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ABSTRACT

his thesis discuss the functions f €L, 0<p <o

which change its convexity finitely many times, on a

finite interval . We are interest in the estimating of
the degree of approximation of f by polynomials which are

coconvex with it and which shape preserving, involving the

weighted Ditzian—Totik modulus of smoothness w;, .

The thesis 1s divided into three chapters. Chapter one
1s an introduction in which definitions, inequalities and
theorems of researchers related to this study are

introduced.

In chapter two we study and consider the properties
of weighted Ditzian—Totik modulus of smoothness and we

deal with approximation of f in L, ,0<p <o on [-1,1],

which changes convexity finitely many times by algebraic
or piecewise polynomials (splines).Also we are interested
1n estimating the degrees of best coconvex approximation

of f€L,[-11] involve the weighted Ditzian—Totik

modulus of smoothness.

In chapter three we discuss the coconvex

approximation of function f which defined a finite interval

@



,and there are three sections, in the first one , we estimate

the degree of approximation of f by using algebraic and

piecewise polynomials which change convexity exactly at

the points of Y;, in the second, using the divided
difference and weighted D. T. modulus of smoothness to
approximate f € L,(I) NA*(Y;) and in the third we
estimate the degree of approximation of f by dividing

difference .
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Chapter One

Introduction and Preliminaries

1.1 Approximations Theory and Overview

Our interest in approximation theory stems from its beauty, its utility,
and its rich history. There are also many connections that can be drawn to

questions in both classical and modern analysis.
The main idea of approximation includs in finding for a complicated

function f from a large space X a close by, a simple function y from a small
subset ¥ of X. There are three elements here. The large space X is usually a
normed space, such as C, L, with 0 <p <oo or one of the other Banach
spaces of functions. The distance betweeni) and f can be measured by

lIf —vll in X. Finally, we have to define the special functions of Y.

The authenticity of the approximation method due to Chebyshev can be
thought of as well established . This make it all the more interesting to
investigate the source of the impetus that led our genius fellow countryman

to his brilliant and deep constructions.
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There is nothing mysterious about it . Chebyshev himself said in perfectly
clear way, about the purpose of his research in approximation theory and

names the person whose results were his starting point.

In 1853 , the great Russian mathematician , P. L. Chebyshev , while
working on a problem of linkages , devices which translate the linear motion
of a steam engine into the circular motion of a wheel , considered the
following problem:

Given a continuous function f defined on a closed interval [a,b] and a
positive integer n, can we “represent” f by a polynomial p(x) = X2_, a, x*,
of degree at most n, in such a way that, the maximum error at any point x in
[a,b] is controlled ? In particular , is it possible to construct p in such a way
that the error max, ..., |f(x) — p(x)| is minimized?

This problem raises several questions , the first of which Chebyshev himself
ignored :

- Why should such a polynomial even exist?

- If it does, can we hope to construct it?

- Ifitexists, is it also unique?

- What happens if we change the measure of the error to, say ,

L1F00 —p)ldx?

Chebyshev’s problem is perhaps best understood by rephrasing it in modern
terms.

What we have here is a problem of linear approximation in a normed linear
space . Recall that a norm on a (real) vector space X is a nonnegative

function on X satisfying

lx[l=0 < x=0

lex|| = |alllx|] forall @€ R

llx + ¥l < llxll + llyll foranyx,yeX.
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Any norm on X induced a metric or distance function by setting
dist(x,y) = |lx — y|| . The abstract version of our problems can now be
restated:

Given a subset ( or even a subspace) ¥ of X and a point x € X, is there
an element y € Y which is “nearest” to x ; that is , can we find a vector
y €Y such that ||x —y|l = infierllx —2||? If there is such a “best
approximation “ to x ; from elements of Y, is it unique?

Now, we state some results for the existence and uniqueness of best

approximation, answer for the above questions .

Let X be a normed linear space and XV, is a finite-dimensional
subspace of X, then for each element x € X there exists not necessary a
unique element y,.eY that is a best approximation from Y to x ,and
map x — ¥, ,and let ¥ be a subspace of a normed linear space X , and let

x € X the set ¥,

X

consisting of all best approximation to x out of VY is
bounded , convex and closed set, also in case Y be a compact and strictly
convex set in a normed linear space, X then for each x € X , there is just one

best approximation from Y to x, see [17] .

A new content was given to the theory of best approximations of
functions in the first decade of the current century by Weierstrass the head of
Berlin school of mathematics.The proposition which he established in 1885,

Is that, for any f € C[a,b] and for any &> 0 there exists an algebraic
polynomial of the form p(x)=¢c,+c,x+--+c,x, , a<x =<h , such

that: the bound ||f — pll.. = & is satisfied, see[38]

The basic of the approximation theory of functions of real variable is a
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theorem study by Weierstrass which is of great importance in the

development of the whole of mathematical analysis, see [41].

Note that, Fundamental theorem of approximation theory , let

fEeClabl,—w<a<b<x Given £¢>0 , there exists an algebraic

polynomial p for which
|f(x) —p(x)| <& forall x € [a,b],
there are more than proofs to Fundamental theorem ,see [37].

Given the values of a function f(x) at two distinct values of x ,say x,
and x, , we could approximate f by a linear function p that satisfies the
conditions

p(xy) = f(x,) and p(xy) = fxy).

We can construct the linear interpolating polynomial directly , writing
p(x)=ax+ b and using the above two conditions to give two linear

equations to determine @ and b . On solving these equastions , we obtain

Xy f(x) — x0f(x1) 4 x(f(xﬂ_ f(xu])

X, — Xp X1 —Xp

p(x) =

This can also be expressed in the Lagrange symmetric form

) = (= )re,

1)

I—XU

Il—

or in Newton’s divided difference form

f(xq) —f(_xu))

X1 — Xp

p(x) = fxg) + (x — x4) (

to which we will return later . Observe that if we write x, = x, + h in above
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equation , the limit of p(x) as h — 0 gives the first two terms of the taylor
series for f is differentiable .

It is convenient to denote the set of all polynomials of degree at most n
by I1,, . Given the values of a function f(x) at n+ 1 distinct values of x,
say xg, X4, -, X, Can we find a polynomial p,, € I1,, ,say

(X)) =ay+a;x+a,x*+ -+ a,x",
Such that p,,(x;) = f(x;), . for j =0,1,...,n this means that we require
ap+ayx;+ax’ + -+ ax = f(xj), 0<j<n.

In the other hand ,we obtain

_ flxq)—F(xq)

ay = f(x) and a4 x1i-xg

we will write
a; = [xﬂ,xl,...,xj;f], 0=j<n,

to emphasize its dependence on f and xg,x,, ..., X; and refer to a; as a jth

divided difference . Thus we may write p,, in  the form
P () = [x; flme () + [x0,%1; Fl73 () + ==+ + [5x4, %4, -.., X; T, (X)),

which is Newton'’s divided difference formula for the interpolating polynomial
. Observe that [x,; f1 = f(x,) ,in general we will find it more appropriate to

use another notation for divided differences, where we write [xg, x4, ..., X,;; f]
instead of f[xg,%,,...,%,] IS a symmetric function of its arguments

Xy Xq, ey Xy

Where,

1, 'E'=DJ
HE(IJ :{ {:x— ID](X— 1’,’1) {:x - x;_'—l)r l=i<=n.
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The divided difference [x,,x,,...,x,; f] can be expressed as the following
symmetric sum of multiples of 1 (x;),

[Xg,X1,eme, X Z f(frj_

where in the above product of n factors , » remains fixed and j takes all
values from 0 to n, excluding r .

In recent years they have been extensively studied by many authors most

notably Ditzian , DeVore, Hristov, Jiang, Ivanov,Leviatan and Kopotun [8]

,[12], [13], [27], [36]) .

We shall give a simple example about the idea of approximation
theory, let us construct the interpolating polynomial p,(x) for the function
2* based on the points —2,—1,0,1 and 2 ; hence estimate 22 = V2 by

evaluating p, G)

Forx =—-2,-1,0,1,2, we have 2* = i ,1,2,4 | respectively .Then , the

h_'||r-l-

following method discussed above ,we find that the forward difference form
of the interpolating polynomial is

p,(x) = 14— (x—|—2]+ (x—l—Z](x—l—l]—l—l(x—i—Z](x—kljx

1
—|—%(x +2)x+ 1Dx(x—1).




On evaluating p,(x) at x = i , We obtain

723 1.4121
512 ' '

Since V2 &~ 1.4142 this interpolation method has provided an approximation
whose error is in the third digit after the decimal point.

There are many important applications of approximation theory, as it
was begun itself by application, by the Great Russian scientist P. L.
Chebyshev, and he said about the relationship between a mathematical theory
and its applications illustrate quite clearly not just the source of creativity, but
also scientific and philosophical positions. In this work, we give some of its

applications in mathematics, which are:

) Solving algebraic equations . In the memoir [22], there are about ten

theorems (6-10, 15-19) that are derived from the basic propositions on best
approximation. These theorems state that, under certain conditions the
polynomial of interest has at least one zero in some interval. The length of the
interval depends on the one hand, on the value of the polynomial at the center
of the interval, on the other hand, on specific assumption on the coefficients
or on the zeros of the polynomial. For example that: if the polynomial

P(x) = x*™*1 + ...+ k,does not contain any even power of X, then it has at
1

. . kM z2n+s
least one zero in interval |x| < 2( ) . Let us also formulate theorem

2
which uses a different assumption: if a polynomial pP(x)of degree n with

leading coefficient equals to one, and has only real roots, then for any t there

1
P(t)\n
is a real root in the interval |x — t| < 4 (%)n. Later in his 1872 memoir,
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using a result on monotone polynomials, Chebyshev narrowed the interval by
1

P() )"’.A further improvement of this result
2(n—-1)m

replacing with |x — t| < 4(
Is due to A. A. Markove [30].

B) Interpolation (remainder estimate). To minimize the error in the Lagrange

interpolation formula, Chebyshev suggests taking the nodes of the

interpolation (say in the interval (-11)) to be the zero of the

polynomial T, (x) = cos(n arccos (x)), since for a given function f(x) the

_ ¢ (n+1)(x)
remainder has the form  R(x)= T P (x), Where e (—1,1),
+ 1 n
P (x)= ﬁ(x _ Xk) and Xk are the nodes.
n k=1
(n+1)
Therefore with R(x)< max—(m max| P (x)(
(n+1)! n

the choice Pn (X) = Tn(X) Is the most profitable. Here Chebyshev partly

envisions the later result of Range that says that as n — oo Chebyshev

interpolation converges for any function that is regular in the basic interval,

while this is not true for Newton interpolation with equally space nodes.

C) A rule for finding approximately distance on the surface of the Earth .

Let us quote it completely :”(1) Take the distance between the two
latitudes and the two longitude ,and express them in minutes,(2) Double the
difference of the latitudes ,(3) Out of these two numbers the difference of

longitudes and the doubled difference latitudes , multiply the smaller by
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three, multiply the longer one by seven and then add the two products,(4) the
result divided by three will give the desired distance in verests” . A further

Improvement is due to Markov[30].

D) Constructing geographic maps . If one needs to draw on a map some

piece of the Earth surface with a given boundary , then there is a choice
among infinitely many projections that provide the infinitesimal similarity
and presentation of the scale in each point and in all directions .There are
the so called conformal projections . However as follows from Gauss
Theorma egregium ”, among all conformal projections of a ball to a plane ,
it is impossible to find a projections that would preserve the scale for all
points of the surface .In a talk given on 30 January1865 published under the
title ““Sur la constructions des cartes geographiques ”[31], Chebyshev posed
the problem of finding of finding a conformal projection for which the
logarithm of the scale would vary within tightest possible deviation from
some average value. Without a proof , he claimed that if the specified
condition is satisfied , then the scale should be constant on the boundary of
the map. Chebyshev statement was proved much later by academician D. A.

Grave in [28] and also in [11].

Recently ,approximation theory has also many other applications both
numerical and analytical. The most prominent of these are to image
processing , statistical estimation and the numerical and analytic treatment of

differential equations.

1.2 The Spaces L, p<l.
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The degree of constrained and unconstrained approximation of a

function f in either the uniform norm or in the Lp(l), 0< p<oo quasi-

norm will be studied,where I = [—1,1] . The degree of approximation will be

measured by the appropriate quasi-norm which we denote by II. Il, = Il I, .

Since we need the L quasi-norm on other intervals we will in all cases of an
p

interval J = |, indicate that by writing Il.ll.,¢y. Also we refer to
(ll- ll,with p = o), the uniform norm on | and we denote by ||.|| and on
the interval Jby |[.|I; Furthermore, |.[l, is a norm for 1< p<oo.

Characteristic for Lp , P21 are the inequalities of Holder and Minkowski.

The dual space of Lp 1< p<oo, is the spaces Lq with the conjugate

exponent g of p. Thus the spaces Lp with 1< p <o are reflexive.

The different structure of the spaces prith O<p<l and the

numerous questions by others lead us to understand the need for the following

few facts about Lp for p<1.

We consider the space Lp(l ) consisting of all measurable functions

f on 1, for which

1

HfHS:!\f(x)\pdx<oo. Recall ~that |[f| <2" |f[, tnat




N —eeeeee— (fiipler One

is L cL .
1 p

As we will see shortly, the L is not actually a norm space for p<1.
p

Nevertheless, it is not hard to see that L (I ) is a complete metric space.
p

Theorem 1.1 [3]

1

< zpmep +Hng), forany f,g eLp(I ).

T |-

It +g| <(f]”+]g]")

Thus d(f,g)=|f —gHE defines a translation invariant metric

on Lp . It is a complete metric, because convergence (respectively Cauchy) in

L  implies convergence (respectively Cauchy) in measure since
p

1
& measft | f (t) > £} < [| (1) dt, where by “meas™ , we mean the
1

measure of a set.
What this means to us is that :
(1) A linear map on L is continuous if and only if it is bounded
p

(continuous at zero).
(ii) The open mapping and closed graph theorems still apply.

(il)  The Hahn Banach theorem may fail!

Indeed, as we will see shortly, L is not locally convex. In fact, it is
p

Impossible to define a norm on Lp which gives the same topology as the
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usual metric. There are several ways to see that L (I) is not normable
P

for 0< p<1. Most useful from our point of view is

Theorem 1.2 [6]

Lp, 0 < p<1 has atrivial dual.

The Hahn Banach theorem allows a much fancier sounding version of

this result:

Corollary 1.3 [6]

There are no non zero continuous linear map from L into any normed
p
space.

In any event, it should now be clear that there can be no norm on

L which gives the same topology as the usual metric and that the Hahn
p

Banach theorem evidently fails in Lp (1), for 0< p<1. The fact that Lp has

a trivial dual with the theorem from [45] states that there exists a nonzero

continuous linear function on a linear space X , if and only if there is at least
one convex set that is not all of X , imply another rather strange result that

would be hard to believe otherwise.

Corollary 1.4 [6]
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If U is any neighborhood of zeroin L_(1), then

Lp(l )=con{U)

In particular

L, (1) :conv{f HfHE <1},

where Conv(U) is a smallest convex neighborhood of zero contains U .
Now, we will settle the question of which L,,p <1, embed into L,

for g = 1. Or which subspaces of L, (1) on which all of the various L (1)

quasi-norms for 0 < p < ( are equivalent. The key in this article is from [11].

For O<e<land 0<p<oo, consider the following subset

of |_p(|)|\/|(p,8) ={f e Lp(l) ; meas{X:‘f(X)‘ ZngHp}Z e},

Notice that if & <g,,  then M(p,s,)cM(p,g). Also

UM(p,e)=L,(l), since for any nonzero feL (I)we have

>0

meas{| f| > £} — meas{f # O} ass —0. In fact, any finite subset of

L,(I)is contained in an M(p,&)for same &>0. Finally note

that meas{] f ‘ > H f Hp}Zl implies ‘f‘ :Hpr almost everywhere.

The following theorem puts this observation to good use

Theorem 1.5 [4]
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Forasubset S of Lp(l ), the following are equivalent

(i) ScM(p,é&) for some £ = 0.

(i) For each 0< p<(, there exists a constant C(q) <o  such that

Hqu SHpr SC(Q)Hqu forall feS,.
(iiii) For some 0 < p <, there exists a constant C(() < o0 such that
Hqu SHpr SC(Q)Hqu, forall feS.

In our thesis, we will use the notations C and C to denote such
absolute constants which are of no significance to us and may differ on
different occurrences , even in the same line. In order to emphasize that c or

C depends only in parameters v;,V,,....... Vi, the notation

clv

TLARI ,Vk)(respectively C(Vl,v ....... Ve )) is used, if one of those V;

21
IS = p, we mean that constant depends on P, only in the case p<1l. Also

we will have constants C;,C,, ... when we have a reason to keep trace of them

in the computations that we have to curry in the proofs.

1.3 Moduli of Smoothness

Moduli of smoothness are intended for mathematicians working in
approximation theory, numerical analysis and real analysis, it is very useful
for measuring the smoothness of a function by differentiability is too crude

for many purpose in approximation theory. More subtle measurement is
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proved by the moduli of smoothness. We will use moduli of smoothness

which are connected with difference of higher orders.

The rth  symmetric difference of f is given by:

A (f.x)=A (f,x[ab])

< o(5) (~1%if (x — 2 4 in) i
aii(f,x}:{ o) GO (e =T +ih)  xEEl
0, 0.W.
Then, the rth usual modulus of smoothness of f e L,[a,b] is defined by
o (f,t,1) =sup|A (F,)] ,t>0.
r P och<tll P L)

A new way of measuring smoothness was introduced by Ditzian and
Totik [43]. The need for this new concept arises from the failure of the

classical moduli of smoothness to solve some basic problems, such as

characterizing the behavior of best polynomial approximation in Lp (1).

The Ditzian-Totik modulus of smoothnessof f & Lp(l),0< p < oo,
[10] which is defined for such an f as follows

7 r
2} (f.t, I)IO = sup Ah¢(.)(f")

O<h<t

Lp(l).

In the applications the ¢ usually used




o(x)=(1—x%)2 for | =[-1]]

o(xX) = (x(L-x))2 and o(x) =x(1—x) for | =[0,1]

1
2(X) =X, p(X) = (x(L+X))? and (x) = x for| = (0,0),

we have

cof’(f,t)p <o (f,t),, 0<p<ow

The weighted Ditzian-Totik kth modulus of smoothness of function

fe Lp(l),0< p < oo, is defined by

(4
o (f,t) =su
k,r( )p 0<hgt

0 07, (1.0

L, (D
where (D(X):\/l—Xz.If r=0, then a)fo(f,t)p za)r(f,t)p.

@ 2
We shall prove the relationship between @ (f,t) p and @ (f ,t)ID

in chapter two in case 0 < p < oo,

We collect below some properties of @ (f ,t)p and a):p(f 1) > that

are also true for O < p <1 and for the D.T. modulus of smoothness, we are

referred to [7, equation (12.5)], [9], [43] for references
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o (1) <o (f,2) <co(f1)
a)f’(f,t)p sa)f(f,mp scwf(f,t)p,
4
o (1,0, <df],,
q q q
a)r(f +g,t)ID Sa)r(f,t)ID +a)r(g,t)p,
o' (f +g,t)‘; gwf’(f,t)‘l +wf(g,t)‘;.

where 0 < p<oo,4>1,dq=min(1, p) ,and ¢ is a constant depending

only on r, g and also on A if applicable.

Also now let us compare between the classical modulus of smoothness

2
and its extension to a)Ir by the following properties : The following most basic

facts about @ (f,t) ) and a):o( f,t) ) satisfied where 0 < p < o0

(a) |ima)r(f,t)p =0forall f e Lp(l),0< p < .

t—o

(b) @ (f,1) ; is a nondecreasing function of t.

(b) a):)( f,t) : is a nondecreasing function of t.
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© o (f,4) < c(p)A o (f 1) for 221,
(d) a’m(f ,t)p < Zwr(f ,t)p.

which is generalized using the following inequality in [35]

(Ao (f 1) < c(p)e’ (f 1.

Another inequality about the classical modulus of smoothness is

@ @ (f,2) < chao(f 1) for 21,
(€) Another inequality about ! (f,t) from [3]
4 roe
o (f.20) <cio (f.1)for 121
There is another basic property of the classical modulus of smoothness:
r (r)
(f) a)kH(f ,t,J)IO <ct a)k(f ,t,J)p, p>1.

(r) (r-1)
Whichisvalidif f € Lp(J) and f is absolutely continuous in

every closed interval ] = [a, b]. The inequality fis not true if 0 < p <1.

Where the constants involved depending on the location of the points of

change of convexity, also we show that in some cases the constants may be
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taken an independent of the points of change of convexity, but that in some

other cases this dependence is essential.

We will introduce some theorems about properties of weighted

Ditzian-Totik modulus of smoothness in the case 0 < p < oo, in Chapter

two.

1.4 Shape Preserving Approximation

The fundamental problem of the theory of approximation of functions
interested with the connection between the structural properties of a function
and its degree of approximation. It is to relate the smoothness of the function
to the rate of decrease of the degree of approximation to zero. We are
concerned in our work of examining these questions for algebraic polynomial

approximation and piecewise polynomial approximation (spline).

In many applications, it is desirable that the mathematical moduli
preserve certain geometric properties of the data such as monotenicity,

convexity and in general kK — monotenicity. This is the subject that the so

called shape preserving approximation deals with.

Recently there has been more attention given to approximation with
constrains. The appearance of constrains can make it more difficult to obtain
direct estimates. Still the general lines of attack development for the non
constrained problem can be very useful. We want to indicate what
modifications are necessary to push the approach through. We do this for

comonotone approximation.
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In coconvex polynomial approximation, we give a function f that
changes its convexity finitely many times in the interval I. We are interested
in estimating the degree of approximation of f by polynomials which are

convex with it, namely polynomials that change their convexity exactly at the

points where f does. Question of this nature first appeared in the work of
D.J Newman see [1], [33] and [34]. They did not deal with a function f that
changes convexity, but rater with £ changes monotonicity finitely many times
in I and they were able to obtain weaker Jackson type estimates the degree of

approximation of that function by polynomials which truly comonotone with
it as well as some proper Jackson estimates when the polynomials were

comonotone with f except near the points where a change of monotenicity of
f occurred. Later Newman [32], and also f | live [15], obtained the proper
Jackson estimated involving the modulus of continuity of f, for the
approximation by polynomials that were truly comonotoned with f. Then

Beatson and Leviatan [1] obtained the desired estimates under the assumption

that f. Possesses a continuous derivative in I.

Afterwards, in general this topic was developed by a number of good
and convincing results which were a accomplished (for more detail see
references). Regarding "co convex polynomial approximation™ several results

have been obtained in the uniform space, but in L, (1) with 0 < p <oo, it

seems that nothing like has been achieved.

S
Let Se N0 = N U{0}and let YS :{yi}i_l be the set of points such

that
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—1:y0<y1<y2<---<ys<ys+1:1

S
where, S = O,YO = ¢@. for Ys we set 7(X) = 7Z'(X,YS) = _ljll(x— yi) and
O(X) =sgn( (X)) , where the empty product is equal to 1.

Let us now introduce the definition of k —monotone functions and

discuss some of their properties.

A function f:[a,b] — R is said to be k —monotone ,k = 1 ,on [a, b] if
and only if for all choices of k + 1 distinct points x,,x,, ..., x;in [a,b] the

inequality [xg,%4,...,%;;f] = 0 , holds where

k
()

[xﬂrxlr'--rxk;f] = Hl{:xjj
j=0

denoted the kth divided difference of f at xg, x4, -.., X, and

k

@ =] Je-x.

i=0

Note that 1 —monotone and 2 —monotone functions are just
nondecreasing and convex functions , respectively .We denote the class of
all k —monotone on [a,b] , by A*.If f € C*[a, b] then f € A* if and only if
f®(x)=0,x € [a,b].Also we denote by A¥(a,b) the classof all
k —monotone functions that are not required to be defined at the end points of

[a,b] (and thus, do not have to be bounded on [a,b] ) see[3] . For example




N —eeeeee— (fiipler One

(—1)k

X

€ A¥(0,1) forall k € N.

