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Abstract

It is essential to study approximation theoretical foundations of deep
convolutional neural networks, because of its exciting developments in
vital domains, despite its dependence upon approximation
substantially. On the other hand, this relates to another matter of great
importance, which is the choice of the space of functions. Studying that
topic on a vast space of functions is excellent for covering as many

functions as possible.

This thesis includes a new class of quasi-normed spaces, called Quasi-
Orlicz Spaces as a space of functions for that is used convolutional neural
network approximation. Moreover, to estimate the degree of best
approximation with convolutional neural networks, we define a
modulus of smoothness on the quasi-Orlicz space. In addition, we study
the essential characteristics and the approximation abilities of deep
convolutional neural networks produced by downsampling operators in
quasi-Orlicz spaces, so we resulted in a degree of best approximation of

quasi-Orlicz functions in terms of higher order modulus of smoothness.
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Introduction

Convolutional neural networks (CNN) play a significant role in several
applications, such as document analysis, understanding climate, and
recognition of speech and images. The architecture of a convolutional
neural network is a multi-layer neural network made by stacking many
layers hidden over each other in order. This sequential design enables
convolutional neural networks to learn hierarchical characteristics.
Hidden layers are usually convolutional layers followed by activation

layers, some followed by clustering layers.

Diversion of neural networks are characterized from other classical
neural networks by their superior performance with acoustic signal or
speech inputs, CNNs are commonly used to resolve spatial data issues
such as images. In addition, regular neural networks are better suited
to the analysis of temporal and sequential data, such as text or video.
Approximate functions on subassemblies of R? through shallow neural

networks with their general form

N

fv (x) = z cx 0 (wy,x)—b), x €R?

k=1

were well studied towards the end of the 1980s. Deep neural networks

are



completely fully connected networks. It’s very important to the study
universality of CNNs, it gives a strong theoretical basis to understand
and apply CNNs. However, proving universality is not as easy as that of
classical neural networks, because of their complex structure and

computation intensive.

The importance of neural networks comes from being function
approximation. Researchers are interested in functional approximation
through neural networks in various applied and theoretical fields such
as,[1-6]. Zhou was the first who demonstrate the universality of
functions approximation with convolution neural networks. He
considered an applied family of deep convolutional neural network
functions with the same order of computational complexity as the deep
convolutional neural networks. Moreover, he showed that a deep
convolutional neural network can be used to approximate any
continuous function to an arbitrary accuracy when the depth of the
neural network is large enough in his former paper [6]. He also showed
the approximation theory of deep convolutional neural networks whose
structures are induced by convolutions. To overcome the difficulty in
theoretical analysis of the networks with linearly increased widths
arising from convolutions, he introduced a downsampling operator to
reduce the widths in this paper [4]. Fang, Feng, Huang, and Zhou[5] also

studied uniform approximation of functions in the unit sphere of $¢~1

2



of R<. In this thesis, we focus on the functions space that generates
CNNs, it has to be more general than previous continuous functions
space. The generated CNN is a best approximation for any function from
anew-defined quasi-normed space, called Quasi-Orlicz Space. The order
of approximation depends on a Quasi-Orlicz Modulus of Smoothness

defined sequentially.

The thesis consists of four chapters, each of which has developments

about the topic.

In Chapter One, we define a new class of quasi-normed spaces and name
them quasi-Orlicz spaces. By proving that space is quasi-normed, we
could identify the modulus of smoothness that we use later to study the
degree of best approximation out of the space of CNNs generated by

quasi -Orlicz functions.

The quasi-normed Orlicz space is defined by
Las, (D) ={f € Ly [If las, < o0},
where
1 .9 =
I fllas, = gg; (U5 (kf) + D,

and /¢ c R4,



In Chapter Two, we introduce convolution neural networks with an
approximation point of view. Few researchers studied them in terms of
its approximation property. We mentioned above authors have studied

that since 2018.

Moreover, we prove that a CNN is a universal approximation of quasi-
Orlicz space defined in Chapter One. Our primary CNN is based on the
construction of previous research and the degree of best approximation

is calculated in the following theorem,

Theorem I

Let f € La,s,(I) ,0 < p < 1, then there exists w, b forming a CNN £

as follow
dj
N = ZChU)ceRdJ =1,2
i o k , J=12,..,]
k=1
then

IF =172, <€

As a development of previous researchers' work, to get a better degree
of approximation, we define, in Chapter Three, a new CNN depending on

a downsampling operator O,,: R® — RIP/™] defined as follow

D
Om@) = (um)™ u € RP



We prove that after using the downsampling operator and using special
features, we can find the degree of approximation in terms of quasi-

Orlicz modulus of smoothness.

Forany f € Lg,s,(I*), we define

d
L(f@w) = ) fe8i

where

N
N _:
5,0 = (V) Mot - w
_ I
=1
In the following main results, we estimate the approximation error of

our approximation. Both upper and lower bounds are resulted in terms

of quasi-Orlicz modulus of smoothness.

Theorem II (Direct Theorem)

Forany g € Ly s,(I?), there exists a CNN
2N+2
L(@@) = ) g(t) §:@),u € [t1,)
i=2
where |t; — ti_1|~% , such that

1

C
ILe(9) = gl s, < fom (9:3), .

n

where



N

5,00 = ) (M) DV ot - )

i=1

Theorem III (Inverse Theorem)

Forany g € Lo, (I%), then L,(g) satisfies

C

0N (9, 8)s5, <~ [19llos, + En(@as, |

In Chapter Four, we build a better, more flexible CNN than those in
Chapters Two and Three with the same degree of approximation. We
benefit from the downsampling properties and add a finite number of

layers as desired, or the user needs.

In addition, the order of modulus of smoothness that represents the
degree of approximation matches the number of layers. That means that

more additional hidden layers imply a better degree of approximation.

