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Introduction

The principle goal of this work is to define and study the concept

of fuzzy y—separation axioms in fuzzy topological spaces .

The concept of fuzzy set and fuzzy set operations were first
introduced by L . A . Zadeh in 1965 [36] . After Zadeh<: s introduction of
fuzzy sets, Chang [19] defined and studied the notion of fuzzy topological
space in 1968 .Since then , much attention has been paid to generalize the
basic concepts of classical topology in fuzzy setting and thus a modern
theory of fuzzy topology has been developed .In 1980, P.P. Ming and L.Y.
Ming [51] , introduced the concepts of quasi — coincidence and quasi —
neighborhoods by which the extensions of functions in fuzzy setting can be
carried out very interestingly and effectively. The following concepts were
introduced in general topological spaces .

In 1937, M . H . Stone [45] , introduced the concepts of regular
open and regular closed sets . In 1963 , semiopen set was introduced and
investigated by N . Levine [47] . In 1965 , a—open and a—closed sets were
defined by O . Njastad [50] . In 1971 , semiclosed set was defined by
Crossley and Hilde [69] . In 1982 , the concepts of preopen and preclosed
sets were introduced and investigated by A .S . Mashhour , M . E . Abd
EL — Monsef and S . N . EL — Deeb [8] . In 1996 , D.Andrijevi [21]
defined the notion of b—open and b—closed sets which are found to be
equivalent with the concepts of y—open and y—closed sets as defined by A .
A . EL . Atik in 1997 [7] .

In 1970 , Levine [48] introduced the notion of generalized closed
sets (g—closed set) in topological spaces as a generalization of closed sets
.In 1987 , P . Bhattacharyya and B . K . Lahiki [53] invented the idea of

sg—closed sets in topological spaces .In 1990 , the concept of gs—closed sets
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, was defined by S. P . Arya and T . Nour [70] .In 1996 , H . Maki , J .
Umehary and T . Noiri [31] , defined the notion of gp—closed sets .The
concept of pg-closed sets was defined and investigated by K .
Balachandran , P. Sundram , H . Maki and A . Rani [35] . In 2007 E . Ekici
[24] defined the idea of gy—closed and yg—closed sets in topological space .
The following concepts were defined in fuzzy topological spaces .

In 1981 , fuzzy semiopen , fuzzy semiclosed , fuzzy regular open ,
fuzzy regular closed sets were defined and studied by K . K. Azad [33] .In
1991, A . S. Bin Shahna [6] , introduced the idea of fuzzy a—open , fuzzy
a—closed , fuzzy preopen , fuzzy preclosed sets .In 2002 , Noiriand O . R .
Sayed [73] they defined the concepts of fuzzy y—open , and fuzzy
y—continuity in fuzzifying topology .

In 1997 , fuzzy generalized closed set (Fg—closed set) was
introduced by G . Balasubramania and P . Sundaram [28] .In 1998 , the
notion of Fgs—closed set was defined and investigated by H . Maki el al
[30] .In 2002 , O .Bedre Ozbakir [49] , defined the concept of fuzzy
generalized strongly closed set . In this thesis , we call this set as fuzzy
generalized a—closed set (Fga—closed set) . In 2002 R . K .Saraf and S .
Mishra [55] introduced and investigated the concept of fuzzy generalized
o—closed set . This set is called fuzzy o—generalized closed set
(Fag—closed set) in this thesis .In 2006 , M . Caldas, G . N . Navagi and R.
Saraf [42] introduced the notion of fuzzy pre—generalized preclosed set
(Fpg—closed set) .In 2008 , fuzzy generalized preclosed set (Fgp—closed
set) was defined by S . Muvugesan and P . Thangarel [68] .

Several fuzzy separation axioms have been defined in different
ways and investigated by many authors . In 1975, B . Hutton [12] defined
the notion of fuzzy normality in fuzzy topological spaces . In 1980 B .
Hutton and I . Reilly [11] they introduced the concept of separation axioms

in fuzzy topological spaces . In 1985 , separation axioms and Ti— fuzzy
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continuity studied by S . Ganguly and S . Saha [60] .In 1986, a—Ti(i=0
,3,4),0-Ti(i=0,1,2,3,4), a—almost compact , a—nearly compact
and a—continuous mappings were defined and studied in fuzzy topological
spaces by A . S . Mashhour , M. H. Ghanim and M . A . Fath Alla [9] .In
[22] , Dewan Muslim Ali, introduced and studied weak forms of fuzzy
T, , fuzzy T, , fuzzy R, ,fuzzy R; and fuzzy regular spaces in fuzzy
topological spaces .In 1991, S . P . Sinha [65] , introduced some weak
forms of fuzzy normality called fuzzy almost normality , fuzzy weak
normality and fuzzy semi— normality , and the relations among them are
investigated . E . Tsiporkora — B . De Baets (1997)[23] , studied
T—compactness in separated fuzzy topological spaces . In 1998 , S . K .Cho
and D . G . Chung [71] , studied the relations among the fuzzy T,—axioms
and presented some examples which shows that the axiom of fuzzy
compactness , due to G — anguly and Saha , is not compatible with the
fuzzy T,—axioms . In 1999 , fuzzy separation axioms have been introduced
and investigated with the help of fuzzy B - open sets by G .
Balasubramanian [26] . In [18] , Bai Shi — Zhong introduced some new
separation axioms , namely fuzzy semipreseparation axioms , and also
established some of their characteristic properties .In 2005 , new class of
sets called fuzzy semi—pre—generalized closed sets were introduced and its
properties were studied .As application of this set , also the notion of
FspTiy, —space , Fspg—continuity and Fspg—irresolute mappings are
introduced by R . K. Saraf , G . Navalagi and M . Khanna [56] . In 2006 ,
M . E . EL-Shafei and A . Zakari [46] introduced the concepts of 6—
generalized closed fuzzy sets and generalized A—fuzzy sets in fuzzy
topological spaces .Furthermore generalized A—fuzzy sets are extended to
0—generalized A—fuzzy sets . Also , they introduced the concepts of fuzzy
0—generalized continuous and fuzzy 6—generalized mappings . M . Caldas ,

G . Navalagi , and R . Saraf(2006) [42] defined new weak and strong forms
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of fuzzy pre irresoluteness and fuzzy pre—closureness via the concept of
fuzzy pg — closed sets which they called a P — Fp—irresolute functions and
they used it to obtain a characterization of fuzzy pre — T2 — spaces . In
2008 , S . Murugesan and P . Thangavelu [68] introduced the notion of
fuzzy pre—semi—closed sets in fuzzy topological spaces and investigated
their properties .Using fuzzy pre — semi — closed sets , equivalence of fuzzy
regular open sets is established . As applications to fuzzy pre — semi —
closed sets , they defined fuzzy spaces with new kinds of separation axioms
, hamely fuzzy pre—semi — Ty, — spaces , fuzzy pre — semi — T34 — Spaces ,
fuzzy pre — semi — T3 — spaces and characterize them .

This thesis has three chapters :

In chapter one there are four sections : section one covers the
principle definitions of fuzzy sets and fuzzy set operations .Section two
covers the main definitions of fuzzy topological spaces with some of its
concepts and results .Section three contains the main definitions of fuzzy
continuity and its theorems .Finally , in section four ,we present and study
the standard definitions of fuzzy separation axioms which are very needed
throughout the work .

In chapter two ,we have three sections . In the first section ,we present
some definitions and Theorems that are necessary to the work . In the
second section , the concept of fuzzy y—open sets and its properties are
studied . In the last section , new class of fuzzy separation axioms called
fuzzy y—separation axioms is defined and studied .

In chapter three , we have four sections . In section one , we introduce
and study new classes of functions , namely fuzzy y—open and fuzzy
strongly y—open functions . Also , the relations between the standard
definitions of FT;—spaces and FyT;—spaces are investigated depending on
these functions . In section two , we define and study the concepts of fuzzy

generalized y—closed and fuzzy y generalized—closed sets in fuzzy



topological space . In section three , new types of functions called fuzzy
generalized y—functions are defined and studied . Finally , section four have

Preservation Theorems and other characterization of fuzzy y—separation
axioms are discussed .



Chapter one Section one

Chapter one

Fuzzy Sets and Fuzzy Topological Spaces

This chapter contains the concept of fuzzy sets with some of its
properties , fuzzy topological spaces and some concepts about fuzzy
topological spaces , as a background for the material included in this

thesis .



Chapter one Section one
1.1 : Fuzzy Sets

This section will contain the concept of fuzzy sets with some of its

properties that are necessary to the work .

Fuzzy sets theory, introduced by Lotfi. A .Zada in 1965 [36] , is the
extension of classical set theory by allowing the membership of elements
torange from 0 to 1. Let X be the universe of a classical set of objects .
Membership in a classical subset A of X is often viewed as a characteristic

function pa from X into {0,1} , where

1 , for x € A
Ha(X) =

0 , for x¢ A (see [25])
forany x € X .
{0,1} is called a valuation set (see [74]) . If the valuation set is allowed to
be the real interval [0,1] , A is called a fuzzy set in X . pa(x) (or simply
A(X) ) is the membership value (or degree of membership) of x in A .
Clearly, A is a subset of X that has no sharp boundary . A fuzzy set A in X
can be represented by the set of pairs: A ={(x, A(X)),Xx € X}.

Let A : X — [0,1] be a fuzzy set . If A(x)=1, for each x € X , we
denote it by 1x and if A(x)= 0, for each xeX , we denote it by Ox . That is
, by Ox and 1x , we mean the constant fuzzy sets taking the values 0 and 1
on X, respectively .[13]

LetI=[0,1] .The set of all fuzzy sets in X, denoted by I* .[44]

Remark 1.1.1[58]
Since every subset A of an ordinary set X can be identified with
its characteristic function pa: X — {0,1} and such characteristic functions

are fuzzy sets in X .Thus, an ordinary set is a special case of fuzzy set .
7
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Definition 1.1.2:[58]

The characteristic functions of subsets of a set X are refered to as

the crisp fuzzy sets in X.

Definition 1.1.3:[25 ,74]

Let A be a fuzzy set of a set X . The support of A is the elements x
whose membership value is greater than 0, i.e., supp(A) = {x € X : A(x) >
0}.

Definition 1.1.4:[74]
Let A be a fuzzy set of aset X, then:
(1) The height of a fuzzy set A is the largest membership value of A and
denoted as hgt(A) .
(2) The elements of x such that A(x) = 1/2 are called the crossover point
of A.
(3) A is said to be normalized if there is x e X ,AX)=1.

Example 1.1.5:
Let X ={a, b ,c ,d} be a set and the fuzzy set B of X is defined
as follows :
B(a) =0.5 B(b)=0 B(c) =1 B(d)=0.8 .
Then the support of B is supp(B) = {a, c, d} , the height of B is
hgt(B) = 1, the element a is crossover point of B , and it is normalized

because B(c) =1.

Definition 1.1.6:[58 , 37]
For any A ,B 1*X,then:
(1) A is said to be contained in B if and only if A(X) < B(x), for each
X € Xand denotedas A<B -

(2) A and B are equal if and only if A(x) = B(x) for all x € X, and
denoted by A=B.
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Definition 1.1.7:[26]

Let Aand B be any two fuzzy sets in X .Then we define
AvB: X —1[0,1] as follows:
(A v B)(x) = max {A(x), B(x)}

Also, we define AAB: X — [0,1] as follows :

(A A B)(X) = min {A(x), B(X)} .

By A v B (A A B) ,we mean the union (intersection) between two
fuzzy sets Aand B of X.

Definition 1.1.8:[25]
Let A be any fuzzy set in a set X . The complement of A , is denoted
by 1x — A or A° and defined as follows :
A°(x)=1-A(x) ,foreach x e X.

Remark 1.1.9:
From definition 1.1.7 and definition 1.1.8 , we have ,if A ,B e I*X |,
then AvB , A ABand1lx-A eI*.

