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Abstract

This Study aim to gathering three important concepts, to present the
resolvable in i-topological proximity space, so we introduced new concept
and improve the old ones, there fore we divided this work into four stages

as below,

In the first stage, we study the i-topological subspace notion and investigate
the fundamental relation of i-subspace then some of the properties

alongside to i-topological proximity space

While in the second stage, we introduce new properties for the notion of
occlusion set via i — open set (focal function) in addition the concept of
redirect, strips set which is based on the focal function was studied at this
stage, where we studied the important property that may play an important

role in thus study.

The third stage is we studied the boundary point with respect to the focal
function and redirect set notions so we introduce the notation of the focal
function frontier operator and redirect frontier operator with some

properties.

Finally, in the fourth stage, we define the resolvable space with respect to
the concepts (focal function, redirect) set and investigate some properties
and relations that will be important to fill the gaps in this field of pure

mathematics.

We also studied all of these concepts in i-subspace of i-topological
proximity space, and this contributed to expending the scope of this study
to define the boundary point and frontier operator and density of focal

function and redirect set
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Introduction

This study is based on three fundamental concepts proximity, i-
topological space, and resolvability. So, we introduce all of those concepts
from a historical point of view. To see the growth of this work we have to
follow three historical lines and see the improvement that leads to this

study.

We started with the first line, have to know that " Nears" in
topological space is known to be the point to set as the definition of the
neighborhood, the nears between sets were unknown in the mathematics
research, until proximity space appeared, which is a finer shape than
topology and offers an easy conceptual strategy to many essential

topological problems.

Proximity started in 1952 by V. A. Efremovich [28], then he collaborated
with some of his colleagues (J.M. Smirnov, N.S. Ramm, A.S. Svarc) to
develop a lot of the basic properties of this concept. Also, in (1966) the
work of Lodato improve this concept [18] Many researchers worked in this
space and study certain types of that structure and their applications, such
as the notation of connectedness and local connected and uniform space by
Dimitrrij [20], and one can find the most comprehensive investigation for
proximity space in the work of Naimpally [22] which included essential
results. Recently in 2019 Abdulsadaa and Al-Swidi introduce the new set
called the center set by the employing proximity space [3] and they use the
center set theory to introduce center topology [4]. And in 2022 Qahtan and
Al-Swidi studied the continuity in center topology [9,10]. The application
of this concept was various and one of them is introduced recently in the
field of machine learning by Feng [23].



The second line about ideal topological space, the roots of ideal
theory can be traced back to the ancient mathematicians, who worked on
problems of Diophantine equations and arithmetic. In the 16th and 17th
centuries, the work of mathematicians like Francois Viete and René
Descartes led to the development of algebra as an independent branch of
mathematics [14]. The theory of ideals worked of significant development
in the late 19th and early 20th centuries. Notably, David Hilbert's work on
the theory of algebraic number fields and the class number problem had a
profound impact on ideal theory. Hilbert and his contemporaries such as
Emmy Noether made seminal contributions to ring theory and the study of
ideals in commutative rings [11]. Throughout the 20th and 21st centuries,
the ideal theory continued to evolve, and its applications spread to various
fields of mathematics and beyond, including algebraic number theory,

coding theory, cryptography, and algebraic topology. [12]

Since ideal applications pose different problems, interest in
applications of ideal concepts in different spaces has grown rapidly in
recent years. The ideal is the basic idea of topological space, which plays
an important role in solving topological problems and has been studied
since the 20th century. Kuratowski, K. [17] in 1966 and Vidyanathaswamy,
R. [21] in 1960 were the first batch of mathematicians who proposed the
idea of ideal topological spaces, and then conducted extensive research in
different fields and were widely used. Many researchers worked on ideal
topological space and study different concepts with it like Jankovic, D. and
T. R. Hamlet [13] in 1990, they defined the notion of an ideal as a
nonempty collection closed by inherited properties and bounded unions.
And Ekici and Noiri [8] in 2009 studied the connectedness in ideal
topological space, and Ekici with EImal in 2015 study the decomposition

in ideal space[7] . In 2010 Vizvary and Lazarow defined ¥ — I density [5],



while Modak studied new topology on ideal topological space in 2012 [25],
Al-Omari and Noiri introduced the local closure function in an ideal
topological space in 2013 [1,29]. In 2017, Maragathavalli and Vinodhini
in [24] study the continuity in ideal topological space but the notation of
Y — operator was introduced by Modak and Islam in (2018) [26,27].

The i-topological spaces represent another form of ideal topological
spaces, which are the compensation of the family T and the ideal | defined
on the space X. This was proposed by author Irina Zvina [40] in 2006 and
Is considered to be a special case of ideal topological spaces, and study

more generalization of this space in 2011 [38.39]

The third line is about resolvability. Edwin Hewitt [6] started an
extensive series of studies in 1943, and many scholars have followed this
definition over the years: a topological space is resolvable if it contains
complementary dense subsets. (Among other things, Hewitt proved that
locally compact Hausdorff spaces and first countable spaces are always
maximally resolvable. Furthermore, it was shown that in some cases the

product of maximally resolvable spaces is maximally resolvable).

In 2006, Hosny and Tantawy introduced the concept of generalized
proximity, which involves the use of ideals and proximity on a set. They
also defined a local function operator on P(X) with respect to an ideal |
and proximity [19], and they studied various properties for this operator.
Additionally, they introduced a new type of proximity and explored its
relationship with newly generated topologies. The authors discussed how
these concepts can be applied using a given proximity or topology and
ideals.



AlTalkany’s work which was the first one that makes the connection
between the i-topological space and the proximity space, in 2020 the work
of researchers AlTalkany and ALSwidi introduce the Focal Function in i-
Topological proximity spaces, [30] and investigate some types of
Proximity y-set in 2021[32] also, they introduce a new concept of dense
sets in i-Topological proximity space, P, — crowded , P,, — crowded,

congested set and not congested set. [36, 37]

This study aims to regroup these three lines together to present the
resolvability in i-topological proximity space so we introduce new
concepts and improve the old ones, therefore, we divide this dissertation

into four chapters as follows:

In chapter one, we present some initial concepts underlying our
thesis and it consists of three sections, first one is about the i-topological
space with some details and priorities of basic definitions, such as open,
closed, interior, and closure sets in this space. Also, we introduced the
definition of all these primitives in the subspace of i —topological space
and how the forms of sets and relationships will become with it. The second
section was about the definition and characteristics of proximity space,
with some of its basic objects we need. Then, in the third section, we
covered more details about the focal set, focal derivative, and focal closure,
we discussed, also, these primitive said by said in subspace i —topological
space. Then we presented the concepts of occlusion set via i — open set

and Y — operator.

In Chapter Two, we divide our work into three sections, the first one

we improve the study of occlusion set via i — open set and presented a



new result for those concepts as the image and pre-image of occlusion set
and ¥, — operatorwith studding them with respect to i-subspace of i-
topological proximity space. Whiles section two spotlight on the
construction of new type points by introducing the notion of redirect points
and strips points, also, we studied their properties and study some
relationships between them and we determined the relation between the
occlusion set via i — open set and members of ideal with these concepts.
Also, we introduced the notation of the redirect set and strips set with

respect to i — subspace in i — topological proximity space.

Finally, in section three we introduce the notion of redirect dense set and
study some of its important properties and relations, as well as its definition

w.r.t. i — subspace .

Chapter Three, we study the frontier point in i-topological proximity
space in two sections, in section one we highlight the construction of the
new type of boundary points for occlusion via i — open set frontier set and
we defined i, — operator, also we defined the outer function with
highlighted the most important possible properties of them and their
relationships. Further, section two highlighted the construction of redirect
frontier points and the redirect outer function. and we highlighted the most

important possible properties of them and their relationships.

Chapter Four is devoted to introducing the concept of resolvable space
in the i —topological proximity space through what we are studied in the
previous chapters, so it included two sections in the first section we
introduce the concept of occlusion resolvable i-topological space viai —
open set and the second section we study the concept of redirect resolvable
I-topological proximity space. We also focused on studying some of the

characteristics and relationships related to these spaces.



Chapter One

Review of Necessary
Backgrounds



Chapter One Review of necessary backgrounds

Introduction

In this chapter, we focused on the elementary concepts
underlying our research with the notion of i —topological space. The first
section deals with the details and priorities of this concept definitions and
the forms of open and closed sets within them, the same applied to interior
and closure sets. Also, we defined during these primitives the subspace of
i —topological space and how the forms of sets and relationships will
become in it. The second section deals with the definition and
characteristics of proximity space, with some of its basic objects needed by
research. Then the third section deals with more details about the Focal set,
which we will rely on in our definitions of many new concepts during this
thesis, and we discussed these primitives in subspace i — topological

space.
1.1 Study on the i - Topological Space

In this section, we describedthe details and priorities of
the definition of i — topological space and the forms of open, closed,
interior, closure, dense, nowhere dense set. and the definition of
homeomorphism function with some properties. Also, in these primitives,

we define the form of the i-subspaces of this space

Definition (1-1-1) [17]:
Anon empty family I of subsets of a set X is called an ideal on X if and

only if it is satisfying the following conditions:

1. IfUel,and X € U, then K € I.
2. fTU,K el,thenUUXK € 1.
Itis clearthat @ € I, but X ¢ I in general.
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Definition (1-1-2) [39]:
Let I be an ideal defined on a set X, and let U, X are subsets of X, the
relation a defined on X as follows: Ua%, if and only if U — X € I. Also,
a relation = defined on X by: U=X , if and only if
(U-FK)u (K -U) el
Example (1-1-3):

LetX = {#£,9,4}, U= {#£,9},X =1{g,#},C = {g}, with the ideal
I ={0, {#£}}, Then we have:
U—-K ={#,9}—{g 7} ={#} €I, s0, we get that UaX.
Also, U-=C)u (€ -W =({£g}—{ghU{g} —{£ g} ={R}EI
Thus U = C.

Proposition (1-1-4): [35]
Let I be any ideal defined on X and U, X, C are subsets of X, then:

UaX, for each subset U of X .

Ua@, ifand only if U € 1.

If U €1, then U a X for each subset X of X.
If C € U,suchthat Ua XK thenC a X .
If K < D ,suchthat U a K thenUa D .

o a0k~ w b

If UaX, , for each A € A ,where A is any index, then

I. Ut Upep Koy, i. Ua N XK,

7. If U, oK , for each A € A, where A is any index then
. Nyep Uy aXK il. Upea UpaX

8. Ual, for each subset U of X .

9. If UaK , and KaC then UaC .
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Proposition (1-1-5): [35]
Let I be an ideal defined on X, and let U, K, C are subsets of X, then:

1. U = U for each subset U of X .

2. U~ @foreachU el.

3. U= XforeachU < Xsuchthat (X —W)el.
4. fU=XKand K = CthenU = C .

5. U= XK, thenK = U.

6. fU=C,andKX =~ C thenUUKX = C.

7. IfU; = K ,j € A then

LUy =N X ii.NU; = X; , for A is indexing set.

Now, we will define these relations in definition (1-1-2) on a subset

Y of the set X, and we will investigate some properties on these relations.
Definition (1-1-6)

Let X be a set and Y be a subset of X, and let I, be an ideal with
respect to Y defined by I, = I n {Y'}, then we can define the relation
ay on'Y as following Ua, K ifandonly if Un (Y —K) € I, .
Also, we can define the relation =y on Y as the following U =, X if
andonly if (UN (Y =KD U (KN —-W)EL

Example (1-1-7):

Let X = {#,g,#}, with the ideal I = {@, {£}},I1fY = {£,4} and
U={£}, KX =0,thenly =In{Y}={0, {#£}} Then we have:

U—K={#}—0={#£} €I ,so0, we get that UayK
Also, U-K)U K -W) ={£}—0)U (0 —{£}) = {L} E L.

Thus u <y C.
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Proposition (1-1-8):

Let I, be any ideal with respect to a subset Y of X and U, K, C are subsets
of Y, then:

1. UayY, for each subset U of Y .

2. Uay®, ifand only if U € I,.

3. IfU € Iy ,then U ay X for each subset K of Y.

4. If ¢ < U ,suchthat U ay K then C ay X .

5 IfK < D ,suchthat Uay K thenUay D .

6. If UayXK, ,for each A€ A ,where A is any index, then
Uay (Upea )

7. If UyoyX ,for each A€ A ,where A is any index, then
(Mea U ayX

8. UayU , for each subset U of Y .

9. If UayXK ,and K ayC then Uay C .

10.1f Uax XK then Uay K

Proof:

1
2
3

Un¥ -Y)=Uno® =0 € I, so UayY

Itis obviousthat UNn (Y —@) =UNnY =U.

SinceUN(Y—-K)cUsoUn (Y —-—X) €.

SinceCccUthenCN(Y —K)cUn (Y —X) €, , that means

C n (Y —X) € Iy by definition (1-1-1), thus CayX

5- Since K < D,then we have (Y — D) € (Y —X) and we will get
Un-D)cUn(Y-X)el,, that means Un (Y —D) € Iy,
thus UayD

6- Since K5 S Ujyep K, and UayXK, , then by (5) we will get

Uay (Upep F)-

N
1
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7- Since Nyep U, € U, for any A, and since U, ayX , then by (4) we
will get (N3 e U)oy K

8- Un (Y —-U) =0 e Iy soUayU ,for each subset U of Y.

9- Since [UN (Y —K)]JU[K n (Y —-0C)]

=[(Un-5)ux]n[(Un¥ -%K)) U -0)]
=[UUK]IN[Y -K)UK]In[Uu ¥ -C)n(Y —-K)u (Y —-C)]
=UUX) NUUF -O))N[Y —FK)u (Y —-0)]

But,

Un -0 c[Uux) n(Uu -=0O)|n[Y —FK)u (¥ -0O)]
so,Un (Y —=C) € Iy, thus UayC.

10- If UagK , then Un(X—-K)el, so Un(X—-K)nY el ,
but(X —K)nY =Y —-X,thusUn (Y —X) € I,. Hence UayX.

From this proposition we can inclusion directly the following

corollary.
Corollary (1-1-9):

Let I, be an ideal define on subset Yof a set X such that fori = 1,2, ...,n
U;ay, then (N2, Upay (UiZ, 3G).

Proof: Directly from proposition (1-1-8) using part (6) and (7),

Proposition (1-1-10):
Let Iy be an ideal defined on a subset Y of a set X, and let U, %, C are
subset of Y then the following are true:

1. U=, Uforeachsubset UofY .

2. U~y @foreachU e, .

10
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3. U=y YforeachUCVYsuchthatY —U€El, .
4. If U=y K, then K =y U.
5. fU=y, C,and K =, C thenUU K =, C .
Proof:
1- ltisclearsince (U-—WD)uU-W)=0Ud =0 €.
2- SinceU€Ely,andU=(UNY-0)u(@n ¥ —W)E I, thus
U=y 0.
3- Since (Y — U) € Iy then
Y-U=[Un -Y]uYn¥ —-W]€el .ThusU =, Y
4- Itis clear, since (UN (Y —K))u (K n (¥ —W))
=(Xn-W)u(un -x%))
5- Since[UNn(Y —-CO)]Ju[Cn (Y -W)]€I,and
[N -C)]u[Cn(Y—-X)]EI then
[(UNn —-C)Hu(Cn (Y -1
U[ENnF-C)HuCn( —-K)] el ..(*)
But,
(Un-0)uEnr-0))u(Cn-Wu(Cn¥-X))

= ((UU.’}C)n(Y—C))U(Cn((Y—U)U(Y—,‘K)))ely...(**)
And,  ((UUI)NEF-O)u(Cn(Y-Wn Y -5)))< (WU
KNE-0)u(Cn(r—wuy-10))
So (U N —O)u(Cn (Y —Wn ¥ -%)))€Ely,

Then (LU N Y —O))u(Cn (Y —(QUK)))E Iy.
Thus UU K =y C.

11
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Definition (1-1-11) [40]:

Let I be an ideal on X, an i - topological space on X is a family T of

subsets of X satisfies:

1. X,0€T.

2. Forany U € T ,thereexist W € T suchthatu U = I/ .

3. Forany U,W €T ,thereexist H € T suchthat UnW ~ H .
4. InT = {0}.

Then (X, T,I) is called i - topological space, and the elements of T is

called i - open set.
Example (1-1-12):

LetX ={#£,9,4}, T ={0,X,{#, g}, {#, #}}, with the ideal
I ={0, {#},{g}, {# ¢}}, Then we have:

1- 0,XEeT
2- Since® € T,then3@ € T suchthat (A — @)U (@ —0) =@ €
Since Xe€T,then3aXeTsuchthat X—X)UuX—-X)=0¢€l
Since {#,g} € T,then 3{£,g} € T s.t
(. g} —{£ DV AL $}—{L g} ={g. f} el
Since {#,#} € T,then3 {£,¢} € T s.t
(. g9} —{. DV AL $}—{# gD ={g.F} €l
3- Since @, X € T,and @ N X = @, then 3@ € T such that
@-u@—-0)=0€l
Since @,{#,¢} €T,and @ N {#,¢} = @, then 3@ € T such that
@-DU@-0)=0€l
Since @,{#,f} € T,and @ N {£,#} = @, then 3P € T such that
@-uU@—-0)=0€l
Since X,{#,¢} €T, and X n{%,g} ={#,9}, then A{£, g} €T
suchthat ({#,g}—{#£,g¢) U ({#,g}—{hg})=0E€I

12
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Since X,{#,#} €T, and X n{%,#} ={%,#}, then I{L,$} €T
suchthat ({£,#} —{£, ) V{L $} —{£ £} =0€l
Since {#,g},{#,#}€T, and {£}n{#,$} ={#}, then AXET
suchthat X —{#DU{£}—X)={g #} €I

4- TNl ={0}
Thus (X, T, I) will be i —topological space.

From example (1-1-12) we can conclude that the i —topological

space it is not necessary to be topological space.
Definition (1-1-13) [40]:
Let (X, T,I) be i —topological space and Y € X then (Y, Ty, I) is called

i —subspace of (X, T,I) suchthatTy ={YnU & I,U € T}U {@, Y} for all
i—opensetU cX,and Iy, ={Y nU,U e [}.

SinceTnlI=@andTy NIy € TNnI=0@,thenTy NIy =0

The condition Y N U & I make sense because if Uy =Y NU €,

implies Uy € Ty and Uy € I, contradiction with definition (1-1-11).
Example (1-1-14):

From example (1-1-12) If Y = {#,g4}, Ty = {@,Y, {#}}, with the ideal
Iy = {0,{g}}, Then we have:

1- Y €Ty

2- Since @ € Ty, then 30 € Ty suchthat (A — @)U (@ —-0) =@ €I,
SinceY € Ty, then3Y € Ty suchthat (Y —-Y)u(Y-Y)=0¢€l,
Since {£} € Ty, then A{L} €Ty, st (£} —{£DH U ({£}—{£}) =
Q0 el

3- Since @,Y e Ty,and @ NnY = @, then 3@ € T, such that

@-0)u@-0)=0€l

Since @, {#£} € Ty, and @ N {#} = @, then 3@ € T, such that

13
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@-PU@—-0)=0€l
Since Y, {#} €Ty, and Y n{#£} = {#}, then 3{£} € T, such that
Y-{£DU{£}-Y)={g} €.
4- Ty N Iy = {@}
Thus (Y, Ty, I) will be i —topological subspace.

Definition (1-1-15): [35]
Let (X, T,I) be an i- topological space. A point x € U is called i- interior

point of U € X ,if and only if there exist i - open set H such that x € H €

U and the set of all i -interior point of U is denoted by i- int (U).
Example (1-1-16):
LetX = {%,9,.6}, T = {0, X,{#£},{g}}, with the ideal I = {@, {£}},
Then for U = {#, #} we have i — int(U) = {#}
Proposition (1-1-17): [35]
Let (X, T,I) be an i- topological space and let U, B are subsets of X then:
1. i-int(Q)=U{H e T:H c U}.
2. If UcS K, theni- int(U) € i—int(X).
3. i—intf(UNXK) ci—int(U) Ni— int(XK) .
4. i—int(Q) Ui—int(K) Ci—int(UUX).
5. ifUeTthenU =i—int(U) .
6. i—int(U) € U.
Definition (1-1-18):
Let (X,T,I) beani— TS and Y be an i —subspasce of X for a subset U of
Y, a point £ € U is called i — interior point of U with respect to

i —subspace Y if and only if there existe iy, — open set Hy such that £ €

Hy < U. The set of all iy, —interior points of U denoted by i — inty, (U).

14
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Example (1-1-19):

LetX = {#,9,#}, T = {0,X,{£},{g}}, with the ideal I = {®, {#}}. Now
letY = { £, #}then Ty = {Y,0,{£}}, I, = {@, {#}}.

Then for X = {#£} we have i — inty (K) = {#}
Proposition (1-1-20):

LetY be an i —subspace of i — TS X, then for any U € Y we have i —
int(W)NY ci—int, (U).

Proof: let Zei—int(U)NnY so £ €i—int(U) and £ €Y , so there
exist H € Ty(#) such that H < U, but HNY =Hy so £ € H,y € U.
Hence £ € i — inty (W), when Ty (£) = {H € Ty, s.t.# € H}

Example (1-1-21):

LetX = {%,9,%}, T = {0, X,{#,¢}}, with the ideal I = {@, {#}}, and
letY = { £, #}then Ty = {Y, 0, {£}}, I, = {@, {#}}.

Then for U = {#£} € Y we have i — int, (1) = {£} .

Buti — int(U) = @, so we included that the converse of proposition (1-1-

20) not true in general which mean that i — int, (0) £ i — int(U) NY
Definition (1-1-22): [35]

Let (X, T,I) be an i-topological space and let U is a subset of X , then the
i-closure of U is the intersection of all i - closed sets containing U ,and is
denoted by i — cl(U), i.e, i — cl(U) =N {H: H is i- closed set,U € H}.

Proposition (1-1-23): [35]
Let (X,T,I) be an i- topological space and let U, K are subset of X then:

1. i—cl(U) is not necessary is i — closed set.
2. i—int(Q) # X — (i —cl(W)).

3. IfUisi—closed set then U = i — cl(U) but not conversely.

15



Chapter One Review of necessary backgrounds

4, JUi—dU) =i—cl(U) and U Si—cl(U), s.t. d(U) is asset of
limit points of U

X=(i—cdW)ci—cdX-W

a €i—cl(U)ifand only if Un U # @ for each i —open set U of a.
IfU c K, theni—cl(U) €i—cl(X).
i—cd(UUuK)=i—c(W)Ui-—cX).
i—c(UNnXK)ci—c(U)Nni-—cl(K).

