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ABSTRACT 

 

A central role is played in large sample parametric inference 

by the maximum likelihood estimation of the parameter of 

interest. This project deals with aspects of large sample behavior 

of the maximum likelihood estimators such as consistency and 

asymptotic normality. 

For rigorous and complete proofs, analytic details and 

regularity conditions are introduced. 

Illustrative examples and some concluding remarks are also 

given. 

 

 

 

 

 

 

 

 

 

 



 

 ربية لمقدراتاحول الخواص التق

 عظممكان الألأا

 

 الخلاصة
 

ف  م   ثماريلعب مقدر الامكان الاعظمم للمعلممة م الاهتمما  وررا مكزييما

 الاستدلال المعلم     حالة العينة الكبيكة.

الامكان الاعظم  م  حالمة العينمة  رهذا البحث يتنارل مظاهك سلوك مقد

ف بتقكيلطبيع  التوزيع اسلوك الكبيكة، مثل الاتساق ر  رغيكها. ا

التفاصمميل التحليليممة روقيقممة تممم عممك  رلكمم  تكممون البممكاهية زاملممة 

 الا تكاضات المناسبة لها. مع المطلوبة

ف بعما الامثلمة التوضميحية للنتما    بالاضما ة الم  رتضمة البحث ايضما

 الملاحظات حول هذه النتا  .بعا 
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لا يدد ن شدا   عدع دبه  اشبعدتببة ششدد به  ا اششلاه ثوبيع افبانهدع

 شا.
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Introduction 

 

The chief justification for the method of maximum 

likelihood estimation lies in its near-optimal properties for large 

samples. 

This project deals with the asymptotic properties of the 

maximum likelihood estimators such as consistency and 

asymptotic normality. To do this rigorously requires analytic 

details and suitable regularity conditions. Some examples are 

presented to illustrate the results. Concluding remarks are also 

given. 

A summary of the chapters is as follows: 

Chapter two provides some concepts and results that are 

needed in later chapters. 

The large –sample properties of the maximum likelihood 

estimators are studied in chapter three. 

Chapter four contains examples illustrating the results in 

chapter three. 

Finally, in chapter five some comments on the large–sample 

properties of the maximum likelihood estimator are presented. 
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CHAPTER One 

PRELIMINARIES 

 

 In this chapter, we cover thoroughly many concepts and 

results which find use in later chapters. We refer back to this 

chapter if and as the need arise. 

 

1.1- Definitions and results from Analysis and Topology  

1.1.1- Limit of sequences     [1] 

Let {An} be a sequence of sets. The set of all points   in 

the set Ω that belong to An for infinitely many values of n is 

called the limit superior of the sequence {An} and is written as 

n
n

A   sup lim


. 

The set of all points that belong to An for all but a finite 

number of values of n is called the limit inferior of the sequence 

{An} and is written as  
n

n
A inf lim


. 

If      n
n

n
n

A   inf limA   sup lim


 , 

we say that limit exists of the sequence {An} and we denote it 

by       n
n

A    lim


. 

For an increasing sequence n
n

n
n

AA A  A  lim        ...,21 


. 

For a decreasing sequence n
n

n
n

AA A  A  lim          ...,21 


. 

In the case of an arbitrary sequence of sets A1, A2,… , we 

have     k
1

k
1

A  A  up lim            ,A  A  inf lim

















nkn
n

nnkn
n

n
s . 

 

1.1.2- Upper Semi Continuous Function      [4] 
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A real–valued function )(

f  defined on the set Θ is said to 

be upper semi continuous on Θ, if for all 

  in Θ and for any 

sequence 

n  in Θ, such that 



n , we have 

)()(  sup lim


  ff n
n

 

or, equivalently, if for all 

  in Θ, 

0         as      )()(  up  
_

||










ffs . 

1.1.3- Taylor Expansion     [4] 

If RRf k :  and if )(


 xf  is continuous in the sphere 

}|:|{ rxxx 

 , then for rt 


|| , 



   tdudtuxfttxfxftxf
T

 )  (  )()()(

1

0

1

0

   

where Rk is the k-dimensional Euclidean space. 