Proposition 1.1.10[74]

For any fuzzy sets A,B and C inaset X, the following hold :

(1) commutativity : AvB=BVvA , AAB=BAA;

(2) Associativity : (AvB)vC=AvBvC, AAB)AC= A
A(BAC);

(3) Idempotency : AVA=A, AAA=A;

(4) Distributivity : Av(BAC)=(AvB)A(AvC),AA(BVvC)= (A
AB)V(AAC) ;

(5) Absorption: AvOx=A , AAlx=A ;

9



Chapter one Section one
(6) De Morganslaw: (AvB)=A° AB¢, (AAB)*= A°vB° ;
(7) Involution : (A°)*=A ;
(8) Equivalence formula: (A°v B) A (Av BY)=(A°AB%) v (A AB) ;
(9) Symmetrical difference formula :
(A°AB)v(AABY)=(A°vBYA(AVB) .

However , the excluded — middle law is no longer true :

AvA #1x , AAA #0x .

Example 1.1.11:
Let X ={a,b,}beasetand A, B ,6 C are fuzzy sets of X

defined as follows :

A(a) = 0.3 A(b) =0.2 A(c)=0.1,
B(a)=0.4 B(b) =0.7 B(c)=05,
C(a)=0.1 C(h)=0.3 C(c)=0.9.
Then,
A <B because A(X) <B(x) forall x e X,
(BvC)a)=0.4 (B v C)(b)=0.7 (Bv C)(c)=0.9,
(AAC)a)=0.1 (AAC)(b)=0.2 (AAC)c)=0.1,
B%(a) = 0.6 BS(b) = 0.3 B%(c) =05 ,
(B v B%(a) =0.6 (B v B9 (b) =0.7 (B v BY(c) =0.5, that
is BvB®#1x .
(B A B%)(a) = 0.4 (B A B%)(b) =0.3 (B A BY(c) =0.5, that
IS BAB®#0x .

Definition 1.1.12 :[39]
The union (intersection) of the fuzzy sets A; (i €J) is denoted by
_vJAi(X) =supf{Ai(x) 1iel} , xeX

| €

10
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(respectively, A Ai(x) =inf{Ai(x) :ielJ}, xe X).
=N

Theorem 1.1.13 [58]
For fuzzy sets V, Ai (i €J) ofaset X:
1)V Ag\/EJAi) =, \E/J(V/\Ai) ,

)V v(in A) = _/\J(VvAi),

(=N l e

(3) 1)( - iVE

3 A Fa - AY

(4) 1x—_/\ Ai =. Vv ( 1x—Ai).
l € =]

J

Definition 1.1.14[51 , 32, 38]

A fuzzy point x, inaset X is afuzzy set defined as follows :

Ao dif y=x
X (y) = _
0 otherwise

Where 0<A<1.Now, supp(x)) ={y: x.(y) >0}, but

A if y=x
x.(y) = _
0 otherwise , and O<A<1 .Then,

supp(x,) = X, so the value at x is A , and call the point x its support of fuzzy
point x, and A is the height of x; .Thatis, x; has the membership degree 0

forally € X exceptone,say x eX.

Definition 1.1.15:[39]
Let x, and A be a fuzzy point and a fuzzy set , respectively , in a set

X . Then x, is said to be contained in a fuzzy set A or x; belongsto A,

11
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denoted by x, € A if and only if A < A(X) . A(X) denoted the

membership degree of x to A.

Definition 1.1.16:[59]
A fuzzy point in a set X with support x and membership value 1 is
called crisp point , denoted by Xx; .

For any fuzzy set A in X, we have x; € A ifandonlyif AX)=1.

Remark 1.1.17:
If X, is a fuzzy point contained in a fuzzy set A , then x, € A if
and only if x, <A.
Proof :
Let x, be a fuzzy point contained in a fuzzy set A , so
X, € A ifand only if A <A(X)
if and only if x, (X) <A(x) ,forall x € X by definition 1.1.14
ifand only if x, < A Dby definition 1.1.6.part 1 .

Definition 1.1.18 :[58 , 39]
Let X and Y be two sets ,and f : X—>Y be a function . For a fuzzy
set V in Y, the inverse image of V under f is the fuzzy set f1(V)in X,
denoted by the rule :
F1V)(X) = V (F(x)) for x e X X —L—»y
(le., f1V)=Vof). f-l(V):\/o\A lv
[0.1]
For a fuzzy set U in X, the image of U under f is the fuzzy set
f(U) in Y , defined , fory €Y , by the rule :

sup{U(2):z e fi(y)} if fly)y=¢
f(U)(y) =

0 if fiy)=¢
12
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forall y inY ,where fi(y)={xe X:f(x)=y}.

Remark 1.1.19:[2]

From the a above definition ,we see that :

U zefily) if fiy)y=¢
(1) If fis an injective ,then f(U)(y) =

0 otherwise ,
(2) If fissurjective,then V xe X,

fHV)(X) =V (f(x)) = V(y), foreachy € Y , x € f(y) .
(3) If fis bijective , then f(U)(y) =(U)(x) ,V x =f(y) ,
FHV)(X) =V(f(x) =V(y) , V yeY ,y =f(x).
Example 1.1.20:
Let A and B be two fuzzy sets in X and Y respectively as shown in

the following table :

X [AX)| Y |B(Y)
a 0.2 k 0.0
b 0.6 m 0.3
c 0.1 n 0.3
d 0.0 0 0.1
e 0.9 p 0.7
f 0.3 q 0.0
g 0.9 r 0.9
h 0.5 S 0.3
i 0.4 t 0.6
J 0.0 u 0.2

And let f: X — Y is a function defined by the following table :

13
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Then fl(B) = dg3V Co1V d0.3 V €o1 V ho_e \V4 io,e \Y4 jo,e

and f(A) = Kos V Nmax {0,021 V Omax { 01,09} V Omax {0.3,09} V tmax {0,04 05}

= kos Vv No2 V009V QogVtos

Theorem 1.1.21:[76 , 77]
Let f: X — Y be afunction, and A, B be two fuzzy sets in X and

Y respectively , if X, , Yo be two fuzzy points in X and Y respectively ,
then the following hold :

(1) 1) = FO) 5

(2) If x;,, <A, then f(x) < f(A) ;

(3) If yoa <f(A), then there is X, € X such that f(X,) = Yo and Xea. < A ;

(4) If ye f(X) ,ya<B,thenV x € f}(y), xa<f1(B) ;

(5) If xa<f(B), thenf(x,) <B.

14
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Remark 1.1.22:

From the above theorem , we see that :

(1) If x, is a fuzzy point in X with supp x and value A ,then f(x;) is a
fuzzy pointinY with supp f(x) and value A . [2]

(2) If yoisafuzzy pointinY with suppyand value o, then f(yq) is in
general a fuzzy set in X, not necessarily a fuzzy point because :

(a) If f-1(y) = ¢, then f1(ys) = Ox .That is f-(y,) is not fuzzy point .

(b) Iftherearea, b € f(y) , then f(ya)(a) =f*(ya)(b) =a . Thatis

f-1(y.) is a fuzzy set in X, but not fuzzy point .
Thus if f is bijective function , then f-1(y,) is a fuzzy point in X..

(3) If f is an injective function and X, , Y. be two fuzzy points in X such
that supp(x,) = supp(Y«) , then f(x;) and f(y,) are fuzzy points in Y such
that supp(f(x,)) = supp(f(y)) .

(4) If fis bijective function , and X, , Yo be two fuzzy points in Y such that
supp(x.) # supp(Ya) , then f1(x,) and f-1(y.) be two fuzzy points in X
such that supp(f *(x.)) = supp(f 2(y.)) .

Theorem 1.1.23:[19, 37]
Let f: X > Y bea function, then:
(1) f1(B®) = (f1(B)° , forany fuzzy setBinY ;
(2) If B <B,,thenf(B,) <f1(B,), B;and B;are fuzzy setsinY ;
(3) If AL <A; ,then f(A)) <f(Ay),Arand A, are fuzzy setsin X ;
(4) A <fLf(A)), for any fuzzy set Ain X ;
(5) f(f1(B)) < B, for any fuzzy set BinY ;
(6) If fis an injective , then f1(f(A)) = A ;
(7) If fis surjective , then f(f}(B)) =B ;
(8) If fis bijective , then f(A°) = (f(A))° ;
QI f:X>Y ,andg:Y —> Z ,then
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(gof)*(c) = f g *(c)) , for any fuzzy set ¢ in Z , where gof is the

composition of gand f .

Definition 1.1.24:[51]

A fuzzy point x;, is said to be quasi — coincident (g—coincident ,for
short ) with a fuzzy set A in X, denoted by x, g A if and only if A >
A°(x) or A+ AX)>1.

Definition 1.1.25:[51]

A fuzzy set A is said to be g—coincident with a fuzzy set B ina
set X , denoted by A g B if and only if there exists x € X such that
A(x) > B¢(x) or A(X) +B(x)>1.If Ais not g—coincident with B , then we
write A/q B, i.e., AKX)<BYx)or AX)+B(x)<1,forall xe X,

Obviously if A and B are g—coincident at x , then both A(x) and
B(x) are not zero and hence x € supp(A) m supp(B) .

For two fuzzy sets Aand B, A<B ifandonly if A and B® are
not g—coincident , denoted by A /q B®.

Example 1.1.26:
Let X={a,b,c} beasetandagsbeafuzzy pointin Xand A,
B and C are fuzzy sets in X defined as follows :
A@ =09 A()=05 A(c)=0.8,
B(a)=0.1 B(b)=0.3 B(c)=0.2 ,
C@=09 C(b)=04 C(c)=0.7 .

Then ags is g—coincident with a fuzzy set A, since 0.5+ A(a) =0.5
+0.9 =1.4 > 1 by definition 1.1.24 . A and B are not g—coincident because
A(X) + B(x) < 1 for each x € X by definition 1.1.25 . A and C are
g—coincident , since A(c) + C(c) =0.8+0.7=1.5>1 by definition 1.1.25 .
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Proposition 1.1.27:[51, 3, 4]
Let A, B be two fuzzy sets in a set X, then :
(1)If AAB=0x,thenA/qB,
(2) A<B ifandonly if x, g B foreach x, qA,
(3) A/qB ifandonlyif A<B¢®,
4) x.q( i\e/JAi) if and only if there is i,eJ such that x, q Aio
(5) x,€A ifand only if x, is not g—coincident with A®,

(6) A/q A° foreach A e I*.
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1.2 . Fuzzy Topological Spaces

Section two will be contain the standard definition of fuzzy
topological space with some of its properties that are needed throughout the
work .

Many areas of mathematics have been fuzzified , since Zadeh first
introduced the notion of a fuzzy set.One of these notions has been topology
.Several different definitions of fuzzy topology have been suggested .

In this thesis we will use one definition of fuzzy topological spaces
.Chang's definition (1968) is the standard definition in this thesis .That

definition is very similar to the usual definition for topological space .

The following definition of fuzzy topological space is due to
Chang [19] .

Definition 1.2.1:

A fuzzy topology on a set X is a family & of fuzzy sets in X which
satisfies the following conditions :

(1) 0x,1x €9,
2 IfA,Bed,thenAAB €,
B)If{Ai:iel}isafamilyind, then v Aied .

d is called a fuzzy topology for X and Itﬁejpair (X,3) (or simply X) is a
fuzzy topological space or fts for short . Every element of & is called
o0—fuzzy open set (fuzzy open set , for short ) . A fuzzy set is 6—fuzzy
closed (or simply fuzzy closed) , if its complement is fuzzy open set .

As ordinary topologies , the indiscrete fuzzy topology on X
contains only Ox and 1x (i.e., ¢, X)), while the discrete fuzzy topology on
X contains all fuzzy sets in X .

The following examples of fts .
Example:1.2.2:

Let X={a,b,c}beasetand A, B and C are fuzzy sets on X
defined as follows :

18
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A(a) = 0.3 A(b) = 0.2 A(c)=0.7 ,
B(a) = 0.6 B(b) = 0.8 B(c) =0.9
C(a)=0.1 C(b) =0.5 C(c)=08 .

Let 8, = <{0)(, A , B , 1)(} and oy = {Ox, A A C , 1x} .Then o1
(respectively, 3,) is a fuzzy topology on X , since 8; (respectively, &) is
closed under arbitrary union and intersection . Then (X,5:) and (X,5,) are

fuzzy topological spaces .