S
Now ,for Ys :{yi}i_lwe denote by A°(Y.) the set of all functions

f€E€L, such that (=1)**f(x) =0 for x € [y, Vks1] k=0,..,s.If
fEA'(Y,) has 0 <s< oo sign changes at the points in ¥, and is
nonnegative. In particular, if s = 0 ,then A°= A°(Y,) denotes the set of all
nonnegative functions on I,we note that f € A° iff f(x) =0, for all
x € I.And a function g is said to be copositive with f if f(x)g(x) = 0, for
all x € I, see[21].

2
Let A (YS) be the set of all functions f that change convexity at the

points Y €Y , and are convex near 1. In particular, if S =Othen f is convex
1 S

2
on I, and write f € A, that is the divided differences [XO,Xl,XZ_ f] are

nonnegative for all choices of three distinct points Xy, X; and X,, where the

divided difference of a function f ,see [2] ,at the points Xo’Xl""’X are
n

defined by ,

n f (Xj)

[xO,xl,xz,...,xn; f1=>

j:o_]jg(xj — Xi)’

i ]

Moreover, if f is twice differentiable function on I (i.e. f eCZ(I)),




then f € A (YS) ifand only if f"(X)7z(X)=>0,Vxel.or

if and only if T"(X)o(x)>0,vxel.

2 2
We are interested in approximating functions from A (YS) and A by

polynomials P of degree <n and implies with no more than n. For
n

fe Lp(l), p > 0; let

E (f.11) =E (f) = inf Hf—pn

p Pl

1
p

denoted the degree of unconstrained approximation, or degree of best

polynomial approximation of f. And

E " (f Y) = inf |f-p]

p eIl A" (Y,) Ly (1)

The degree of best coconvex polynomial approximation of f (degree of

constrained approximation).

In particular, if Y0 =¢,S =0 then,

EZ(fY) =E(f) = inf |t -
n "o p_ p_ mAZ p

n

n

the degree of the best convex polynomial approximation of f.

Also, let 2.,,. be the space of all piecewise polynomial functions of
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degreer (order r + 1) with the knots
n
Z =(2) =-1=z <z<..<z7 =1L
n i7i=0 0 1 n

In other words, let Sn € Zr , and IT denotes the space of algebraic
! n

polynomials of degree n define on the Chebyshev partition {Zi}inzo’ we have

the degree of f is

0, (N, =B(1E, ), =inf{{f-s [ s <%}
= inf |f —s
sh€2rn n Lp(l)

2
Note that, for a given f € A, take S € Zr,n a best (unconstrained

free ) knot spline approximation to f, i.e.

Hf _SHLp(I) :5n,r(f)p'

%k

2
and then correctsto S € A , a best approximation to s from Az, hence

=5, = mnis=al g <ls= 1l

and so

ATl =20, (D))

C(p)Hf —S HLp(I) <|f _SHLp(I) +HS_S Ly (1)




Chapter One

The degree of best piecewise polynomial approximation is define

(2) .
bys (f.Y) = mf{Hf s

n

o, €Y (Y)NA(Y)}

also is called the degree of coconvex approximation of f, by spline of order
<n.

In particular if s=0 then,

5ff(f)p = inf |f-s

Sh ezr,nﬂA

il ()

The degree of convex approximation, by spline of order r<n in Lp (quasi)

norm. And , let

5§f:(f,vs)p _ inf  |f-s

2
Sn EZr,nﬂA (Ys)ﬂC

nllL, ()

We can write the above equations by the following forms.
SUEY) =E (.5 (Y)NA (Y
L) =E(RX, ()NA(Y),

also, 5rf2r’(f)p _E (f ,zmmAz)p

We node that Leviadan and Shadrin in 1997 and Petrov in 1998 are
proved the following two theorems.
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Theorem 1.4.1 [19]
Let r,NneN,r>2, and 0< p<oo, then there exist constants

¢, =¢,(r) and ¢ =c (r, p) such that, for all fe A2 M Lp(l)
57 (f) <cs (f)
con.r p 1 nr p’

Theorem 1.4.2 [19]
Let r,neN,r>2, and O0< p<oo, then there exist constants

c = Co(r) and C = Cl(r, P) such that, forall f € A (YS) N Lp(l)

(2)
5. (1Y) <cs (f.Y)

0

Lemma 1.4.3 [43]

For K € N and1 < p < oo, there exists constant ¢ which depends only

on k such that for any f & Lp(l) and N > K —1there exists a polynomial

Pn eIl such that

n

‘f—P

n

¢f -1
< Ca)k( N )p.

Lp(l)
Lemma l1l.4.4

let f e Lp(l),0< p <0, then
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(2)
E () <E(f.Y) .

Proof:
Since, clearly
inf Hf -P| < inf Hf _q
pell, o) g e a'(y,) Mt ()
then

E (1), < E:Z)(f,Ys)p .

Theorem 1.4.5
Let f e Lp(l), O< p<o and F’n eHn is the best polynomial

approximation from IT,

‘f—P

n

(2)
<cE " (f.Y)

L, (1)

where ¢ independent of n and f.

Proof:

By Lemma 1.4.3 and Lemma 1.4.4 ,we have

‘f—P

n

<CcE (f), scEf)(f,Ys)p‘

Lo ()
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1.5 Equivalence of Moduli of Smoothness

For a partiton Z ={z ,...,.2 ;-1=2 <z <---<z =1} of the
n 0 n 0 1 n

interval [-11] , denote the scale of the partition Z by

n

] ‘
v=v(Z )= max = where , J =[z,z ] with z =-1 j <0,
n 0<j<n-1 J J I J
]
and Zj =1,j>n and ‘J‘z measJ. And , suppose that
0 =0 (Z)=maxJ|ad 6 =6 (Z)=min|J
max max = n 0<j<n-1 ] min min * n 0<j<n-1 j
o
We say that Z is A —quasi uniform if A =-"2 is bounded by a
n
min
A

constant independent of n, and denote such partition by un . Note that the 1-

1
quasi uniform partition un = un is just the uniform partition of | into n

subintervals of equal lengths.

A

z VA
If Z =U, then clearly —— <8 <—-<¢6 <—, and
n n (nA) min n max n

@(Z )<A. Therefore, 6 ~ 6 ~ n  with equivalence constants
n min max




depending only on A.

We say that ovis equivalent to f and write o ~ [ if there exist a

-1
positive constant ¢ such that C o < ,6’ < Cc, we refer to this constant ¢ as

equivalence constant.

Theorem 1.5.1 (Local Estimates) [22]

Let f ezr,nmcm(l), and

reN,O0<m=<r—1,J=[z ,z ], withM —M <c, forsome
M, M, 2 1770

constant Cy. Thenforany 1<K <r+1 andO< p <o, we have

v (v)
o (179D ~a (FH)

where 1<v <mir{k, m+1} .

Equivalence constants above dependon I, V, CO and p as p—0.

Theorem 1.5.2 (Quasi-Uniform partition) [22]

A
Let un ,Ne N, bea A —quasi uniform partition of |, and let




Sezm(u:)ﬁCm(l), and r€N , 0=<m <r—1, Then, for any
1<k <r+land 0< p <oo,we have

n_va)k_V(S(V),n_l)p ~ a)k(s,n_l)p,lSVS min{k,m+1} .

Equivalence constants above depend on ', A and p as p — 0.

We say that Z is a Chebyshev partition (and z's are Chebyshev
n

(n-1)xz
n

,0<i<n.

Knots) if Zn =t = (ti)?_o where t = COS
Theorem 1.5.3 (Chebyshev partition) [23]

m
Let Sezr,n(tn)mC (1), and re N, 0 =m =<7 —1 Then, for

anyl<k <r+1,1<v<min{k,m+1} and 0 < p <o, we have

-V (v) -1 -1
n o (s ,n )IO ~ wf(s,n )p.

k—v,v
Equivalence constants above dependon I and p as p — 0.

Theorem 1.5.4 (Chebyshev knots) [10]

Let t_be a Chebyshev partition of | if S € Zr,n(tn), reN then
forany 1<k <r+1and 0 < p <oo, we have

1) (v) -1 < vV o -1
a)k_v,v(s N )p_c(r,v)n o (s,n )IO
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forall 1<v<Kk.

Theorem 1.5.5 [14]

A
Let un ,Ne N bea A —quasi uniform partition of | , and let

A
Sezr,n(un),re N. Then, forany 1<K <r+1 and 0< p<oo,we
have

a)k_v(s(v),n_l)IO < c(r, A, p)nva)k (s, n_l)IO

forall v=12,... K.

1.6 Geometric Meaning

We can explain shapes of the convex polynomial approximation and
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the coconvex polynomial approximation in Figure 1 and Figure 2,
respectively and we explained the error between the origin function and

polynomial approximation to it ,see [19].

Figure 1
lgure CONVEX

POLYNOMIAL
APPROXIMATION
P'" € A°
P(z)

EL(f), = inf {|If — Pll,| P "(x) = 0}
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Figure 2

ED(f,Y,), = inf {lIf — Pll,| P"().f (x) = 0}

COCONVEX POLYNOMIAL APPROXIMATION

Y.,={u,w},s=2,P" € A°(Y))

We can notice that the error in the convex (or Coconvex) polynomial
approximation is less than the error in monotone (or Commonotone)
polynomial approximation , respectively as well as this less than the error in

the positive (or Copositive) polynomial approximation respectively.
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Chapter One

Introduction and Preliminaries

1.1 Approximations Theory and Overview

Our interest in approximation theory stems from its beauty, its utility,
and its rich history. There are also many connections that can be drawn to
questions in both classical and modern analysis.

The main idea of approximation includs in finding for a complicated
function f from a large space X a close by, a simple function  from a small
subset Y of X. There are three elements here. The large space X is usually a

normed space, such as C, L, with0<p <o or one of the other Banach

spaces of functions. The distance betweeny and f can be measured by

IIf — || in X. Finally, we have to define the special functions of Y.

The authenticity of the approximation method due to Chebyshev can be
thought of as well established . This make it all the more interesting to
investigate the source of the impetus that led our genius fellow countryman

to his brilliant and deep constructions.

There is nothing mysterious about it . Chebyshev himself said in perfectly
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clear way, about the purpose of his research in approximation theory and

names the person whose results were his starting point.

In 1853 , the great Russian mathematician , P. L. Chebyshev , while
working on a problem of linkages , devices which translate the linear motion
of a steam engine into the circular motion of a wheel , considered the
following problem:

Given a continuous function f defined on a closed interval [a, b] and a
positive integer n , can we “represent” f by a polynomial p(x) = X1_, axx*,
of degree at most n , in such a way that, the maximum error at any point x in
[a, b] is controlled ? In particular , is it possible to construct p in such a way
that the error ar?%;lf(x) — p(x)| is minimized?

This problem raises several questions , the first of which Chebyshev himself
ignored :

- Why should such a polynomial even exist?

- If itdoes, can we hope to construct it?

- Ifitexists, is it also unique?

- What happens if we change the measure of the error to, say

S2F () = p()] dx ?

Chebyshev’s problem is perhaps best understood by rephrasing it in modern
terms.

What we have here is a problem of linear approximation in a normed linear
space . Recall that a norm on a (real) vector space X is a nonnegative
function on X satisfying

x| =0 & x=0
lax|| = |a|||x|| forall « €R

Ix +yll < llxll + llyll foranyx,y € X

Any norm on X induced a metric or distance function by setting
dist(x,y) = ||x — y|| . The abstract version of our problems can now be
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restated:

Given a subset ( or even a subspace) Y of X and a point x € X, is there
an element y € Y which is “nearest” to x ; that is, can we find a vector y €
Y such that ||x — y|| = inf,eyllx — z]||? If there is such a “best approximation
“to x ; from elements of Y, is it unique?

Now, we state some results for the existence and uniqueness of best

approximation, answer for the above questions .

Let X be a normed linear space and XY, is a finite-dimensional
subspace of X, then for each element x € X there exists not necessary a
unique element y,eY that is a best approximation from Y to x ,and
map x = Y, ,and let Y be a subspace of a normed linear space X , and let
x € X the set Y, consisting of all best approximation to x out of Y is
bounded , convex and closed set, also in case Y be a compact and strictly
convex set in a normed linear space, X then for each x € X , there is just one

best approximation from Y to x, see [17] .

A new content was given to the theory of best approximations of
functions in the first decade of the current century by Weierstrass the head of
Berlin school of mathematics.The proposition which he established in 1885,
is that, for any f € C[a,b] and for any & > 0 there exists an algebraic
polynomial of the form p(x) =cy+c;x+--+cpx, , a<x<b , such
that: the bound ||f — pll. < & s satisfied, see[38]

The basic of the approximation theory of functions of real variable is a
theorem study by Weierstrass which is of great importance in the

development of the whole of mathematical analysis, see [41].

Note that, Fundamental theorem of approximation theory , let
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f €Clab],—o<a<b<w Given €>0 , there exists an algebraic

polynomial p for which
lf(x) —p(x)| <e¢ forall x € [a, b],
there are more than proofs to Fundamental theorem ,see [37].

Given the values of a function f(x) at two distinct values of x ,say x,
and x; , we could approximate f by a linear function p that satisfies the
conditions

p(xo) = f(x0) and p(x1) = f(x1) .

We can construct the linear interpolating polynomial directly , writing p(x) =
ax + b and using the above two conditions to give two linear equations to
determine a and b . On solving these equastions , we obtain

X1 f (%) = xof (%1) + <f(x1) - f(xo))

X1 — Xp X1 — Xo

p(x) =

This can also be expressed in the Lagrange symmetric form

p@) = (=) Foo) +

Xo — X1

X —X

),

0
X1 — Xo

or in Newton’s divided difference form

fx) — f(xo)>

X1 — Xo

p(x) = f(x0) + (x — xp) <

to which we will return later . Observe that if we write x; = x, + h in above
equation , the limit of p(x) as h — 0 gives the first two terms of the taylor
series for f is differentiable .

It is convenient to denote the set of all polynomials of degree at most n
by II,, . Given the values of a function f(x) atn + 1 distinct values of x,
say xq, X1, ..., X, can we find a polynomial p,, € I1,, ,say
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po(X) = ay + a;x + ax? + - + ax"

Such that p,(x;) = f(x;), , for j =0,1,...,n this means that we require
a0+a1x]+a2x + - +anx f(x]) 0<j<n.

In the other hand ,we obtain

f(x1)—f(xo)
ap = f(xo) and a; = —;1_x0 =

we will write
aj = [xo,xl, ...,xj;f], 0<j<n,

to emphasize its dependence on f and x,, x4, ..., x; and refer to a; as a jth
divided difference . Thus we may write p,, in  the form

Dn(x) = [x0; fImo(X) + [X0, xq; f1me (%) + =+ + [X0, X1, oov, X; [l (X))

which is Newton'’s divided difference formula for the interpolating polynomial
. Observe that [xy; f] = f(x,) ,in general we will find it more appropriate to
use another notation for divided differences, where we write [x,, x4, ..., Xp,; f]
instead of f[xg,xq,...,x,] 1S @ Symmetric function of its arguments
X0y X1y eer Xp-

Where,

1, i =0,
0 =G xpo ) mx, 1<%

The divided difference [xq, x4, ..., x,,; f] can be expressed as the following
symmetric sum of multiples of f (x;),

f(xr)
[X0, X1y i X3 Z l_[]qtr(xr
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where in the above product of n factors, r remains fixed and j takes all
values from 0 to n, excluding r .

In recent years they have been extensively studied by many authors most

notably Ditzian , DeVore, Hristov, Jiang, Ivanov, Leviatan and Kopotun [8]
,[12], [13], [27], [36]) .
We shall give a simple example about the idea of approximation

theory, let us construct the interpolating polynomial p,(x) for the function

2* based on the points —2,—1,0,1 and 2 ; hence estimate 22 =2 by
evaluating p, (%)

Forx = —-2,-1,0,1,2, we have 2* =

following method discussed above ,we fi
of the interpolating polynomial is

,1,2,4 , respectively .Then , the

)

d

L
— N |-

hat the forward difference form

>

p4(x) =%+%(x+2)+%(x+2)(x+1)+2—14(x+2)(x+1)x

1
+%(x +2)(x + Dx(x —1).
On evaluating p,(x) at x = % , We obtain

723 1.4121
512 '

Since V2 =~ 1.4142 this interpolation method has provided an approximation
whose error is in the third digit after the decimal point.

There are many important applications of approximation theory, as it
was begun itself by application, by the Great Russian scientist P. L.

Chebyshev, and he said about the relationship between a mathematical theory
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and its applications illustrate quite clearly not just the source of creativity, but
also scientific and philosophical positions. In this work, we give some of its

applications in mathematics, which are:

A) Solving algebraic equations . In the memoir [22], there are about ten
theorems (6-10, 15-19) that are derived from the basic propositions on best
approximation. These theorems state that, under certain conditions the
polynomial of interest has at least one zero in some interval. The length of the
interval depends on the one hand, on the value of the polynomial at the center
of the interval, on the other hand, on specific assumption on the coefficients
or on the zeros of the polynomial. For example that: if the polynomial

P(x) = x?"*1 + ... + k,does not contain any even power of X, then it has at

1

k
| ')2"“ . Let us also formulate theorem

least one zero in interval |x| < 2 (7

which uses a different assumption: if a polynomial pP(x)of degree n with

leading coefficient equals to one, and has only real roots, then for any t there

1
. . . P(t)\n . .
is a real root in the interval |x — t| < 4 (%)”. Later in his 1872 memoir,

using a result on monotone polynomials, Chebyshev narrowed the interval by

1

P )n.A further improvement of this result

2(n-1)m

replacing with |x — t| < 4(
Is due to A. A. Markove [30].
B) Interpolation (remainder estimate). To minimize the error in the Lagrange

interpolation formula, Chebyshev suggests taking the nodes of the

interpolation (say in the interval (-11)) to be the zero of the

polynomial T, (x) = cos(n arccos(x)), since for a given function f(x) the
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_ ¢ (n+1)(}b)
remainder has the form  R(x)= ) P (x), Where e (—1,1),
+ 1 n
P (x)= ﬁ(x _ Xk) and Xk are the nodes.
n k=1
(n+1)
Therefore with R(x)< maxf—(k) max| P (x)(
(n+1)! n

the choice Pn (X) = Tn (X) Is the most profitable. Here Chebyshev partly

envisions the later result of Range that says that as n — oo Chebyshev

interpolation converges for any function that is regular in the basic interval,

while this is not true for Newton interpolation with equally space nodes.
C) A rule for finding approximately distance on the surface of the Earth .

Let us quote it completely :”(1) Take the distance between the two
latitudes and the two longitude ,and express them in minutes,(2) Double the
difference of the latitudes ,(3) Out of these two numbers the difference of
longitudes and the doubled difference latitudes , multiply the smaller by
three, multiply the longer one by seven and then add the two products,(4) the
result divided by three will give the desired distance in verests” . A further

Improvement is due to Markov[30].

D) Constructing geographic maps . If one needs to draw on a map some
piece of the Earth surface with a given boundary , then there is a choice
among infinitely many projections that provide the infinitesimal similarity
and presentation of the scale in each point and in all directions .There are

the so called conformal projections . However as follows from Gauss

Theorma egregium ”, among all conformal projections of a ball to a plane ,
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it is impossible to find a projections that would preserve the scale for all
points of the surface .In a talk given on 30 January1865 published under the
title “Sur la constructions des cartes geographiques [31], Chebyshev posed
the problem of finding of finding a conformal projection for which the
logarithm of the scale would vary within tightest possible deviation from
some average value. Without a proof , he claimed that if the specified
condition is satisfied , then the scale should be constant on the boundary of
the map. Chebyshev statement was proved much later by academician D. A.
Grave in [28] and also in [11].

Recently ,approximation theory has also many other applications both
numerical and analytical. The most prominent of these are to image
processing , statistical estimation and the numerical and analytic treatment of

differential equations.

1.2 The Spaces Lp, p<1.

The degree of constrained and unconstrained approximation of a

function f in either the uniform norm or in the Lp(l), 0< p<o quasi-
norm will be studied,where I = [—1,1] . The degree of approximation will be
measured by the appropriate quasi-norm which we denote by || ||, = ||. ||Lp(,).

Since we need the L quasi-norm on other intervals we will in all cases of an
p

interval J == 1, indicate that by writing ||. ||Lp(]). Also we refer to
(Il ll,with p = o), the uniform norm on | and we denote by ||.|| and on

the interval Jby |||, Furthermore,||.|l, is a norm for 1<p<w,
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Characteristic for Lp , P21 are the inequalities of Holder and Minkowski.

The dual space of Lp ,1<p<o, is the spaces Lq with the conjugate

exponent g Of p. Thus the spaces Lp with 1< p <o are reflexive.

The different structure of the spaces LpWith O<p<l and the

numerous questions by others lead us to understand the need for the following

few facts about Lp for p<1,

We consider the space L (I ) consisting of all measurable functions
p

f on 1, for which

1

p .
HfHE:JI"f(X)‘de<oo. Recall that HprSZ |f],, that is
L L.
1 p

As we will see shortly, the L is not actually a norm space for p<1.
p

Nevertheless, it is not hard to see that Lp(l ) is a complete metric space.

Theorem 1.1 [3]

1
1

[+, <(#2 +lolf J <2°(F1, +[g], ) forany f.g €L (1),

Thus d(f,g) =|f —g|’ defines a translation invariant metric on
p
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Lp. It is a complete metric, because convergence (respectively Cauchy) in

L  implies convergence (respectively Cauchy) in measure since
p

1
8pmea9{t ) ‘ f ('[)‘ > e} < _H f (t)‘ "dt, where by “meas” , we mean the
1

measure of a set.
What this means to us is that :
(1) A linear map on L is continuous if and only if it is bounded
p

(continuous at zero).
(i) The open mapping and closed graph theorems still apply.
(ili)  The Hahn Banach theorem may fail!

Indeed, as we will see shortly, L is not locally convex. In fact, it is
p

impossible to define a norm on Lp which gives the same topology as the

usual metric. There are several ways to see that L (I) is not normable for
P

0 < p<1. Most useful from our point of view is
Theorem 1.2 [6]

L , 0< p<1 has atrivial dual.
p

The Hahn Banach theorem allows a much fancier sounding version of

this result:
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Corollary 1.3 [6]

There are no non zero continuous linear map from L into any normed
p
space.

In any event, it should now be clear that there can be no norm on

L which gives the same topology as the usual metric and that the Hahn
p

Banach theorem evidently fails in Lp (1), for 0< p<1. The fact that Lp has

a trivial dual with the theorem from [45] states that there exists a nonzero

continuous linear function on a linear space X , if and only if there is at least
one convex set that is not all of X , imply another rather strange result that

would be hard to believe otherwise.
Corollary 1.4 [6]

If U is any neighborhood of zero in L_(1), then
Lp(l )=con(U)
In particular
L,(1)= conv{f HfHE <1},
where conv(U) is a smallest convex neighborhood of zero contains U .

