all n, x, >y, for some random

vector Y with E |y|<co, then liminf E(x,)=E(x ).

1.2.3- Montone Convergence Theorem  [4]



a.s

If 0<x,<x,<.. and X, —>X ,then

E(x,) — E(x ).

1.2.4- Lebesgue Dominated Convergence Theorem [4]
If X, —>x  and if IX |<y for some random vector y
with E|y|<oo , then E(x ) — E(x ), such that E(x ) exists.

In these theorems, x |, E(xn)and E(x ) may take the value

+ 00,

1.2.5- The Law of Large Numbers  [6]
Let X;,X,,... be 1.i.d (independent identically distributed)

random vectors, and let

)

@If E|x |£o, the<n—>p =E(x ). This is the
Weak Iaw of large numbers (WLLN)

(b) x —>u iff E[X|<o andu E(x). This Is the strong
law of Iarge number (SLLN)

(c) If E|X |°< oo, thenX —>|1 E(x)

(gm means in quadratlc mean).

1.2.6- Central Limit Theorem [5]
Let X,,X,,..., be Li.d random vectors with mean l_l and

L
finite covariance matrix, B. Then +/n(X,—p)—N (0,B).

1.2.7- The Continuity Theorem  [4]



L
X,—>x iff ¢ (t)—>e/ () foral teR"

where §0>_< IS the characteristic function of X.

1.2.8- Jensen’s Inequality  [3]
Let x be a random vector with mean E(x), and let f(.) be

convex function, then

ELf (1= FIE(X)].

1.2.9- Slutsky Theorems [4]
L

(a) If {X,} be a sequence of random vectors, x_eR", x —x

and if f:R® —R" issuch that
p{xec(f)}=1 , where c(f) is the continuity set of f,

then £ (x,)—> f (x).

L p L
(b) If x —x and (X,—¥,)—0,theny, —>x .

L L
©)f x,eR’ y eR* x —x and Y,—C

{c)
% — .
C
1.2.10- Consistency in Statistical Estimation [2], [6]
In such problems the underlying probability, Ps., depends

[ Xn
then| -
Yy

n

upon a parameter @, €® in RX, where @ is the parameter space.
Let {57“} be a sequence of random vectors, considered as

estimators of @, , the true value of the parameter.

We say that {§n} Is weakly consistent sequence estimators

~ P
of g if 6,—>6 forall 6 6.



where P =P, is the “true” probability distribution. This is

sometimes called consistency in probability. We may similarly
define strong consistency (gn""_'igo ) or consistency in quadratic

mean (5 ¢ ), both of which imply (weak consistency).
The weak (strong) law of large numbers states that the

sample mean is a weakly (strongly) consistent estimator of the
population mean. That is:

If X,,X,,..., x, are i.i.d random vectors with common
finite 4 and x, :lzn:xi ,
- - ns=1 -

then x >u as n—» oo (Weak consistency),

a.s

and X,—J as n— oo (Strong consistency).

| ><| | 3><|

1.2.11-Maximum likelihood Estimator  [3]

Let x,,x,,...., x, be identically independent random

sample with density f(x/&) with respect to some o-finite

measure v (usually Lebesgue measure or counting measure)
where 8 €e® < R*. The function

L@O=L@0=TTf(x.0) ... (1)

Considered as a function of @ is called the likelihood
function, where the observed values of Xy, X5 ,..., X, are
Xy, % ,..., X . The principle of maximum likelihood estimation

consists of choosing as an estimator of 6 any function
6.=6. (x.,....,x,) such that

L(0)=sup L,(6,) ... )

o €0 -

10



If 0 satisfying (2) exists, we call it a maximum likelihood

estimate (MLE).
It is convenient to work with logarithm of the likelihood
function. ¢_(6) =log L, (@) - Since log is monotone function.

¢.(6,)=sup £,(6)
— QGG) -

When (%)f(x,g) exists, one can seek the MLE én as

oL (0) o°L,(6,)
-~ -0 and — = <0
00 - 06?
or equivalently
o0 (6) o%*0,(6,)
—=0 and ————<0........... (3)
00 - o0
Where nt- = nto = I f _’9 = O .
00 00 ;ag 09 1(x.9)

Equation (3) is usually referred to as the likelihood equation.

1.2.12- Fisher Information [8]

Fisher’s information function plays an important role in
the large sample theory of MLE.
Let

W(x,@):(%log f(x/0))", a k dimensional vector and

2

w'(X,0) = 88492 log f(x/6),a k xk matrix.

