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 الخلاصة

 
 فاا  راسااة الكياا الاج الريولااة الكاا    ياا الإحصاا ا الريااو   اا             

 ال تااا    اااتل الكيااا الاج  ااات    .الإحصااا ا دك ااات  التكاااااواج التك   اااة

ل الكيا الاج ذال   ط الح ا اة الاااو سا لية   ا   اان الريولة و الإحص ئاة

  خاات  اات    ال ياا ائاة الكاا ج  اا  التكااااواالكاا   ت ااز   تل اا ج احكت لاااة 

 ظهاو الكيا الاج الريولاة  / الإحصا ئاة ال تا   د از  .د كه  دا  الحا  ج

 .ف     م الحا ة و ال راثة بي ز دك ور

 ذل الوس لة     ت بتراسة ب ض التي كز ف  الإحص ا الرياو              

دااا  د ظااا ر اله تساااة   اااض ذتااا    ال يااا ا ال ااا    ب  ااار  راساااة حاااا 

 الريولة.
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Abstract 

          Algebraic statistics is the study of the algebraic 

varieties which arise in discrete multivariate statistics. 

These varieties are called algebraic statistical models and 

non-negative real points on these varieies represent 

probability distributions on random variables that take a 

finite number of states. Such statistical models /algebraic 

varieties make frequent appearance in the genetics and 

biological sciences.  

          This thesis is concerned with the study of some 

problems in algebraic statistics, where some 

phylogenetic models are studied from perspective of 

algebraic geometry.  

         The goal of this thesis , we study some 

phylogenetic models and translated them into segre 

varieties and found their ideals by computing minors of 

the joint distribution.  

The goal of this thesis , we study some phylogenetic 

models and translated them into segre varieties and found 

their ideals by computing minors of the joint distribution.  
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1.1 Algebraic Statistics                                                       

Algebraic statistics is concerned with the study of algebraic 

varieties which  arise in discrete multivariate analysis . An algebraic 

variety is the zero set of a collection of polynomials . Discrete 

multivariate analysis is concerned with the statistical models for 

random variables that take finite number of states . The crucial starting 

point upon which most of algebraic statistics rests , is that most 

statistical models used in practice for analyzing discrete random 

variables are actually algebraic varieties  . The hope of researchers in 

this area is that this translation of statistical problems into algebraic 

language will lead to new insights and suggest new , practical algebraic 

techniques for solving real – world data analysis problems . Besides 

merely being a point of application for algebraic techniques , these 

statistical problems also high light new directions of research and drive 

the need for better algorithms . thus , the algebraic statistics interplay 

seems to benfit both statistics and algebra . [19]                                                                                                      
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1.2 Literature Review  

The term algebraic statistics was coined by Pistone et. al. , 

E.Riccomagno and H.Wynn in their book " Algebraic Statistics " press 

( 2000 ) . They have computational algebra in statistics . Hosten( 2003) 

deals with the ideals of adjacent minors . He gave a description , of the 

minimal primes of the ideal generated by the  22 adjacent minors of 

a generic matrix . Sullivant ( 2004 ) talked  about toric ideals of 

phylogenetic invariants . He discussed statistical models of evolution 

as algebraic varieties in the space of joint probability distribution on 

the leaf colorations of a phylogenetic tree. Garcia ( 2004 ) researched 

algebraic geometry of Bayesian networks . He computed the ideal of 

all polynomial functions which vanish on the space of observable 

distributions implied by any Bayesian network on three observable 

variables and one hidden variable .       Pachter and Sturmfels ( 2005 ) 

introduced the more recent book in the algebraic statistics , its called " 

Algebraic Statistics and computational Biology " . It become the 

umbrella term for statistical research involving algebraic techniques  . 

Allman (2005) studied the idetifiability of tree topology for 

phylogenetic models , including covarion and mixture models . She 

established tree identifiability for a number of phylogenetic models , 

including a covarion model and a variety of mixture models with 

limited number classes . Wynn ( 2006 ) considered  the algebraic 

methods in the design of experiments . Drton ( 2007 ) studied algebraic 

statistical models and showed that the computational algebraic 
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geometry can be used to solve problems arising in statistical inference 

in algebraic models . Pachter and sturmfels (2007) studied the 

mathematics of phylogenomics . They connected between the 

biological concepts and mathematical concepts. They used statistics , 

probability , combinartorics and algebraic geometry to discuss specific 

problems and developments arising from  phylogenomics . Pachter and 

Sturmfels ( 2008 ) took about tropical geometry of  statistical models 

and discussed how the solutions to various inference problems depend 

on the model parameters . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

Chapter One                                                                     Introduction 

 

 4 

1.3 Outline of the Thesis                                                           

This work is divided into four chapters . In chapter two , we 

introduced preliminary definitions on algebra , algebraic geometry , 

statistical models , algebraic statistical model  , biological concepts and 

biological mathematics concepts  with some examples . In chapter 

three we studied the phylogenetics algebraic geometry  , the models of  

evolutionary , polynomials maps drived from a tree , some 

phylogenetic  models and some familiar varieties  and interpretation 

algebraic geometry for this models . Finally we introduced three 

phylogenetic models and studied them from perspective algebraic 

geometry.  In this thesis , we study some phylogenetic models and 

translated them into segre varieties and found their ideals by 

computing minors of the joint distribution.                                                         
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 2.1 Algebraic concepts [8] 
          Algebraic geometry deals with spaces and varieties over 

arbitrary ring but the classical algebraic geometry deals mostly with 

a closed field K . For the simplicity we shall take K = C . The main 

philosophy is to associate appropriate geometric notions ( points , 

sets , topology , mapping ,etc ) with corresponding algebraic notions 

( ideals , rings , zariski topology , morphisms ,etc )   and conversely , 

appropriate algebraic notions with corresponding geometry notions .                           

 

Definition ( 2.1.1 ) [ 2 ] 

          A ring )0,,,K(   consists of a non – empty set K , binary 

operations  and   on K , and a distinguished element 0  in  K  such 

that the following axioms hold for all y,x  and z in K :  

1. xyyx   

2. )zy(xz)yx(   

3. )zy(xz)yx(   

4. )zxyx()zy(x   and )xzxy(x)zy(   

5. x0x   

6. For every element Kx , there exists an element Kw  such that 

0wx   .  

 

 

 



 

 

 

 

Chapter Two                                                                               Preliminaries                                         

 

 6  

Definition ( 2.1.2 ) [4]  

          A subring I of a ring K is called a ( two – sided ) ideal of K if for 

every Kr  and every Ia  both ra  and ar in I . 

 

. Definition ( 2.1.3 ) [8]  

          Let Cn be the complex n-dimensional vector space. A set   

subset of 
nC  is called algebraic  , if there exists a subset T subset of 

]Z,...,Z,Z[C
n21

such that  is the zero set of T :                       

                             )T(Z ,  

  i.e. for any f in T and any )Z,...,Z,Z( n21  in   we have  

                   0)Z,...,Z,Z(f n21  .                         

 

Definition ( 2.1.4) [8]  

          The zariski topology on 
nC  is defined by specifying the closed 

sets in 
nC  ( equivalently the open sets in 

nC ). The closed sets in Cn in 

this topology are precisely algebraic sets. Equivalently a set is said to 

be open in zariski topology, if it is a complement of an algebraic set.  

 

Definition ( 2.1.5 ) [8] 

           An algebraic set   is called irreducible , if it can not be 

represented as the union of two algebraic sets such that each of them is 

a proper subset in S .  
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Definition ( 2.1.6 ) [11]  

          Monomials are ordered by lexicographic ( dictionary ) order. Let 

)a,...,a,a( n21  , )b,...,b,b( n21  in nN  then :   and 

  XX  if , in the vector difference   in nZ , the left most non – 

zero entry is positive . 

 

Lemma ( 2.1.7 ) [11] 

           Let S be subset of 
nN , then the ideal I generated by }S:x{   

is the monomial ideal corresponding to  ,N:N{A nn
def

  

some }S  . In other words, a monomial is in I if and only if it is 

divisible by one of the X , S  .  

Definition ( 2.1.8 ) [11]  

            Let ......XaXaf 1

1

0

0






   

and ...,10   
0

a ≠ 0 , then we define: 

1. The multidegree of   f to be multdeg( f ) = 0 ; 

2. The leading coefficient of f to be LC( f ) = 
0

a ;  

3. The leading monomial of f to be LM( f ) = 0X


; 

4. The leading term of f to be LT( f ) = 0

0
Xa


 .  