Now, we will settle the question of which L, ,p <1, embed into L,

for g > 1. Or which subspaces of L (1) on which all of the various L, (1)
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quasi-norms for 0 < p < ( are equivalent. The key in this article is from [11].
For 0<e<land 0< p <o, consider the following subset of L (1)

M(p,e) ={f ¢ Lp(l) : meas{x : | f (X) ZEHpr}Z e}

Notice that if & <g,,  then M(p,g,)cM(p,g). Also

UM(p,e)=L, (1), since for any nonzero f el (I)we have

&>0

meas{| f| > £} — meas{f # 0} ase —0. In fact, any finite subset of

L,(I)is contained in an M(p,&)for same &>0. Finally note that

meas{] f ‘ > H f Hp}Zl implies ‘f‘:Hpr almost everywhere.

The following theorem puts this observation to good use

Theorem 1.5 [4]

Forasubset S of Lp(l ), the following are equivalent

(i) ScM(p,é&) for some & > 0.

(i) For each 0< p<(, there exists a constant C(q) <o  such that

Hqu SHpr SC(Q)Hqu forall feS,
(iiii) For some 0 < p <, there exists a constant C() <o such that
Hqu SHpr SC(Q)Hqu, forall feS.

In our thesis, we will use the notations C and C to denote such
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absolute constants which are of no significance to us and may differ on

different occurrences , even in the same line. In order to emphasize that ¢ or

C depends only in parameters vy,V,,....... V. the notation C(vl,vz, ------- ,Vk )

(respectively C(vl,v ....... Y\ )) is used, if one of those V; is = p, we mean

2!
that constant depends on P, only in the case p<1l. Also we will have
constants C;,C,, ... when we have a reason to keep trace of them in the

computations that we have to curry in the proofs.

1.3 Moduli of Smoothness

Moduli of smoothness are intended for mathematicians working in
approximation theory, numerical analysis and real analysis, it is very useful
for measuring the smoothness of a function by differentiability is too crude
for many purpose in approximation theory. More subtle measurement is
proved by the moduli of smoothness. We will use moduli of smoothness

which are connected with difference of higher orders.

The rth  symmetric difference of f is given by:

A (f.x)=A (f,x[a,b])

?:o(’f) (D f (x —kz—h+ ih) , X J_r";—h el

0, 0.W.

NS (%) = {

Then, the rth usual modulus of smoothness of f e L,[a,b] is defined by
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,t>0.

L, ()

a)r(f,t,l)p:sup

O<h<t

A (f.)

A new way of measuring smoothness was introduced by Ditzian and
Totik [43]. The need for this new concept arises from the failure of the

classical moduli of smoothness to solve some basic problems, such as

characterizing the behavior of best polynomial approximation in LIO (1).

The Ditzian-Totik modulus of smoothnessof f & Lp(l),0< p < oo,

[10] which is defined for such an f as follows

1 r
2] (f,t, I)p = sup Ah(p(.)(f,.)

O<h<t

LoD

In the applications the ¢ usually used

1
o(x) = (1-x%)? for | =[-1]]

1

o(x) = (x(L—X))? and @(x) =x(1—x) for | =[0]]

1
o(X) = VX, o(X) = (x(L+x))? and (x) = x for| = (0, 0),

we have

a)f’(f,t)p < (f,t),, O0<p<on
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The weighted Ditzian-Totik kth modulus of smoothness of function

fe Lp(l),0< p < oo, is defined by

@
a)k,r(f’t)p = sup

O<h<t

P OA, (1)

LoD
2 @ @
where @(X) =V1—X .If r=0, then a)ko(f,t)ID :a)k(f,t)p.

We shall prove the relationship between a)f)(f 1) , and a):)r (f ,t)ID

in chapter two in case 0 < p < oo,

We collect below some properties of @ (f,t) ) and a):o(f 1) > that

are also true for O < p <1 and for the D.T. modulus of smoothness, we are

referred to [7, equation (12.5)], [9], [43] for references

o (f.0) <o (f2) <co(f1),
wf’(f,t)pSa)f(f,zt)psca)f’(f,t)p,
“(F.1) <c|f

o (1.0) <d|f],

o (f+g1) <o (f,) +o (g1,
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o' (f+ g,t)‘; <o'(f ,t)‘l +a):”(g,t)‘;.

where 0 < p<oo,A>1,q=min(1 p) ,and ¢ is a constant depending

only on r, q and also on A if applicable.
Also now let us compare between the classical modulus of smoothness

@
and its extensionto @ Dby the following properties : The following most basic
r

facts about (f,1) ; and a)r(p( f,t) ; satisfied where 0 < p < oo

(a) |ima)r(f,t)p =0forall f e Lp(l),0< p < .

t—w

(b) @ (f,1) ; is a nondecreasing function of t.
(b) a)f)( f,t) : is a nondecreasing function of t.
© o (f,4) < c(p)i o (f 1) for A>1

<
(d) wm(f ,t)p < 2a)r(f ,t)p.
which is generalized using the following inequality in [35]

(@, (f.) <c(po, (1) .
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Another inequality about the classical modulus of smoothness is
r
(e) @ (f ,lt)p <cA a)r(f ,t)p, for A > 1.
(€) Another inequality about ! (f,t) from [3]
2 re
o (f.21) <cio (f1)  for a1

There is another basic property of the classical modulus of smoothness:

r (r)
Mo, (113) <cto(f tI), p=1

(r) (r-1)
Whichisvalidif f € Lp(J) and f is absolutely continuous in

every closed interval J = [a, b]. The inequality f is not true if 0 < p <1.

Where the constants involved depending on the location of the points of
change of convexity, also we show that in some cases the constants may be
taken an independent of the points of change of convexity, but that in some

other cases this dependence is essential.

We will introduce some theorems about properties of weighted

Ditzian-Totik modulus of smoothness in the case 0 < p < oo, in Chapter

two.

1.4 Shape Preserving Approximation

The fundamental problem of the theory of approximation of functions
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interested with the connection between the structural properties of a function
and its degree of approximation. It is to relate the smoothness of the function
to the rate of decrease of the degree of approximation to zero. We are
concerned in our work of examining these questions for algebraic polynomial

approximation and piecewise polynomial approximation (spline).

In many applications, it is desirable that the mathematical moduli
preserve certain geometric properties of the data such as monotenicity,
convexity and in general k — monotenicity. This is the subject that the so

called shape preserving approximation deals with.

Recently there has been more attention given to approximation with
constrains. The appearance of constrains can make it more difficult to obtain
direct estimates. Still the general lines of attack development for the non
constrained problem can be very useful. We want to indicate what
modifications are necessary to push the approach through. We do this for

comonotone approximation.

In coconvex polynomial approximation, we give a function f that
changes its convexity finitely many times in the interval I. We are interested
in estimating the degree of approximation of f by polynomials which are
convex with it, namely polynomials that change their convexity exactly at the
points where f does. Question of this nature first appeared in the work of
D.J Newman see [1], [33] and [34]. They did not deal with a function f that
changes convexity, but rater with f changes monotonicity finitely many times
in I and they were able to obtain weaker Jackson type estimates the degree of
approximation of that function by polynomials which truly comonotone with

it as well as some proper Jackson estimates when the polynomials were
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comonotone with f except near the points where a change of monotenicity of
f occurred. Later Newman [32], and also f | live [15], obtained the proper
Jackson estimated involving the modulus of continuity of f, for the
approximation by polynomials that were truly comonotoned with f. Then
Beatson and Leviatan [1] obtained the desired estimates under the assumption

that f. Possesses a continuous derivative in 1.

Afterwards, in general this topic was developed by a number of good
and convincing results which were a accomplished (for more detail see
references). Regarding "co convex polynomial approximation™ several results

have been obtained in the uniform space, but in L, (1) with 0 < p <oo, it

seems that nothing like has been achieved.

S
Let S e N0 = N U{0}and let Y’S :{yi}i_l be the set of points such

that

—1:y0<y1<y2<---<ys<ys+1:1

S

where, S = O,Y0 = @. for YS we set 7(X) = 7Z'(X,Ys) = Hl(x— y ) and
1= 1

O(X) =sgn( (X)) , where the empty product is equal to 1.

Let us now introduce the definition of k —monotone functions and

discuss some of their properties.

A function f:[a,b] = R is said to be k —monotone ,k > 1 ,on [a, b] if
and only if for all choices of k + 1 distinct points x,, x4, ..., xxin [a, b] the

inequality  [xg, x4, ..., x; f] > 0 , holds where
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k
f(xj
[X0, X1, eoer Xp; [

denoted the kth divided difference of f at x,, x4, ..., x%, and

k

) =] |a-x,

i=0

Note that 1 —monotone and 2 —monotone functions are just
nondecreasing and convex functions , respectively .We denote the class of
all k —monotone on [a, b] , by AX.If f € C¥[a, b],then f € A* if and only if
f®(x)=0,x € [a,b].Also we denote by A*(a,b) the classof all
k —monotone functions that are not required to be defined at the end points of

[a, b] (and thus, do not have to be bounded on [a, b] ) see[3] . For example

& 1) € Ak(0,1) forall k € N.

S
Now ,for YS :{yi }i_lwe denote by A°(Y;) the set of all functions f €

L, ,such that (=1)S7%f(x) = 0 for x € [yk, Yi+1] .k =0, ..., s.If f € A°(Yy)
has 0 < s < o sign changes at the points in Y, and is nonnegative. In
particular, if s =0 ,then A%= A°(Y,) denotes the set of all nonnegative
functions on I,we note that f € A® iff f(x) = 0, for all x € I.LAnd a
function g is said to be copositive with f if f(x)g(x) =0, for all x €1,
see[21].

2
Let A (YS) be the set of all functions f that change convexity at the
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points Y €Y, and are convex near 1. In particular, if S=0then f is
| S

2
convex on I, and write f € A, that is the divided differences [Xo’ XX, f]

are nonnegative for all choices of three distinct points X,, X; and X,, where

the divided difference of a function f ,see [2] ,at the points Xo’ Xl,..., Xn are

defined by ,

- n f(Xj)
[xo,xl,xz,...,xn, 1= %Q(Xj _Xi),

i ]

Moreover, if f is twice differentiable function on I (i.e. f eCZ(I)),

then f e A2 (YS) if and only if T"(X)7z(X) >0,Vx e l.or
if and only if T"(X)o(x)>0,vxel.

2 2
We are interested in approximating functions from A (YS) and A by
polynomials I:’n of degree <N and implies with no more than n. For

fe Lp(l), p > 0; let

f-p

n

p

E (f,11) =E (f) = inf

pneHn

denoted the degree of unconstrained approximation, or degree of best

polynomial approximation of f. And
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(2) :
En (f,Ys)p: inf f—pn

p, eIl A" (Y,) Ly (1)

The degree of best coconvex polynomial approximation of f (degree of

constrained approximation).

In particular, if YO =¢,S =0 then,

EZ(fy) =EZ(f) = inf |t -
n "olp D K P

n n

L (I
o el NG

the degree of the best convex polynomial approximation of f.

Also, let };,.,, be the space of all piecewise polynomial functions of

degreer (order r + 1) with the knots
n
Z =(z) =-1=z <z <..<z =1,
n i71=0 0 1 n
In other words, let Sn € Zr,n and Hn denotes the space of algebraic

polynomials of degree n define on the Chebyshev partition {Zi}inzo’ we have

the degree of fis

5n,r(f)p =E(f.>,, )IO = mf{ﬂf -s LIO(I),Sn SO
= inf |f—s
S, €%r il (1)

2
Note that, for a given feA, take Se Zr,n a best (unconstrained
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free ) knot spline approximation to f,i.e.
Hf _SHLp(I) :5n,r(f)p’

x 2
and then correctsto S € A , a best approximation to s from AZ, hence

s

= ints-g], , <[s~ 1]

L_(I)
Lp(l) geA P

and so

Lo (1)

c(p)Hf —s*H <|f -9, (,)+Hs_s*H <2f —g
Ly, (1) P L, (1)

The degree of best piecewise polynomial approximation is define by

s €Y, (Y)NA(Y)}

Ly() 1

5:fr)(f ) =inf{]f s

n

also is called the degree of coconvex approximation of f, by spline of order

<n.

In particular if s=0 then,

n

5{5?(1‘)p = inf |f-s

Sh le,nﬂA

Lo (D

The degree of convex approximation, by spline of order r<n in Lp (quasi)

norm. And , let

=25 (f),.
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5rfi)(f,YS)p _ inf  [f-s

2
S eXr nNA” (Y)NC Lp()

We can write the above equations by the following forms.
SEY) =E (3 (Y)NA (Y
(YY) =E (£, (Y)nA(Y)

also, 5:2:(f)p _E (f ,zmmAZ)p

We node that Leviadan and Shadrin in 1997 and Petrov in 1998 are

proved the following two theorems.

Theorem 1.4.1 [19]
Let r,NneN,r>2, and 0< p<oo, then there exist constants

2
¢, =c,(r) and ¢ =c (r, p) such that, for all feAn Lp(l)
57 (f) <cs (f)
co ¥ p 1 nr p

Theorem 1.4.2 [19]
Let r,neN,r>2, and O0< p<oo, then there exist constants

c = Co(r) and C = Cl(r, P) such that, forall f € A (YS) N Lp(l)

(2)
5. (1Y) <o (f.Y)

0
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Lemma 1.4.3 [43]

For K e Nandl< p < oo, there exists constant ¢ which depends only

on k such that for any f € Lp(l) and N > K —1there exists a polynomial

Pn € Hn such that

[f-P

n

@ f -1
< Ca)k( N )p.

Lp(U
Lemma 1.4.4

Let f € Lp(l),0< p <o, then

(2)
E(f) <E"(f.Y) .

Proof:
Since, clearly
inf Hf -P| < inf Hf _q
pell, Mhe() g e ~a7(y,) Mt ()
then

E () < Ef)(f,\(s)p .

Theorem 1.4.5

Let f e Lp(l), O< p<o and Pn eHn is the best polynomial
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approximation from IT,

n

(2)
‘f—P <cE(f.Y)

Ly (1)

where c independent of n and f.

Proof:

By Lemma 1.4.3 and Lemma 1.4.4 ,we have

[f-P

n

<CE (f), scEf)(f,Ys)p‘

L, (D

1.5 Equivalence of Moduli of Smoothness

For a partition Z ={z ,...,.2 ;-1=2 <z <---<z =1} of the
n 0 n 0 1 n

interval [-11] , denote the scale of the partition Z by

n

v=Vv(Z )= max ~ = where , J =[z ,z ] with z =-1, j <0,
n 0<j<n-1 J J I J

j

and ijl,j>n and |J|=meas). And , suppose that
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J.

J

and 6 =0 (Z)= min

min min © n 0<j<n-]

J

J

o N =5maX(Zn) = max

m 0<j<n-1

o

max

We say that Zn is A —quasi uniform if A= Is bounded by a
min
A
constant independent of n , and denote such partition by un . Note that the 1-

1
quasi uniform partition un = un is just the uniform partition of | into n

subintervals of equal lengths.

A VA VA
If Z =U, then clearly —— <6 <—
n n (nzx) min n max N

gp(Zn)SA. Therefore, 5m_ ~ 5max~ N with equivalence constants
|

n

depending only on A.

We say that otis equivalent to f and write o ~ [ if there exist a

-1
positive constant ¢ such that C o < ,6’ < Cc, we refer to this constant ¢ as

equivalence constant.

Theorem 1.5.1 (Local Estimates) [22]

Let f ezr,nmCm(l), and reN,0<m<r-1,

J=[z 'z, ], with M2 —I\/I1 <C_, forsome constant Co. Then for
2

My

any 1<k <r+1 andO< p <oo, we have
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v (v)
J a)k_v(f ,J\)p~a)k(f,‘J‘)p,
where 1<v <mirdk, m+1} .

Equivalence constants above depend on I, V, CO and pas p—0.

Theorem 1.5.2 (Quasi-Uniform partition) [22]

A
Let un ,Ne N, bea A —quasi uniform partition of |, and let

A m
Sezr,n(un)mC (1), and reN, 0 <m <r—1, Then, forany

1<k <r+land 0< p <oo,we have
-V v)y -1 -1 .
n a)k_v(s N )p~ cok(s,n )p,lsvsmm{k,m+1}.

Equivalence constants above depend on 'y A and p as p — 0.

We say that Zn is a Chebyshev partition (and z's are Chebyshev

(n—-1)x
n

0<i<n.

Knots)if Z =t = (t)n where t = C0S
n n i7i=0 i
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Theorem 1.5.3 (Chebyshev partition) [23]

m
Let Sezr,n(tn)mC (1), and re N, 0 <m <r—1Then, for

anyl<k <r+1,1<v<min{k,m+1} and 0 < p <o, we have

- (v) -1 -1
n o (sv,n )ID ~ co:)(s,n )p.

k—v,v
Equivalence constants above depend on I and p as p — 0.
Theorem 1.5.4 (Chebyshev knots) [10]

Let t, be a Chebyshev partition of 1 if s€ (tn), reN then

forany 1<k <r+1and 0 < p <oo, we have

1) (v) -1 < vV o -1
a)k_v,v(s N )p_c(r,v)n o (s,n )IO

forall 1<v<Kk.

Theorem 1.5.5 [14]

A
Let un ,Ne N bea A —quasi uniform partition of | ,and let

A
Sezr,n(un),re N. Then, forany 1<K <r+1 and 0< p<oo,we
have

a)k_v(s(v),n_l)IO < ¢(r, A, p)nva)k (s, n_l)IO
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forall v=12,... K.

1.6 Geometric Meaning

We can explain shapes of the convex polynomial approximation and
the coconvex polynomial approximation in Figure 1 and Figure 2,
respectively and we explained the error between the origin function and

polynomial approximation to it ,see [19].

Figure 1 S
g CONVEX

POLYNOMIAL
APPROXIMATION

P" € A°



Chapter One

EP(f), = inf {f — Pll,| P"(x) = 0}

Figure 2
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EP(f,Y), = inf {||f — P|l,| P"(x). f (x) = 0}

COCONVEX POLYNOMIAL APPROXIMATION

Y, ={u,w},s=2,P" € A%Y,)

We can notice that the error in the convex (or Coconvex) polynomial
approximation is less than the error in monotone (or Commonotone)
polynomial approximation , respectively as well as this less than the error in

the positive (or Copositive) polynomial approximation respectively.
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Chapter Two

Coconvex Polynomial Approximation in
L,(I),0<p <, by using Weighted D. T.

Modulus of Smoothness of f

In (2006) K. Kopotun , D. Leviatan and 1. A. Shevchuk introduced some
results about the coconvex polynomial approximation in the uniform norm and

they dealt with approximation of a continuous function .
In this chapter we shall deal with approximation of finL,,0 <p <
on [—1,1], which changes convexity finitely many times , by algebraic

polynomials and piecewise polynomials and we are interested in estimating

the degree of approximation of f. These estimates involve the wighted

Ditzian Totik modulus of smoothness.

2.1 Introduction and Main Results

-7T
Givenne N ,weset X, =1, x,=-1 and Xj = Xj o= cos(l—j,
’ n

Throughout this chapter we use the following notations, the Chebyshev
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partition of interval |, we denote I =1 =[x, hX 1] ,
j jn it

h
=X —X ,and = = J . j=01,..n.
' j o V/j l//j,n ‘ J

-1
: X—X |+h
J J

Let >,  denotes the collection of all piecewise polynomials of

degree k —1, on the Chebyshev partition and let Zﬁn Sy o be the

subset of all continuously differentiable piecewise polynomials on the

Chebyshev partition. Thatis, if Se >, |, then

S|l =P ,j=12..,n where P eIl |,
j j j k-1

P (xj):PjH(xj) ,j=12,..,n-1,

and if Se Yy, theninaddition,

P (x

X )= P (xj),j:l,z,...,n—l.

j) j+1

Given 0<s<wo, let
Oi :Oi,n(Ys) - (Xj+1’xj—2) AT, E[Xj’xj—l) ’
and,

0=0(nY)= _fjoi . O(n, ) = ¢.We write

jeH:H(n,YS) Jif 1. N0=¢.




Finally, let ka(Ys)g 2 and Zlk,n(Ys)gZ}(,n be denote the

subsets of such piecewise polynomials for which

Pj EPJ_+1 , whenever both |, j+1¢ H ,

where, II,_, denotes the space of algebraic polynomials of degree

< k — 1, usually , piecewise polynomials are called Splines.

To define the notion of coconvexity more precise , we first denote by Ys :
. S
S >1 the set of all collection YS ={yi}i:1 such that
YS ={y1, Y Y 1Y, =-1< y, <<y, =1}.
In particular if s = 0 ,then Y0 =¢ .
Let A%(Y,), be the set of all coconvex functions on Lp (N0<p<oo,

2
If f be twice differentiable function, then f e 4 (YS) if and only if

F"(x)72(x) > 0, X e (=L1), where

n(x) = ﬁ@c = ¥i)

2
It is possible for a function to belong to more than one class 4 (YS)

2
there is an example about that , for example , f =0 isin4 (YS) for all set YS :
s>1.

Let Cm[—l,l]denote the set of m —times continuously differentiable
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functions on [—1,1].

For 1 <p = = ,then the Sobolev space W*¥(L,) is a collection of all

functions f defined on I ,such that f®~-%) s absolutely continuous and

fPel, ).
Our main results are the following:
Theorem 2.1.1
Letf € L,(I) , 0<p<=<oco,andk,r €N, then
i wp (f 1) < @ (f, 1),
i w0, <cwl (f.1),
i, wf (f,0, < cllofll, 0.
From Theorem 2.1.1 (iii) ,we get that

Corollary 2.1.2

Let f€L,(I),0<p <o, k1€N, then w; (f,1),is bounded.

Theorem 2.1.3

Let,f € X,,N C71(D) ,then for any 0 <p<oo and ,t>0,1<l<r

,we have

mf_ugfiiilj ), < Ct"""!"ﬁﬂrf{ﬂ "me'

Theorem 2.1.4
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Foreveryr,ne€Nand f €Y, .nCi({I)with 0<p<oo,
D<l<r,andk=1,t>0,wehave
Orry F P 0, < C77H 0l (F7, 1),
Theorem 2.1.5

For everys € N, ,with, 1 < p < o0, and, such that ,

if feX, (Y)NAY)NC (1) ,we have

~2 -1 ¢
5n(f,Ys)pscn o (f ,n ) ,n>n,

r,r p
where ¢ and iy are constants = 0.

Corollary 2.1.6

From theorem 2.1.5 | if k = r ,then

(1Y) <en gt =y

L,(1)’
where ¢ and iy are constants = 0.
Theorem 2.1.7

Let f € Lp(l) ,1< p<ooandforany k>1,r >0 we have

@ k ¢
o (f.20) <c(+) o (f.1) ,2>0.

Theorem 2.1.8
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2
Let nmyveN, ,and v<m and IetfeLp(I)mA (YS) ,

0 <p =ocalso, W, be some smoothness class of functions which is

contained in the Sobolev space W¥(L,) Suppose that following

2
I. For any geWpVﬂA (Ys)there exists a  polynomial

2
q ell N4 (YS) ,such that,

< -V @ v) -1
lg—-a IILp(,)_cln o (9 n).

For some r > m—1,there exists a spline

he X, (Y)N4 ()NW,"
Such that,

f-hl <ce (f.n
I f-hl,  <cor (1.00),

2
then there exists a polynomial p. € Hn NAa (YS) , such that,
f <co’ (f.n
A L UL

where, C =c(cl,cz, r,m,v, p).
Theorem 2.1.9

2
Let n,m,v,de N, Landv<m and IetfeLp(I)mA(YS)

O0<p<oo ,s>1 and let Wy and W?(L,) be as in Theorem
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2.1.7,and suppose that also the following are satisfies
2
I. forany g eWpV N4 (YS),and any r > m-1,there exists a spline
~ 2 d
heX, . (Ys) Na (YS) N C [-11],such that

~ -V (v) -1
lg-h|l <cn @ (g .n).