© © N o

Definition (1-1-24):

Let (X,T,I)beani — TS and Y be i —subspasce of X. Then for a subset U
of Y, the i — closure of U with respect to i —subspace Y is the intersection
of all iy — closedsets Dy consisting U, and denoted by i — cl,(U). i.e.,
i —cly(Q) =N {Dy:D is iy — closed set, S Dy}

Example (1-1-25):

Let X = {#,¢4,4}, T = {0, X, {#£},{g}}, with the ideal I = {®, {#}}.
Now letY = { £, #}then Ty = {Y, ®,{£}}, I, = {@, {#}}.

Then for X = {#£}we havei — cly(¥K) =Y

Definition (1-1-26): [35]

Let (X, T,I) be an i-topological space, and let U € X then U is called
i - densesetif i —cl(U)=X.

Example (1-1-27):

LetX ={%,9,4}, T ={0,X,{#£},{g}}, with the ideal I = {@, {#}}.
Now let U = { £, g} theni — cl(U) = X. So Uisi — dense.

16
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Definition (1-1-28) : [35]

Let (X, T,I) be an i- topological space, then a subset U of X is called i -

nowhere dense set if i — int(i — cl(U)) = 9.

And if i — int(i — cl(U0)) # @ , we say that U is i - somewhere dense set.
The set of all i - nowhere dense set of (X, T, 1) is denoted by I (T, I).

Example (1-1-29):

LetX = {£,9,#}, T = {0, X, {#£},{g}}, with the ideal I = {®, {#}}.
Now let i = {#} theni — cl(X) = {#},and i — int(i — cl(K)) = 0.

Thus XK is i - nowhere dense set.
Definition (1-1-30): [35]

A function f: (X, Ty, Iy) = (Y, Ty, Iy) is called i - continuous function, if

and only if the inverse image of each i- open setinY isi —open setin X.
Definition (1-1-31): [35]

A function f: (X, Ty, Ix) = (Y, Ty, Iy) is called i - open function, if and

only if the image of each i — open setin X isi - opensetinY.

Definition (1-1-32): [35]

A function f: (X, Ty, Iy) = (Y, Ty, Iy) is called i - closed function, if and

only if the image of each i - closed set in X isi — closed setinY .
Definition (1-1-33): [35]

A function f:(X, Ty, Iyx) = (Y, Ty,Iy) is called i- homeomorphism
function, if and only if f is bijective, i — continuous and f~1 is

i —continuous function.

Theorem (1-1-34): [35]

17
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If f: (X, Tx,1Ix) = (Y, Ty, Iy) is i-closed function then
f(i—cl(Q)) =i—cl(f(W)) for each i -closed set U of X .
Theorem (1-1-35): [35]

Let f: (X, Tx, Ix) = (Y, Ty, Iy) be a bijective function, then each of the

following are equivalent:
1. fis i -homeomorphism function.
2. fisi-openand i - continuous function.

3. fisi - closed and i - continuous function.

18
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1.2 The Proximity Spaces

This Section is devoted to presenting the concept of proximity
relationships, some of their features and advantages, and the topology that
generated by this relation, called the proximity topology, which is an
important element in our research. in addition to mentioning the
relationship of non-proximity and its impact in defining the neighborhood
in topological proximity space Furthermore, we introduced the concept of

I-topology proximity space and i —subspace of this space.

Definition (1-2-1) [21]:

A binary relation § defined on the power set of X is called proximity

relation on X , if and only if it satisfies the following axioms:

USK implies X'8U forany K, U € X

(WU K)SC, ifand only if USC or KSC

USK implies U = @ and K # @

UNXK + @ implies UK

USK implies there exists a subset E of X such that USE and X —
ES%K .

o & L Ddh e

The pair (X, &) is called a proximity space. and denoted by X?.

Example (1-2-2) [21]:

Let X = {#,g,#}, and for any subsets of X, U and ¥, we can define a
discrete proximity relation 8, such that Us, X if and only if U n K + @.

Some of axioms of proximity spaces listed in the following

propositions below.
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Proposition (1-2-3) [21] :
Let X% be a proximity space, then each of the following are exist:

If UK , then USC foreach C ¢ K
If UK , then CSK for each € c U
If USK , thenUNXK =@

If USFC, then H5U

If USFC, then {x}5K for each x € U
If USC and FSC, then U U KSC

o o &~ w nhpoE

Proposition (1-2-4)[21] :
Let X% be a proximity space, and let U, X, C, D are subsets of X then:

1. If K6C , then USC, where K € U

2. IfKSC then K6D, where C € D

3. IfUs(X — D) or D6K ,then USK foreach D € X

4. If USK , then {x}6XK for some x € U and also USK then Us{y}

forsome y € K .
Definition (1-2-5)[20] :
Let X91 and X%z be a proximity spaces such that §; > &, , and let U, % are
subsets of X then If U5, K implies Us, K.
Definition (1-2-6) : [21]
A subset U of a proximity space X? is said to be §-closed if and only if

{x}6U implies x € U, The collection of complements of all §-closed sets

defined a topology T(6) on X.
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Definition (1-2-7) : [21]

Let X% be proximity space and Y subset of X . Then for subsets U, X of Y
we define USy X if and only if USK then Y9 is a subspace proximity on Y,
and T (8y) is the subspace topology of T (&) generated on Y by 6y.

Definition (1-2-8)[20]:

A subset K of X% is called § — neighborhood of U, if U§(X — %) and this
is denoted by U < K.

Theorem (1-2-9) [21]:
In X9 the relation « has following properties:

1. XKX.

2. @ « U forany subset U of X .

3. UK K impliesU c X .

4. UcK, K KLKCandC S DimplyU <KD

5, UK X;,i=1,..,nifandonly if Un{K;:i=1,..,n}

6. UK K implies(X —K) <K (X —-1)

7. If U « K implies, thereis C c X suchthat U « C K K

8. If § is separated, then x K (X —y) ifandonlyif x #y

9. fU; K X;,i=1,..,n,then
U{l;:i=1,..,n}n{K;:i=1,..,n},
andu{U;:i=1,..,n}KU{¥;:i=1,..,n}

10. U « X, for each subset U of X.

11. If {x} K Uthenx € U

12. U K K, then {x} K K forall x € U

13. Uisi —openiff vx € U,{x} « U
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Definition (1-2-10) [35]:

The X9 is called o — proximity if for any arbitrary family {u; ; 1 € 8} of
subsets of X, B is indexing family, it has the following feature

K & Upep py iff 6 uy, forsome iy € B .
Definition (1-2-11) [21] :

A mapping f : X% - Y9 is said to be § — continuous if USyX then
fF(W)6yf(¥) foreachU, K € X .

Proposition (1-2-12)[21] :

A mapping f from X9 into Y is § — continuous if and only if for each
P,Q c Y P&,Q implies f~1(P)5xf~*(Q) .

Corollary (1-2-13)[21] :

A mapping f : X% — Y% is § —continuous, if and only if P <, Q implies
that f~1(P) <y f~1(Q) foreach,Q cY.

Corollary (1-2-14)[21] :

Let £ be a mapping from X¢ into Y? then 5§y = f~1(8y) is the coorsest

proximity on X for which f is 6 — continuous mapping.

Definition (1-2-15)[21] :

If £:X% - Y9 is bijective 5§-continous mapping, and f=* : Y% — X9 is
d - continuous mapping, then £ is said to be is proximally isomorphism or

& - homeomorphism from X onto Y .
Definition (1-2-16) : [35]

The quadruple (X, T,1,6) is called i- topological proximity space, where
(X,T,I) is i- topological space and (X, ) is a proximity space. And we
will denote itby i — TPS
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For this thesis we will use the nation X2, for any i — TPS, (X, T, I, 6)
Example (1-2-17):
LetX ={%,9,4}, T ={0,X,{£},{g}}, I = {0, {#}} with 6, . Then :

1- 9, X €T
2- Since® € T,then3@ € T suchthat (@ — @)U (@ —0) =@ €l
Since Xe€T,thenaXeTsuchthat X—X)UX-X)=0€l
Since {#£} € T,then3{£} € T s.t
(e} —{£HUV{ER}-—{£})=0€l
Since{g} € T,then3{g} € T s.t
({gi-{ghHu(gl-{g)=0€l
3- Since@,X eT,and d N X = @, then 3@ € T such that
@-Du@—-0)=0€l
Since @,{#£}e T,and @ N {#£} = @, then 3@ € T such that
@-Du@—-0)=0€l
Since @,{g} € T,and @ n {g} = @, then 3@ € T such that
@-u@—-0)=0€l
Since X,{#£} € T,and X n {£} = {#}, then 3{£} € T such that
(e} -{£HUVL}—{£}) =0€l
Since X,{g} € T,and X n {g} = {g}, then 3{g} € T such that
({g}-{ghuvdgl-{gh)=0¢€l
Since {#},{g} € T,and {£} N {g} = @, then 3P € T such that
@-uU@—-0)=0€l
4- TNl ={@}
Thus, it is obvious that (X, T, I) is i-topological proximity space and

with &, itwill be i — TPS , X%,

23



Chapter One Review of necessary backgrounds

Definition (1-2-18) :

The quadruple Y;iY,Y is called i- subspace of X2,topological proximity
space, where (Y, Ty, Iy) is i- topological space and (Y, ) is a proximity
subspace.

Example (1-2-19):

Let X = {#,9,4}, T ={0,X,{£},{g}}, I = {0, {#}} with 5, . And let
Y ={g,#}s0Ty ={0,X,{g}}, Iy = {@,{#}} with 5y, . Then

1- 9,Y €Ty

2- Since @ € Ty, then 30 € Ty suchthat (A — @)U (@ —-0) =0 €I,
SinceY € Ty, then3Y € Ty suchthat (Y —-Y)u(Y-Y)=0¢€,
Since {g} € Ty, then3 {g} € Ty s.t

({g}—{ghuvg}-{g) =0 ¢€l.
3- Since @,Y e Ty,and @ N Y = @, then 3@ € T, such that

@-)u@—-0)=0€l

Since @,{g} € Ty,and @ N {g} = @, then 3P € Ty such that
@-)u@—-0)=0€l

SinceY,{g} e Ty,and Y n {g} = {g}, then 3{g} € Ty such that

(g} -{ghuvlgl-{gh=0¢€l
4- Ty N Iy = {0}

Thus Y;;‘;Y is i- subspace of X2,.
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1.3 Study on the Focal Set

In this section, we will mention the concept of the focal set, as well
as the concept of focal derived and focal closure, with the study of these
concepts in subspace and mentioning some of their characteristics that have
been studied. Then we will come to the concept of occlusion points for
open set in i —topological proximity space, as well as the ¢ —operator. We
also dealt with the study of these two concepts in i — subspace with some
characteristics and examples, and investigate the image and preimage

under the i —homomaorphesim function.
Definition (1-3-1) : [30]
Let X2, be an i — TPS, then a subset U is called a focal set of a point x €

X if we have U € T(x) such that U a U.The system of all focal sets of a
point x is denoted by I (x) = {U S X:3U € T(x), UaU} . Noted that X is

a focal set foreachx € X . whereT(x) ={U € T,x € U}.

Also, we can define the set of all focal set for some x € X, by
$  (x)={U€ls(x),x €U}

Example (1-3-2): [30]

Let X ={#,g,.4}, T=1{0,X,{#,¢}}, I ={0,{#}} with 6, . Then
Is (&) = {X,{#.g}} =1 (¢) =I5 (§)

Theorem (1-3-3): [30]

Let X2, be an i — TPS, and let U, K are subsets of X, then each of the
following properties are holds:

1. Foreach U e T(x),then U e ls (x)and @ & Ig (x).

2. IfK € lg (x) and K < U, then U is a focal set of x .

3. WX elg (x) ifand only if UNX € Ig (x).
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Foreach U € I then U & I (x).
IfU € Is (x), then (X —U) € I5 (x) .
If Uel,then(X—1) €lg (x), foreachx € X .

N oo o &

IfU, K €I (x),then WU K € I (x) .
Proposition (1-3-4): [30]
Let Xp;, i = 1,2beani—TPS,suchthatl; S 1, thenl, 4 (x) € I, ().
Proposition (1-3-5): [30]
Let X;Si,l. i =1,2 be ani — TPS's,such that T, is finer than T, and I,is
finer than I; ,then :

1) Is r, () € I 7, (%)

2) I g7,(x) € I g7,(%)
Definition (1-3-6): [30]
Let Xfllll,Ygzlz be i —TPS’s. Then a function ]‘:X;?ll,1 - Ygzlz , is called
formatting mapping (simply F- map) if satisfy that f(U,) €
L (f(x)),foreachx € Xand U € Lig (x).
Proposition (1-3-7): [35]
Let X;?ll,l, YTiZIZ be i —TPS's and let f: Xfllll - Ygzlz be afunction if fis
i —homeomorphism, then

f (Ur) € Lig (x), for each Up(yy € g (f(x)) x € X.

Our aim now is to introduce the definition for the notion of focal set
with respect to i — subspace of i — TPS . with some of the properties and

relations
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Definition (1-3-8):

Let Y, bei— subspace of i — TPS X$,andlet US Y,y €Y, then U
is called focal set fory w.r.t. i — subspaceY if there is U, € Ty (y) s.t.
UyayU when VN —W)erl, ie. 3IVETy(y),(VNnY)ayU this
implies, V.NnY n (Y — U) € I, and we denoted by

Iyg (y) ={UcY:3Uy € Ty(x),Uya,U} forsome y € Y.

Also, we can define the set of all focal set w. r. t. i — subspace Ygﬁy by
$, ) ={U€ely; () yeW

Proposition (1-3-9):

Let YTi‘;Y be i — subspace of i — TPS X2, and for y € Y. Then Iyg (y) =
Ixg ) N{Y}

Proof: LetU € I, § (y) then 3 Uy € Ty (x) and Uyay, U which means that
U Nn(Y-U)€EL.SoaV eTx(y)s.t.
UyNnY-W)=VnX-WUWnYelsoVnX—-U) ely.ThusVayU
and hence U € Ixg (y),butdcY,sole€ Ix (y) n{Y}.

NowletU ey, (y) n{Y},thenU €ly,. (y)and C Y.
$ $

Since U € IXsﬁ (y),then3 U € Tx(y) s.t. UaxU, then by proposition (1-1-
4) part (4) we have (U NnY)ayU hence U € IY¢- ).

Example (1-3-10):

LetX = {£,9,#}, T = {0,X,{#£,93}, [ = {®,{#}} with &, .

And let Y = {£,$} so Ty = {@,X,{£}}, Iy = {®,{#}} with &y, will be

i- Subspacng’;Y of X2,. Then Iyg (R) ={Y,{#}} = Iyg (g) = Iy €2
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Theorem (1-3-11) :

Let YfYY,Y be i — subspace of i — TPS X2,, then for the subsets U, X of Y

, the following statement are true for some £ € Y

1) IfUEeTy(£),thenU € Iyg (#)and @ ¢ Iyg (#)

2) If X € IY95 (#)and X € U, thenU € Iygﬁ (%)

3) fU,K € Iysﬁ (#£),thenUNXK € Iysﬁ (%)

4) For each X € Iygﬁ (#£), then AU ETy(£) st KayU and U €
IySﬁ (x) foreachx € U.

5) Foreach U € I, then U ¢ Iysﬁ (#) forsome £ €Y.

6) IfUE Iy (£), thenY —U & Iys ().

7N Ifuel, thenY —Ue Iyg (#)

8) fU,K € Iysﬁ (#£),thenJU X € Iysﬁ (%)

Proof:

1) LetU e Ty(#£),then3U € Ty(#) st. U=UNY.Since U € Ty(#)
then by proposition (1-3-3) part (1) we get U € Ixg (#) which

impliesthat U=UNY € Ixg #)NY = Iyg ().

2) Since K € IYgﬁ (%), then3a Uy, € Ty (£) s. t. Uyay XK. Since KX € U
and Dby proposition (1-1-8) part (5) we get UyayU .
Thus U € 1Y4; (2).

3) Since U, X € IY96 (%), then we have U=U; NnYs. t. U; € I§ (£)
and K = U, nYs.t. U, €lg (£). Now
Unx=u,nYnU,nY=WU;nU,)NnY , Since U, U,E€
I (#) so by proposition (1-3-3) part (3) we get U; N U, € I (£).
ThenUNK =UNYs.t.U=U NU; € g (&)
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ThusUN X € Iysﬁ ().
Conversely, let U N X € Iyg (#),butUnK cUandUNK c K
, SO by part (2) we have that U, X € I, § (#).
4) Let K € Iysﬁ (#£) and UeT,(£) s. t. UayXK , therefore by
proposition (1-3-3) part (1) and for any x € Uwe get U € I, § (x).
5) Suppose that U e, and U € Iyg (#), so U, €Ty(k) s. t.
Uyn(Y—Wel, but Uel,, so (U,n(¥-W)UUEL,
which means that U,UuU€l,, then U€l, and that is a

contradiction with the definition (1-1-13) .

6) Since U € Iysﬁ (#) then by proposition (1-3-9) U € I (£) N {Y} so
U € I (%) then by proposition (1-3-3) part (5), X — U & I (%)
hence (X — W) N {Y} & Is (#£) N {Y}. which means
Y -We&ls (R)N{Y}thusY —U & Iyg (£).

7) If possible, that (Y — U) ¢ Iy (#), then vV Uy € Ty (%), that mean

Uun(Y-Y-W)el,soU,nU¢l, butU,nUcUEel,
which a contradiction the definition (1-1-1) .
8) LetU € IYgs (#), but U € (WU X), then by part (2) we conclude

that U K € Iygs (R).
Proposition (1-3-12):
Let X;?]_,j j=1,2be an i — TPS’'s,such that T, is finer than T, and I,is
finer than I, ,then for i — subspace ijy I of i —TPS X;Sj,j:
Y Y
1) IY¢ le (X) < IY§ sz(x)

2) I1Y¢le(x) < Izygsty(x)
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Proof:
1) Let U € Iysﬁ I, (x), then 3 Uy € Ty(x) s. t. UyayU, so we have
Y

r.t.T,.ThusU € Iysﬁ sz(x).

2) Since I, < I, so we get the result immediately by part (1).
Definition (1-3-13) : [30]

Let X2, be ani —TPS, and U € X , x € X ,then x is called a focal limit
point of U, if and only if for each U € §,(x), U, N U/ # @, and the set
of all focal limit points is called the focal derived set and denoted by
Fd(U), also the focal closure of the set U denoted by Fcl(U) and defined
by Fel(W) = WU Fd(U).

Note that Fcl(U) is not necessary i- closed set.
Example (1-3-14) : [35]

Let X ={a,b,c},T = {X, @, {a}} = {(Z), {b}} then Fcl{a} = {a} and {a}
Is not i — closed set. Also, if U ={b}, then Fcl(U) = {b} 2N {H:Hisi—
closed set, ] € H}.

Proposition (1-3-15) : [30]

Let (X, T,I) be an i — topological space, and U, K are subsets of X. Then

each of the following are holds:

If U € K ,then Fd(U) < Fd(X) .

Fd(U) N Fd(X) 2 Fd(U N X) .

Fd(U U %) = Fd(U) U Fd(X).

Fd(®) = @ and Fd(X) = X.

Fd(U) =@, foreachU €.

UnFd(U) € Fd(Un W) , for each focal set U of X .

o g~ w b PE
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Corollary (1-3-16) : [30]

Let X2, be an i — TP, and let U, % are subset of X then each of the

following are existed:

1. If U € K ,then Fcl(U) € Fcl(X) .
2. Fcl(UNXK) € Fel(W) N Fel(X) .
3. Fcl(WUX) =Fcl(Q) U Fcl(X) .
4, Fcl(W) = U, foreachU e .

5 Fcl(U) €i—cl()

Proposition (1-3-17): [30]

Let X2, be an i — TPS, and let U be a subset of X, then

Fcl(0) = U, for each i —closed set U of X.

Proposition (1-3-18): [30]

Let X7;,j = 1,2 bean i — TPS,such that I, is finer than I; then
1. Fd,(0) € Fd, (1) .
2. Fclp,(U) € Fcly (W) .

Corollary (1-3-19): [30]

Let X7 ;,j = 1,2 be an i — TPS,such that T is finer than T; then
1. Fdr,(U) € Fdr, (1).
2. Fclr, (W) € Fclp, (U) .

Proposition (1-3-20) : [35]

Let X2, beani — TPS, and U is a subset of X, then Fcl(U) € i — cl(U) .

Definition (1-3-21) : [31]

Let X3, be ani — TPS, and let U is a subset of X ,then we say that U is
focal derived dense set if and only if Fd(U) = X, and its denoted by FD
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dense set. Also, it is called focal dense if and only if Fcl(U) = X, and it
Is denoted by FOdense.
Proposition (1-3-22): [35]

Let f: X2, > Y be an i- closed function, then f(Fcl(W)) = Fel(f(W))

for each i- closed set U of X.

Our aim now is to introduce the definition for the notion of focal limit
point and focal derivative set with respect to i — subspace of i — TPS,

with some of the properties and relations
Definition (1-3-23) :

Let ny‘}y be an i — subspace of i — TPS X2;, and let U €Y, then the

focal limit point of U w. r. t. i — subspace Y can be defined as the

following every y € Y s. t. for each Uy € gﬁly(y), Uy N U/ # @, and the

set of all focal limit points w. r. t. i — subspace Y is called the focal
derived set in i —subspaceY and define by Fd,(U) =U{y €Y,

Vv Uy € Sﬁ,y(y), 1z #vy,s.t.z € Uy and z € U}, also the focal closure of
the set U w. r.t. i — subspace Ydenoted by Fcl, (1)

Example (1-3-24):

Let X = {£,9,4}, T={0,X,{# g9}}, I ={0,{#}} with 6, . And let
Y ={#,#}s0 Ty ={0,X,{#£}}, Iy = {0, {#}} with 6y, be i-subspace
Y of X2,. Then Iyg () = {v,{£}} = Iyg (), butlys (§) =Y. Now let
U = {4, #}, then FA(U) = {g, #}, and Fdy (1) = {#}.