1.1.4- Convex Function        [3] 

Let     dRU   and 
dR


21 x and x , then the point 

10   ,x x)1(x 21 


 , is called the convex linear 

combination of 

21 x and x . It is any point lying on the line 

segment joining 

21 x and x . A set  dRU   is said to be 

convex, if the convex linear combination of any two points in 

U  belongs to U . 

In other words, U  is convex if U

21 x,x , implies that 

U

x , where 10   ,x x)1(x 21 


 . 

     If   dRU 

x , where U  is a convex set, then the function 

)x(


f  is said to be convex if for any two points Uin x andx 21


, 

)x( )x()1()x( 21


 fff                , 10    

for every 


 21 x x)1(x  . 
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The function is said to be concave if the inequality sign is 

reversed or if - )x(


f  is convex. If the inequality is strict, then 

f  is called strictly convex function. 

 

1.1.5- σ-algebra (σ-field)        [1] 

A non-empty class F of subsets of a set Ω which is closed 

under the formulation of countable unions and complements and 

contains Ø is known as a σ-field. 

 

1.1.6- Measure       [1] 

A non- negative extended real-valued set function µ defined 

on a class F of subsets of a set Ω is called a measure on F, if 

µ(A) ≥ 0, for all algebra is  and ,  FFA , and 

)
n

(A

1n

µ)
n

A
1n

( µ 








 . 

 

1.1.7- Measurable Space      [1] 

A measurable space is a pair (Ω, F) when Ω is a set and F is 

a σ-field of subsets of Ω. Any member of F is called a 

measurable set. 

 

1.1.8- Measurable Function       [1] 

Let (Ω, F) and (Ω', F ') be two measurable spaces.  

A function 'ΩΩ: f            is said to be measurable (relative 

to F and F ') if   'Aevery for  ,        (A) -1 FFf  . 

 

1.1.9- σ-Finite Measure     [1] 
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An extended real valued set function v defined on a class F 

of subset of a set Ω is said to be σ-finite measure if for each 

 FA , there is a sequence of sets  FAn  , such that 

 n
n

AA      , and     v ( nA ) is finite for all n.  

i.e    v ( nA )<. 

 

1.1.10- Topological Space      [7] 

Let Ω be a non-empty set. A class F of subsets of Ω is a 

topology on Ω iff F satisfies the following axioms: 

1- Ω and Ø belong to F. 

2- The union of any number of sets in F belongs to F. 

3- The intersection of any two sets in F belongs to F. The 

members of F are then called F-open sets, or simply open 

sets. The pair (Ω, F) is called a topological space. 

 

1.1.11- Open Cover       [7] 

Let }:{GC    be open collection of subsets of a 

topological space X and a subset A of X, we say that C is an 

open cover of the space X if   }:{GX   . 

 

1.1.12- Finite Sub-Cover     [7] 

A subcollection CC  of ' , such that  ' C covers A. An open 

cover C of A is said to be finite sub-cover if it consists of finite 

number of open sets  ' C .v 

1.1.13- Compact Set       [7] 
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A subset A of a topological space X is said to be compact 

iff every open cover of A has a finite sub-cover. More explicitly, 

that is iff for every collection }:{G   of open sets for 

which }:{G A   , there exists finitely many sets 

n G, ... ,G ,G
21

  among the Gα’s  such that: 

               
n  G...G A

1   . 

 

1.2- Definitions and results from Probability and Statistics 

1.2.1-Modes of Convergence         [3], [4] 

For a random vector d

d R


) x,...,x,x(x 21
, the 

distribution function of 

x , defined for d

d Rxxxx 


) ,...,,( 21
, is 

denoted by: 
d

d Rxxpxpx 


)x,...,(x)x()(F d11x . 

The Euclidean norm of d

d Rxxxx 


) ,...,,( 21  is denoted by  

2

1

222 ) ...(||
21 d

xxxx 


. 

Let 


21 x,x,x , …be random vectors with values in Rd. 

we have the following modes of convergence. 