Theorem ( 2.1.9 ) [11]   

            Every ideal is finitely generated .  
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Theorem ( 2.1.10  ) [11]  

          Every ideal has a standard basis , and it generates the ideal , if  

}g,...,g,g{
s21

 is a standard basis for an ideal I , then f in I iff the 

remainder on division by the gi is zero .  

 

Definition ( 2.1.11 ) [11]  

          An ideal I is monomial if IXc 
   and c ≠ 0  then IX  .  

 

Definition ( 2.1.12 ) [11]  

           For non- zero ideal I in )X,...,X(K n1  we let ( LT( I ) ) be the 

ideal generated by { LT( f ) : f I } .  

 

Definition ( 2.1.13 ) [ 6 ]  

          Let F be a collection of polynomials in the ring )X(K . The 

variety or zero set of  F is the set  

                    0)a(f:Ka{)K(V m
F   , for all }Ff   . 

 

Definition ( 2.1.14 ) [8]  

          An affine algebraic variety is an irreducible closed algebraic set 

with the induced topology .  
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Definition ( 2.1.15 ) [11] 

           Let V be a topological space and D a field . Suppose that for 

every open subset U of V we have a set )U(Ov  of function U → D 

then Ov is called a sheaf of  D-algebras if it satisfies the following 

conditions :  

1. for each c in D the constant function c is in )U(Ov and if  f , g  in  

)U(Ov  then so also do f ± g and fg  .  

2. if U is an open subset of U and )U(Of v  then  )U(OU/f v  .  

3. Let  UU  be an open covering of an open subset U of V , then a 

function f : U→D is in )U(Ov  if U/f )U(Ov   for all Uα in some 

open cover of U.  

 

Definition ( 2.1.16 ) [11]  

           A pair )O,V( v  consisting of a topological space V and a sheaf 

of  D – algebras  will be called ringed space .  

 

Definition ( 2.1.17 ) [4]  

           A ring homomorphism   from a ring K to a ring Q  is mapping 

from K to Q  that preserves the two ring operations that is :  

                           )b()a()ba(    

                           )b()a()ba(   , for all  Kb,a   .  
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Remark ( 2.1.18 ) [4] 

           A ring homomorphism that is both one – to – one and onto is 

called a ring isomorphism .  

 

Definition ( 2.1.19 ) [8]  

     A rational map is a morphism which is only defined on some 

open subset of a variety .  

 

 

Definition ( 2.1.20 ) [16]  

          Let A be an n × n matrix . The square matrix obtained from A by 

deleting the ith – row and jth – column of A is called the minor of the 

element ai ,j of A , or the ( i , j ) – minor of the matrix A and is denoted 

by j,i  .   

 

Definition ( 2.1.21 ) [16]  

          Let A be a square matrix of size n . Then the determinant of A , 

denoted by )Adet(  is defined by the inductive formula :  

)det(a)1()A(Det j,1j,1

n

1j

j1 


 ,if A is a square matrix of size n >1. 

Definition ( 2.1.22 ) [5] 

          We defined projective n – space over D , denoted Pn , to be the 

set of all one – dimensional linear subspace of the vector space 1nD   .  
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Remark ( 2.1.23 ) [5]                                                                        

          Obviously , a one – dimensional linear subspace of 1nD  is 

uniquely determined by a non – zero vector in 1nD  . Conversely , two 

such vectors )a,...,a,a(a n10  and  )b,...,b,b(b n10  in 1nD  span the 

same linear subspace if and only if they differ only by a common scalar 

i.e if b = λa for some non – zero λ in D . In other words ,  

Da:)a,...,a{(P
in0

n  , not all }0a i  / ~ with equivalence relation 

)a,...,a( n0 ~ )b,...,b( n0 if ba   for some λ in D / {zero } and all i. 

This is often written as : 

                      Pn = ( 1nD  \ {zero } ) / ( D\ {zero } )  

and the point q in Pn determined by )a,...,a( n0  is written as q = ( a0: … 

: an ) . So the notation ( a0 : … : an ) means that the ai are not all zero , 

and that they are defined only up to a common scalar multiple. The ai 

are called the homogenous coordinates of the point q.  

 

Definition ( 2.1.24 ) [6]   

          The segre map may be defined as the map  

                          σ : Pn × Pm → 1)1m)(1n(P   

taking a pair of points ( [ X ] , [ Y ] )  Pn × Pm , to their product  

                         σ : ( [ X 0 , X 1 , … , X n ] , [ Y0 , Y1 , … , Ym ] ) → [ X 0 

Y0 , X 0 Y1 , … , X i Yj , … , X n Ym ] . 
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Here Pn are projective vector spaces over some arbitrary field and the 

notation [ X 0 : X 1 : … : X n ] is that of homogenous coordinates on the 

space . That image of the map is a variety , called a segre variety . 

 

Example ( 2.1.25 ) [6]  

          Let m = n = 1 , we get an embedding of the product of the 

projective line with itself in Pn . The image is a quadric , and is easily 

seen to contain two one – parameter families of lines . Over the 

complex numbers this is a quite general non – singular quadric .Letting 

[ Z 0 : Z 1 : Z 2 : Z 3 ] , be the homogenous coordinates on Pn , this 

quadric is given as the zero locus of the quadratic polynomial given by 

the determinant   

det 








32

10

ZZ

ZZ
= Z 0 Z 3 – Z 1 Z 2 . 

 

Definition ( 2.1.26 ) [11]  

          A polynomial f( X 0 , X 1 , … , X n ) is said to be homogenous of 

degree d if it is a sum of terms n0

n10

ii

i,...,i,i X...Xa  , with 

di...ii n10    equivalently , )tX,...,tX(f n0  = )X,...,X(ft n0

d
 

for all Dt  , write dn0 ]X,...,X[D for the subspace of ]X,...,X[D n0  of 

polynomial of degree d, then  

              dn00dn0 ]X,...,X[D]X,...,X[D   ; 
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that is , each polynomial F can be written uniquely as a sum  dFF  

with  homogenous of degree d .  

 

Definition ( 2.1.27 ) [11]  

          An ideal ]X,...,X[DI n0  is said to be homogenous if it 

contains with any polynomial f all the homogenous components of F, 

i.e. If   then Ifd  , for all d , such an ideal I is generated by 

homogenous polynomials .                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                     
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2.2 Statistical Models [17]                            

        In this thesis , all random variables under consideration with be 

discrete and have a finite state space . If the cardinality of the state 

space of random variable X is m , we may assume that the underlying 

state space is the set of first m nonnegative integers ]m[  {1,2,…,m} . 

When speaking in generalities about random variables and statistical 

models for them , we will make this assumption. On the other hand , in 

partical settings X  will often be a random variable vector 

)X,...,X,X(X n21  with finite state space ]m[...]m[]m[ n21   , 

where im is the cardinality of the state space of the random variable iX  

. In other situations it will be more natural to use the set {0,1,2,…, m – 

1 } as the underlying state space , or use a different finite set altogether 

, such as 
n}T,G,C,A{ when discussing DNA sequence . Since X  is a 

discrete random variable with a finite state space , the probability 

distribution  function of X  is a point in an m – dimensional vector 

space . It is the point  

            .R))mX(prob),...,2X(prob),1X(prob(P m  

The coordinates of P  satisfy the constraints 0pi  , for all ]m[i  and 

1p
m

1i
i 



 since P  is a probability distribution .  
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    Conversely , any point mRP that is satisfies 0pi   for all ]m[i  

and 



m

1i
i 1p  is the probability distribution of some random variable X  

which has state space ]m[  .  

 

Definition ( 2.2.1 ) [17]  

          The probability simplex m  consists of all possible probability 

distributions for a random variable with state space ]m[  . In symbols   

             0p:RP{ i

m

m   for all i  and 1p
m

1i
i 



}  

 

Definition ( 2.2.2 ) [17]  

          A statistical model M for a random variable with state space  

]m[  is a subset of the probability simplex  

mM   

 

Example ( Binomial  Random Variable ) ( 2.2.3 ) [17]  

          Consider a random variable X  with 1m   states and space 

}m,...,2,1,0{  ,such that  

                             imim

i )1()()iX(obPr   

where ]1,0[  , is a parameter . The interpretation is that   is the 

probability of getting a head in one flip of a biased coin and X counts 

the number of heads that appear in m flips of a biased coin. The model 
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M consists of all probability distribution 1mP   that arise in this 

way for some choice of parameter ]1,0[  . The model M for this 

Bernoulli random variable is a curve in the m – dimensional 

probability simplex 1m  .  

