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In this chapter, we introduce some basic ideas and important

concepts of differential geometry such as tensor, first fundamental form,

second fundamental form, Gaussian curvature, geodesics, etc.

We shall denote the familiar three dimensional Euclidean space

(traditionally denoted 3R ) as 3E . In studying the geometry of a surface in

3E we find that some of its most important geometric properties belong to

the surface itself and not the surrounding Euclidean space.

The property of a surface which depends only on the metric form is

an intrinsic. For example, Gaussian curvature is an intrinsic property of a

surface.

1.1 Tensor [6]

An nth- rank tensor in m- dimensional space is a mathematical

object that has n indices and nm components and obeys certain

transformation rules. Each index of a tensor ranges over the number of

dimensions of space. However, the dimension of the space is largely

irrelevant in most tensor equations (with the notable exception of the

contracted kronecker delta). Tensors are generalizations of scalars (that

have no indices), vectors (that have exactly one index), and matrices (that

have exactly two indices) to an arbitrary number of indices.

Tensors provide a natural and concise mathematical framework for

formulating and solving problems in areas of physics such as elasticity,

fluid mechanics, and general relativity.

The notation for a tensor is similar to that of a matrix (i.e.,

)( ijaA  ), except that a tensor jk
i

ijk
ijk aaa ,, ...

... , etc., may have an arbitrary

number of indices where i, j, k...=1, 2, ..., m. In addition, a tensor with rank

r+s may be of mixed type (r, s), consisting of r so-called “contravariant”

(upper) indices and s “covariant” (lower) indices. Note that the positions of
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the slots in which contravariant and covariant indices are placed are

significant so, for example, 
a is distinct from 

a .

While the distinction between covariant and contravariant indices

must be made for general tensor, the two are equivalent for tensors in

three-dimensional Euclidean space, and such tensors are known as

cartesian tensors.

Objects that transform like zeroth-rank tensors are called scalars,

those that transform like first- rank tensors are called vectors, and those

that transform like second-rank tensors are called matrices. In tensor

notation, a vector v would be written vi, where i= 1, 2, …, m, and matrix is

a tensor of type (1, 1), which would be written j
ia in tensor notation.

Tensors may be operated on by other tensors (such as metric tensors,

the permutation tensor, or the kronecker delta) or by tensor operators (such

as the covariant or semicolon derivatives). The manipulation of tensor

indices to produce identities or to simplify expressions is known as index

gymnastics, which includes index lowering and index raising as special

cases. These can be achieved through multiplication by a so-called metric

tensor ,,, j
i

ij
ij ggg etc., e.g.,

i
j

ij AAg  i, j= 1, 2, …, m …. (1.1)

i
j

ij AAg  …. (1.2)

The metric tensor is a tensor of rank 2 that is used to measure distance

between any two points in a given space.

Tensor notation can provide a very concise way of writing vector and more

general identities. For example, in tensor notation, the dot product u.v is

simply written

i
ivuvu . , …. (1.3)

where repeated indices are summed over (Einstein summation).
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Similarly, the cross product can be concisely written as

kj
ijki vuvu  )( , …. (1.4)

where ijk is the permutation tensor

Contravariant second-rank tensors are objects which transform as

kl

l

j

k

iij A
x

x

x

x
A








 i, j, k, l=1, 2, …, m …. (1.5)

Covariant Second- rank tensors are objects which transform as

mlkjiC
x

x

x

x
C kl

j

l

i

k
ij ,...,2,1,,, 






 …. (1.6)

Mixed Second- rank tensors are objects which transform as

mlkjiB
x

x

x

x
B k

l
j

l

k

ii
j ,...,2,1,,, 







 …. (1.7)

where ),...,,( 21 mii xxxxx  is the coordinate transformation, and

),...,,( 21 mii xxxxx  is its inverse.

Definition (1.1.1) [7]

A second-tensor rank symmetric tensor is defined as a tensor A for

which

nmmn AA 

Definition (1.1.2) [8]

An antisymmetric (also called alternating) tensor is a tensor which

changes sign when two indices are switched. For example, a tensor

nXX
A

,...,1 such that

1,...,,...,,...,,...,,...,,...,1 XjXiXnXnXjXiXX
AA 

where are indices.

The simplest nontrivial antisymmetric tensor is therefore an

antisymmetric rank-2 tensor, which satisfies nmmn AA  .

n,...,XX 1
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1.2 The First Fundamental Form [9, 10]

Suppose M is a surface determined by 3),( EvuX 


and suppose

)(t


is a curve on M, the variable t is called the parameter of the curve,

 bat , for Rba , . Then we can write ))(),(()( tvtuXt


 ((u(t), v(t)) is

a curve in 2R whose image under 


isX ). Then

21)( XvXu
dt

dv

v

X

dt

du

u

X
t




 






 …. (1.8)

If )(ts represents the arc length along 


(with 0)( as ) then

drrts
t

a
  )()( 
 …. (1.9)

where r is a real variable.

And

)(t
dt

ds
 
 …. (1.10)

so

  2121
2

2

..)( XvXuXvXut
dt

ds  





 

     ...2. 22
2

2111
2 XXvXXvuXXu




Following Gauss’ notation (briefly) we denote

11.XXE


 , 21.XXF


 , 22 .XXG


 …. (1.11)

and have

222

2 




























dt

dv
G

dt

dv

dt

du
F

dt

du
E

dt

ds
.... (1.12)

or in differential notation

     222 2 dvGdudvFduEds  …. (1.13)
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Definition (1.2.1) [9]

Let M be a surface determined by  vuX ,


. The first fundamental

form (or more commonly metric form) of M is
2









dt

ds
or  2ds as defined

in formulas (1.12) and (1.13).

Definition (1.2.2) [10]

The matrix of the first fundamental form of a surface M determined

by  vuX ,


is


















2221

1211

gg

gg

GF

FE

where E, F, G are as defined in formula (1.11). This matrix determines dot

products of tangent vectors.

If 21 XbXav


 and 21 XdXc


 are vectors tangent to a surface M at a

given point, then

  2121 .. XdXcXbXav




  GbdbcadFEac 

  

















d

c

GF

FE
ba

Notation [9]

We now replace the parameters u and v with 21 and uu in formula

(1.13).

We then have

    ji

ji
ij dudugdugdudugdugds 

,

22
22

21
12

21
11

2 2 …. (1.14)

where the summation is taken over the set {1, 2}. If v


is a vector tangent

to M at a point p


and  21,vvv 


in the basis  21, XX


for the tangent
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plane at p


, then we have .
i

i
i Xvv


If )(t


is a curve on M where 


is represented by  )(),( 21 tutuX


then

  
i

i
i XuXtuXtut


2
2

1
1 )()()( .

1.3 The Second Fundamental Form [11]

We have treated a path )(t


along a surface M as if it were the

trajectory of a particle in 3E . We then interprete )(t 


as the acceleration

of the particle. Well, a particle can accelerate in two ways:

(1) it can accelerate in the direction of travel, and (2) it can accelerate by

changing its direction of travel. We can therefore decompose  


into two

components, T


  (representing acceleration in the direction of travel) and

N


  (representing acceleration that changes the direction of travel). We

may have  dealt with this by taking T


  as the component of  


in the

direction of  


computed as





















 








 .T

and N


  as the “remaining component” of 


(that is, TN



  ).

The unit tangent vector i
i XussT
  )()(  with 


parameterized

in terms of arc length s,  )(),()( 21 susuXs


 . We can see that

)()( sTs 


 is a vector normal to  


where NkT


 . We again

decompose  


into two orthogonal components, but this time we make

explicit use of the surface M. We wish to write:

nor 


tan

where tan 


is the component of  


tangent to M and nor 


is the

component of  


normal to M. Notice that tan 


will be a linear

combination of 1X


and 2X


(they are a basis for the tangent plane) and
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nor 


will be a multiple of the unit normal vector to M,




















21

21ascalculated
XX

XX
UU 




.