 

(a) Convergence in Distribution 

The sequence }x{

n

 converges in law to 

x , 



xx
L

n , if 


 

nxx
n

    as   )(F)(F xx
, for all points 


x at which )(Fx



x  

is continuous. It is sometimes called convergence in distribution 

or weak convergence. 

 

 

 

(b) Convergence in Probability 
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The sequence }x{

n  converges in probability to 



xx ,x
p

n
  

if for every ε >0, 

                  .      as     ,0}|xx{| 


np n   

 

(c) Convergence in rth mean 

For a real number r>0, the sequence }x{

n  converges in the 

rth mean to 


xx ,x
r

n
, if  

.     as     ,0|xx| 


nE r

n   

where E is the expectation value. 

 

(d) Convergence almost surely 

The sequence }x{

n  converges almost surely to 


x , 



xx
.sa

n
, if       1}xxlim{ 


n

n
p . 

Almost sure converges is sometimes called convergence 

with probability 1 (w.p.1) or strong convergence. 

Equivalently, 


xx
.sa

n
   iff     for every ε >0, 

.     as     1}   allfor  ,|xx{| 


nnmp m   

 

1.2.2-Fatou-Lebesgue Theorem      [1], [4] 

If  


xx
.sa

n
 and if for all n, 



 yxn , for some random 

vector 


y  with ,|y| 


E  then     )x()x(  inflim


 EE n
n

. 

 

 

1.2.3- Montone Convergence Theorem      [4] 
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If        


 xx        and     ...xx0
.

21

sa

n
, then 

)x()x(


 EE n . 

 

1.2.4- Lebesgue Dominated Convergence Theorem    [4] 

If   


xx
.sa

n    and if   


 y|x| n , for some random vector 


y  

with 


|y|E , then )x()x(


 EE n
, such that )x(


E  exists. 

In these theorems, 


x , )x( and )x(


EE n
 may take the value 

 . 

 

1.2.5- The Law of Large Numbers      [6] 

Let 

1x ,


2x ,… be i.i.d (independent identically distributed) 

random vectors, and let 

           .x
1

x
1

j
 











n

j

n
n

 

(a) If   )x(µx t h e n  ,  |x|


 EE
p

n
. This is the 

weak law of large numbers (WLLN). 

(b)  )x(µ   a n d   |x|   i f f   µx
.



 EE
sa

n
. This is the strong 

law of large number (SLLN). 

(c) If )x(µx then ,|x| 2



 EE
qm

n  

(qm means in quadratic mean). 

 

1.2.6- Central Limit Theorem   [5] 

Let 

1x ,


2x ,…, be i.i.d random vectors with mean 



µ  and 

finite covariance matrix, B. Then   ),0()µx( BNn
L

n


 . 

 

 

1.2.7- The Continuity Theorem      [4] 
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d

L

n Rttt
n




 

    allfor     ),()(    iff    xx xx    

where 

x  is the characteristic function of 


x . 

 

1.2.8- Jensen’s Inequality       [3] 

Let 

x  be a random vector with mean )x(


E , and let f(.) be 

convex function, then 

                          )]x([)]x([


 EffE . 

 

1.2.9- Slutsky Theorems       [4] 

(a) If }x{

n  be a sequence of random vectors, ,x d

n R


 


xx
L

n
   

and if   
kd RRf :  is such that 

    )(    where,   1)}(x{ fcfcp 


 is the continuity set of  f,    

then    )x()x(


 ff
L

n
. 

(b) If   


xx
L

n
  and   .xythen , 0)yx(




L

n

p

nn
 

(c)If    ,x d

n R


 ,y k

n R


 


xx
L

n
   and   ,y c

L

n 


 

    




























c

L

n

n x

y

x

 then . 

 

1.2.10- Consistency in Statistical Estimation        [2], [6] 

In such problems the underlying probability, 
p , depends 

upon a parameter 

 Θ in Rk, where Θ is the parameter space. 

Let }
~

{

n  be a sequence of random vectors, considered as 

estimators of 

 , the true value of the parameter. 

We say that }
~

{

n  is weakly consistent sequence estimators 

of  

   if      



 
p

n

~
  for all 


 Θ. 
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where 





pp  is the “true” probability distribution. This is 

sometimes called consistency in probability. We may similarly 

define strong consistency (  
~ .



 
sa

n
) or consistency in quadratic 

mean ) 
~

(


 
qm

n
, both of which imply (weak consistency). 

