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Introduction

Introduction

Probabilities are the most important applied topics in mathematics. They
have great importance in knowing the probability distribution and its
properties. Setting out from the principle of the joining among the knowledge,
therefore, the researcher has turned to study the mixture between the
probability and the measure theory which has the active role in simplifying
the mathematic processes which are uncounted throughout the probability

theory , therefore it has become the basic aim of present study .

The beauty of this topic starts from the researcher attempts to apply the
theories and definitions on some cases which are impossible or difficult to be

described from view of the probability theory’s.
The present study is divided into four chapters.

Chapter one contains List of symbols, introduction ,literature reviews

Chapter two introduces many basic concepts ,definitions and theorems
which are used in the later chapter like o -field, measure, measurable

function, simple function ,Lebesgue integration ,etc.

Chapter three gives some interesting connections and theorems about
probability measure theory such as probability measure, random variable,

convergence, convergence theorems ,etc.

Chapter four contains the results of calculate the Measure theory of
some continuous function ,like normal , exponential , Cauchy, also of two

functions for some continuous functions ,

Chapter five contains some conclusions and the recommendations.
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Literature Reviews

There are some researchers who have worked in this field in the end of

the twentieth century and beginning of twenty one century:

In 1909, Borel and Lebesgue introduced the basis for the measure-
theoretical approach to portability. Important early work was done in 1909 by
Borel - most notable Borel's form of the strong law of the large numbers. And
the state of his Normal number Theorem is as : almost all numbers are
strongly normal to all bases simultaneously (this all ten digits- 0,1, 2, ..,9
appear with equal asymptotic frequency in their decimal expansion, and
similarly for the two digits 0, 1 in their dyadic expansion; likewise for
duodecimal expansions, etc.). The expansion set are (Lebesgue) measure zero

Is clearly needed here, to cover such obvious exceptions as the rationales.

In 1933, Kolmogorov had published the basis for mathematical
probability in his (German) 1993 monograph that made mathematical
probability rigorous by being chary measure theory, hindered the acceptance
of his own ideas by being chary in his use of measure theory terminology. For
example, instead of defining a real random variable as a real measurable
function ,he avoided the use of the adjective, going back to the defining prop-
erly that the inverse image of an interval under the function that should be a
set in his specified Borel field , he stated that his random variables were
described elsewhere as measurable functions .He did not refer to the
customary measure theory terminology in discussing almost everywhere
convergence or convergence in measure, and went to the extreme of proving
that the limit of a convergent sequence of random variables is a random
variable. He obviously fell, and he was right, that the jump from Lebesgue to

general measures was psychologically difficult.
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In 1943,Cramer described the concepts of Lebesgue -measure and the
Lebesgue integral. He then turned to the more general non-negative additive
set functions on the Borel sets and to the Lebesgue Stieltjes integral. In
particular he considered bounded, nonnegative, countable additive set
functions on the Borel set of(! . Any such set function P corresponds to a
unique (up to additive constant), nondecreasing point function F(x) with the

property that for any interval (a, b].
F(b)- F(a)= P[(a, b]]

The function F is right continuous, and its discontinuity points form at

most an enumerable set.

After giving these results, He narrowed his focus to those set functions for
which P (R)=1. In this case he specified F(x)=P[(—,x)] and noted that

0<F(x)<1, lim F(x)=0 and lim F(x)=L1. Either P or F could be

used to define what Cramer called a distribution, P referred to as the
probability function of the distribution, while F was called the distribution
function. If F has a derivative, f, it is called the probability density or the

frequency function of the distribution. (the probability derail )

In 1966,L6 f, P. M ,used acceptable definition of random sequences by
using constructive measure theory ,and our definition implies a sequence is

random if a computer is incapable of compressing it .

In 1987,Dette ,H.W, gave some investigation and results involving
moments of probability measures on intervals of the real line and on the circle
and defined the canonical moments of a probability measure, a basic

familiarity with the moment spaces u«(a,b) and x,(a,b).
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In 2001, Fets, T., used the construction of sets of jointed probability
measures for the case that marginal sets of probability measures are generated
by weighted focal sets. Different conditions on the choice of the weights of
the joint focal sets and on the probability measures on these sets lead to
different types of independence such as strong independence ,random set

independence .

In 2002 ,Pap used many applications and formulas ,for example ,he

began with lower or upper probabilities and the set of probability measures .

In 2004 ,Prokhorov gave the theory of weak convergence of probability
measures on complete separable metric spaces ,and his results were examined
on C[0,1] and DJ[0,1] .Also gave notion of tightness play an important role

both in the theory of weak convergence and in its applications .
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Abstract

In the last moment, a new method had appeared to mix among the
different branches of mathematics with Statistics and Probability to solve

many problems.

Depending on this principle. According to literature review of probability
theory ,it is possible to apply on id (independent distribution). We apply this
theory on some cases of one function ( normal distribution ,exponential
distribution and Cauchy distribution) and sum of two functions(sum of two
normal distributions ,sum of normal distribution and exponential distribution
and sum of normal distribution and Cauchy distribution ) ,therefore it has

become the basic aim of present study .
This thesis includes four chapters as follows :

The first chapter deals with some notations, terminology, and
theorems from measure theory which we need in later chapter such as o -
field ,Borel ¢ -field, measure, Lebesgue measure , Lebesgue Stieltjes measure

, measurable function ,simple function etc.

In the second chapter we give some definitions , concepts and theorems
which are related to between probability theory and measure theory called
(probability measure theory) such as probability measure ,random variable
,distribution function , independent ,expectation ,conditional ,convergence,

convergence theorems ,etc.

In chapter three, the classical probability theory and the measure theory
have been used to state the equality of probability and measure in one

functions, and also when there are two functions including continuous

Cn P



independent variables having the same distribution and continuous

independent variables having different distribution

then trying to find a function including the standard normal distribution and

standard Cauchy distribution at the same time.

We can put the following conclusions like :

1-We know that _[_w f (x)dx =1 in elementary probability theory . We also

find the same value in measure theory when we use as the simple function .

2-The sum two functions with i.d satisfy the

relationM (f +g) =M (f)+M (g), when we apply it for the standard

normal distribution and standard Cauchy distribution .

3- The area under the curve of the function &(W) doesn’t equal one , which

means that this function isn’t probability function on the two parts of interval

which are (0,1.851482) and (1.851482, 30) .

(

4- We find that the function al(w):%wofsvé? by using Gragher programmer
T

after multi experiment attempted . This function doesn’t satisfy all conditions

probability function.

5- When &, (w) =

M ,we find that it’s a probability function satisfying

all the probability conditions on interval (-30,30) .We show it is simple and

30
measurable functionand , | &dM =1 .
-30

I



6- We can use the distribution function to show that the measure and
probability measure give the same value in probability theory for the

distributions we used .The same for the sum of two functions .

To future study ,the following are recommended :

1- Using anther method can be solved This problem by like ; L" space,
fuzzy probability measure ,etc.

2- This method can be used to solve the problem when there is more than
two distribution .

3- Try to use this method or any method to calculate the measure of sum of
two discrete distributions which doesn’t approximate the normal
distribution .

4-1f two functions have not any intersection points , try to use the following

relation M (f ) =M (g) whenever M (w:f (W)= g(w))=0 .

5-One can to use the relation
M@ )<M(g)iff <g fortwo functionsf andg.
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Chapter One Some Definitions and Concepts From Measure Theory

Measure theory provides a way to extend our notions of length, area,
volume, etc. In order to be able to make use of measure and integrals, we need
to know that the class of measurable sets is closed under certain types of
operations. If we can assign a sensible notion of measure to a set, we are able

to assign a sensible notion to its complement.

The major idea is to create a device by which we can measure sets in a
fairly general context. Measure theory will allow us to do so. This is
necessary for the following probability theory because we will build our
probability distribution by using measure and the integrating random

variables.

1.1 Some Basic Concepts

Definition (Indicator function) (1.1.1) [25]

The indicator function of A, denoted by 1,(-),is the function
1,:Q9—>{0,1} , defined by

1 if weA
1 =
(W) {o it we A

1,() clearly "indicates" the set Ain Q .

Definition (1.1.2) [31]

An infinite set is said to be countable if its elements can be but in one to
one correspondence with the natural number 1, 2, ....., .,in this case it is called
a countable infinite. If the set has as many points as there is some interval of

real numbers [a,b] , is called a uncountable infinite set.
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Definition(1.1.3)] [15]

A sequence of sets {An} is said to be increasing ( or nondecreasing) if
Anc Ans foreachn. If Ay < A, for each neN then the sequence {An} is
said to be decreasing (or non increasing).A monotone sequence is one which

IS either increasing or decreasing.

Definition (1.1.4) [6]
The function g of real number is called bounded if there is a positive

constant K such |g(w)| <K, for all w.

Definition: (1.1.5) [18,31]
A real valued function g ,defined as a set Q is said to be continuous at

w, € Q if given £>0, there is a 3>0 such that for all w, in Q with

W, —w,| <&, we have |g(w,) - g(w,)| <& .

Theorem(1.1.6)[18]
The function g: Q —[1 be continuous if and only if for all open set U in[l ,

then g ~1(U)is open set in Q.

Definition (1.1.7) [18]
A real valued function g, defined on a set €2 is said to be uniformly
continuous (on Q) if given ¢ >0, there is a d(¢)>0 such that for all w, and w,

in Q with [w, —w,| <8 ,we have |g(w,) - g(w,)| <&
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1.2 - field [3,37]

Suppose that Q is a nonempty set. A collectionF of subsets of Q is
called a o-field (c-algebra) on Q if it contains Q and is closed under the

operations of taking complements and countable unions . That means,

.4 Qe F

Il. Ifaset Ae F ,then A" e F (where Q\ A= A")
I11. If {A} be asequencein F forn=1,2,...., then U'Am eF .
n=1

The pair (€2,F ) ,where Q is a nonempty set ,F is a o- field of subsets
of Q,is called measurable space. A subset A of Q is called measurable set if

Ae F and we write the o (A) as the smallest o-field containing A it called

c-field generated by A .

Some Basic Properties (1.2.1) [ 6,43]
I. Forany A, A,,......,A, €F ,put A.;=A,,=...=¢.Then we see that

AUAU ...... UAn:GAieF,by(lll)above.

i=1

Il Let A, A........... eF .Thensince (A, =(JA, )", we see that (| A, €F .
n=1 =1 n=1

Ifwetake A=A cenen. =Q, then we get AlﬂAz....ﬂA; eF .

Il .Let AB eF .Then AAB= A(B° andso A\B F .

Example (1.2.2)[27]
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Let Q=0 then the collection {Ac [, A is countable or A®is countable} is
o- field ?

Solution

By assumption Q=[] and A —[] , then we see that Q < F and also A is
countable in F , thenA® eF .

