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Chapter One Some Definitions and Concepts from Differential Geometry

In this chapter, we introduce some basic ideas and important
concepts of differential geometry such as tensor, first fundamental form,
second fundamental form, Gaussian curvature, geodesics, &tc.

We shall denote the familiar three dimensional Euclidean space

(traditionally denoted R®) as E3. In studying the geometry of a surface in

E3 we find that some of its most important geometric properties belong to
the surface itself and not the surrounding Euclidean space.

The property of a surface which depends only on the metric form is
an intrinsic. For example, Gaussian curvature is an intrinsic property of a

surface.

1.1 Tensor [6]
An nth- rank tensor in m- dimensional space is a mathematical

object that has n indices and m" components and obeys certain
transformation rules. Each index of a tensor ranges over the number of
dimensions of space. However, the dimension of the space is largely
irrelevant in most tensor equations (with the notable exception of the
contracted kronecker delta). Tensors are generaizations of scalars (that
have no indices), vectors (that have exactly one index), and matrices (that
have exactly two indices) to an arbitrary number of indices.

Tensors provide a natural and concise mathematical framework for
formulating and solving problems in areas of physics such as elasticity,
fluid mechanics, and general relativity.

The notation for a tensor is similar to that of a matrix (i.e.,
A= (a;)), except that atensor a, ,a’*,a’, etc., may have an arbitrary

number of indiceswherel, j, k...=1, 2, ..., m. In addition, a tensor with rank
r+s may be of mixed type (r, s), consisting of r so-called “contravariant”
(upper) indices and s “covariant” (lower) indices. Note that the positions of
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the dots in which contravariant and covariant indices are placed are
significant so, for example, a,,, isdistinct from a .

While the distinction between covariant and contravariant indices
must be made for general tensor, the two are equivalent for tensors in
three-dimensional  Euclidean space, and such tensors are known as
cartesian tensors.

Objects that transform like zeroth-rank tensors are called scalars,
those that transform like first- rank tensors are called vectors, and those
that transform like second-rank tensors are called matrices. In tensor

notation, a vector v would be written v;, where i= 1, 2, ..., m, and matrix is

atensor of type (1, 1), which would be written aij In tensor notation.

Tensors may be operated on by other tensors (such as metric tensors,
the permutation tensor, or the kronecker delta) or by tensor operators (such
as the covariant or semicolon derivatives). The manipulation of tensor
indices to produce identities or to ssimplify expressions is known as index
gymnastics, which includes index lowering and index raising as special

cases. These can be achieved through multiplication by a so-called metric

tensor g;;, 9", 9/, etc, eg,,
g'A =A i,j=1,2,...,m (L)

gy Al = A . (1.2)
The metric tensor is a tensor of rank 2 that is used to measure distance
between any two points in a given space.
Tensor notation can provide a very concise way of writing vector and more
generd identities. For example, in tensor notation, the dot product u.v is
simply written

u.v=uivi, ... (1.3)

where repeated indices are summed over (Einstein summation).
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Similarly, the cross product can be concisely written as
(UXV)i :eijk Uij, (14)
where €, isthe permutation tensor

Contravariant second-rank tensors are objects which transform as

pil _ 4

=— L,k 1=1,2, ..., m ... (L.5)
OXk OX|
Covariant Second- rank tensors are objects which transform as
aXi 8Xj

Mixed Second- rank tensors are objects which transform as

gi _ 9% 0%
boax ox

B i,j.kl=12,...m o (17

where x| =X (X, X,...,X,) 1S the coordinate transformation, and

Xi =X (X1, X5,..., Xy) ISitsinverse.

Defimtion (1.1.1) [7]

A second-tensor rank symmetric tensor is defined as a tensor A for

which
Amn — Anm
Defimtion (1.1.2) [8]

An antisymmetric (also called alternating) tensor is a tensor which

changes sign when two indices are switched. For example, a tensor

The simplest nontrivial antisymmetric tensor is therefore an

antisymmetric rank-2 tensor, which satisfies A™ =-A"",
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1.2 The First Fundamental Form [9, 10]
Suppose M is a surface determined by X (u,v) = E® and suppose

a(t) isacurve on M, the variable t is caled the parameter of the curve,
t e[a,b] for a,be R. Then we can write & (t) = X (u(t),v(t)) ((u(t), v(t)) is
acurvein R?whoseimage under X isa ). Then

oXdu o&Xdv - -
a't)=——+——=uXq1+VX ....(1.8
®) ou dt ov dt 1 2 (18)

If s(t) representsthe arc length along a (with s(a) =0) then

t
s(t) = [[}a’ (r)|r ... (1.9)
a
wherer isared variable.
And
ds
—=la'(t ....(1.10
R aC (110
SO

5'(t)“2 =a'a’'= (u’)z1 + V’Xz)(u’)zl + V'Xz)

dt

Following Gauss’ notation (briefly) we denote

E=X.X;, F=X.X,, G=X,.X, ... (1.11)
and have
(Ejz - E(%)Z + ZF[d_“ﬂj + G(ﬂf - (112)
dt dt dt dt dt
or in differential notation
ds? = E(du)® + 2F (dudv)+ G(dv)? ... (1.13)
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Definition (1.2.1) [9]
Let M be a surface determined by X(u,v). The first fundamental

2
form (or more commonly metric form) of M is (%j or (ds)® as defined

informulas (1.12) and (1.13).

Definition (1.2.2) [10]
The matrix of the first fundamental form of a surface M determined

by X(u,v)is

(E Fj E(911 glzj
F G) (9n 9»
where E, F, G are as defined in formula (1.11). This matrix determines dot
products of tangent vectors.
If V=aX, +bX, and W = cX,; + dX, are vectors tangent to asurface M at a
given point, then

VW = (aX; +bX, J(cX, + dX,)

= Eac+ F(ad + bc)+ Ghd

o o7 o)

Notation [9]

We now replace the parameters u and v with u! and u? in formula
(1.13).

We then have

ds® = gll(dul)2 + 2g;,du’du? + gzz(duz)2 =Y g;du'du’ ... (1.14)
i

where the summation is taken over the set {1, 2}. If V is a vector tangent

to M at a point p and vz(vl,vz) in the basis {Xl,XZ} for the tangent
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planea p, thenwehave V=3 V' X;.
i

If &a(t) isacurveon M where & is represented by X(ul(t),uz(t)) then

a't)=ur @)X, +u? )X, =Su"X;.
i

1.3 The Second Fundamental Form [11]
We have treated a path a(t) along a surface M as if it were the

trajectory of a particle in E3. We then interprete a"(t) as the acceleration

of the particle. Well, a particle can accelerate in two ways:

(1) it can accelerate in the direction of travel, and (2) it can accelerate by
changing its direction of travel. We can therefore decompose a” into two
components, at (representing acceleration in the direction of travel) and

—

ay (representing acceleration that changes the direction of travel). We

may have dedlt with this by taking a% as the component of &” in the

direction of a’ computed as a% = a‘(”.i a
P T

and a as the “remaining component” of & (that is, a g =a" —axt).
The unit tangent vector T(s)=a'(s)=u' X, with & parameterized

in terms of arc length s, afzef(s):i(ul(s),uz(s)). We can see that

~d4

a"(s)=T'(s) is a vector norma to a’ where T'=kN. We agan
decompose &"into two orthogona components, but this time we make
explicit use of the surface M. We wish to write:

A" = + 8y

3" 3 a4

where ay,, is the component of a” tangent to M and &, is the

component of a” normal to M. Notice that ay,, will be a linear

combination of X, and X, (they are a basis for the tangent plane) and
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apy Will be a multiple of the unit normal vector to M,
. - X x X

U | calculated asU = ~1°22 |

Xy X

Since &(s) = )?(ul(s),uz(s)) and a’'=u'""X; (here, 'means d/ds), then
a"=u"X; +u" X/ =u"X; +u" =L

Now u''X; is part of ap,,, but u' X! may also have a component in the
tangent plane. Well,
dX.
ds
:axi ut + aX; u? =i
ou ou ou’

oX; dut X, du?
+

:%[Xi(ul(s),uz(s))]: oul ds  pu? ds

0o
If we denote aaiaxj = Xij (we have assumed continuous second partials,
u'ou

. - dX; o
so the order of differentiation doesn’t matter) then we have d—' = Xjul.
S

S0 acceleration becomes
a"=u" X, +u'ul'X;.
We now need only to write )?ij In terms of a component in the tangent

plane (and so in terms of X;and X,) and a component normal to the

tangent plane (which will be amultiple of U ).

Defimtion (1.3.1) [11]

With the notation above, we define the formula of Gauss as
Xij Zr‘i;Xr + L”U . (115)

That is we define L; as the projection of )?ij in the direction U . Notice,

10
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however, that T3 may not be the projection of X;; onto X, sincethe X, s

are not orthonormal.

Note [11]

Since projections are computed from dot products, we immediately
have that

Ly =%y 0 =%, .—Hﬁli §2H . (116)
1 2

We therefore have

A=A +a 0y =U" +Tu'ul) X, +(Lu'ul)U ... (1.17)

Definition (1.3.2) [12]

L L
The second fundamental form of surface M is the matrix [Lll lej
21 22
where the determinate of this matrix is L. The projections L;; are defined

in formula (1.16).
1.4 Gaussian Curvature [13]
If f(x,y,z) is a (scalar valued) function, then for ¢ a constant,

f(x,y,z)=c determines a surface (we assume all second partias of f are

continuous and so the surface is smooth). The gradient of f is
gr[2 2 2t}

OX 0y 0z

If Vv, is a vector tangent to the surface f(x,y,z)=c a point

p.=(x.,y.,z,), thenvf(x ,y,,z) is orthogona to V,(and soVf is

orthogonal to the surface). The equation of a plane tangent to the surface

can be calculated using Vf asthe normal vector for the plane.