The Fisher information matrix for a single observation is

defined as B(9) = E,(w(x,0)w(x,6)") a kxkmatrix.
Assuming that the partial derivative with respect to ¢ can

be passed under the integral sign in

11



[fx/o)dv()=1 ; wefind
0100 f(x/6)

B, (W (x,0)= [ — 7 F (/D)

0
:j%f(x/@dv(x):g

so that B(@) isin fact the covariance matrix of ¥,
B(0) = var, ((x,0))
If the second partial derivatives with respect to g can be passed

under the intgeral sign, then

I{aa; f (x/0)dv(x) =0, and

E, (1'(x,0)) = |

[ o @100)1(x10)
[ae f(x/6)
F(x/0) (@2 106%) F(x10)—((8126)f (x10)) (016)f (x/6)
=[—— ) Tt (x/0) ] ] —
f (x/0)dv(X)

=0— [y (x, ) (x,6)" f(x/0)dv(x).
Thus

B(6) = —E, ('(x,0)).

}f (x/ Q)dv(x)

12



Chapter Two
ASYMPTOTIC PROPERTIES OF

MAXIMUM LIKELIHOOD ESTIMATORS

The main justification of the method of maximum
likelihood is a “large-sample” one, which shows that when an
observation provides lots of information about an unknown
parameter, the method utilizes essentially all of this information.
In this chapter, we study the large-sample (asymptotic)

properties of the MLE.

2.1- Consistency of MLE

A key property of the maximum likelihood estimators is
their consistency under certain assumptions. The proof of
consistency of the MLE that we will present in theorem (3.1.1)
IS mainly based on the ideas given in Wald (1949), Wolfowiz
(1949). We start with the following lemma.

Let f,(x) and f,(X) be densities with respect to a o —finite

measureV .
The kullback- Leibler information number is defined as
_ Fo(¥) ) _ F ()
K(f,, f)= EO[Iog fl(X)J_j(log fl(x))fo(x)dv(x).

In this expression, Iog% is defined as + oo if f(x)=0

and f,(x)>0 ,so the expectation could be-+oo. Although

fo (X)

9% )

is defined as —oo when f,(X)>0 and f,(x)=0, the

13



integrand, |og[f°§ ;Jf (x), is defined as zero in this case.

1

K(f,, f,) is a measure of the ability of the likelihood ratio to
distinguish between f,and f, when f, is true.

Lemma (Shannon-kolmogorov Information Inequality)
Let f,(X) and f,(X) be densities with respect toVv. Then
K(f,,f,)= EO(Iog :‘igi]zjlog 1]: E ; f,(x)dv(x) =0
With equality if and only if f,(x) = f,(x) (a.e dv).
Proof:
Since log X is strictly convex. Jensen’s inequality implies

(x)] fy(X)

K(f,, f log—222 | <log E, 222 ..e...n (1)

(01) [go() gof()

With equality if and only if % IS a constant with probability
0

1 when x has density f, . That is

f,(x)

T o

=C, then E(logc)=logc.
But

f.(x) _ ¢ (X
E, e | 00 f,(x)dv(x) = j fO)dv(x) <1,....... (2)

Where S, ={x: f,(x) >0} , with equality iff S, has probability 1
under f,(x). The combination of (1) and (2) gives
—K(f,, f,) =log E(%)S logl=0

0
or

K(f,, f.) =0, With equality iff f,(x)= fy(X) (a.e. dv).

Theorem (2.1.1)

Let X1, Xz,..., X be 1.1.d with density f(x/6), where 0€®,

® is the parameter space.

14



Let @ denotes the true value of the parameter o.
{6 }is the sequence of maximum likelihood estimators of the

pa_rameter o .
For the validity of the proof of this theorem. We assume

the following assumptions called (regularity conditions):
1- ®c R¥ is compact,

2- £(x/6) is upper semi continuous in @ for all X,

3-there exists a function K (x) such thate , | K(x)|< e, and

f(x/0
W (x,6) = log f((X/ )) <K(x) , forall x and g,

4-for all 8e® and for all sufficiently small o >0,

sup f(x/6?) Is measurable in X,
1o"-6l<p

5-(Identifiability), f(x/0) = f(x/6.) (a.edv) =0 =0,

if these conditions are satisfied, and for each n >1 the MLE is

A a.s

unique, then, for any sequence of MLE ,9 of 0 9 _)9

i.e. Forany ¢ >0  andforall 6. c®

lim p{|6? 6?|<5} 1 holds.

n—o0

i.e  The MLE én IS consistent.