Suppose that a countable A A,,........ are all in F , if each of the A are
countable,

then UA” is countable and so in F . If A} is countable for some n,, then
(JA) =[)A = A iscountable and again | J A, isin F . Since

ﬂ A = (U A°.)°, then the countable intersection of sets in F isagainin F .
n n

Example(1.2.3)
Let Q=N ,and let B={i e N:i =2n forsomen N }.Set

A={A c N :either B cA or A(\B =¢}.

Show that A is a o-field of subsets of N.

Solution

To check Ais a o-field :
1.4(NB=¢,s0 pcA ,Q=N and AcN ,thenwesee QecA.
2. 1f A €A, then either B< A—inwhich case A°(NB =¢ or A(\B =¢—
in which case B — A°.In either case , A®isin F .
3.1f A A,.....areall in A, then either B is a subset of one of the A, — in
which it is also a subset of UA, or B(1 A =¢ for all i —in which case

BN (UA)=4.In either case ,UA isin A .
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1.3 Borel o-field [7]
Let Q=[] then the Borel o- field is the smallest o-field containing all
open sets and closed set, usually written B(P). In other words, it is the o-field

B=(XF :F isac-field,uopenset thenueF }. .. (1.1)

It is the intersection of the class of all - fields that contain all the open

sets and the elements of B([! ) are called Borel sets.

Theorem (1.3.1) [6,43]
There are many sub sets of [1 belongto B(U) , like

I.(a,b) foranya<b;

Il. (- 00,a) for any ae [ ;
I11. (a,0) for any ac [1 ;
IV.[a,b] foranya<b;

V. (-0 ,a] forany ae [ ;
VI [a,o)foranyae [ ;
VIl. (a,b]foranya<b;
VIIl. [a ,b) foranya<b;
IX. closed sub set of [ .

1.4 Lebesgue Measure [4,27]

The Lebesgue outer measure of a set Ac Q is defined as:

M “(A) =inf{M (1 ):M is a measure on interval |, and A£U|n} ........ (1.2)
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The outer as defined above, is again of generalized form . Consider an
interval | with end points a and b such that a < b instead of the set A, then the

outer measure for the interval is defined as b-a.

The Lebesgue inner measure is defined as:

M., (A) =sup{M (B): Bc A, Bcompact}[see 6]  ................. (1.3)
or
M.(A) =M (Q) —M "(Q\ A)
If the following is true M “(A) =M .(A),then M (A) (which denotes

the values of M “(A)or M ,(A) is said to be Lebesgue measure on the set A,

Remark (1.4.1)[2,3]
1-The interval [a,b] such that [a,b] = {xeP ; a <x <b} has measure b-a and

also that (a,b), (a,b] ,[a,b) for any constants a ,b .

2-The rational number has measure zero.

Example (1.4.2) [24]

Let {&,a5,83,........ ,a,} < | be afinite set of points and | =[a,b]. Let
a<a, <a, <b forall n< m. Consider the set A=I \{a,,a,,.......,a,} , the
interval I without the points &,.......,a, . Let our measure be such that the

measure of any interval with end points a<b is b-a. Then ,

M(A)=M ([a,a)U(a,a,)U...... U(a,,a,)U(a,,b])

=M ([2,8)) + M (2,8,)) + oo+ M ((3,3,3,)) + M ((&,,b])

=(a,—a)+(a,—a) + ... +(a,—a_)+(-a)=b—a=M ().
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1.5 Measurable set [31]
A set E is said to be measurable if for each set A we have

M (A)=M"(ANE)+M (ANE®).

Lemma (1.5.1)[2]
If M7(A)=0,then A is measurable.

Theorem(1.5.2)[31]

Every Borel set is measurable .In particular each open set and closed set is

measurable.

1.6 Measure[4,6]

A measure M is any countable additive nonnegative set function of the

measurable space (QQ,F ).Thatis, M :F —[0,] , with the properties :

I. M (A)* O, forall AeF .

.M (| JA,) =DM (A)), for any countable collection

of disjoint sets A eF .
Property (I11) of a measure is called s-additivity and sometimes the

measure is also called s-additive measure

A set A is said to be finite measure if AcF and M (A) < oo. Also it is

said to be o~ finite measure if A is the union of a countable collection of

measurable sets of finite measure .
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A triple (©2,F ,M ), where Q is a nonempty set ,F is a o- field of sub

setsof QQ ,andM measure on Q,is called a measure space .

Theorem (1.6.1)[30,43]

Let (QQ,F ,M ) be a measure space . Then the following hold ;
|.If AB €F withAcB, then M (A) <M (B). (monotonicity )

I1. If the sequence A, eF and aset Ac| JA, ,then M (A)SiM (A)).

n=1 n=1

(sub additivity )

H.If AeF , AcA cAc....and A=|_JA ,then we have
i=1

M (A)=lim M (A,)

IV.If AeF , ADADAD...M (A))<0,and A=()A, , then we
i=1

have M (A) =limM (A,) .

Proof
I. Write B=AU (B\A) . Hence ,by using (I11) of definition (2.3)

M (B)=M (A)+M (B\A)* M (A).

I1. We can do many sets infinitely.

disjointed .Therefore ,
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M (QAn) _ ilM (A NAL N VAC ) < iM (A).

1. Put B, =A;,B,=A,\A,,B;=A;\A, and soon. Then B, eF and
(B.NB, =¢) are for i j.since  JB = JA ,then

i=1 i=1

0

M (A) =M (QA)=M (QBi)=§M (B)=

lim> M (B,)=limM (UB,) =limM (JA,) =limM (A,).

i=1 - i=1
IV.Set B,=A\A,.ThenB,eF and B, cB,c....... . Let
A=A, then A\A=JB, giving M (A \ A)=IimM (B,) ,by(lll).
n=1 n n

But M (B,)=M (A \A,)=M (A)—-M (A,) and so
M (A)-M (A) :r!iLrJO(M (A)—M(A,)),givingM (A)=limM (A,) .The

sequence (M (A,)) is decreasing since we have A,,; c A,. O

Theorem (1.6.2)[4]
Let F' be a semi field and let M be defined on F'.Suppose M (¢) =0

with the additional properties :

n n
. IfAeF" A=JA; ,A; eF'disjoint,then M (A)=> M (A;) and
i=1 i -1

I.IfAeF',A=JA; A eF’ disjoint,thenM (A) < 3M (A)).
i=1 i=1

Definition ( Lebesgue - Stieltjes Measure ) (1.6.3) [4,43]
Let F:[J — [ satisfy i. nondecreasing ii. righ continuous .Let C be the

class of sets of the form (a,b] or(b,«), —co<a<b <oo. Then thare is a
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measure M . defind on B(P), the smallest o-field generated by C. such that
M ¢ (a,b] =F(b)-F(a) ,—o<a<b <wx.

Theorem (1.6.4) [43]

If F is a distribution function corresponding to M ,then
[.M ((—o0, X)) = F(x").
.M ((x,y])=F(y)-F(x"),x<y.
LM ((x,y)=F(y)—-F(X"),x<Y.
IV.M ([x,y)) = F(y") -F(x7),x<y.

V.M ([x,yI) =F(y) - F(x7),x<V.
VI.M (1) = F () - F (~).

Theorem (1.6.5) [4,22]

Let M be a Lebesgue -Stieltjes measure on [1 . Define the distribution
function F:[J —[J , up to additive constants by F(b)-F(a)= M (a,b] ,then F

is an extended distribution.

Proof
Let a<b. Then F(b)- F(a)=M (a,b]>0. Also ,If {x,} is such that

X, > X, >...... > X ,then M (x,x.]— 0, by theorem (2.3.2), part (IV),since
ﬁ(xl,xn]:¢5 and (xx ] ¢. Thus F(x,)—F(x) — 0 implying that F is
n=1

right continuous . [
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Theorem (1.6.6) [4]

Suppose F is a distribution function on [J .There is a unique measure

M on B([) such that M (a,b]= F(b)-F(a). @ ..o, (1.4)

Proof
Letl ={(a,b):—o0<a<b <}.Set F(w)zlip F(x) and

F(—0) = |iJ_TI F (x) . These quantities exist since F is increasing .Define for any

M (a,b]=F(b) — F(a),for any —oo<a <b <o0,where

F () > —o0, F (—0) < o0 .Suppose (a,b]:U(ai ,b.],where the union is

i=1

disjointed. By relabeling

We may assume that a, =a, b, =b, a =b_,.Then
M (ai’bi] = F(bi) - F(ai) and
SM (a,b]=Y (F(b) - F(a)) = F(b) - F(2) =M (a,b] which prove that
i=1 i=1
conditions (1) of (2.3.5) holds .

for (I1) of (2.3.5) , Let—o<a<b<oo and (a,b] cO(ai,bi) , Where the union
is disjoint . By right continuity of F, given £>0 thlczalre isa 6>0 such that
F(a+9d)—-F(a)<e,
or equivalently
F@+o)<F(a)+e¢
Similarly ,thereisa 7, >0 such that

Fb +7)<Fb;)+(e27),
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for all i. Now, {(a,,b, + ;) }forms a open cover for [a+ 0,b].By

compactness[see 31] , there is a finite sub cover .Thus,

[a+5,b]<| J(a.b +7) and (a+5,bl<| J(a,b +7].
i=1 i=1
Therefore,

F(b) - F(a+6]=M (@+35,b1< M (a,b, +7) = Y F b +1) - F(a)

i=1

=HFO +7) - Fb)+F(O) - F@}<Ye2" + Y (Fh) - F(a)

<e+Y F(b)-F@a)

Therefore
M ga,b]=F(b) - F(a) <25+ Y F(b) ~F(a) =26+ > M ga,b], forall

>0, then M 4a,b] < iM da,,b] ,proving (1) provided—o<a<b<oo, [

i=1

1.7 Measurable function [33,8]

Let X :QQ—1[] afunction. Then X is said to be measurable
(F -measurable) on Q if fweQ\X(wW)>a} ... (1.5)

is measurable (as a set ) for every real number a.

And also we say that X is a measurable function; Suppose that

(Q,F)and (Q',F ) are measurable spaces. Then X :Q— Q" is a measurable

functionto F and F " if X *(A)eF ,forall AeF "such that
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XA ={weQ: X(WeA={X €A} oo, (1.6)

Remark(1.7.1)[2,6]
1. A continuous function on a measurable set is a measurable function.
2. Any interval the inverse of interval is a measurable set .

3. Every monotone function is a measurable function.

Note

The measurable function equal to Borel measurable function If we replace

measurable set by Borel set .

Theorem(1.7.2)[4]

If (©2,F ) be measurable space and X :Q—[] is measurable function,

then the following conditions are equivalent .

