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Abstract

The thesis introduced new structures over algebra by using the concepts
of filters to define a new class of algebras that called pseudo-topological
algebra, we introduce the conditions that make a pseudo topology
compatible with algebra, we also mention the most important
characteristics of it, morevor defined the locally convex algebra by
pseudo- topological structures. In addition we generalize the concept of
weak and strong topology with similar concepts in a pseudo topology when
the underlying space of these structures is an algebra. These new concepts
are called initial and final pseudo topological algebra, through it, we could
be able to identify the pseudo topological structure on subalgebra, product

of algebra, projective algebra and quotients algebra.

These structures will enable us to present generalize Frechet derivative
on algebra without using norm, and that means expanding by using this
derivative for structures that are broader than general topology. Finally we

present some important applications of these structures.
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Introduction

It is well known that the functional analysis the calculus deals mainly with
approximating functions to linear mapping, as confirmed by  Dieudonni.
The Frechet- derivative remains unchanged if it replace a standard norm with
an equivalent one. It is known that the derivative of Frechet does not have a
wide extension on the topology. This derivative on the Banach space depends
mainly on the norm. Therefore, to obtain the greatest degree of generality for
the application of that derivative, we must search through pseudo-topological
spaces which is compatible with algebra structures.

The concept of pseudo topology so called convergence space[21, 23, 26, 28,
35]is a generalization of the general topology and finer than that topology
space. It contains all topological spaces as well as many remarkable non-
topological structures. There is much to be gained in such an analysis.
Difficulties arise when one works exdusively with topological structures.
Topological algebra is one of the most important structures in functional
analysis. The term was coined by David van Dantzig[6,7, 29] it appears in the
title of his doctoral dissertation (1931) as the sequences in the metric space
are used to define the convergence, the filters, nets in analysis and topology
they have an important role in defining convergence as well as the concept of
limit to topological space. Filter concept, was first proposed in 1937 by
H.Cartan [12, 14, 38, 39] and an excellent treatment of the subject can be
found in Bourbaki work [8] in (1940). Many pseudo structures on topological
vector spaces studied [24,25] in (1948). The concept of pseudo topology and a
theory about its structures had been presented by Choquet [13], that used the
concept of convergence of a filter to define the pre-topological structures on it.
The basic convergence theory was developed by Fisher [19]. In functional

analysis the foundations of pseudo structures are laid and also has been
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introduced the pseudo topological vector spaces by Frolicher A. and Walter B.
[20] that used in [1, 2, 3] to construct a new topological vector space
structures. Also in 2021 Yang Deng [16] was introduced and studied the
convergent structures and some important topological properties and many
mathematicians took up this topic and gave us important results in this field.

We introduce new structures over algebra by using the language of filters to
define a new class of algebras that we will call pseudo- topological algebra
and prove many most important conditions that make algebra compatible with
a pseudo- topological. Also, defined the locally convex algebra by pseudo-

topological structures.

Literature Review

e Cartan [12] in 1937 study the convergence of sequences by using the

concept of filters.

e A. Frolicher and W. Bucher [20] in 1966 presented a detailed study of
pseudo-topology compatible with vector space and calculus without the use

of norms. They presented a concept of fundamental theorem of calculus

e In 1972, Ernst Binz [17] presented new results in the functional analysis
of convergence spaces and their relations to modern analysis and algebra
and in 1975, the same researcher [18] presented an extensive study on
continuous convergence on C(A). He studied the relationship between the
space C(A) and a completely regular topological space A, and provided a
useful and important study about a special class of a pseudo topology

spaces, this class of p-embedded spaces.




e Narici, L. E. and Ch. Suffel in 1977 [40] presented an extensive study on
the subject of topological algebras and studied those topological structures

from all aspects .

e R. Beattie and H. Butzmann [9] in 2002 introduced study the uniform
convergence structure of a convergence group and the dule of a pseudo
topological vector space. Also, discussed applications of pseudotopology
compatible with groups and vector spaces and they studied the duality and

reflexivity for pseudo topological groups.

e Harbi Intesar, and Z. D. Al-Nafie [25] In 2021 introduced study on

metrizability of pseudo topological vector spaces.

All previous studies were limited to vector space without expansion when
the space under the hand is algebra. The matter more complicated, because
operations on algebra are more than vector space, in addition to vector space
operations, we will have a third operation, which is vector multiplication,
therefore, in order to define a synonym for topology, these processes must be
continuous.

In this dissertation, we introduce a pseudo-topology compatible with algebra
so that we can then extend the Frechet derivative on these structures and then

find the higher order derivatives all the way to C* space.

Outline of the Dissertation
Through the pseudo-topological structures, we define the pseudo-

topological algebra and then generalize many theorems and properties from




the Banach space to those algebraic structures according to certain conditions,

as follows:;

Chapter 1 This chapter consists of three sections: In section one, we recall
some concepts of filter, filter base, neighbourhood filter in topology,
supermum filters, infimum filters, ultrafilter filters, proudict of filters, image
of filter under the mapping f, and convergence of filters with some theorems
and reselt. In section two, we mention the most important concepts that relate
to algebra, subalgebra, homomorphism algebra, ideal of algebra, normed
algebra, Banach algebra and topological algebra. In addition to mentioning the
most important theorems and characteristics related to the above topics, which
we will need in our study in this dissertation. While in te thid section, we
recall the definition of pseudo topology space, the open and closed set in
pseudo topology space, continuity of mapping in pseudo topology space and
the product pseudo topology structure.

Chapter 2 This chapter consists of three sections as well:

In the first section we construct the concept of pseudo topological algebra,
this is after setting the necessary conditions for the pseudo-topology to be
compatible with the algebra so that the three operations of the algebra are
continuous in the sense of continuity defined on the pseudo-topology, next,
we take a special case, which is when we have a basis-filter of
neighbourhoods of zero, also we present most important topological
properties and some important generalizations regarding pseudo-algebra
topologies. In section two, we construct a new pseudo topological algebra
from given ones. The initial pseudo topology on a space from a family of a
pseudo topology spaces and construct a final pseudo- topological algebra
through another family of a pseudo topological algebra and  give some

examples of this, such as: The product of pseudo topological algebra on




[l;c;A4;, apseudo topological sub-algebra and inductive system of a pseudo
topological algebras. In section three, we generate a locally convex
topological algebra from a pseudo topology. We also study the relationship
between convex algebras generated from pseudo topological structures and the
convex algebra generated from the family of all continuous seminorms on that

algebra.
Chapter 3 Consists of three sections:

In section one, we introduce a pseudo-topological y on C(X,Y) This
structures consisting of the convergence of the filters are used to prove some
properties on the space C(X,Y) (algebra on class of all continuous function
from two spaces). We study the relationship between the algebra C, (4, B)
and the algebra B. Also, we study the space C,(4, B) of all quasi bounded
maps. In section two, we introduce the concepts of differentiability and
derivatives on a pseudo topological algebra, we extend the concept of a
Frechet derivative but without norm on algebra using pseudo-structures after
introducing the appropriate conditions. In section three, we introduce the
concepts of second derivative, higher derivative, and then we put the

definition of C*- derivatives of the maps on a pseudo topological algebra.

Chapter 4 In chapter four, we presented some important applications that
have an important role and practical applications, especially in physics. This
chapter contains three sections, in section one, we expand the concepts of
boundedly-convex and Lipschitz- continuous mapping from Banach spaces
to pseudo-topology structures that are compatible with algebra A. While the
second application in section two, is about the generalization of Gelfand
Mazur theory from the Banach algebra to to the case in which we have the
space under the hand is the algebra compatible to pseudo topological




structures, because of that theory of great importance and very wide
applications. While the third section, is devoted to the most important

conclusions we obtained in this thesis.
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Preliminaries
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Introduction

This chapter consists of three sections:

The first section, we involves the basic information about the concept of
filter and filter base. We give the most important characteristics related to
these concepts . In section two, we introduced the basic information about
the algebra and topological algebra. In section three, we deals with a
pseudo topology (limit structure), the pseudo topological vector space. We

also mention the most important characteristics related to this concept.

1.1 Filter and Filter Base

The pseudo-structures depend primarily on the language of convergence

of filters, we will devote this section to recalling the concept of the filter

and filter base and some properties of these.

Definition (1.1.1)[34]:

Let E be a set and K is field, we defined the operations +, e and * as

follws; forall x,y € Eand A € K
. +:EXE —> E,suchthat (x,y) > x+y
li. &K XE - E,suchthat (1,y) > xey
iii. = EXE — E,suchthat (x,y) »x*y

And if we have M,N < E,we defined the operations +, ¢ and * on the
subsets M and N as follws;
. M+ N={m+nmeM A neNj}
ii. Ae N={Aen:A1€K A n€N}
. Mx*x N={m*nm€M A n€ N}
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Definition (1.1.2)[8]:
A filter in E is a non-empty family F of subsets of E, such that the

following three conditions are met;

I.  The empty set is not belong to F
ii. X;€ FandX; c X, then X, € F
iii. X, X, € F then X;n X, € F.

Definition (1.1.3)[8]:

A filter-basis in a space E is a non-empty family g of subsets of E that

satisfies the conditions:
. O¢& B.
ii. Forall B;, B, € S there exists B; € § such that B;N B, 2 Bs.

Example (1.1.4)[37]:
LetX #@and N € X.
Then the family F = {F: F 2 N} is a filter on X. This filter has a filter basis

represented by {N},
Especially if it is x € X, then F = {F:x € F} from filter on X, We will
denote that filter with the symbol [x].

Definition (1.1. 5)[12]:

Let (E,7) be a topological space and let N, be the collection of all -

nhds of a point x € E. Then N, is a filter on E called the neighbourhood

filter of x.

Example (1.1.6):
Let E = {a, b, c} and
T =1{0,{a},{a, b}, E}.
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Consider the filter F = {{b}, {a, b}, {b, c}, E} then we have
Ng = {{a},{a, b}, {a,c}, E}

Ny = {{a, b}, E}

Ne={E}

Definition (1.1.7)[12]:

If 7,,F, are filtersin a set E, we say that F, is finer than F; if

F, 2 F, and we can say also F, is coarser than F,.

We can define the relationin E: F; < F, iff F;, C F,.

Definition (1.1.8)[8]:
Let F,, F,betwo filters. IFANB+@forall Ae F;, A B €F, then

the supermum of the two filtersis F,VF, ={ANB:A€F, A B € F,}.

Definition (1.1.9)[14]:

Let F,, F, be afilters on E,, E, respectively, then we define the direct

proudect F, X F, is the filter on E; X E, generated by;
(F) X F,:F, € F, A F, € F,}.

If f: E; X E, —» E isamap, then

fFLF)=f(FL, F): FL €F A F, € Fp}.
According to Definition(1.1.1), we get:
Fi+F,={F+H forallFEF; N HEF,}

Ae Fi={AeF forall F e F,}

Fi*F,={F+H forallF€EF; N HEF,}

proposition (1.1.10)[8]:

If f:E — E; be a mapping between two sets E and E;, then;
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1. If F isafilteron E then {f(F):F € F} is a filter basis on a
space E;,

It f:E — Ey, g:E; — P then (g o f)(F) = g(f (F)),

f(Im]) =[f@m)], forallm € E.

If F, < F, then, f(F,) < f(F,).

Let F € P(F(E)) ,then {f~1(F): F € F } is a filter base in E iff
fYF)+0,vF€ETF.

a ~ w N

Definition (1.1.11)[37]:
Let W # @ be a class of filterson X = @. A filter F on X is said to be

(i) supremum of W if F is finer than each member of W
(i1) infimum of W if F is coarser than each member of W

(iii) ultrafilter if it is not properely contained in any other filter.

Theorem (1.1.12)[37]:
A filter F on a set X is an ultrafilter iff for all M € X, either M € F or
X—ME€EZF.

Theorem (1.1.13)[37]:

If g:X =Y be amap and a filter F on a set X is an ultrafilter then

g(F) is an ultrafilter in Y.

Definition (1.1.14)[37]:
A filter y on a set E is said to be eventually in a subset A of E iff

A€ y.
Definition (1.1.15)[37]:
A filter y on a set E is said to be frequently in a subset A of E iff A

intersects every member of y, thatis AN F + ¢ forevery F € y.

10

—
| —
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Definition (1.1.16)[8]:
Let (E, ) be a topological space, and let F be a filter on a set E. Then

F is said to be T —converge or simply converge to a point x € E iff F is
eventually in each nhd of x, that is iff every nhd of x is a member of F

and we say that x is a limit point of F and write F {,.

Example (1.1.17):
From the previous Example (1.1.6), Since N(b), N(c) < y,

then b, c are limit points of y.
From this example we note that, a filter may have more than one limit

point.

Definition (1.1.18)]8]:

A filter base B on E is said to be converge to a point x € E if and only

if the filter F which generated by B is converges to x and we say that x is a

limit point of B.

Theorem (1.1.19)[37]:
Let F be afilter on X and let A ¢ X. Then there exists a filter F* finer

than F suchthat A € F* ifandonly if AnNF # @ forall F € F.

Theorem (1.1.20)[37]:

Let X be a topological space . Then the filter F converge to a point

x € X if and only if for all ultrafilter containing F converge to x.

1.2 Algebra and Topological Algebra

In this section, we will mention the definition of algebra, homomorphism

algebra, subalgebra, ideal of algebra, normed algebra, topological algebra,

( 1
L 1)
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Banach algebra and Frechet algebra in addition to the most important
properties and theorems that we will need in our study later. But before all
this, it is okay to touch on vector space, since all algebra must be vector
space.

For any operation * on a set E, we say that = is commutative if a * b =
b * a, and if ther is an element e € E such that a * e = e * a = a, then this
element is called identity element, also for any element a € E, ther is an

element b € E, suchthata * b = b *x a = e, then b is said inverse of a.

Definition (1.2.1)[33]:

A vector space E over K is a set with two operations + and ¢ (addition

and scalar multiplication) these operations are defined as follows:
1.(E,+) is an abelian group
2. The operation () (called scalar multiplication) is defined between
vectors, and satisfy the following conditions:
I. Forallx e Eand, foranyA € K,thendex € E .

ii. Forallx,ye EFande K ,thend e(x+y)=Aex+Aey.

iii. ForallA, aeKand x€E ,Ae(aex)=(Aea)ex

iv. Forany A, a € K and the vector x € E, then

A+a)ex=Aex+aex.
v. Thereexists 1 € K such that for any x € E then

lex=xe¢e1=x.

Example (1.2.2)[34]:

The set of complex numbers C over the field R ( the set of real

numbers), from a vector space, where the operations on a vector space
(C, +,¢) defined as follws:
For all (x; + y;0)A(x, + y,i) € C,and for all 1 € R, then

(x1 +y10) + (3 + y20) = (21 + x2) + (Y1 + ¥2)i

12

—
| —
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Ao (xy +y10) = (Aexy +Aey,i)

Definition (1.2.3)[34]:
A topological vector space (T.V.S) is a vector space E and topology t

such that this topology compatible with vector space that makes vector
space operations topologically continuous. That’s mean:
I. Foreach x,y € E, and for all open neighborhood W of x + y, there
exist open neighborhood U; of x and U, of y, such that U; + U; c
W.
ii. Forany a € K, x € E and for all open neighborhood W in E such
that a ex € W, 3nhd U of a and anhd V of x, suchthat U eV c
W.

Example (1.2.4)[34]:
Every normed vector space has a natural topological structure, the norm

induces a metric induces a topology.