Theorem IV
Let2 < S <dd=>=371r>0mnNEN,f ELd,,Sp(Sd‘l). Let] >

md-1

[ - ]- Then there isa CNN of ] layers with filters of length S and bias

vectors satisfying p P = pP =...= bg_)_

s+ TsWD4y2

, followed by

downsampling and k-th layers satisfying

J+k) _ _
[0 =], < Conf, )q)s



Chapter One:
Quasi - Orlicz Spaces



1.1. A Short History about Orlicz Spaces

Orlicz spac is a generalization of Lebesgue space
Ly(D:={f:1? > R[lIf]l, < =0}, (1.1)
where I¢ € R%,d € NV

We define Luxembourg norm on measurable function f by

flle = inf{A:J (@) dx < 1}

Where @ is Young function, defined below,

Definition 1.1.1: [7] A function @: R — [0, oo] is called a Young function

if it satisfies the conditions
[. @ isconvex lower semicontinuous [0, o]-valued function on R.
II. @®isevenand ©(0) = 0.

III. @ is non-trivial: it is different from the constant function. ®(x) =

0 ifx=0

0,x € Rand itis a convex conjugate ®*(x) = { ,
+00 otherwise

We define the Orlicz space L4 to be those measurable functions f with

finite [|f|l4. We see that Orlicz space L is a generalization of L,,, when

we take @ (x) = %p.



The first who studied this type of spaces was the mathematician Orlicz

in his paper [8]. As a generalization of Lebesgue integrable spaces Ly,

Orlicz space forms an extended Banach space
Le(u) = {f:f is u — measurable and ||f|| < 0}, (1.2)

where the norm ||| had been defined in many ways to cover that

space.

Until today, the spaces of Orlicz have been examined by many authors
in different ways. However, most of these studies used different
definitions for the convex function that defines Orlicz spaces, beginning

with Orlicz himself with his norm ||:|3,
Ifllg = sup {jlf(t)y(t)ldu Py €Ly ly(y) <1p  (1.3)
T

Orlicz norm was defined depending on Young function ®. Also, V¥ is the

generator of the modular unit ball, which is defined by

Yw) = sup{lulv — &) : v > 0} (1.4)

UER

In simultaneous times in the fifteenth of the last century, Nakano [9],
Morse-Transue [10], and Luxembourg [11] investigated the
Luxembourg norm, which has been defined, using the concept of
functional Minikowski over a convex modular unit ball, {x:I1(x) <

1}, with



il = jnt {1o(5) < 1) 1.5)

Then not long later, Amemiya [9] defined the norm

1
I3 = jnf 7 (1 + (A1) (1.6)

In separated papers, Krasnoselskii and Rutickil [12], Nakano [9], and
Luxembourg and Zaneen[13] proved under additional conditions on @,
that Amemiy norm is exactly the Orlicz norm ||-||* = ||||°. The only
difference between the two Amemyia forms is the function under the
infimum operation: forallu > 0,s(u) = 1 + u (for the Orlicz norm)
and s(u) = max {1, u} (for the Luxemburg norm). In 2000, Hudzik and

Maligranda [14] suggested investigating the Amemiya formula

1
generated by outer functions of the type S,(u) = (1 + u? )7, where

1 < p < oo. They obtained a family of topologically equivalent norms

(called the p-Amemiya norms and denoted by l-ll, ), indexed by 1 <

p < oo, and they satisfy the inequalities

1
1 F o= f o < Il f oy < I f lorg< Il £ lloa= I < 27 11 £ Nl
foralll < g < p < .

Moreover, authors in [15] gave the basic results about the so called
p —Amemiya norms and equipped spaces were presented. Also, in [16]

Wisla showed an overview of the developments of the spaces defined

10



later. Moreover, he introduced more generalized p —Amemiya type

norms by restricting his conditions about the outer function in [17].

Later, he introduced the concept of outer function s and get s-norms on

Orlicz Spaces
fllos = inf Lsa Af (1.7)
Iflles = A s(Io (Af)) :

1.2. Quasi - Orlicz spaces

All the definition were given for Orlicz spaces that form normed spaces.
To generalize them, we define a quasi -normed spaces by extending the

value of p in p-Amemiya norm that is given by

Definition 1.2.1: The family {Sp: 0<p< 1} of functions are defined by

S,(w) = (1+ uz)%, (1.8)
where u € [0, )

In the Figure (1,1), the graphs of outer function S, , p € [0, ). Light
color represents the graphs of S,,, when the values of p are larger than

one. Bold graphs represent graph of S, with values of p < 1. Violet p =

é Light Violet p =5, Greenp = i «Greenlightp = 4, Redp = g , Red-

light p = 3, Turquoise p = 1 and Blackp = o0

11
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Figure 1. 1 5, Functions
We investigate some important properties of S, they are

1. convex

2. all Sps match at one point, that is Sp (0) =1,forallp

3. strictly increasing on [0, )

In our work, we focus on positive-values functions, so we define and

prove Quasi-Orlicz norm depending on Definition1.2.1 as follow

Definition 1.2.2: A Quasi - Orlicz norm for 0 <p < 1 is defined

depending on Definition1.2.1 are follow,

1 1
— j _ 2
I Fllos, = infz (3P + 1P

12



Where @ is young function, S,is outer function from Definition 1.1.1, I

is modular,

I4(x) =f ¢(x(t))du

So that the quasi Orlicz-normed spaces is linear space measurable

functions given by

Los, U = {f:1¢ > R|lIfllas, < 0} (1. 10)

The following figure shows the relationship between some related

spaces. We notice that every function from L, -space, 1 < p < oo belongs
to both Quasi -L,, space, 0 < p <1 and Orlicz space equipped with p-

Amemiya, 1 < p < 0. But Quasi -Orlicz space combine all above

functions.

Quasi - Orlicz

Figure 1. 2 Relations between spaces

13



In the following theorem, we prove our claim that (1.9) satisfies quasi-

norm, so that (1.10) is quasi-normed space.
Theorem1.2.3: (Lq),sp (%), ”'”q)’sp) is quasi- normed space, where @ is
young function, §,, is outer function.