The weak (strong) law of large numbers states that the 

sample mean is a weakly (strongly) consistent estimator of the 

population mean. That is: 

If 

1x ,


2x ,…, 


nx  are i.i.d random vectors with common 

finite 


µ  and 
 


n

i

n
n 1

ix
1

x ,  

then 


n
p

n     as    µx  (weak consistency),  

and   


n
sa

n     as    µx
.

 (strong consistency). 

 

1.2.11-Maximum likelihood Estimator       [3] 

Let 
1x ,


2x ,…, 

nx  be identically independent random 

sample with density )/ (

xf  with respect to some σ-finite 

measure v (usually Lebesgue measure or counting measure) 

where 

 Θ 

kR . The function 

),(),()(
1 

  i

n

i
nn xfxLL            ……..(1) 

Considered as a function of 

  is called the likelihood 

function, where the observed values of 1x , 2x ,…, nx  are 

1x , 2x ,…, 
nx . The principle of maximum likelihood estimation 

consists of choosing as an estimator of 

  any function  

) ....,,(  ˆˆ
1 nnn xx



  such that 

      sup)ˆ( 

nnL       )(


nnL   ……..(2) 


 Θ 
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If 

̂  satisfying (2) exists, we call it a maximum likelihood 

estimate (MLE). 

It is convenient to work with logarithm of the likelihood 

function. )(log)(


  nn L . Since log is monotone function. 

        )(sup)ˆ(


  nnn   

When ),()(









xf  exists, one can seek the MLE 


n̂  as  





 



0

)(



nL
    and    0

)(

2

2












 nnL

 

or equivalently 





 



0

)(



n
    and    0

)(

2

2












nn
………..(3) 

Where     0),(log
)(log)(

1
























  








i

n
nn

xf
L

. 

Equation (3) is usually referred to as the likelihood equation. 

 

1.2.12- Fisher Information         [8] 

Fisher’s information function plays an important role in 

the large sample theory of MLE. 

Let 

Txfx ))/(log(),(




 


 


 , a k dimensional vector and 

)/(log) ,( 
2

2





 


 


 xfx , a k×k matrix. 

The Fisher information matrix for a single observation is 

defined as  )),x(),x(()( TEB
 

  
   a   k×k matrix. 

Assuming that the partial derivative with respect to 

  can 

be passed under the integral sign in 


 Θ 
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 


1)()/( xdvxf     ;   we find 

     )()/(
)/(

)/(/
)),x(( xdvxf

xf

xf
E







 









    

                       








  0)()/( xdvxf 


 

so that )(

B  is in fact the covariance matrix of  , 

                  )),x((var)(
 

  B  

If the second partial derivatives with respect to 

  can be passed 

under the intgeral sign, then 

         






















 0)()/(

2

2

xdvxf 


, and 

)()/(
)/(

)/()/(
)),x(( xdvxf

xf

xf
E









 












 














                                     








2

22

)/(

)/()/())/()/(()/()/)(/(





xf

xfxfxfxf T

  × 

     )()/( xdvxf

  

)()/x(),(),(0 xdvfxx T


  . 

Thus 

          )),x(()(





 EB . 
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Chapter Two 

Asymptotic Properties of 

Maximum Likelihood Estimators 

 

The main justification of the method of maximum 

likelihood is a “large-sample” one, which shows that when an 

observation provides lots of information about an unknown 

parameter, the method utilizes essentially all of this information. 

In this chapter, we study the large-sample (asymptotic) 

properties of the MLE. 

 

2.1- Consistency of MLE       

A key property of the maximum likelihood estimators is 

their consistency under certain assumptions. The proof of 

consistency of the MLE that we will present in theorem (3.1.1) 

is mainly based on the ideas given in Wald (1949), Wolfowiz 

(1949). We start with the following lemma. 

Let )(0 xf  and )(1 xf  be densities with respect to a finiteσ   

measure v . 