Lp(l)_ 1 m-v,v p

ii. For some r > m—1,there exists a spline

he X, ,(Y)NA(Y) (W ¥ such that

1) -1
||f—h||Lp(|)§c2a)m’v(f,n ),

then for any r > m—1, there exists a spline

s €%, (Y)NA(Y)NC [-11], such that

-1
| f-s | <cw (f,n),
n Lp(l) m,v p

where,C = c(cl,cz,r,m,d,v, p).
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2.2 The Weighted Ditizian-Totik Modulus of Smoothness

Moduli of smoothness are intended for mathematician working in
approximation theory ,numerical analysis and real analysis. Measuring the
smoothness of a function by differentiability is too crude for many
purposes in approximation theory. The modulus of a function fcan be
defined when f is given on any metric space X, but we will restrict

ourselvesto I = [—1,1].

We will use moduli of smoothness which are connected with difference

of higher orders. The kth symmetric difference of f is given , for k € No’

let

ke

Z(k)( 1)k ( + h) L
M0 ={ 2.\ Flemgvin) . x

0, 0.w
and

AE(f,x) = AE(f,x, 1),

We will have parameters k,r of which will denoted nonnegative




integers , with kK +7 = 0, and let @(X) = 1—X2 , Xe l,and p(x) <1,
Vxel.

The weighted Ditizian — Totik modulus of smoothness of a function

fe Lp(l),0< P < o0, is defined by

MET UJ t];ﬂ = Supﬂihﬂtll@r {:x]&i:iqo{x:] I:f’ XJ"L {r:]
4
If r = 0,then
&JEG (f, t]*p = Cdf (f, t]"ﬂ = Supﬂ::hit"'ﬁﬁqa{x] l:f, x]"L M
P

is the usual Ditzian — Totik modulus of smoothness. Also, we note that, if
k = 0 ,then

WETU, ), = ||fPTf||Lp{rj-

2.3 Auxiliary Lemmas
Lemma 2.3.1 [22] ,[40]

Let f e Lp(l), 1< p<ow,a,fB>0heR, then
. a f a+f
i 4 (Ah f(x)):Ah f (x) , for almost every x.

i 140l <c@I 4 Tl
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i im |4 f(x)] =0.
h—)OJr n P

Lemma 2.3.2 (classical moduli of smoothness) [23]

Consider the following properties of moduli of smoothness

a. For f e Lp(l),0< p <o, we have

max{1, 1}

p
o (.t <2 "o (i) keN,

k +max{1,£}—1

b o (f,241) <c(k, p)(A+D) P @ (f.1) ,A>0,

c. f eAC()veN,and,f" e L (1)1< p <0, then

v (v)
o (F.t1) <to (ft1)

d Iffe Lp[a,b],0< p<oo,and,r € N, then,

a)r(f,t,[a,b])zsc(rt’ p)} T|A;(f,x)|pdxdh
0 a

e. Suppose that f e Lp[—l,l],O < p<oo,and,k,me N, then,
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- i c(k, Am,pla (f,n"1);
Z i f’U_f*' i{c(k,m,mmf(f,n-lﬁ

Lemma 2.3.3 (Whitney's Inequality) [22]

Forany f e Lp[a, b],0 < p <0, there exists q,_, €11, _ suchthat

=00, y=ca(flab),

Lemma 2.3.4 [43]

If forany f e Lp[a, b], p>0, thereis qj €/l _  besuch that

- <
| f qj ||Lp(J)—Ca)k+v(f,Jj)p,then

K+v p K+v P
Sup0<hsl ” Ah(p(x) (f , X) ” P Sup0<hs:L J“ Ah("(x) (f - qj ’ X) | dx

n n J

Lemma 2.3.5 [23]

Let n,reN ,keN, ,1<v=r and let n of the Chebyshev
partition of I If f € X,.,n C*~*(I),then for any 0 <p < oo and ¢ > 0 ,we

have

mf&lu (-f’ E)TJ = C(T! k! p)tumiu(f{ﬂr E)TJ'
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In particular ,in the case k = 0,
w7 (f,0, < CoD 0 F |, -

Lemma 2.3.6
Let fEL,(I) , ] < (—11) ,wehave

wg (LD, < c@r.p)wg, (. 1D,
Proof:-

Letxigh €] ,then hgli—l ,and we observe that ,If Xi;—{hE]

and xighqo(ijI and since @(x) =1, [X—%h,x+%h}g‘l we
have J] € I ,then

By using the following inequality from [20],|/;] < |J| for J; €] ,we obtain

hi%@(ﬂf)

r

mf (f, leDp = Supu{hﬂl‘”cp(.] "ﬂifp ¢, XJ"LpU]

< sup, 8k 00, g,

= Supﬂ{hﬂ% .;p:{] " qp‘-l" [:] ﬂiqp{x] UJ Xj "me

< cr,p) sup | 070 By (0,

< c(r, Py, (£, 1/, ¢

Lemma 2.3.7




=

~

where K

K
k,r,p

Proof:

We

Chapter Two

For a function f € Lp (J),1< p<oo,where] = [a,b] I we have

7] ~ k
a)k,r(f,t,J)p ~ Kk,w(f,t )IO ,

o wis the weighted Ditzian-Totik K functional defined by
Kk _ r k|| k_ (k)
(F.0, = inf go'(1-p) o] 3
P pyery L) "ol )
"1 p p
X0
~ k
shall prove o (f,t,J)<cK (f,t)
k,r k,r,p p
4 ¢
a)kr(f,t,J) = a)kr(f — Pn + Pn’t)p
< wp (f =B, t), + wg (P, 1),
=A+B
» p r k p
A=w (f-P,t) =suplp ()A (f-P,t)
k.r nCUP O geh<t he() "o
r k P
=Supf¢(-)A (f—P,) dx
O<h<t J ho() n
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< c(k, p)supjgo(f— dx

O<h<t j

<c(k, P (f-P)

L, ()

For the second part we will use Lemma 2.3.5

@ ® kil k _ (k)
=0 (P1) <o (P1) <ct ng P

L, ()

Thus,

r k (k)
(f-P) goP

n
L, ()

}

L, ()

'

4 .
o (f.0) <c  inf qu
k,r p P ey k—l[ 11]

~ k
<cK  (f.r)

Now, we shall prove K (f t ) <Ca) (f t)

by Lemma 2.3.6 and Lemma 1.4.3,we have

k (k)

(pP

n

}

L, ()

k .
Kk r.(p(f ,t )p - p:]r;fnq

p)

Lpu)

k (k)
P

n

<|f-F,

+lp

L_(J
p(9) L, ()




@ k (k)
<ca (f.1), +H(p P

L, ()

: (k) : .
Let us write P as a difference of two polynomials each of them as a
n

) i ) (k) (k) (k)
best approximation to f and by Lemma 2.3.6 ,i.e. Pn =P -P sthen

m W

‘(ka(k) Z‘gﬁk(P(k)—P(k)) SHP(k)—f N P(k)—f
n P m w P m P w P
4
SCa)k’r(f,t)IO
h K (f.t) <co’ (fit
ence, k'r,(p( , )p_Ca)k’r( ,)p6

2.4 The proof of the main results
Proof of theorem 2.1.1
Sincep(x) <1, VX € |, then

p

0 (A (f.)

Q p
a)k'r(f ,t)IO = sup o)

O<h<t

Ly (D

= sup | IOdx

O<h<t )

r k
0 (A, (f.%)

<sup |

O<h<t |

k ¢ P
N ,x)‘ dx




= sup |A
O<h<t

(f)

Ly (D)
4
o (1.0 .

This is satisfying (i), we shall now prove (ii).

(f t) = sup

O<h<t

P (A" (1))

Ly (1)

= sup [|g (x)A

O<h<t |

By Lemma 2.3.1 we have

k p
(XA (1 ,x)‘ dx

o, (.9 <supj

O<h<t |
p
<csplp OA" (f.)
O<h<t Lp(U

2
:ka,r(f ,t)p.
Now, by (Theorem 2.1.1 (ii)), we have

@, L(f.) _Cla)k . (f,t)pso-écwzr(f,t)p

¢
Ly (D

dx.

Chapter Two
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Proof of Corollary 2.1.2
By Theorem 2.1.1 (iii), we have, the necessary and sufficient condition

for a)fr(f ,t)IO is bounded, is that a):)r(f ,t)p < 00, since ¢ is positive

<o0é

.
constant and Hgo f
L, ()

Proof of Theorem 2.1.3

Using Lemma 1.5.4, ,we have

(M -1 ¢
o () <ct @ (f,0)

r-1,1

I r (r)

<ct t|p f

L, (1)

Proof of Theorem 2.1.4

Let J — |, foreach 0< j<n—1, and let qj er such that
| - )

r-1

Hf(r) _q

| <co (1,3

k i‘p
Lp(Jj)

where qj exists by Lemma 2.3.3 (Whitney's Inequality) and assume the




inequality @(X) < ‘J j ‘/t, X e Jj by using Lemma 2.3.2 , Lemma 2.3.5 and

Lemma 1.5.4, we have

@ ker—l (1) ||P
0 =swmlp A (1))
+r, O<hs<t () Ly (1)
n-1 k+r=l (1) ||P
pY o OA " (F))
0<h£t j=0 o() Lo ()
pn=Lp e | k+r=l (1)
<t"50 | swlo'0a (1 -q )
j=0 J o(-) L (J )
n-1 Ip 0 p
<c(k, p, r)t Z f —q
j=0 Mo @)
-l P M ;P
<ck, p0t "3 ‘ O (130
j=0

_n1

serpt ' 3 o, ()

<o(r,p)t @, (f 1)

P

<o(r,p)t 't @ L t)

<c(r,pt’ o (f D)’




Proof of Theorem 2.1.5

From Theorem 1.5.3 (Chebyshev partition) , and theorem 1.4.3 ,then,

there exists a polynomial P € I1 such that
n n

n

[f-P

1] -1
<cw (f,n ),
Lp(l) k p

since f € X, .(Y2) N A (V)N C"(I) ,we have

~2

5(fY) = inf Hf—Pn
P el A4 (Y) Lp (D)

<co'(fn
_ca)k( N )ID

<cn cok_”(f N )p,nzn

where C =constant> 0, and 77 constant> 0 ¢

Proof of Corollary 2.1.6

In the case k = 0, and since f € X,..(Y:) N AZ(Y)) n C"[—1,1]then by

Theorem 2.1.5 ,we have
52 f Y < -r ¢ f (r) -1
n ( ! s)p =cn Q%J( N )p

—cn suplo A (f(r)
B Plo he()

O<h<t

)

LoD




—-r

=Cn

r.(n
o f N>n 6

Lo ()

Proof of Theorem 2.1.7

By using Lemma 2.3.7 , we have

@ ~ k
a)k’r(f ,/lt,J)p < Kk’r’q)(f,(ﬁ,t) )IO

k ~ k
<
<cAK  (f.t)

gc(/1+1)kKkr¢(f,tk)p

SC(/1+1)ka):)r(f,t)p .

Proof of Theorem 2.1.8
2 \'
By (ii), h e Zr,n(YS) NA (YS) NW

[t =hi

Ly

Therefore, using Lemma 1.5.4 (Chebyshev knots) , we have

<ca (Fn) <o (hn'
)_CZa)m,v( M )p_a)m,v( N )p

Chapter Two
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[f-p| <c|f-h| , +ch-P

nliL, () LoD n

Lo (D

<c|f-h|_, +cn @ (h',n)

Lp(l) v,V p

<cf -h|,_,+co. (h.n)

L, (D

<c|f -h|,_,,+ca (f,n)

LoD
<co’ (f.n
_ca%N(,n )M
where, C = c(cl,cz, r,m,v,p) e
Proof of Theorem 2.1.9
2
For f e Lp[—l,l]mA (YS), O<p<Loo, and by (i) then

heX, (Y)NA (Y)W , suchtha

) -1
| f —hHLp(I) <c,w (f.n )p,

we use (i) to conclude that there exists a spline (piecewise polynomial)

d
Sn ezm(Ys)mAz(Ys)mC [-11] such that, by using Lemma 1.5.4

(Chebyshev knots) , we use same manner in (proof of theorem 2.1.8) ,we

have
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Hf =S e <c|f —hHLp(,) +CHh_Sn Ly ()
<c|f - hHLp(l) + Cn_vw:-v,v(h(\l) ! n_l)p
<c|f —hHLp(I) +Cw::,v(h ,n_l)p
<clf bl +ear (f.00),

<co’ (F.n
_Ca)m,v( N )p.

where,C = c(cl,cz, r,m,d,v, p) ¢
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Chapter Two

Coconvex Polynomial Approximation in
L,(I),0 <p <o, by using Weighted D. T.

Modulus of Smoothness of f

In (2006) K. Kopotun , D. Leviatan and 1. A. Shevchuk introduced some
results about the coconvex polynomial approximation in the uniform norm and

they dealt with approximation of a continuous function .

In this chapter we shall deal with approximation of finL,,0 <p <o
on [—1,1], which changes convexity finitely many times , by algebraic
polynomials and piecewise polynomials and we are interested in estimating
the degree of approximation of f. These estimates involve the wighted

Ditzian Totik modulus of smoothness.

2.1 Introduction and Main Results

-7Z'
Givenne N , we set X ; =1, X, =-1 and XJ_ = Xj ) =cos(J—j,
- n

Throughout this chapter we use the following notations, the Chebyshev
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partition of interval | , we denote | =1 =[X,X l] ,
j jn it
h
h =l =X —X .and y =y = J ,j=01..,n.
- n
il j j j j ‘X—X_ +h
j j

Let >, , denotes the collection of all piecewise polynomials of

degree k —1 , on the Chebyshev partition and let Zﬁn S Dun o+ be the

subset of all continuously differentiable piecewise polynomials on the

Chebyshev partition. Thatis, if Se >, |, then

S|l =P ,j=12,.,n where P eIl |,
j j j k-1

P (xj):PjH(xj) ,j=12,..,n-1,

and if Se Yy, theninaddition,

P (x

X )= P (xj),j:l,z,...,n—l.

j) j+1

Given 0<s<wo, let
Oi :Oi,n(Ys) - (Xj+1’xj—2) AT, E[Xj’xj—l) ’
and,

0=0(nY)= _fjoi . O(n, ) = ¢.We write

jeH:H(n,YS) Jif 1. N0=¢.




Finally, let ka(Ys)g 2 and Zi,n()fs)gzlk’n be denote the

subsets of such piecewise polynomials for which

Pj EPJ_+1 , whenever both |, j+1¢ H ,

where, I1,_, denotes the space of algebraic polynomials of degree <

k — 1, usually , piecewise polynomials are called Splines.

To define the notion of coconvexity more precise , we first denote by YS :

S >1 the set of all collection YS :{yi}iS:1 such that

YS :{yl,yz,...,yS 1Y, =-1< y, <<y, =1}

In particular if s = 0 ,then Y0 =0 .

Let A%(Y,), be the set of all coconvex functions on Lp(l ) 0<p<w.

If f be twice differentiable function, then feAz(YS) if and only if
f"(X)7z(x) >0, x € (-11), where

N

) =] |-

=1

2
It is possible for a function to belong to more than one class 4 (YS)

2
there is an example about that , for example , f =0 isin4 (YS) for all set YS :
s>1.

Let Cm[—l,l] denote the set of m —times continuously differentiable
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functions on [—1,1].

For 1 < p < o ,then the Sobolev space W"(L,) is a collection of all

functions £ defined on I ,such that =1 is absolutely continuous and f® €
L, (D).

Our main results are the following:
Theorem 2.1.1
Letf € L,(I), 0 <p <o,and k,r € N, then
I. a),‘f’r(f, ), < wp (f, )
ii. a),‘fﬂ'r(f, thy <c w,‘ﬁr(f, t)p-
ii. wp (f,0)p S c lo?fllL,a-
From Theorem 2.1.1 (iii) ,we get that
Corollary 2.1.2
Let f €L,(I),0<p <o, k€N, then w (f,t),is bounded.
Theorem 2.1.3

Let, f € X, ,n C71(I) ,then for any 0 <p<ocoand , t>0,1<I<r

,we have
“)f—l,l(f(l)'t)p = Ctr_l”Q"Tf(r)”me-

Theorem 2.1.4

Foreveryr,ne Nand f € Y, ,n C(I),with 0<p <o,
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O<l<r,andk>1,t>0,wehave

wl(f+r—l,l(f(l); t)p < Ctr! wl‘f‘r(f(r), t)p _
Theorem 2.1.5
For everys € N, ,with,1 < p < oo, and, such that ,

if e, .(Ys)NA*(Y)NnC (1) ,we have
~2 -1 ¢
5n(f,Ys)pscn o (f ,n ) ,n>n,

where c and n are constants > 0.
Corollary 2.1.6

From theorem 2.1.5, if kK = r ,then

(r)

S:(f,vs)p <en @ £ n>p

LoD
where c and n are constants > 0.

Theorem 2.1.7

Let f € Lp(l) ,1< p<ooandforany k >1,r >0 we have

@ k ¢
a)k’r(f,ﬂt)pgc(/lﬂ) “)k,r(f't)p’ﬂ“>o'
Theorem 2.1.8

2
Let n,myveN, andv<mandletf € Lp(l)mA (YS) , 0<
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p < ooalso, W, be some smoothness class of functions which is contained in

the Sobolev space W¥(L,) Suppose that following
2
I. For any (@ eWpVﬂA (YS) there exists a polynomial

2
q el Nna (YS) ,such that,

-V @ (v) -1

lg-a I, ,scn @ (g n ).

Lp(l)_ 1 m-v,v p
For some r > m—1,there exists a spline
2
he, . (YS) N4 (Ys)ﬂwpv |
Such that,

-1
| f=hl  <cw (fin),
Lp(l) 2 myv p
2
then there exists a polynomial p ell Na4 (YS) , such that,
f <co’ (f,n
” _pn ”Lp(l)_Ca)m,n( N )p’
where, C =c(cl,cz, r,m,v, p).

Theorem 2.1.9

2
Let n,m,v,d e N, ,and v<m and let feLp(I)mA (YS)

O<p<oo ,$>1 and let W’ and WV(L,) be as in Theorem

2.1.7,and suppose that also the following are satisfies

2
I. forany g eWpV N4 (YS),and any r > m-—1 there exists a spline




heX, ,(Y)NA (Y)NC"[-L1] such that

-V @ (v) -1

(9 .n ).

m-v,v p

_h <

ii. For some r > m—1,there exists a spline

he X, (Y)NA(Y) (W ¥ such that

1) -1
IRl <, (F.n ),

then for any r > m—1, there exists a spline

s e, (Y)NA (Y)NC"[-11], such that

-1
If-s | <co (f,n),
n Lp(l) m,v p

where, C = c(cl,cz,r,m,d,v, p).
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2.2 The Weighted Ditizian-Totik Modulus of Smoothness

Moduli of smoothness are intended for mathematician working in
approximation theory ,numerical analysis and real analysis. Measuring the
smoothness of a function by differentiability is too crude for many
purposes in approximation theory. The modulus of a function fcan be
defined when f is given on any metric space X, but we will restrict

ourselvesto I = [—1,1].

We will use moduli of smoothness which are connected with difference
of higher orders. The kth symmetric difference of f is given , for k No’
let

(If) (—1)k‘if<x—%+ih) R L

’ o.w.

AR(fox) =

k
1=0
0
and
AK(f,x) = A(f,x, D).
We will have parameters k,r of which will denoted nonnegative

2
integers , with k +7r >0, and let ¢(X)=V1-Xx , X e |, and ¢(x) <1,
Vxel.
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The weighted Ditizian — Totik modulus of smoothness of a function

fe Lp(l),0< P < o0, is defined by

Wiy (1 0p = suPo<nse |07 OBy L0

If » = 0,then

w](go(f; t)p = w[f(fr t)p - Sup0<hst||A;clgo(x)(f’ x)“Lp(I)

is the usual Ditzian — Totik modulus of smoothness. Also, we note that, if
k = 0 ,then

08 (f,O0p = 197 Fllu, .

2.3 Auxiliary Lemmas
Lemma 2.3.1 [22] ,[40]

Let f e Lp(l), 1<p<ow,a f>0heR, then
. a [ a+f
i. %\ (Ah f(x)):Ah f (x) , for almost every x.
.. a+p
i 140l <c@I 4 Tl
i im |4 f(x)] =0.
h—)OJr h P

Lemma 2.3.2 (classical moduli of smoothness) [23]
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Consider the following properties of moduli of smoothness

a. For f e Lp(l),0< P <o, we have

max{1, i}

o (f.t1) <2 i o (f.t1) keN.

k+max{1,£}—1

b o (f,241) <c(k, p)(A+1) P a (f.1) ,A>0,

c. f eAC()veN,and,f" e L (1)1< p <o, then

v (v)
o (F.t1) <to (ft1)

d If fe Lp[a,b],0< p<oo,and,r € N, then,

a)r(f,t,[a,b])zsc(rt’ p)} T|A;(f,x)|pdxdh
0 a

e. Suppose that f e Lp[—l,l],O < p<oo,and,k,me N, then,

n-m—1 j=m p
c(k, A m, p)wi(f,n™ 1)}
2, (f U i) <{mpot oy
P

Lemma 2.3.3 (Whitney's Inequality) [22]

Forany f e Lp[a, b],0 < p < oo, there exists q,_, €17, suchthat
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=00y ce (TLabD,

Lemma 2.3.4 [43]

If forany f e Lp[a, b], p>0, thereis g, € 11 -~ besuch that

f — <cC f,J) ,th
10,1, <o, (1.3, ten

K+v p K-+v P
Sup0<h§1 ” Ah(p(x) (f , X) ” P Sup0<hs:L \]J.l Ah("(x) (f - qj ’ X) | dx

n n J

Lemma 2.3.5 [23]

Let n,r€N ,ke€N, ,1<v<r and let n of the Chebyshev

partition of I If f €),.,nC"1(I)then for any 0 <p < coand t > 0 ,we

have

Wi (fO)p < C(r k)P0l (F P, ),

In particular ,in the case k = 0,

Wl 0 < CORPl0f O,

Lemma 2.3.6

Let f€L,(I) , J< (—11) ,wehave




w¢ £ 1Dy < e, )W, (f, D

Proof:-

Letxigh €] ,then hs% ,and we observe that ,If xighe]

and xighgo(x) €l and since ¢(x) <1, [X—%h,x+%h}g\] we
have ] € I ,then

By using the following inequality from [20],|/;| < |/| for J; & ,we obtain

h < l{ﬂ—'(p(x)

w](f(f) |]|i])p S Sup0<hs%(p(.) ||A;(l(p(f' x)”Lp(])

< sup,_, nillkeo 00l
<sup g —

0<h<ZL 7 () ” @ () A;(lqo(x) (f, X)”Lp(])

< e(rp) supy g [| 97 B (f ],

< c(r, p)w,(gr(f» UDp &

Lemma 2.3.7

For a function f € Lp (J),1< p <o ,where] = [a,b] c I we have

0 ~ k
a)k’r(f,'[,\])p ~ Kk,w(f,t )IO ,

~

where Kk r is the weighted Ditzian-Totik IZ functional defined by
o




~ k . r k k (k)
K (tt)=|m4¢(f—p) +ﬂ¢P }
k,r,p p Pn €7, n n

L, (3)

L, ()

Proof:

~ k
We shall prove o (f,t,J)<cK (f,t)
k,r k,r.o p

%Xﬁt”:wiﬁ—ﬁ+ﬁﬁ%

< w](cp,r(f - Pn: t)p + w}ip,r(Pn: t)p
—A+B

A—af(f—Ptf—su p
BRCTANR s

r k
® A, (F=P.1)

Ly ()

r k P
B (il;:gtj[ i (.)Ah(p(-) (f- i ) X
. p
<c(k,p)sup [lo (f —P) dx
O<h<t j n

<c(k, P (F=P)

L, ()

For the second part we will use Lemma 2.3.5
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® @ ki k (k)
p=0 (P1) <o (P.1) <c H(p P

L, ()
Thus,
0 i r k|| k_ (k)
o (fFt) <c inf qu(f—P) woPY 3
or P e, e L RINE) EUBNG)
<K (ft
<c kW( 1 )p.
<
Now, we shall prove ka(f 1 )IO < Ca)k’r(f ,t)Io
by Lemma 2.3.6 and Lemma 1.4.3,we have
~ k _ r k| k_ (k)
R (f,t):lnqu(f—p) it]p'P }
K,r.o P p,ex, n Lo () n Ly ()
1
0
k (k)
s‘ f-P| +lpP
e () "ol o
k (k)
<co (f,t) +lp P .
k,r p n Lp(‘])

: (k) : :
Let us write P~ as a difference of two polynomials each of them as a
n

.. i (k) (k) (k)
best approximation to f and by Lemma 2.3.6 ,i.e. Pn =P -P ,then

m w
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P =‘¢k(Pr§k)—ijk’) SHP:)—f P 1
P p

(0 Pn W

p p

4
<co, (1)

~ K 0
hence, Kk’w(f,t )IO SCa)k’r(f,t)pb

2.4 The proof of the main results
Proof of theorem 2.1.1
Sincep(x) <1, VX € |, then

p

(f.)