Since  )(),()( 21 susuXs


 and i
i Xu
  (here, 'means d/ds), then

ds

Xd
uXuXuXu ii

i
i

i
i

i
i


  

Now i
i Xu
 is part of tan 


, but i

i Xu 


may also have a component in the

tangent plane. Well,

  
ds

du

u

X

ds

du

u

X
susuX

ds

d

ds

Xd ii
i

i
2

2

1

1
21 )(),(
















= j
j
iii u

u

X
u

u

X
u

u

X 













2

2
1

1
.

If we denote ijji
X

uu

X 




2

(we have assumed continuous second partials,

so the order of differentiation doesn’t matter) then we have j
ij

i uX
ds

Xd 




.

So acceleration becomes

ij
ji

r
r XuuXu

   .

We now need only to write ijX


in terms of a component in the tangent

plane (and so in terms of 1X


and 2X


) and a component normal to the

tangent plane (which will be a multiple of U


).

Definition (1.3.1) [11]

With the notation above, we define the formula of Gauss as

ULXX ijr
r
ijij


 . …. (1.15)

That is we define ijL as the projection of ijX


in the direction U


. Notice,
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however, that r
ij may not be the projection of ijX


onto rX


since the rX


’s

are not orthonormal.

Note [11]

Since projections are computed from dot products, we immediately

have that

21

21..
XX

XX
XUXL ijijij 







 …. (1.16)

We therefore have

UuuLXuuu ji
ijr

jir
ij

r
nor


)()(tan
   …. (1.17)

Definition (1.3.2) [12]

The second fundamental form of surface M is the matrix 








2221

1211

LL

LL

where the determinate of this matrix is L. The projections ijL are defined

in formula (1.16).

1.4 Gaussian Curvature [13]

If  zyxf ,, is a (scalar valued) function, then for c a constant,

 zyxf ,, =c determines a surface (we assume all second partials of f are

continuous and so the surface is smooth). The gradient of f is



















z

f

y

f

x

f
f ,, .

If 

v is a vector tangent to the surface  z,y,xf =c at point

 


zyxp ,, , then   z,y,xf is orthogonal to 

v (and so f is

orthogonal to the surface). The equation of a plane tangent to the surface

can be calculated using f as the normal vector for the plane.
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Definition (1.4.1) [13, 14]

Let v


be a unit vector tangent to a smooth surface 3EM  at a

point p


(again making no distinction between a vector and a point). Let

U


be a unit vector normal (perpendicular) to M at point p


. The plane

through point p


which contains vectors v


and U


intersects the surface in a

curve v



 called the normal section of M at p


in the direction v


.

Example (1.4.2) [11]

Let 1: 22  yxM (an infinitely tall right circular cylinder of radius

1). To find the normal section of M at the point p


=(1,0,0) in the direction

v


=(0,1,0). We can use a normal vector to M at p


as

    )0,0,2(0,2,2
)0,0,1(

22  yxyx

Therefore, we take U


=(1,0,0). The plane containing U


and v


has as a

normal vector

)1,0,0(

010

001 
kji

vU



 .

Therefore the equation of this plane is 0)0(1)1(0)1(0  zyx or

z=0. The intersection of this plane and the surface is

  0,1,, 22  zyxzyxv


 .

y

z

x
v

u
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Definition (1.4.3) [11]

Let v


 be a normal section to a smooth surface M at point p


in the

direction v


. Let U


be a unit normal to M at p


(-U


is also a unit normal to

M at p


). The normal curvature of M at p


in the v


direction with respect

to U


, denoted )(, vk Un


 , is

)(

.
)(, vR

NU
vk Un 




  …. (1.18)

where N


is the principal normal vector of v


 at p


and )(vR


is the radius

of the osculating circle to v


 at p


. If v



 has zero curvature at p


, we take

)(, vk Un


 =0.

Note [12, 13]

We have defined the normal curvature of a surface at a point p


in

the direction )(: vkv n


. Therefore, for a given point on a surface, there are

an infinite number of (not necessarily distinct) curvatures (one for each

“direction”). We can think of )(vkn


as a function mapping the vector space

)(MTp
 (the plane tangent to surface M at point p


) into R. That is

RMTk pn )(:  . We need v


to be a unit vector, so the domain of nk is

 1||||)(  vMTv p


 . Therefore, nk is a continuous function on a

compact set and by the extreme value theorem (for metric spaces), nk

assumes a maximum and a minimum value.

Definition (1.4.4) [11]

Let M be a surface and p


a point on the surface. Define

)(max1 vkk n


 and )(min2 vkk n


 where the maximum and minimum are

taken over the domain of nk . 1k and 2k are called the principal curvatures
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of M at p


, and the corresponding directions are called principal directions.

The product 21)( kkPKK  is the Gaussian curvature of M at p


.

Theorem (1.4.5) [11]

The Gaussian curvature at any point p


of a surface M is

gLpK /)( 


where )det( ijLL  and )det( ijgg  .

Proof

First, if i
i Xvv


 then

   2
2

1
1

2
2

1
12

. XvXvXvXvv




22
22

21
21

11
21 .)(.))(2(.)( XXvXXvvXXv




 nmmn
nm

mn XXgvvg


. .

Therefore finding extrema of )(vkn


for 1v


equivalent to finding

extrema of

nm
mn

ji
ij

n
vvg

vvL
vkk  )(
 …. (1.19)

for )(MTv p



 and 0


v . If )(vkn


is an extreme value of k, where

i
i Xvv


 , then 0
21









v

k

v

k
at v


(that is, the gradient of k is 0 however,

this gradient

is computed in a ),( 21 vv coordinate system, not (x, y)). Now

     
 2

22

nm
mn

n
rn

ji
ij

nm
mn

j
rj

r
vvg

vgvvLvvgvL

v

k 






for r= 1, 2. Now
nm

mn

ji
ij

vvg

vvL
k  , so replacing ji

ij vvL with nm
mn vvkg gives
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   
 2

22

nm
mn

n
rn

nm
mn

nm
mn

j
rj

r
vvg

vgvvkgvvgvL

v

k 





nm
mn

j
rj

j
rj

nm
mn

n
rn

j
rj

vvg

vkgvL

vvg

vkgvL 2222 





 
nm

mn

j
rjrj

vvg

vkgL 


2
,

for r= 1, 2. So at an extreme value,   j
ijij vkgL  =0 for i = 1, 2. This is two

linear equations in two unknowns ( 1v and 2v ). Since v


is nonzero, the only

way this system can have a solution is for  ijij kgL det =0. That is:

0det
22222121

12121111 










kgLkgL

kgLkgL

or       01212212122221111  kgLkgLkgLkgL

or 12212211
2

112222112211 LLggkgkLgkLLL 

02112
2

21121221  ggkgkLgkL

or    212112121122221121122211
2 LgLgLgLgkggggk 

  012212211  LLLL

or   02 121211222211
2  LLgLgLgkgk

since    ijij ggLLLL detand,det,2112  .

So for extrema of k we need

0
2 1212112222112 







 


g

L

g

LgLgLg
kk

Since 1k and 2k are known to be roots of this equation, this equation

factors as

     02121
2

21  kkkkkkkkkk . Therefore, the Gaussian

curvature is gLkk /21  .■
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Theorem (1.4.6) [11]

If v


and 


are principal directions for surface M at point p


corresponding to 1k (maximum normal curvature at p


) and 2k (minimum

normal curvature at p


) respectively, then if 21 kk  we have v


and 


are

orthogonal.