Example:1.2.3:
Let X =[-1,1], and let B;, B, and Bs are fuzzy sets in X defined as

1 ,if -1<x<0
B]_(X): . 1

0 ,if 0<x<1

0 ,if -1<x<0
Ba(X) = _ ’

1 ,if 0<x<1

0 ,if -1<x<0
B3(X): .

15 ,if 0 <x<1

Letd = { Ox, B1, B2, B3, B1vBs, 1x } , then & is a fuzzy topology on
X, and (X,8) isa fts .

follows :

Example:1.2.4:

Let X =10,1] and 6; = {Ox, K, 1x } .Then &, is a fuzzy topology on X
, Where K : X— [0,1] defined as : K(x) =x?, forall x € X, and (X, &y) is

afts.
Example:1.2.5:[5]
Let (X,T) be a topological space (in the ordinary sense) . If elements

of T are identified with their characteristic functions , then (X,T) is a fts .
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Example:1.2.6:[5]

The collection of all crisp fuzzy sets in X is a fuzzy topology on X .

Example:1.2.7:[58]

The collection of all constant fuzzy sets in X is a fuzzy topology on X .

Definition 1.2.8:[19, 74]
Let A be any fuzzy set in a fts X . The interior of A is the union of
all fuzzy open sets contained in A, denoted by int(A) .That is
int(A) =v{B : B isfuzzy open set, B<A}.

Definition 1.2.9:[19,74]

Let A be any fuzzy set in a fts X . The closure of A is the
intersection of all fuzzy closed sets containing A , denoted by cl(A) . That
is, Cl(A) =A{B : B is fuzzy closed set,B>A }.

The most important properties of the closure and interior of fuzzy sets

are listed in the following propositions .

Proposition 1.2.10:[57]
If A be any fuzzy set in X then :
(1) Ais a fuzzy open(closed) set if and only if A =int(A) (A =cl(A)),
(2) cl(1x -A) = 1x— int(A) ,
(3) int(1x —A) = 1x—cl(A) .

Propositions 1.2.11:[74 , 75]
Let A, B be two fuzzy sets in a fts X .Then :
(1) int(A) <A | int(int(A)) = int(A) ,
(2) int(A) <int(B) , whenever A<B,
(3) int(AAB) = int(A) A int(B) , int(AvB) > int(A) v int(B) .
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(4) A<cl(A), cl(cl(A) =cl(A),
(5) cl(A) <cl(B) , whenever A<B,
(6) cl(AAB) <cl(A) A cl(B) , cl(AvB) =cl(A) v cl(B) .

The following example shows that A 7/ int(A) and cl(A) 7/ A for any
fuzzy set Ainafts X.
Example 1.2.12:

Let X ={a,b,c} beaset,d={0x,a03,a.3V bos,1x} .Thend
is a fuzzy topology on X . Suppose A = a5, i.e., A is a fuzzy point in
X(see definition 1.1.14) .Since Ox and ao, 3 are only fuzzy open sets in X

contained in A by definition 1.1.6 .Then int(A) = int(aps) = Ox v ap.3 = ao. 3
by definition 1.2.8 and definition 1.1.7 . That is A %int(A) . Now ,

E={1x,a7vbiveci,a07vbosver,Ox } be a collection of all 5—fuzzy

closed sets in X . Since (ap7Vv byv €1) , (a07v bo7v €1)and 1x are only fuzzy
closed sets in X containing A , then cl(A) = cl(aos) = (a0.7v b1v €1) A (ap7v
bo7v C1) A 1x = ao7v bo7v €1 by definition 1.2.9 and definition 1.1.7 . That
is cl(A) £A .

Definition 1.2.13:[19, 51]
A fuzzy set A in a fts (X,0) is called fuzzy neighborhood (or
simply F—nhd ) of a fuzzy point x, if thereisa B € 6 such that x, € B
<A.
The family of all F—nhds of a fuzzy point x, is called the F—nhd
system of X, .
An F—nhd A is said to be F—open—nhd (respectively, F—closed—nhd) if

and only if A is fuzzy open (respectively, closed) set .

Chang [19] extended the concept of F—nhd of fuzzy set as follows :
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Definition 1.2.14:

A fuzzy set A in fts (X,0) is a F—nhd of a fuzzy set B in X if there

iIs K € & such that B < K < A .The family consisting of all F-nhd of A is
called the F—nhd system of A.

Definition 1.2.15:[51]

A fuzzy set A in a fts X is called g—neighborhood (in short g—nhd) of
a fuzzy point x, if there exists fuzzy open set B in X such that x; q B and B
<A.Thatis X, qB<A.

Example 1.2.16:
Let X ={a, b,c} beasetand 6 = {Ox, A, B, AvB, AAB, 1x}.

where Co3 be a fuzzy point in X and A, B and E are fuzzy sets in X defined

as follows :
A(@) =0.4 A(b) =0.7 A(c)=0.2,
B(a) =0.3 B(b) =0.1 B(c)=0.8,
E(@) =0.5 E(b) =0.8 E(c)=0.9.

Then (X,9) is fts and co3 Is g—coincident with a fuzzy set B , since
0.3+B(c) =0.3+0.8=1.1>1 by definition 1.1.24 . Also , E is g—nhd of a
fuzzy point Cy3 , because B € 6, co3q B and B <E by definition 1.2.15.

Theorem 1.2.17:[74]
A fuzzy point x, € cl(A) if and only if each g—nhd of x;, is

g—coincident with A .
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1.3 : Fuzzy continuity

This section deals with the main definitions of fuzzy continuity and

its theorem that are included throughout the work .

Definition 1.3.1:[59]

A function f: X —> Y from a fts X to a fts Y is said to be fuzzy
continuous at a fuzzy point x, of X if and only if for every F—nhd V of
f(x;) , there exists a F—nhd U of x; such that f(U) <V . f is said to be fuzzy

continuous on X, if it is so at each fuzzy point of X .

Definition 1.3.2:[19, 37]

Let f: (X,61) — (Y,82) be a function from a fts (X,5:) into a fts
(Y,8;) . The function is called fuzzy open (closed) (F open(closed) , for
short ) , if f(A) is fuzzy open (resp., fuzzy closed) set in Y , for each Aed;
(resp., A®€ds) .

Example 1.3.3:
Let X ={a, b, c},Y ={x,y}.Fuzzy sets A and B are defined as
follows :
A@) =04 A(b)=0.3 A(c)=0.9 ,
B(x)=0.9 B(y)=04 .

Let T, = {Ox, A, 1x} and T, = {Oy, B, 1yv}. Then the function
f: (X, Ty) — (Y, T,) defined by f(a) = y and f(b) = f(c) = x is F open

function .

Theorem 1.3.4:[52, 19, 58]
Let (X,T)and (Y, o) be two ftss, and Let f: X — Y be a function
, then the following are equivalent :

(1) fis fuzzy continuous ,
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(2) for every d—fuzzy open set A , f1(A) is T—fuzzy open set ,
(3) for every 6—fuzzy closed set A , f*1(A) is T-fuzzy closed set ,
(4) for any fuzzy set A in X, f(cl(A)) < cl(f(A)) ,

(5) for any fuzzy set Bin Y, f-1(int(B)) < int (f 1(B)) .

Example 1.3.5:
Let X=1{a,b,c},Y={XYy,z}.Fuzzysets A and B are defined
as follows :
A(@@) =0.7 A(b)=0.2 A(c)=0.1,
B(x) =0.1 B(y) =0.7 B(z)=0.2 .

Let T = {Ox, A, 1x} and & = {Oy, B, 1y} .Then the function
f: (X,T) > (Y,0) defined by f(a) =y , f(b) =z, f(c) = x is fuzzy

continuous .
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1.4 : Separation Axioms FTi (i =0, 1,2,3,4) spaces

This section contains the concept of T; —axioms for ftss .We choose
a concept of fuzzy disjointness that agrees with ordinary set theoretic
disjointness in the crisp case .Several fuzzy T; —axioms, i=0,1,2,3,4
have been defined in different ways and investigated by many authors ,
such as [60] , [61] , [62] , [27], [11], [63], [64], [71] . Now we consider
the following standard definitions which are often needed throughout the

work .

Definition 1.4.1:[1]
A fts X is called fuzzy T.,—space (FT.—space, for short )if for each
pair of fuzzy points x, and Y. , with supp(x,) # supp(y.) , there exists fuzzy

open set U such that x,eU < (Yo)¢ or YoeU < (X;)°.

Proposition 1.4.2:

A fts X is FTo—space if and only if for any pair of fuzzy points x;
and y. ,with x =y, there is a fuzzy open—nhd U of x;, such that U /q y., or
U is a fuzzy open—nhd of y, such that U /q x, .

Proof :

Let X be a FT.—space , and X, , Y« be two fuzzy points in X ,with
X # Y . Then supp(x,) # supp(Y.) by definition 1.1.14 .As X is FT,—space ,
by definition 1.4.1 , there exists fuzzy open set U such that x; € U < (Yo)©
or yo € U< (X)) .Thatis,x, e U<Uand U< (yo)® or yo e U<U and
U < (x)¢ .Therefore , U is a fuzzy open—nhd of x, such that Uq y. or U is
a fuzzy open-nhd of y, such that U /4 x; by definition 1.2.13 and
Proposition 1.1.27.part 3 .

Conversely , suppose that x, , Yo be two fuzzy points in X , with
supp(xx) # supp(y.) .Then x # y by definition 1.1.14 .By hypothesis , there
is a fuzzy open—nhd U of x, such that U 4 y. or U is a fuzzy open—nhd of
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Yo Suchthat UAQ (x,).Sox, eU<Uand U < (yo)® or yoeU<Uand U <

(x2)¢ by definition 1.2.13 and Proposition 1.1.27.part 3 . So X, €U < (Yo)°
or Yo eU < (). Therefore , X is FT,—space by definition 1.4.1 .

The following example of FT,—space .
Example 1.4.3:
Let X={x,y} beasetand 6 = {Ox, X1, 1x} beaftsonX.Thenx;isa
crisp point in X (see definition 1.1.16) and (X, d) is FT,—space because ,
for any pair of fuzzy points x;, and Y. , with supp(x,) # supp(Y) , X1 IS a

fuzzy open set such that x; € X1 < (Yo)°.

Definition 1.4.4:[1]
A fts X is called fuzzy Ti—space (FT1—space, for short) if every pair of
fuzzy points x, and y. ,with supp(x,) = supp(Y.) , there exists fuzzy open

sets U and V such that x,eU < (Yo)® and yoeV < (X)° .

It follows from the above definition that every FTi—space is
FT.—space but the converse is not true . for ,
Example 1.4.5:
Let X=1{a, b} beasetand T = {Ox, a1, 1x} beaftson X . Then a; is
a crisp point in X (see definition 1.1.16) and (X,T) is FT,—space but not
FT,—space because , for any pair of fuzzy points a, and b, such thata = b ,
then a; is a fuzzy open set such that a, € a; < (by)° and there is no fuzzy

open set containing b, not g—coincident with a, .

Proposition 1.4.6:

A fts X is FT;—space if and only if for any pair of fuzzy points x,
and y, ,with x # y ,there exists a fuzzy open—-nhds U ,V of x;and y.,

respectively such that U /q y. and V /q X, .

26



Chapter one Section four
Proof :  The proof is similar to Proposition 1.4.2 .

Definition 1.4.7:
A fts X is said to be fuzzy strongly T1—space (FSTi—space, for short)
if and only if every fuzzy point x; is a fuzzy closed set . In [60] , Ganguly

and Saha called this space a fuzzy T;.

Theorem 1.4.8:

Every FST;—space is a FT;—space .
Proof :

Let X be a FSTi—space , and X, , Yo be two fuzzy points in X, such
that X =y, since x, and y. are fuzzy closed sets in X, (x,)¢ and (y.)¢ are
fuzzy open sets .Then y,e(x,)® and X,e(Yo)°® such that (x,)° /g x, and
(Yo)° /q Yo by Proposition 1.1.27.part 6 . This shows that X is FTi—space .

The following example shows that the converse of the above

Theorem may not be true .