Proof

Letf € Los,, then it is clear that || f||¢,,5p > 0.

o1
Also, || Ollp s, —Igg =0

Now, for any positive 1, we have
1 ) 1
14fllas, = inf (1 +13Qk)))P

= |1| inf -~ kIAI (1+ I¢(/1kf))P

=l 1fllo,s,

Let € >0, we choose k,r > 0sothatforanyf,g € Lo,

. 1 l €
inf— (1+ 15AK)P < Ifllo,s, + >

and

1
inf~ (1+ BGrg)? < lgles, +5

r>0 2

Thus,

14



k,r>0

I+ alloe < inf (14 2((r 4 0
ft9lles, = in r ¢k+rf g

Since S, and @ are convex, then

+ <c| it K (1402 (2 ’
If +gllos, = c| inf —= d’(k—-l-rf>

1
_fk+r L2 kr p
+k}71:1>0 kr T cp(k+rg)

1 1 1 1
_ e 2 e 2
—C (,gf;{, - (L+ QKA + inf— (1+13Arg))P + 6)

< C(Il fllosp + Il gllasp + €) .

One of the most important properties of any norm, or quasi - norm,
strict convexity, since it implies uniqueness of the best approximation if
exist. So, we prove that (1.9) is strictly convex quasi-norm in the

following theorem,

Theorem1.2.4 || - ”q;,’sp is strictly convex norm, where & is young

function, S, is outer function
Proof

Let0 < 21 <1,f,9 €Lss, Stll flles, =7 =1l gllos, then

15



o1
12f + (1 = Dglle,s, = nf = Sp(Af + (1 = A)g)

Since S, are convex, then

1

- (15,00 + A - D3,(9))

IAf + (1 = Dgllos, < inf

1

<Alnf>

1
Sp(f) +(1-21) ,y;gESp(g)
<Aflles, + (1 =Dllglles,

<Ar+(A-MDr

1.3. Orlicz Moduli of Smoothness

Moduli of smoothness had been studied widely in Orlicz spaces. The
importance of this comes from the need to improve the degree of
function approximation via direct approaches. Direct theorem
approximation implies a faster convergence to zero of its degree of
approximation than previous estimates. On the other hand, converse
theorems give characterization of smoothness of functions depending
on its degree of approximation in the direct theorem. First results were
given by Jackson [18], and Bernstein [19], for direct and inverse
theorems, respectively, for the space of continuous functions in terms of
modulus of continuity , see[20] for details. Later, second and third

orders moduli of smoothness were involved in many papers concerning
16



many wide generalizations of function’s spaces [21-28]. However, the
birth of modulus of smoothness is much deeper in history (see[29-32]).
We concern here with moduli of smoothness as far as relates to Orlicz
spaces. It’s very hard to investigate the early works of this topic, since
they were written in Russian. However, the oldest paper we obtained is
attributed to Tsyganok [33] in 1966. He proved direct theorem as a
continuity modulus for Orlicz spaces. Later, in the eighteens of the last
century, Ramazanov generalized direct theorem in Orlicz spaces for
modulus of smoothness with higher orders [34]. In 1985 authors in[30],
generalized t-modulus of smoothness, resulted by [31], for Orlicz
spaces. In 1991, Garidi generalized those results of Ramazanov [34], in
his paper [35]. Many other results were studied by [36-38], for weighted
Orlicz spaces. More extensions were resulted to Orlicz spaces by
Shidlich in [39, 40], which were combined by Chaichenko Shidlich and

Abdullayev [38].

1.4. Quasi - Orlicz Modulus of Smoothness

All moduli of smoothness that studied previously delt with Orlicz
norms. Let's now present the main definitions of modulus of

smoothness. that deals with quasi Orlicz norms, presented before.

At the beginning, define the following N-th symmetric difference from

[29],

17
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Definition 1.4.1 The quasi - Orlicz Modulus of smoothness in terms of
(1.11) and (1.9) is given by

wn (f, 5)q>,sp = |§11|lsp6”A1’\l,(f)”¢'SP (1. 12)
We study the main properties of the symmetric difference (1.11) and

the modulus of smoothness (1.12) in the following section,

In the following theorem, we prove that (1.11) satisfies the following

properties under our Orlicz norm (1.9)

Theorem 1.4.2 Letf € Ly s, (I*), then

L (18Dl 5, < kMDNIf llo,s,,, where

oo}

k(N) =z(’:’) <2V N = inf{k € N:k > N}

i=0

2. (&l (8¥(r))) = A4 (F0) (@e)
3 I ), o, = 24088 (rell,

o mlad (r ), ;. =0

18



Proof

1
LIaX(Fell, s, = inf3 S, (AN (£ ()
N
= jni7 % (Z ) e~ l’”)

<Cinf~ 2 (V) Sp-DifGx = ih)

>0 A £
l

ey (N)ntg s(ree-m)
i=0

< Ck()IIf llo s,

2. (8 (8% (F0))) = z( 0 () (8 (F @ = in))
-y () (Zfig—nf@f) )
ii( (x hi)

{ i—-1

N+M

=2 o (M) -

= AyM(f ()

3. By (2), we get

19



85, = |4 (SO,

SO IHG]N

< 200y,

4, Lete > 0, choose § = 6(€,N), by theorem |

€
83 G5, <5
183 P, 5, = € I8N =5, o + 185G |

<clz Ir=£"lys +INGE,s |

[N _€ €l _
<Cl2Vom+E=e .