Proposition (1-3-25):
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Let Yéyly be i — subspace of i — TPS Xyaq, and let UCSY, Then
Fdy(U) = Fdx(W) N {Y}
Proof: Lety € Fdy (1), soV Uy € gﬁly(y) 3z+y,s.t.ze€Uyand z € U

but Uy =UNYs.t.Ue$,(y)sozeUn U. Therefore y € Fdy(U), and
y €Y so,y € Fdy(Q)n{Y}. Thus Fdy (1) € Fdx(U) N {Y}.

Conversely, Let y € Fdy(U) n{Y}, then y € Fdx(U), and y € Y, and
VUeES (y), dz+#ys.t.zeUNU, but UCY, then z€Y which
impliessze UnNnY, but Uy = U NY, therefore by definition (1-3-8) we
have y € 5ﬁly(y), $0, y € Fdy(U). Thus Fdy (W) N {Y} € Fdy(1). And
this completes the proof.
Proposition (1-3-26):
Let Y;i‘;y be i — subspace of i —TPS X2,, and let U<CY, Then
Fcly(W) = Fdy(W)u U
Proof: Since Fcly(U) = Fdx(U) U U, by definition (1-3-13), so
Fcly(WNn{Y}=Fdy(WHuUuW)Nn{Y}

= (Fdy(W)n{rhuu=Fd,(W)ul

Proposition (1-3-27):
Let Y;;‘;Y be i — subspace of i — TPS X751,, and let UCSY, Then

Fely ) =U{yev,vu, €6, (,3z€l,andzeujul.

Proof: Let y € Fcl, (1), theny € Fdy(U) or y € U.
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If y € Fdy, (1) then by definition (1-3-23) V Uy € .‘ﬁIYO’) dz+#y,s.tzE€
Uy and z € U, theny e U {y eY, VU, € 95w(y),5| z€Uy and z € U}.

If y € U and for any U, € sﬁ,y(y),ye Uy, SO we get y € Uy N U then
U nU = 0. HenceyeU{yEY,VUyegﬁly(y),ElzeUy andzEU}.

Thus Fcly(U) € U {y EY,VUy € §ﬁly(y),EI z€Uyandz€ U}

Conversely, lety € U {y EY,VUy € gﬁly(y),a z€Uy and z € U}, then
for any Uy € 5ﬁly(y) ,y € Uy, there exist 3z # v,z € Uy and z € U. So

y € Fdy (1), then y € Fcl, (1) which mean that

Uf{yer.vuye$, (),3z€UyandzeU}cFel(U).

Proposition (1-3-28):
Let Y;;‘;Y be i — subspace of i —TPS X2,, and let UCY, Then
Fcly,(0) = Fcly(W) NnY
Proof: Fcly(W) NY = [Fd,(WHuU]nY
= (Fdy(W)NnY)u U
= Fd, () U U = Fcly (W).
Definition (1-3-29):
Let Y., be i — subspace of i — TPS X, and let U be a subset of ¥, then

we say that U is focal dense w. r. t. i —subspace if and only if
Fcly(U) =Y, and it is denoted by F Oy dense.

Example (1-3-30):
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Let X ={£,9, %}, T ={0,X,{£,g}}, I = {0, {#}} with 5, . And let
Y ={#&,#}s0 Ty ={0,X,{#£}}, Iy = {0, {#}} with §,, be i-subspace
Y of XZ,. Now let U € Y s.t. U = {£}, then Fdy, (1) = {#}, then we get
Fcly(U) = U U Fdy(U) = {£}U {#} =Y. Thus U is FOydense.

Other concepts that introduced in the i — TPS in [2], is the occlusion
set and ¥ — operator so we will be showing the definitions, properties

with some relations.
Definition (1-3-31): [30]

Let X2, be an i — TPS, and let U is a sub set of X, then the occlusion set of
U with respect to T(x) defined by fip(U0) ={x € X: for each U €
T(x),U 6 U}.

Example (1-3-32) : [30]

In the i — topological proximity pace (X, T;, {@}, 6) ,where & is the discrete
proximity then fi(U) = X, for each subset U of X .

Proposition (1-3-33) : [30]
Let X2, be an i — TPS, then the following are true:

1 ucdr(W).

2. X = (Fr(W) € frX - W) .

3. U c X, then fip (W) S fr(X) .

4. fr(W) N fir(K) 2 Fr(U N K) .

5. fir(W) U fi(¥) = (WU X) .

6. fir(0) =0, ifand only if U= @, and f:(X) = X.

7. $p(fr (W) = $r(W) , for each U € I (x) ,x € X

8. fir(W) € Ig (x) for each U € I4 (x) and for some x € U..
9. i—cl(W) € f(W) ,foreach U < X.
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10. If fip(0) = @ ,then FA(U) = 0 .

11. Fd(U) € Fel(U0) € fip(W).

12. If Fel(U) = X, then fip(U) = X.

13. fip(W) = fr(U — K) = fip(UU K), for each K € I and U € I (x),
for each x € X.

14.Unfr (W) S$  (UnW) foreachU € §,(x), x € X.

15.Let (X, T;, I, 6) be an i — topological proximity space such that T; c T,
then fip (U) € fir, (W) for each subset U of X .

16. (W) # U, foreach U € 1.

Definition (1-3-34) : [31]

Let X2, be an i — TPS, then we say that a subset U of X is 93T —dense set
if and only if fip(U) =X .

Definition (1-3-35): [34]

Let X2, be an i — TPS, an operator : P(X) — P(X) defined as follow:
Yr (U) = {x € X: thereexist U € T(x),U <« U}

Example (1-3-36):

Let X = {#, ¢4}, T ={0,X,{#£},{g}}, | = {®,{#}} with 5. And let
U= {#£, g} thenyr(U) = {£,4}.

Proposition (1-3-37) : [34]

Let X2, bean i — TPS, then each of the following are held for every subset
UK of X:

1. Yyr(Q) c U, foreachUcX.

2. Yr(U) =0, foreach U € 1.

3. IfU c K, then Y, (1) € Y (XK).
4. Pr(W) U7 (K) S Pr(UUK) .
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5 Yyr(UNK) € Yr(0) N (K) foreach U, K C X.

6. X — fir(X — W) = P (W), for each subset U of X.
And fir(U) = X — Pr(X = W),

7. Yr(Pr (W) € Y (W), for each subset U of X.

8. Yr(U) E Fcl(W), for each subset U of X.

9. Yr(X — W) € X— (Pr(W)), for each subset U of X.

10. Y (U) < (W) for each subset U of X.
11. U is FOdense set, then Y (X — W) = 0.
12. U is fip —dense set, if and only if Y (X — W) = @.

Proposition (1-3-38) : [34]
Let X7 ,,j =12 be an i —TPS, such that T, is finer than Ty, then
P, (W) € Y, (W) .

37



Chapter Two

Some Results
in i-topological
Proximity Space



Chapter Two Some Results in i-topological proximity space

2.1 Some Results in Occlusion Set via i — open set

Our aim in this section is to study some results on the occlusion set
with respect to i — open set and investigate its image and preimage under
the § — symmetry function. Also, we study this notation ¥ — oerater
notation with respect to i — subspace of i — TPS, with some most

Important properties and relations.

Proposition (2-1-1):
Let Xf{j bei—TPS j=1,2,suchthatl; € I, and for U € X then:

1. If I €1, then ($:(0)),, € (Fr(W),, , where (fir(U)); means
iz (U) w. r. t. ideal I.

2. If 6, < &; then (Fr(W)s, € (Fr(W))s, where (f1(U))s means
fir(Q) w. r. t. proximity relation §.

Proof:

1. Let £ € (fr(W)yie, fr(W w.r. t. I, then HS U,V H € T(£). So,
H €1, ¢ (#) by theorem (1-3-3) part (1), but by proposition (1-3-4) we
have I; 4 (£) S 1,4 (&) , then HS U, VH €T(£) w. 1. t. I,. Thus
£ € (F(W)y,.

2. Let £ € (f(W))s, i€, fr(W) w. r. t. &y, then H &, U,V H € T(£),
but since §, < §; then by definition (1-2-5) we have H §,U ,V H €
T(#). Thus £ € ($r(U))s,.

Definition (2-1-2):

A function f : X% - Y9 is called § — symmetry if and only if f it is § -

homeomorphism i — open map.
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Proposition (2-1-3) :

Let f: X9, — Y7§1‘ be a § — symmetry, then f(fip(W)) = f+(F(W0)) for
each subset U of X.

Proof: Let £ € f(fip(U0)), thenIx € X s. t. f(x) =4 and x € fi:(1),

and V H € T(x),HSU, because f is 6 — continuous , then we get
fFHESFW VY f(H) € T(f()) =T,

which means f(H)8f(0),V f(H) € T(%). Thus £ € f+(f(Q))
Conversely, let £ € fi+(f(0)), then VH € T(£),H5f(U) but =1 is

& — continuous, f is & — continuous and i — open, then f~1(H)&U
VFUH) € T(FH(R)) s.t. x = f71(£) € fir(W).
Thus £ = f(x) € f($Hi+(W0)) ,and this completes the proof.

In the following proposition we will see that the pre-image of occlusion
set via i — open set under bijective § —continuous and i —open function

is also occlusion set
Proposition (2-1-4):
Let f: X2, — Y7§,~ be § — symmetry function, then

fHE W) = $(f 7 W).
Proof: Let £ € f~1(f+(U)), for each subset U of Y then 3y €Y s. t.
f(#) = yandy € (W), then we will get v H € T(y), H5U. Since f~*
is § —continuous so f~1(H)S§f~1(W) V f~1(H) € T(#) which means
that £ € fip(f1(W)) .
Conversely, let £ € fip(f~1(U0)), then V H € T (%), H5f "1 (W) but f 1 is
& — continuous since f is & — continuous and i — open, so f(H)sU

V f(H) € T(f(£))so f(#) € fix(W), Thus £ € £ (fip(1)).
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Definition (2-1-5):

The proximity relation 6 on a set X is called o — proximity , if for any
index A, and for any subsets A;,B of X (Ujepr4;)0B if and only if
3 Ao € Asuchthat A; 6B.

Proposition (2-1-6):

Let X3, be an i—TPS then for any subset U of X we have
($r(U UR) =U Fr(Up.
Proof: Directly from proposition (1-3-33) part (5) .

In the following propositions we will see that the image (pre-image) of

it —dense subset under § — symmetry function is also fir —dense subset
Proposition (2-1-7):

Let f: X8 - YTSI be a § — symmetry function, then if a subset U of X is
fir —dense in X, then f(U) is fi; —dense in Y.

Proof: Let U be fir—dense in X, then fi:(0) =X , so we get by

proposition  (2-1-3) fi+(f (W) = f(fr(W) = f(X) =Y because f
surjective. Thus fi4(f(W)) is iy —dense in Y.

Proposition (2-1-8) :
Let f: X2, — Yfi be a § — symmetry function, then if a subset K of Y is
iy —dense in Y, then £~ (%) is fip —dense in X.

Proof: Let K be fiy —dense in Y, then §i+(X) =Y , so we get by
proposition (2-1-4) g (f 71 (%)) = f T ($:(FO) = 1Y) = X.

Thus f~1(X) is i —dense in X.
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Definition (2-1-9):

Let X% be a proximity space, a nonempty subset U of X is called Jaw set
if and only if U5(X — ), the collection of all Jaw sets denoted by J(X).
In addition, the collection of all Jaw and i — open sets denoted by i —
Jr(X).

Example (2-1-10):

Let X = {#,g,#}, and for any subsets of X A and B, we can define an
indiscrete proximity relation §; such that A6;B if and only if A #

@ and B # @ [7]. In this example it is clear that any nonempty subset of X

Is Jaw set.

The following proposition will study some properties of the Jaw set and

i — Jr(X) with some relations.
Proposition (2-1-11) :
Let X2, be an i — TPS and for a subset U of X if U € i — J-(X), then:

I- U=yrQ)

2- U S Pr(Fr(D)

3- fr () = X

4- ﬁT(u) = SET(EﬁT(u))

o>- .[ﬁT(u) = FﬁT(lpT(u))

6- Yr(fr(W) < Fir(hr QD)

Proof:

1) Let £ € U, since U € i — J;(X), then US(X — ), so £ € P, (A).
Hence U < ¢ (W), but by proposition (1-3-37) part (1) we have
Yr(U) € U Thus, U = P (U).
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2) Since U < f:(U) by proposition (1-3-33) part (1), then
Yr(W) € Y (fr(U)) by proposition (1-3-37) part (3), but
Uei—Jr(X),then by (1) we have U = Y (N).

Thus U S P (WD)

3) Itis clear that fip(U) < X, we just need to prove that X < fip(2), so
let £€X if £¢& (), then IHET(#) st. HSU, so by
proposition (1-2-3) part (3) HNU=¢. But HLUET, so by
definition (1-1-11) 3 W € T s. t.
(Hnw)y—-w)u(W—-(HnW) e,

i.e. (@—W)u (W — @) =W €I which a contradiction with the
factthat T NI = @ in definition (1-1-11).

4) It is direct by proposition (1-3-33) part (7) and proposition (1-3-3)
part (1)

5) Itiseasy by (1)

6) Since U =y, (U) by part (1), then fipQU) = fip(P7(W)) .Thus

Yr(FrQD) = Yr(Fr(WrQ))) € fr(Pr(W)) by proposition (1-3-
37) part (1)

Corollary (2-1-12) :

Let X2, be an i — TPS and for a subset U of X if Wis i — closed and Jaw
set, then fi-(U) = U and Jaw set.

Proof: Since Uis i — closed, then X — U is i — open which is mean that
X —-U€ei—Jr(X), and this implies by proposition (2-1-11) part (1) that
X—-U=¢;(X-U) :X—FﬁT(u)

Thus fir(U) = U and fi+(U) jaw set and i — closed.
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Definition (2-1-13) :

Ini — TPS XZ;, the subset U € X is called i — ;- — open set if and only
if UCyr(fp(U)) ,and the family of all i — 1 — open subsets denoted
by 17.0.(X) .

Example (2-1-14) :

Let X ={~A,9,4},T ={X,0,{A},{g}} , and 1={@,{#},} with the
discrete proximity &, if U = {#,g} then fi:(U) = X and Y (Fip(W)) =
Yr(X) = X . So, we get that U < ¢ ($,.(1)).

Proposition (2-1-15):

Let X2, bean i — TPS and for asubset W of X. If U € i — J;(X), then U €
Wr. 0. (X).

Proof: Obviously by proposition (2-1-11) part (2)

Proposition (2-1-16):

Let X2, be an i — TPS and for a subset U of X, in . 0. (X) , Y7 (fip(Q))
ISi — Y, —open

Proof: Let U € ¥7.0.(X), then we have that U < P, (fi:(U)). So

fir(D) € fr(r(Fr(W))), then  Yr(Fr(W)) € Yr(fr(pr (Fr(W)))) .
Thus Y (f:(0)) isi — P — open.

Theorem (2-1-17):
Let X, beani —TPSand fors e XandUC X. If U€i—J (&) s t.
i— () ={A€i—]r(X), % € A}, then
Yr ($r(W) = Py (Pr@pr (P (W))).
Proof: Let W = ¢, (fip(0)) € Y. 0. (X), by proposition (2-1-16) , then

we have W = yr(fir(U)) € fr(fr(U)) = fr(U) by theorem (1-3-3)
part (1) and proposition (1-3-33) part (7).
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Therefore, fip(W) € fi+(fir(W)) = f:(U), which implies that
Yr(fr(W)) € Pr(Hr(W)), then Y7 (fr(W)) < W.

Since Y1 (fi+(0)) € Y. 0. (X), so by proposition (2-1-16) we have
Yr(Fr(W) € Pr(Fr(Pr@Fr(W))), ie. W S Pr(fir(W))

Thus Y7 (F(W) = Yo (Fr(r Fr)))).

Now we will study the nation of occlusion set via i — open and the
operator Y — operater with respect to i — subspace of i — TPS, with

some properties and relations

Definition (2-1-18) :

Let ny‘}y be i — subspace of i — TPS X2,, and let U € Y, then the set of

occlusion point via i —open set w. r. t. i —subspaceY defined by
fir,(U) = {y € Y: for each Uy € Ty(y), Uy 6y U}.

Example (2-1-19):

Let X = {£,9,4}, T ={0,X,{£},{g}}, | = {0, {#}} with 6, . And let
Y={##}s0Ty ={0,Y,{#£}}, Iy = {@,{#}} with 6, be i-subspace
Y of X§,. Now let U € Y s.t. U = {#}, then fir (U) = {#}.

In the following proposition we will see that the occlusion set via
i — open with respect to i — subspace of i — TPS, is a subset of the
intersection of the occlusion set via i —open w. r. t. i — TPS with the

subspace Y.
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Proposition (2-1-20)

Let YfYY,Y be i — subspace of i —TPS X%, and let U <Y, Then
fir, (W) € fir, (W NY.

Proof: Lety € fir, QD), then vV U, € Ty(y), Uy 6y U, but U, = U nY for

any U € Ty(y) , i.e. Uy, € U. Thus U 8y U, which means that y € fi+QQD),
and since y € Y we get that y € (L) n'Y.

The following example, will showing us that the equality of above

proposition cannot satisfies in general.
Example (2-1-21):
Let X ={%,¢,4,¢}, T ={0,X,{£},{g £}}, | = {0,{#},{£}, {# £}} with

Sp. And letY = {£,g,#}s0T, = {@,Y,{£},{g. #}}, Iy = {0, {#}} with
by, be i-subspace Y of X2, . Now let UCY st U= {4}, then

HSTY(U) = {’&}1 bUt ,EﬁTX(u) = {/&, ’ﬁi f}

Thus 7, (W NY = {£,$} £ P, (D) = {£}.

The condition that makes the equality of proposition (2-1-20) satisfying
Is that the i — TPS has to have intuition smoothing feature as we define in

the following definition.

Definition (2-1-22)

The proximity relation it is said to have intuition smoothing feature if for
any sets ASB and forany @ # C € B, then A6C.
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Corollary (2-1-23)

Let Yo' be i —subspace of i —TPS X%, and let UCY, Then
Yy

fir, (W) = fr(W) N Y if and only if X%, have intuition smoothing feature.

Proof: We just need to proof that (W) NY <€, (U) so let

yEfr(W)NY, thenvVU ET(y),USU, butyeY,soyetny =U,.

Since X issmooth i — TPS and U,, € U so we have U,, §y U, which means

that y € fip, ().

Now we have to define the Y, — operator with respect to i —

subspace as in the following definition.

Definition (2-1-24):

Let ny‘}y be i — subspace of i — TPS X¢,, we can define an operator
Wr,: P(Y) =» P(Y) by ¢, (W) ={y €Y:3 U, € T, (), U, & (¥ — W)}.
Example (2-1-25):

Let X = {#£, 4.4}, T ={0,X,{£},{g}}, I = {@,{#}} with 5,. And let
Y={#,#}s0Ty ={0,Y,{£}}, I, = {@,{#}} with §,, be i-subspace

Y of X2,. Now let U € Y s.t. U = {£}, then 5, (U) = {#£}.

In the following proposition we will study the relation of ¥, —
operator with respect to i — subspace and the intersection of ¥, —

operator with respect to i — TPS with the i — subspace.

Proposition (2-1-26)

Let Y;SYY,Y be i — subspace of i — TPS X2,, then for any subset U of Y.
Yr(W)NY € g, (W).
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Proof: Let yey,,(W)NY, then yey,(U) and yeY, so I UE
T(y),US(X—W), buty€eY, then yeUnY =U, and U, S U so we
have U,, &y (Y — U), which means that y € ¥, (U).

Proposition (2-1-27)
Let YfYY,Y be i — subspace of i — TPS X2,, then for any subset U of Y.
r, (W) = [X —fr, (¥ —W]nY.
Proof: Let U be a subset of Y, then
Yr, D =Y —fir Y-

=[X-(fr, (¥ —WNY)|nY

ny

= (X—gﬁ(Y—U))U(X—Y)
| Tx

ny

g

Tx

Definition (2-1-28) :

Let Y{;‘;Y be i — subspace of i — TPS X2,, and for any subset U of Y, U is

called occlusion denes set via i — open set w.r.t. i — subspaceY, if for

any y € Y and for all H,, € Ty (y) then H5U. And we will be denoted by
fir, — dense.
Example (2-1-29):

Let X = {£,9,4}, T ={0,X,{£, g} {%£ 43}, I = {0,{#}} with 6,. And
letY ={#,g}s0 Ty ={@,Y}, I, = {@} with 6y, be i-subspace Y of

X9, Now let A € Y sit. A = {£}, then fir_(A) = Y so A is fir, — denes.
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In the following proposition we will see that the fi — denes set with

respect to i — TPS, will be the fi; — denes with respect to i — subspace.

Proposition (2-1-30) :
Let ny 1, be i — subspace of smooth i — TPS X2,, and for any subset U of

Y, if Uisfr—dense, thenUis fir, —denseinY.

Proof: Since X£, is smooth, then by corollary (2-1-22) we will get
fir, (W) = fiz(W) N Y, for any subset U of Y. And since U is fir — dense

in X then f(0) = X, s0 fr (W) =X NY =Y. Thus Uis fir, — dense.
Example (2-1-31):

In example (2-1-29) we have A = {£}, then fi(A) =X so A is
fir —dense , and fir (A) = Y s0 A is fir, — dense.

Remark (2-2-32):

The convers of proposition (2-1-30) not true in general and the following

example show that.
Example (2-1-33):

In example (2-1-25) if B = {#}, then fiy,(B) = Y so0 B is fiy, — dense.,
but fir, (B) = {#,#} so B is not fiy, — dense.
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2.2 The Redirect and Strips set in i-Topological Proximity Spaces

By using the notation of occlusion set via i — open set and the
notation of y; — operater in i-topological proximity space, we
spotlight in this section on the construction of new type points by introduce
the notion of redirect points and strips points, also we showed their

properties and study some relationships between them.

Definition (2-2-1) :

Let X2, be ani — TPS, the point £ € X is called redirect point of U € X if
and only if for all i —open set H € T(4) we have H5$..(D).

The set of all redirect point of U is called redirect set and denoted by U,
Example (2-2-2) :

Let X ={A,9,4#}, T ={X0,{A},{g}} , and 1={@,{#},} with the
discrete proximity &p, let U = {g} then fi:(1) = f:({g}) = {g, £}

So, we get that U,. = {g, £}.