Definition (1.4.7) [9]

For a surface determined by  21,uuX


, the equations i
i
jj XLU




for j=1, 2 are the equations of Weingarten, where   ki
jk

i
j

i
j gLuuLL  21,

for i, j= 1, 2 and jU


is tangent to M. Therefore jU


is a linear combination

of 1X


and 2X


.

1.5 Geodesics [15]

A curve )(s


on a surface M can curve in two different ways. First,




can bend along with surface M (the “normal curvature” discussed

above). Second, 


can bend within the surface M (the “geodesic

curvature” to be defined).

For curve 


on surface M,  


can be written as components tangent

and normal to M as nor 


tan where

  r
jir

ij
r Xuuu

  tan

 UuuL ji
ijnor

 

and the parameters on the right hand side are defined in section (1.3). nor 


reflects the curvature of 


due to the bending of M and tan 


reflects the

curvature of 


within M. Now

   0..tan   UXuuuU r
jir

ij
r 


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

















21

21 thatknowwe
XX

XX
U 




and

  
..0.. tantantan nor

( )0.and   UXXu ii
i




  0..tan  


nor

 dsds ' /and1)(  


.

Therefore tan 


is orthogonal to both U


and  


. If we define 


as the unit

vector  


U , then tan 


is a multiple of 


(and 


is a vector tangent

to M).

1.6 Some Properties of Geodesic and Christoffel Symbols [11]

There are some important properties which need it in this thesis

(1) Let )(s


be a curve on M where s is arc length. The geodesic curvature

of 


at )(s


is the function )(skk gg  defined by

)(tan  


Ukk gg . …. (1.20)

(2) The geodesic curvature kg of curve 


in surface M can be calculated as

 


.Ukg . …. (1.21)

(3) Let )(s

 be a curve on a surface M. Then 


is a geodesic if

0tan


 (or equivalently, if nor 


) at every point of 


.

(4) A geodesic on a surface is, in a sense, as “straight” as a curve can be on

the surface. That is, 


has no curvature within the surface. For

example, on a sphere the geodesics are great circles.

(5) If 


is a geodesic on M then

0  jir
ij

r uuu

for r= 1,2 and 0.  


U .
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(6) Let ),( 21 uuX


be a surface and let ijg and r
ij be as defined in sections

(1.2) and (1.3). The Christoffel symbols of the first kind are

rk
r
ijijk g for i, j, k = 1, 2. …. (1.22)

(7) The r
ij defined in section (1.3) are the Christoffel symbols of the

second kind. Since r
ij = r

ji then jikijk  . Also, since )()( 1 ij
ij gg  ,

we have

km
ijk

m
ij g . …. (1.23)

(8) Let ),( 21 uuX


be a surface and let ijg and r
ij be as defined in sections

(1.2) and (1.3). Then

kijijk XX


. …. (1.24)
























k
ij

i
jk

j
ik

ijk
u

g

u

g

u

g

2

1 …. (1.25)

and
























k
ij

i
jk

j
ikkrr

ij
u

g

u

g

u

g
g

2

1 …. (1.26)

(9) Let ),( 21 uuX


be a surface. Then the coordinates 1X


and 2X


are

orthogonal if 02112  gg . (This makes sense since jiij XXg


. ).

(10) Let ),( 21 uuX


be a surface and let ijg and r
ij be as defined in

sections (1.2) and (1.3). If 1X


and 2X


are orthogonal coordinates,

then
























r
ij

i
jr

j
ir

rr

r
ij

u

g

u

g

u

g

g2

1 …. (1.27)

(no sums over any of i, j, r).
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(11) With the hypotheses of the previous property (with i, j, r= 1,2), when

j=r

 rrii
rr

rr

r
ir g

uu

g

g
ln

2

1

2

1








 …. (1.28)

and when i=j≠r












r
ii

rr

r
ii

u

g

g2

1 …. (1.29)

(12) In dimensions 3 and greater, if coordinates are mutually orthogonal,

then for i, j, r all distinct, 0r
ij . (in the event that one or more of i, j,

r are equal, the two properties (10) and (11) apply).

(13) In the case of orthogonal coordinates, if we return to Gauss’ notation:

Eg 11 , 02112  Fgg , Gg 22

we have the first fundamental form (or metric form) 222 GdvEduds 

on surface ),(X vu


. In this notation, the Christoffel symbols are then

E

Eu

2
1
11  G

Gv

2
2
22 

E

Ev

2
1
21

1
12 

G

Gu

2
2

12
2
21  .... (1.30)

E

Gu

2
1
22 

G

Ev

2
2

11 

1.7 The Curvature Tensor and the Theorema Egregium [16]

A property of a surface which depends only on the metric form is an

intrinsic property. We have shown (Theorem 1.4.5) that the Gaussian

curvature at a point p


is gLpK /)( 


where L is the second fundamental

form and g is the determinate of the matrix of the first fundamental form

(or metric form). Therefore, to show that curvature is an intrinsic property

of a surface, we need to show that L is a function of the ijg (and their

derivatives) which make up the metric form.
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Lemma (1.7.1) [9]

The coefficients of the second fundamental form and the Christoffel

symbols are related as follows (for h=1,2):

h
kij

h
jik

h
rk

r
ij

h
rj

r
ikk

h
ij

j

h
ik LLLL

uu








 …. (1.31)

Definition (1.7.2) [3]

For a surface M with Christoffel symbols as above, define

h
rk

r
ij

h
rj

r
ikk

h
ij

j

h
ikh

ijk
uu

R 








 …. (1.32)

These make up the Riemann-Christoffel curvature tensor (with h=1, 2).

Theorem (1.7.3) [11]

(Gauss’ Theorema Egregium)

The Gaussian curvature of a surface is an intrinsic property. That is,

the Gaussian curvature of a surface is a function of the coefficients of the

metric form and their derivatives.

Proof

From the lemma and definition of h
ijkR we have

h
kij

h
jik

h
ijk LLLLR  …. (1.33)

Now define r
ijkmr

h
ijkmhmijk RgRgR  …. (1.34)

Then

mijk
mrr

ijk RgR  .

Now the Riemann-Christoffel curvature symbols h
ijkR are intrinsic and

therefore mijkR are also intrinsic. Multiplying (1.33) by mhg gives

(summing over h=1, 2)
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h
kijhm

h
jikhm

h
kijmh

h
jikmh

h
ijkmh LLgLLgLLgLLgRg 

or

jm
i
jimkmijjmikmijk LLgLLLLR  since .

