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 المستخلص

 

 من  گتندى  بنة ايه  ،الهدف الرئيسي من  ذن ا الل نو ذنا ة ادنه اندفهي م ببنو مينةةه  دفند   

لةنندفهي م اللبننو بنني اللينن وام ال ةالا يننه ال يننةةه ا نةانن ا النني الل نن ئ  الرئيسننيه ال نني تنن  

 الحبال ىليه  ا

 واللكس ليس صحيح ا 1FTبي و ذا 1FSTبي و كو( 1

 ،  X  بي xاقطه بة ايه  لكوإذا وبقط إذا   2TFبي وذا  fts X( ني 2

                        x = cl(V) ,V  ( x) 

 ا supp( y (cl(U)احيث  xU)1 (ذل ك   ٬    y x احيث   X  x , y  لأي و       

 اللة  ام الآتيه م ك بئه : ، fts   Xلأي    (3

(a )X بي و ذا FR ا 

(bل ) بة ايه  اقطهكوλx   بيX مج اىه مل احه بة ايه  كووU احيث نن  U  λx  ذل ك  ٬

 ا U    cl(V) V  λxاحيث نن  Vبة ايه  مج اىه مل احه

 اللة  ام الآتيه م ك بئه : ،  fts X   لأي   (4

(a )X بي و ذا FN ا 

(bل ) غلق يِ  بة اي يِ  ممج اى ي  كو Aو B احيث نن A q B مج اى م مل احه ، ذل ك 

  U q V .و B  V  و A  U  احيث نن  V و U بة ايه 

(c )هال ل احهِ الية اي مال ج اى  م  زوج لأي U  وV  احيث  cq U cV مج اى م  ، ذل ك

 ا  cq Ac B و  V Bو  U Aاحيث نن   Bو  Aبة ايه  غلقهم

ب ن   ٬  fts  Y  إل    iX  FTبي وم   بة ايه ةاله م ق اله مل احه   Y  f : Xل ك ( 5

Y بي و  ذاi TF  ،     لأيi = 0 , 1 , 2 ا 

 X  FR بي وم  مس  ر   بة ايه  اقا   ةاله م ق اله مغلقه    f : X  Yإذا ك ات( 6

  اFR بي وذا  Yب ن   fts   Y٬إل  

 إل   FN  X بي و م بة ايه مس  ر   غلقهمبة ايه ةاله ش مله   f : X  Yك ات ( إذا7

  Y ftsب ن  ٬Y بي و FNا  

  إل     4FT Xم  بي وغلقه بة ايه مس  ر  مبة ايه  ةاله م ق اله  Y  f : Xك ات ( إذا8

fts  Y  ،    ب نY  ِبي و4TF ا 



 :م ك بئه  الآتيه اللة  ام ، 1FST  Xبي و لأي   (9

(a) X بي و ذا FRا  

(b )ه ايالية هزوج اللقط لأي x  غلقه بة ايهمومج اىه B  ي ب X   احيث ننBX1  x  

 ا q VUو    V  Bو  U  xاحيث نن Xبي   Vو    Fg Uمج اى م مل احه ، ذل ك

(cل )اقطه بة ايه  كوx مج اىه مل احه بة ايه كوو B  تحاي x ، مج اىه مل احه  ذل ك

 Fg U   احيث نن B  cl(U) U ) cl(x ا 

(dل )اقطه بة ايه  كوx كو مج اىه مل احه و Fg  B   تحايx  ذل ك مج اىه ،

 ا int(B)  cl(U) U  x احيث نن   Uبة ايه  مل احه

(eل )اقطه بة ايه  كوx كو مج اىه مل احه و FgB     تحايx مج اىه  ، ذل ك

 ا  int(B)  cl(G)  G  xاحيث نن   Fg    Gمل احه

(fل )اقطه بة ايه  كوx  مج اىه مل احه بة ايه  كووB تحاي x ذل ك مج اىه مل احه ، 

  بة ايهU  احيث ننB   cl(U)  U )cl(x ا 

 :م ك بئه  الآتيه اللة  ام ، X  بة اي تةالا يبي و  لأي  (10

(a )X   بي وذا FNا 

(b )الية ايه  ال غلقه مال ج اى م  زوج  لأي A و  B ي بX  احيث نن A q B   ذل ك ،

  U q V . و A  U , B  V احيث نن  X   بي   Fg    V ,  Uمج اى م مل احه 

(cل )مغلقه بة ايه  همج اى كوA مج اىه مل احه بة ايه كوو  B تحاي A مج اىه  ، ذل ك

 ا cl(A) ≤ U ≤ cl(U) ≤ B احيث نن  Fg   Uمل احه 

(dل )ايه مغلقه بة  همج اى كوA مج اىه مل احه  كوو Fg  B تحاي A  ذل ك مج اىه ،

 ا A ≤ U ≤ cl(U) ≤ int(B) احيث نن  Uبة ايه  مل احه

(eل )مج اىه مغلقه بة ايه  كوA مل احه مج اىه  كوو Fg  B  تحاي A مج اىه  ، ذل ك

 ا A ≤ G ≤ cl(G) ≤ int(B) احيث نن  Fg  Gمل احه 

(fل )كو مج اىه مغلقه  Fg  A  مج اىه مل احه بة ايه  كووB  تحاي A  ذل ك مج اىه ،

 ا cl(A) ≤ U ≤ cl(U) ≤ B  احيث نن     Uمل احه بة ايه

(gل )مغلقه كو مج اىه   Fg  A  مج اىه مل احه بة ايه  كو وB تحاي A ذل ك ، 

 ا cl(A) ≤ G ≤ cl(G) ≤ B  احيث نن   Fg Gمج اىه مل احه 



ب ن  ٬   ftsYإل    iTF  Xم  بي و  F qةاله م ق اله مل احه  Y  f : Xاتإذا ك  (11

Y ذا بي وiFT لأي    ٬i = 0 , 1 , 2 ا 

  i TFإل  بي و fts  Xم   بة ايهَ  irresolute ةاله م ة فله   Y  f : Xإذا ك ات( 21

Y ،   ب نX بي و ذاi TF  ، لأي   i = 0 , 1 , 2 ا   

إل    1FST  Xم  بي و  بة ايه   gةاله م ة فله مس  ر    Y f : Xك ات إذا ( 31

  ا 2TFبي و ذا  Xب ن     ، 2FT   Y  بي و

      بي و بة ايه مغلقه بة ايه م   gةاله م ق اله مس  ر    Y f : X إذا ك ات( 41

1FST   X  إل  بي وFR Y   ب ن    ٬X  بي و ذاRF ا 

  بة ايه مغلقه بة ايه م  بي و gةاله م ق اله مس  ر   Y f : X اتإذا ك ( 51

1FST  X   بي و  إلRF Y    ب ن    ٬X  بي و ذاRF .   

إل    X  fts مغلقه بة ايه م    يهبة ا g  َ مس  ر ةاله م ق اله   f : X  Y إذا ك ات( 16

 FN . ذا بي و Xب ن  Y  FN٬ بي و

 م  بي و   بة ايه مس  رF almost  g ةاله ش مله مغلقه f : X  Y  إذا ك ات( 17

FN  X    إل fts  Y،  ب ن Y بي و ذا FNا 
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Introduction 

 

              The principle goal of this work is to define and  study the concept 

of fuzzy separation axioms in fuzzy topological spaces . 

      

              The concept of fuzzy set and fuzzy set operations were first 

introduced by L . A . Zadeh in 1965 [36] . After Zadeh  ُ  s introduction of 

fuzzy sets , Chang [19]  defined and studied the notion of fuzzy topological 

space in 1968 .Since then , much attention has been paid to generalize the 

basic concepts of classical topology in fuzzy setting and thus a modern 

theory of fuzzy topology has been developed .In 1980 , P.P. Ming and L.Y. 

Ming [51] , introduced the concepts of quasi  coincidence and quasi  

neighborhoods by which the extensions of functions in fuzzy setting can be 

carried out very interestingly and effectively. The following concepts were 

introduced in general topological spaces .   

              In 1937 ,  M . H . Stone [45] , introduced the concepts of regular 

open and regular closed sets . In 1963 , semiopen set was introduced and 

investigated by N . Levine [47] . In 1965 , open and closed sets were 

defined by O . Njastad [50] . In 1971 , semiclosed set was defined by 

Crossley and Hilde [69] . In 1982 , the concepts of preopen and preclosed 

sets were introduced and investigated by A   .S . Mashhour , M . E . Abd  

EL  Monsef and S . N . EL  Deeb [8] . In 1996 , D.Andrijevi [21] 

defined the notion of bopen and bclosed sets which are found to be 

equivalent with the concepts of  open and closed sets as defined by A . 

A . EL . Atik in 1997 [7] . 

              In 1970 , Levine [48] introduced the notion of generalized closed 

sets (gclosed set) in topological spaces as a generalization of closed sets 

.In 1987 , P . Bhattacharyya and B . K . Lahiki [53] invented the idea of 

sgclosed sets in topological spaces .In 1990 , the concept of gsclosed sets 
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, was defined by S . P . Arya and T . Nour [70] .In 1996 , H . Maki , J . 

Umehary and T . Noiri [31] , defined the notion of gpclosed sets .The 

concept of pgclosed sets was defined and investigated by K . 

Balachandran , P. Sundram , H . Maki and A . Rani [35] . In 2007 E . Ekici    

[24] defined the idea of gclosed and gclosed sets in topological space . 

The following concepts were defined in fuzzy topological spaces . 

              In 1981 , fuzzy semiopen , fuzzy semiclosed , fuzzy regular open , 

fuzzy regular closed sets were defined and studied by K . K . Azad [33] .In 

1991 , A . S . Bin Shahna [6] , introduced the idea of fuzzy open , fuzzy 

closed , fuzzy preopen , fuzzy preclosed sets .In 2002 , Noiri and O . R . 

Sayed [73] they defined the concepts of fuzzy open , and fuzzy 

continuity in fuzzifying topology .  

              In 1997 , fuzzy generalized closed set (Fgclosed set) was 

introduced by G . Balasubramania and P . Sundaram [28] .In 1998 , the 

notion of Fgsclosed set was defined and investigated by H . Maki el al 

[30] .In 2002 , O .Bedre Ozbakir [49] , defined the concept of fuzzy 

generalized strongly closed set . In this thesis , we call this set as fuzzy 

generalized closed set (Fgclosed set) . In 2002 R . K .Saraf and S . 

Mishra [55] introduced and investigated the concept of fuzzy generalized 

closed set . This set is called fuzzy generalized closed set 

(Fgclosed set) in this thesis .In 2006 , M . Caldas , G . N . Navagi and R. 

Saraf [42] introduced the notion of fuzzy pregeneralized preclosed set 

(Fpgclosed set) .In 2008 , fuzzy generalized preclosed set (Fgpclosed 

set) was defined by S . Muvugesan and P . Thangarel [68] . 

              Several fuzzy separation axioms have been defined in different 

ways and investigated by many authors . In 1975 , B . Hutton [12] defined 

the notion of fuzzy normality in fuzzy topological spaces . In 1980 B . 

Hutton and I . Reilly [11] they introduced the concept of separation axioms 

in fuzzy topological spaces . In 1985 , separation axioms and Ti fuzzy 
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continuity studied by S . Ganguly  and  S  .  Saha [60]  .In 1986 , Ti(i = 0 

, 3 , 4) , T
i (i = 0 , 1 , 2 , 3 , 4) , almost compact , nearly compact 

and continuous mappings were defined and studied in fuzzy topological 

spaces by A . S . Mashhour , M . H . Ghanim and M . A . Fath Alla [9] .In  

[22]  , Dewan  Muslim   Ali , introduced and studied weak forms of fuzzy 

T1 , fuzzy  T2 , fuzzy  R ,fuzzy R1 and fuzzy regular spaces in fuzzy 

topological spaces .In 1991, S . P . Sinha [65] , introduced some weak 

forms of fuzzy normality called fuzzy almost normality , fuzzy weak 

normality and fuzzy semi normality , and the relations among them are 

investigated . E . Tsiporkora  B . De Baets (1997)[23] , studied 

Tcompactness in separated fuzzy topological spaces . In 1998 , S . K .Cho 

and D . G . Chung [71] , studied the relations among the fuzzy T2axioms 

and presented some examples which shows that the axiom of fuzzy 

compactness , due to G  anguly and Saha , is not compatible with the 

fuzzy T2axioms . In 1999 , fuzzy separation axioms have been introduced 

and investigated with the help of fuzzy   open sets by G . 

Balasubramanian [26] . In [18] , Bai Shi  Zhong introduced some new 

separation axioms , namely fuzzy semipreseparation axioms , and also 

established some of their characteristic properties .In 2005 , new class of 

sets called fuzzy semipregeneralized closed sets were introduced and its 

properties were studied .As application of this set , also the notion of 

FspT12 space , Fspgcontinuity and Fspgirresolute mappings are 

introduced by R . K . Saraf , G . Navalagi and M . Khanna [56] . In 2006 , 

M . E . ELShafei and A . Zakari [46] introduced the concepts of  

generalized closed fuzzy sets and generalized fuzzy sets in fuzzy 

topological spaces .Furthermore generalized  fuzzy sets are extended to 

generalized fuzzy sets . Also , they introduced the concepts of fuzzy 

generalized continuous and fuzzy generalized mappings . M . Caldas , 

G . Navalagi , and R . Saraf(2006) [42] defined new weak and strong forms 



 4 

of fuzzy pre irresoluteness and fuzzy preclosureness via the concept of 

fuzzy pg  closed sets which they called a P  Fpirresolute functions and 

they used it to obtain a characterization of fuzzy pre  T12  spaces . In 

2008 , S . Murugesan and P . Thangavelu [68] introduced the notion of 

fuzzy presemiclosed sets in fuzzy topological spaces and investigated 

their properties .Using fuzzy pre  semi  closed sets , equivalence of fuzzy 

regular open sets is established . As applications to fuzzy pre  semi  

closed sets , they defined fuzzy spaces with new kinds of separation axioms 

, namely fuzzy presemi  T12  spaces , fuzzy pre  semi  T34  spaces , 

fuzzy pre  semi  T13  spaces and characterize them . 