Definition (1.2.5)[33]:

Let M be a subset of a vector space E, then

1. M is said to be convex set if for all a,b € E and Va € [0,1], then
aea+(1—a)eb€EE.

2. M is said to be balanced setifa e« M € M forall || <1, and a € K.

3. M is absorbing set if Vx € E, there exists s > 0, s.t Aex € M for

all |[4] <'s.

Definition (1.2.6)[33] ( semi-norm):
Let X be a vector space . Then the mapping p: E — R is said to be semi-

norm if;

1. p(a + b) < p(a) + p(b) and

13

—
| —
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2. p(aa) = |alp(a)
forall a,b € X and all scalars «.

Definition (1.2.7)[33]:

Let X bea v.s overR. Thenamap ||.[: E = R, x — [|x]| is called

a norm if:

1. Forall aeR then ||a « a|| = |a]||a||/forall a € E .
2. Forallx, y € E,|la+b|| < |lall+ |Ib]l .

3. |la]| =0 foralla € E.

4. |la]| = 0ifand onlyifa = 0.

A pair (E, ||.]]) is called a normed space.

Definition (1.2.8)[33]:
Let X be aT.V.S over the filed K , then;

a. X is locally convex if there is a local base B whose members
are convex.

b. X is metrizable if T is compatible with some metric d.

c. A metric d on a vector space X will be called invariant if
dix + z,y + z) = d(x,y)andd(Aex, ley) =
Al d(x,y) forall x,y,zin X and A € K.

d. X isan F —space if its topology 7 is induced by a complete

invariant metric d.

Definition(1.2.9)[34]:

A topological vector space X isa Fréchet space if X is a locally convex

F —space.

14
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| —



Chepter One Preliminaries

Definition(1.2.10)[33] (via systems of semi-norms)

A Fréchet space X is a complete topological vector space X whose
topology is induces by a countable family of semi-norms. To be more
precise, there exists semi-norm functions
P:X—->RneN
such that the collection of all balls

B™ (x)={yeX:P,(x—y)<e}, x€X,e>0neN

be from a base of the toplogy that is compatible with vector space.

Definition(1.2.11)][36]:

A topological vector space E is called normable if there exists a norm .|

on E such that the canonical metric (x,y) + ||y — x|| induces the

topology T on E.

Theorem(1.2.12)[36]:

The topological vector space E is normable if and only if there is a

bounded convex neighborhood of zero.

Definition (1.2.13)[7]:

A vector space X equipped with an additional binary operation, called

vector multiplication and denoted by xy for x, y € X, is called an algebra if
X is a ring with respect to vector addition and vector multiplication, and

ae(x*y)=(aex)*y=ux=*(aey)forall scalars « and all x,y € X.

Example (1.2.14)[34]:

If we add a third operation * on the vector space (C,+,¢) in

Example(1.2.2) it will become algebra (C, +,¢ ,*), which is the operation
of multiplying complex numbers C , that is;
forall (x; + y;i)A(x, + y,i) € C, then

15

—
| —
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(x1 +y10) * (X + y20) = (1% — y1Y2) + (X1Y2 + x2)1)i

Definition (1.2.15)[33]:

Let A be an algebra, the dimension of A it is the same as the dimension

of linear space A.
We note that if the dim(A) is finite , then the algebra dimension is also
finite, and if the dim(A) is infinite, then the algebra dimension is also

infinite.

Definition (1.2.16)[33] (Homomorphism algebra)

Alinear map f: X — Y where X and Y are algebras is called an (algebra)
homomorphism if f(xy) = f(x)f(y) forall x,y € X.

If f is also one to one it is referred to as (algebra ) isomorphism or an
embedding .
The null space of an algebra homomorphism, that is f~1(0), is renamed
the kernel of f and is denoted by ker f, where ker f = {x € X: f(x) = 0}.

Definition (1.2.17)[33]:
If A is without identity, we consider the direct product space A [e]=A &

¢ with multiplication defined by

(x,a)- (v, B) = (xy + Bx + ay, af)
It is a direct verification that this is indeed an algebra.

Theorem (1.2.18)[27]:
Let A be an algebra  over the filed K, and
9H(A) = {x € A: x has invers in A} then;

1. 0 ¢ $(4)

2. (H(A),*) is group

3. ifa € H(A),then —a € H(A)

16
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4. (—a) 't = —a?

Definition (1.2.19)[10]:
Let A be an algebra over the filed K, and a € A, then

1. a has a left divisor of zero if there is an element 0 # b € A, such that
bxa=0.

2. a has a right divisor of zero if there is an element 0 # b € A, such
thata = b = 0.

3. A is said to be have divisors of zero if there exists an elements

a,b #0andaxb=b*+a=0.

Definition (1.2.20)[33]:
Let A be an algebra over the filed K, then B < A is side to be subalgebra

of A if B is also algebra over the filed K.

Definition (1.2.21)[11]:

Let I c A, where A be an algebra then;

1. I is said to be left ideal of A, if for all x €I and a € A, then

ax €1
2. I is said to be right ideal of A, if for all x € I and a € A, then

xa €1

3. Iissaid to be ideal of A4, if forall x € I and a € A, then ax,xa €
I

Remark (1.2.22)[10]:
Let A be an algebra over the filed K, then

1. Every ideal of A is a subalgebra of A but the opposite is not always

true.
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2. If Ais commutative algebra, then every left ideal is right ideal and is

therefore an ideal of A.

Example (1.2.23):

LetA = {[Ccl Z

.a,b,c,d, € ]R} = M,(R)}

_(r 0].
And let B = {[S O]' r,s € R}
Then A is an algebra over the field R ( set of all real numbers),
N .1 0
The identity element is [0 1

A is not commutative algebra

B is a subalgebra of A but it not ideal of A.

Lemma (1.2.24)[10] :
Let A an algebra with identity e, and | an ideal. Then
1. Ifeel, thenl = A

2. If x €I and x is invertible, then I = A4

3. when A4 is commutative: x is invertible if and only if (x) = A, where
(x) means the ideal generated by element x.
4. when A is commutative: x is not invertible if and only if x is

contained in a maximal ideal M c A.

Theorem (1.2.25)[7]:
Let B, and B, be two subalgebras of A , where A is an algebra over the

field K, then;
1. B; N B, issubalgebras of A

2. By U B, issubalgebras of A ifandonlyif B, € B, or B, 2 B,

18
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Definition (1.2.26)[31] ( Normed algebra)

A normed algebra (4, ||.]]) is a normed vector space and an algebra,

satisfying |lxy|l < [lx[lllyll Vx,y € A

Some authors extend the definition by saying that if A has an identity e,
then ||le]||=1.

For any normed algebra (4, ||.|]) whose underlying vector space is a
Banach space (complete relative to ||.||) there exists an equivalent norm
II. |l such that ||. ||, = 1.

Definition (1.2.27)[31]
Let X be a non-empty set, then the function f: N — X such that for all

n € N there exists only one element such that f(n) =x, is called a

sequence in X. We denoted of f by {x,,}.

Definition (1.2.28)[31]

Let {x,} be a sequence in normed space X . Then {x,} is said to be

converge in X if there exist x € X such that forany e > 0 thereiss € Z*
such that ||x,, — x|| < €, foralln > s.

x 1s said to be a convergent point and denoted of this by x,, — x.

Definition (1.2.29)[31]

Let {x,,} be a sequence in normed space X . Then {x,} is said to be

coushy sequence in X forany e > 0 thereiss € Z*

such that |[x,, — x,|| <€, forall n,m > s.

Lemma (1.2.30)[31]:
Let A be an algebra, then;

1. If x, » x thenyx, » yxand x,y - xyforally € A

2. If x, >x and y, -y then x,y, = xy
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3. If I c A isan ideal, then the topological closure of I, denoted by I
,Isa also an ideal
4. If A, c Ais asubalgebra, then 4, is also a subalgebra.
We note that if the normed space is a complete space, meaning that
every Cauchy sequence is a convergent sequence to a point in the same

space, then the normed algebra will be Banach algebra.

Definition (1.2.31)[31]:

If A isa normed algebra that is complet relative to the norm ||.[|(i.e A

Is Banach space) then A is called a Banach algebra.
If A is a Banach algebra without identity ,then A[e] is also a Banach
algebra since € is a Banach and A[e]=A& (.

Definition (1.2.32)[7] ( Topological Algebra)

A topological algebra A over the field K is an algebra with a topology

which is compatible with algebra structure. Such that the three operations
of an algebra are continuous.

The algebra A and the topology 7 are compatible or 7 is compatible with
the algebraic structure of A when (4, 7) is a topological algebra.

In other words, in a ddition to what we mentioned in Definition( ), we
also have;

The mapping *: A X A — A is continuous at (x,y) if for all U,.,, (nhd of

x *y ) in A there are a nhd V, of x and V, of y in A such that V, =V,

Usey-

Definition (1.2.33)[71(Multiplicative Convexity)

A subset U of an algebra X is called,;

1. Multiplicative (idempotent) if U> = UU c U
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2. Multiplicatively- convex or m-convex if it is convex and
Multiplicative

3. Absolutely m-convex if it is balanced and m-convex.

Properties (1.2.34)[71:

Let X be analgebra. If U c X is multiplicative, then so is;

. its convex hull U,
AU if U isbalancedand |A] <1

its balanced hull U,

1

2

3

4. its balanced convex hull Uy,

5. any direct or inverse homomorphic image
6

. its closure cl(U) if X is a topological algebra .

Definition (1.2.35)[7] (Multiplicative Seminorms)

A seminorm P on an algebra A is multiplicative if P(xy) < p(x)p(y)

forallx,y € A

Lemma (1.2.36)[7] (Maxima of Multiplicative Seminorms)

If p1,p2,.....0, are multiplicative then max a;, p; is a multiplicative

seminorm for any collection numbers aq, ... .... a,.

Theorem (1.2.37)[7]:
1. If p is a multiplicative seminorm, then V, = {x:p(x) < 1} is

absolutely m-convex and absorbent.
2. If U is absolutely m-convex and absorbent then its gauge

Pw Pu(x) =inf{a > 0:x € aU} is multiplicative seminorm.
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Definition (1.2.38)]7]:

A topological algebra (X,7) is a locally m-convex algebra (LMC

algebra) if there is a base of m-convex sets for v(0).

We also say that 7 is a locally m-convex or is an (LMC — topology). X is
a locally convex algebra, if X is a topological algebra which carries a
locally convex linear space structure.

In addition to being locally m-convex, if T is Hausdorff, we say that X is
an LMCHe-algebra, and  to be LMCH.
An LMC-algebra which is a complete metrizable topological space is a

Frechet algebra.

Remark (1.2.39)[7]:

The topology of Frechet algebra can be generated by a sequence of

multiplicative seminorms;
Let A be an algebra, and (p,), be a sequence of multiplicative
seminorms on A such that;
1. pn(x) < pps(x)forallne N, x e A
2. Forall x € A,x # 0,thereis n € N such that p,,(x) # 0
then (p,,), generates a topology on A in the following way:
forx€e A, neNsetU,(x) ={y€eA:p,(x—y) <%}
then Y= (U,,(x)),, is a basis of neighbourhoods of x for a locally convex
topology on A and A is metrizable.
Each U,,(0) is an absolutely convex and multiplicative set.
Also A is an LMC-algebra,
That is the multiplication is continuous, so A becomes an Frechet algebra

if A is complete.

Examples(1.2.40):
1. Each Banach algebra is an Frechet algebra.

( 1
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2. let C*([0,1]) denote to the algebra of all infinitely differentiable
functions on the unit interval with pointwise operations. Forn € N
define p,,(f) = 2n1 sup{|f(k)(x)| :x € 0,1,k =0,1,2,..n — 1},
where £ denotes the k-th derivative of f.

Then p,,(f) is a basis of neighbourhoods of x for a locally convex
topology on C*([0,1]) and C*([0,1]) is metrizable.

Theorem (1.2.41)[7]:
Let X be an algebra, then the following expressions are equivalent:
1. X isan LMC-algebra;
2. X isalocally convex T.V.S and there is a base of multiplicative sets
at 0;
3. X isaT.V.S and there exists a base of absolutely m-convex sets at
0;

4. X isa T.V.S and there exists a base of closed absolutely m-convex

sets at 0.

Theorem (Tietze's Extension) (1.2.42)[32]:
Let X be a normed space, M be a closed subset of X , and f be a

continuous function on M to the closed interval [a,b] € R. Then f has a

continuous extension g to X such that g(X) c [a, b].

Theorem (1.2.43)[32]:
Suppose K is a compact subset of the completely regular space X. If f

€ C(X),then there is g € C(X) extending f such that
sup{lg(x)|:x € X} = || flx
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Definition (1.2.44)[30]:

Let f be a function on an open subset U of a Banach space X into the

Banach space Y, we say f is Frechet differentiable at x € U if there is

bounded and linear operator T:X — Y such that

If et m)—r@-TMI _
Inli

limyp) o

This derivative is usually denoted by df (x) =T.

Theorem (1.2.45)[7]:

The filterbase £ in the algebra X determines a base at O for a compatible

topology for X iff;
1. B is a neighborhood base at 0 for a topology which is compatible
with Xs linear structure.

2. Foreach v € fthereexistsa B € f suchthat BB € v.

Definition (1.2.46)[34]:

U is the filter of neighbourhoods of the origin for some vector space

topology on E iff it has the following properties:
1. U has a balanced basis
2. the elements of U are absorbing

3. foreveryVe Usome V™~ € U can be foundsuchthatV 2V~ 4+ V",

Remarks(1.2.47)[34]:

i. Specially, if we have B = {U,} is a basis of neighbourhoods of zero,

then the set x + U,, U, € B from a basis for the neighborhood filter of
X.

. Also if x+U,y+ U, are the neighborhood filters of x andy
respectively, then xy + U, is the neighborhood filter of xy and we

denote for this multiplication of neighborhood filters by:
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x+U)*x(y+U,) =xy+xU,+yU, + Uaz.

Definition (1.2.48)[71:

U is the filter of neighbourhoods of the origin for some topological

algebra on E iff it has the following properties:

1. U has a balanced basis
2. the elements of U are absorbing
3. forevery Ve Usome V™ € U can be foundsuchthatV 2V~ +V~

4. for every ue U some u™ € U can be found such that u™ *u™~ € V.

1.3 Pseudo Topology (Limit Structure)

In this section the concept of pseudo topology and the most important
basic concepts about its structure, we will present with the mention of the

most important theorem that will need later.

Definition (1.3.1)[20]:
Let X be aset, and P(F(X)) the set of all filterson X, and y € X X

P(F (X)) arelation. We will write F —,, x, (the filter F converges to x) if;
F -, xand F c K implies H» —, x, that is if F converges to x, then

every finer filter also converges to x.

Definition (1.3.2)[20]:
Suppoe (X, y) satisfies the Definition(1.3.1). Then
Ny (x) =N{F € F(X): F -, x} is called the neighborhood filter of

x € X.
Definition (1.3.3)[20]:
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Suppoe (X,y) satisfies the Definition(1.3.1). Then (X,y) is called a

generalized convergence space if [x] —, x forall x € X.

Definition (1.3.4)[20]:

Let (X,y) be a generalized convergence space, then (X, y) is called;

1. pretopological convergence space if N, (x) -, x.

2. Pseudotopological convergence space if F —, x whenever all
ultrafilters Hs that are finer than F coverge to x.

3. Limit space if for all ¥ —,, x and Fb —,, x implies (F N ) -, x

4. Kent convergence space if F —,, x implies (F N [x]) -, x.

We will discuss in this thesis pseudotopological convergence space, and
for ease we will call it pseudo topology, and if a filter F converges to x on
X) we write F |, X.