In particular, with m, j=1 and i, k=2

212111221212 LLLLR 

12122211 LLLL 

( jiij LL since )

LLij  )det(

Therefore, since mijkR are intrinsic, then L is intrinsic and

g/Rg/LK 1212 is intrinsic.■

Corollary (1.7.4) [11]

For a surface M determined by ),(X),(X 21 uuvu

 the curvature is

given by

  



  rh

rhrh
uuvvuv gGEF

g
K 112212122

1

2

11 …. (1.35)

where

Eg  1111 X.X


212112 X.X gFg 


Gg  2222 X.X


)det( ijgg 

and
























k
ij

i
jk

j
ikkrr

ij
u

g

u

g

u

g
g

2

1

where )()( 1 ij
ij gg  .
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Corollary (1.7.5) [11]

For a surface M determined by ),(X vu


with orthogonal coordinates

 0X.X 21  F


the curvature is




























EG

E

vEG

G

uEG
K vu

2

1 …. (1.36)

Proof

With F=0 and equation (1.30) (which gives the Christoffel symbols

in an orthogonal coordinate system in terms of E and G) we have

 


 





  11

1
11

1
22

21
122

1

2

11
gGE

EG
K uuvv  









  22

2
11

2
22

22
12 g (1.37)

(since 02112  gg and det   )2211 EGgggij 
















































































 G

G

E

G

G

G

G
E

E

E

E

G

E

E
GE

EG
vvuuuv

uuvv 2222222

1

2

11
22


































 G

G

GE

G

G
E

E

GE

E

E
GE

EG
vvuuuv

uuvv 22

2

22

2

44442

1

2

11







 





2

2

2

2

442

1

2

11

G

GGEGG

E

GEEEE
GE

EG
vvuuuv

uuvv






















 









 





G

GEG
EG

E

GEE
EGGEGEEG

EGEG
vvuuuv

uuvv 222

1 22











 








EG

GEEEG

EG

GGEGE
GEGEEG

EGEG
vvuuuv

uuvv
222

1 22

   






 








EG

GEEGE

EG

GEEGG
GEGEEG

EGEG
vvvuuu

uuvv
222

1

   

















 










EG
EG

GEEGE
EEG

EG
EG

GEEGG
GEG

EG

vvv
vv

uuu
uu

22
2

1




























EG

E

vEG

G

uEG
vu

2

1
.■
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In this chapter, we introduce some interesting connections between

statistics and differential geometry which includes Rao distance based on

Riemannian metric whose elements are the entries in the Fisher

information matrix. The set of distributions form a manifold.

The distance between two distributions is the distance along the

geodesic that connects the two distributions. Also, we study Riemannian

metric and Gaussian curvature for some distributions.

The goal of this chapter is to compute Gaussian curvature of some

well known distributions such as normal, Gamma, Cauchy and t

distribution by using different formulas. If the Gaussian curvature of any

distribution approaches to the Gaussian curvature of the normal

distribution, we say that the distribution converges to normal distribution.

3.1 Riemannian Metrics Based on Fisher Information [3, 31]

We define the coefficients of the expected Fisher information matrix

as equal to the coefficients of the first fundamental form (Riemannian

metric) on the space of probabilities, known as Fisher information metric,

which it is a metric tensor for a statistical differential manifold. It can be

used to calculate the informational difference between measurement. It

takes the following form where ),( xf be a class of probability densities.

dxxf
xfxf

g
ji

ij ),(
),(log),(log














  …. (3.1)

which can be thought of intuitively as:

“The distance between two points on a statistical differential

manifold is the amount of information between them, i.e. the informational

difference between them”.

An equivalent form of the above equation is:
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


















 

jiji
ij

xf
Edxxf

xf
g







 ),(log
),(

),(log 22

…. (3.2)

We define the coefficients of the first fundamental form as:














2

1

2

11
),(log


xf

EEg














21

2

2112
),(log


xf

EFgg














2
2

2

22
),(log


xf

EGg

where  21, are two parameters of the probability density functions. It is

clear that E, F and G are functions of the parameters 1 and 2 . The

expectations apply to the whole sample space where the random variables

are defined.

3.2 Riemannian Metrics and Geodesics [4, 32]

We know that ),( xf be a class of probability densities, e.g.

normal, binomial. Suppose that Θ be the set of all of the values of the

parameter θ (Θ is a subset of nR ).

Assume that θ= ( 1 , 2 , …, n ) Θ. Consider a quadratic

differential metric in the form


 


n

i

n

j
jiij ddgds

1 1

2 )(  …. (3.3)

Let )(t  , 21 ttt  represent a curve that joins the points in Θ

)( 1tp  , )( 2tQ  . Let C represent the set of all such curves. The

geodesic distance between p and Q will be defined by

dtgQpd
t

t

n

i

n

j
jiij

c
  












 

2

1

2/1

1 1

)(min),(  …. (3.4)
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A curve for which this minimum is assumed will be called a

geodesic curve. This curve may be found using the calculus of variations

as a solution to the Euler Lagrange equations. For this problem they take

the form of a system of ordinary differential equations

 
 


n

i
j

n

j
iijk

n

i
iij nkg

1 11
...,1,,0 …. (3.5)

with boundary conditions of the form  )( 1t ,  )( 2t where
















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






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k

ij

j

ki

i

jk
ijk

ggg

2

1 …. (3.6)

3.3 Fisher Information Rao Distances between Probability

Distributions[32]

We defined the elements of the Fisher information matrix as in form

(3.2).

By substitution of the probability density into (3.2) the elements of

the Fisher information (3.2) matrix and the Christoffel symbols (3.6) may

be obtained. The system of equations (3.5) may be solved to get the

geodesic curve and the geodesic distance may be obtained using (3.4). The

geodesic distance may now be computed between two pdfs.

3.4 The Rao Distance for the Normal Distribution [32]

Three cases of distances to be considered for both the univariable

case include:

1- distributions with the same standard deviations but different means.

2- distributions with the same means but different standard deviations.

3- distances between normal distributions where both the mean and

standard deviation are different.

In the univariable distribution case we can see the following:
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Consider two normal distributions with means 1 and 2 and

common standard deviation .

The Rao distance is


 21 d …. (3.7)

For two normal distributions with common mean μ and with standard

deviations 1 and 2 . The Rao distance for this case is









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
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
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2
2

2
1

2

1 log
2

1
log2







d …. (3.8)

For two normal distributions with respective means 1 and 2 and

standard deviations 1 and 2

)2,1(1

)2,1(1
log2






d …. (3.9)

Observe that in (3.10) δ<1

where

   
   221

2
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2
21

2
21

2

2
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
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Furthermore, the derivative of d with respect to δ is

0
1

2
2

2










d for |δ|<1 …. (3.11)

Thus, the Rao distance is an increasing function of δ. As the difference

between the standard deviations remaining constant δ and hence the Rao

distance increases. For a constant difference between 1 and 2 the Rao

distance becomes larger for increasing standard deviations when

     
2

212221
21

12







 …. (3.12)
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For the quantity under the square root sign in (3.12) to be positive either

11  and 21   or 11  and 21   .

The following theorem explains this case:

Theorem (3.4.1) [32]

Assume that C is a positive number on the unit interval where

1
21

21 



C



.

Then a necessary and sufficient condition that

1. C

2.
C

C
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
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1
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log2

is that
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2

2
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2
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1

22

C

C







 …. (3.13)

The condition (3.12) guarantees that the expression under the square

root sign in (3.13) is positive.

3.5 Riemannian Metric For Some Distributions

(a) Normal Distribution [3]

Let 1 be a location scale manifold of density that has the following

general form:

 

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
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 
 RRvu

v

ux

v
xf ),(

2
exp

2

1
)(

2

2

21


where u is the location parameter and v is the scale parameter. We also

assume that the regular conditions of the information metric are satisfied.

The first and second partial derivative, with respect to parametric lines u

and v, are given as:
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


It is commonly known that the expected value and variance of the

random variable X are u and 2v , respectively.

From this, we could easily derive the coefficient of the first

fundamental form

22

2
,0,
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v
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v
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(b) Cauchy Distribution [3]

Let 2 be the location scale manifold of density which has the

following general form:

  


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







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v
xf ),(,

1
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222 

where u is the location parameter and v is the scale parameter. The

logarithm of the likelihood function of Cauchy density with one

observation can be written as
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  22lnlnln uxv
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. …. (3.16)

As before, we can derive the first two partial derivatives with respect

to the parametric lines u and v.
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Taking the expected values of equations (3.17), we finally get the

following results:
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(c) Student t Distribution [3]

Let 3 be the location scale manifold of density that has the student

t distribution and generally has the form:
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where u is location parameter and v is scale parameter. Let us define the

following variables to simplify the notation:

r
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Then the logarithm of likelihood function of family t, can be written

as follows:
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From equation (3.19), we can derive the first and second partial

derivatives:
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We can now take the expected values (3.20), and have the following

results:
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(d) Gamma Distribution [4]

We know that
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be probability density function of Gamma distribution.