Remarks (2-2-3) :

i)  From example (2-2-2), we can conclude that U,. is not i — open set
in general.

ii) If we replace the relation '8 fiz(0) instead of H'S fir(U) in the
definition (2-2-1), then for any subset U € X we have the set
{h €X,VH € T(R)s.t HS fir (W)} = 0.
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In the following theorem, we studied some properties of redirect set
and relationships between this concept and some concepts that mentioned

previously
Theorem (2-2-4):
Let X2, be i — TPS, and let U € X, then the following statement are hold:

1) Uc U,

2) =0, and X, =X
3) fr(W) € U,

4) If U € K then U, € K,
5 U, € (Uy),

6) X — U, € (X—U),

7) (UnX),cU,nK,
8) (WUX),=U,UX,
9) (Uaea Un)r 2 Upea Uy,

Proof:

1) Let A € U then for any i — open set H € T(#4) we have H'SU. But
U < fip(W0), so H8 fi+(W) by proposition (1-2-4) part (2), for any 7 €
T(4A). Thus A € U,

2) For @, = @, if there exist any 4 € @,. then for any set H € T(4) we
have H8 fi+(@) = @, which a contradiction with proximity axiom in
definition (1-2-1) part (3). So @,. = @.

Now for X, = X itis clear that X, € X , and by part (1) we get X <
X,. Thus X, = X.

3) Let £ € fip(U) then for any H € T(#4) we have H'8U, but by
proposition (1-3-33) part (1) we get U € fi+(U) that is means
H8 fir(U) by proposition (1-2-4) part (2), which implies £ € U,
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4) Let £ € U, then for any set 7 € T(4), H8 fip(W), but U € XK, so by
proposition (1-3-33) part (3) we will get fiz(W) S f:(X).
Thus H 8 () for any set 7 € T(4) by proposition (1-2-4) part (2),
that is mean 4 € X,
5) Since U € U,, by (1), then U,. € (U,.),- by (4).
6) Let 4 € X — U, then A ¢ U, which implies that 2 ¢ U (by 1), s0o 4 €
X —U. Thus £ € (X — U), by part (1).
7) Since UnK cUandUNK €K ,so (UnXK), € U, and
(UNX), €K, by @). Thus (UnX), € U, NXK,.
8) A€ (UUK), @ VH € T(h), H8 fip(U U XK)
& H(hr(W) U fip(F)) by proposition (1-3-33) (5)
& HS fip(W) or HS fip(K)
s hrel,orh eX,
s hel, UK,
9) Directly by part (4).

Example (2-2-5) :

Let X=1{A,9,4}, T ={X0,{2},{g}} , and 1={0,{f},} with the
discrete proximity 6,, let U = {g} and KX = {#} then U, = {g, #}, and
K. ={n#}. So U, € U, which means that the convers of part (1) in

theorem (2-2-4) is not true in general.

Also, it is obvious that U n K = @, then by theorem (2-2-4) part (2) we
will get (UNXK), =0 . ThusU, N K, = {#} € (UNXK), = @, and this
shows that the convers of part (7) in theorem (2-2-4) is not always true.
Now, if B = {f#}, soX — B ={#A,g}, so B, = {f}and X — B, = {#,4},
but (X —B), = ({#A,¢}),=X. Thus X —B),=X% X —B, ={A,g9}
which explain way the convers of part (6) in theorem (2-2-4) cannot be true

in general.
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Example (2-2-6) :

Let X = {#,9,#,¢},T = {X.0,(4},(g.$}} . and 1= {0, {$}, (¢}, ($ ¢}}
with the discrete proximity &p, let U = {4} then (1) = {4, #, £}, and
U, =X.So U, ¢ fip(U), which means that the convers of part (3) in
theorem (2-2-4) is not true in general.

Remarks (2-2-7) :

1) The family of all redirect set in any i — TPS be of the following form
R(x) = {U, vU c X}.

i) We can conclude from theorem (2-2-4) that the family R(x) will be a
subbase of the topology on X.

Our aim now is to introduce the concept of strips point that will play

important role in our study.

Definition (2-2-8):

Let X2, be i — TPS. Then the point 4 € X is called strip point of U € X if
and only if there exist an i — open set H € T(4) s. t. HS fip(X — W).
The set of all strips point of U is called strips set and denoted by Ug
Example (2-2-9):

Let X={A,9,%},T={X0,{A},{g}} , and 1={0,{#},} with the

discrete proximity &p, if U = {4, #} then (X — W) = fi:({g}) = {g. £}
soU, ={~A}.

Also, if X = {£, g} then fir(X — K) = fir({#}) = {#}, 50 K = {1, 4} .

From example (2-2-8) we can conclude that U, need not to be i —

open set in general.
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In the following theorem we investigated some important properties

and relationships for the concept of strips set .

Theorem (2-2-10):

Let X2, be i — TPS, and let U, % S X then the following statement are
hold:

1) U;cu

2) s =0, and X; = X

3) Us < fr(W)

4) If U € K then U, € K
5) (Us)s & Us

6) X—UW,; S X—-U;

7) (UNnK), =Us nK;
8) U, UK, € (WU XK),
9) Us € (fr(W)s

Proof:

1) Let 4 € U then there exist a set 7 € T(4) such that 78 fip(X — W),
SoH N fiz(X — W) = @ That is mean 4 ¢ fi+(X — U), but we have
by proposition (1-3-33) part (1) X — U S fip(X —U),s0A ¢ X — U .
Thus 4 € U .

2) If there exist any point 4 € @, then there exist i — open set H €
T(#4), s. t. 78 fir(X — @) which means that 78 fir(X) = X and this a
contradiction with the proximity axiom definition (1-2-1) part (3).
Thus @, = @.
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3)

4)

5)
6)

7)

Now, for X, it is clear that X, € X by (1), and to prove that X € X,
let A € X, so X € T(4) and since X8@ then we get that X8 fir(@) so
X8 fir(X —X). Thus 4 € X.

Let 4 € U; then there exist a set 7 € T(#4) such that H'8 (X — W),
but by proposition (1-3-33) part (2) we have X — fi(U0) € fip(X — W),
s0 H8(X — fip(W)), that is mean H « fir(U) but by part (3) of
theorem (1-2-9) part (3) we will get that 7 < fip(U), hence 4 €
fir(WD).

Let A € U; then there exist set 7 € T(4) such that '8 fip(X — W),
butl € K,s0 X — K < X — U, and by proposition (1-3-33) part (3)
we will get fi+(X — K) € fi+(X — W) . Thus by proposition (1-2-3)
part (1) we get H'S fir(X — K), that means 4 € K.

Since Uy € U by (1), then by (4) we will get (Uy), € Us.

Since U; € U by (1), thenX — U € X — U, Also, by (1) and (4) we
have X — W), € (X — Uy), € X — U..

Since UnK c Jand UNK < K, so by (4) we get (UNK), < Ug
and (UN %), S K,. S0 (UNK), S U NK, .

Now, let 4 € Ug N K, then there exist set H € T(4) such that
HEfr(X — W) and H S fir(X — K), so by proposition (1-2-3) part (6)
HEfr(X — W) U fig(X — K), so by proposition (1-3-3) part (5)
fir(X — W U fir(X — K) = fie((X — W) U (X — X)), then we will
get 18 fip(X — (U N X)) which means that 4 € (U N K);, hence
U; NK; € (UNXK),. Thus, (UNK), = Ug N K

8) Since UC K uUuUand KX € UU XK, soby (4) wegetU; € (WU K)

and K, € (WU K),. Thus Uy U K € (U U K),.

9) Since U C (W), then by part (4) we have U < (fip(0)); .
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The following example will be showing that the converse of part (9) of

the theorem (2-2-10) is not true in general

Example (2-2-11):

In example (2-2-9), if U = {4, #} and U; = {4}, then U & Uy in general
Also, and if K = {£, g} then fi(X) = X and K = {£,g}, so it is clear
that (fip())s & K.

In the next example, we will see that the converse of part (8) of the

theorem (2-2-10) is not true in general.
Example (2-2-12):
In example (2-2-9), if U = {4, #} then U; = {#A} and if KX = {£, g} then

K, = {#h, ¢}, so it is obvious that (U U K), = X, = X, but in other hand
we have U, UK, = {A} U {4, g} = {A,g}. Thus (WU K), € U, UXK..

Also, if U={A,#}, thenX —U ={g}, and U, = {A}, (X — Q) = {g}.
Hence X — U = {g,#} € (X — W), = {g}.

Remarks (2-2-13):

i) If we change the condition £8 fir(X — W) in definition (2-2-8), to
the condition '8 fit(X — W), then the family of all set in the form
{heX,AH e T(A)s.t HEf+(X — W)} will be construct of
discrete topology on X.

i) The family of all strips sets in any i — TPS will be in the form
S(X) = {U,,vU < X}. And from theorem (2-2-10) especially part (2)
and (7) we conclude that this family S(X) will be a base of a topology

on X.
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In the next proposition, we will study the case that we have two i —
TPS’s (ideals, proximity relations) such that one of them finer than the

other.
Proposition (2-2-14) :
Let X2, be i — TPS, and let U € X then the following statement are hold:

1) In X2, , j=1,2 such that T, finer than Ty, then (Us)r, € (Us)r,,
where (Ug)r means Ug w. r. t. i — topological space T .

2) In X7‘§,j ,J=1,2such that I, finer than I, then (Us),, € (Us),,, where
(Ug); means Ug w. r. t. ideal I .

3) In Xf{ , J=1,2 such that §, < §;, then (Us)s, € (Us)s,, Where

(Us)s means Ug w. r. t. proximity relation §.
Proof:

1) Let 4 € (Us)r, then there exist set 7 € T, (4 ) such that
8 fir, (X — W), but since T, finer than T; we get H € T, (4),
which implies #£8 fir, (X — W), hence 4 € (Ug)r,.

2) Since I; < I,, then by proposition (2-1-1-) part (1) we will get that
(frX = W), € (X =), . Now, let 4 € (Uy),,, then there
exists a subset 7 € T(4) such that H8(fir(X — U)),,, but we have
(fr(X —W),, € (f7(X—W)),,and by proposition (1-2-3) part (1)
that implies H 8 (fir(X — U)),,. Thus, 4 € (Us),,.

3) Let 4 € (Us)s,, then there exists a subset 7' € T(#4) such that
HE, fip(X — W), but 5, < §; so we will get by definition (1-2-5)
that H'§, fir(X — W). Thus, A € (Uy)s, -
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Proposition (2-2-15) :

Let X2, be i — TPS, and let U € X then U; € X — fip(X — W).

Proof: Let 4 € Ug, then 3 H € T(A) s.t. HS fir(X — U), that means

Hnfr(X—U)=0,s04 ¢ fir(X—U). Therefore 4 € X — fi(X — W).

Corollary (2-2-16) :

Let X2, be i — TPS, and let U € X then the following statements are true:
1) (X —U) € X — U

2) (W) € X — (X — W),
3) (X — W, X — (W)
Proof:
1) Directly from proposition (2-2-15)
2) Itis obvious if we replace X — U instead of U in part (1)

3) Itis clear if we replace X — U instead of U in proposition (2-2-15).
Theorem (2-2-17):

Let X2, be i — TPS, and let U € X then the following statements are
holds:

1) Uy cUu{WEelg(A), £ € U Wal}

2) Uy cU{WElg(A), A€ UW=LU]}

3) UycUu{HEeT, HKU}L

Proof:

1) Let 4 € U, then by theorem (2-2-10) part (3) we get 4 € fip(U), but
fr(0) = {# € X,VH € T(4), Hal}, and by theorem (1-3-3) part
(1) we have H € Ig(#) i.e 4 € {# € X, for some H € I;(#A), Hal}.
Thus A € U{W € [5(A), £ € U, Wall}.
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2) Let el ,ifAeU{WEelg(A) A€ UW=U},
then 2 € U {W € Ig(A), (W —U) U (U—W) € I}, that will imply
A g U{W e lg(A),W—UEe I}, which means A & Ug by (1) which
a contradiction.

3) Let 4 € U, then there exist H € T(#)s.t. HS (X — W), by
theorem (1-3-33) part (1) we have (X — U) < fi+(X — U) which
implies that H'8(X — W) and that true if and only if H «< U .
Therefore # eU{H e T, H < U}

The important question now, what is the relation between the
occlusion set via i — open set and members of ideal with the strips set,

the answer will be determined by the following theorem.
Theorem (2-2-18):
Let X2, be i — TPS, and U € X then the following statements are holds:

1) X—=UWy;, =0 forany U € Ig( 4), for some £ € X.

2) If fir(W) = X VU € I5(A), for some £ € X, then (X — W), = @

3) U € Fel(W).

Proof:

1) If U € Iz(4), then by proposition (1-3-3) part (2) and by part (1) of
proposition (1-3-33) we get that fi(U) € I(#A), but theorem (1-3-3)
part (1) says that if H € T(£) then H € I3(4), hence by part (3) of
theorem (1-3-3) we will get 3 N fip(W) € I;(A).

Now, suppose that (X — U); # @, so there exist £ € (X — U), which
means that there exist H € T(A) s.t. HS _rﬁT(X — (X - U)), that

implies 7 N fi+(U) = @ € 1. which a contradiction with proposition
(1-3-3) part (4). Thus (X — U), = @.
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2) If fip(0) = X,VU € I5(#), for some 4 € X, then by part (3) of
corollary (2-2-16) we have (X —U); € X — X = @. Thus
X -W)s=0.

3) Let 4 ¢ Fcl(U), and by the definition (1-3-13) we have U € Fcl(U).
Then £ ¢ U, but Ug € U. Thus 4 € Us.

For studying the relationships between the redirect set and strips

sets we can see the following proposition
Proposition (2-2-19):
Let X2, be i — TPS, and U € X then the following statements are holds:

1) U, € U,

2) Uy =X— (X -1),

3) ur=X_ (X_u)s
Proof:

1) Itis direct result from theorem (2-2-4) part (1) with part (1) in
theorem (2-2-10).
) LetaeX - X-0),=xAa¢X-1),
& 3IAH €T(A) s.t. HE fip(X — W)
s nels.
3) If we put X — U instead of U in part (2) we will get
X —-W,=X- U,,sothatwillimply U, =X — (X — U),.

For studying the relationships between the focal function and

the redirect set we can see the following theorem.
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Theorem (2-2-20):
Let X2, be i — TPS, and U € X then the following statements are holds:

1) ur c (ﬁT(U))r
2) X—f(X— W) € U,
X-U, cfX—-Wcx-U),

Proof:

1) Since by proposition (1-3-33) part (1) we have U < fi+(1), then by
proposition (2-2-4) part (4) we get U, € (fip(W)),-.

2) Let 4 € X — fip(X — W), suppose if possible that 4 ¢ U,., then by
theorem (2-2-4) part (3) we get 4 ¢ fip(U0), so 4 € X — fip(U), but
by theorem (1-3-33) part (2) X — fip(U) < fip(X — W) , therefore
A € firz(X — W) which a contradiction. Thus £ € U, .

3) By (2) we have X — fiz(X — W) € U,, s0 X — U, < fip(X — W), but
(W) € U, . Thus (X — W) € (X — W),

To know the relationships between the focal set and the redirect

set we can see the following theorem.

Proposition (2-2-21):

Let X2, bei —TPS,andUCS X .IfUE€ I;(#) for some £ € X, then the
following statements are holds:

1) U, =X

2) U, € I4(A)

3) ), =4,
4) X-UcUu,.

Proof:
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1) LetU € I5(#) for some 4 € X, then by theorem (2-2-18) part (1) we
get (X—U)s = @, but by part (3) of theorem (2-2-19) we have that
U, =X — (X — W), which means U, = X.

2) LetU € Ig(A) then U, = X by (1). ButX € Iz(4) forany £ € X, by
theorem (1-3-3) part (1). Thus U, € I5(#)

3) Since Uelg(A) . then by part (1) U, =X but by theorem
(2-2-4) part (2) we have X, = X . Thus (1,), = X)), =X =1,.

4) Directly by (1).

Proposition (2-2-22):

Let Xp; beani — TPS,and U, X S X such that 3¢ € I and U € I5( 4)
thenU, = (U-X), = (UU XK ),.

Proof:

For U, = (U—X), , itisobvious that U — K < U so by theorem (2-2-4)
part (4) we get that (U — X)), € U,. Now, let 2 € U,., if 2 ¢ (U — X),,
then there exist £ € T(4) such that H8fr(Un (X —K)), and by
proposition (1-2-3) part (3) that implies 7 n (U N (X — X)) = @, but
since I € I then by proposition (1-3-3) part (6) we get (X — X) € I5(4)
and since U € Ig(#A) , then by theorem (1-3-3) part (3) we have
(U nxX- JC)) € Ig(A), but by part (1) of the theorem (1-3-3) we will get
that H' € Ig(4) so again by theorem (1-3-3) part (3) we will have that
Hn(UnX-K))€elg(A) and this a contradiction. Thus U, €
(U =¥,

Now to prove that U, = (WU X ), it is obvious that I € U U K so by
theorem (2-2-4) part (4) we get U, € (U U K),.. Now, let 4 € (UU K ),,
if # ¢ U, then there exist H € T(#4) such that 78 (1), i.e. H N
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fi:(U0) = @, which means that £ n U = @, but by theorem (1-3-3) parts
(1,3) we have H N U € I4(4) and this a contradiction.

Hence (WU XK ), € U,,soA4 € U, .ThusU, = (UU X ),.

Now we try to study in the following theorem the relationships

between the redirect set, i — close set and focal closure sets
Theorem (2-2-23):
Let X2, be i — TPS, and U € X, then the following statements are holds:

1) i —cl(U) c U,
2) fWnUegl,vW e T(4) forsome A4 € X, theni — cl(U,) = U,
3) Fel(U) € U,

Proof:

1) If £ € i — cl(U), so by proposition (1-3-33) part (9) we get A € fip(1)
which means for any H € T(4) 3 nfip(U) # @ and this implies
H& f+(0). Hence 4 € U,.

2) Let A €i—cl(U,), so for any H € T(A) H n U, # @, suppose, if
possible, that 4 & U,., then 3 W € T(4) s. t. W8 fip(1) which means
that W n fi(0) = @ € I, which a contradiction with a assumption that
W nUu ¢&l. Therefore £ € U,., which means that i — cl(U,) € U,.
Also, we have by proposition (1-1-23) part (4) U, € i — cl(U,). Thus
i—cl(U,) =1,

3) Directly by (1) and by Corollary (1-3-16)

In proposition (2-2-24) we will study the case that if we have two i-
topological space (ideals, proximity) on the same set X which one of them

finer than the other.
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Proposition (2-2-24) :
Let X2, be i — TPS, and let U € X then the following statement are hold:

1) In X2, , j=1,2 such that T, finer than Ty, then (U.)z, € (U)r,
where (U,); means U, w. r.t. i — topological space T .
2) In X2, , j=1,2 such that I, finer than I, then (U,);, € (U,)y,,

where (U,.); means U, w. r. t. ideal I .

Sj

3) In X.; ,

j=1,2 such that §, < §&,, then (U,)s, < (U;)s,, Where
(U,)s means U, w. r. t. proximity relation §.

4) In X78~,-1,- , J=1,2 such that T, finer than T, and I, finer than I,, then

L (U, N7, € (U,
i (U € U, N (W),

Proof:

1) Let 4 € (U,)r, then VH € T,(4) such that H§ fip, (1), but since
T, S T, s0 by theorem (1-3-33) part (15) we get fir,(U) € fip (W),
which means that #£8 fir (U), hence £ € (U,)r,.

2) Since I; < I,, then by proposition (2-1-1-) part (1) we will get that
(fr(W), € (Fr(W)),, . Now, let £ € (U,),,, then V H € T(A)
H8(Fr(W)),,, but we have (fir(W));, € (Fr(U));,which implies
by proposition (1-2-4) part (2) H8(f+(W)),,. Thus, 4 € (U,)y,.

3) Let 4 € (U,)s,, then VH € T(4) such that 38, fi+(U), and since
8, < 81, then by definition (1-2-5) we will get that €5, fir(1).
Thus, 4 € (U,)s,.

4)

i) LetAa € (U)r, N (U7, ,thenVH € Ty (4) and V U € T,(4)
we have H6 fir (U) and US fip (W), butsince T, N T, S Ty,
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then by theorem (1-3-33) part (15) we will get

fir, (W) € fir 7, (W) and fip, (W) € fir, 47, (W), which means
that H'8 fir, vz, (1) and US fir, r, (W).

Hence 4 € (U) 7,7, -

i) Sincel; NI, € I, I,, then by proposition (2-1-1-) part (1) we
get (F(W)1,rr, € (W), and (Fr(W) 1,0, € (W),
Now, let 4 € (U;)1,n,, then VH € T(A) HE(fr(W) 1,
then H8(fr(0)),, and H8(fir(W)),. Thus, £ € (U,),, and
# € (U,),,and this complete the proof.

The following proposition studied that effect of § — symmetry

function on the redirect set

Proposition (2-2-25) :

Let f: X2, — YTSI be a § — symmetry function, for any subset U of X,
then f(U,) = (f(W),

Proof: Let Z € f(U,), then3ax € Xs. f(x) =+# and x € U,. Since f is
& —continuous then V H € T (x), H5 fir(U), so we get f(H)Sf (fir(1))
V f(H) € T(f(x)) = T(#), which means f(H)é fiz(f(U)),V f(H) €
T (%), by using proposition (2-1-3). Thus £ € (f(U))_

Conversely, let £ € (f(U)) ,thenV H € T (%), HS fi(f (W), therefor by

using proposition (2-1-3) we have ,HSf(fir(U)) but f~1 is
& —continuous and £ is § —continuous, then f~*(H)§ fi:(W) V f~1(H) €
T(f~Y(#)).Thus f~1(#) € U..

Thus £ € f(U,) , and this completes the proof.
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The following proposition show that effect of § — symmetry invese

function on the redirect set.

Proposition (2-2-26):

Let f: X2, — Yfi be § — symmetry function, and for any subset U of Y,
then f~*(Up) = (f~H(W)..

Proof: Let £ € f~1(U,), for each subset U of Y , then f(£) € U,, so
VHET(f(#)),s.t. HS §;(0). Since £~ is & — continuous and by
proposition (2-1-4) we will get f~*(H)&f 1 (fi;(W)) = fir(f~*(W)) for
any f~'(H) € T(#) which means that £ € (f~*(W))_

Conversely, let £ € (f~*(W)) , then V H € T (%), HS fir(f~*(W)), and
by proposition (2-1-4) we have H§ f ~1(§i+(W)), but £~ is § —continuous
since f is & — continuous and i — open, so f(H)éfi+(W) V f(H) €
T(f(#))so f(£) €U, Thus £ € f~1(U,) . And this completes the

proof.