11
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Definition (1.4.1) [13, 14]

Let V be a unit vector tangent to a smooth surface M c E® at a

point P (again making no distinction between a vector and a point). Let
U be a unit vector normal (perpendicular) to M at point p. The plane

through point P which contains vectors vV and U intersects the surfacein a

curve a; called the normal sectionof M at p inthedirection v .

Example (1.4.2) [11]
Let M :x? + y2 =1 (an infinitely tall right circular cylinder of radius
1). To find the normal section of M at the point p=(1,0,0) in the direction

v=(0,1,0). We can use a norma vector to M a p as

v(x2 + y?)= (2X’2y’0)((1,0,0) ~(2,00)

Therefore, we take U =(1,0,0). The plane containing U and V has as a

normal vector

UxV= =(0,01).

o =
b O —
o o X

Therefore the equation of this plane is O(x—-1) +0(y—-1) +1(z—0)=0o0r
z=0. The intersection of this plane and the surfaceis

ay = {(x Y, z}x2 +y?=1, 2:0}.

————————

12
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Definition (1.4.3) [11]

Let &, be anormal section to a smooth surface M at point p in the

direction V. Let U beaunit normal toM at p (-U isalso aunit normal to

M at p). The normal curvatureof M at p inthe v direction with respect

to U, denoted kg (V) IS

Ko (V) == ... (1.18)

where N isthe principal normal vector of &, at p and R(V) is the radius
of the osculating circleto a; at p. If a, has zero curvature at p, we take

K, g (V) =0.

Note [12, 13]
We have defined the normal curvature of a surface at a point p in
the direction v : k, (V). Therefore, for a given point on a surface, there are

an infinite number of (not necessarily distinct) curvatures (one for each

“direction”). We can think of k,(v) asafunction mapping the vector space

T;(M) (the plane tangent to surface M a pointp) into R That is

kn:T5(M) — R. We need Vto be a unit vector, so the domain of k, is

{veTp(M)‘ IV ||= 1}. Therefore, k,, is a continuous function on a

compact set and by the extreme value theorem (for metric spaces), k,

assumes a maximum and a minimum value.

Definition (1.4.4) [11]

Le M be a surface and

—

P a point on the surface. Define
k; = maxk, (V) and k, =mink, (V) where the maximum and minimum are

taken over the domain of k,,. k; and k, are called the principal curvatures

13
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of M a p, and the corresponding directions are called principal directions.
The product K = K(P) =k;k, isthe Gaussian curvatureof M at p.

Theorem (1.4.5) [11]
The Gaussian curvature at any point p of a surface M is

Proof
First, if v=v'X; then
V] = (5% + V2%, ). (%, + V2K, |
= (V)2 X Xg + 20V (vA) X X5 + (VP)2 X 5. X,
= gmnvmv'”(gmn = Xan).
Therefore finding extrema of k,(V) for [v|=1equivaent to finding

extrema of

Ljv'v!

k =k, (V)= ... (1.19)

IV V"
for veT,(M) and v=0. If k,(V) is an extreme value of k, where

v=VvX,, then K_K _gav (that is, the gradient of k is 0 however,

vt v
this gradient

is computed in a (v!,v?) coordinate system, not (X, y)). Now

ok _ lZLerj KgmanVn )— (Lij viv) lzgrnVnJ

r
v (gmanVn)2
LijViVj : i :
forr=1,2.Now k=———, soreplacing L;v'v’ with kg,,,v"v" gives
GV V"

14
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ok _ 2L“-vj (gmnvmv”)— (kgmnvmvIrl )ngvn

2
ov' (Grmv™v")
2L,v! - 2kg, V" 2L,v) - 2kg V!
B gmnvmvn B gmnvmvn
2Ly —kgy
OmV™"

for r=1, 2. So at an extreme value, (Lij — kg )\/j =0fori=1,2 Thisistwo
linear equations in two unknowns (V' and v?). Since V is nonzero, the only
way this system can have asolution isfor det(L;; —kg; )=0. That is:
det{ Lig —kgn  Lip— k912:| _0
Lo —kgo1 Lo — kg

or (Lyg — kg1 (Lop — kg2p) = (Loy — kg1 J(Lip —kg12)=0
Or gl —KLyy82 —KlppGis + k201102 — Loslsy

+ KL 1o + KLip 91 — K?01291 =0
or k?(011922 — 912921)— K(G11L oz + 920 la1 — G1oLaz — 91l on)

+(Liglor — Lyilyp)=0
or k?g —k(gulz + g2plss — 2015L4,) + L =0
since Ly, = Ly, L =det(Ly; ) and g =det(g; ).
So for extrema of k we need

K2 _ k[ Oualoo + 9oobys — 2912'—12] + L_ 0
g g

Since k; and k, are known to be roots of this equation, this equation

factors as
(k —ky Nk —ky)=k?* = (k; + ko )k + kik, =0. Therefore, the Gaussian

curvatureis kik, =L/g.m

15
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Theorem (1.4.6) [11]

If v and w are principal directions for surface M at point p
corresponding to k; (maximum normal curvature at p) and k, (minimum
normal curvature at p) respectively, then if k; #k, we have vand w are

orthogonal.

Defimtion (1.4.7) [9]
For a surface determined by X(u®,u?), the equations U, =L\, X;

for j=1, 2 are the equations of Weingarten, where L, = L (ul,uz): L;g"

for i,j=1,2and U;is tangent to M. Therefore U isalinear combination

of X, and X,.

1.5 Geodesics [15]

A curve a(s) on asurface M can curve in two different ways. First,

—

a can bend along with surface M (the “normal curvature” discussed
above). Second, a can bend within the surface M (the “geodesic
curvature” to be defined).

For curve a on surface M, a” can be written as components tangent

and normal toM as a" =ay,, +a,, Where
&l = (U +Tu"ul )X,
ary =(Luul P
and the parameters on the right hand side are defined in section (1.3). &,
reflects the curvature of & due to the bending of M and a/,, reflects the
curvature of & within M. Now

—

ap, U= {(ur" +ri;ui’ui')>2r }.U =0

16
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— —

Xix X,

weknow thatU =21~ 2
X0 x X

(a’|=]a"(s)|=1and. =d/ds).
Therefore &1, is orthogonal to both U and &'. If we define W as the unit

vector w=U xa”, then af,, isamultiple of W (and W is a vector tangent

to M).

1.6 Some Properties of Geodesic and Christoffel Symbols [11]
There are some important properties which need it in this thesis

(1) Let a(s) beacurveon M where sis arc length. The geodesic curvature
of a at a(s) isthefunction k, = kg (s) defined by
A = kW =k, (U xa"). ... (1.20)
(2) The geodesic curvature kq of curve & in surface M can be calculated as
ky=Ua’'xa". ... (1.21)
(3) Let a =a(s) be a curve on a surface M. Then & is a geodesic if
ar, =0 (or equivalently, if &"=a/,) at every point of & .
(4) A geodesic on a surface is, in a sense, as “straight” as a curve can be on
the surface. That is, @ has no curvature within the surface. For

example, on a sphere the geodesics are great circles.

(5) If & isageodesic on M then
ur”+1“i}ui'uj' =0

forr=12andUa’'xa"=0.

17
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(6) Let X (ut,u?) be asurface and let g;j and l“i} be as defined in sections
(1.2) and (1.3). The Christoffel symbols of the first kind are
L =T gy fori,j, k=1,2, ... (1.22)
(7) The l“iJr defined in section (1.3) are the Christoffel symbols of the
second kind. Since I} =I'}; then I =T, Also, since (g;) ™" =(g"),
we have
LM =T, g . . (1.23)
(8) Let X (ut,u?) be asurface and let g;j and l“i} be as defined in sections

(1.2) and (1.3). Then

Fijk == X'] 'Xk (124)
_ 1 8gik agjk aglj
Fijk E( 8uj + aui — 8uk (125)
and
1 w09k 99k O9jj
I ==g"¢ K = - ....(1.26
1750 (8u’ ou'  ouk (1.26)

(9) Let X(u',u®) be a surface. Then the coordinates X, and X, are
orthogonal if g;, = g =0. (This makes sense since g;; = X;.X;).
(10) Let X(u',u®) be a surface and let g; and T} be as defined in

sections (1.2) and (1.3). If X; and X, are orthogonal coordinates,

then

pro 1[0, i 0O . (127)
L T W T LA TR T

(no sumsover any of i, j, r).

18
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(11) With the hypotheses of the previous property (with i, j, r=1,2), when

j=r

; 1 o9, 10
.= = — - In . 1.28
ir Zgrr al 28u|[ grr] ( )
and when i=j#r
r :L(_ 59_n] . (1.29)
29, \ o'

(12) In dimensions 3 and greater, if coordinates are mutually orthogonal,
then for i, j, r al distinct, Fi} =0. (in the event that one or more of i, |,
r are equal, the two properties (10) and (11) apply).
(13) In the case of orthogonal coordinates, if we return to Gauss’ notation:
gu=E, 01=0x1=F=0, 0,=G
we have the first fundamental form (or metric form) ds® = Edu? + Gdv?

on surface X (u,V). In this notation, the Christoffel symbols are then

E G
I=—y I, =—x
11 2E 22 G
E G
| P e — 2 =r%=—u ... (1.30
12 21 2E 21 12 G ( )
G E
ri —_>u [3=-——v
22 2E 11 G

1.7 The Curvature Tensor and the Theorema Egregium [16]

A property of a surface which depends only on the metric formis an
intrinsic property. We have shown (Theorem 1.4.5) that the Gaussian
curvature at apoint p is K(p)=_L/g where L is the second fundamental
form and g is the determinate of the matrix of the first fundamental form
(or metric form). Therefore, to show that curvature is an intrinsic property

of a surface, we need to show that L is a function of the g; (and their

derivatives) which make up the metric form.