The axiom can now be expressed as:

Vx € X we have
1. [x] 4, X
2. F;l, Xfori=12=F,NnF, L, X
3. FlL X, F<H=HI!X

Pseudo-topology becomes a topological space if the following condition
IS met;

For all x € E define ¢, such that F € ¢,(x) if and only if N, <F
Where N, is the filter of neighborhoods of x.
Thatis Fl,FE ifandonlyif N, < F

1. since N, < [x] then [x] i, E

2. IfF € p;(x) and F < Hy, then N, < F < Hs. Hence Hs € ¢ (x).

3. If the filters F;,F, € p:(x), then N, <F,;,F, and hence

N, < F; N F, therefor F; N F, € @ (x).
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Example (1.3.5):

LetX = {al, a,, a3}, and

T ={0,{a,},{a,, a,}, X} be a topology on X, then set of all filters on X;
x1 = {{a:}{a1, a2}, {ay, a3}, X}
X2 = {{ay, a2}, X}
x3 = {{ay, a3}, X}
Xa = {{az},{ay, a3}, {a,, az}, X}
xs = {{az, as}, X}
Xe = {{as} {ay, az},{ay, a3}, X}
x7 = {X}
Now to define pseudo topology on X, we first find the neighbors of all
points in X;
Ng, = {la1}.{ay, az}, {aq, a3}, X}
Ng, = {{a1, a,}, X}
Nq, = {X}
Then y; € ¥(a,)
X1 X2 X4 € W(ay)
X1 X2r X3» Xar X5Xe € ¥(a3)

Definition (1.3.6)[13]:
Let (X,y) be a pseudo- topological space, and M is subset of X, then;
1. cl(M) = {x € X:3F € P(F(X)) such that F |, X}
2. int(M) ={x € M: suchthatF |, X implies M € F}

Definition (1.3.7)[13]:
Let (X,y) be a pseudo- topological space, and M is subset of X, then;
1. Misopenif M = int(M)
2. Misclosed if M = cl(M)
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Definition (1.3.8)[13]:

The structure of Ejis called finer than that of E,, and we write E; < E,,

iff yl, B, =yl E,

Definition (1.3.9)[20] (Continuity):

Let E;, E, be pseudo- topological space and

f:E; = E, amap, then f is continuous at the point a € E; iff
VX ‘l’a El = f()() ‘l'f(a) EZ-

Remark (1.3.10)[20]:
Let X,Y and Z be a pseudo topology space. If f:X - Y and g:Y —

Z are continuous map, then gof is continuous map.

Definition (1.3.11)]9]:

Let X be a set and (X;);¢; a collection of pseudo topology spaces and for

all i €1, g;: X = X; a mapping. A filter y l, X ( In the initial pseudo
topology) with respect to (g;);; if and only for each i€l
9i 00 g,00 Xi-

Definition (1.3.12)[9]:

Let X be a set and (X;);¢; a collection of pseudo topology spaces and for

each i € I, g;: X; — X a mapping. A filter y I, X ( In the final pseudo
topology) with respect to (g;)ie; if and only if y = [x] or if there are
finitely many indices i; ,,...i, points x, € X; and filters y, |, X;

such that g; (x) = x forallkand g; (x1) N ... N gi, () € x.
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Definition (1.3.13)[9]:
Let X be a pseudo topology space and let Y be a subset of X. The

subspace pseudo topology structure on Y is the initial pseudo topology

with respect to the inclusion mapping i:Y — X.

Definition (1.3.14)]9]:

Let (X;);e; @ collection of pseudo topology spaces. The product pseudo

topology structure on [];¢; X; s the initial pseudo topology on [];¢; X; with

respect to the projections m;: [1;¢; X; — X;.

Definition (1.3.15)[20]:

Let the underlying space E of a pseudo topology space E be a vector

space . The compatibility with a pseudo topology and the vector space is

achieved if the operations of vector space are continuous.

Remarks(1.3.16)[20]:

1. Continuity of addition on pseudo topological vector space implies

that the translation are homeomorphisms.
Therefor X, EeX—alyE orX+al, ESXIE
gH,X)=H -X if glh,x) =h—x
2. When the filter X converges to 0 € E, we will write X | E instead of
Xl E
3. Continuity of the operations implies the following compatibility
conditions:
i. F,lE F,lE =F +F,LE
i. FlE ,A€eK=AFIlE
. x€EE=te[x]!E
iv. FlLE=t(eFIlE
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Definition (1.3.17)[20]:
I.  On pseudo topological vector space, filters B with the property
V.B | E is called quasi-bounded filterson E.

1.  Afilter y on a vector space is called an equable filter if and only if it

has the property V. y = y.

Definition (1.3.18)[20]:

A pseudo topological vector space E is called equable iff for each y
with y | E there exists an equable filter Y < y with Y L E ; thatis. iff
YXVE=y>2UY=V.Y!lE .

We can introduce on any pseudo topological vector space E a new

pseudo topology, thus obtaining a new pseudo topological vector space
E*. Itis defined as follows:

1. E*=E

2. x LE*ifand only if there exists Y with y > Y =V.Y | E.

lemma (1.3.19)[20]:

Let X be a normed vector space. A filter y is quasi-bounded if and only

if it contains a bounded set.

Definition (1.3.20)[20]:

A map f: E; —» E, is called a quasi-bounded map iff it sends quasi-

bounded filters into quasi-bounded filters, that is,

V.yLE, =V.f(x) L E,

The space of all equably continuous and quasi- bounded maps from E; into
E; isdenoted by C (E; E5) .

We denote by L (E;; E,) the vector space fromed by the linear continuous

map from E; into E,.
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Itis clear that L (E; E,) < C (Ey; Ey).
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Introduction

This chapter consists of three sections:

Section one introduce new structure of algebra by using the language
of filters to define a new class of algebras that we will call pseudo-
topological algebra, we also mentioned the most important conditions that
make algebra compatible with a pseudo- topological. Also  we will
present the most important topological properties and some important
generalizations regarding pseudo-algebra topologies.

In section two, we define the initial and final pseudo topological
algebra. Through it, we be able to identify the pseudo topological structure
on subalgebra, product of algebra, projective algebra, quotients algebra.

In section three, we generated a locally convex topological algebra
from a pseudo topology. We also study the relationship between it and the
locally convex topology on algebra A that generated from the family of all

continuous semi norms on algebra A.

2.1 Pseudo Topological Algebra

In this section, we define the concepts of a pseudo- topological algebra
and give some examples with some of their properties and results.
Suppose that K the field of real or complex numbers, t denotes its zero
neighborhood filter of the field K and 1= {s € K:|s| <1} is the unit

interval on real numbers and the unit disk on complex numbers.

Definition (2.1.3)

Let the underlying space E of a pseudo topology be an algebra space.

The compatibility of algebra with pseudo topology is achieved if the three
operations of algebra are continuous. A pseudo topological algebra is

algebra compatible with a pseudo topology on it .

30




Chapter Two  Topological Algebra via Pseudo Structers

Remarks(2.1.4):

1.

If the underlying space E of pseudo topological space E be algebra
with identity element e , then the continuity of multiplication implies
that:
¥l ,EXxatl,E or
X*xal, ESXI,E
By X * a1 we denote the image of X under the translation map
x> x-al
h(H,X) =H =X if g(h,x) =h.xforallh e H and x € X.
Continuity of the operations implies the following compatibility
conditions[20]:
FLE F,lE =F, +F,E
F,LE FolE = F «F, LE
FILE  A€EK=A¢FIlE
xXEE=te[x]lE
FILE=teFIlE

It is clear that a pseudo topological algebra is an algebra which is a pseudo

topological vector space such that the multiplication =:E X E - E IS

continuous.

Example(2.1.5)

Every topological algebra is a pseudo topological algebra.

If X is a pseudo topological space and A is a pseudo topological
algebra, then C. (X,A) is a pseudo topological algebra. In
particular, C. (X) is a pseudo topological algebra. Where C. (X, A)
denoted to the set of all continuous mapping from X to A.

Let X and Y be algebra, and let C(X, Y) denoted the set of all

continuous mapping from X to Y. Then we define the evaluation
mapping @yxy (f,x): C(X,Y) XX =Y by @wyxy(f,x) = f(x) for
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all feC(X,Y) and x € X. It is clear that the set of all evaluation
mapping wyyy IS algebra if the underlying spaces X and Y be
algebra. If & is the filter on C(X,Y) and X is a filter on X, then
K (X) is the filter on C(X,Y) x X. Now if Xand Y Dbe a pseudo
topological algebra, then we define a pseudo topological algebra y
on C(X,Y) asfollows: K I, C,(X,Y) ifand only if K (X) 1y
CX,Y)xX and X!, X.

We will discuss this type of algebra in detail in Chapter three.

We first start by discussing a special case, when we have it base of

neighborhood filter of 0.

Theorem(2.1.6)

The filterbase g in the algebra A determines a base at O for compatible

with a pseudo topology for A iff ;

I. B isaneighborhood base at 0 for a pseudo topology which is
compatible with A’s linear structure

ii. foreachu € g thereexistsav € f suchthat vv c u.

Proof:

First, we mention a fact in functional analysis [33] where A is
topological vector space, then every neighborhood of zero contains a
balanced neighborhood of zero.

The first direction is clear therefore we need to prove the second direction

Let U(0) denote the filter of neighborhoods of O determined by .

To prove that (x,y) — xy is continuous,
consider the neighborhood of xy is xy + u whereu € U(0),

and choose a balanced neighborhood B of 0 such that
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B + B + B c u, then by (ii) there exists a v € 8 such that vv c B.
Choose a real number,0 < a < 1,suchthatax € v,ay € v

Since(x + av) * (y + av) = xy + axv + ayv + a?vv (by Remarek
1.2.47)

c xy +vv+vv+ a’B
cxy+B+B+B
Cxy+u.
This we have (x + av)(y + av) € xy + u.
Then (x +v)(y + v) € xy + u.

And so that (x, y) — xy is continuous.

Proposition(2.1.7):

Let A be an algebra over the field K and let M be a family of filters on A

such that the following things are achieved:

. FFHeMthenFNHEM , F+HeMandF+«H eM

. fFeMandF c HthenH e M
. IfF e Mthen tFeM

iv. IfFeMthen aF € M foralla € K

V. taeMforall aeA
Then the mapping W from the algebra A into the power set of all filters on
A such that F € W(a) if and only if F —a € M is a pseudo topology that
compatible with algebra structure.
Proof:
It is clear that W is a pseudo topology. In order to prove that the three
operations of algebra are continuous;
1. LetFl,Aand H |, AthenF —aeMandH —heM
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SinceF+H —-—(a+h)=(F —a)+ (H —h)
But(F—a)+ (H —h)eM,
this F + H — (a + h) € M and so that

F+H lgp A

2. To prove that the scalar multiplication is continuous, let F |, A
and s € K, then t(s) = s + t denoted the neighborhood filter of s
inK,sinceF l, AthenF —a e M
t(s) F—sa=(s+t)(F—a)+a)—sa
=s(F—a)+t(F—a)+sa+ta—sa
=s(F—a)+t(F—a)+ta

The right side belongs to M and that’s because;
S(F—a)eM,t(F—a)€EM andta e M
thus t(s)F — sa € M and, therefore we get t(s)F |, A.

3. LetFl,Aand H |;, AthenF —aeMandH —heM
Since FH — (ah) 2 (F — a)(H — h)
But (F —a)(H — h) € M, this FH — (ah) € M and so that
FH L, A

Theorem (2.1.8)
Let X and Y be analgebra. If f: X = Y a homomorphism algebra then

X is a pseudo topological algebra if and only if Y is a pseudo topological
algebra.
Proof:

Suppose that X is an algebra, Y is a pseudo topological algebra with
neighborhood filter at 0 denoted by v(0), and
f:X = Y ahomomorphism.
We will prove that the filter f~1(v(0)) determines a pseudo topology

which is compatible with X’s algebra structure.
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To see that it is compatible with the algebraic structure as well,

we first note that for any v € v(0),

there is a B€ v(0) such that BB € v (by Theorem 2.1.6)

Hence f~Y(B)f~Y(B) c f~Y(BB) c f~1(v).

The pseudo topology determined by f~1(v(0)) is called the initial pseudo
topology induced by the homomorphism f.

Now suppose that X is a pseudo topological algebra with neighborhood
filter at O denoted by v(0) , Y an algebra, , and f: X — Y a homomorphism.
We will prove that the collection g of subsets U of Y such that the
f~1(U) € v(0) from a base at 0 for a pseudo topology compatible with Y’s
linear structure.

To see that for any U € B, we may select B € v(0) such that BB € f~1(U).
Hence f(B)f(B) = f(BB) c f(f (1)) c U.

Since f~1(f(B)) o B € v(0)

It follows that f~1(f(B)) € v(0).

Remarks(2.1.9)

Now we can construct subspaces, products, and projective limits by the

methods involve initial and final pseudo topological algebra.

I. Let (4;);¢; be acollection of pseudo topological algebra and [];¢; 4;
be the product set of the A;. The product of pseudo topological
algebra on [];¢; 4; is the initial of pseudo topological algebra with
respect to the projection mapping (P;: [1;e; A; = Aj) je;- Such that
X g [ier A; ifand only if P;(X) dp,(qy 4.

ii. Let A be a pseudo topological algebra and let B be a subalgebra of
A. Then we can construct a pseudo topological subalgebra on B is
the initial pseudo topological algebra with respect to the inclusion

mapping i: B —» A suchthat y |, B ifand only if y |, A.
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Proposition(2.1.10):
Let A and B be a pseudo topological algebra and let f:A — B be a

continuous mapping. Also assume that B* € B and A" € f~1(B) then the
restriction map f": A" — B" is continuous.

Proof:
Assume y 1, A"then y L, A= f"(0) = fO) Yrey B = F (1) Yrmy

B".
In particular f /A" is continuous for all A" € A and the codomain

restriction f: A — f(A) is continuous.

Now we will present the most important topological properties and some

important generalizations regarding pseudo-algebra topologies.

Definition (2.1.11)
Let M be subset of a pseudo topological algebra A, then M said to be

multiplicative setif M -M < M.

Definition (2.1.12)

A filter F on algebra A is said to be multiplicative filter if it is generated

by the multiplicative sets of A and is said to be multiplicative convex filter

when it generated by the multiplicative convex sets of A.

Proposition(2.1.13):

Let F be a multiplicatively convex filter on a pseudo topological algebra

A. Then we associate a seminorm p* with this filter F such that p” (a) =
inf{Kk 941> 0: forall Fl, A, AF | A}. This seminorm is multiplicative.

Proof:
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It is clear that p* is seminorm, so we have to prove that is a multiplicative
seminorm,
Leta,b € A and there are 1,4, > 0 such that
pT(a) =2, and p”(b) = 1,
Thiswe have ;F l Aand 1,F | A
But by Remark(2.1.4), we get 1, F.A,F 1l A
MALF.FLA But, F.F € F, this 1,4,F | A and therefor
p” (ab) < 414,

Definition (2.1.14)
A filter F on a pseudo topological algebra A is said to be quasi-bounded
iftF | A.

Definition (2.1.15)
A set B on a pseudo topological algebra A is said to be bounded if [B] is

quasi-bounded, where [B] means the filter that generated by B.

Definition (2.1.16)

A filter F on a pseudo topological algebra A is said to be equable if

tF = F.

Definition (2.1.17)

A filter F in a pseudo topological algebra A is said to be Cauchy filter if
(F —F) l, where (F —F) we mean by it the filter that is generated by
(F—F': F,F' €F}.