Example 1.4.9:

Let X={x,y}and 6 = {Ox, X1,Y1, 1x} beaftson X .Then x; , y; are
crisp points in X (see definition 1.1.16) and (X , ) is a FT;—space , since
for any pair of fuzzy points x;, and y., with X =y, x; and y; are fuzzy
open—nhds of x, and y,, resp., such that x;/q Yy, and yi1 /q x; . But (X,0) is
not FST,—space because , for example , yo3 is a fuzzy point in X but not

fuzzy closed set .

Definition 1.4.10:[1]
A fts X is called fuzzy T,—space (FT.—space, for short), if for every
pair fuzzy points x; and y. , with supp(x,) # supp(Y.), there exists fuzzy

open sets U and V such that x,e U < (o), YaeV < (X)) and U /q V.
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It follows from the above definition that every FT,—space is FT;—space .

Proposition 1.4.11:

A fts X is FT,—space if and only if for any pair of fuzzy points Xx,
and y. , with x # y, there exists a fuzzy open—nhds U and V of x;and ya,
respectively , which are not g—coincident .

Proof :

Let X is FT,—space , and X, , Y« be two fuzzy points in X ,with
X # Yy .Then supp(x,) # supp(Y.) by definition 1.1.14 .As X is FT,—space by
definition 1.4.10 , there exists fuzzy open sets U and V such that x;e U <
(Yo)®, YaeV < (X)¢ and U /g V .Thatis, xae U<U ,y,eV<Vand U /g
V .Therefore , U and V are fuzzy open—nhds of x; and y. , respectively ,
which are not g—coincident by definition 1.2.13 and definition 1.1.25 .

Conversely , suppose that x, , Yo be two fuzzy points in X , with
supp(x) = supp(Yo) - Then x =y by definition 1.1.14 .By hypothesis , there
exists a fuzzy open—nhds U and V of x;and y. , respectively , which are
not g—coincident .So x, € U, yo € V and U /q V by definition 1.2.13 and
definition 1.1.25 .That is , U® < (x,)°, V¢ < (Yo)® and U < V¢ by Proposition
1.1.27 . part 3. S0 xpe U <V < (Vo)°, YaeV < U< (x)¢and U /q V
.Therefore , X is FT,—space by definition 1.4.10 .

The following example of FT,—space .
Example 1.4.12:
Consider the fts (X,5) of example 1.4.9 . By Proposition 1.4.11 , (X,d)
iIs FT,—space , since for every fuzzy points x; and y. , with X #y , X; and

y1 are fuzzy open—nhds of x; and y. resp., such that x; /q y: .

Question 1.4.13:

Does there exists a fts which is FT;—space and it is not FT,—space ?
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Definition 1.4.14:]2 , 23]

A fts X is called fuzzy regular space (FR—space , for short ) , if for
each fuzzy point x, and each fuzzy closed set F such that x; € 1x—F , there
exists , two fuzzy open sets U; and U, such that x, € Uy, F < U, and
U /qU; .

Proposition 1.4.15 :[2 , 23]
A fts X is FR—space if and only if for each fuzzy point x, in X and
every fuzzy open set U such that x, € U , there exists fuzzy open set V

such that x, eV <cl(V)<U.

The following example of FR—space .

Example 1.4.16:
Let X = {X, y} be a set and the fuzzy set V in X defined as follows :
V(x)=0.5 V(y)=05.

Let T ={0Ox , V, 1x} be a fuzzy topology on X . Clearly ,V and 1x are
fuzzy open sets and fuzzy closed sets at the same time in X .That is, cl(V)
=V and cl(1x) = 1x by Proposition 1.2.10.part 1. So , for each fuzzy point
X, In X such that x; € V , there is a fuzzy open set V in X such that x;, eV
< cl(V) <V and for each fuzzy point x; in X such that x, € 1x , there is a
fuzzy open set 1x in X such that x, €lx < cl(1x) < 1x .Hence X is

FR—space by Proposition 1.4.15 .

Theorem 1.4.17:[59]

Let (X,5) be a FR—space .Then for any fuzzy closed set F and any
fuzzy point x, € F°, there are U, V &6 such that x, € U, F< V and
cl(U) <Vve.
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Definition 1.4.18:[64]

A fts X is called fuzzy Ts—space (FTs—space , for short) , if and only if
it is FST;—space and FR—space .

Theorem 1.4.19:[2]
A FTs—space is a FT,—space .

Converse of the above Theorem is not true as seen in the following
example .
Example 1.4.20:
Let X ={a, b} beaset and 6 = {Ox, a;, b1, 1x} be a fuzzy
topology on X . Then a; , b; are crisp pointsin X ( see definition 1.1.16)

and (X,0) is FT,—space but not FTs—space , since it is not FST;—space .

Definition 1.4.21:[12]
A fts X is called fuzzy normal space (FN-space ,for short) if and only
if for any fuzzy closed set F and fuzzy open set U such that F< U, there

exists , a fuzzy open set V such that F<V <cl(V)<U.

Theorem 1.4.22:[65]

For a fts X, the following are equivalent :
(1) X is FN—space .
(2) for two fuzzy closed sets F and G with F /q G, there exists a fuzzy
opensets Uand Vsuchthat F<U,G<V andU/qV.
(3) for any two fuzzy closed sets F and G with F q G, there exists a fuzzy
open set U such that F<U and cl(U) g G .

The following example of FN—space .
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Example 1.4.23:
Consider the fts (X,T) of example 1.4.16 .Then (X,T) is FN—space ,
because Ox , V and 1x are fuzzy open sets and fuzzy closed sets at the same

time in X..

Definition 1.4.24:[2]
A fts X is called fuzzy FT,—space (FT,—space, for short), if and only
if itis FST;—space and FN—space .

The following example of FTs;—space and FT,—space .
Example 1.4.25:
The discrete fuzzy topology in X =[-2, 2] is FTs—space and
FTs,—space .

Theorem 1.4.26:[2]
A FT,—space is a FTz—space .

Question 1.4.27:

Does there exist fts which is FT;—space and it is not FT,—space ?
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3.4: Preservation theorems and other characterization of fuzzy

yY—separation axioms
In this section ,we present preservation theorems and other

characterization of fuzzy y—separation axioms depending on these new

forms of fuzzy generalized y—functions in section 3.3.

Theorem 3.4.1:

For a FST;—space X , the following are equivalent :

(@) X is FyR—space .

(b) for any pair of fuzzy point x, and fuzzy closed set B of X such that x;.
€ 1x—B , there exists a Fgy—open sets U and V of X such that x, €U, B
<VandU/qV.

(c) for each fuzzy point x;, and each fuzzy open set B containing x;. , there
exists a Fgy—open set U such that cl(x,) eU <y—cl(U)<B.

(d) for each fuzzy point x, and each Fg—open set B containing X , there
exists a fuzzy y—open set U such that x;, eU <y—cl(U) <int(B) .

(e) for each fuzzy point x;,, and each Fg—open set B containing x, , there
exists a Fgy—open set G such that x, G <y—cl(G) <int(B) .

(F) for each fuzzy point x,, and each fuzzy open set B containing x; , there
exists a fuzzy y—open set U such that cl(x,)eU <y—l(U) <B.

Proof :

(@) =(b) : Let x,, and B be a fuzzy point and a fuzzy closed set ,resp., in X

such that x, €1x—B . By (a) ,there exists fuzzy y—open sets U and V such

that x, eU , B <V and U /q V .Since every fuzzy y—open set is Fgy—open

by Proposition 3.2.16. part 1 . This proves that (b) is hold .

(b) =(a) : Let x, and B be a fuzzy point and a fuzzy closed set ,resp., in X

such that x;, €1x—B .By (b) ,there exists two Fgy—open sets U and V such

that x, €U, B <V and U /qV .Since X is FST;—space ,then x, is fuzzy

closed in X by definition 1.4.7 .Then x, and B are fuzzy closed sets
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contained in a Fgy—open sets U and V respectively .So x, ey—int(U) and B
< y=int(V) by definition 3.2.14 and y—int(U) /g y—int(V) . Now, put M; =
v—int(U) and M, = y—int(V) , then Mi, M, eFyO(X) by Properties
2.2.13.part 2, such that x, eM; , B <My and Mi/q M, .This shows that X
Is FyR—space by definition 2.3.19 .

(b)=(c) : Let x;. be a fuzzy point and B be a fuzzy open set in X containing
X, .S0 X, and 1x—B be a fuzzy point and a fuzzy closed set , resp., in X
such that x;, €e1x—(1x—B) . By (b) ,there exists a Fgy—open sets U and V
such that x, €U, 1x-B <V and U /qV .It follows that x, €U <1x-V <
B . As (1x-V) is Fgy—closed and B is fuzzy open set , we have
v—cl(U) < y—l(1x-V) < B and x5, € U < y—l(U) < B . Since X is
FSTi—space , X, is fuzzy closed set in X by definition 1.4.7 .This shows
that cl(x,)eU <y—cl(U) <B.

(c)=(b) : Let x,, and B be a fuzzy point and a fuzzy closed set , resp., in X
such that x;, e 1x—B .So 1x—B is fuzzy open set containing X» . By (c), there
exists a Fgy—open set U such that cl(x;) € U < y—l(U) < 1x-B . Put V =
1x—(y—cl(V)) , so V is fuzzy y—open set and B < V .Since every fuzzy
y—open set is Fgy—open ,V is Fgy—open . Also since X is FST;—space , then
Xy 1S fuzzy closed in X by definition 1.4.7 . It follows that there exists two
Fgy—open sets U and V such that x,. =cl(x;) eU,B<Vand U/qV.
(c)=(e) : Let x, and B be a fuzzy point and a Fg—open set ,resp., in X
such that x;, €B .Since X is FST;—space , x,. is fuzzy closed in X by
definition 1.4.7 . Since B is Fg—open containing X, , S0 X, € int(B) by
definition 2.1.18 . By (c) , there exists a Fgy—open set U such that x;, eU <
y—cl(U) <int(B) .

(e)=(c) : Let x» and B be a fuzzy point and a fuzzy open set , resp., in X
such that x,, B .Since every fuzzy open set is Fg—open by Proposition

2.1.19 , then B is Fg—open set containing x. . By (e) , there exists a
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Fgy—open set U such that x;, eU < y—l(U) < int(B) < B . Since X is

FSTi—space , X, is fuzzy closed in X by definition 1.4.7 , i.e., cl(x)) = x».
by Proposition 1.2.10.part 1. It follows that cl(x;) eU <y—l(U) <B.
(d)=(e) : Let x;. and B be a fuzzy point and a Fg—open set ,resp., in X such
that x, €B . By (d) ,there exists a fuzzy y—open set U such that x;, eU <
v—cl(U) < int(B) .Since every fuzzy y—open set U is Fgy—open by
Proposition 3.2.16 .part 1.This proves that (e) is hold .

(e)=(d) : Let x,. be a fuzzy point and B be a Fg—open set in X containing
X, . By (e) , there exists a Fgy—open set G such that x, €G < y—l(G) <
int(B) . Since X is FST;—space , X, is fuzzy closed in X by definition 1.4.7
.Since G is Fgy—open set and x; is fuzzy closed , then x, ey-int(G) by
definition 3.2.14 .Put U= y—int(G) , then Ue FyO(X) by Properties 2.2.13 .
part 2 and x, eU <y—cl(U) < int(B) .

(c)=(f) : Let x» beany fuzzy point and B be any fuzzy open set of X
containing x; .By (c) there exists a Fgy—open set G such that cl(x,) € G <
v—Cl(G) < B . Since G is Fgy—open set . Then cl(x;) € y—int(G) by definition
3.2.14 .Put U = y—int(G) , then U is fuzzy y—open set by Properties 2.2.13 .
part 2 and cl(xy) eU <y—cl(U) <B.

(H=(c) : Let x;,. be any fuzzy point and B be a fuzzy open set of X such
that x, €B . By (f) , there exists fuzzy y—open set U such that cl(x,) €U <
v—cl(U) < B . Since every fuzzy y—open set is Fgy—open by Proposition
3.2.16 .part 1. So U is Fgy—open .This shows that (c) is hold .