The kullback- Leibler information number is defined as  

  








 ).()()

)(

)(
(log

)x(

)x(
log, 0

1

0

1

0
010 xdvxf

xf

xf

f

f
EffK  

In this expression, 
)(

)(
log

1

0

xf

xf
 is defined as   if 0)(1 xf  

and 0)(0 xf  ,so the expectation could be  . Although 

)(

)(
log

1

0

xf

xf
 is defined as   when 0)(1 xf  and 0)(0 xf , the 
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integrand, )(
)(

)(
log 0

1

0 xf
xf

xf








, is defined as zero in this case. 

),( 10 ffK  is a measure of the ability of the likelihood ratio to 

distinguish between 10  and ff  when 0f  is true. 

 

Lemma (Shannon-kolmogorov Information Inequality) 

Let )(0 xf  and )(1 xf  be densities with respect to v . Then  

      







 0)()(

)(

)(
log

)x(

)x(
log, 0

1

0

1

0
010 xdvxf

xf

xf

f

f
EffK  

With equality if and only if )(1 xf  = )(0 xf  (a.e dv ). 

Proof: 

Since log x is strictly convex. Jensen’s inequality implies  

 
)x(

)x(
log

)x(

)x(
log,

0

1
0

0

1
010

f

f
E

f

f
EffK 








  ,……….. (1) 

With equality if and only if 
)x(

)x(

0

1

f

f
 is a constant with probability 

1 when x has density 0f . That is  

if    c
xf

xf


)(

)(

0

1
 ,   then   ccE log)(log  . 

But  

  

0

1)()()()(
)(

)(

)x(

)x(
10

0

1

0

1
0

s

xdvxfxdvxf
xf

xf

f

f
E ,……. (2) 

Where }0)(:{ 00  xfxS  , with equality iff 0S  has probability 1 

under )(1 xf . The combination of (1) and (2) gives  

01log
)x(

)x(
log),(

0

1
10 








 

f

f
EffK  

or 

0),( 10 ffK ,   With equality iff )(1 xf = )(0 xf  (a.e. dv ). 

 

Theorem (2.1.1) 

Let x1, x2,…, xn be i.i.d with density )/(

xf , where θΘ, 

Θ is the parameter space. 
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Let 

  denotes the true value of the parameter


 . 



}ˆ{ n is the sequence of maximum likelihood estimators of the 

parameter 

 . 

For the validity of the proof of this theorem. We assume 

the following assumptions called (regularity conditions):  

1- Θ Rk is compact, 

2- )/(

xf  is upper semi continuous in 


  for all x , 

3-there exists a function )(xK  such that 


|)x(| KE


, and  

)(
)/(

)/(
log),( xK

xf

xf
xW 









  , for all x  and 


 , 

4-for all θΘ and for all sufficiently small 0 , 

)/(sup
||









xf   is measurable in x , 

5-(Identifiability), )/()/(


  xfxf  (a.e dv)   


  , 

if these conditions are satisfied, and for each 1n  the MLE is 

unique, then, for any sequence of MLE 



n  of 


 , 







 
sa

n

.

. 

i.e. For any 0  , and for all 

 Θ 

       1} |{|  lim
n








 np      holds. 

i.e    The MLE 



n  is consistent. 

Proof: 

Let ),(sup),,(
 ||








 


xWxf   . 

Then ),,( 

xf  is measurable in x for all sufficiently 

small 0  by (4). 



 16 

By (3), ),,( 


xf  is bounded above by an integrable function 

K(x), and 0    as     ,),(),,( 


 xWxf 
 by (2) (since  ),(


xW  

is upper semi continuous in 

  for all x . 

Therefore, by the Monotone Convergence Theorem, we have  

0   as   )(µ)()(),()()(),,( 
   xdvxfxWxdvxfxf . 

Let .0  Find 

  for each 


 , so that 

 
 

   ) (µ)()(),,( xdvxfxf . 

The spheres }|:|{),(








 S  cover Θ. 

Since Θ is compact, then there exists a finite sub-cover, 

say Θ ),(
1




jj

m

S  . For each θΘ there exists an index j such 

that ),(





jjS  . From the definition of ),,( 


xf ,  

 ),( 

xW ),,(


jjxf   for all x . Hence, 







n

jii

n

i j
f

n
xW

n 11
),,x(

1
),(

1
 . 