Definition (2.1.18)
A pseudo topological algebra A is said to be equable if for all filter

F | A there exists a coarser equable filter y" < F such that ty” | A.
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Proposition (2.1.19)

Let A be a pseudo topological algebra and let A* define as fallows:

L At=4
i. F 1A% if and only if there exists a filter y < F and ty = y such
that ty” | A.
Then A* is equable.
Proof:
To prove that this filters on A* satisfies the Definition (1.3.4), we prove
the seconed and third conditions;
For the seconed condition, let F; | A%, F, | A*
Thentherearey; < F; ,¥, < F,,suchthatty; =vy5,ty, =V,
Andty; LA, ty, L A
Sincey;, Ny, €F, NF,,
Andty; Ny, = (Y1 NY2) = Y1 NY>
This we have (F, N F,) | A*
To prove the third condition of Definition(1.3.4), let 7, | A*and F;, < F,
Frome F; | A* we getthereexistsay; < F;,ty; =y andty; | A

ButF, < F,, theny; < F, < F,andsothat F, | A* .

Proposition (2.1.20)
A Pseudo- topological algebra A is a Hausdorff iff {0} is closed set.

Proof :

Assume that A is a Hausdorff, then A is a T; — space, and hence {0} is
closed.

Conversely, let {0} is closed, and suppose that F I, Aand F |, A

Then F — F {,_, A (by cointinuous of addition)

Since F —F < [0] = [0]{,_, A
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This mean x —y € [0], since {0} is closed then [0] = {0} and hence

x—y=0=x=y = Ais Hausdorff.

Proposition(2.1.21):
Let A and B be two pseudo topological algebras. If f:A — B is

continuous mapping and O is open set in B then f~1(0) is open set in A.
Proof:

Leta € f~1(0), then f(a) € f(f~1(0))

Since f(f~1(0) c 0O

This we have f(a) € O

Forall F i, A, then f(F) ) B (by continuous of f)

Since O isopen in B

Then O € f(F), and therefor, there exists aset such F € F and f(F) < O
Hence F € f~1(0)

This we have f~1(0) € F.

This means f~1(0) belongs to every filter that converging to a

Hence f~1(0) is open in A.

Proposition(2.1.22):
Let (A4;);e; be a collection of pseudo topological algebra. A filter y

converge to e€€[[;g;A4; or x . [lies4; ifandonlyifforalli €
I there are filters x; lgiy A; Where € € [];¢; A; such that [];¢; x; € x.
Proof:

Since P;(Ilie; xi) = x; Vj € I, then the product filter convergence if all
component filters do

Thatis : If y l; [Iie; A; then y 2 [];; P;(x) and this gives the desired

result.

39




Chapter Two  Topological Algebra via Pseudo Structers

Proposition(2.1.23):
Let A be a pseudo topological algebra. Then:

I. If By isbounded subset of A and B, € B, then B, is also bounded.
ii.  For every bounded subset B of A, aB is also bounded when a € K.
ii. If B,, B, bounded subsets of A, then ByUuB, , B, + B, are

bounded.

iv. If B; is multiplicative bounded subset of A, then B; - B; is bounded
subset of A

Proof:

I. Since B, € By, then [B;] € [B;]
then if t[B,] | A this achieves t[B,] | A and therefor B, is bounded.

Ii. SincetB | A, then taB = atB | A, this aB is also bounded.

iii. If By, By, thent[B;] | A,t[B,] | A,
this (t[B1] U t[B,]) | A
and therefor t([B;] U [B,]) | A
since ([B1] VU [B;]) € [B1 U By,
then we have t[B; U B,] l A

the proof of B, + B, is in the same way.
iV. Slnce Bl ) Bl c Bl’ then [Bl] c [Bl ' Bl]

If t[B;] ! A then we have t[B,-B;] !l A

and therefor B, - B, is bounded

2.2 Initial and Final Pseudo Topological Algebra Structures

The formation of a pseudo-topological structure from other given

structures that we be given in this section is called initial and final pseudo

40




Chapter Two  Topological Algebra via Pseudo Structers

topological algebra. Through it, we be able to identify the pseudo
topological structure on subalgebra, product of algebra, projective algebra,
quotients algebra.

First we construct a new pseudo topological algebra from given ones.
The initial pseudo topology on a space from a family of a pseudo topology

spaces.

Definition (2.2.1):

Let X be a set and (X;);c; a collection of pseudo topology spaces and

for each i € I, g;: X — X; a continuous mapping. A filter y I, X ( In the

initial pseudo topology) with respect to (g;);¢; if and only if for each i € I,
9i 00 g,00 Xi-

Lemma (2.2.2):

Let A, B be a pseudo topology spaces and let (B;);¢; families of pseudo

topology spaces and for each i €1, g;:B — B; (B initial of pseudo
topology spaces with respect to (g;);e;) be continuous mapping then the
mapping g: A — B is continuous if and only if g;0g: A — B; is continuous
foralli € 1.

Proof:

The first direction is clear because the composition of two continuous
mapping is also continuous.

Conversely, suppose that F |, A then g;og(F) |, B;

Since B initial of pseudo topology space with respect to (B;);e; and g;

then by the definition (2.2.1) we have g(¥) |, B and that g is continuous.
|
Proposition (2.2.3):

Let A be algebra, (4;);¢; be a family of a pseudo topological algebra

and fori € I, g;: A = A; be continuous algebra homomorphism. Then the
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initial pseudo topological structure on A with respect to (g;);¢; 1S pseudo
topological algebra.
Proof:

By the Definition (2.2.1) A is pseudo topological structure, to prove that
this pseudo topological structure compatible with algebra we must prove
that the algebra operations; (+) the addition operation, (*) the scalar
multiplication and (*) the vector multiplication are continuous.

I. In order to prove that (+): A X A — A is continuous it is sufficient to

show that g; o (+): A X A = A; is continuous for all i € I. (by using
Lemma 2.2.2). This is shown through the commutatively of the

following diagram

(+):AX A — A
J'gngi lgz‘
(+) Ai X Ai — Ai

Ii. The continuity of the scalar multiplication from the commutatively of

the following diagram:

():K x A - A
‘J'ingi lgi
(.): K X Ai — Ai

Since g;o(*)is continuouse
By using Lemma 2.2.2 we have () is continuouse .

iii. Now to prove the continuity of the vector multiplication

(*):AXA — A
‘l'gixgi “Lgi
() 4; X 4; — A;

Since g;o(*)is continuouse

By using Lemma 2.2.2 we have (*) is continuouse .
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Examples (2.2.4):

I. Let (4;);e; be a collection of pseudo topological algebra and
[1;c; A; be the product set of the A;. The product of pseudo
topological algebra on [];c;A4; is the initial of pseudo
topological algebra with respect to the projection mapping
(Pi: [Tier Ai = Aj)ier- Such that X, [1;e, 4; if and only if
P;(3) Ip,a) Ai-

ii. Let A beapseudo topological algebra and B be a subalgebra
of A. Then we can construct a pseudo topological sub-algebra
on B is the initial pseudo topological algebra with respect to
the inclusion mapping i: B — A such that y |, B if and only if
x A

Proposition (2.2.5):

Suppose  (A4;)ie; and (B;);e; are families of pseudo topological
algebra spaces. If for each i € I, g;: A; = B; be algebra homomorphism,
then the mapping  g: [lie; A; — Ilies B; defined by g(a) = (g:(a;))
Is continuous if for each g; is continuous.

Proof:
Let a;: [lie; 4 > A; and  ;: [l B; —» B; the projection maps and
assume the commutative diagram:

g:Ilicidi —  TlielBi
b, Ny,

Then we have y; o g = g; o a; and since each the mapping g; and «; are
continuous then mapping ; o g is continuous, which means that g is

continuous by Lemma ( 2.2.2).
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We recall that a pseudo topological space become a topological space
when the following condition is satisfied:
Forall filterF, Fl, A ifandonlyif N, € F.

Proposition(2.2.6):

Let (4;);¢; be a collection of pseudo topological algebra and let
(gi: A = A;);e; be a family of continuous algebra homomorphism such that
A have the initial of pseudo topological algebra with respect to (g;);e;. If
each 4; is topological algebra, then A is topological algebra.

Proof:

We have to proof that F |, A ifandonlyif N, & F
let Fl, A and B € N, = there exists openset0 € B andx € 0
Then for all i € I there exist open set w; € A; such that x € g;" (w;) S
OCB
Since F 1y A = 9i(F) 1g,cx) Ai = w; € Ny, () € gi(F)

Thus there exists F € F such that g;(F) Sw; = F € g, Y (w;) €B =
N, C F.
Conversely: Let B € Ny, ). Then there exists an open set O such that
gi(x)eEOCB
Since g;~1(0) is open set and x € g;~1(0),
then g,"*(B) € N,,
But g(g:""(B)) € B € g;(N,)
Then we have Ng.x) € gi(N,)
= 9i(F) g, A; foralli el
Hence F |, A

|
We can now construct a final pseudo- topological algebra through another

family of a pseudo topological algebra as follows:
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Proposition (2.2.7):
Let A be algebra, (A4;);¢; be a family of a pseudo topological algebra

and let g;: A; » A be continuous algebra homomorphism, then F |, A ( as
a final pseudo- topological algebra) if and only if for all i € I there exist a
filter y; 4;-1y A; and g, '(F) S x; .
Proof:
To prove that the filter set fulfills the conditions for a pseudo-topology
definition, we will prove the first condition, and the rest of the two
conditions are clear:
Now let F, |, A, F; <F,, then g;"1(F,) < g;"1(F,)
since F, L, A if and only if for all i € I there exist filters y; {;.-1.y) 4;
and g;""(Fy) S xi,
and since g;"1(F;) < 9,71 (F,),
then g, 1(F,) € x;, hence F, |, A.
To prove that pseudo- Topology is compatible with algebra, we must fulfill
the five compatibility conditions, we will suffice to fulfill the first and
second conditions, as for the rest of the conditions, they are clear
i. Let F;!lAand F, l A then there are two sets of filters y; and Y;
suchthatforalli € I x; 1, -1y A; s ¥i dg-1(0) 4;
and g; " (F) S xi g "(F) €Yy ViED .
9 'F)+gi N (F) S i +7Y; foralliel
9 W(Fi+F,) Sy +7Y; foralli€l
Since each 4; is a pseudo topological algebra
then y; + Y; | A;, hence F;, + F, | A.

ii.  We now apply the filters F,, F,as above (i) then we have:

9" Y(F) S xi 971 (F,) € Y; and this leads us to
gi YWF)* g Y (F) S xixY; foralli€l
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= g N (F1*xF) Sxi*Y; forallie€l
Since each filters y;,Y; from a pseudo topological which are

compatible with algebra A4;, hence F, * F, | A.

Definition (2.2.8):
Let A be pseudo topological algebra, (A4;);c; be a family of a pseudo

topological algebra and fori € I, g;: A; » A be algebra homomorphism. If
V¥ is the family of all the pseudo topological algebra on A making all
gi continuous, then the initial pseudo topological structure on A with
respectto id: A - (A,y)yew is called the final pseudo topological algebra
with respect to (g;: 4; = A )ie;-

Her y denoted by the pseudo topological structurues

Example (2.2.9)

The linear subspace J of an algebra A is an ideal if for all a € A then

al C .

If A is a pseudo topology on algebra and A /] carries the final pseudo

topology induced by the canonical homomorphism from A onto A /]
a—a+],then A /] isapseudo topology on algebra by definition (2.2.8)

It is clear that if A is multiplicative set, then A /] also.

Proposition(2.2.10):
Let A a pseudo topological algebra, B € A a sub-algebra. Then A/B is

a pseudo topological algebra.

Proof:

To prove that A/B is a pseudo topological algebra, we must prove the
continuous of the algebra operations, (+) the addition operation, (¢) the
scalar multiplication and (*) the vector multiplication.

I. Letp:A — A/B is the projection map
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Assume that Fy 1,y A/B and Fj l, .,y A/B

thenthere are y; I, A and x, ., A

suchthat p(y;) € F, and p(x,) S F,.

(1) dpy) A/B and  p(x2) {p@,) A/B = p(x) +
P(X2) Ypx)+p(x,) A/B

But p(x1) +r(x2) € F1 + F,
e. Tl + :FZ ‘Lp(xl)+p(x2) A/B

ii. LetFl,A/B
Then by Definition(2.2.7), there exists a filter y such that
X p-1x) Asand p(x) € F, thiswe have 1-p(y) € A1+ F
Since A a pseudo topological algebra and x ,,-1,) 4, then
Ay l,lp—l(x) A

lii.  To prove that (*) is continuous, it similar proof of (i)

Proposition(2.2.11):

Let A be pseudo topological algebra that holds the final pseudo
topological algebra with respect to (gi:A; = A)ie;- Then a
homomorphism algebra g: A - B, where B another pseudo topological
algebra is continuous if and only if gog;: A; = B is continuous for all i.
Proof:

If g is continuous then gog; is continuous for all i, since g; is
continuous and the composition of two continuous mapping is also
continuous.

Now let gog; is continuous for all i, and 7y be the initial pseudo
topological structures on A4,

then y is pseudo topological algebra by Proposition(2.2.3 ).

Also all g;: A; = (4,y) are continuous.

Therefore id: A = (4,y) is continuous

47




Chapter Two  Topological Algebra via Pseudo Structers

hence g: A — B s continuous.

Proposition(2.2.12):
Let g: A — B be a continuous homomorphism algebra between two of

pseudo topological algebras A and B. Then there is injective continuous
homomorphism algebra g*:A/ker(g) - B such that the following

diagram is commutes:

pl/g*

A/ker(g)

Proof:
It clear that g*: A/ker(g) — B is injective homomorphism algebra.
By using Lemma (2.2.2),

The continuity to g*: comes from the continuity of g op = g

Definition (2.2.13)
Let (4;);e; be a collection of a pseudo topological algebras and for all

i<j let g;;: A; > A; be continuous mapping, then ((4;)ie,(gi;)) is
called inductive system of a pseudo topological algebras if the following

diagram is commutes forall <j < k :

48




Chapter Two  Topological Algebra via Pseudo Structers

Definition (2.2.14)

A pseudo topological algebra A is said to be compatible with the

inductive system ((A4;);er, (g:) ) ifforalli € I, g;: A; — A is a continuous
homomorphism and the following diagram is commutes for all i < j
9gi,j

i 4

A
Yi X 9j

Proposition(2.2.15):
Let ((Aier (9;;) ) be inductive system of a pseudo topological

algebras. Assume that A is algebra and for all iel,g;:A; - A is a
continuous homomorphism such that (4, (g;)) is compatible with the
inductive system ((4;)ier (9i;)). If A is algebra generated by
Uier 9:(4;). Then the final pseudo topological on A is a pseudo topological
algebra.
Proof:

Let a € A, then there are indices ay, @, ... a; and elements by, € Ay such

that a = ggq(b1) + -+ + Gar (br)

= ta = t(ga1(br) + -+ + gar (by))

But gq1(thy) + -+ oo + Jar (00x) S t(ga1 (1) + -+ + Gar (by))
Since ta | 4y

Hence (gal('gbl) +et gak(gbk)) 1 Ak

Definition (2.2. 16)
Let (4;);c; be a family of a pseudo topological algebra and @;¢;A; be

the algebraic coproduct of (4;);e;,

That is®;¢;A; = {w € [[ie; 4; : w(i) # 0 for at most finitely many i}.
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let ej: A; > @;¢,A; the natural injection. Then the pseudo topology that
endowed with @;¢;4; as the final pseudo topological algebra is called

pseudo topology coproduct of (4;);¢; -

Proposition(2.2.17):

Let (4;);; be a family of a pseudo topological algebra. For all finite

subset J < I, let e;:[1;c; A; = D A; the natural injection. Then @;¢/4;
carries the final pseudo topology structure with respect to e;.
Proof:

Let A = @;¢,4;,
We denote to the final pseudo topology structure on A by y with respect to
i
Forall ] € K < I the natural injection e; i [1;c; A; = [liex A;
Then we have ([1;c; 4;, e k) is an inductive system
So that (;¢/4;, ;) compatible with an inductive system ([1;c; 4;, e k)
Then y is pseudo topological algebra
Since e;:A; = (A,y) is continuous for all i €1, and i;: A - (A,y) Is
continuous.
Let F I [lic; 4;
Then, there exists a filters F; such that F; | A;, and [, F; € F
since Yje; €/ (F) =¢,([1;e; F)) S e;(F)
thene,(F) 1 A
this we have e;: [[;c; A; — A is continuous,

and therefore i;: (4,y) = A.