In the following theorem, we give more properties for quasi-Orlicz

modulus of smoothness,
Theorem 1.4.3 Let f be any function from (1.10), then

1. wy(f, 5)4,,51) is a positive nondecreasing continuous function of § on

(0, )

2. 161_% wy (f, 5)q>,sp =0

3. wy(f+g, 5)q>,sp <c (wzv(f; 5)<1>,Sp + wy (g, 5)¢,sp)

4.wy(f, 5)¢>,5p < 2V Moy (f, 5)¢,Sp, VM<N

20



5.0n(f,8)as, <2V 1fllg,s,
6.0n(f, 8)as, < wn(f, 5)¢,s,, ,for6 <46

Loy ¥0as, < 1+ 1) 0n(f. Das,

Proof

1. and 2. are clear from Theorem 1.4.2

3.on(f + 9 0as, = Sl + 9,

- sl () + L

<< (Bl @, + sl GO, )

sc (wN(f» a.s, + wn(g, 5)qb,sp)
By throrem1.4.2, we have

4, a)N(f, 6)d>,5p = sup ||A1f\l](f(x))||q>5
|h|<8 =P

—
< k(v = M) sup |4 (£ (), ,
< 2" Mwy(f,8)qs,

5. wy(f,8) = sup||A}
on(f,0) = sup [aF (N, 5,

21



< 2" sup lIfllos,
|h|=é

— 9N
- 2 ||f||(p’5‘p
6. Let§ < &, then

wy(f,8aes, = |fsl|u<%||A1’¥(f(X))”(p'Sp
< sup[|A5(FCO)ll s,

= (UN(f» 5,)4,’51?

7. Letd > 0,andsince 0 < A < 1,then y§ <6

wy(f, y5)¢,5p < wy(f, 5)cb,sp <@+ *on(f, 5)<p,sp O

1.5. Quasi-Orlicz on Spherical Spaces

This section deals with approximation on the sphere $% € R%.[41]
provides a cohesive account of recent developments in approximation
theory and harmonic analysis on these domains. Analysis on the unit
sphere appears as part of Fourier analysis [42], in the study of
homogeneous spaces, and in several fields in applied mathematics, from
numerical analysis to geoscience, and it has seen increased activity in

recent years.

They studied the characterization of the best approximation by

polynomials on the sphere. Best approximation of L, ,p = 1, functions
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out of spherical polynomials was studied by Dai and Xu in their paper
and book [41, 42]. Their big challenge was to define modulus of
smoothness on $¢71, when d > 3. The difficulty was that multiplication
on three or more-dimensional sphere is not commutative. They defined

modulus of smoothness on Lp(Sd‘l),l < p < oo, depending on that of

L, (S1) and used them for trigonometric approximation in their paper
[5].

In this section, and later in chapter 4, we define a modulus of
smoothness on the quasi - Orlicz space Lo, (S*71) = {f: s$4-1
R4 1| f los, < 00}, beginning with the k — th symmetric difference

from [29], For r = 1,2,..., we use Q; ¢ to determine the symmetric

difference operator

r
e=(1-T(Qe)) , 1<i=j<d

where Q; ; ¢ is a rotation by the angle 6 in the plane (x;, x;), orientated
in such a way that the rotation from the vector e; at vector e; is supposed

to be positive.

Now we define norm and modulus of smoothness on space Los, (S

Definition 1.5.1 Forr € N,t > 0,and f € Lgs,(S%),0< p < 1,

wrs(f e, = max, sup[[al; (P, o

1si<j=d |g|<t
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In the following theorem, we present the main properties of the above
modulus of smoothness. We omit the proof because it is similar to proof

of Theorem 1.4.3.

Theorem1.5.2. Letf € Lo, (S%), where @ is young function, Spis outer

function, then

1. w,s(f, 6)¢,5p is a positive nondecreasing continuous function of § on

(0, )

2. 151_11}0 w,s(f, 5)¢>,sp =0

3.0,5(f + 9,8)as, < (0,5 85, + 0,59 Oas,)
4w, s(f,8)es, < 2" w,s(f,0)as,

5.0.5(f 8as, =27 fllgs,
6.0.5(f ;8as, < w,s(f, 8)% ,for6 <6
7.0.5(f,7) < A +y)w,.s(f,6)

[41] studied the main properties of difference operator that are useful

to our approximation in the following auxiliary lemma,

Lemma 1.5.3. [41] Letr € N, then A” f(x) satisfies

N (fGg() = ) (1) 4500 A gl + 10
k=0
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Chapter Two:
Approximation in Convolution Neural
Networks



2.1 Convolutional neural networks (CNNs)

Deep learning is essential because of its ability to cope with large data
in many quantities [38]. One of the most common in deep learning is
neural networks. A neural network is a series of algorithms attempting
to recognize the underlying relationships within a dataset through a
process miming how the human brain functions. Neural networks can
adapt to changes in input; thus, the network generates the best possible
result without redesigning the exit criteria. The general mathematical

form of a neural network is given by

N

fu () = z ¢ 0 (WX — by), x € R 2.1)

k=1

where N corresponds to the number of neurons known as width, w;, €
R%, ¢, € Rand b, € Rwherek € {1,..N}.o : R - Ris the activation
function that gives complexity to the neural network to deal with
complex data. Moreover, a neural network without an activation
function is just a simple linear function. However, nonlinearity and
complexity should be manageable so that neural networks become
applicable. For those reasons, choosing a suitable activation function for
both mathematical and applicable purposes is essential. There are many

activation functions but the most common types are sigmoidal and ReLU
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functions. More details come forward in the following section when

discussing convolution neural networks.

CNNs are used extensively for computer vision applications such as

image recognition, segmentation and facial detection [43].

Since the 1950s, researchers have begun to work on a discovery through
which visual data can be understood and developed called computer

vision.

A CNN is a developed kind of artificial neural network that analyzes
visual imagery. CNNs were developed for the first time in the 1980s. The
maximum a CNN could do at that point was to recognize handwritten
figures. In 2012, there was a qualitative leap in the development of
synaptic neural networks where it was used Alex Krizhevsky neural
networks where it provides a wide range of data, see [4, 5, 44-49].

Synthetic neural networks have become deep neural networks.

CNNs have three main layers: convolutional layers, pooling layers, and

fully connected layers.