The parameter space ),(  may be viewed as a manifold.

Consider a new set of coordinates (α, η) where η=log (α/β). The

distributions then take the form
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From equation (3.22), we can derive the first and second partial

derivatives:
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For the Gamma family of distributions, the coefficients of the first

fundamental form:
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(e) Pareto Distribution
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Then the logarithm of likelihood function of family Pareto, can be

written as follows:

xf ln)1(lnlnln   …. (3.25)

As before, we can derive the first two partial derivatives with respect

to the parametric lines α and β.
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We can now take the expected values of (3.26), and have the

following results:
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(f) Wald Distribution
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The logarithm of the likelihood function of wald density can be

written as
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From equation (3.28), we can derive the first and second partial

derivatives with respect to the parametric lines μ and λ
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We can now take the expected values of (3.29), and have the

following results:
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3.6 The Gaussian Curvature of the Probability Distribution [3]

First, we define the six well known Christoffel symbols as:
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 ,  2
1
22

2

2

FEG

FGGGGF vuv




 , …. (3.31)

 2
1
12

2 FEG

FGGE uv




 ,  2
2
22

2

2

FEG

FGFFEG uvv




 .
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Since E, F and G are functions of parameters (u, v) and are continuously

twice differentiable, uvuvu GFFEE ,,,, and vG all exists and are all well

defined. Additionally, no assumption is made regarding F=0, and so the

parametric lines are not necessarily orthogonal. However, if F=0, the six

Christoffel symbols can be greatly simplified.

Now, we select four formulas that can be used to compute the

Gaussian curvature of the distributions:

(A) 






































v

E

Gvu

G

EuEG
K

111

(B)

 
vvv

uuu
vuvu

GFE

GFE

GFE

FEGFEG

EF

vFEG

FG

uFEG
K

22222 4

1

2

1































(C) 











 










 
















 










 




 1
12

1
22

2
12

2
11

11

G

D

vG

D

uDE

D

uE

D

vD
K

where 22 FEGD 

(D)
22

1212 )12,12(

FEGFEG

R
K





 ,

where (12, 12)= 



2

1
21211212

m
m

m gRR ,

11111
mi

m
jkmj

m
ikjk

i
ik

j
ijk uu

R 







 , sum on m,

where the quantities of 1
ijkR are components of a tensor of the fourth order.

This tensor is called the mixed Riemann curvature tensor. Notice that 11g ,

12g and 22g are simply tensor notation for E, F and G.

Clearly formula (A) is a special case that is valid only when the

parametric lines are orthogonal. Formula (D) is a general form represented

in Riemann symbols of the first and second kind, respectively. In formula
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(D), 1212R , the inner product of the mixed Riemann curvature tensor and

the metric tensor, is called the covariant Riemann curvature tensor; it is a

covariant tensor of the fourth order. The components 1
ijkR and 1212R are

also known as Riemann symbols of the first and second kind, respectively.

Notice that Riemann symbols of the second kind will satisfy the relation

1212R = 212121121221 RRR  , the well-known property of skew-

symmetry with respect to the last two indices.

It is useful to be aware of the fact that the Christoffel symbols

depend only on the coefficients of the first fundamental form and their

derivatives. The same holds true for the mixed Riemann curvature tensor.

From this point of view, as long as we can find the coefficients of the first

fundamental form of a given distribution and their first and second

derivatives, we can uniquely define the corresponding Christoffel symbols

and hence mixed Riemann curvature tensors. Thus, the process of

computing the covariant Riemann curvature tensor and Gaussian curvature

is simplified.

From a different perspective, we know that the mixed Riemann

curvature tensor will link with the coefficient of the second fundamental

form, namely e, f, and g, by

)( 22
121 feggR nn  , where

2
11

FEG

G
g


 ,

2
12

FEG

F
g




 ,
2

22

FEG

E
g


 .

The above relation can then be easily used to derive 2
1212 fegR 

and the result will be the original fundamental definition of Gaussian

curvature.
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3.7 Some Examples

In this section, we give the details of some examples which will deal

with the location-scale family of densities and methods of finding those

with negative Gaussian curvature.

Chen, W.W.S. used the formula (D) to compute our Gaussian

curvature with the p.d.f. of normal, Cauchy distribution and t family

distribution but, Gruber, M. H. J. used the formula (B) for the normal and

Gamma distribution.

Example (1) [3]

The metric tensor of the normal distribution as calculated in section

(3.5)-a where the coefficients of the metric tensor are
2

1

v
E  , F=0,

2

2

v
G  , as well as their corresponding derivatives with respect to the

parametric lines u and v:

0uE ,
3

2

v
Ev


 , 0uG ,

3

4

v
Gv


 ,

4

2

v
EG  .

Substituting the listed results into formula (D) to compute the

Gaussian curvature. Chen, W.W.S. found that 01
22

2
12

1
11  .

2
2
22

2
11

2
11

1
21

2
11

2
121

2

1

vv
R









4
2
1211212

1

v
GRR



2

1

2

1 4

4
1212 




v

vEG

R
K .

Also, Gruber M. H. J. found the same result when he used formula

(B).
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Example (2) [3]

The metric tensor of the Cauchy distribution as calculated in section

(3.5)-b. The derivatives of the coefficients of the metric tensor and six

Christoffel symbols are all straightforward computations. Due to the fact

that the Cauchy distribution is the same as the normal distribution, that is,

01
22

2
12

1
11  , Chen, W.W.S. used formula (D) to derive the Gaussian

curvature.

2
2
22

2
11

2
11

1
21

2
11

2
121

1

vv
R









44

1

v
EG 







2

1
4

2
12121211212

2

1

m
m

m

v
GRgRR

2
2

1
4

4
41212 






 

v
v

EG

R
K .

This result shows that Cauchy distribution does not converge to the

normal distribution.

Example (3) [3]

The metric tensor of the t distribution as calculated in section (3.5)-

c. The procedures to compute the derivative of the coefficient of the metric

tensor and six Christoffel symbols became routine procedures.

Chen, W.W.S. computed the Riemann symbols of the first and

second kind, respectively. Thus, the Gaussian curvature is calculated as:

2
2
22

2
11

2
11

1
21

2
11

2
121

2

1

rv

)r(

v
R










 




2

1
4

2
12121211212

3

1

m
m

m

)r(v

)r(
GRgRR

r

)r(

EG

R
K

2

31212 

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This result shows that t distribution converges to the normal

distribution at certain value of r.

Example (4) [4]

The metric tensor of the Gamma distribution as calculated in section

(3.5)-d. The Gaussian curvature of the Gamma family of distributions

depends only on ),0(  .

Gruber M.H.J. used the formula (B) to compute the Gaussian

curvature. To find )(K  he used the formula
 
 24

1

)(

)(
)(K







 ,

which obtained by applying Gauss Remarkable Theorem. It can also be

shown that for normal distributions with parameters μ and σ that the

Gaussian curvature is always
2

1
 . Thus,

2

1
K 


)(lim ,
4

1
K

0



)(lim .

As  the curvature of the Gamma family of distributions tends

toward
2

1
 the curvature of the normal family of distributions.

This result shows that Gamma distribution converges to the normal

distribution.
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In this chapter, we explain some theorems of statistics about

continuous random variable, some continuous distributions and Fisher

information. Also, we show the theorems of law of the large numbers and

central limit theorem.