         This thesis has three chapters :  

         In chapter one there are four sections : section one covers the 

principle definitions of fuzzy sets and fuzzy set operations .Section two 

covers the main definitions of fuzzy topological spaces with some of its 

concepts and results .Section three contains the main definitions of fuzzy 

continuity and its theorems .Finally , in section four ,we present and study 

the standard definitions of fuzzy separation axioms which are very needed 

throughout the work . 

       In chapter two ,we have three sections . In the first section ,we present 

some definitions and Theorems that are necessary to the work . In the 

second section , the concept of fuzzy open sets and its properties are 

studied . In the last section , new class of fuzzy separation axioms called 

fuzzy separation axioms is defined and studied . 

       In chapter three , we have four sections . In section one , we introduce 

and study new classes of functions , namely fuzzy open and fuzzy 

strongly open functions . Also , the relations between the standard 

definitions of FTispaces and FTispaces are investigated depending on 

these functions . In section two , we define and study the concepts of fuzzy 

generalized closed and fuzzy  generalizedclosed sets in fuzzy 
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topological space . In section three , new types of functions called fuzzy 

generalized functions are defined and studied . Finally , section four have 

Preservation Theorems and other characterization of fuzzy separation 

axioms are discussed .                                                                                     
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Chapter one 

 

 

 

Fuzzy  Sets  and Fuzzy Topological Spaces 

 

   

 

           This chapter contains the concept  of fuzzy sets with some of its 

properties ‚ fuzzy topological spaces and some concepts about fuzzy 

topological spaces , as a background for the material included in this 

thesis . 
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1.1 :  Fuzzy Sets 

       This section will contain the concept of fuzzy sets with some of its 

properties  that are necessary to the work . 

        

      Fuzzy  sets  theory , introduced by  Lotfi . A . Zada  in 1965 [36] , is the 

extension of classical set theory  by  allowing  the membership  of elements 

to range from  0  to  1 . Let  X  be the universe of a classical set  of objects . 

Membership in a classical subset A of X  is often viewed as a characteristic  

function  µA  from  X  into {0,1} , where  

 

            

            µA(x)  = 

 

 for any x  X  .         

{0,1} is called a valuation set (see [74]) . If the valuation set is allowed to 

be the real  interval [0,1]  , A is called a fuzzy set in X . µA(x) (or simply 

A(x) ) is the membership value (or degree of membership) of x in A . 

Clearly, A  is a subset of X that has no sharp boundary . A fuzzy set A in X 

can be represented by the set of  pairs : A ={(x , A(x)) , x  X} .   

 

         Let A : X → [0,1] be a fuzzy set . If A(x)=1 , for each x  X  , we 

denote it  by 1X and if A(x)= 0 , for each xX  , we denote it by 0X . That is 

, by 0X and 1X , we mean the constant fuzzy sets taking the values  0 and 1 

on X , respectively .[13] 

       Let  = [0,1] .The  set  of  all  fuzzy  sets  in  X ,  denoted  by  X  .[44] 

 

Remark 1.1.1[58] 

           Since every subset A of  an ordinary  set  X  can  be  identified  with 

its characteristic function µA : X → {0,1} and such characteristic functions 

are fuzzy sets in X .Thus , an ordinary set is a special case of fuzzy set . 

1         ,  for   x    A      

0         ,  for     x   A        ( see [25] )  
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Definition 1.1.2:[58] 

          The characteristic functions of subsets of a set  X  are refered to as 

the crisp  fuzzy  sets  in  X .  

 

Definition 1.1.3:[25 ,74] 

          Let  A be a fuzzy set of a set X . The support  of A is the elements x 

whose  membership value is greater than 0 , i.e., supp(A) = {x  X : A(x) > 

0} . 

Definition 1.1.4:[74] 

             Let A be a fuzzy set  of a set X , then :  

(1) The height of a fuzzy set A is the largest membership value of A and 

denoted as hgt(A) . 

(2) The elements of x  such  that  A(x) = 1/2  are called  the crossover point  

of A . 

(3)  A  is  said  to  be  normalized  if  there  is  x  X  , A(x) = 1 . 

 

Example 1.1.5: 

        Let  X ={a, b ,c ,d} be a set and the fuzzy set  B  of  X  is defined 

as follows : 

B(a) = 0.5            B(b) = 0            B(c) =1             B(d) = 0.8  . 

Then  the  support  of  B  is  supp(B) = {a, c, d} , the height of  B  is 

hgt(B) = 1  the element a  is crossover point of B  and it is normalized 

because B(c) =1 .  

 

Definition 1.1.6:[58 , 37] 

          For  any  A  , B   X , then : 

(1) A  is  said  to  be  contained  in  B  if and only if  A(x)  B(x) , for each 

x  X and denoted as A  B   

(2) A and B are equal  if and only if  A(x) = B(x)  for  all  x  X , and 

denoted by  A = B .  
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Definition 1.1.7:[26] 

          Let  A and  B  be  any  two  fuzzy  sets  in  X  .Then  we  define  

      A  B : X  [0,1]  as follows : 

                     (A  B)(x) = max {A(x), B(x)} 

 

     Also,  we  define  A  B : X  [0,1] as follows : 

                     (A  B)(x) = min {A(x), B(x)} . 

 

           By  A  B (A  B) ,we mean the union (intersection) between two 

fuzzy sets  A and  B  of  X . 

 

Definition 1.1.8:[25] 

          Let A be any fuzzy set in a set X . The complement of A , is denoted 

by 1X  A  or   Ac  and  defined  as  follows : 

             Ac(x) = 1  A(x)   , for each  x  X . 

 

Remark 1.1.9: 

         From definition 1.1.7 and  definition 1.1.8 , we have , if  A  , B  X  , 

then  A  B   ,  A   B and 1X A   X . 

 

Proposition 1.1.10[74] 

          For  any  fuzzy  sets  A , B  and  C  in a set  X , the following hold : 

    (1) commutativity : A  B = B  A , A  B = B  A ; 

    (2) Associativity  : (A  B)  C = A  (B  C) ,  (A  B)  C =  A         

 (B  C) ; 

    (3) Idempotency : A  A = A ,  A  A = A ; 

    (4) Distributivity  : A  (B  C) = (A  B)  (A  C) , A  (BC) =  (A    

 B)  (A  C)  ; 

    (5) Absorption : A  0X = A  ,   A  1X =A   ; 
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    (6) De Morgan's law : (A  B )c = Ac   B c ,   (A  B )c =  Ac  B c  ; 

    (7) Involution : (Ac )c = A  ; 

    (8) Equivalence formula : (Ac  B)  (A Bc) = (Ac  Bc)  ( A  B)  ; 

    (9) Symmetrical difference formula :  

              (Ac  B)  (A Bc) = (Ac  Bc)  ( A  B)  .  

 

     However , the excluded  middle law is no longer true :                     

             A  Ac  1X    ,   A  Ac  0X  . 

 

Example 1.1.11: 

           Let  X = {a ,b ,c} be a set and  A , B , C  are fuzzy sets of  X  

defined as follows : 

A(a) = 0.3                  A(b) = 0.2                     A(c) = 0.1 , 

B(a) = 0.4                  B(b) = 0.7                     B(c) = 0.5 , 

               C(a) = 0.1                  C(b) = 0.3                     C(c) = 0.9 . 

 Then ,  

A  B  because  A(x)  B(x)  for all x  X , 

(B  C)(a) = 0.4             (B  C)(b) = 0.7                  (B  C)(c) = 0.9  ,  

(A  C)(a) = 0.1             (A  C)(b) = 0.2                  (A  C)(c) = 0.1  , 

Bc(a) = 0.6                      Bc(b) = 0.3                          Bc(c) = 0.5  , 

(B  Bc)(a) = 0.6            (B  Bc)(b) = 0.7                (B  Bc)(c) =0.5 , that 

is   B  Bc  1X   . 

(B  Bc)(a) = 0.4            (B  Bc)(b) = 0.3                (B  Bc)(c) =0.5 , that 

is   B  Bc  0X  . 

 

Definition 1.1.12 :[39] 

          The union (intersection) of the fuzzy sets Ai (i J ) is denoted  by   

 Ai (x)  =  sup {Ai (x)  : i J }  ,  x  X 

 
i J 
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( respectively ,      Ai (x)  = inf {Ai (x)  : i J } ,  x  X ) .   

  

Theorem 1.1.13 [58] 

        For fuzzy sets  V , Ai (i J)  of a set X : 

(1) V   (    Ai )   =     (V  Ai ) , 

 

(2) V   (    Ai  )  =      (V  Ai ) , 

 

(3)  1X       Ai   =    ( 1X  Ai )  , 

 

(4)  1X       Ai  =     (  1X  Ai ) . 

 

Definition 1.1.14[51 , 32 , 38] 

            A fuzzy point  xλ  in a set  X  is  a fuzzy set defined as follows : 

 

                    xλ (y) =     

         

       Where   0 < λ  1 . Now ,  supp(xλ) = y :  xλ (y)  0 , but  

 

                                                                                                                                                                                               

            xλ (y) =     

                                                                                      

supp(xλ) = x , so the value at x is  , and call the point x its support of fuzzy 

point xλ and  is the height of  xλ  .That is , xλ has the membership degree  0 

for all y  X  except one , say  x X . 

 

Definition 1.1.15:[39] 

          Let xλ and A be a fuzzy point and a fuzzy set , respectively , in a set 

X . Then  xλ  is  said  to  be  contained  in a fuzzy set A or  xλ belongs to A , 

i J 

i J i J 

i J i J 

i J i J 

i J i J 

       if   y = x   

0       otherwise   , 

       if   y = x   

0       otherwise  , and     0 <   1  . Then , 
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denoted by xλ  A  if and only if  λ  A(x) . A(x) denoted the        

membership degree of  x  to A . 

 

Definition 1.1.16:[59] 

          A fuzzy point in a set X with support  x  and  membership  value 1 is 

called crisp point , denoted by  x1 . 

     For any fuzzy set A in X , we have  x1  A  if and only if  A(x) = 1 . 

 

Remark 1.1.17: 

              If  xλ is a fuzzy point contained in a fuzzy set A , then xλ  A  if 

and only if   xλ  A . 

Proof : 

          Let xλ be a fuzzy point contained in a fuzzy set A , so  

     xλ  A  if and only if     A(x)  

                 if and only if   xλ (x)  A(x)   , for all x  X   by definition 1.1.14  

                 if and only if   xλ    A   by definition 1.1.6.part 1 . 

 

Definition 1.1.18 :[58 , 39] 

              Let  X and Y be two sets ,and f : XY be a function . For a fuzzy 

set V  in Y , the inverse image of  V under  f  is the fuzzy set  f -1(V) in X , 

denoted by the rule :  

    f -1(V)(x) = V (f(x)  for  x  X            X                  Y 

     (I.e., f -1(V) = Vo f ) .           

                                                                                   [0,1]            

              For a fuzzy set U in  X , the image of U under f is the fuzzy set 

f(U) in Y , defined , for y Y , by the rule : 

 

 

f(U)(y) =  

supU(z) : z  f -1(y)    if     f -1(y)   

0                                         if      f -1(y)         

 V 

 

f 1(V)= Vf 

f 
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 for all  y  in Y , where f -1(y) = {x X : f(x) = y . 

 

Remark 1.1.19:[2]                                                                                            

              From the a above definition ,we see that : 

 

 

(1) If f is an injective ,then   f(U)(y) = 

 

(2) If  f is surjective , then    x X , 

      f -1(V)(x) = V (f(x) = V(y), for each y  Y , x  f -1(y) . 

(3) If f is bijective , then  f(U)(y) =(U)(x) , x = f -1(y)  , 

                                     f -1(V)(x) =V(f(x) =V(y) ,  yY , y  f(x) . 

Example 1.1.20: 

              Let A and B be two fuzzy sets in X and Y respectively as shown in 

the following table : 

 

 

 

 

 

 

             

 

 

 

 

 

 

 

  And let  f : X  Y is a function defined by the following table : 

X A(X) Y B(Y) 

a 

b 

c 

d 

e 

f 

g 

h 

i 

j 

0.2 

0.6 

0.1 

0.0 

0.9 

0.3 

0.9 

0.5 

0.4 

0.0 

k 

m 

n 

o 

p 

q 

r 

s 

t 

u 

0.0 

0.3 

0.3 

0.1 

0.7 

0.0 

0.9 

0.3 

0.6 

0.2 

 U(z) ,z  f -1(y)     if  f -1(y)   

   

  0                             otherwise , 
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                                         X                      Y 

a 

b 

c 

d 

e 

f 

g 

h 

i 

j 

 

 k 

m 

n 

o 

p 

q 

r 

s 

t 

u 

 

 

Then  f -1(B) =  a0.3  c0.1  d0.3  e0.1  h0.6  i0.6  j0.6   

 

and  f(A) =  k0.6  nmax  0, 0.2   omax  0.1 ,0.9  qmax 0.3 , 0.9  t max  0 , 0.4 ,0.5   

              =  k0.6  n 0.2   o0.9  q 0.9  t 0.5  

 

Theorem 1.1.21:[76 , 77] 

              Let  f : X  Y be a function , and A , B be two fuzzy sets in X and  

Y respectively , if  xλ , y  be two fuzzy points in X and Y  respectively , 

then the following hold : 

   (1) f(xλ) = (f(x))     

   (2) If xλ  A , then  f(xλ)   f(A)       

   (3) If yo   f(A) , then there is xo  X  such that f(xo) = yo and xo  A  

   (4) If  y f(X)  , y  B , then  x  f -1(y) , x  f -1(B)   

   (5) If  x  f -1(B) ,  then f(x)  B . 
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Remark 1.1.22:  

              From the above theorem , we see that : 

(1) If  xλ is a fuzzy point in X with supp x and value  ,then  f(xλ) is a        

fuzzy  point in Y  with supp f(x) and value  . [2] 

(2) If  y is a fuzzy  point in Y  with supp y and  value  , then f -1(y) is in 

general a fuzzy set in X , not necessarily a fuzzy point because : 

(a) If f -1(y)   , then f -1(y) = 0X .That is f -1(y)  is not fuzzy point .    