The first layer uses a mathematical operation known as convolution
instead of general matrix multiplication in some of its layers. The most

prominent characteristic of CNN is the convolutions that imposes the

27



network. The discrete convolution between two functions f and g is

defined in this way

(fog)0) = ) f© gix + b)

(2.2)

The following description shows the convolution procedure among

matrices that construct CNNs. Simply, the convolution of the two

matrices «w and v is given by the sequence
D-1
(w *v); = Z Wi Uk
k=0

Input

e 4 fx t Fur e ¢
3] + F= Jur - kz ey -+ iz

o
-
H

Figure 2. 1 Discrete Convolution between Two Matrices

(2.3)

The second layer is a pooling layer used in CNNs to decrease the spatial

dimensions of the output quantity. There are two kinds of pooling

layers, max pooling and average pooling.
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The most common type of pooling is max pooling, which is a means of
extracting the most significant characteristics of the output quantity; it
works by dividing the input into a set of nonoverlapping rectangles and

then taking the maximum value from each rectangle
=1 1-2 .
Sj = riré%?ai+( - )“T'Zai (2.4)

max pooling

20|30
112 37
[12|20] 30| 0
8 112l 2| o
34|70|37| 4 average pooling
[112100 25| 12

Figure 2.2 Pooling layer

Finally, a fully connected layer is a layer in a CNN where each input is
connected to each output via a weight matrix. It is usually used in the
final phase of a CNN, where outputs from the previous layer are

introduced into the fully connected layer.
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fc_3 fc_a
Fully-Connected Fully-Connected
Neural Network Neural Network

Conv_1 Conv_2 RelU activation
Convolution Convolution A /—M
(5 x 5) kernel Max-Pooling (5x5)kernel  pay.pooling (with
dropout)

® @o
@ :,.1
@ @2
@ -
o

valid padding (2x2) valid padding (2x2)

»..9

OUTPUT

INPUT nlchannels nl channels n2 channels n2 channels
(28x28x1) (24 x24 xn1) (12x12 xn1) (8 x 8 xn2) (4x4xn2)

Figure 2. 3 Convolutional Neural Network (CNN)

A CNN has a different architecture than an ordinary neuronal network.
The form of convolutional neural networks for estimating of function or

treatment data on R is given by
h(x) = G(S(j)h(j_l)(x) — bj), (2.5)

where o is the ReLU activation function, 3 is the convolutional matrix, b
is bias and h©@(x) = x. All of these features are examined later

throughout this chapter

2.2. Activation function in CNNs

The activation function is a component of the convolutional layer that
adds nonlinearity to the convolutional neural network. Each type of
activation function has advantages and disadvantages, so the choice of
the suitable activation function depends on its mathematical proper and
functioning when implemented. In this work, we use Rectified activation

Function (ReLU) for many reasons. The sigmoid and hyperbolic tangent
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activation functions cannot be used in multi-layer arrays because of the

disappearing gradient issue.

ReLU is the most used activation function in neural networks, especially
in CNNs and multilayered perceptrons. ReLU is a linear and non-linear
activation function that shows the entry directly if it is positive or it will

show zero. The mathematics formula for ReLU is given by

o(x) = max(0,x) (2.6)

The curve of ¢ is shown in Figure 2.4 below,

Figure 2. 4 ReLU activation function

2.3. Approximation of CNNs

The first who offer a theoretical approach about approximation through
neural networks is Cybenko through his global approximation theorem
[50]. Cybenko’s theorem provides that any function from C [a, b] can be

approximated by a neural network generated by f, written N, f with
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If = NfII<e 2.7)

Afterward, Cybenko’s theorem followed by many most profound
theories having the same target with different points of view. Although
the fully connected layer is known to have the universal approximation
property, it is not known if CNNs inherit this property, especially when
the kernel size in the convolution layer is small. The first who
demonstrated their universality of approximation is Fang [5], they
consider an applied family of deep convolutional neural networks

functions of the unit sphere S~ *of R<.

2.4. Construction of CNNs

In [5], they use weights like rows to form d; X d;_;of matrix 3U) and
vector bO) =pV =1, ..,d; and used activation function ¢ , then
DCNN is expressed with depth J as follow h(): R¢ —» R%

hD(x) = o(IPHIV(x) —bD), j=1,..,] (2.8)

where iterations begin with A9 (x) = x
In DCNNs, it is important to induce sparsity by filter masks. Define w =

{w U)}j to be a sequence of filter coefficients, called filter masks. Fix s to

be the filter length with w,7 # 0,500 < k < s.

After (D +s) X D convolutions, we get the matrix J that is called

Toeplitz matrix:
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wo 0 0 0 Tl 0
wl wo 0 TRl
.- .o 0
Ws W q Wo o 0
g=|0 W w1 wy :
5 ‘. . wO
& Doy
H ws .
0 0 0 Ws_q
0 wy |

The matrix J is the main difference between CNNs and full connected
neural networks. Moreover, matrices 3 has rows more than columns

which leads deep CNNs to use better functions than others.

For the deep CNN of depth J, define the following space as a collection of

CNNs which is given by
daj
N; = Z ol e =€eRYY, j=12,..,] (2.9)
k=1

In their papers [5, 51, 52], Zhou and his team proposed the
convolutional matrix as follow ) = Sw(j), with D =d;_;ands =

<O,

DCNN is given by convolutions of the activation functions oy ;,: R%-1 —

) 6)) ; . . 6))
R%-1*5 of matrix § and bias b € R%-1+5"",

TogetDCNN h/: R - RY,j=1,..,J.dj =d +js,s¥) = s, the

form
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hD = a4i o) o+ 0 Oy @ (X), (2.10)

where O'S’b(u) =0 (Su — b)’u € Rdj_l,b € Rdj_1+s(])