.{we Q\ X (W) <a} forallaell ;
I.{we Q\ X (w) > a} forallacl ;
IH.{we Q\ X(w) <a} forallac ;

IV.{we Q\ X (w) >a} forallac(] .

Theorem (1.7.3) [1]
If X and Y are measurable functions, so are X+Y ,XY ,a X ,max (X,Y) and
min(X,Y) .

Proof
Step (1)

If X(w)+Y(w) <a, then X(w)< a + Y(w), and there exists a rational r

such the X(w) <r <a-Y(w).So
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{w: X(W)+Y(wW)< r}= ] {w: X W) <r} Kw:YWw)<a-r}) .

r rational

Step (2)
X 2is measurable since{ x: X2 > a}={x: X >~/a}U{x: X <+/a}. The
measurability of XY following since XY :%[(X +Y) = X?-Y?]. O

In the same way we can prove that aX ,XY, max(X,Y) and min(X,Y) are all

these measurable functions .

Theorem (1.7.4) [3]
Let {X, }be a sequence of a measurable functions on (€, F ), then

supX  ,inf X, limsupX, ,liminf X, are measurable functions.
n n n n

Lemma (1.7.5) [3,31]

If each function in sequence {X_}is measurable on a set Q and if X is

the point wise limit function of {X_},then X is measurable on Q.

Proof

Let we Q and ael] such that X (w) >a. Let k be a natural number

such that X(w) > a +%, Then by definition of limit, there exists a natural

number m, such that Xn(w)>a+% forall n > m .Thus
: 1
X (w) =lim Xn(w)>a+E>a.

This implies that {w: X(w) > a}=00 ﬁ {w: X, (W) >a+k£}.

k=lm=ln=m+l
Since this set is measurable and a was arbitrary ,it follows that X is

measurable.




Chapter One Some Definitions and Concepts From Measure Theory

Theorem (1.7.6) [4,31]
Suppose X is a measurable function , then all the following are
measurable functions.
. X",n>1
X[ ,n>0
1. X* =max(X,0)

IV. X" =—min(X,0) .

Example (1.7.7)
Let X, Y :(Q,F ) — (J,B()) be two measurable functions, where (Q,F )

is a measurable space. Let X,Y ", be defined by:

X (W)= X (W) if X (W) g{—oo,oc}and X “(wW)=1if X (W) e{—oo,o0}.
Y™ (W) being defined in a similar way. Consider the partitions of Q,
Q=AUA,UA,UA, UA, and Q=B,UB,UB,UB,UB,,

where A ={X € (0,0)} A, ={X €(—x,0)},A, ={X =0},

A, ={X =-w},A, ={X =w}and B,,B,,B,,B,,B, being defined in a

similar way with Y.
Show that
1. X"and Y are measurable with respectto F and B().

2. All A;’s and B;’s are elements of F .

3.Forall BeB():

{xveB} = UJ (A NB, N{XY €B})

i,j=1
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4. ANB;N{XY eB}= ANB, N{X’Y" e B}, in the case when 1<i<3
and 1 <j<3.

5. ANB; N{XY eB}is either equal to ¢ or A1 B; , in the case when i>4

or j>4.

Solution

1. Forall B eB((), the inverse image X }(B)can be written as:
X" 1(B) = (X Y(B)N X (1)) U(AN{X =49} ULX =—oc})). where A = Q
if 1B, and A = ¢ otherwise. It follows that X *(B) e F , and X" is

measurable. Similarly, Y is measurable.

2. All A;’s and B;’s are inverse images of Borel sets in[J ,by measurable

functions. They are therefore elements of F .

5
3.Since Q=JA NB; ,forall Be B(J), we have:
By

5
{Xy eB}= U (A(B; {XY eB})
i, j=1
4.Foralll1<i,j<3and we AMB;, X(Wel andY(Wel .In
particular, X (W) =X (W), and Y (W) =Y “(w) . Hence, we conclude

that A(B; N{XY e B}= A(B;{XY eB}.
5. Suppose i >4 or j > 4. Then, for allwe A B; , X(WY(W)is
either —oo, 0 or +oo. More specifically, X (W)Y (W)= a, with:
a=—0 if (i,])e{(1, 4), (2,5),(4,5), (5,4),(5,2),(4,1)},a=0if
(i) € {(3,4).(3,5),(4,3), (5, 3)}, a=c0 if (i, ]) e{(1,5), (2, 4), (4, 4),
(5.5).(5.1), (4, 2)}
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Hence, givenBeB(), AMNB; N{XY eB}= ¢ ifag B, and

ANB; N{XY eB}=A(B; ifacB.

Example (1.7.8)
Let Q=N ,andlet B={ie N:i=2n forsomen e N}.Set

A={A c N :either B c A or A(1B =¢}.

Showthat g:N —[] is F-measurable if and only if g is constant on the
set B.

Solution

Suppose that g(i) =a for all i even, and consider{w: g(w) <a}, for any

real a .Clearly this set either contains all of B or has an empty intersection

with B ; i.e.,itisin A. Therefore g is F -measurable.

Suppose, on other hand , that g(i;) = g(i,) for some pair of even integers
l,1,.Without loss of generality , there is some a such that g(i;) <a<g(i,) .
Then, letting h, ={w:g(w)<a},we have h,(|B=¢ andBvh,, and so h, is

not in A . Hence g is not F -measurable.

1.8 Simple function [ 4,43]

Let (QQ,F ) be a measurable space. We say that the function ¢: Q — [J

is a simple function on (Q,F ), if and only if ¢is of the form :

pW=>alsn (1.7)
i1
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where A are disjointed measurable subsets which from Q ,(UA =Q) n>1,

and a, ell foralli=1,...,n.

Remark (1.8.1) [31]

1. Any simple function is a measurable function.

2. Any constant function is a simple function .

Theorem (1.8.2) [4,31]

If X and Y are simple functions ,soare ¢ +v ,aep , ¢y ,max (¢ w,) and

min(e,y ).

Theorem (1.8.3) [ 4,43]
Let X :QQ—[0,0] be a measurable function . There exists a sequence

of simple functions {¢, }on Q such that :
. 0<p(W)<p,(W)<....... < X(w)

. ¢, (W) > X(w) for each we Q.

Proof

Fix n>1 and for i =1,2,3,....n2", define the measurable sets

-1
n

v 1
An =X M

,2|—n)). Set B, =X ~}([n,]) and define the simple

functions




Chapter One Some Definitions and Concepts From Measure Theory

201
Pn(W) =2 1a, (Wl (W),
i=1 '
Cleary ¢, is a simple function and it satisfies ¢, (W) <¢,.; (W) and ¢, < X (W)

for all w. Fix £>0.

Letwe Q.If X (W) <o, then pick n solarge that 27" <& and X (W) <n.

-1

2!’]

-1
2I’l

Then X (w) e[ ,2'—n) for somei =1,2,...n2". Thus ¢, (W) =

and so, X (W) —g,(W)<2™" .

Example (1.8.4)

Let X :(Q2,F ) — [0,+o0] be a nonnegative and measurable

function. For n> 1, put A = {X>1/n}, and ¢,= (1/n)1, . Show that
1. ¢, 1s a simple function on (Q,F ) with ¢ <X.

2.A 1 {X>0}.

Solution

X Dbeing measurable, A = {X > 1/n} is an element of the o-fieldF . Since
1/nel) , from definition (2.6) it follows that ¢, = (1/n)1, is a simple function
on (Q,F ). Suppose that we Q. Ifwg A , then ¢ (W)=0 <X (W).

Ifwe A ,then ¢ (w)=1/n <X (w). In any case, ¢, (W)< X (w).It follows that
@, <X

Letn> 1, ifwe A ,then X(w) > 1/n and in particular X (w) > 1/(n + 1).

So we A ,and we see thatA c A ;. Foralln>1, A <{X >0}. It follows

that | J A, ={X >0}. Conversely, if X (w)> 0, then there exists n > 1 such that

n=1
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X (w)>1/n. So {X >0}<| JA, .We have proved that A < A, with

n=1

QA] ={X >0}, i.e. A, 1 {X>0}. -

1.9 Lebesgue integral [18,43]

If p(w) = ZaiL\ IS a nonnegative measurable simple function and
i=1
E €F is measurable ,define the Lebesgue integral of ¢(w) over the set E to

be

[_opwydM =ieyl\/l (AANE) (1.8)

Example (1.9.1)

Let h:[2,5] >[I be a function defined on h(w)=2 ifweQ ,

and h(w)=3 if weQ'.Show that h is Lebesgue integral ,whereQ

arational numberand Q' irrational number .

Solution

I;hd M =2 aM (A NE)=2M ([25]NQ)+3M ([25]NQ) =

i=1,2

2M (9)+3M ([2,5])=2(0)+3(5-2)=9 . (M (¢)=0)

Remarks (1.9.2) [33]
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1. If X >0 is a measurable function ,we define the integral of X over E to be

jE XdM =sup{J'E(p(W)dM 1 0< (W) < X , (W) SIMPIE} c.vooeveeeen (1.10)

2. If X is measurable and at least one of the integrals
jE X dM | jE X “dM is finite ,where X* =max(X (w),0)
and X~ =-min(X(w),0), define the integral of X over E to be

jEXdM :jExﬂvl —jEX‘dlvl ................... (1.11)

Theotem (1.9.3) [2,6]

Suppose that X ,Y are measurable functions, let EcF and a b are real

constants , then:

LIFO<X <Y ,then [ XdM <[ YdM .

1. If AcB,ABeF ,and X >0,then ij dM ngXdM.

1. If X >0,then jE(ax +bY )dM =ajEXd|v| +bjEY dM .

IV. If X (w)=0 for all we E, then jEXdM =0.

V. If M (E)=0 then jEXdM =0 forany X >0.

VI If X >0, then [ X dM =] 1 XdM .

VII. If Xis integrable and bounded ,then UQX‘SIQ\X\SSLVJVp\X(W)\.
Proof

I. If ¢(w) is simple and 0<g(w) < X, then 0 <¢p(w) < X <Y and so, by
definition of _[EY dM , we have IEde SJEY dM .
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Taking the supremum over all ¢ with 0<@p < X gives the

jEx dM sjEYdM

1. If 0<p(w) <X, then J'AgodM SJB(p dM (since AcB)
Taking the supremum over ¢ with 0<@p <X , gives the inequality
[ XdM <[ YdMm.

A B

and on the same way we can prove Il , IV ,V VI \VII . O

Theorem (1.9.4)[11]
The integral M (X) assigns a unique value to each X measurable and
integrable function. Further,
I. M (X)=M (Y) whenever M ({w: X(w)=Y(w)}) =0.
I1.M is linear, that is for any X,Y are measurable and integrable functions,

M (X +Y) =M (X)+ M (Y).