19
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Lemma (1.7.1) [9]

The coefficients of the second fundamental form and the Christoffe

symbols are related as follows (for h=1,2):

orh ey
aunj( B aullj( +Fﬂ<rrrj] _rijrrrhk — |_ik|_rj‘ - LR ... (1.32)

Defimtion (1.7.2) [3]
For a surface M with Christoffel symbols as above, define

orh ory
R =—* - —aul'J‘ + L) - T . (132)

These make up the Riemann-Christoffel curvature tensor (with h=1, 2).

Theorem (1.7.3) [11]

(Gauss’ Theorema Egregium)
The Gaussian curvature of a surfaceis an intrinsic property. That is,
the Gaussian curvature of a surface is a function of the coefficients of the

metric form and their derivatives.

Proof

From the lemma and definition of R} we have

Rl = Ly L] — Ly L ... (1.33)
NOW deﬁne Rmijk - gmhRi?k == gmr thjk (134)
Then

ng =g™ Rmijk -

Now the Riemann-Christoffel curvature symbols R?k are intrinsic and
therefore Ry are also intrinsic. Multiplying (1.33) by g, gives

(summing over h=1, 2)

20
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gmhRi?k = gmhLikLrj] — Oy L LE = OnmLik L? — OhmLyj LE
or
Ruijk = LikLjm — Ljj Lim SiNC gL} = L.
In particular, with m, j=1 and i, k=2
R1212 = L22 I—11 - I—21'—21
=Lylos — Loy,
(sincel; =Lj)
=det(L;;) =L
Therefore, since Ry are intrinsic, then L is intrinsic and

K=L/g=Ry,/ g isintrinsic.m

Corollary (1.7.4) [11]

For a surface M determined by X(u,v) =X (u*,u?) the curvature is

given by

1 1 1 h h
K= a|:Fuv ~S5Bw 56w (r12r1r2 _r22r1r1)grh} e (1.35)

21



Chapter One Some Definitions and Concepts from Differential Geometry

Corollary (1.7.5) [11]

For a surface M determined by X (u,v) with orthogonal coordinates

(X,.X, = F =0) the curvatureiis

) e
2JEG |\ ou| VEG | ov| VEG R
Proof

With F=0 and equation (1.30) (which gives the Christoffel symbols

in an orthogonal coordinate system in terms of E and G) we have

1(1_ 1 ) )
“= E{_ 2 Bw EGUUJF ((1“112) - 1“%21“111)911 + ((F122) - 1“2221“121)922} (1.37)

(since gy, = g, =0 and det(g;; )= 91192, = EG)
2 2

=i —EEW 1Guu+ E ——i 5 E+ & _& _E G

EG| 2 2 2E 2E |\ 2E 2G 2G )\ 2G

1] 1 1 E?2 EG G2 EG
=—<-—E, -G, +| L+ L E+ L+ G

EG{ 2 W oW [4E2 4E2) (4@2 462) }
:_L{EE 1 EEZ + EE,G, _GGUZ+EVGGV}

W
2

4E? 4G?
2 2
JEG Ew+‘/EGGuu—‘/EG B +EBG, _JEG G, +BGy
" 2EGVEG 2E 2G

uu

- GEZ+E,GG, EGZ+EEG
-—— JEGE,+JEGG, ——L——=u""u_—2u v
2EG«/ EG { ™ - 2JEG 2JEG
-1 G,(EG, +E,G) E,(EG,+E,G)
-—— JEGE,+JEG G, — I —u_—u=/_vi—v v
2EGVEG { " " 2JEG 2J/EG
G,(EG, + E,G) E,(EG, +E,G)
JEGG,, —-—uv—u =) JEGE, -~V
_ -1 - 2EG " 2JEG
2JEG EG EG

~37es (s Fe5 o 75
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Chapter Three  Connections Between Statistics and Differential Geometry

In this chapter, we introduce some interesting connections between
statistics and differential geometry which includes Rao distance based on
Riemannian metric whose elements are the entries in the Fisher
information matrix. The set of distributions form a manifold.

The distance between two distributions is the distance along the
geodesic that connects the two distributions. Also, we study Riemannian
metric and Gaussian curvature for some distributions,

The goal of this chapter is to compute Gaussian curvature of some
well known distributions such as normal, Gamma, Cauchy and t
distribution by using different formulas. If the Gaussian curvature of any
distribution approaches to the Gaussian curvature of the normal

distribution, we say that the distribution converges to normal distribution.

3.1 Riemannian Metrics Based on Fisher Information [3, 31]

We define the coefficients of the expected Fisher information matrix
as equa to the coefficients of the first fundamental form (Riemannian
metric) on the space of probabilities, known as Fisher information metric,
which it is a metric tensor for a statistical differential manifold. It can be
used to caculate the informational difference between measurement. It

takes the following form where f (x,q) beaclass of probability densities.

o, :jalogf(x,q)alogf(x,q) F (x,q)dx . (3.)
aq; oq
which can be thought of intuitively as:
“The distance between two points on a statistical differential
manifold is the amount of information between them, i.e. the informational
difference between them”.

An equivalent form of the above equationis:
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g“ :_J-52|ng(X,CI)f(Xq)dX:_E ﬁzlogf(x,q) (32)
! ag; aq; aq; oq;

We define the coefficients of the first fundamental form as:

6%log f (x,q)}
5CI12

Ou = E:—E{

o%log f (x,q)
99, 90,

2
Oy =G=-E 0°log fz(x,q)
aq;

where (g;,q,) are two parameters of the probability density functions. It is

O =0xn=F :—E{

clear that E, F and G are functions of the parameters g, and g,. The

expectations apply to the whole sample space where the random variables
are defined.

3.2 Riemannian Metrics and Geodesics [4, 32]

We know that f(x,q) be a class of probability densities, e.g.
normal, binomial. Suppose that © be the set of all of the values of the
parameter 6 (O isasubset of R").

Assume that 6= (q;,9,, ..., Q,) €©. Consider a quadratic
differential metric in the form

ds? = 3" 3 g; (a)dg; g, .. (33)

i=1j=1
Let g =q(t), t; <t<t, represent a curve that joins the points in ©

p=q(t), Q=q(t,). Let C represent the set of all such curves. The
geodesic distance between p and Q will be defined by

t

J

51

d(p,Q)=min ....(3.4)

. 1/2
{Z 2. 9i (Q)Qiqj} dt

i=1j=1
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A curve for which this minimum is assumed will be called a
geodesic curve. This curve may be found using the calculus of variations
as a solution to the Euler Lagrange equations. For this problem they take
the form of a system of ordinary differential equations

n n n

zgqul +erijkqiqj =0, k=1,..,n (3.5)

i=1 i=1j=1
with boundary conditions of theform q(t;) =a , q(t,) =b where

og. o
T _ 1| Bk, 096 _ G
2| oq;  0q;  OQy

....(36)

3.3 Fisher Information Rao Distances between Probability

Daistributions [32]

We defined the elements of the Fisher information matrix asin form
(3.2).

By substitution of the probability density into (3.2) the elements of
the Fisher information (3.2) matrix and the Christoffel symbols (3.6) may
be obtained. The system of equations (3.5) may be solved to get the
geodesic curve and the geodesic distance may be obtained using (3.4). The

geodesic distance may now be computed between two pdfs.

3.4 The Rao Distance for the Normal Distribution [32]
Three cases of distances to be considered for both the univariable
case include:
1- distributions with the same standard deviations but different means.
2- distributions with the same means but different standard deviations.
3- distances between normal distributions where both the mean and
standard deviation are different.

In the univariable distribution case we can see the following:
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Consider two normal distributions with means m and m, and

common standard deviations .

The Rao distanceis

d:m;—mz‘ . (37)

For two normal distributions with common mean p and with standard

deviations s ; and s ,. The Rao distance for this caseis

sy)_|1, [sf
o 2 |- ﬁ"’g(s J

S2
For two normal distributions with respective means m and m, and

d= ... (38)

standard deviationss ; and s ,

d :ﬁ‘log%&g ... (3.9)

Observethat in (3.10) 6<1

where

(”1‘”&)2+2(51—52)2
d(12) = .... (3.10
-2 Jm—m%z(sﬁsz)z 10

Furthermore, the derivative of d with respectto é is

d2

}o for ||<1 o (3.11)

Thus, the Rao distance is an increasing function of 4. As the difference
between the standard deviations remaining constant 6 and hence the Rao

distance increases. For a constant difference between m and m, the Rao

distance becomes larger for increasing standard deviations when

2s1-S,)s2+(1-S,)s1-52)) .. (3.12)

\m—%KJ
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For the quantity under the sgquare root sign in (3.12) to be positive either
S;>lands;>s,ors;<lands;<s,.

The following theorem explains this case:

Theorem (3.4.1) [32]

Assume that C is apositive number on the unit interval where

S1—-S,
S1+S5,

<C«<1.

Then a necessary and sufficient condition that

1.d<C
1+C
2.d<+/2lo
g1—C
isthat

2C2(31+52)2—2(31—32)2
—my|<
m - \/ 1-C?

The condition (3.12) guarantees that the expression under the square

... (3.13)

root signin (3.13) is positive.