(b) If there are a , b  f -1(y)  , then  f -1(y)(a) = f -1(y)(b) =  . That is 

       f - 1(y) is a fuzzy set in X , but not fuzzy point . 

      Thus if f is bijective function , then f -1(y) is a fuzzy point in X . 

(3) If f is an injective function and xλ , y be two fuzzy points in X such         

that supp(xλ)  supp(y) , then f(xλ) and f(y) are fuzzy points in Y such 

that  supp(f(xλ))  supp(f(y)) . 

 (4) If f is bijective function , and   xλ , y be two fuzzy points in Y such that 

supp(xλ)  supp(y) , then  f -1(xλ) and f -1(y) be two fuzzy points in X  

such that  supp(f -1(xλ))  supp(f -1(y)) .  

 

Theorem 1.1.23:[19 , 37] 

              Let  f : X  Y  be a function , then : 

  (1) f -1(Bc) = (f -1(B)c  , for any fuzzy set B in Y  ; 

  (2) If  B1  B2 , then f -1(B1)  f -1(B2) , B1 and  B2 are fuzzy sets in Y  ; 

  (3) If A1  A2  , then  f(A1)  f(A2) , A1 and A2  are fuzzy sets in X  ; 

  (4) A  f -1(f(A)) , for any fuzzy set A in X  ; 

  (5) f(f -1(B))  B , for any fuzzy set  B in Y  ; 

  (6) If f is  an injective  , then f -1(f(A)) = A  ; 

  (7) If f is  surjective  , then f(f -1(B)) = B  ; 

  (8) If f is bijective , then  f(Ac) = (f(A))c  ; 

  (9) If  f : X  Y  , and g : Y  Z  , then      
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     (gof)1(c) = f -1(g -1(c)) , for any fuzzy set c in Z , where  gof is the  

composition of g and f .  

 

Definition 1.1.24:[51]  

         A fuzzy point xλ is said to be quasi  coincident (qcoincident ,for 

short ) with a fuzzy set A  in X , denoted by  xλ q A  if and only if    

Ac(x)  or   + A(x)  1 .   

 

Definition 1.1.25:[51] 

              A fuzzy set A is said to be qcoincident with a fuzzy set  B  in a 

set X , denoted by A q B  if and only if  there exists x  X such that           

A(x)  Bc(x)  or  A(x) + B(x)  1 . If A is not qcoincident with B , then we 

write A /q B , i.e., A(x)  Bc(x) or  A(x) + B(x)  1 , for all    x  X . 

              Obviously if  A and B are qcoincident at x , then both A(x) and  

B(x) are not zero and hence x  supp(A)  supp(B) . 

              For two fuzzy sets A and B , A  B  if and only if  A and Bc are 

not qcoincident , denoted by A /q Bc .  

 

Example 1.1.26: 

              Let X =  a , b , c  be a set and a0.5 be a fuzzy point in X and   A , 

B and C  are fuzzy sets in X defined as follows : 

A(a) = 0.9       A(b) = 0.5          A(c) = 0.8 ,  

B(a) = 0.1       B(b) = 0.3          B(c) = 0.2  , 

C(a) = 0.9       C(b) = 0.4          C(c) = 0.7  . 

          Then a0.5  is qcoincident with a fuzzy set A , since   0.5 + A(a) = 0.5 

+ 0.9 = 1.4  1 by definition 1.1.24 . A and B are not qcoincident because 

A(x) + B(x)  1 for each x  X by definition 1.1.25 . A and C are 

qcoincident , since A(c) + C(c) = 0.8 + 0.7 = 1.5  1  by definition 1.1.25 .  
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Proposition 1.1.27:[51 ,  3 , 4] 

              Let A , B be two fuzzy sets in a set X , then : 

  (1) If  A  B = 0X , then A /q B , 

  (2)  A  B  if and only if  xλ q B  for each xλ q A , 

  (3)  A /q B  if and only if   A  Bc , 

  (4)  xλ q (     Ai )   if and only if   there is iJ such that  xλ q Ai   , 

  (5)  xλA  if and only if  x is not  qcoincident with Ac , 

  (6) A /q Ac  for each  A  X . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

i  J  
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1.2 :  Fuzzy Topological Spaces 

              Section two will be contain the standard definition of fuzzy 

topological space with some of its properties that are needed throughout the 

work . 

            Many areas of mathematics have been fuzzified , since Zadeh first 

introduced the notion of a fuzzy set.One of these notions has been topology 

.Several different definitions of fuzzy topology have been suggested . 

             In this thesis we will use one definition of fuzzy topological spaces 

.Chang,s definition (1968) is the standard definition in this thesis .That 

definition is very similar to the usual definition for topological space . 

 

              The following definition of fuzzy topological space is due to  

Chang [19] . 

Definition 1.2.1: 

        A fuzzy topology on a set X is a family  of fuzzy sets in X which 

satisfies the following conditions : 

(1) 0X , 1X   , 

(2) If A , B   , then A  B   , 

(3) If Ai 
 :  i  J  is a family in  , then    Ai    . 

        is called a fuzzy topology for X and the pair (X,) (or simply X) is a 

fuzzy topological space or fts for short . Every element of  is called 

fuzzy open set (fuzzy open set , for short ) . A fuzzy set is fuzzy 

closed (or simply fuzzy closed) , if its complement is fuzzy open set .        

              As ordinary topologies , the indiscrete fuzzy topology on X 

contains only 0X and 1X ( i.e.,  , X ) , while the discrete fuzzy topology on 

X contains all fuzzy sets in X . 

The following examples of fts . 

Example:1.2.2: 

            Let X = a , b , c be a set and A , B and C are fuzzy sets on X 

defined as follows : 

i J  
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A(a) = 0.3                  A(b) = 0.2                   A(c) = 0.7  , 

B(a) = 0.6                  B(b) = 0.8                    B(c) = 0.9  , 

C(a) = 0.1                  C(b) = 0.5                   C(c) = 0.8   . 

       Let 1 = 0X , A , B , 1X and 2 = 0X , A  C , 1X .Then 1 

(respectively, 2) is a fuzzy topology on X , since 1 (respectively, 2) is 

closed under arbitrary  union and intersection . Then (X,1) and (X,2) are 

fuzzy topological spaces . 

  

Example:1.2.3: 

       Let X = [1,1] , and let  B1 , B2 and B3 are fuzzy sets in X defined as 

follows : 

 

                  B1(x) =  

 

 

                  B2(x) =  

 

                

                  B3(x) =  

 

       Let  =  0X , B1 , B2 , B3 , B1B3 , 1X  , then  is a fuzzy topology on 

X , and (X,) is a fts . 

 

Example:1.2.4: 

        Let  X = [0,1] and 1 = 0X, K , 1X  .Then 1 is a fuzzy topology on X 

, where K : X [0,1] defined as : K(x) = x2 , for all  x  X , and (X, 1)  is 

a fts . 

Example:1.2.5:[5] 

        Let (X,T) be a topological space (in the ordinary sense) . If elements 

of  T are identified with their characteristic functions , then (X,T) is a fts . 

1    , if    1  x  0 

0    , if     0   x  1  

 

, 

0    , if   1  x  0 

1    , if     0   x  1 

 

 

, 

0     , if     1  x  0 

 

15  , if       0   x  1 

 

 

. 
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Example:1.2.6:[5]  

          The collection of all crisp fuzzy  sets in X  is a fuzzy topology on X . 

 

Example:1.2.7:[58]     

       The collection of all constant fuzzy sets in X is a fuzzy topology on X . 

 

Definition 1.2.8:[19 , 74]  

         Let A be any fuzzy set in a fts X . The interior of  A  is the union of 

all fuzzy open sets contained  in A , denoted by int(A) .That is  

              int(A) = B : B  is fuzzy open  set , B  A  . 

 

Definition 1.2.9:[19,74] 

          Let A be any fuzzy set in a fts X . The closure of  A  is the 

intersection of all fuzzy closed sets containing A , denoted by cl(A) . That 

is , cl(A) =B : B  is fuzzy closed  set , B  A  .   

            

        The most important properties of the closure and interior of fuzzy sets 

are listed in the following propositions .  

 

Proposition 1.2.10:[57] 

          If A be any fuzzy set in X  then :  

  (1) A is a fuzzy open(closed) set  if and only if  A = int(A) ( A = cl(A)) , 

  (2) cl(1X A) = 1X  int(A) , 

  (3) int(1X A) = 1X  cl(A)  . 

 

Propositions 1.2.11:[74 , 75] 

           Let A , B be two fuzzy sets in a fts X .Then : 

  (1) int(A)  A  , int(int(A)) = int(A) , 

  (2) int(A)  int(B)  , whenever A  B , 

  (3) int(AB) = int(A)  int(B)  , int(AB)  int(A)  int(B) . 
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  (4) A  cl(A) , cl(cl(A)) = cl(A) , 

  (5) cl(A)  cl(B) , whenever A  B , 

  (6) cl(AB)  cl(A)  cl(B) , cl(AB) = cl(A)  cl(B) . 

           

          The following example shows that A < int(A) and cl(A) < A for any 

fuzzy set A in a fts X .  

Example 1.2.12: 

           Let X = a, b, c  be a set ,  = 0X , a0. 3 , a0. 3   b0. 3 , 1X .Then  

is a fuzzy topology on X . Suppose  A = a0.5 , i.e., A is a fuzzy point in 

X(see definition 1.1.14) .Since 0X and a0. 3 are only fuzzy open sets in X 

contained in A by definition 1.1.6 .Then int(A) = int(a0.5) = 0X  a0. 3 = a0. 3 

by definition 1.2.8 and definition 1.1.7 . That is A < int(A)  . Now ,   

= 1X , a0.7  b1  c1 , a0.7  b0.7  c1 , 0X  be a collection of all fuzzy 

closed sets in X . Since (a0.7 b1 c1) , (a0.7 b0.7 c1)and 1X are only fuzzy 

closed sets in X containing A , then cl(A) = cl(a0.5) = (a0.7 b1 c1)  (a0.7 

b0.7 c1)  1X = a0.7 b0.7 c1 by definition 1.2.9 and definition 1.1.7 . That 

is cl(A) < A .   

 

Definition 1.2.13:[19 , 51] 

        A fuzzy set  A  in a fts (X,) is called fuzzy neighborhood (or 

simply Fnhd ) of a fuzzy point xλ  if there is a  B    such that  xλ  B    

  A .          

   The family of all Fnhds of a fuzzy point xλ  is called the Fnhd 

system of  xλ . 

   An Fnhd A is said to be Fopennhd (respectively, Fclosednhd) if 

and only if  A is fuzzy open (respectively, closed) set . 

            

       Chang [19] extended the concept of  Fnhd of fuzzy set as follows : 
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Definition 1.2.14: 

          A fuzzy set  A  in fts (X,) is a Fnhd of a fuzzy set  B in X  if there 

is K   such that B  K  A  .The family consisting of all Fnhd of A is 

called the Fnhd system of  A .  

 

Definition 1.2.15:[51] 

          A fuzzy set A in a fts X is called qneighborhood (in short qnhd) of 

a fuzzy point xλ if there exists fuzzy open set B in X such that xλ q B and B 

 A .That is  xλ q B  A . 

 

Example 1.2.16: 

          Let X = a, b, c be a set and  = 0X , A , B , AB , AB , 1X. 

where c0.3 be a fuzzy point in X and A , B and E are fuzzy sets in X defined 

as follows : 

A(a) = 0.4                  A(b) = 0.7                   A(c) = 0.2 , 

B(a) = 0.3                  B(b) = 0.1                    B(c) = 0.8 , 

E(a) = 0.5                  E(b) = 0.8                     E(c) = 0.9 . 

         Then (X,) is fts and c0.3  is qcoincident with a fuzzy set B , since  

0.3 + B(c) = 0.3 + 0.8 = 1.1  1 by definition 1.1.24 . Also , E is qnhd of a 

fuzzy point C0.3  , because B   ,  c0.3 q B and  B  E  by definition 1.2.15 .  

 

Theorem 1.2.17:[74] 

         A fuzzy point xλ  cl(A) if and only if each qnhd of xλ is       

qcoincident with A . 
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1.3 :  Fuzzy continuity  

          This section deals with the main definitions of fuzzy continuity and 

its theorem that are included throughout the work . 

 

Definition 1.3.1:[59] 

          A function  f : X  Y  from a fts X to a fts Y is said to be fuzzy 

continuous at a fuzzy point  xλ  of  X  if and only if  for every Fnhd  V of 

f(xλ) , there exists a Fnhd U of  xλ such that f(U)  V . f is said to be fuzzy 

continuous on X , if  it  is  so at each fuzzy point of X .  

 

Definition 1.3.2:[19 , 37]  

           Let f : (X,1)  (Y,2) be a function from a fts (X,1) into a fts 

(Y,2) . The function is called fuzzy open (closed) (F open(closed) , for 

short ) , if f(A) is fuzzy open (resp., fuzzy closed) set in Y , for each A1 

(resp., Ac1) .  