2.1 Random Variable [17, 18]

Given a random experiment with sample space S. A Random

Variable (r.v.)X is a function which assigns to each element S a real

number )(X in the set E.

There are two types of random variables, discrete and continuous. A

random variable has either probability mass function (discrete random

variable) or probability density function (continuous random variable).

A random variable X is called continuous if E is the set of the real

numbers R or any subset of R. (or a continuous random variable is one

which takes an infinite number of possible values. Continuous random

variables are usually measurements. Examples include height, weight, the

amount of sugar in an orange, the time required to run a mile.

2.2 Probability Density Function [19, 20]

The probability density function (p.d.f), )(xf , of a continuous

random variable X, is a function from R to ),[ o .

The p.d.f. must satisfy the following two conditions:

a. 0)( xf for all x.

b. 




1)( dxxf .

2.3 Distribution Function of a Continuous Random Variable

If X is a random variable defined on the sample space S, the

cumulative distribution function (c.d.f), or simply the distribution function



Chapter Two Some Definitions and Concepts from Statistics

24

F of the random variable X, is the function from R to [0, 1], and is defined

for all Rx , by





x

duufxXpxF )(][)( …. (2.1)

In other word, )(xF denotes the probability that the random variable

X takes on a value that is less than or equal to x.

For each random variable X there is one and only one distribution

function. [20]

We can show that the continuous distribution function have the

following properties: [17, 21]

1- 0)(lim)( 


xFF
x

2- 1)(lim)( 


xFF
x

3- F is a non decreasing function, that is, if ba  , then )()( bFaF 

4- )()( xF
dx

d
xf 

5- )aX(p)bX(p)bXa(p 

= )()( aFbF 

badxxf
b

a

  for)(

2.4 Mathematical Expectation

The expected value (or population mean) of a random variable

indicates its average or central value.

The expected value of a random variable X is symbolized by )(XE or μ.

If X is a continuous random variable with probability density function

)(xf , then the expected value of X is defined by
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




 dxxxfXE )()( …. (2.2)

also,

  




 dxxfxgXgE )()()( …. (2.3)

where g(X) is a function of a continuous r.v. [18, 21]

The properties of the expectation are: [22]

1- E(a)=a for a constant a

2- 2121 )()( aXEaaXaE  for constants 21,aa

3- 














Υ
EXE

Υ
X

E
1

).( if X and Y independent r.v’s.

4- )]([)]([ XgaEXagE  .

5- )]([)]([)]()([ 22112211 XgEaXgEaXgaXgaE  .

6- )x(g)x(g)]X(g[E)]X(g[E 2121  if for all x.

2.5 Variance of Random Variable [18, 21]

The (population) variance of a random variable is a non- negative

number which gives an idea of how widely spread the values of the

random variable are likely to be; the larger the variance, the more scattered

the observations on average.

The variance of a r.v.X is symbolized by var(X) or v(X) or 2 and is

defined by

2222 )]X(E[)X(E)]X(EX[E)Xvar(  …. (2.4)

where E(X) is the expected value of X.

If X is a continuous r.v. then






 22 dx)x(fx)(xvarvar(X)

var(X)
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The standard deviation of X is symbolized by σ, and is defined as

)var(X

2.6 Some Special Continuous Distributions

(a) Gamma Distribution [23]

A continuous random variable X, taking all real values in the range

(0, ∞) is said to have a Gamma distribution with parameters α and β if its

probability density function is given by

0

0

)(
)(

1










  xex

xf
x

…. (2.5)

where α, β are constants. We write X~ G (α, β).

The gamma function )( is defined as





0

1)( dxex x for 0 and has the following properties:

1- If α is a positive integer, then )1()(   !

2- )1()1()(   for any positive real number α

3- 







2

1

The mean of this distribution is



, and the variance is
2


.

The distribution function is









1

0 j!

)(
1)(

  

j

jx xe
xF

(b) Normal Distribution [17]

A continuous random variable X, taking all real values in the range

(-∞, ∞) is said to have a normal distribution with parameters μ and σ if its

probability density function is given by
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0-

-

2

1
)(

2

2

1











 





x

exf

x

…. (2.6)

where μ, σ are real constants. We write X~ N ),( 2 .

The mean of this distribution is μ and the variance is 2 .

The distribution function is










 


x u

duexF

2

2

1

2

1
)( 





The values of F(x) can be taken from a special table.

Notes [17]

1. If X~ N ),( 2 , then





X
Z is a standard normal variable with

mean 0 and variance 1.

2. The p.d.f. of the standard normal variable Z is given by

2
2

1

2

1 z
e)z(f





-∞ < z < ∞ …. (2.7)

and the corresponding distribution function

][)( zZPz  is given by









z

u
z

du
e

du)u(f)z(



2

2

2

The values of )(z can be taken from a special table.

(c) Cauchy Distribution [22]

A continuous random variable X, taking all real values in the range

(-∞, ∞) is said to have a Cauchy distribution with parameters α and β if its

probability density function is given by
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0
1

1
)(

2 




















 









-

x-

x
xf …. (2.8)

where α, β are constants. We write X~ Cauchy (α, β).

The mean and the variance of this distribution do not exist.

The distribution function F is given by

2

1
tan

1
)( 1 







 
 





x

xF

(d) Exponential Distribution [23]

A continuous random variable X, taking all real values in the range

[0, ∞) is said to have an exponential distribution with parameter λ if its

probability density function is given by

0

0
)(




 


  x

exf x …. (2.9)

where λ is a constant. We write )(Exp~ X .

The mean of this distribution is

1

and the variance is
2

1


.

The distribution function F is given by

   
x x

xu edueduufxF
0 0

1)()(  .

(e) Beta Distribution [22]

A continuous random variable X, taking all real values in the range

(0, 1) is said to have a beta distribution with parameters a and b if its

probability density function is given by

0,

10
)1(

),(

1
)( 11




 

ba

x
xx

baB
xf ba …. (2.10)

where a, b are constants. We write X~ Beta (a, b).



Chapter Two Some Definitions and Concepts from Statistics

29

The Beta function B(a, b) is defined as

  
1

0

11 )1(),( dxxxbaB ba for a>0 , b>0.

The Beta function is related to the gamma function according to the

following formula:

)(

)()(
),(

ba

ba
baB






The mean of this distribution is
ba

a


and the variance is

2))(1( baba

ab


The distribution function F is given by

  
x

ba duuu
baB

xF
0

11 )1(
),(

1
)(

The values of F(x) can be taken from a special table.

(f ) Double Exponential (Laplace) Distribution [22]

A continuous random variable X, taking all real values in the range

),(  is said to have a double exponential distribution with parameters α

and β if its probability density function is given by

0,2

1
)(













x

exf

x

…. (2.11)

where α, β are constants. We write X~ Lap (α, β).

The mean of this distribution is  and the variance is 22

The distribution function F is given by








xexF

x

2

1
)(












 


   xe

x

2

1
1
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(g) Pareto Distribution [22]

A continuous random variable X, taking all real values in the range

(α, ∞) is said to have a Pareto distribution with parameters α and β if its

probability density function is given by

0,
)(

1 


  




 x

x
xf …. (2.12)

where α and β are constants. We write X~ Par (α, β).

The mean of this distribution is
1

 for β >1 and the variance is

)2()1( 2

2

 


for β >2.

The distribution function F is given by

 







 
   xdu

u
xF

x

1
)( .

(h) Wald Distribution [24]

A continuous random variable X, taking all real values in the range

(0, ∞) is said to have a Wald distribution with parameters μ and λ if its

probability density function is given by










 



,

0

2
)(

2

2

2

)(

3

x
e

x
xf x

x

…. (2.13)

where μ and λ are constants. We write X~ Wald (μ, λ).