Proof:
Let f(x,0,p)= sup W(x,6) .

IH —Ol<p

Then f(x,6,,p) is measurable in X for all sufficiently
small o >0 by (4).

15



By (3), f(x.0,p) Is bounded above by an integrable function
K(X), and f(x,0,p) >W(x,0), as p—0 by (2) (since w(x,0)
is upper semi continuous in o for all X . _
Therefore, by the Monotone E:onvergence Theorem, we have
[ £(x.6.p) F ()dv(x) = [W(x,0) f ()dv(x) =p(6) as p — 0.
Let ¢>0. Find p, for each @, so that
J 1000, 0T 0OIVG0 <(@) +5
The spheres S(9, p,) :{Q' | Q'—q < p,} cover ©.

Since O is compact, then there exists a finite sub-cover,
say ®©cuUS(9,, p, ) For each §e® there exists an index j such
1 i

that 0 €S0, ,_pgj )_. From the definition of f(x,0,p),
W (x,0) < f(X,Qj,pgj) for all X . Hence,

1 1
HZi:lW(Xi’l?) Sﬁzf(xi’%’p@-)'

So that
sup SW (4,0) < sup = 37 (x.0, 7).
06@) - 1<j<m N

Now, apply the SLLN to EZ‘ f(xi,e.,pgj),

p{lim = Zf(xl,e pe)_u(9)+g for j=1,...m}=1,

ng)oo

p{lim sup sup = Zf(x 0, pe)_supu(0)+g} 1,

N—o0 J<m I<j<m

so, p{limsup sup-~ ZW(X 0)_supu(9)+g} 1

N—o0

since it is true for aII e>0,itis also true for € =0.
. p{lim sup sup= ZW(X 9)<supu(9)} 1.

n—oo 0€®

Now, let p>0,and S={016-0.> p}, then S is compact and

16



p{llm sup sup= Zr\N(x,,H)<supp(¢9)} 1.

n—oo HGS BGS
By Shannon-kolmogorov Information Inequality, we have
u(Q) = —K(Ho,t?) = IW(X,(?) f(x,6,)dv(x) <0, fort? €S,

sinceW(x,6) is bounded above by an integrable function K(x)

and by using the Fatou-Lebesgue Theorem,
lim supu(@ )= I|m sup E W(X, 0 ))

0—)9

<E I|m supW (x, 49)

6’—)0

<EW(x,0))=n(0) for every 0e0.

So u(t?) IS upper semi continuous and hence achieves its

maximum value on S.
Let & =supp(@),sos <0 and

965 -

p{llm sup sup= Z'\N(xl,e) <5}=1.

n—oo 965

Thus, with probability 1, there exists an N such that for all n>N,
supEZ;\N (x,,0) <5/2<0,say.
0<S n -

But
—ZW(X ,6.)=sup= Z’\N(x 0)20,

- gco N
the sumisequalto 0 for ¢ =96.

This implies that 6, S for n> N, thatis, |4 —0|< p.

Since o is arbitrary, we get
lim p{|0,— O |< &}=1.

So, the sequence of MLE @, of @ is strongly consistent.

2.2- Asymptotic Normality of MLE

17



The basis of large-sample tests and confidence intervals is
the general property that the MLE has a limiting normal
distribution around the true parameter value as mean and with a
variance that easily calculated. Indeed, this is a much stronger
result than consistency and requires additional regularity

conditions.

Theorem (2.2.1)
Let X1, X2,... be i.i.d with density f(x/@) (with respect

todv), and let 6, denote the true value of the parameter. We

make the following regularity conditions.
1. ® is an open subset of R,

2. second partial derivatives of f(x/6) with respect to @ exist
and are continuous for all X, and may be passed under the
integral sign in | f(x/0)dv(x),

3. there exists a function K(x) such that E, (K(x))<o and
each component of ¥'(x,0) is bounded in absolute value by
K(x) uniformly in some néighborhood of o,

4. B(0)=-E,[yv'(x,0))] is positive definite,_the iInformation
matrix for a singlé observation,

5. f(x/0)=f(x/0) (aedv) =0=6,,

then, there exists a strongly consistent sequence 6, of roots of

the likelihood equation such that

Jn(@,-0)>N(©,B(0)").

