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 المستخلص

 
ب لقد لعبت دراسة  المعةلاد    التفلاضةلة  حسسةلاا التملا ةو دحراب ربةةواب ححاضة لا

في  علالج  أغلب الظواهو الفةزيلاحية  حالنددسةة  المعقةدي سةةالإ كلان مةلا  حضة   مةة  

 0هذه المشلارو ال ةلاتة  كصةغه  علاد   تفلاضلةه أعتةلادي  ح زئة  

ب  ةةلاتمو    وةةة  حلةةة   ةة  فلالمعةةلاد   التفلاضةةلة  حالتةةي تصةةظ هةةذه الظةةوا هو غلالبةةلا

السةةنول  أيجةةلاد سلولنةةلا ستةةا كاسةةتخداذ ال لاسةةب لةةذا  ةةلا)  هةةذه الدظويةةلا    ظويةة  

التملاثو( حالتي حضةعت علةا أسةلاق  قةو ا سةداثةلا  لةتمم  العةلا لة  فةي هةذا المجةلا  

 يجلاد سلو  للمعلاد   المعقدي أح تخفةض در   الصةعوك   ة   ةت  تخفةةض رتبنةلا 

0 

  الب ةةا الةةا المفةةلاهةس ا سلاسةةة  للمعةةلاد   التفلاضةةلة  حالتةةي  ةةلا) فقةةد ت ةةم

سةةودهلا فةةي الفصةةو ا ح  أ ةةلا فةةي الفصةةو النةةلا ي فقةةد ت ةةم  دراسةة   ستفة ةة  الةةا 

( حالفصةةو النلالةةا  ةةد Similarity transformation methodطويقةة  التملاثةةو  

و   ديةدي ت م  توبةقلا  سةةا تةس سةو أ مةو  ة  حح ةد لنةلا ال لةو  حتبةة  كا نةلا سلة

 0 د ت م  المدلا ش  حا ستدتلاج حالفصو الواك  
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Abstract 

 

Since the inception of integral and differential calculus, the 

differential equations have played remarkable role in dealing with almost 

every physical solution. The  physical problems pertaining to science and 

engineering can most of the time be expressed by ordinary and partial 

differential equation. 

The differential equation describing the realistic situation normally 

are of non-linear type and the corresponding solution can not be had so 

easily even by computer oriented methods. In this regard there has been 

some theories based upon coordinate transformation which enable the 

workers in this field to get exact solution or reduce the degree of 

difficulty by reducing the order of the equation. In the present 

dissertation, the author has discussed the Lie continuos group of 

transformation method to solve the ordinary and partial differential 

equation of second order. 

In the first chapter some basic definitions, regarding differential 

equations have been mentioned with some basic concept regarding 

similarity transformation method while in the second chapter, the 

methodology with necessary details of similarity transformation method 

for solving second order differential equation based upon the invariance 

under continuous Lie group of transformation method is described. In the 

third chapter two applications have been discussed in details with new 

solutions have been found, while the fourth chapter deals with 

conclusion. 
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1.1 Historical Background of the Differential Equation 

 Mathematical theories in the sciences, if they are to be realistic, 

must be built on the basis of differential Equations, relations between the 

derivatives or differentials of varying quantities. It is then the business of 

the theories to deduce the functional equations between the variables 

which lie behind the differential equations, i.e. to express the “general 

laws” whose variations correspond to the given data. 

 In the physical problem, for example much of the data is expressed 

interns of variations in “energy”, of one form of another, and leads to 

certain fundamental differential equations from which the laws of 

conservation of energy are to be derived. Differential equations they 

occupy a fundamental position in most highly developed mathematical 

science. 

The simplest case can be written 

 

 

Where f(x) is some given function.  

We have seen that this case is easily dealt with by means of the 

concept of an integral. Thus of the integral to describe the solution of a 

differential equation. 

A more general form of the case is  

 

 

Where the given function f(x,y) involves both x, and y. 

)x(f
dx

dy


)y,x(f
dx

dy
 (1.2) 

(1.1) 
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The meaning of a differential equation of the form in equation (2) 

is most clearly seen in diagrammatic terms. At each point (x,y) of the 

plane OXY, the equation provides a definite value of the derivative  

This is the gradient of the direction in which the variables are 

allowed to vary from (x,y), i. e. the gradient of the tangent to the curve 

through (x,y) expressing the relation between x and y implied by the 

differential equation. 