Our aim now is to introduce the notation of redirect set and strips set

w. r.t. i — subspace in i — TPS with some relations and properties.
Definition (2-2-27):

Let Y{;‘;Y be i — subspace of i — TPS X2,,thenforany % € Y, £ is called

redirect point with respect to i — subspace ny ’;Y for subset U of Y, if and

only if for any Hy € Ty (#), then Hy 4y, fir (1) .

The set of all redirect points of U w. r. t. i — subspace Ygﬁy IS

called redirect set w. r. t. i — subspace and denoted by U,..
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Example (2-2-28):

Let X ={#,9,#}, T ={0,X,{£},{g}}, I = {0, {#}} with §, . And let
Y={#,g}s0Ty ={0,Y,{#£},{g}} Iy = {@} with 6, , be i-subspace
Y of X2,. Now let U € Y s.t. U = {g}, then U,, = {g}.

In the following proposition we will see that the redirect set with
respect to i — subspace of i — TPS, is a subset of the intersection of the

redirect set with respect to i — TPS with the i — subspace Y.

Proposition (2-2-29)

Let YTi‘;Y be i — subspace of i — TPS X2,,and U € Y. Then
U, €U, NY.

Proof: Lety € U, then V Uy € Ty (y), Uy &y fir, (W), then we get for any

rys
Uy € Ty(y), there existV € Ty(y) s.t. Uy =V NnY for someV €T, i.e.
v nyY)dy fr,(W)NY by proposition (2-1-20). Thus (V' n
Y )y _rﬁTX(U), which means that y € U, and since y € Y we get that y €
u.nY.

In the following example we will see that the equality of above

proposition cannot be satisfies in general.

Example (2-2-30):

Let X ={£,4,4,¢}, T ={0,X,{£},{g £}, | = {0,{£},{£}, {#, £}} with
6p . And letY ={#£,g}soTy ={0,Y,{#},{g}}, Iy = {@} with &, be
i- subspace Y of X2,;. Now let U € Y s.t. U = {£}, then Uy, = {#}, but
Uy =X. ThusU,, NY =Y & U, = {£}.
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The condition that makes the equality of proposition (2-2-29) satisfies,
that i — TPS has to have intuition smoothing feature as in the next

corollary.

Corollary (2-2-31):
Let Y, be i — subspace of i — TPS X%, and let UC Y,

then U,, = U, nY if and only if X2, have intuition smoothing feature.

Proof: we need to proof that U, NnY €U, ,solety € U, NnY, then

Iy !

V U € Tx(¥), Uy fir, (). Since X is smooth so by definition (2-1-21) we
get UNY)ox(fr, (W NY)butyeY, soyelUnyY ="V, andUcY
then UNY = U we will get V6, (fr,(U) NY). Also, since X is smooth
and U € (fr,(U) NY). So, we have V8, fir,(U). Thus y € Uy,

Next, we will define the concept of strips point with respect to i —

subspace of i — TPS
Definition (2-2-32):
Let ny‘jy be i — subspace of i — TPS X$,, and let U C Y, then the point
4 €Y is called strip point of WS Y w. r. t. i — subspace Y{?YY,Y if there
exist an i — open set Hy € Ty(#4) such that Hy8y fir (Y — U) .

The set of all strips point of a subset U is called strips set w. r. t.

. Sy
[ — subspace YTY Iy

and denoted by U,

Example (2-2-33):

LetX = {4,4,4},T = {X,0,{#},{g}}, and I = {®, {#}} with the discrete
proximity, if Y = {£, #} then Ty = {Y, 0, {A}} and Iy = {9, {#}}.

Now let U = {4}, then it is clear that fir, (Y — W) = {#}so U, = {A}.
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In the following proposition, we will see that the intersection of the
redirect set with respect to i — TPS with the i — subspace Y, is a subset

of. the strips set with respect to i — subspace of i — TPS

Proposition (2-2-34)

Let ng,y be i — subspace of i — TPS X$;, then for any subset U of Y.
Us, NY € U,

Proof: Lety e Us, NY, thenyeUs, andy €Y, so JU € Tx(y)s. t.
Ubx fir, (X —U),buty eYthen y eUNY = Uy € Ty(y).

Also, we have (Y — U) € (X — U) so by proposition (1-3-33) part (4) we
have i, (Y — W) € ¢, (X — W), and by using proposition (2-1-20) we
have fir (Y —U) € fir (Y —W) NnY . Thus, U fir, (Y — W), and since
Uy € U therefore by using proposition (1-2-3) part (2) we will get
Uy6x fir, (Y — W). Hens, Uy by fir, (Y — U) which means that y € Us, .

Proposition (2-2-35)
Let ng,y be i — subspace of i — TPS X$;, then for any subset U of Y.
U, = [X - -, ]nY.
Proof: Let U be a subset of Y, then
Us, =Y = (Y =Wy,
=[x-(-w,, nY)|nY
=[(x- -0, )uX-V)|nY

=[(x--w,)]nY
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2.3 Redirect Dense Set

Due to the fact that dense sets play an important role in mathematics
in general, this section introduces the notion of redirect dense set and
studies some of its important properties and relations, as well as its
definition w. r. t. i — subspace .

Definition (2-3-1):

Ini — TPS X2, a subset U € X is called redirect dense set if and only if
for any 4 € X, and for each H € T(#), then H§ fi+(U), and denoted by
r — dense Set.

Example (2-3-2):

Let X={A,9,#},T={X0,{~},}, and I = {@,{g},} with the discrete
proximity, if U = {£,g} then U, = X so Uisr — dense set.

For some relationships on this notion, we can see the following

theorem which is easy to proof.
Proposition (2-3-3):
Ini — TPS X2, and for U, K < X then the following statement are hold.

1) IfU € K and U is r — dense set, then K is r — dense set
2) IfUN XK isr — dense set, then U and K are r — dense set

3) UorXK isr —dense setifand only if WU X is r — dense set
Proof:

1) If U is r — dense set, then for any 4 € X,and VH € T(#), then
HS $p(U0) , but U < K and by proposition (1-3-33) part (4) we have
(W) € f:(K), therefore by proposition (1-2-4) part (2) forany 4 €
X,and VH € T(#), then HS fi:(X). Thus K is r — dense set.
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2) SinceUNX isr—denseset,and UNnXK < U, UNK S K then by
(1) we get that U and K are r — dense set.

3) SinceUCc UUXK and X < U U XK, soby (1) wewillgetif Uor K is
r — dense set then U U K is r — dense set.
Conversely, let U U K be r — dense, then for any A4 € X and for any
H € T(4), then H§ fiz(U U X), but by proposition ((1-3-33) par (5)
we will have fi-(U U %) = fip(W) U fip(K), therefor we will get that
HE(f+(W) U (%)) which means HS fip(U) or HS fip(K) for any
# € X and for any H € T(£). Thus U or X is r — dense, and this

complete the proof.

Next proposition will discuss the relationships between the r — dense

and other dense set that we mentioned in previous sections
Proposition (2-3-4):

Ini — TPS X£,, and for U < X then the following statement are hold.
1) Every i — dense set is r — dense Set.

2) Every FD — dense setisr — dense Set.

3) Every FO — dense setisr — dense Set.

4) Every fip — dense set is v — dense set.
Proof:

1) Let U is i — dense set, then i — cl(U) = X, but i — cl(U) € U, by
theorem (2-2-23) part (1), so U, = X, hence U is r — dense.

2) Let Uis FD — dense set, then Fd(U) = X, but by proposition (1-3-
33) part (11) and by theorem (2-2-23) part (3) we have Fd(U) € U, so

U, = X, hence U is r — dense.
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3) Let U is FO — dense set, then Fcl(U) = X, but Fcl(U) € U, by
theorem (2-2-23) part (3), so U, = X, hence U is r — dense.

4) Let U is fir — dense set, then fip(U) = X, but by theorem (2-2-4) part
(3) we have fir(0) € U, so U, = X, hence U is r — dense.

The important questions now is about the relationships between the r-

dense set and the strips set, and what the effect of focal set on r-density.
Proposition (2-3-5):

Ini — TPS X%, and for U € X then the following statement are hold.
1) IfUisr —dense,then (X — W), =0

2) If U € I4 (A) for some A € X, then U is r — dense

Proof:

1) Let U be r — dense set then U, = X, but by proposition (2-2-19)
part (3) we have U, =X- (X—U), ,Then we will have
X-Ws=X-U0,=X-X=0.

2) Since U € Ig (#) for some £ € X, then by proposition (2-2-21) part
(2) we have U, = X, Thus U is r — dense set.

In the next proposition we will study the » — dense set in the case

that we have two i — TPS’s (ideals, proximity relations) such that one of

them finer than the other.
Proposition (2-3-6) :

Let X9, be an i — TPS, and let U € X, then the following statement are
hold:

1) InX2,;, j=1,2 such that T, finer than Ty, then every r — dense set

W.r.t.T,isr —dense setw.r.t. T, .
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2) In X;i,j ,j=1,2 such that I, finer than I, then every r — dense setw.
r.t.I; isr —dense setw.r. t. [,.

3) In Xf,{ , J=1,2 such that §, < &, then every r — dense setw.r.t. §;

iIsr —dense setw.r.t. 6, .
Proof:

1) Let U be r — dense setw. r.t. T, then (U,)r, = X, but by
proposition (2-2-24) part (1) we have (U,)r, € (U,)r,. Thus
(Up)r, = X, which means that U is r — dense setw. r. t. T.

2) Let U ber —dense setw.r.t. I then (U,),, = X, but by
proposition (2-2-24) part (2) we have (U,),, € (U,),,. Thus
(Uy);, = X, which means that U is r — dense setw. r. t. I,.

3) LetUber — dense setw.r. t. §; then (U,)s, = X, but by
proposition (2-2-24) part (3) we have (U,)s, € (U;)s,. Thus

(Up)s, = X, which means that U is r — dense set w. r. 1. §,.

Now we will introduce the notion of nowhere redirect dense set as

in the following definition.
Definition (2-3-7):

Ini—TPS X2, a subset U € X is called nowhere redirect dense set if
(Ups =0, and if (U,), # @, then we say that U is somewhere redirect

dense.

The set of all nowhere r — dense set in X is denoted by R,,(X) .
Example (2-3-8):

Let X={A,9,4}, T={X0,{A}{g}} , and 1={0,{#},} with the

discrete proximity, if U = {#} then U, = {#}and U = @, then we get
that (U,)s = ({#})s = @ . Thus U is nowhere r — dense set.
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Proposition (2-3-9):
Ini — TPS X%, and for U, X < X then the following statement are hold.

1) If U € K and X is nowhere r — dense set, then U is nowhere r —
dense set

2) If Wor K is nowhere r — dense set, then U N XK is nowhere r —
dense set.

3) If U U XK is nowhere r — dense set, then U and K are nowhere r —

dense set
Proof:

1) Let K be nowhere r — dense set, then (K,.), = @, but U € X and by
proposition (2-2-4) part (4) we have U, € K., and by Part (4) of
proposition (2-2-10) we will get (U,)s € (K,)s . Therefore U is
nowhere r — dense set.

2) Let U or K be nowhere r — dense set, also we have Un X < Uand
U N XK C XK then by (1) we get that U N K is nowhere r — dense set.

3) Let U U XK be nowhere r — dense set, but we have U € U U X and

K <€ UUXK,soby (1) we will get U and K are nowhere r — dense.

In the next, proposition we will discuss the relationships between the

nowhere r — dense set and the strips set.

Proposition (2-3-10):
Ini —TPS X2, and v U € X if U is nowhere r — dense set, then U; = @

Proof: Let U be nowhere r — dense set, then (U,); =@, but by
proposition (2-2-4) part (1) U € U,. and by proposition (2-2-10) part (4)
we will get Us € (U,)s = 0.
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Proposition (2-3-11):

Let X9, bei — TPS, then T N R,(X) = ©

Proof: Suppose, if possible, that TN R,,(X) # @, then3I U = Ps. t. U S
XandU e T NnR,(X) i.e., Uis nowhere r — dense set and U € T, so by
proposition (1-3-3) part (1) and proposition (2-2-21) part (1) we will get
U, = X. Thus, by theorem (2-2-10) part (2) we will get (U,); = X, which

a contradiction.

In the following proposition we will see that the image of r — dense set

under § — symmetry function will be r — dense .

Proposition (2-3-12) :

Let f: X3, — Yfi be a § — symmetry function, for any subset U of X,

then if Uis r — dense setin X, then f(U) isr — dense setinY.

Proof: Let U be r — dense setin X, then U, = X, proposition (2-2-25) and
& — symmetry will give us that f(U), = f(U,) = f(X) =Y. Thus f(U)

iISr —densesetinY.

In the following proposition we will see that the pre-image of r — dense

set under § — symmetry function will be r — dense .

Proposition (2-3-13):

Let f: X2, — Y7§,~ be § — symmetry function, and for any subset U of Y, if
Uisr —densesetinY, then f~1(W)isr — dense setin X.

Proof: Let U be r — dense setinY, then U, =Y,sobyd — symmetry
and proposition (2-2-26) we get (f‘l(u))r = f"1(U,) = (YY) =X.
Thus f~1(W)is r — dense setin X.
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Definition (2-3-14) :

Let YfYY,Y be i — subspace i — TPS X$;, and for any subset U of Y, then U

iscalled r — dense setw.r.t. i — subspace Y, if forany y € Y and for all
Hy € Ty(y), then Hy Sy fir, (U). And denoted by 1y — dense

Example (2-3-15):

LetX ={£,9,4}, T ={0,X,{£},{g}}, I = {0, {#}} with 6. And letY =
{#,8}s0 Ty ={0,Y,{#}}, I, = {@,{#}} with 6, , be i-subspace Y of

X9, Now let U € Y s.t. U = {£}, then U,, =Y . Thus U is r, — dense.
Proposition (2-3-16) :

Let ny Y,Y be i — subspace of smooth i — TPS X2, and for any subset U of
Y,if Wisry —dense ,thenUis ry — dense.

Proof: Let U is ry — dense , then U, = X, but X9, is smooth then by
corollary (2-2-30) we have U,, = U, NY.SoU,, =XNY =Y.

Thus U is r, — dense set.

Remark (2-3-17):

The convers of proposition (2-3-16) not true in general and the following

example show that.
Example (2-3-18):

In example (2-3-15) if B = {#%, #}, then B,, = Y so B is ry — dense., but
B, = {#,#}s0 B is not ry — dense.
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Chapter Three  Frontier operators in i-topological proximity space

Both boundary points and boundary sets are important topological
concepts that have wide resonance and influence in applied mathematics,
especially in metric spaces which have drawn researchers to them. Hence,
we highlight in this chapter the construction of new types of boundary
points and boundary sets in i-topological proximity space one of them by
the occlusion set via i — open set and the other one by redirect set. Also,
we highlight the most important possible properties of them and their

relationship of them.
3.1 Focal Frontier Operator

In this section, we highlight the construction of new type of
boundary points and boundary sets in i-topological proximity space such
as focal function frontier set and we defined fi, — operator, also we
highlighted the most important possible properties of them and their

relationships.

Definition (3-1-1)

Let X2, be an i — TPS, then we define the focal function frontier operator
via i — open set of a subset H by fig.(H) = fip(H) N (X — H).

The point £ € X is said to be focal function frontier point of H if

£ € fig.(3), and we denoted by fi.,. — frontier point.
Example (3-1-2):
LetX = {#,g,$},T = {X, 0, {4}, {g}}, and I = {9, (A}, {g}, {4, ¢}} with
the discrete proximity &, , if H = {4}, then ¢r(H) = {A,#} and
Fr(X —3H) =4:({g. 4D = {g. )
S0 §r, (3) = $7(30) N hr (X — H) = (A, £} n{g.$} = §.

One of the characterizations of fi,. — frontier point is in the next

theorem.
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Theorem (3-1-3):
Let X2, be ani — TPS, and a subset U of X. Then
P (W) = Hip (W) — Yy (W)
Proof: fig, (W) = fir(W) N fir (X — W)
= f: (W) N (X — Y7 (W) by proposition (1-3-37) part (6)
= fip (W) — Yp(W).
Other characterization of 95Fr — frontier point is similar one:
Theorem (3-1-4) :
Let X2, be ani — TPS, and let U € X, we have fi.(U) = @ if and only if
fr (W) € Pr(W).

Proof: Obviously, iz (1) = @ ifand only if fi(W) N f(X—UW) =@, so
by theorem (3-1-3) we have fir(0) — yr(W) = 0.

Thus fir(W) < P (W), and this complete the proof.
Theorem (3-1-5) :

Let X2, beani — TPS, and let U € X then we have fig,.(U) = fir(X — 1)
if and only if X — fip (W) € P (W)

Proof: Let g (U) = fip.(X — W), then (W) N f(X — W) = fip(X — U).
So, fr(X — W) < Fp(W), then X — fir(W) € X — Fir (X — W) = Y (W).
Thus X — i (W) € P (W).

Conversely, if X —fip(U) € Y(WQ) then, by theorem (3-1-3) we have
X—f. () € X —fip(X—U),s0f:(X—U) S fir(W) . Therefore,

(W) Nfp(X— W) = fp(X = U). Hence fig. (W) = (X — W) and this
complete the proof.
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Next theorem discusses the frontier point in case that the set is

fir —dense.
Theorem (3-1-6):

Let X, be an i — TPS, and let U € X, if U is fip —dense in X, then
Pre (W) = Pz (X = W) .
Proof: By the definition (1-3-34), it is clear that i —dense set means
fr (W) = X, so fip(X — W) € fir(W). Thus, by theorem (3-1-5) we will get
P (W) = Pr(X — ).

Now, we will study some of fi. — frontier properties and also see that the

iz, — frontier can give us a closure operator in the following theorem:
Theorem (3-1-7):
Let X2, be an i — TPS and U, X S X, then the following are hold.

1) $r.(9) = 0 and $p.(X) = 0

2) $rr(UUK) € $pr (W) U P (K)

3) Frr (W) U Ppe(FO) = [UN P (FOT U [F5 (WU K] U [P (W) N K]
4) Py (FﬁFr(u)) C fr (Fﬁpr(u))

5) Prr(W) = fr(X = W) — hr (X = W)

6) fipr(X — W) = fip (W)

7) X = Pp (W) = Y (X — W) U Yp (W)

8) X = Yr(X— W) U Pp(W) U P (W)

9) X = Yr(X— WU Pr(W) U P (X — W)

10) Frr(W) = fr(W), VU €I

11) Fer(W) U (W) U U = $7(W) U Yr(W) = hir(W)
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Proof:
1) It is obvious by definition (3-1-1) and proposition (1-3-33) part (6).
2) fr (WU K) =fir(UUXK)— P (U U K) by theorem (3-1-3)
= $7(W) U Fr(K) — YU U K,
but, since Y (W) U Yr(K) € Yr(U U K) (Proposition (1-3-37) part (4),
so we will get,
(W) U fr(H) — YU U K) S fip (W) U $7(K) — (Yrr(W) U P (K0)
Thus, fig, (WU K) S fip (W) U fip. (50).
3) Note that, U N $ip (K) U [Fig (U N K)] U [Fi (U U K]
S Prr (5 U P (W) U [P (WU FO] = P (3O U P (W)
by part (2). Again, $5 (%) U fir- (W)
C F(30) U Fe (W) U [Fr (WU K] U U N F () U [Fr (U0 KO
< [$7(F) NP (X = FO] U [Fr(W) NP (X — W] U [Fr (WU K] U
U N Fp (IO U [firr (U N FO].
S [$+ @) U (@] N [FrX = H) U fir(X = W] U [Fr (WU K] U
U N P (50 U [Fre (U N HO].
= (fr@cuW) n (FrX— @ UW) U (UN Fr () U (Fr(Un50))

= Fre (K UW U (UN F5:(30)) U (Fre(UN 30)).
4) It is clear, since,
Py (.EﬁFr(u)) =fir (FﬁFr(U)) n (FﬁT (X - FﬁFr(U)))

C fiy (FﬁFr(U))

5) $rr(W) = $r(W) N Fr(X - )
= §r(X =W — [X — $7(W]
= (X — U) — P (X — W), by proposition (1-3-37) part (6).
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6) It is obvious, since fip (W) N fip (X — W) = fip:(X — W) N i (W).
7) X = Pre(W) = X = [$(W) N fir (X = W]

= (x—fr() U (X - firx - W)

= Pp(X = W) U Pr(W).
8) Directly by part (6) and part (7).
9) Directly by part (6) and part (7).
10) Let U € I, then by proposition (1-3-37) part (2) we get Y (U) = 9.

So, by (5) we will have fig. (1) = fir (W) — Pr(W) = Hiz(W).
11) (W) U P (W) U U = (Fr (W) — Pr(W) U (W) U U
= fr(W) U (W) U U = Fr(W).

by proposition (1-3-33) part (1) , and proposition (1-3-37) part (10).

Corollary (3-1-8):
Let X2, beani—TPS, U S X . Then fi, ($r (W) € Fir (W)
Proof: By proposition (3-1-7) part (4) we have
Brre (Frr (W) € fir (Fre (W)
= fir (2 (W N fir (X — W)
S fir (F2(W) N fr (Fr (X — W), proposition (1-3-33) (4)

= fr(W) N (X = W) = F (W)
by using proposition (1-3-33) parts (7,8), and theorem (1-3-3) part (1) .
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Example (3-1-9):
LetX = {A,g,4}, T ={X0,{#}{g}}, and I = {0, {#}} with §,, , now if

H ={g 4} and 6 ={A,#} then f:(H)={g. 4}, FX-H)=
fr({A}) = (4,4}, and §1(6) = {4, £}, (X — 6) = {g}.

S0 95Fr(~7{) = # and 95Fr((6) = £.

Thus, 95Fr(~7{) U BEFT((5) =% < BEFT(}[ ub) = gﬁFr(X) = Q.

In example (3-1-9) we can see that the convers of part (2) in theorem

(3-1-7) cannot be true in general.

Example (3-1-10):

In example (3-1-9), if X = {g}and ® = {#},so H N & = Q.