Note

M (X)=jQX dM

Theorem (1.9.5) [12][18,43]
Let (©2,F ,M ) be measure space .Suppose ¢ and y are simple

functions with >0 and >0 .

|. For Ec F define M *(E)=JE @dM , then M "is measure onF .
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. jg((pﬂ//)dM :jggodM +jQz//dM ,and also

IQ(ago+ by )dM = ajggodM +bIQWdM , for real constantsaand b .

I11. |¢| is a simple function and Uggz)(w)‘ < ng\d M <suplp(w|
Proof

l. Ej eF E :UEj,then

M (E)=[ ¢dM =3 aM (ANE)=2 a ) M(ANE)
i=1 i=1  j=l1
o0 n o0 -
=> > aM(A NE;)=> M (E)).
j=li=1 j=l
[l. Let us write €0=Zaih and W:ij}lBj where a, =0=Db, , the as are
i=0 j=0

distinct and the b ;s are distinct so the {A,,......., A }is a partition of € and

similarly, {B,,.....,B,}is a partition of 2. The sum ¢+ is asimple

k
function, say ,p+w = Zd, Ic, , where do= 0, the dis an distinct and
1=0

{C ,C,}is a partition of Q. Each d, has the form d, =g, +b; for suitable

EEEELEE

ijandso C =|J A MB;where I, ={(i, j):a +b, =d,}.Then

fg(coﬂ//)dM =id,M (C)
and
L(pdl\/l +L2wdlvl =iai|v| (A)+Zm:bjM (B)).

The collection {A B, :0<i<n, 0< j<m} forms a partition of Q2

we have
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.[Q((DJ”/’)dM :Zk:dlM (C) :Zk:dﬂ\/' UA ﬂBj)=Zk:d|Z|\/| (ANB,), since

distinct A (1 B;s are disjoint

= ZZ(ai +bj)M (AN Bj)

=Y (a+b)M (ANB)) =Y .aM (A B+ Y bM (ANB))

=Y aM (A)+ X M (B)=| ¢dM +| wdM .

In the same way we can prove JQ(a¢ +by)dM = ajggod M + bjgz,ud M and
(1.
Remark (1.9.6) [24]

We see that the integral of a simple function is got by adding up its

“ elementary bits” and it does not matter how we write the simple function as
such a sum. For example ,consider ¢ =al, so that _[ngd M =aM (A).If

A =B, UB, with B, 1B, =¢, then we could also write ¢ as
p=al, +al, .We have

anﬂAdM = J.Qa}lBldM + _[QaIledM =aM (B,)+aM (B,) =aM (A)...(2.14)

Definition (L” Spaces) (1.9.7)[4]
1

For 1< p <oo,define the LPnorm of X by |Ix ”p :(IQ|X |pd M )H.

For p=oo, define the L norm of X by

[X | =inf{K eR:M ({w:|X (W) =K}) =0}, for 1< p<oo,
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the space LP is the set {X :||X| 5 < oo}




Chapter Two Probability MeasureTheory

In this chapter we give some definitions, theorems which is a related to
probability measure such as random variables, distribution function,

independent, expectation, etc.

There are many reasons why should such a student learn about

probability measure theory.

The first reason is that the extension of probability to measure theory is

fairly natural and intuitive since probabilities already measure sets .

Another reason is that using measure theory nicely generalizes
probability theory. This allows continuous probabilities to be treated within
the same framework (whereas without measure theory many concepts and

theorems need to be defined and proved for continuous probabilities).

A third and final reason is that using measure theory allows one to use

the analytic tools of measure theory .

2.1 Some Basic Definitions of Probability
Definition (A random Experiment ) (2.1.1)[36]

A random experiment is the experiment whose results are not predictable
and can be determined only after performing it and then observing the

outcome.
Definition (sample space ) (2.1.2)

Is a space Q of all possible outcomes of a random experiment and each
individual outcome is represented as a point w That space Q.Subsets of Q

are called event and each of them corresponds to a collection of outcomes .
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2.2 Probability measure [9,14]

Let (Q2,F ) be a measurable space. A function IT:F —[0,1] is called
probability measure if it satisfies the following conditions:

I.0<P <1 forall AeF .
II.P(Q):l

LI ALA,, ... eF is a countable sequence of disjoint sets

ANA =¢for nxzk then P9 JA)=3P(A)

A triple (QQ,F ,P), where Q is a nonempty set, F is a o-field of subsets of

Q, and P is a probability measure on(€2,F )is called

Probability measure space and if Q equal any interval (0,1),[0,1),..... and

F =B, then P, is called the Lebesgue probability measure.

Some Basic Properties (2.2.1) [11,35]

We try to explain some properties of probability measure which are similar
to those as in probability elementary theory:

I.If ABeF ,AcB,then P(A)<P(B) ( Monotonicity )
I1.If ABeF ,A(NB=¢, then P(AUB)=P(A)+P(B) (Additivity)
I.P(A)+P(B)=P(AUB)+P(ANB) :P(A\ B)—2P(AﬂB)+P(B\A),
then P(AUB)=P(A)+P(B)-P(A(B)
IV P(JAD=PA)- S PA NA)+ Y PA NA; NA)+-+

k =1 i i<j i<j<k

-)™P (AN.....NA) (Inclusion—exclusion formula)
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V.IF A, , A, are measurable sets, not necessarily disjointed, then
n n
PUJA)<D P(A) (Sub additivity)
i=1 i=1
. limP(A,)= P(Ilm (A))
n—o0
VIl .P(lim supAh)> I|m supP(Ah)
nN—00

VI .P(liminf Ah)< I|m inf P(A,)

N—00

IX. If ZP(Ah)<oothen P(I|m supA,) =0
n=1

X IfALA,, ... are assumed to be independed and

i P(A,)=, then P(limsupA,)=1.

n=1 N—0

Theorem (2.2.2) [9,35]

Let(€2,F ,P) be a probability measure space. Then the following
assertions are true:

I.If B eF ,then P(B®)=1-P(B)
1. If ABeF ,then P(A\B)=P(A)-P(ANB)

HLIf A,...., A, €F suchthat A ﬂAj =¢,for i = j,then

P(OA) =3 P(A) (finite additivity)
i=1 i=1
IV.If A,A,,.....eF suchthat AcA <......, then
limP(A)=P(JA) (continuity from below)

V.If A,A,.....eF suchthat A oA D....... , then
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limP(A,)= P(ﬁ A) (continuity from above)
N—>0 4

Theorem (2.2.3) [4]

Let (QQ,F ,P) be a probability measure space ,there exists complete

probability measure space (Q,F ,"P")such that

I.F cF"

II. If AcF " then P(A)=P"(A)

I If AcF ™ then A=A UA,suchthat, A, eF,A cB,
BeF, P(B)=0

2.3 Random Variables [30,38]

A random variable X is a measurable function, X : Q—1[] .i.e. A real

valued function X(w) on Q such that for every Borel set B B ,then

X 7(B)={w:X (W) e B} is a random variable subset of Q ,X *(B) eF .

There are two types of random variables , discrete and continuous .

A continuous random variable is one which takes an infinite number of
possible values . Continuous random variables are usually measurement .

Examples include height ,weight ,etc.

The random variable has some properties such that for all X and Y are

two random variables we Q then :

I.(aX +DbY)(w) =aX (w) +bY (w) is a random variable a,bel .
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I (XY)(W) = X (W)Y (W) is a random variable .

1. 1f Y (w) =0 ,then (é)(vv) = % Is a random variable .

IV. | X ()| is arandom variable .

Example (2.3.1)
Let 2=[0,1).Let F=B ,the collection of all Borel subsets of [0,1). Let
P=P, ,the Lebesgue probability measure on ([0,1),B) . For every positive
integer n ,let X ,:[0,1) > R be defined by

0, ﬁw<%

x g <w<i

W)= fn<w<s

M| p9no]
\ 9n lf-'é'n_sw<l

Show that each X |, is a random variable on ([0,1),B, P, ) .Describe precisely

the o-field ,A, =o(X ,).Let A = JA, .provethat c(A)=B.

Solution
Foragivenn,ke{0,1,...,n—1} and k/n<x<(k+ 1)/n,
{w: X, (W)<x}=[0,(k+1)/n)eB,
since B contains all intervals. So X, is a random variable. The “building

blocks” of A, are the disjointed intervals [k/n, (k+1)/n),

k=0,..., n — 1. Then A, consists of all possible unions of these

building blocks.
Clearly, each A,c B, soalso A = B. Then o(A) = B, as o(A) s the
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smallest o -field containing A.

Since every real number can be approximated arbitrarily well by rationales,

given any a [0,1) we can write [0, a) = (J[0, k, / n,)
m

for suitable n,and0<k, <n,. (Here q, =k, /n,, Is a sequence

of rationales convergingtoaasm — o.)

Hence also [b, a) =[0,a) \ [0, b) e o (A) for b < a. Hence B < o (A).

Theorem (2.3.2) [35]
Let (Q2,F ,P) be a probability measure space . A function X :QQ—[]

satisfying P({We QX (W) e{—xo, oo}}) =0 is a random variable

if and only if for every open interval (a,b) , X *(a,b) eF .

Proof

Since every open interval is a Borel set ,if X is a random variable , then
X*((a,b)) eF .

Now suppose that X ~(a,b) e F for every open interval (a,b).
Consider F'={Bel] : X *(B)eF } .We claimthat F'is ac - field.
Note that X *(¢)=0eF ,s0geF ', X7'(1)=Q\ X ({—o0,0})

since

P(X ({—o0,00})) is zero,X *({-oo,0}) e F;

Since F isa o- field ,it is closed under complements, so X (U ) e F ,and
0eF’,

If BeF', X (B)eF ,s0 X }(0\B)=X""(0)\ X (B) eF
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because X *(J)eF and X *(B)eF .

Therefore, P\Be F ' ,soF "is closed under complements.

Now

Suppose B, €F',neN .Then X *(B,)eF forall n

So X (| JB,)=JX™(B,)eF and henceF " is closed under countable

neN neN

union.

Therefore, F"is a o -field , since every open set is a countable union of

open intervals, F ' contains every open set;

Since the Borel o-field is the smallest o -field containing the open sets in
[J,F "contains every Borel set, so X is measurable and hence a random

variable. O

2.4 Law of a Random Variable [30]

Let (Q,F ,P) be a probability measure space and X: ©2—[] be a random
variable ,then

Py (B)=P(weQ: X (W) e B) is called the law or image probability measure

of the random variable X .

Definition (2.4.1) [28]

Let (€2,F ) be measurable space , P and Q are two Probability measures

defined on that space. The probability measure Q is said to be absolutely

continuous with respect to probability measure P if for any AeF so that

IT(A)=0 one has Q(A)=0.