So that  




n

ji
mj

i

n

j
xf

n
xW

n 1
1

1
),(

1
sup),(

1
sup  . 

Now, apply the  SLLN  to ),,(
1

1


 jji

n
xf

n
 , 

1,}..., 1,for      , )(µ),,(
1

lim{
1









mjxf
n

p jji

n

n j
 

 

1} )(µsup),,(
1

sup  suplim{
1

1
1







  j
mj

ji

n

mjn
j

xf
n

p , 

so,    1} )(µsup),(
1

sup  suplim{
1






 i

n

n

xW
n

p  

since it is true for all 0 , it is also true for .0   

1})(µsup),(
1

sup  suplim{
1




 i

n

n

xW
n

p . 

Now, let 0 , and }|:|{  

S , then S is compact and  

θΘ 

θΘ θΘ 

θΘ θΘ 



 17 

1})(µsup),(
1

sup   suplim{
1






 
 S

i

n

Sn

xW
n

p


. 

By Shannon-kolmogorov Information Inequality, we have  

     SxdvxfxWK  



 for            ,0)(),(),(),()(µ 

,  

)(x, since 

W  is bounded above by an integrable function )(xK  

and by using the Fatou-Lebesgue Theorem, 
)) (x,( E suplim)(µsuplim










W  

                  ),x(suplim









WE  

                             )(µ)),x((


 WE     for every    θΘ. 

So )(µ

  is upper semi continuous and hence achieves its 

maximum value on S. 

Let   0 so ),(µsup 





 S

   and 

1}),(
1

sup   suplim{
1












i

n

Sn

xW
n

p . 

Thus, with probability 1, there exists an N such that for all n>N, 

say. ,02/),x(
1

sup
1










i

n

S

W
n

 

But 

0),x(
1

sup)ˆ,x(
1

11



  i

n

ni

n
W

n
W

n
, 

the sum is equal to 0 for    





  . 

This implies that   NnSn 


for          ̂ , that is,  


|ˆ| n
. 

Since   is arbitrary, we get 

     1} |ˆ{|lim 


n
n

p . 

So, the sequence of   MLE   
_

 of ˆ 

n

 is strongly consistent. 

i.e       
_

a.s

  ˆ
 


n . 

 

2.2- Asymptotic Normality of MLE 

θΘ 
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The basis of large-sample tests and confidence intervals is 

the general property that the MLE has a limiting normal 

distribution around the true parameter value as mean and with a 

variance that easily calculated. Indeed, this is a much stronger 

result than consistency and requires additional regularity 

conditions. 

 

Theorem (2.2.1) 

Let x1, x2,… be i.i.d with density )/(

xf  (with respect 

to dv ), and let 

  denote the true value of the parameter. We 

make the following regularity conditions. 

1. Θ is an open subset of Rk, 

2. second partial derivatives of )/(

xf  with respect to 


  exist 

and are continuous for all x , and may be passed under the 

integral sign in    )()/( xdvxf 
 , 

3. there exists a function )(xK  such that 


))x((KE


 and 

each component of ),(


  x  is bounded in absolute value by 

K(x) uniformly in some neighborhood of   

 , 

4. )],x([)(





 
 EB  is positive definite, the information 

matrix for a single observation, 

5. 


       ) (a.e )/()/( dvxfxf , 

then, there exists a strongly consistent sequence 

n̂  of roots of 

the likelihood equation such that 

               ))(,0()ˆ( 1



   BNn
L

n . 

 

Proof: 
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Let }|:|{  

S , for some 0 , be a compact 

neighborhood of 

  on which components of ),(


  x  are 

uniformly bounded by K(x) as in (3). The existence of a strongly 

consistent sequence 

n̂  of solutions of   





 



0

)(



n  follows from 

theorem (2.1.1) with Θ=Sρ. Conditions (1), (2) and (5) of that 

theorem (2.1.1) are already satisfied. Condition (4) follows from 

continuity of 

 in     )/(xf .  