Theorem 3.4.2:
For a fuzzy topological space X, the following are equivalent :
(@) X is FyN-space .
(b) for any pair of fuzzy closed sets A and B of X such that A /q B, there
exists a Fgy—open sets U and V of X suchthat A<U,B<VandU/qV.
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(c) for each fuzzy closed sets A and each fuzzy open set B containing A

,there exists a Fgy—open set U such that cl(A) <U <y—l(U) <B..

(d) for each fuzzy closed set A and each Fg—open set B containing A , there

exists a fuzzy y—open set U such that A < U <y—cl(U) <int(B) .

(e) for each fuzzy closed set A and each Fg—open set B containing A , there

exists a Fgy—open set G such that A <G <y—l(G) < int(B) .

(F) for each Fg—closed set A and each fuzzy open set B containing A , there

exists a fuzzy y—open set U such that cl(A) <U <y—cl(U)<B.

(g) for each Fg—closed set A and each fuzzy open set B containing A ,
there exists a Fgy—open set G such that cl(A) <G <y-cl(G)<B.

Proof :

(@=(b) : Let A and B be two fuzzy closed sets in X such that A /q B .

Since X is FyN-space , by Theorem 2.3.26 , there exists fuzzy y—open sets

U and V such that A<U, B <V and U /q V .Since every fuzzy y—open set

is F gy—open . This shows that (b) is hold .

(b) =(a) : Let A and B be two fuzzy closed sets in X such that A /q B . By

(b) , there exists two fuzzy gy—open sets U and V suchthat A<U, B<V

and U /q V .Since A and B are fuzzy closed sets . So A < y—int(U) and B <

v—int(V) by definition 3.2.14 .part 1 and y—int(U) /q y—int(V) . It follows

that , X is FyN—space by Theorem 2.3.26 .

(b)=(c) : Let A be a fuzzy closed set and B be a fuzzy open set containing

A .So A and (1x—B) are two fuzzy closed sets such that A /q (1x—B) . By

(b) , there exists a fuzzy gy—open sets U and V such that A<U, 1x-B<V

and U /q V. It follows that A<U < (1x—V) <B.

As (1x—V) is F gy—closed and B is fuzzy open set , we have

y—cl(U) < y—cl(1x-V)< B and A<U<y—cl(U)<B .Since A is fuzzy

closed set, cl(A) < U <y—cl(U)<B.
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(c)=(b) : Let A and B be two fuzzy closed sets such that A < 1x—B .So

1x—B be a fuzzy open set containing A .By (c) ,there exists a Fgy—open set
U such that A <U <y—cl(U) < 1x-B .Put V = y-int(1x-U) , so V is fuzzy
v—open set by Properties 2.2.13 . part 2 and B < V . Since every fuzzy
vy—open set is Fgy—open by Proposition 3.2.16 .part 1 . It follows that there
exists two Fgy—open sets U and V suchthat A<U,B<Vand U /qV.
This shows that (b) is hold .

(c)=(e) : Let A be a fuzzy closed set of X and B be a Fg—open set such that
A <B. Since B is Fg—open set and A is fuzzy closed , A <int(B) . By (¢),
there exists a Fgy—open set U such that A < U <y—cl(U) <int(B) .

(e)=(c) : Let A be a fuzzy closed set and B be a fuzzy open set containing
A . Since every fuzzy open set is Fg—open by Proposition 2.1.19 , then B is
a Fg—open set containing A . By (e), there exists aFgy—open set U such that
A<U<y—-l(U)<int(B)<B.

(d)=(e) : Let A be a fuzzy closed set and B be a Fg—open set containing A
. By (d) , there exists a fuzzy y—open set U such that A < U < y—cl(U) <
int(B) .Since every fuzzy y—open set is Fgy—open .This shows that (e) is
hold .

(e)=(d) :Let A be any fuzzy closed set of X and B be a Fg—open set
containing A . By(e) , there exists a Fgy—open set G such that A < G <
v—cl(G) < int(B) . Since G is Fgy—open , A < y—int(G) . Put U = y—int(G) ,
then U is fuzzy y—open by Properties 2.2.13 . part 2 and A <U <y—cl(U) <
int(B) .

()=(0) : Let A be any Fg—closed set of X and B be a fuzzy open set such
that A <B .Then cl(A) < B .Therefore ,there exists a Fgy—open set U such
that cl(A) <U <y—l(U)<B.

(9)=(c): Let A be a fuzzy closed set and B be a fuzzy open set containing

A . Since every fuzzy closed set is Fg—closed by Proposition 2.1.14 .part 1,
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so A is Fg—closed set containing B . By (g) , there exists a Fgy—open set U
such that cl(A) < U <y—l(U)<B.

(9)=(f) : Let A be any Fg—closed set of X and B a fuzzy open containing A
.By (g) , there exists a Fgy—open set G such that cl(A) <G < y—l(G) <B.
Since G is Fgy—open and cl(A) < G ,we have cl(A) < y—int(G) .Put U =
v—int(G) , then U is fuzzy y—open set by Properties 2.2.13 . part 2 and cl(A)
<U<y-cl(U)<B.

(H=(g) : Let A be a Fg—closed set and B be a fuzzy open set such that A <
B . By(f) ,there exists a fuzzy y—open set U such that cl(A) < U < y—cl(U) <
B . Since every fuzzy y—open set is Fgy—open set by Proposition 3.2.16.part
1 .This shows that (g) is hold .

Theorem 3.4.3:
Let f: X — Y be a Fgy—open bijection function from a FT,—space X

into a FST;—space Y . Then Y is FyT,—space .

Proof :

Let x; and y, are fuzzy points in Y such that supp(xx) = supp(Yo) .
Since f is bijective function .By Remark 1.1.22 .part 4, f1(x,) and  f1(y.)
are fuzzy points in X such that supp(f 1(x.)) # supp(f (y«)) . As X is
FT,— space, so by definition 1.4.10 , there exist fuzzy open sets U and V in
X such that f 1(x.)eU< (f Y(ya))® , fys) eV < (f1(x))® and U /q V .
Since f is Fgy—open function , f(U) and f(V) are Fgy—open sets in Y by
definition 3.3.1 . Again, since f is bijective ,we have x; = f(f 1(x,)) € f(U)
< F(FYa)?) = (Ve)® , Yo = f(FH(ya)) € F(V) < F(f(x1)) = (x)° and f(U) /g
f(V) by Theorem 1.1.23 . Since Y is FST;—space , by definition 1.4.7 , X,
and y,, are fuzzy closed sets in Y contained in a Fgy—open sets f(U) and

f(V) resp., so x. e y=int(f(U)) < (Yo)® , Ya € y=int(f(V)) < (x)° by
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definition 3.2.14 and y—int f(U) /q y—int f(\VV) .Now, put M; = y—int f(U) and
M; = y—int f(V) .Then M; , M, e FyO(Y) by Properties 2.2.13 . part 2 such

that X5, € Mi< (Yo)®, Yo € M2 < (X)¢ and My /q M, .Therefore , the space
Y is FyT,—space by definition 2.3.14 .

Theorem 3.4.4:
Let f: X — Y be aFgy—closed bijection function from a FT,—space
Xintoa FSTi—space Y . Then Y is FyT,—space .

Proof : It follows from Lemma 3.3.2.part 2 ,and Theorem 3.4.3.

Corollary 3.4.5:

Let f: X —> Y be a Fyg—open bijection function from a FT,—space
Xintoa FSTi—space Y . Then Y is FyT,—space .
Proof :

The proof follows from Theorem 3.4.3 and Proposition 3.3.3 . part 1.

Corollary 3.4.6:

Let f: X — Y be a Fyg—closed bijection function from a FT,—space
Xintoa FST;—space Y .ThenY is FyT,—space .
Proof :

It follows from Theorem 3.4.4 and Proposition 3.3.3 . part 1.

Theorem 3.4.7:

Let f: X — Y be a F q y—open bijection function from a FyT—space
XintoaftsY.Then Y is FTi—space,fori=0,1,2 .
Proof : we proveonlyi=1.

Let x;. and y,, are fuzzy points in Y such that supp(xx) # supp(Ye) .
Since f is bijective function .By Remark 1.1.22 .part 4 , f(x,) and f*(y.)
are fuzzy points in X such that supp(f(x.)) = supp(f *(ys)) . As X is
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FyTi—space , so by definition 2.3.6 , there exists fuzzy y—open sets U and V
in X such that f1(x))eU< (f 1(yo))° and f 1(y.) eV <( f1(xx))° .Since f is
g y—open function ,we have f(U) and f(V) are fuzzy open sets in Y by
definition 3.3.1 .Since f is surjective , x, = f(f 1(x1)) e f(U) < f(f 1(ya)°) =
(Yo)© and yo = f(f 1(ya)) € f(V) < f(f1(x2)¢) = (X.)¢ by Theorem 1.1.23. This
proves that Y is FT;—space by definition 1.4.4 .

Other cases can be proved in a similar manner .

Theorem 3.4.8:
Letf: X — Y be aF qy—closed bijection function from a FyT,—space
XintoaftsY.ThenY is FTi—space,fori=0,1,2 .

Proof : It follows from Lemma 3.3.2.part 4 ,and Theorem 3.4.7 .

Theorem 3.4.9:

Let f: X —> Y be Fq y—closed bijection function from a FST;—space
Xintoafts Y. ThenY isaFST;—space.

Proof :

Suppose that X is FST;—space and x, any fuzzy point in Y .Since f is
bijective function . By Remark 1.1.22 .part 2, f"}(x;) is fuzzy point in X .
According to the assumption , f-(x,) is fuzzy closed in X .But every fuzzy
closed set is fuzzy y—closed , so f 1(x,) is fuzzy y—closed in X . Since f is
surjective Fq y—closed , then x, = f(f }(xy)) is fuzzy closed in Y by
Theorem 1.1.23 .part 7 and definition 3.3.1 .Therefore ,Y is FST;—space by
definition 1.4.7 .

Theorem 3.4.10:
Let f: X — Y be a Fq y—open bijection function from a FST;—space
Xintoafts Y. ThenY isaFST;—space.

Proof : It follows from Lemma 3.3.2.part 4 , and Theorem 3.4.9 .
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Theorem 3.4.11:

Let f: X — Y be a Fy—gy—open bijection function from a FyT,—space
Xinto a FST;—space Y . Then Y is FyT,—space .

Proof :

Let X is FyT,—space and let x; and y,, are fuzzy points in Y such that
supp(xx.) = supp(Y«) . Since f is bijective function .By Remark 1.1.22 . part
4 , f1(x,) and f1(y,) are fuzzy points in X such that supp(f (xx)) # supp
(f 1(yo)) . As X is FyT,—space , so by definition 2.3.14 , there are U; , U,
eFyO(X) such that f1(x,)eUi< (F(yo))°, f(Ya) €Uz < (f1(x2))° and Uy
/q Uz . Again , since f is bijective Fy—gy—open ,we have f(U;) and f(U,) are
Fgy—open sets in Y such that x, = f(f1(xy)) € f(U1) < f(F1(Ya)) = (Vo)® Yo
= f(f Y(ya)) € f(U) < f(f1(x)°) = (x»)¢ and f(U,) /q f(U) by Theorem 1.1.23
and definition 3.3.1 . Since Y is FST;—space , so by definition 1.4.7, x; and
Yo are fuzzy closed sets in Y contained in a Fgy—open sets f(U;) and f(Uy)
respectively .Then x;. ey—int(f(U1)) < (Yo)®, Yo ey—int(f(Uz)) < (x1)¢ by
definition 3.2.14 and y—int(f(Uy)) /q y=int(f(Uz)). Now, put Ni =
v—int(f(U;)) ,then Ni eFyO(Y) for i =1, 2 by Properties 2.2.13.part 2. So
Xn €N1 < (Vo) , Yo €N2 < (X3)¢ and N1 /g N2 . Therefore ,Y is FyT,—space by
definition 2.3.14 .

Theorem 3.4.12:

Letf: X —> Y be Fy—gy—closed bijection function from a FyT,—space
Xintoa FSTi—space Y . Then Y is FyT,—space .
Proof : It follows that from Lemma 3.3.2.part 5 ,and Theorem 3.4.11 .