The differential equation from four perspectives, physical, 

analytical, numerical, and graphical can be introduced.  The over riding 

goal of this is developing the ability to use mathematical idea to provide 

the answers to the difficult open-ended questions that are part of 

professional practice in science and engineering [Poul Dauis, 1999]. 

 

1.2 Basic concepts Definitions 

A differential equation is an equation relating an unknown function 

or function to one or more of its derivatives. 

In many branches of science and engineering we come across 

equations, which contain different derivatives of the dependent and 

independent variable with respect to the independent variable.  These 

equations are called differential equations for examples.[sharma, J. N. 

and Gupta, R. K, 2000]. 

Examples: 
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1.2.1 Ordinary Differential Equations: 

Equations which involve only one independent variable called 

ordinary differential equations, [krasnov, M. L., 1987] see examples  (i) 

and (ii) above. 

 

1.2.2 Partial Differential Equations 

Equations which involve partial differential coefficients with 

respect to more than one independent variable are called partial 

differential equations [ JACK, G. et al., 1997] see example (iii) above. 

 

1.2.3 order and degree of a differential equations  

The order of differential equation is the highest derivative which 

involved in the differential equation. Example (i) of second order while 

(ii) of first order. 

The degree of differential equation is the highest exponent to the 

highest derivative which involved in the equation, when the equation has 

been made rational and integral as for as the derivative are concerned – 

equation (i) and (iii) are first degree and equation (ii) of second degree. 

 

1.2.4 Solution of the Differential Equation  

 Any relation between dependent and independent variable which 

when substituted in the differential equation, reduce it to an identity is 

called (a solution of differential equation).  

 

Remark: 

A solution of differential equation dose not contains the derivative 

of the dependent variable with respect to the independent variables. 

 

 

 

1.2.5 Linear and non-linear Differential Equation 
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The nth order differential equation is linear if it can be written in 

the form 

 

 

 

with not all an are identically zero. 

An equation that is not linear is called non-linear, if the equation is 

linear, the only operations that may be performed on the dependent 

variable are: 

(i) Differentiation of the dependent variable. 

(ii) Multiplication of the dependent variable and its 

derivatives by functions of the independent variable only. 

(iii) Setting equal sums of the terms satisfying 

conditions (ii) and a function only of the independent 

variable. 

For examples: 

y - (2 tan x ) y + 5y = 0   (which is linear) 

and  

y - (sin x ) y  = y cos x + (y )   (which is non-linear) 

 

1.3 Similarity method 

 For first-order partial differential equations we take the (restricted) 

point of view that a sufficiently complete integration theory is given by 

the theory of characteristics. This connects the solution of partial 

differential equations with the integration of systems of ordinary 

differential equations. It may, however, be useful to look at some first 

order equations directly from the point of view of transformations and 

invariance. [Bluman, G. W. et al, 1974]. 

)x(fy)x(a
dx

dy
)x(a...

dx

yd
)x(a

dx

yd
)x(a 011n

1n

1nn

n

n 




 (1.3) 
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 For higher order equations or systems the aim is a reduction in the 

number of variables. A typical result is the statement that a solution 

u(x,y,t) of a  particular partial differential equations in three independent 

variables must be represents as : 

 

 

 This procedure can possibly be repeated more than one time. The 

special case when a partial differential equation contain only two 

independent variables is particularly important since the problem is 

reduced to an ordinary differential equation. In many physical problems 

of interest the resulting equation which needs to be studied (together with 

a suitable number of quadratures) is of first order. In this favorable case 

the structure of all possible solution in the possible solution in the phase 

plane provides complete information on the structure of a class of 

solutions to the original partial differential equation. It also may provide 

the basis for a method or numerical integration. 

 Another method, which can be used to obtain the same results in 

special cases, arises not directly from transformation theory but rather 

from dimensional analysis. The basic idea is that all physical problems 

must be expressible in dimensionless variable. This idea is applied to the 

variables entering a problem for a partial differential equation. For 

example if (x,y), some independent variable, which are space coordinates 

with the physical dimensions of “length”, enter the problem, then it can 

be concluded that only the combination (x | y) (or equivalent) can enter 

the problem. Evidently, this represents a reduction in the number of 

variables. 