For checking condition (3), we expand 

 about  ),(xW  

using Taylor expansion as  

.)(   ))(,( )()(),(),( ),(

1

0

1

0

 


   duduxxxwxW TT

 Since ),(,0),(


   xxW  is integrable,and the components 

of    are bounded by K(x) uniformly on S , hence ),(

xW  is 

bounded uniformly on S  by an integrable function. We have  

),x()(
1







n

inD  ,  where 

D  is the differential operator 







. 

By Taylor theorem, we expand nD 

  about 


  we get  


 



)())(,x( )()(

1

0 1

   dDD
n

inn  


 



)())(,x( )()(

1

0 1

   dDD
n

inn . 

Now let 


 n ˆ  where 

n̂ is any strongly consistent 

sequence satisfying 

                         





0)ˆ( nnD     and divide by n  

)ˆ()(
1






  nnn nAD
n

,  

where 

 d
n

A ni

n

n ))ˆ(,x(
1

1

1

0 

   . 

Because 





0)),(( 
 xE  and )()),((







 BxVar ,  hence by 

the central limit theorem, we obtain that  
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))(,0(   )),(
1

()(
1

1 





 


  BNZx
n

nD
n

L

i

n

n
. 

Now, let 0 . Since )),((





 xE


 is continuous in 

  from 

condition (3), so there is a 0  such that  

 


 ||   implies  




|)()),x((| 
BE . 

From the SLLN, that with probability 1 there is an integer N 

such that   n>N   implies 

 













|)),x((),x(
1

|sup
1


E

n
i

n

S

. 

Then assuming N is so large that n>N implies  

     


 |ˆ| n
,  n>N implies 

 dB
n

BA ni

n

n |)())ˆ( ,x(
1

||)(|
1

1

0 

  
 

                









|)),x((),x(
1

[|sup
1

1

0

 




E

n
i

n

S

  

                     2|])()),x((| 




dBE 
. 

Hence )(
.



 BA
sa

n  implies 
1

nA will exist and by Slutsky’s 

theorem 

))(,0(    )()(
1

)ˆ( 111 














    BNZBD
n

An
L

nnn . Hence,     

under the conditions of theorem (3.2.1) if there is a unique 

solution of the likelihood equation for every n, this sequence of 

solutions will be consistent and asymptotically normal. 

 

2.3- Asymptotic Efficiency of MLE 

Under the conditions of theorem (2.2.1), the MLE 

n̂ was 

seen to be asymptotically unbiased in a reasonably strong sense, 

because whatever be the true value of 

 , )ˆ(



nn  is 

asymptotically normal with mean zero. Moreover, the 

asymptotic variance of the MLE is  1)(
1 


B

n
 which is the 
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Crame’r-Rao lower bound for the variance of any unbiased 

estimate of 

  based on a sample of size n. 

 

Definition (2.3.1) 

Let x1, x2,…be i.i.d random variables with distribution 

depending upon a parameter θΘ. 

A sequence of estimators 
_

 of  }
~

{ 

n

, with 

n

~
 is a function of 

x1,…, xn, such that     ))
~

var(,0()
~

(


  Nn
L

n
. 

Whatever be the true value of 

 , is said to be asymptotically 

efficient if  
1)()

~
var( 


  B  for all θΘ. 

Note that by definition, the MLE is asymptotically 

efficient under the conditions of theorem (3.2.1). 

 

2.4-Asymptotic Sufficiency of MLE 

An explained about the asymptotic theory, one way of 

explaining the good asymptotic properties of MLE’s is via their 

asymptotic sufficiency. The proof is implicit in the earlier 

arguments, under the usual regularity conditions of that 

theorems. 

The multiparameter case is immediate from the 

relationship: 

)......(*),(
1

)()ˆ(
1


  i

n

x
n

Bn  

such that, the relationship (*) between the MLE and the efficient 

score vector, the asymptotic sufficiency can also be expressed in 

terms of ),(

 x . 
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2.5-Restricted Maximum Likelihood Estimators 

In certain problems under one of possible number of 

assumptions, the vector parameter θΘ is further restricted to 

some subspace H of Θ. In that event if we wish to estimate 

  

under such assumptions we shall need to maximize )/(

xf  

within H instead of Θ. 