Corollary 3.4.13:

Let f : X — Y be Fy—yg—open bijection function from a FyT,—space
X into a FST;—space Y . Then Y is FyT,—space .
Proof : It follows from Theorem 3.4.11 and Proposition 3.3.3 .part 4 .
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Corollary 3.4.14:

Let f : X —» Y be a Fy—yg—-closed bijection function from a
FyT,—space X into a FST;—space Y . Then Y is FyT,—space .
Proof : It follows from Theorem 3.4.12 and Proposition 3.3.3 .part 4 .

Theorem 3.4.15:

Let f : X —> Y be a Falmost gy—open bijection function from a
FT,—space X into a FST;—space Y . Then Y is FyT,—space .

Proof :

Let X is FT,—space and let x, and y, are fuzzy points in Y such that
supp(xx) = supp(Y«) . Since f is bijective function ,so by Remark 1.1.22 .
part 4 , f1(x;) and f(y.) are fuzzy points in X such that supp(f 1(xx)) #
supp(f 1(y.)) .As X is FT,—space . By definition 1.4.10 , there are fuzzy
open sets U; and U, such that f3(x;) € Uy, f(ys) € Uz and U; /q U, . Put
Gi =int(cl(Ui)) , wherei=1, 2 .Then Gi € FRO(X) by definition 2.1.1.part
7, f1x) e G1, fy.) € G, and G; /q G, . Since f is Falmost gy—open
,then f(G;) and f(G,) are Fgy—open sets in Y . Again , since f is bijective ,
X, € f(G1) , Ya € 1(G2) and f(Gy) /q f(G2) by Theorem 1.1.23 . Since Y is
FST,—space .Then , by definition 1.4.7, x;, and y. are fuzzy closed sets
contained in a Fgy—open sets f(G;) and f(G,) respectively .Now , put Vi =
v—int(f(Gj)) fori =1, 2 .Then Vi € FyO(Y) , X, € V1, Yo € V2 and V3 /q
V, Dby Properties 2.2.13. part 2 and definition 3.2.14 .part 1 . Hence , we
have Y is FyT,—space by definition 2.3.14 .

Theorem 3.4.16:

Let f : X —» Y be a Falmost gy—closed bijection function from a
FT,—space X into a FST;—space Y . Then Y is FyT,—space .
Proof : It follows from Lemma 3.3.2.part 6 ,and Theorem 3.4.15 .
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Theorem 3.4.17:

Let f: X — Y be a fuzzy y—continuous an injection function from a
fts X into a FTi—space Y . Then X is FyT;—space ,fori=0,1,2.
Proof : we proveonlyi=0.

Suppose that Y is FTo—space , X, and Yy, are fuzzy points in X such
that supp(xx) # supp(Ys) .Since f is an injective function , so by Remark
1.1.22 . part 3, f(x») and f(y.) are fuzzy points in Y such that supp(f(xy)) #
supp (f(yo)) . According to the assumption there is a fuzzy open set U such
that f(x))eU< (f(yo))® or f(y.)e U < (f(x1))¢ .Suppose there is a fuzzy
open set U such that f(xx)eU< (f(y.))® .Since f is a fuzzy y—continuous
function , f-1(U) is fuzzy y—open set in X by Theorem 3.3.8 .part 1 . Again,
since f is an injective function , x, = f1(f(x,)) € f1(U) < f1f (Yo)%) = (Yo)©
by Theorem 1.1.23. part 6 .This shows that X is FyT,—space by definition
23.1.

Other cases can be proved in a similar manner .

Theorem 3.4.18 :

Let f: X = Y be a fuzzy y—irresolute an injection function from a
fts X into a FyT;—space Y . Then X is FyT;—space ,fori=0,1, 2.

Proof : we proveonly i=1.

Assume that Y is FyT;—space , x; and y. are fuzzy points in X such
that supp(x;) # supp(y.) .Since f is an injective function ,so by Remark
1.1.22 . part 3, f(x,) and f(y.) are fuzzy points in Y such that supp(f(x,)) #
supp(f(y.)) . As Y is FyT,;—space . By definition 2.3.6 , there are U ,V
eFyO(Y) such that f(x,)eU< (f(yo))® and f(ys)e V < (f(x))¢ . Since f is
fuzzy vy—irresolute , f }(U) and f 1(V) are fuzzy y—open sets in X by
Theorem 3.3.8 .part 6 . Again, since f is an injective function ,we have x, =
fA(f(a)) ef Y(U) < FHf (Vo)) = (Vo) and yo= 1 (f(ys)) € FH(V) <
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f 1(f(x0)°) =(x1)¢ by Theorem 1.1.23. part 6 .This proves that X is

FyTi—space by definition 2.3.5 .

Other cases can be proved in the same manner .

Theorem 3.4.19:
Let f: X —> Y be a fuzzy y—irresolute an injection function from a
fts X into a FTi—space Y . Then X is FyT;—space ,fori=0,1,2.
Proof :
It follows from Theorem 3.4.18 and since every FTi—space is

FyTi—space ,wherei=0,1,2 .

Theorem 3.4.20:

Let f: X —> Y be a fuzzy y—gy—continuous an injection function from
a FST;—space X into a FyT,—space Y . Then X is FyT,—space .
Proof :

Suppose that Y is FyT,—space ,and let x; and y,, are fuzzy points in
X such that supp(xx) # supp(y.) . Since f is an injective function .By
Remark 1.1.22 .part 3 , f(x,) and f(y.) are fuzzy points in Y such that
supp(f(xx)) = supp(f(y.)) . According to the assumption there are U , V
eFyO(Y) such that f(xa) €U < (f(yo))® , f(ye) € V < (f(x))and U /q V .
Since f is fuzzy y—gy—continuous function , f 1(U) and f (V) are fuzzy
gy—open sets in X by Theorem 3.3.8 .part 5. Again, since f is an injective
function , x, = f1(f(x))) € f1(U) < f1f (Vo)) = (Vo)°, Ya=F(f(yo)) €
f1(V) < £1(f (x)°) = (x.)° and f1(U) /g f1(V) by Theorem 1.1.23 . As X
iIs FST;—space , so by definition 1.4.7, x;. and y, are fuzzy closed sets in X
contained in a Fgy—open sets f 1(U) and f (V) respectively . So x, e
y=int(f 1(U))< (Vo)® , Yae y—int(f 1(V))< (x.)° by definition 3.2.14 and
y—int(f 1(U)) /q y—int(f 1(V)) .Now , put N; = y—int(f *(U)) and N, =
y—int(f 1(V)) , then Ni, N2 eFyO(X) by Properties 2.2.13.part 2 . So X
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eN1< (Vo)®, Yae N2 < (X2)¢ and N; /g N .1t follows that X is FyT,—space
by definition 2.3.14.

Corollary 3.4.21:

Letf: X — Y be afuzzy y—yg—continuous an injection function from
a FST;—space X into a FyT,—space Y . Then X is FyT,—space .
Proof : It follows from Theorem 3.4.20 and Proposition 3.3.12 . part 5.

Theorem 3.4.22:

Let f: X — Y be a fuzzy gy—continuous an injection function from a
FST;—space X into a FT,—space Y . Then X is FyT,—space .
Proof :

Let Y be a FT,—space, and let x, and y, be two fuzzy points of X such
that supp(x,) = supp(y.) . Since f is an injective function , so by Remark
1.1.22 .part 3, f(x,) and f(y.) are two fuzzy points in Y with supp(f(xy)) #
supp(f(y.)) .As Y is FT,—space .By definition 1.4.10, there are fuzzy open
sets N;and N of Y such that :
f(xn)e Ni< (f(Yo))® , f(Yo)e N2 < (f(xa))® and N1 /q N2 .Since f is fuzzy
gy—continuous function , then f-3(N;) and f-*(N,) are fuzzy gy—open sets
of X by Theorem 3.3.8 .part 2 . Again, since f is an injective function , x, =
FA(F(xe)) € HNL) <FH(f(Ya)) = (Vo)) Yo= FH(f(Ya)) € FH(N2) < FH(F (x2)°)
= (x2)® and f1(N,) /q f-1(N,) by Theorem 1.1.23 . As X is FST;—space ,then
, by definition 1.4.7 , x;. and y. are fuzzy closed sets in X contained in a
Fgy—open sets f1(N;) and f(N) respectively .So xi e y—int(f 1(N;)) <
(Yo)°, Yo ey=int(f1(N2)) < (x.)¢ by definition 3.2.14 and y—int(f *(N)) /q
y—int(f 1(N2)) .Now, put G; = y—int(f *(N;)) for i = 1, 2 .Then G;, G
eFyO(X) by Properties 2.2.13.part 2 , x5, € G1 < (Yo)®, Yo €G2 < (X)¢ and
G1/q G, .Therefore , X is FyT,—space by definition 2.3.14 .
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Corollary 3.4.23:

Let f: X — Y be a fuzzy yg—continuous an injection function from a
FST;—space X into a FT,—space Y . Then X is FyT,—space .
FyT,—space .
Proof : It is obvious from Theorem 3.4.22 and Proposition 3.3.12. part 2 .

Theorem 3.4.24:

Let f: X — Y be a fuzzy continuous F g y—closed bijection function from
a FyR—space X intoafts Y . Then Y is FR—space .
Proof :

Let X is FyR—space ,and let x, and G be a fuzzy point and a fuzzy
closed set , resp., in Y such that x;, €1y—G .Since f is fuzzy continuous
bijective , then f 1(x,) is fuzzy point in X by Remark 1.1.22.part 2 and
f 1(G) is fuzzy closed set of X by Theorem 1.3. 4 . part 3 . such that
f 1(xn) elx—f }G) by Theorem 1.1.23 .part 2 and part 1. As X is
FyR—space , so by definition 2.3.14 , there exist fuzzy y—open sets U; and
U, in X such that f(x;) eU;, fY(G) < U, and Uy/q U, . Put V; =
Iv—f(1x-U; ) fori =1, 2, then V; and V, are fuzzy open sets of Y by
definition 3.3.1. part 2. So x» € V1, G <V, and f(V;) =U; where i=1
, 2 . Since Uy/q U, and f is bijective , we have Vi/q V., .Therefore , Y is
FR—space by definition 1.4.14 .

Theorem 3.4.25:
Let f: X — Y be a fuzzy continuous F q y—open bijection function from
a FyR—space X intoafts Y . Then Y is FR—space .

Proof : It follows from Lemma 3.3.2.part 4 , and Theorem 3.4.24 .

From Theorem 3.4.24 (Theorem 3.4.25) and since every FR—space is

FyR—space , the following corollary is true :
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Corollary 3.4.26:

Letf: X — Y be a fuzzy continuous F qy—closed(open) bijection from a

FyR—space (resp., FR—space) X intoafts Y . Then Y is FyR—space .

Theorem 3.4.27:

Let f : X -Y Dbe a fuzzy continuous F q y—closed bijection function
from a FyTs—space X intoa fts Y . Then Y is FTs—space .
Proof . It follows from Theorem 3.4.9 and Theorem 3.4.24 .

Theorem 3.4.28:

Let f : X —Y be a fuzzy continuous F g y—open bijection function
from a FyTs—space X intoa fts Y . Then Y is FTs—space .
Proof : It follows from Theorem 3.4.10 and Theorem 3.4.25 .

Corollary 3.4.29:
Let f: X — Y be a fuzzy continuous F q y—closed(open) bijection from

a FyTs—space (resp., FTs—space)X intoafts Y .Then Y is FyTs—space .

Proof :
It follows from Theorem 3.4.27(Theorem 3.4.28) and since every

FTs—space is FyTs—space .

Lemma 3.4.30:

A function f: X - Y is Fy—gy—closed if and only if for each fuzzy
set B of Y and each U eFyO(X) containing f1(B) ,there exists a Fgy—open
set Vof YsuchthatB<Vandfi(V)<U.

Proof :  The proof is similar to the proof of Lemma 3.1.17 .
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Lemma 3.4.31:

If f: X— Y is Fy—gy—closed ,then for each fuzzy closed set M of Y and
each U eFyO(X) containing f1(M) , there exists a fuzzy y—open set V of
Y such that M <V and f}(V)<U.