18



Let S,={0:16-6.I<p}, for some p>0, be a compact
neighborhood of 6, ~on which components of y'(x,0) are
uniformly bounded by K(x) as in (3). The existence of a strongly
consistent sequence . of solutions of %) _o follows from
theorem (2.1.1) with ©=S,. Conditions (1), 42) and (5) of that
theorem (2.1.1) are already satisfied. Condition (4) follows from

continuity of f(x/6) in 6.
For checking condition (3), we expand w(x,6)about 6,

using Taylor expansion as
W(X,0 ) =W(x,6.)+w(x6) (0 —0.)+(0 —HO)T”/IW’ (X,0.+UA(0 —6.))dud A (0 —6.).

Since w(x,6.) =0, (x,6.) IS integrable,and the components

of ' are bounded by K(x)_uniformly on S, hence w(x,o) is
bounded uniformly on S by an integrable function. We have
D, ,(6) =Zn:y/(xi,¢?), where D, is the differential operator %.
By Taylor theorem, we expand Dyl about €, we get _
1, B
D,/,(6) =Dyt (6.)+ [ D v (x,,6.+ A(6-6.))dA(6-6.)
- - - _ 0 1 - - - - -

1q
D,/,(60) =D,/ (0.) + [ Y0 (x,,0.+ A(6-0.))dA(6 —6.).
- - - _ 0 1 - - - _ -
Now let ¢ =4, where § is any strongly consistent

sequence satisfyiﬁg
D,¢,(6,)=0 and divide by vn
T

ﬁDgfn(eo)zAw/ﬁ(ﬁ_n—Q)’

where

A =[S (04 20,03

Because E, (v(x.6.))=0 and Var, (v(x,6.)) =B(6.), hence by
the central limit theorem, we obtain that
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Jn

Now, let £ >0. Since E, (y'(x,)) Is continuous in ¢ from

D,,(0) =NNE Xy (x,0)>Z NOBEO.):

condition (3), so there is a o >0 such that
|0— 0. | < o implies | E, (y'(x.0)+B(0,) < ¢.

From the SLLN, that with probability 1 there is an integer N

such that n>N implies

SUIOI—ZV/(X O)-E, W' (x0)ke.

HSP

Then assuming N is so Iarge that n>N implies
10 —6.|< p, n>N implies

A, —B(9)|sf|1iw'<x-,eo+ﬂ(é ~0))+B(0)|d2

<ISUp[|_ZW(X ,0)—E (l//(X )|+

0 0=sp

|E, (¥'(x,0))+ B(6’0)I]0|/1£28.
Hence Ana—iB(Ho) implies A, "will exist and by Slutsky’s
theorem
f(e 0.)= Aﬁ}w (9)—>B(9)—1z N(O, B(H)‘l) Hence,

under the conditions of theorem (3.2.1) if there is a unique
solution of the likelihood equation for every n, this sequence of
solutions will be consistent and asymptotically normal.

2.3- Asymptotic Efficiency of MLE

Under the conditions of theorem (2.2.1), the MLE 0, was
seen to be asymptotically unbiased in a reasonably strong siense,
because whatever be the true value of @, Jn@,-6) Iis
asymptotically normal with mean zero. Moreover, the
asymptotic variance of the MLE is %B(Q)‘l which is the
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Crame’r-Rao lower bound for the variance of any unbiased
estimate of ¢ based on a sample of size n.

Definition (2.3.1)

Let X1, Xo,...be 1.i.d random variables with distribution

depending upon a parameter 0<0.

A sequence of estimators {6} of @, with ¢ is a function of

X1,..., Xn, Such that \/ﬁ(é'n_g)_iN(o, var(é')) .
Whatever be the true value of 6, i1s said to be asymptotically
efficient if var(8)=B(6)™" for all 9<©.

Note that by definition, the MLE is asymptotically

efficient under the conditions of theorem (3.2.1).

2.4-Asymptotic Sufficiency of MLE

An explained about the asymptotic theory, one way of
explaining the good asymptotic properties of MLE’s is via their
asymptotic sufficiency. The proof is implicit in the earlier
arguments, under the usual regularity conditions of that
theorems.

The multiparameter case is immediate from the

relationship:

such that, the relationship (*) between the MLE and the efficient
score vector, the asymptotic sufficiency can also be expressed in

terms of w(x,9).
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2.5-Restricted Maximum Likelihood Estimators

In certain problems under one of possible number of
assumptions, the vector parameter §<® is further restricted to

some subspace H of ©®. In that event if we wish to estimate 9

under such assumptions we shall need to maximize f()_(/«?)

within H instead of ©®.

If 6_7 is that value that maximizes f (x/8) within H
e f()_(,é):r%x f(x/0).
Then 5 is called the restricted MLE (RMLE) of 6.