After defining the suitable environment to approximate functions by
CNNs, it is time to construct them using the major features, which are,
the filter masks « and the bias b. To this purpose, w exists by the

following lemma

Lemma2.4.1 Lets > 2, M > 0, any sequence w = ()%, in

{0, ..., M}, 3 afinite sequence of the filter mask {w (j)};zl with nonzero

. M s
elementsin {0, ..., s}, where ] < — + 1, that satisfies
W =wO . xw? s w

2.5. CNN Direct Approximation Theorem
This is the time to approximate any function from Los, (I%) with a CNN

from V in the following theorem

Theorem 2.5.1. Let f € Ly 5,(I?) ,0 < p < 1, then there exists

f;”’beJ\fs.t
-7, <

Proof

We begin with some conclusions from|[51]
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For2$s$d,]2%,r22+§,

(a+1)
s—1

d

Leta=[ ]thhenjz

To build the filter mask sequence w. set W in {0, ..., (a + 1)d — 1} as

follow
[W(m=1)d_1 W1W0] - [a,?l a?aos]

Then by Lemma 2.4.1, there exists a sequence of a filter masks W =

(a+1)d
s—1

{w(j)}’j:l in{0,1, ..., s} withj < +1 and

(a+1)d

s—1

where j < ] because

<J

Take w™V toget W = w® 400V % |+ 0@ 5 M 50 from

lemma
where IV is The d; X d matrix.
To build b,we find BWas follow
N . . .
Let BY) = ||w(1)||¢’sp ||w( )||¢’Sp||x||¢'5p for j = 1then

||(5(j) "'S(l)x)k”m <BYW  vk=1..d
op

Take b = —-BW1,
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b =BU V31, -BP1,, Vvi=1.,/-1
Hanse we have h¥),y = 3U) . 3Wx + B(j)ldj,

Now, let f € (cp,sp[o,ud, . ||¢,Sp), then

aj
I = £ g, = [0 = D aufiP @)
k=1 .5,
aj
=D @t = f00@
k=1 .5,
aj
<c) alf £
,5,
k=1
dj L
<c ) at+lo(f = f)?P
k=1
BW)
< T If — f+||c1>,sp
C
< 1fllo.s,
where

j
. =o| 305 | 3UDa| 30......0 S(f‘z)f(x)—Zb(m)

m=0

Neural network performance can be improved using different functions

or constants that we review in Chapter three
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Chapter Three:
Downsampling Convolutional Neural
Networks



3.1. Downsampling in CNNs

One of CNN's problems is big widths we came to downsampling. Zhou[4]
provided the definition of downsampling operator for the Convolutional
Neural Networks (DNN), he introduced a downsampled operation into
DCNNs to avoid big widths in (2.12) that happens with pooling layers.
The £ downsampled are introduced at layers J = {]k}ﬁzl with1l <J; <
- <Jp, =] . His concept of downsampling operators is induced from

wavelets [53, 54]. The downsampling operation is defined below,

Definition3.1.1. Let m < D be a scaling parameter, the function

O RP — RIP/™ s called Downsampling operator, and it is given by

Om(u) = (uim)[m] u € RP, (3.1)

i=1
where [u] is the integer part of u € R*.
Definition 3.1.2. Downsampling DCNN is defined iteratively for k =

1,...,%, beginning with d, = d and filter lengths [s(j)]jzlhas widths

[dj]]__o, where £ downsamplings at layers 7,

di_i +s9, if g <j <
_{]1 Je-1 <J <Jk (3.2)

7 (djor +59) /4y, ifj = Jk
As before, define the function vector sequence iteratively
by {h¥) (x):RY% - RY }§=1 by h®(x) = x andfork =1,..,¢
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O p() (h(j_l)(x)), if Je-1 <J <Jk (3-3)
Oq;, . °050) 0 (h(j_l)(x)),ifj = Jk

we restrict the 3 b0 € RU-1+9 g satisfy

6)) — — — M
b == bd,-—1

i1 = Py (3.4)

Definition3.1.3: Uniform Downsampled DCNN is defined with uniform

filter lengths for k € {1, ..., £}, as follow
S = {slkl € N}t_,ifsUk1tD) = = sUW = Ikl (3.5)
3.2. Construction of CNNs

For any input x = (x;)%,, define the oprater Lyiles, (I*) — R* as

follow

d
L(g@) = ) gGxd8iw), (2.11)

where g € Los, u€ Iand 6; is given by

d

1) = ) DY () ot —w), (2.12)

=2

where 0:1 — [ is the ReLU activation function defined by (2.6).
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The following lemma from [51] arises the relationship between the
convolutions of filter masks w () * ...x 1) that implies that sequence
W® and the Toeplitz matrices product JU® ... F Uk-1*1) where

U isa (dj_y + SY) x d;_; matrix.
Lemma3.2.1. Fork =1, ...,¢ , we have
S UkJk-11D) = xUk) | § Uk-112)§ Uk-1+1)

Then we immediately see how convolutional matrices are defined

50) = Sw(j) that foranyh: Q — R%~1 we denote
ISPRIL, s < il Ihllos, (3.6)

From our previous study, we use some thoughts from DCNNs without

downsampling and select biases small enough for the vectors

SWhU-D(x) — bU) have non-negative entries.