2.3. Locally Convex Algebra via Pseudo Topological Structure
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In this section, we define the locally convex algebra without using a
family of continuous semi norm, but by using concept of pseudo-
topological.

We now create a locally convex topological algebra from a pseudo
topology. We also study the relationship between it and the locally convex
topology on Algebra A generated from the family of all continuous semi

norms on algebra A.

Definition (2.3. 1)
Let F be a filter on a set M, we denote by F" the filter generated by the

multiplicative convex sets of F.
Since the intersection of two convex sets of F is also convex set of F then
it clear that from a filter basis, then we have A € F" if and only if there
exists F € F such that F convex and F € A.
Also we define F* = (F n [0])".
Thenwehave F* € F" € F.
Let N, = N{F: F |, M} is the neighborhood filter of x and let n = N,"
then;
lemma(2.3. 2)
Let A be an algebra. The filter n has the following properties:
. ncl0]
li. ncte[x] forall xeA

. n< Aen forall 1eK
iV. nCten
V. n&En+n
Vii n*xncn
proof:
i. since [0] ! A4,
then Ny = N{F:F |y, A} < [0].
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Butn € N, = n ¢ [0]
ii. sincete[x] ! A
then N, S te [x] forall x € 4,
and we haven € N,
then n S te[x]
li. I1f A =0, the proof is same as (i)
if 1 # 0, we have from(Remark 2.1.4) the compatibility conditions
of a pseudo topological algebra F 1 A ,

AEK=A1eFlA
since F convex ifand only if A e F is convex

iv. LetBen =Be(N{F:Fly,An[0])"
then there exists a convex set W € B
such that W € [0]

If I={s € K:[s| <1} €t
=1LWeB

—= B Eten
=nNSten
V. Let B € n then there exists a convex set W € B

. 1 . 1 1
Since EW Is also convex then EW +EW cC W cB,

But%W+%WE n+n
= Ben+n
=nEn+n
vii Forall FI{M,F+«F CF,
Then we have (F n[0])" * (F n[0D" € (F n[0])"
Thisn*xn S n
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Remark (2.3. 3)
We note that Lemma (2.3.2 ) implies compatibility conditions of the
Remarek (2.1.4)

Then we can define a new structure on algebra A. We denote A° to this a

new structure suchthatF | A° ifandonlyif n € F.
If A a pseudo topological algebra then A° is locally convex topological

algebra.

As in general topology, to define locally convex algebra, we introduce a
new concept that is synonymous with it, but on pseudo-topology, using
some properties on filters, being the cornerstone of pseudo-topological

structures, as follows;

Notation (2.3.4)
Let M be a subset of an algebra A then:

I. co(M) is denote to the convex hull of M

ii. T(M) is denote to the absolutely convex hull of M

Definition (2.3.5)
A pseudo topological algebra A is said to be locally convex if for every
filter F with F 1 A, then co(F) | A, where co(F) denoted for the filter

that based on convex hull F € F, and A is said to be locally multiplicative

convex if for all filter F | A has the properties F is multiplicative filter.

We know that a locally convex topological algebra can be generated from
the family of all continuous semi norms on algebra A. let 7(A) denoted to
the locally convex modification of A that is generated from the family of all

continuous semi norms on algebra A. If we have a pseudo topology
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compatible with algebra A, what is the relationship between the two

structures, this is what we will explain through the next proposition:

Proposition(2.3.6):

Let A be a pseudo topological algebra and t(4) denoted to the locally
convex modification of A, then:
I.  The identity mapping i: A = t(A) is continuous.
Ii. If Bis locally convex topological algebra, then the homomorphism
f:A = B iscontinuous if and only if f:7(A) — B is continuous.
Proof:
I.  Suppose that F | A and let u the neighborhood of 0 in t(A).
Since p is open in t(4),
then there is a seminorm p on A such that p is continuous and
p~l() S uwheret={s € K:|s| <1}
Since p(F) | K (as p is continuous)
Then there exists set F € F such that p(F) c t
This we have F € p~1(1) € pu, and there for u € F
Hence F | t(4).
ii. let f: A — B iscontinuous and let v the neighborhood of 0 in B
Since B is locally convex topological algebra,
then there is seminorm g on B such that g is continuous and
qg @) S v.
Let p = qof, it is clear that p is seminorm, and since f is
continuous, then p is continuous in A.
Hence p~1(1) is neighborhood of 0in 7(4).
Put u=p~ (), then we have f(u) € v, and therefor f:7(4) — B

is continuous.
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p = qof
m
A > B > K
f—l q—l
U v I

Conversely, suppose that f:7(4A) — B is continuous.
From (i) we have the identity mapping i: A = 7(A) is continuous,

And so that f = foi: A — B is continuous.

|
Corollary (2.3.7):
If f: A — B is continuous homomorphism from two pseudo
topological algebra A and B then f: t(4) — ©(B) is continuous.
Proof:
The proof is direct from Proposition(2.3.6).
|

To study the relationship between the convex topological algebra
generated from the family of all continuous semi-norms and the convex
algebra compatible with pseudo-topology, we will need the following

result:

Lemma (2.3.8):

Let A and B are two of pseudo topological algebras then:

i.  The identity mapping id: A - A° is continuous.
ii. If f:A - Biscontinuous homomorphism algebra, sois f: 4° — B°.

Proof:
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Proof of (i) directly from the definition of A°.
So we turn to proof (i),
Suppose that f: A — B is continuous homomorphism algebra,
And let F 1, A this we have (F) ¢ B .
The proof is complete if we prove that u(f(x)) € f(u(x)),
so that for all W € u(f(x)), we have W € f(F),
this we get f~1(W) € F,
and so that f~1(W) € u(x),
= f(fTW)) € fux)
Since f(f71(W)) c W,
then W € f(u(x)), and therefor u(f(x)) € f(u(x)).

Proposition(2.3.9):

Let A be a pseudo topological algebra then the locally convex topological
algebra T(4) has the zero neighbourhood filter I'(x(0)).
Hint: T'(v(0)) the filter that has base {I'(v): v € u(0)}.

Proof:

Let X = F(u(O)), we have to prove that X is the zero neighbourhood filter
of a locally convex topological algebra t(A) that indused by family of all
continuous seminorms on A.

forallA e K,themap f:A—- A

suchthat f(a) = Aa forall a € A is homeomorphism

and so that f: A° — A° by lemma (2.3.8).

This we have Au(0) = u(0), and so that AR = .

Now forall a € A,

themap g,:K > A s.t g(1) = Aa is continuous and also g,: K — A°.
Then for all v € u(0) there exists A # 0 such that Aa € v.
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Let v € 7(A), where v be an absolutely convex neighbourhood of zero in
7(4).

Since id: A — ©(A) is continuous,

then id: A° - 7(A4) is continuous by lemma(2.3.8)

Then there is U € u(0), such that U € v,

and therefor I'(U) € v, thiswe have p;4(0) € K

57




Chapter Three

Differential Structures via Pseudo
Topological Algebra




Chapter Three Differential Structures via Pseudo
Topological Algebra

Introduction

This chapter, consists of three sections:

In section one, we introduce a pseudo-topological y on C(X,Y). These
structures consisting of the convergence of the filters will be used to prove
some properties on the space C(X,Y) (algebra on class of all continuous
function from two spaces).

In sections two, we introduce the concepts of differentiability and
derivatives on a pseudo topological algebra, we will extend the concept of a
Frechet derivative but without norm on algebra but using pseudo-
structures after introducing the appropriate conditions.

In sections three, we will introduce concepts second derivative, higher
derivative, and then we put the definition of C*- derivatives of the maps

on a pseudo topological algebra.

3.1 Pseudo- Topological Algebra on Class of all Continuous
Function C(X,Y)

The space C(X,Y) is an algebra with point wise operations and if this

space corresponds to a topological so that the operations are continuous, it
becomes topological algebra. There are many studies and research on the
relationship between the space X (when X is completely regular topological
space ) and the space C(X,Y), but we know in general that the space
C(X,Y) is not complete.

However, there is an obstacle in the study of previous researchers, and
this obstacle is that there is, in general, no topology compatible with
algebra, which makes the map @w(f,x): C(X,Y) X X - Y (that sends every
ordered pair (f, x) into f(x) € Y') is continuous mapping.

Accordingly, we will replace the concept of topology with a pseudo-

topology based on the convergence of filters, which is finer than topology,
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which allows us to prove some important properties on a space C(X,Y) as
well as study the relationship between space Y and the space C(X,Y).
Finally, we will study the property of perfection on space C(X,Y) and its

connection with space Y when each of the two spaces represents algebra.

Definition (3.1.1)

Let X and Y be two algebras and C(X,Y) the space of all continuous

mapping between X,Y . We define the evaluation mapping:

Dxxy (fL%):C(X,Y) X X =Y by wyuy(f,x) = f(x), for all feCX,Y)
and x € X.

If Hv is the filter on C(X,Y) and X is a filter on X, the evaluation filters
Wyxy (H0, X) = Hb(X) = {G(F) : G € /b ,F € X}

Definition (3.1.2):

Let X and Y be a pseudo topological spaces. Then we define a pseudo

topological y on C(X,Y) as follows :

Ry C(X,Y)ifandonly if @wy,y(Fo,X) lp) Y forall filter X 1, X.
The space (C(X,Y),y) ( for ease we use the symbol C,(X,Y) ) is a pseudo
topological of class of all continuous function from two spaces of pseudo-

topology.

The next lemma will be the main basis for proving the next theorems:

Lemma (3.1.3):
Let be A,B and M be a pseudo topological spaces. Then the mapping

f:M — C,(A,B) is continuous if and only if f*: M X A — B is continuous

where f*(m,a) = f(m)(a).
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Proof:

Let f be continuous map, by the following commutative diagram

fxid
MxA——C,(AB)xA

fr J/ WaxB

B

since f* = wyyyo(f X id),

and since id is continuous then f X id is also continuous

this we have wy.yo(f X id) = f* is also continuous.

Now suppose that f* is continuous and F {,, M.

If we take any filter X suchthat X |, X,

then f(F)(¥) = f*(F x X) thisimplies f*(m,a) = f(m)(a).

Proposition(3.1.4):
Let be A,B and M be a pseudo topological spaces, C, (4, B),C, (4, M)

and C,(B, M) denoted to the pseudo topological spaces of a class of all
continuous function on those spaces, each according to its location. Then
the mapping ( composition map)

o: C,(B,M) x C,(A,B) — C,(A, M) is continuous.

Proof:

We prove it first the associated mapping o*: C,(B,M) X C,(4,B) X A -

M is continuous, but that we obtain through the following diagram:
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tdc, (B,M)XTAxB

C,(B,M) x C,(4,B) x A > C,(B,M)x B

WpxMm
0*

M

And by using Lemma (3.1.3) when we replace f by( o) and ( f*) by( ")

we will get the desired result.

To prove that pseudo-topology is compatible with C, (A, B) space, there

must be a pseudo-topology compatible with B where B is algebra. This is
what we will prove in the next proposition based on Lemma (3.1.3) and
Proposition(3.1.4)

Proposition(3.1.5):

Let A be a pseudo topology space and B be a pseudo topological algebra
then C, (4, B) is a pseudo topological algebra.
Proof:
To prove that C, (4, B) is a pseudo topological algebra, we must apply a
Definition (2.1.3)
That is we must prove the algebra operations.
+:C,(A4,B) xC,(A,B) —C,(4B)
«:K xC,(A,B) - C,(A B)
x:C,(A,B) xC,(A,B) - C,(AB) arecontinuous.
1. We define the map;

¢:C,(A,B) xXC,(A,B)XxA—-C,(AB)xA xC,(A,B)XA

Such that ¢(f, g)(a@) = f(a) - g(a)
where f,g € C,(4,B)and a € A
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by using Proposition (3.1.4), it is clear that ¢ is continuous map
Also since B is a pseudo topological algebra
then +: B X B — B is continuous operation

Also the map @, p: C, (4, B) X A — B is continuous and therefore

Wyxp X WyxplS cONtiNUOUS

By the commutative diagram

C,(4,B) xC,(A,B)xA B
/
()] +
C,(AB)XA XC,(4B)xA —2228 gy B

We have +: C,(A,B) X C,(A B) xA— B iscontinuous:
Now by Lemma(3.1.3) if we take (+) instead of fand ( +") instead

of f* then we get that (+) is continuous.

2. To prove the scalar multiplication is continuous on C,(4,B) we can

show that from the following diagram:

K xC,(A,B)x A ——— C,(A4,B) XA

id X Waxp Waxp

K'x B - B

Then we have (¢®)o(id X @yxg) = (@4xp)o(*)
Since (¢%)o(id X w,xp) is continuous

Then (w,x5)0(*)is continuous
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By Lemma(2.2.2), we have (e) is continuous.
3. Finally, we define the map
@:C,(A,B) xC,(A,B)XxA—C,(AB)xA %xC,(AB)xA
Such that ¢(f, g)(a) = f(a) - g(a) where f,g € C,(A,B) and a € A
Then it is clear that ¢ is continuous map (Proposition(3.1.4))
Also, since B is a pseudo topological algebra then
*: B X B — B is continuous operation
Also the map @yyp:C,(4,B) XA — B is continuous and therefor

Wyxp X WaxplS CcONtiNUOUS

C,(A,B) XC,(A,B)xA B
(p *
C,(A,B)xA XC,(AB)xA —2228, gy B

And again we use Lemma (3.1.3) , if we take (*) instead of f and (x9)
instead of  f*, then we get that we get the continuous of the vector

multiplication algebra.
|

If we denote by the symbol H(A4,B) to indicate the space of all
continuous homomorphism and by the symbol £(A, B) to denote the space
of all linear mapping frome two of a pseudo topological space A and B,
then referring to Proposition (2.2.3), we get the following Corollary, which

we will mention without proof.
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Corollary(3.1.6):
The subspaces H(A,B) and L(A,B) of a pseudo topological algebra

C, (A, B) is also from a pseudo topological algebra and represent the initial

pseudo topological structure with respect to the inclusion mapping.

Now we can study the relationship between the algebra C, (4, B) and the
algebra B.
Theorem(3.1.7):

If B be Hausdorff pseudo topological algebra then the space C, (4, B)

is also Hausdorff pseudo topological algebra.
Proof:

Let B is Hausdorff pseudo topological algebra and let F 1, C, (A4, B) and
Fl, C,(AB)

Then we have @ (F X H) l¢y Band @(F X H) 1y B forall b l, A
Since B is Hausdorff , then f'(x) = g(x) for all x and therefore C, (4, B) is

Hausdorff pseudo topological algebra.

Theorem(3.1.8):
Let A and B be a pseudo topological algebras then B is homeomorphism
to a sub-algebra of C, (4, B).