3.5 Riemannian Metric For Some Distributions
(2) Normal Distribution [3]
Let Q; be alocation scale manifold of density that has the following

general form:

1 Y
le{f(x):ﬁexp(— (szl;) J

where u is the location parameter and v is the scale parameter. We also

(u,v) e Rx R+}

assume that the regular conditions of the information metric are satisfied.
The first and second partia derivative, with respect to parametric lines u

and v, are given as:
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o°Inf 1
ou? v2
o%Inf 1 X—u)
! :_Z_M ... (3.14)
oV vV \Y;

o°Inf  2(x-u)
ovou Ve

It is commonly known that the expected value and variance of the

random variable X are u and v?, respectively.
From this, we could easily derive the coefficient of the first

fundamenta form

Metric Tensor=

o ek

2
V2

or

olszzviz(olu)%\%(olv)2 ... (3.15)

(b) Cauchy Distribution [3]
Let Q, be the location scale manifold of density which has the

following general form:

Q, _{f(x)_vaz +(iu)2%xe R, (u,v) € Rx R+}

where u is the location parameter and v is the scale parameter. The
logarithm of the likeihood function of Cauchy density with one

observation can be written as
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|nf=m%—w@2+u—uf) ... (3.16)

As before, we can derive the first two partial derivatives with respect

to the parametric lines u and v.
o%Inf 2((x—u)2 —v2)
ou® ((x—u)2 +v2)Z

o%In f -1, 2(v2 —(x—u)z)
2

. (3.17)

v v (v2+(x—u)2)2 |
o’Inf _ —4v(x-u) |
ovou (v2 +(x—u)2)2

Taking the expected values of equations (3.17), we finaly get the

following results:

2 2
E=—Ea|nf _ 1 ,F=—Ea|nf 0. and
ou? V2 oudv

o%In f 1
ov? N2

— 0

Metric Tensor=| 2V L
0 _—
2v2

or

ds? zz_iz(du)z +2—\1/2(dv)2 ... (3.18)

(c) Student t Distribution [3]
Let Q5 bethe location scale manifold of density that has the student

t distribution and generally has the form:
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xeR (uv)eRxR,

r+1 r+1
1 r(z) 1(x—u)?) 2.
Qs = f(X):——(l+—( jj

)

where u is location parameter and v is scale parameter. Let us define the
following variables to ssmplify the notation:

5]
: C,=——1=%x.
\/p_rr(rJ
2
Then the logarithm of likelihood function of family t, can be written
asfollows:

2
Inf(x)=InC, mm{u{%} J—mv ... (3.19)

From equation (3.19), we can derive the first and second partial
derivatives:

o%Inf _ 2ab(a(x— u)* —v2)

, b=

—
o[
=

ou® (a(x— u)* +v2)2
2
ﬁa\llr;f =V_2 o

= 6ab(x — u)2v‘2(1+ a(x - u)zv‘2)+ 4a”b(x—u)*v
(1+ a(x - u)zv‘z)2
o%Inf _ 4abv(x—u)
ovou (a(x —u) + v2)2

We can now take the expected values (3.20), and have the following
results:

....(3.20)
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2 —
E__E o°Inf :—2ab( r ] r+1

ou? Vi(r+3)) V3(r+3’
2
c__gl@’inf o,
ovou
2
G-_g oInf =_—1(1—3r—+1).
ov? v2 r+3
2r+l 0
Metric Tensor= | " (r+3) 1 11
0 _—2(1—3—j
V r+3
or
r+1 1 r+1
ds’=——"~= (du 2——(1—3—) dv)? ...(3.21
v2(r+3)( ) ! r+3( ) (3.21)

(d) Gamma Distribution [4]
We know that

: x2 1 e x50
I'@@) ’

be probability density function of Gamma distribution.

p(x]a,b) =

The parameter space ®=(a,b) may be viewed as a manifold.

Consider a new set of coordinates (0o, n) where n=log (a/B). The

distributions then take the form

4 A _avah
aaxa 1e ha —axe

, x>0
I'(a)

f(xlah)=

Inf =alna + (@ —)Inx-ha —axe™ —InT"(@) ....(3.22)
From equation (3.22), we can derive the first and second partial

derivatives:
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!

2 ' 2 2
ofInt _1 _('@)] oinf _,o7Int _ e .. (3.23)
oa’? a \(I'(@)) ohoa oh?

For the Gamma family of distributions, the coefficients of the first

fundamental form:

E:_E[azm f]{r'(a)j _1:T,(a)_a1

oa ? a)) a
where Y (a) = 11:((61) is the digamma function.
a
2
Fo E 0°In f 0
ohoa
2
Go_E 0 In2f _a
oh
Metric Tensor= (g(a) Oj
0 a
or
ds? =g(a )(da )?+a(dh)? ... (3.24)
where g(@) = Ma)) _t
@) a
(e) Pareto Distribution
b
f(x):?(§+l a<x<w, a,b>0

Then the logarithm of likelihood function of family Pareto, can be

written as follows:
Inf =Inb +blna — (b +1)Inx ....(3.25)

As before, we can derive the first two partial derivatives with respect

to the parametric lines a and (.
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2 2 2
alnf:_b’ alnle’a Inf:_l .. (3.26)
oa’ a? oboa a b2 b?

We can now take the expected vaues of (3.26), and have the

following results:

o%In f b
E=—E =
oa 2 a?
2
G Inf)_ 1
oboa a
o%In f 1
G=-E -
ob? b?

b 1

2
. _la a
Metric Tensor= 1 1
a

b2
or
ds? :%(ola)2 _ 2 dadb +i2(o|b)2 ....(3.27)
a a b
(f) Wald Distribution
Foxml )= / ( L (x= ”D],x>q ml >0
The logarithm of the likelihood function of wald density can be
written as
1 | (x-m)? 1 3
Inf ==Inl - —=——"— —=In2px ....(3.28
2 ontx 2 (3.28)

From equation (3.28), we can derive the first and second partial

derivatives with respect to the parametric linesp and A
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d%Inf -1 (3x—2m)

ont m’
o%Inf  —(x—m)
ol om nt
o%Inf 1
al 2 21 2

... (3.29)

We can now take the expected values of (3.29), and have the

following results:

o%In f |
E=-E =
L ot ) ot
2
Fo_E o°Inf 0
ol om
o%In f 1
G=-E -
al 2 2| 2
R
Metric Tensor = m

or

ds? = (dm)? +T12(dl 2

m’

... (3.30)

3.6 The Gaussian Curvature of the Probability Distribution [3]

First, we define the six well known Christoffel symbols as:

GE, - 2FF, + FE,

1l _
= 2[EG-F?)

, 2EF,-EE, - FE,

" 2EG-F?
GE, - FG,

k= ,
2 olEG - F2

, _2GF, -GG, - FG,

“  2Eec-r?

EG, - 2FF, + FG,
JEG-F2)

;.. (3.31)

2 _
1_‘22_
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Since E, F and G are functions of parameters (u, v) and are continuously
twice differentiable, E;, E,, F,, F,, G, and G, al exists and are all well
defined. Additionally, no assumption is made regarding F=0, and so the
parametric lines are not necessarily orthogona. However, if F=0, the six
Christoffel symbols can be greatly simplified.

Now, we select four formulas that can be used to compute the

Gaussian curvature of the distributions:

w ko 1 [2[1208), af 1 00E
JEG|oaulJE au | ovlG ov

(B)

E F
K =_ 1 |:i GU_FV _i Fu_Ev :l_ 1 Eu Fu
2EG_F2|UVEG F? VEG F?] 4leG_F?flc .

_119(Dy2) 9(D23)|_110(Da) (D
© K_D{av(EFﬂ) au(Erlzﬂ D{au(Grzzj av(c;rlzﬂ

where D? =EG - F?

(D) K — R1212 — (12’12)
EG-F? EG-F?

2
where (12, 12): R12]_2 = Z Rl_m219m2 )

m=1
1 O il 0 rl L pmel _pmpd
F\l)'jk_a_. ik > Ljk ikl m —1jklm, SUMoONM,
J |
where the quantities of Rﬁk are components of a tensor of the fourth order.
This tensor is called the mixed Riemann curvature tensor. Notice that g;4,
0:», and g,, are simply tensor notation for E, F and G.

Clearly formula (A) is a specia case that is valid only when the
parametric lines are orthogonal. Formula (D) is a general form represented

in Riemann symbols of the first and second kind, respectively. In formula

52

O ®



Chapter Three  Connections Between Statistics and Differential Geometry

(D), Rys1», the inner product of the mixed Riemann curvature tensor and
the metric tensor, is called the covariant Riemann curvature tensor; it is a

covariant tensor of the fourth order. The components Rﬁk and Ry,,are

also known as Riemann symbols of the first and second kind, respectively.
Notice that Riemann symbols of the second kind will satisfy the relation

symmetry with respect to the last two indices.

It is useful to be aware of the fact that the Christoffel symbols
depend only on the coefficients of the first fundamental form and their
derivatives. The same holds true for the mixed Riemann curvature tensor.
From this point of view, as long as we can find the coefficients of the first
fundamental form of a given distribution and their first and second
derivatives, we can uniquely define the corresponding Christoffel symbols
and hence mixed Riemann curvature tensors. Thus, the process of
computing the covariant Riemann curvature tensor and Gaussian curvature
issimplified.

From a different perspective, we know that the mixed Riemann
curvature tensor will link with the coefficient of the second fundamental
form, namely e, f, and g, by

RD1=g"(eg - f?), where

11 G 12 -F 22 E

Y Tee-rF? Y Tee-F? ¥ TEG-F7

The above relation can then be easily used to derive Ry,, =eg — f 2

and the result will be the original fundamental definition of Gaussian

curvature.
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3.7 Some Examples

In this section, we give the details of some examples which will deal
with the location-scale family of densities and methods of finding those
with negative Gaussian curvature,

Chen, WW.S. used the formula (D) to compute our Gaussian
curvature with the p.d.f. of normal, Cauchy distribution and t family
distribution but, Gruber, M. H. J. used the formula (B) for the normal and

Gamma distribution.