 

Example(Independence of Two Random Variables) (2.2.4 ) 

[17]  

          Suppose that )X,X(X 21  is two dimensional random vector , 

with state space  

               }m,...,3,2,1{}m,...,3,2,1{]m[]m[ 2121    

The random variables 1X  and 2X  are independence if the joint 

distribution satisfies  

         )1.2..().........jX(obPr)iX(obPr)jX,iX(obPr 2121   

for all ]m[i 1  and ]m[j 2  . The notation 21 XX   is often used to 

indicate that 1X  is independent of 2X  . The constraints on the joint 

probability distribution from equation ( 2.1) become more algebraic as 

we translate them to constraints on the probability coordinates . In 

particular a distribution mP   is the distribution of independent 

random variables if and only if  

                                              )2.2...().........p)(p(p
21 m

1i
ij

m

1j
ijij 



  

for all ]m[i i  and ]m[j 2  . 
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The model of independent 
2121 mmXXM  , for two random 

variables consists of all joint distributions satisfying equation ( 2.1) or ( 

2.2) . 

 

Remark ( 2.2.5 ) [17]  

          The Bernoulli model is presented in a parametric form ( as the 

image of a polynomial mapping ) , whereas the independence model is 

presented in an implicit form ( via constraints on the probability 

distributions ) .  
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2.3 Algebraic Varieties [17] 

        The symbols m21 p,...,p,p denote indeterminates ( also called 

polynomial variable or just variables ) . To avoid confusion with 

random variables , we will always call these polynomial variables in – 

determinates . A monomial in the indeterminates n21 p,...,p,p  is 

expression of the form : 

m21 u

m

u

2

u

1 p...p.p  , 

 where m21 u,...,u,u are non – negative integers . Often we will use the 

notation uP  to denote this monomial where )u,...,u,u(u m21  . A 

polynomial is an expression of the form   

                  u

Uu
uPcf 



   

where the index set U is finite and each coefficient uc belongs to a field 

K . In our setting , the underlying field will usually be the real number 

R , though for computational purpose we will often need to work with 

the field of rational number Q . The set of all polynomials in 

indeterminates m21 p,...,p,p with coefficients in the field D is denote by 

)p,...,p,p(D m21  though often we will use the short hand )P(D to denote 

this set of polynomials. The set )P(D has the algebraic structure of a 

ring, because we can add and multiply polynomials, and these 

operations are well-behaved with respect to one another foe instance, 

multiplication of polynomials distributes over addition. The ring D[P]  

is called the ring of polynomials in m indeterminates.  
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Definition ( 2.3.1) [17]  

          Let F be a collection of polynomials in the ring )P(D  . The 

variety or zero set of  F is the set :  

,0)a(f:Da{)F(V m

D   for all }Ff   . 

 

Remark ( 2.3.2 ) [17]  

          From the stand point of proving theorems about varieties , it is 

often necessary to work in the setting where CD  the field of 

complex numbers . In this setting , the expression )F(V  denotes the 

complex variety )F(VC  .  

 

Example ( 2.3.3 ) [17]  

          Let 1ppg 2

2

2

1   and 
2

2

1 ppf  , then )f(VR  is parabola in 

the plane and )g(VR  is a circle in the plane . The varieties )f(V  and 

)g(V  consist of the complex points of a parabola and circle, 

respectively. The variety )g,f(VR  consists of the real intersection 

points of  the parabola )f(VR  and the circle )g(VR  , of which there are 

two. The variety )g,f(V  consists of the complex intersection points of 

the parabola )f(V  and the circle )g(V  , of which there are four .                                                                                                                                                                                                                                  
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Definition ( 2.3.4 ) [17]  

          Let mDS  be a subset of m – dimensional space. The ideal of 

S, denoted )S(I  consists of all polynomials in )P(D  that vanish on S. 

                 0)a(f:)P(Kf{)S(I   , for all }Sa  .  

 

Remark ( 2.3.5 ) [17]  

         The collection of polynomials I(S) has the algebraic structure of 

an ideal. That is, suppose that f,g I(S) and h  D[P] are arbitrary 

polynomials. Then we always have f+g I(S) and )S(Ifh  . A 

collection of polynomials I which statisfies these two conditions on its 

elements is called an ideal. Since the ideal I(S) consists of all 

polynomials that vanish on S, we must always have the containment  

))S(I(VS  

Though the two sets need not be equal (or even have the same 

dimension). 

 

Definition (2.3.6) [17] 

          The variety V(I(S)) is called the zariski closure of S. It is the 

smallest variety that contains S.  
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Theorem (2.3.7) [17] 

          For any ideal ]P[DI , there exist a finite collection of 

polynomials IF   such that  FI . 

 

Remark (2.3.8) [17] 

           In our applications , it will almost always be to our advantage to 

find the entire ideal )S(I  , rather than just a collection of polynomials F 

, such that ))S(I(V)F(V  . Our algebraic perspective  will always be to 

find the entire ideal )S(I  if at all possible , the motivation coming from 

the individual applications . For instance, in the case of the 

independence model 
21 XXM  , it will be especially significant that the 

22 - minors generate the entire ideal of the model whereas the 

condition coming from the equation ( 2.2 ) don’t .  
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2.4 Algebraic Statistical Models [17]  

        We can describe more general algebraic statistical models. In 

particular, statistical models are usually presented parametrically ( the 

primary exception to this rule are the independence models ) .   

 

Definition ( 2.4.1 )  [17]  

        Let dR  be a parametric space and m:  a map. The 

image m)(M  is called a parametric statistical model.  

 

Definition ( 2.4.2 ) [17]  

          A set dR  is called a semialgebraic set , if there are two finite 

collections of polynomials )P(DF  and )P(DG   such that 

0)(f:R{ d  , for all Ff   and 0)(g  , for all }Gg  .  

 

Remark ( 2.4.3 ) [17]  

          Given a collection m21 ,...,,   of m rational functions , we get a 

map md DD:   defined by   

                                          ))(),...,(),(()( m21  . 

Whenever we speak of rational map   , we mean a function from dK  

to mK  which can be written in this form . 
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Definition ( 2.4.4 ) [17]  

          Let dR  be a semialgebraic set and md RR:  be a 

rational map such that m)(  . Then )(M   is a parametric 

algebraic statistical model .  

 

Example (Binomial Random Variable ) ( 2.4.5 ) [17]  

          Continuing the model for a Bernoulli random variable from 

example ( 2.2.3 ) we can identify this model as parametric algebraic 

statistical model . Here the semialgebraic set R  is just the segment 

]1,0[  . The components of the rational map   are imim
ii )1()(   . 

 

Example(Independence of Two Random Variables )(2.4.6 ) 

[17]  

          Continuing our discussion of the model 
21 XXM  of two 

independence random variables from example ( 2.2.4 ) , we can 

identify this model as a parametric algebraic statistical model . This is 

easy to do using equation ( 2.2) , we treat the marginal distributions 

)X(obPr 1  and )X(obPr 2  as the free parameters that completely 

specify the joint distributions for X . Thus the parameter space   , 

consists of all vectors ),(   such that 
1m and 

2m ; that is , 

the parameter space is the product of simplices 
21 mm  and the 

parameterizing map   is given by  
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          jiij ),(    .  

The image m)(  consists of all independent distributions for 

1X and 2X .  

 

Remark ( 2.4.6 ) [17]  

          Let md CC:  be a rational parameterization . It is a basic fact 

of algebraic geometry that the image set )C( d  , while not , in general, 

a variety, is well – approximated by a variety .  

 

Definition ( 2.4.7 ) [13] 

          An algebraic statistical model 
md RR:f   is called a linear 

model if each of its coordinate polynomial )(fi   is linear function i.e 

there exist vectors m
i Ra  and real numbers ib  such that                                                               

i

d

1j
jiji

T
ii baba)(f  



        for each }d,...,2,1{i  . 

For this model , it is convenient to take the m linear functions 

)(f),...,(f),(f m21   such that their sum is the constants function 1 .  
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Definition ( 2.4.8 ) [18]  

          Let mdNA   be a matrix of nonnegative integers and suppose 

that the vector ( 1,1,…,1) is in the row span of A . Let m
0Rh   be a 

vector of positive real numbers.  Let d
0R  and let h,A


 be the 

rational parameterization  

mh,A R: 


 , 1
d

1i

a
j

h,A
j )(Z)h()( ij 



   such that 





d

1i

a

i

m

1j
j

ijh)(Z , for each   is the normalizing constant. 

The toric model is the parametric algebraic statistical model , 

)(M h,A

h,A



 with our restrictions on the matrix A .  

Example (Binomial Random Variable ) ( 2.4.9 ) [18]  

     Let A be the )1m(2   matrix  













0...2m1mm

m...210
A   

and let  m
iih   , for m,...,2,1,0i   . Then the model h,AM  is the 

model of Bernoulli random variable , with m flips of a biased coin . 