Definition (Probability Density Function) (2.4.2) [1]
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The probability density function (p.d.f) ,is f (x) ,of continuous random
variable X ,that is mean f:[J —[0,00)

The p.d.f must satisfy the following two conditions:

. f(x) >0 ,forall x and

. 7 f(x)dx=1.

Definition (Distribution Function) (2.4.3) [35,43]
Given a random variable X: Q —[1 , The (Cumulative) distribution

function of X is Fy (x):[0 —[1 defined by

Fy (X) =Py (—o0,x]=P ({w:X (W) <x})
The distribution Py can be obtained from the distribution function by

setting Py (—oo,x]=Fy (x); that is uniquely determinesPy .

If X is a random variable ,its cumulative distribution function Fy (x)
satisfies the following properties.
.O< Fy (x) <1.
I1. Fy (x) is nondecreasing
[11. Fy (X) is right continuous :

that is

F, (x):lhinx (x +h) forall xell

X—>—00

IV. lim F(x)=0 and lim Fy (x)=1
X—>00
d
V. f(xX)=—F(x)
dx

IV.P@<X <b)=P(X <b)—P(X sa):F(b)—F(a):j:f (x )dx
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fora<b

VI. A function F is the distribution function of some probability measure if
and only if one has (1) (111) (1V).

VII. If F satisfies (1) (111) (IV),then there exists a unique probability measure
P that has

P(a,b]J=F(b)—F(a) foralla, b €l .
VIII. Fy (X) is continuous if and only if P(X =x)=0.
IX. Fy (x) is continuous if and only if Py is continuous.

11X. Fy (X) has at most countable many points of discontinuity.

Example (2.4.4)
Let (Q2,F ,P)be a probability measure space and X a random variable

on(QQ,F ,P).

1.Show that Fy (x):lif(')lFx (X +¢&).
&

2. Show that Ii£r01 Fy (X —&) <Ry (X).

3.Let m=sup{x:Fy (x) <1/ 2}.Show that Iiirg Fy (m—¢)<1/2<Fy (m).

Solution

1. Define A, = {w: X(w)<x + 1/n)} ne N , so the sets A, form a decreasing

nested sequence. Also, (A, ={ x: X(w)< x}. By A,° which form an
n
increasing nested sequence, we get F (x) = lim Fy (x+1/n) . Since Fy is
N—o0

: 1
nondecreasing, we deduce the result, where & =
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2. Define A = {w: X(w)< x — 1/n)}, so the sets A, form an increasing
nested sequence. Also, A = JA, ={w : X(w) <x}We get F, (x) =P (A,)
n

= lim Fy (x—1/n) . Since Fy is nondecreasing, we deduce the result.
N—o0

3.Let m=sup{x: Fy (X) <1/2}. Then F 4 (x) <1/2. Also,
F y (m)> 1/2; otherwise, if F y (m) < 1/2 ,then by right continuity ,

Fy (m")< 1/2 for some m’>m, which is a contradiction.

Theorem ( 2.4.5) [4,34]
Suppose F is adistribution function .Then there is a probability measure
space (€2, F ,P) and a random variable X defined on this space such that
F=Fy

Proof
We take (QQ,F ,P) with Q=(0,1) ,F = Borel sets and P Lebesgue

probability measure. For each we Q. Define

X (W) =sup{y :F(y)<w}.

We claim this is the desired random variable. Suppose we can show that for
each xell .

weQ: X W <x}={weQ:w<F(x)}. (2.2)

Clearly then X is measurable and also P {X (w) < x} = F(x),

proving that F = Fy .To prove (3.1)
let w, e {we Q:w<F(x)}

Thatis,w, <F(x).Then x ¢{y :F(y)<w,} and therefore
X (w,)<x.Thus {weQ: W< F(x)} c{weQ:X (W) <x}.
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On the other hand , suppose w, > F (x). Since F is right continuous,

there exists € >0 such that F (x + ¢) <w,.Hence X(w)=x+¢> x . This show

that w, & {weQ: X (W) <x} and concludes proof . &

Theorem (2.4.6) [2,4]

For any given distribution function F satisfying the properties of F there
exists probability measure IT on (U ,B())) satisfying .
F(x) =P((—oo,x]) for all x €[l . Moreover , such P is unique .

Theorem (2.4.7) [43]

If F isadistribution function corresponding to P,then
. P((=o0, X)) = F(x).
I P((x YD) =F()-F(X), x<y.
. P((x,¥))=F(y )—F(x), x<Yy.
V. P(Ixy))=F(y ) -F(x), x<y.

V. P(IxyD=F(y)-F(x), x<y.

Theotem (2.4.8) [30]

Assume that P and Q are probability measures on B([J) and
F and F " are the corresponding distribution functions . Then the following
assertions are equivalent :
. P=Q.
I1.F(x) = P((—0,x]) =Q((—o0,x]) =F "(x) , for all x e[
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2.5 Some Special Continuous Distributions [19, 20]
There are many special continuous distributions like, Uniform
distribution, Normal distribution, Exponential distribution ,Gamma

distribution , Cauchy distribution, Beta distribution, Double Exponential

( Laplace ) distribution , Pareto distribution , Wald distribution , Weibull
distribution , Students distribution .This thesis will explains some of the

following distributions which we need in chapter four .

a. Normal Distribution
Normal distribution has the following formula

1 x=py
2 0 —0<X<00,-0<u<0,0>0 i, (2.2)

f(x)= Gj'z_

with mean x and variance o, 1 and o are parameters .The distribution

5 T
function is F(x)—%+ 1[ X Z i \/_]Where u o are real
n=1

constants .

b. Exponential Distribution

Exponential distribution has the following formula

fO)=2e  x=0 A >0 i, (2.3)

with means % and variance /11 A be parameter. The distribution function is

FO)=1—e™ x>0 i, (2.4)

where A is a real constant .
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c. Cauchy Distribution

Cauchy distribution has the following formula

f(x)= L —0< X< ,—0< <0, >0 i, (2.5)

=%y

B+ ( 5

the mean and the variance of this distribution do not exist, « and g are

parameters .But

when a=0 and g =1, the standard Cauchy has formula -~ The
w(l+ X°)
. . . . 1 1 X— 1
distribution function is F(x) =—tan™"( ; )+§ ..................... (2.6)
T

where « and f are real constants .

2.6 Independence [4,37]

I. The collection {F;,1<i < n} of o- fields is said to be independent if

whenever A eF;, A, eF,, ...... , A, €F,, then P(ﬁA):ﬁP(A)

I1. A collection {Xj:1<i<n} of random variables is said to be (totally)

independent if for any {B.;1<i <n} of Borel set inl] ,

[11. The collection of measurable subsets {A ,1<i<n} ina c-filed F is

independent if for any subset | —{L,2,....... ,N} we have

P{AY=] [P{A}-

icl iel




Chapter Two Probability MeasureTheory

Lemma (2.6.1)[37]

Suppose X,Y are r.vs on probability measure space (Q2,F ,P), with

induced distribution «, f on [ respectively . Then X and Y are independent

if and only if the distribution induced [1° by (X,Y) is a x 3.

Proof
Let A,BeF ,the distribution of X is P, (A)=P(X € A)=« and

the distribution of Y is Py (A)=P(Y e A) =/
then the distribution of X and Y onl1 ?is Py y (A,B)=P(xe A,y eB).

Since r.vs Xand Y are independent ,then P(xe A).P(yeB)=ax .

By the same way we can prove the converse . O

Definition (2.6.2) [4]

Two random variables X :Q—[1 and Y :Q—[] . Define X,Y:Q —[1 2
the joint distribution by

P2(A) = P[(X,Y)e A] , AeB(?)

P? is then Borle probability measure on (0 ?,B) .

Mathematical Expected (2.6.3) [17]
Given probability measure space (€2,F ,P)and a random variable

X :Q—[, we define the expected by

E(X):jgx dpP :IQX(W)dP(W)
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2.7 Joint Distributed of r.vs [25]

Given a random experiment with sample space Q. Two random
variables X and Y are said to be Jointly distributed if they are defined on the

same probability sample space.

The sample points consists of ordered pairs (x,y) . The range of each r.v

is a set of real numbers ,thus .

(X,Y): Q— [, xJ, such that; (X,Y) (W) =(x,y)

Joint probability density function (j.p.d.f) [ 2.7.1] [ 13,25]

Let X and Y are two continuous random variables defined the same

sample space Q.The joint p.d.f of X and Y ( or j.pdf) is denoted  (X,Vy).
The j.pdf must satisfy :

I.f(x,y) 20, for all xandy

Il.jjojif (x,y)xdy =1

The marginal density function of X and Y are given by

f, (X) = j“; f(xy)dy (2.7)

where fy (X) is the marginal density function of the r.v X .Similarly, the

marginal density function of Y, f, (y)is given by

)= f(x,yy3dx (2.8)
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Joint Distribution Function (2.7.2) [34]

The joint cumulative distribution function ( J.c.d.f) , or Joint simply the

distribution function F of the two random variables X and Y is the function

form [J *to [ 0,1] and is defined for all x and ye [] %, by

Fi,y)=PX <x¥ <y)=[ [ f(,y)dydx ... 2.6)
In other word ,F (x)denotes the probability that the two random

variable X and Y takes on a value that is less than or equal.

We can show that the Joint continuous distribution function have the

following prosperities

.OSF(X,y)<1 ,-—-o0o<Xy<o

II.F(—o0,y)=lim F(x,y)=0 forally

. F(X,—0) = !iLTJOF(x,y)zO

Il. F(o0,00)=limF(x,y)=1
y >

2

OX oy

H.f (x,y)= F(x,y)

IV. If X, <x,and y, <y, ,then P(x, <X <x,,y,<Y <V,)
= F(Xziyz) 'F(Xz’yl)'F(Xl’yz)"' F(Xl’yl)zo
V. F(x,y) is right continuous is each argument; that is ,
Iim F(x +h,y)= lim F(X,y +h)=F(x,y)
0<h—0

0<h—0

The marginal distribution function of X and Y are given by
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F, (x)=5iﬂlP(X <X)Y <y)=P(X <x)=F(x,)

=[" [ (x,y)dydx eernnnea(220)

K (y)=limP(X <x)Y <y)=P({ <y)=F(»y)

=" ] F (. dydx cererene(2.20)

where F, and F, are the marginal distribution of X and Y,respectively

Definition ( 2.7.3) [1,13]
(The Joint Probability density function for independent r.vs)

We say that two random variables (X,Y)are independent if
P(X eA andY €B)=P(X €A)P( <B).