Proof:

Let ¢: B — C, (A, B) be a map,

define as ¢ (b) = f;, where f, € C, (4, B), such that foralla € A
we have f,(a) = b (f, is constant mapping in C, (4, B)).

To show that ¢ is injective map:

Let ¢(b;) = @(b,) where b,,b, € B

Then f,, = fp, and fp, (@) = f, (),
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but f,, (@) = by, fp,(a) = b,
this b; = b, and hence ¢ is injective.
It is clear that ¢ ~1: C,(A,B) — B is continuous
To prove that ¢: B — C, (4, B) is continuous, by using lemma(3.2.2 ),
it suffices to prove that the associated mapping @:B XA — B Is
continuous.
But @ is projective of B X A onto B where @(b,a) = ¢@(b)(a) = b and
therefore @ is continuous.
It remains to prove that ¢ is an embedding:
Suppose that F {;, B such that ¢(F) L,y €, (4, B),
Forall a € 4, [a] 1, A, where [a] is the filter generated by a and therefore
o (F) X [a] L pw),a) Cy (A, B) X 4,
hence F = o(F)([a]) = ¢(b)(a) =b.
|
The study of completion on space C(A, B) requires us to have some

concepts in this regard, and then we address the most important theorems in

this section.

Definition (3.1.9):

A pseudo topological algebra A is said to be completeness, if for every

Cauchy filter in A, then its filter converges to some element in A.

We recall the definition of Cauchy filter, which was mentioned in the
second chapter(Definition 2.1.17), as the filter F in a pseudo topological
algebra A is said to be Cauchy filter if (F — F) |, A.

A pseudo topological algebra C, (4, B) is completeness provided that it

iIs B completeness. This is what we will prove in the next theorem, which
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also shows the relationship between the C(4, B) and the space B when

carrying the structures of a pseudo topological algebra.

Theorem(3.1.10):

The space C(4,B) of all continuous mapping from algebra A into

algebra B is a complete space if it is done by pseudo topological structures
y and that make the evaluation mapping wy«z:C(4,B) XA = B IS
continuous and when B also complete pseudo topological algebra.

Proof:

Let F be a Cauchy filter on C, (4, B), this means F — F 15 C, (4, B) where
0 we mean by it the zero mapping which transmits each element in A to the
zero element in B,

Since F is a Cauchy filter then @, 5 (F X Hy) is also Cauchy filter in B
Since B is complete and A is a pseudo topological then we get [a] !, A
where [a] means the filter that generated of a

then w,yp(F X [a]) Ifq) B foralla € A

we must prove that f € C, (A4, B) (we must prove that f is continuous map )
Since F —F 15 C,(4,B),and Va € A suchthat s |, 4,

then there are F € F, G € Hu such that @y g(F X [a]) Lfa) B,

Then we have @ ((F — F) X G) < u, for u, it the zero neighborhood in B

Fors € G we have wy 5 (F X [s]) i) B

This means f(s) € {g(s):g € F}

= {g()—f(s):g€F,aeGlcw((F—-F)XG)

= {g(s)—f(s):g€EF,a€G}cu,

Letae G = {(g(s) — f(s) — (g(a) —f(a)):g EF,s€G}Cuy,—u

= f(a) = f(s) €up —uo + gla) — g(s)
Since g is continuous, G can be chosen to belong to the filter Hs such that
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g(a) — g(s) c uy for s € G" and therefor f(a) — f(s) € ug — ug + g
Then for any € G N G* , we can choose u, such that uy —uy, + uy c i,
wheret, = {s € K:|s| <¢€}

= [f(a) = f(s)| <,

and so we proved that f is continuous map and so that

feC(AB)

This means that for all Cauchy filter in C, (4, B), then its filter converges to

some element f € C(A, B).

Definition (3.1.11):

Let f: X — Y bea map from the pseudo topological space X to pseudo

topological space Y then we say that f is quasi bounded iff t.F I, X =
tfF) LY.

Definition (3.1.12):
Let X and Y be algebras, and let C,(X, Y) be denoted the set of all

quasi bounded from X to Y. Then we define the evaluation mapping,
Dyxy (LX) CX,Y)XX =Y by oy (f,x)=f(x), for al fe€
Cq(X,Y) and x € X.

It is clear that the set of all evaluation mapping DxxY ¢, (x¥) is algebra if

the underlying spaces X and Y be algebras.

If X is the filter on C, (X, Y) and X is a filter on X, then K x X is the

filter on wy,y xy)"
q 1)

Theorem(3.1.13):
Let A and B be the pseudo topology spaces. The space C, (4, B) of all

quasi bounded maps is algebra.

67

—
| —



Chapter Three Differential Structures via Pseudo
Topological Algebra

Proof:

1. Letf,g€Cy(A B)andlett. F , A,

then we have t. f(F) o Bandt.g(F) {, B
=tfF)+t9F) L B

=L (f+9)(F) LB
= f+g€C,AB).
2. LetaeKandf € C;(A,B)andt.F 1y A
then t. £(F) 4o B = a(t. f(F)) L, B
=taf(F)l,B
= a f € C4(4,B).
3. Letf,g € Cy(4,B)and lett. F Ly 4,
then we have t. f(F) 4, B and t. g(F) L, B
= t.f(F)t.9(F) B
=2 (. OEF L B
Since t* < ¢, then ¢. (f. 9)(F) < t. (f. 9) (F)
This, t.(f.g)(F) L, B

This we get, f. g € C,(4, B).

Proposition(3.1.14):
If f €C,(A,B) and g € C;(B,M) then gof € C,(A, M).

Proof:
Let f € C,(A,B)and lett.F 1, A,
then we have t. f (F) {o B, but g € C,(B, M)
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= tg(f(F) o M
= t.(gofH(F) o M
= gof € C,(A,M).

Remark(3.1.15):

Using mathematical induction, we can generalize the facts that we

reached in the previous theorem on
the space C, (A", B), where A" = A X ...... x A (n factors) as following:
without loss of generality assume that n=2,
andleta = (a;,a,) EA"=AXA
we must prove that F((t + [a,]) X (t+ [a;])) |, B
since (t + [a;]) X (t + [a,]) = t Xt +t X [az] + [a;] X t + [a;1] X [a;]
this we have: F((t+ [a.]) x (¢ + [az]))
= x4+t % [ay] + [ag] Xt + [a;] % [a])
> F(tx 1) + F(t % [a,]) + F([as] x ©) + F([a,] x [az])
But F(t x t) 4o B and F([a;1] x [a;]) = F([a]) |, B
Since 1,.t = t, then we have:
Ftx [az]) = F@-t % [az]) = F(t x 1. [az]) 4o B
in the same way we have F([a,] X t) |, B,
and therefore
F@xt) +Fx [az]) + F([ai] x ) + F([a1] X [a,])) 4o B
Hence F((t + [a1]) X (t + [a2])) 4o B

Therefore, this can be generalized to all n € N.

Definition (3.1.16):

Let f: A — B be a mapping between two pseudo topological algebras

A and B. Then we define a mapping Af: A X A — B associated with the
mapping f as fallowing; Af(a,h) = f(a + h) — f(a).

( 1
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Definition (3.1.17):

A map f:A— B between two pseudo topological algebras is called

t-FLA
y A

equably continuous if { then Af(F,y) | B

Proposition (3.1.18):

If map f:A — B is equably continuous, then it is continuous for every

a € A.
Proof:
LetF l, A
Since t-[a] { A by (Remark 2.1.4)
By translation of addition, wehave F l, A = (F —[a]) | A
Since f is equably continuous, we get Af ([a], F — [a]) | B
Since Af(ssm—s)=f(s+m—s)— f(s)
= f(m) —£(s)
Then we get f(F) — f([a]) = Af([a], F — [a]),
and hence f(F) — f(a) | B
Once again by Remark (2.1.4), we get f(F) ¢ B.
|
We will assume that A and B be Hausdorff locally convex algebra over

the field of complex numbers C. We also assume that Iy, I'; be denote the

set of all continuous semi-norms as A and B respectively.

Definition (3.1.19):
Let A and B be Hausdorff locally convex topological algebra over the
field Cand n € N, then

1. L™(A, B) the algebra of all n-linear mapping from A" = A X ... X
Ainto B.
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2. C™"(A,B) the algebra of all continuous n-linear mapping from
A" = A X ..X Ainto B.

3. H™"(A, B) the algebra of all continuous n-homomorphism from
A" = A X ..X Ainto B.

Definition (3.1.20):
Let A and B be a locally convex topological algebra over the field K. A
filter F 1 C"(A,B), if for all Hs ‘L(al....an) A", then the evaluated filter

F(H) ‘l'f(al....an) B,where f e F € F.

Now we can generalize the previous Lemma (3.1.2), which can be

written without proof as follows;

Lemma (3.1.21):

Let A, B be two locally convex topological algebras, and M be a pseudo

topological spaces, n € N. Then the mapping f:M - C,"(4,B) is

continuous if and only if f*: M x A™ — B is continuous.

Also, in the same context, we can generalize the previous
Proposition(3.1.4);

Proposition(3.1.22):

Let A and B are two locally convex topological algebra, then

C,"(A,B) isapseudo topological algebra.

Definition (3.1.23): Topological space on €™ (A, B)

Let A and B be a locally convex topological algebra over the field K,

and let & denotes to a collection of bounded subsets of A and that covers
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A. We will denote by t¢ to the topology of & —convergence on C™(4, B),
this topological algebra will be symbolized by the symbol (C™(A4, B), tg).

Proposition(3.1.24):
Let A be a topological algebra and B be a pseudo topological algebra.
Then afilter F {, C, (4, B) iff:
1. F € 7(0)
2.F(u) Lo B
Proof:
Assume that F 1, C, (A, B) and let a € A, then we have
F([a]) Iy Band F(u) 1y B.
Conversely, assume that 1 and 2 are true,
If a € A, then F(u + [a]) = F(u) + F([a])
But F(u) I, B and F([a]) !, B,
hence (F(u) + F([a])) {9 B (by Remarek 2.1.4)
and therefor F(u + [a]) |, B.

As a € A is arbitrary element, this we have F |, C, (4, B).

Remark(3.1.25):

We can generalize the facts that we reached in the previous theorem on

the space C, (A", B), where A" = A X ... ... x A (n factors) as following:
without loss of generality assume that n=2,
and leta = (ay,a,) EA> =AX A
we must prove that F((u + [a;]) X (u + [a;])) Ly B
since(u + [a,]) X (u + [az]) = p X u+p X [az] + [a1] Xt + [aq] X [a;]
this we have:
F((u+ [a]) x (u + [a,])
=Fuxp+puxla]+[a] xp+[a] X [a;])
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= Fuxw)+Fux[az]) + F(lai] x @) + F([a1] X [az])
But F(u x ) 1o B and F([a;] x [a;]) = F([a]) Lo B
Since 1. u = u, then we have:
Fluxlaz]) = Fy.p X [az])
=F(uxt.laz]) 1o B
in the same way we have F([a,] X u) {, B,
and therefore
(Fluxp) +Fuxla]) + F(lag] x ) + F([a,] X [a,])) Lo B
Hence F((u + [a1]) X (u + [a2])) 4o B

Therefore, this can be generalized to all n € N.

Proposition(3.1.26):
Let Aand B be a locally convex topological algebra then F {, C, (4, B)

if and only if:

1. F € 7(0)

2.Forall g € Tz there exists p € I, , F € F such that supser|flg, < .
Proof:

Assume that F 1y C,(A,B), then by Proposition (3.1.24) we have
F® o B

Let g € Sg, thereexistsp e, and§d >0and F € F

such that, fora € A

lal, < dand f € F,wehave |[f(a)l; <1

From above we have supger|fly, < 671 < oo.

Conversely, suppose that 1 and 2 holds,

Then for g € I'; and € > 0, we can choose p € T, and F € F such that,

9 = suprerlflgp < oo,

Forall f € C(A,B) anda € A, suchthat f € F, |al, < (eg™")™*

Then we have |f(a)l; < Iflgp -lal, < €

( 1
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Since g and € were arbitrary this F(t) {, B

By Propoisition (3.1.24), we get the required proof.
|

3.2 Differentiability and Derivatives on a pseudo topological

algebra

In this section, we will introduce the concepts of differentiability and

derivatives on a pseudo topological algebra, using the concept of a Frechet
derivative on Banachspaces, but this time on more general spaces using

pseudo-topology structures.

Definition (3.2.1):

Let r:A — B be a mapping from a pseudo topological algebra A to a

pseudo topological algebra B, and let ¢,:K X A = B a new map that
0 if y=0
associated with r such that ¢, (v, a) = {%r(ya) ify+0
Then r is called remainder if it is holds;
IftF | A then ¢,.(t,F) ! B.
We will denoted R(A4,B) to the set of all remainder mapping between
A and B.
Lemma (3.2.2):
If we have three of a pseudo topological algebra A,B and M. If r €
R(A,B)and h € H(B, M), then hor € R(A, M).

Proof:

Since @por (v, a) = %(hor) (ya), this we have @, (v, a) = h(@.(v,a))

IftF | A, then ¢@,.(t,F) B
Since h is continuous homomorphism, then h(¢,(t, F)) I M
This we have hor € R(4, M).
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Proposition (3.2.3):

If r € R(4,B), thenr: A* - B* is continuous

Proof:

Since r(0) = 0 and yo,-(y,a) = r(ya)

LetF | A% then F>H =tH L A (by Proposition 2.1.19)
This we have r(F) = r(H) = r(tH) = to, (t, H)

Let y = to, (t, H),then y =ty | B

Hence r(F) | B*

Proposition (3.2.4):
Let A and B be two algebras. If r; ,7; € R(A, B), then;
1. n+1r € R(4,B)
2. ar;eR(A,B) fora € K.

Proof:
1
L @rar, (y,a) = ]‘,(7”1 + 1) (ya)
1 1
= "ni(ya) +>1(ra)

=¢r, (v, a) + ¢r, (v, @)
This we have ¢, (4, F) + ¢, 4, F) < @p 41, (L F)
If tF | A, then @, (t, F) | B, ¢, (t, F) and therefore
(or, &F) + ¢, (L F)) I B
Hence we have ¢, .., (t,F) ! B,andr, +r; € R(4,B).
2. The proof of this, by Lemma (3.2.2).

Proposition (3.2.5):

Let A,Band M be pseudo topological algebras. Assume that 7,5 €
R(A,B), h € H(A,B) and gy, € R(B, M), then the mapping
rem0(h + 748) € R(A, M)
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Proof:

Since ( @rgpo(rap+n) ¥, @) = %(rBMO(h +148))(va)
1
= ;rBM (h(]/a) + 4B (Va))

= %TBM (]/(h(a) + Orp . a))

= Prgu (V: (h(a) + Prap (v, a))

This we have QOTBM (t.;” (h(:]:) + (prAB (1.:!' ?)) S (pTBMO(TAB+h) (1:-!1 T)

If X=h(F)+ @, (F) thent. X =t (h(F) + ¢, (t F))
Now assume that tF | A, we get tX | B, and hence ¢, . (t, X) | M

This we get ( @r,,0045+m) (LF) L M .

Proposition (3.2.6):

Let A and B be pseudo topological algebras. Then the only remainder
map r € R(A4, B) which is homomorphism is zero mapping whenever B is
Hsusdorff.