Indeed, we have   

            jm

2

j

1

m

j

1h,A

j
)(Z  


 . 

 However , we know that  

  m

21

jm

2

j

1

m

0j

m

j )()(Z  



  , thus we can write 
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                              
jm

21

2

j

21

1m

j

h,A

j






























   

and substituting 
)( 21

1




  , and 

21

21



  , yields the 

parameterization  

jmjh,A

j
)1(

j

m












 

 

Example(Independence of Two Random Variable)(2.4.10 ) 

[18]  

          Let A be the 2121 mm)mm(   matrix with columns 

T
ji )e,e( where in the first entry we take ie  to be a standard unite vector 

in 1m
R and in the second entry we take je  to be a standard unite vector 

in 2m
R . For instance if 2m1   and 4m2  , then  

                       





























10001000

01000100

00100010

00010001

11110000

00001111

A                 

set )1,...,1,1(h   the all ones vector . If we label the parameters 

corresponding to the first 1m  rows by 
1m21 ,...,,  and the 
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parameters corresponding to the last 2m rows by 
2m21 ,...,,  then this 

yields the parameterization  

                            ji
1A

ij ),(Z),(     

where  )()(),(Z
211 2 m

1j
j

m

1i
i

m

1i

m

1j
ji 

 

  , from which we deduce 

the expression  

                  














21 m

1j
j

j

m

1i
i

iA
ij ),(     , substituting 









1m

1i
i

i
iˆ    , 









2m

1j
j

jˆ  , yields the parameterization from section four with 

parameter set 21 mm
0R


  replaced by 
21 mm  .  

 

Definition ( 2.4.11 ) [18]  

          Given A and h , the log – linear model consists of all probability 

distributions satisfying  



d

1i
iijii ahplog , with 

dR .  

Remark ( 2.4.12 ) [18]  

          Let A be the toric parameterizing map ( ignoring h ) which we 

consider as a map from 
md KK  . The Zariski closure of the image 

)K( dA is called an affine toric variety and denoted AV . The 
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vanishing ideal )P(K)K((I dA   is called a toric ideal and is denoted 

AI  .  

 

Proposition ( 2.4.13 ) [18]  

          The toric ideal AI is generated by all monomial difference 

vu PP   , where mNv,u  and AvAu   :  

mvu
A Nv,u:PPI  , and AvAu   > . 

 

Example(Independence of Two Random Variable)(2.4.16 ) 

[18]  

          In the case of independent of two discrete random variables , the 

toric ideal AI is generated by the 22 - minors of the point distribution 

matrix ijP :  

             ]m[k,i:ppppI
1kjilklijA

  and  ]m[l,j 2  .  
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2.5 Biological Concepts  

          The challenges in biology today are being shaped by powerful 

high – throughput technologies that have revealed the genomes of 

many organisms , global expression patterns of genes and detailed 

information about variation within populations . We are therefore able 

to ask , for the first time , fundamental questions about the evolution of 

genomes , the structure of genes and their regulation , and the 

connections between genotypes and phenotypes of individuals . The 

answers to these questions are all predicated on progress in a variety of 

computational , statistics , and mathematical fields . [10]  

 

The Genome ( 2.5.1 )   

          Every living organism has a genome , made up of 

deoxyribonucleic acids ( DNA ) arranged in a double helix , which 

encodes ( in a way to be made precise ) the fundamental ingredients of 

life . Organisms are divided into two major classes : eukaryotes ( 

organisms whose cells contain a nucleus ) and prokaryotes ( for 

example bacteria ) . In our discussion we focus on genomes of 

eukaryotes , and in particular the human genome . [7]  

     Eukaryotic genomes are divided into chromosomes . The human 

genome has two copies of each chromosome . There are 23 pairs of 

chromosomes , 22 outosomes ( two copies each in both men and 

women) and two sex chromosomes which are denoted X  and Y . 

Women have two X  chromosomes , while men have one X  and one 



 

 

 

 

Chapter Two                                                                               Preliminaries                                         

 

 30  

Y chromosome . Parents pass on a mosaic of their pair of 

chromosomes to their children . The sequence of ( DNA ) molecules in 

a genome is typically represented as a sequence of letters partitioned 

into chromosomes , from the four letter alphabet }T,G,C,A{  . 

These letters corresponding to the bases in double helix , that is the 

nucleotides ( Adenine , Cytosine , Guanine and Thymine ) . Since 

every base is paired with an opposite base ( A with T , and C with G in 

the other half of the double helix ) , in order to describe a genome it 

suffices to list the bases in only one strand . However , it is important 

to note that the two strands have a directionality which is indicated by 

the numbers 5  and 3on the ends (corresponding to carbon atoms in 

the helix backbone ) . The convention is to represent ( DNA ) in the 

35  direction . The human genome consists of approximately 2.8 

billion bases , and has been long . Sequence assemble algorithms are 

then used to piece together these fragments . [12]  

     Despite the tendency to abstract genomes as strings over the 

alphabet  , one must not forget that they are highly structured : for 

example , certain subsequences within a genome corresponding to 

genes . These subsequences play the important role of encoding protein 

. Proteins are polymers made of twenty different types of amino acids . 

Within a gene triplets of ( DNA ) known as codons . Table ( 1 ) shows 

the 64 possible codens , and the twenty amino acids they code for . 

Each amino acids is represented by a three letter identifier ( Phe = 

phenylalanine , Leu = Leucin … ) . The three codons ( TAA , TAG and 
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TGA ) are special : instead of coding for an amino acid , they are used 

to indicate that the protein ends . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

Chapter Two                                                                               Preliminaries                                         

 

 32  

  

T 
 

C 
 

A 
 

G 
 

 

 

T 

TTT→Phe 

TTC→Phe 

TTA→Lue 

TTG→Lue 

TCT→Ser 

TCC→Ser 

TCA→Ser 

TCG→Ser 

 

TAT→Tyr 

TAC→Tyr 

TAA→Stop 

TAG→Stop 

 

TGT→Cys 

TGC→Cys 

TGA→Stop 

TGG→Trp 

 

 

T 
 

 

 

C 

CTT→Leu 

CTC→Leu 

CTA→Leu 

CTG→Leu 

CCT→Pro 

CCC→Pro 

CCA→Pro 

CCG→Pro 

CAT→His 

CAC→His 

CAA→Gln 

CAG→Gln 

CGT→Arg 

CGC→Arg 

CGA→Arg 

CGG→Arg 

 

C 

 

A 

ATT→Ile 

ATC→Ile 

ATA→Ile 

ATG→Met 

ACT→Thr 

ACC→Thr 

ACA→Thr 

ACG→Thr 

AAT→Asn 

AAC→Asn  

AAA→Lys 

AAG→Lys 

AGT→Ser 

AGC→Ser 

AGA→Arg 

AGG→Arg 

 

A 

 

G 

GTT→Val 

GTC→Val 

GTA→Val 

GTG→Val 

GCT→Ala 

GCC→Ala 

GCA→Ala 

GCG→Ala 

GAT→Asp 

GAC→Asp 

GAA→Glu 

GAG→Glu 

GGT→Gly 

GGC→Gly 

GGA→Gly 

GGG→Gly 

 

G 

     

Table ( 1 ) : The standard genetic code 

 

In order to make protein , ( DNA ) is first copied into a similar 

molecule called messenger ( RNA ) ( abbreviated mRNA ) in a process 
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called transcription . It is the ( RNA ) that is translated into protein . 

The entire process is referred to as expression . Protein can be 

structural elements or perform complex tasks ( such as regulation of 

expression ) by interacting with the many molecules and complexes in 

cells . Thus , the genome is a blueprint for life . An understanding of 

the genes , the function of their proteins , and their expression patterns 

is fundamental to biology . The human genome contains approximately 

( 25.000 ) genes , although the exact number has still not been 

determined . While there are experimental methods for validating and 

discovering genes , there is still no known high throughput technology 

for accurately identifying all the genes in a genome . One the main 

difficulties lies in the fact that only a small protein of any genome is 

genic . For instance , less than %5  of the human genome is known to 

be functional . [1]  
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2.6 Phylogenetic  concepts  

Codons ( 2.6.1 ) [14]  

        Because of the genetic code , the set 3 of all three – letter words 

over the alphabet }T,G,C,A{  plays a special role in molecular 

biology . These words are called codons , with each triplet coding for 

one of 20 amino acids ( Table ( 1 ) ) . The map from 64 codons to 20 

amino acids is not injective , and so multiple codons code for the same 

amino acid . Such codons are called synonymous . Eight amino acids 

have the property that the synonymous codons that code for them all 

agree in the first two positions . The third positions of such codons are 

called four – fold degenerate . The translation of a series of codons in a 

gene (typically a few hundred ) results in three – dimensional folded 

protein .  