The joint distribution r.vs X and Y are said to be independent if and

only if their Joint distribution function F(x,y) can be written as the product of

the marginal function F, (X) and F, (Y)
ie
Fx,y)=FxX)R &) (2.12)

If X and Y are continuous random variables , with joint p.d.f f(x,y) ,

then X and Y are independent if and only if f (x,y)=f, (x)f, (y)
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Corollary ( 2.7.4)[11]

Suppose that r.v. X with a Borel measurable probability density function f
and r.v. Y with a Borel measurable probability density function g are
independent . Then ,the random variable W=X+Y has the probability density

function

f@w)=[ T w-y)(ydy
Proof
Fixingw eR, h(x,y)=1y , 4 t0 get that

F@w)=P(X +Y <w)=Eh(X Y ):jR[th(x Y )dP(x)JdP(y).
Considering the inner integral for a fixed value of y,we have that

[LhXY )AP(X) = [ 1 —y)()dP(X) =P (oW )

- ﬁ“oo‘yf (x )dx
Where the right most equality is by the existence of a density f (x) for X.
Clearly , jivoo_yf (x )dx =J‘ivoof (x —y )dx.Thus we see that

Fw)=[ [[" f x-ydP)IP(y)=[" [[f (x -y)P(y)ldP(x)

Since this applies for any we R it follows by definition that W has the
probability density

f@)=[.fw-y)(y)dPy)=E[f v -y)].
With Y having density g.
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2.8 The moment generated function (m.g.f)) [ 16]

The moment generated function (or simply m.g.f) of the r.v, is denoted

by M (t) and if it exists ,is defined as

Dp (t)= E[etX]zju e®dP s (2.13)

where teR .

Remark ( 2.8.1) [13]

There is a one to one correspondence between distribution functions and
moment generating functions when the m.g.f exists.

If the m.g.f of the distribution of a r.v approaches that of the distribution of

another r.v , then the distribution of the first r.v approaches that of the second

r.v under the same limiting conditions.

2.9 Characteristic function [4,5,37]

Let P be a probability measure on [J . Then ,the characteristic function of P is

®p (1)=E[e®]=[ e™dP (2.14)

where i=+-1

If X is a random variable ,the characteristic function of the distribution [J
induced by X will sometimes be denoted to ®y = je""P>< (dx). Soif Xand Y
have the same law , they have the same characteristic function .Also , if the

law of X has a density , that is , P, (dx) = f, (x)dx,then @, (t) = J'e“X f, (X)dx.
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Theorems (2.9.1)[5]

Suppose P and Q are two probability measures onl] with characteristic

functions @, and @, respectively. Suppose further that for each

tel @ (t)=D,(t).Then ,P=Q

Proof
Fort ], we have @ (t) = (t),then

[ Py (dx)=[ €™ Qy (dx), we conclude that

P, (dx) =Q (dx), therefore P =Q. U

Theorem (2.9.2)[33]
Let P,,, P be a probability measures onl] with distribution function
F,, F and characteristic functions ®_and®. Then, the following are

equivalent.

LP, =P

I1. For any bounded continuous function g:lJ — [
lim | 9(dP, = | g(x)dP

Il. Forany tell, lim®, (t)=d(t)

Proof

Suppose that (1) to prove (1).

For any bounded continuous function g(x) then
lim| g(x)dP, =] g(x)dP,then

we conclude that dP, =dP ,then P, = P.
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Supposethat (1) to prove (111), we have
lim ®p (t)=1lim [ e™dP, by(l)
n n—>o0

Nn—o0
then [ e™dP, =d(t) ©C

by the same way we can prove(ll) .

Theorem (2.9.3)[26]

Suppose P_ is a sequence of probability measures onlJ with

characteristic functions @ . Suppose that for each tel[] ,lim®_(t)=d(t)

nN—oo

exists and @ is continuous at 0 . Then , there is a probability distribution

P such that @ is the characteristic function of P . Further more ,P, =P .

Theorem(2.9.4)[5]

If P, convergesweaklyto P,then @, convergesto® uniformly

on every finite interval.

2.10 Moments [16]

Suppose X is a random variable .Then ,the kth moment of X is EX K The

kth absolute moment of X is E|X [

Theorem (2.10.1)[16]
Let X be arandom variable. Suppose that the kth moment of X exists.

Then, the characteristic function @ of X is k times continuously differentiable

1

and ®%(0) =iEX"




Chapter Two Probability MeasureTheory

2.11 Some Moment Inequalities
a. Markov’s Inequality [ 23]

If X is a random variable that takes only nonnegative values , then for

any constanta > 0

P(X Za)sE(aX) ......................................... (2.15)

b. Chebyshev’s Inequality [13]

Let X be any random variable with mean x and variance o2 for any
£>0, we have

2
PIX —4ze)<Z (2.16)
&
.
orequivalently P(X —ul<e)>1-— . (2.17)
&

Remarks [2.11.1][13]

1.The Chebyshev’s Inequality can be obtained if we let

g(x) =(X — 1)> and a=¢&?in prove (a) , we get

2

2
PEX —py 2 57y EX A VarlX) o
& &

2

(o2
P(|X —IU|28)<—2.
&
2.5ince P{X — > e}+P{X — 1| < £}=1,then by applying the equation
(2.16) we get the equation (2.17) .
1

2

3. The Chebyshev's Inequality can also be written as P{|]X — u|>ac}< "
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c. Jensen’s Inequality [34]
Let X bear.v with finite mean E[X] , and let f be a convex function ,then

FEDSEIFO)] e (2.18)

The function f: J — [ is called convex if for every x,y and 0<A< 1,
f(AX +(@Q-A)y)<Af X))+ @A-Df (y).

Examples[2.11.2][4]
1- Let g(w)=e".
Then

expLyvd P< _[Qewd P

1
2-1If Q={1,2,3,...,n} with the probability measure P defined P {I}:H and

the function g (i) =W, , we obtain
1 1w w w,
exp {H(W1+ W, + ...+ Wn)}gﬁ{e +e . ten

Stetting y; =e" .We obtain the Geometric mean inequality .

That is,

1
=1
(Y1, Y 20eem ,yn)“sﬁ{y1+yz+----yn}

D. Kolmogorov's Inequality [23]
Let X,,....., X, be independent random variables such that E[X,]=0
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2.12 Convergence [2]

We will introduce some notions of the Convergence of sequences . Notice
that we will often not explicitly state the independence of a function X(w)
on w. Hence, sets of the form {w: X(w) >0} will often be abbreviated
{X >0}. Let X, be a sequence of random variables .There exist several kinds

of converge of the sequence of random variables at any design r.vs which are.

Definition(Convergence Almost Surely) (a.s) (2.12.1)[35]
Let(Q, F ,P) be a probability measure space .A sequence {X,} of

random variables is said to converge to a random variable X almost surly (or

almost every where ), if P(lim X, (w)=X (w)) =1 ,for every we Q.
N —00

There are many equivalent statements (notations) for a sequence of

random variables { X, }to converge almost surely to random variables X.

[see 35]

Some Properties of Convergence a.s (2.12.2) [33,35]

I. Thefollowing statements are all equivelent conditions (notations) for X -5 X
LP[X,>X]<1

2.There exist s>0,P(Iiminf DX =X \£a])<1

n—oo

limsup|[[X , - X \>s])>0

n—oo

3. Thereexist ¢ >0, P(

a.s a.s
[l.Uniqueness: If X,—>X and X,—Y,thenX =Y as

a.s a.s
I1l. Suppose X,—X , Y,—>Y, a,—aanda, real sequence,then
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a.s
1. X, +Y,=> X +Y
a.s
2. a, X, —>aX
a.s
3. X,Y,=>XY

&a.s X

4, ——, Y, #0and Y %0
Y, Y

a.s a.s
IV.If g be acontinuous function, X, —>X then g(X ,)—>g(X).

V.Supposethatfor all ¢ >0, > P(X , =X |>¢) < oo , then Xnix
n=1

Definition (Convergence in Probability (Measure)) (2.12.3) [32]
Let (C2,F ,P) be a probability measure space . A sequence {X,} of

random variables is said to converge to a random variable X in probability if

limP{w:| X, (w) - X (w)|>€e}=0, forall ¢ >0

There many equivalent statements (notations) for a sequence of random

variables {X, },to converge in probability to random variable X. [see 32]

Some Properties of Convergence in Probability(2.12.4)[21]

P P
I. Uniqueness: If X, —>X and X, -Y ,then X =Y

P P P
I1. Suppose X,— X and Y, —Y ,and a,—a,then

P
X, +Y,=>X +Y

P
2.a, X —aX
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P
3. XY ,—>XY
P
4X— i Y,#0andY =0
Y, Y

P P
I1l. Let g be a continuous function , X ,, >X then g(X ,)—>g(X)

P P
IV. Let g be a continuous function ata, X , —a then g(X,)—>g()

P
V. Fatou's Lemma: If 0< X, — X,then liminf E[X ]>E[X].

nN—o0

P
VI. Suppose X,—> X and|X,|<Y with E[Y]<wo,then E[X,]—>E[X]

P
VII. LetA, A, A,,.....,be independent .Then 1, —0 ifand only if
P(A)—0.

Example (2.12.5)

Let (Q2,F ,P)be a probability measure space. It is shown that X, — 0 in

probability if and only if E[ ‘ ‘ ]—->0 ,as n—>w,

L+[X,|

Solution

Suppose E[ |X | 1—>0 .

L+[X,|

Now, suppose g(u) = u/(1 + u) is increasing in u >0 and bounded by 1,then

‘xn‘ . )S & E[ ‘Xn‘

> ]1—0.
+[Xp| 1+e” 1+e T1+|X

P(‘Xn‘>5):P(1

Conversely, since g(u) <1 for all u and is increasing in u,

Xl <o id P(\xn\sg)+P(\xn\>g)—>L.

X, T+s

Since ¢ >0 is arbitrary.




Chapter Two Probability MeasureTheory

Definition(Convergence in Distribution (in Law) )(2.12.6) [ 29]
Let (2, F ,P)be a probability measure space .A sequence {X }of

random variables is said to converge to a random variable X " in distribution

"(usually abbreviated as D) if and only if .
E[9(X,)]>E[g(X)] asn—c forall bounded and continuous function
g: 0 —0

There are many equivalent statements (notations) for a sequence of

random variables {X .} to converge in distribution to random variable X.

[see 29]

Some properties of Converges in Distribution (1.12.7)[9,35]

. Uniqueness: If F —F and F, > F", then F=F"

Il. Suppose X , — X, therefore

1. If P [Xis a discontinuous pointof g ] = 0, then g( X, ) —>g(X)

2. 1f E[g( X, )]—E[g(X)] for every bounded real valued functions g

such that P[X € D ]= 0 where D is the set of points of discontinuous of g ,

then g( X, ) —g(X) for g continuous .