Proof:

Let a € A,

Since t,[a] | A (by (3) of Remarek 2.1.4), then ¢,.(t, [x]) | B
Since r € R(4, B) is a homomorphism, then ¢, (y,x) = r(x),
Then we have ¢, (t, [x]) = r([x]) = [r(x)]

and therefore [r(x)] | B, hence r(x) =0

Proposition (3.2.7):

Let A and B be two pseudo topological algebras and r € R(A, B). Then;
r: A° - BY is continuous
Proof:
Let F | A°, then from definition of A°, there exists n < F
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From (Lemma2.3.2),weget n=t-n
Since vy, (y,a) = y%r(ya) =r(ya)
LetF | A%, then F=n=tnlA

This we have 7(F) = r(n) = r(tn) = te,(t,n)
Put n' =t (t,n),then n' =tn" I B
Hence r(F) | B°®

Definition (3.2.8)

Let f:A — B be a mapping between two of a pseudo topological

algebras A and B. Then f is said to be differentiable at the point a € A if
there exists linear mapping [ € L(A,B) and r € R(A4, B), such that

f(a+h) =f(a)+1I(h) +r(h)

The map [ is said to be derivative of f at the point a and we will denoted
by Df(a) =1

Example (3.2.9):
Let A be pseudo topological algebra with identity 1. Let G be subset of

A that contains all invertible elements. Let g:G —» A, g(a) =a™ 1. Then g
is differentiable at each pointa € G and Dg(a) = —a tha™1.
Proof:
Since G is subalgebra,
By Proposition (2.3.2), then G it carries initial pseudo topological algebra
let h € A be small then

glath)—gl@=(a+h)™"—-a

B 1 1
“a+h a
1
_ a -
— R a
1+5
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= (1_E+(E)2_(ﬁ)3+...)l_l
a a a a a

= (1_E+(E)2_(ﬁ)3+...)l_l
a a a a a
1 h h* K

a a? a3 a* a

2 3
Letr(h) =2 — = + -

Sincer(h) -» 0,when h - 0
Then we have r(h) € R(G; A)

Proposition (3.2.10):
Let f: A— B be a differentiable at the point a, where A and B be two

pseudo topological algebras then f: A* — B* is continuous at the point a.
Proof:

Since, f(a+h) = f(a) +l(h) +r(h)
? € L(A;B)and r € R(A ,B) then by Proposition (3.2.3), we get,

f:A* > B* is continuous at the point a.

Proposition (3.2.11):

Let Aand B be a pseudo topological algebras. Then the continuous
homomorphism  f:A — B is differentiable at each point in A, also the

remainder map is homomorphism and, [(h) = f(h).
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Proof:
fla+h)=f(a)+ L) +r(h)

Since f is homomorphism algebra then,
fla+h)=f(a)+f(h),

And by Proposition (3.2.6), we get (k) = 0
f@+fh)=f(a)+ l(h)+0

This we have f(b) = I(b) .

Proposition (3.2.12):

If g: AX B — M is bilinear continuous map, then g is differentiable at
each pointa = (a,b) € A x B, and g'(a, b)(hy, hy)=g(hy, b) +b(a, hy).

Proof:
Let h = (hy, hy) € A X B,
gla+h)=g(a+hy,b+h,)

= g(a,b) + g(hy,b) + g(a, hy) + g(hy, hy).
Therefore we have, with [(h) = I(h{, hy) = g(hy,b) + g(a, hy),
and r(h) = 7(hy, hy) = g(hy, hy).
gm+h)=g(m)+ l(h) +r(h).

[ is homomorphism algebra, and since g is bilinear, and also continuous,

since g is continuous. Therefore, [ € H(A X B; M), and r € R(A X B; M).
|
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Proposition (3.2.13):

Let A, Band M be pseudo topological algebras, and f:A = B is
differentiable at a € A, g: B — M is differentiable at b = f(a) € B, then
gof is differentiable at a € A such that D(gof)(a) = Dg(b) - Df (a)).

Proof:

Since f(a+ h) = f(a) + [, (h) +r (h)

and g(b+ k) = g(a) + L,(k) + r,(k)

such that [, = Df(a) € L(4,B), I, = Dg(b) € L(B, M)
r, € R(A,B), r, € R(B,M).

If we combine the above two mapping, we get;

(gof)(a+h)
= (gof)(a) + 12(11(h)) + lz(r1(h)) + 7”2(11(}1)) + 15(r1(h))

= (gof)(@) + (L, (M) + L (1 () + (L (R) + 1. (R))
(L, (R)) € L(A, M)
and by Lemma(3.2.2) we have I,(r; (h)) € R(A, M))
also by Proposition (3.2.5) we have r,(I;(h) + r,(h) € R(4, M)
using Proposition (3.2.4), we get

12(7”1(}1)) + (14 (h) + 1. (h)) € R(A, M).

Proposition (3.2.14):

Let Aand B be two pseudo topological algebras, and let f;,f;: 4 —

B two homomorphism algebra that are coincide in u, (neighborhood filter
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of a). Then f; is differentiable at a € A if and only if £, is differentiable at
aand Df;(a) = Df,(a).

Proof:

Suppose f; is differentiable at a € A, then for all h € A we have:

fila+ h) = fi(a) + [, (h) + r,(h), where l; € L(A,B),, € R(A,B)
assume that r,: A — B define by; f,(a + h) = f,(a) + [, (h) + r,(h)
we have to prove that r, € R(A, B)

Since f;, f, are coincide in u,, then for all x € u,, we have:

fi(x) = f,(x),and r;(h) = ry(h) forall h e u, — a

since (u, — a) is neighborhood of 0 in A

Letw = (u, — a),

then w is neighborhood of 0 in A, and so that:

w € Fforall F1lA.

Let tHs | A (that Hs is quasi bounded filter on A)

This we have w € tHy

Therefor there existt e tand v € Hs such that t-v c w

Sothat ¢, (v,a) = ¢, (y,a) forally et,a€ev

This we have ¢, (t, b)) = ¢, (t, H)

Hencer, € R(A,B) if r, € R(A,B)

Similarly, for the converse.

Proposition (3.2.15):
Suppose f;:A; = By, f,:A, = B, Dbe two mappings of pseudo

topological algebras. Then f; X f;: A; X A, = B; X B, is differentiable at
a = (a;,a,) € A; X A, if and only if f; is differentiable at a, and f, is
differentiable at a,. Also D( f; X f1)(aq,a,)=Dfi(a;) X Df,(a,).
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Proof:
Let  fi(as +h) = fi(ay) + () + 1 (h)

f2(az + h) = fr(az) + L, (h) + 12 ()
Since l; X I, is linear if and only if both [, and L, are linear
Also [; x I, is continuous if and only if both [, and [, are continuous
Then we have [; x 1, € L(A; X A,,B; X B,) if and only if I, € L(A,,B;)
and [, € L(4,,B,).
Now, we have to prove that r; X, € R(A; X A,, B; X B,) if and only if
1, € R(A4,,B;) and r, € R(4,, B,).
Letr; € R(A4,B;) and r, € R(A,, B,).
Let m;:By X B, » B;, p;:A; XA, » A; for j=1,2 the projections
mapping .
Letr; € R(A;,B;) forj = 1,2

by the following commutative diagram

1 X7

A X A, B, X B,

Pj TTj

we have rjop; = mjo(r; X 13),
then from Lemma(3.2.2), we get;
Let tHy | A; X A,, then <Pn,-o(r1xr2)(‘§; H) | B; forj = 1,2,
Since m; is linear, then Prjo(rixry) = i (Qer,xry)) ¥ Bj for j = 1,2,

This we have @ xr)(t, F0) | By X B
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Hencer; X1, € R(A; X A,,B; X B,)
Similarly for the converse , that is if r; Xr, € R(A; X A,, B X By),
implies that ; € R(A,,B;) and r, € R(A4,, B,).

The previous proposition can be generalized as follows;

Corollary (3.2.16):
Suppose f;: A; = B;, i € I be a family of mappings of a pseudo topological

algebras. Then X f;: X A; =X B; is differentiable at a = (a;) €X 4; if and
only if f; is differentiable at each a; Also D( X f;)(a;)= X Df;(a;).
Proof:

The proof is direct from Proposition (3.2.15) by induction law.

Proposition (3.2.17):
Suppose fi:A— A;,i €1 be a family of mappings of a pseudo

topological algebras. Then [] f;: A =X A; is differentiable at a € A if and
only if f;:A— A; is differentiable at a for all i€l Also
D(ITf)(@)=T1IDfi(a).

Proof:

Let[[f;: A =X A; be differentiable at a € A

Since f; = m;o(]1 f;) and from the continuity of the projective mapping m;,
and since it is linear mapping, we get the differentiability of f; from the
Proposition (3.2.15).

3.3 Higher Derivatives on Pseudo Topological Algebra

In this section, we will introduce concepts second derivative, higher
derivative, and then we put the definition of C*- derivatives of the maps

on a pseudo topological algebra.
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We know that if f:A; X A, = B be a bilinear and continuous, then b is
differentiable at every point by Proposition(3.3.12), but is this possible for
the next mapping Df:A; X A, = L(A; X A,; B)? this is what we will
study in our next discussion.

In order to find the higher order derivatives on a pseudo topological
algebra and to obtain more results we start with the following important

definitions which we will need in this section.

Definition (3.3.1)
Let F be a filter on a pseudo topological algebra A, then we denote
cl(F) is the filter that is generated by the set {cl(F): F € F}.

It is clear that the set {cl(F): F € F} from a falter base because cl(F; N
F,) € cl(F)) N cl(F,).

Definition (3.3.2)
We call a pseudo topological algebra 4, an admissible if and only if A°
is separated, and for all F | A, then we have cl(F) | Aand F° | A.

Lemma (3.3.3):
Let A,B and M be pseudo topological algebras. Then there is a linear
isomorphism from L(A; L(B; M)) to L(A X B; M).

Proof:
Let g € L(A; L(B; M))
Consider the map g — @(g), where ¢(g) = b,
Where b: A x B - M define as b(a, b) = (¢(g))(a, b) = (g(a))(b)
It is clear that by is bilinear map, and b € L(A X B; M)
We have to prove that ¢ is bijective and continuous;
1. Let b € L(4 X B; M),
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For all a € A, define the map g,: B - M by g,(b) = b(a, b)
Since b: A X B = M is continuous, then g,: B = M is continuous
This we have g, € L(B; M)

Define g = ¢*(b): A - L(B; M), by g(a) = g,

This we have g = ¢*(b) is a linear map

Also g: A - L(B; M) is continuous

This we have g = ¢*(b) € L(A; L(B; M))

And therefor ¢*: L(A X B; M) - L(A; L(B; M)) is a mapping
But ¢(¢*(b)) = b, forall b € L(A x B; M)

and ¢*(¢(g)) = g, forall g € L(4; L(B; M))

This ¢ is bijective , and @™ is inverse

2. Now we have to prove that ¢ is continuous
Since ¢ is linear, It is sufficient to prove that ¢ is continuous at 0
Let b | L(A; L(B; M)),
we have to prove that ¢ (H») | L(A X B; M)
Since p(Hb) | LIAX B; M) ifforallt-F, | Aandt-F, | B
Then (p(H0))(Fy, Fz) I M
But (¢(H0))(F1, F2) = (Fu(F) (F2)
Then Hs(F,) 1 L(B; M)

Remarek(3.3.4)
I.  Inthe same way, we can prove that
L¥(A; L¥(B;M)) ~ L¥(A X B; M).
Ii.  The above lemma can be generalized using mathematical induction
to obtain L(4; L,_1(B; M)) =~ L,(A X B; M)
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Lemma (3.3.5):
Let n,m € N, then there is an isomorphism from L™ (A4, L™ (A4, B)) to
L™+ (A, B) , defined by

W™ A e Qg = (A1 e Q) Qg woe - Ay -

Proof:
We can prove this lemma after referring to lemma(3.3.3) and using

mathematical induction.

Definition (3.3.6)

Let A, B be a equable and admissible pseudo topological algebras, then

the map f: A — B is said to be twice differentiable at a € A, if and only if
Df:A - L*(4; B) exists for all neighborhood of a and is differentiable at
a.

We will denote the second derivative by the symbol D?f (a).

It is clear that D?f (a) € L*(4; L*(4; B)) .

But by Lemma (3.3.3), £¥(4; £*(4; B)) ~ £L*,(4; B),

then we get D2f(a) € L¥*,(4; B).

Definition (3.3.7)
A map f:A— B of equable and admissible algebras is called t-times
differentiable at a € A4 if and only ft1:4 - L",_,(4,B) exists in a

neighborhood of a and is differentiable at a.

This we have D=1 f(a) € L*(4; L*,_,(4; B))
Since L*(4; L¥*,_1(A; B)) = L*.(4; B),

Then we will using f®(a) instead of Df ¢~V (a)
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Proposition(3.3.8):
Let f:A — B is t-times differentiable and f®:4 — L*,(4; B) is p-

times differentiable, then f: A — B is (t+p)-times differentiable.
Proof:

Since f®:4 — L*,(4; B) is p-times differentiable,

then (f )P~ 4 - £*_; (4; L*.(4; B)) is differentiable,
Using Lemma (3.3.3) we have,

fFErP=1: A4 - £¥*,, 1 (4; B) is differentiable.

Proposition(3.3.9):
Let f:A— B, and g: A — B, be t-times differentiable at a € A, then the

mapping (f,g):A = B; X B, t-times differentiable at a and
£, 9@ = (FP), 9% (@)
Proof:
We will prove that using mathematical induction,
For t = 1, this by Proposition(3.2.17)
Now suppose that our claim is true t — 1, and we want to prove that it is
true for t-times.
For that, we assume that f: A - B, and g:A —» B, are t-times
differentiable ata € A.
Since L;_1(A; B; X By) = L;_1(A4; B;) X L;_1(4; B,)
The mapping a — (f, g)t~ 1 is differentiable at a and this derivative
belongs to £;_;(4; B; X By)
and therefor belongsto £;_,(A4; By) X L;_1(A; B,)
(FED, gD (@) = (F* (@), g (a))
D(fED, g V) (a) = (DF D (a), Dg* V(@)
= (fP(a), 9" (@)
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Definition (3.3.10):

The map f:A - B is C*-map if f is K-times differentiable in A and
f® e cA; Lt (A;B)), where k = 0,1,2 ...
We write f € C,(4; B), if f is K-times differentiable in A.

Proposition(3.3.11):
Let f be K-times differentiable in A. Then f® € Cc°(4; £L*,(4; B)), for
t=20,12..k.

Proof:

If K = 0, the proof it is clear
Ifk=1,letf’ € CO(4; L*(4; B)),

we have to prove that f € C°(4; B),
LettF | A, and put f(a) = f(a) — f(0),
Let 8 = [0,1]- F

Since f," = f is quasi- bounded
t-B=tFLlA

t-fo'(B) L L¥(A;B)’

we have (t- £,/ (8)) (B) = (¢~ fo)' (B) L B

tF 2t fo(F)+t-f(0)
2 (¢ fo)(B) +1t- f(0)
2 (6 fo)'(B) - (B)° +¢-f(0)

me{
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Introduction

The final chapter includes some applications and generalizations using

pseudo-topology compatible with algebra.

This chapter consists of three sections:

The first section we present Lipschitz and boundedly convex function
via pseudo topological algebra, while in the seconed section we will make
a generalization for the concept of Gelfand-Mazur theory from the banach
algebra to the pseudo-structures according to certain conditions. Finally,
the third section includes the most important conclusions that we have

reached through this thesis.

4.1 Lipschitzand Boundedly Convex Function via Pseudo

Topological Algebra

It is known in functional analysis that the function f:A — R is called

boundedly-convex function If the following condition is met;
1
Mif(ay) + A2f(az) — f(Aay + Aza;,) < 511/121\’[”“1 - a2||2

forall a;,a, € Aand A;,1, € R suchthat 4,,4, >0, 1, + 4, = 1.