 

Example 1.3.3:  

        Let  X = a, b, c , Y = x, y . Fuzzy sets A and B are defined as 

follows : 

               A (a) = 0.4                  A(b) = 0.3                  A (c) = 0.9  , 

               B (x) = 0.9                  B (y) = 0.4   . 

      Let T1 = 0X , A , 1X and T2 = 0Y , B , 1Y. Then the function               

f : (X, T1)  (Y, T2) defined by f(a) = y and f(b) = f(c) = x  is F open 

function .   

 

Theorem 1.3.4:[52, 19 , 58] 

          Let  (X,T) and (Y, ) be two ftss , and Let  f : X  Y  be a function 

  , then the following are equivalent : 

  (1) f is fuzzy continuous , 
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  (2) for every fuzzy open set A , f -1(A) is Tfuzzy open set , 

  (3) for every fuzzy closed set A , f -1(A) is Tfuzzy closed set ,  

  (4) for any fuzzy set A in X , f(cl(A))  cl(f(A)) , 

  (5) for any fuzzy set B in Y , f -1(int(B))  int (f -1(B)) .  

 

Example 1.3.5:  

       Let  X = a, b, c , Y = x, y, z . Fuzzy sets  A and B  are defined 

as follows : 

A(a) = 0.7                  A(b) = 0.2                   A(c) = 0.1  , 

B(x) = 0.1                  B(y) = 0.7                    B(z) = 0.2  . 

     Let T = 0X , A , 1X and   = 0Y , B , 1Y .Then the function               

f : (X,T)  (Y,) defined by f(a) = y  , f(b) = z , f(c) = x  is fuzzy 

continuous . 
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1.4 :  Separation Axioms FTi (i =0, 1,2,3,4) spaces  

             This section contains the concept of Ti axioms for ftss .We choose 

a concept of fuzzy disjointness that agrees with ordinary set theoretic 

disjointness in the crisp case .Several fuzzy Ti axioms ,  i = 0 , 1 , 2 , 3 , 4 

have been defined in different ways and investigated by many authors , 

such as [60] , [61] , [62] , [27] , [11] , [63] , [64] , [71] . Now we consider 

the following standard definitions which are often needed throughout the 

work . 

 

Definition 1.4.1:[1] 

           A fts X is called fuzzy Tspace (FTspace, for short )if for each 

pair of fuzzy points xλ and y , with supp(xλ)  supp(y) , there exists fuzzy 

open set U such that  xλU  (y)c    or   yU  (xλ)
c . 

     

Proposition 1.4.2: 

           A fts X is FTspace  if and only if  for any pair of fuzzy points xλ 

and y ,with x  y , there is a fuzzy opennhd U of xλ such that U /q y or 

U is a fuzzy opennhd of  y  such that  U /q xλ . 

Proof : 

          Let X be a FTspace  , and xλ , y be two fuzzy points in X ,with       

x  y . Then supp(xλ)  supp(y) by definition 1.1.14 .As X is FTspace , 

by definition 1.4.1 , there exists fuzzy open set U such that xλ  U  (y)c  

or  y   U  (xλ)
c .That is , xλ  U  U and  U  (y)c  or  y   U  U  and  

U  (xλ)
c  .Therefore , U is a fuzzy opennhd of  xλ such that U q y or U is 

a fuzzy opennhd of y  such that  U q xλ by definition 1.2.13 and 

Proposition 1.1.27.part 3 .            

       Conversely , suppose that xλ , y be two fuzzy points in X , with 

supp(xλ)  supp(y) .Then x  y by definition 1.1.14 .By hypothesis , there 

is a fuzzy opennhd U of xλ such that U q y or U is a fuzzy opennhd of 
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y  such that  U q (xλ) . So xλ U  U and U  (y)c  or  y U  U and U  

(xλ)
c by definition 1.2.13 and Proposition 1.1.27.part 3 . So xλ U  (y)c  

or  y U  (xλ)
c . Therefore , X is FTspace  by definition 1.4.1 . 

 

The following example of  FTspace . 

Example 1.4.3: 

          Let X = x, y be a set and  = 0X ,  x1 , 1X be a fts on X . Then x1 is a 

crisp point in X (see definition 1.1.16) and  (X, )  is FTspace because , 

for any pair of  fuzzy points xλ and  y , with supp(xλ)  supp(y) , x1 is a 

fuzzy open set  such that  xλ  x1  (y)c .         

 

Definition 1.4.4:[1]  

       A fts X is called fuzzy T1space (FT1space, for short ) if every pair of 

fuzzy points  xλ and y ,with supp(xλ)  supp(y) , there exists fuzzy open 

sets U and V such that  xλU  (y)c and  yV  (xλ)
c . 

 

         It follows from the above definition that every FT1space is 

FTspace but the converse is not true . for ,   

Example 1.4.5:  

       Let  X = a, b be a set and T = 0X , a1 , 1X be a fts on X . Then a1 is 

a crisp point in X (see definition 1.1.16) and (X,T) is FTspace but not 

FT1space because , for any pair of fuzzy points a and b such that a  b , 

then a1 is a fuzzy open set such that aλ  a1  (b)c and there is no fuzzy 

open set containing b not  qcoincident with aλ .  

 

Proposition 1.4.6: 

           A fts X is FT1space   if and only if   for any pair of fuzzy points xλ 

and y ,with x  y ,there exists a fuzzy opennhds U ,V  of  xλ and y , 

respectively such that U /q y  and V /q xλ . 
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Proof :     The proof is similar to Proposition 1.4.2 . 

 

Definition 1.4.7: 

           A fts X is said to be fuzzy strongly T1space (FST1space, for short)  

if and only if  every fuzzy point xλ is a fuzzy closed set . In [60] , Ganguly 

and Saha called this space a fuzzy  T1 .  

 

Theorem 1.4.8:  

           Every FST1space is a FT1space . 

Proof : 

           Let X be a FST1space , and xλ , y be two fuzzy points in X , such 

that x  y , since xλ and y are fuzzy closed sets in X , (xλ)
c and (y)c  are 

fuzzy open sets .Then y(xλ)
c and xλ(y)c such that (xλ)

c /q xλ and        

(y)c /q y by Proposition 1.1.27.part 6 . This shows that  X  is FT1space . 

          The following example shows that the converse of the above 

Theorem may not be true . 

 

Example 1.4.9: 

           Let X = x, y and  = 0X ,  x1 , y1 , 1X be a fts on X .Then x1 , y1 are 

crisp points in X (see definition 1.1.16) and (X , ) is a FT1space , since 

for any pair of fuzzy points xλ and y , with x  y , x1 and y1 are fuzzy 

opennhds of  xλ and y resp., such that  x1 /q y and y1 /q xλ . But  (X,) is 

not FST1space because , for example , y0.3  is a fuzzy point in X but not 

fuzzy closed set .   

 

Definition 1.4.10:[1]   

           A fts X is called fuzzy T2space (FT2space, for short ), if for every 

pair fuzzy points  xλ and y , with supp(xλ)  supp(y), there exists fuzzy 

open sets U and V such that  xλ U  (y)c ,  yV  (xλ)
c  and U /q V . 
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     It follows from the above definition that every FT2space is FT1space .  

 

Proposition 1.4.11: 

          A fts X is FT2space   if and only if   for any pair of fuzzy points  xλ 

and y , with x  y, there exists a fuzzy opennhds U and V  of  xλ and y , 

respectively , which are not qcoincident . 

Proof : 

          Let X is FT2space , and xλ , y be two fuzzy points in X ,with          

x  y .Then supp(xλ)  supp(y) by definition 1.1.14 .As X is FT2space by 

definition 1.4.10 , there exists fuzzy open sets U and V such that  xλ U  

(y)c ,  yV  (xλ)
c  and U /q V .That is , xλ U  U  , yV  V and U /q 

V .Therefore , U and V  are fuzzy opennhds of  xλ and y , respectively , 

which are not qcoincident by definition 1.2.13  and definition 1.1.25 .  

         Conversely , suppose that xλ , y be two fuzzy points in X , with 

supp(xλ)  supp(y) .Then x  y by definition 1.1.14 .By hypothesis , there 

exists a fuzzy opennhds U and V  of  xλ and y , respectively , which are 

not qcoincident .So xλ  U, y  V and U /q V by definition 1.2.13  and 

definition 1.1.25 .That is , Uc  (xλ)
c , Vc  (y)c and U  Vc  by Proposition 

1.1.27 . part 3 . So xλ U  Vc  (y)c ,  yV  Uc  (xλ)
c and U /q V 

.Therefore , X  is FT2space by definition 1.4.10 . 

The following example of  FT2space . 

Example 1.4.12: 

      Consider the fts (X,) of example 1.4.9 . By Proposition 1.4.11 , (X,) 

is FT2space , since for every fuzzy points xλ and y  , with x  y , x1 and  

y1  are fuzzy opennhds of  xλ and y  resp., such that x1 /q y1  .       

 

Question 1.4.13: 

           Does there exists a fts which is FT1space and it is not FT2space ?   
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Definition 1.4.14:[2 , 23]  

           A fts X is called fuzzy regular space (FRspace , for short ) , if for 

each fuzzy point xλ and each fuzzy closed set F such that xλ  1XF , there 

exists , two fuzzy open sets U1 and U2 such that  xλ  U1 , F   U2 and      

U1 /q U2  .   

 

Proposition 1.4.15 :[2 , 23]  

           A fts X is FRspace  if and only if  for each fuzzy point xλ  in X and 

every fuzzy open set U such that xλ  U , there exists fuzzy open set V 

such that  xλ V  cl(V)  U .   

           

The following example of FRspace . 

 

Example 1.4.16: 

       Let X = x, y be a set and the fuzzy set  V  in  X defined  as follows : 

V(x) = 0.5                 V(y) = 0.5 . 

    Let T =0X , V , 1X be a fuzzy topology on X . Clearly ,V and 1X are 

fuzzy open sets and fuzzy closed sets at the same time in X .That is , cl(V) 

= V and cl(1X) = 1X  by Proposition 1.2.10.part 1. So , for each fuzzy point 

xλ in X such that xλ  V , there is a fuzzy open set V in X such that xλ V 

 cl(V)  V and for each fuzzy point xλ in X such that xλ  1X , there is a 

fuzzy open set 1X  in X such that xλ 1X  cl(1X)  1X .Hence X is 

FRspace by Proposition 1.4.15 .  

 

Theorem 1.4.17:[59] 

       Let (X,) be a FRspace .Then  for  any fuzzy  closed set F and any 

fuzzy point xλ  Fc , there are U, V  such that xλ  U , F V and      

cl(U)  Vc . 
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 Definition 1.4.18:[64] 

       A fts X is called fuzzy T3space (FT3space , for short) , if and only if  

it is FST1space and FRspace .  

 

Theorem 1.4.19:[2] 

       A FT3space  is  a FT2space . 

 

          Converse of the above Theorem is not true as seen in the following 

example . 

Example 1.4.20: 

       Let X = a, b be a set  and  = 0X , a1 , b1 , 1X be  a  fuzzy 

topology on X . Then  a1  , b1  are  crisp  points in X ( see  definition 1.1.16) 

and (X,) is FT2space but not FT3space , since it is not FST1space . 

  

Definition 1.4.21:[12]   

       A fts X is called fuzzy normal space (FNspace ,for short) if and only 

if for any fuzzy closed set F and fuzzy open set U such that F U, there 

exists , a fuzzy open set V such that  F V  cl(V)  U . 

 

Theorem 1.4.22:[65]     

         For a fts X , the following are equivalent :    

  (1) X is FNspace . 

  (2) for two fuzzy closed sets F and G with F /q G , there exists a fuzzy   

open sets U and V such that F  U , G  V  and U /q V .  

  (3) for any two fuzzy closed sets F and G with F q G , there exists a fuzzy 

open set U such that F  U and cl(U) q G . 

                         

The following example of FNspace . 
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Example 1.4.23: 

          Consider the fts (X,T) of example 1.4.16 .Then (X,T) is FNspace , 

because 0X , V and 1X are fuzzy open sets and fuzzy closed sets at the same 

time in X . 

 

Definition 1.4.24:[2]  

          A fts X is called fuzzy FT4space (FT4space, for short ), if and only 

if  it is FST1space and FNspace .  

 

The following example of FT3space and FT4space . 

Example 1.4.25:  

         The discrete fuzzy topology in X = [2 , 2]  is  FT3space and 

FT4space . 

 

Theorem 1.4.26:[2] 

          A  FT4space  is a FT3space . 

 

Question 1.4.27: 

         Does there exist  fts which is FT3space and it is not FT4space ?   
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3.4: Preservation theorems and other characterization of fuzzy 
separation axioms 
         In this section ,we present preservation theorems and other 

characterization of fuzzy separation axioms depending on these new 

forms of fuzzy generalized  functions in section 3.3 .   

 

Theorem 3.4.1: 

           For a FST1space X , the following are equivalent :  

(a) X is FRspace . 

(b) for any pair of fuzzy point x and fuzzy closed set B of X such that x  

 1XB , there exists a Fgopen sets U and V of X such that x  U , B 

 V and U q V .  

(c) for each fuzzy point x  and each fuzzy open set B containing x  , there 

exists a Fgopen set U such that cl(x) U  cl(U)  B .  

(d) for each fuzzy point x  and each Fgopen set B containing x  , there 

exists a fuzzy open set U such that x U  cl(U)  int(B) .  

(e) for each fuzzy point x  and each Fgopen set B containing x  , there 

exists a Fgopen set G such that x G  cl(G)  int(B) .   

(f) for each fuzzy point x  and each fuzzy open set B containing x  , there 

exists a fuzzy open set U such that cl(x)U  cl(U)  B .  