Example (1) [3]
The metric tensor of the normal distribution as calculated in section
1

V2

(3.5)-a where the coefficients of the metric tensor are E = F=0,

G=

%, as well as their corresponding derivatives with respect to the

\Y

parametric linesu and v:

Substituting the listed results into formula (D) to compute the

Gaussian curvature. Chen, W.W.S. found that I';; =I'5 =T, =0.

2 0 2 12 202 -1

- 912 _rir24+riri-—=

Ri>1 oy T tadntinle =25
> -1
R1212=R121C5=V—4

EG 2 2

Also, Gruber M. H. J. found the same result when he used formula

 _Rup _-1v' 1

(B).
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Example (2) [3]

The metric tensor of the Cauchy distribution as calculated in section
(3.5)-b. The derivatives of the coefficients of the metric tensor and six
Christoffel symbols are all straightforward computations. Due to the fact
that the Cauchy distribution is the same as the normal distribution, that is,

I}, =I5 =T, =0, Chen, W.W.S. used formula (D) to derive the Gaussian

curvature.
2  r2r2 -1
I:{121 = F11 F21F11 +Il% = ¥
1
EG=—
av*
2 m 2 -1
Ri212 = 2 R219me = RinG = ~a
m=1 2V
K=z _ g9 1) 5
EG ot

This result shows that Cauchy distribution does not converge to the

normal distribution.

Example (3) [3]

The metric tensor of thet distribution as calculated in section (3.5)-
c. The procedures to compute the derivative of the coefficient of the metric
tensor and six Christoffel symbols became routine procedures.

Chen, W.W.S. computed the Riemann symbols of the first and
second kind, respectively. Thus, the Gaussian curvature is calculated as.

—(r+1
I:{121 = 1ﬁ11 F%lrlzl + F121F222 = —(r+d) > )
2rv
—(r+1)
Rio1o = Z R219m2 = 221 VRPN
vA(r +3)

K = R1212 _—(r+3)
EG 2r
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This result shows that t distribution converges to the normal

distribution at certain value of r.

Example (4) [4]

The metric tensor of the Gamma distribution as calculated in section
(3.5)-d. The Gaussian curvature of the Gamma family of distributions
dependsonly on a € (0,).

Gruber M.H.J. used the formula (B) to compute the Gaussian

curvature. To find K(a ) he used the formula K(a ):_1—(ag(a ))2,
4(ag(a))

which obtained by applying Gauss Remarkable Theorem. It can also be
shown that for norma distributions with parameters y and ¢ that the

Gaussian curvature is always — % . Thus,

: 1 : 1
lim K(a)=—=, IlimK(a)=-=.
o, —>» 00 (OL) 2 a—0 (OL) 4

As a —» o the curvature of the Gamma family of distributions tends
toward —% the curvature of the normal family of distributions.

This result shows that Gamma distribution converges to the normal
distribution.
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In this chapter, we explain some theorems of statistics about
continuous random variable, some continuous distributions and Fisher
information. Also, we show the theorems of law of the large numbers and

centra limit theorem.

2.1 Random Variable [17, 18]

Given a random experiment with sample space S. A Random
Variable (r.v.)X is a function which assigns to each element we S areal
number X(w) inthe set E.

There are two types of random variables, discrete and continuous. A
random variable has either probability mass function (discrete random
variable) or probability density function (continuous random variable).

A random variable X is caled continuous if E is the set of the real
numbers R or any subset of R. (or a continuous random variable is one
which takes an infinite number of possible values. Continuous random
variables are usually measurements. Examples include height, weight, the

amount of sugar in an orange, the time required to run amile.

2.2 Probability Density Function [19, 20]

The probability density function (p.d.f), f(x), of a continuous
random variable X, isafunction from Rto [0,x).

The p.d.f. must satisfy the following two conditions:
a f(x)>0 foral x.

b. [f(x)dx=1.
2.3 Distribution Function of a Continuous Random Variable

If X is a random variable defined on the sample space S the
cumulative distribution function (c.d.f), or ssmply the distribution function
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F of the random variable X, is the function from R to [0, 1], and is defined
for dl xe R, by

F(X)=p[X<X]= )j(f(u)du ...(2.1)

In other word, F(X) denotes the probability that the random variable

X takes on avaluethat islessthan or equal to x.

For each random variable X there is one and only one distribution
function. [20]

We can show that the continuous distribution function have the
following properties: [17, 21]
1- F(—©)= lim F(x)=0

X—>—o0
2- F(0) = limF(x)=1
X—>00

3- Fisanon decreasing function, that is, if a<b, then F(a) < F(b)

4- f(x)=%F(x)

5 p(a<X<b)=p(X<b)-p( X<a)

=F(b)-F(a)
b

= [ f(x)dx for a<b
a

2.4 Mathematical Expectation

The expected value (or population mean) of a random variable
indicates its average or central value.
The expected value of arandom variable X is symbolized by E(X) or p.
If X is a continuous random variable with probability density function
f (X), then the expected value of X is defined by
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m=E(X)= | xf (x)dx o 22)
also,
E[g(X)]= [ 909 f () o 23)

where g(X) isafunction of acontinuousr.v. [18, 21]
The properties of the expectation are: [22]
1- E(a)=a for aconstant a

2- E(y X + a,) = a,E(X) + a,for constants a,a,
X 1). : ,
3- E(Vj = E(X).E(V) if Xand Y independent r.v’s.

4- E[ag(X)] =aE[g(X)].
S E[a0;(X) £ a,09,(X)]=aE[g;(X)] £ axE[ g, (X)] .
6-E[ 9,( X )] <E[g,(X)] if g3(x)<g,(x) foral x.

2.5 Varance of Random Vanable [18, 21]

The (population) variance of a random variable is a non- negative
number which gives an idea of how widely spread the values of the
random variable are likely to be; the larger the variance, the more scattered

the observations on average.

The variance of ar.v.X is symbolized by var(X) or v(X) or s  and is
defined by
var(X)=s 2 =E[ X —E(X)]*=E(X?)-[E(X)]* ....(24)
where E(X) is the expected value of X.

If Xisacontinuousr.v. then

var(X)= Ofxzf(x)dx— n?
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The standard deviation of X is symbolized by g, and is defined as

s =./var(X)

2.6 Some Special Continuous Distributions
(@) Gamma Distribution [23]

A continuous random variable X, taking all rea values in the range
(0, =) is said to have a Gamma distribution with parameters a and B if its
probability density function is given by

f(x):%al;bx aj(;fo ... (25)
where q,  are constants. We write X~ G (q, ).

The gammafunction I'(a) isdefined as

Ia)= j x2 e ™*dx for a >0 and has the following properties:
0

1- If ais a positive integer, then T'@)=(a —1)!
2-T'(@)=(@ -Yr'(a —1) for any positive real number a

2o

The mean of thisdistribution is %, and the varianceis % )

The distribution function is

a —1e—bX(bX) ]

F()=1- !
=0 I’

(b) Normal Distribution [17]
A continuous random variable X, taking all real values in the range
(-o0, o) is said to have a normal distribution with parameters p and o if its

probability density function is given by
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1( x—=m\*
_5 S -0 X<

2p -oo<mM<ow,s >0

f(X) = .. (2.6)

where p, o are real constants. We write X~ N (ms 2).

The mean of this distribution is y and the varianceis s 2

The distribution function is

x _ifu=m
F(x)—ﬁ_je ( j du

The values of F(x) can be taken from a special table.

Notes [17]

m is a standard normal variable with

1. If X~ N (ms ?), then 7%=
S

mean O and variance 1.
2. The p.d.f. of the standard normal variable Z is given by

f(z)= —e2 -0 < Z< 0 ... (2.7)

and the corresponding distribution function
f (2)=P[Z < Z] isgiven by

u2

f(z)= jf(u)du— j—du

Thevaluesof f (z) can betaken from a special table.

(c) Cauchy Distribution [22]
A continuous random variable X, taking all rea values in the range
(-o0, 00) is said to have a Cauchy distribution with parameters a and  if its

probability density function is given by
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1 -0 < X< 0

IPRY: -o<a <o,b >0
pb[1+(xbaj }

where a,  are constants. We write X~ Cauchy (a, B).

f(X)=

... (2.8)

The mean and the variance of this distribution do not exist.
The distribution function F is given by

F()=—tan Y X2 |, 1
p b 2

(d) Exponential Distribution [23]
A continuous random variable X, taking all real values in the range
[0, ) is said to have an exponential distribution with parameter A if its
probability density function is given by
x>0

1 Al X
f(x)=1e | 0 ... (2.9)

where A is a constant. We write X ~ Exp(l ).

T | . .1
The mean of thisdistribution is — and the varianceis 7z
The distribution function F is given by

F(X) :](f(u)du :)j(l e Udu=1-¢e"*.
0 0

(e) Beta Distribution [22]
A continuous random variable X, taking all rea values in the range
(0, 1) is said to have a beta distribution with parameters a and b if its

probability density function is given by
O<x<1

! x21(1- x)Pt ... (2.10)

"= 5a@n a,b>0

where a, b are constants. We write X~ Beta(a, b).
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The Beta function B(a, b) isdefined as
1
B(a,b) = [x**(1-x)""dx for a>0, b>O0.
0

The Beta function is related to the gamma function according to the
following formula:

_T(@r(b)

B@b)=Tarn)

The mean of thisdistribution is and thevarianceis

ab

(a+b+1)(a+b)?
The distribution function F is given by

a+b

1 X
fudt@-u)"du

"X =g@b),

The values of F(x) can be taken from a special table.