So, we have fip.(H) =#, f.(®) =f#and f..(H N G) = @ but, we
have §i5, () N §5,(®) = . Thus, P (H) 0 $(6) € F5,(H N 6).
Example (3-1-11) :

In example (1-3-32) we have gﬁT(}[ ) = X, for each non empty subset H
of X, s0 $..(X — H) = Xalso. Thus i, () = X but by theorem (3-1-7)
part (1) we have f..(X) = .

Thus, fie-(H NX) = fppn(H) € Frr(HO) N Fp (X)) =0

These examples above (3-1-10) and (3-1-11) we can conclude that
there is no relation between the fi... — frontier for the intersection of two

sets and the intersection of their fip, — frontier.
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Example (3-1-12) :
In example (3-1-11) we have, for each non empty subset H of X,

f..(H) = X but by theorem (3-1-7) part (1) we have f..(9) = @.
So, itisclearthat ® € H, but fi, () =X € §,,.(®) =0 .
Also, fi..(H) = X but by theorem (3-1-7) part (1) we have fi..(X) = @,

So, itisclear ¥ € X, but . (H) =X < §..(X)=0.

From this example (3-1-12), we can conclude that if U € H , then

there is no relation between the fi.,. — frontier sets for each of them.

Now, we will introduce an important theorem that study the
relationships between the fi.,. — frontier for the union of two sets and

their intersections and their difference.
Theorem (3-1-13):
Let X2, beani— TPS,and U,® < X then
fer(W) U $5(6) = firr (U= 6) U fier(UN 6) U Fr (G — W) .
Proof: First, we Know that
Prr(UN6) = Fr(X— (UN B))
= (X - WU X-6)
C fp (X — W) U fip. (X — ) by theorem (3-1-7) part (2)
= i (0) U $5.(6) . by theorem (3-1-7) part (6) ... ... (1)
Also, figr (U= 6) = fr(UN (X = 6))
S Frr(W) U frr (X — 6)
=P (DU (G). ... ... ()
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And, fig (6 — W) € fp (WD U Fp(G) . ... 3)
Thus from (1), (2) and (3) we will get
Per(U = 6) U P (UN G) U P (6 — W) € Pre(W) U Fre (6)
Further, by theorem (3-1-7) part (3) we have
Frr(W) U §5r(6) = e [(U = B) U (UN B)] U Fp[(6— W) U (UN B)]
S $re(U = 6) U Fp[(UN B)] U P [(6 — W].
Therefore,
P (W) U Fer (W) = fizr (U= 6) U Fe(UN 6) U Firr (6 — W)

And, this completes the proof.

Now, we can easily apply theorem (3-1-13) to get the following
result in theorem (3-1-14)

Theorem (3-1-14):

Let X2, be ani — TPS, and for U, ® S X, then the following are hold
1) fpr (W) U fpe(6) = fip(UN 6) U fip (U — 6) U fp (UL B)
2) P (W) U g (6) = Fp(UU B) U g (G — W) U i (U N G).
3) fre(W) U fpr (6) = (U = 6) U i (6 — W) U Fi (U N B).

4) gﬁFr(u) U !ﬁFr(UA(ﬁ) = EﬁFr(u - (5) U ﬁFr(u N (5) U y(jFr((5 - U) .
(Where A denote the symmetric difference).

5) .[ﬁFr(@) U FﬁFr(UA(ﬁ) = yﬁFr(U -®)u .EﬁFr(u nG)u 9(]‘Fr((5 — ).
Proof:

1) If the relation in theorem (3-1-13) takes X — ® instead of ® we will get

P (W) U e (X — )
= SEFr(u N (5) U yﬁFr(u N (X - (5)) U yﬁFr((X - (5) - U)
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And by theorem (3-1-7) part (6) this will implies,
fe (W) U Fpr(6) = fp(UN 6) U fp (U —6) U (WU G).
2) If the relation in theorem (3-1-13) takes X — U instead of U we will get
95Fr(X - U) U BEFr((ﬁ)
= BGFr((X - U) - (5) U ﬁFr((X - U) N (5) U gﬁFr((5 N U)
And by theorem (3-1-7) part (6) this will implies,
Fe (W) U B (6) = (U U G) U Fp (G — W) U Fp.(U N G).
3) If the relation in theorem (3-1-13) takes X — U instead of Uand X — ®
instead of ® , then we will get
56Fr(X - U) U .EﬁFr(X - (5) =
= fp(X-W) - X-6) Ufp(X— W NX-6)
U SEFr(X - (5) - (X - U))
Which implies by theorem (3-1-7) part (6),
Fer (W) U Fpr(6) = fpn (G — W) U (WU B) U Fp . (U — 6).
4) By theorem (3-1-13) we have takes X — U instead of U and X — ®
instead of ® , then we will get
e (W) U fip (UAG) =
= fr (U — (UAG)) U fir (U N (UAG) U i (UAG) — W)
= .[ﬁFr(U N (5) U .':ﬁFr(u - ®) U ﬁFr(05 - U)

= fg. (W) U fi.(UAG).
5) Directly from (4).

Now we introduce the definition of the operator f,(A) on the i-

topolgical space for a subset H of X , as in the following definition
Definition (3-1-15):
We can define the operator i, onan i — TPS, X2, for nay subset U of X, in

the following way: #, (1) = fir(1) — U.
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Example (3-1-16):

LetX ={A,g,#}, T ={X0,{#A}{g}}, and I = {@, {#}} with 5, now if
H = (A}, then 1 (H) = (A, #3}. Thus, §.(H) = # .

The important properties for this operator can be shown | the

following theorem.
Theorem (3-1-17):

Let X9, be ani — TPS, and U, ® S X, then the following statement are
hold

1) $.(0)=0fX=0

2) ungf, (W) = ¢;

3) $.(UUG) = (F, (W) — 6) U (F,(6) — W);
4) f, (99*(11)) c U, forany U € T.

5) If i, () = @, then U =i — cl(W).

Proof: From the definition (3-1-15) we can directly proof (1) and (2). Now

for other point we have :

3) $.(UUG) =P (UUG) - (UUG)
= [$r(W) U §r(6)] — (LU 6)
= [+ (W) — W) - 6] U [(#1(6) — 6) — U
= (. - ) U (§.(6) - (W).
4) §. (F.(0) = fr (F.(W) - F.(W
= fr(Fr) = U) = (Fr (W) - W)
c fir (Fr(W) - (W) — W)
c fr (W) - (P (W -W c U
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5) §,(0) = @, means that (1) —U =@, ie., fi(U) =U, but we
have U S i — cl(U),so fir(0) = U € i — cl(W). and by proposition
(1-3-33) part (9) we have i — cl(U) < fi(U) = U.

Thus U =i —cl(U)

Remark (3-1-18):

There is no subset U € X satisfies that §i,(U) = X, if there exist such one
then fi-(U) — U = X, which implies U =@, but fir(0) = f:(0) =0,
which a contradiction

Now we can study the notion of focal function frontier i —
subspace YfYY,Y of i — TPS X£,and study some of its properties and

relations
Definition (3-1-19)
Let ny‘jy be i — subspace of i — TPS X2, then we can define the focal
function frontier set via i — open set w. r. t. i — subspace Y;SYY,Y of a
subset H of Y by f,, () = fir () N fir (X — H).

The point A4 € Y is said to be focal function frontier point of H w.
r. t. ng,y if 4 € _rﬁFrY(}(), and we denoted by _rﬁFrY — frontier point.
Example (3-1-20):

LetX = {4,4,4},T = {X,0,{#},{g}}, and I = {®, {#}} with the discrete
proximity 8, and letY = {4, #} then T, = {Y, @, {#}} and Iy = {@, {#}}.
Now, if # = {£}, then iy, (H) =Yand fip, (Y — H) = f, ({(#}) = {#}

So .[ﬁFry(}[) = FﬁTy(}[) nFﬁTY(Y_}[) =Y n{f}=#%.
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One of the results we can discuss is the relation between
fir — frontier set in X and fiz,, — frontier which shown in the next

theorem.
Proposition (3-1-21)
Let Yé‘;y be i — subspace of i —TPS X%,, and let U CSY, Then
frr, QD) € Prr, A NY.
Proof:
It is clear by proposition (2-1-20) that fir, Q) < fir, (1) NY, so we have
gﬁTY(Y —-U) _EﬁTX(X —-u)nY.
Now i, ) = fip, D) N P, (Y — 1)
< (fr, A NY) N (Fr X -WNY)
= (fr, Q) Nfr X —W)NY
=, A NY
Corollary (3-1-22)

Let Yf‘; be i — subspace of i —TPS X2,, and let U <Y, Then
Yy
_rﬁpry(ll) = FﬁFrX(u) NY. if and only if X¢, have intuition smoothing

feature.

Proof: Let X is smooth i — TPS then by corollary (2-1-23) we have
fir, QW) = fir, A NY and this implies fir (Y =) = fr (X - NY
SO’FﬁFry(u) = FﬁTY(u) N FﬁTY(Y —U)

= (fr,QDNY) N (fir (X —-WNY)
= (fr, QD Nfr (X -W)NY
- 'ﬁFrX(u) ny.
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Our aim now is to highlight the concepts outer of the occlusion set via
i —opensetini —TPS
Definition (3-1-23)

Ini — TPS X2;, the occlusion outer function via i — open set of a subset
U of X defined as the following

Or(W) = {£ € X; 3K € T(L): HS fir (W)} .

The relation between the outer function of occlusion set via i —
open set with the occlusion set via i — open setand Y —operator is given
by the following theorem.

Theorem (3-1-24):
Let X2, beani — TPS and U subset of X, then
Or() S PYr(X —UW) =X — 5£(U)

Proof: 4 € 0,(W) if and only if 3 € T(£): 18 (1), and by part (1)
of proposition (1-3-33) we have U € fi(U), then 28U by proposition (1-
2-3) part (1).

Thus, by definition (1-1-35) 4 € Y (X — U).

Remark (3-1-25):

Let X9, be an i — TPS and U subset of X, then 0-(U0) = Yp(X — 1) if
and only if VA4 € 0-(0) 3K € T(£): HSU .

Example (3-1-26):

LetX = {A,g,4}, T ={X0,{#A},{g}}, and I = {®, {#}} with the discrete
proximity, if U = {g, #}, then fi:(0) = {g, #} .

Hence 0;(0) = {A} = X — fip(U) .
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In the following proposition we will study some properties of the
occlusion outer function via i — open

Proposition (3-1-27):
Ini — TPS X$,, and for U, X S X, the following statement are hold.
1) 0;(@) =Xand 0;(X) =@
2) 07(0r(W)) € Yr(fr(W))
3) If U € K then 0+(X) € 0,(W)
4) Or(fr (W) < 07 (W)
5) 0r(UUK) S (X — $7(W) N (X — $7(%)
=YX -0 NYr(X - K)
6) O-(UUXK) € 0-(0) N0+ (K)
Proof:

1) By theorem (3-1-24) we have 0;(X) € X — fir(X) =X — X = @,
s0, O1+(X) = @ . Now, for O-(@), we have by definition (3-1-23)
07(8) = {£ € X; 3K € T(A): HE (D))

={k €X; IH € T(): HED} = X.

2) 07 (07 (W) < OT(qJT(X - U))

< Yr (X = (Ur(x — W)
= Yr(X — (X — fir(0)))
= Yr(fir(W).
3) Let £ € 07(X) , s0 A € T(£): I fi(K), but by part (3) of
proposition (1-3-33) we have fir(U0) € fi:(X) .
Thus 8 (1) and hence £ € 0 (1).
4) Since U < fi+(W), then by part (3) we will get O, (fi+(1)) < 0(W).
5) 0-(UUK) € X — fiz(UUK)
=X — (W) U F1(X))
=X —fr(W) N (X — (X))
=YX — W) N Pr(X — XK)

6) Let £€0,(UUK) , so AH € T(£):HEFr(UUK) but by
proposition (1-3-33) part (5) we have fir(UUX) = fip (W) U
fir(%) therefore 8 fip(0) and H'S fip(K) which implies £ €
0-(W) and £ € 07(X), hence £ € 0;(W) N 04(¥K).

Thus 07 (WU X) € 07(W) N 07(K).
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3.2 Redirect Frontier operator

In this section, we highlight the construction of redirect frontier
operator and the redirect outer function. and we highlighted the most

Important possible properties of them and their relationships.

Definition (3-2-1):

Let X2, be an i — TPS and U subset of X. Then the redirect frontier set of
U is defined by

F.(UW) =0, nX-1),.

The point 4 € X is said to be redirect frontier point of U if £ € F.(U), and
denoted by r — frontier point.

Example (3-2-2):
Let X = {A,g, 4}, T ={X0,{A},{g}}, and I = {0, {#}} with proximity

op, iIfU=1{g}, then U, ={g,fland X —U={A,#}, so X—-1), =
{#,#} . Thus F..(0) = {#}

In the next theorem, we can find one of the characterizations for the
r — frontier point.

Theorem (3-2-3):
Let X2, be an i — TPS and U subset of X. Then F.(0) = U, — U;
Proof:
F.(0) = U, n (X — W), by definition (3-2-1)
= U, n (X — Uy) by proposition (2-2-19)
= U, — U

Other characterization of r — frontier point is similar one can we
see it in the next theorem:
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Theorem (3-2-4):
Ini — TPS, X%, and for U € X, F.(U) = @ if and only if U, € U.

Proof: Conspicuously, F.(W) =@ if and only if U,—-U; =0 (by
Theorem (3-2-3)) which equivalent to the fact that U, € U,. And this
completes the proof.

Theorem (3-2-5):

In i-TPS X, and for U € X we have F.(U) = (X — W), if and only if
X—-U, €U

Proof: Suppose F.(1) = X—W),,then U, n X—-1), = X -1),,
which implies X —U), € U,soweget, X - U, c X - X-U), = U
Thus X — U, € U;.

Conversely, if X - U, € U, = X — (X - U),, then X —-U), € U,. Thus
U, n (X—U), = (X—U), Hence F.(1) = (X — U),, and this complete
the proof.

By the definition of r — denes we can prove the next theorem
conspicuously.

Theorem (3-2-6):
Ini — TPS X¢, and for r — denes subset U € X, then F.(U) = (X — U),..

Proof: It is clear that r — denes set means U, = X, so we will get that
X—-1), € U, =X.then F.() = (X — U),.

Now, we will see that the r — frontier can give us some
properties, some of them can proved easily by using the definition of r —
frontier and the others will be proved.

Theorem (3-2-7):
Ini — TPS X4, and for U, X < X then the following statement are hold.
1) F,(@) =@and F.(X) =0
2) F.,(UUX) S F.(0) UF.(X)
3) Fr(W) UF(K) = [UNF (K] U [F(UU F)] U [F.(U) N K]
4) F.(U) = X— W), — (X — Wy
5 F.(X—W =F.(W)
6) X — Fr(u) = (X_ U)s U U
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7) X = (X—-U),UU,UF.(U)

8) X=X-U;UlU;UF.(X-1)

9) Fr(Fr(W) < (Fr(W),

10) F.(Wu Us;ul = U,
Proof:
1) Itis clear by definition (3-2-1) and theorem (2-2-4) part (2).
2) F,(UUX) = (UUX), - (UUX), by theorem (3-2-3)

= U, UX, — (WU K), by theorem (2-2-4) part (8)
But U U K € (U U K), by theorem (2-2-10) part (8), so we get
FUUK)=U, UK. NnX—-(UUK),)
CU UK, N{(X-U)UuX-%Xy)

- (Ur N((X—-Ug) N X- :}cs))) U (Jcr N(X=K)nX~- Us)))

c(UNnX-U)) V(XK n(X—%))
= F.(0) UF.(X)
3) Note that
[UNF.(FO)] U [F.(UWUI)] U [F.(U) N K]
c [Fr(FO] U [F(WU K)] U [F.(W)]
c [F (X)) U [F(W)]

Again, [F(K)] U [F.(W)]
< ([F:(FO] U [FL (WD v [UN F.(K)] U [F, (WU K)] U [F (W) N K]

= ([(X - \‘K‘)r N j(r] U [(X - U)r n ur])
U [UNF(F)] U [F.(UU K] U [F (W) N K]
c ([ur U %r] N [(X - u)r U (X - :}C)r])
U ([UNF.(FO] U [F(UU K] U [F(U) N K]
= [(UWU ), n(X=(UUK)) JU[UNF(F)] U [F(W) N K]

= [Fr(WU )] U [UNF.(FO] U [F, (W) N K]

4) Fe() =X-W, N, =X-U),nN X- X —Ws
=X -UW), - X-UWs.

5) Itis obvious since X — W), nU, = U, n (X — W),
6) X — Fr(u) =X-(X- u)r N Ur)
=X -U)uvE-x-U1),)
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=X—-U,ulU; by proposition (2-2-19) parts (2,3)
= X-W,uls.

7) By part (6) we have X — F.(1) = (X — W), U U;.
SoX=X-U),uUlguUF.(1).
8) By part (7) we have X = (X — W), U Ug U F.(U), also by part (5) we
have F.(U) = F,(X—U). Thus, X = X— W), UU; UF.(X—1).
9) Fr(Fr(W)) = Fr(Ur N (X = W),)
=, NX-W), n(X-UNnX-W,)
< U nX-W,),

= (Fr(u))r-
10) F,(Wul,uu=(U,-UyHul,ul
=U,ul,ul
= Ur

by theorem (2-2-4) part (1) and theorem (2-2-19) part (1).

Corollary (3-2-8):
Ini —TPS X%, and for U € X, if U is i — open set then

Fr(Fr(W) € F(W)
Proof: By part (9) of theorem (3-2-7) we have Since
Fr(Fr(W) < (Fr(W).
= (ur N (X - u)r)r
c (U,), N (X —U),), by theorem (2-2-4) part (7).
=U,NnX-1),
= Fr(u)

by proposition (2-2-21) part (3) and theorem (1-3-3) part (1).

In the following examples we will show that some parts of theorem
(3-2-7) not satisfying the convers in general.
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Example (3-2-9):

LetX = {A,g,4}, T ={X0,{#}{g}}, and I = {0, {#}} with 5}, , now if
U={g £}, so X —U={A}, then U, = {g, £}, and (X — W), = {£, £},
Thus, F.(U) = {#}.

Now, if X ={A,#} so X-H ={g}, then H, ={A,#} and
X —3), ={g,$} . Thus, F.(30) = {£}.
Hence F.(H)UF.(U) ={#} €F.(Hul) =F.(X) = 0.

In this example we can see that the convers of part (2) in theorem

(3-2-7) cannot be true in general.
Example (3-2-10):
LetX = {£,9,4},T={X0,{A g} (£ $}}, and | = {8, {$}, {4}, {9, $}}

with &, ,now if # = {4} and, so H, = X. also,we have X — H = {g, £},
SO X—H),=X.Then,F,(H)=XnX=X.

Now, F.(F.(#)) = F.(X) = @ by theorem (3-2-7) part (1).
Thus, (F.(H)) =X, =X & F,(F(H)) = 0.

Also, that mean the convers of part (9) in theorem (3-2-7) is not true in

general.

Example (3-2-11) :

In example (3-2-9) if we take H = {#} and & = {g}, then H, = {f},
X—-—H),=X so F.(K) ={#} , also, we have &, ={g,#} and
X —-—6).,={A,$}s0F.(6) ={#}. AldF.(GNH) =F.(@) =, but
F.(®) NF.(H) ={#} ThusF.(®) NF.(H) LF.(GNH) = 0,
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Example (3-2-12) :

In example (3-2-9) if we take, U = {A,g} and X = {#}, then we have
U, ={Ag}, X—-10), ={#}soF.(U) =@, also, we have X, = {£, #}
and (X — X)), = {g, £} so F.(¥) = {#} .

Thus F.,(UNXK) ={#} € F.(X)nF.(U) = Q.

From these examples above (3-2-11) and (3-2-12) we can conclude
that there is no relation between the r — frontier for the intersection of

two sets and the intersection of their r — frontier.
Example (3-2-13) :

In example (1-3-32) we have 95T(7{ ) = X, for each non empty subset H

of X, so H,=Xand (X —H), =X also. Thus F.(H) =X but by
theorem (3-2-7) part (1) we have F.(@) = @.

Thus, yiFr(:H‘ nX) = EﬁFr(}[) < EﬁFr(}[) N .[ﬁFr(X) =0.
So,itisclearthat € H,butF.(H) =X € F.(0) =0.
Also, F.(H) = X but by theorem (3-2-7) part (1) we have F.(X) = @

So,itisclear H € X,but F.(H)=X<ZF.(X)=0.

From this example (3-2-13) we can conclude that if U € H , then

there is no relation between the r — frontier sets for each of them.

Now we will introduce am important theorem that study the
relationships between the r — frontier for the union of two sets and their

intersections and their difference.
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Theorem (3-2-14):
Ini — TPS X%, and for U, % S X then
F.(UW)UF.(X)=F.(U-K)UF.(UNXK)UF.(K —U).
Proof: First, we know that
FFUNK) =F.(X-UNnX))
=F(X-W)UuX-X))
CF.X—-UWUF.(X—%X)
=F(WUF.(%x) ... ..... (1)
Also, F,(U—%) =F.(Un (X —-%X))
CF.(WUF.X-X)
=F(MUF.(X) ......... (2)
And, F.(X —U) S F. (W) UF.(X) ........ (3).
Then from (1), (2) and (3) we will get that
F(U-K)UF.(UNK)UF.(KX -1 S F.(0) UF.(X)
Further, we have
FFA)UF.(K)=FJU-X)UuUnNHK)]UF[(K-U)uUnK)]
CFU-K)UF[(UNX)]UF.[(FK —U)].
Therefore, we have
FFUOUF.@)=F.U-X)UF.(UNX)UF.(X —1).