Proof : 

(a) (b) : Let x  and B be a fuzzy point and a fuzzy closed set ,resp., in X 

such that x  1XB . By (a) ,there exists fuzzy open sets U and V such 

that x U , B  V and U q V .Since every fuzzy open set is Fgopen 

by Proposition 3.2.16. part 1 . This proves that (b) is hold . 

(b) (a) : Let x  and B be a fuzzy point and a fuzzy closed set ,resp., in X 

such that x 1XB .By (b) ,there exists two Fgopen sets U and V such 

that x  U , B  V and U q V .Since X is FST1space ,then x  is fuzzy 

closed in X by definition 1.4.7 .Then x and B are fuzzy closed sets 
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contained in a Fgopen sets U and V respectively .So x int(U) and B 

 int(V) by definition 3.2.14 and int(U) q int(V) . Now, put  M1 = 

int(U) and M2 = int(V) , then M1, M2 FO(X) by Properties 

2.2.13.part 2, such that x M1  ,  B  M2 and M1q M2 .This shows that X 

is FRspace by definition 2.3.19 . 

(b)(c) : Let x be a fuzzy point and B be a fuzzy open set in X containing 

x  .So x  and 1XB be a fuzzy point and a fuzzy closed set , resp., in X 

such that x 1X(1XB) . By (b) ,there exists a Fgopen sets U and V 

such that  x  U , 1XB  V and U q V .It follows that x  U  1XV  

B . As (1XV) is Fgclosed and B is fuzzy open set , we have          

cl(U)  cl(1XV)  B and x  U  cl(U)  B . Since X is 

FST1space , x  is fuzzy closed set in X  by definition 1.4.7 .This shows 

that cl(x)U  cl(U)  B .           

(c)(b) : Let x  and B be a fuzzy point and a fuzzy closed set , resp., in X 

such that x 1XB .So 1XB is fuzzy open set containing x  . By (c), there 

exists a Fgopen set U such that cl(x)  U  cl(U)  1XB . Put V = 

1X(cl(U)) , so V is fuzzy open set and B  V .Since every fuzzy 

open set is Fgopen ,V is Fgopen . Also since X is FST1space , then 

x  is fuzzy closed in X  by definition 1.4.7 . It follows that there exists two 

Fgopen sets U and V such that x  = cl(x) U , B  V and   U q V . 

(c)(e) :  Let x  and B be a fuzzy point and a Fgopen set ,resp., in X 

such that x B .Since X is FST1space , x  is fuzzy closed in X  by 

definition 1.4.7 . Since B is Fgopen containing x  , so x   int(B) by 

definition 2.1.18 . By (c) , there exists a Fgopen set U such that x U  

cl(U)  int(B) . 

(e)(c) :  Let x  and B be a fuzzy point and a fuzzy open set , resp., in X 

such that x B .Since every fuzzy open set is Fgopen by Proposition 

2.1.19 , then B is Fgopen set containing x  . By (e) , there exists a 
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Fgopen set U such that x U  cl(U)  int(B)  B . Since X is 

FST1space , x  is fuzzy closed in X by definition 1.4.7 , i.e., cl(x) = x  

by Proposition 1.2.10.part 1. It follows that cl(x) U  cl(U)  B .  

(d)(e) : Let x and B be a fuzzy point and a Fgopen set ,resp., in X such 

that x B . By (d) ,there exists a fuzzy open set U such that x U  

cl(U)  int(B) .Since every fuzzy open set U is Fgopen by 

Proposition 3.2.16 .part 1.This proves that (e) is hold .        

(e)(d) : Let x  be a fuzzy point and B be a Fgopen set in X containing 

x  . By (e) , there exists a Fgopen set G such that x G  cl(G)  

int(B) . Since X is FST1space , x  is fuzzy closed in X  by definition 1.4.7 

.Since G is Fgopen set and x  is fuzzy closed , then x int(G) by 

definition 3.2.14 .Put U= int(G) , then U FO(X) by Properties 2.2.13 . 

part 2 and x U  cl(U)  int(B) . 

(c)(f) : Let  x   be any  fuzzy  point  and  B  be  any  fuzzy open set of  X 

containing x  .By (c) there exists a Fgopen set G such that cl(x)  G  

cl(G)  B . Since G is Fgopen set .Then cl(x)  int(G) by definition 

3.2.14 .Put U = int(G) , then U is fuzzy open set by Properties 2.2.13 . 

part 2 and cl(x) U  cl(U)  B .   

(f)(c) :  Let x  be any fuzzy point and B be a fuzzy open set of X such 

that x B . By (f) , there exists fuzzy open set U such that cl(x) U  

cl(U)  B . Since every fuzzy open set is Fgopen by Proposition 

3.2.16 .part 1. So U is Fgopen .This shows that (c) is hold .  

 

Theorem 3.4.2: 

              For a fuzzy topological space X , the following are equivalent : 

(a) X is FNspace . 

(b) for any pair of fuzzy closed sets A and B of X such that A q B , there 

exists a Fgopen sets U and V of X such that A  U , B  V and U q V . 
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(c)  for each fuzzy closed sets A and each fuzzy open set B containing A 

,there exists a Fgopen set U such that cl(A) ≤ U ≤ cl(U) ≤ B . 

(d) for each fuzzy closed set A and each Fgopen set B containing A , there 

exists a fuzzy open set U such that A ≤ U ≤ cl(U) ≤ int(B) .  

(e) for each fuzzy closed set A and each Fgopen set B containing A , there 

exists a Fgopen set G such that A ≤ G ≤ cl(G) ≤ int(B) . 

(f) for each Fgclosed set A and each fuzzy open set B containing A , there 

exists a fuzzy open set U such that  cl(A) ≤ U ≤ cl(U) ≤ B . 

(g) for each  Fgclosed set A and each fuzzy open set B containing A , 

there exists a  Fgopen set G such that cl(A) ≤ G ≤ cl(G) ≤ B . 

Proof : 

(a)(b) : Let A and B be two fuzzy closed sets in X such that A q B . 

Since X is FNspace , by Theorem 2.3.26 , there exists fuzzy open sets 

U and V such that A ≤ U , B ≤ V and U q V .Since every fuzzy open set 

is  F gopen . This shows that (b) is hold .   

(b) (a) : Let A and B be two fuzzy closed sets in X such that A q B . By 

(b) , there exists two fuzzy gopen sets U and V such that A ≤ U ,  B ≤ V 

and U q V .Since A and B are fuzzy closed sets  . So A ≤ int(U) and B ≤ 

int(V) by definition 3.2.14 .part 1 and int(U) q int(V) . It follows 

that , X is FNspace by Theorem 2.3.26 . 

(b)(c) : Let A be a fuzzy closed set and B be a fuzzy open set containing 

A .So A and (1XB) are two fuzzy closed sets such that A q (1XB) . By 

(b) , there exists a fuzzy gopen sets U and V such that A ≤ U , 1XB ≤ V 

and U q V . It follows that A ≤ U ≤ (1XV) ≤ B . 

As (1XV) is F gclosed and B is fuzzy open set , we have  

cl(U)  ≤  cl(1XV) ≤  B  and  A ≤ U ≤ cl(U)  B  . Since  A  is  fuzzy    

closed set , cl(A) ≤ U ≤ cl(U) ≤ B .  
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(c)(b) : Let A and B be two fuzzy closed sets such that A ≤ 1XB .So 

1XB be a fuzzy open set containing A .By (c) ,there exists a Fgopen set 

U such that  A ≤ U ≤ cl(U)  ≤ 1XB .Put V = int(1XU) , so V is fuzzy 

open set by Properties 2.2.13 . part 2 and B ≤ V . Since every fuzzy 

open set is Fgopen by Proposition 3.2.16 .part 1 . It follows that there 

exists two Fgopen sets U and V such that A ≤ U , B ≤ V and U q V . 

This shows that (b) is hold .  

(c)(e) : Let A be a fuzzy closed set of X and B be a Fgopen set such that   

A ≤ B . Since B is Fgopen set and A is  fuzzy closed , A ≤ int(B) . By (c) , 

there exists a Fgopen set U such that A ≤ U ≤ cl(U) ≤ int(B) .  

(e)(c) : Let A be a fuzzy closed set and B be a fuzzy open set containing 

A . Since every fuzzy open set is Fgopen by Proposition 2.1.19  , then B is 

a Fgopen set containing A . By (e), there exists aFgopen set U such that 

A ≤ U ≤ cl(U) ≤ int(B) ≤ B .  

(d)(e) :  Let A be a fuzzy closed set and B be a Fgopen set containing A 

. By (d) , there exists a fuzzy open set U such that A ≤ U ≤ cl(U) ≤ 

int(B) .Since every fuzzy open set is Fgopen .This shows that (e) is 

hold .  

(e)(d) :Let A be any fuzzy closed set of X and B be a Fgopen set 

containing A . By(e) , there exists a Fgopen set G such that A ≤ G ≤ 

cl(G) ≤ int(B) . Since G is Fgopen , A ≤ int(G) . Put U = int(G) , 

then U is fuzzy open by Properties 2.2.13 . part 2  and A ≤ U ≤ cl(U) ≤ 

int(B) .     

(c)(g) : Let A be any Fgclosed set of X  and B be a fuzzy open set such 

that A ≤ B .Then cl(A) ≤ B .Therefore ,there exists a Fgopen set U such 

that cl(A) ≤ U ≤ cl(U) ≤ B . 

(g)(c): Let A be a fuzzy closed set and B be a fuzzy open set containing 

A . Since every fuzzy closed set is Fgclosed by Proposition 2.1.14 .part 1 , 
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so A is Fgclosed set containing B . By (g) , there exists a Fgopen set U 

such that cl(A) ≤ U ≤ cl(U) ≤ B . 

(g)(f) : Let A be any Fgclosed set of X and B a fuzzy open containing A 

.By (g) , there exists a Fgopen set G such that cl(A) ≤ G ≤ cl(G) ≤ B . 

Since G is Fgopen and cl(A) ≤ G ,we have cl(A) ≤ int(G) .Put U = 

int(G) , then U is fuzzy open set by Properties 2.2.13 . part 2 and cl(A) 

≤ U ≤ cl(U) ≤ B .   

(f)(g) : Let A be a Fgclosed set and B be a fuzzy open set such that A ≤ 

B . By(f) ,there exists a fuzzy open set U such that cl(A) ≤ U ≤ cl(U) ≤ 

B . Since every fuzzy open set is Fgopen set by Proposition 3.2.16.part 

1 .This shows that (g) is hold . 

 

Theorem 3.4.3: 

          Let f : X  Y be a Fgopen bijection function from a FT2space X 

into a FST1space Y  . Then Y is FT2space . 

 

Proof :  

          Let x and y are fuzzy points in Y such that supp(x)  supp(y) . 

Since f is bijective function .By Remark 1.1.22 .part 4 , f -1(x) and    f -1(y) 

are fuzzy points in X such that supp(f -1(x))  supp(f -1(y)) . As X is    

FT2 space , so by definition 1.4.10 , there exist fuzzy open sets U and V in 

X such that f -1(x)U (f -1(y))c , f -1(y) V  (f -1(x))c  and U q V . 

Since f is Fgopen function , f(U) and f(V) are Fgopen sets in Y by 

definition 3.3.1 . Again , since f is bijective ,we have x = f(f -1(x))   f(U) 

 f(f -1(y)c) = (y)c , y = f(f -1(y))  f(V)  f(f -1(x)c) = (x)c and f(U) q 

f(V) by Theorem 1.1.23 . Since Y is FST1space , by definition 1.4.7 , x 

and y are fuzzy closed sets in Y contained in a Fgopen sets f(U) and 

f(V) resp., so x  int(f(U))  (y)c , y  int(f(V))  (x)c by 
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definition 3.2.14 and int f(U) q int f(V) .Now, put M1 = int f(U) and 

M2 = int f(V) .Then M1 , M2 FO(Y) by Properties 2.2.13 . part 2  such 

that x  M1 (y)c ,  y  M2  (x)c and M1 q  M2 .Therefore , the space 

Y is FT2space by definition 2.3.14 .   

 

Theorem 3.4.4: 

          Let  f : X  Y be  a Fgclosed bijection function from a FT2space 

X into a FST1space Y  . Then Y is FT2space . 

Proof :    It follows from Lemma 3.3.2.part 2 ,and Theorem 3.4.3 . 

 

Corollary 3.4.5:  

              Let f : X  Y be a Fgopen bijection function from a FT2space 

X into a FST1space Y  . Then Y is FT2space . 

Proof :   

        The proof follows  from Theorem 3.4.3 and Proposition 3.3.3 . part 1.   

   

Corollary 3.4.6: 

            Let f : X  Y be a Fgclosed bijection function from a FT2space 

X into a FST1space Y  .Then Y is FT2space . 

Proof :    

           It follows from  Theorem 3.4.4 and Proposition 3.3.3 . part 1.  

 

Theorem 3.4.7: 

          Let f : X  Y be a F q open bijection function from a FTispace 

X into a fts Y . Then Y is FTispace , for i = 0 , 1, 2  . 

Proof :  we prove only i = 1 . 

           Let x and y are fuzzy points in Y such that supp(x)  supp(y) . 

Since f is bijective function .By Remark 1.1.22 .part 4 , f -1(x) and f -1(y) 

are fuzzy points  in  X  such  that  supp(f -1(x))  supp(f -1(y))  .  As  X  is 
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FT1space , so by definition 2.3.6 , there exists fuzzy open sets U and V 

in X such that f -1(x)U (f -1(y))c and f -1(y) V ( f -1(x))c .Since f is   

q open function ,we have f(U) and f(V) are fuzzy open sets in Y  by 

definition 3.3.1 .Since f is surjective , x = f(f -1(x))  f(U)  f(f -1(y)c) = 

(y)c and y = f(f -1(y))  f(V)  f(f -1(x)c) = (x)c by Theorem 1.1.23. This 

proves that Y is FT1space by definition 1.4.4 .        