Proof :

Let M be any fuzzy closed set of Y and U a fuzzy y—open in X
containing f-1(M) .By Lemma 3.4.30 , there exists a Fgy—open set N of Y
such that M < N and f {(N) < U .Since M is fuzzy closed and N is
Fgy—open ,then M < y—int(N) and f “(y—int(N)) < f 1(N) < U .Put V =
v—int(N) .Then V is fuzzy y—open set of Y such that M <V and f1(V) < U

Theorem 3.4.32:

Let f: X —Y be a fuzzy continuous Fy—gy—closed bijection function
from a FyR —space X into a FST;—space Y . Then Y is FyR—space .

Proof :

Let X be a FyR—space and let x, and N be a fuzzy point and a fuzzy
closed set , resp., in Y such that x,ely—N .Since f is fuzzy continuous
bijective ,then f (x,) is fuzzy point in X by Remark 1.1.22 .part 2 and
f1(N) is fuzzy closed set of X by Theorem 1.3.4 . part 3 such that f1(x;)
e 1x—f1(N) by Theorem 1.1.23. part 2 and part 1 . By fuzzy y regularity of
X, there exists a fuzzy y—open sets U; and U, of X such that f 1(x,) € U,
f1(N) < U, and Uy/q U, . Since Y is FST;—space , then x, is fuzzy closed
in Y by definition 1.4.7 . By Lemma 3.4.31 , there exist Vi, V, € FyO(Y)
such that xa € Vi, N <V, , f1(Vy) < Usand f1(Vy) < U, . Since fis
surjective and U; /g U, , we have f1(Vy) < U< (U < f1(Vy)°and V,=
f(f1(V1)) < f(Uy) < f(Up)* < f(f1(V2)9) = (V2)°. So V1 /q V. .This proves
that Y is FyR—space by definition 2.3.19 .
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Corollary 3.4.33:

Let f : X -Y be a fuzzy continuous Fy—yg—closed bijection function
from a FyR—space X into a FST;—space Y . Then Y is FyR—space .
Proof :

This is an immediate consequence from Theorem 3.4.32 and

Proposition 3.3.3. part 4 .

Corollary 3.4.34:

Let f : X =Y be a fuzzy continuous Fy—gy—closed bijection function
from a FR—space X into a FST;—space Y . Then Y is FyR—space .
Proof :

It follows from Theorem 3.4.32 and since every FR-space is

FyR—space .

Corollary 3.4.35:

Let f : X Y be a fuzzy continuous Fy—yg—closed bijection function
from a FR—space X into a FST;—space Y . Then Y is FyR—space .
Proof :

It follows from Corollary 3.4.33 and since every FR-space is

FyR—space .

Theorem 3.4.36:

Let f : X —>Y be a fuzzy continuous Fy—gy—open(resp., Fy—yg—open)
bijection function from a FyR—space X into a FST;—space Y .Then Y is
FyR—space .

Proof :

Directly from Theorem 3.4.32 (resp., Corollary 3.4.33 ) and

Lemma 3.3.2 . part 5 (resp., Lemma 3.3.2. part 3) .
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From Theorem 3.4.36 and Since every FR—space is FyR—space , the
following Corollary is true :
Corollary 3.4.37:
Let f : X —>Y be a fuzzy continuous Fy—gy—open(resp., Fy—yg—open)
bijection function from a FR—space X into a FST;—space Y .Then Y is

FyR—space .

Theorem 3.4.38:

Let f : X -Y be a fuzzy closed fuzzy gy—continuous bijection function
from a FST;—space X into a FR—space Y . Then X is FyR—space .
Proof :

Suppose that Y is FR—space , and X, be any fuzzy point in X and M be
any fuzzy closed set of X such that x;, e1lx—M . Since f is fuzzy closed
bijective , then f(xy) is a fuzzy point in Y by Remark 1.1.22.part 1 and f(M)
is a fuzzy closed set in Y by definition 1.3.2 such that f(x,)e1ly—f(M) by
Theorem 1.1.23 . part 3 and part 8 . By the fuzzy regularity of Y , there
exists fuzzy open sets V; and V, in Y such that f(x))e V1, f(M)< V, and
Vi /q V. . Since f is fuzzy gy—continuous ,then f1(V;) and f (V,) are
Fgy—open sets of X by Theorem 3.3.8 .part 2 .By Theorem 1.1.23 , we have
X, € FH V1), M < (V) and f1(Vyi)/qfi(Vy). Since X is FST;—space,
so by Theorem 3.4.1, X is FyR—space .

Corollary 3.4.39:

Let f : X Y be a fuzzy closed fuzzy y—gy—continuous bijection
function from a FST;—space X into a FR—space Y . Then X is FyR—space .
Proof : Directly from Theorem 3.4.38 and Proposition 3.3.12 . part 7 .

Corollary 3.4.40:

Let f: X >Y be a fuzzy closed fuzzy y —yg—continuous bijection
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function from a FST;—space X into a FR—space Y . Then X is FyR—space .
Proof : It follows from Corollary 3.4.39 and Proposition 3.3.12 . part 5 .

Corollary 3.4.41

Let f : X Y be a fuzzy closed fuzzy yg—continuous bijection
function from a FST;—space X into a FR—space Y . Then X is FyR—space .
Proof : It follows from Theorem 3.4.38 and Proposition 3.3.12 . part 2 .

Theorem 3.4.42:

Let f : X —Y be a fuzzy closed fuzzy y—continuous bijection function
from a fts X into a FR—space Y . Then X is FyR—space .
Proof :

Assume that Y is FR—space , and x; and W be a fuzzy point and a
fuzzy closed set , resp., in X such that x, €1x—W . Since f is fuzzy closed
bijection , then f(xx) and f(W) be a fuzzy point and a fuzzy closed set ,
resp., in Y such that f(x,)ely—f(W) by Remark 1.1.22.part 1 , definition
1.3.2 and Theorem 1.1.23 . part 3 and part 8. By the fuzzy regularity of Y,
there are fuzzy open sets U; and U, such that f(x;)eU; , f(W) < U, and
U; /q U, . Since f is fuzzy y—continuous , f1(U;) and f 1(U,) are fuzzy
v—open sets in X by Theorem 3.3.8 .part 1. Since f is an injective ,again by
Theorem 1.1.23 .part 6 ,we have :

x. = f1f(xn))ef 2(U1) , W = f1(f(W)) < f1(U) and f*(Uy) /q (V) .
Therefore , X is FyR—space by definition 2.3.19 .

Corollary 3.4.43:

Let f : X Y be a fuzzy closed fuzzy continuous(resp., fuzzy a-—
continuous ,pre continuous ,semi continuous ) bijection function from a fts
X into a FR—space Y . Then X is FyR—space .

Proof : It follows from Theorem 3.4.42 , Remark 2.1.12 and Remark 3.3.9 .
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Theorem 3.4.44:

Let f : X Y be a fuzzy closed fuzzy y—gy—continuous bijection
function from a FST;—space X into a FyR—space Y. Then X is FyR—space .
Proof :

Let Y is FyR—space ,and let x, be any fuzzy point and H be any fuzzy
closed set in X such that x, €1x— H .Since f is fuzzy closed bijective , then
f(x,) be a fuzzy point and f(H) be a fuzzy closed set in Y such that
f(x,)ely—f(H) by Remark 1.1.22 . part 1, definition 1.3.2 and Theorem
1.1.23 . part 3 and part 8 . By the fuzzy y regularity of Y ,there exist fuzzy
y—open sets N1 and Nz in Y such that f(x»)e Ni, f(H) < N2 and N; /q N2
.Since f is fuzzy y—gy—continuous ,then f 1(N;) and f (N,) are Fgy—open
sets in X by Theorem 3.3.8 . part 5 such that x;, ef 1(N;), H < f(N,) and
f 1(Ny) /g f 1(N,) . Since X is FST;—space . By Theorem 3.4.1 , X is
FyR—space .

Corollary 3.4.45:

Let f : X Y be a fuzzy closed fuzzy y—yg—continuous bijection
function from a FST;—space X into a FyR—space Y. Then X is FyR—space .
Proof : It is clear from Theorem 3.4.44 and Proposition 3.3.12 . part 5 .

Theorem 3.4.46:

Let f : X —>Y be a fuzzy closed fuzzy y—irresolute bijection function
from a fts X into a FyR—space Y . Then X is FyR—space .

Proof :

Let Y is FyR—space ,and let x; and G be a fuzzy point and a fuzzy
closed set, resp., in X such that x, €1x—G .Since f is fuzzy closed bijective
,then f(x,) is a fuzzy point and f(G) is a fuzzy closed set in Y , such that
f(x)elv—f(G) by Remark 1.1.22 . part 1, definition 1.3.2 and Theorem
1.1.23 . part 3 and part 8. By the fuzzy vy regularity of Y ,there are U;, U €
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FyO(Y) such that f(x))e U; , f(G) < U, and Ui /q U, .Since f is fuzzy

y—irresolute , then f1(U;) , f1(U,) eFyO(X) by Theorem 3.3.8 .part 6 .
Since f is an injective function , x, = f1(f(xx))ef * (U1), G =f1(f(G)) <
f1(Uy) and f1(U,) /g f 1(U,) by Theorem 1.1.23 .part 6 and part 1 .This

proves that X is FyR—space by definition 2.3.19 .

From Theorem 3.4.46 and since every FR—space is FyR—space , the

following Corollary is true :

Corollary 3.4.47:
Let f : X —>Y be a fuzzy closed fuzzy y—irresolute bijection function

from a fts X into a FR—space Y . Then X is FyR—space .

Lemma 3.4.48:

A function f: X =Y is fuzzy almost gy—closed if and only if for each
fuzzy set B of Y and each U eFRO(X) containing f*(B) , there exists a
Fgy—open set V of Y such that B<V and f1{(V)<U.

Proof : It can be proved by the same manner of Lemma 3.1.17 .

Lemma 3.4.49:

If f: X —>Y isfuzzy almost gy—closed ,then for each fuzzy closed set M
of Y and for each U e FRO(X) containing f 1(M) ,there exists V e FyO (Y)
suchthat M <Vand f1(V)<U.

Proof : It can be proved in a similar manner of Lemma 3.4.31 .

Theorem 3.4.50:
If f: X —Y is a fuzzy continuous F almost gy—closed bijection
function from a FR—space X into a FST;—space Y . Then Y is FyR—space .

Proof :
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Let X is FR—space ,and let x, and H be a fuzzy point and a fuzzy closed
set , resp., in Y such that x,, €1y—H .Since f is fuzzy continuous bijective ,
then f1(xy) is fuzzy pointin X and f-1(H) is fuzzy closed set of X such that
f1(xn) elx—f (H) by Remark 1.1.22 .part 2 ,Theorem 1.3.4 .part 3 and
Theorem 1.1.23.part 2 and part 1 .As X is FR—space , by definition 1.4.14 ,
there exists fuzzy open sets U; and U, such that f1(x;) eU; , f1(H) < U,
and U; /g U, .Now, put G; = int(cl(U;)) fori=1, 2. Then G; eFRO(X) by
definition 2.1.1.part 7 , f }(x;.)e Ui< Gy, f}(H) < U, <Gy and G; /q G, .
Since Y is FST;—space , then x, is fuzzy closed set in Y by definition
1.4.7 .By Lemma 3.4.49 ,there exist V; eFyO(Y) for i =1, 2 such that x;, €
Vi, H<V,, f4Vy) <Gy and f1(Vy) < G; .Since G; /q G, and f is
surjective ,we have V1 /q V. .Thus, the space Y is FyR—space by definition
2.3.19.

Corollary 3.4.51:

Letf: X —>Y be afuzzy continuous Fgy—closed bijection function from
a FR—space X into a FST;—space Y . Then Y is FyR—space .
Proof : It follows from Theorem 3.4.50 and Proposition 3.3. 3 . part 2 .

Corollary 3.4.52:
Letf: X Y be afuzzy continuous Fyg—closed bijection function from

a F R—space X into a FST;—space Y . Then Y is FyR—space .
Proof : It follows from Corollary 3.4.51 and Proposition 3.3. 3 . part 1.

Theorem 3.4.53:

Let f : X Y be a fuzzy continuous F almost gy—open (resp.,
Fgy—open , Fyg—open ) bijection function from a FR—space X into a
FST,—space Y .ThenY is FyR—space .