 

Definition ( 2.6.2 ) [14]  

          A model for codons is statistical model whose state space is the 

64 – element set 3 . Selecting a model means specifying a family of 

probability distributions )p(P ijk  on 3 . Each probability distribution 

P is a 444   - table of non – negative real numbers which sum to 

one . Geometrically , a distribution on codons is point P in the 63 – 

dimensional probability simplex  

                                                   



 

 

 

 

Chapter Two                                                                               Preliminaries                                         

 

 35  

1p:RP{
3

3

ijk
ijk63  



  and 0pijk   for all }ijk 3  .  

A model for codons is hence nothing but a subset M of the simplex 

63 .  

 

Remark ( 2.6.3 ) [14]  

           Statistically meaningful models are usually given in parametric 

form . If the number of parameters is d , then there is a set dR  of 

allowed parameters and the model M is the image of a map   from 

 into 63 .  

 

 Remark ( 2.6.4 ) [14]  

           Consider a ( DNA ) sequence of length m3 which has been 

grouped into m consecutive codons . Let ijku denote the number of 

occurrences of a particular codon ijk . Then our data is the 444   - 

table )u(u ijk  .  

 

Remark ( 2.6.5 ) [14]  

         Let M be the statistical model which stipulates that , for the 

sequence under consideration , the first two positions in a codon are 

independent from the third position .  
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Remark ( 2.6.6 ) [14]  

          Many of the amino acids are uniquely specified by the first two 

positions in any codon which represents that particular amino acid ( see 

Table 1 ) .Therefore , third positions in synonymous codons tend to be 

independent of the first two .  

 

Independence Model for Codons ( 2.6.7 ) [14]  

          Our independence model M has 18 free parameters . The set of 

allowed parameters is an 18 – dimensional convex polytope, namely , 

it is product  

                   315    

Here 15  is the 15 – dimensional simplex consisting of probability 

distributions )( ij on 2 , and 3  is the tetrahedron consisting of 

probability distributions )( k on   . Our model M is 

parameterized by the map  

                     63:   , kijijk)),((   .  

Hence )(imageM   is an 18 – dimensional algebraic subset inside the 

63 – dimensional simplex . To test whether a given 444  - table P 

lies in M , we write that table as a two - dimensional matrix with 16 

rows and 4 columns  
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

































TTTTTGTTCTTA

ATTATGATCATA

AGTAGGAGCAGA

ACTACGACCACA

AATAAGAACAAA

pppp

....

....

....

pppp

pppp

pppp

pppp

P  .  

Linear algebra furnishes the following characterizations of our model :  

 

Proposition ( 2.6.8 ) [14]  

          For a point 63P  , the following conditions are equivalent :  

1. The distribution P lies in the model M .  

2. The 416  matrix Phas rank one .  

3. All 22  - minors of the matrix Pare zero .  

4. 
lmkijnlmnijk pppp  , for all nucleotides n,m,l,k,j,i  .  

 

Remark ( 2.6.9 ) [14]  

          In the language of algebraic geometry , the model M is known as 

the Segre variety . More precisely, M is the set of non – negative real 

points on the Segre embedding of 315 PP   in 63P .  
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2.7 Evolutionary Trees  

          Since graphs play an important role in phylogenetics , we start 

recalling some basic facts about it .  

 

Definition ( 2.7.1 ) [20]  

          A directed graph or digraph G is a triple consisting of a vertex 

set )G(V  an edge set )G(E , and a function assigning each edge an 

ordered pair of vertices . The first vertex of the ordered pair is the tail 

of the edge , and the second is the head , together , they are endpoints .  

 

Remark ( 2.7.2 ) [3]  

          All graphs we consider, will have a finite set of vertices . If 

},u{e   is an edge of graph G , then u and   are adjacent and e is 

said to be incident with u and   . The vertices u and   are the ends of 

e . Let   be a vertex of a graph G . The valency of )(,  , is the 

number of edges in G that are incident with   . A path in a graph G is 

a sequence of distinct vertices k21 ,...,,  such that , for all 

1k,...,1i  , 1 and 1i are adjacent . If , in addition 1 and k are 

adjacent , then the subgraph of Gwhose vertex set },...,,{ k21   and 

whose edge set is }1k,...,1i:),{()},{( 1ii1k    is a cycle . A 

graph is connected if each pair of vertices in Gcan be joined by a path 

: otherwise G is disconnected .  
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Definition ( 2.7.3 ) [3]  

          A tree )E,V(T   is a connected graph with no cycles . A tree is 

a path graph if all vertices have valency at most two .  

 

Theorem ( 2.7.4 ) [3]  

          Let )E,V(G   be a graph . Then the following are equivalent  

1. G is a tree ;  

2. for any two vertices   and u in V there exists a unique path in G  

from   to u ;  

3. G is connected and 1EV   . 

 

Definition ( 2.7.5 ) [9]  

          A binary tree T  is defined as a finite set of elements , called 

nodes such that  

1. T  is empty ( called the null tree or empty tree ) , or  

2. T  contains a distinguished node R , called the root of T  , and the 

remaining nodes of T  form an ordered pair of disjoint binary trees 

1T and 2T  .  

 

Remark ( 2.7.6 ) [3]  

          A vertex of valency one called a leaf . The set of leaves denote 

by L  and defined L\V:V
~
 the set of interior vertex . Similarly we 



 

 

 

 

Chapter Two                                                                               Preliminaries                                         

 

 40  

denote by E
~

the set of interior edges . Two distinct leaves of a tree are 

said to form a cherry if they are adjacent to common vertex .  

 

Definition ( 2.7.7 ) [3]  

          A rooted tree is that has exactly one distinguished vertex called 

the root which we denote by the letter r . For a rooted tree T  we can 

define a natural partial order T on the vertex set Vby  jTi   if the 

path from the root of T  to i  includes j  .  

 

Definition ( 2.7.8 ) [3]  

          An Tree    is an ordered pair ),T(  , where T  is a tree with 

vertex set Vand VX:   is a map with the property that , for each 

}r{\V  of valency at most two , )X(  . An X – tree is also 

called a semi – labelled tree ( on X ) A phylogenetic tree is an X – tree 

),T(  with the property that   is a bijection from X into the set of 

leaves of T . If , in addition , every interior vertex of T has degree three 

,   is binary phylogenetic tree .  

 

Remark  ( 2.7.9 ) [3]  

          Unrooted phylogenetic trees are also biologically relevant 

because they are typically what the tree reconstruction methods 

generate .We just observe that it always possible to pass from an 

unrooted tree to a rooted one and viceversa . In particular , passing 
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from the unrooted to rooted tree means to choose an internal vertex as 

root or add another vertex inside an edge and choose it as root .  

 

Remark ( 2.7.10 ) [3]  

          In general , as X , we will use the set }n,...,2,1{ , where each 

number will correspond to a specific species .  
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3.1 Evolutionary Models [15] 

          The basic object in phylogenetic model is a tree T which is 

rooted and has n labeled leaves . Each node of the tree T is random 

variable with k  possible states ( usually k is taken to be 2 , for the 

binary states {0,1} or 4 for the nucleotides {A,C,G,T} . At the root the 

distribution of the states is given by ),...,,( k21  . On each edge e 

of the tree there is kk   transition matrix e  whose entries are 

indeterminates representing the probabilities of transition ( away from 

the root ) , between the states . The random variables at the leaves are 

observed . The random variables at the interior nodes are hidden . Let 

N be the total number of entries of the matrices e  and the vector  . 

These entries are called model parameters . For instance , if T is binary 

tree with n leaves then T has 2n2   edges , and hence 

kk)2n2(N 2   . In particular , there will be many constraints on 

these parameters , usually expressible in terms of linear equations and 

inequalities , so the set of statistically meaningful parameters is a 

polyhedron  in NR  . Sometimes these constraints are given by non – 

linear polynomials , in which case   would be a semi – algebraic 

subset of NR  . Specifying this subset   means choosing a model of 

evolution . Fix a tree T with n leaves . At each leaf we can observe k 

possible states , so there are nk  possible joint observations we can 
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make at the leaves . The probability   of making a particular 

observation   is a polynomials   . This map is denoted   

                                  
nkN RR:   .  