" (5.0 = suplp OA
Gt = SR P W8

O<h<t

) L)

p
dx

r k
0 (A (f.%)

= sup |

O<h<t |

k
< sup jAh(p(X)(f,x)

O<h<t |

p
dx

k p

A (F,)

o ho()

O<h<t

LoD
¢
= (f,t)p.

This is satisfying (i), we shall now prove (ii).
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(ft) —SUpcD()A (f)

O<h<t

LoD

dx.

(x)A

= sup [|g

O<h<t |

By Lemma 2.3.1 we have

p
o, 1r(f t) < supjgo (x)A dx

O<h<t |

p

<csup
O<h<t

(f.)

@ ()A

ho() Ly (1)

@
:ka,r(f ,t)p.
Now, by (Theorem 2.1.1 (ii)), we have

o, (1) _cla)k . (f,t)pg---gcwzr(f,t)p

é
Lo (D)

Proof of Corollary 2.1.2
By Theorem 2.1.1 (iii), we have, the necessary and sufficient condition

for a):)r(f ,’[)IO is bounded, is that a)fr(f ,'[)IO < 00, since c is positive
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constant and < o0é

o

L, (1)

Proof of Theorem 2.1.3

Using Lemma 1.5.4, ,we have

@ (M -1 9
o (0 <ct @ (f,0)

r—1,1

(r)

=l r| r
<ct t|p f

L, (1)

o f (r) .

L, (1)

r—I
o

Proof of Theorem 2.1.4

Let J < I, foreach 0< j<n—1, and let qj er such that
| - )

r-1

Hf(r) _q

| <co (£7,3)

k i‘p
Lp(Jj)

where qj exists by Lemma 2.3.3 (Whitney's Inequality) and assume the

inequality @(X) < ‘J j ‘/t, X e Jj by using Lemma 2.3.2 , Lemma 2.3.5 and
Lemma 1.5.4, we have

p

0 k+r=l (1)
f

@ A,

)

k+r—I,1

(1.0 =sup

O<h<t

LoD
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k+r=1 (1) P
= sup Z @ () o (P
O<h<t j=0 Lp(‘Jj)
p =l e | ker=l (1)
<t"50 | swlo' 0 (1 -q )
j=0 J o(-) L (J )
n-1 Pl p
<ck,pnt "2 || —q
j=0 Mo @)
<c(k, t_ Py | f(l) 1)’
ok, p.1) JZO J" a)k+r—l( ’ j)p

_nl

<c(r, p)t za) (f ,Jj)E

<o(r,p)t @, (f 1)

p

<c(r,pit 't @ L t)

<c(r,pt’ o (f D)’

Proof of Theorem 2.1.5

From Theorem 1.5.3 (Chebyshev partition) , and theorem 1.4.3 ,then,

there exists a polynomial P € Il such that
n n
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[f-p sca):’(f,n‘l)p,

n

L, (1)
since f € %, n(Ys) N A%(Y;) N C" (1) ,we have

SEY) = inf [f-p
" PP e e ALy My ()

<ca (F.n
_Ca)k( N )p

< >
<cn cok_”(f N )p,n n
where C =constant> 0, and 1] constant> Oe

Proof of Corollary 2.1.6

In the case k = 0, and since f € ), ,,(Ys) N A%(Ys) N C"[—1,1]then by
Theorem 2.1.5 ,we have

S(f.Y) <cn'w (F7,n)
n "s'p T a)O,r ’ p

-r r 0 (r)
=cn supllpa (f ,)
O<h<t he() Ly ()
-r r _(r)
=cn |p f N>n 6
L, (D

Proof of Theorem 2.1.7

By using Lemma 2.3.7 , we have
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o, (f.2,3) < Kw(f,(/lt)k)p

k ~ k
<cAK  (f.t)
k ~ k
<c(A+D) K (f.t)

SC(/1+1)ka):)r(f,t)p .

Proof of Theorem 2.1.8
2 \'
Byﬁ)he}l&ﬂ)mA(ﬂ)mM/

1) -1 1) -1
[f=hl, gy sco (Fn) <@ (hn'),

Therefore, using Lemma 1.5.4 (Chebyshev knots) , we have

Hf—P

n

<c|f |

L, () tp ()

+q%—P

n

Lo (D

<c|f-h|_, +cn @ (h',n)

Lp(l) v,V p




N e (iapler Two

<c|f -h|,_,, +ca (h,n")

L, (D

<cf -h|, ,,+co. (f.n)

LoD
<cw’ (f,n)
<Caw (T, >
where,C = c(cl,cz, r,m\v,p) ¢
Proof of Theorem 2.1.9
For f e Lp[—l,l]r\A2 (YS), O<p<oo, and by (ii) then

heX,  (Y)NA (Y)W , suchtha

1) -1
| f —hHLp(I) <cw (f.n )p,

we use (i) to conclude that there exists a spline (piecewise polynomial)

d
Sn ezm(Ys)ﬁAz(YS)mC [-11] such that, by using Lemma 1.5.4

(Chebyshev knots) , we use same manner in (proof of theorem 2.1.8) ,we
have

<d|f |

L, () tp ()

Hf—S

+q%—8

n n

L, (1)

<c|f-h|_, +cn @ (h',n)

Lp(|) AY, p
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<c|f —h|_, +co’ (h.n)

LoD

<clf -h|, ,+co. (f.n)

Ly()
<co’ (f.n
_ca)m,v( N )p.

where,C = c(cl,cz, r,m,d,v, p) ¢
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Chapter Three

Shape Preserving Coconvex Approximation

in L,(I), 0<p<wx

When we approximate a function f € L,(I) which changes convexity

finitely many times at ¥, ,we wish some times that the approximating

polynomials follow these changes in convexity . We discuss in this chapter
three sections , in the first one , we estimate the degree of approximation of
f by algebraic and piecewise polynomials which change convexity

exactly at the points where f does , and the second, using the divided

difference and weighted D. T modulus of smoothness in Theorem 3.1.4
Jfinally we estimate the degree of approximation of f by divided

difference .

3.1 Introduction and Main Results

Our main interest in this chapter is the approximation of
feL,(), I=[-1,1] which changes convexity finitely many times ,by
it. We are interested in estimating the degree of approximation of f by
polynomials which are coconvex with it ,i.e. if f€A*(Y,) ,s=1. We

intend here to obtain the analogous results for coconvex approximation .




Denote by Ys s € N the set of all collection Y; = {v;};-, ,such that

—1<y, <<y <1,fors=0,wewrite ¥, = 0. For later reference set
Yo=1landy,,, =—1.

Finally ,let A*(Y,) denote the collection of all functions f € L,[—1,1] that
change convexity at the set ¥.. Given neN ,n>1 ,we set

xX.

j =X

m = COS (%) and we denote I, = I, = [x;,%,_4], j=1,2,..,n.

Let X.. Jbe the collection of all piecewise polynomials of degree
k — 1, on the Chebyshev partition of I .

Also ,given Y, € Ys,and let

(3.1.1) 0; = Qim(ys) = (X1, %) U ¥, € [x;, %;-1)

where , x,,,, = —1, x_; =1 ,and denote

0=0(nv)=U,0 , 0(no)=0.

Finally ,we write jEH ,if N0 =10

Let L3,[—1,1] be the set of r —times differentiable functions on
[—1,1], where

In[-11]={f € L,[-11]: f® €L, [-1,1]},
also , we define

(D= {f € (-1, L, (D) \ lim ¢"()f () = 0}

where r = 1, in particular .

The following notion of the length of an interval | =[a,b]E1

relative to its position in I ,was introduced in [26] and [18].




We always have that w?(f,t,]), < @.(f,t,]), , 0<p<co .But the

converse is not true in general , however in [3] ,that moduli of smoothness
w? and w, for afunction £ defined on J € I are equivalent , if |J|~A, (a)

.Where
An(@) == /A —a)+,
m*r(_f! ﬂn(ajxj]p ~ mf (f! n_lﬁj]'ﬂ :

Let L, ,(9;2y,2,,.--,Zm—1) denote the polynomial of degree
< m — 1 which interpolates a function g at the points z,,z,, ..., 2,,_,. We
remind the reader that (25,24, ..., Zm; g1 sStands  for  the
m — th divided dif ference of a function g at the knots z,,z,,...,2,,
defined by

. g(zm] - Lm—l(qg;zmzl!"'sz—ljizmj
B {:Zm_zﬂj{:zm_zlj-"(zm_zm—lj ’

(3.12)  [z0,21,Zm; 9]

the following Newton formula for interpolating polynomials is well known:

(3.13) Ly 1(8:20,21, ) Zm-1) = L% (2 — 26) (@ — Z1) - (2 —

Z;_1) 20,21, -, Zi-1; 1
Also , assuming that z,,z,,...,Z,,_, from either a non_increasing or a
non_decreasing sequence such that

min |z,,, —z| ~ max |z... — Z;
DEiEm—ll i+l i DEiEm—ll i+l i

and using Whitney’s inequality ,we have the following estimate:
(3.1.4) |lzo,21, ., Zm; 9]l

< clz,, — zo| MW (g, |2m — 20|, [Mmindzy, 2, } , max{z,,2,,}1),
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Where, ¢ depends on m and the ratio

miIll.ZH_l - zil[/maxlzi+l - Zil :
O=izm-1 O=izm—1

To know more information about the divided difference ,see in [3] and
[35].

We note that foraset Y, € Ys ,s = 1 ,if

—1
n=4 (min {}fj_l — }fj—}) = M(Y,),

1=j=s
then , there is at least one knot x;between y;_;and y; forall1 = j =s+1.

Our main results are the following:

Theorem 3.1.1

If feA*(¥,)nLi() ,thenforeach k <3
EX(f Y, <5 @f(fnY), n=n,

where c=¢(s) and n = n(Y,).

Theorem 3.1.2

Let 7 =3 andassumethat f € A*(Y,) nLL(I) ,then
E(z] V) < £ v (r) ,,—1 -
i UJ S‘)'p — oLl mk—-r(_f Fn )'p ! n-”

for each k = 3 ,with constants c¢= c(k,r,s) and n =n(k,r,Y,) .

Theorem 3.1.3

Let k=1 ,r=5,s=1 ,and ¥, € Ys, be given.




If £ €L3)n A>(Y,) then

EZ(f,Y), < enw?f (f®,n 1), ,n=znkY)

where 71(k,Y,) is constant depends on k& and Y,

Theorem 3.1.4

Let fEL,(I), 1=p<oo ,and let k=1 , r= 0be such that
k+r=3and1=u<n—k be fixed. Then,forall1 <j<pu,

E315} |[ }1+1! p+k—1;f] [ J+1J"'1xj+k—1;f]|

" 1 k+r—2
< cn?* 2 (—#}) wg (fin ),

min{jn-

Also ,if k+7r =05 ;then for all v and j suchthat 1 <j < v < u ,we also
have ,

[316j E(l[xwxu+11"'un+ﬁ:—1;f] [ _,I'+1J' ij+k—1;f]|)
< cp?kir—4 (1 + h_;;ﬁ) Wy, T[f n_l)*p

where & = Sgﬂ{[ p.+11' ;,1+F|:—1;f]}'

Corollary 3.1.5
Let f € L%,

(i) Foranyindex 1 <=y =n—3,if sgn[[ FH,xﬁ”;f”]} =&

then

(3.1.7) —e[xy, %5, %45 '] = cnﬁm“’ "),

Moreover ,if anindex 1 < v < u is such that




sgnilx,,x,..,f"']} = & then

we also have ,
ﬂz
(n—u)?

(3.1.8)  —ele,xifl< et (1+-22)ef,(fm ),
(i) Foranyindex 1<pu<n-—3,if
S'gn{[xﬂ—pl xﬂ—p—lr xﬂ—p—z;f”]} =, then
—eln 1, Xn 2, %02 [ = enol, (f,n7 1),

Moreover ,if an index 1 < v < u is such that

sgnilx,_,, Xp_vi1, [ 1} = —& ,then we have

_E[Jlf —11x11—2;f”] = Cn4 (1 + {ﬂ—ﬁ]a)mf’z U”Jn_l)p .
Corollary 3.1.6
Lets =1, fe€L%[-1,11NA%(Y,) and n = 7(¢(y.)) 3 then
max{|[x,,%5,%3; "', [Xn—1, Xn—2, Xn_3; F"'1}
< cnfwy, (f',n D), + ecnfwl, (f'',nh),,
And,

max{—[xy,%2; f"'], [Xn_1, Xn_2; f"'1}
@ - ¢ -
= cntw,,(f',nY), + cnw,, (f',nh), .

Theorem 3.1.7
Let s=2 and Y, € Ys  be given .If f€L3[-1,1]nA%*(Y,)
,1 < p < oo, then

(.19 EC(f¥), <em20l,(fnh, n=N,
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where ,N is constant depends on ¥, .

Theorem 3.1.8

Let s=1 and Y. € Ys be given .If f€L%[-1,1]1nA%*())
,1 < p < oo, then

(3.1.10)
2 _ I _ _ " _
EP(£,7), < en 20,7, nh) +en*af,(f\n ™),
n =1 , where np =const. ,depends on ¥, .Hence

(3.11)  EX(f,V.), < cn?wd,(f a7, ,n=0

Moreover ,

(3.1.12) Ey(f,Y), < cn 2wl,(f,n), + en”||f"

| 11
Lo|-33]”

where , n = 7.

3.2 The Degree of Coconvex Approximation by

D. T. Modulus of Smoothness

In this section we study the approximation of coconvex function in
L,[—1,1] ,interms of Ditizian_Totik modulus of smoothness.
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To prove our theorems in this section ,we need the following Lemmas:

Lemma 3.2.1 [5]

Forany f € L,(J),0 <p < o ,where ] = [a,b] &1 , we have

w0 (F 1,0y < e p)ag (f, 1,

and fort = 0

wy (f,t?), < c(r,p)w] (f, 1), .

Lemma 3.2.2

Let f € L,[-11] , ] = (a,b) S (—1,1) , we have

1
Wy, U{T]J Ullj]p = m METU&], Ul)p s

where m(a,b) =,/(1+a)(1-b) .

Proof:-

Letxil—‘hE] , then hg% ,and we observe that ,If xi;—‘hE] and

xig‘hcp[x) €1 ,wehave] &1 ,then

By using the following inequality from [20],|/;|<|J]| for ], &] ,we
obtain

h*—:%w[ﬂ,

and,

wr FO 1)), < sup I Ak (f 'iﬂ,x)"me

0=h==—

L 70 ]




< supﬂ{hg%q "ﬂﬁ@{x] Uﬂ‘(f'], X) "me

(r)
- Supﬂdihﬂ’ J"( a.b) " @ {:X:] ﬂ qp[x](f d ij"L
r
= @)
= mr{a,b] ﬂ{h{|f| " @ {:x:] ﬂhfp{x](f ,Xj"me
()
d:mr{ b] U Ul]‘p
Lemma 3.2.3

Let k =1 ,and let feL3[a,a + h],h > 0 be a convex polynomial
P of degree <= k+ 1satisfyingP(a) = f(a),P(a+h)= f(a+h),
P'(a) = f'(a) and P'(a+ h) = f'(a+ h) and such that

I — P"Lp[a,a+h] < ch®w;_,(f",h,[a,a + h]),.

Proof:-

Let ] =la,a+ h] : and |Jl="h and since
felila,a+h] , P,y €M,y then by (Lemma 2.3.3 ,Whitney’s
Inequality ) and by (Theorem 1.4.1, Local Estimates ) ,we have

If = Prsall,faasn < €@ (F, 11,0,
< clJIP@p—2 (f", UL,
= CUIEMF.:—E (f”Jhrﬁp ¢

Lemma 3.2.4
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Let k=1 ,andleta<pB <a+ h be fixed , and assume that ,
felila,a+h] is such that f"(x)(x—F)=0 ,a<x<a+h If a
polynomial p € I, _, satisfies p(x)(x—B)=0 , a<x <a+ h then
there  exists a  polynomial Py €My such  that

Pli=p , Pops(@=f(a) ,P.,(a)<f'(a) also
P..,(a+h) = f'(a+ h) and we have

"f - PF.:+1"Lp[a,a,+h] = ch? "f” o p"Lp[a,a+h] .

Proof:-

Let P.,, €I,,, and by (Lemma 2.3.3 ,Whitney’s Inequality and
Lemma 2.3.1) ,and by (Theorem 1.4.1, Local Estimates ) ,we have

If = Prsallyfaasn < co(F,h])p
< chw, _,(f",h,]),

= ch?supocnsi 1AL "), g
= Chz Supu{hc_qﬂ "ﬂlﬁ_g U” - PF;F-I-I’ ] "Lp[a,a+h]

< c(R?Nf" = Byl (aash

=c(OR?Nf" = pllyiaarn &

Lemma 3.2.5 [5]

ForeveryseN,, 0<p<o and k,n€eN ,thereare constants
c(k,s,p) and ¢(s,p) ,such that , if [ € X,.(Y.)NA*(Y) then there
exists P, € A?(Y,) of degree not exceeding c(s, p)n, satisfies




If = PRull, = c(k,s,p) @ (f,n™),.

Lemma 3.2.6 [10]

Let feL}[-1,1] ,0<p<oo, =1 then

P @
w? (f, 1), <ct"w? (f7,1), ,

where ¢ is const. depends on k and r.

Lemma 3.2.7 [3]

For a function , f € L,[-1,1] , 0 < p < oo,the following inequalities
hold

n

> 0, 1), < cof (£,n7,

i=1

Lemma 3.2.8

Let fEL,[-1,1], 1<j<nand0<!<r,then

|’i_'.f|I mk+T—IU{E]J Hfl! {fjiﬂ = Cn_rmf,r(—f{ﬂ’n_ljp

Proof:-

For , 1<j<mn ,we have by using Lemma 3.2.1 and Lemma 3.2.2
,then
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5] = em(x, x5, )™
thereforel <j<nand0=I[<r,
1 @eara GO 5L, = I 0F 1)1,

|‘Er|Jr @ e
< % 15D

sCn 7wl (fOn ), 6

Proof of Theorem 3.1.1

Given f € A*(Y)NIL5[-1,1] ,r =2 ,we take n(¥,) so big that if
n=mn ,then for each 1 < i < s ,the set 0, define in (3.1.1) contains only
y; ,also and 0; and 0;,, ,1<1i<s—1, are separated by at least one
interval of the partition .

Thus ,we have no restriction on n,if s = 1. Then we have s intervals
0, = (a;,b;),i = 1,2,...,s; such that either

(3.2.1) ffe)x—y) =0, a; <x<b,
or
(3.2.2) fl'x)x—y) =0, a; < x < b,

we define polynomials Pj,_;; €I,_, ,k=1,23 ; which satisfy |,
respectively
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(3.2.3) Pp_1,;(0)(x—y,) =0, a; <x<b
or
(3.2.4) P ;)(x—y)=0, a; <x <b

and are closed to f"'.To this end we take Fy; =0 and P;; to be the
linear polynomial Interpolating f'" at y, and a; or b, whichever is farther
from y, , and finally P, ; to be the quadratic polynomial interpolating f'" at
a; ,y; and b;.

By (Lemma 2.3.3 ,Whitney’s Inequality ,Ch. 2),we know that

(3.2.5) |r"” — P,E_Ll.||mez_] < cwp (f",10:1,05), , k=123

where ¢ constant depends on the ratios between |0,| and the distances
between the points of interpolation .

Thus , ¢ is an absolute constant , for k =1,2.

We obtain , for each k = 2 , the existence of P,_,; € II,_4, such that
(3.2.1) and (3.2.2) hold respectively, and

(326) ”f” - Pk_l*i"Lp{ij = Cloilmk—l U{gjr IO;‘I: Ua‘]iﬂ !

Thus ,in all cases we coclude by Lemma 3.2.4 , (3.2.4) and (3.2.5),that
there exists a polynomial Py, ,; € Il ;,which is coconvex with f on 0, ,

Py.i1:(a;) = f(a;) + a; ,where a; is an arbitrary constant to be prescribed
,and such that

(3.2.7) If = Prraall, o < laal + 210205 = Pl

by (3.2.6) and (3.2.7),we have an estimate on the second term on the right .

Note that (3.2.7) implies that,




(3.2.8) |Pirra(B) = FB)| < lail + 210,12 [|f" = P

Lpiﬂi] ’

also if (3.2.1) holds ,then

(3.2.9) Py i(a) = f'(a) and P, (b)) =f' (b)),
and if (3.2.2) holds ,then
(3.2.10) Pii(a) = f'(a) and Pl (B)=F"(b).

In all other intervals I, ,j € H, f is either convex in I; or concave

there.

If g; = f + B; ,where §; is an arbitrary constant to be prescribed , then
by Lemma 3.2.3, there exists a polynomial pj., ; € Il , coconvex with
f and satisfying
3211)  Prr,(x)=9g;(x) and D (5-1) = g,(x54),
also, if f is convex ,then we have
(3.2.12) pj:ﬂJ(xj) > f'(x;) and
P;.:+1,j(x'—1) = f’(x._l),
and if f is cocave , then
(B213) P () <) and P (1) = £ (35-0) -

By Lemma 3.2.6,

3214 | = perayll, . <8+ clh w7 1L 1,

Ly (r }-]

-2 P -
< |,Ej| +enw, (f",n7 1), ,

Since || 5%_
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We construct the piecewise polynomial f € Xps0,(¥:) NA% (YY)

sweeping [—1,1] from left and right .Let a, = x;, , where O, = (a,,b;) ,

and let a, =0
Then forj, <j=mn, we take f; =0 and set
S/ =DPrery o <j<=n
and S/0;=Priys.

Note that , S € L,[—1,b,) and by (3.2.11) and (3.2.12) or (3.2.10) and
(3.2.13) respectively , it is coconvex with f there.

Suppose that we have defined S in [-1,b), 1 <i<s, let b; = x;,

and a;_; = x;, . then we take,
Bi-1 = Zm=i (Prs1m(bm) — f(by)) ,and for j, <j<j;.,@ =pf; ;.
Then we set
S/ =Drsry 2 <Ji<]
Sf01—1 = P;.:+1,1'—1
this S € L,[—1,b;_,), coconvex with f there.
Finally , if b; = x;, then for 1< j < j; ,we take
@; = Xm=1Prs1,m (b)) — f(by,)) ,and we set
S/ =Prrry 1<j<]a.