Usually, the restricted space H is described by a set of side

conditions, i.e 6 eH if 0 satisfies the side equations:
h(0)=0,h,(6) =0.,.....h () =0,i.e h(9) =0
One way of finding the RMLE is to use the method of

Lagrange multipliers. This method tells us that o satisfies:
\ 7

00,

vy (9)+i/1jﬂhj(9)=o
aei - = -
[ i=12,..k

i1y (<K

h;(6) =0

In matrix notation:
D,/ (0)+H(@)A=0
h(@) =0
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where Dgzi, and
Y
(e
00,
H(©) =D, @)= - |(©)...n(0)
o
00,
e
A
0 .
[HO)]; ; =%h,—(¢?) and A=| . | are the Lagrange multipliers.
)

r

We assume that rank (H@)=r.

Theorem (2.5.1)

Let ¢ be an identifiable k-dimensional parameter of a

distribution and let é(>_<) be the RMLE of 8 based on a random

sample X from the distribution under _the side conditions
h(@)=0,h being r-dimensional. Then under the regularity
6oﬁditi6n§ of theorem (3.1.1).
(i) é is strongly consistent (i.e 561__5)9)
(i) é(x) ~ N(g,@) for large sample size n, where matrix
_p(t;) satisfi_es: "
( B() H(e)Jl _{ p(o) Q(H)J
H'(@) 0 | [Q'(6) R
lLe  p(@)B(O)p(@) = p(9).
Proof:

(i) For any 6eH, (i.e h(9) =0) we have
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Z(0") < Z(0) where Z =E(log L, (Q)) = E(fn(t?)).
If 6'#6, and %En(Q’)gz(Q’), so that @, the maximizing
value of %en(e') is close to ¢, the maximizing point of Z(&") .
Since f<H, it follows that é is close to H, in which case
the maximizing value, é’ of %fn(H_’) in H, must close to §

and hence close to 6.
Under the same regularity conditions of theorem (3.1.1)

A

0(x)~56 asn — oo establishing part (i).

(ii) since é satisfies
D, ¢,(0) + H(@) 2 =0
h(@) =0 e (1)

We have by Taylor?s expansion and the fact that (é) IS
consistent:

D, ¢, (6) + D2t ,(8) (6—6) + H(8) A+ D, (H(9) 1)(6-06) ~ 0
h(6)+ D, h(8)(6-6) ~ 0
ie H'(0) (é_g)zo
(2)

(= means approximately)

Also from (i), we have [expand the first term around (9) ]
D¢, (0) + D¢, (6) (6—6) + H(O) A= 0.

That is,
D;¢,(9) (6-0) +H(©) A~0,
thus
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|H@) A|=6-0|=0]6-0|. So that
|H@)A]|=0]6-6].

And |H(0) A(6—0)|=0]6-0 " and therefore can be omitted

from (2) to obtain
D,?,(0)+Dj¢,(0) (0—0)+H(O) A ~0

HT () (6—6) ~0
or

(‘—1 D¢, (6) H(@}[ﬁ(éé’)} {LD / (9)}
n - - - 1 =l Jn 2™
H'(@) 0 | -4 0

Jn
But

%'1 D, ¢,(6)— N (0, B(6)),and

~=D?¢,(9)>B(0)

Hence fgr large n
{ﬁ(é 0) N( B(0) H(H)]l(m(o, B(Q))J

_iﬂ HT(‘?) 0 0
\/E_

o | 1G-0) (P(e) QO YN (0, B(©))
-1, 7lQ® R(e)( 0 j
'’ S

SO,

Jn(0-6) = P(OIN(0,B(9)),
then
0~N(©.-PO)BOPO)
Since B(@) Is symmetric, so is P(@). Also

B@ H(t?) P(t?) Q(‘?) (1 0
(HT(Q) 0 IQT(H) R(e)]_(o ')' """"" @)
That is
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BOPO)+HOQ ()= ... (4)
H' (9)P(9)=0.

The latter implies
0=p' (OH(O) = P(O)H(H).

Now, multiply both sides of (4) by P(9), we get
P(9)B(9)P(0) + P(O)H(O)Q' (8) = P(0)
implies
P(0)B(O)P(0) = P(0)
and

P&
~ N(@,Q) for large n, establishing the part (ii).
- N

D>

2.6- Confidence Interval for Large Samples
We know that under very general conditions, the MLE @

is distributed normally about mean @ with variance

var(é) = !

2

06?

e[S log f (x/6)]

For large samples:

p{é— Za,zwlvar(é) <0<+ Za,zwlvar(é)}:l—a

where «a is the significance level.
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