 The role of Lie theory in constructing solutions to partial 

differential equations differs essentially from its role for solving ordinary 

differential equations. Invariance under a one-parameter Lie group of 











t

y
,

t

x
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t

1
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transformations reduces by one the number of variable appearing in a 

partial differential equation rather than the order as is the case for an 

ordinary differential equation. This method leads to particular (similarity) 

solutions and not to the “general” solution of a given partial differential 

equation. Thus boundary conditions play an important role in the 

applications of Lie theory to partial differential equations. For a second 

order partial differential equation of first degree in one of the second 

derivatives note the difference between the general case and the case 

when one of the independent variables is missing, i.e., 

uxx = H (uxt, utt, ux, ut, u, x, t) general      (1.5) 

and uxx = H (uxt, utt, ux, ut, u, x), t missing    (1.6) 

 in second case, there will exit particular solutions u = f(x) where 

f(x) satisfies the second order ordinary differential equation. 

 f (x) = H (0, 0, f(x), 0, f(x)x)     (1.7) 

 As another example consider the wave equation 

 uxx = utt        (1.8) 

 clearly the one-parameter () group of transformations 

 x = x   and   t = t     (1.9) 

 Leaves invariant equation (15) choosing Canonical Coordinates 

,  so that u = f(r) is a particular solution of equation (1.8) 
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From equation (1.8), we get 

 

 

 

or      

 

(1.10) 

 

 

 In order to generate the particular solution form u = F(r) the 

important point is the invariance of equation (15) under the one-

parameter Lie group of transformation 

 r* = r 

 s* = s +  

 In general, when reducing the number of variables of a partial 

differential equation from symmetry considerations, the invariants of the 

group become the new variables. The generated similarity solution 

satisfies an auxiliary first order PDE (called the invariant surface 

condition) whose coefficients depends on the infinitesimal of the group. 

Solving the corresponding characteristic equations of the first order PDE 

we find the functional form of the similarity solution.   For a PDE, with 

independent variables (x, t) and dependent variable  n typically one of the 

invariants will be of the form (x, t) and the order invariant can be 

expressed as an arbitary function of , F(). 

 

 The functional form for the similarity solution will be  

 

 u = f(x, t, , F())       (1.11) 
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  is called the similarity variable and F() becomes the new 

dependent variable. The dependence of f on (x, t, , F()) is known 

explicitly and by substituting from equation (1.8) into the giving PDE we 

obtain an ordinary differential Equation For F(). 

 Thus for a given problem we first seek the largest set of 

infinitesimal leaving invariant the governing PDE. The infinitesimal 

satisfy a set of “determining equations”. Next we analyze the symmetries 

of the boundary conditions and seek the subgroup (actually the sub-

algebra of the infinitesimal) leaving invariant the boundary curves and 

the boundary condition prescribed on them. For linear PDE it is 

unnecessary to leave invariant all of the boundary conditions.  

The use of group invariance to reduce the number of variables 

appearing in a PDE does not depend on the governing PDE being linear. 
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2.1 Similarity method for differential Equations 

“Sophus Lie” tried to construct a general integration Theory for 

Differential Equations [Cohen A., 1911]. He studied the invariance of 

differential equations under transformations and he introduced the 

continuos group of transformations based on the infinitesimal properties 

of the group [Compbell L. S. 1986]. The goal of method is to provide the 

solutions. 

So, we shall provide here the necessary details of the similarity 

method for solving second order ordinary and partial differential 

equations, based on invariance under continuous (Lie) group of 

transformations. 

 

2.1.1 Second Order PDE 

 Consider the second order partial differential equation (PDE)  

F(uxx, uxt, utt, ux, ut, u, x, t) = 0     (2.1) 

Where u is the dependent variable, and x,t are independent 

variables. 