It is readily seen that we have obtained an f € 22, (Y:) NAZ (YY)
,again we deel with f € LZ[-1,1] .

Since 10;] -f_:g it follows by (3.1.5) that is

" = P 1,1'"Lp{oz-] <cw (), k=123




hence , combining with (3.2.7) , (3.2.8) and(3.2.14),also by Lemma 3.2.7,
yields

1 o
IIf _Sll%(g = ( f'f(i'i] —S(x}lpdx)

o
=(Z f |f(xj—3(x)|’ﬂdx)

i LUo;

1y
< (Z f IFG) —S@Pdx+ ) f IF () — S[Jc)l‘pdx)

igi-

o
< C(p) (Z [ 1700 - Sr:leﬂdx)
o
+e(p) (Z [ 1re0 —Sr:xwdx)

igi-

< C(p) (lef ~ Sl + ) If - SIImea)

=c(p) (Z"f = Perrs + Pevrs— S"Lpf»fﬂ

+Z"f o Pﬁ:+1,i +Pk+1,i _S"mei_])




= C[p]z (”f — Pryqy "LpUz‘] + ||PF|:+1,E _S"Lpr]

i
417 = Pssill g * [Perss =Sl )

Hence, by direct substituting ,and simplification ,we have ,

(3.2.15) If =Sy <= @ (F" ), k=123

2
this in turn implies
mﬁiz (Sn™h), = m;f+2 (S—=f+fin™),
< wg, (), +ellS =l o
<w! (fin ), +en ol (f,n),

(3.2.16) scn ol (f'nh), .

Therefore ,we apply (3.2.15) and (3.2.16) ,also by Lemma 3.2.5 ,to
obtain a polynomial P, € IT,, n A%(Y,) such that

If =Pl = If =S +S =Bl
< f =Slle,y + 1S =Bl @

£ P - P -
=s—w, (f'' 1), + w,,,(En),

R

pe)

where , ¢ = c(k,s,p)and n =n(¥,) é

Proof of Theorem 3.1.2




Assume that f € LL[-11] ,r=3 andletk =2 . Then ,it follows

by ( (3.2.6) in the proof of Theorem 3.1.1)

(3.2.17) |r” - Pk_Li"mei_] <cn ol (FP,n),.

Hence ,combining with, (3.2.7) ,(3.2.8) and (3.2.12) are in proof of
Theorem 3.1.1, yields

(3.2.18) If = Slle,p-1ay<cs n‘sz_l[f'izj,n‘l)p :
This is turn gives
mf+2 [S*n_l)’p = m;fu fF—f+5, n_l)'p
=w, (fin ), +cllf - Sz,
sw. (fn ), +esn el  (F®n ),
-3, P (3) -1
(3.2.19) =cn o, (),
where ¢ = ¢(k,s) .

Therefore , to apply (3.2.18), (3.2.19) , Lemma 3.2.5 and Lemma 3.2.6 ,to
obtain polynomial P, € II, N A*(Y,) , such that

If = Pallyypray < cs n20f (F®,n7),

Since , f € L,[-1,1] , r = 3, it follows by Lemma 3.2.5 and Lemma
3.2.6 ,we have

"f _Pn"Lp[—l,l] = "f —5+S5 _Pn"Lp(;]
=|lf - S"Lp{f_] + ||S—Pﬂ||me
< rsn—3 m;f[f{ﬂ,ﬂ_l)p + m;’: (S, n'ljp
<csnPef(f¥ ), +of(S—f+f,n ),

<csn2wf(F¥,n), +0f(f,n ),
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<csnwl (f7,nY),.
That is,
() C @ —
E‘H UJ}-;'J'FI = ; ME_TU{T:],H lj'p 1L = N

is valid for all =3 and k=1 , with ¢=c(k,rs) and
n=nk,rY,) é

Proof of Theorem 3.1.3

From Lemma 3.2.5 ,we estimate that
mf+5(PﬂJn_1)‘p = m;f+5£f _f + PﬂJn_l]‘p ]

= mf+5[fy n_lj'p + C"f - Pﬂ"Lp{f:] 1)

< cn‘amﬁaﬂf{ﬂ,ﬂ_lh +ellf =FRulle,w -

We note that from theorem 2.1.4,when [ =0 ,then, we only need to
construct a spline P, € 2p+5..(Ys) N A*(Y,) , such that

(3.2.19) If = Palliyy = el (F&,n70),
Also by Lemma 3.2.8 with I = 3 and r = 5 ,implies
3 _
(3.2.20) 5" 0ra GO, [5L 1), = 0l F,n7),
For 1 <j < n,whilewithl =2andr =5, it implies
2 " -5 5)
5] @ s FIELE), < enof (FO,n7h),

Taking these estimates into account ,the same construction as in
Theorem 3.1.1 and Theorem 3.1.2, yields a spline P, € 2;.5.,(¥;) which

Is coconvex with f on [—1,1] and such that (3.2.19) holds .
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For the sake of completeness, to describe this construction .We take
N(Y,) to be so large that ,for n = N, the sets 0,, 1=i<s , are all

disjoint and do not contain the endpoints of the interval [—1,1].

Now if , N0 =@ ,then f does not change its convexity on I; and
Lemma 3.2.3 implies that there exists a polynomial P; €Il,,5 with
coconvex with f, interpolates it at the endpoints of I; , and such that

P'(x) = f'(x)and P/(x_y) < f'(x;-1) if f isconvexon I or

]

B'()=f'(x)and F(x)=f"(x-1) if f is cocave on I and

satisfies

< |5 g, 0 51 1),

I7 - B

Ly (I5)
< nPwl (O, n™),
Now , it is convenient to denote the endpoints of O, ,by a, and b; i.e.
0;,=(a; b)), 1=i<s.

Also , for each 1 < i < s ,there exists a polynomial £ €I, ,, ,which is
copositive with f'’on 0, (i.e. P(x)f""(x)= 0 for all x € 0,) and such
that,

”.f” - ‘ﬁ:"Lp':ﬂi:] = Cl'ﬂil m.f+2 U{gjrlt}il! Oij’ﬂ'

And ,Lemma 3.2.4 implies that there exists a polynomial P, € Il <
such that B (a,) < f'(a,) and P (b,) < f'(b;),
(if £ issuchthat f"(x)(x —y;) = 0 for x € 0,) ,and satisfying
Ilf— H"Lp{ﬂf:] = C|Gg|2"f”_ F, "mez_]

< ¢|0;? wra (f®,10], 0:)p

-5 @ 5 . —
< nTwl (O, n™),




Where ,the last inequality follows from (3.2.20),the observation that

|0;1~|L;| .where j is such that y; € I, and the fact that O, is far from +1.

Now ,the piecewise polynomial approximation
P, € Xresa(Ys) N A2(Y,) is constructed from the polynomial pieces P; and

P, in such a way that ,if P, is constructed for all x < x, ,then on [x,, x,_,]
(or [x,, x,_3]= 0gif x, happens to be the left endpoint of some interval
0y )it is defined to be P, (or P g + @ ,where the constant « is chosen in
such a way as to make F, € L,[—1,1]), it is not difficult to see now F, is

coconvex with f and (3.2.20) holds &

3.3 The Divided Difference and the Weighted D.T.

Modulus of Smoothness

In this section ,we will use the divided difference and weighted
D. T. modulus of smoothness in Theorem 3.1.5.

To prove our theorems in this section ,we need the following Lemmas:

Lemma 3.3.1

Forany fEL,(J) , 0<p<oo,JSTand1l <r <k ,we have
@ (f, U1, Dp = cog .(f, Dy,

where ¢ depends on 7.

Proof :-

We observe that if x + gh €Jandx £ ghqp(x) el




let |x — gh,x + gh] C J ,then by using,|/;| = |J| for J; €] ,we obtain

(3.3.1) h <L)
and we have x + gh € ] if and only if

(3.3.2) h

T

also , let @(x) =< |J| .And by using the two inequality (3.3.1)and (3.3.2),

we obtain,

k
w, (LD, < su'pu{hﬂgwm "ﬂh (f, x) "me

< sup, 1 @ e (x) [lom® ﬂﬁmﬂﬁﬂfﬂhpm
< W SUP g psll o™ () A0 (f, 13"

17l
< cwy (f, o

where ¢ depends on r é

Lemma 3.3.2

letk=2 ,7EN dJ=m=k—-—1 andn=3m,and let j €N be
such that [%j,m, %] € [—%% (which is equivalent to = < j =< i—“m). Then

forany feL,(),1=<p <o,

|[ ;+1r j+m?f]| EC(TL m;w[fn 1] +"f” [ 22])

Where ¢ depends only on k and r..




N —— Chﬂptﬁl’ Three
Proof :-

From the Marchaud inequality for a function f €L,[a,b] and
1 <m < k ,itwas shown in [42] and [44] that for 1 < p < oo,

b—n

wi (f, s, [a,b])ds _
@ (f,t, [a,b]), < ct™ f . e —+ (b= a™If L, lap

t

Now ,taking [a,b] = [—%,ﬂ in the above estimate , using (3.1.4) and

taking [%; — ;.| ~ = for all j such that x; € [—%ﬂ =] ,and By using

Lemma 3.3.1,and since ] € [—1,1] ,we have

|[ _;+1J'" _;+m: ]l = C(xj _xj+m) m[f X _;+m![ j e ;])*p

< T ( 1’(“[ 2’ 2])

o (s [-33]), s

gm+l + C"f"LpU]

I

o (1534

< gh-1-m ds +cllfll., ¢

< en®wy (£, 171,]), f sk=1-mdgs + C||f||1,pm
Yn

= an (g, {:fy Ul!j]*p + C"f"me

< (n mkrU n_l)p + "f"me)
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Lemma 3.3.3

Let k=2 ,n=3kand 1=m<=k-—1 ,and let r € N,,
r > k — 2m,then for feL,[-11] and for every

1<jsn-m-1, J=[-1]]
r+2m—k
|[ _,|'+1J' _.l'+m* f]l =c (ﬂ‘k (miﬂ{j:,ﬂ—j}) mﬁ: 'r[f n_l)iﬂ

11,0 )
Proof:-
For 1<j=< E‘J foralll =i< EJ ,o(x;) mﬂi and IIEIN?%.

Now for all 1 <j <n—k —1 ,the inequalities (3.1.4) and Lemma 3.2.2 ,
imply

%5 %01 i f]| < C|‘3‘|_kmk(ﬁxj —ka,[xﬁk,xj])p
= flﬁl_km""’(ﬂfﬁm%)%(ﬁ |[xj+k’xj]|)p
< ey ™97 () of, oDy
Therefore , if 1 < j < min {n —k—1, EJ} then
333) |[x, HWﬁW“ﬂMQk%gwm

letl<pu< l J be an index ,and let [%,4m, x| © [—%,ﬂand Lemma

3.3.2 implies that

|[ p+1r - pL+m: f]l =cC (Tl m;,: TUC n_lj*p + "f”LpU])
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Also,

[ Xj+1s- J+m*] ([ Xys1s - Xpwms [ ] [ Xj+1s - j+m?f])

[ p_+11 p+m:f]’
= Z(xj+m+1 - xi) [ X 1) oees Xizm1s 1
i=j

[ ;.1+11 p+m:f]’

therefore ,
2]

” Xjt1s- j+m?f]| = ‘-'-'Zl-'ril [%:) X415 s Xiwma1: F]
—

+ent wf, (f,n ), +cllfll, g,
by using (3.3.3) ,we have
|[ _;+1J _;+mr f]l

r+2(m+1)-k o
<c ) (n ( ) o
CZ' I( mm{t n—i} D (1 )p)

ko @ -1
+ent wp, (F,n7), + clifll g

3]
< ¢n® mir(f,n_ljp zlfil n* G
’ i

i=j

r+2(m+1)—k
) +2

+cn® METU; n 1), + f"f”;,pm
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3
2 r+2m—k
k@ -1 n
Scn mkﬂ"[f’n ]p i?"-l-zm—k-l-l
=

ko, @ -
+en* wf (f,nY), +ellfll, g

7l r+2m-—k
<c (nk (;) wg (f,n 1), + ||f||:,pm) ¢

Corollary 3.3.4
Let n=9, m=10or m=2and fe€L,[-11].
Then

|[x_1"1 xj+1; ---ij+m;f]| = Cn2m+2 m:zi"[f’ n_lj'ﬂ + C"f"Lp _ll].
2'2

The proof is clearly ,by Lemma3.3.3.

Lemma 3.3.5

Let feLl,[-1,1] ,n=k+1 ,and let a polynomial P,,, of degree
<k+7—1 besuchthat P2 (x;)=fF@(x,) forall i=01,..,7r—1
and P;fi[x] = Lk_l(f':""];xl,xz,...,xk)[x]

Then,

c @ -
If = Pasrlly gy < Sw0f, (™),
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Proof:-

We denote Ly_,(f“?;x;,x,, ..., ;) and note that it follows by (Lemma

2.3.3 ,Whitney’s inequality),that for any @ € [x;,1] and the interval
] = [x;, ] and by Theorem 3.1.3,we have

Lz =N, ) < @ (FPL 01D,

¢ P (r)
= (1—a)/2 mk”"(f ’ Ul)?ﬂ
€ @ 5
[1 . (I:}T"‘rz Fl:’.l"(f )‘p
And ,in particular,
(3.3.4) L1 (@)~ FP@] < 5 0f, (F7,n)
Since forany g € L,[a,b] and x € [a,b] ,
=0
0=y P - f (x— w7 (wadu

by using (3.3.4) , for any x, < x < 1 ,the following holds:

G = Pear O = 5

f[x —u)™ 1 (f ) () — Pﬂl[uj) du

sc [e-w FPw - L @lau

r—1

[
=cC mk r(f{ﬂ ) f - la:)'r.-"rﬂ
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::C'-'”;: (f(r] —1) J‘(l u}E

< c(1—x)2wf (7, n‘l)p

= cn” mk (f{’r’] —1) ‘

Proof of Theorem 3.1.4

For all l=i=n—1 , e()~min{i,n— i}/n and

|I|~min{i,n — i}/n* ,where as usual ,a; ~ £; means that = is bounded a
L

Bi
way from 0 and oo.

The following inequality is contained in the proof of Lemma 3.3.3;

k+r
(3.3.5) |EFE O Ty | . (m) wy (f,n™1),

foralll=j<=sn—k—1

now,foranym=0and 1<j=8d<n—m,

[336} [x51x5+11'--1x5+m;f] [ _.I" _||'+1! == _;+m+1 f]

= Z[xi+m+1 - Xi] [xir Xig1s ---;Xi+m+1if],

i=j

This , with m =k —1, § = u, together with the inequality (3.3.5) for

l=sj<pu<=n-—k , implies
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|[x#1x#+11 ‘;J_+F|:—1-r ] [ _j'+1’"' _,I'+;I! 1 f]l

= Z(xnk _xij[xiyxi+11---1xi+k;f]

u-1

k+r
ﬂichI-ln“( i ) w? (f,n™Y)
A min{i,n — i} kT e
1:_|f

#_1 1 k+r—1
< cn? 20" (f,nY) é ( — . )
fr M P min{i,n —i}
i=j
(= a)
2k+r—2 -1 1
=cn mﬁ:r[f n )TJ ti+:r—1
i={jn—p}
1 k+r—2

i: Cn2k+1"—2 (
m

@ —1
agam) e

where ,for the last inequality we used k +r =3 .Thus ,(3.1.5) is proved

Now ,to prove (3.1.6) , suppose that k ++ =5 . Applying (3.3.6) with
m=k—2 andd =vand(3.1.5) forall1 <j <v < pu ,yields

E([xmxwp s Xpsk—2: f1— [ Xt ---;Xj+k—2$f])

Xivn — Xij [xir Xig1s s xi+ﬁ:—1;f]

'MH

r—1

=& Z[xi S 20 | (B'95 PPN AP il Il b 295 PRI APy il )

i=j

- E[Xiyxi+11 ey xi+k—1$f]Z[xi - xi+kj
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v—1
= Z[xi - xi+k) |[JC#, xp+1! ---;xp+k—1;f]
i=j
— [, X 51, "'in+k—1;f]|

1 k+r—2
2k+ 2 -1
< en® R wg (fin }‘”Z”I (mm{r, n— p})
v_l - {l l}
min{i n —i
< Cn2k+r 4&) Uc ﬂ,_l)
kr P k+r—2
min{i,n —
= (min{i, 3]
p—1 ; { }
min{i,n—i
< en2tr—2? (Fnt =@,
kT’U }P (ml?‘l{l n— 1})k+r—2
i=j

Now sincek+r =5 ,ifu< EJ .then

o0

1
2k+r—4, . F -1
® =cn w, (Fin™ ), E pr—

i=1
< fﬂzk”'ﬂ“mffr(ﬂ Tl_l]p-
And jif > [2] then
n—p u—1

1
2k+r—4 -1
D =<cn mh[fn j,p E —ik”"g +

i=1 i=j

min{i,n — i}
ﬁi ﬂ]k+r 2

1 —
< en?k+r- 4‘”;:TU n 1), (1+ (n—p)“""zzl)

i=1
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n?
= CﬂszrT_‘LmETU;n_l]p (1 + (n—,u]k*""_z) ¢

We note that the proof of Corollary 3.1.5 and Corollary 3.1.6 are direct by
Theorem 3.1.4 .

3.4 The Degree of Coconvex Approximation and Divided

Difference by Using Weighted D. T. Modulus of

Smoothness

In this section we estimate the degree of approximation of f by divided

difference. And to prove our theorems in this section ,we need the following

Lemmas:

Lemma 3.4.1
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Letn=9, m=1or m=2,and f € L}, .Then,

mﬂx{'[xhxb---;xm+1$f”]|y|[x — 11Xy xﬂ—m—l;f”]l}

< en* g, (), +ellf 13
2'2

Proof of this Lemma is an immediate consequence of Corollary 3.3.4.

Lemma 3.4.2

Let s =3 and f € L3, N A*(¥;) ,and

n = max{MY.), (min{e(y,)/ 1<i<sP)7?}

then,
(3.4.1) max{|[xy,%,,%3; "I [Xp—1s Xpe 2 X3 £ 113
< en® miz[f”,n‘ljp
And ,
(3.4.2) max{|[xq,%5; f 1], [[Xp-1, Xp—2; F115
< cn* w,(f",n1),.
Lemma 3.4.3

Lets =2, f € L7, n A*(Y,) ,and

n = max{M(Y;) , (min{e(y,), (%))~ }, then
(3.4.3) max{—[xy, %, %3; "], =[x 1, Xp2, Xpa; F ' 13
< en® mgiz[f”,n‘ljp

And,

(3.4.4) max{—[xy,Xo; "], —[Xp_1, Xn—2; f"'1}
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< cn* wl,(f",n™1),.

Proof of Lemma 3.4.2 and Lemma 3.4.3.

Let N=NY,)=min{e(y,)/ 1<i<s} . Also et s=2 ,
fE Lﬁ;nﬂz (Y;) be given ,and observe that if an index i is such that
Vs = x; <y, then

4 min{i,n — i} = n sin(in/n) = ne(x;) = nmin{e(y,), e(y,)}
Now , let the indices u,,v,,v, and u, (if s = 3) be such that
f”(xp.1+1) = min{f"(xy) | 2 = x; <1},
Xpy41 =01 » Xpyp1 = V2 < Xy, ,and

f”(xpz+1) =max{f"(x)|y: =x; =y}

Then , using £ (x)(x — y;)(x —,) = 0 for all x = y, ,we conclude
that the following inequality holds:
l=sv, s, <v,=n—2, v,<u,=<n-—3(ifs=3),

P-:L 1 1 = vy ey 10 '

[ ’ p. +1, X i +E:f”] 0 [I X f F] = 0

and

[ ' +1: X +2:f”]{:0 [xu e +1,f”]50.
#2 #2 (23 0 o

By Corollary 3.1.5 (i) with p = , and v = v, ,taking into account that
n—pu, +1= Nn/4, it follows that

(3.4.5) —[x4,%5,%3; f'] < en® @, (f", 07 1)
And,
(3.4.6) —[x, %25 F''] = en* (1 L ]3) wg,(f"',n~1)
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If s =3 ,then Corollary 3.1.5 (i) with g =, and v = v, ,and the
observation that n — p, = Nn/4 ,imply

(3.4.7) [x1,%2,%3; f'] < en® wf, (F",n71),

And,

nz
[x3,%5; f"] < en® (1 + m) wg, (f",n1),
2

(3.4.8) < cn* wl,(f",n71),).
This in turn implies that

D3, %5, %3; f '] = en® wf, (f"',n71),,

And,

|[xy, 2025 ]| < en* fﬂ';g (.f”Jn_lj'p'

This complete the proof of Lemma 3.4.2 , and to complete the proof
Lemma 3.4.3,it suffices to use Corollary 3.1.5 (ii) with u=n—pu, —2

and v =n—wv, —1 ,and the estimate i, + 1 = Nn/4 ,and to combine the
resulting inequalities with (3.4.5)and (3.4.6) é

Proof of theorem 3.1.7 and theorem 3.1.8

Suppose that n is such that

n zmax{4( min {y,_; —yi})_l, (lrgj_igs{wu})_g}.

1<jss+1

We use the same construction as in proof of Theorem 3.1.1,which we
described in the proof of Theorem 3.1.3. The only difference now is that ,
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on each interval 0, , 1 <i < s ,the polynomial p; is defined to be the
quadratic polynomial interpolating f" at a;,y; and b, ,whence ,by (Lemma
2.3.3 ,Whitney’s inequality ),

IfF" — ﬁi"Lp{ofj < cay (7,104, Gijp'
Hence using the inequality
|.5-|2m3 (F" L), < en?wf,(F'n™h), ,1<j<n

which follows from Lemma 3.2.8, we conclude that there exists a spline
P, € X5.(¥;) which is coconvex with f on [x, ;,x,] , satisfies the

inequality

(3.4.9) I = Balley by < cn 2wl (f",n 1),

and is such that

B(—) =fxnor) , (CLBIGGI) = (1P f ()
Pi(x7) = f(xy).

We now extend the construction of P,to the intervals I, and I,
preserving its coconvexity with the original function £, as well as keeping
it close to f.

On I, and I, , B, is defined as follows
B(x{) =F(x7) L BG5) = f(x),

and PTE?-:] {:xn:lj = f{l:] {:xn—lj J'i = 0;1

P, (x) = f"(x) + (x — x) max{0, [xy, x5; f"'1}
+(x—x)(x —x,) max{0,[x,_;, %, 5,%,_3;f 1}, x €L




By (x) = f"(xp_1)

+ (x = X)) (D) max{0, (= 1) [y, Xn_2; T}

+(X - x‘]‘l—l]{:x
- xﬂ—?] (_1]5 max{{], (_ljs[xn—ll Xn—2,Xn—3 ;f”]}

X E L.

We wish to emphasize that in the case s = 3 ,we could alternatively
define P,'(x) = f""(x;) ,x €I, and P,'(x) = " (x,_1) , x € I, which is
some what simpler than the current construction ,but would force us to
consider the case s < 2 separately. Evidently , B, € L,[—1,1] ,and is in

A% (Y,) (since P and (—1)*P; are non-decreasing on I,and I, respectively
,we have that

(—1)°P(x,—;) = (—1)°P;(x,7,) and P (x;7) < B (x)).

Hence it remains to estimate |If — Full., ¢,y and [If = Bllo, ¢,y -We

note that (3.4.9) implies that & = f(x,) — P,(x,") ,satisfies
la] < en~2wd,(f"n1),.