3. Fatou’s lemma :

If g isanonnegative continuous, then E[g(X)] < liminf E[g(X,)].

lL.If X, —a and g is acontinuous ata ,then g(X,) —>g(a)
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Definition( Convergence in L )(2.12.8)[4]

Let(Q,F ,P) be a probability measure space . A sequence {X ,} of
random variables is said to converges to a random variables X

in "LP" if and only if
E[X,-X["1—0 n—oow ,0<p<w

There are many equivalent statements (notations) for a sequence of

random variables {X} to converge in LP to random variable X.[see 29]

Definition (Convergence in Almost Uniformly (a.u.))(2.12.9)[4]
Let (€2,F ,P) be a probability measure space . A sequence{X .} of a

random variables is said to converge to random variable X almost uniformly

if give e>0,thereisaset AeF with P(A)<e suchthat X, —X

uniformly on A°.
If X,,andY, be a sequence of random variables convergences to X and Y

respectively for any constant a then :

a.u
. X, +Y, =X +Y

a.u
. a, X, —>aX

a.u
X, Y, — XY

a.u
|v.ﬁ—>é Y,=0and Y =0

n
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Definition (Weak Converges) (2.12.10) [37]

A sequence of probability measure P, on [l converges weekly to P whenever
P(@@)=P(b)=0, fora<b e[l ,we have
lim P,[a,b]=P[a,b].

Nn—o0

A sequence of r.v{X .} converges weakly to X if the induced probability

measure P, converges weaklyto P. That is denoted by B, =P or X, =X.

Theorem ( 2.12.11) [26,36]
LetP,and P be probability measureson(] .Denoted by F, and F the

corresponding distribution functions. The following are equivalent.

.LP, =P a sasn—>w
ILF (x)—>F(x)forallx €l suchF(x")=F(x) asn—ow

[11.On some probability measure space (Q,F ,P), there exists random variables

X and X, with laws P,and P, respectively such that X , — X as.

Proof
Suppose (1) to prove(l)
First , note that x is a continuity point of F if and only if P (x)=0.
Leta <b be continuity point of F .
Suppose F, (x) —» F (x) foreachcontinuity pointx of F .Then,
lim P [a,b]=lim F,(b)-F,(a)=F(b)-F(a)=P[a,b].
N—>o0 N—o0

Suppose(l) toprove (I1)

Suppose P, =,P.Then,

limF,(b)-F,(@)= lim P,[a,b]=P[a,b],then F, (x)— F(x). O
n—oo n—coo

In the same way wecan prove (lll)




Chapter Two Probability MeasureTheory

Theorem (2.12.12) [5]
X, converges weakly to X ifand only if E[g (X ,)]— E[g (X )], forallg

bounded and continuous function.

2.13 Convergence Theorems

The purpose of these theorems is to allow us to go from a sequence of
functions to a limit function , and ultimately to be able to be a little bit more

free when integrating with respect to various probability measures.

Theorem ( Bounded Convergence Theorem)(2.13.1) [ 10,33 ]

If the sequence {X ,,}of random variables is uniform

bounded and if X , — X in measure as n — oo, then

lim [ X dP=[_ XdP

n—oo

Proof
Since [, X ,dP - XdP|=|[ (X, ~X )dP|< [ X, ~X[dP.

We need only prove that X , — 0 in measure and
X ,|<K then[ X |[dP—0.
Q

To see this

.Lz‘x ”hp :an<g X ”bp +.[xn>g

and taking limits, limsup | X ,dP <.

n—oo

X, [dP <+ KP({w:|X, (W)]|>e})

and since ¢>0 arbitrary.
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Theorem (Fatou’s Lemma) (2.13.2)[28]

If for eachn >1,X > 0is arandom variables and X ;, — X in measure
asn — oo, then

[ X dP<liminf | X dP.

n—o0

Proof

Suppose Y is bounded and it satisfies 0 <Y <X .Then the
sequence Z =X _AY =min(X )Y ) isuniformly bounded and
Z —>Z=XAY =Y.
Therefore ,by the bounded convergence theorms ,

[YdP=lim| Z dP.

n—oo

Since j Z dP sj X ,dP for every n it follows that
Q Q

[ YdP<liminf[ X dP.

Q Q

n—o0

As Y satifying 0<Y < X is arbitrary . O

Theorem (Monotone Convergence Theorem(MCT)) (2.13.3)[38]

If for sequence {X} of nonnegative functions , we have X, — X
monotonically , then

[ X, dP—[ XdP asn—w

Example (2.13.4)
Let (Q,F ,PDbe the Lebesgue probability measure space ([0,1),B,P, ).Let
X :[0,1) > R be defined by X (w) =w.For every positive integer n, let

X, :[0,1) > R be defined by
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: 1
0, 1fw<2—n
o 1 2
lfi;; SUJ‘(‘?‘;

Xw)=( 5 fgE<wxs

M—1 e 2n-l
if o S w< 1.

\ 271’

Use the variables X . to prove carefully that EX :%

Solution

If k2" <w< (k+1)27", then (2k)2 ™" <w < 2k + 1)27"* or

(k+1)2"" <w<(@2k+2)2""  Then
XpwW)=k2™" = (2k)2 ™"t < X, ., (w),

s0 X, is increasing. Also, for every w, X, (w) — X(w)|<27",s0 X,
converges to X pointwise. By the Monotone Convergence Theorem,

EX, — EX. But

"1
EX = > k272" =2"1(2" —12" —>% as N —oo.
k=0

2.14 Limit Theorems
Theorem (Lebesgue’s Monotone Convergence Theorem) (2.14.1)[4]

Suppose {X, }is a sequence of random variables satisfying.

LOS X, (W) < X, (W) <........ ,for every we Q and

11X, (W) T X (w), for every we Q. Then _[QXnd PTJQXd P.
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Proof

Set a, :jQX dP.Then a, is anondecreasing and it converges to
a €[0,].Since
[ XndP<[ XdP, forall n
we see that if a.=oo, then [ X dP=o0.Assume | X dP<oo.Since
a<[ XdP.

We need to prove the opposite inequality. Let 0 <¢ < X be simple and
let 0< a<l.Set A ={w: X, (W=>aopW}.
Clearly . A c A....... In addition ,
suppose we Q. If X (w) =0,then p(w) =0 and we A, then a ¢(w) < X (w) and

since X _(w) T X (w), we havethat we A_ some n.Hence UA, =Q..

Our notation propostion (1.6.1) A_ T Q.
Hence

[ X dP>[ X dP=>af oWdP=aP,(A,).

Let n T oo, By propostion(1.9.5) and propostion (1.6.1)

a> lim [ X, dP>a P (Q)=af ¢dPand,therefore

n—oo

Jp@dP<a, forallsimple p<X and sup [ edP<a. O
e<X

Example (2.14.2)[4]

LetQ=[0,0) and X . (W) =—i for all w. Then IQX . dP =—o0, but
n

X ,—X where X =0 and jQX dP =0 ,then X , are not nonnegative.
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Corollary (First Borel — Cantelli Lemma) (2.14.3) [ 33 ]

Let {Ah} be a sequence of measurable sets . Suppose > P(A,) <.
n=1
Then P(A,i.0.)=0.

Corollary (2.14.4) [29]
Let X be nonnegative random variable .Define Q(A) = jQ X dP.

Then Q is probability measure and jQY dQ = jQY X dP for all nonnegative
random variable Y.

Theorem ( Fatou’s Lemma ) (2.14.5 )[17]

Let {X, }be a sequence of nonnegative random variable.

Then |_liminf X, dP <liminf | X dP.

nN—0 nN—0

Theorem (The Dominated Convergence Theorem) (2.14.6) [24,27]

Suppose X, are random variables and X (w) — X (w).

Suppose there exists an integrable function Y such that

X, (W[<Y (W) forall w.Then [ X dP—[ XdP

Proof
Since X, +Y >0, by Fatou’s Lemma(2.13.2),

[o(X +Y )dP< liminf [ (X, +Y )dP since Y is integrable .

n—o0

[ XdP<liminf | X dP.

n—w

Similarly ,Y —X >0, so
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[(¥ =X )dP<liminf [ (X )dP=—limsup[ X dP.

n—o0 n—oo

Therefore [ XdP >limsup| X, dP.

N—o0

Example(2.14.7)

Let { A} be asequence of setsin F ,and set A= JA,.LetXbea
n

random variable such that E[X] exists and E|X|<co.Show carefully that ,as
n— .

/ Xd]P’-»/XdIP’.
Ui_,A4n A

Solution

Foreachnlet B, = (J._A, - Then B, < B,,, foreveryn.

Now we can always decompose X=X =X ~, where X "= max{X, 0} and
X =—min{X, 0}.Then it is easy to see that X *]an increases pointwise to

X 14, and X “1g_ increases pointwise to X1,
Now

E[X1 1=], XdP=[, X'P-[, X7 dP=E[X lg ]

U A U A« U A
k=1 k=1 k=1

E[X "1g 1. By the MCT ,we have E[X "1g ]— E[X "1,]

and E[X “1g 1 E[X 1,150 E[X 15 ] E[X 1,].




Chapter Two Probability MeasureTheory

2.15 Some Relationship between Convergence [4,5]

There some theorem which represent the relationship between convergence

which are .

a. Theorem [12,23]

Let {X ,} be a sequence of a random variable on the probability

as P
measure space (QQ,F,P) ,if X, —>X ,then X, —>X .

Remark (2.15.1)[23]

If X, converges in probability it is not true that converges to X

Example(2.15.2 )[23]

Let QQ=[0,1]with lebesgue probability measure .Consider the sequences
1 1 1 12 2
ofset I, =[0,=],1,=[=,1],|.=[0,=], |, =[=,=],I, =[=,1] ,and so on .
=1020 1, =[50 5 =10.3) 1=, 51 L =[]

If X, (W)=1 ,.then X, tend to O in probability but not almost surely .

Theorem(2.15.3 )[12]

The sequence of random variable { X ,}on (Q,F ,P) converges to X in
probability measure if and only if every subsequence {X . } contains a

further subsequence converging a.s to X

Proof

Let &, be sequence converging down to 0 .Then P{{X , —X|>g3}—0 ,

as n —>oo for each k .We therefore have a subsequence X . satisfying
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1
P{‘X w =X ‘>gk}<2—k
Hence

D> P{X =X |> & }<oo and therefore by (the first Borel cantelli Lemma),
k=1

P{X =X |>g i.0}=0 Thus |X ., —X|>g  eventuallyas.Thus

X = X a.s .For the converse .

Let &>0andput y, =P{]X, —X |> &} and consider the
subsequencey, .Ifevery X, subsequence has a subsequence X ; , such
that X ; —X as.Then{y } has asubsequence y; — 0.Therefore

{y .} convergesto 0 and hasthatis X, — 0 in probability measure .

b. Theorem [40,16]

Let {X,,}be a sequence of a random variable on the probability

m.s P
measure space (Q,F ,P),if X,—>X ,then X —>X .

c. Theorem [22]

Let {X,} be a sequence of a random variable on the probability

LP P
measure space (0,F,P) ,if X, —>X ,then X, —>X .