The map   depends only on the tree T and the number k. In real-word 

applications, the coordinates   represent probabilities , so they should 

be non – negative and sum to 1 . In other words , the rules of 

probability require that )( , lie in the standard )1k( n   - simplex in 

nkR . In phylogenetic algebraic geometry we temporarily abandon this 

requirement . We keep things simpler and closer to the familiar setting 

of complex algebraic geometry , by replacing   and )(  by their 

Zariski closures in 
NC  and 

nkC  respectively . The polynomials   are 

often homogenous and )(  is best regarded as sub variety of a 

projective space .  
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3.2 Polynomials Maps Derived From a Tree [15] 

         In this section we explain the polynomial map   associated 

to a tree T and an integer 1k  . To make things as concrete as possible, 

let 2k  and T be the tree on  3n    leaves picture below.      

 

                                                     

                                                      

 

                                       a                         b 

 

 

                                                                c               d 

 

                     1                                     2                          3 

                  

Figure (1) 

 

The probability distribution at the root is unknown vector ),( 10   . 

For each of the four edges of the tree , we have  22  transition 

matrix :  

                               









1110

0100
a

aa

aa
  , 










1110

0100
b

bb

bb
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                               









1110

0100
c

cc

cc
  , 










1110

0100
d

dd

dd
  

Altogether , we have introduced 18N   parameters each of which 

represented a probability . But we regard them as unknown complex 

numbers . The unknown 0  represents the probability of observing 

letter 0 at the root , and the unknown 01b represents the probability that 

the letter 0 gets changed to the letter 1 along the edge b . All transition 

are assumed to be independent events , so the monomial  

                                                   vkvjuvuiu dcba    

represents the probability of observing the letter u at the root , the letter 

v at the interior node , the letter i at the leaf 1 , the letter j at the leaf 2 , 

and the letter k at the leaf 3 . Now , the probabilities at the root and the 

interior node are hidden random variable , while the probabilities at the 

three leaves are observed . This leads us to consider the polynomial  

         
.dcba

dcbadcbadcba

k1j111i11

k0j010i11k1j101i00k0j000i00ijk




 

This polynomial represents the probability of observing the letter i at 

the leaf 1 , the letter j at the leaf 2 , and the letter k at the leaf 3 . The 

eight polynomials ijk specify our map  

                                             818 CC:   .  
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In applications , where the parameters are really probabilities , one 

immediately replaces 18C by a subset  , for instance , the nine – 

dimensional cube in 18R defined by the constraints  

                                           110   , 0, 10   ,  

     1aa 0100   , 0a,a 0100   ,             1aa 1110  , 0a,a 1110    

     1bb 0100  , 0b,b 0100   ,              1bb 1110  , 0b,b 1110    

     1cc 0100   , 0c,c 0100   ,                1cc 1110  , 0c,c 1110    

     1dd 0100  , 0d,d 0100   ,                1dd 1110  , 0d,d 1110   .  

The polynomials ijk are homogenous with respect to the different 

letters d,c,b,a  and   . We can thus change our perspective and 

consider our map as a projective morphism  

                                             713333 PPPPPP:   .  

This morphism is subjective , and it is an instructive undertaking to 

examine its fibers . To underling the points made in the introduction , 

let us now cut down on the number of model parameters and replace 

the range of the morphisim by a natural subset  . For instance , let us 

define   by requiring that the four matrices are identical  

              









1110

0100
dcba

aa

aa
  .  

Equivalently , 13
diag PP  , where 3

diagP  is the diagonal of 

3333 PPPP   . The restricted morphism 713
diag PPP:\   is 

given by the following eight polynomials :  
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11
3
101

2
00

2
101

2
1001000

4
000000 aaaaaaaa   

2
11

2
1010100

2
10111100100001

3
000001 aaaaaaaaaaa                                                 

2
11

2
1010100

2
10111100100001

3
000010 aaaaaaaaaaa   

3
11101

2
01

2
101

2
1101000

2
01

2
000011 aaaaaaaaa   

2
11

2
101

2
0010111

2
10

2
01001

3
000100 aaaaaaaaa                     

3
111010100101111110

2
010

2
01

2
000101 aaaaaaaaaaa                       

3
111010100101111110

2
010

2
01

2
000110 aaaaaaaaaaa    

4
111

2
0110111

2
11

2
01000

3
010111 aaaaaaaa   .                 

The image of  \  lies in the 5 – dimensional projective space 

subspace of 7P defined by 010001  and 110101   . [15]  

 

Remark ( 3.2.1 ) [15]  

          Each coordinate of the map   is given by a polynomial of 

degree equal to the number of edges of T  plus one. If the root 

distribution is not parameter the degree of these polynomials is one 

less.  

 

 

 

 

 



 

 

 

 

Chapter Three                           Phylogenetic Algebraic Geometry           

 

 48 

3.3 Some Models and Some Familiar Varieties [15] 

          Suppose that the number k of states , the number n of leaves and 

the tree T are fixed . The choice of model is then specified fixing a 

subset NC . The set   comprises the allowed model parameters .  

 

Definition (3.3.1) [15] 

          General Markov Model is the model NC  . All the transition 

matrices e are pairwise distinct , and there are no constraints on the 

2k  entries of e  .  

 

Defiiniton ( 3.3.2 ) [15]  

          In Homogenous Model, the number of free parameters is small 

and independent of the tree .  

 

Definition ( 3.3.3 ) [15]  

          Veronese Varieties appear as a special case of the homogenous 

model with no  hidden nodes .  
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Definition ( 3.3.4 ) [15]  

          The secant varieties of a model amounts to taking the mixture of 

the model with itself .  

 

 Definition ( 3.3.5 ) [15]  

          Segre Varieties appear as a special case of the model with no 

hidden nodes .  

 

 Remark ( 3.3.6 ) [15]  

          Many of the evolutionary models are naturally embedding in- 

determinantal varieties , because the tree structure imposes rank 

constraints on matrices derived from probabilities observed at the 

leaves .    

 

Example ( 3.3.7 ) [15]  

          We discuss an example which aims to demonstrate that 

phylogenetic trees arise when studying classical objects of algebraic 

geometry . Consider the Segre embedding of 1111 PPPP   in 15P  . 

This four – dimensional complex manifold is given by the familiar 

monomial parameterization  

                               lkjiijkl xuP   ,        ]1,0[l,k,j,i     

Its prim ideal is generated by the  22  minors of the following three 

 44 matrices  
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



















1111111011011100

1011101010011000

0111011001010100

0011001000010000

PPPP

PPPP

PPPP

PPPP

 , 





















1111111010111010

1101110010011000

0111011000110010

0101010000010000

PPPP

PPPP

PPPP

PPPP

  





















1111110110111001

1110110010101000

0111010100110001

0110010000100000

PPPP

PPPP

PPPP

PPPP

  

These three matrices reflect the following three bracketings of the 

parameterization :  

                            

))()xu(())x()u(())x()u((P
kjliljkilkjiijkl

   

And , of course , these three bracketings correspond to the three binary 

trees below . 

 

  

                  1                                                      2  

 

 

 

 

 

 

u            v      w              x                   u           w      v              x 
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                                                3  

 

  

                                 

                                 

 

 

                                 u          x        v           w 

 

Figure (2) 

 

Let  denote the first secant variety of Segre variety 1111 PPPP   . 

Thus   is the nine – dimensional irreducible of 15P  consisting of all 

 2222  tensors which have tensor rank at most 2 . The secant 

variety   has the parametric representation                             

l1k1j1i11l0k0j0i00ijkl xuxuP   . 

This shows that the secant variety   equals the general Markov model 

for the tree below .  
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                                                   

 

 

                                u       v        w           x 

 

 

 

 

           1                2                               3                      4     

    

Figure (3) 

 

The prim ideal of   is generated by all the 33  minors of the three 

matrices above . We write )34()12(   for the variety defined by the 

33 minors of the leftmost matrix , )24()13(   for the variety of the 

33 minors of the middle matrix , and )23)(14( for the variety of the 

33 minors of the rightmost matrix . Then we have , scheme – 

theoretically ,  

                          )23)(14()24)(13()34)(12(     

These three varieties are the general Markov model for the three binary 

trees depicted above . For instance , the determinantal variety 

)34()12(   equals the general Markov model for the binary tree below .  
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                                                        

 

 

 

 

 

 

                                      1          2       3             4 

 

                                            Figure (4) 

 

     

Indeed , the standard parameterization   of this model equals  

                      

)xbxb()uaua(P l1k101l0k000j1i101i0i0000ijkl   

+ )xbxb()uaua( l1k111l1k110j1i111j1i1101   .  