Therefore , by Lemma 3.3.5 ,we have for every x € I, assume that
py (x) = Li(x), p, (x)=1,(x) ,where p, and p,, are tow polynomials of
degree < 4 then

2 @ —
Il f _pllle{Ilj =cn zmgg (f“mn lj*p p

- @ -
".f - pnlle{fnj =cn zngz I:f”Jn l]p -
We have,

If ) =B < If = palle, ¢y + 102 () = B ()]

< cn~2 miz (" ,n™),
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+lra) - Bty + f (- Wl (W) — P’ (w)du

< enwl, (f,n 1), + lal+ f[x —w)(ly(w) — P (w)du

Xy

< cen 2wl (f,n ), +en ||l — B Il -

Similarly except that P,(x,=;) = f(x,_,) = p,(x,_,), for every
x € I, ,we have

|f(x)—P,(x)| = cn‘szjz (f",mn 1), +en™*||L, — P,_.{’IILPUHJ.
Now , for x € I,

0=F (x)—1(x)
= (x — x1) (Max{0, [x, %, x3; f "I} — [x1,25,%3; f'])

= (x — xy) max{0,—[xq,x5; f "I}
+(x — x4 )(x — x3) max{0,—[xy,x,,%3; "1}

Hence ,for s = 2 ,we conclude by Lemma 3.4.2 and Lemma 3.4.3,then

0<P'(x)—1,(x) < (x—x)en*w],(f",n 1),
+(x —x,)(x — x5)enfwl (", n71),
@ _
= cnw,,(f",n 1), ,x €.

For s = 1, we apply Corollary 3.1.6 and similarly conclude that
0<P'(x)—1,(x) < cn*wi,(f"'n 1), +cwy ,(f',n"1),,x €1

analogously (forx €1, ,




0 < (—1P(B () —1,(x)

= (x — X,_ ) (=1 max{0, (—1)°[x,_1, Xn_o; f"'1}

+EX - x‘ﬂ.—l:] {:JC
— Xp_p) (=1)* max{0, (=1)° [x,_4, %, 2, Xp_3; f "]}

Hence ,for s = 2,by Lemma 3.4.2 and Lemma 3.4.3 instead Corollary
3.1.6 ,we get

0 < (B(x)—1,(x)) < cn? wy, (f",n ), + cwd, (f,n), ,x €L,

Also, in the case s = 1 ,applying Lemma 3.4.1 ,instead Corollary 3.1.6
,we have [for x € I,

[Py () — 1, (x|
< (o — x| [xg, 255 fU + (0 — x)) (0 — ) | [y, x5, %55 £

= 072Dy, 205 f U4+ 7 * [y, x5, 2055 £
< enfwy,(f",n), + en?|If LET R
2
and the estimate for [|Z,, — P, || L,y (1) IS derived analogously.
To summarize , in the case s = 2 ,we have
If = Bullo, ¢y < en20f,(F",n7),,
and in the case s = 1 ,we have

"f - Pn"LpU] = Cn_gmzfz [f”:n_l}p + Cn_ﬁllf”"Lp[—ll] !
22

and,
"f — b "LPU] <en” mgji [}f”,n—l)p + Cﬂ_4m;2 {-f”;n_l)p .
By virtue of Lemma 3.2.5 and the estimate

W (Byn™), = cllf = Bl + ¢ g (f,n),
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<cllf —Bully, oy + en 2wl (f',n71),,
p .

we conclude that there exists a polynomial p,, € A*(Y,) of degree < cn
such that ,

If —palle,) < If = Balle, i + 1P, = Pallo, 0
< If = Bulle, o0 + en™? @, (f",n71), .

= el (f",n), + cn'ﬁﬂf”"Lp[_E] ¢
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Chapter Three

Shape Preserving Coconvex Approximation

In L,(I), 0<p<w

When we approximate a function f € L, (I) which changes convexity

finitely many times at Y, ,we wish some times that the approximating
polynomials follow these changes in convexity . We discuss in this chapter
three sections , in the first one , we estimate the degree of approximation of

f by algebraic and piecewise polynomials which change convexity

exactly at the points where f does , and the second, using the divided

difference and weighted D. T modulus of smoothness in Theorem 3.1.4
Jfinally we estimate the degree of approximation of f by divided

difference .

3.1 Introduction and Main Results

Our main interest in this chapter is the approximation of
f €L,I), I =[-1,1] which changes convexity finitely many times ,by
it. We are interested in estimating the degree of approximation of f by
polynomials which are coconvex with it ,i.e. if f € A%(Y,) ,s > 1. We

intend here to obtain the analogous results for coconvex approximation .
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Denote by Ys ,s € N the set of all collection Yy = {y;};_, ,such that
-1<y, <<y <1, fors=0,wewrite Y; = @. For later reference set
Yo=1andys, =—-1.

Finally ,let A%(Y;) denote the collection of all functions f € L,[—1,1] that
change convexity at the set Y;. Givenn €N ,n > 1 ,we set x; = x;, =

cos (%) and we denote ; = [;, = [x;,x_4], j=12,..,n

Let Y. ,be the collection of all piecewise polynomials of degree
k — 1, on the Chebyshev partition of I .

Also ,given Y, € Y5, and let

(3.1.1) 0; = 0in(Ys) = (xj41,x2)  if y; € [x,x5-1)

where , x,,; = —1, x_; =1 ,and denote
0=0(nY,)=UL0,, 0n@)=9.

Finally ,we write j € H ,if [, N0 =0 .

Let L,[—1,1] be the set of r —times differentiable functions on
[—1,1] , where

=111 ={f eL,[-11]: f@eL,[-11]},
also , we define

L) ={f € L,(-LD N L, (D) \ lim ¢"(0)f V() = 0]

where r > 1, in particular .

The following notion of the length of an interval | =[a,b] S I

relative to its position in I ,was introduced in [26] and [18].

We always have that w?(f,t,)), < w.(f,t,]), , 0 <p <o .But the

converse is not true in general , however in [3] ,that moduli of smoothness
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w? and w, for a function f defined on J € I are equivalent , if |J|~A,(a)

\Where
1 1
Ay(@) =~ /(A —a®) +—,

wr(f, An(a):])p ~ w;p(f:n_ltj)p .

Let L,,_1(9; 20,21, ...,Zm—1) denote the polynomial of degree <
m — 1 which interpolates a function g at the points zy, zy, ..., Zy—1. We
remind the reader that 2o, 21, ..., Zm; g] Stands for the m —

th divided dif ference of a function g at the knots z,, z4, ..., z,,, defined

by

g(zm) - Lm—l(g; 20, Z1, ---er—l)(Zm)
3.1.2 Z0,Z1, ey Zes @ = )
( ) [ 0=t m g] (Zm - ZO)(Zm - Zl) (Zm - Zm—l)

the following Newton formula for interpolating polynomials is well known:
(313)  Liyn-1(95 20,21, oo Zim—1) = 220" Zim — 20) (Zm — 21) wo. (Z;n —
Zi—1) (20,21, -+, Zi—1; 9]

Also , assuming that z,, z4, ..., z,,—, from either a non_increasing or a
non_decreasing sequence such that

min |(z;,. —z;| ~ max |z;,;— Z;
OsiSm—ll i+1 l| OsiSm—ll i+1 I,l

and using Whitney’s inequality ,we have the following estimate:
(3.1.4) |[zg, 21, - Zm; I

< Clzim = 2ol " 0 (9, |2m — 2o, [min{zo, 2} , max{z,, 231D,
Where, ¢ depends on m and the ratio

min|z;; — z;| /max|z; 4 — 2
O0<ism-1 O0<ism-1
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To know more information about the divided difference ,see in [3] and
[35].

We note that forasetY; € Ys ,s = 1 ,if

n>4 ( min {y;_; — yj}>_1 = M (Y),

1<js<s
then , there is at least one knot x;between y;_;and y; forall1 <j<s+1.

Our main results are the following:

Theorem 3.1.1

If feA*(Y;)nL5(I) ,thenforeach k <3

2 C
EP(f,Yy), < —

(p —_
z Yk (f",n™)y n =1,

where c= c¢(s) and n = n(Yy).

Theorem 3.1.2

Let r >3 andassumethat f € A*(Y;) nL,(I) ,then
2 Cc —
EQ () S = of (FOn), , nzn

foreach k > 3 ,with constants c= c(k,r,s) and n =n(k,r,Y;) .

Theorem 3.1.3
Let k>1 ,r=5,s>1 ,and Y, € Ys, be given .
If f€Ly,()n A*(Ys) ,then
ED(f Yoy < cnSwfs(FO,nY), ,n=n(k,Yo)

where n(k,Y;) is constant depends on k and Yy .
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Theorem 3.1.4

Let f€L,(]), 1<p<o,and letk=1,r =0 be such that k +
r=>3and1<u<n-—k be fixed. Then,forall1 <j <u,

(3.1.5) |[x#,x#+1, ...,x#+k_1;f] — [xj,xj+1, ...,xj+k_1;f]|

2k+1-2 ( 1

k+r-2
min{j,n—u})

<cn W (f,n™),

Also ,if k+r =5 ,then for all vandj such that 1 <j < v < u ,we also
have ,

(316)  e(|l orss s Faems 1 [5 Gus oo i 1)

2k+r—4 n? (0] -1
< cn?etT (1 + W) wk,r(f,n )p

where € = sgn{[xﬂ,xﬂﬂ, ...,xﬂ+k_1;f]}.

Corollary 3.1.5

Let f € L2(])

)  Foranyindex 1 < pu <n—3,if sgn{[xy Xyt Xue2; f']} = &
then

(3.1.7) —&[x1, %2, %3; f'] < enfwg, (f,n ),

Moreover ,if anindex 1 < v < p is such that

sgn{[xy, Xp41, "1} = € then
we also have ,

n2

(3.1.8)  —¢[xy,x5; f"'] < cn* (1 + m) w3, (f", ™),
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(ii) Foranyindex 1<pu<n-3,if
Sgn{[xn_#,xn_#_l,xn_#_z;f”]} = ¢, then
—&[Xn_1, X2, Xn—3; '] < cnwg, (f",n7 1),
Moreover ,if an index 1 < v < u is such that

Sgn{[Xn—v) Xn—p+1, f'1} = —€ ,then we have

r n2 12 —_
—&[xn_1,%n_2; f = cn* (1 + M) w;fz(f n 1)p .

Corollary 3.1.6
Let s=1 y f € L%p[_l,]_] N AZ(YS) ,and n> 7((p(ys))_3,then
max{|[x1ixz'x3if”]|: [xn—lr Xn—2, xn—B;f”]}
= Cn6a);’fz(f”,n—1)p + ana);p’z (f”’n—l)p ’
And,

max{—[xl, X7, f”]f [xn—lf Xn—25 f”]}

< cn“w;’fz(f”,n‘l)p + cnzw;’fz f",n ), .

Theorem 3.1.7
Lets >2andY; € Ys be given .If f € L;,[-1,1] NA%*(Y,),1<
p < oo, then
(3.1.9) EV(f,Y)p < on2af,(f,nh), =N,

where ,N is constant depends on Y, .
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Theorem 3.1.8

Lets =1andY; € Ys be given If fe€Lf[-1,1]NnA*(Y,),1<p<
oo, then

(3.1.10) ENV(f,Y)p < en"2wf,(f o), +
cn_4a)g20,2(f ,n_l)p,
n = n , where n =const. ,depends on Y, .Hence

11D EP(f,Y), < en2wh,(f ) nzn

Moreover ,

(3.1.12) EV(f,v), < en2al,(f ,nh), +en”®||f||) ERE
14

11
22

where , n > 1.

3.2 The Degree of Coconvex Approximation by

D. T. Modulus of Smoothness

In this section we study the approximation of coconvex function in
L,[—1,1] ,interms of Ditizian_Totik modulus of smoothness.

To prove our theorems in this section ,we need the following Lemmas:

Lemma 3.2.1 [5]

Forany f € L,(J),0 <p < oo ,where] = [a,b] S , we have




wi(f LDy < ctrp)ay (fF, Dy

andfort >0

wi(f, 2), < c(r, p)wy (f, 1), -

Lemma 3.2.2

Let f € L,[-1,1] , J =(a,b) < (—1,1) , we have

1
e (F 1) < mw;f,r(f(r); UDp

where m(a,b) =/ (1+a)(1-b) .

Proof:-

i}
K
xighcp(x) €l ,wehave] S I ,then

Letxighe] , then h < — ,and we observe that ,If xighe] and

By using the following inequality from [20],|/,| < |J]| for J; &] ,we
obtain

/]
h S - )
" @ (x)
and,
0 F LDy < supy_y o0 18O 0,
< sup,_, l|Akpe (f (”’x)”L,,U)

<

Sup0<hs% mr(la,b) ” (pr(x) A;(l(p(x) (f(r): x)”L

p()

<

mr(la,b) Supo<hs%” ¢ (x) Ali‘;p(x) GARE9]|

Ly())
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Lemma 3.2.3

Let k > 1 ,and let feL5[a,a + h],h >0 be a convex polynomial
P of degree <k +1 satisfying P(a) = f(a),P(a+h)=f(a+h),
P'(a) = f'(a) and P'(a+ h) < f'(a + h) and such that

Ilf — P”Lp[a,a+h] < ch?wy_,(f", h, [a,a + h]),,.
Proof:-

Let J=[a,a+h] , and |J/| =h and since fel5[a,a+h], Py,q €
[} 4+1 ,then by (Lemma 2.3.3 ,Whitney’s Inequality ) and by (Theorem
1.4.1, Local Estimates ) ,we have

If = Pk+1||Lp[a,a+h] <cw (LU Dy
< cJPPwr—2(F" ULy

< cl/Pwr-(F" b))y &

Lemma 3.2.4

Let k>1,and leta<p <a+h be fixed , and assume that ,
felyla,a+ h] is such that f"(x)(x—f)=0 ,a<x<a+h .If a
polynomial p € I _, satisfies p(x)(x =) =0 , a<x <a+ hthen
there exists a polynomial Py, € Iy, such that P,y =p , Pryqi(a) =
f(a) ,Piyqi(a) < f'(a) ,alsoPp,,(a+h)<f'(a+ h)andwe have

If = Peslli jaasny < CR2IF" = PllL jaasny -
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Proof:-

Let P,,, € II;4; and by (Lemma 2.3.3 ,Whitney’s Inequality and
Lemma 2.3.1) ,and by (Theorem 1.4.1, Local Estimates ) ,we have

If = Prsalli,[qa+n < cor(fih])p
=< Chzwk—Z(f”l h;])p

= chzsupo<ns|1|||A'ﬁ_2(f”")“Lp[

a,a+h]
— k_
= Chzsup0<h5|]|”Ah U - P’écrl")”Lp[a'a"’h]

< c(k)R*|If" - PI:tl-I-llle[a,a+h]

= c(R?IIf" = pllu(aasn

Lemma 3.2.5 [5]

ForeveryseN,, 0<p<o and k,n€ N ,there are constants
c(k,s,p) and c(s,p) ,such that , if f € X, .(Ys) NA%(Y;) ,then there
exists P, € A%(Y,) of degree not exceeding c(s,p)n, satisfies

If = Pallp, < c(k,s,0) 0 (f,in™),

Lemma 3.2.6 [10]

Let f € L,[-1,1] ,0<p <o, r=1 then

wy (f, ), < ct”wf  (FD,0), ,

where c is const. depends on k and r.




Lemma 3.2.7 [3]

For a function , f € L,[—1,1] , 0 <p < oo the following inequalities
hold

n
> 0 f by < cof (i,
i=1

Lemma 3.2.8

Let f€Ll,[-11], 1<j<nand0<I[<r,then

l - —
1| 0ksra FO L1y < enTwg (FT,n7h),
Proof:-

For , 1<j<n ,we have by using Lemma 3.2.1 and Lemma 3.2.2
,then

|] < e m(xj, xj-1 )0~

therefore 1 <j<n and0 <[ <,

|Ij|l Opsr (FONL]L L) < C|Ij|r wy (f©,

5|

m”(x;, xj—1)

L] )y

w,‘gr(f(r), 11Dy

<Cnwp, (fO,nh, e




Proof of Theorem 3.1.1

Given f € A*(Y) nL5[-1,1] ,r =2 ,we taken(Y;) so big that if
n =1, then for each1 <i < s ,the set 0; define in (3.1.1) contains only
y; ,also and 0; and 0;,,; ,1<i<s—1, are separated by at least one
interval of the partition .

Thus ,we have no restriction on n,if s = 1. Then we have s intervals
0; = (a;,b;),i = 1,2,...,s; such that either

(3.2.1) f'"x)(x—-y) =0, a; <x<b
or
(3.2.2) f'")x—-y) <0, a; <x<b

we define polynomials Py_,; €Il,_; ,k =123 ; which satisfy |,
respectively

(3.2.3) Pe_1i(x)(x—y) =0, a; <x <b;
or
(3.2.4) Pr1;(x)(x-y) <0, a; <x <b;

and are closed to f"".To this end we take P,; = 0 and P;; to be the linear
polynomial Interpolating f'' at y; and a; or b; whichever is farther from y;
, and finally P,; to be the quadratic polynomial interpolating " at a; , y;
and b;.

By (Lemma 2.3.3 ,Whitney’s Inequality ,Ch. 2),we know that

328) " = Pe-sill, o < cox(F10:100)p K =1,23;

where ¢ constant depends on the ratios between |0O;| and the distances
between the points of interpolation .

Thus , ¢ is an absolute constant , for k = 1,2.
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We obtain , for each k > 2, the existence of P,_;; € IIx_,, such that
(3.2.1) and (3.2.2) hold respectively, and

(3.2.6) I - Pecsill, oy < €100 (F,10:1, 00

Thus ,in all cases we coclude by Lemma 3.2.4 , (3.2.4) and (3.2.5),that
there exists a polynomial Py, ; € II;1,which is coconvex with f on O; ,

Pri1:(a;) = f(a;) + a; \where «; is an arbitrary constant to be prescribed
,and such that

(3.2.7) \f - Pk+1'i||Lp(Oi) < |a;| + % 0| - Pk—l'i”Lp(Ol-) ,

by (3.2.6) and (3.2.7),we have an estimate on the second term on the right .

Note that (3.2.7) implies that,
3 144
(3.2.8) |Pk+1,i(bi) —fb)| <lal+ 5 |0i|2||f - Pk—l,i”Lp(Oi) ,

also if (3.2.1) holds ,then

(3.2.9) Priqi(a) < f'(a) and  Pyyq(b) < f1(by),
and if (3.2.2) holds ,then
(3.2.10) Pri1i(a) = f'(a) and  Pyyq(b) = f(by) .

In all other intervals I; ,j € H, f is either convex in I; or concave
there.

If g; = f + B; where g; is an arbitrary constant to be prescribed , then
by Lemma 3.2.3, there exists a polynomial py.q; € Iy, , coconvex with
f and satisfying

(3.2.11) Pesn () = 9;(3)  and  prea(x-1) = 95(x5-1)
also , if f is convex ,then we have
(3212)  Piyrj(x5) = f'(x)) and D1, (-1) < ' (x5-1),

and if f is cocave , then




(3.2.13) Pier, () < f'(%) and Pre+1,;(x-1) = f'(xj-1) -

By Lemma 3.2.6,
2 2
3.214) |If —Pk+1,j||Lp(,j) < |B;] + c|li| @i (F ") 111 1)y
<|Bj| + en2wf (f",n )y
Since || <=

We construct the piecewise polynomial f € Yy 0,(Ys) NA%(Yy)
sweeping [—1,1] from left and right .Let a; = x;, , Where O = (a, bs) ,
and let a;, =0.

Then for j, <j <n, we take f; =0 and set
S/l =DPr+1j Jo<j=n
and S/0s = Pyyqs.

Note that , S € L,[—1, bs) and by (3.2.11) and (3.2.12) or (3.2.10) and
(3.2.13) respectively , it is coconvex with f there.

Suppose that we have defined Sin[-1,b;), 1<i<s,leth; = x;,
and a;_; = x;, . then we take ,

Bi-1 = Lon=i(Pes1m(bm) — f(by)) ,andfor j, <j<j; 0 =P .
Then we set
S/l =pk+1j J2<J<h
§/0;_1 = Pk+1,i—1
this S € L,[—1,b;_;) , coconvex with f there.
Finally , if b; = x;,, then for 1< j < j; ,we take
@ = Yim=1Pr+1,m (D) — f (b)) ,and we set

S/ =prs1j 1<j<]Js.




N e (iapler Three

It is readily seen that we have obtained an f € Y42, (Ys) NA%(Ys)
,again we deel with f € L5[-1,1].

Since 0;] <= it follows by (3.1.5) that i
17 (1) 17 - _ .
”f - Pk_l'i”Lp(Oi) = ka (f yn 1)p ) k - 1;2;3,

hence , combining with (3.2.7) , (3.2.8) and(3.2.14),also by Lemma 3.2.7,
yields

1 Yp
If — S”Lp(l) = (jlf(x) - S(x)|de>

l/p
=<2 | If(x)—S(x)I”dx>

i I;U0;
1/p
< (Z [1£e0 -s@pax+ ) [1re - S(x>|pdx>
i i o

1/p
< C(p) <Z ICE S<x>|pdx>
1/p
+c(p) (Z ISk S<x)|pdx>

lOi

<Cp) <Z|If = Sl + ) If - S||Lp(oi>>




<) (Y P + Pl

DY ETRTSNEL N
[

< C(p)z (”f — Prya,i ||Lp(1i) + ||Pk+1,i N S”Lp(ll-)
i

+11F = Pesnill, o + IPesri =51, o)

Hence, by direct substituting ,and simplification ,we have ,
(3.2.15) If =Sll,m <5 0f (D), k=123
this in turn implies

w,(f+2(5,n_1)p = wl(f+2(5 —f+fin )y
< Wy, (fin Dy +ellS = flln,a
<wl L, ), +ent ol (f,nh),

(3.2.16) <cntwf(f,n ), .

Therefore ,we apply (3.2.15) and (3.2.16) ,also by Lemma 3.2.5 ,to
obtain a polynomial P, € IT,, n A%(Y;) such that

If = Blle,ay = If =S +S =Bl
< f =Sl + IS = Bulle, i
C 1) - -
<= wr (f",n D), + w171,

< % w,‘f ”,n'l)p + cn1t a);f(f”,n'l)p

<cntwl(f",nh),

where , c = c(k,s,p) and n =n(Y;) é
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Proof of Theorem 3.1.2

Assume that f € L,[-1,1] , r=3 and letk =2 . Then ,it follows
by ( (3.2.6) in the proof of Theorem 3.1.1)

(3.2.17) lf" - Pk_l,l-”Lp 0y =€ ntwd  (f®,n1),.

Hence ,combining with, (3.2.7) ,(3.2.8) and (3.2.12) are in proof of

Theorem 3.1.1, yields
(3218)  IIf = Sllyp-10 S csn700f (FD,n),,.

This is turn gives
WSy = @l (f = f+ 507,
<@g, (f,n Dy +ellf =Sl
< Wy (Fn Dy + s, (FO 0,
(3.2.19) < cn o (FPnh),,
where ¢ = c¢(k, s) .