(f) Double Exponential (Laplace) Distribution [22]

A continuous random variable X, taking all real values in the range
(—o0,0) issaid to have a double exponential distribution with parameters o
and B if its probability density function is given by

1 —ﬁa — 0 < X< 0
f(x)=—-=e ... (2.11)
2b —o<a<owo, b>0

where q,  are constants. We write X~ Lap (a, p).
The mean of thisdistributionis a and the varianceis 2b 2

The distribution function F is given by

a—x

F(x):%e b x<a

{*ﬂ
zl_le b X>a
2
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(g) Pareto Distribution [22]
A continuous random variable X, taking all rea values in the range
(0, ») is said to have a Pareto distribution with parameters a and  if its
probability density function is given by
ba ° a <X<oo

a
....(2.12
xP+1 a,b>0 ( )

f(x) =

where a and 3 are constants. We write X~ Par (a, B).
The mean of thisdistribution is ;—bl for B >1 and the varianceis

a’b

(b-1%(b_2) for B >2.

The distribution function F is given by

b
F(x):}(%du:ab[a‘b —x‘b].
a

(h) Wald Distribution [24]

A continuous random variable X, taking all real values in the range
(0, =) is said to have a Wald distribution with parameters p and A if its
probability density function is given by

| (x—m)? 0

o2, X

f(= | e 2Px X7 . (2.13)
2px ml >0

where  and A are constants. We write X~ Wald (u, A).
The mean of thisdistribution isy and the variance is T

The distribution function F is given by

21
F(X)= F*{(x—l)\/%}+em.F*{— (x+1) )I(—m}
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sinceF*(.) represents distribution function in the standard normal

distribution.
We can use the following approximation:
| (x-2)
F()~1-e 2" .Inx whenXisrelatively large

(i) Weibull Distribution [23]

A continuous random variable X, taking all rea values in the range
(O, o) is said to have a Weibull distribution with parameters o and f if its
probability density function is given by

f(x)=abxP 1@ for . >()3(;0>0 ... (2.14)

where q,  are constants. We write X~ Weibull (a, ().

The mean of this distribution is a =/ bF(l+ %) and the variance is

oo )]

The distribution function is
F(X)=1- g’ for x>0
() Student’s t Distribution [22]
A continuous random variable X, taking all real values in the range

(-o0, ) is said to have at distribution with r degrees of freedom if its

probability density function is given by

rr+n/2] 1 1 -0 < X< o0

f(x) = ....(2.15

o r(r/2) +rp 2 \(rfz r>0 (2.15)
r

wherer isthe parameter. We write X~ t;
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The mean of thisdistribution is y=0 for r > 1, and the varianceis rr—2 for

r>2

The distribution function F is given by

I:(X):r[(r +1)/2] 1 I 1

du
F(r/2) \/r__ u2 (r+1)/2
r

The values of F(x) can be taken from a special table.

2.7 Fisher Information

In statistics and information theory, the Fisher information (denoted
1(0)) is the variance of the score. Fisher information is thought of as the
amount of information that an observable random variable carries about an
unobservable parameter 6 upon which the probability distribution of X
depends. Since the expectation of the score is zero, the variance is also the
second moment of the score and so the Fisher information can be written

as
2
I(q):EH%Iogf (X;q)] } .... (2.16)

where f is the probability density function of random variable X and,
consequently, 0 < I(6) < «. Then it is the expectation of the square of the
score. A random variable carrying high Fisher information implies that the
absolute value of the score is frequently high.

Note that the information as defined above is not a function of a
particular observation, as the random variable X has been averaged out
[25].

Under certain regularity conditions:
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I(q)=—E{a—zzlogf(X;q)} o (2.17)
aq

We can provethat asfollows:

0° o 1 6f(X'q)}
——logf(x,q)=— :
oq° 91(xa) 8q{f(><;q) oo
1 Ff(x;mr+ 1 9% (xaq)

f2(xq)L od f(xq) ag°
:_{alogf(x;q)TJr 1 8%f(xq)

aq f(xa) oq°

Assuming that the regularity conditions alow us to take the

differentiation outside the integration sign:

E{ 1 azf(x;q)}jazf(x;q)dx

f(X;q) aq2 x 092
52
:FI f (xq)dx
X
2
:a—zlz 0
aq

62 o ?
Thus E{——Zlogf(X;CI)}— E{(—Iogf(X;q)j :l— (). [26]m
oq oq

In the case when there are d parameters, thus making 6 a vector of
length d, then the Fisher information matrix (FIM) is defined as having the

(i,]) lement as

(@)= E{a—élog i (X;q)ai_log f (X;q)} ... (2.18)
i j

or
2

(1(a)) ; :—E|:a 0 -log f(X;q)} ... (2.19)

Rl
The FIM isad x d and symmetric matrix. [25]
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2.8 The Characteristic Function [17]

The characteristic function (c.f.) of ar.v.X is denoted by f, (t), and
isdefined as

fx (1) = E[™) - (2.20)

= [e™f(x)dx if X isacontinuousr.v., where i =v/~1, and t is any

—0o0

real number.

2.9 Convergence of Random Variables [27]

The convergence of sequence of random variables to some limiting
random variable is an important concept in probability theory, and its
applications to statistics and stochastic processes. Throughout the

following, we assume that {X,,} is a sequence of random variables, and X

Is a random variable, and al of them are defined on the same probability

space. There exist several kinds of convergence of the sequence {X,,} of

r.v’s, which are:

1- Convergence in Probability (or Stochastic Convergence). [17, 27]

A sequence of random variables {X,} (n>1) is sad to be

convergent in probability to a r.v. X (or weakly convergent), written as
X, —F— X, if for every € >0,

lim p{X, - X|>e}=0 ... (2.21)
N—oo

or equivalently, p{X, - X|<e}—>1 asn—w

2- Convergence Almost Surely [17, 27]

A sequence of r.v.’s {X,} is said to be convergent almost surely (or

strongly) to ar.v.X, written as X,, —22— X if
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lemX = X |= ... (2.22)

In this case, we write lim X,, =X with probability one (simply
Nn—oo

w.p.1)

3- Convergence in Distribution [17, 27]
The sequence {X,,} of r.v.’sis said to be convergent in distribution
(or in law) to the r.v.X if the distribution function F,(x) of X, converges

to the distribution function F(x) of X at every continuity point x of F. It is

written asan>x .

Theorem (2.9.1) [17]

Let f(t) be the characteristic function of X,,. If an>x then
fn(t) >f (t), where f (t) is the cf. of X If f,(t)—>f(t) and the limit

function is continuous at t=0, then X, LN

2.10 The Law of Large Numbers [28]
In probability theory, severa laws of large numbers say that the

average of a sequence of random variables with a common distribution
converges to their common expectation, in the limit as the size of the
sequence goes to infinity. The phrase “law of large numbers” is aso
sometimes used to refer to the principal that the probability of any possible
event (even an unlikely one). Occurring at least once in a series increases
with the number of events in the series. For example, the odds that we will
win the lottery are very low, however, the odds that someone will win the
lottery are quite good, provided that a large enough number of people
purchased |ottery tickets.

35



Chapter Two Some Definitions and Concepts from Statistics

Theorem (2.10.1) [17, 28]

(The Weak Law of Large Numbers)
Let Xi,X»,., be a sequence of independent and identically

distributed random variables (i.i.d. r.v’s), each having a finite mean

m=E(X;),i=1, 2, ... . Then, for any >0 and var(X;)=s 2 <o,

pﬂleer:"'JrX”—#Ze}—wasn—)oo . (2.23)
Xi+ Xy ++ X,

If wewrite X,, =
n

then, from (2.23), it follows

X,—P—>mas n— w0, where m=E(X,,).

Theorem (2. 10.2) [17, 28]

(The Strong Law of Large Numbers)
Let Xq, Xy, ... be independent and identically distributed with a finite

mean m= E(X; ) and finite fourth central moment m, = E(X;, —m)” for i=

1,2,....Then X, —2%>m.
That is Pihnm X =mj=1 ... (2.24)
—>®©

2.11 Central limit Theorem [29]

The centra limit theorem is one of the most remarkable results of
the theory of probability. In its ssmplest form, the theorem states that the
sum of a large number of independent observations from the same
distribution has, under certain general conditions, an approximate normal
distribution. Moreover, the approximation steadily improves as the number
of observations increases. The theorem is considered the basis of
probability theory, although a better name would be normal convergence
theorem.
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Theorem (2.11.1)
(The Central Limit Theorem)

Let X;, X5, X3, ... be a sequence of random variables which are
defined on the same probability space, share the same probability
distribution D and are independent. Assume that both the expected value p
and the standard deviation o of D exist and are finite. Consider the sum
S, =X;+....+ X,. Then the expected value of S, is ny and its standard

deviation is s +/n. Furthermore, informally speaking, the distribution of

S, approaches to the normal distribution N(nmns 2) as n approaches to
0,
In order to clarify the word “approaches” in the last sentence, we
standardize S, by setting
z —Sh=hm
s+/n

Then the distribution of Z, converges towards the standard normal

distribution N(O, 1) as n approaches to o (this is convergence in
distribution). This means: if f (z) isthe cumulative distribution function of

N(O, 1), then for every real number z, we have
lim p(z,<2)=f(2),

nN—o00
or equivaently,
X,—m
lim n <zl|=f(z
Nn—oo p( S /\/ﬁ ] @)
where

X =Sh/n=(Xy +...+ X,)/n is the “sample mean”. [30]
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Proof

From theorem (2.9.1), it is sufficient to show that f ; (t) —>f (t) as n— oo,
where f, (t) and f(t) are the characteristic functions of Z, and Z

(standard normal distribution), respectively. We have
n
fs (O=Fx.4x, 0= Elf x, (t)

=[f x (®)]" because x, arei.i.d.r.v’s.