This representation shows that the leftmost  44 matrix has rank at 

most 2 , and , conversely , every  44 matrix of rank 2  can be 

written like this . We conclude that the general Markov model appears 

naturally when studying secant varieties of Segre varieties . It is 

instructive to redo the above calculations under the assumption 
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xu   . Then the ambient 15P  gets replaced by the four – 

dimensional space 4P  with coordinates  

                    

11114

11101101101101113

1100101010010110010100112

10000100001000011

00000

PP

PPPPP

PPPPPPP

PPPPP

PP











 

Under these substitutions , all three  44 matrices reduce to the same 

33 matrix  

                      
















432

321

210

PPP

PPP

PPP

  

The ideal of  22 minors now defines the rational curve of degree 

four . This special Veronese variety is the small diagonal of the Segre 

variety 151111 PPPPP   . The secant variety of the rational 

normal curve is the cubic hypersurface in 4P  defined by the 

determinant of the 33 matrix . Hence , the homogenous model 

satisfies  

                         )23)(14()24)(13()34)(12(    
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In this chapter , we will introduce three phylogenetic models , and we will 

discuss these models using the language of algebraic geometry. 

 

4.1 First Model   

          Suppose that we have a rooted tree with three leaves and no hidden 

interior nodes , on }T,G,C,A{  as given below. 

                                                          1  

 

 

 

 

 

 

                                     

                                      3X                      2X             1X  

 

Figure (5) 

   

Let ),,( 321 XXX  random vector with state space 33 }T,G,C,A{ , such that iX , 

3,2,1i   with state space }T,G,C,A{  . Suppose that dR , such that d is 

number of parameters ,then  

                            631 :   , 631 )(   is  model .  

Let ),( 21 XXX  , then X independent X3 , such that X  is a random vector with 

state space 22 }T,G,C,A{ , and 3X  random variable with state space 

}T,G,C,A{  .  
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Now  

           we have independence model )X,X(Y 3 , such that the probability 

simplex of X is 15  that consists of probability distribution ij  on 2 , and 

the probability simplex of 3X  is 3  that consisting of the probability 

distribution k  on   . Then our model is parameterized by the map :  

                           631   , such that 315    

                              kijijk1ijk )),((P    

Hence )(imageM 11   is an 18 – dimensional algebraic subset inside the 63 – 

dimensional simplex .  

Since  164 , and 64  are subspaces of 164 C,C and 64C , respectively , then  

                           4
3P   , 16

15P   and 64
63P   .  

Therefore , our independence model 1M become  

                                               63315
1 PPP:  , such that  

1

315

1 M)PP(   . Let  }T,G,C,A{}3,2,1,0{Z   and 

2}T,G,C,A{ZZ   such that the  symmetric elements are equals . Then our 

independence model 1M  becomes  

                                             63315
1 PPP:   , such that  

                                              

)::::::::

:::::::::::

:::::::::::

:::::::::::

::::::())::(),::

:::::::::::::((

233133033232132032231131031

230130030223123023222122022221121

021220120020213113013212112012211

111011210110010203103003202102002

201101001200100000210333231

302322212013121110030201001












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Since 
kijijkp   , Zk,j,i   , then                                   

)p:p:p:p:p

:p:p:p:p:p:p:p:p:p:p:p:p:p:p:p

:p:p:p:p:p:p:p:p:p:p:p:p:p:p:p

:p:p:p:p:p:p:p:p:p:p:p:p:p:p:p

:p:p:p:p:p:p:p:p:p:p:p:p:p:p(

333332331330323

322321320313312311310303302301300233232231230

223222221220213212211210203202201200133132131

130123122121120113112111110103102101100033032

031030023022021020013012011010003002001000

        

Transforming into matrix with size 88  



































333332331330323322321320

313312311310303302301300

233232231230223222221220

213212211210203202201200

133132131130123122121120

113112111110103102101100

033032031030023022021020

013012011010003002001000

pppppppp

pppppppp

pppppppp

pppppppp

pppppppp

pppppppp

pppppppp

pppppppp

P   

Is the  joint probability distribution matrix .  

Since our model 1M ,  is independence model , therefore , the ideal of 1M , is 

generated by the  22 minors of the joint probability distribution matrix P . 

See program(A1) and program(A2) in appendix(A) .  

 

In program(A1) , we find the positions matrix W with size 88 ,and for 

simplicity , we assume that the joint probability distribution matrix Pequal to 

the positions matrix W .In program(A2), we find the matrices with size 22  

(minors) of P .The minors of the joint probability distribution matrix P  

 


































321320

301300

332331

312311

333331

313311

333332

313312

pp

pp
...

pp

pp
,

pp

pp
,

pp

pp
. 
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The ideal is 

   
320301321300331312332311331313333311332313333312

pp_pp,...,pp_pp,pp_pp,pp_ppI  
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4.2 Second Model  

          Suppose that have a rooted tree with two leaves and no hidden interior 

nodes , on the set }T,G,C,A{  . Let )X,X(X
21

  is random vector with state 

space 22 }T,G,C,A{ , such that 
i

X  , 2,1i   with state space }T,G,C,A{ , 

and 21 XX  . 

Now  

}TT,TG,TC

,TA,GT,GG,GC,GA,CT,CG,CC,CA,AT,AG,AC,AA{}T,G,C,A{}T,G,C,A{2 
 

 

                                                       2  

 

 

 

 

 

 

                                 1X                                      2X  

 

                                          Figure (6) 

 

Let dR , where dR is the parameter space and 
33

  , 633d   , is 

number of  parameters ,  such that 
3

  is the 3 – dimensional simplex consisting 

of probability distribution 
i

  on   , and 
3

  is the 3 – dimensional simplex 

consisting of probability distribution 
j

  on   . Our model 
2

M  is 

parameterized by the map :  
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152
:   , such that 

jiij2ij
),(P   , j,i  , with six parameters . 

Hence , )(imageM
2

  is an 6 – dimensional algebraic subset inside the 15 – 

dimensional simplex . Let B = {0,1} is the binary set , and }T,G,C,A{BB   , 

such that )0,0(A   , )1,0(C   , )0,1(G   and )1,1(T   . In the language 

algebraic geometry we have :  

                      
4

3P   , and 
16

15P   , such that 
4

  and 
16

  are subspace of  the 

space 4C  and 16C  , respectively . Then the parameterized map become  

such that   1533

2
PPP                                                          .       

)::

:::::::::::

::():::::::::

::::::()):::(),:::((

111110110111

00111110101001100010110110010101000111001000

01000000TTGTCTATTGGGCGAGTCGC

CCACTAGACAAATGCATGCA2









 

 

Since 
jiijp    , j,i   

Then  

     

)p:p

:p:p:p:p:p:p:p:p:p::p:p:p:p(

11111110

11011100101110101001100001110110010101000011001000010000

 

Transform into matrix with size 44  we have      

 





















1111111011011100

1011101010011000

0111011001010100

0011001000010000

pppp

pppp

pppp

pppp

P   as the joint probability distribution  
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Since our model 2M   , is independence model , therefore , the ideal of 2M   , is 

generated by the  22 minors of the joint probability distribution matrix P  . 

see  program( B1) and  program( B2) in appendix(B) . 

 In program(B1) , we found the positions matrix L with size 44 ,and for 

simplicity, we assume that the joint probability distribution matrix P  equal to 

the positions matrix L .In program(B2), we find the matrices with size 22  

(minors) of P  . 

The minors of the joint probability distribution matrix P  are  




































































































11011100

10011000

11101100

10101000

11101101

10101001

11011100

10011000

11111100

10111000

11111101

10111001

11101100

10101000

11111100

10111000

11111110

10111010

11101101

10101001

11111101

10111001

11111110

10111010

pp

pp
,

pp

pp
,

pp

pp
,

pp

pp

,
pp

pp
,

pp

pp
,

pp

pp
,

pp

pp

,
pp

pp
,

pp

pp
,

pp

pp
,

pp

pp

 

The ideal is  

  




110010101110100011001001110110001100101011101000

1100101111111000110110101110100111011011111110011110101111111010

pp_pp,pp_pp,pp_pp

,pp_pp,pp_pp,pp_pp,pp_ppI
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4.3 Third Model  

          Suppose that we have a rooted tree with three leaves and not hidden 

interior nodes on a binary set }1,0{  . Let )X,X,X(X
321

  is a random vector 

with state space  33 }1,0{]m[   , such that 
i

X   , 3,2,1i    with state space 

}1,0{]m[
i
  . The state space of the random vector X  is                                                                                                                                                

}111,110,101,100,011,010,001,000{}1,0{]m[ 33                                  

Now  

                                                      3  

 

 

 

 

 

 

 

                                X3                                    X2                      X1 

 

                                       Figure (7) 

 

        Let  dR  , such that 6222mmmd
321

  , then 6R   

Let )X,X(Y
21

  which is independence of 
3

X  , i.e 
3

XY  , Y random vector 

with state space  22 }1,0{]m[   , 
3

X  random variable with state space  }1,0{]m[   

. Let 
13

  , such that 
3

  is a  3 – dimensional  probability simplex that  

consist of probability distribution 
ij

  on 2}1,0{  , and 
1

  is 1 – dimensional 
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probability simplex that  consists of probability distribution 
k

 , on }1,0{  . 