Proof :
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It follows from Theorem 3.4.50 ( resp., Corollary 3.4.51 , Corollary
3.452) and Lemma 3.3.2 . part 6 ( resp., Lemma 3.3.2.part 2 ,
Lemma 3.3.2.part 1) .

Theorem 3.4.54:

If f: X Y is afuzzy continuous F q y—closed surjection function from
a FyN—space X intoafts Y .Then Y is FN—space .

Proof :

Let X is FyN—space ,and M; and M, be any fuzzy closed sets of Y such
that My /g M, .Since f is fuzzy continuous , then f1(M;) and f 1(M,) are
fuzzy closed sets of X such that f 1(M;) /q f1(M.) by Theorem 1.3.4.part 3
and Theorem 1.1.23.part 2 and part 1 .Since X is FyN—space , by Theorem
2.3.26 , there exist fuzzy y—open sets U; and U, such that f-1(M;) < U; for i
=1,2 and U;/qU;. Put V= 1y—f(1x-U;i), then V;is fuzzy openin Y,
Mi<Viand f (Vi) <Uifori=1, 2. Since U;/q U; and f is surjective ,we
have V1/q V, .Thus, by Theorem 1.4.22 , the space Y is FN—space .

Corollary 3.4.55:

If f: X >Y is a fuzzy continuous F q y—closed surjection function
from a FyN—space(resp., FN—space) X into afts Y . Then Y is FyN—space .
Proof :

It follows from Theorem 3.4.54 and since every FN—space is FyN—space .

Theorem 3.4.56:

If f: X >Y is a fuzzy continuous Fg y—open bijection function from a
FyN—space X intoafts Y .Then Y is FN—space .
Proof : It follows from Theorem 3.4.54 and Lemma 3.3.2 . part 4 .
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Corollary 3.4.57:

If f: X ->Y is a fuzzy continuous Fg y—open bijection function from a
FyN—space(resp., FN—space) X intoafts Y . Then Y is FyN—space .
Proof :

It follows from Theorem 3.4.56 and since every FN-space is

FyN—space .

Theorem 3.4.58:

If f: X =Y is a fuzzy continuous Fq y—closed bijection function from a
FyTs—space X intoafts Y . Then Y is FT,—space .
Proof : It follows from Theorem 3.4.9 and Theorem 3.4.54 .

Corollary 3.4.59:

If f: X —>Y is a fuzzy continuous Fq y—closed bijection function from a
FyT, —space (resp., FT,—space) XintoaftsY . ThenY is FyT,—space .
Proof :

The proof follows from Theorem 3.4.58 and since every FT,—space is

FyTs—space .

Theorem 3.4.60:

If f: X —>Y isa fuzzy continuous Fq y—open bijection function from a
FyTs,—space X intoa fts Y . Then Y is FT,—space .
Proof . It follows from Lemma 3.3.2.part 4 , and Theorem 3.4.58 .

From Theorem 3.4.60 and since every FT,—space is FyT,—space , the

following Corollary is true :

Corollary 3.4.61:

If f:X—>Y isafuzzy continuous Fq y—open bijection function from a
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FyT, —space (resp., FT,—space) X intoaftsY . ThenY is FyT,—space .

Theorem 3.4.62:

Let f : X—>Y Dbe a fuzzy continuous Fy—gy—closed surjection function
from a FyN—space X into a fts Y .Then Y is FyN—space .

Proof :

Let X is FyN—space ,and N; and N; be two fuzzy closed sets of Y such
that N; /q N, .Since f is fuzzy continuous , then f*(N;) and f *(N,) are
fuzzy closed sets in X such that f 1(Ny) /g f-*(N) by Theorem 1.3.4 .part 3
and Theorem 1.1.23 . part 2 and part 1 . As X is FyN-space , by Theorem
2.3.26 , there are Uy, U, eFyO(X) such that f1(N))<U; fori=1,2.and
U; /g U, . By Lemma 3.4.31 , there exist V; € FyO(Y) such that N; < V;
and f (Vi) <U;,wherei=1,2.Since U;/qU,and fis surjective ,

Vi = f(f (V1)) < f(Uy) < f((U2)%) < F(F1(V2)9) = (V2)°. So V1 /q V, . Thus,
again by Theorem 2.3.26 , we have Y is FyN-space .

Corollary 3.4.63:

Let f : X—>Y be a fuzzy continuous Fy—yg—closed surjection function
from a FyN—space X into a fts Y .Then Y is FyN—space .
Proof : It is clear from Theorem 3.4.62 and Proposition 3.3.3 . part 4 .

Corollary 3.4.64:

Let f: X—>Y be a fuzzy continuous Fy—gy—closed (resp., Fy—yg—closed )
surjection function from a FN—space X into a fts Y .Then Y is FyN—space .
Proof :

This is an immediate consequence from Theorem 3.4.62(resp.,

Corollary 3.4.63) and since every FN—space is FyN-space .
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Theorem 3.4.65:

Let f : X—Y be a fuzzy continuous Fy—gy—open (resp., Fy—yg—open)
bijection function from a FyN—space X into a fts Y .Then Y is FyN—space .
Proof :

It follows from Theorem 3.4.62(resp., Corollary 3.4.63) and
Lemma 3.3.2.part .5 (resp., Lemma 3.3.2.part 3) .

From Theorem 3.4.65 and since every FN—space is FyN-space , the

following Corollary is true :

Corollary 3.4.66:
Let f : X—>Y be a fuzzy continuous Fy—gy—open (resp., Fy—yg—open )

bijection function from a FN—space X into a fts Y .Then Y is FyN—space .

Theorem 3.4.67:

Let f: X—>Y be a fuzzy closed fuzzy gy—continuous bijection function
from a fts X into a FN—space Y . Then X is FyN-space .

Proof :

Let Y is FN—space ,and H; and H; be two fuzzy closed sets of X such
that Hy /g H, .Since f is a fuzzy closed bijective , then f(H,) and f(H,) are
fuzzy closed sets in Y such that f(H;) /q f(H2) by definition 1.3.2 and
Theorem 1.1.23 . part 3 and part 8. As Y is FN—space , by Theorem 1.4.22
, there exist fuzzy open sets V; and V; such that f(H;) <Vifori=1,2and
V, /q V. . Since f is fuzzy gy—continuous, then f 1(V;) and f 1(V,) are
Fgy—open of X such that f1(V;) /q f1(V,) and H; < f1(V;) fori=1, 2 by
Theorem 3.3.8 .part 2 and Theorem 1.1.23 .part 2, part 1 and part 5. Now ,
put Ui = y—int(f 1(V;)) fori =1, 2. Thus , Ui € FyO(X) by Properties
2.2.13.part 2 , Hi < Ujand U; /g U, .This proves that X is FyN—space by
Theorem 2.3.26 .
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Corollary 3.4.68:

Let f: X>Y be a fuzzy closed fuzzy y—gy—continuous bijection

function from a fts X into a FN—space Y . Then X is FyN-space .
Proof : It follows from Theorem 3.4.67 and Proposition 3.3.12 . part 7 .

Corollary 3.4.69:

Let f: X—Y be a fuzzy closed fuzzy y—yg—continuous bijection function
from a fts X into a FN—space Y . Then X is FyN-space .
Proof : It follows from Corollary 3.4.68 and Proposition 3.3.12. part 5 .

Corollary 3.4.70:

Let f: X—>Y be a fuzzy closed fuzzy y—irresolute bijection function
from a fts X into a FN—space Y . Then X is FyN-space .
Proof : It follows from Corollary 3.4.69 and Proposition 3.3.12. part 4 .

Corollary 3.4.71:
Let f : X>Y be a fuzzy closed fuzzy yg—continuous bijection
function from a fts X into a FN—space Y . Then X is FyN-space .
Proof :
The proof follows from Theorem 3.4.67 and Proposition 3.3.12. part 2 .

Corollary 3.4.72:

Let f: X—Y be a fuzzy closed fuzzy y—continuous bijection function
from a fts X into a FN—space Y . Then X is FyN-space .
Proof : It follows from Corollary 3.4.71 and Proposition 3.3.12 . part 1 .

Corollary 3.4.73:
Let f: X—Y be a fuzzy closed fuzzy a—continuous (resp., fuzzy semi

continuous , fuzzy pre continuous) bijection function from a fts X into a
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FN-space Y . Then X is FyN—space .
Proof :
It is obvious from Corollary 3.4.72 , Remark 2.1.12 , and Remark 3.3.9 .

Theorem 3.4.74:

Let f : X—>Y be a fuzzy closed fuzzy y—gy—continuous bijection
function from a fts X into a FyN—space Y .Then X is FyN-space .
Proof :

Assume that Y is FyN—space ,and A; , A, be two fuzzy closed sets of X
such that A; /q Az . Since f is fuzzy closed bijective , then f(A1) and f(A)
are fuzzy closed sets in Y such that f(A1) /q f(A2) by definition 1.3.2 and
Theorem1.1.23 . part 3 and part 8 . As Y is FyN—space , by Theorem 2.3.26
, there exist fuzzy y—open sets N; and N, in Y such that f(A;) < N; where
i=1,2and Ny/g N, . Since f is fuzzy y—gy—continuous , then f-*(N;) and
f1(N,) are Fgy—open sets of X such that f1(N;) /q f 1(N,) and A; < f1(N;)
fori=1,2 by Theorem 3.3.8 .part 5 and Theorem 1.1.23. part 2, part 1
and part5 . By Theorem 3.4.2 , X is FyN—space .

Corollary 3.4.75:

Let f: X—Y be a fuzzy closed fuzzy y—yg—continuous bijection function
from a fts X into a FyN—space Y .Then X is FyN—space .
Proof : Itis clear from Theorem 3.4.74 and Proposition 3.3.12.part 5.

Corollary 3.4.76:

Let f: X—Y be a fuzzy closed fuzzy y—irresolute bijection function from
a fts X into a FyN—space Y .Then X is FyN—space .
Proof : It is obvious from Corollary 3.4.75 and Proposition 3.3.12 . part 4 .
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Theorem 3.4.77:

Let f: X—>Y bea fuzzy continuous Falmost gy—closed surjection

function from a FN—space X into a fts Y . Then Y is FyN—space .

Proof :

Let X is FN—space ,and M; , M, be any two fuzzy closed sets of Y such
that My/g M, . Since f is fuzzy continuous , then f *(M,) and f }(M,) are
fuzzy closed sets of X such that f-*(M1) /g f-*(M1) by Theorem 1.3.4 . part
3 and Theorem 1.1.23.part 2 and part 1 . As X is FN—space , there exists
fuzzy open sets Ujand U, such that f1(M;) < U;fori=1, 2 and Uy/q U,.
Now , put G; = int(cl(U;)) fori =1, 2 . Then G; eFRO(X) by definition
211 part 7, f (M) < Ui < Gj and Gy/q G, . By Lemma 3.4.49 , there
exist Vi eFyO(Y) such that M; < V; and f (V) < Gj ,where i=1,2.
Since Gi/q G, and f is surjective , we obtain V1/q V, . Thus , by Theorem
2.3.26 , Y is FyN—space .

Corollary 3.4.78:

If f: XY is a fuzzy continuous Fgy—closed surjection function from a
FN-space X intoafts Y . Then Y is FyN—space .
Proof : It follows from Theorem 3.4.77 and Proposition 3.3.3 . part 2 .

Corollary 3.4.79:

If f: X—>Y is a fuzzy continuous Fyg—closed surjection function from a
FN—-space X intoafts Y . Then Y is FyN—space .
Proof : Itis clear from Corollary 3.4.78 and Proposition 3.3.3. part 1 .

Corollary 3.4.80:
If f:X->Y isa fuzzy continuous fuzzy closed surjection function
from a FN—space X into a fts Y . Then Y is FyN-space .

Proof :
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It is obvious from Corollary 3.4.79 and Proposition 3.3.3. part 11 and

part 8 .

Corollary 3.4.81:

If f: X—>Y is a fuzzy continuous fuzzy closed bijection function from
a FT,—space X intoafts Y. Then Y is Y is FyT,—space .
Proof : It follows from Corollary 3.4.80 and Theorem 3.1.12 .
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