Other cases can be proved in a similar manner . 

 

Theorem 3.4.8:     

         Let f : X  Y be a F q closed bijection function from a FTispace 

X into a fts Y . Then Y is FTispace , for i = 0 , 1, 2  . 

Proof :  It follows from Lemma 3.3.2.part 4 ,and Theorem 3.4.7 . 

 

Theorem 3.4.9: 

         Let f : X  Y be Fq closed bijection function from a FST1space 

X into a fts  Y . Then Y is a FST1space .  

Proof : 

          Suppose that X is FST1space and x any fuzzy point in Y .Since f is 

bijective function . By Remark 1.1.22 .part 2 , f -1(x) is fuzzy point in X . 

According to the assumption , f -1(x) is fuzzy closed in X .But every fuzzy 

closed set is fuzzy closed , so f -1(x) is fuzzy closed in X . Since f is 

surjective Fq closed , then x = f(f -1(x)) is fuzzy closed in Y by 

Theorem 1.1.23 .part 7 and definition 3.3.1 .Therefore ,Y is FST1space by 

definition 1.4.7 . 

 

Theorem 3.4.10: 

         Let f : X  Y be a Fq open bijection function from a FST1space 

X into a fts  Y . Then Y is a FST1space .  

Proof :  It follows from Lemma 3.3.2.part 4 , and Theorem 3.4.9 .  
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Theorem 3.4.11: 

          Let f : X  Y be a Fgopen bijection function from a FT2space 

X into a FST1space Y . Then Y is FT2space . 

Proof :   

           Let X is FT2space and let x and y are fuzzy points in Y such that 

supp(x)  supp(y) . Since f is bijective function .By Remark 1.1.22 . part 

4 , f -1(x) and f -1(y) are fuzzy points in X such that supp(f -1(x))  supp    

(f -1(y)) . As X is FT2space , so by definition 2.3.14 , there are U1 , U2 

FO(X) such that f -1(x)U1 (f -1(y))c ,  f -1(y) U2  ( f -1(x))c and U1 

q U2 . Again , since f is bijective Fgopen ,we have f(U1) and f(U2) are 

Fgopen sets in Y such that  x = f(f -1(x))  f(U1)   f(f -1(y)c) = (y)c ,y 

= f(f -1(y)) f(U2)  f(f -1(x)c) = (x)c and f(U1) q f(U2) by Theorem 1.1.23 

and definition 3.3.1 . Since Y is FST1space , so by definition 1.4.7, x and 

y are fuzzy closed sets in Y contained in a Fgopen sets f(U1) and f(U2) 

respectively .Then x int(f(U1))  (y)c ,  y int(f(U2))  (x)c by 

definition 3.2.14 and int(f(U1)) q int(f(U2)). Now, put Ni =   

int(f(Ui)) ,then  Ni FO(Y) for i = 1 , 2 by Properties 2.2.13.part 2. So 

x N1  (y)c , y N2  (x)c and N1 q N2 .Therefore ,Y is FT2space by 

definition 2.3.14 .      

 

Theorem 3.4.12: 

         Let f : X  Y be Fgclosed bijection function from a FT2space 

X into a FST1space Y . Then Y is FT2space . 

Proof :  It follows that from Lemma 3.3.2.part 5 ,and Theorem 3.4.11 . 

 

Corollary 3.4.13: 

          Let f : X  Y be Fgopen bijection function from a FT2space 

X into a FST1space Y . Then Y is FT2space .  

Proof :   It follows from Theorem 3.4.11 and Proposition 3.3.3 .part 4 .  
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Corollary 3.4.14: 

        Let f : X  Y be a Fgclosed  bijection function from a 

FT2space X into a FST1space Y . Then Y is FT2space . 

Proof :   It follows from Theorem 3.4.12 and Proposition 3.3.3 .part 4 . 

 

Theorem 3.4.15:  

      Let f : X  Y be a Falmost gopen bijection function from a 

FT2space X into a FST1space Y . Then Y is FT2space . 

Proof : 

          Let X is FT2space and let x and y are fuzzy points in Y such that 

supp(x)  supp(y) . Since f is bijective function ,so by Remark 1.1.22 . 

part 4 , f -1(x) and f -1(y) are fuzzy points in X such that supp(f -1(x))  

supp(f -1(y)) .As X is  FT2space . By definition 1.4.10 , there are fuzzy 

open sets U1 and  U2 such that f -1(x)  U1 , f
 -1(y)  U2 and U1 q U2 . Put 

Gi =int(cl(Ui)) , where i = 1 , 2 .Then Gi  FRO(X) by definition 2.1.1.part 

7 ,  f -1(x)  G1 , f
 -1(y)  G2 and G1 q G2 . Since f is Falmost gopen 

,then f(G1) and f(G2) are Fgopen sets in Y . Again , since f is bijective , 

x  f(G1) , y  f(G2) and f(G1) q f(G2) by Theorem 1.1.23  . Since Y is 

FST1space .Then , by definition 1.4.7, x and y are fuzzy closed sets 

contained in a Fgopen sets f(G1) and f(G2) respectively .Now , put Vi = 

int(f(Gi)) for i = 1 , 2 .Then Vi  FO(Y) , x  V1 , y  V2 and V1 q 

V2  by Properties 2.2.13. part 2 and definition 3.2.14 .part 1 . Hence , we 

have Y is FT2space by definition 2.3.14 .      

 

Theorem 3.4.16: 

   Let f : X  Y be a Falmost gclosed  bijection function from a 

FT2space X into a FST1space Y . Then Y is FT2space . 

Proof :   It follows from Lemma 3.3.2.part 6 ,and Theorem 3.4.15 . 
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Theorem 3.4.17:  

         Let f : X  Y be a fuzzy continuous an injection function  from a 

fts X into a FTi space Y . Then X is FTi space , for i = 0 , 1 , 2 . 

Proof :  we prove only i = 0 . 

          Suppose that Y is FT0 space , x and y are fuzzy points in X such 

that supp(x)  supp(y) .Since f is an injective function , so by Remark 

1.1.22 . part 3 , f(x) and f(y) are fuzzy points in Y such that supp(f(x))  

supp (f(y)) . According to the assumption there is a fuzzy open set U such 

that f(x)U (f(y))c  or  f(y) U  (f(x))c  .Suppose there is a fuzzy 

open set U such that f(x)U (f(y))c .Since f is a fuzzy continuous 

function , f -1(U) is fuzzy open set in X by Theorem 3.3.8 .part 1 . Again , 

since f is an injective function , x = f -1(f(x))  f -1(U)   f -1(f (y)c) = (y)c 

by Theorem 1.1.23. part 6 .This shows that X is FT0 space by definition 

2.3.1 .   

Other cases can be proved in a similar manner . 

 

Theorem 3.4.18 :   

           Let f : X  Y be a fuzzy irresolute an injection function  from a 

fts X into a FTi space Y . Then X is FTi space , for i = 0 , 1 , 2 . 

Proof :  we prove only  i = 1 . 

          Assume that Y is FT1space , x and y are fuzzy points in X such 

that supp(x)  supp(y) .Since f is an injective function ,so by Remark 

1.1.22 . part 3 , f(x) and f(y) are fuzzy points in Y such that supp(f(x))    

supp(f(y)) . As Y is FT1space . By definition 2.3.6 , there are U ,V 

FO(Y) such that f(x)U (f(y))c  and  f(y) V  (f(x))c . Since f is 

fuzzy irresolute , f -1(U) and f -1(V) are fuzzy open sets in X by 

Theorem 3.3.8 .part 6 . Again , since f is an injective function ,we have x = 

f -1(f(x)) f -1(U)   f -1(f (y)c) = (y)c and y= f -1(f(y))  f -1(V)              
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f -1(f(x)c) =(x)c by Theorem 1.1.23. part 6 .This proves that X is   

FT1space by definition 2.3.5 .   

Other cases can be proved in the same manner . 

 

Theorem 3.4.19: 

             Let f : X  Y be a fuzzy irresolute an injection function from a 

fts X into a FTi space Y . Then X is FTi space , for i = 0 , 1 , 2 . 

Proof : 

           It follows from Theorem 3.4.18 and since every FTispace is             

FTi space ,where i = 0 , 1, 2  .  

 

Theorem 3.4.20: 

         Let f : X  Y be a fuzzy gcontinuous an injection function from 

a FST1space X into a FT2space Y . Then X is FT2space . 

Proof : 

           Suppose that Y is FT2space ,and let x and y are fuzzy points in 

X such that supp(x)  supp(y) . Since f is an injective function .By 

Remark 1.1.22 .part 3 , f(x) and f(y) are fuzzy points in Y such that 

supp(f(x))  supp(f(y)) . According to the assumption there are U , V 

FO(Y) such that f(x) U  (f(y))c  ,  f(y)  V  (f(x))c and U q V . 

Since f is fuzzy gcontinuous function , f -1(U) and f -1(V) are fuzzy 

gopen sets in X by Theorem 3.3.8 .part 5 . Again , since f is an injective 

function , x = f -1(f(x))  f -1(U)   f -1(f (y)c) = (y)c ,  y=f -1(f(y))       

f -1(V)   f -1(f (x)c) = (x)c  and f -1(U)  q f -1(V) by Theorem 1.1.23 . As X 

is FST1space , so by definition 1.4.7, x and y are fuzzy closed sets in X 

contained in a Fgopen sets f -1(U) and f -1(V) respectively . So x        

int(f -1(U)) (y)c , y int(f -1(V)) (x)c by definition 3.2.14 and 

int(f -1(U)) q int(f -1(V)) .Now , put N1 = int(f -1(U)) and N2 =     

int(f -1(V)) , then N1, N2 FO(X) by Properties 2.2.13.part 2 . So  x 
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N1 (y)c , y N2  (x)c and N1 q  N2 .It follows that X is FT2space 

by definition 2.3.14.   

 

Corollary 3.4.21: 

         Let f : X  Y be  a fuzzy gcontinuous an injection function from 

a FST1space X into a FT2space Y . Then X is FT2space . 

Proof :  It follows  from   Theorem 3.4.20   and Proposition 3.3.12 . part 5.  

 

Theorem 3.4.22: 

          Let f : X  Y be a fuzzy gcontinuous an injection function from a 

FST1space X into a FT2space Y . Then X is FT2space . 

Proof : 

       Let Y be a FT2space , and let x and y be two  fuzzy points of X such 

that supp(x)  supp(y) . Since f is an injective function , so by Remark 

1.1.22 .part 3 , f(x) and f(y) are two fuzzy points in Y with supp(f(x))  

supp(f(y)) .As Y is FT2space .By definition 1.4.10, there are fuzzy open 

sets N1 and  N2 of Y such that :      

 f(x) N1 (f(y))c  ,  f(y) N2  (f(x))c and N1 q N2 .Since f is fuzzy 

gcontinuous function , then f -1(N1)  and  f -1(N2) are fuzzy gopen sets 

of X by Theorem 3.3.8 .part 2 . Again , since f is an injective function , x = 

f -1(f(x)) f -1(N1)  f -1(f(y)c) = (y)c , y= f -1(f(y))  f -1(N2)  f -1(f (x)c) 

= (x)c and f -1(N1) q f -1(N2) by Theorem 1.1.23 . As X is FST1space ,then 

, by definition 1.4.7 , x and y are fuzzy closed sets in X contained in a 

Fgopen sets f -1(N1)  and  f -1(N2) respectively .So x  int(f -1(N1))  

(y)c ,  y int(f -1(N2))  (x)c by definition 3.2.14 and int(f -1(N1)) q 

int(f -1(N2)) .Now, put  Gi = int(f -1(Ni)) for i = 1, 2 .Then G1 , G2 

FO(X) by Properties 2.2.13.part 2  , x  G1  (y)c , y G2  (x)c and 

G1 q G2 .Therefore , X is FT2space by definition 2.3.14 . 
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Corollary 3.4.23: 

          Let f : X  Y be a fuzzy gcontinuous an injection function from a 

FST1space X into a FT2space Y . Then X is FT2space . 

FT2space  . 

Proof : It is obvious from Theorem 3.4.22 and Proposition 3.3.12. part 2 . 

 

Theorem 3.4.24: 

        Let f : X  Y be a fuzzy continuous F q closed bijection function from 

a FRspace X into a fts Y . Then Y is FRspace . 

Proof : 

           Let X is FRspace ,and let x and G be a fuzzy point and a fuzzy 

closed set , resp., in Y such that x 1YG .Since f is fuzzy continuous 

bijective , then f -1(x) is fuzzy point in X by Remark 1.1.22.part 2 and        

f -1(G) is fuzzy closed set of X by Theorem 1.3. 4 . part 3 . such that              

f -1(x) 1Xf -1(G) by Theorem 1.1.23 .part 2 and part 1. As X is 

FRspace , so by definition 2.3.14 , there exist  fuzzy open sets U1 and 

U2 in X such that  f -1(x) U1 , f -1(G)  U2 and U1q U2 . Put Vi = 

1Yf(1XUi ) for i = 1 , 2 , then V1 and V2 are fuzzy open sets of Y by 

definition 3.3.1. part 2 . So x  V1 , G  V2  and f -1(Vi) = Ui  where   i = 1 

, 2 . Since U1q U2 and f is bijective , we have V1q V2 .Therefore , Y is 

FRspace by definition 1.4.14 .  

 

Theorem 3.4.25: 

          Let f : X  Y be a fuzzy continuous F q open  bijection function from 

a FRspace X into a fts Y . Then Y is FRspace . 