Let us take a one-parameter (say,) Lie group of transformations 

u* = u* (x, t, u ; ) 

x* = x* (x, t, u ; )       (2.2) 

t* = t* (x, t, u ; ) 
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 Expanding (2.2) about the identity element  = 0, we generate the 

following infinitesimals U, R, T (0()) terms 

u* = u + U (x, t, u) + O(2) 

x* = x + R (x, t, u) + O(2)     (2.3) 

t* = t + T (x, t, u) + O(2) 

Also the derivatives of u are transformed according to 

u*
x* = ux + (Ux) + O(2) 

u*
t* = ut + (Ut) + O(2)      (2.4) 

u*
x*x* = uxx + (Uxx) + O(2) 

and so on, where (Ux), (Ut), (Uxx) etc. are the infinitesimals for 

transformations of the derivatives ux, ut, uxx etc., respectively. These are 

called the first and second extensions depending on the order of the 

derivative term, the derivation of the extensions can be carried out in the 

following way: 

Let us introduce the total derivative operators 

 

 

 

 

 

          

(2.5) 

 

Where  is the Kronecher delta symbol, which is defined as 
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         (2.6) 

 

Let us write the infinitesimal of u*i , j by        , then by using (2.5), 

we find that the first extension is 

 

         (2.7) 

 

Where I=1,2,…,m,   j=1,2,…,n 

Which indicates m dependent and n independent variables. 

In the case of (2.2), (2.7) takes the shape 

For j = 1; [Ux] = Ux + (Uu – Rx)ux – Tx ut – Ruu
2

x – Tuuxut 

For j = 2; [Ut] = Ut + (Uu – Tt)ut – Rt ux – Tuu
2

t – Ruuxut (2.8) 

Second extension: 

The second extension can be obtained directly by replacing ui, j by 

ui, jk and ui by ui
j in (2.6), thus provides. 

 

                        (2.9) 

 

Accordingly, by making the appropriate substitutions in (2.9), the 

second extension is 
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where i = 1,2,………, m;  j,k = 1,2,………, n.  (2.10) 

 

For i = j = k = 1, (2.10) reads as 

 

 

 

                   (2.11) 

For i = j = 1, k = 2, we have 

 

 

 

         (2.12) 

 

and for i = 1, j = k = 2, (2.10) provides us 

 

         

         (2.13) 

Now, it is necessary for the equation (2.1) to be invariant under the 

transformation (2.2) that we must have 
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         (2.15) 

So, for the invariance of (2.1), O() term in (2.15) should be zero, 

i. e. 

 

 

         (2.16) 

Hence, the equation (2.16) is the necessary and sufficient condition 

for (2.1) to be an invariant. 

In order to find out the infinitesimal (U, R, T) leaving invariant 

(2.1), we first of all substitute the PDE (2.1) into (2.16). the resulting 

equation is treated as a form in the derivatives of u whose coefficients 

depend on (u, x, t) and unknown (U, R, T). Then we collect the 

coefficients of like derivative terms in u and set all of them equal to zero. 

The resulting equations are called the determining equations. On solving 

the determining equations we obtain the infinitesimal (U, R, T) 

For of the solution: after finding out the infinitesimal, we have to 

determine the form of the solution. This can be done as follows: by the 

infinitesimal transformation (2.3), we have  

u*(x*, t*) = u +  U (x, t, u) + 0 (2),  

u* (x +  R (x, t, u) + 0 (2), t +  T (x, t, u) + 0 (2))  

= u + U (x, t, u) + 0(2).      (2.17) 

On expanding about  = 0, and equating the 0() terms on either 

side, we get 

R(x, t, u) ux + T(x, t, u) ut = U (x, t, u)             (2.18) 
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The equation (2.18) is called the invariant surface condition and 

can be solved by Lagrange’s condition, i. e. 

         (2.19) 

 

the solution of (2.19) involves two constants, one of which 

becomes independent variable (say, (x, t, u)) and called the similarity 

variable while the other plays the role of a dependent variable (say f()). 

So, the similarity form of the solution is u  

u(x,t) = f ()        (2.20) 

After substituting (2.20) in (2.1), the resulting equation is an 

ordinary differential equation involving only the derivatives with respect 

to similarity variable . 

 

2.1.2 Second Order ODE 

First of all, let us introduce the U-symbol of the infinitesimal 

transformation. Consider the one-parameter () group of transformation  

x1 = x +  (x,y)  

y1 = y +  (x, y)        (2.21) 

where  and  are the infinitesimal and the corresponding 

infinitesimal transformation 

x* = x1 +  (x1, y1) , 

y* = y1 +  (x1, y1) ,      (2.22) 
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in practical as   0; we approach the initial point (x, y), so  

 

 

         (2.23) 

 

We define (1.10.23) by the operator U as  

         (2.24) 

where  

 

On expanding about  = 0 and using (1.10.24) we have  

f (x1, y1) = f (x, y) +  Uf (x, y) + 0 (2). 