Therefore,

f z (t) — e—itnm/x/ﬁs f S,

_ git/nm/s | ¢ L n.
s

By the Taylor series expansion of f « (t), we get

2
fo (1) =1+itE(X) —%E(Xz) +0(t2).
Therefore,

E(X

)

it<'nm _
f, (h=e ¢ {1#5%) t E(X?)+ o{ t* H
itv'nm[” . £2
T Itm t?
=e 1+\/ﬁs ons s +rT12 O[ ﬂ

_itnmr itm 2 t2
e S [l+————+0 —
Jns  2n ns

)

and

We have
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. itm/n/s —t2/2 2 ] tmin_2 ),
+ + 5

>e S asn— oo
n ns
Therefore
itv'nm
limf (t):e_ S .eitm\/ﬁ/s—tZ/ZZe—IZ/Z
N—o0 Zn
=f (1),

where f 5 (t) = e"/2 isthe cf. of the standard normal distribution.

By theorem (2.9.1), the distribution of Z, approaches to the

standard normal distribution. [17]
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In this chapter, we try to use the different formulas which explained
in chapter (3) to compute the Gaussian curvature for normal distribution,
Cauchy, t distribution and Gamma distribution by using the formulas which
do not use by others. Also, we find the Gaussian curvature of other
distributions such as Pareto distribution and Wald distribution by using
different formulas and show that if they are convergent with respect to
normal distribution by comparing the vaue of Gaussian curvature for each
distribution with the value of Gaussian curvature for the normal
distribution.

4.1 Normal Distribution
(1) We use the formula (A) to compute the Gaussian curvature of the
normal distribution.
K iﬂi@j . E(Lﬁn
JEG|oul~JE ou ) ovl+/G ov

We can find that

2 1 WV
VG- g L -V
v2 JEG 2

G )
VP o 1) vP-1 o1
‘ﬁa(ﬁj_ 2

22 2

(2) We use the formula (C) to compute the Gaussian curvature of this
distribution. We take the left hand side of formula (C) which has the

form

1[o(D._,) a(D_,
K==—|2Zr2 |- 2=
DL}V(E 11) au(E 12)}
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where D> =EG-F?, D=+EG - F?
We can find that

SRS

Now, we take the right hand side of formula (C) which has the form

1[o(D 4\ (D4
K==—|2[2rL |- 2| Zr
D{au(G 22} av(c; 12]}

We can find that

n_B_-2v: -1
2= 5" 3"
2E 2

_Vv Q(L] __2(;1)__1
V2 oviNav) | 2\\? 2
4.2 Cauchy Distribution
(1) We use the formula (A) to compute the Gaussian curvature of the

Cauchy distribution.

We can find that

EG:i VEG = 1 and 1 e

e )

(-
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(2) We use the formula (B) to compute the Gaussian curvature of this

distribution.
E F G
(1 {i G,-F, & F,-E }_ 1 .
2JEG-F?|UEG-F? NVEG-F?] 4EG-F?f E: ,:: Gt
We can find that
1

EV:\_/—3,GU:O, F=F,=F,=0

Then the determinant equal to O for F=0

Kzzjé_s[%d%}

=— Vz(i_—zj = 2\/2__1 =2

oV V V2

(3) We use the formula (C) to compute the Gaussian curvature of this

distribution. We can find that

1 2 1
I =l =I%= 0

E -1 1
1 v 2 1
A Vg
TR 12
E 1
r2=—_—v_=
e
G, — _
PR
2G v Vv

We take the left hand side of formula (C)

1 | 6(JEG
K:@{a( = Fﬂ

PV B PN St
oV V V2

Now, we take the right hand side of formula (C)
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1 o (VEG
“ E{E[Trﬂ

o2 1Y)
—zv(v—zj—‘z

This result shows that Cauchy distribution does not converge to the normal
distribution.

4.3 t Distribution

(1) we use the formula (A) to compute the Gaussian curvature of the t
distribution. We can find that

EG 2r(r+1) \/E—_W/Zr(r+1)
VA(r+3)2 CVA(r+3)
1 V3(r+3)

JEG  \J2r(r +1)

_ V(r+3 | o 1 O Nr+1
J2r(r+1)| ov \/ 1( r+1j8v VAT +3

- Sl1=-3"2

Vv r+3

_ VA(r+3) 8| -+l 1
C J2r(r+1 ov er+3'\/_( r+1)

1-3—=
r+3
_—(r+3
r

(2) we use the formula (B) to compute the Gaussian curvature of this
distribution. We can find that

E,=0 ’EV:L"’?
(r+3)v
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G, =0 ,szi(l—sr—”j
r+3

For F=0 we can say that

Ko VA(r+3) o JAr+1) 1

23J2rJr +1ov \% Jr
__r+3
2r

(3) we use the formula (C) to compute the Gaussian curvature of this
distribution. We can find

We take the left hand side of formula (C)

1 | 0(EG
K:E{&( : ﬂ

VA +3) (o yar(r+D) VA(r+3) r+1
Jarr+Dlov v2(r+3)  r+1 2rv
V(r+3) -1 —(r+9
2r 2 2r
Now, we take the right hand side of formula (C)

1 o (VEG 4
“ E{E[Trﬂ

VA(r+3) | 8 /2r(r+1) Ve -1
CJ2rr+D| v VA(r+3) '_(1_3r+1)' v
i r+3 ]
_—(r+3
2

When r is very large the result of K converges to —% that means t

distribution converges to the normal distribution.
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4.4 Gamma Distribution

(1) we use the formula (A) to compute the Gaussian curvature of Gamma
distribution.

«__ 1 [0of1a/G) o[ 1aVE
~ JEG|éal|\JE éa ) oh|JG oh

We can find

E:\P'(a)—ai L F=0 , G=a

EGzatT’(a)—aij:a‘P’(a)—l

JVEG =,a¥'(@@) -1

K== ‘P’l 16a 1 188\/g
a¥'(a)-1| oa \P,(a)_aa

(‘P’(a) —1) +a(\P”(a) ; 12j
Aa¥'@)-1)
_ Y'(a)+a¥'(a)
Aa¥'(a)-1)

r'@)
(

where Y(a) =
I'a

Is the digamma function

~[wea?+oad) 1

lim K@)=lim

a o aswodl/4a2)+0fas)) 2
K@=
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(2) we use the formula (C) to compute the Gaussian curvature of this
distribution.
We can find

B _ a’y"@)+1
T 2E 2a(@av¥'(a)-1)

2 Gy _ 1
279G 2a
F%zz_Ga_ =

2 _ 1l 2
I =T =T%=0

We take the left hand side of formula (C)
1| 0 (D _» 0 (D _»
K==|—| =r2|-—|=r

D{ah(E 11) aa(E 12)}

1| o8| JEG 1
JEG| da \I”(a)—l 24
a
~ -1 0 Ja¥'(@@)-1
- 2/a¥'(a)-1|6a a¥'(a)-1

_ a¥’@)+Y¥Y'(@)
4a¥'(@@) -1y

. 1
Iim K(a)=-—=
a —w @) 2
. 1
IimK@)=-=
a—0 ( ) 4

Now, we take the right hand side of formula (C)

1fo(D4) (D
K==|-—|=1} |-—| =T
D{aa (G 22) ah(c; 12)}
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1 a@rl
“JEG|loal G %

B -1 0 1
2 a\P’(a)—l[éa a‘{"(a)—lj
_a¥Y'@)+Y'()
- 4av(@)-17
[im K(a):—l : lim K(a):—E
2 4

a—w a—0

(3) we use the formula (D) to compute the Gaussian curvature of this
distribution.

R _ (1212)

K = —
EG-F? EG-F?

2
where (1212) = Ri515 = Y. R Gmp

m=1

1 0.1 0 1 1 1
R = a_hrll - arzl + T e — Tl g =0

2 0 2 0 2 2 2
R = a_hrll - arzl + T e — Toil

0 2 12 22
= —arzl +Inln —Tuly

1 a¥"@a)+1 1
= 2 T 2w T2
2a° 4a‘@¥'@@)-1) 4a

_Y@)+a¥'(@)
4a’(@¥'@)-1)

K = Rb: _Y'(@)+a¥'(@)

E  4@¥'(@)-17°
. 1 . 1
lim K(a)=—§ : lim K(a):—Z

a —>oo a—0

This result shows that Gamma distribution converges to the normal

distribution.
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4.5 Pareto Distribution

(1) we use the formula (B) to compute the Gaussian curvature of this
distribution.

E F G
K__;iGa_Fb 0 Fa —Ep 3 1 E E G
2JEG-F?[ 0@ JEG-F?  JEG-F2] 4lEc-F2f EZ FZ GZ
where
b 1 1
E F G| |a° a b’
2b 1 1
E. R Ga:__3 2 0 T 4.2
a a a’b
E, v Gy 1, 2
a? b3
Now, we can say that
1 E F G
K=- | 2)ZEa F. G,
AEG-F E, F, G
1
4(1-b)?
lim K(b)=—+ lim K(b)=0
b—0 a 4 1 b —>w Bl

(2) we use the formula (C) to compute the Gaussian curvature of this
distribution. We can find

2b 1 1
=3 1E i y F =5 ,F :0
Ea a3 b a2 a az b
-2
Ga=0 ,Gb :?
1__ -2+b 2: b
1 2a(1-b) ' 127 2a(1-b)
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F121: —b2 %2:_—8.
2a%(1-b) b2(1-b)
1 1
- - 11“2 -
27 2p(1-b) 27 b(l-Db)

We take the left hand side of formula (C)

16 (D_»,) &(D_,
K=—|2=r2 |- =r
D{ab(E 11) aa(E 12}}

S22

11

VEG-F2|db E

CJpafe -fb | 1

S J1-b|db2a1-b | 41-b)?
. 1 .
ImK®)=g . JmKe)=o

Now, we take the right hand side of formula (C)

1fo(D4) (D
K==|-—|=T% |-—|=r
D{&a (G 22) ob (G 12)}

Sl

JEG_F?| @b G

N I

“J1-b|db2a1-b | 41-b)?
. 1 .
mKE)=g L mKe)=e

(3) we use the formula (D) to compute the Gaussian curvature of this
distribution.