Therefore , to apply (3.2.18), (3.2.19) , Lemma 3.2.5 and Lemma 3.2.6 ,to
obtain polynomial B, € II, N A%(Y,) , such that

Nf - Pn”Lp[—l,l] =cs n_3w](f(f(3):n_1)p

Since , f € L,[-1,1] , r = 3, it follows by Lemma 3.2.5 and Lemma
3.2.6 ,we have

If = Blle,i-1, = If =S +S =Pl
< f =Sl + IS = Bulle,m
<csn Bl (F®,nY), + 0l (S0,

<csnBf(F® Y, + 0l (S—f+fn),
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<csnBwl(f®n, + 0l (f,nh),
<csnTwp  (FO,n7Y),.
That is,
2
EP(f,Y)y <= wf  (fFOn Y, ,n=N

is valid for all r=>3 and k>1 , with c=c(k,r,s) and n =
n(k,r,Y;) é

Proof of Theorem 3.1.3

From Lemma 3.2.5 ,we estimate that
a),f+5(Pn,n_1)p = W s(f = f+Pun™p

< wflys(f,n Ny +ellf = Pl

< enSwgs(FS,n ), +cllf = Palli,a -

We note that from theorem 2.1.4,when [ =0 ,then, we only need to
construct a spline B, € Yy15.(Ys) N A?(Ys) , such that

(3.2.19) If = Ball,ay < en"Pwes(fO,n™),
Also by Lemma 3.2.8 with [ = 3 and r = 5 ,implies

3
(3.2.20) |Ii|” 0ksa (F P, |1

For 1 <j <n,whilewithl =2andr =5, it implies

s w;f,s (f®,n™),

|Ij|2 wres(F |G 1) S enSwl(FS,n™h),

Taking these estimates into account ,the same construction as in
Theorem 3.1.1 and Theorem 3.1.2, yields a spline B, € Y;.5,(Ys) which
Is coconvex with f on [—1,1] and such that (3.2.19) holds .
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For the sake of completeness, to describe this construction .We take
N(Y;) to be so large that ,for n > N, the sets 0;,, 1<i<s, are all
disjoint and do not contain the endpoints of the interval [—1,1].

Now if ; N0 =@ ,then f does not change its convexity on I; and
Lemma 3.2.3 implies that there exists a polynomial P; € Il,s with
coconvex with f, interpolates it at the endpoints of /; , and such that

P/(x;) = f'(x;) and P/(xj_1) < f'(xj_1) if f isconvexon I; ,or

P/(x) <f'(x) and P/(xj_1) = f'(x;-1) if f is cocave on I; ,and
satisfies

2 1
I =il < bt 51,
< enPwg(f®,nh),

Now , it is convenient to denote the endpoints of O; ,by a; and b; i.e.
Oi=(ai,bi),1SiSS.

Also , for each 1 < i < s ,there exists a polynomial P € ;.5 ,which is
copositive with f"’on 0; (i.e. P(x)f" (x) = 0 for all x € 0;) and such that,

If" =B, ... <clol o, (f®,10,0),.
Lyp(0y)

And ,Lemma 3.2.4 implies that there exists a polynomial P, € I,
such that B, (a;) < f'(a;) and B'(b)) < f'(b;) ,
(if fissuchthat f"(x)(x —y;) = 0 ,for x € 0;) ,and satisfying

If = Plliyop < clOPF" = B, o,

< c|o;]? wk+2(f(3)» 101, Oi)p
< Cn_sw]qzs(f(S)'n_l)p

Where ,the last inequality follows from (3.2.20),the observation that
|0i|~|lj| ,where j is such that y; € I;, and the fact that O, is far from +1.
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Now ,the piecewise polynomial approximation P, € X 45,(Ys) N
A%(Y;) is constructed from the polynomial pieces P; and P, in such a way
that ,if B, is constructed for all x < x,, ,then on [x,,, x,_1] (or [x,, x,_3] =
O, If x, happens to be the left endpoint of some interval Oy ),it is defined

to be P, (or P 4+ a ,where the constant « is chosen in such a way as to
make B, € L,[—1,1]), it is not difficult to see now P, is coconvex with f
and (3.2.20) holds ¢

3.3 The Divided Difference and the Weighted D.T.

Modulus of Smoothness

In this section ,we will use the divided difference and weighted
D. T. modulus of smoothness in Theorem 3.1.5 .

To prove our theorems in this section ,we need the following Lemmas:
Lemma 3.3.1
Forany f €L,(J) , 0<p<oo,JSTand1l<r <k, hwehave
W (f, 1Dy < cape, (F, Dy
where ¢ depends on r.
Proof :-

We observe that if x + ~h € J and x + ~ho(x) €1,
let [x—gh,x+£h] C J ,thenby using,|J;| < |J| for J; €] ,we obtain

(3.3.1) h<Zo




and we have x + gh € J if and only if

(3.3.2) <!

r

also , let ¢(x) < |J| .And by using the two inequality (3.3.1)and (3.3.2),

we obtain,

wclf ULy < supy_, i ISR,

IA

SUP 1 P @ lem @) e 0, ()

< i sup, . 07 00 o (0,

1) 1/
< Cwy (f, T)p

< cwg, (f, 11Dy

where ¢ depends onr é

Lemma 3.3.2

letk>2 ,7reN ,1<m<k—-1andn=>3m,nd letj €N be
11 . - . n . 2n
such that [x;m, %] S [—E,E],(Whlch is equivalent to - < j < -=). Then
forany feL,(I),1<p < oo,

1%, %41 s Xjoms £ | < c(n wer(f,n ™), + £, |12 ])

Where ¢ depends only on k and r.

Proof :-

From the Marchaud inequality for a function f € L,[a,b]and 1 <m <
k it was shown in [42] and [44] that for 1 < p < oo,
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(b—a
wy(f,s,[a, b]),ds _
am (ot 0, by < cem] [ B s b= @ e
\ t
Now ,taking [a, b] = —%ﬂ in the above estimate , using (3.1.4) and

taking |x; — Xjm| ~ %,for all j such that x; € [—%%] = J ,and By using
Lemma 3.3.1,and since /] € [—1,1] ,we have

|[Xj»xj+1; ---rxj+m;f]| < C(xj - xj+m)_mwm(f: Xj = Xjymo [Xjam X Dp

< cn"w (f 1/n 2 1])
—_ m ) ) 2;2 »

o (fs[~7.3]) s
S+ +cllfllz, o

11
Lo (fisi|-72]) 4
k—1—
<c v S mds + c||f||Lp(])
Y

< cnfn (f, L))y j SK=1M s 1 fl o

Un

< cn®wr (F, UL Dy +cliflle, o

<c (n wer(f,n D), + ||f||Lp(1))

Lemma 3.3.3

Letk>2 , n=>3kand1<m<k-—1.,and letrenNy, r>k-—
2mthenfor f € L,[—1,1]and forevery1<j<n-m-1, | = [———]
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55741, i 1] <

n r+2m-k 3
c(nk ( ) wer (f,n), +

1 ey )

Proof:-
. n . n i i
For 1<j < |3 forall1<i< |5 ()~ and |1~

Now for all 1 < j < n —k — 1 ,the inequalities (3.1.4) and Lemma 3.2.2 ,
imply

|15, %10 o0 Xes £]| < C|1j|_kwk(f» X~ Xj+ko [xj+k'xj])p
< el m G ol (F | 510D,

< || o (%) wf, (f.n D,

Therefore , if 1 < j < min {n — k-1, EJ} then

k+r
(3.3.3) |[xj,xj+1,...,xj+m;f]|3cn’<(§) wf (f,n),,.

Letl<u< EJ be an index ,and let [x,4m, x,] C [—%,%]and Lemma
3.3.2 implies that

[ Xt o X £1] < € (0% 02, £ + 1F 1y )
Also,
5 1o 1 = (5o s £ = (35,41, 3y )

—[xu, Xy+1s ...,xﬂ+m;f],
u—1

= Z(xj+m+1 - xi) (%0, Xig 15 s Xigma1s f]

i=j
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_[xli' xy+1' e xy+m; f]’
therefore ,
2]

(%7 X 10 oes Xjms ] < Cleil (%0 Xig 1) s Xigmans f1
i=j

k @ ~1
+enf wp, (fn)) +cllfll g,
by using (3.3.3) ,we have

|[xj;xj+1J ---'xj+m;f]|

2]
. n r+2(m+1)—k 0 )
< Cz|11|<n <min{i,n— l}) wk,r(f’n )p)
1=j

+cnk a)f’r(f, n_l)p + C”f”Lp(])

lEJ nar+2(m+1)—k

< cnawy, (fin), leil " (_)

l

i=j

+en* wl (f,n), + cllfllz, o

5
2 r+2m—k

k @ -1 o
< cntw (f,n )p jr+2m—k+1

i=j

+cnk w,‘gr(f, n_l)p + C||f||Lp(1)

r+2m-k
<c <nk (—) W, (f,n ™)y + ||f||Lp(1)> ¢
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Corollary 3.3.4
let n=9, m=1o0or m=2and f€L,[-11].

Then,

|[x]',x]'+1, ,x]+m'f]| s Cn2m+2 w;cp,r(f’n_l)p + C“f”Lp[—%% '

The proof is clearly ,by Lemma3.3.3.

Lemma 3.3.5

Let f € Ly,[-1,1] ,n =k + 1 ,and let a polynomial Py, of degree < k +
r —1 ,be such that Pk(f,)r(xﬂ =f®O(x,) forall i=01,..,r—1 and
Pk(i)r(x) = Lk_l(f(r);xl,xz, ...,xk)(x)

Then ,
C _
If = Pesrll, oy < —op (fy )y -
Proof:-

We denote Ly_;(f™;xy, x,, ..., x; ) and note that it follows by (Lemma

2.3.3 ,Whitney’s inequality),that for any a € [x4,1] and the interval | =
[xk, ] and by Theorem 3.1.3,we have

|Lis = £, ) < @x(FDULT),

e e
S (l_a)r/z wk,r(f Iljl)p

c

- @ r) .,—1
= (1—0()772 wk,r(f n ) ’

p

And ,in particular,




(3.3.4) L1 (@) = fO ()] < — r/z er(F7m7),

Since ,forany g € Lj,[a,b] and x € [a,b] ,

= g® : 1 ;
9= -+ = [0

by using (3.3.4) , for any x; < x < 1 ,the following holds:

1
|f (%) = Pryr ()| = G

[ o= (FOw = PG w) du

<c [@-wr FOwW - L @ldu

<oy, [ S0

T
<c w,‘gf,,(fﬂ’),n—l)p j (1—u)z ' du

T
<c(l—x)2 a),(gr(f(r),n‘l)

p
< cn‘rw,‘gr(f(”),n‘l)pb
Proof of Theorem 3.1.4
For all 1<i<n—-1 , e()~min{i,n—i}/n and

|I;|~min{i,n — i}/n? where as usual ,a; ~ B; means that% Is bounded a
way from 0 and co.

The following inequality is contained in the proof of Lemma 3.3.3;
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k+r
(3.3.5) |[xj,xj+1, ...,xj+k;f]| < cnk (;) a)fzr(f,n_l)p

min{j,n-j}

forall1<j<n—-k-1

now,foranym>0and 1<j<éd<n-—m,

(336) (X5 Xsrnr s Xsumi 1= [, %u1s s Gameni f]
6—1
= Z(xi+m+1 — X)X, Xi4 15 s Xivma1s 1
i=J

This,withm =k — 1, § = u, together with the inequality (3.3.5) for 1 <

j<u<n-—k , implies

||:XM,XM+1, ...,x“+k_1,'f] - [Xj,x]'+1, ...,x]'+k_1;f]|

= Z(ka — X)X, X415 oos X5 f]

u—1

§ k n T 1

<c [;|n ( — - ) w ,n~

: ,l 1 min{i,n — i} kr v
1=j

,Ll.—l 1 k+r—-1

< cn2k+r=24y (f -1 z< )
kr Ip , \min{i,n — i}

i=j

(00]

1
2k+r—2, ¢ -1
<2l (), D
i={jn-p}
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1 k+r—-2

) en@n,

<cn

2k+r-2 (
min{j,n — u}

where ,for the last inequality we used k +r > 3 .Thus ,(3.1.5) is proved
Now ,to prove (3.1.6) , suppose that k +r > 5. Applying (3.3.6) with
m=k—2and§ =vand (3.15) forall 1 <j <v <u ,yields

5([xv; Xys1r s Xpak—2; ] — [xj:xj+1r ---:xj+k—2if])
v-1
=€ z(xiﬂc — X)) [Xp, Xig1, o Xigr—15 f1
i=j
v-1
= Sz(xi — X ) (X Xy s Xigre—13 1= [0 X1 oo Xigge—15 £
i=j

v—1
— &[xXi Xig1s oor Xig—15 f] z(xi — Xitk)
i=j

v—1
= Z(xl - xi+k) |[xwxu+1: ---rxu+k—1;f]
i=j

=[x X441, ---xxi+k—1;f]|

k+r-2

v—1
1
< 2k+r-2,.9 -1 Z I ( )
i=J

v_l ] ] ]
min{i,n — i}

< Cn2k+‘r'—4w(p n—l
r 0 2, Gl — )2
i=j

u—1
min{i,n — i}
< cn2kAr=4,)® (f p-1
e 2, i — e
i=j

=,




Now ,since k +r =5 ,ifu < EJ ,then

[00]

1
2k+r—4 ,.¢ -1
P <cn W (F,17)p E ki3
i=1

< Cn2k+r_4wl(f,r (f: Tl_l)p.

And ,if u > EJ then

n-u k-1 (i N
i=1 1=J
1 n
< en®H el (f,nTh), <1 + (n — p)k+r-2 21 i)
i=

n2
-4 @ -
< cn2k+r 4wk’r(f,n Yy (1 + = ‘u)k+r—2> ¢

We note that the proof of Corollary 3.1.5 and Corollary 3.1.6 are direct by
Theorem 3.1.4 .
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3.4 The Degree of Coconvex Approximation and Divided

Difference by Using Weighted D. T. Modulus of

Smoothness

In this section we estimate the degree of approximation of f by divided
difference. And to prove our theorems in this section ,we need the following

Lemmas:

Lemma 3.4.1

Letn>9, m=1or m=2,andf € L, .Then,
max{|[x1, Xz, o, Xma1; [ 1 [ [Xn—1, Xn—2, ooos Xpem—15 7113
< el (f7n Dy +ellfl, Ly,
Proof of this Lemma is an immediate consequence of Corollary 3.3.4.
Lemma 3.4.2

Let s > 3and f € L, n A*(Y;) ,and

n = max{M(Ys) ,(min{o(y;) / 1<i<sh73},

then,

(3.4.1) max{|[xy, X2, X3; "' 1|, [[Xn-1, Xn—2, Xn—3; f" 11}
< cen® wi,(f",n™),

And ,

(3.4.2) max{|[xq, X2; f "1 %n-1, Xn—2; "1}
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< cnt wg,(f",n™h),.
Lemma 3.4.3
Lets =2, f € L, n A*(Y;) ,and
n = max{M(¥;) , (min{p(y1), ¢ (¥2)HN* }, then
(3.4.3) max{—[xy, x5, x3; f"'], = [%pn_1, Xn—2, Xn—3; f''1}
< cn® wi,(f",n™),
And,
(3.4.4) max{—[xy, X2; f"'], =[Xn-1, Xn—2; "1}

< cent wg,(f",n™ ),

Proof of Lemma 3.4.2 and Lemma 3.4.3.

Let N=N(Y;) =min{p(y;)/ 1<i<s}.Also lets>2,f¢€
L7, n A*(Y;) be given ,and observe that if an index i is such that y; < x; <
v, ,then

4 min{i,n — i} = n sin(in/n) = ne(x;) = nmin{e(y,), (1)}
Now , let the indices u,, v4,v, and u, (if s = 3) be such that
f”(xul+1) =min{f" (x;) |y, < x; <y},
Xp 41 S V1 < Xp, » Xpy41 < Y2 <Xy, ,and
f”(xu2+1) =max{f"(x;) | y3 < x; < ¥, }.

Then , using f"(x)(x —y,;)(x —y,) = 0 for all x = y; ,we conclude
that the following inequality holds: 1 <v, <y, <v, <n—-2 , v, <
U, <n-—3(ifs > 3),

[xﬂ1’xﬂ1+1'xﬂ1+2;f,,] =0, [x171’x”1+1;f”] =0

and
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[xllz’xﬂz+1’xllz+2;f”] <0, [sz,xv2+1;f"] <0.

By Corollary 3.1.5 (i) with u = u; and v = v, ,taking into account that
n—u, +1=Nn/4, it follows that

(3.4.5) —[x1, %, %35 f'] < en® wd, (f ", n7 ),
And,
2
(3.4.6) —[x1, x5; f"'] < en? (1 + (T:W) ws, (f", 1),

If s > 3 ,then Corollary 3.1.5 (i) with u = u, and v = v, ,and the
observation that n — p, = Nn/4 ,imply

(3.4.7) 21, %, %33 '] < en® w3, (f, ™),
And,
n2
[x1,%2; f''] < en* (1 + m) ws, (", n™H),
(3.4.8) < cnt wd,(f",n™),).

This in turn implies that
I[xll x21x3;f”]| =< Cn6 w;p’z(f”,n—l)p )
And ,
ey, x5 711 < ent g, (f,n ™),

This complete the proof of Lemma 3.4.2, and to complete the proof
Lemma 3.4.3,it suffices to use Corollary 3.1.5 (ii) withu=n—pu;, —2
andv=n—-v,—1,and the estimate u; + 1 = Nn/4 ,and to combine the
resulting inequalities with (3.4.5)and (3.4.6) é




Proof of theorem 3.1.7 and theorem 3.1.8

Suppose that n is such that

n > max {4( min {y;_; — yi})_l . (mins{qo(yi>})_3}.

1<j<s+1 1<j<

We use the same construction as in proof of Theorem 3.1.1,which we
described in the proof of Theorem 3.1.3. The only difference now is that ,
on each interval 0; , 1 <i < s ,the polynomial p; is defined to be the
quadratic polynomial interpolating f" at a;, y; and b; ,whence ,by (Lemma
2.3.3 ,Whitney’s inequality ),

1" = Billyc0n < cos(F,10:1,00),

Hence using the inequality
2 r — I — .
|I]| (U3(f 'lIil'Ii)p S n Za);lfz(f )n 1)p ;1 <.] < n

which follows from Lemma 3.2.8, we conclude that there exists a spline
P, € Y5,(Ys) which is coconvex with f on [x,_;,x;] , satisfies the
inequality

(3.4.9) I1f = Pl pea] S 07205, (7,070,

and is such that

Pi(y) = f(n-1) , (1T R(xn) < (DT (xp-1)
(™) < f1(xq).

We now extend the construction of P, to the intervals I; and I,
preserving its coconvexity with the original function f , as well as keeping
it close to f.

On I, and I, , P, is defined as follows
Po(x") = B (xy7) L B(x) = f'(xy),

and PP(x,=,) < fO(x,_,) ,i =01




Py () = f"(x1) + (x = x1) max{0, [xy, x5; f"]}
+ (x = x1) (x = x3) max{0, [Xp—1, Xn—2, Xp—3; "1}, x €4

B (x) = f"(xp-1)
+ (x = xp-)) (D max{0, (=1)5 [xp—q, Xn—o; ']}

+(x = xn_1) (%
— Xn—2) (=1)° max{0, (=1)*[Xn_1, Xn—2, Xn-3; "]}

, X EIL,.

We wish to emphasize that in the case s > 3 ,we could alternatively
define B,/(x) = f""(x;) ,x € I and B,'(x) = f"(x,,—1) , x € I,;, which is
some what simpler than the current construction ,but would force us to
consider the case s < 2 separately. Evidently , P, € L,[—1,1] ,and is in

A%(Y,) (since P, and (—1)5P, are non-decreasing on I;and I,,, respectively
,we have that

(DR (x21) < (C1DFi(x21) and - Py(xy7) < (1) ).

Hence ,it remains to estimate ||f —Pn||Lp(,1) and ||f—Pn||Lp(,n) We
note that (3.4.9) implies that &« = f(x;) — P,(x;") ,satisfies

la| < cn2wg,(f",n™),.

Therefore , by Lemma 3.3.5 ,we have for every x € I, assume that
p{ (x) =1, (x), p,;(x) =L,(x) where p, and p,, are tow polynomials of
degree < 4 then

If = allyy < en"2wd,(F7, 070,
If = PallL,ay < en 2wl (F",n7h), .
We have,
1f () = Pl < If = palle,ayy + [P2(%) = Bu(x)]

< cn‘zw;’fz (f",n" 1),
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+lF o) - P + j (r = w) (L (W) — P (w))du

< cenwg,(f",n ), + la| + J(x —w)(l;(w) — P (w)du

X1
< enwg, (f",n ™)y + enH Il = Pyl ay-

Similarly except that P,(x,,_1) = f(x,_1) = pn(xn_1), TOr every x €
I, ,\we have

f () = ()| < en2wg, (f,n Dy + en™ Il = Bl -
Now , for x € I;

0<h'(x) LX)
= (x — x1) (max{0, [x1, x2, x3; f"' 1} — [x1, X2, %35 f"'])

= (x — x1) max{0, =[xy, x5; f"]}
+(x — x1) (x — x3) max{0, —[xq, x5, x3; f"' 1}

Hence ,for s > 2 ,we conclude by Lemma 3.4.2 and Lemma 3.4.3,then

0<P/'(x) —L(x) < (x—x)en*wy,(f",n™1),
+(x — x) (x — x)enlwd, (f",n7h),
< cnfwy,(f",n Y, x € 1.
For s = 1, we apply Corollary 3.1.6 and similarly conclude that
0<P'(x)—L(x)< cnzwgz(f”,n_l)p + cw;p’z (f”,n‘l)p ,X €L,
analogously ,for x € I, ,

0 < (-15(B)(x) — L,(x))




= (x - xn—l)(_1)5+1max{0f (_1)S[xn—1rxn—2;f”]}

+(x —xp-1) (x
- xn—z) (_1)5 max{O» (_1)S+1[xn—1; Xn—-2,Xn-3; f”]}'

Hence ,for s > 2,by Lemma 3.4.2 and Lemma 3.4.3 instead Corollary
3.1.6 ,we get

0< (B (®) — 1,(x) < cnwf,(f",n™ ), + coy,(f",n"1), , x € I,

Also, in the case s = 1 ,applying Lemma 3.4.1 ,instead Corollary 3.1.6
,we have ,for x € I;

|5 (%) — L1 ()]
< (x — x| Peg, x5 £+ (0 = x0) (6 = x)|[ %4, %2, x35 f ']

< n72 [y, x5 £ 4 07 [xq, x5, 235 ]
< enod, (f,n Dy + en2If I, [y
2
and the estimate for ||{,, — B,'|| Ly () is derived analogously.
To summarize , in the case s > 2 ,we have
If = Palle,ay < en2wg,(f",n7h),,
and in the case s = 1 ,we have

If = PallL,y < en2wg,(f,n Dy +en™®lIf "Il (11,
P Lo|-27
and,
If = Pall, oy < en"2wg,(f",nDp + en*w,(f",n™), .
By virtue of Lemma 3.2.5 and the estimate

w;p(Pn»n_l)p < C”f - Pn”Lp(I) +c w;p(frn_l)p

<cllf = Bally,ay + en2wg,(f",n ™y,
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we conclude that there exists a polynomial p,, € A2(Y,) of degree < cn
such that ,

1 = Balloyr < IF = Balloyco + 1B — 2l
<|lf - Pn“Lp(I) + Cn_zw;(’fz(f”;n_l)p .

< enPwg,(f,n™h), + Cn_6I|f”I|Lp[_%%] ¢




Future Works

Our strategy for future is to answer the following

problems:

1- Coconvex Polynomial Approximation can be defined on
L,(w) ,\1<p<o0.

2- Study on Positive ,Copositive, Monotone, Comonotone
,Convex and Coconvex approximation onL,,0 <p < o
defined on the main-part modulus of smoothness Q;

,that is

G (. Op = suposnsel[Bhp (F D, 1)

Where, ] = [-1 + 2r?h?,1 — 2r?h?].
3- Estimate the degree of coconvex approximation of f by

splines defined on Principal Shift—Invariant space

(PSD).
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