If 


ˆ̂

 is that value that maximizes )/(

xf  within H  

i.e    )/(max)
ˆ̂

,(
H 



 


xfxf . 

Then 


ˆ̂

 is called the restricted MLE (RMLE) of 

 . 

Usually, the restricted space H is described by a set of side 

conditions, i.e H

  if 


  satisfies the side equations: 


 0)( i.e,0)(,....,0)(,0)(

_
21  hhhh r

 

One way of finding the RMLE is to use the method of 

Lagrange multipliers. This method tells us that 


ˆ̂

 satisfies: 

0)()( 
_

1
_



















j

i

r

j

jn

i

h  

                            0)( 

jh          

rj

ki

,..,2,1

,..,2,1




   (r < k) 

 

 

 

In matrix notation: 

0)(H)( 


 nD   

                 0)( 

h  
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where          







 
D ,   and  

))(),....,((

.

.

.

.

)()(H 1

1

__ 



































 





  r

k

T hhhD  

i.e 



























r

j

i

ji h









.
.
.

   and   )()](H[

1

,  are the Lagrange multipliers. 

We assume that rank r

))(H(  . 

 

Theorem (2.5.1) 

 Let 

  be an identifiable k-dimensional parameter of a 

distribution and let )(
ˆ̂


x  be the RMLE of 


  based on a random 

sample 

x  from the distribution under the side conditions 

  ,0)(


 hh   being r-dimensional. Then under the regularity 

conditions of theorem (3.1.1). 

(i) 


ˆ̂

 is strongly consistent (i.e 



sa.ˆ̂ ) 

(ii) )
)(

,(~)(
ˆ̂

n

p
Nx 




  for large sample size n, where matrix 

)(

p  satisfies: 

                    







































)()(

)()(

0)(H

)(H)(
1









RQ

QpB

TT  

i.e     ).()()()(


  ppBp  

Proof: 

(i) For any θH, (i.e 


 0)(h ) we have 



 24 

      )()(


  ZZ  where ))(())((log


  nn ELEZ  . 

If  


  , and )()(
1 .


  Z

n

sa

n , so that 

̂ , the maximizing 

value of )(
1


n

n
  is close to 


 , the maximizing point of )(


Z . 

Since θH, it follows that 

̂  is close to H, in which case 

the maximizing value, 


ˆ̂

 of )(
1


n

n
  in H, must close to 


̂  

and hence close to 

 . 

Under the same regularity conditions of theorem (3.1.1) 




nx
sa

 as  )(
ˆ̂ .

  establishing  part (i). 

(ii) since 


ˆ̂

 satisfies 

0)
ˆ̂

(H)
ˆ̂

( 


 nD   

                     0)
ˆ̂

( 

h    ….. (1) 

We have by Taylor’s expansion and the fact that )
ˆ̂

(

  is 

consistent: 

0)
ˆ̂

())(H()(H)
ˆ̂

( )()( 2 
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ˆ̂

()()( 
 
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                                                                i.e     0  )
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( )(H 

T  

                                                                                        ……...(2) 

(  means approximately) 

Also from (i), we have [expand the first term around )ˆ(

 ] 

      0)
ˆ̂

(H)ˆ
ˆ̂

( )ˆ()ˆ( 2 
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That is, 
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
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Hence for large n 
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That is 
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
)()(H)()(     ……….(4) 

                        0)()(H 

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The latter implies 

       )(H)()(H)(0


  PpT . 

Now, multiply both sides of (4) by )(

P , we get  

            )()()(H)()()()(
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           )()()()(
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     )
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,(~
ˆ̂

n

P
N 
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
     for large n, establishing the part (ii). 

 

2.6- Confidence Interval for Large Samples 

 We know that under very general conditions, the MLE ̂   

is distributed normally about mean   with variance 

                      
)]/(log[

1
)ˆvar(

2

2






xfnE



 . 

For large samples: 

   1})ˆvar(ˆ)ˆvar(ˆ{ 2/2/ ZZp  

 

where   is the significance level. 
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