Evidently, a necessary and sufficient condition for invariance is  

Uf = 0 for all (x, y) 
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(2.27) with (2.28) is the infinitesimal transformation in (x,y,y). 
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Now a second order differential equation 

  H, (x, y, y, y) = y - (x, y, y)  =  0,   (2.35) 

Admits all the transformations of a one parameter group 
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3.1 Introduction 

 In physical problems, we always seek a solution of the differential 

equation, which satisfies some specified conditions known as the 

boundary conditions. The differential equation together with these 

boundary conditions constitutes a boundary value problem. [Jordan, D. W 

et al., 1987]. 

 In problems involving ODE, we may first final the general solution 

and then determine the arbitrary constant from the initial values. But the 

same process is not applicable to problems involving partial differential 

equations for the general solution of a partial differential equation 

contains arbitrary functions, which are difficult to adjust so as to satisfy 

the given boundary conditions. 

Thus the method of similarity transformation which is measured in 

chapter two is found capable of solving such different equations of ODE 

and PDE linear and non linear, so the following two application have 

been discussed in details. 

 

3.2 Solving of Differential Equation of a problem in calculus of variation 

3.2.1 Basic Equation 

 Our aim is to solve the following equation from the field of 

variatioal problems, so the  

 

          (3.1) 
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 Which is represent a variational problem and can be solved by use 

of similarity transformation method. 

 

3.2.2 Solution 

 Writing the equation (3.1) in the standard form : 

H (x, y, y, y) = y - w(x, y, y) = 0    (3.2) 

Where  

 

 

From (3.1) 

 

 

 

 

      (3.3) 

 

comparing with (3.2), we get 

 

 

 

 

         (3.4) 

 

 

 

The general criterion for group invariance is  

 

         (3.5) 
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Substitution  (3.4) in (3.5), we get 

 

 

 

 

(3.6) 

setting the coefficients of different powers of y in (3.6) to be zero. 

Coefficient of y
3
 : 

 

 

 

 

         (3.7) 

Coefficient of y
2

 : 

 

 

 

         (3.8) 

 

coefficient of y 

         (3.9) 

 

coefficient of 1/y2 

 

         (3.10) 

 

 

coefficient of 1/y 
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         (3.11) 

coefficient of 1/y 

 

         (3.12) 

coefficient of y 

xx = 0        (3.13) 

Now, in order to show the equation (3.1) invariant; above system 

of equations (3.7) – (3.13) should be solved. So from equation (3.7), by 

integration it, we get 

lny = 1/3 ln y + ln A(x) 

y = A(x) y1/3 

(X,Y) = ¾ A(x) y4/3 + B(x)      (3.14) 

From equation (3.8), we get  

yy = 2xy  c = 2A y3 

Equation (3.9), which can be solved by equating the coefficient of 

1/y in (3.9) to zero to get  

x = 0     = c(y)      (3.15) 

Equation (3.10) gives 

x = 0     = c(y)      (3.16) 

By equating the coefficient of 1/y in (3.11) to the zero, we get 

-4y+6x = 0 

¾ A(x) y4/3 + B – 4c + 9/2 A y4/3 + 6B = 0   (3.17) 

 

From (3.5), we get 
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yy = 2xy 

 c = 2Ay1/3       (3.18) 

equation (3.9), which gives 

2xy = xx 

 3/4A y4/3 + B = 0      (3.19) 

And (3.12), gives 

y = 0  A(x) = 0,       (3.20) 

Using (3.14), with (3.5), we get  

(x,y) = B(x)       (3.21) 

Equation (3.17) gives 

B – 4c + 6B = 0   [since A(x) = 0]   (3.22) 

From (3.19), we have 

c = 0    [since A(x) = 0] 

 c(y) = C3y + C4       (3.23) 

Where C3 and C4 are constants of integration using (3.22) and 

(3.23) in (3.14) and (3.16), we get 

(x,y) = C1x + C2 

(x,y) = C3y + C4       (3.24) 

Taking  

C1 = 1,  C2 = 0,  C3 = 5/6,  C4 = 0 we get 

(x,y) = x  

(x,y) = 5/6 y        (3.25) 

Thus the differential equation (3.1) is invariant under the group of 

transformation given by (3.25). 