Lemme 3.2.2. For any k € {1, ..., £}, there exists B € R*, B € [-B, B],

then

|| hUk-1) — B 1dik—1

<B
o5, S (3.7)

Proof

Set b Uk-111) = BS (]k_1+1)1d]k L —_ B||W((]k_1+1)||¢s 1d]k 1+1
_ Sp -

0) — p) - = pW
Toprove b, ., = Dbih,, == bg from
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pU) — (H; o 1+1||W(p)||<p,sp) 501, -

(3.8)

B(H] =J - 1+1|| p)||d>sp> d]—1+s(j)

Forj = Jx—1 + 2, ., Jy—p, thenfor [,y <j <Jp andi =sU +1,..,d;_4,

we have
~(7 d ~ dj
(J(J)ldj_l)i Y (1))”0 = 2U w0,

Notice that w¥) in {0, ...,S(j)}. p € (—o0,0] U [d]-_1 + 1,00) we have i —

p € [sY) + 1, 00) which implies that W(j)i_p = 0. So,
(30)1 dj_l)i =32 _ow@ =32 w0
foralli =sUW +1,..,d;_,
Now we prove
RO (x) = 3D .. 5Ua*D (RI-i(x) = Bl )+ (3.9)

B(Myoyy a1, ) 16,

By induction. for j = J,_; + 1, we have

S(]k—1+1)h(]k—1) (x) — b(]k—1+1)
— XUr=1+1D) (k- _ B Ug-1t1)
- k=1 (h k 1(x) Bld}k—l) + B”W kot ||‘D;Sp1d]k—1 +1

the use o is identical to the identity function on [0, o), hence
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hUk-1+1) (x)
— ~Jg—1+1) (h]k—l(x) — Bld]k—l) + B||W(]k_1+1)||(p,sp1d]k—1 +1

forj =1 is verifies.
Suppose thatitis holds for J,_; +1<j < ],_q,thend;_; + s = d;

Through the induction hypothesis and selection of

pO) = (n; o 1+1||W(p)||¢,sp>S(j)ld,-_l _

B (M5, W@l ) 1a

j—1+s(j)

of the bias vector, we have

D (x) = | DIV §UksD) (h(fk D(x) — B1 aj,. 1)

J

w8 ] Iw®l,, | 1e

p=Jk-11+1

Now to prove

hU (x) = MEOIUree- 1+1)(h(1k D(x) - Blg, )

Tk

w8l ] W@, ) 1a,

p=Jk-1t+1

when p¥) = B (n’ w®| )S<J')1dj_1 —B
”p

=Jk- 1+1|
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then

S(]k)h( Jk-1) (x) — pUr)

= 500 | §Uk-1) (huk_l)(x) —B1 d]k_l)

Tk

w8 | Iw®l,, | 1,

p=Jk-1+1

3.3. Approximation Abilities of CNNs in Quasi - Orlicz Spaces

The main purpose of this chapter is to study the degree of
approximation of functions from Orlicz space by convolutional neural
networks in terms of Quasi-Orlicz modulus of smoothness. The
following direct theorem estimates the upper bound of the degree of the

best approximation theorem
Theorem 3.3.1 (Direct theorem)

Forany g € Lo, (I%), there exists a CNN

2N+2

L(@@W) = > g(t) 8w, u € [ty 8]

=2

where |t; — ti_1|~% , such that
p c 1
IL:(g) — g”q),sp < ;wN (g’ _)cb,Sp,

where
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N

5,00 = ) (M) DV ot - )

i=1

Proof

ILe(9) — glle.s,

<> [ (M) gt —w - - (V) g -

i=2

p

+ (=N (]:]) g (u - %) - g(u)]

®,5p

<c Zg(—m-i (Mgt -w - v (V) g (u-=) :5
|t (M) g - i) - 9("‘)”:5,,

<c NZ o= (1) (hg(ti) ~g(u-s )) :S,, + o (g,1)

<c(rvon(s),, )

To study the lower bound of a degree of best approximation, we prove

the following inverse theorem
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Theorem3.3.2 (Inverse Theorem)

Forany g € Lo, (I%), then L,(g) satisfies

c

on (9,8, < ~[Ilgllas, + En(9as,

Proof

Leth = max {i;Zi < nj},
1<i<2N+3

9(tanss) = 9(t) = (g(tanss) = 9(60)) + (9(60) = 9(Ep-1)) + -+

(.g () — g(t1)),

foranym < 2N + 3, suppose that
lg(ton+3) = 9(Edlles, < CEm(9aes,

where E;,(9)es, = inf lg — Lt(g)lld,'sp, then by Theorem (3.3.1),we

get

0n (9 8o, < c) |0n(g = Le(9), O)os, + wn(Le(9) Oas, |
< ) [cllg = Le@llas, +n (L (g, Do, )]

< ) [cNwn(g, s, + CNEn(@os,]

< c@ M [Igllos, + En(@os,] O
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As a conclusion, we introduce the following Comparison Theorem to
prove that downsampling affects the CNN to get smaller widths and a

better degree of approximation.
Theorem 3.3.3: (Comparison Theorem)

For any k =1,..,¢ define ¢-layer fully connected neural network
H®: R > R™, H®) (x) = o(FOHED(x) — b)), Then there exists a
uniform Deep Downsampling Convolutional Neural Networks (DDCNN)
with £ downsampling layers J,as follow h¥)(x) = R - R% where
4 L0 e

pi) e Raj-1+s? Je = Xk_ A: where 4; <

j=14j ]»S[k] € [2, nyny_q]

S[j]—l

for each k s.t
h(j)(x) = H® (x)
Proof
Begin with H® (x) = x inputlayer withk = 1,n, = d

Suppose that for some k € {1, ...,¢}, [w(j)]j';l is filter masks and

(b(j))j’;l bias vector in (3.9 ) validated have been built so that J,_;th
layer hUk-1)(x) = (k — 1)th layer H*~ (x)where dy,_, = Ng_q

Tk

Now we construct the DCNN layer {h(j) (x): R* - ]Rdf}]_]k 1
=Jk-1
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With B = [[h0-D|, = |[H&D|_ and B =0, when J > Ji_, +
Sp Sp

land satisfied the (3.8), bylemma 3.2.2, for j=Jx_1+1,..,Jxk_1,

(3.4)satisfied and

h(]k—1) (X) — xUk-1) ___S(]k—1+1)H(k—1)(x)