If we applied theorem (3-2-14) in some way we can get the following
theorem as a result

Theorem (3-2-15):
Ini — TPS X$, and for U, X < X, the following are hold :
1) F,(MUF.(X)=F.(UNnKX)UF,(U-X)UF.(UUX)
2) F((WUF.(X)=F,(UUK)UF.(X -0 UF.(UNX).
3) FF(WMUF.(K)=F.(U-K)UF.(X -0 UF.(UNX).
4) F.(0) UF.(UAK) = F,(U—-K) UF.(UNK) UF.(K — W)
= F:(U) U F(X).
5 F.(X)UF.(UAK) =F,(U-K)UF.(UNK)UF.(KX —1).
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Proof:

1) Ifthe relation in theorem (3-2-14) takes X — K instead of K we will get
F.(W)UF.X-X)
=F(U-X-K)UF(UNnX-X))UF.(X—-%)-1).
And by theorem (3-2-7) part (6) this will implies,
FFOUF.(X)=F.(UNnK)UF.(U-X)UF.(UUX).
2) If the relation in theorem (3-2-14) takes X — U instead of U we will get
F.(X—U) UF.(X)
=F.(X-U)-K)UF.(X—W)NK)UF.(K - X-1)).
And by theorem (3-2-7) part (6) this will implies,
FFOUF.(X)=F.,(UUK)UF.(X -0 UF.(UNX).
3) If the relation in theorem (3-2-14) takes X — U instead of U and X — K
instead of & , then we will get
FX-WUFRX-%X)=F(X-0)-X-%))
UF.(X—W)NX-%K)) UF(X-%K) - (X-1))
Which implies by theorem (3-2-7) part (6),
FFUF.(KX)=F.(K-0UF.(UUX)UF.(U-X).
4) By theorem (3-1-14) if we have taken X — U instead of U and X — K
instead of & , then we will get
F.(U) U F.(UAK) =

= F.(U — (UAK)) U F.(U N (UAK) U F.((UAK) — U)

=F.(UNK)UF.(U-K)UF.(K —-1)
= Fr(u) U Fr(:}c)
5) Directly from (4).

Now we can define a new operator F,, based on conditions (1), (2)
in theorem (3-2-7) and the corollary (3-2-8).
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Definition (3-2-16):
In i —TPS X4, and for U € X we can define the operator Fop(W) that

satisfies the conditions (1), (2) in theorem (3-2-7) and the corollary (3-2-8)
such that F,,(0) = WU F.(W)

Example (3-2-17) :
In example (3-2-11) if we take ® = {g}, F.(®) = {#}, Then we have
Fop(®) =0 UF.(0) ={g £}

In the following proposition we will study some properties and

relations of the operator F,,.
Proposition (3-2-18) :
Ini — TPS X$, and for U € X then the following statement are true

1) Fop (@) = 0;

2) U< Fop(W);

3) Fop (Fop(W) = Fop(W)

4) Fop(WU X) = Fop (W) U Fop (X)

Proof:

We can get the proof of (1) and (2) directly by the definition (3-2-16) and
theorem (3-2-7) part (1) . Now for the other parts proof we have:
3) Fop (Fop(W) = Fop (WU (W)
= (UUF.(W))UF.(UUF.()
S WU F.(0) UF. (W) UF.(F.())
by theorem (3-2-7) part (2)
= U U F.(0) U F.(Q) by corollary (3-2-8)
= Fop(U)
4) Fop(UUK) = (UUK) UF. (WU X)
S (WU U (F.(W) UF.(X))
by theorem (3-2-7) part (2)
= (WU F.(W) U (K UF.(X))
= Fop (1) U Fop (%)
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And, Fo, (W) U Fop () = (WU F.(W) U (X U F.(30))

=(UUuX)u ((u NF(X))UF.(UUX)u (K n Fr(U)))

by theorem (3-2-7) part (3)

CUUX)UF.(UUK) =F,,(UU X).

Now we will define the operator F, which passed on redirect set.

Definition (3-2-19):
Ini — TPS X%, and for U € X we can define the operator F,,(0) on X for
any subset U of X, in the following way: F. (U) = U, — U.
Example (3-2-20):

In example (3-2-9) if we take & = {g}, ®, = {g,#} , Then we have
Fr*((ﬁ) = G)'r -6 = {’f}

In the following proposition we will study some properties and

relations of the operator F,._.
Proposition (3-2-21) :
Ini — TPS X$, and for U, X € Xthen the following statement are true

1) Fr(9) =0, Fr . (X) =0,

2) UNF, (U) =0;

3) Fr,(UUK) = (Fp, (W) = ) U (Fr, (5) — W)

4) F,, (Fr*(u)) cUforanyUeT

5) IfF. . (0) =@, thenU =1 — cl(U).

Proof:

1) Directly from the definition (3-2-19) and proposition (2-2-4) part (2)

2) It is obvious by definition (3-2-19) .

3) F,, UUK)=(UUX),—(UUX)
=[U, VK, ] - (WU X)
=[(U, - W) = K] U [(K; —XK) — U]
= (F,,(0) = K) U (F, (%) — ).
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4) Fe, (Fr, (W) = (Fr, (W) = Fr (W = U = W, = (U, ~ W)

c (Ur)r_(ur_u)
cU, —(U,-W=u

by proposition (2-2-21) part (3) and theorem (1-3-3) part (1).

5 If F.,(U) =9, thenU, —U =@, which implies U, = U, but
U <ci—cl(l), so by theorem (2-2-23) part (1) we will get that
U,=Uci—cl(U)cU,, and that complete the proof .

Remark (3-2-22):

There is no subset U € X satisfies that F. (U) = X, if there exist such
subset then U,. — U = X, whichmeans U = @, but U,, = @,. = @.

Theorem (3-2-23):
Ini — TPS X%, and for U, X S Xthen the following statement are true

1) F,,(WUF, (%) =(UNF, (X)) UF, (UUuX)U (F. (U) NK)
2) Fp,(U.) =0 forany U € T.
Proof:
1) By proposition (3-2-21) part (3) we have
(UNF,(30) UF, (WU ) U (F,, (W) NK)

= (UNF,,(30) U[(F,, (W) = %) U (F,,(30) = W] U (., (W) n %)
= (UNF,30) U [(Fr,( N X = 70) U (F,, (70 n (X —W)]

U (F., () nX)
= (UNF,,(30)) U [F,, 00 0 X~ W] U (W n X - 50)

u (F,(W) N %)

= F., (W) UF, (K).

2) F. (Up) = (U), — Uy, but U € T so by proposition (2-2-21) part
(3) and theorem (1-3-3) part (1) we have (U,), = U,.
Thus Fr*(ur) =U,—U, = 1)
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Now we can define the operator Fs_ on ani — TPS, X for any subset U
of X, based on the strips set of U in the following definition

Definition (3-2-24):

Ini — TPS X3, and for U € X we can define the operator Fs, (W) on X for
any subset U of X, in the following way: Fs (U) = U — U;.

Example (3-2-25):

In example (2-2-8) we have U = {£A,#}, Us = {4}, Then we have
Fs, (W) =U—-Us = {#}.

In the following theorem we will study some properties and relations

of the operator Fj_.

Theorem (3-2-26):

Ini — TPS X4, and for U, X < X , then the following are hold
1) Fs,(®) =0, F (X) = 0.
2) Fs,(0) € U;
3) Fs,(UNX) € (Fs, (W) NnXK) U (Fs, (%) nU)

4) F, (Fs, (W) € Fy, ().

5) Fs, (W) < F.((W)

6) Fs, (W) nF, (W) = 0.

Proof:

1) Directly from the definition (3-2-24) and theorem (2-2-10) part (2)

2) It is obvious by the definition (3-2-24).

3) F,, UNnK)=UNXK)—-UNK),
=UNXK)nX-UNK))
cUNK)n(X—UgNK))
=UNK)NnX-Uy)UX—-K,)
=UNEX-U)NHK)UUNKNX-%X,))
=((U-U)NnK)u(Un XK -%Xy))
= (Fs, (W) N X) U (Fs, (%) N U).
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4) Fs, (Fo, (W) = F;, (W ~ (Fs, (W),
= U-Us) — (U - Uy
= (U_Us)_(un(x_us)s
CU-U)—(Usn(X=Uy),
:(U—US)—QS Z(U_Us)_(b
= Fs*(u)

5) Let £ € Fg (U), then £ € U—Ug,i.e.£ € Uand £ & Ug. Since
# € U then by theorem (2-2-4) part (1) we get £ € U, and since
£ & Ug then £ € X — Ug = (X — U), by proposition (2-2-19) part
(2). Thus, £ € U, n (X — 1), = F.(0).

6) Fs, (W NF, (W) =U-Uy)n U, -
=(UnX-Uy))n (U, nX-1)
=UNX-WH)NnU,NnEX-W)
=(UnX-W)nU,nXE-U),) =0.

Now we can study the notion of redirect frontier in i — subspace
YfYYIY of i — TPS X2, and investigate some of its properties and relations
Definition (3-2-27)
Let Y{; 7, be i — subspace of i — TPS X8, then we can define the redirect

frontierset w.r.t. i — subspace ny Y,Y of asubset H of Y as the following
Fry(H) = (H,) N (X — 3,
The point 4 € Y is said to be redirect frontier point of H w. r. t.

vy

o1, 1T A € B (3), and we denoted by F,, — frontier point.

Example (3-2-28):

LetX = {4,4,4}, T = {X,0,{#},{g}}, and I = {, {#}} with &,, and let
Y = (4,4} then Ty = {Y,0,{#}} and Iy = {@, {#}}. Now, if H = {£},
then #,., =Yand (Y — H),, = {#}.

S0, () = Hy, 0 (Y = H)y, =V 0 {§) = $.
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One of the results we can discus is the relation between F. —

frontier setin X and F,, — frontier which shown in the next theorem.
Proposition (3-2-29)
Let Yé‘;y be i — subspace of i — TPS X9,, and let W € Y. Then

E,Q) CE Q)NY.

Proof: By proposition (2-2-29) we have that ., < (U,.,) N'Y, so we have
(Y —),, € (X -, NY.

Now, F, Q) =U, N (Y — W,
c(U,nY)n(X-wW, nY)
=, nX-W,)nY
=FE,Q)nY
Corollary (3-2-30)
Let Y{;‘;Y be i — subspace of i — TPS X2,,and let W €Y, Then
E, Q) =E, Q) nY ifandonly if X%, have intuition smoothing feature.

Proof: Since X2, have intuition smoothing feature, then by corollary (2-2-

30) we have U, = (U, ) NY,soweget (Y —U),, = (X —U),, NY.
So, F, () =, N (Y —10),,

=, nY)n(X-w,, nY)

=U, NnX-W,)nY

= E,Q)NnY.

Our aim now is to introduce the notation of the redirect outer
function and study some of its properties.
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Definition (3-2-31)

Ini — TPS X%, and for U € X, the redirect outer function of a subset U of
X defined as the following

0,(W) ={feX; 3N eT(h):HU,}.
Example (3-2-32):
LetX = {A,g, 4}, T ={X 0,{#},{g}}, and I = {@, {#}} with the discrete
proximity, if U = {4, #} then 0,(1) = {g}.

We can see the relation between redirect outer function, strips set
and redirect set in the following proposition

Proposition (3-2-33):

Ini —TPS X%, and for U € X then 0, (1) € (X — W) = X — U,.

Proof: Let £ € 0, (W), then 3 H € T(£): HSU,, so by theorem (2-2-4)
part (3) we have fip(U) € U, which implies that £ f(U) by
proposition (1-2-3) part (1). Thus £ € (X — U)..

In the following proposition we will study some properties and

relations of redirect outer function

Proposition (3-2-34):
Ini — TPS X4, and for U, X < X then the following statement are hold.

1) 0,(@)=Xand 0,(X) = @
2) 0,(0-(W)) < (U;)s
3) If U € K then 0,.(K) < 0,.(1)
4) 0,(U;) < 0.(W)
5 0,(UUK)cX-U)NnX-HK)=X -, nX—-K),
6) 0,(UUK) < 0.(1)NO,.(K) € 0o.(UNnXK)
Proof:

1) Itis clear by definition that 0,.(9) = X,
Now forO0,(X) c (X —-X,))=X—-X=0
2) 0,(0,() € 0,((X — W) & (X — (X — Wy
=X- (X - ur))s = (Ups
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3) Since U € XK, then by theorem (2-2-4) part (4) we get U, € K, so
for £#€0.(X), 3H €T(A):HEK,, but U. € K, , then by
proposition (1-2-3) part (1)we get H8U,, hence £ € 0, (1)

4) Since U € U, by theorem (2-2-4) part (1) then by (3) we will get
0-(Ur) € 0, (1).

5 0,(UUX)<c X - (UUX),

=X-(UUX,)
=X -U)nNnX-X,).

6) Since UNnXK < U, KX , so by (3) we get 0,.(1) € 0,(UN XK) and
0, (¥) € 0,(UNn X), then 0,.(0) N 0,.(K) € 0,(UN XK).

Now, let £ € 0,(UUX),3H € T(£): HS(UUX), =U, UK,,
by theorem (2-2-4) part (8), then # 8U, and H 6K, .

Therefore, £ € 0,.(0) and £ € 0,.(¥), then £ € 0,.(1) N 0,(X).
Thus 0,.(UN¥K) <€ 0,.(1) n 0,.(K), and this complete the proof.
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Chapter Four Resolvable in i-Topological Proximity Spaces

We devote this chapter to introduce the concept of resolvable space
in the i —topological proximity space through the concepts that were
studied in the previous chapters, the most important of which is the concept
of occlusion set via i — open set and the concept of redirected set. We also
focused on studying some of the characteristics and relationships related to

these spaces.

4.1 Occlusion Resolvable Space via i — open set

In this section, we introduce the notion of occlusion resolvable space
viai — open in i —toplogical proximity space and investigation some of

the features and relationships of this space
Definition (4-1-1):

The i — TPS X3,is called occlusion resolvable space via i — open set if
and only if there exist two fir — dense subsets U, s. t. USK and
(X —K)éUand X = U U K. We will denote it by fip — resolvable

Example (4-1-2) :
Let X = {A,9,#}, T ={X0,{#,9},{#, #}}, and | = {0, {#},} with the
discrete proximity &, , if U= {£A} then () = f:({A}) =X and let

K ={g,#}, then () = fir({g,#}) = X, so U, XK, are fip — dense
sets and USK, (X — K)SU . Thus X2, is fir — resolvable.

Some properties of fir — resolvable space have been studied in the

following proposition.
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Proposition (4-1-3):

Let Xf]’_',j bei—TPS'sforj=128t.T, €Tyl I, and 8, < 5,, then

1) If X is iy, — resolvable then X is fir, —resolvable
2) IfXis 95T11 —resolvable then X is 5ET12 —resolvable

3) IfXis 56T51 —resolvable then X is 95T82 —resolvable

Proof:

1) Let X be fiz —resolvable, then 34,, A,, i, — dense setss. t. A; 54,
, (X —A;)6A, and X = A, U A,. But, by theorem (1-3-33) part (15) we
have fir (A) € §r,(A4),s0 fir,(A;) = fir,(4;) = X, which means that
Ay, Ay, iy, — dense sets. Thus X is iy, —resolvable

2) Let X be gﬁTll—resolvable, then 34,4, , _rﬁTIl—dense sets s. t.
A8A, , (X —A)8A, and X = A, U A,. But, by theorem (2-1-1) part
(1) we have fir, (4) S fi1, (4), s0 Ay and A are iy, — dense sets.
Thus X is iy, —resolvable

3) Let X be 56T51 —resolvable, then 344, 4,, _EﬁT81 — dense sets s. t.
A8.A, , (X —A)6,4, and X = A, U A,. But, by theorem (2-1-1) part
(2) we have 56T81(A) c gﬁTSZ(A), so A, and A,are 95T82 — dense sets,

s.t. 4,6,4, , (X — Ay)8,A4,. Thus X is firs, — resolvable
Proposition (4-1-4) :

In fir —resolvable i —TPS X9, there exist a subset A € X satisfy

lpT(A) = 7,[)T(X —A)=0
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Proof: Let X9, be fir—resolvable i—TPS, then there exist two
fir —dense subset A, A, S X s.t.X = A; U A,, A5 A,, (X —A)6 A,
which means A; N A, = @. Then X — fir(A;)) = @, fori = 1,2, but by
proposition (1-3-37) part (6) we have X — fit(A;) = Y7 (X — 4;) . Thus
Y (X — A;) = @, and this complete the proof.

Now, we will introduce the definition of the fip — resolvable subset

conceptini — TPS.
Definition (4-1-5):

Ini — TPS X, and for A € X we say that A is fi; — resolvable subsets if
and only if there exist two subsets U, s. t. A< fip(U) and A <
fr(K),A=UUuXKandUNK = @.

Example (4-1-6) :
Let X ={A,g,#},T ={X,0,{A, g}, {4, #}}, and I = {@, {#},} with the
discrete proximity &,, let A = {#, g}so if U = {#} then we have fi+(1) =

fr({A}) = Xand if X = {g}, then $(K) = fir({g}) =X ,soUNK =
@ and A=UUX s. t. ACfp(U) and A S fip(K) . Thus A is

yﬁT —resolvable subset.

In the following proposition we will see that the union of

fir — resolvable subsets is also fit — resolvable subset.
Proposition (4-1-7) :

The union of any collection of di—resolvable subset is

fir —resolvable
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Proof: Let {U;, A € A} be a family of fip — resolvable subsets in i — TPS
X9 Then VA€ AT A, Ay, s.t. A, N Ay, =0, Uy =A;, U Ay, S. L.

U, € fr(Ay,) and Uy S fix(A,,) -

Therefore, by proposition (1-3-33) part (3) proposition (2-1-6) , and
definition (2-1-5) we will get Uzea U S Uzea f1(A1,) S $1(Uzea Ar,)
,UzeaUp € Usen§r(Az,) € fir(UseaAz,)

and Ujea Uy = (Uaea A1) U (UzeaAz)).

This gives us that U ep Uy is fip — resolvable subsets in X.

Definition (4-1-8) :

Ini —TPS X%,, a point £ € X is called has empty 1 — tightness if
V& € fip(U),3D € Us.t.£ € fip(D) and Y;(D) = @.

Example (4-1-9) :

Ini — TPS (X, T;, {8}, 8p) then fip(A) = Xand (X — A) = @ ,for each
subset A of X , so fip(X — A) = Xand ¥;(4) = @ . Now let A € U, then
VA€ fp(U),34 S Us.t.£ € f(A) and Yr(4) = .

The following property shows the relationship between the empty

Yy — tightness and fir — resolvable space.
Proposition (4-1-10) :
Any i — resolvable i — TPS X9, has empty iy — tightness

Proof: Let X?, be fi—resolvable i—TPS, then there exist two
fir — dense subsets U, X S X s.t. X =UUX and USK, (X — K)SU,
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ie, UNK =0 , then X —K = U and f(U) = f:(K) =X, and by
proposition (1-3-37) part (6) that implies Y, (1) = Y (K) = 0.

Now let A € X and by using theorem (4-1-4) and for any £ € fip(A),
Yr(ANK) =@ and (AN U) = @. Since

A=AnNX=AnUUX)=ANUWUMANK) and by part (5) of
proposition (1-3-33) we will get £ € fip(A) = fip(A N W) U fip(A N K,

so, either £ € fi:(A N W) or £ € fip(A N K).

Thus % has empty Y — tightness.

Definition (4-1-11) :

Ini —TPS X2, then X is called fip —submaximal if every fir —dense
setisi — open set.

Definition (4-1-12) :

In i — TPS X2, then X is called fip —hyper connected if and only if

every nonempty i — open setis _rﬁT —dense set
Example (4-1-13) :

Let X ={A,¢,#},T ={X,0,{#, g}, {A, #}}, and I = {@, {#3},} with the
discrete proximity &, then we have $(X) =X, fr({4,¢}) =X and
f:({#,4}) = X , so every nonempty i— open set is fir —dense set.
Thus X is fir —hyper connected.

Proposition (4-1-14) :

Forany # € X2, and forany subset A € X, if £ ¢ Aand A is fip — dense,
then {£} isnot i — open .
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Proof: Let A be dip—dense subset in X2;, so fir(A) =X, ie. Vx €
X,and VH € T(x) then H6A ... (4.1).

If {#} be i — open then by (4.1) we have {£}6A4 ... (4.2).

Since £ & A, then A € X — {#£} since {#£} is i — open then by (1-2-9) part
(13) {£}6(X — {£}) . Thus {£}6A which a contradiction.

Recall that a topological space is said to be a door space if every
subset is open or closed [16] so ini — TPS we can define this concept by

i — door space if every subset isi — open or i — closed.

Theorem (4-1-15):
If X2, is fir — resolvabe and i — door i — TPS space, then X2, is T;.

Proof: Let X2, be fip — resolvabe i — TPS space, then there exist two
fir— dense subsets U, S X s.t. X =UUX and USK , (X — K)SU,
S0 V4 € X, either £ € U then £ ¢ K, therefore by theorem (4-1-15) we

get {£} is not i — open, but X3, is i — door space, so {£} isi — closed.

Similarly, if £ € K so £ ¢ U, then {#£} is i — closed. Thus X2, is T}

space.

In the next theorem, we will see the condition that makes the i —

TPS is fip — irresolvabe.
Theorem (4-1-16):

The i—TPS X2, is fip— irresolvabe if there is no fir — dense set D
which X — D is also fit — dense set.
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Proof: Suppose that X2, is fi; — resolvabe i — TPS space, then there exist
two fir— dense subsets U, KX S X s.t. X=UUXK and USK,(X —
K)SY, i.e., UnK = @ which implies U = X — 7, then fip(0) = fip(X —

XK) = X, which a contradiction.

To study the iz, — frontier set and the occlusion outer function

via i — open set in fip — resolvabe we can see the following proposition
Proposition (4-1-17):
If X2, be fip —resolvable i — TPS and for a subset U € X then

1) . (0) = X for some U € X
2) Yr(U) =0 and 07(0) = @

Proof: Since X2, is iy —resolvable i —TPS, then there exist two
fir— dense subsets U, S X s.t. X =UUX and USK, (X — K)SU,
which implies X = X — U, then

fe (W) = fi: (W) N fip (X = U) = X N X = X which prove part (1).

Now to proof part (2) we have by proposition (4-1-4)

Yr(U) =¢Yr(X —U) = @. Hence 0+ (U) = @.

Definition (4-1-18):

Ani—TPS X2,, is called weakly fi; —resolvable if and only if there

exist two fir — dense subsets U;, U, € X s.t. X =0, ul,,U; nU,,

i.e., Uy, U, are decomposition
Example (4-1-19):

In i — TPS (X, T;,{0},8;) then ¢i:(A) =X for each subset A of X , so
fr(X—A)=X,s.t. X=AUX—A),then4d n(X—A) = 0.

Thus X is weakly fi; —resolvable.
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Remark (4-1-20):

It is obvious that every fi; —resolvable is weakly fi; —resolvable,

since for any U, K subsets of X, if USK then U n K = @. But the convers

need not to be true in general as in the example (4-1-19).

In the next proposition we will identify the weakly occlusion

irresolvable i — TPS.
Proposition (4-1-21) :

The i — TPS X2, isweakly fip — irresolvabe if and only if there is no

fir —dense set D < X which X — D is also fir — dense set.