Proof

Let £>0 ,by using Chebyshev’s inequality
P WX , (W)~ X (W) > £}) < PEWE|(X , (W)~ X (w)° > &™) <

1,10, (=X ) dP
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Remark (2.15.4 )[22]

If X converges in probability it is not true that converges to X in L”

Example (2.15.5) [5]

Let Q=[0,1],F the Borel c— field and P Lebesgue probability measure

Let x —en , ,itisclearlythat X 1, converges to X almost surely and in
(0.5)
n

np

probability, but E[X "]= © — oo not converges in L° for any p.
n

d. Theorem [40,16]

Let {X,} be a sequence of random variable on the probability measure

P D
space (0,F.,P) ,if X, ,—>X ,then X, —>X.

Proof
Let a<R be given ,and set £ >0 .on the one hand
Fxn(a):P(Xn <a,X <a+¢)+P(X,<a,X >a+¢)
=P(X,<a\X fa+¢e)P(X,<a+¢g)+P(X <a,X >a+¢g)<

P(X, <a+&)+P(X <a-&)<Fy (@a+&)+P(X,-X|>¢),
Where we have used the fact that if Aand B , then P(A) <P(B).

By a similar argument
Fy @—¢)=P(X <a-¢X,<a)+P(X <a-¢,X,,>a)

=P(X fa-e\X,<a)P(X,<a)+P(X <a-¢X,>a)<
P(X,<a)+P(X <Xn—g)stn(a)+P(\Xn—X \>e).

Thus ,we have obtained that
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Fx @=¢&)-P(X, =X |>6) <Fy_(a)<Fy (a+e&)+P(X, =X |>¢).

Taking now n — oo ,we have
< lim inf R, (@) < lim suf R, (@) <Fy (a+¢).Finally, since this inequality
Nn—o0 Nn—o0

holds for any & >0 ,we conclude that

n—o0

e.Theorem [4,5]

Suppose X , — X almost uniformly .then X, — X in probability measure

and almost surely.

Proof

Since X, &> X almost uniformly .Given & >0 there is a measurable set E

suchthat P(E)<¢ and X , — X uniformly on E®.Let § >0 be a given .
There is a N=N (&) such that X , =X |<& forall n> N and for all

weE°® Thatis P{X (W) —X (W)|>8}<E foralln>N .Hence ,for alln>N

P{X ,(W)—-X (W)|>5}<e.
Since &>0 was arbitrary we see that forall 6 >0,

limP{|X , (W) - X (W)|=8}=0,proving that X , — X in probability.

Next ,for each n take A, e F with A, <l and X , = X uniformly on A°, .
n

If E=JA,,then X, —>X on E and P(E®)=P([A,)<P(A,) foralln.
n=1 n=1

Thus P(E®) =0 and we have the almost sure convergence .
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Example (2.15.6 )[4]

Let 2=[0,00) with lebesgue probability measure and define X , (w) =1 (W)

where A, ={weQ:n<w<n +1},that X, = 0a.s,in probability measure
n

and in L” but that X , » 0 almost unformly.

Theorem(2.15.7 )

Suppose X, — X in probability measure . Then there is a subsequence

{X . } which converges almost uniformly to X.

Theorem (Egreff's theorem ) (2.15.8 )[4]

Suppose (€,F ,P) is finite probability measure space and that

X, —>X as. Then X, — X almost uniformly.
Proof
Let £>0 be given ,for k there is a n(k) such that if

Ac= U {weQ:|X,-X \21},Then P(A)<— .Thusif A=JA,,
n=n(k) k 2k k=1

then P(A) <> P(A,)<e.Now ,if §>0 take k so large that k£<5 and then
k

=1

forany n>n(k) and wegA, [X (W) —X (W)\<kl<§,thus

X, = X uniformly on A°.
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Note[5]

A scheme below explains the relationship between convergence like
converge almost surely, converge in probability, converge in distribution ,

converge

In L" and converge almost uniformly . Then new square are added to the
scheme by the researcher due to his finding of the scheme in the various

references , which are in the following :
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Scheme of the relationships

\X \<Y E(Y )<
X L_p)x nf)x g(-) continuous
g() continuous '\{XT }
E[X ]—)E[X ] au D
X[ \ i o) X %
g (+) continuous
|X |<Y S Lp {X k}
: X —>X
P
g(-) continuous X, —C
Exists a:P(x =a) =1 I

D
D
a() COﬂtiI’IUOUSC X, —X X, —C
0 D gxn_)gx

for all x e{X :F(x‘):F(x)}
dense inC v
imF, (x) = F (x)

for all x €D dense inl]

necessary —»

|
| |
: I

|
I unnecessary |
! |
|
I by condition - --p i
! I
|
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From above scheme, we can see that for example :-

a.s P
1. For continuous probability measure space , X,,— X if and only if X, — X

LP

P
2.Suppose X, — X, foralln |X,|<Y,Y eL”.Then, x e LPand X, — X.

a.s LP
3.Suppose X, — X, foralln [X,|<Y,Y eL” Then, xe LPand X, —>X.

P D
4.1f X,—X ,then X,, > X

D P
5.If X,,— X ,andif there existsael] , X =aa.s, then X,— X.Hence ,when

P D
X =0as,X,—>X and X,,—> X are equivalent.

Theorem ( 2.15.9) [3,4]

Let {X, }be asequence of independent random variables ,then :
I. If X, convergesto X inprobability,then it converges weakly.
I1. X, convergesweaklytoa constant,it converges in probability .

I11. Slutsky’s Theorem : If X, converges weakly to X and Y, converges

weakly to a constant a, then X, +Y, converges weakly to X+a and

XY, converges weakly to a X.

Remark ( 2.15. 10) [4]

From (I) the converse is not true in general . However , if X is a degenerate

distribution ( takes a single value with probability one ). The converse is true .
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Theotem (2.15.11) [37]

Suppose X, — X , and X is a degenerate distribution such that

P{X =a}=1.Then Xni>X.

2.16 The Law of Large Numbers [41]

In probability theory ,several Laws of large numbers say that the average
of a sequence of random variables with a common distribution converges to their
common expectation in the limit as the size of the sequence goes to infinity .The
phrase “law of large numbers” is also sometimes used to refer to the principal
that the probability of any possible event ( even an unlikely one ) . Occurring at

least once in a series increase with the number of events in the series.

For example, the odds that we will win the lottery are every low, however ,the odds
that someone will win the lottery are quite good ,provided that a large enough

number of people purchased lottery tickets. There are two varieties of this law:

The weak law of large numbers and the strong law of large numbers. The

weak law states that the average converges in probability to E[X,].The strong

law states that the average converges almost surly to E[X ,].

However , the strong law is significantly order to prove , and requires a
bit of addition .

Theorem (The Weak Law of Large Numbers) (2.16.1) [ 23,41]
Let {X,} be asequence of independent identically distribution (i.i.d)

random variables ,thatis Fy =Fy forall n with finite mean 4 and finite

variance (o” <) ,

let also
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be the sample mean of n random variables, then

_ P
X,—>u asn—oo

i.e.
for everye>0

P(X—p|ze)>0,a n>o0 (2.20)

Theorem ( The Strong Law of Large Numbers) (2.16.2) [41]
Let {X .} be independent sequence and identically distribution (i.i.d)

random variables with a finite mean g = E(X;) and finite fourth central

moment g, =E (X, —w)* fori=1,2,....., then

_as

Xnp—= 1.

Thatis P(limX,=x)=1 (2.21)
N—00

2.17 The Central Limit Theorem [23]

The central limit theorem is one of the most remarkable results of the
theory of probability .In its simplest form , the theorem states the sum of a
large number of independent observation from the same distribution has,
under certain general conditions , an approximate normal distribution.
Moreover ,the approximation steadily improves as the number of observations
increases. The theorem is considered as the basis of probability theory

,although a better name would be a normal convergence theorem .




If X, issum of

n real
independent

random variables
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Theorem (2.17.1) [42]
Let {X,} be a sequence of (i.i.d) random variables with E( X ) =0 and

var(X ,)=1.Then, The sequence of random variables is

X_ — 1 " TR T orrererer n

n

converges in distribution to a random variable Xu N (0,1)

that is

1 a Y
limP(X . <a)=———|[" e 2dy.
lim POC, <a)= =] e 2dy

If E(X;)=ux andvar(X;)= o2 then the same applies for

XXy F + Xy N _ ZX —H

The central limit theorem (CLT) is about running average rescaled by
factor of +/n. If we denote by Y, the running average

Y_nleJrX2+ """" X . then the states that P(Yn_\/_)D F(a)

n

where F(a) is the cumulative distribution function of N(0,1).




Chapter Four Conclusions and Recommendations

4.1 Conclusions

1-

The functions of ( standard normal distribution, exponential distribution,

Cauchy distribution ) are all measurable simple functions.

We know that _[f (x)dx =1 in elementary probability theory . We have

find the same value in measure theory when we use the simple function .
The sum of two functions with i.d satisfies the relation

M(f+g)=M (f)+M (g), when we apply it for the standard normal

distribution and standard Cauchy distribution .

The area under the curve of the function £(w) doesn’t equal one , that means
that this function isn’t a probability function on the two parts of interval
(0,1.851482) and (1.851482 , 30) .

When we change the number of division of X - axies (n), we find when, n=
2.5, that the sum of the two area is very close to one at the intersection point
for all cases . But when we change the variance of two distributions , we find

that o° =5 .The sum of area is very near to the one at the intersection point

3.875

We find that the function &, ()= -2
B +w

by using Gragher programmer

after multi experimental attempts . This function doesn’t satisfy all
conditions of the probability function.

When we try to change the value of « ,a and (« ,a) together ,we find that all
cases don’t satisfy all of conditions of the probability function.

f (W) +h(w)

When &,(w) = ,we find that it is a probability function which

satisfying all the probability conditions on interval (-30,30) .We show that it

30
is a simple and measurable function and , J' &AM =1 .
-30
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9- We can use the distribution function to show that the measure and
probability measure give the same value in probability theory for the

distributions we used .The same use will be done for the sum of two

functions.




Chapter Four Conclusions and Recommendations

4.2 Recommendations

1- This problem can be solved by using another method such as ; L* space,
fuzzy probability measure ,etc.

2- We can This solve the problem having method more than two distributions .

3- Using this method or any method to calculate the measure of sum of two
discrete distributions which doesn’t approximate to normal distribution .

4- If two functions have not any intersection points , then try to use the
following relation M (f ) =M (g) whenever M (w:f (W)=g(w))=0

5- One can use the relation
M(f)<M(g) if f <g for two functionsf and g.
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