Jk—1
k-1
ol sl 1_[ lo®ll,, |14, ,
P=Jk-1+1
And we choose bUk)as
b(]k)
Jk-1
I [T e, |399 0, + 00 it > Sy 41,
p=Jg-1+1
AR if Jo=Jk-1+1,

k
where %) € RUk-1*S" is an arbitrary vector satisfying O, ” 19(") =

b then we have

hU® (x) = Dq, O—(f\"s(]k) STkt g k=1 () — e(k))
k-1

By lemma 3.2.1

S(]k) ___S(]k—1+1) — S(]ka—l"‘l) = 3w

= (W, _; ]
( aq l)q=1“"d]k_1+nknk_1—1J:1“Wd]k_1
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Recall that d;, __ =mn,_jand thereby Dd]k—l =9 So for re€

Ng—1"
{1,..,n}, the rng_; —th row of the matrix JU® . JUk-1*D =

(Wrnies-1 Wrny_y—2 - Wi

TNg—1"MNk-1

|O
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Chapter Four:
Approximation on Spherical Orlicz-
Spaces



This chapter deals with approximation for quasi -Orlicz functions on the
sphere S$%, we touch on the rounding of functions by CNN on spherical

space of Quasi-Orlicz space Les, (S4~1) in Chapter One in section 1.5.

In [5], authors added two completely connected layers hU*Y) , hU+2)
with widths D;,D, > 0, respectively, after the final CNN layer. The
connection matrices 20+ @U*2) and bias vectors bU*D , pU+2) were

determined.

Our aim here is to investigate approximation abilities after adding k
layers to get more accurate approximation. By using downsampling
properties, we add a finite number of layers to the CNN as desired, or
the user needs. Moreover, the degree of the best approximation in terms

of modulus of smoothness with order N, that is the number of layers.

4.1. Approximation Theorems

Theorem 4.1.1: Let 2 < S <d,d =3, r >0, mnN €N, f €

L¢,Sp(Sd‘1).Let] > [n;d__ll ]- Then there is a CNN of ] layers with filters
of length S and bias vectors satisfying b 2{1)‘)+1 = _E{J)) hy T

bg_ )_1 followed by downsampling and k-th layers satisfying

1
||nU+ — f||¢’sp <Cwy (f,—)q)'sp
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Proof

let m€N and fELq)’Sp(Sd_l) and W in {0,..,M} given by
W(j—l)d+(d—i) = (f} )i! Wherej € {1, --,m} andi € {1, ,d} By

theorem 2.5.1

We have taken w+U) . by Lemma 3.2.1, we have

R) Uk Jr-111) — S(]k) e 3 (Jk—1+2)3 (Uk-1+1)
Now we construct bias vectors in the neural networks. We denote
lwlles = inf 1(/1w 2 4 1)p
25y T 150 A k

Take b = —|| w(l)”(ps 1, and
Sp

j-1 J
b (]) = 1_[”4,0’(2?)”(1),5 S(])ld]_l - 1_[||W(p)||¢,5 1dj_1+Sr
p=1 ’ p=1 '

forj = 2,---,].Thebiasvectors satisfybs(i)1 =...= bd(]].')_s .since that

||g||¢>,sp < 1 ,define

h®(g(w)) = £,(g(w) + B,

Where BY) = ||w(j)||¢,sp ||w(1)||¢’Sp||x||¢’5pforj > 1.

Applying the downsampling operator (3.1) leads to
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[ L, (gi(tli))m |

md

Da(hD @) = |£e (9:(tm,)) + 5Ly
0

0

@+J9) SinceJ > [n;d__ll

Denote d = | |, we have

d+]S>1+md—1 S >1+md—1>
d - d S -1 d -

Hence d > m.

hUR (f(w)) = RO (f) o A*(fg),

where
k
2 (fg) = ) (“)arpeontrge+ o,
r=0
Thus,
hUR(f(w) = L,(gw)) - A*(fg),
where
d
L(gw) = ) g8 w)
and
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k
5ew) = ) (<D (4 geltido )
i=1

Now, with similar steps as Theorem 3. 3.1, we get

d
IR0 = Fllys, = || £ela@) o 2*(Fg) ~ £

(D,Sp

p

= ”Zjiz[g(ti) °A*(0) o A*(fg) — f]

¢,Sp

Cc
= —~ Wy (fl_) o
n n (D»Sp

According to same techniques of Theorem 3.3.2, we get the following

inverse theorem,
Corollary 4.1.2 (Inverse Theorem)

Forany f € Lo s, (I%), then L.(f) of Theorem I satisfies

on(f,8as, < c®N) [Iflles, + En(Pos, |
Proof

Letb = max {i;2' < n}, define
1<i2N+3

[f(tane3) — f(t) = (f(t2N+3) - f(tzb)) + (f(tzb) — f(tzb—1)) + o
(f(t) = f(tD),
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Foranym < 2N + 3, suppose that

If(tan+3) = Ftdlles, < cEm(fas,

where Epn(f)es, = inf ||f — hU+K) (f)”q),sp ,we get by Lemma 2.1 and

Theorem 4.1.1, we easily get

on(f,8)as, < @) |on(f —RUTO(,8), . +ox(AIH9(1),5),, |
< @ |cIf =hIRD, ;. +on (Lf.Oas,)|

< c(p) [C(N)wN(f, 5)q>,sp + C(N)Em(f)q"sp]

< c@N) [Ifllos, + En(Has,] 0
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Conclusion and Future Work

Conclusions

We studied the approximation theoretical foundations of deep
convolutional neural networks, we used Orlicz space as functions space
to approximate convolutional networks by defining quasi-Orlicz spaces.
We found a better degree of approximation in terms of new-defined
modulus of smoothness by convolutional neural network. Furthermore,
we studied the basic characteristics and approximation abilities of deep-
convolutional neural networks produced by downsampling operators in
quasi-Orlicz spaces, and found a degree of best approximation of quasi-

Orlicz functions in terms of higher order modulus of smoothness.

Future Works

We will study the approximation of the functions on CNN with other
spaces and study more kinds of moduli of smoothness on them. We can
approximate as we start by defining K- functional so that we use it to
approximation and use the equivalence between K- functional and the

modulus of smoothness until we get approximation.
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