Our model 
3

M  is parameterized by the map :  

73
:   , such that 

                                                                                            

kijijk3ijk
),(P   , i,j,k }1,0{ .  

In the language algebraic geometry , we have :  

4

3P   , 
2

1P   , and 
8

7P   , such that 
4

   , 
2

  and 
8

  are subspaces of the 

space 4C  , 2C  , and 8C  , respectively . Then our model 
3

M  become 

713

3
PPP:  , such that 

):::::::()),(),:::(( 11101111001010100110000010111001003   

. Since  

kijijkp  . Then  

 )p:p:p:p:p:p:p:p(p
111110101100011010001000ilk

  . 

 Transform into matrix with size  42  we have 

                                









111110101100

011010001000

pppp

pppp
P  ,as the joint probability 

distribution matrix.  

Since our model 3M   , is independence model , therefore , the ideal of 3M   is 

generated by  22 minors of joint probability distribution P   .  

The minors are  

  








101100

001000

pp

pp
, 









110101

010001

pp

pp
 , 









111100

011000

pp

pp
  , 









111110

011010

pp

pp
   , 









110100

010000

pp

pp
   , 










111110

011001

pp

pp
  , and hence the ideal is  
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



100010110000110011111001

110011111010100011111000101010110001100001101000

PPPP,PPPP

,PPPP,PPPP,PPPP,PPPPI
 

     

4.4 Conclusion  

We found bijective between independence models and segre varieties, and 

found the ideals of those models(segre varieties). 

 

4.5 Future Work 

1. We will study graphical models from perspective algebraic geometry and 

commutative algebra, and will find the ideal of those models by grobner bases. 

 

2. We will discuss conditional models from perspective algebraic geometry and 

commutative algebra, and will find the ideal of those models by grobner bases.  
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Appendix(A) 

 

Program (A1) 

clc 

W=cell(8,8); 

for i=1:8 

for j=1:8 

y1=num2str(i); 

y2=strcat('a',y1); 

y3=num2str(j); 

y4=strcat(y2,y3); 

W{i,j}=y4; 

end 

end 

W  
 

 

 

 

W =  

  
'a11'    'a12'    'a13'    'a14'    'a15'    'a16'    'a17'    'a18' 

'a21'    'a22'    'a23'    'a24'    'a25'    'a26'    'a27'    'a28' 
'a31'    'a32'    'a33'    'a34'    'a35'    'a36'    'a37'    'a38' 

'a41'    'a42'    'a43'    'a44'    'a45'    'a46'    'a47'    'a48' 
'a51'    'a52'    'a53'    'a54'    'a55'    'a56'    'a57'    'a58' 

'a61'    'a62'    'a63'    'a64'    'a65'    'a66'    'a67'    'a68' 
'a71'    'a72'    'a73'    'a74'    'a75'    'a76'    'a77'    'a78' 

'a81'    'a82'    'a83'    'a84'    'a85'    'a86'    'a87'    'a88' 
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For easy the program we assume that 

the  joint probability distribution 

matrix P equal to positions matrix as   

 





































8887868584838281

7877767574737271

6867666564636261

5857565554535251

4847464544434241

3837363534333231

2827262524232221

1817161514131211

aaaaaaaa

aaaaaaaa

aaaaaaaa

aaaaaaaa

aaaaaaaa

aaaaaaaa

aaaaaaaa

aaaaaaaa

WP  

 

 

































333332331330323322321320

313312311310303302301300

233232231230223222221220

213212211210203202201200

133132131130123122121120

113112111110103102101100

033032031030023022021020

013012011010003002001000

pppppppp

pppppppp

pppppppp

pppppppp

pppppppp

pppppppp

pppppppp

pppppppp
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Program (A2) 

 

   function minors=h(a) 

clc 

kk=0; 

 minors=zeros(2,40320); 

for i1=1:8 

  a1=m(a,i1); 

    for i2=1:7 

         a2=m(a1,i2); 

for i3=1:6 

     a3=m(a2,i3); 

for i4=1:5 

     a4=m(a3,i4); 

for i5=1:4 

     a5=m(a4,i5); 

for i6=1:3 

     a6=m(a5,i6) 

    kk=kk+1 

    pause 

%     minors(1,kk)=a6(1,1); 

%     minors(1,kk+1)=a6(1,2); 

%     minors(2,kk)=a6(2,1); 
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%     minors(2,kk+1)=a6(2,2); 

%     kk=kk+2; 

  

end 

end 

end 

end 

    end 

end 

 save('d:\minorss.dat','minors','-ASCII'); 

end  

%-----------------------------------------------

----- 

  

function f=m(a,k) 

[r,c]=size(a); 

k1=1; 

k2=0; 

f=cell(r-1,c-1); 

for i=1:r 

     

    for j=1:c  

        if (i~=1)&&(j~=k) 
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            k2=k2+1; 

            if (k2>(c-1)) 

                k2=1; 

                k1=k1+1; 

                                  

            end 

            f(k1,k2)=a(i,j); 

             

        end 

    end 

end 

  

end 

 


























8786

7776

8886

7876

8887

7877

aa

aa
,

aa

aa
,

aa

aa
… 









8281

7271

aa

aa
. 

These minors equal to  


































321320

301300

332331

312311

333331

313311

333332

313312

pp

pp
...

pp

pp
,

pp

pp
,

pp

pp
 

respectively. 
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Appendix(B) 

 

Program (B1) 

 

clc 

L=cell(4,4); 

for i=1:4 

for j=1:4 

y1=num2str(i); 

y2=strcat('a',y1); 

y3=num2str(j); 

y4=strcat(y2,y3); 

L{i,j}=y4; 

end 

end 

L 

L =  

  
    'a11'    'a12'    'a13'    'a14' 
    'a21'    'a22'    'a23'    'a24' 



 

 

 

 

Appendixes 

 

 73 

    'a31'    'a32'    'a33'    'a34' 
    'a41'    'a42'    'a43'    'a44' 

 

For easy the program we write the  

joint probability distribution matrix  

P   as following figure  

 

 





















44434241

34333231

24232221

14131211

aaaa

aaaa

aaaa

aaaa

LP =



















1111111011011100

1011101010011000

0111011001010100

0011001000010000

pppp

pppp

pppp

pppp
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Program (B2) 

function minors=h(a) 

clc 

kk=0; 

 minors=zeros(2,24); 

for i1=1:4 

  a1=m(a,i1); 

    for i2=1:3 

         a2=m(a1,i2); 

    kk=kk+1 

    pause 

%     minors(1,kk)=a6(1,1); 

%     minors(1,kk+1)=a6(1,2); 

%     minors(2,kk)=a6(2,1); 

%     minors(2,kk+1)=a6(2,2); 

%     kk=kk+2; 

  

end 

end 

save('d:\minorss.dat','minors','-ASCII'); 

end 
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%-----------------------------------------------

----- 

  

function f=m(a,k) 

[r,c]=size(a); 

k1=1; 

k2=0; 

f=cell(r-1,c-1); 

for i=1:r 

     

    for j=1:c  

        if (i~=1)&&(j~=k) 

           

            k2=k2+1; 

            if (k2>(c-1)) 

                k2=1; 

                k1=k1+1; 

                                  

            end 

            f(k1,k2)=a(i,j); 

             

        end 
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








4443

3433

aa

aa
 , 









4442

3432

aa

aa
 , 









4342

3332

aa

aa
 , 









4443

3433

aa

aa
 , 










4441

3431

aa

aa
 , 









4341

3331

aa

aa
 , 









4442

3432

aa

aa
 , 









4441

3431

aa

aa
 , 










4241

3231

aa

aa
 , 









4342

3332

aa

aa
 , 









4341

3331

aa

aa
 , 









4241

3231

aa

aa
.  

These minors equal  




































































































11011100

10011000

11101100

10101000

11101101

10101001

11011100

10011000

11111100

10111000

11111101

10111001

11101100

10101000

11111100

10111000

11111110

10111010

11101101

10101001

11111101

10111001

11111110

10111010

pp

pp
,

pp

pp
,

pp

pp
,

pp

pp

,
pp

pp
,

pp

pp
,

pp

pp
,

pp

pp

,
pp

pp
,

pp

pp
,

pp

pp
,

pp

pp

  

respectively.  

 