K = Rio1o .
EG-F
R0 = R1121912 + R1221922
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where
R _ 92 - 9L gl g
21 ab 11 oa 21 11+ m2 210 mL
1
=I2ri=—— =
2121 46(1—b)2
1
1
R121912 4a 2(1_ b)2
RZ _9p2_ 92, pmp2 _pmp2
21 ab 11 oa 21 11+ m2 21" mL
__2b-b®> b -2b+b?
2a2(1-b)? 2a%@-b) 4a?@l-b)?
b b b?
o2 2t 2 2 a2 2
2a°(1-b)* 4a*(l-b)* 4a‘’(l-b)
_ —4b+3b b
4a?(1-b)?>  4a?(-b)?
1
2 [
Ri2192 4ba2(1-b)?
b-1
Rz = 2(1-b)>?
1
K(b)=—————
4(1-b)
lim K(b)——1 lim K(b)=0
b—0 a 4 1 b —>w Bl

This result shows that Pareto distribution does not converge to the normal
distribution. But when the vaue of [ lies between 0.29 and 0.3,

1
K(b) =~
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4.6 Wald Distribution

(1) we use the formula (A) to compute the Gaussian curvature of this
distribution. We know that

(2) we use the formula (B) to compute the Gaussian curvature of this
distribution.

We can find
-3 1
Em:F ,E| :F ,Fm:0 ,F| :0
1
Gm:O ,G| :—I—3
Then
G c E 0 G
K:—lim—i_'—lEmoem
2JEG| omJEG 8l VEG | 4(EG)

E, 0 G

0 11 1

==l | =—Al |==l | == |=-=
a5

(3) we use the formula (C) to compute the Gaussian curvature of this

distribution. We can find

1 _Em_-3
U792 2m
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—E | 2
r2_ '
11 G m3
1 _ B _ 1
272 2

G 1
&= _—_-
2796 |
F122:1%2:0

We take the left hand side of formula (C)

1[o(D ) 0(D_,
K=—| 2| =12 |-2|=r
D{al (E 11) am(E 12)}

o T

onfl |

()

We take the right hand side of formula (C)

1[o(D.4) 0(D._4
K==|2(2rL |- 2=
D{am(e 22) ol (G 12)}

i)

Jamdl 2

i)

(4) we use the formula (D) to compute the Gaussian curvature of this

distribution.

K = Ri21o .
EG-F

Ri2io = R1121912 + R1221922

where
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1 0.1 0 1 1
R = 8_IF11 - a_mr 51+ T e — T2y =0

0 0
R1221 = a_lrlzl - a—mrzzl + F1n1]rr$12 - r2nl1rr$11
-2 N I N -
m 2 2nt
1
_ p2 - =
Ri212 = Ri2102 el
K=—t
2

This result shows that Wald distribution converges to the normal
distribution.
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Abstract

The using of mathematics to get a solution for many problems, is
known from the past. According to truth we study the using of differentia
geometry to show which continuous distribution converges to normal
distribution by connecting between differential geometry and statistics.

In particular, we illustrate the connection between Pareto
distribution and Wald distribution with normal distribution by using some
statistical theorems and differential geometry. The thesis consists of five
chapters:

The first chapter introduces some definitions and concepts from
differential geometry like tensor, the first and second fundamental form,
Gaussian curvature, etc. From these concepts we get different formulas to
calculate the value of Gaussian curvature based on the relation between
Riemannian metrics and Fisher information.

The second chapter explains some definitions and concepts from
probability and statistics needed in later chapters such as probability
density function, continuous distribution function, some special continuous
distributions, Fisher information, convergence of random variable, the law
of large numbers and the central limit theorem.

The third chapter presents some connections between statistics and
differential geometry, such as the definition of the coefficients of the
expected Fisher information matrix as they equal to the coefficients of the
first fundamental form (Riemannian metrics) given by:

gy ——[2100 1060 ¢ () 4y | 07100 T (x)
J Eeiyeley odiod; |

the relation between the Riemannian metrics and geodesics, Fisher
information Rao distances between probability distributions, Riemannian
metrics for some distributions, the Gaussian curvature of the probability



distributions, and the Christoffel symbols. Some examples are also given to
compute the Gaussian curvature using different formulas.

In chapter four we use some methods to calculate the Gaussian
curvature for some distributions. Also, we apply these methods to calculate
the Gaussian curvature for Pareto distribution and Wald distribution.

Chapter five contains some conclusions and recommendations.
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Chapter Five Conclusions and Recommendations

5.1 Conclusions

(1) The gamma distribution and t distribution converge to normal
distribution by using four formulas.

(2) The Cauchy distribution does not converge to normal distribution by
using four formulas.

(3) By using three formulas, we find the Gaussian curvature for Pareto

distribution equa to (—%) when b —0and equal to (o) when

b — wthat means this distribution does not converge with normal
distribution except in the interval (0.29, 0.3).

(4) By using four formulas, we find the Gaussian curvature for Wald

distribution equal to (— %) that means this distribution converges to

normal distribution.
(5) Implicit conclusion that whether one uses statistical or geometric mean

curvature, the t,may be considered half way in between a normal and

Cauchy distribution.
(6) The Gaussian curvature for the distributions (normal, gamma, Wald

and t5) lies between the Gaussian curvature of Pareto distribution and

Cauchy distribution.
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Chapter Five Conclusions and Recommendations

3.2 Recommendations

(1) Study which discrete distribution will have the convergence with
normal distribution by using advanced mathematical formulas need to
studies and researches in future with some conditions.

(2) Investigate the convergence of other continuous distributions using the
different methods.

(3) The distributions of multivariate need to study by using the same

formulas in future.

12



Examining Committee Certification

We certify that we have read this thesis entitled "Application
of Central Limit Theorem on Probability Distributions by Using
Differential Geometry" and, as an Examining Committee, we
examined the student in its content, and what is related to it, and that
in our opinion it is adequate with standing as a thesis for the

degree of Master of Science in Mathematics.

Chairman
Signature:
Name:
Title:
Date: / /2006
Member Member
Signature: Signature;
Name: Name:
Title: Title:
Date: / /2006 Date: / /2006
Member (Supervisor)
Signature:
Name:
Title:

Date: / /2006

Approved by the Dean of the College of Education

Signature:
Name:

Title:

Date: / /2006



Introduction

Introduction

The studies of applying the differential geometry in statistical
subject are very little and do not cover each the sides, also the references
under thistitle are limited. The knowledge of student about the differential
geometry is very important for the M. Sc. study.

Thisthesisis divided into five chapters:

Chapter one contains some important concepts of differential
geometry, like tensor, Riemannian metric, second fundamental form,
Gawussian curvature, geodesics and curvature tensor.

Chapter two presents some important concepts and theorems of
mathematical statistics, such as continuous random variable, some
continuous distributions and Fisher information. Also, we show the
theorems of law of the large numbers and central limit theorem.

Chapter three gives some interesting connections between statistics
and differential geometry.

Chapter four contains the results of computing the Gaussian
curvature (K) of some continuous distributions, like normal, Cauchy, t,
gamma, Pareto and wald.

Chapter five contains some conclusions and the recommendations.

There are some researchers who worked in this field in end of
twenty century and beginning of twenty one century:

In 1986, Barndorff- Nielsen, O. E.[1] used the concept that the
coefficients of the expected Fisher information matrix as equal to the
coefficients of the first fundamental form.

In 1997, Kass, R.E. [2] used the same concept of Barndorff- Nielsen,

O.E. using the following formula
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_ 1 [(of1a/G) of1aVE
JEG|aulVE du | ovlJG ov
to compute the Gaussian curvature (K) of trinomial and t families. He gave

the general form of alocation-scale manifold of density:

\' \'

For some density function f.
In 1999, Chen W.W.S. [3] provided a deeper and broader

understanding of the meaning of Gaussian curvature, using some more

(u,v) e Rx R,L}

general aternative computational methods. He used the formula
Ri212 (1212 2, om
= where (1212) = Rip;, = 3 Ri%1Ome
EG-F2 EG-F? 1
Rijk =y kT oy Ik T liklm =Lkl i, SUMONM,
j i

to compute the Gaussian curvature (K) for the distributions (normal,
Cauchy and t family). He showed that in normal distribution Gaussian

curvature K :—%, and in Cauchy distribution K=-2, while in t family

distribution with r degrees of freedom, he get K = _r_+3. In other words,

2r
the Gaussian curvature of ts distribution is the geometric mean of the
curvatures for the Cauchy and normal distribution.
In 2003, Gruber M.H.J. [4] used the following formula

G,-F F,-E =0 °
1 o G,-F, 08 F,-E, L e R oG

2VEG-F2|UVEG-F? VVEG-F2| 4ec-F2flc ( &
vV \" Vv

to compute the Gaussian curvature of gamma family of distributions and

norma distribution. He illustrated some connections between the
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behaviour of Gaussian curvature of the gamma family of distributions and
the central limit theorem as follows:

The random variable that has a Gamma distribution with a=n is the sum of
exponential random variables. By the central limit theorem as n— « this

random variable tends towards that of a normal distribution. Asn- « the
curvature of the gamma family of distributions tends towards —%, the

curvature of the normal family of distributions.
In 2004, Arwini K., Del Riego L. and Dodson C. T. J. [5] provided
formulae for universal connections and curvatures on exponential families

and gave an explicit example for the manifold of gamma distributions.
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