The mean of this distribution is μ and the variance is

3

The distribution function F is given by

















 





 



x
xFe

x
xFxF )1(.)1()(

2



Chapter Two Some Definitions and Concepts from Statistics

31

since (.)F represents distribution function in the standard normal

distribution.

We can use the following approximation:

xexF

x

ln.1)( 2

)2(


 


 when X is relatively large.

(i) Weibull Distribution [23]

A continuous random variable X, taking all real values in the range

(0, ∞) is said to have a Weibull distribution with parameters α and β if its

probability density function is given by
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0
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 x

exxf x …. (2.14)

where α, β are constants. We write X~ Weibull (α, β).

The mean of this distribution is 







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
  1

1/1 and the variance is
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The distribution function is
xexF 1)( for x > 0

(j) Student’s t Distribution [22]

A continuous random variable X, taking all real values in the range

(-∞, ∞) is said to have a t distribution with r degrees of freedom if its

probability density function is given by
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r
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…. (2.15)

where r is the parameter. We write X~ tr
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The mean of this distribution is μ=0 for r > 1, and the variance is
2r

r
for

r>2

The distribution function F is given by
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
x

r
du

r

urr

r
xF

2/)1(2

1

11

)2/(

2/)1(
)(



The values of F(x) can be taken from a special table.

2.7 Fisher Information

In statistics and information theory, the Fisher information (denoted

I(θ)) is the variance of the score. Fisher information is thought of as the

amount of information that an observable random variable carries about an

unobservable parameter θ upon which the probability distribution of X

depends. Since the expectation of the score is zero, the variance is also the

second moment of the score and so the Fisher information can be written

as









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









2

);(log)( 


 XfEI …. (2.16)

where f is the probability density function of random variable X and,

consequently, 0 ≤ I(θ) < ∞. Then it is the expectation of the square of the

score. A random variable carrying high Fisher information implies that the

absolute value of the score is frequently high.

Note that the information as defined above is not a function of a

particular observation, as the random variable X has been averaged out

[25].

Under certain regularity conditions:
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We can prove that as follows:
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Assuming that the regularity conditions allow us to take the

differentiation outside the integration sign:
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In the case when there are d parameters, thus making θ a vector of

length d, then the Fisher information matrix (FIM) is defined as having the

(i, j) element as
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or
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The FIM is a d × d and symmetric matrix. [25]
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2.8 The Characteristic Function [17]

The characteristic function (c.f.) of a r.v.X is denoted by )(x t , and

is defined as

 X)( it
X eEt  …. (2.20)






 dxxfeitx )( if X is a continuous r.v., where 1i , and t is any

real number.

2.9 Convergence of Random Variables [27]

The convergence of sequence of random variables to some limiting

random variable is an important concept in probability theory, and its

applications to statistics and stochastic processes. Throughout the

following, we assume that  nX is a sequence of random variables, and X

is a random variable, and all of them are defined on the same probability

space. There exist several kinds of convergence of the sequence  nX of

r.v’s, which are:

1- Convergence in Probability (or Stochastic Convergence). [17, 27]

A sequence of random variables  nX  1n is said to be

convergent in probability to a r.v. X (or weakly convergent), written as

XX p
n  , if for every ε >0,

  0lim 


XXp n
n

…. (2.21)

or equivalently,    nXXp n as1

2- Convergence Almost Surely [17, 27]

A sequence of r.v.’s  nX is said to be convergent almost surely (or

strongly) to a r.v.X, written as XX .s.a
n  if
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  1lim 


XXp n
n

…. (2.22)

In this case, we write XX n
n




lim with probability one (simply

w.p.1)

3- Convergence in Distribution [17, 27]

The sequence  nX of r.v.’s is said to be convergent in distribution

(or in law) to the r.v.X if the distribution function nn XxF of)( converges

to the distribution function )(xF of X at every continuity point x of F. It is

written as XX d
n  .

Theorem (2.9.1) [17]

Let )(tn be the characteristic function of nX . If XX d
n  then

)()( ttn   , where )(t is the c.f. of X. If )()( ttn   and the limit

function is continuous at t=0, then XX d
n  .

2.10 The Law of Large Numbers [28]

In probability theory, several laws of large numbers say that the

average of a sequence of random variables with a common distribution

converges to their common expectation, in the limit as the size of the

sequence goes to infinity. The phrase “law of large numbers” is also

sometimes used to refer to the principal that the probability of any possible

event (even an unlikely one). Occurring at least once in a series increases

with the number of events in the series. For example, the odds that we will

win the lottery are very low, however, the odds that someone will win the

lottery are quite good, provided that a large enough number of people

purchased lottery tickets.
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Theorem (2.10.1) [17, 28]

(The Weak Law of Large Numbers)

Let ,...,, 21 XX be a sequence of independent and identically

distributed random variables (i.i.d. r.v’s), each having a finite mean

)( iXE , i=1, 2, … . Then, for any ε>0 and  2)var( iX ,








 


n

n

XXX
p n as0

...21  …. (2.23)

If we write
n

XXX
X n

n



....21

then, from (2.23), it follows

p
nX as n , where  nXE .

Theorem (2. 10.2) [17, 28]

(The Strong Law of Large Numbers)

Let X1, X2, … be independent and identically distributed with a finite

mean  iXE and finite fourth central moment  44   iXE for i=

1, 2, … . Then  ..sa
nX .

That is   1lim 


n
n

XP …. (2.24)

2.11 Central limit Theorem [29]

The central limit theorem is one of the most remarkable results of

the theory of probability. In its simplest form, the theorem states that the

sum of a large number of independent observations from the same

distribution has, under certain general conditions, an approximate normal

distribution. Moreover, the approximation steadily improves as the number

of observations increases. The theorem is considered the basis of

probability theory, although a better name would be normal convergence

theorem.
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Theorem (2.11.1)

(The Central Limit Theorem)

Let X1, X2, X3, … be a sequence of random variables which are

defined on the same probability space, share the same probability

distribution D and are independent. Assume that both the expected value μ

and the standard deviation σ of D exist and are finite. Consider the sum

nn XXS  ....1 . Then the expected value of nS is nμ and its standard

deviation is n . Furthermore, informally speaking, the distribution of

nS approaches to the normal distribution ),( 2 nnN as n approaches to

∞.

In order to clarify the word “approaches” in the last sentence, we

standardize nS by setting

n

nS
Z n

n 


 .

Then the distribution of nZ converges towards the standard normal

distribution N(0, 1) as n approaches to ∞ (this is convergence in

distribution). This means: if )(z is the cumulative distribution function of

N(0, 1), then for every real number z, we have

  )(lim zzZp n
n




,

or equivalently,

)(
/

X
lim zz

n
p n

n


















where

  nXXnS nnn /.../X 1  is the “sample mean”. [30]
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Proof

From theorem (2.9.1), it is sufficient to show that )()( tt
nZ   as n ,

where )(t
nZ and )(t are the characteristic functions of nZ and Z

(standard normal distribution), respectively. We have
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ee.e)t(lim 


 





)t(Z ,

where 2/2

)( t
Z et  is the c.f. of the standard normal distribution.

By theorem (2.9.1), the distribution of nZ approaches to the

standard normal distribution. [17]



Chapter Four Gaussian Curvature for Distributions

57

In this chapter, we try to use the different formulas which explained

in chapter (3) to compute the Gaussian curvature for normal distribution,

Cauchy, t distribution and Gamma distribution by using the formulas which

do not use by others. Also, we find the Gaussian curvature of other

distributions such as Pareto distribution and Wald distribution by using

different formulas and show that if they are convergent with respect to

normal distribution by comparing the value of Gaussian curvature for each

distribution with the value of Gaussian curvature for the normal

distribution.