Proof :   It follows from Lemma 3.3.2.part 4 , and Theorem 3.4.24  . 

        

           From Theorem 3.4.24 (Theorem 3.4.25) and  since every FRspace is 

FRspace , the following corollary is true : 
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Corollary 3.4.26: 

          Let f : X  Y be a fuzzy continuous F qclosed(open) bijection from a 

FRspace (resp., FRspace)  X into a fts Y . Then Y is FRspace .  

 

Theorem 3.4.27:   

            Let f : X Y be a fuzzy continuous F q closed bijection function  

from a FT3space X into a fts Y . Then Y is FT3space . 

Proof :     It follows from Theorem 3.4.9 and Theorem 3.4.24 .  

 

Theorem 3.4.28:  

            Let f : X Y be a fuzzy continuous F q open  bijection function 

from a FT3space X into a fts Y . Then Y is FT3space .  

     Proof :    It follows from Theorem 3.4.10 and Theorem 3.4.25 .  

 

Corollary 3.4.29: 

          Let f : X  Y be a fuzzy continuous F q closed(open) bijection from 

a FT3space (resp., FT3space)X into a fts Y .Then Y is FT3space .  

 

Proof : 

          It follows from Theorem 3.4.27(Theorem 3.4.28) and since every 

FT3space is FT3space . 

 

Lemma 3.4.30: 

         A function f : X  Y is Fgclosed  if and only if  for each fuzzy 

set B of Y and each U FO(X) containing f -1(B) ,there exists a Fgopen 

set  V of Y such that B  V and f -1(V)  U .  

Proof :    The proof is similar to the proof of Lemma 3.1.17 .  
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Lemma 3.4.31: 

        If f : X Y is Fgclosed ,then for each fuzzy closed set M of Y and 

each U FO(X) containing f -1(M) , there exists a fuzzy open set  V  of 

Y such that M  V and f -1(V)  U . 

Proof : 

           Let M be any fuzzy closed set of Y and U a fuzzy open in X 

containing f -1(M) .By Lemma 3.4.30 , there exists a  Fgopen set N of Y 

such that M  N and f -1(N)  U .Since M is fuzzy closed and N is 

Fgopen ,then M  int(N) and f -1(int(N))  f -1(N)  U .Put V = 

int(N) .Then V is fuzzy open set of Y such that  M  V and f -1(V)  U 

. 

Theorem 3.4.32: 

          Let f : X Y be a fuzzy continuous Fgclosed bijection function 

from a FR space  X into a FST1space Y . Then Y is FRspace .  

Proof : 

           Let X be a FRspace and let x and N be a fuzzy point and a fuzzy 

closed set , resp., in Y such that x1YN .Since f is fuzzy continuous 

bijective ,then f -1(x) is fuzzy point in X by Remark 1.1.22 .part 2 and        

f -1(N) is fuzzy closed set of X by Theorem 1.3.4 . part 3  such that  f -1(x) 

 1Xf -1(N) by Theorem 1.1.23. part 2 and part 1 . By fuzzy  regularity of 

X , there exists a fuzzy open sets U1 and U2 of X such that f -1(x)  U1,  

f -1(N)  U2 and U1q U2 . Since Y is FST1space , then x  is fuzzy closed 

in Y by definition 1.4.7 . By Lemma 3.4.31 , there exist V1 , V2  FO(Y) 

such that x  V1 , N  V2 , f -1(V1)  U1 and f -1(V2)  U2 . Since f is 

surjective and U1 q U2 , we have  f -1(V1)  U1 (U2)
c  f -1(V2)

c and V1 = 

f(f -1(V1))  f(U1)  f(U2)
c    f(f -1(V2)

c) = (V 2)
c . So V1 q V2 .This proves 

that Y is FRspace by definition 2.3.19 . 
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    Corollary 3.4.33: 

         Let f : X Y be a fuzzy continuous Fgclosed bijection function 

from a FRspace  X into a FST1space Y . Then Y is FRspace .  

     Proof : 

           This is an immediate consequence from Theorem 3.4.32 and  

Proposition 3.3.3. part 4 .  

 

Corollary 3.4.34: 

           Let f : X Y be a fuzzy continuous Fgclosed bijection function 

from a FRspace  X into a FST1space Y . Then Y is FRspace .  

     Proof : 

          It follows from Theorem 3.4.32 and since every FRspace is             

FRspace . 

 

Corollary 3.4.35: 

         Let f : X Y be a fuzzy continuous Fgclosed bijection function 

from a FRspace  X into a FST1space Y . Then Y is FRspace .  

     Proof : 

         It follows from Corollary 3.4.33 and since every FRspace is              

FRspace . 

     

    Theorem 3.4.36:  

            Let f : X Y be a fuzzy continuous Fgopen(resp., Fgopen) 

bijection function from a FRspace X into a FST1space Y .Then Y is 

FRspace .  

Proof : 

      Directly  from  Theorem  3.4.32  ( resp.,  Corollary  3.4.33  )  and            

     Lemma  3.3.2 . part 5 (resp., Lemma  3.3.2 .  part 3) .   
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             From Theorem 3.4.36 and Since every FRspace is FRspace , the  

following Corollary is true : 

Corollary 3.4.37:   

     Let f : X Y be a fuzzy continuous Fgopen(resp., Fgopen) 

bijection function from a FRspace X into a FST1space Y .Then Y is 

FRspace .  

 

Theorem 3.4.38: 

        Let f : X Y be a fuzzy closed fuzzy gcontinuous bijection function 

from a FST1space X into a FRspace Y . Then X is FRspace .  

Proof : 

          Suppose that Y is FRspace , and  x be any fuzzy point in X and M be 

any fuzzy closed set of X such that x 1XM  . Since f is fuzzy closed 

bijective , then f(x) is a fuzzy point in Y by Remark 1.1.22.part 1 and f(M) 

is a fuzzy closed set in Y by definition 1.3.2 such that f(x)1Yf(M) by 

Theorem 1.1.23 . part 3 and part 8 . By the fuzzy regularity of Y , there 

exists fuzzy open sets V1 and V2 in Y such that f(x) V1 , f(M) V2 and 

V1 q V2  . Since f is fuzzy gcontinuous ,then f -1(V1) and f -1(V2) are 

Fgopen sets of X by Theorem 3.3.8 .part 2 .By Theorem 1.1.23 , we have  

x  f -1(V1) , M    f -1(V2) and  f -1(V1) q f -1(V2) . Since X is FST1space , 

so by Theorem 3.4.1 , X is FRspace .     

 

Corollary 3.4.39: 

          Let f : X Y be a fuzzy closed fuzzy gcontinuous bijection 

function from a FST1space X into a FRspace Y . Then X is FRspace .     

Proof :   Directly from Theorem 3.4.38 and Proposition 3.3.12 . part 7 .  

 

Corollary 3.4.40:  

          Let  f : X Y  be  a  fuzzy  closed  fuzzy  gcontinuous  bijection 
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     function from a FST1space X into a FRspace Y . Then X is FRspace . 

Proof :   It follows from Corollary 3.4.39 and Proposition 3.3.12 . part 5 .  

 

Corollary 3.4.41 

        Let f : X Y be a fuzzy closed fuzzy gcontinuous bijection 

function from a FST1space X into a FRspace Y . Then X is FRspace . 

     Proof :   It follows from Theorem 3.4.38 and Proposition 3.3.12 . part 2 .  

 

Theorem 3.4.42: 

        Let f : X Y be a fuzzy closed fuzzy continuous bijection function  

from a fts X into a FRspace Y . Then X is FRspace . 

     Proof : 

           Assume that Y is FRspace , and  x and W be a fuzzy point and a 

fuzzy closed set , resp., in X such that x 1XW . Since f is fuzzy closed 

bijection , then f(x) and f(W) be a fuzzy point and a fuzzy closed set , 

resp., in Y such that f(x)1Yf(W) by Remark 1.1.22.part 1 , definition 

1.3.2 and Theorem 1.1.23 . part 3 and part 8. By the fuzzy regularity of Y , 

there are fuzzy open sets U1 and U2  such that f(x)U1 , f(W)  U2  and   

U1 q U2 . Since f is fuzzy continuous , f -1(U1) and f -1(U2) are fuzzy  

open sets in X by Theorem 3.3.8 .part 1. Since f is an injective ,again by 

Theorem 1.1.23 .part 6 ,we have :                                  

     x = f -1(f(x))f -1(U1) , W = f -1(f(W))  f -1(U2) and f -1(U1) q f -1(U2) . 

Therefore , X is FRspace by definition 2.3.19 . 

 

Corollary 3.4.43:  

        Let f : X Y be a fuzzy closed fuzzy continuous(resp., fuzzy  

continuous ,pre continuous ,semi continuous ) bijection function  from a fts 

X into a FRspace Y . Then X is FRspace . 

     Proof : It follows from Theorem 3.4.42 , Remark 2.1.12 and Remark 3.3.9 . 
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Theorem 3.4.44: 

      Let f : X Y be a fuzzy closed fuzzy gcontinuous bijection 

function from a FST1space X into a FRspace Y. Then X is FRspace . 

Proof :  

           Let Y is FRspace ,and let x be any fuzzy point and H be any fuzzy 

closed set in X such that x 1X H .Since f is fuzzy closed bijective , then 

f(x) be a fuzzy point and f(H) be a fuzzy closed set in Y such that 

f(x)1Yf(H) by Remark 1.1.22 . part 1, definition 1.3.2 and Theorem 

1.1.23 . part 3 and part 8 . By the fuzzy  regularity of Y ,there exist  fuzzy 

open sets N1 and N2 in Y such that f(x) N1 , f(H)  N2 and N1 q N2 

.Since f is fuzzy gcontinuous ,then f -1(N1) and f -1(N2) are Fgopen 

sets in X by Theorem 3.3.8 . part 5  such that x f -1(N1) , H   f -1(N2) and 

f -1(N1) q f -1(N2) . Since X is FST1space . By Theorem 3.4.1 , X is 

FRspace . 

 

Corollary 3.4.45: 

          Let f : X Y be a fuzzy closed fuzzy gcontinuous bijection 

function from a FST1space X into a FRspace Y. Then X is FRspace . 

Proof :    It is clear from Theorem 3.4.44 and Proposition 3.3.12 . part 5 .   

 

Theorem 3.4.46: 

           Let f : X Y be a fuzzy closed fuzzy irresolute bijection function 

from a fts X into a FRspace Y  . Then X is FRspace . 

     Proof : 

          Let Y is FRspace ,and let x and G be a fuzzy point and a fuzzy 

closed set , resp., in X such that x 1XG .Since f is fuzzy closed bijective 

,then f(x) is a fuzzy point and f(G) is a fuzzy closed set in Y , such that 

f(x)1Yf(G) by Remark 1.1.22 . part 1, definition 1.3.2 and Theorem 

1.1.23 . part 3 and part 8. By the fuzzy  regularity of Y ,there are U1 , U2  
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FO(Y) such that f(x) U1 , f(G)  U2 and U1 q U2  .Since f is fuzzy 

irresolute , then f -1 (U1) , f
 -1 (U2)  FO(X) by Theorem 3.3.8 .part 6 . 

Since f is an injective function , x = f -1(f(x))f -1 (U1) ,  G = f -1(f(G))      

f -1(U2) and f -1(U1) q f -1(U2) by Theorem 1.1.23 .part 6 and part 1 .This 

proves that X is FRspace by definition 2.3.19 .    

        

           From Theorem 3.4.46 and since every FRspace is FRspace , the 

following Corollary is true : 

 

Corollary 3.4.47: 

          Let f : X Y be a fuzzy closed fuzzy irresolute bijection function 

from a fts X into a FRspace Y  . Then X is FRspace . 

 

Lemma 3.4.48: 

          A function f : X Y is fuzzy almost gclosed if and only if for each 

fuzzy set B of  Y and each U FRO(X)  containing  f -1(B)  , there  exists  a 

     Fgopen set V of Y such that B  V and f -1(V)  U . 

Proof :     It can be proved by the same manner of Lemma 3.1.17 . 

 

Lemma 3.4.49: 

    If  f : X Y  is fuzzy almost gclosed ,then for each fuzzy closed set M 

of Y and for each U FRO(X) containing f -1(M) ,there exists V   FO (Y) 

such that M  V and f -1(V)  U . 

Proof :   It can be proved in a similar manner of Lemma 3.4.31 . 

 

Theorem 3.4.50: 

            If  f : X Y  is a fuzzy continuous F almost gclosed bijection 

function from a FRspace X into a FST1space Y . Then Y is FRspace . 

     Proof : 
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          Let X is FRspace ,and let x and H be a fuzzy point and a fuzzy closed 

set , resp., in Y such that x 1YH .Since f is fuzzy continuous bijective , 

then f -1(x) is fuzzy point in X and  f -1(H) is fuzzy closed set of X such that 

f -1(x) 1Xf -1(H) by Remark 1.1.22 .part 2 ,Theorem 1.3.4 .part 3 and 

Theorem 1.1.23.part 2 and part 1 .As X is FRspace , by definition 1.4.14 , 

there exists fuzzy open sets U1 and U2 such that f -1(x) U1 , f
 -1(H)  U2 

and U1 q U2 .Now, put Gi = int(cl(Ui)) for i = 1 , 2 . Then Gi  FRO(X) by 

definition 2.1.1.part 7 , f -1(x) U1 G1 , f
 -1(H)  U2  G2 and G1 q G2 . 

Since Y is FST1space , then  x  is fuzzy closed set in Y by definition 

1.4.7 .By Lemma 3.4.49 ,there exist Vi FO(Y) for i =1 , 2  such that x  

V1 , H  V2 , f -1(V1)  G1 and f -1(V2)  G2 .Since G1 q G2 and f is 

surjective ,we have V1 q V2 .Thus , the space Y is FRspace by definition 

2.3.19 .  