Proof: It is obvious by theorem (4-1-16) and remark (4-1-20) that if there
is no fir — dense set D € X which X — D is also fip — dense set then X2,

is weakly fip —irresolvabe space.

Conversely, suppose that X2, is weakly fir — irresolvabe space then if
there isU € Xs. t. fiz(W) = (X —W) =X, but X =UuU (X-U) and
Un (X —U) =0, so by definition (4-1-18) this indeed leads to that X is

weakly i+ —resolvabe which a contradiction.

Next step is to show is that the y; — operator will be empty for

some subsets of weakly i+ —resolvabe.

Proposition (4-1-22):

The i — TPS X2, is weakly fir —resolvable if and only if there exist a
subset A € X satisfy ¥,(4A) = yY,r(X —A) = Q.
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Proof: Let X2, be weakly fir —resolvable i — TPS, then there exist two
fir —dense subset A;,A, S Xs.t.X = A; U A, A N A, = 0,50 A, =
X—A;and A, =X —A,. Then X — fip(A) =0, for i = 1,2, but by
proposition (1-3-37) part (6) we have X — fit(A;) = Y7 (X — 4;) . Thus
Yr(X —A) = 0. Thus Yr(4,) = Pr(4;) = .

Conversely, letA c X, s. t. Y1 (4) = Y (X — A) = @, so by proposition
(1-3-37) part (6) we get that X — fip(X — A) = @, hence (X —A) = X
and fip(A) = X,butX =AU (X —A),andAn (X — A) = 0.

Thus X8, is weakly fir —resolvable.

In the following propositions and corollaries, we are going to show
that the image and pre-image for i —resolvabe space
(weakly fir—resolvabe space) also will be fir—resolvabe space

(weakly i+ —resolvabespace).

Proposition (4-1-23):

Let f: X2, — YT‘:SI\ be a § — symmetry, if X9, is fiy — resolvable then Yj‘?j
is fi; —resolvable .

Proof: Let X2, is iy — resolvable space, then 3A,, A,, i — dense setss.
t. A;64, and (X — A;)5A, . Now by proposition (2-1-7) we get that £ (4,)
and f(A,) are fir —denes in Y, since 4,64, and (X — A;)5A4, then we
get that £(4,)8F(A4,) and F(X — A,)8f(A,) . Finally, we have f(A,) U
f(Ay) = f(AL UA,) = f(X) =Y. ThusY is fi; — resolvable.

Corollary (4-1-24) :
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Let f: X2, - Y7§1‘ be a § — symmetr, if X2, is weakly iy —resolvable
then Y7§1‘ is weakly 7 —resolvable .

Proof: directly by applied remark (4-1-18) and theorem (4-1-23) on the
definition (4-1-16).

Proposition (4-1-25):
Let f: X2, — Y7§1‘ be a § — symmetry, if Yf(?i is fi; — resolvable then X2,

is fip —resolvable .

Proof: Let Yfi be fi; — resolvable space, then 34,, A,, fi; — dense sets
s. 1. AlgA2 and (X — A;)84, . Now by proposition (2-1-8) we get that
f71(A,) and f1(4,) are fir—denes set in X, s. t. f71(4)6f1(4,)
and f71(X — A6 71(4,).

Finally, f~* (A1) U fH(A2) = f71 (A, U A) = fH(Y) = X.

Thus X is fip — resolvable.

Corollary (4-1-26):

Let f: X3, — Y1§1‘ be a § — symmetr, if Yi(:si is weakly (4 —resolvable
then X2, is weakly fir —resolvable .

Proof: directly by applied remark (4-1-20) and theorem (4-1-25) on the
definition (4-1-18) .

In the next propositions, we will see that the image and pre-image

for fip —resolvabe subsets are also will be fi+ — resolvabe subsets.

Proposition (4-1-27) :
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Let f: X9, — Y7§1‘ be § — symmetry, if A be fip —resolvable subset of
X2, then f£(A) will be fi; — resolvable subset of Yf‘?i.

Proof: Let Abe fip —resolvable subset of X2, then 34,,4, € X, s. t.
AcCfir(A;),AC fir(4A,) and A = A; U A, , so by proposition (2-1-3) we
will get that :

f4) € f(fr(AD) = §(f (A1) and f(A) € f(Fr(42)) = F:(f(42)) .
Since f is one-one so f(4;)Nf(A,) =f(A4;NnAy) =f(D) =0 and
fA) U f(4z) = f(AL U Az) = f(A).

Thus f(4) is fi; — resolvable subset.

Proposition (4-1-28):

Let f: X2, — YTSI be a § — symmetry, if B is fi; —resolvable subset in
Y7§1‘ ,then f=1(B) will be fir —resolvable subsrt in X2,.

Proof: Let B be fi; — resolvable subset in Y:, then 34,,4, S Y, s. t.
fi; —dense sets s. t. B € §i;(4,),B € f7(4,) and B = A; U A, , so by
proposition (2-1-4) we will get f~1(B) € f~1(§;(A1)) = f(f (A1)
and f71(B) < fH(f+(42) = §-(f 1 (42) .

Since f is one-one so we will get that

fAADNf (A = fTH (A1 NA) = f7H(®) =0, and

fHAD U (A) = fTH (A U 4p) = fH(A) and [~ (ADSf (A7)

Thus f~1(A4) is fi; — resolvable subset in X.
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4.2 Redirect Resolvable Space

Another kind of resolvable spaces has been defined in i-topological
proximity spaces in this section via the redirect dense sets and we

investigated some of its properties and relations.
Definition (4-2-1):

The i — TPS X2, is called redirect resolvable space if and only if there
exist two r — dense subsets U, K s. t. X = UuU Kand USK and (X —
F)SU. We will denote it by r — resolvable space.

Example (4-2-2) :

Let X ={A,g,%},.T ={X,0,{%, g}, {4, #}}, and I = {@, {#},} with the
discrete proximity &p, if U = {£A}then U, = Xand let X = {g, #}, then
K, =X, soUX, are r — dense sets and USK, (X — K)SU also we

have X = U U K. Thus X, isr — resolvable.

Proposition (4-2-3):

Let Xf]’_',j bei—TPS'sforj=12s.t.T, €T, I, C I, and 8, > 5, then

1) If X is v, — resolvable then X is r;, — resolvable
2) If X isr; —resolvable then X is r, — resolvable

3) If X isrs, — resolvable then X is rs, — resolvable
Proof:

1) Let X be rr, — resolvable, then 34,,A,, rr, — dense sets s. t.
A84A, , (X —A)6A, and X = A; U A,. But, by theorem (2-2-24)
part (1) we have (Up)g, € (U)gy , SO (A, = (Ao, =X,
which means that A, A,, rr, — dense sets.

Thus X is v, — resolvable.
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2) Let X ber;, —resolvable, then 3A4,, A,, r;, — dense setss. t. A84, ,
(X —A,)0A,and X = A; U A,. But, by theorem (2-2-24) part (2) we
have (U,), < (U,),, for any subset Uof X , so 4, and A, will be
1, — dense sets. Thus X is r;, — resolvable.

3) Let X be rs, —resolvable, then 34,,A,, r5, — dense sets s. t.
A8.4, , (X —A;)6,4, and X = A; U 4,. But, by theorem (2-2-24)
part (3) we have (U;)s, < (U)s,, S0 A; and A, are 15, — dense sets,

s.t. A;8,4, , (X — A,)6,A,. Thus X is 15, — resolvable.
Proposition (4-2-4) :

Inr — resolvable i — TPS X2, there existasubset A € X satisfy (4)s =

X—A);=0

Proof: Let X2, be r — resolvable i — TPS, then there exist two r —
dense subset A;,A, S Xs.t.X=A,UA,, A\dA4, (X—A)5A4,
whichmeans A; N A, = 0,50A; =X —A,and 4, =X — A, .

Then X — (A), = @, for i = 1,2, but by proposition (2-2-19) part (3) we
have X — (A)), = (X — Ay); .

Thus (X —A;)s =@, Thus (4,)s = (4,)s = @, and this complete the

proof.

Now we will introduce the definition of the r — resolvable subset

conceptini — TPS.
Definition (4-2-5):

Ini — TPS X2, and for A € X we say that A is r — resolvable subsets if
and only if there exist two subsets U,X € Xs.t. A < U, A € K, and

A=UUKandUNXK = Q.
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Example (4-2-6) :

Let X ={A,9,#}, T ={X,0,{%, g}, {4, #}}, and I = {@, {#},} with the
discrete proximity 6, let A = {£, g} so if U = {£} then we have U, =X
and if X ={g}, then K, =X ,soUNnK =@Pand A =UUXK also we

have A € U.and A € K. . Thus A is r — resolvable subset.

In the following proposition we will see that the union of r —

resolvable subsets is also r — resolvable subset.
Proposition (4-2-7) :
The union of any r — resolvable subset is r — resolvable

Proof: Let {U,,A € A} be a family of r — resolvable subsets ini — TPS
X9, Then VA€ AT A, Ay, s.t.A, N Ay, =0, Uy =AU Ay, s t.

Ur € (Ay;) and Uy € (Ay,) .

Therefore, by proposition (2-2-4) part (8) and part (9) we will get
UzeaUr € Uzea ((A1,),) € (UseaAs,),. and

Uiea U € Ujzea ((AZA)T) € (UaeaAsz;).

and UleA U)\ = (UAEAAIA) U (UAEAAZA)'

This gives us that U ep U, is v — resolvable subsets in X.

Definition (4-2-8) :

In i —TPS X2,;, a point £ € X is called has empty s — tightness if
V#€U,3D cUs.t.£ €D,.and D; = Q.
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Example (4-2-9) :

Ini —TPS (X, Ty, {@}, 6;) then A, = Xand (X — A), = @ ,for each subset
AofX,s0(X—A),=Xand A, =0 . Now letAc U, thenV £ € U,,
JdA c Us.t.£ € A, and A, = Q.

The following property shows the relationship between the empty

s — tightness and r — resolvable space.
Proposition (4-2-10) :
Any r — resolvable i — TPS X2, has empty s — tightness

Proof: Let X, be r — resolvable i —TPS, then there exist two r —
dense subsets U, X S X s.t. X =UUX and UK, (X —K)SU, i.e.,
UNK =0 ,then X —K = Uand U, = K,. = X, and by proposition (2-2-
19) part (3) that implies Ug = K, = 0.

Now let A € X and by using theorem (4-2-4) and for any # € 4,,
AnXK);=0and (AN W), = 0.
SinceA=AnNX=AnUUX)=ANUTU)UMNXK) and by part (8)
of proposition (2-2-4) we will get £ € A, =(AnN1),U(ANX),, so,
either £ € (An W), or £ € (AN X),. Thus £ has empty s — tightness.
Definition (4-2-11) :

Let X2, be an i — TPS. Then X is called r — submaximal if every r —

dense setis i — open set.

Definition (4-2-12) :

120



Chapter Four Resolvable in i-Topological Proximity Spaces

Let X2, be an i — TPS. Then X is called r — hyper connected if and

only if every nonempty i — open setisr — dense set
Example (4-2-13):

Let X ={A,g,#},.T ={X,0,{%, g}, {4, #}}, and I = {@, {#},} with the
proximity &, then we have X. =X, {#,¢}, =Xand {4, #}, =X, so

every nonempty i — open setisr — dense Set.
Thus X isr — hyper connected .

In the next theorem, we will see the condition that makes the i —

TPS isr — irresolvabe.
Theorem (4-2-14) :

The i — TPS X2, is r — irresolvabe if there isno r — dense set D which

X — D isalsor — dense set.

Proof: Suppose that X2, is r — resolvabe i — TPS space, then there exist
two r — dense subsets U, X € X s.t. X = UU XK and USK, then we
haveU N K = @,s0 U = X — K, thatmeans U, = (X — X),. = X, whicha

contradiction. Thus X2, is r — irresolvabe.

Tostudy the r — frontier setand the redirect outer function in r —

resolvabe space we can see the following proposition

Proposition (4-2-15) :
If X2, be r — resolvable i — TPS and for a subset U € X then

1) Fr(U) =X forsomeU € X
2) U, =0 and 0, (1) = 0@
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Proof: Since X%, is r — resolvable i — TPS, then there exist two r —
dense subsets U, X € X s.t. X = UU XK and USK , (X — K)SU, which
implies X = X — U, then

Fr(0) = (U,) N (X — 1), = X n X = X which prove part (1).
Now to proof part (2) we have by proposition (4-2-4)

(Ug) = (X —WU), = @. Hence 0,(U) = 0.

Definition (4-2-16):

Ani—TPS X%, is called weakly r — resolvable if and only if there
exist r — dense subsets J;,U, € X s.t. X=U0,ull,,U;nl, =0,

i.e., U, U, are decomposition

Example (4-2-17):

Ini —TPS (X, T, {@},5;) then A, = X for each subset A of X , so (X —
A),=X,s.t. X=AUX—-A),thend n(X—A) = Q.

Thus X is weakly r — resolvable.

Remark (4-2-18):

It is obvious that every r — resolvable is weakly r — resolvable, since

for any U, K subsets of X, if USK then U N K = @. The convers need not

to be true as in example (4-2-17).

In the next proposition we will identify the weakly r —

irresolvable i — TPS.

Proposition (4-2-19):
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The i —TPS X%, is weakly r — irresolvabe if and only if there is no

r — dense set D € X which X — D is also r — dense set.

Proof: It is obvious by theorem (4-2-14) and remark (4-2-18) that if there
isno r — dense set D € X which X — D is also r — dense set then X2, is

weakly r — irresolvabe space.

Conversely, suppose that X2, is weakly r — irresolvabe space then if
there isU € Xs. tU. = X—-U), =X, butX=UUX-1U) and we
have U N (X — U) = @, so by definition (4-2-16) this indeed leads to that

X is weakly r — resolvabe which a contradiction.

Next step is to show is that the strips set will be empty for some

subsets of weakly r — resolvabe.

Proposition (4-2-20):

The i — TPS X%, is weakly r — resolvable if and only if there exist a
subset A € X satisfy A, = (X — A), = 0.

Proof: Let X9, be weakly r — resolvable i — TPS, then there exist two
r —dense subset A;,A, € Xs.t.X = A, U A4,,A; N A, = @, S0 we get
that A, =X—-A;and A, =X—A,. ThenX—-(A), =0, fori=1,2,
but by proposition (2-2-19) part (3) we have X — (A;), = (X — 4;),. Thus
(X —A)s = 0. Thus (4,)s = (42)s = 0.

Conversely, let A€ X, s. t. A, =X—-A4); =0, so by part (3) of
proposition (2-2-19) we get that X — (X —A),, = @, hence X —A), =X
andA, =X,but X=AU X —-A),andAn(X—A) =0.

Thus X2, is weakly r — resolvable.
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In the following propositions and corollaries, we are going to show
that the image and pre-image for any r — resolvabe space (weakly r —
resolvabe space) also will be r—resolvabe space ( weaklyr —

resolvabespace).
Proposition (4-2-21) :

Let f: X2, — YTSI bea § — symmetry, if X9, is r — resolvablespace then
Yi(?i Isr — resolvable space.

Proof: Let X9, is r — resolvable space, then 34, A,, r — dense sets s. t.
A;8A, and (X — A;)64, . Now by proposition (2-3-12) we get that £ (4,)
and f(A,) are r —denes in Y, since 4,54, and (X — A4;)5A4, then we get

that £(A,)8f(A,) and f(X — A)Sf(A,) . Finally, we have f(4,)U
f(A,) =f(A1 UA,) = f(X) =Y. ThusY isr — resolvable.

Corollary (4-2-22) -
Let f: X9, — Y7§,~ be a § — symmetry, if X2, is weakly r — resolvable
then Y1§1‘ iIs weakly r — resolvable .

Proof: directly by applied remark (4-2-18) and theorem (4-2-21) on the
definition (4-2-16) .

Proposition (4-2-23):

Let f: X2, - Yi(:si be a § — symmetry, if Y7§1‘ IS r — resolvable space

then X2, is r — resolvable .

Proof: Let Yfi be r — resolvable space, then 34,, A,, r — dense sets s. t.

A1(§A2 and (X —A,)864, . Now by proposition (2-3-13) we get that
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f~1(A)) and f~1(A4,) arer —denes set in X, s. t. f~1(4,)6f*(4,) and
fHX —ADSFH(Ay).
Finally, f"'(A) U f1(4) = 71 (4, UAy) = fH(Y) = X.

Thus X isr — resolvable space.

Corollary (4-2-24) -
Let f: X2, - YTSI be a § — symmetr, if ch?i IS weakly r — resolvable
space then X2, is weakly r — resolvable .

Proof: directly by applied remark (4-2-18) and theorem (4-2-23) on the
definition (4-2-16) .

In the next propositions, we will see that the image and pre-image

for r — resolvabe subsets are also will be r — resolvabe subsets.

Proposition (4-2-25) :

Let f: X2, — Y1§1‘ be § — symmetry, if A be r —resolvable subset of
X2, then f(A) will be r — resolvable subset of Y%.

Proof: Let A be r — resolvable subset of X2, then 34,4, € X,s.t. ACS
(A)), A< (4,), and A = A; U A, , so by proposition (2-2-25) we will
get that :

F(A) € F((A),) = (f(A)), and F(A4) € F((A;)r) = (F(Ay)). .

Since f is one-one so f(A;)Nf(A,) =f(A4;NnAy) =f(D) =0 and
f(AD U f(4;) = f(A1 U Ay) = f(A).

Thus f(A) isr — resolvable subsetin Y.
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Proposition (4-2-26):

Let f: X2, - Y1§1‘ be a § — symmetry, if Bis r —resolvable subset in

Y7§1‘ ,then f~1(B) will be r — resolvable subsrt in X2,.

Proof: Let B be r — resolvable subset in Yfi, then34;,4, €Y, s.t. B &
(A)),,A € (A,),and B = A; U A, , so by proposition (2-2-26) we will get
f7H(B) € F7H (A = (f1(AD).

and £~1(B) € £~ ((42),) = (f(4y)), .

Since f is one-one so we will get that

fAADN (A = fTH (A1 NA) = f7H(@) = @, and

fTHAD U (A =71 (A1 VU Ay) = fH(A) and 71 (A1)8f 7 (A2)
Thus f~1(A) isr — resolvable subset in X.

Remark (4-2-27) :

It is not necessary that any i — Subspace nyﬁy of r —resolvable i —

TPS X2, be r — resolvable and the following example showing that.
Example (4-2-28) :

In example (4-2-2) we have X = {4, ¢, #},T = {X,0,{4, 9}, {4, #}},and
I = {0, {#},} with the discrete proximity &, is r — resolvable. Now let
Y = {4, 4}, T ={Y,0,{A}},and | = {@, {#}, } with the discrete proximity
8y,. Then we have only two decomposition subsets of ¥, U = {£} and

K = {#} and obviously we can find that U, = Y and X, = {#}, so there is
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.- Sy ,
no decomposition r, — dens subset. Thus Y. %, is not r — resolvable i —

subspace

Proposition (4-2-29) :
Every fip — resolvable i — TPS isr — resolvable

Proof: Let X9, be fir—resolvable i—TPS, then there exist two
fir— dense subsets U, S X s.t. X = QU X and USK, (X — K)SU, ,
then by proposition (2-3-4) part (4) we have U, K are r — dense subsets.

Thus X2, is r — resolvable.
Corollary (4-2-30) :
Every weakly iy —resolvable i — TPS is weakly r — resolvable

Proof: Directly by using remark (4-1-20) and remark (4-2-18) with
proposition (4-2-29).

Proposition (4-2-31) :
Every r — irresolvable i — TPS is fip — irresolvable

Proof: Let X9, be r — irresolvable i — TPS, then by theorem (4-2-14)
there is no r — dense set D such that X — D is also r — dense , that is

means there is no fip — dense subsets D such that X — Dis also r —

dense . Thus, by theorem (4-1-16) X2, is iy — irresolvable.

Corollary (4-2-32) :

Every weakly r — irresolvable i — TPS is weakly fip— irresolvable
Proof: Directly by using proposition (4-1-21) and proposition (4-2-19) with

proposition (4-2-231).
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Chapter Five Conclusion and future work

Conclusion and future work

Through this work which is dependent on the focal function viai —
open set, in the i-topological space by the proximity space, we concluded
that some properties of this concept were not clear in the previous study
and not appropriate to its importance, but one of important result that
makes the focal function is that the proximity relation plays an important
role in congested sets. So we use this concept and duplicate the proximity
relation in the definition of redirect set so we get a more denseness that will
give us the ability to study the resolvableness in this space with all of these
concepts.

While we study this new property, we felt that we need to see what
the result if we studied them inthe i — subspace that we had to study more
properties with respect to i — subspace through all of the above concepts
and the basic concepts Which contributed to expanding the scope of the
study to define the boundary points and density for the main concepts
(focal function, redirect sets) in i — topologica proximity space and in
i — subspace to achieve more and great results in resolvable i —
topological proximity space and through this study we see the
following facts :

The first one, there is a large and conspicuous effect of proximity relation
on r — dense set which studies the accumulation of the points in the space.
Another fact is the redirect set saves its property under the i-
homomorphism function also in i — subspace. The third fact is that the
empty strip sets show us the nowhere dense in space which makes it
irresolvable. The fourth one is the proximity relation gives a direct effect
on the resolvableness more than the ideal dose. Also, we found that the
redirect frontier operator has great effect in irresolvable space, We can find
some important results of resolvable space in the following diagram :
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( i —resolvable
T

( Weakly f — resolvable J ( r — resolvable J
T

'

{ Weakly r — resolvable J

Also, we can find some important results of irresolvable space in the
following diagram :

i —irresolvable J
T
ﬂk

( Weakly  — irresolvableJ { r — irresolvable J

T

{ Weakly r — irresolvable J
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Through this work, we face some open problems so we left them as
future work, and some of them are listed below:

1-

2

ol
1

Can we define resolvableness dependent on the occlusion set via
focal set, and what are the different results we will get?

Is there any relationship between the resolvable spaces which we
studied and other kinds of resolvable spaces just as strong
resolvable, maximal resolvable, and almost resolvable space?

Is the product space of two r —resolvablei—
toplogical proximity space will be resolvable or not?

What is the compactification of r —resolvablei—
toplogical proximity space?

The definition of the fuzzy (Intuitionistic, Neutrosophic, and
soft) r — resolvable in i — toplogical proximity space.
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