4.1 Normal Distribution

(1) We use the formula (A) to compute the Gaussian curvature of the

normal distribution.
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(2) We use the formula (C) to compute the Gaussian curvature of this

distribution. We take the left hand side of formula (C) which has the

form
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where 22 FEGD  , 2FEGD 
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Now, we take the right hand side of formula (C) which has the form
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4.2 Cauchy Distribution

(1) We use the formula (A) to compute the Gaussian curvature of the

Cauchy distribution.
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(2) We use the formula (B) to compute the Gaussian curvature of this

distribution.
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(3) We use the formula (C) to compute the Gaussian curvature of this

distribution. We can find that
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We take the left hand side of formula (C)
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Now, we take the right hand side of formula (C)
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This result shows that Cauchy distribution does not converge to the normal

distribution.

4.3 t Distribution

(1) we use the formula (A) to compute the Gaussian curvature of the t

distribution. We can find that
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(2) we use the formula (B) to compute the Gaussian curvature of this

distribution. We can find that
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distribution. We can find

01
22

2
12

1
11 

rv

r

2

12
11




v

11
12 

v

12
22 

We take the left hand side of formula (C)
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When r is very large the result of K converges to
2
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 that means t

distribution converges to the normal distribution.
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4.4 Gamma Distribution

(1) we use the formula (A) to compute the Gaussian curvature of Gamma

distribution.
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(2) we use the formula (C) to compute the Gaussian curvature of this

distribution.

We can find
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(3) we use the formula (D) to compute the Gaussian curvature of this

distribution.
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This result shows that Gamma distribution converges to the normal

distribution.
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4.5 Pareto Distribution

(1) we use the formula (B) to compute the Gaussian curvature of this

distribution.
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(3) we use the formula (D) to compute the Gaussian curvature of this

distribution.
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This result shows that Pareto distribution does not converge to the normal

distribution. But when the value of β lies between 0.29 and 0.3,
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4.6 Wald Distribution

(1) we use the formula (A) to compute the Gaussian curvature of this

distribution. We know that
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(3) we use the formula (C) to compute the Gaussian curvature of this

distribution. We can find
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We take the left hand side of formula (C)
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(4) we use the formula (D) to compute the Gaussian curvature of this

distribution.
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This result shows that Wald distribution converges to the normal

distribution.
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Abstract

The using of mathematics to get a solution for many problems, is

known from the past. According to truth we study the using of differential

geometry to show which continuous distribution converges to normal

distribution by connecting between differential geometry and statistics.

In particular, we illustrate the connection between Pareto

distribution and Wald distribution with normal distribution by using some

statistical theorems and differential geometry. The thesis consists of five

chapters:

The first chapter introduces some definitions and concepts from

differential geometry like tensor, the first and second fundamental form,

Gaussian curvature, etc. From these concepts we get different formulas to

calculate the value of Gaussian curvature based on the relation between

Riemannian metrics and Fisher information.

The second chapter explains some definitions and concepts from

probability and statistics needed in later chapters such as probability

density function, continuous distribution function, some special continuous

distributions, Fisher information, convergence of random variable, the law

of large numbers and the central limit theorem.

The third chapter presents some connections between statistics and

differential geometry, such as the definition of the coefficients of the

expected Fisher information matrix as they equal to the coefficients of the

first fundamental form (Riemannian metrics) given by:
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the relation between the Riemannian metrics and geodesics, Fisher

information Rao distances between probability distributions, Riemannian

metrics for some distributions, the Gaussian curvature of the probability



iii

distributions, and the Christoffel symbols. Some examples are also given to

compute the Gaussian curvature using different formulas.

In chapter four we use some methods to calculate the Gaussian

curvature for some distributions. Also, we apply these methods to calculate

the Gaussian curvature for Pareto distribution and Wald distribution.

Chapter five contains some conclusions and recommendations.
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5.1 Conclusions

(1) The gamma distribution and t distribution converge to normal

distribution by using four formulas.

(2) The Cauchy distribution does not converge to normal distribution by

using four formulas.

(3) By using three formulas, we find the Gaussian curvature for Pareto

distribution equal to 







4

1
when 0 and equal to (o) when

 that means this distribution does not converge with normal

distribution except in the interval (0.29, 0.3).

(4) By using four formulas, we find the Gaussian curvature for Wald

distribution equal to 







2

1
that means this distribution converges to

normal distribution.

(5) Implicit conclusion that whether one uses statistical or geometric mean

curvature, the 3t may be considered half way in between a normal and

Cauchy distribution.

(6) The Gaussian curvature for the distributions (normal, gamma, Wald

and 3t ) lies between the Gaussian curvature of Pareto distribution and

Cauchy distribution.
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5.2 Recommendations

(1) Study which discrete distribution will have the convergence with

normal distribution by using advanced mathematical formulas need to

studies and researches in future with some conditions.

(2) Investigate the convergence of other continuous distributions using the

different methods.

(3) The distributions of multivariate need to study by using the same

formulas in future.
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Introduction

The studies of applying the differential geometry in statistical

subject are very little and do not cover each the sides, also the references

under this title are limited. The knowledge of student about the differential

geometry is very important for the M. Sc. study.

This thesis is divided into five chapters:

Chapter one contains some important concepts of differential

geometry, like tensor, Riemannian metric, second fundamental form,

Gaussian curvature, geodesics and curvature tensor.

Chapter two presents some important concepts and theorems of

mathematical statistics, such as continuous random variable, some

continuous distributions and Fisher information. Also, we show the

theorems of law of the large numbers and central limit theorem.

Chapter three gives some interesting connections between statistics

and differential geometry.

Chapter four contains the results of computing the Gaussian

curvature (K) of some continuous distributions, like normal, Cauchy, t,

gamma, Pareto and wald.

Chapter five contains some conclusions and the recommendations.

There are some researchers who worked in this field in end of

twenty century and beginning of twenty one century:

In 1986, Barndorff- Nielsen, O. E.[1] used the concept that the

coefficients of the expected Fisher information matrix as equal to the

coefficients of the first fundamental form.

In 1997, Kass, R.E. [2] used the same concept of Barndorff- Nielsen,

O.E. using the following formula
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to compute the Gaussian curvature (K) of trinomial and t families. He gave

the general form of a location-scale manifold of density:
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For some density function f.

In 1999, Chen W.W.S. [3] provided a deeper and broader

understanding of the meaning of Gaussian curvature, using some more

general alternative computational methods. He used the formula
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to compute the Gaussian curvature (K) for the distributions (normal,

Cauchy and t family). He showed that in normal distribution Gaussian

curvature
2

1
K , and in Cauchy distribution K=-2, while in t family

distribution with r degrees of freedom, he get
r

r
K

2

3
 . In other words,

the Gaussian curvature of 3t distribution is the geometric mean of the

curvatures for the Cauchy and normal distribution.

In 2003, Gruber M.H.J. [4] used the following formula
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to compute the Gaussian curvature of gamma family of distributions and

normal distribution. He illustrated some connections between the
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behaviour of Gaussian curvature of the gamma family of distributions and

the central limit theorem as follows:

The random variable that has a Gamma distribution with α=n is the sum of

exponential random variables. By the central limit theorem as n→ this

random variable tends towards that of a normal distribution. As n→ the

curvature of the gamma family of distributions tends towards
2

1
 , the

curvature of the normal family of distributions.

In 2004, Arwini K., Del Riego L. and Dodson C. T. J. [5] provided

formulae for universal connections and curvatures on exponential families

and gave an explicit example for the manifold of gamma distributions.
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