        

Corollary 3.4.51: 

          Let f : X Y  be a fuzzy continuous Fgclosed bijection function from 

a FRspace X into a FST1space Y . Then Y is FRspace .  

     Proof :   It follows from Theorem 3.4.50 and Proposition 3.3. 3 . part 2 .  

     

    Corollary 3.4.52: 

          Let f : X Y  be a fuzzy continuous Fgclosed bijection function from 

a F Rspace X into a FST1space Y . Then Y is FRspace . 

     Proof :   It follows from Corollary 3.4.51 and Proposition 3.3. 3 . part 1 .  

 

Theorem 3.4.53: 

             Let f : X Y  be a fuzzy continuous F almost gopen (resp.,     

Fgopen , Fgopen ) bijection function from a FRspace X into a 

FST1space Y     . Then Y is FRspace . 

Proof : 
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             It follows from Theorem 3.4.50 ( resp., Corollary 3.4.51 , Corollary 

3.4.52) and Lemma 3.3.2 . part 6 ( resp., Lemma 3.3.2.part 2 ,              

Lemma 3.3.2.part 1) .  

 

Theorem 3.4.54: 

          If f : X Y is a fuzzy continuous F q closed surjection function from 

a FNspace X  into a fts Y .Then Y is FNspace .                

     Proof : 

          Let X is FNspace ,and M1 and M2 be any fuzzy closed sets of Y such 

that M1 q M2 .Since f is fuzzy continuous , then f -1(M1) and f -1(M2) are 

fuzzy closed sets of X such that f -1(M1) q f -1(M2) by Theorem 1.3.4.part 3 

and Theorem 1.1.23.part 2 and part 1 .Since X is FNspace , by Theorem 

2.3.26 , there exist  fuzzy open sets U1 and U2 such that f -1(Mi)  Ui for i 

= 1 , 2  and  U1 q U2 . Put Vi = 1Yf(1XUi ) , then Vi is fuzzy open in Y , 

Mi  Vi and f -1(Vi)  Ui for i = 1 , 2 . Since U1 q U2 and f is surjective ,we 

have V1 q V2 .Thus , by Theorem 1.4.22 , the space Y is FNspace .   

 

Corollary 3.4.55:  

            If f : X Y is a fuzzy continuous F q closed surjection function 

from a FNspace(resp., FNspace) X into a fts Y . Then Y is FNspace . 

Proof : 

        It follows from Theorem 3.4.54 and since every FNspace is FNspace . 

 

Theorem 3.4.56:  

         If f : X Y is a fuzzy continuous Fq open bijection function from a 

FNspace X  into a fts Y .Then Y is FNspace .                 

     Proof :   It follows from Theorem 3.4.54 and Lemma 3.3.2 . part 4 . 
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Corollary 3.4.57: 

          If f : X Y is a fuzzy continuous Fq open bijection function from a 

FNspace(resp., FNspace) X into a fts Y . Then Y is FNspace . 

     Proof : 

           It follows from Theorem 3.4.56 and since every FNspace is 

FNspace . 

 

Theorem 3.4.58: 

           If f : X Y is a fuzzy continuous Fq closed bijection function from a 

FT4space X into a fts Y . Then Y is FT4space .      

     Proof :    It follows from Theorem 3.4.9 and Theorem 3.4.54 . 

 

Corollary 3.4.59: 

         If f : X Y is a fuzzy continuous Fq closed bijection function from a 

FT4 space (resp., FT4space)  X into a fts Y . Then Y is FT4space . 

Proof : 

           The proof follows from Theorem 3.4.58 and since every FT4space is 

FT4space .  

     

    Theorem 3.4.60: 

        If  f : X Y is a fuzzy continuous Fq open  bijection function from a 

FT4space X into a fts Y . Then Y is FT4space . 

     Proof :    It follows from Lemma 3.3.2.part 4 , and Theorem 3.4.58 .  

      

      From Theorem 3.4.60 and since every FT4space is FT4space , the 

following Corollary is true : 

 

Corollary 3.4.61: 

        If  f : XY is a fuzzy continuous Fq open  bijection function from a 
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FT4 space (resp., FT4space)  X  into a fts Y . Then Y is FT4space . 

 

Theorem 3.4.62: 

         Let f : XY be a fuzzy continuous Fgclosed surjection function 

from a FNspace X into a fts Y .Then  Y is FNspace .  

Proof : 

         Let X is FNspace ,and N1 and N2 be two fuzzy closed sets of Y such 

that N1 q N2 .Since f is fuzzy continuous , then f -1(N1) and f -1(N2) are 

fuzzy closed sets in X such that f -1(N1) q f -1(N2) by Theorem 1.3.4 .part 3 

and Theorem 1.1.23 . part 2 and part 1 . As X is FNspace , by Theorem 

2.3.26 , there are U1, U2 FO(X) such that   f -1(Ni)  Ui  for i = 1 , 2 . and  

U1 q U2 . By Lemma 3.4.31 , there exist Vi  FO(Y) such that Ni  Vi  

and f -1(Vi)  Ui , where i = 1 , 2 . Since  U1 q U2 and f is surjective , 

     V1 = f(f -1(V1))  f(U1)  f((U2)
c)  f(f -1(V2)

c) = (V2)
c . So V 1 q V 2 .Thus , 

again by Theorem 2.3.26 , we have Y is FNspace . 

 

Corollary 3.4.63: 

        Let f : XY be a fuzzy continuous Fgclosed surjection function 

from a FNspace X into a fts Y .Then  Y is FNspace .  

     Proof :   It is clear from Theorem 3.4.62 and Proposition 3.3.3 . part 4 .  

 

Corollary 3.4.64: 

     Let f : XY be a fuzzy continuous Fgclosed (resp., Fgclosed ) 

surjection function from a FNspace X into a fts Y .Then Y is FNspace . 

     Proof : 

       This is an immediate consequence from Theorem 3.4.62(resp., 

Corollary 3.4.63) and since every FNspace is FNspace .  
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Theorem 3.4.65: 

            Let f : XY be a fuzzy continuous Fgopen (resp., Fgopen) 

bijection function from a FNspace X into a fts Y .Then Y is FNspace .  

Proof : 

           It follows from Theorem 3.4.62(resp., Corollary 3.4.63) and        

Lemma 3.3.2.part .5  (resp., Lemma 3.3.2.part 3) . 

 

      From Theorem 3.4.65 and since every FNspace is FNspace , the 

following Corollary is true : 

 

Corollary 3.4.66: 

          Let f : XY be a fuzzy continuous Fgopen (resp., Fgopen ) 

bijection  function from a FNspace X into a fts Y .Then  Y is FNspace . 

 

Theorem 3.4.67: 

           Let f : XY be a fuzzy closed fuzzy gcontinuous bijection function 

from a fts X into a FNspace Y  . Then X is FNspace . 

    Proof : 

          Let Y is FNspace ,and  H1 and H2 be two fuzzy closed sets of X such 

that H1 q H2 .Since f is a fuzzy closed bijective , then f(H1) and f(H2) are 

fuzzy closed sets in Y such that f(H1) q f(H2) by definition 1.3.2 and 

Theorem 1.1.23 . part 3 and part 8 . As Y is FNspace , by Theorem 1.4.22 

, there exist  fuzzy open sets V1 and V2  such that f(Hi)  Vi for i = 1 , 2 and 

V1 q V2 . Since f is fuzzy gcontinuous, then f -1(V1) and f -1(V2) are 

Fgopen of X such that f -1(V1) q f -1(V2) and Hi  f -1(Vi) for i =1 , 2 by 

Theorem 3.3.8 .part 2 and Theorem 1.1.23 .part 2 , part 1 and part 5. Now , 

put Ui = int(f -1(Vi)) for i = 1 , 2 . Thus , Ui  FO(X) by Properties 

2.2.13.part 2   , Hi  Ui and U1 q U2 .This proves that X is FNspace by 

Theorem 2.3.26 . 
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Corollary 3.4.68: 

    Let  f : XY  be a fuzzy closed fuzzy gcontinuous  bijection 

function from a fts X into a FNspace Y  . Then X is FNspace . 

     Proof :  It follows from Theorem 3.4.67 and Proposition 3.3.12 . part 7 .  

 

Corollary 3.4.69: 

         Let f : XY be a fuzzy closed fuzzy gcontinuous bijection function 

from a fts X into a FNspace Y  . Then X is FNspace . 

    Proof :   It  follows from Corollary 3.4.68 and Proposition 3.3.12. part 5 .  

 

Corollary 3.4.70: 

               Let f : XY be a fuzzy closed fuzzy irresolute bijection function 

from a fts X into a FNspace Y  . Then X is FNspace . 

     Proof :    It follows from Corollary 3.4.69 and Proposition 3.3.12. part 4 .  

 

Corollary 3.4.71: 

               Let f : XY be a fuzzy closed fuzzy gcontinuous bijection 

function from a fts X into a FNspace Y  . Then X is FNspace . 

     Proof : 

           The proof follows from Theorem 3.4.67 and Proposition 3.3.12. part 2 .  

 

Corollary 3.4.72: 

               Let f : XY be a fuzzy closed fuzzy continuous bijection function 

from a fts X into a FNspace Y  . Then X is FNspace . 

    Proof :    It follows from Corollary 3.4.71 and Proposition 3.3.12 . part 1 .  

 

Corollary 3.4.73:  

         Let f : XY be a fuzzy closed fuzzy continuous (resp., fuzzy semi 

continuous  ,  fuzzy pre continuous)  bijection  function  from a fts X into a 
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     FNspace Y  . Then X is FNspace . 

Proof : 

          It is obvious from Corollary 3.4.72 , Remark 2.1.12 , and Remark 3.3.9 . 

 

Theorem 3.4.74: 

            Let f : XY be a fuzzy closed fuzzy gcontinuous bijection 

function from a fts X into a FNspace Y .Then X is FNspace . 

Proof : 

          Assume that Y is FNspace ,and A1 , A2  be two fuzzy closed sets of X 

such that A1 q A2 . Since f is fuzzy closed bijective , then f(A1) and f(A2) 

are fuzzy closed sets in Y such that f(A1) q f(A2) by definition 1.3.2 and 

Theorem1.1.23 . part 3 and part 8 . As Y is FNspace , by Theorem 2.3.26 

, there exist  fuzzy open sets N1 and N2 in Y such that f(Ai)  Ni where    

i = 1 , 2 and  N1q N2 . Since f is fuzzy gcontinuous , then f -1(N1) and     

f -1(N2) are Fgopen sets of X such that f -1(N1) q f -1(N2) and Ai  f -1(Ni) 

for i = 1 , 2 by Theorem 3.3.8 .part 5 and Theorem 1.1.23. part 2 , part 1 

and part 5  . By Theorem 3.4.2 , X is FNspace . 

 

Corollary 3.4.75: 

         Let f : XY be a fuzzy closed fuzzy gcontinuous bijection function 

from a fts X into a FNspace Y .Then X is FNspace . 

     Proof :     It is clear from Theorem 3.4.74 and Proposition 3.3.12.part 5.  

 

Corollary 3.4.76: 

        Let f : XY be a fuzzy closed fuzzy irresolute bijection function from 

a fts X into a FNspace Y .Then X is FNspace . 

     Proof :   It is obvious from Corollary 3.4.75 and Proposition 3.3.12 . part 4 .  
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Theorem 3.4.77: 

          Let  f : XY  be a  fuzzy  continuous  Falmost  gclosed  surjection 

function from a FNspace X into a fts Y . Then Y is FNspace . 

Proof : 

         Let X is FNspace ,and  M1 , M2 be any two fuzzy closed sets of Y such 

that M1q M2 . Since f is fuzzy continuous , then f -1(M1) and f -1(M1) are 

fuzzy closed sets of X such that f -1(M1) q f -1(M1) by Theorem 1.3.4 . part 

3 and Theorem 1.1.23.part 2 and part 1 . As X is FNspace , there exists 

fuzzy open sets  U1 and U2  such that f -1(Mi)  Ui for i = 1 , 2 and U1q U2 . 

Now , put Gi = int(cl(Ui)) for i = 1 , 2  . Then Gi FRO(X) by definition 

2.1.1. part 7 , f -1(Mi)  Ui  Gi and G1q G2  . By Lemma 3.4.49 , there 

exist  Vi FO(Y) such that Mi  Vi and f -1(Vi)  Gi ,where   i = 1 , 2 . 

Since G1q G2 and f is surjective , we obtain V1q V2 . Thus , by Theorem 

2.3.26 , Y is FNspace  . 

 

Corollary 3.4.78: 

           If f : XY is a fuzzy continuous Fgclosed surjection function from a 

FNspace X into a fts Y . Then Y is FNspace . 

Proof :   It follows from Theorem 3.4.77 and Proposition 3.3.3 . part 2 .  

 

Corollary 3.4.79: 

           If f : XY is a fuzzy continuous Fgclosed surjection function from a 

FNspace X into a fts Y . Then Y is FNspace . 

     Proof :     It is clear from Corollary 3.4.78 and Proposition 3.3.3. part 1 .  

 

Corollary 3.4.80: 

           If  f : XY  is a  fuzzy  continuous  fuzzy  closed  surjection function 

from a FNspace X into a fts Y . Then Y is FNspace . 

Proof : 
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           It is obvious from Corollary 3.4.79 and Proposition 3.3.3. part 11 and 

part 8 .  

 

Corollary 3.4.81: 

             If f : XY is a fuzzy continuous fuzzy closed bijection function from 

a FT4space X into a fts Y . Then Y is Y is FT4space .  

Proof :    It follows from Corollary 3.4.80 and Theorem 3.1.12 .   
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