 

Now,the characteristic differential equation (Lagrange equation) are: 

         (3.26) 

 



Chapter Three: Applications 

 

 24 

Where 

 = x + y (y - x)- y y2 

   = 0 + y (5/6 – 1) - 0  

   = -1/6 y 

Therefore, from (3.26), we get 

         (3.27) 

 
 

Taking first two member of equation (3.27), we get  

ln x + ln k1 = 6/5 ln y 

  k1 = y(x) x-5/6 

Therefore,  

 u(x,y) = x-5/6 y       (3.28) 

from first and third member of equation (3.27), we get  

–1/6 ln x + ln K2 = ln y 

  k2 = y x1/6 

Thus, 

 v(x,y,y) = x1/6 y       (3.29) 

Now, 

 

          (3.30) 

Also,  

 

          (3.31) 

 

By using chain Rule, we get 

          (3.32) 
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Which is 1st order ODE differential equation in u & v and can be 

solved by integration. 

 

3.3 similarity solutions for non-linear partial differential equations 

3.3.1 Basic equations 

 Due to the non-linearity of the following equation, which is 

basically represent a model of perfect fluid distribution of plane 

symmetric case [Gupta, y. k et al., 1996 and Jasin, M. K. 2000]. 

 

 

 

                (3.33) 

 

so, the differential equations describe the realistic situation 

normally are non-linear type and corresponding solution can not be had 

easily. In this regard, the well-known method of Lie point group of 

transformations shall be used which is already discussed in earlier chapter.  

 

3.3.2 Solutions 

 Equation (3.  ) can be written in form of 

 

          (3.34) 

let  

H = H(u, ü, ù, ù, u, u, r, t) 

Which is invariant under the transformation 

u = u , t = t , r = r    (3.35) 

 

now to solve (3.34) by using similarity transformation method, we have: 
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          (3.36) 

Let u =  (r,t), now (3.36) becomes 

 

 

 

 

 

 

 

 

 

 

 

 

 

          (3.37) 

Substituting (3.37) into the recurrance formula  
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          (3.38) 

using (3.37), with some simplification, we have: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

          (3.39) 

 

Now by equation the coefficients of different power of  to zero, 

we get the following set of determining equations 

Tr = Ur = Ut = Ru = Tu = Uuu = Ttt = Rrt  =0 

T + t(Uu – Rr – Tt) = 0 

-T – t(2Uu – 3Rr) + t2Rtt – 2tRt = 0 

T + t(4Uu = 3Rr – 2Tt) = 0 

4(Uu – Rr) + 2Rt – tRtt = 0 

          (3.40) 

 

Here, for our convenience we have replaced  
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u = ur and 

ú by ut etc.; 

The set (3.40) can be uniquely solved to give  

R = r + t3 +  

T = t 

U = u +          (3.41) 

Where  

, ,  and  are constant 

Now we are going to find all the similarity solutions. By using Lagrange 

method so, we have: 

 

          (3.42) 

the following two subcases occur 

case I :  = 0,  case II :   0 

case I 

 = 0, we have the form 

 

          (3.43) 

which immediately yield 

 

          (3.44) 

 

 

 

When insert (3.44) into (3.43) the requirement is that 

  

 

- [14(at3 + b)2]-1 [8a3 t9 - 42ab2t3 - 7b3 - 7b + 

14ct2]   
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(3.45) 

where c is an arbitrary constant, 

case II  

  0 

the following equation 

 

(3.46) 

which immediately suggests the form of u as : 

 

          (3.47) 

 

 on inserting (3.47) into equation (3.46), we get 

y(y2 -  x) + 2x y 3 – 2yy 2 +      y = 0   (3.48) 

 

where y =    and x =  +  

the equation (3.48) can be solved by using any technique as follows: 

subcase I 

when  

y2 -  x  =0 

equation (3.48) can be written as  

2x y 3 – 2yy 2 +      y = 0      (3.49) 

which is easily solvable 

subcase II 

when  

y2 -  x  0 

so the equation (3.48), can be solved by using STM, to get  
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So (3.49) will takes the shape 

 

 

on integration, we get 

 

 

which is hyperbolic or elliptic integral 
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It is clear from the previous work that a systematic study of 

transformation is useful part of a general integration theory. These 

transformations must have group properties. 

So, such physical problems have been studied in details with new solution 

have been found. 

Hence One should be very careful a bout this method the main 

advantage of this method is that most of the physical problems , which 

are non- linear can be solved by this method. 
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