J. Focke, had previously proved that any continuous boundedly-convex
function f in Banach space A, the Frechet derivative f':A = L(A4,R) is
Lipschitz- continuous, which means that it, for all a,,a, € A, there exists
M > 0, such that [|f'(a;) — f'(a)ll < Mllay — a,ll.

In this section, we will expand the concepts of boundedly-convex and
Lipschitz- continuous functions from Banach spaces to pseudo-topology

structures that are compatible with algebra A.
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Definition (4.1.1):
Let y be a pseudo topology compatible with an algebra A over the filed

C.
The mapping f: A — C is said to be boundedly convex if;

1. It is convex function (f is convex if and only if f(A;a; + 1,a,) <

A f(ay) + Axf (az))

2. There exists a continuous homogeneous function of degree 2
p:A — C such that for all a;, a, € A4, and for all 4,, 1, ER, A,
Ay, = 0with A4 +, A, = 1 we have
0 < A1f(ay) +2;f(az) — f(hiay + Aa;) < Ay Azp(a; — ay).
If te[p] ! C,(4;R) wesay for f isay-boundedly convex.

Note: We call the function f: R™ - R a homogeneous function of degree t

if f(2a) = 2'f(a)

Remark (4.1.2):
It is clear that;

1. If f is a y- boundedly convex, then f + c is also y- boundedly
convex, for every constant c.

2. If fis ay- boundedly convex and g is any anther linear mapping
then f + g is also y- boundedly convex.

3. If f is a y- boundedly convex, then the translation of f by any

vector h is also y- boundedly convex.

Definition (4.1.3):
We define the set & 4 as follows;

Sra = rait ER,a € A}
Where f; ,:A - B, such that f,, = 0if t = 0, and

fia(h) = M if t =0
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Definition (4.1.4):
Let y be a pseudo topology on C(4; B), the mapping f:A - B is said

to be y- Lipschitz-continuous if the set § 4 is bounded in C, (4, B), i.e

t&ra | C, (A4, B).

Lemma (4.1.5):

Let A and B be a normed algebra. Then the mapping g:A - B is y-
Lipschitz-continuous if and only if there exists M > 0 such that for all a,,
a, € A, llg(az) — gla)ll < Mlla; — aql|

Proof:

Let [lg(az) — g(a)ll < Mlla; — aql|

Thenforall t > 0, a € A, we have

‘g(a+ th) — g(a)
t

1
=< llgla+th) - g(all

< %Mlla +th—al|

= 2 liehl] = Dl
And so that for any bounded set Q in A, the set
Fra(Q) = {w:t € R,a € A,h € Q}is bounded in B.
Conversely,
let the set ¥ 4(Q) is bounded set in B for any bounded set @ in A.
If we take unit ball as @, and the norms of ¥ ,(Q) such that this norms not
exceed M, thenforall t € R,a € A, h € Q we have;
We know that h = ||h||, , where ||e]|| = 1.
If we choose ||h|| = € > 0, then we have

. ||g(a +¢eh) — g(a)

lgta+h) - g(@ll = -

< eM = M||h]l.
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We now present the main theorem in this section
Theorem (4.1.6):

Let y be a pseudo topology on C(4;B), and the continuous convex

mapping f: A — R is y- boundedly convex, such that the corresponding
mapping p in 0 <2;f(a;) +2;f(az) — f(Ai1ay + Aza;) < L1A,p(a; —
a,) 1s also continuous, then f is y- differentiable everywhere and its
derivative Df: A — L, (4, R) is y- Lipschitz-continuous.

Proof:

Firstly, we have to prove that f is y- differentiable everywhere,

from the convexity of the function f, the restriction of f on to the straight
segment is aconvex continuous, then there exists one sided derivatives for
all point of straight segment.

This f is differentiable for all point a in any direction h,

@t @ 4 p oy

We denote to the maping h = D, f(a) = lim;_, -

f'(a).

Now we will prove that f'(a) is linear and continuous.

From the definition (4.1.1), we have

0 < Aif(ay) + 4,1 (ay) — f(Aa, + A,a,) < 44 A,p(a; — ay)

If we put a; = thy, a, =th,suchthat 0 <t <1and hy, h, € A, we get
0 < A f(thy) + A2f (thy) — f(Athy + A3thy) < Ay A,p(thy — thy)
Divide by t we get

0 < A1 f (thy) + Aof (thy) — f(A1thy + A;thy) < Ay App(thy — thy)
- t - t
Since p is homogeneous of degree 2,

0< f(tth1) + A, f(tthz) _ f(l1th1t+lzth2) <A, tzp(htl—hz)

for t — 0, we have;

0 < A1 f'(0)hy + 2f"(0)hz = f1(0)(A1hy + A2h;) <0

this 4, f'(0)hy + A2f"(0)h; — f'(0)(A1hy + A3h3) =0
21f"(0)hy + 4,1 (0)hy = f(0) (A hy + A3h5)
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Forall 2,4, = 0withA;, + 1, =1

This shows that function f'(0) is a linear function.

To prove that £'(0) is continuous,

puta, =0,a,=h, 4, =1—-t,and 1, =t
0<tf(h) - f(th) =t(1 - t)p(h)
0<—f(th)+tf(h) <t(1—-1t)p(h)

Dividing by t we get; 0 < — L2+ f(h) < (1 - 0)p(h)

And wheret - 0,weget 0 <—f'(0)h+ f(h) < p(h)

When h — 0, then f(h) —» 0and p(h) — 0 (since f and p are continuous)

Thenwe get f'(0)h — 0 if h — 0, this means f'(0) is continuous at 0.

Now, we have to prove that f is y- differentiable at every point a.
Since the addition affine functions and translations do not disturb y-
differentiable, we cantake a = 0, £(0) = 0, f'(0) = 0.

Now we have to prove that 1 | C, (4; B) where t — 0

f(th)=f(0) _ f(th)
(r=h- " =7 )

Since 0 < A, f(ay) + A, f(ay) — f(Aiaq + A,a,) < 41Ap(a, —aq)
Put a, = —th, a, = th, we get;

0 < = f(—th) + = f(th) < p(2th) = t2p(h)

Since f(0) = 0,f'(0) = 0, and f is convex, then f(—th), f(th) = 0
and therefor 0 < @ < 2tp(h),

this we have 0 < r; < 2tp(h)
when t — 0, we get tp(h) — 0, thismeans tp | y(4; B),
but p is y — bounded, thenr; 1 C, (4; B).
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Theorem (4.1.7):

Let y be a pseudo topology on A x B, and the continuous convex

mapping f: A = R is y- boundedly convex, such that the corresponding
mapping p in 0 < 2;f(a)) + A:f(az) — f(hay + A,a,) < 4 A,p(a; —
a;) is also continuous, then its derivative Df:A — L,(A,R) is y-
Lipschitz-continuous.

Proof:

We have to prove that t ', , | £, (4, £, (4, R))

Where ', ={f" it €ER a € A}

Since £, (A4,£,(A,R)) = L,(A X A,R) by Lemma (3.3.3)

Therefore, it suffices to prove that t &'~ RA L L,(AXAR)

Where ", is the filter in £,(A X A,R), corresponds to &', in

R,A

L, (A, L, (A, R)) by the canonical isomorphism.
Fora,hy,h, € A, we have ;
f't'a(hp h,) = f’t’a(hﬂ *h,

_flatth) ~f@
t
Takea, = a, a, =a+th;, az =a+ th,,

2

1
a4=a+th1_th2, a0=a+ Ethl

It is clear that is the center of the parallelogram with vertices a4, a,, as, a,
By Definition (4.1.1), we get;

~f(ay) +3f(az) — fap) < t2p(hy).
Since f is convex, we have;

1 1

Ef(a3) + Ef(az;) —f(ap) =0
From the previous theorem we get;

f(a3) — f(ay) — f'(ay) - (thy) < p(thy) = tzp(hz)
fay) — f(ax) — f'(ay) - (=thy) < p(thy) = t*p(hy)
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From the previous four inequalities, after simplification, we conclude the

following;

f'(az) - thy = f'(ay) - thy < S p(ha) + 2%p(hy)

Dividing by t2 we get;

"(a+thy)—f'(a) 1
Pt B hy <5 p(hy) + 2p(hy)

4.2 Generalization of Gelfand-Mazur theorem via pseudo

Topological structures

The Gelfand-Mazur’s theorem is one of the most important theories in
Banach Algebra due to its many applications in other sciences, especially
in physics. This theorem states that there is isomorphic from the
commutative Banach Algebra with identity e and the field of complex
numbers C. The remainder of this section will be devoted to generalizing
that important theory from Banach algebra to pseudo-topological
structures, this means that generalization of the proof of this theory to the
pseudo topology( convergence space) this structure without norm and that

is compatible with Algebra structures.

We will mention some basic concepts that we will need later regarding
spectrum theory on an algebra (it is not necessary to be a Banach algebra)
Let A be an algebra over the field complex numbers C and a € A then:

I. aisaunitifaisinvertiblein A i.e3b € Asuchthatab =e
ii. o(a)={A€C:(a—Ae)hasnoinversin A}, a(a) is called
spectrumof a € A.
From now on, we assume that Algebra over the complex field C.
Definition (4.2.1):
Let A be a pseudo topological algebra. If the map a - a™?! is

continuous at e,
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then we say for A is a pseudo topological algebra with continuous invers.

Proposition(4.2.2):

Let A be a pseudo topological algebra with continuous invers. Then the
map a — a~! is continuous on every element contained in Q (where Q is
the set of all elements that have an inverse).

Proof:

LetF |, Q,

we have to prove that F~1 | -+ Q, where F~1 = {F~1: F € F}.
From the definition of algebra we know that if b has inverse then the map
a — ab is homeomorphism of A onto A.

Therefore, which element a belongs to Q,

we have b —» a~1b is homeomorphism.

Since F |, Q,thena™t.F |, Q.

From the continuity of the mapa - a1 at e,

we have a.F~1 |, Q,

and therefore F~1 | -1 Q.

To complete what we want to reach and prove in this research, we need
to generalize Liouville’s theorem .In order to extend Liouville’s theory
from Banach algebra to pseudo topology that is compatible with an algebra

structure.

Theorem (4.2.3): (Generalization of Liouville theorem)

Let A be a pseudo topological algebra and let C(A) the space of all
continuous homomorphism algebra from A to the filed C (complex number)
such that C(A) has the property; if g(a) =0 for all g € C(A) leads to
a = 0. Then if the mapping f: C = A is bounded and analytic then f must
be constant.
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Proof:

Forall g € C(A), if f is bounded, then gof is bounded also( since g is
continuous homomorphism algebra and the image of bounded set is
bounded).

Theorem Liouville can be applied to the mapping gof in order to satisfy
the required conditions. To prove that f is a constant map, let A,, 4, € C
then we have:

gof(41) = gof (22),

then g(f (41)) = g(f (12)),

therefor g(f (1)) —g(f(22)) =0

and g(f(41) — f(12)) =0,

this happens for all g € C(A),

using the property we put into the operative theorem,

then we get f(1;) — f(42) = 0,50 f(41) = f(4;)

since 44, A, are arbitrary element in C, then f must be constant.

Theorem (4.2.4): (Generalization of Gelfand-Mazur Theorem)

Let A be a pseudo topological algebra that has continuous inverse. Then
l.o(a) #¢pforanya € A
ii. If for all a # 0 € A has inverse, then A is isomorphic to complex
number.
Proof:
Suppose o(a) = ¢ for some a € A, then for all A € C, (a— 4e) has
inverse,
Define the map 6,:C - A4 as §,(1) = (a — Ae)~L. We have to prove that
&, 1s analytic and bounded.
Let 44, 1, € p(a),

1

1
6,(4) —6,(4) = (a-Are) (a—Aye)

_ M =2,
~ (a- Ae)(la—A,e)

( 1
L % )
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= (’11 - AZ)Sa(Al)Sa(Al),

This we have, w =68,(1,)8,(1)
1= /12

To prove 6,(A) is bounded, let the filter F = [F,], (the filter that generated
by the sets F,), where E, = {1 € C:|A| = n}, n=1,2,..

Let ¥ € y(a), since |A| = n,

then A" <n lforall L€ E, €F

This |A|"ty < n~ 1y

Consider £~ = [E,71],

then we have F~1[a] | 4,

hencee — F~1[a] |, A

Since e — A2 1a must be have inverse and by continuous inverse property
we get (e — Fa])™t 1,1 4,

bute™ = e, hence (e — F~[a])7?! |, 4,

and therefor §,, is bounded.

So that and by generalization of liouvilles (theorem 4.2.3) we get that §,
must be constant map.

Since (e — Fa])~! |, A4, and A is Hausdorff,

then (e — 27 1a) 1 = e forall1 € F.

So we conclude that §,(1) = e for all A, but this is impossible.

Therefore hypothesis o(a) = ¢ has come to a contradiction.

Ii. o(a) # ¢, according to the result obtained in (i),

this for all a € A, there exists at least one A € C such that a — Ae is
singular.

This we have, forsome 1 € C, a — e = 0,

so that a = Ae for some A, and A = Ce.

It is clear that the mapping a — Ae is algebra homomorphism.

It remains for us to prove the continuity of this map in a pseudo topology y
that is compatible with algebra structure , for that we assume that the filter
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G €y(a),a € A, since there exists some A € C such that a = Ae, then
G € y(le).

4.3Conclusions

1. We introduced pseudo-topological structures through the language of
convergence of filters when the space under hand is the algebra and the
terms that make those structures compatible with the algebra by when
the three operations of the algebra are continuous operations.

2. Expanding the concept of weak and strong topology on pseudo-
topological structures via the so-called the concept initial and final
pseudo topological algebra.

3. Locally convex algebra can be obtained via pseudo-topological
structures rather than the way it is generated through of family of all
continuous seminorms.

4. In proposition(2.3.8), the relationship between A°( locally convex
algebra that generated by pseudo-topological structures) and 7(A)
(locally convex modification of A). Among the most important results
were f:A — B is continuous if and only if f:7(A) — B is continuous.
And If f:A - B is continuous homomorphism algebra, so is f: A% —
BP.

5. The space C(A4, B) of all continuous mapping is a complete space if it
is done by pseudo topological structures and that make the evaluation
mapping w@yxg: C(A,B) X A = B is continuous and when B also
complete pseudo topological algebra. The concept of the Frechete
derivative of Banach Algebra is extended to pseudo-topological
structures without the use of norm. Also the concepts of second
derivative, higher derivative, and the definition of C*- derivatives of

the maps on a pseudo topological algebra.
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6. Expand the concepts of boundedly-convex and Lipschitz- continuous
functions from Banach spaces to pseudo-topology structures that are
compatible with algebra A. That is, if y be a pseudo topology on
C(A;B), and the continuous convex mapping f:A—>R is y —
boundedly convex, such that the corresponding mapping p in 0 <
Aif(ar) + 421 (az) — f(A1ay + 2,05) < 1idpp(a; —ay)  is also
continuous, then f is y — differentiable everywhere and its derivative
Df:A - L,(A,R) isy —Lipschitz-continuous.

7. Generalizing the Gelfand-Mazur’s theorem from Banach algebra to
pseudo-topological structures, this means that generalization of the
proof of this theory to the pseudo topology( convergence space) this

structure without norm and that is compatible with Algebra structures.
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Future Works

Future Works

1. It is possible to find more generalizations and move from standard
Banach spaces to structures that are broader than them, such as
studying Frechet manifolds and others.

2. Extending the concept of the Frechet derivative on a power series of
differentiable functions

3. Expand and study differential equations in a space of a pseudo
topological algebra. This has a major role and wide applications in
quantum mechanics.

4. Use these pseudo structures to approximate functions to polynomials

without using a norm.
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